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MATHEMATICAL METHODS OF ANALYSIS FOR CONTROL AND
DYNAMIC OPTIMIZATION PROBLEMS ON MANIFOLDS

Robert J. Kipka, Ph.D.
Western Michigan University, 2014

Driven by applications in fields such as robotics and satellite attitude control, as
well as by a need for the theoretical development of appropriate tools for the analysis
of geometric systems, problems of control of dynamical systems on manifolds have
been studied intensively during the past three decades. In this dissertation we sug-
gest new mathematical techniques for the study of control and dynamic optimization
problems on manifolds. This work has several components including: an extension
of the classical Chronological Calculus to control and dynamical systems which are
merely measurable in time and evolve on manifolds modeled over Banach space;
novel proofs of Pontryagin Maximum Principle in settings more general than those
currently existing in the literature; necessary optimality conditions for dynamic
optimization problems on manifolds in which the dynamics are constrained by a
differential inclusion; and a generic existence and uniqueness theorem for problems
of optimal control posed on manifolds. Our studies of optimal control and dynamic
optimization include exact penalization and metric regularity results for problems
with initially and terminally constrained states which are new even in the case
M = R"™. This work also includes generalizations of the classical Chow-Rashevskii
theorem from geometric control theory and the Fundamental and duBois-Reymond
lemmas from classical Calculus of Variations to the setting of infinite-dimensional

manifolds.
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CHAPTER 1

Introduction

In this dissertation we develop techniques of analysis for problems of dynamic
optimization and control in which the state evolves on a manifold, possibly of infinite
dimension. Our intent is to present a framework in which such problems can be
analyzed and to develop new results within this framework. To this end we present a
generalization of the Chronological Calculus, a powerful computational technique for
the study of nonlinear control systems first introduced by Agrachev and Gamkrelidze
in 1978 [2]. We also suggest a new technique of Lagrangian charts, which is in
close analogy with idea of Lagrangian coordinates in classical fluid dynamics [8].
These techniques, along with the recently developed theory of nonsmooth analysis
for smooth manifolds [66], are used to develop results in the geometric theory of
dynamic optimization regarding: global controllability; existence and uniqueness
of optimal controls; and necessary optimality conditions. A central focus of this
dissertation is the development of necessary optimality conditions for geometric

problems and we devote three chapters to this topic.

1.1. Overview of Main Results

This introductory chapter provides a brief overview of our main results and a

short outline of background material.

1.1.1. Extension of the Chronological Calculus. In 1978, Agrachev and

Gamkrelidze introduced in [2] the Chronological Calculus as a technique for the
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study of nonlinear control systems. The central idea of this technique is to study non-
linear objects of control and dynamical systems as linear operators on a particular
function space. The Chronological Calculus has been further developed in [3, 4, 47]
and greatly simplifies many calculations of nonlinear control theory. Applications
of the existing Chronological Calculus are many and can be found in studies of
abnormal extremals [5]; averaging techniques for control systems [20, 78, 88]; con-
trollability [6, 55, 85]; higher order necessary conditions [85, 86]; motion planning
[83]; series expansions such as those of Volterra or Chen-Fleiss [56, 57, 58, 70, 88|;
and stability [78].

However, the existing Chronological Calculus is limited in that: it is valid only
for control systems on finite-dimensional manifolds; the dynamical systems con-
sidered must be C°°-smooth; controls should be piecewise continuous for the full
calculus; and the function space in question is a Fréchet space — a feature which
complicates a number of proofs. We introduce an extension of the Chronological
Calculus which is valid for C*-smooth Banach manifolds; applies to dynamical sys-
tems which are merely C*-smooth and controls which are merely measurable; and
replaces the Fréchet-space structure with a simplified remainder-term calculus.

The Chronological Calculus has classically been very useful in applications such
flows of perturbed vector fields; Volterra series expansions of flows; and derivative
of flows with respect to parameter. We expand each of these applications to flows
of C*-smooth vector fields on Banach manifolds.

A 1992 paper of Mauhart and Michor [68] defines a useful notion of bracket of

flows: for flows P; and @Q; of autonomous vector fields X, Y one may define

[Ptv Qt] =Q_toP_10Qio P,

In the same paper the authors establish a formula relating brackets of flows on man-

ifolds of infinite dimension to Lie brackets of their vector fields. The Chronological
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Calculus greatly simplifies the study of Lie brackets of vector fields and associated
flows and to demonstrate the effectiveness of our remainder term calculus we provide
a new proof of their formula.

Lie brackets play an important role in the study of controllability of nonlinear
systems and an important classical result for finite-dimensional nonlinear control
problems is the Chow-Rashevskii theorem [22, 75]. This result provides sufficient
conditions for global controllability of finite-dimensional, affine control systems in
the absence of drift. The second chapter of this dissertation concludes by combining
techniques of nonsmooth analysis with the bracket formula of Mauhart and Michor

to establish the following generalization of the Chow-Rashevskii theorem:

THEOREM. Consider a control system
i) = 3 wilt) Vila(t)
i=1

evolving on a manifold M modeled over a smooth Banach space E. We suppose that
at each time controls u;(t) take values in {—1,0,1} and all but finitely many are

ZETO.

Define a distribution L C T M through
£ = span {[Viy, Vi [ Vi ]l] £ k€ N}

If for each q € M, L, is dense in T,M, then the system is globally approximately

controllable.

1.1.2. Vector Fields, Flows, and Lagrangian Charts. In the third chapter
we provide a careful exposition of properties of vector field flows, as well as flows on
TM and T*M induced by their pushforward or pullback. In addition, we provide
an introduction to the method of Lagrangian chart and establish some elementary

properties of these charts.



1.1.3. Necessary Optimality Conditions. In Chapters Four, Five, and Seven,
we consider dynamic optimization problems in which the velocities are constrained

either according to a control system:

(1.1.1) q(t) = f(t,q(t),u(t))

with measurable control w taking values in a metric space U or according to a

differential inclusion:

(1.1.2) q(t) € F(t,q(t)),

where F' : [0,T] x M = TM is a set-valued map satisfying F'(t,q) C T,M for all
(t,q). For problems of the first type we derive geometric versions of the Pontryagin
Maximum Principle while for problems of the second we derive a geometric version
of Clarke’s Hamiltonian inclusion. We briefly describe these approaches below.
1.1.3.1. Pontryagin Maximum Principle. A classical condition for characterizing
optimal controls is the Pontryagin Maximum Principle [74], a central result in the
field of dynamic optimization. Since its appearance in the 1950’s, the Maximum
Principle has inspired considerable effort in the study of optimal control problems
in R”. During the past few decades, optimal control problems on manifolds have also
been studied intensively and statements of the Maximum Principle for such problems
can be found in [4, 7, 12, 17, 54, 79, 84]. However, of these, only a handful (see
e.g. [4, 7, 17]) offer a full proof of the Maximum Principle for problems on general
manifolds and these papers are limited to special cases. Among the restrictions
are assumptions that the set S constraining the terminal point ¢(7") must be an
immersed submanifold or singleton and the terminal cost ¢(¢(7")) must be at least
C'-smooth. Further, none of the above references establish the Maximum Principle

for problems in which the state evolves on a Banach manifold.



We demonstrate in Chapter Four that, for a broad class of problems, the first-
order theory of Calculus of Variations is contained in the Maximum Principle. In this
chapter we arrive at the Maximum Principle through a kind of nonsmooth calculus
of variations. This approach is similar to that introduced by Clarke in [31] for the
study of differential inclusions in which a penalty function of the type introduced
by Filippov [44] is used to decouple the controls from the trajectories. We apply
the method of Lagrangian charts to derive a similar penalty function for problems
on manifolds and obtain a general statement of the Maximum Principle for Bolza
problems on Banach manifolds.

This approach, in which optimal control is approached through the nonsmooth
Calculus of Variations, relies on a geometric generalization of the fundamental lemma
of Calculus of Variations. This lemma has classically played a central role in the
derivation of necessary optimality conditions in Calculus of Variations and one
source [35] dates the appearance of this lemma as far back as 1854. In spite of
its age and importance in the linear theory, there does not appear to be an ana-
logue for this lemma when the underlying space is a Banach manifold, even of finite
dimension.

Chapter Four also provides a generalization of the classical duBois-Reymond
lemma, whose linear analogue dates back to 1879 [36], and a theory of integration
by parts for maps into TM and T*M.

In the fifth chapter we study geometric control problems with terminal con-
straints. Here there is a nice analogy with classical optimization theory. Consider
the problem of minimizing a function ¢ : R® — R subject to smooth inequality
constraints g;(z) < 0, 1 <14 < r. Suppose that T is a local minimizer. Under the

assumption that the gradients of the active constraints are convex independent at



T one can show that T is an unconstrained local minimizer for the function
(1.1.3) c(x) + Kmax{0,¢1(x),...,g-(2)},

with K sufficiently large. One may then employ techniques of nonsmooth analysis
to arrive at the Lagrange multiplier rule: there exist \; > 0 satisfying \;g;(Z) = 0

for 1 <7 < r such that
(1.1.4) Ve(@) + > AiVgi(®) =0.
=1

On the other hand, if the gradients of the active constraints are not convex inde-
pendent at T then there exist \; > 0 satisfying \;g;(Z) = 0 for 1 < ¢ < r such
that

(1.1.5) i/\Ngi(f) =0.
=1

Further, in this second case, the \; are not all equal to zero. Thus exact penalization,
abnormality of minimizers, and necessary optimality conditions are closely related
through nonsmooth analysis, even when the data ¢ and g; are smooth.

This approach to the theory of Lagrange multipliers is related to the metric
reqularity of the smooth inequality constraints. In the fifth chapter we approach the
derivation of a geometric Maximum Principle for problems with terminal constraints
by developing a pseudometric for controls and studying the metric regularity of the
constraint ¢(T") € S with respect to this pseudometric. Interestingly, we are able
to arrive at results which are analogous to the Lagrange multiplier result described

above. In particular, we prove the following:



THEOREM. Let u® be an optimal control with trajectory ¢°. Suppose that every

absolutely continuous solution  to the adjoint equations

(1.1.6) C(t) = Hit, (1), (1)),

which satisfies both the transversality condition —((T) € Nk(¢°(T)) and the nonde-
generacy condition ((T) # 0 fails to satisfy the mazimum principle

(L.1.7) H@d&¢ﬁﬂ=ﬁgH@dmw

on a subset of [0,T] with nonzero measure.
Then u® is an unconstrained local minimizer for the penalized Mayer problem

whose cost is given by
(1.1.8) q — €(q) + Kd(q),

where d is the locally defined function d(q) := dgsy © 0(q) for a coordinate chart ¢

whose domain includes ¢°(T).

The precise problem studied and surrounding assumptions are given explicitly
in Chapter Five. This theorem is analogous to the Lagrange multiplier problem in
that the absence of abnormality implies that the constraint can be removed through
exact penalization. These techniques are used to prove the following version of the

Maximum Principle:

THEOREM. Suppose that v is an optimal control with trajectory ¢°. There exist
A0 € {0,1} and —(r € N0,0(¢°(T)) + NX(¢°(T)) such that if ¢ : [0,T] — T*M is

the solution to

(1.1.9) C(t) = Ht,C(t), u°(2)), (1) = ¢



then for almost all t

H(t7 C(t)7 uo(t)) = Iggﬁ(H(t? C(t)a u)

Further, either \° =1 or ((t) # 0 for all t.

1.1.3.2. Clarke’s Hamiltonian Inclusion. In Chapter Seven we develop necessary
optimality conditions for problems of dynamic optimization which include a dynamic

constraint in the form of a differential inclusion

(1.1.10) q(t) € F(t,q(t)).

Such differential inclusions appear naturally in a variety of settings, including geo-

desic problems, in which a natural formulation is
«we{ue%meumbg1}

Differential inclusions also arise naturally optimal control problems which are sub-

ject to mixed constraints of the form
gj(t,z(t), u(t)) <0 1<j<r

Early studies of such problems in the context of optimal control include [37]. Sub-
stantial progress in the theory of necessary conditions for differential inclusions was
made in the 1970s by Clarke [31], followed by Vinter and Pappas [90] and Ioffe [52]
in the early 1980s.

Our approach is modelled closely on that taken in Clarke’s classic text [23]. We
study a Mayer problem of minimizing a locally Lipschitz function ¢(¢(7")) subject
to terminal constraint ¢(7') € S and dynamic constraint ¢(t) € F(t,q(t)). Precise

assumptions on F are given in Chapter Seven. Again it is useful to consider a locally
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defined penalty function d : M' — R given by dy(g) o6 for a coordinate chart 6 whose

domain includes ¢°(7). We provide a careful proof of the following theorem:

THEOREM. Let ¢° : [0,T] — M be a local minimizer. Suppose there are no

absolutely maps ¢ : [0, T) — T*M which satisfy the differential inclusion

C(t) € Ht, (1)),

the transversality condition —C(T) € N%(¢°(T)), and the nondegeneracy condition

(1) 0.
Then there exists a constant K > 0 such that ¢° provides a local minimum for

the cost function
(1.1.11) q — (q) + Kd(q),

subject only to the dynamic constraint ¢(t) € F(t,q(t)).

Here ﬁ [0, T)xT*M = TT*M is a set-valued generalization of the Hamiltonian

lift of a vector field. We also establish the following:

THEOREM. If ¢° : [0,T] — M is a local minimizer then there is a A’ € {0,1}

and solution ¢ : [0,T] — T*M to
&t € Ht,¢(1)-
which satisfies —C(T) € N°0.¢(¢°(T)) + NE(°(T)).
1.1.4. Existence and Uniqueness. The sixth chapter of this dissertation

concerns itself with the existence and uniqueness of optimal trajectories, follow-

ing [62]. In this chapter we establish existence and uniqueness theorems for Mayer

9



and Bolza problems on manifolds which do not rely on the convexity of the associ-
ated differential inclusion f(¢,q,U). Again techniques of nonsmooth analysis play

an important role, even though the data for the problem are assumed smooth.

1.2. Background

For background in smooth manifolds including the symplectic structure of 7% M,
John Lee’s introduction to smooth manifolds [67] provides a useful introduction to
the finite-dimensional case and Lang’s text [61] provides an introduction to man-
ifolds modeled over Banach spaces. Integration in Banach space is given a clear
exposition in [34], a source which includes many applications of integration to gen-
eral Banach space theory. Additional properties of the Bochner integral such as
Fubini’s theorem are carefully established in [38] and the functional analysis sur-
rounding the resulting Lebesgue-Bochner spaces is summarized nicely in [42].

Though certain aspects of the finite dimensional theory of differential equations
can be carried easily to the case of ODE in Banach space, certain useful and delicate
results on differential equations in Banach space can be found in [33]. There it is
shown, for example, that continuity of the right-hand side is not enough to ensure
existence of solutions to differential equations in general Banach space. The theory
of Fréchet spaces is included in the classic [60] by Kéthe and a complete introduction
to the classical Chronological Calculus can be found in [4].

In the following subsections we collect the basic materials from the above sources

that will be called for in this dissertation.

1.2.1. Calculus in a Banach Space. Let E and I’ be Banach spaces. A map
f+ E — F is said to be differentiable at xq if there exists a bounded linear operator
f(x0) : E — F such that for all z € E we have f(z) = f(zo) + f'(z0) (x — zo) +
o (|l — zol]). If f is differentiable on all of E, then we have f': E — L(E, F), where
L(E, F) is the Banach space of bounded linear operators from E to F. When [’ is

10



continuous, we say that f is of class C'. As a map between Banach spaces, we may
then ask if f’ is differentiable and so on. If f has m continuous derivatives, then
we say that f is of class C™. The m!* derivative at a point zg may be identified

with an m-multilinear map F x --- x E — F and the space of such maps is again a
——

m copies
Banach space with norm

[All = sup {[[A(z1, ..., zm)[| = 2]l = - - = [em] = 1}

Functions which take values in a Banach space can also be integrated [34]. We
briefly describe here the Bochner integral for functions f : [tg,t1] — E, where FE
is a Banach space. As one might expect, a function f : [tg,t1] — E is said to be
simple if it takes on only finitely many values, say [to, t1] = UF_; A;, with A; disjoint

measurable sets and f| 4, = [i € E. For simple functions one then defines

t1 k
fat="" fin(As),
=1

to

where p is Lebesgue measure. If F is a Banach space, a function f : [to,t1] — F
is said to be measurable if it is a pointwise limit of a sequence of simple functions,
say fn — f. Measurable function f is said to be Bochner integrable if 117111’1 /t1 Ilf—
fulldt = 0 for some sequence of simple functions f, . In this case the lti(’)ochner
integral of f is defined as

t1 t1

f(t)dt = lim fn(t)dt

to "™ Jo

It is worth noting that when FF = R™, the Bochner integral is the same as the

Lebesgue integral. Indeed the Bochner integral has many desirable properties of the

Lebesgue integral. In particular, one has

d t
i J,, (r)dr = f(?)

11



for almost all ¢ in [tg,t1]. A function F'(t) is called absolutely continuous if F(t) =
F(to) + |, ti f(r)dr for some integrable f. This and other properties of Bochner
integral are given a clear treatment in [34, 38, 42]. For a first reading we suggest

[34).

1.2.2. Differential Equations and Flows in Banach Space. We recall
some results from the theory of differential equations in Banach spaces. In par-

ticular, we are interested in equations of the form
(1.2.1) T = f(t,x) x(to) = xo

where f: J x E — FE and J C R is an interval containing ty. We introduce the

following definitions for vector fields on E:

DEFINITION 1.2.1. A nonautonomous C™ wector field on FE is a function f :

J x E — E which is measurable in t for each fixed x and C™ in z for almost all ¢.

DEFINITION 1.2.2. A nonautonomous C™ vector field on E is said to be locally
integrable bounded if for any xg € F, there exists an open neighborhood U of xg and
k € L*(J,R) such that for all x € U, for all 0 < i < m, we have Hf(i)(t,a:)H < k(t)

for almost all ¢, where £ denotes the i derivative of f with respect to z.

DEFINITION 1.2.3. A nonautonomous C™ vector field on FE is said to be locally
bounded if for any zg € E, there exists an open neighborhood U of zy and K > 0

such that for all z € U, for all 0 <7 < m, we have Hf(i) (¢, ac)“ < K for almost all ¢.

Notice that any autonomous C™ vector field is locally bounded. It can be shown
that if f: J x E — FE is a nonautonomous C™ vector field that is locally integrable
bounded, then for any (top,z() there exists an open interval Jy C J containing
to and depending on (tp,xp) as well as a unique, absolutely continuous function

x : Jy — E which satisfies (1.2.1) for almost all ¢ € Jy. This type of solution is

12



called a Carathéodory solution. In addition, the dependence of this solution upon
the initial condition zy is C™-smooth. More precisely, if x(¢;to,x¢) denotes the
solution to (1.2.1), then xy — x(t;tg,x0) is k times continuously differentiable for
appropriate values of ¢ and x.

We will write Py, ; for the local flow x¢ — z(t;tp,z0). Uniqueness of solutions

gives us the following properties for the flow:

(1.2.2) Py 0 Py s(x) = Py ()

(1.2.3) P () = Py ()

When the underlying vector field is autonomous, we will write P; for Fy;. One may

then obtain the following local semigroup properties for the flow:

Py o Py(z) = Pysy(a)

Pyl (x) = Poy(2),

provided that ¢,s,t 4+ s, and —t lie in Jy, an interval which in general will depend

on x.

1.2.3. Smooth Manifolds. In defining dynamical systems, it is enough for
the underlying space to have the structure of a Banach space only locally. In this
section we remind the reader of some definitions and basic results from the theory
of smooth manifolds. For a greater level of detail, we suggest [61].

A Banach manifold of class C™ over a Banach space F is a paracompact Haus-
dorff space M along with a collection of coordinate charts {(Uy, po) : « € A}, where
A is an indexing set. This collection of charts should be such that the collection
{U,} is a cover for M; each ¢, is a bijection of U, with an open subset of E; and

the transition maps @, o cp/gl 1 g(Ua NUB) = wa(Uy NUg) are of class C™.

13



If M and N are Banach manifolds, a function f : M — N is said to be C"™-
smooth (or C™ for brevity) if for any coordinate charts ¢ : U C M — E and
Y :V C N — F the map ¥ o f oo™t is a C™-smooth mapping of Banach spaces.
Analogously, a function f : M — N is differentiable at a point qq if o f o p™! is
differentiable at ¢ (qp).

The tangent space to M at ¢ is defined as follows. Consider the collection of
differentiable curves v : R — M with 7(0) = ¢ and define an equivalence relation
on this collection by 71 ~ 72 if and only if (po71)" (0) = (@ o~2) (0) for some
coordinate chart ¢. One can check that if this relationship holds for one coordinate
chart, it will hold for all coordinate charts. We write [y] for the equivalence class of
a curve 7. The collection of these equivalence classes forms the tangent space T, M
and there is a natural isomorphism T,M « E.

Every C™ map f: M — N induces a map from Ty M to TN by [y] = [f 0]
and we denote this mapping by fi.(q). The tangent bundle T'M is the union of the
tangent spaces with a topology given locally by the charts (q,v) — (©(q), p«(q)v),
where ¢ is a coordinate chart for M. When f is a map between linear spaces E and
F we will write f for its derivative. When f is a map between Banach manifolds,
we will write f, for the corresponding map from T'M to T'N. We emphasize that
in local coordinates, fi(q) : TyM — Ty N is the map given by v — f'(g)v. In
contrast, the map f, : TM — T'N sends a pair (¢, v) to the pair (f(q), f«(q)v).

1.2.4. Vector Fields and Flows on Manifolds. Let 7 : TM — M be the
projection (q,v) — q. A nonautonomous vector field is a mapping V : Rx M — TM
which satisfies o V;(q) = ¢q. Given ¢p € M and a coordinate chart (U, ¢) at qo, the

function J x £ — E given by

(1.2.4) (Vi) (@) := pu (07 (@) Vi (¢~ ()



is the local coordinate representation for V. Recalling definition 1.2.2 we introduce

DEFINITION 1.2.4. A nonautonomous vector field on M is said to be a locally in-
tegrable bounded C* vector field if it is C*-smooth in ¢ for almost all ¢, is measurable
in ¢, and in some neighborhood of each ¢ € M there is a coordinate representation

(1.2.4) which is locally integrable bounded.
Similarly, recalling definition 1.2.3, we introduce

DEFINITION 1.2.5. A nonautonomous vector field on M is said to be a locally
bounded C* vector field if it is C*-smooth in ¢ for almost all ¢, is measurable in ¢,
and in some neighborhood of each ¢ € M there is a coordinate representation (1.2.4)

which is locally bounded.

If 2(t) is a solution for the differential equation & = (¢, V})(x) on E with initial
condition x(ty) = ¢(qo), then ¢(t) = o~ o x(t) is a solution to the differential

equation on M

(1.2.5) ¢="Vi(q), qlto) = qo-

For any ¢ € C™(M, E) we have the following integral representation

t
(126) oa(t) = pla) + [ o (atr)Vela(r)dr
With each nonautonomous vector field V; on M, we associate a local flow Py ; given
by qo — q(t;t0,qo), the solution to (1.2.5) with initial condition ¢(¢9) = go. In the
case of autonomous vector fields V' we consider a local flow P, : qo — ¢q(¢;0,qo).
These flows are C™ diffeomorphisms of M and are of central importance in the

development of our extension of the Chronological Calculus.

1.2.5. Nonsmooth Analysis. The field of nonsmooth analysis now plays a

significant role in modern optimization and control theory and has been shown to be
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effective even for problems with smooth data. Textbook introductions can be found
in [14, 23, 28, 80]. For the techniques used in this dissertation we recommend [28]
and the paper [66], which introduces techniques of nonsmooth analysis for smooth
manifolds.

Let us recall that a Banach space E is called smooth if there exists a non-
trivial C''-smooth bump function (that is, a function with a bounded support). For
example, Banach spaces with differentiable norm are smooth Banach spaces as, in
particular, Hilbert spaces are. The spaces LP ([0,7],R") with 1 < p < oo are all
smooth.

A subgradient ( € E* of a function f : E — (—o00, +00] at the point x is defined
as follows: suppose there exists a C'-smooth function g : £ — R such that the
function f — g attains a local minimum at x. Then a subgradient of f at x is
the vector ¢ = ¢/(x). The set of all subgradients at x is called a subdifferential
Or f(z). It can be shown that for lower semicontinuous functions f subdifferentials
are nonempty on a set which is dense in the domain of f. The detailed calculus of
such subdifferentials can be found in the monographs [14, 28, 80]. The monograph
[28] is dedicated to the calculus of proximal subgradients in Hilbert spaces.

Nonsmooth analysis for nonsmooth semicontinuous functions on smooth finite-
dimensional manifolds was suggested in [66]. The concept of a subgradient of a
lower semicontinuous function from [66] is easily adapted for infinite-dimensional

manifolds:

DEFINITION 1.2.6. Let £ : M — R be lower semicontinuous. A covector ¢ € TyM
is a Fréchet subgradient for £ if ¢ = dg, for some C'-smooth function g : M — R

such that £ — g attains a local minimum at g. The set of all such covectors is denoted

Irl(q).

The following constructs are also of considerable importance:
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DEFINITION 1.2.7. Let £ : M — R be lower semicontinuous. A covector ¢ € yM
is a limiting subgradient for ¢ if there is a sequence ¢; € M for which (g¢;, €(q;)) —
(¢,2(q)) and Fréchet subgradients (; € drl(q;) for which (; — ¢. The set of all such

covectors is denoted Or¢(q).

The limiting subdifferential satisfies the following sum rule:
(1.2.7) OL(ly + £2)(q) € dLbi(q) + Irla(q).

The normal cone to a closed set S is defined through N%(g) = dr1s(q), where 1bg
is the function defined through 1g(q) = 0 for ¢ € S and ¥g(q) = 400 otherwise.
One can show that if for a closed set S C R™, when q € S then drds(q) C N&(q)

and when ¢ € S, then ¢ € 9r.ds(q) implies ||(|lgn = 1.

DEFINITION 1.2.8. Let £ : M — R be locally Lipschitz. The Dini subderivate

for ¢ at ¢ in a direction v € T, M is defined by

(1.2.8) Dt(q;v) = lirg(i)nf W’

where ¢, is a differentiable curve through ¢ satisfying ¢,(0) = v.

Definitions 1.2.6, 1.2.7, and 1.2.8, developed in [66], where they are shown to
be independent of local coordinates.
Nonsmooth analysis makes extensive use of mappings whose values are sets. The

integral of a set-valued map F : [0,7] — R" is defined through

(1.2.9) /OT Ft) di = {/OT vedt v € F(t) aat € [O,T]} .

We will have need for the following results regarding set-valued maps. Proofs can

be found in [28].
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THEOREM 1.2.9 (Aumann). Let F' : [0,7] — R" be a measurable set-valued

mapping which is bounded and has closed, nonempty values. Then

(1.2.10) /OT F(t)dt = /OT co F(t) dt.

LeMmmA 1.2.10 (Filippov). Let F : [0,T] — R™ be a measurable set-valued map-
ping with closed values and let g : [0,T] x U — R™ be Carathéodory. Suppose that
for almost every t € [0,T) there exists u € U such that g(t,u) € F(t). Then there
exists a measurable mapping u(t) : [0,T] — U such that g(t,u(t)) € F(t) for almost
all t.

With this we turn to our first chapter of results — an extension of the classical

Chronological Calculus.
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CHAPTER 2

Extension of the Chronological Calculus

In the 1970s, Agrachev and Gambkrelidze suggested in [2, 3] the Chronological
Calculus for the analysis of C°°-smooth dynamical systems on finite-dimensional
manifolds (for a textbook exposition see [4]). The central idea of this calculus is to
consider flows of dynamical systems as linear operators on the space of C*°-smooth
scalar functions. This “linearization” of flows on manifolds presents significant ad-
vantages from the point of view of defining derivatives of flows, developing a calculus
of such derivatives, and effective computations of formal power series representing
flows.

But in addition to these desirable properties, the Chronological Calculus poses
some interesting problems. The space of C°°-smooth scalar functions is a Fréchet
space with topology given by a countable family of seminorms and this complicates
the proofs of the calculus rules given in [3, 4]. The approach also requires the
strong assumption of C'*°-smoothness of dynamical systems and manifolds, even if
for many applications only finite sums of Volterra-like series representing flows are
enough [71].

Another restriction of the classical Chronological Calculus (which is important
from the point of view of applications to control systems on manifolds) is its treat-
ment of nonautonomous vector fields which depend on ¢ in a measurable way. In
particular, there is no variant of the product rule in the classical Chronological

Calculus which can be used for such flows.
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In this chapter we extend the Chronological Calculus so as to require only C™-
smoothness of dynamical systems and manifolds. The result is a computationally
effective version of the Chronological Calculus without reference to Fréchet spaces.
Moreover, in the framework of this extension we provide a “distributional” version
of the product rule which can be applied to flows of nonautonomous vector fields
which are merely measurable in t. We thus provide details for a rule which are
lacking in the description of the classical Chronological Calculus [2, 3, 4, 47], even
for finite-dimensional manifolds.

Further, this extension allows analysis of dynamical systems on infinite-dimensional
manifolds which are interesting from the point of view of applications to the the-
ory of partial differential equations. We also develop a calculus of remainder terms
(calculus of “little 0’s”) which is used for the effective calculation of representa-
tions of brackets of flows in terms of respective brackets of vector fields on infinite-
dimensional manifolds and which provides an algorithm for the computation of
remainder terms in such representations. Finally, we use these results for proving a

generalization of Chow-Rashevskii theorem for infinite-dimensional manifolds.

2.1. Extension of Chronological Calculus

The main observation behind the Chronological Calculus [2, 3, 4] is that one
may trade analytic objects such as diffeomorphisms or vector fields for algebraic
objects such as automorphisms or derivations of the algebra C°° (M), which is the
collection of C'*° mappings f : M — R. This correspondence is developed in [2,
3, 4], where C*°(M) is given the structure of a Fréchet space. Below we develop a
streamlined version of the theory which is effective for computations with infinite-
dimensional C™-manifolds and dynamical systems. In order to include Banach
spaces in the theory, we consider the vector space C™ (M, E) of C™-smooth functions

f: M — E rather than the algebra of scalar functions C*°(M).
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2.1.1. Chronological Calculus Formalism: Flows as Linear Operators.

We begin by defining the following operators:

(i) Given any point ¢ € M, let ¢ : C" (M, E) — E be the linear map given by
() = ¢(q).

(ii) Given C™-manifolds M and N over a Banach space E and a C™ map P :
M — N, let P: C™(N,E) — C"(M, E) (0 < r < m) be the lincar map given
by ]3(90) := ¢ o P. Note that if P is a diffeomorphism of M, P gives us an
isomorphism of C™(M, E).

(iii) Given a tangent vector v € T,M, let v : C™(M, E) — E be the linear map
given by v(p) := pu(q)v.

(iv) Given any C™ vector field V on M, we define a linear map v C™(M,E) —
C™H(M, E) by V(9) : ¢ = ¢:(0)V(q).

Of course, we can consider linear combinations of such linear operators. Notice
that for any smooth manifold M the identity map Idy : M — M defined by
Idp(q) = ¢ induces the identity operator Tdy C™(M,E) — C" (M, E) through
Tdu(p) = .

We need not restrict ourselves to the space C™ (M, E). Given any open set
U C M, we may view U as a Banach manifold in its own right and therefore consider
the space C™ (U, E). For example, the local flow P, ¢ : Jo x Uy — U of a vector field
V; gives rise to a family of linear mappings ﬁto,t :C™(U,E) — C™(Uy, E). We also
note that when ¢ is a local diffeomorphism then under an appropriate restriction of
domain, the operators defined above simply give us local coordinate expressions.

For a mapping P : M — N, the operation P +— P is contravariant. Thus
for operators ﬁto,t arising as flows of vector fields the semigroup property (1.2.2)

becomes

(2.1.1) Py,s0 Poy = Py
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An operator o(t) will play an important role in the calculus of remainder terms.
Later we will develop a more detailed definition of such operators, as well as several
useful examples. For the moment we denote by o(t) any linear operator C™ (M, E) —
C"(M,E) (0 < r < m) with the following property: for any ¢ € C™(N, E) and

qo € M there exists a neighbourhood U such that

(2.12) fn 12ODW@I_

uniformly with respect to ¢ € U. For an example of such an operator, consider the
flow operator P, for an autonomous vector field V. It follows from (1.2.6) that for

the operator
(2.1.3) o(t) := P, — Tdy — tV
and a function ¢ € C™(M, E) we have that

(2.1.4) o(t)() :/0 0+ (Ps(q))(V(Ps(q)) — «(q)V(q)) ds.

This representation implies that the operator (2.1.3) satisfies (2.1.2).

2.1.2. Differentiation and Integration of Operator-Valued Functions.
In this section we define integration and differentiation for operators depending on

a parameter t € R.

DEFINITION 2.1.1. Consider an operator-valued function ¢ — A; whose values
are linear mappings A; : C™(M, E) — CP(M, E). This function is called integrable
if for any ¢ € C™(M, E) and ¢ € M the function ¢t — A;(¢)(q) is integrable and

the assignment

T
(2.15) g / A(9)(q) dt

is CP-smooth.
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t1
The resulting linear operator </ A; d7> : C"™(M,E) — CP(M, E) is defined
to

as follows

(/ B ‘“) @@= [ A

to
It follows immediately from (1.2.5) and (1.2.6) that the flow operator ﬁto,t rep-
resenting the flow of diffeomorphisms for a nonautonomous vector field V; satisfies

the integral equation

—_~ t/\ A~
(216) Pto,t = IdM + Ptoﬂ' o ‘/7— dr.

to
Moreover, the unique operator valued solution of the integral equation (2.1.6) is the
function t — ]3t07t. Next we introduce a concept of differentiability for an operator-

valued function A;.

DEFINITION 2.1.2. An operator-valued function A; : C™(M,E) — C"(M, E) is
called differentiable at t if there exists a linear operator B, : C" (M, E) — C*(M, E)

(2.1.7) Aiyn = At + h By +0o(h).
dA; . L
The operator g := By is the derivative of Ay.

This definition is well-suited for the operator ﬁto,t arising from the flow of dif-
feomorphisms representing differential equation (1.2.5) in the case where the nonau-
tonomous vector field V; is continuous in ¢. In particular, the semigroup property

(2.1.1) implies that
Pto,t+h - Ptg,t - hPtO,t oV = Pto,t © (Pt,t+h — Idy — hW)-
The last expression can be represented as

R t+h - R
(218) Pto,to/ (Pt,so‘/ts - ‘/t) ds.
t
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Using a representation for (2.1.8) similar to the one from (2.1.4) and continuity V;

in ¢, we obtain that (2.1.8) is o(h). Thus, we have derived the representation
(219) ﬁto,t+h = ]3t07t + hﬁto,t o ‘7;5 + /O\(h)

This means that ¢ — ﬁto,t is differentiable and for every t,

d ~ ~ ~
%Pto,t = Pto,t o Vi

We see that when V4 is continuous in time, the operator-valued function ﬁto’t satisfies

the differential equation

(2110) :ﬁto,toma ﬁt()yto :IdM

It is easy to check that ﬁto,t is the unique solution of this operator differential
equation and also of the operator integral equation (2.1.6).

However, in the case when the vector field V; is only integrable in ¢t then a
Carathéodory solution ¢(t) of the differential equation (1.2.5) is an absolutely con-

tinuous function and we cannot guarantee that ﬁto,t is differentiable for every t.

DEFINITION 2.1.3. An operator-valued function A, is called absolutely continu-

t
ous on [a,b] if Ay = Ay, + / B, dr for any t € [a,b] for some integrable operator-
to

~ ~ d ~
valued function B;. We denote B; as %At and understand this derivative in the

sense of distributions': for any t1,ty € [a,b], for any ¢ € C™(M, E) and q € M

()0 - A = [ GA e

1

REMARK 2.1.4. Let W be a C™ vector field and ﬁt is absolutely continuous

then ﬁt o W is also absolutely continuous and %(A\t oW) = %Et oW.

LWe use a term distribution by analogy with a concept of a generalized derivative as a distribution
in the theory of linear partial differential operators (see [51]).
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Note that in the case when the absolutely continuous operator-valued function
gt is defined by a flow of diffeomorphisms P; : M — M then for any ¢ € M the
derivative %Pt(q) exists for a.a. t € [a, b].

As demonstrated above, for measurable in t vector fields V; the flow operator
ﬁto’t is the unique absolutely continuous solution of the integral operator equation
(2.1.6). In view of Definition 2.1.3, P, is also the unique solution of the operator

differential equation (2.1.10) in the sense of distributions.

2.1.3. Product Rules. In this subsection we discuss product rules for operator-
valued functions ]3,5 and @t. We first establish a product rule for the case in which

these functions are differentiable at ¢ in the sense of (2.1.7), namely

~ ~ d~ ~ ~ d ~
(2.1.11) Py = Pt-l-hapt-l-Ol(h), Qtin = Qtﬁ-h%Qt +02(h)
for some operators iﬁ and i@
P T T

THEOREM 2.1.5. Let operator-valued functions I3t and @t be differentiable at t

and suppose the remainder terms 01 and 02 have the property

. d~ ds . I .
(2.1.12) o1(h) o %Qt + %Pt 0 02(h) 4+ 01(h) 0 02(h) = o(h).

Then the operator-valued function ﬁt o @t 1s differentiable at t and

d ~ ~  da ~ ~ dx
(2.1.13) @(PtoQt):ﬁptoQt‘f‘PtoaQt

ProOF. It follows from (2.1.11) and (2.1.12) that
~ ~ ~ ds ~ 5 da, . . A 5
Pt+tht+h :PtOQt‘i‘h(&PtoQt‘i‘Pto%Qt)"i_o(h)"i_ol(h)OQt+P13002(h)

The sum of last three terms is again operator o(h) (see (2.1.2)). This implies the
differentiability of the product Po @t and the product rule (2.1.13). O
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Thus the validity of a product rule in the form (2.1.13) can be reduced to the
verification of the condition (2.1.12). We can verify directly that (2.1.12) holds
for flow operators ]3t and @t which are operator solutions of the operator equation

(2.1.10) or equation
d ~  ~
(2114) %Qt = Wt (¢] Qt

for continuous in ¢ vector fields V; and W;.
Now we consider a product rule in the sense of distributions for absolutely con-
tinuous operator-valued functions ﬁt and @t which are represented for any t € (a, b)

as

. td ~ ~ A td A
(2.1.15) Pt:Pto+/ dpr dr, Qt:Qt0+ —Qr dr,

to AT to dr

ASSUMPTION 2.1.6. Let ]3t, @t be absolutely continuous operator-valued functions

such that for any ¢ € C™(M,E) and g € M

(i) The function t — Py o Qy(¢)(q) is continuous on (a,b);
(ii) The functions

~

(t,7) = S ProQue)a) () = Bro - @r(o)0)

-
are integrable on (a,b) x (a,b);
(iii) For any t,t1,ts € (a,b)

to d ~ N 2] d ~ ~
P Q) = [ TP e Qe adr

t1

R t2 g ta d ~
Pyo / - @rdr(9)(a) = /t1 Pro GrQr(o)@)dr

t1
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(iv) There exists an integrable function ki(T) such that for all small h, all

t €[r—h,7] and a.a. T € (a,b)

(2116) [P0 Qu)@] <hi(r) [Pano L@@ < k(7).

REMARK 2.1.7. If P, @, are absolutely continuous solutions of (2.1.10) or
(2.1.14), or they are of the type presented in Remark 2.1.4 with A, being a so-
lution of (2.1.10) or (2.1.14) then conditions (7)-(iv) are satisfied when V; and W

are locally integrable bounded.

THEOREM 2.1.8. Let absolutely continuous operator-valued functions ﬁt and @t
satisfy Assumption 2.1.6. Then ]3t ) @t is absolutely continuous and for any t1,ts

in (a,b)

to d - N to d - e ~ d —~
(2.1.17) /t1 dt(PtOQt)dt:/tl (@PtoQt+PtO%Qt)dt'

The proof of this theorem relies on the following Lemma, which can be estab-

lished using the Fubini Theorem [38]:

LEMMA 2.1.9. Let g : (a,b) X (a,b) — E be an integrable function. Then for any

ti,te € (a,b) and sufficiently small h

to t+h to T
/ / g(t,7)drdt = / / g(t,T)dtdr
t1 t t1 T—h
t1+h t1 to+h to
—/ / g(t,7) dtd¢+/ / o(t,7) dt dr
t1 T—h to T—h

We now turn to the Proof of Theorem 2.1.8:

(2.1.18)
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PROOF. Fix t1,t € (a,b), ¢ € C™(M, E) and ¢ € M. There holds

/2;(Pt+tht+h_PtoQt)( )(q) dt
(2.1.19) "

to+h ti+h
:flL/ P, o Qi(9)(q )dt—fll/ Py o Qu(¢)(q) dt

to t1
Due to (iii) of Assumption 2.1.6 we have
(2.1.20)

to 1 to t+h .
/ h(Pt+tht+h_PtoQt q)dt = / dt— / P OQt ©)(q) dr
t1

t1

to t+h d ~
dt— P, —Q- d
[Ty [ Paro faoan

Apply Lemma 2.1.9 to evaluate the first term in the right-hand side of (2.1.20):

/:dt /Hh P dT_/tsz/ —PoQt ©)(q) dt

t1+h t1 ta+h 2 4 ~ ~
1 dT/ P o Qi(o)(g ”T*h/ dr [ 2 ProQup)la)dt
to r—h QT

It follows from conditions (4i) and (iv) of Assumptions 2.1.6, from the Fubini theo-

rem, and from the Lebesgue convergence theorem that

to t+h g t2 o~
(2.1.21) lim dt— / P o Qi(p)(q )dT:/ iPTOQT(go)(q)dT.

h—0 t1 dT
By a similar argument we prove the limit

t+h ta d ~
(2.1.22) }le *at / Popo —Qt( N@)dr = [ Pro—Q:(v)(q)dr.
—0 t1 dT

Using these limits and the continuity of ¢t — P; o Q:()(q), we see from (2.1.19) and
(2.1.20) that

~

~ ~ ~ ~ t2 d ~ ~ o~
(212 (PuoQu-Pio@u)@@ = [ (Bo 500+ 5PoQ)dte)a)

t1
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This implies that ]3t o @t is absolutely continuous and its derivative satisfies the

product rule (2.1.17) in the sense of distributions. O

2.1.4. Operators Ad and ad. Let V be a vector field and F' : M — M be a
C™ diffeomorphism. For a solution ¢(t) of the equation ¢(t) = V(g(t)) the function

r(t) = F(q(t)) is also a solution of the differential equation
(2.1.24) () = Fu(q(t)V(q(t) = EV(r(t)),

where the vector field F,V is defined by F,V (r) := F.(F~1(r))V(F~(r)).

To obtain a representation for the operator ET/ corresponding to the vector
field F,V we consider the diffeomorphism flow R; corresponding to the differential
equation (2.1.24):

d ~ ~ —
(2125) aRt == Rt o F*V

But ﬁt = ﬁtoﬁ where P, is the diffeomorphism flow corresponding to the vector-field

V. Using the product rule and (2.1.25) we arrive at

d = d=~ =~ =~ =~ =~ =~ ~ _—
%Rt:&PtOF:PtOVOF:PtOFOF*V'

This implies that

—_—

(2.1.26) FV=F1loVoF.
Following [4] we define the operator Ad F : V — FoV o FL.
Recall that the Lie bracket [V, W] of vector fields V and W is the vector field?

—

whose operator representation has form [V, W] = VoW —WoV. Let us prove that

2To show that this is a vector-field we can use the relation (2.4.1) for vector fields V, W.
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the Lie bracket is invariant under diffeomorphism. We have

—

F, [V, W] —Flo (VOW—WOV) oF
—FloVoFoFloWoF-—FloWoFoFloVoF
— FV o F.W — F.W o BV = [EV, F,W).
Since the assignment V' V is an injection, this proves the vector field equality

F,[V,W] = [F.V, FEW].

It makes sense (as in [4]) to define an operator ad V; by
(2.1.27) (ad V}) o W, = [f/t W} .

We will see below that operators ad and Ad can related through an operator-valued
differential equation.
Finally, let v € T,M and F : M — M a map of class C". Then Fi(q)v is a

tangent vector in T, M and it is natural to ask for Fi(q)v in terms of v and F.

We claim that, as in [4], one obtains

o —

(2.1.28) F.(q)u=00F.

To see this, let ¢ € C™(M, E). Then, applying the chain rule we have ﬁk\v(@) =

Px(F()Fu(q)v = (po F), (q)v =T (po F) =G0 F(yp).

2.2. Operator Differential Equations and Their Applications

In this section we further develop our extension in the direction of applications

to flows of vector fields.
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2.2.1. Differential and Integral Operator Equations. Following [2, 3, 4]
we have introduced the operator differential equation

(2.2.1) &Pto,t = ﬁto,t o ‘//\;57 ﬁtoio = m

which has a unique solution ﬁto,t representing the flow of diffeomorphisms for a
nonautonomous vector field V; which is continuous in ¢.

In the more general case of measurable in t vector-field V; we have that ﬁto,t
satisfies the integral operator equation

~ — b ~
(2.2.2) Pyoi=1Idy+ | PyroVydr
to

and it is the unique absolutely continuous solution of this equation or the solution
of the differential equation (2.2.1) in sense of distributions. The justification of this
fact is based on the relation of ﬁto,t to the Carathéodory solutions of the ordinary
differential equation (1.2.5).

Now we consider the differential operator equation
d ~ ~ o~ ~ —
(223) aQtO’t =—V;o Qto,t7 Qto,to = Idy

Note that this operator equation, even in case M = R", is related to some first-order
linear partial differential equation.

The following result states that for a locally integrable bounded C™ vector field
Vi there exists a solution @to,t of (2.2.3) in the sense of distributions. Moreover
we have a representation of @to,t in terms of a solution of the equation of the type

(2.2.2).
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PROPOSITION 2.2.1. Let V; be a locally integrable bounded C™ wvector field. Then
absolutely continuous operator-valued solutions ﬁto,t and @to,t of differential equa-

tions (2.2.1) and (2.2.3) exist, are unique, and
(2.2.4) @to,t = (ﬁto,t)_l-

Proof. Let Py, be the flow of V;, so that (2.2.2) holds. It is enough to prove
the existence and uniqueness of (2.2.3).

Denote by @, the flow of diffeomorphisms P; ;,. The operator-valued function
t— @to,t is absolutely continuous and together with ]3t07t satisfies Assumption 2.1.6
for the product rule, Theorem 2.1.8.

Fix ¢ € C"™(M,E) and qo € M. There exists an interval (a,b) such that
ﬁto’t(go)(qo) exists for any o, t in (a, b). By the product rule we have for any ¢t € (a,b)

/to (dTPto,r © Qto,r + Pror © dTQtO,T> dt(¢)(g0) = 0

This implies that for almost all ¢ € (a,b)
P . d ~
Prot 0 Vio Qup + Pro © - Quot | (9)(a0) =

and @to,t satisfies (2.2.3) in the sense of distributions.
To prove uniqueness of the solution @to,t we use the product rule (2.1.17)
t

o~ o~ —_~ d o~ —~
Pyt o Qo — Idy = e (Ptoﬂ' ° Qtoﬁ) dr
to T

t
= / (Pto,f oV;0Qir— PigroVro Qtoﬂ'> dr =20

to

As a consequence, we have Py, ; 0 Q,+ = Idys for all ¢, hence Qy, ¢+ = P4, which

also proves (2.2.4). O
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PROPOSITION 2.2.2. Let V; be locally integrable bounded C™ smooth vector field
and ﬁto,t be an absolutely continuous solution of (2.2.2). Then for any C™ smooth
vector field W the operator-valued function t — Ad ﬁto,tow 18 absolutely continuous
and satisfies the following equation in the sense of distributions:

d ~ — ~ o
(225) aAdPto,toW = AdPtO’toadV}oW.

Proof. Note that ﬁtgi exists and due to the assertion of Proposition 2.2.1 satisfies
the differential equation (2.2.3). For any smooth vector field W
(2.2.6)
~ —~ td [~ — ~ -1
AdPtoi oW =W+ / df <Pt077' oWo (Pt077'> > i
T

to

— b ~ o~ /=~ N1 o ~ ~ o~
— W+ / (PyroVioWo (th) By oW oV, 0 PrL)dr
to
—~ t o~ —_—
= W+/ (AdPt> o [V, W) dr.
to
Recall the definition (2.1.27) of the operator adV; to conclude the proof. O

The method of variation of parameters can also be easily applied to the operator

differential equation

d ~ N P . _
(2.2.7) %Sto,t = St 0o (Vi +Wy), Sk = 1d

In particular we have the following Proposition:

PROPOSITION 2.2.3. Let Vi, Wy be locally integrable bounded C™ smooth vector

fields. Then a solution of (2.2.7) can be represented in the form

(228) §t0,t - ato,t o f)to,ta

33



where ﬁ)to,t is the solution of the differential equation (2.2.1) and éto,t s a solution

of the differential equation

d ~ ~ R _ . _
(229) %Ctoi = Cto,t ¢} Ad Pto,t (¢] Wt, Cto,to = IdM

ProOF. It follows from (2.2.8) and Proposition 2.2.1 that éto,t is absolutely

continuous and by the product rule

t
~ — d ~ S-1 a d p—1
Crop — Idy = \ (Estoﬂ' © Py 7+ Sto,r 0 %Ptoﬂ') dr

~

t
= / (Croir 0 Proro (Vi +Wr)o Pl —Ciyr 0 Py ro Vo Bl dr

to,T
to
t —~ ~ —~ t —~ o~ —~
= [ CyroPyroWroP dr= [ CpyroAdPy oW, dr
to to

which proves (2.2.9). O

2.2.2. Derivatives of Flows with Respect to a Parameter. Consider a
family of nonautonomous C™ vector field V,* which depends upon scalar parameter
a and corresponding flow P ;. Let us assume that V;* is differentiable in « in the
following sense:

V& = Vi 4+ aWy + o),

where V4, W, are nonautonomous C" vector fields which are locally integrable bounded.
Let ﬁto’t and @to,t be absolutely continuous solutions of (2.2.1) and (2.2.3). We

assume that the operator o;(«) satisfies (2.1.2) along with

—

Piyt 0 G1(a) 0 Qup = 0(v) Vi 0 Gi(a) o Wy = 6(a),

uniformly with respect to ¢ € [to, t1].

We use these assumptions and (2.2.9) from Proposition 2.2.3 to obtain

(2.2.10) Py =Cg 0Py,
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where

t
(2.2.11) Ciy t —IdM—i—a/ Ad P,y ; o Wrdr + 0(a).
to
Hence
~ A~ t A~ —_ ~
(2212) Ptc(:’t = Pto,t +« Ad Pto,T o WT dr o Pto,t + 6(0[)
to

This implies that ﬁt%,t is differentiable with respect to o at o = 0 and that

0 = PN = ~
(2213) aipt%é,t = Ad Pto,T o WT dr o Pto,t~
(0% to

This same formula is given in the context of the classical Chronological Calculus

[4]. We invite the reader to check that the second representation found in [4], given

below
D o [ AdBL oW
(2214) Pto t = Pto,t o AdPt,T o WT dr
oo ™ to

is easily obtained from the first.
The operator formulas (2.2.13) and (2.2.14) can be used in order to obtain the

following representations for derivative of the flow Py, at a =0

o t
(2.2.15) 5 Pil0) = Pose(@) [ Prao-(Por @)We(Pry)(a) dr
0
0 . t
(2:2.16) 5 Piel@) = [ Prr(Pr @)W (Pu ) .
0
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Here we prove (2.2.16). The proof of (2.2.15) is similar. Using (2.2.14) and (2.1.28),

we obtain for any ¢ € C™(M, E), the following relations:

(2.2.17)
0 0

t
o (Puoa @) 5 Pinal0) =70 5-Praale) = [ To Puyso AdPr oW, dr(e)
0

t — —
= / Pto,t(Q) © PT,t*WT(SO) dr
t

- / 2 (Pay (@) Prta(Pay o (0)) W (Prg (@) i

These relations imply (2.2.16).

2.2.3. Finite Sums of Volterra Series and a Remainder Term Estimate.
Let V; be a nonautonomous C™ vector field on M and let Py, ; : Jo x Uy — U be the
local flow of of this field. Consider the operator integral equation (2.2.2). Replacing
ﬁtO’T in (2.2.2) with its integral form, we obtain

N - t t o N
Py 4 :IdM+/ VTdT+/ Py 0 VyoVododr.

to to Jto

Provided that £ < m, we may continue to obtain

(2.2.18) Py =Ty + Y / Vo owero o dn. . dn + Be(t)
i=1 Ai(t)
where
(2.2.19) Ry(t) := / Piyr oVy 00V dry...dr,
Ag(t)

is the remainder term and Ag(¢) is the simplex {to < 7, < 71 < --- <71 < t}.
Suppose that for any ¢ € C™(M, E) and qp € M there is a neighborhood U of ¢,

0 > 0 and a constant C' such that forallqg € U, forany tg < 7, < -+ <711 <t < tp+9,
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we have

~

Voo V(@) <c

(2.2.20) ‘ ;

This is true, for example, when V4 is locally bounded or autonomous. Then

[roer], < [ oot ane...an

E

(2.2.21) < / Cdry,...dm = C—tk

Ar() k!
It follows for any ¢ € C™(M, E) and any gy € M, there is a neighborhood U of
go on which the function tk%le(t)(go) converges uniformly to zero. The family
Ry (t) is an important example of a o(t*~!) family of operators. In the following

section, we rigorously define such families, establish their properties, and prove that

Ri(t) = o(tF1).

2.3. Calculus of Little o’s

We develop in this section the theory of operators of type o(t!) for C™-smooth
manifolds M. This theory is developed in detail for the case in which vector fields
and flows are merely C*-smooth. We then provide details for the case of C™-vector

fields and flows.

2.3.1. Calculus of Little o’s: C*-smooth Case. We need the following

definitions:

DEFINITION 2.3.1. A set F C C™(M, E) is called locally bounded at qo € M if
there exists a coordinate chart (O, ) with ¢o € O and a constant C' such that for
any 1 =0,...,m
(2.3.1) sup H(gpogb_l)(i)(x)H <C

z€9(0)

37



DEFINITION 2.3.2. We say that a family of operators A, : C™(M, E) — C™ (M, E),
t € (—6,0) has defect ki = def A, if for any n, k; <n < m and any ¢ € C"(M, E)
we have A\t(p € C" " (M, E). A smooth vector field V; gives an example of the

operator 17t which has defect 1.

DEFINITION 2.3.3. A family of operators A; : C™(M,E) — C™ (M, E),
0 < |t| < &, with defect k; is called o(t*) if for any go € M and locally bounded at
qo set F C C™(M, E) there exists a coordinate chart (O, 1) with go € O such that

forany i =0,...,m—ky

(2.3.2) lim + |At) o @] = 0

t—0 tk

uniformly with respect to all ¢ € F, z € ¥(0O).
The following proposition gives an important example of 0(t*) operator.

PROPOSITION 2.3.4. Let C™-smooth vector field Vi be locally bounded. Then the
remainder term operator Ry,(t) given by (2.2.19) is a 6(t*~1) operator with defect at

most k.

Proof. Fix qo € M and a locally bounded at gg family of functions F C
C™(M, E). Then there exists a constant C such that (2.2.20) holds for any ¢ € F.
This implies that (2.2.21) holds for any ¢ € O, where O is some neighbourhood
of qo. This proves uniform convergence (2.3.2) for ¢ = 0. A similar argument will
establish the uniform convergence (2.3.2) for any i =0,...,m — k. O

Later we’ll use the following properties of operators o(t).

PROPOSITION 2.3.5. Let o(tF) and o(t') be families of operators with defects ki
and {1 respectively. Then

(i) o(t*) + o(t*) = o(t™*:0) if max{ky, 61} < m;
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(i3) (%) o 0(t") = o(tFT*) if ky + €1 < m;
(iii) Xy 00(t") oY, = 6(t*) with defect at most ki +2 if ki1 < m —2 and C™ smooth
vector fields Xy, Y: are locally bounded;
(iv) ﬁO,t o E(tk) o @o,t = 5(tk) with defect at most ki if Pyy and Qo are flows of
locally bounded C™ smooth vector fields;
(v) ﬁo,t = ﬁzE + o(1) with defect 0 if ﬁo,t 1s the flow of a locally bounded C™

smooth vector field.

Proof. Let us fix g9 € M, a locally bounded at gy family F ¢ C™(M,E),
and a coordinate chart (O,1). Observe that for any ¢ € F, = € ¥(0O) and i =
0,...,m—max{ky, {1}

(@) + 5 () 0 w7 @)

< @) ) 0 vt @)@

+| @) () 0w (@)@

This inequality implies (7).

Note that the family of functions B := {tlga(tz)(gp) e F,0< |t <6} is
locally bounded at gg. Then (i) follows immediately from Definition 2.3.3.

To prove (iii) we note that o(tF) o Y; is 0(t*) with defect k1 + 1. Then it is easy
to see that X, o 6(t*) o V; is 6(t*) with defect ki + 2. The assertion (iv) follows
from the observation that o(tF) o Qo = o(tF) with defect k; and from the uniform
convergence in (2.3.2).

The last assertion (v) follows from the integral representation (2.2.2) for ]30,75

and boundedness assumptions. O

2.3.2. Calculus of Little o’s: (C°°-smooth Case. In the case of a C'°°-
smooth manifold M we won’t require the concept of defect of operators which map
p € C®°(M,E) into C*(M, E). We make the following modifications to the above

definitions in this case:
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DEFINITION 2.3.6. For C* manifold M a set F C C*°(M, E) is called locally
bounded at qo € M if for any natural number m there exists a coordinate chart

(O,1) with gg € O and a constant C' such that (2.3.1) holds for any i =0, ..., m.

DEFINITION 2.3.7. For a C'°° manifold M, a family of operators Xt :C®(M,E) —
C®(M,E), t € (—6,6), is called o(t*) if for any gy € M, for any locally bounded
at gy set F C C*°(M, E), and for any natural number m there exists a coordinate
chart (O, ) with ¢op € O such that for any ¢ = 0, ..., m the limit (2.3.2) takes place

uniformly with respect to all ¢ € F, z € ¥(O).
Then we have

PRroOPOSITION 2.3.8. For C'*° manifold M and locally bounded C*° wvector fields
X; and Yy assertions (i)-(v) of Proposition 2.3.5 hold with k1 = 0, {1 = 0 and

m = 00.
2.4. Commutators of Flows and Vector Fields

Let P; and @Q; be flows on a C™ manifold M, generated by C™ vector fields X

and Y, so that ﬁ() :ﬁ, éozfﬁ,
%:ﬁto)ff, 7:@750}/}.

Following [68], we define a bracket of flows [P, Qs] = Q;' o P, 0 Qo Py and we
note that
[P Qi) = PioQuo Bt o Q.

In the case of finite dimensional manifolds, it follows from the classical result that

(2.4.1) (P, Q) = Id + t2 [)? 17} (1),
In the case of infinite dimensional manifolds and flows P}, i = 1,...,k, gener-

ated by vector fields X;, the general formula for an arbitrary bracket expression
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B (Ptl, cee Ptk) was proved by Mauhart and Michor in [68]. In operator notation,
the general formula is

(2.4.2) B(PL,...,P}) =T1d+t"B ()?1, - )A(k> + o(t").

Here we use the Chronological Calculus to prove this formula. In particular, we will

establish the following:

THEOREM 2.4.1 (Mauhart and Michor). Let M be an C™-smooth Banach man-
ifold and Xq,..., Xk, kK < m, be C™-smooth vector fields. Then for any bracket
expression B (P}, ..., PF) we have the presentation (2.4.2) where o(t*) has defect

at most k — 1.

The advantage of our approach follows from the fact that the main part of the
proof is reduced to algebraic computations. Moreover, an algorithm for deriving a
representation for remainder term in (2.4.2) is given.

We will need the following results for families of local diffeomorphisms of the

form

(2.4.3) P =T1d+t"X +o(t™) Q1 = Id +t"Y +o(t").
PROPOSITION 2.4.2. Let X be a C™ wector field. Then

(2.4.4) Pl =Td—t"X +0(t™).

Proor. Consider flows S; and T; defined by

(2.4.5) dd—‘?:@o)?, So=1d Yt _XoT, Ty = Id.

Then T; = §;1, S, = Id+tX + o(t), and T, = Id —tX + o(t). In particular,
ﬁt = S\tm + 6<tm)
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By applying ﬁ;l from the right, we get Td = §tmoﬁ[1+5(tm). Then by applying
Tim from the left, we get Tym = ]3;1 +0o(t™), and so 13[1 =Td—t"X + o(t™). O

PROPOSITION 2.4.3. Let families of local diffeomorphisms P; and Q; satisfy

(2.4.3). Then
(2.4.6) [P, Q)] = Id + ™+ [}? 17} 45 (e
PRrROOF. Recall that [@] =P, 0 @t o ]3t_1 o @t_l. Write
ﬁt_lzﬁM—‘Afl, ﬁt:faM‘i“/}% @t_l :fC\iM_le Qt:fZlM-l-Wz-
Then
(2.4.7) [P, Qi) = (Tdws + V2) 0 Qro (T — V1) 0 Q77"
Now, Q¢ o (ﬁM—‘Z) 0@;1 :j;lM_@to‘/}lO@t_l = Tdy — (fc\iM+W\2> oVio
(ﬁM—Wl) —Tdyr — Vi = Wao Vi + Vi o Wy + Wy o Vi o Wi
Substituting this expression into (2.4.7) gives
[m] = (ﬁM-i-‘Aé) o (ﬁM—Vl—/W20‘71+‘710W1+/W20‘710W1>
:fZZM—XAfl—W20‘71+‘710W1+W20‘710W1+‘72—‘720‘71
—‘720/W720‘71+‘720‘710W1+‘720W20‘710W\1
But
V4 o Tho Ty = B~ Tdyy + B~ Ty — (B~ Tdag) o (T — 1) =0,

Therefore,

—

[Pt,Qt]:ﬁM—W2O‘71+‘710W1+§
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where
(2.4.8) E::WQO‘Zowl—‘/}QOWQO‘Z+‘720‘710W1—|-‘720W20‘//\10ﬁ71

By (2.4.3) and (2.4.4) we have Vi = tmX + o(t™), Vo = tmX + o(t™), W, =
Y +5(t7), Wa = Y + o(t").
By using Proposition 2.4.3 we obtain from previous relations and (2.4.8) that

R =5(t™*") and
‘71 o Wl — WQ o ‘71 = ¢mtn [)?, ?} + 6(tm+n).

This proves (2.4.6). O

Applying 2.4.3 inductively, we obtain Theorem 2.4.1. Note that in the process

of proving the theorem, we have obtained an expression for the remainder term.

2.5. Chow-Rashevskii Theorem for Infinite-Dimensional Manifolds

Consider an n-dimensional manifold M with a sub-riemannian distribution H C
T M, which, by definition, is a vector sub-bundle of the tangent bundle T'M of the
manifold with an inner product on its fiber space [72]. An absolutely continuous
curve q : [0,T] — M is called horizontal, if its derivative belongs to H for almost all
t.

The classical Chow-Rashevskii theorem [22, 75| provides conditions in terms of
basis vector fields {V;},_; ,, of the distribution # and their iterated Lie brackets for
connectivity of arbitrary two points of the sub-riemannian manifold by a horizontal
curve.

More precisely, consider a distribution £ which is defined pointwise as the linear

span of the set generated by iterated Lie brackets of basis vector fields {V;},_; .,
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as follows:

(2.5.1)  LVi,...,Val(q) :=span{B(Vi,, Viy, ..., Vi, _,, Vi, )(@) : E=1,2,...}.
The classical Chow-Rashevskii theorem states that the condition

(2.5.2) LVi,...,Vpllq) =TM(q) Vge M

implies the connectivity of any two points on the manifold M by a horizontal curve.
Historically this theorem has played a fundamental role in nonlinear control
theory [12, 32, 53, 54] by demonstrating that the condition (2.5.2) is a sufficient

for the global controllability of the following affine-control system:
(2.5.3) g=> w(t)Vi(q).
i=1

Here we are interested in generalizing these sufficient conditions for global con-
trollability for the case of infinite-dimensional manifold M. Consider an affine con-

trol system
(2.5.4) g="> ui(t)Vi(q),
i=1

where V; are smooth vector-fields on M, and u(t) := (ui(t), uz(t),...) is a control.

Let M be an infinite-dimensional C'°° smooth connected manifold [61] with
underlying smooth Banach space F.

A control u(t) will be called admissible if it is piecewise constant and at each ¢
only a finite number of its components w;(t) are different from zero and take values
+1 or —1. The set of all admissible controls will be denoted U.

Note that for any initial point ¢ for any admissible control u(t) there exists (at

least locally) a unique solution ¢(t; go, u) of the control system (2.5.4). This solution
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we call a trajectory. The reachability set for the initial point gg
(2.5.5) R(qo) := {q(t;u,q0) : V>0, Vuel}

consists of all points of all trajectories of (2.5.4) corresponding to all admissible
controls u € U. Thus, the set R(gp) consists of all points to which the control
system can be driven from the point ¢y using admissible controls.

Here we provide infinitesimal conditions in terms of the vector fields {V;};,_; ,
and their iterated Lie brackets similar to (2.5.2) which imply global approximate

controllability of the system (2.5.4).

DEFINITION 2.5.1. Control system (2.5.4) is called global approximate control-

lable if for any g9 € M

(2.5.6) R(q0) = M.

Thus, global approximate controllability of system (2.5.4) means that for arbi-
trary points qp,q1 € M and any open neighbourhood O of the point g; there exists
an admissible control u € U such that at some moment 7" the trajectory z(T;u, o)
enters the neighbourhood O.

For the family of smooth vector fields V;, ¢ = 1,2, ... define the following distri-

bution:
(2.5.7) LIV1,Va,.. )(q) ==span{B(V;i,, Viy,..., Vi, ,,Vi,)(q@) : k=1,2,...}

THEOREM 2.5.2. Let M be an infinite-dimensional smooth manifold associated

with the smooth Banach space E and a smooth affine-control system (2.5.4) satisfies

(2.5.8) LV, Va,.. (¢ =T,M Yqe M

Then system (2.5.4) is globally approzimate controllable.
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The proof of this variant of Chow-Rashevskii theorem for infinite-dimensional
manifolds is based on the use of nonsmooth analysis [28, 80] and a characterization
of the property of strong invariance [28] of sets with respect to solutions of the
control system (2.5.4) and is similar to the proof of the analogous result for the case

in which E' is a Hilbert space [64].

2.5.1. Nonsmooth Analysis on Smooth Manifolds and Strong Invari-
ance of Sets. The concepts of strong and weak invariance play important role in
control theory. See [28] for finite-dimensional results and [27] for related results on
approximate invariance in Hilbert spaces. A set S C M is called strongly invariant
with respect to trajectories of a control system (2.5.4) if for any ¢o € S and any
admissible control u € U the trajectory q(t; qo, u) stays in S for all ¢ > 0 sufficiently
small. Note that the fact that the reachability set R(qo) (2.5.5) is strongly invariant
follows immediately from its definition. Here we provide infinitesimal conditions for
strong invariance of a closed set S in terms of normal vectors to S and iterated Lie

brackets of vector fields V;, i =1,2,....

PROPOSITION 2.5.3. Let ¢’ € S be a boundary point of the closed set S. Then

any neighbourhood O of q' contains a point q € S such that there exists a normal

vector ( # 0, ¢ € NyS.

The proof of this proposition follows from the multidirectional mean-value in-

equality and is left to a reader.

THEOREM 2.5.4. If the closed set S C M is strongly invariant with respect to

solutions of the control system (2.5.4) then

(2.5.9) (¢, B(Viy, Vigy o+ Vi 15 Vi ) (@) = 0
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for any for any iterated Lie bracket of vector fields V;, any normal vector ¢ € NgS

and any q € S.

Proof. Let us assume that the set S is strongly invariant, ¢ € S and ¢ = dg(q) €
NgS. This implies that

(2.5.10) xs(q) — xs(a) > 9(¢') — 9(q)

for some smooth function g and all ¢’ near q.

Let us fix some iterated Lie bracket B(Vi,,Viy,...,Vi,_,, Vi, )(¢) as in (2.5.9),
denote it v and relate to it an appropriate iterated flow bracket as in Section 4. For
arbitrarily small ¢ > 0 we can find an admissible control u € U associated with this

iterated flow bracket such that we have in accordance with Theorem (2.4.1)
9(a(t; g, w) = g(q) + t*(dg(q), v) + o(t")
Then we obtain from (2.5.10) that
t*(dg(q), v) + o(t") <0

Of course, we can easily derive (2.5.9) from this inequality.

O

2.5.2. Proof of an Infinite-Dimensional Variant of the Chow-Rashevskii
Theorem. Consider the reachability set R(qo) (2.5.5) and recall that this set is

strongly invariant. Note that for a fixed admissible control u, the function ¢ —

q(t; q,u) is continuous. This implies that the closure of the reachability set R(qo) is

also strongly invariant.

Now let us assume that Theorem 2.5.2 is not true and R(qo) # M for some

go € M. This implies the existence of some border point ¢’ of R(gg). Due to

Proposition 2.5.3 there exists a point ¢ € R(gp) and a nonzero normal vector ¢ at
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q to it. But due to the strong invariance of R(qy) we have for the normal vector ¢
that (2.5.9) holds for any iterated Lie bracket. In view of condition (2.5.8) it implies

that ¢ = 0 and this contradiction proves Theorem 2.5.2.
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CHAPTER 3

Vector Fields, Flows, and Lagrangian Charts

Our study of dynamic optimization on manifolds will rely to a great extent on
the theory of vector fields and flows on smooth manifolds. These flows induce flows
on TM and T*M through the evolution of the pushforward and pullback maps
Ps 1. and P7, respectively, and such flows play an important role throughout the
remaining chapters. In this chapter we provide a careful exposition of properties of
vector fields, flows, and mappings into the vector bundles TM and T*M.

We also present the details of a technique we refer to as the method of Lagrangian
charts, which will prove useful in our derivation of necessary optimality conditions.
These charts are in close analogy with the concept of Lagrangian coordinates in
fluid dynamics, see e.g. [8] or [9].

This chapter is organized as follows. In the first section, we translate several
operator formulae from the Chronological Calculus into the language of classical
differential geometry. We then outline an elementary theory of maps into vector
bundles. In the third section, we study flows on T'M and T*M induced by pushfor-
ward or pullback of a flow on M. These last two sections are essential for a careful
theory of the adjoint equations of geometric optimal control. In the final section we

introduce Lagrangian coordinates and derive some elementary properties.

3.1. Interpretations of Operator Formulae

d
Our first proposition characterizes the derivative d—Ps,t(q).
s
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PROPOSITION 3.1.1. Suppose that V; is a locally L*-bounded C'-smooth vector
field on a Banach manifold M with flow Ps;. Then Ps; is absolutely continuous in

s and for a fized q € M satisfies, for almost all s,

(3.1.1) %Ps,t(Q) = =Py 1. (q)Vs(q)-

Proor. Fix ¢ € M and recall that P,; = Ptjsl. Through Proposition 2.2.1 we

have, for almost all s

d . ~_ o~ o~ o~ ~ o~
(3.1.2) gq o Pt,sl =—qoVso Pt731 =—qo Pt’sl o Ad Pt,s V.
Thus
d oA — _—
(313) qOPt 51 = Ps,t(Q)oPs,t*‘/s

and this yields (3.1.1). O

We also recall the following results, which are useful for the study of flows of

perturbed vector fields.

PROPOSITION 3.1.2. Suppose that V; and Wy are locally L*-bounded C*-smooth
vector fields on a Banach manifold M. Let Ps; be the flow of V; and write Pét for
the flow of Vi + A\W;. There holds

o t
(3..4) sl PA@ = [ PPl We(Purt)
A=0 s
PROOF. See (2.2.16). O

PROPOSITION 3.1.3. Suppose that V; and Wy are locally L*-bounded C*-smooth
vector fields on a Banach manifold M. Let Ps; be the flow of V; and Ss; the flow
of Vi + Wy. If Cy 4 is the flow of the vector field P()_’tl*Wt then we have

(3.1.5) Sot = PotoCogt.
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PRrOOF. This is a restatement of Proposition 2.2.3. ]

3.2. Maps Into Vector Bundles

Mappings into vector bundles appear naturally in the geometric theory of dy-
namic optimization, appearing for example: as lifts ¢ : [0,7] — TM of abso-
lutely continuous maps ¢ : [0,7] — M; as fiber derivatives of Lagrangians in
the Calculus of Variations [12]; and as adjoint arcs in the Maximum Principle
[4, 7, 12, 17, 54, 79, 84|. In this section we provide basic definitions for such

mappings.

3.2.1. Definitions. We state the following definitions for the analysis of map-
pings v : [0,T7] — TM, though entirely analogous definitions hold for maps into
T*M and indeed into any Banach-space valued vector bundle over M. We remind
the reader that we use the terms measurable and integrable in the strong Bochner

sense [34].

DEFINITION 3.2.1. Let ¢ : [0,7] — M be a continuous mapping. We say that
v :[0,T] = TM is a mapping along q if for all ¢ € [0,T] there holds w(v(t)) = ¢q(t).

REMARK 3.2.2. Vector bundles come with natural “fibrewise” operations. For
example, if v, w € TM and w(v) = 7(w) then we can add v and w to get v+w € TM.
In local coordinates, if v = (x, V') and w = (z, W) then v+w = (x, V+W). Likewise

one may define scalar multiplication, for a € R, by
(3.2.1) av = a(z,v) == (z, o).

Thus if v,w : [0,T] — T'M are mappings along ¢ : [0,7] — T'M then we obtain in a
natural way mappings v +w : [0,7] — TM and aw : [0,T] — T'M through fibrewise
operations.
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DEFINITION 3.2.3. Let ¢ : [0,7] — M be continuous and let v : [0,T] — TM
be a mapping along q. We say that v is measurable if for any tg € [0, 7] there exist
d > 0 and a coordinate chart (O, ¢) such that ¢ : (to — d,t9 + §) — O and such that

v(t) is measurable in the local coordinates ¢ for t € (tg — d,to + 9).

DEFINITION 3.2.4. Let g : [0,7] — M be continuous and let v : [0,7] — T'M be
a mapping along q. We say that v is locally LP-bounded if for any to € [0, 7] there
exist § > 0 and a coordinatechart (O, ) such that q : (top — d,to + J) — O and such
that the local coordinate representation for v(¢) in coordinates ¢ is both measurable

for t € (tyg — d,t9 + d) and bounded in norm on this interval by an LP function.

DEFINITION 3.2.5. Let ¢ : [0,7] — M be continuous and let v : [0,7] — TM be
a mapping along ¢ which is locally L'-bounded. A time ¢y € [0,7] is said to be a
Lebesgue point for v if there exists a coordinate chart ¢ such that ¢ is a Lebesgue

point for the local coordinate representation of v(t).

DEFINITION 3.2.6. If v : [0,T] — T'M takes values entirely in T, M for a fixed ¢,

T
then we define / v(t) dt to by choosing a coordinate map ¢ and, setting x = ¢(q),
0
define

T T
(3.2.2) /0 v(t) dt == p; () o/o wx(q)v(t) dt.

It can be checked that each of these definitions does not depend on choice of
coordinates ¢ and that if v is locally LP-bounded then almost every t € [0,7] is a
Lebesgue point.

It will often be useful to extend a mapping v : [0,7] — T'M which is defined

along a map ¢ to a nonautonomous vector field. We turn now to this task.

3.2.2. Extension of Maps to Vector Fields. Recall that a Banach space F

is smooth if its norm is differentiable away from zero. Smooth Banach spaces admit
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Cl-smooth bump functions, that is C'-smooth functions b : £ — R which are not

identically zero and whose support

(3.2.3) suppb :={x € E : b(z) # 0}

is bounded. We will work with Banach spaces whose dual E* is separable and it
can be shown [45] that for such spaces, smoothness of the norm is equivalent to the
existence of a C'-smooth bump function b : E — R. Using standard bump functions

on R one can prove the following lemma:

LEMMA 3.2.7. If M is a manifold modeled over a Banach space E whose norm is
C*-smooth away from zero then for any q € M there is a coordinate chart ¢ : O — E
along with an open set Oy C Oy C O with ¢ € Oy and a C*-smooth bump function

b: M — [0, 1] which is identically equal to one on Oy and whose support is contained

mn O.

We use this to prove the next lemma, which shows that one may switch between
LP-bounded mappings v : [0,7] — TM and locally LP-bounded C*-smooth vec-
tor fields with little difficulty, provided the underlying Banach space is sufficiently
smooth. We stress that for the Banach spaces under consideration in the chapters

which follow we may always take k = 1.

LEMMA 3.2.8 (Extension Lemma). Let ¢ : [0,7] — M be continuous and let
v:[0,T] = TM be an LP-bounded mapping along q. If M is a C*-smooth manifold
which admits C*-smooth bump functions, then there exists a locally LP-bounded C*-
smooth vector field V; which extends v in the sense that Vi(q(t)) = v(t) for almost

allt. When M is of finite dimension we may assume that Vy is compactly supported.

PRrROOF. By Lemma 3.2.7, for any fixed ¢ € [0, 7] there exists an open neighbor-
hood O of ¢(t) and a C*-smooth bump function b; : M — [0, 1] such that b, = 1
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on O; and supp b; is contained in the domain of a coordinate chart ;. By com-
pactness of [0,7] we may choose finitely many such charts and a finite partition
0=ty <t < -+ <t =T such for each i we have q : [t;,ti+1] — O for a
fixed value of t. Write O; for the set containing the image of [t;,t;11], let b; be the
corresponding bump function and ; the corresponding coordinate map.

For t € [ti,t;y1] define a vector field V; on M through

Vi(a) = bi()e; . (0i(a)) i (a(t))(t),

extended smoothly to zero outside of the domain for the coordinates ;. Note that
V; is locally LP-bounded and C*-smooth. Further, since ¢(t) € O; and bilp, =1, we

have

(3.2.4) Vi(a(1)) = bi(a(®)py (wila())pix(a(t))v(t) = bi(a(®))v(t) = (1)

Thus V; extends v(t). The compactness statement for finite-dimensional manifolds
is apparent from the construction — simply take each O, to be such that the closure

O, is compact. ]

REMARK 3.2.9. If ¢ : [0,7] — M is absolutely continuous with locally LP-
bounded derivative and M is a C*-smooth manifold which admits C*-smooth bump
functions, then Lemma 3.2.8 implies the existence of a locally LP-bounded C*-
smooth vector field V; for which ¢(t) = Vi(q(t)). As a consequence, if Ps; is the flow
of V4, then ¢(t) = Pot(qo). When M is finite-dimensional we may assume that V; is

compactly supported and hence that P;; is complete.

Lemma 3.2.8 raises an interesting question: how smooth can we expect a bump
function to be in a smooth Banach space? For finite-dimensional C*°-smooth mani-

folds there always exists a C* bump function and so V; may be assumed C'*°-smooth
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in q. Generally speaking, however, a smooth Banach space may admit only a C'-
smooth bump function. A survey of the theory of bump functions in Banach spaces
can be found in [45]. We would like to point out two interesting results. The first

is due to [13]:

PRrROPOSITION 3.2.10. Consider the space LP (R™,R) with norm ||-|| ;.. We have

(1) If p is a even integer then ||-||;, is C>°-smooth away from zero;
(ii) If p is an odd integer then |||, is CP~'-smooth away from zero with a locally
Lipschitz (p — 1)%t derivative;
(iii) If p is not an integer then ||-|| ., is CP)-smooth away from zero with a p — [p]-

Hélder continuous (p — 1)t derivative.

We also note that any Hilbert space has a C"*°-smooth norm. The second result
we wish to mention, established in [40], is the surprising fact that if the norms on

E and E* are sufficiently smooth then F is a Hilbert space:

ProrosiTIiON 3.2.11. If E and E* admit bump functions with locally Lipschitz

derivatives then E is a Hilbert space.

3.3. Flows Induced Through Pushforward or Pullback

We turn now to the study of flows on T'M and T*M induced by pushforward
and pullback of flows on M. A central goal of this section is the understand the
mappings ¢ : [0,T] — T*M defined through P;'(r, as we will find such mappings

to be ubiquitous in our study of necessary optimality conditions.

3.3.1. Pushforward Dynamics. Suppose F;; is the flow of a locally inte-
grable bounded, C!-smooth vector field V;. Fix go € M and write g(t) for Py (qo).

Given vg € Ty, M, define a mapping v : [0,7] — T'M along g through v(t) = Py «vo.
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In this subsection we prove that v(t) is absolutely continuous and derive an expres-
sion for the infinitesimal generator of such pushforward flow. A proof of this result
can also be found in [7]. We provide a short proof here for completeness.

Recall that the bundle TTM is equipped with a canonical involution [59] given
locally by k(z,v;w, V) = (z,w;v, V). Fix a time ty € [0,T], coordinate chart (O, ¢),
and 0 > 0 such that ¢(t) € O for all t € (tg — 0,t9 + ). Define the following maps,

which take values in E:

PROPOSITION 3.3.1. The map w : [0,T] — E is absolutely continuous and for

almost all t € (tg — 0,10 + 0) we have

d

(3.3.1) 5 @@ w(®) = (V) (1)), (V) (2(8)w(t)) -

and 0(t) = Kk o Vi (q(t))v(t).

PROOF. It is clear that #(t) = (¢.«V;) (z(t)) and so we prove the formula for
w(t). Fix a time ¢ € (tp — J,to + ¢). By the semigroup property for flows, v(t +¢) =
Prive«(q(t))v(t). Since v(t) = o7 (z(t))w(t), we find
(3.3.2)

w(t+€) = u(a(t + ) Prpre«(a(t))v(t) = (90 Prere), (97 () s (x(t))w(t)
= (po P09 h), (x(t)w(t).

1

But o P, ;409 " is a map from E to itself and so we may write

(3.3.3) w(t +¢) = (po Pye oo t) (z(t))w(t).

The map ¢ o Pyy- 0 ¢! is the local flow for the Cl-smooth vector field ¢.V;. By

the theory of flows in Banach space the map (¢ o Pyyqe 0 (p”)l (x(t)) is absolutely
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continuous and for almost all ¢t € (tg — J,tp + §) satisfies

(3.3.4) 4

| (PoPiureop™) (@) = (V1) (2(1)).

e=0

Consequently w is absolutely continuous and for almost all ¢ satisfies

d

(3.3.5) W(t) = —

B w(t+e) = (V) (x(t)w(t).

To complete the proof recall that in local coordinates, V; is the map = —
(z, (p«Vy)(z)). Therefore, in the same local coordinates, Vi, : TM — TTM acts on

a pair (z,w) € E x E through

(3.3.6) (2, 0) o (2, (9 Vi) (), w, (9. V2)' ()w).
Composing this map with k£ we find that 0(t) = ko Vi.(q(t))v(t). O

3.3.2. Pullback Dynamics. In this subsection we derive local coordinate ex-
pressions for the infinitesimal generators of pullback-type flows such as ((t) = Pt’fT(T
for fixed (7 € T*M. In the following subsection, we provide details of a well-known
link to coordinate-free Hamiltonian vector fields on T*M.

Throughout this subsection we let Ps; be denote flow of a locally L'-bounded,
C*'-smooth vector field V;. We fix g9 € M and set q(t) = Py:(qo). Finally, we fix
(r € T;‘(T)M .

We first consider mappings ¢ : [0,7] — T™M along ¢ of the form ((t) = P;7(r.
Fix a time tg € [0,7], 6 > 0, and coordinate chart (O, ¢), with ¢(t) € O for all

t € (to—0d,to+9). Let (x(t),p(t)) € E x E* be the local coordinate representation
for ((t).

PROPOSITION 3.3.2. For almost all t € (to — d,to + 0) we have

(3.3.7) (t) = (pa Vi) (x(t)) P(t) = — (Vo) (x (1)) "p(t),
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where (pV3) (x(t))* : E* — E* is the adjoint of the bounded linear operator
(PeV2)'(z(t)) : E — E.

PROOF. Only the expression for p(t) requires proof. First note that because
(3.3.8) ((t+e) = Pl (),
one has p*p(t +¢) = Py, o ¢*p(t). Rearranging, one finds
(3.3.9) p(t+e)=(poPocrow ) p(d).

Let v € F be arbitrary and set v(e) = (<p 0P iqe0 80—1)* v. We have

(p(t +e),0(e)) = <(<P 0o Pryy-00 ) p(t), (9o Paerop™), v(€)>

(3.3.10)
= (p(t),v).
Thus, di (p(t +¢),v(e)) = 0. Equation (3.3.1) now gives us
€ e=0
(3.3.11) (B(t),v) = — (p(t), (:V2) (z(t))v) ,

provided ¢ is a point of differentiability both for p and for (¢ o P09~ 1) . Almost

all times ¢ € [0, 7] are such points and, since v was arbitrary, we obtain (3.3.7) O

In applications such as nonholonomic mechanics, optimal control, and the Cal-
culus of Variations, one also comes across covector curves defined in the following

way: let B:[0,T] — T*M be a locally L'-bounded mapping along ¢ and define

T
(3.3.12) C() = PirCr + / P} () dr.

As before we fix a time to € [0,7], coordinate chart (O, ), and § > 0 such that
q(t) € O forall t € (tg — 0,0 + ). Let (x(t),p(t)) € E x E* be the local coordinate

representation for ((t).
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PROPOSITION 3.3.3. For almost all t € (to — d,to + 0) we have

(3.3.13) B(t) = — (pVe) (2(t))"p(t) — ¢~ *B(1),

where (pV2) (z(t))* : E* — E* is the adjoint of the bounded linear operator

(0 Vo) (1))

PrOOF. If a,w : [0,T] — T*M are mappings along ¢ then for each ¢t € [0, 7]
we have a(t),w(t) € T, M and we may take advantage of the underlying linear

structure to define a mapping a + w along ¢ through
(3.3.14) (a+w)(t) :== alt) + w(t).
Set a(t) = Pp(r and w(t / Py B(7)dr, so that

(3.3.15) a(t) + w(t).

We are interested in the local coordinate representation of w(t). Let r(¢) be the
local coordinate representation for w(t) and check that
T
(3.3.16) rt+e)=¢p *o Plorop” / o ! “Pr . B(T)dr.
t+e

By the product rule we can see that, for almost all ¢ € (tg — d,to + J) there holds

T
(1) = — (V) ($(t))*/t o~ Pp () dr

(3.3.17) — @ o Pipopt o PrA(L)
T

= — (V) (1)) / o Py B(r) dr — oV B(D).

t
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Now by Proposition 3.3.2 we have
B(t) = = (@ Vo) (x(t)* o~ * PigCr
T
(3:3.18) (W) @) [Py Br) dr - B0
¢

= — (Vo) (2(1))"p(t) — o~ *B(1).
O

Finally, we will have need for a particular case of Proposition 3.3.3 in which 3
arises as the exterior derivative of a cost function. Suppose that L : [0,7] x M — R

is a Carathéodory function which is C'-smooth in ¢. Let

T
(3.3.19) () = PrrCr + / P}, dL(r,q(r)) dr,

where dL(t,q) denotes the exterior derivative of L with respect only to ¢. Fix a
time to € [0,7], coordinate chart (O,¢), and § > 0 such that ¢(¢) € O for all

t € (to—0,tg+0). Let (x(t),p(t)) € E x E* be the local coordinate representation
for ((t).

PROPOSITION 3.3.4. For almost all t € (tg — 0,to + &) we have
(3.3.20) P(t) = —(:V2) (x(1)"p(t) — (@ L)' (t, 2(1)),
where @. L : [0,T] x p(O) — R is defined by (p«L)(t,x) = L(t, o1 (x)).
PRrROOF. In Proposition 3.3.3 take 3(t) = dL(t,q(t)) and recall the formulae
(3.3.21) @ YdL =d(Loy™t) = (¢,L).

O

The expressions given in equations (3.3.7), (3.3.13), and (3.3.20) are complicated

by the explicit presence of the coordinate chart ¢. Suppressing the coordinate chart
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yields the following familiar expressions

(3.3.22) ;ltpt*TCT = —V{(a)"¢(t)
T
(3.3.23) a4 (Pt e+ [P >df> — V(g <) — B()

a2 g (Porcr - /P dL{ralr)dr ) = V@O <0 + L' ta(0),

3.3.3. Hamiltonian Vector Fields and Pullback. An important observa-
tion in the theory of geometric optimal control is that the adjoint equations evolve
on the cotangent bundle T*M. Indeed, this is a central part of every statement of
the geometric Maximum Principle that we have seen [4, 7, 12, 17, 54, 79, 84].
We provide here a brief introduction to the natural symplectic structure on 7%M.
The complete details of this construction for manifolds modeled over Banach spaces,
including the theory of exterior derivatives of k-forms (we will need only k = 1), can
be found in Lang’s text [61].

For any smooth manifold M, the cotangent bundle T*M admits a canonical

one-form s, whose action on X € T;T*M is given by

(3.3.25) (s, X) = (¢, mX).

One defines the canonical two-form o on T*M through ¢ = —ds. Taking vectors

Xi = (vi,m;) € T¢T*M = E x E*, (i = 1,2) one can show that

(3.3.26) o (X1, X2) = (n2,v1) — (M, v2) -

We refer the reader to Lang [61] for the precise details of this calculation. The
two-form o induces a map J : TT*M — T*T*M as follows: given Xy € T¢T*M,
let J(X1) € TT*M act on Xp € T,T*M by (J(X1),X2) = 0(X1, X2). Under the
assumption that E is reflexive we may identify T;:7*M with E x E* and TC*T*M
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with £* x E. One may then check that J admits the following matrix of operators

representation:

(3.3.27) J =

It then follows that J is an isomorphism with inverse given by

0 Idg
—Idg~ 0

(3.3.28) Jt=

Given a C*-smooth function H : T*M — R, one may employ the map J to
define a C*~'-smooth vector field H on T*M through H= J71(dH). By (3.3.28),

the local coordinate expression for ﬁ, in coordinates (z,p), is given by
(3.3.29) H(z.p) = (Hy(x.p), ~Ho(z.p)) .

The vector field ﬁ is called the Hamiltonian lift of H and generalizes the familiar

notion of a Hamiltonian system on R", given by

j" = Hp(va)

(3.3.30)

When H has a time dependence, so that H : [0,T] xT*M — R, we will write ﬁ(t, ()
for the lift defined through dH, with the exterior derivative taken only with respect
to ¢ € M and not time t.

Such Hamiltonian lifts arise naturally from pullback flows. Suppose, for example,
that ¢ : [0,7] — T*M is defined through (3.3.19) and let H : [0,7] x T*M — R be
defined by

(3.3.31) H(t,¢) = (¢, Vilq)) — L(t, q)-
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Comparing (3.3.29) with either Proposition 3.3.4 or Equation (3.3.24) we obtain the

following proposition:

PROPOSITION 3.3.5. If M is modeled over a reflexive Banach space E then the

map ¢ : [0,T) — T*M defined by (3.3.19) is a solution to

(3.3.32) &ty = H(t, (1)
with {(T) = (r.

3.4. Lagrangian Charts

In problems of dynamic optimization where the state evolves on a manifold, a
common obstacle in the derivation of necessary optimality conditions is that the
state is not confined to the domain of a single chart. In this dissertation we address
this problem by introducing the technique of Lagrangian charts. This technique is
similar to a technique developed by Bismut [11] and Montgomery [72], which makes

use of specially constructed affine control systems.

3.4.1. Definition and Basic Properties. We present a technique which uses
the flow of a single vector field to construct a kind of time-varying coordinate chart.
A strength of our approach is that the semigroup properties of flows are compatible
with these charts in a useful manner. In addition, for problems in which a control
system is being studied, this vector field may often be chosen to be the control
system itself and the construction is then in some sense natural to the problem.

The construction of Lagrangian charts is in direct analogy with the notion of
Lagrangian coordinates in fluid dynamics, in which fluid particles are given time-
invariant coordinates through their initial conditions, see [8, 9].

Let Ps; denote the flow of a nonautonomous vector field V; and suppose that

Py +(q) is defined for all ¢ € [0, T, for all ¢ in a neighborhood of ¢g. Let (O, ¢) be a

63



coordinate chart with gy € O. Shrinking O if necessary we may assume that Pp+(q)
is defined for all ¢ € O and all t € [0,T]. We define a map ¢, : Py(O) — ¢(O)
through

Y = po Pyp.

DEFINITION 3.4.1. We refer to the map v; as the Lagrangian coordinates asso-

ciated with the vector field V; and coordinate chart (O, ¢).

It can be shown that the collection of continuous maps ¢ : [0,7] — M for which
q(t) € Py4(O) for all t is a compact-open neighborhood of ¢ and so the collection
of such maps is a natural object of study in the theory of dynamic optimization.

Let ¢ : [0,7] — M be absolutely continuous and suppose that for all ¢ € [0, 7]
we have ¢(t) € Pot(O). Let z : [0,T] — ¢(O) be defined through x(t) = (q(t)).

Equation (3.1.1) yields the following:

PROPOSITION 3.4.2. For almost all t we have

(3.4.1) () = e (q(t))q(t) — ex(q(t)) Vilq(t)).

Informally, we may think of ;. as “translating” velocities from T, M to FE,
Proposition 3.4.2 may be interpreted as the claim that in Lagrangian coordinates
the velocity of ¢(t) is given by the translation of ¢(¢) corrected by the “velocity of
the chart.” Note that ¢(t) evolves according to the flow of V; if and only if v(q(t))
is constant. Herein lies the analogy with Lagrangian coordinates of fluid dynamics
(8].

Now we introduce some properties of Lagrangian charts in relation to control
systems. Let U be a set. A control system f :[0,7] x M x U — T'M is a map for
which f(t,q,u) € T, M for any choice of (t, g, u). Later we will introduce assumptions

on f and U and definitions such as measurability of control w : [0,7] — U. For
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the moment we suppose that for a given control u : [0,7] — U one obtains a
nonautonomous vector field (t,q) — f(¢, q,u(t)).

Fix a control u" and suppose that the associated vector field (¢, q) — f(t,q, u"(t))
has a well-defined flow Ps; which is Cl-smooth with Lipschitz derivative. Let v :
Pot(O) = ¢(O) be the associated Lagrangian coordinates. In accordance with

(3.4.1) we define a control system ¢ : [0,7] X ¢(O) x U — E through

(3'4'2) g(t,x,u) = Wh&*f) (ta :E?u) - (sz)t*f) (tvx’ uo(t))'

We immediately obtain the following:

PROPOSITION 3.4.3. Let u: [0,7] — U be a control and q(t,u) the solution to

(3.4.3) q(t,u) = f(t,q(t, u), u(t))

with q(0,u) = qo. Suppose q(t;u) € Pot(O) for all t € [0,T] and let R4 be the
flow of f associated with u. Let Qs be the flow of g corresponding to u. For q

sufficiently close to qy we have

(3.4.4) Yi o Ro(q) = Qo o ¢(q).

In addition, we can prove

PROPOSITION 3.4.4. Let u: [0,T] — U be a control and q(t,u) the solution to

(3.4.5) q(t,u) = f(t,q(t, u), u(t))

with q(0,u) = qo. Suppose q(t;u) € Py(O) for allt € [0,T] and let Ry be the flow

of f corresponding to u. Let Qs be the flow of g corresponding to u. There holds

(3.4.6) Yr o Qi = Ryp oy
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PRrROOF. By (3.4.4) we have Qo ; = 1t o Ry o 1. Since Qi = Qo1 o Qo we

obtain
Qir = (poRigo ¢t_1)* o (¢YroRyro <P_1)*
(3.4.7) = ¢y o Rigog oo o R p o
= *o Rirovr,
which completes the proof. O

Proposition 3.4.4 demonstrates the inherit utility of defining charts through with
flows of vector fields. We conclude this section by demonstrating that a Lagrangian
chart ; induces a chart W, on T* M which respects the underlying symplectic struc-

ture.

3.4.2. Symplectic Structure and Lagrangian Charts. In this section we
clarify some important details regarding the canonical symplectic structures on 7% M
and T E =2 Ex E* and their relation to Lagrangian charts. We assume in this section
that F is a reflexive Banach space. Let o and o denote the canonical symplectic
two-forms for T*M and T* FE, respectively. Let Jy; and Jg denote the corresponding
isomorphisms, so that Jy; : TTM — TT*M and Jg : E x E* — E* X E.

A coordinate chart (O, ¢) induces a chart § on T*O through 6(¢) = (¢(q), o1 *()
and since og is the local coordinate expression for oj; we obtain the relation
0*cp = op. Our goal in this subsection is to demonstrate that an analogue of
this formula holds for Lagrangian charts.

Consider a Lagrangian chart ¢; : Py +(O) — ¢(O) corresponding to a vector field
V. This chart induces a chart W, : 7% P ;(O) — E x E* through

(3.4.8) y(¢) = (¥e(a), (1/%_1)*0

for ¢ € T M.
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PROPOSITION 3.4.5. Let E be a reflexive Banach space. Then the map V; is

structure-preserving in the sense that Viog = opr.

ProOOF. Introduce a function Hy : [0,T] x T*M — R through

(3.4.9) Hy (t,¢) = (¢, Vi(9))

for ¢ € Tq*M. Let Qs : T*M — T*M denote the flow of the vector field H}V. By

Proposition 3.3.5 Qs is pullback flow associated with V; so that

(3.4.10) Qo,t(¢) = P/oC.

We first claim that the map ¥, 1 decomposes as
(3.4.11) Uz, p) = Qoo 0 (x,p)

To see this note that because 67! (z,p) = (¢~ (z), ¢*p) we have
(3.4.12)

U (@,p) = (Y7 (@), ¥7p) = (Pog oo (), Plow™p) = Qoo 0" (,p).

Next we claim that the map Qo is structure-preserving on 7*M. That is, for all ¢

there holds

(3.4.13) om = Qb 0M-

Indeed this is a standard result and is typically shown to be true using the following

formula of Cartan [61]:

(3414) Lx =doix +ixod.
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We carry out the necessary computations. First, (3.4.13) holds for ¢ = 0. Further,
4.1 d o =L =(doi ; d =
(3.4.15) %QO,tJM =Ly, oM = ( g, + i3y, © ) om = 0.
Finally we note that
(3.4.16) op =00y =010 QooM = (QO,t ) 9_1)* op = \llfl*aM
and this completes the proof. ]

We conclude this introduction to Lagrangian charts by demonstrating that the
induced charts W; on T*M are compatible with the isomorphisms J; and Jg in the

following way:

PROPOSITION 3.4.6. Let E be a reflevive Banach space. Then the following

diagram commutes:

(W)

(3.4.17) TT*E TT*M
JE Jnm
T*T*E T*T*M

i
That is, O} Jg = Jy o (U, 1).. Bquivalently, J5* o (W;l)* =Ty Jy
PROOF. Let X € TT*M and Y € TT*E. We will show that
(3.4.18) (Javo (U;H.Y, X) = (U7 JpY, X)

and since X,Y are arbitrary this will be enough. On the left we have

(Jaro (U, 1).Y, X) = onr ((U;1)Y, X) = 0, o (Y, 04, X)
(3.4.19)
=op (Y, V. X) = (JpY, V. X) = (Vi JpY, X)
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and this completes the proof.
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CHAPTER 4

The Fundamental Lemma for Calculus of Variations

and Optimal Control on Manifolds

In this chapter we begin a study of dynamic optimization in nonlinear and infinite
dimensional spaces that will continue through the remainder of the dissertation. The
central goal of this chapter is the derivation of necessary optimality conditions for
optimal control on Banach manifolds. Such techniques are of interest, for example,
from the point of view of control of partial differential equations [87].

We further demonstrate that all first-order necessary conditions from the classi-
cal Calculus of Variations can be derived from the Pontryagin Maximum Principle,
which we derive here for problems on Banach manifolds. Thus optimal control plays
a central role in the Calculus of Variations and dynamic optimization as a whole.

Let us reiterate a definition of the proceeding chapter.

DEFINITION 4.0.7. A control system on a manifold M is a mapping f : [0,7] x

M x U — TM which satisfies f(t,q,u) € T,M for any choice of (t,q,u).

We fix an initial state ¢o € M and for a given a mapping u : [0,7] — U we write

q(t;u) for the Carathéodory solution to

(4.0.20) q(tu) = f(t, q(t; u), u(t))

satisfying ¢(0;u) = qo. Additional assumptions on U, f, and u which ensure this

solution is well-defined will be given below.
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The dynamic optimization problem with which we concern ourselves in this
chapter is the following problem of Bolza. Given a control system f : [0, T|x M xU —
TM and functions L : [0,7] xTM xU — R and ¢ : M — R, find a control u® whose

trajectory ¢° provides a local minimum for the following cost:

T
(4.0.21) Ao(u) =4(q(T;u)) + /0 L(t, q(t;u), u(t)) dt.

Throughout this chapter we assume that u° is an optimal control and we write ¢°(t)
for the corresponding optimal trajectory. In case M = E we write 2°(¢).

The term local minimum here refers to strong local minimum. Formally, this
means that there is a compact-open neighborhood N of ¢° such that if u is any
control for which ¢(-;u) € N, then Ag(u) > Ag(u®). Perhaps more familiarly, if
M = E then there exists ¢ > 0 such that for any control u such that

(4.0.22) tg%&)T(] | (t;w) — xo(t)HE <e

we have A(u) > A(u”) and similar definitions can be made for Riemannian manifolds.

A classical condition for characterizing optimal controls in problems such as this
is the Pontryagin Mazximum Principle [74], a central result in the field of dynamic
optimization. Since its appearance in the 1950’s, the Maximum Principle has in-
spired considerable effort in the study of optimal control problems in R™. During
the past few decades, optimal control problems on manifolds have also been studied
intensively. Statements of the Maximum Principle for such problems can be found
in[4, 7,12, 17, 54, 79, 84|. However, of these, only a handful (see e.g. [4, 7, 17])
offer a full proof of the Maximum Principle for problems on general manifolds and
these papers are limited to special cases.

In this chapter we provide a new proof of the Pontryagin Maximum Principle.

This work follows the approach taken by Clarke [23, 29, 30|, demonstrating that
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a broad class of optimal control problems can be reduced to a kind of generalized
problem in the nonsmooth Calculus of Variations, removing the dynamic constraint
(4.0.20) through a technique of exact penalization. In particular, in our derivation
of the Maximum Principle for the case M = E we use the functional

T

A, p) = (a(T)) + /OT E(t,x(t),u(t))dt—i—cf/o Hf(t,:r(t),u(t)) ~ a'c(t)HE dt,

where 1 is a type of relaxed control, x : [0,7] — E is an absolutely continuous map-
ping, and Cf is a sufficiently large constant. Part of our contribution for problems
on Banach manifolds is the application of Lagrangian charts to define such a penalty
function on a neighborhood of optimal trajectory ¢°.

Classically, derivation of necessary optimality conditions in the Calculus of Vari-

ations relies on the following fundamental lemma:

LEMMA 4.0.8. Let E be a Banach space and p € L* ([0,T],E*), 1 <b < co. Let

é + % =1 and suppose that, for any w € L*([0,T], E), we have

T
(4.0.23) / (p(t),w(t)) dt > 0.
0
Then p(t) = 0 for almost all t.

The spaces L* and L? above are Lebesgue-Bochner spaces of strongly measurable
maps into F and E*, see [34, 92] for a detailed theory of such maps or [42] for a
summary. Versions of the fundamental lemma first appeared for finite dimensional
spaces during the mid-19"" century: a 1926 paper by Arnold Dresden [35] dates the
Fundamental Lemma to the year 1854. Modern versions of the lemma, in which p is
assumed merely Lebesgue integrable, appeared as early as 1913 [50] and some fairly
recent generalizations of the lemma can be found, for example in [76]. However, in
spite of its age and importance in the linear theory, there does not appear to be an

analogue of this lemma for problems of smooth manifolds, even of finite dimension.
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The main goal of this chapter is to derive a geometric version of the fundamental
lemma and apply it to the study of problems of dynamic optimization on Banach
manifolds. This goal is realized below in Lemma 4.2.2, a geometric form of the
fundamental lemma, and in Theorem 4.3.5, a version of the Maximum Principle for
Bolza problems on Banach manifolds.

Another classical lemma that is often used in classical Calculus of Variations to
derive necessary optimality conditions is the duBois-Reymond lemma. This lemma
appeared first in 1879 [36]. Again we can find no modern, geometric analogue of
this lemma in the literature. This chapter will conclude with the derivation of a
geometric duBois-Reymond lemma and an application to the Calculus of Variations
on Banach manifolds.

We feel it is worth noting that, in a general Banach space, one must take some
care in interpreting the fundamental lemma. Though it is very nearly a statement
about the dual space for L*([0,7], F), in a general Banach space there does not
hold

(4.0.24) Le([0,T], E)* = Lb([0,T], E*)

as one might hope. However, in the case in which E* is separable, then (4.0.24) does
hold for 1 < a < oo and we will restrict ourselves to this case. This in turn forces
on us the assumption that FE is separable. In 1964 it was shown that a separable
Banach space admits a smooth renorm if and only if its dual is separable [77] and
so the Banach spaces we work with in this chapter are also smooth. We will reserve
a study of the Maximum Principle for a more general state space until a later time'.

Among the spaces with separable duals are the Sobolev spaces W™P for 1 <
p < 0o [1]. These spaces are given careful treatment in [1] and are of interest in the
However, we note that many results of this chapter will hold under the weaker assumption that E

is Gelfand — a sufficient condition for (4.0.24) that is more general than requiring E* to be separable
[42].
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theory of partial differential equations [69] and optimal control of systems governed
by such equations [87].

The remainder of this chapter is arranged as follows. In the first section we
establish the Maximum Principle for Banach spaces with separable duals under
the assumption that control u takes values in a metric space U. In this section we
demonstrate that all first-order necessary conditions from the Calculus of Variations
are contained in the Maximum Principle. We also use the linear case to outline the
theory needed for a study of the problem on Banach manifolds.

Following this first section we further develop the theory of maps into the vector
bundles T'M and T*M introduced in the previous chapter. This section includes an
integration-by-parts formula as well as a geometric version of the fundamental and
duBois-Reymond lemmas. These techniques are then used to derive the Pontryagin
Maximum Principle for Bolza problems in which the state evolves on a Banach man-
ifold and for which the terminal point is free. Problems with terminal constraints
are addressed in the chapters following. Applications to the Calculus of Variations
are then provided and we demonstrate that all first-order necessary conditions from
the calculus of variations on manifolds can be derived from Maximum Principle.
The chapter concludes with a short application of the duBois-Reymond lemma to

the geometric Calculus of Variations.

4.1. Pontryagin Maximum Principle in Linear Spaces

In this section we illustrate the basic technique of the chapter by establishing
a version of the Maximum Principle for Banach spaces with separable duals. We
assume the state x evolves in such a space F and that controls take their values in
a metric space U with metric dy. We say that a mapping u : [0,7] — U is simple if
it takes on finitely many values, the preimage of each being a Lebesgue measurable

subset of [0, T]. We say that u : [0,7] — U is measurable if it is the pointwise limit
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of simple maps. We fix an integer 1 < p < oo and consider the set U of measurable
controls u for which there exists u € U such that the function ¢ — dy(w, u(t))? is

integrable. Define a metric d on U through
T 1/p

(4.1.1) d(u,v) = (/0 dU(u(t),v(t))p>

4.1.1. Relaxed Controls. In our derivation of the maximum principle we will
make use of a minimax theorem due to Ky Fan, a precise statement of which appears
below. This theorem will require our space of controls to be convex. We therefore
work with a notion of relaxzed control. This technique dates back to the work of L.C.
Young [93] in the Calculus of Variations and of Gamkrelidze [46] and J. Warga
[91, 92] in control. In many settings a relaxed control is a weakly*-measurable map
into P(U), the space of probability measures on Y. In this definition U is taken to
be a compact, or at least locally compact, metric space. In the next chapter we will
work such a space and will write M for the set of relaxed controls. In this chapter
we work with a smaller space My of relaxed controls which correspond to a finite
convex combinations of Dirac measures. This will allow us to work with a general
metric space U without requiring a full theory of measures for such a space.

We introduce a space Py(U) consisting of finite, convex combinations of Dirac
measures &,. Given any linear space X we can define an integral of arbitrary map-

pings g : U — X with respect to a Dirac measure §,, through

(4.1.2) /Ugd(Su = g(u).

If 1 € Py(U) then we can write

(4.1.3) p=> Xiby,
j=1
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for convex coefficients \; and points u; € U. Hence for any g : U —+ X we obtain

(4.1.4) /U g =" Agluy).

j=1
Each control u € U corresponds to a mapping of [0, 7] into Py(U) through ¢ = §,,).
We refer to a finite, convex combination of such controls as a relazed control and
we write Mg for the set of all relaxed controls. Thus if y € Mg then there exists

an integer n, controls u; € U, and convex coefficients \; for which
n
(4.1.5) p(t) = Nidu, (1)
j=1
Let us assume that «° is an optimal control for the Bolza problem and define
1/0 = 5u0(t)'

Below we will see that, under appropriate assumptions, relaxed control 1V is locally
optimal in M.

In lieu of defining a topology on Mg it will suffice define a neighborhood of
the control °. Given ¢ > 0 let B(e) denote the set of all controls u € Mg with

representation (4.1.5) which satisfy

1/p

(4.1.6) Z)\jd(uj,uo)p <e.
j=1

We extend functions f : [0,7] x ExU — EFand L: [0,T7] x ExU — R to
functions f : [0,7] x E x P¢(U) — E and L:[0,T] x E x P¢(U) — R through

~

(4.1.7) f(t,x,,u):/mf(t,x,u) i L(t,x,u):/UL(t,x,u) dps.

With these definitions in mind, we turn to the assumptions for the problem of Bolza

described above, stating them for functions fand L.
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4.1.2. Assumptions for the Bolza Problem. Let E be a Banach space
with separable dual and fix an initial state 2y € E. Let £: E — R be a C'-smooth
function and suppose functions f : [0, 7] x ExU — Eand L : [0,T]x ExU — R are
Carathéodory maps: measurable in ¢ and continuous in (z,u). We further suppose
that each map is differentiable in x and that there are constants g, e1, My, My, such

that for any p € B(go):

(i) The differential equation

~

(4.1.8) w(t) = f(t,x(t), u(t))

admits a solution x(t; p) with x(0; ) = xo which is defined for all ¢ € [0, 7]

and which satisfies

(4.1.9) trer%&}(] H:co(t) — x(t; M)HE < eq;

(ii) There are L' functions ky,, and my,, with L'-norms bounded by M such that

for almost all ¢ € [0, T, for any z1,xy satisfying ||20(t) — z;|| , <e1 (i =1,2)

I
we have

-~

| Pt e = Fits o @) < kra®) o1 = 22l
(4.1.10)

Falt, a1, 1) = Falt, a2, 00)|| | < kpu(®) a1 = 2all
as well as

~

(11 |Ftan @), <m0 | Rtann@)]| <m0

(iii) There are L' functions k L and mp , with L'-norms bounded by M7, such that

for almost all t € [0, 7], for any z1,x2 satisfying on(t) - CCZHE <e (i=1,2)
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we have

~

Lt u(®) = Lt w2 10)| < br(®) o1 = @2

(4.1.12) R ~
Lo (b2, w(6)) = La(t, @2, p(8))| < bru(®) lor = o]l
as well as
(4.1.13) Lt 1, ()] < miu(t) La(t o1, n(t))] < mpu(t).

We pause to consider examples of control systems satisfying these assumptions.

ExaMmpLE 4.1.1. If U is the space E with metric dg(z,y) = ||z —y|p and
f(t,z,u) = u then U is the space L'([0,T], E). The neighborhood B(ep) of an

optimal control u® is the set of all y with representation (4.1.5) which satisfy
n
(4.1.14) Z )\j HUJ - ’LLOHLl < €p.
j=1

A function L : E x E — R which is C!' with locally Lipschitz derivative will then
satisfy (4.1.12) and (4.1.13).

EXAMPLE 4.1.2. A particular functional of interest may not be continuous in
the L' sense, and for such functionals it may be appropriate to work with p > 1.

For example, consider the case U = E with functional

T
(4.1.15) Ao(u):/o w3 dt.

One may check that in an arbitrary neighborhood of 0 there are L' functions for
which Ag(u) = +oo. In this case we may take p = 2 and work with the space

U= L?([0,T],E). In this example, B is the set of controls u € Mg with presentation
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(4.1.5) that satisfy
1/2

(4.1.16) > Njd(uy,u’)? < &o.
j=1

ExXAMPLE 4.1.3. Suppose that U = R*°, the space of real-valued sequences with

finitely many nonzero terms. Let
o0

(4.1.17) dy(u,v) = Z lu; — vj].
j=1

Let {V;};2, be a countable family of vector fields which are uniformly locally Lip-
schitz with uniformly locally Lipschitz derivatives. That is, for each = there exists
a neighborhood O of  on which each vector field V; and its derivative V/ is Lips-
chitz rank Ky. Suppose also that the vector fields V; and their derivatives can be

uniformly locally bounded. Then the generalized affine control system
o

(4.1.18) flt,x,u) = Zuﬂﬁ(w)
i=1

satisfies our assumptions.

4.1.3. Approximation of Relaxed Controls. An important quality of re-
laxed controls is that, for free terminal point problems, no loss occurs if we expand
our investigation to include relaxed controls. That is, a control u € U that is
optimal for the original problem will provide us with an optimal control ¥ := §,0

among the relaxed controls. We make this precise in the following:

PROPOSITION 4.1.4. Let y € B(ep) be arbitrary. For any e > 0 there is a control
u € U satisfying d(u,u’) < g9 whose trajectory uniformly approzimates that of ju:
(4.1.19) max ||z(t;u) —x(t; p)|| < e.
t€[0,T)
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PROOF. The proof uses a technique similar to Gamkrelidze’s chattering control
[46]. Similar techniques may be found in [10]. Consider a relaxed control p € My
with presentation (4.1.5) and let m be a partition of [0,7] into uniform intervals
[ti,tit+1]. Let A; denote the diameter of 7, so that t;+ A, = t;41. Define subintervals

Ii,j C [ti,t“_l] through
Iin = [tis ti + M AL

Ii72 = [ti + MAL G+ ()\1 + )\2) AW]

(4.1.20)

Lim=1[ti+ M+ 4+ 1) Ar, tipa].
Thus
(4.1.21) Ii,j = |t; + Z)‘jAmti + Z )\jAW

k<j k<j

Note that [t;,ti11] = Ui_11i; and m(li;) = N\jAr.

LEMMA 4.1.5. Let X be a Banach space and h € L' ([0,T],X). Let e > 0 be
gwen and let I; ; be defined through (4.1.21). Let I; = U;l;;, j=1,...,n. If Ay is

sufficiently small then there holds

(4.1.22)

X

for any t € [0,T].

PROOF. First note that because continuous functions are dense in L'([0, 7], X)
it will suffice to prove this result under the assumption that h is continuous. We

further assume without loss of generality that ¢ = t; for some integer k. Let € > 0
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be given. We will show that for a continuous function h,

k

(4.1.23) )\j/ h(s)ds —/ h(s)ds|| <e,

0 Ijﬂ[o,tk] X
provided A, is sufficiently small.

Note that
k
(4.1.24) / h(s)ds = Z/ h(s)ds.
I]ﬂ[O,tk] i=1 ]i,j

By uniform continuity we may choose our partition sufficiently fine that ||h(t;) — h(s)| x <

e for all s € [t;,t;+1]. Hence

(4.1.25)

/\j/otkh(S)dS_Zi:/Ii,-hs ds
< Aj/o ds—Z/

A Z/ZH ds—2h(t,))\ A

k
Z/ tl') ds
=1
+ ZEAW
X =1

X

IN

+ )\jT& < 2>\jT€.

< AjZ/t'm h(s) — h(t;) ds

Since € > 0 is arbitrary this completes the proof of the lemma. [l

Now let u(t) be the control which takes on the value u;(t) for t € I; ;. We first
claim that d(u,u’) < gq for sufficiently fine partition . To see this, we can apply
Lemma 4.1.5 to find that
(4.1.26)

d(u,uo)p:Z/l dy(uj(t),u ()P dt = Z)\ / dy (uj(t), u®(t))P dt + o(1) < &b
j=1714

when A, is sufficiently small, because p € B(gy).
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Now since d(u,u’) < ey we have §, € B. Consider

(4.1.27)

@(t; 1) — 2(t;u)|| = tzn: Aif(s,a(s; 1), us(s)) — f(s,2(s;u), u(s)) ds
0
j=0

< / ZA F(s,(5: 1), u5()) — F(s,2(s3 1), u(s)) ds
E
[ stssatosmnton - stsatss oy as|
E
By Lemma 4.1.5 we can choose A, sufficiently small that
(4.1.28)
A ZA (s, 2055 ) s (5)) — s, (s ), () ds
E
fls,z(s;p),ui(s))ds — / (s, z(s; s))ds
/ ; Z R CECTNTD)
E
n t
< [ Featsmugeds = [ flatsaue)ds| <o
= 0 [0,(]NT; 5
Hence, by (4.1.27) and (4.1.10), we find
t
(4.1.29) |2(t; ) — z(t;u)|| < ee ™M + / kg(s) [|x(s;p) — x(s;u)| g ds.
0
Gronwall’s lemma now implies that
(4.1.30) max ||z(t; u) — x(t;u)|| < eells =1 <eg,
te[0,7]
which completes the proof. ]

We extend Ag to a functional /AXO on Mg through

o~

T ~
(4.1.31) Rolp) = ta(Tip) + [ Lttt ). w0t
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and consider the problem of minimizing Ko over M.

PROPOSITION 4.1.6. There is no loss in switching to relazed controls. That is,
(4.1.32) inf {Ao(u) : d(u,u’) < e} = inf {K[)(,U,) RS B(eo)} .

PROOF. If u € U satisfies d(u,u’) < eo then pu(t) := b, is an element of B(go).

Therefore

(4.1.33) inf {Ao(u) : d(u,u’) <o} > inf{KO(,u) e B(so)}.

Now suppose there exists § > 0 such that

(4.1.34) inf {Ao(u) : d(u,u) < 2o} > inf {Ko(u) e B(eo)} +o
Choose control p € B(gp) with

(4.1.35)  Ao(u) < inf {/AXO(,u) RS B(ao)} + 8 <inf {Ag(u) : d(u,u’) <eo}.

Introduce an auxiliary problem on F x R with control system
(4.1.36) =g(t,z,z,u) = ,

fixed initial condition (x¢,0), and cost (z(T"), 2(T")) — €(x(T)) +z(T"). The system g
satisfies the assumptions of Proposition 4.1.4 and so we may choose a control v € U

with d(u,u") < g9 whose trajectory satisfies
(4.1.37) e ll2(T5 ) — 2(Ts )l + 12T ) — 2(T3 )| < 6,

where ky is a local Lipschitz constant for £. Thus

(4.1.38)
T T
ol + [ Lttt ue) de < e Tsp) + [ Laltin). w0) di+ 6
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This proves that
(4.1.39) Ao(u) < inf {Ko(u) e B} +6 <inf {Ao(u) ¢ d(u,u) <}
and this contradiction completes the proof. O

Thus we may consider the following relaxed problem of Bolza. Minimize Ko

among controls v € M subject to fixed initial condition g and dynamic constraint

(4.1.40) it v) = f(t,z(t;v), v(t).
By Proposition 4.1.6, control 2° := §,0 is an optimal control for this problem among

relaxed controls pu € B(ep).

4.1.4. Decoupling the Dynamics. In this section we demonstrate that the
dynamic constraint (4.1.40) may be removed through the addition of a suitable
penalty function. This approach first appeared in the work of Francis Clarke [29, 23]
although the penalty function itself appeared earlier, in Filippov’s approximation
lemma for differential inclusions [44]. Filippov’s approximation lemma is given a
clear statement in Chapter Seven, where it is used extensively for the study of dif-
ferential inclusions. The following lemma is a special case of this lemma, particular

to our current setting, and admits a very short proof:

PROPOSITION 4.1.7. Let y : [0,T] — E be an absolutely continuous map for

which

(4.1.41) e |2°(t) — y(t)||, < &1

and let v € B(eg). Then we have

T
(4.1.42) ex, ly(t) = z(t; ) < M /0 19(s) = F(s,y(s), v(s)ll -
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PrOOF. For any ¢ € [0,T] we have

E

Iote) o)l < | [its) = Fs.vis). vl

7, w39, v(5)) — Flsa(ssv).vls))|| ds
(4.1.43) T+/° H ' HE
< [ it = Fs.sto v,
[ gl ) =)
Gronwall’s lemma now implies (4.1.42). O

Proposition 4.1.7 will allow us to vary trajectories and controls independently.
Introduce a space W of absolutely continuous mappings z : [0,7] — E and define a
functional A : W x My — R by
(4.1.44)

Alz,v) = £(z(T)) + /OT L(t, x(t), (1)) dt + Oy /OT Hf(t,m(t), v(t)) — a‘;(t)HE dt,

where Cy = (k¢ + M) eMs. Here kg is the local Lipschitz rank for ¢ in a neighbor-
hood of 29(T). This functional agrees with Ag(r) whenever @(t) = f(t, z(t), v(t))
and penalizes any discrepancy. We see below that for this choice of Cy (or larger)

the penalization is exact.

PROPOSITION 4.1.8. Suppose that v € B(eg) and that y : [0,T] — E is an
absolutely continuous mapping which satisfies (4.1.41). Then we have A(y,p) >
A(20, ).
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PROOF. The Lipschitz assumptions (4.1.12) imply that

(4.1.45)
T N T, -
Ay, 1) = £(y(T)) + /0 Lt y(t), plt)) dt + C; /0 | Fit.ye), ne) )| at
T o~
> e ) ~ kell(T) T+ [ Dttt .0
= [[kLpull 11 nas ly(t) — (1)
T "y .

w05 [ fe vt - i, .

By Proposition 4.1.7 we have
T o~

(4146) (1) —a(t; )| < /0 i) = Fs. (), nls))|| ds

and so (4.1.45) implies that A(y,pn) > A(z(-;p), ). By Proposition 4.1.6 we also

have
(4.1.47) Az (5 ), ) = Ro(p) > Ro(0°) = A(z",0),
completing the proof. O

4.1.5. Necessary Optimality Conditions. We are now in a position to de-
rive the Maximum Principle. A central technique in our derivations of the Maximum
Principle, throughout this dissertation, is a minimax theorem due to Ky Fan [41].
We provide a statement of this theorem for the convenience of the reader and suggest
[15] for a modern statement and elegant proof. The theorem is given for functions

which are concave-convex-like and we first define this notion:

DEFINITION 4.1.9. Let X and Y be nonempty sets. A function f: X x Y — R

is concave-convez-like if for any A € [0, 1],
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(i) For any z1, 22 € X there exists x3 € X such that

(4.1.48) fl@s,y) > Mf(z1,y) + (1= A) f(z2,9)

forall y € Y;

(ii) For any y1,y2 € Y there exists y3 € Y such that

(4149) f(l',y:g) < )\f(xa yl) + (1 - )‘)f(xay2)

for all x € X.
Ky Fan’s theorem is the following:

THEOREM 4.1.10 (Fan). Suppose that X andY are nonempty sets, X is a com-
pact topological space, f: X XY — R concave-convez-like on X XY, and x — f(x,y)

1 upper semicontinuous for each y € Y. Then

4.1.50 inf = inf .
( ) max inf o(z,y) = inf max o(z,y)

With this in mind we now introduce variations that will lead to an application

of this theorem. Let w € L' ([0,T], E) be arbitrary and set
t
(4.1.51) y(t) = / w(s) ds.
0
Define a variation of 2° through
(4.1.52) a2 (t) = 2°(t) + My(t).
For arbitrary v € Mg we define a variation of v¥ through

(4.1.53) M) = (1= N)v0(t) + (1)
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One may check that, for v € My, we will have v* € B(gg) when A > 0 is sufficiently

small. Moreover, for A small enough, we will have

4.1.54 [o*® = 22| <=1

(4.1.54) max [o0) - 20 <&
Proposition 4.1.8 then implies that for sufficiently small A we have

(4.1.55) Az, ) > A0, 00)

and consequently

A A A A 0
(4.1.56) lim sup 28 ) =A@ v
ALO A

A careful analysis of this upper directional derivative will lead us directly to the

Maximum Principle. We first make the following claim:

PROPOSITION 4.1.11. For any w € L' ([0,7T],E) and v € My there exists map-
ping p € L>([0,T], E*) with ||p|| e < Cy for which

(4.1.57) .
0o .0
lirnsupA(x yv) — Az, v7)
ALO A
T/\ o~
<ﬂ L@x%@w%»+ﬁ@f%%ﬂ@ﬁﬂ@@—mmww>ﬁ
T
+/ L(t,z°(t), v(t)) — L(t,2°(t), O (¢)) dt
0

~

+/T <p F(t,20(), v(t) — (t,xo(t),yo(t))> dt,

0

where f;(s,xo(s),uo(s))* : B* — E* is the adjoint of the bounded linear operator

Fu(s,2%(s),1°(s)) : E — E.

PROOF. Let A, | 0 be a sequence for which the limit supremum in (4.1.56) is

attained. For each n, for each t, there exists p,(t) € E* with ||p,(t)| 5« < Cy for
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which
s -

(4.1.58) R
= (pult), Flt. 2 (0,01 () = (1))

Since E* is separable we may find a measurable selection p, € L ([0,T], E*) for

which ||pnl| ;- < C and such that

T o~
| (putt) Tt o)) = (o)) a
(4.1.59)

— ¢ /OT |7t 0y, 1) — o) e

I

Since L> ([0,7], E*) = L' ([0,7], E)" and ||py|| ;e < Cf, the Banach-Aloaglu theo-
rem allows us to pass to a subsequence for which p, i p € L> with ||p|| - < Cf.

For each n,

(4.1.60) = X (1), F(t, 2™ (1) = F(t,a™ (1),0°(0) —w(t))

Moreover, (4.1.10) implies that the sequence of functions

Ft 2 (0), (1) = F(t,2°(1), (1)

4.1.61 t
(41.61) - .
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converges in L ([0,7], E) to f.(t,2°(t), " (t))y(t). We then have

An An
+ % Tf(t,:cA (1), () = L(t, 2°(t), v (1)) dt
n J0
T -~ ~
(4.1.62) + [ Lt (), v(t) = L(t, 2™ (1), 00(1)) dt

In the limit we obtain

lim sup
ALO A

(4.1.63) +

Now note that (¢'(z%(T)),y(T)) = ; (¢'(2°(T)), w(t)) dt and
(4.1.64

)
T T t
(La(t,2%(1),1°(1)), y(t)) dt = /0 <Lx<t,x0<t>,u0<t>>, /0 w(s) ds> dt.

0

We can integrate (4.1.64) by parts to find
(4.1.65)

/OT (La(t,2%(t),0(1)), y(t)) dt:/OT </tTLx(57$O(S)’VO(S))ds’w(t)> i
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Similarly,

(4.1.66)
T T T
/O<p(t),fx(t,xo(t),vo(t))y(tﬁdt:/o </t fx(s,:vo(S),VO(S))*p(S)ds,w(t)> dt.

Rearranging (4.1.63) now gives us (4.1.57). O

As mentioned above, this directional derivative of the functional A implies the

Maximum Principle. In particular we obtain the following:

THEOREM 4.1.12. Suppose that u® is an optimal control for the problem of min-

1Mizing
T
(4.1.67) L(z(T)) +/ L(t,xz(t),u(t)) dt
0
subject to fized initial condition x(0) = xo and dynamic constraint
(4.1.68) z(t) = f(t,z(t), u(t)).

There exists an absolutely continuous map p : [0,T] — E* which satisfies for almost

all t

(4.1.69) B(t) = La(t,2%(t),u’(8)) — fu(t, 2°(8),u°(2))"p(t),
where f,(t,20(t),u’(t))* : E* — E* denotes the adjoint of the bounded linear oper-

ator fo(t,z%(t),u’(t)) : E — E. We further have p(T) = —¢'(2°(T)) and

T T
(4.1.70) /0H(t,:po(t),p(t),uo(t))zrilgzic/o H(t,z°(t), p(t), u(t)) dt,

where H : [0, T] x E x E* x U — R is the Pontryagin function

(4.1.71) H(t,x,p,u) = (p, f(t,z,u)) — L(t,x,u).
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In the case where U is separable then for almost all t,

(4.1.72) H(t,2°(8),p(t), u°(1)) = masx H (¢, 2°(8),p(1), w)

We note that an integral form of the Maximum Principle of the type in (4.1.70),
under more restrictive assumptions, may be found in L.C. Young’s lectures on the

subject [94].

PROOF. Denoting the left-hand side of (4.1.57) by ®(p, v, w) and letting K C
L>([0,T1], E*) be the set of all p with [|p||; < Cf we see that

4.1.73 inf ®(p,v,w) > 0.
1) enlthens B o) =

Since K is weakly*-compact we may apply Fan’s minimax theorem to find

4.1.74 inf ®(p,v,w) > 0.
( ) I;}Ealé( ueMIOI,lweLl (P, vy w) 2

Choose p € K which attains this maximum. For this p, the inequality (4.1.57) holds
for all w € L' and v € M,.

In order to derive a Maximum Principle instead of the corresponding (and equiv-
alent) Minimum Principle, we replace p with —p. Restating (4.1.57) in terms of
controls u € U we see that for all w € L' and u € U there holds

(4.1.75)
T T
/ <ﬂ<x0<T>> [ Ll (60, 00(6) = Fuls.a%(6). 006 ds+p<t>,w<t>> dat
0 t

T
+/0 H(t,2°(t), p(t), ul(t)) — H(t,2°(t), p(t), u(t)) dt > 0.

First take v = u to see that for any w € L',

(4.%.76) .
/ <€/(a:0(T)) + / Lo(5,2°%(5),u%(s)) — fols,2°(s),u’(s))*p(s) ds +p(t),w(t)> dt > 0.
0 t
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The fundamental lemma now implies that

T
(4.1.77)  p(t) = —0'(2°(T)) —/t Lo(5,2%(s),u%(s)) — fu(s,2%(s),u’(s))*p(s) ds.

This implies that p is absolutely continuous and satisfies (4.1.69) for almost all ¢,
along with the boundary condition p(T) = —¢ (z°(T)).

On the other hand, taking w = 0 we see that for any control u there holds
T
(4.1.78) / H(t,2(8), p(t), u(£)) — H(t,2"(t), p(t), u(t)) dt > 0,
0

and this is (4.1.70).

The proof is completed through the following lemma;:

LEMMA 4.1.13. If U is separable then (4.1.78) implies that (4.1.72) holds for

almost all t.

PRrOOF. Let {un},cy C U be a countable dense subset. Choose a particular uy,

and fix any time ¢ € [0,7]. Given § > 0 we define a control u® € U through

n tEftoto+o
(4.1.79) Sy=4 " fonfo +9)

u®(t) otherwise

For this control (4.1.78) implies
to+9
(4.1.80) | HE0,p(0.00(0) ~ Hlt2(0), (0. ) di > 0
to
This implies that H(tg, z°(to), p(to), u(to)) > H(to,z"(to),p(to), un). Let I, C
[0,T] denote the set of all ¢y € [0, 7] for which this inequality holds and note that

m(1l,) =T. Taking I = UpenI, we see that for all ¢ € I and any n € N we have
(4.1.81) H(t,20(2), p(t), w0()) = H(t,2"(t), p(t), wn).

Continuity now implies that (4.1.72) holds for all ¢ € I, a set of full measure. O
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This completes the proof of Theorem 4.1.12. O

Let us pause to make some comments regarding this proof. Note that the pair

(2°(t), p(t)) evolves in E x E* according to the symplectic system

#0(t) = Hy(t,2%(t), p(t), u’(1))

(4.1.82)
p(t) = _Hx(tv xo(t)7p(t), u0<t))

On a manifold, this system corresponds to the evolution of a map w : [0, 7] — T*M
according to the vector field ﬁ on T*M which generalizes the above notion of
symplectic vector field, as discussed in the previous chapter.

Note also that our proof uses the derivative f,. This can complicate the situa-
tion on a manifold, as one cannot differentiate vector fields without some notion of
a connection, see e.g. [19]. Though connections play an important role in the geo-
metric theory of control [12] we have made an effort in this dissertation to maintain
a close analogy between the general manifold case and the linear case and so have
avoided the theory of connections. In the following sections we will develop tech-
niques which allow us to avoid taking this derivative — or perhaps more accurately

to conceal this derivative within the construction of the symplectic vector field ﬁ

4.1.6. Applications to the Calculus of Variations. Before beginning work
on the theory of optimal control for Banach manifolds, we wish to emphasize that
all first order necessary conditions from the Calculus of Variations are contained in
the Maximum Principle. Thus optimal control, though very useful in engineering
applications, also plays an important role in the realm of pure mathematics.

Consider the following problem from the Calculus of Variations: Minimize

T
(4.1.83) 0(x(T)) + /0 Lt x(t), 2(t)) dt
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with fized initial condition xog and free terminal point. Let us suppose that L is
measurable in time and C'-smooth in (x,v) with locally integrable Lipschitz first
derivative. Let 2 be a strong local minimizer for this problem.

Introduce the control system f(¢,z,u) = u, where control u takes values in
U := E. Because F is separable, the Maximum Principle implies the existence of an
absolutely continuous curve p : [0,7] — E* with p(T) = —¢'(2°(T)) that satisfies,

for almost all ¢

(4.1.84) p(t) = Ly (t,2°(t),2°(t)).

In addition we have for any y € E the inequality

(4.1.85) H(0(0),p(t), 3°(8)) = H(@"(t), p(t), y).
Rearranging we find that for almost all ¢ € [0, 7], for any y € E,
(4.1.86) L(t,2°(t),y) > L(t,2°(),2° (1)) + (p(t),y — 2°(¢)).
We note that (4.1.86) implies that

(4.1.87) p(t) = Ly(t, 2°(t), 2°(¢)).

As a consequence, (4.1.84) gives us the classical Euler equation. Equation (4.1.87)
implies that L, (t,2%(¢), #%(t)) is continuous, which is the first Erdmann condition.
Finally, (4.1.86) is itself the classical Weierstrass condition. We suggest Clarke’s
recent book [25] or the classic [48] for more in this direction. Additional useful
references for the Calculus of Variations and optimal control are the texts by Bloch

[12] and Cesari [21].
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4.2. Integration by Parts, Fundamental and duBois-Reymond Lemmas

We now turn to the development of the theory necessary for carrying out the
above proof on a manifold, including geometric versions of the integration-by-parts
formula and the fundamental lemma for Banach manifolds. We remind the reader
that if ¢ : [0,7] — M is continuous, a mapping ¢ : [0,7] — T*M along q is merely
a map for which 7({(t)) = ¢(t). We also caution the reader that we are writing 7

both for the projection s : TM — M and the projection wp«pr : T*M — M.

PROPOSITION 4.2.1 (Integration by Parts). Let Ps; denote the flow of a nonau-
tonomous Ct-smooth vector field Vy. Fiz qo € M and let q(t) = Py(qo). Suppose
that we have L-bounded mappings ¢ : [0,T] — T*M and v : [0,T] — TM along q.

Then the following integration by parts formula holds:

(4.2.1) /OT <((t), /Ot Pusivl(s) ds> it = /OT </tT Py ((s) ds, v(t)> dt.

T t
PROOF. The pairing ¢t +— </ ARYE)) ds,/ P ¢ v(s) d3> is absolutely con-
t 0

tinuous on [0, 7] and so we obtain

T d T . t
(4.2.2) /0 dt</t Pt,sC(S)d57/0 Ps7t*v(s)ds> dt = 0.

The integrand in (4.2.2) may be written as

a
de

T t+e
</ P;‘:—E,SC(S) d87 PS,t—Q—e *U(S) d5>
e=0 t+e 0

Using the semigroup property of flows we may remove dependence on ¢ from the

integrands. First write:

T t+e
</ (Prs 0 Piyey)" ((s) ds, / (Priye o Psyt), v(s) d3>
t

+e 0

-

(4.2.3)

T t+e
/ Pttra,t © Ptfs((s) dS, Pt,t+s>)< o Ps,t*U(S) d8>
t+e 0
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These integrals take place in T o M and Ty 4.)M. Now write

t+e)
t+e
<Pt+stoptt+s/ Pt+st°PtsC dS,/o Ptt+e*OPt*U( )d3>

T t+e
(4.2.4) = < PlyycoPlyoo Pr((s ds,/ P v(s s>
t+e 0

T t+e
= < P} .((s) ds,/ P ¢ v(s) d5> .
t+e 0

The integrals appearing in the last expression take place entirely in 77, M and

q(t)
Tys)M. Classic integration theory now yields, for almost all ¢ € [0, 77,

g ! T t+e
;t</t P/ C(s) ds,/0 Ps ¢ 5v(s) d5> = dis » </+s P ((s) ds,/o Py 1 .v(s) d5>
t
- _<C(t)’/0 Pspev(s > </ Pl ((s)ds Ut>

Substituting into (4.2.2) and rearranging gives us the result. O

LEMMA 4.2.2 (The Fundamental Lemma). Suppose that ¢ : [0,T] — T*M is
an L*-bounded mapping along an absolutely continuous curve q(t) and that for any

Lb-bounded mapping w along q we have

T
(4.2.5) /0 (C(8), w(t)) dt > 0.

Then for almost all t, ((t) =

PROOF. Choose ty € [0, 7] and let (O, ) be a coordinate chart with ¢(to) € O.
Choose 6 > 0 so that for any ¢ € (to — 0,0+ ) we have ¢(t) € O. Let t; €
(to — 0,0 + ) be a Lebesgue point for (.

Let u € E be arbitrary and define, for 0 < A < tg —t1 + 6,
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o (elg()u t € [t t + A

0 elsewhere

(4.2.6) w(t) =

This map is locally L>®°-bounded, hence L-bounded, and so we must have

T
(4.2.7) /0 <§(t),w’\(t)> dt > 0.
Hence
(123) [ ety a0

Since t1 is a Lebesgue point we obtain <<p*1*C(t1),u> > 0 for all w € E. Recall
that ¢~1*((t1) is the local coordinate representation of ((t1). The inequality just
stated implies that Hgo_l*C(tl)HE = 0 and hence ((¢1) = 0. Since almost all times

are Lebesgue the proof is complete. ]

There is another classical lemma that is often used in the calculus of variations
called the duBois-Reymond lemma. We provide a statement for the linear case

below:

LEMMA 4.2.3 (duBois-Reymond). Suppose that p € L> ([0,T], E*) is such that
for any w € L' ([0,T), E) satisfying
T
(4.2.9) / w(t)dt = 0
0
there holds

T
(4.2.10) /0 (p(t), w(t)) dt = 0.

Then there exists pr € E* such that for almost all t, p(t) = pr.
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The question of how to extend this result to manifolds is an interesting one, since
we cannot expect the same conclusion, that p(t) is almost everywhere equal to a
constant map. We find instead that, for any manifold on which an extension lemma
such as Lemma 3.2.8 holds, the duBois-Reymond lemma has a natural analogue
given in terms of flows and that flow invariance replaces the claim that p is constant.
For the remainder of this subsection we will assume that M admits a locally L!-
bounded, C'-smooth extension V; of ¢(¢) and write Ps; for the flow of V;.

We define a class of mappings w : [0,7] — T'M which generalize the property

expressed in (4.2.9):

DEFINITION 4.2.4. An L'-bounded mapping w : [0, 7] — TM along q(t) is said

to be endpoint-preserving if

T
(4.2.11) /0 P (q())w(t) dt = 0.

Momentarily we will show that, under a mild assumption on the smoothness
of E, any endpoint preserving map w along g can be extended to a vector field
W, with the property that the perturbed flow V; + AW, preserves ¢(T) for small \,
justifying the name. Before we do this we suggest the following generalization of

the duBois-Reymond lemma:

LEMMA 4.2.5 (duBois-Reymond Lemma). Suppose that ¢ : [0,T] — T*M s a
mapping along q(t) and suppose that for each endpoint-preserving map w : [0,T] —

TM along q there holds

T
(4.2.12) /0 (C(t), w(t)) dt = 0.

Then there exists (7 € T;(T)M such that for almost all t we have

(4.2.13) ¢(t) = PirCr.
99



Thus ¢ is flow-invariant for P ;.

PROOF. Choose times fo, t; which are Lebesgue times for ¢. Let v € Ty)M be

arbitrary and consider the following map:

Priwv te [to,to + 5]
(4.2.14) w(t) = —Pryow telt,t+9]

0 elsewhere

One can check that w is endpoint-preserving. As a consequence we have

4.2.15 o t). P dt = ne t). P dt
(4.2.15) / (C(t), Pr.v) _/tl (C(t), Pry.v) dt.
Thus
to+d t1+6
(4.2.16) / (Pp,C(t),0) di = / (P C(t).0) dt.
to t1

Since the times tg, t; are Lebesgue times we arrive at

(4.2.17) (P 4,¢(to),v) = (Pf 4, C(t1), v)

for any v € TyryM. Defining (r € Tq*(T)M through (r := P7, ((to) we see that for
almost all ¢, Pt’fTC(t) = pr. O

We now justify the name endpoint-preserving:

LEMMA 4.2.6. If E admits a C'-smooth bump function and V; is C%-smooth
then to each endpoint-preserving map w : [0,T] — TM we can assign a C'-smooth
vector field Wy for which Wi(q(t)) = w(t) and such that for sufficiently small X > 0,
the flow Pg:t of the vector field Vi + AWy satisfies

(4.2.18) Por(q0) = a(T).

100



PrROOF. Recall that, by Proposition 3.1.5, there holds
(4.2.19) Pgy = PyyoChy

where C&t is the flow of the vector field AP, o W;. We will construct W; so that, for
small A, there will hold C&T(qo) = qp.

To do this, let (¢, O) be a coordinate chart with gy € O and let b : M — [0, 1]
be a C'-smooth bump function which is identically equal to 1 in a neighborhood

Oy C Oy C O of q. Define a curve w € E by

(4.2.20) W(t) = @x 0 Pros(q(t))w(t).

Consider the vector field

(4.2.21) Wilq) = blg)es (elg))i(t),

extended smoothly to zero outside of O. Let W; = Po,t*wt and note that W; is
C'-smooth.

We claim that for small A, the flow Cé\,t of the vector field AP, .W; satisfies
C&T(qo) = qo. To see this, note that for small time we have C’at(qo) € Og. For these

times there holds

d ~
(4.2.22) %p ° C&t(QO) = Apx o (Pro *Wt)(C(/)\,t(QO)) = Aw(t).

When A\ is sufficiently small we will then have

(4.2.23) 0 Cyldo) = @lao) + A /0 @(s) ds € ()

for all ¢ € [0,7]. Finally, note that
T T T
(4.2.24) / ilj(t) dt = / (p*Pt70 *w(t) dt = QO*PT@* / Pt,T *w(t) dt = 0.
0 0 0
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Thus, for small A we have C&T(q()) = go and hence P(]):T(qo) =q(T). O

We now turn to a study of Pontryagin Maximum Principle in a fully geometric

setting.

4.3. Pontryagin Maximum Principle

We now return to our Bolza problem of minimizing the functional

T
(4.3.1) Ao(u) = £(q(T;u)) +/O L(t, q(t;u), u(t)) dt

subject to fixed initial condition gy € M and dynamic constraint

(4.3.2) q(t;u) = f(t,q(t;u), u(t)).

We suppose that v is an optimal control with trajectory ¢°. As before we assume
that measurable controls u take values in a metric space U. We work with the same
class My of relaxed controls and define v0(t) := 8u0(t)-

We make the following assumptions on this problem:

ASSUMPTION 4.3.1. We assume that f : [0,T]xMxU — TM and L : [0, T]x M x
U — R are Carathéodory. We further assume there exist constants eq, My, My, and
a coordinate chart (O, ¢) with gy € O such that for any relaxed control u € B(eg)

we have:

(i) The nonautonomous vector field f(¢,q,u"(t)) induced by the optimal control is
a locally L'-bounded, C’}ip—smooth vector field with a well-defined flow Py ¢(q)
for all g € O for all t € [0, T;

(ii) The differential equation

~

(4.3.3) q(t) = f(t,q(t), u(t))
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admits a solution ¢(t; ) with ¢(0; 1) = go which is defined for all ¢ € [0,T] and
which satisfies q(t;u) € Py (O) for all ¢;

(iii) The Lagrangian coordinates t; : Py +(O) — ¢(O) corresponding to the nonau-
tonomous vector field f(t,q,u"(t)) are such that for any u € B(gg) there are

L' functions k¢, kr with L'-norms bounded by M ¢ and M7, respectively such

that

(434) @D p0) = @Dt w®)| < k) o= 2l
and

(435)  |L(twr @) p0) = L @) w0)] < keu®) o =g

Following the route from the linear case, we establish an approximation lemma

for relaxed controls and employ it to implement exact penalization.

PROPOSITION 4.3.2. Suppose that € B(ep). Then for any € > 0 there exists a

control u € U such that d(u,u’) < g¢ and

(4.3.6) Jnax, [¥e(q(tsu) — ea(t; p)ll g < e

PRrROOF. Introduce a control system g : [0,7] x p(O) x U — ¢(O) through

(4'3'7) g(t,x,w) = (¢t*f)(tax7w) - (¢t*f)(t,x,u0(t)).

Let v € B(eo) and set x(t; u) = ¥:(q(t; 1)), so that for almost all ¢ there holds

(4.3.8) @ a(t: ) = 500, 2(t: ) (1)
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Our assumptions on f assure us that for any p € B(gg) there exists an L' function

k¢, such that for any x1, 22 € p(O) we have

(4.3.9) 1§t 21, 1(0)) = Gt 22, ()| s < g s — ]

Moreover, we can bound ||k, ||, independently of ;1 € B(gp). The proof of Propo-
sition 4.1.4 required only this Lipschitz property and so we may repeat the same
argument, replacing control system f with g to find, for any € > 0, a control u such

that the solution x(¢;u) to the system

(4.3.10) i(t;u) = g(t, z(t; u), u(t))
satisfies

4.3.11 tu) — x(t; <e.
( ) tgﬁ}llw(,w w(t;p)lp <e

By Proposition 3.4.3 we have z(¢;u) = 9+(q(t;u)) and because € > 0 was arbitrary

the proof is complete. O

In the next two propositions we carry out the decoupling technique that was

successful in . Define a functional ZAXO : My — R through

T
(4312) Rolp) = tla(Tspm) + [ Et.attsp).n(o) .

PROPOSITION 4.3.3. Suppose that q : [0,T] — M is an absolutely continuous
map such that q(t) € Po+(O) for allt and p € B(eo) is a relazed control. Then we
have

(4.3.13)
T ~
max || (q(t)) — ve(q(t; )|l < eng/ Hwt*q‘(t) - wt*f(t,q(t),u(t))HE dt.
0

te[0,7)

Note that our assumptions on f imply that 1y (q(t; p)) is well-defined for all t.

104



ProOF. Consider

(4.3.14)
l d d
Ietat®) — velattiils < || Sunta(e) = Soslatss )| ds
t d - -
< / 25 ¥s(a(8)) = Wsuf (s, a(s), u(s)) + s f (s, a(s), V(s))|| ds
0 E
+/ Ve F(5,9(5), 1(t) — Vs f(5,(s),1(s)) - %%(Q(S;u)) ds.
0 E
In the first term we have
L s(a(s)) — o F (s, a(),B6) + e Tl (5),0°(6)
(4.3.15) R
= ¢s *Q(S) - 1/’5 *f(S, Q(S)a ZZ(S))
The final term in (4.3.14) can be bounded above as follows:
[ e Flssao).06)) = o Flssa(6).0°0)) = Lulatsin)| s
0 E

o~ ~

Vo (5,a(5), 1(5)) = o Fls, alss ), (s) | ds

/)

Employing our Lipschitz assumption (4.3.4) we arrive at

(4.3.16) < /0 t

Vo5, a(5), V(1)) — s s, s ), 0°(5)) | s

Jonla(®) = velat)l < [ [ei(s) = e Fs.ato. D)),

(4.3.17) t
[ )+ o (4)) Iulas) = s ) s

The proof is completed through Gronwall’s lemma. ]
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Let ACj denote the collection of absolutely continuous curves ¢ : [0, 7] — M for

which ¢(0) = go. Introduce a functional A : ACy x My — R through

T o~
Alg. 1) = £(q(T)) + / Lt q(t), ult)) dt
(4.3.18) 0

T
+0r [ onsta) (Fiane) - ao) | ae
0 E
where Cy = (k; + M) €*Ms and k¢ is a local Lipschitz rank for the function £o7".

PROPOSITION 4.3.4. Let q : [0,T] — M be an absolutely continuous map for
which q(t) € Pot(O) for all t and suppose p € B(eg). Then we have A(q,pn) >
A(g",0).

PROOF. Let ky be a Lipschitz constant for £ with respect to the local coordinate

chart (Py7(O),¢r). We have
T
g, 1) = €(q(T)) + /0 L(t,qlt), p(t)) dt
T o~
+0p [ onetat) (Fesater o) - o) a
T o~
— Ug(T: 1)) — he [br(a(T: 1)) — b (@) + /0 L(t, q(t: 1), )

(4.3.19)

— kLl Jnax bt (q(t; ) — Ye(q(t))] 5 dt

o | ) (00,00 i)
> Ag(5 1) 1)

where the final inequality follows from Proposition 4.3.3. Since A(q(; 1), 1) = Ao(p)
we find

(4.3.20) Alg, 1) > Ma(s ), 12) = Ro(p) > Ao(v°) = A(¢",1°).

106



An interesting form of the exact penalization result present in Proposition 4.3.4
can be obtained as follows. For each ¢, there exists p(t) € E* with ||p(t)|| g« = 1 for
which

. O |[gn-ta®) (Fit.a0), () — i) |

= Cy (p(), vrala(®) (Fit,at),n(6) — (1)) ).
As a consequence, we may decouple the dynamics by considering a functional of the

form

T o~
Alg, ) = 0(q(T)) + / L(t,qt), u(t)) dt
(4.3.22) 0

o5 [ o (ptnetato (Ft.a0.00) — ) ) .

HPHE* <1

Further, if we introduce a weakly*-compact set A; C T(;‘(t)M through

(4.3.23) A= {¢p « Ipllg < 13

then we see that it suffices to consider the penalized functional

T o~
Alg, ) = Uq(T)) + / L(t,qt), u(t)) de
(4.3.24) 0

o | e (€. Flt.a(0) 1) — d(0))

CeA
4.3.1. Maximum Principle. We now turn to the derivation of the Maximum
Principle for problems on Banach manifolds. We first introduce variations of ¢° and
W, Let v € Mg be arbitrary and choose any L'-bounded map w : [0,T] — TM
along ¢°. Extend w to a C''-smooth, L'-bounded vector field W; and define ¢* € ACy

through

(4.3.25) Q1) = f(t, (1), u° (1) + AW () (1)),
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¢(0) = qo. Define v* € Mg through
(4.3.26) A= (1= M0+

THEOREM 4.3.5. Suppose that u° is an optimal control with trajectory ¢°. There
exists an absolutely continuous map ¢ : [0,T] — T*M satisfying ((T) = —d¢(q°(T))

which satisfies, for almost all t,

(4.3.27) () = H (1, <), u00)).

with H(t,(,u) = ((, f(t,q,u)) — L(t,q,u). In addition there holds
T T

(4.3.28) /0 H(t,¢(t),u’(t)) dt = 516235{(/0 H(t,¢(t),u(t))dt.

When U 1is separable, then for almost all t,

(4.3.29) H(1, (1), (1)) = maas H (2, C(0), ).

Proor. By Proposition 4.3.4 we will have

A A A — A 0 .,0
(4.3.30) lim sup 2D Z AV
ALO A

We bound this derivative from above. Let A, | 0 be a sequence which attains this
limit supremum.
For each n we have
(4.3.31)
Flts ™ (0,07 (0) =@ (8) = M (&, 0 (0, () =M F (1, (1), 0(0) =X Wil(g™ (1)),
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Choose p,, € L*([0,T], E*) with ||p,| ;- < Cf for which
(4.3.32)
T ~ -~
[ (put0rne (Rt 01,010 = Fea 0,070 - Wila (0) )

We find
(4.3.33)
A A — A(g0. 0
M = M) L () - (1)
e L [ e 0.00) - L0000
n JO

-/ " (pa®) e (Pt 0 00) - Fit, g™ (0,050 — Wil (2)) .

Pass to a subsequence such that p, 7 p for some p € L>([0, T, E*) with ||p|| ;e <
Cy to find that
(4.3.34)

(artaP(ay). 2%

T/ o~ 0 0 aqk(t)
)\:0>+/0 <dL(t,q (t),v°(t)), T

T o~ o~
n / Lt q0(), w(t) — Dt 0(8), (1)) dt

0

) i
A=0

T o~ ~
+ [ (000 (Fa0.000) = it 0.0°0) = Wile©)) ) e > 0

Recall that by Proposition 3.1.4 we have

(4.3.35)
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Since W; extends w we have

(4.3.36)
T
/0 (de(q™(T)), Prr+(a°(t))w(t)) dt

Using our integration by parts formula (4.2.1) we come to

(13.37) :
* 0 * 37 0 0
/0 <Pt7Td€(q (1)) —l—/t PdL(s,q (s),u (s)) ds,w(t)> dt

T o~ o~
= [ L O.0e) - Lt P00 0)
T
7 0 1% — 0 UO —w .
+ [ (00 (i 0.00) = Fia' (000 = wit)) ) de > 0
Denoting the left-hand side by ®(p, v, w), we see that

(4.3.38) inf max ®(p, v, w) > 0,

l/7w p

where the infimum is taken over relaxed controls v and L'-bounded mappings w :
[0,T7] — TM along ¢ and the maximum is over p € L*([0,T], E*) for which
||l e < C¢. By Fan’s minimax theorem we can find p € L*°([0, T, E*) for which

Ipll;c < Cf and such that for any v € My, for any L'-bounded mapping w :
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[0,T] — TM along ¢° we have,
(4.3.39)
T T ~
| (Prade@n + [ Pk (o)) s ue)) a
0 t

T/\ o~
4 / Lt (1), v(t)) — L(t.q0(8), 10(8)) d
0

o~

[ (0 (Fa@0060) = Fo. 0,00 - wio) ) a0

Defining a curve ¢ : [0,T7] — T*M through ((t) = —;p(t) we find that for any w

and any control u,

T T
/ <Pthd€(q°(T)) + / Ptfde(s,qO(s),uo(s))ds+<(t),w(t)> dt
(4.3.40) 0 !

T
+ [ HC0.000) = G0, ute) bt > 0

Taking u = u” we find that for any w there holds
(4.3.41)

T T
/ <P;tTdf<q0<T>> b [ BLAL g6 ds + <<t>,w<t>> dt>0
0 t

and the fundamental lemma now implies that

T
(13.42) Cl0) = ~Piadta"(T) = [ Pl ().00(9) s

This implies that ¢ is absolutely continuous, satisfies ((T) = —dl(¢°(T)) and, by

Proposition 3.3.5,
(4.3.43) C(t) = H(t, (1), u(1))

with H(t,¢,u) = (¢, f(t, q,u)) — L(t, g, u).
Now taking w = 0 we find that for any u € U there holds

T
(4.3.44) /O H(E C(t), u0()) — H(t, C(t), u(t)) dt > 0,
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and this is (4.3.28).
In the case where U is separable, Lemma 4.1.13 implies (4.3.29) and this com-

pletes the proof. O

4.4. Calculus of Variations

In this section we consider two applications of our work to problems of the Calcu-
lus of Variations on Banach manifolds. The first is an application of the Maximum
Principle for problems on sufficiently smooth spaces. The second is an applica-
tion of the duBois-Reymond lemma. For coordinate-free descriptions of necessary
conditions it will help to recall that for a fixed t,q the map L induces a mapping
FL:TyM — T;M through

d
(4.4.1) (FL(t,q,v),w) = I L(t,q,v + sw).
s=0

This mapping is called the fiber derivative of L and plays an important role in
nonholonomic mechanics and control [12]. In local coordinates, FL is merely the

derivative L,(t,x,v).

4.4.1. Application: Maximum Principle. As before we demonstrate the
Maximum Principle contains in it all first-order necessary conditions for Calculus
of Variations. We will suppose in this subsection that M is a C?-smooth Banach
manifold modeled over a space E which admits C%-smooth bump functions whose
second derivative is locally Lipschitz. This can be a strong assumption, but certainly
holds for Hilbert manifolds. See Proposition 3.2.10 for some other Banach spaces in

which this assumption will hold. We consider the problem of minimizing

T
(4.4.2) (g(T)) + /0 L(t.q(t). d(t)) dt
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over absolutely continuous maps ¢ : [0,7] — M with fixed initial condition gy and
free terminal point ¢(7T'). We suppose that ¢ is C'-smooth and that L satisfies
Assumption 4.3.1. Suppose that ¢° provides a strong local minimum and choose an
extension V; of ¢°(¢). Let Ps; be the flow of V;. Let (¢,0) be a coordinate chart

with gg € O. Define, for u € E, a vector field

(4.4.3) X(g,u) = b(g)ex ' ((q))u

for ¢ € O, extended smoothly to zero.

Consider the following control system:

(4.4.4) f(tq,u) = Vi(q) + (Pot«X) (g, u)

and the running cost

(445) L(ta%u) = L(t)qu(taq’ ’LL))

Under our assumptions, f and L satisfy the standing hypotheses.
Further, the control u® = 0 is an optimal control for the control system ¢(t; u) =

ft,q(t;w), u(t)) with cost

T~
(4.4.6) Uq(T)) + /0 Lt q(t), u(t)) dt.

By the Maximum Principle there exists an absolutely continuous map ¢ : [0,7] —

T*M for which
(4.4.7) E(t) = H(t,C(t),0)
and such that

(4.4.8) H(t,((t),0) = magH(t,((t),u).

ue
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There holds for almost all ¢, for any u € F,

(¢(1),d°(1)) = Lt,¢°(1),d°(£)) = (C(1),4"(t) + Por+(90) 5 ((0))u)

— L(t,°(t),d°(t) + Po+(q0) 5 (0(q0))u).

(4.4.9)

Since Pyt : TyyM — Ty M is an isomorphism we obtain, for any v € Ty M,

(4.4.10) L(t,q°(t),v) = L(t,4°(t),4°(1)) + (C(t),v — ¢°(¢)) -

This is the classical Weierstrass condition. Moreover, this shows that ((¢) is the
fiber derivative FL(t,q°(t),"(t)). Tt follows that FL(t,q"(t),q%(t)) is absolutely
continuous — a coordinate-free version of the Erdmann corder condition.

To arrive at the Euler-Lagrange equations, fix any time ¢y € [0, 7). Let (2°(¢), p(t))
denote local coordinates for the curve ((¢). One may check that, in the (z,p) coor-
dinates there holds:

(4.4.11)
P(t) = —Ha(t, C(1),0) = —V}(29)"p(t) + La(t,2°(t), %) + V} (29) Lu(t, 2%, 1°(t)).

But since p(t) = Ly (t,q%(t), ¢°(t)) we see that (4.4.11) simplifies to
(4.4.12) p(t) = Ly(t,2%(t), 2°(¢)),

the Euler-Lagrange equation.

4.4.2. Application: duBois-Reymond Lemma. In this subsection we study
an application of the duBois-Reymond lemma to problems in the geometric Calculus

of Variations in which the terminal point ¢(7") is fixed. Consider the cost

T
(4.4.13) /0 L(q(t),q(t)) dt,
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where L : TM — R is C'-smooth. Suppose that ¢° : [0,T] — M is a strong local
minimizer for the cost (4.4.13) subject to fixed boundary conditions ¢(0) = go and
a(T) = q.

We assume that M and E are sufficiently smooth that a C?-smooth extension
V; of ¢°(t) can be found.

Suppose that w : [0,7] — TM is an end-point preserving map along ¢°. By
Lemma 4.2.6 we can find an extension W; of w such that for small values of A > 0
the flow P;\’t of Vi + AW, satisfies P()):T(qo) =¢%(T) = q1. Since ¢ is optimal we find
that, for small X\ > 0,

T
(4.4.14) /0 L(P3(0), Vi(Foy(a0)) + AWe(Poy(a0))) — L(a° (1), ¢°(1)) dt > 0.

Dividing by A > 0 and taking the limit we find that

T q
4.4.15 —
(4.4.15) /0 =

We also have

. L(Pyy(0), Ve(Foy(90))) + (FL(t, ¢°(2), 4" (1)), w(t)) dt > 0.

L(F3y(q0), Ve(Poy(a0))) = @

a4
Mo X

(Lo V7) (Poy(a0))
A=0

(4.4.16) t
= (vear, [ P

Integrating by parts we find

T T
(4.4.17) /0 < /t Pgsv.;dL(qO(s),qO(s))ds+FL(t,q0(t),qO(t)),w(t)> it > 0.

By the duBois-Reymond lemma, there exists (7 € T;O (T)M such that for almost all

t,

T
(4.4.18) FL(t,q°(t),4"(t) = PirCr /t P VidL(q"(s), ¢(s)) ds
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This proves that ((t) := FL(t,¢"(t),¢°(t)) is absolutely continuous. Moreover, by

Proposition 3.3.5 for almost all ¢ we have
(4.4.19) &) = He.cv)),

where H(t,¢) = (¢, Vi(q)) — L(t, ¢, Vi(q)) for ¢ € Ty M.

Fix a time to € [0, 7] and choose local coordinates = for M, defined on a neigh-
borhood of ¢°(to). Let (z,p) and (z,v) denote the induced coordinates on 7% M and
T M, respectively. In these coordinates, ((t) = (z(t),p(t)) and we have, for almost
all ¢,

= =Vi(2(t))"p(t) + La(t, x(t), &(2)) + Vi (2(8))" Lo (t, 2(t), &(t)).

But Ly (t,z(t),2(t)) = p(t) and so we arrive at the Euler-Lagrange equations

(4.4.21) p(t) = Lo(t, z(t), 2()).
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CHAPTER 5

Optimality Conditions via Nonsmooth Analysis

In this chapter we continue our study of geometric optimal control, turning our
attention to problems subject to a constraint of the form ¢(T") € S. We recall that
while statements of the Maximum Principle can be found in [4, 7, 12, 17, 54, 79,
84], of these, only [4, 7, 17] offer a full proof of the Maximum Principle for problems
on general manifolds. The cases covered by these particular sources cover only the
possibilities that the set S constraining the terminal point ¢(7") is an immersed
submanifold or a singleton and that the terminal cost ¢ is at least C'-smooth. In
this chapter we use methods of nonsmooth analysis to prove a general statement of
the Maximum Principle which allows for terminal costs ¢ which are merely locally
Lipschitz and terminal constraints of the form ¢(7") € S, where S C M is merely
assumed closed.

We will focus on Mayer problems in which a cost ¢(¢(T;u)) is to be minimized.
There is very little loss of generality in this choice, since under mild assumptions the
more general problems of Bolza considered in the previous chapter may be reduced
to such Mayer problems. We will restrict our attention in this chapter to the case
in which M is of finite dimension. The main goal of this chapter is to establish the

following version of the Pontryagin Maximum Principle:

THEOREM 5.0.1. Suppose that u® is an optimal control with trajectory ¢°. There
exist \° € {0,1} and —Cr € A\°0L(¢°(T))+ N%(¢°(T)) such that if ¢ : [0,T] — T*M
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1s the solution to

(5.0.22) () = H(t. (1), u(1)) (T) =
then for almost all t there holds

(5.0.23) H(t, C(t),ul(t) = manx H(t, C(t),u).

Further, either \° =1 or ((t) # 0 for all t.

A second goal of this chapter is to establish sufficient conditions for exact penal-

ization of the terminal constraint ¢(T;u) € S. In particular, we prove the following:

THEOREM 5.0.2. Let u® be an optimal control with trajectory ¢° and let (O, 0) be
a coordinate chart with ¢°(T) € O. If for all nonzer —(r € N&(q°(T)) the solution
¢(t) to (5.0.22) fails to satisfy (5.0.23) then there is a constant K such that u° is a

local minimizer for the unconstrained Mayer problem with cost £+ Kdggy o 0.

Finally, we hope to demonstrate in this chapter that nonsmooth analysis can be
useful for understanding general problems of optimal control, even when all of the
data for a problem are smooth.

Our methods are based on nonsmooth analysis techniques which were developed
originally by Clarke in his studies of dynamic optimization problems for differen-
tial inclusions [23, 30]. The methods introduced by Clarke provided a foundation
for further developments in the application of nonsmooth analysis to problems of
dynamic optimization. For monograph expositions, see [24, 25, 73, 89].

Let us state the problem we wish to study. Consider a smooth manifold M of
finite dimension, a compact metric space U, and a control system f : [0, T|x M xU —

TM. Let U denote the set of all measurable mappings u : [0,7] — U. As before we
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write ¢(t;u) for the absolutely continuous solution to

(5.0.24) q(tiu) = f(t q(t;u),u(t))

with ¢(0;u) = qo.

Given a locally Lipschitz function ¢ : M — R and closed set S C M, we consider
the following Mayer problem: minimize ¢(q(1T;u)) over solutions q(t;u) to (5.0.24)
subject to terminal constraint ¢(T;u) € S and dynamic constraint (5.0.24).

Problems with the more general cost ¢(q(T")) + /T c(t,q(t),u(t)) dt are easily
converted to this problem, provided that c satisfies the soame assumptions as f, which
we now make explicit. We remind the reader that the local coordinate representation

of the control system f, in coordinates ¢, is given by

(5.0.25) (e f)(tz,u) = @il (@) F(t, 97 (@), w).

AssUMPTION 5.0.3. We assume that for each ¢ € M there exists a coordinate
chart (O, ¢) in which control system (5.0.25) is measurable in ¢, differentiable with
respect to x, and continuous in u. Further, we suppose there exist functions m, k, €
L' ([0,T],R) such that for almost all ¢, for any z,y € »(O) and u € U, there hold

the inequalities

(5.0.26) (o« f)(t, 2, u) lgn < mip(t) [(2sf)a(t, 2, u)||pn < my(t)
along with

() (s 2, u) = (Duf) (s ys W) [[gn < Ep(t) [l = yllgn
(5.0.27)

1w f)a(t; 1) = (uf)a(t, Y, w)llgn < Fo(t) 12 = Yllgn -

Finally, we assume that for any control u there exists a neighborhood O of gy such

that a solution to (5.0.24) with initial condition ¢ € O exists for all t € [0, T].
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We note the following consequence of Assumption 5.0.3 for control systems in

R™:

ProrosiTION 5.0.4. Suppose that M = R"™. For any control v there exists
g0 > 0 and L' functions my, kg such that for any continuous maps y,z : [0,T] — R"
satisfying
5.0.28 max ||z(t;v) — y()||pn < &€ max ||z(t;v) — 2(F)||pn < €
(6:028) e a(t0) y(Olg <20 max e(tiv) - 0)p <

there holds for almost all t € [0,T] and for any u € U

(5.0.29) 1 (&, y(8), w)l|gn < my(t) 1fa (£, y(8), )| gn < mp(t)
along with

1ty (), u) = [t 2(0), w)llgn < kp(8) y(t) = 2(2) || gn

(8 y (), w) = falt, 2(), w)lgn < kp(8) [ly(t) = 2(8)l|gn -

(5.0.30)

PROOF. The result follows from the compactness of the image of z(-;v) along

with the standing assumption on f. O

5.1. Relaxed Controls and Sliding Variations

As in the previous chapter, we will find it useful to employ relaxed controls
[46, 91, 92, 93]. We have assumed for this chapter that U is a compact metric
space and for finite-dimensional systems with controls taking values in such spaces
there is a well-developed theory of relaxed controls as weakly*-measurable maps into
P(U). This theory is developed in [92]. We recall here the basic definitions and

results.

5.1.1. Definitions and Background Results.
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DEFINITION 5.1.1. Let P(U) denote the set of Borel probability measures on U.
A relazed control is a mapping u : [0,7] — P(U) with the property that for each

continuous function g : U — R the function ¢ — / g du(t) is measurable.
U

Such a mapping is said to be “weakly*-measurable” [34, 42, 92].
We write M for the set of relaxed controls. As before, control system f induces

a function f : [0,T] x M x P(U) — TM by

~

(5.1.1) Fltog ) = /U £(t. 4, w) dpu(u)

and each traditional control u € U can be realized through ¢t — 4, where 4, is
the Dirac mass concentrated at wu.
Relaxed controls are convenient in part because the set M of such controls is

weakly*-compact [92]:

PROPOSITION 5.1.2. If v, is any sequence of relaxed controls then there exists
a subsequence vy, and a relaxed control v such that for any Carathéodory function

g:10,T] x U— R"™ we have

(5.1.2) lim /0 ' /U g(t,w) dvp, (1) dt = /0 ' /U g(t,w) du(t) dt.

5.1.2. Sliding Variations and Infinitesimal Perturbations. The varia-

tions employed in the proceeding chapter, of the form
(5.1.3) (I—=XNp+ v

are known as sliding variations. The system velocity associated with such a variation

is

(5.1.4) Ftt, 1)) + A (Fit 0, v(0) = Fit.q, 0(0)))
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and if ¢*(t) is the trajectory for (5.1.4), then by Proposition 3.1.4 we have

dg\(T)

(5.1.5) o\

T —~ ~
= [ Purata) (Fit.att)v(e) - Fit.ate).n(e) .
A=0 0

-~

where P;; is the flow of the vector field (t,q) — f(t,q, p(t)) and q(t) = Po+(qo)-
The infinitesimal perturbation given by (5.1.5) plays a central role in our study
of control on manifolds and we denote by E(u) the set of all such tangent vectors v €

T,

o(T:)M . Since the set of relaxed controls is weakly*-compact, E(u) is a compact

set. The set is also convex, as can be seen from (5.1.5). These properties allow us to
establish the following proposition, which will allow us to replace a nonlinear Dini

lower derivative with a linear pairing involving the limiting subgradient.

PROPOSITION 5.1.3. Let £ : M — R be locally Lipschitz. For any control u(t)
there exists ¢ € Orl(q(T;u)) such that

(5.1.6) min  ((,v) > min Dl(q(T;p);v).

vEE(u(t)) vEE(u(t))
PRrROOF. Since dr.¢ and D/{ are coordinate-free, we need only prove the proposi-
tion for the case M = R".

We recall for the following multidirection mean-value inequality, originally for-

mulated by Clarke and Ledyaev [26]:

THEOREM 5.1.4. Fiz x € R™ and let Y C R™ be a compact, convex set. Let
0 :R" — R be lower semicontinuous. Then for any r < minyey £(y) — £(x) and any

e > 0 there exists z € [z,Y]|+¢eB and ¢ € Opl(z) such that for anyy € Y there holds
(5.1.7) r<((y—uz).

We may further choose z so that £(z) < {(x) + max {0,7} + €.
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Choose a sequence A, of positive real numbers which converges to zero and for
each n, let

5.1.8 " = i U(y) — (q(T;u)) — \2.
(5.1.8) TS A (y) — £(q(T;u))

By the mean value inequality we can choose z, € ¢(T;u) + A\, E + A\,B and ¢, €
Orl(zy,) for which

519 n< i 3] - T; )\ n7 .
( ) ' yeq(ir“];%l)r}mnE<< y—q(Tsu)) = mln (Cny )

Choose v, € E such that r, = £(q(T;u) + A\yvn) — £(q(T;u)) — A2, Since £ is

n

locally Lipschitz the (, are bounded in norm and we may pass to a subsequence for

which ¢, — ¢ € 91¢(q(T;u)) and v, - v € E. Now

. ..o Tn
=1 >1 f—
v (w0 = I vip e 2 Bty

(5.1.10) i 2(T5 1) £ Awvn) = Uq(Tw)) = A

n—00 An

> DU(q(T; u);v )>UGIEH&))D€( a(Tsu);v).

A useful form of inequality (5.1.6) is given by the following:

PROPOSITION 5.1.5. Let £ : M — R be locally Lipschitz. For any control u € U
there exists —(r € Orl(q(T;w)) such that

(5.1.11) mm/ 0G0 6u) = (0,000 (0) de = min Dela(Tsu)iv)

where ((t) is the solution to

(5.1.12) () = H(t, (), ut)) (T) = G
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ProOOF. If v € E(u) then there exists a relaxed control v such that

T N .
(5.1.13) v—/o Pir(q(t)) (f(t,q(t),l/(t))— (t,q(t),u(t))> dt.

By Proposition 5.1.3 there exists ¢ € d0(q(T;u)) such that
T ~ ~
min [ (¢ (ot ) (Fit altw),v(®) - Fit altw),u(®) ) ) de

(5.1.14) M Jo

> mi su);v).
> min DE(q(T;w); )

Define (r = —( and ((t) = F/r(r. By Proposition 3.3.5, ((t) is the solution to
(5.1.12) and the definition of H implies (5.1.11). O

Proposition 5.1.5 suggests a relatively short proof of the Maximum Principle for

nonsmooth Mayer problems in which the terminal point is free.

5.2. Maximum Principle for Nonsmooth Mayer Problem with Free

Terminal Point

In this section we provide a proof of the Maximum Principle under the assump-
tion that ¢(T;u) is free and ¢ is locally Lipschitz. We first claim that for such a

problem there is no loss in working with relaxed controls.

PROPOSITION 5.2.1. Let v € M be arbitrary. Let (O, ) be a coordinate chart
defined on a neighborhood of qo and let i : Pot(O) — ¢(O) be the Lagrangian
coordinates associated with the nonautonomous vector field (t,q) A(t,q,u(t)).
Given any € > 0 there exists a control u € U for which

(5.2.1) e [¥e(q(t;v)) — ea(t; w))|[gn < e

ProOOF. Consider the control system

~

(5.2.2) glt,z,w) = (Yo f)(E2.0) — (o)t 2, 0(0)).
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By the assumptions on f, this control system is locally integrable Lipschitz. If x(¢; v)
is the trajectory for g corresponding to v then we clearly have z(t;v) = ¢(qo). By a
standard approximation theorem for relaxed controls [46, 92] there exists a control

u such that the trajectory z(¢;u) for g satisfies

2. su) — x(t; n .
(5.2.3) trer[lg)T(} lz(t;u) —x(t;v)||gn <€
Since x(t;u) = ¥4 (q(t;w)) and z(t;v) = ¢ (q(t;v)) the proof is complete. O

PROPOSITION 5.2.2. If q(T) is free then we have
(5.2.4) inf {{(q(T;w)) : weld} =inf{{(q(T;v)) : veM}.
PROOF. We need only prove that
(5.2.5) inf {{(q(T;u)) : weld} <inf{l(q(T;v)) : ve M}.
Suppose that this is not true, so that for some ¢ > 0 there exists v € M with
(5.2.6) inf {{(¢(T;u)) : weld} > lq(T;v))+0.

Since £ is continuous, Proposition 5.2.1 implies the existence of a control u € U such

that ¢(q(T;v)) + 6 > €(q(T;u)) and this contradiction completes the proof. O

With this we turn to the proof of the Maximum Principle for nonsmooth Mayer
problems with free terminal points. Let £ : M — R be locally Lipschitz and suppose
that u? is locally optimal for the problem of minimizing ¢(q(T’;u)) in the absence of

terminal constraints. Let ¢° be the trajectory for u°.
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THEOREM 5.2.3 (Pontryagin Maximum Principle). There exists —(r € 910(q°(T))
such that the solution ((t) to (5.1.12) corresponding to u® and (r satisfies

(5.2.7) H(t,C(1), (1) = max H(£,C(6), u)

for almost all t € [0, T).

PROOF. By Proposition 5.2.2, control 1°(t) := dy0(¢) is optimal among relaxed
controls M. Choose —(r € 9.¢(¢°(T)) such that (5.1.11) holds for the solution ¢(t)
to (5.1.12) corresponding to u® and (r. Let ¢*(t) be the trajectory for a sliding
9q\(T)

8A AZO.
we have £(¢°(T)) < ¢(¢\(T)) and this gives us Dl(q°(T);v) > 0. It follows that

variation 0,00 + A (V(t) — Gy0()) and let v = Since ¢"(t) is optimal

min,e g0y DE(¢°(T);v) > 0 and so

T A~ o~
(5.2.8) min /0 H(t, C(t),uO(t)) — H(t, C(t), v(t)) dt > 0.

By Filippov’s lemma, there is a control «™* such that for almost all ¢,

(5.2.9) H(t,((t),u™™(t)) = T&)}(H(t,{(t),u).

By (5.2.8) we find that

T
(5.2.10) / H(t, C(t),ul(t) — max H (¢, ((t), u) dt > 0.
0 ue
Since the integrand is almost everywhere nonpositive, we obtain (5.7.13). ([l

In the case of nonconvex dynamics with terminal constraint ¢(7") € S the prob-
lem becomes more difficult. In this case u® may not remain optimal among relaxed
trajectories, a phenomenon sometimes called a relaxation gap. To progress in this
case we introduce a pseudometric p on the set U of measurable controls u : [0,7] — U

and study conditions under which the associated constraints are metrically regular, a
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term explained below. Due to its importance in applications, we develop our results

in R™ before turning to the case of a general manifold.

5.3. Metric Regularity and Penalization in R"

In this section we assume that M = R” and we write x rather than ¢ to em-
phasize the underlying linear structure. We introduce the following pseudometric
on the set of controls U:

T
p(u,v) =/ 1f (¢t 2(tu), u(t) — f(t,z(t;v),0(t))] dt
(5.3.1) 0

T
4 / I fult, 2t 20), w(t)) — fult, (s 0), 0(0))]| dt.
0

This pseudometric is central to our study of metric regularity. We next establish

some elementary properties of this pseudometric.

5.3.1. Elementary Properties and Estimates. The following propositions
are consequences of the definition and of the integral form Gronwall’s lemma. We

leave their proofs to the reader.

PROPOSITION 5.3.1. Suppose that u,v € U. Then

3.2 Tu) — : < .
(5.3.2) ma () = 2(t0)] < p(uv)

As a consequence, the function u — £(z(7T;u)) is locally Lipschitz with respect
to p. Further, for a fixed control u" if g9 > 0 is sufficiently small we may assume
the functions my, ks providing inequalities (5.0.26) and (5.0.27) are defined on an

open set containing all x,y attainable through controls u with p(u, u®) < eq.

PROPOSITION 5.3.2. Fiz control u® and eg > 0 as above. There exists a constant

Dy such that if Qs+ is the flow of any control u with p(u,u®) < gy and ¢ € R™ is
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arbitrary, then

(5.3.3) e Qi <] < Doll¢]I-

PROPOSITION 5.3.3. Fiz control u® and g > 0 as above. Let Qi,t, 1= 1,2 denote
the flows of controls u® with p(u’,u®) < 9. There exists a constant Dy, depending

only on my¢ such that for ¢*,¢* € R"

(5:34) max [|Qir¢! = Q1|5 < Dy (Hcl = ¥lgn + p(u’, u?) max HC"HRn> :

As a first consequence of Proposition 5.3.3, consider the following. Suppose
that u* 5 w and ¢* — ¢. Let R’;t denotes the flow for u* and Rs; the flow

corresponding to u. Then the curves R,’fj( k converge uniformly to Ry 1C.

5.3.2. Completeness. In 1974, Ekeland introduced in [39] his wvariational
principle, now a well-established tool in optimization theory. In [63] it was shown
that this principle holds for complete pseudometric spaces. The paper [16] includes
several proofs of the original variational principle, one of which we find can be

adapted to prove the following version for complete pseudometric space:

PROPOSITION 5.3.4. Let (X,p) be a complete pseudometric space and let £ :

X — (=00, 4] be lower semicontinuous. If T satisfies

(5.3.5) U(7) < inf 0(z) + ¢

zeX

then for any A > 0 there exists y € X with p(ZT,y) < X\ which provides a global

minimizer of the perturbed function
€
(5.3.6) z > 0(z) + Xp(y, z).
This principle can be applied with our pseudometric p because of the following:
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PROPOSITION 5.3.5. The pseudometric p is complete.

PROOF. Let {uk} be Cauchy in p and let zF be the trajectory for uf. The

sequence of functions (v¥, A¥) € L1(]0,T], R™ x R™ ") defined by

(37 @R, AY) = (£t 0,65 0), falt 2 (1), (1))

is Cauchy in L! and so converges to some function (v(t), A(t)). Let

(5.3.8) x(t) = o —l—/o v(T)dr.

We claim that there is a control u € U such that

(5.3.9) (v(t), A(t)) = (f (£, 2(t), u(t)), fo(t, x(t), u(t)))

for almost all ¢. To see this, let " : [0,7] x R™ — R™ x R™*™ be the set-valued map

given by
(5.3.10) L(t,z) ={(f(t, z,u), fo(t,z,u)) : ue U}.

Passing to a subsequence we may assume that (v*(t), A¥(t)) which converges point-
wise almost everywhere to (v(t), A(t)). For almost all t we have (vF(t), A*(t)) €
I'(t,2%(t)) for all k and so, because I' is continuous in =, we find (v(t), A(t)) €
I'(¢t,z(t)) for these t. By Lemma 1.2.10 there is a control u such that (5.3.9) holds

and thus p is complete. O

5.3.3. Approximation in the Pseudometric. In this subsection we show
that the approximation of relaxed trajectories using traditional controls can be car-
ried out in a manner that is compatible with p. These results will enable use to
make use of sliding variations even in problems with nonconvex dynamics. We begin

with the following approximation result:
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PROPOSITION 5.3.6. Consider v € M, uw € U, and a fized real number X € [0, 1].
Let x* be the trajectory for the variation (1 — A)by@) + Av(t). For any ¢ > 0
there exists a control v € U and disjoint measurable sets A, B C [0,T] satisfying
m(A) = (1=N)T and m(B) = AT such that the control w(t) = x a(t)u(t)+x5(t)v(t)
satisfies

(5.3.11) tgﬁ)jg} Hx’\(t) —z(t; w)H <e.

PROOF. As before we follow Gamkrelidze [46] and approach this problem through

chattering controls. The following lemma will be of use:

LEMMA 5.3.7. Suppose that x : [0,T] — R™ is continuous and v is a relazed
control. If f is integrable Lipschitz then for any ¢ > 0 there exists a control v € U

such that

6312 mox / Flr,a(r),v(r)) = Flr, (1), 6,n)) dr

<e.

PROOF. Let m be a partition of [0, 7] with diameter small enough that

tit1 c
(5.3.13) / max | f(r, 2(r), u)|| dr < &
ti uelU 2

By Aumann’s theorem, we may choose a control v on [t;,t;11] so that
bit1 titl
(5.3.14) / flryz(r),v(r))dr = / flryz(r), (51,(7)) dr.
ti t;

Let t € [0,T] be arbitrary, say t € [t;,t;+1]. Then we have

/0 Flr,a(r), v(r) = Fr,2(r), 60y dr

and this completes the proof. ([l

(5.3.15)
<e

| Fae) o) = Fralr). b dr
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Let € > 0 be given. By Lemma 5.3.7, we may choose a control v € U so that

(5.3.16) max
t€[0,T]

[ e 0).0(e0) = Fir (), 1)
We will apply Lemma 4.1.5. Partition [0, 7] uniformly into intervals [¢;, t;11] and let

(5.3.17) A= [ti ti + Adiam ()] B= U i + Adiam (), ti1] -
Notice that A and B satisfy the necessary assumptions on measure. Lemma 4.1.5,
applied to the functions g(7) = f(7,z(r), du(ry) and h(7) = Flrz(r), dy(r)), implies

that we may choose diam(7) sufficiently small so that for any ¢ € [0, 77,

1_ / f T, $ u(T))dT_/ f(T,iL‘(T),(Su(T))dT <e€
AN[0,¢]

(5.3.18)
/ f T, z(T )dT — /Bm[o,t] f(T,$(T),6U(T))dT <e.

Now define w = xa(t)u(t) + xp(t)v(t). For any ¢ € [0, 7], we have
(5.3.19)

o) — (s w)H <[a=x /Ot Flr, a (7). bugry) dr — /AQ[O t] Flr,aN(r), bury) dr

131



By Gronwall’s lemma, we find that for any ¢ € [0, T,
(5.3.20) l2(t) — x(t;w)llpn < 3eexp (|lksll,1)

and since € > 0 was arbitrary this completes the proof. O

Our main approximation result, which will later allow us to use sliding variations

without convexity assumptions, is the following:

PRrROPOSITION 5.3.8. There exist constants Cp,Co with the following property.
Let control w € U, relazed control v € M, X\ € [0,1], and € > 0 be arbitrary and
let 2> be the trajectory for the sliding variation (1 — Aty + Av(t). There exists a

control w™ such that

AN(£Y (e oA
(5.3.21) trer%&% Ha: (t) —z(t;w )H <e
and
(5.3.22) plw*, u) < CL\ + Coe.

PRrROOF. By Proposition 5.3.6 we may choose disjoint measurable sets Ay, By C
[0,T] with m(Ay) = (1 — A)T and m(B)) = AT and control v* such that the

trajectory for w = xa, (t)u(t) + x, (t)v*(t) satisfies (5.3.21). We need only verify
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(5.3.22). First,

plu, w) = /AA

F(ta(tu) u(t) = f(t (s wd),u(®)|| d

g/
B

fult, ot ), u(®) = fult, 2t 0®),u(®)) | dt

“
Ba

< Q/OT k(1) Hx(t; w) — x(t;w)‘)H dt + 4 ||my| . -

F(ta(tu) u(t) = £t wd), o) d

(5.3.23) + /AA

fultso(tw), u(t) = falt, ot a), o)) dt

We require a bound on Hm(t; u) — x(t; w’\)H, which we will obtain through a bound
on ||z(t;u) — #*(t)||. Consider
(5.3.24)

Jett: ) (1-)) / |7 2(riu),6) = Tl (7). 6| e

+)\/ Hf T JZ T; u) (5u(.,.) H
S(l—)\)/ kg(T) HmT;u -z 7'Hd7—|—2)\/ my(T)dr.
0 0
By Gronwall’s lemma, we find

(5.3.25) i [[a(t; ) = 2 (0)| < 20 gl 3 exp (sl 1)

Returning to (5.3.23) with (5.3.25) we find

T
-~ o, ) < 2/0 k(1) o 0) — (i) | a

AN gl kgl exp (gl pa) +4X gl o
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Taking

Cr =4 myll i kgl o exp ([[Efll 1) + 4 llmgll
(5.3.27)
Co =2 lksll s

will yield (5.3.22). O

5.3.4. Metric Regularity. In this section we apply the pseudometric p to
establish a sufficient condition for metric regularity of the constraint z(T) € S.
Such metric regularity will allow us to remove the terminal constraint x(7") € S by
penalizing our cost with a nonsmooth function. We denote by A the set of controls
u € U for which z(T;u) € S and we introduce the following constraint qualification:

Condition C: There exist g > 0 and A > 0 such that if control u satisfies

p(u,u’) < &g and dg(z(T;u)) > 0 then for any —(r € dpds(x(T;u)) we have

T
(5.3.28) /0 H(, (1), u(t)) — ma H (1, (1), ) db < A\

where ((t) is a solution to (5.1.12) corresponding to u and (7.

Condition C implies the following decrease principle:

PROPOSITION 5.3.9. If Condition C holds then for anyu € U satisfying p(u, u®) <
g0 and dg(x(T;u)) > 0 there ewists a relaved control v such that if x* corresponds

to the sliding variation (1 — X)dy ) + Av(t) there holds

(5.3.29) i 45 @NT) = ds(2(T3 )

< —A.
L0 A

PROOF. We prove the contrapositive: suppose that the proposition is false.
Then there exists a control u with p(u,u’) < &g and ds(z(T;u)) > 0 such that for

any v € E(u) we have

(5.3.30) Dds(z(T;u);v) > —A.
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By Proposition 5.1.5 we can find —(r € drds(z(T;u)) such that

T o~ ~
(5.3.31) mip /0 FI(t,C(1), 6ugey) — FI(1C(1), w(1)) dt > —A,

where ((t) is a solution to (5.1.12) corresponding to u and (7. Choosing, through Fil-

ippov’s selection lemma, a control ™ such that H (¢, {(t), u™**(t)) = max,cv H (¢, ((t), u)

we find that
T
(5.3.32) / H(t,((t),u(t)) — mi{gH(t,C(t),u) dt > —A,
0 ue
and this shows that Condition C cannot hold. O

Thus Condition C implies that any control v which is near u° in the pseudometric
p and is not admissible can be varied in a manner such that the terminal point is
driven toward S in a manner that decreases the distance to S with linear rate not
less than A.

This decrease principle, coupled with the variational principle of Proposition

5.3.4 allows us to establish the following metric regularity result:

PROPOSITION 5.3.10. Suppose that Condition C holds and let C1 and Cy be as

in Proposition 5.3.8. There exists €1 > 0 such that for p(u,u®) < e1,
(5.3.33) inf pu, w) < 45 dg (o (T; u))
e wea VW) =TS e

C
PROOF. Choose 0 < &1 < 3¢ so that if p(u, u®) < &1 we have 4K1d3(x(T3 u)) <
%60. Suppose by way of contradiction that there exists u € U with p(u,u") < e; for

which

(5.3.34) ul;Ielpr(u’ w) > 4%ds(m(T; u)).
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Set ¢ = 2dg(x(T;u)) and A = 4%ds(:v(T; u)). Note that u is an e-minimizer of the

function w — dg(z(T;w)). By the Ekeland variational principle, there exists v with
C1
(5.3.35) p(u,v) < 4Kd5($(T? w))
such that the function
A
(5.3.36) w i dg(x(T;w)) + fp(v,w)
1

attains a minimum over U at v. By (5.3.34) and (5.3.35) we cannot have v € A and
hence dg(x(T;v)) > 0.

Our choice of £1 assures us that
(5.3.37) p(u®,v) < p(u®,u) + p(u,v) <

and so, by Proposition 5.3.9 we may choose a relaxed control v such that if z* is
the trajectory for the sliding variation (1 — A\)d,) + Av(t) there holds

(5.3.38) lim inf ds(z)(T)) — ds(x(T;v))

< —A.
AL0 A =-A

By Proposition 5.3.8 we may choose control w* such that p(v,w?) < C1\ + C\?

and max H:ﬂ’\(T) - x(T;w’\)H < A% Since v is optimal for (5.3.36) we find

t€[0,T]
A A A
0 < ds(a(T5w%) + 55-p(v, w?) = ds(@(T;0))
(5.3.39) ! A A
< ds(@NT) + X+ FA+ WQV — dg(z(T;v)).
1

Dividing by A and letting A | 0 we find that 0 < —A + % < 0 and this contradiction
proves (5.3.33). O
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Inequality (5.3.33) is sometimes called metric reqularity of the constraint z(T") €
S. In the case where this constraint is metrically regular we obtain the following

penalization result:

PRrROPOSITION 5.3.11. If Condition C holds then there exists €1 > 0, K > 0 such

that u® minimizes {(x(T;u)) + Kds(z(T;u)) among controls with p(u,u’) < e1.

PROOF. Let k¢ be a local Lipschitz constant for £ with respect to p. By Proposi-
tion 5.3.10 we may choose 1, K > 0 such that for p(u, u®) < &1 we have Kdg(x(T;u)) >
Kyinfyeq p(u,w). Fix any u with p(u, u®) < 1.

Given any 0 > 0, choose w € A for which p(u,w) < in&p(u, w) + 6. We have
we
Ux(Tiu)) + Kdg(x(Tyu)) > (x(T;u)) + ke in&p(u,w)
we
(5.3.40) > 0T w)) — Feplun, w) + ke inf p(u, )
we
> U(2(T)) = keo,
the last line following from optimality of «® among controls in A. Letting 6 | 0 gives
us the result. O
5.4. Maximum Principle in R” — Nonsmooth Mayer Problem with
Terminal Constraints

We are now in a position to prove Theorem 5.0.1 in the case M = R™. We begin

by studying the case in which Condition C fails to hold.

PROPOSITION 5.4.1. Suppose that M = R™ and that Condition C' fails. Then
Theorem 5.0.1 holds with \° = 0.

PROOF. In this case we may choose sequences €x, A | 0 and controls u* € U

with p(u®, u*) < e}, whose trajectories x* satisfy dg(z*(T)) > 0 and for which there
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exist —C% € Ords(2*(T)) such that
T
(5.4.1) / H(t, CE(t), ub (1)) — max H(t, C*(8), u) dt > —Ay,
0 uelU

where (¥ is a solution to (5.1.12) corresponding to u* and (¥. Since 2*(T) ¢ S
we have H({,?HR,L = 1 and so we may pass to a subsequence which converges to
—(r € Ords(2°(T)) with ||¢r|lgn = 1.

By Proposition 3.3.5 each arc ¢¥ can be written ((t)* = Pt’fjf@i, where P;ft is the
flow for f corresponding to control u*. Let P, ; denote the flow of f corresponding
to control u° and set ((t) = P/7¢r. Note that ¢ is a solution to (5.1.12) for u® and
(T

Since u*

25 40 the comments following Proposition 5.3.3 imply that k() —
((t) uniformly. And because P;p is an isomorphism and [[(r[|g. = 1 we see that
¢(t) # 0 for all ¢.

Finally, taking the limit in (5.6.1) we obtain

T
(5.4.2) /0 H(t, C(t),ul(t) — max H(t,¢(t),u)dt > 0.

Since the integrand is almost everywhere nonpositive, we see that H (¢, ((t), u’(t)) =

maxycy H(t,((t),u) for almost all ¢, completing the proof. O

We note that Theorem 5.0.2, in the case M = R"” and § = Idg=, is an immediate
consequence of Propositions 5.3.11 and 5.4.1.

Thus in the case where Condition C fails the control u° is an abnormal minimizer
for our Mayer problem. In the following Proposition we see that when Condition C'

holds, u? is a normal minimizer.

PROPOSITION 5.4.2. Suppose that M = R™ and that Condition C' holds. Then
Theorem 5.0.1 holds with \° = 1.
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PrOOF. Let v € E(u®) and choose a relaxed control v € M such that if 2 is

the trajectory for (1 — A)dyo) + Av(t) then

o aN(T) = a%(T)
(5.4.3) v= I){f& —

By Proposition 5.3.8 we may construct a family of controls w? € U with

=0.

(5.4.4) fi 2 (T) — (T )
o 20 A

For this family of controls we obtain

(5.4.5) v =lim o(T;w?) = (T
o A0 A '

It now follows that D¢(q°(T);v) > 0.

Thus by Proposition 5.1.5 there exists
(54.6) ~Cr € 01, ((+ Kds) (¢"(T)) < ul(¢"(T)) + N5 ("(T))
such that the solution to (5.1.12) corresponding to v’ and (r satisfies

T
(5.4.7) min /0 H(t, (), u2(8)) — H (L, C(t), u(t)) dt > 0.

We have seen that (5.4.7) implies the Maximum Principle and so the proof is com-

plete. (Il

5.5. Metric Regularity and Penalization for Manifolds

In this section we use Lagrangian charts to provide a definition of the pseudo-
metric p for problems posed on a general finite dimensional manifold M. As before
we suppose that u° is an optimal control with trajectory ¢°. By Proposition 3.2.8
we may choose a compactly supported, locally L'-bounded, C*°-smooth vector field

V; with flow Ps; which extends ¢° in the sense that ¢°(t) = Vi(¢°(t)). Choose a
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coordinate chart (O, ¢) with gy € O and let ¥ := ¢ o P, be the Lagrangian chart
associated with vector field V; and coordinate chart (O, ).

We introduce a control system ¢ : [0,7] X ¢(O) x U — R" by

(5'5'1> g(t,$,u) = (Q;Z)t*f)(tax’u) - (th*‘/i)(@

Our assumptions on f and V; ensure that we may choose O small enough that
g satisfies the standing assumptions on f. In particular, one can establish the

following;:

PROPOSITION 5.5.1. There exists €9 > 0 and L' functions mg, kg such that for
any maps y, z : [0, T] — R™ satisfying
(5.5.2) max [|¢(¢%) — y(1)|| < <o max ||¢(q°) — 2(8)[| < 2o

t€[0,T t€[0,T]

there holds for almost all t € [0,T] and for any u € U

(5.5.3) lg(t, y(t), w)l| < mg(t) 192(t, y(t), w)|| < my(t)
along with

lg(t,y(t),u) = g(t, 2(t), w)|| < ko (t) lly(t) — 2(2)]|
192(t, y(t), u) = ga(t, 2(8), w) || < ky(t) [y () — 2(B)]]-

(5.5.4)

Introduce a neighborhood Oy of qg for which Oy C O. Let Uy denote the set
of controls u for which g(t;u) € Py(Oy) for all t. We define on Uy the following
pseudometric:

T
p(u,v) = / gt 2t ), u(t)) — gt 2(t; 0), v(0)) g
(5.5.5) 0

+ ng(tvx(t; u)au(t)) - gx(tvx(t; U)?”@))HR" dt.
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Following the same proof technique as that for Proposition 5.3.5, one may check
that p is a complete pseudometric. Further, because ¥ (q(t; 1)) evolves according to

control system g, the following generalization of Proposition 5.3.8 can be established:

PROPOSITION 5.5.2. There exist constants Cp,Co with the following property.
Let control uw € U, relazed control v € M, XA € [0,1], and € > 0 be arbitrary and let
¢ \(t) be the trajectory for  corresponding to the sliding variation (1=A)y () +Av(1).

There exists a control w* for which

(5.5.6) s H@bt(qA(t)) — (gt wA))H <e
and
(5.5.7) plw*, 1) < CL\ + Coe

when A\ is sufficiently small.

5.5.1. Metric Regularity. In this subsection we derive sufficient conditions
for exact penalization of the terminal constraint ¢(7") € S through the locally defined

nonsmooth penalty function d : Py 7(O) — R given by

(5.5.8) d(q) = dy,(s) © ¥r(q)-

We introduce the following variant of Condition C':

Condition C: There exist ¢g > 0 and A > 0 such that if control u satisfies
p(u,u’) < e and d(q(T;u)) > 0 then for any —(r € 9rd(q(T;u)) there holds
(5.3.28) where ( is the solution to (5.1.12) corresponding to u and (7.

Condition C again implies a decrease principle:

PROPOSITION 5.5.3. If Condition C holds then for allu € Uy satisfying p(u, u’) <

eo and d(q(T;u)) > 0, then there exists a relaxed control v such that if ¢ corresponds
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to the sliding variation (1 — X)dy) + Av(t), then

(5.5.9) L d(N(T) — d(a(T5 w)

< —A.
ALO A -

PRrROOF. The proof is the same as that of Proposition 5.3.9 — a proof by contra-

diction employing Proposition 5.1.5. (|

Now let Ay C Uy be the set of controls u € Uy for which ¢(T;u) € S. The de-
crease principle represented by Proposition 5.5.3 is enough to establish the following

metric regularity result:

PROPOSITION 5.5.4. Suppose that Condition C holds and let C1 and Cs be as in
Proposition 5.5.2. There exists 1 > 0 such that if p(u,u’) < €1, then

: i
5. < ).
(5.5.10) w1é1£0 plu,w) <4 A d(q(T;u))

PROOF. First, if necessary, we ask that ¢ is small enough that when p(u,u") <
g0 we have q(t;u) € Py(Op) for all ¢t and hence u € Uy. Choose 0 < g1 < %eo such
that for p(u’,u) < €1 there holds 4%d(q(T;u)) < 3eo.

Now suppose by way of contradiction that there exists u € U with p(u,u®) < 1
for which

(5.5.11) inf p(u,w) > 4%d(q(T; u)).

weAg

Setting e = 2d(q(T;u)) and A = 4%d(q(T; u)), we note that u is an e-minimizer of

w +— d(q(T;w)). By the Ekeland variational principle, there exists v with
Cy

(5.5.12) plw,v) < 4G d((T: )

such that the function

(5.5.13) w— d(q(T;w)) + ;glp(v,w)
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attains a minimum over Uy at v. By (5.5.12) we find v € Uy and (5.5.11) implies
v & A, hence d(q(T';v)) > 0. By Proposition 5.5.3 we may choose a relaxed control

v such that the trajectory ¢* for (1 — A)y() + Av(t) satisfies

(5.5.14) i A@N(T) — d(g(T;v))

< —A.
ALO A -

By Lemma 5.5.2 we may choose control w” such that p(v, w?) < C1 A + CaA? and

(5.5.15) v [ (0) = velates ) | < X2

Now consider
(5.5.16)
d(q(T;w)) = dyyps) 0 Ur(@(Ts0?)) < dypis) 0 Yr(gN(T)) + A2 = d(gNT)) + A2

Since v is optimal for (5.5.13) we have

A A
(0,0") < d(T) + X + St 225

(5.5.17) d(q(T;v)) < d(q(T;w)) + = 27" 20y

201"
This leads, as in the proof of Proposition 5.3.10, to the contradiction 0 < 0. g

It now follows, just as in Proposition 5.3.11, that the following is true:

PROPOSITION 5.5.5. If Condition C holds with d(q) = dy,.(s) © ¥r(q). Then
there exists €1 > 0, K > 0 such that u® is optimal among controls with p(u,u®) < €1

for the problem of minimizing £(q(T;u)) + Kd(q(T;u)).

This proposition may seem at first glance to be of limited use. After all, in
practice it will be difficult or impossible to construct ¥ explicitly and in this case
our penalty function d(q) = dy,.(s)0%r(q) is also not explicitly computable. We will
see in the following section that the function d, as defined, nonetheless holds consider
theoretical strength. For applied problems, Proposition 5.5.5 can be strengthened

using the following:
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PROPOSITION 5.5.6. Suppose that ¢,0 : M — R"™ are diffeomorphisms defined

in a neighborhood of ¢°(T) € S. There exists a constant Ky g such that

(5.5.18) dy(sy 0 ¥(q) < Ky gdg(s) © 0(q)

for all q near ¢°(T).

PROOF. The map 1 o ! is locally Lipschitz, say with constant Kyp on a
neighborhood O of ¢°(T). Let ¢ € U be given and choose sqg € S such that

10(q) — 0(s0)| = d@(s)(@(q)). We have

(5:5.19) dy(s)(¥(9)) < [[P(q) = P(s0)llgn < Ky [10(q) = 8(s0)[| = Ky odo(s)(0(q))-

O

As a consequence, the penalty function d may be replaced by d(q) = dg(s) 0 0(q)

for any coordinate chart 8, provided that K is chosen sufficiently large.

5.6. Maximum Principle on Manifolds — Nonsmooth Mayer Problem

with Terminal Constraints

We are now able to provide a general proof of the Maximum Principle in a fully
geometric setting. Again we will find that the cases where Condition C holds or
fails to hold correspond to the normality or abnormality of u°, respectively. Let us

start by considering the case in which Condition C' fails:
PROPOSITION 5.6.1. If Condition C' fails then Theorem 5.0.1 holds with \° = 0.

PROOF. In this case we may choose sequences €x, A, | 0 and controls u* € U
with p(u®,u¥) < e, whose trajectories satisfy d(¢"(T)) > 0 and for which there

exists —(¥ € 91d(¢*(T)) such that the solution ¢* to (5.1.12) for u* and ¢k satisfies

T
(5.6.1) /0 H(t, Ck (), uk(t)) — max H(t, CE(t),u)dt > —Ay.
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Since the subdifferential is invariant under C'-diffeomorphism [66] we have

(5.6.2) Ord(q) = Or(dy,(s) © Yr)(q) = Y1OLdy,(s)(2),

where x = ¢p(q).

Since —C% € drd(q(T)*), we have (¥ = w}zk for some —Ek € 6Ld¢T(5)(1/JT(qk(T))).
Since ¢*(T) € S we have HZ%HR = 1 and so we may pass to a subsequence which
o], =

Let Rf}t and vat denote flows corresponding to f and g for control u*. The

converges to —(p € Ordy(s)(¥r(¢°(T))) with

solutions to (5.1.12) for controls u* and covectors ¢* are given by ¢*(t) = RfTCT

By Proposition 3.4.4,

(5.6.3) ¢*(t) = REFORCH = 0 QF (-

Since u* 25 O , the maps QtT 7 converge uniformly to Q;TZT, where @ is the

flow of g corresponding to u". Letting R denote the flow of f for u® we find that,
for ¢r = ¥3Cr,

(5-6.4) Jim ¢K(1) = lim $7QF7CH =i Qi r(r = Rig¥iCr = RigCr

the convergence being uniform. The adjoint equations (5.1.12) follow from ((t) =
R} r(r and the nondegeneracy condition ((t) # 0 follows from (r # 0 along with
the fact that R;T : T;o (T)M — T;O (t)M is an isomorphism.

Finally, we may take the limit in (5.6.1) to obtain

T
(5.6.5) / H(1, (1), (1)) — max H (1, (1), w) db > 0,
0 ue
Since the integrand is almost everywhere nonpositive, we obtain (5.7.13). O

We note that Theorem 5.0.2 is now an immediate consequence of Propositions

5.5.5, 5.5.6, and 5.6.1. Finally, we obtain the following:
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PROPOSITION 5.6.2. If Condition C holds then Theorem 5.0.1 holds with \° = 1.

PROOF. In this case, u” is optimal for the free terminal point problem with cost
{ + Kd. Further, if ¢ € 95,d(¢°(T)) then
(5.6.6)
¢ € 0L (dyp(s) o ¥r) (¢°(T)) = Y7OLdy,(s) (P (T))) = ¢}N£T(S) (vr(¢(T)))

and so ¢ can be represented as 1/1;5 for some Z € szT(S) (¢¥r(¢°(T))). Since the
limiting normal is invariant under C! diffeomorphisms, we have ¢ € N&(¢°(T)) and
the result reduces to the proof of the free-terminal point problem, which can be

carried out just as in Proposition 5.4.2. g

5.7. Smooth Constraints

We conclude this chapter by studying the particular case in which S C M is

given through smooth constraints for the form
(5.7.1)

where a; : M — R and 3; : M — R are C'-smooth functions.

Under an additional constraint qualification, the penalty function dgg)o6 (where
6 is a coordinate chart defined on a neighborhood of ¢°(T)) can be replaced by a
max-type function of the constraints. Such functions may be easier to work with in
applications and can provide a useful characterization for the boundary condition

(r in equation (5.1.12).
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First check that (5.7.1) may be reduced to a single nonsmooth constraint ®(q) <

0, where

(5.7.2)

®(q) =max{ > Nai(q)+ D> #7Bi(q) : A >0and > N+ > || <1
=1 7=1 =1 7j=1

Let K C R" x R® denote the set of all (A, u) for which

(i) X' >0for1<i<mn
(i) The ! satisfy the complementary slackness condition Ae;(¢"(T)) = 0 for each
fixed i, 1 <i <r;

T S
(iii) (A, p) satisfies the nondegeneracy condition Z P Z | =1
i=1 j=1

Condition S: Suppose that for all (A, u) € K there holds
(5.7.3) > Ndai(q* (D) + ) 1 dp;(a(T)) # 0.
i=1 j=1

When Condition S holds, then for any coordinate chart (O, 6) with ¢°(T) € O

there exists o > 0 and A > 0 such that for all z € 6(0) with dyg)(x) > 0 there
holds

T S

(5.7.4) min ¢ (Y N(aio0™ ) (@) + D> W (007 ()| =4,
Awel | 1= j=1 -

In this case one can show that for some Ky > 0, for all z € 6(0),
(5.7.5) do(sy(z) < Ko® (07 ().

Proofs of this and more general results can be found, for example, in [28].
Under this assumption, for any ¢ € O we have d(s) © 0(q) < Ke®(q) and so
for a sufficiently large constant K a control u® which is locally optimal for the cost

€(q) + Kdy,(s) o ¥7(q) will be locally optimal for the cost £(q) + K®(q). Further,
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we have
(5.7.6) NE(q) = H*NGL(S) (¢7(q)) = cone 0" Ar.dg(sy(0(q)) C cone P (q).

It remains only to characterize 0, ®(q).
This can be done using techniques introduced in [65]. One may show that if

¢ € r®(q) then there exist coefficients ¢, ;17 for which
(5.7.7) §=> Ndai(q) + ) pidB;(q)
i=1 j=1
Further, A’ > 0 and for a fixed ¢ (no summation implied) Aa;(q) = 0.

The boundary conditions for the adjoint equations are then
(5.7.8) —¢(T) € Xo0Ll(¢°(T)) + cone AL ®(¢°(T)).

Hence there exists € 910(q°(T)) and coefficients A%, 7, satisfying the complemen-
tary slackness condition, such that
(5.7.9) —¢(T) =n+ Y _ Ndai(¢"(T)) + > 1 dB;(¢"(T)).

i=1 j=1

We have established the following version of Theorem 5.0.1:

THEOREM 5.7.1. Suppose that u® is an optimal control with trajectory ¢° for the
problem of minimizing €(q(T)) subject to the smooth constraints (5.7.1) and suppose
that Condition S holds. Then there exist coefficients X', 7 with \; > 0 satisfying
the complementary slackness assumption such that the solution ¢ to (5.1.12) corre-

sponding to u° and

(5.7.10) Cr = —2\0de(q° Z Nda(q Z 1 dB;(q
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satisfies

(5.7.11) H(t, ¢(t),ul(t) = rggH)J(H(t,C(t),u)

for almost all t. Further, either \° =1 or ((t) # 0 for all t.
We also have the following:

THEOREM 5.7.2. Suppose that u® is an optimal control with trajectory ¢° for the
problem of minimizing €(q(T)) subject to the smooth constraints (5.7.1) and suppose
that Condition S holds. If for any coefficients X', i/ with \; > 0 satisfying the com-
plementary slackness assumption such that the solution ¢ to (5.1.12) corresponding

to u® and

(5.7.12) (r=—Y_Ndai(q) = > _ pdB;(q)
i=1 j=1

fails to satisfy the Maximum Principle

(5.7.13) H(t,C(t),u’(t) = uéiﬁ(H(t,((t),u)

on some set I C [0,T] of positive measure, then u° is an unconstrained local mini-

mazer for the penalized function { + K®, K sufficiently large.
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CHAPTER 6

Generic Existence and Uniqueness of Optimal

Trajectories in Geometric Optimal Control

In this chapter we demonstrate that under, appropriate assumptions, there exists

a solution to the following problem of Bolza: Minimize

T
(6.0.14) 0(q(T)) + /0 L(t, q(t), u(t)) dt

subject to q(0) = qo and

(6.0.15) q(t) = f(t.q(t), u(t)).

We further show that for almost any initial condition ¢, this optimal control will be
unique and can be expressed through a feedback law w : [0, 7] x T*M — U.

In the theory of existence and uniqueness for optimal control [10, 21, 25, 43],
one often makes assumptions on convexity of associated sets. In the Mayer problem,

a common assumption is that the set

(6.0.16) f(t,q,U) ={f(t,q,u) : we U}

is convex and in the Bolza problem it is enough for the set
(6.0.17) {(f(t,q,u),) : a> L(t,q,u), u e U}

to be convex.
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Such convexity assumptions are not strictly necessary. For example, consider a
problem in which M = R, z(0) = zo, and #(t) = u(t). Suppose that control u is
required to take values in the set U = {£1} and that we are to minimize x(1). This
problem is non-convex and yet admits a unique optimal control given by u(t) = —1
for almost all ¢.

The relevant feature of this problem is the following: for any (¢,z) € [0,T] x
R and any nonzero p € R there is a unique u(t,z,p) € U which maximizes the
Hamiltonian. It was shown in [62] that this is enough (under some assumptions) to
guarantee the existence of a solution to the Mayer problem for any initial condition
at which the value function! is differentiable. Here the value function is v(x) = z—1
and so is differentiable everywhere.

For this particular Mayer problem the adjoint arc given by p(t) = —1 for all ¢

and thus the optimal control may itself be expressed through the feedback law
(6.0.18) uO(t) == u(t, z°(t), p(t)).

This is another salient feature of [62], in which optimal controls are given through
(6.0.18), where (x(t),p(t)) is the solution to the adjoint equations with —p(0) =
v'(2(0)).

The central goal of this chapter is to generalize the work of [62] to the case of
Bolza problems on manifolds.

The chapter is organized as follows. In the first section we introduce the value
function for Mayer problems posed on manifolds, providing sufficient conditions for
its Lipschitz continuity and characterizing its subdifferential. In the second section
we prove the main result of the chapter, a generic existence theorem for Mayer
problems with Cl-smooth cost functions and free terminal points. In the third
section we demonstrate that this result can be generalized to the Bolza problem

IThis function is defined in the following section.
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discussed above. The final section is then devoted to the careful study of several
convergence theorems for differential equations and control systems on manifolds
which are required for the first sections.

We continue to assume that controls take values in a compact metric space U
and we write U for the set of measurable controls u : [0,7] — U. Equipped with the

metric

T
(6.0.19) d(u,w):/o dy(u(t),w(t)) dt,

U is a complete metric space.

We suppose that control system f : [0,7] x M x U — T'M is measurable in
time, continuous in u, and that for any ¢ € M there exists a coordinate chart (O, ¢)
with ¢ € O along with L' functions k, and m, such that for almost all ¢, for all

x,y € ¢(O) and u € U there holds

(o ) (&, 2, u) = (P ) (E Y, u)[gn < Ko () |2 = Yllpn

(6.0.20)

[(xf)a(t,z,u) = (P f)a(t, Y, w)llgn < kp(t) |2 = yllgn
along with
(6.0.21) (s )t 2, )| gn < M (2) [(exf)a(t, @, u)llgn < mp(t).

That is, we assume that f is C' in ¢ with locally integrable Lipschitz and integrable
bounded derivative.
In this chapter we will also make an additional assumption on f which is akin

to a growth assumption. This assumption is the following:

ASSUMPTION 6.0.3. Given any initial condition ¢y € M, there is a compact set

K C M, depending on ¢, which contains the reachable set Rr(qo).

152



This assumption rules out many topological obstacles to existence. For example,
when M = R”~ {0}, many seemingly innocuous control problems fail to admit
solutions. Interestingly, the map = — z/ ||z|| is a diffeomorphism of this manifold

under which such control systems will often be seen to fail a growth condition.

6.1. The Value Function

The generic existence and uniqueness theorems presented in [62] rely on a careful
study of the value function and its subdifferentials. In this section we define the value
function, establish sufficient conditions for its Lipschitz continuity, and characterize
its subdifferential.

We restrict our attention for the moment to the Mayer problem with locally

Lipschitz cost £ : M — R and we define a function v : M x U4 — R by
(6.1.1) v(g, u) = €(q(Ts g, u)).

Thus v(g,u) is the cost of running the system with initial condition ¢ and control
u. The value function v : M — R is defined as

(6.1.2) v(q) = irelzgv(q,u).

Notice that u” is an optimal control if and only v(q) = v(gq, u?).
The study of value function in dynamic optimization has a long history which we
will not attempt to summarize here. It should be mentioned that one often accounts

for initial time ¢ and defines

(6.1.3) v(t,q) = inf Uq(T;t,q,u)),

with ¢(-;t,q,u) the solution to (6.0.15) satisfying q(t;t,q,u) = ¢. In this case
the function v(t,q) is the solution, in an appropriately chosen nonsmooth sense,

to the Hamilton-Jacobi equations. For a modern presentation of in this direction
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we suggest [28] and also the work of Subbotin [81]. A classical presentation in the
theory of calculus of variations is given in [48]. For the purposes of this dissertation,

we will restrict our attention to the case given by (6.1.2).

6.1.1. Lipschitz Continuity. We prove that the value function v : M — R
is locally Lipschitz. Fix a point qo € M. By Assumption 6.0.3 we may choose
a compact set K with the property that Rp(go) C K and this compact set will
facilitate the construction of a finite collection of coordinate charts (C;, ;) with
the property that if ¢ is sufficiently close to gy then, for any control u € U, the
trajectories q(t; qo,u) and q(t;q,u) always lie in a common coordinate domain C;.
We may further control the number of chart changes required to track these two
trajectories and this will allow us to study the endpoint map ¢ — ¢(7’;q,u) using
only finitely many changes of charts.

We make these claims precise through the following propositions.

PROPOSITION 6.1.1. There ezists a finite collection of charts (Ci, pi)i_y, a col-
lection of subsets B; C B; C C;, and a number 6 > 0 such that:
(i) Each set C; is compact and ; is defined on C;;
(i1) Given any control w € U and any interval [a,b] C [0,T] with |a —b| < 0, we
may choose an index i for which q(t;0,qo,u) € B; for allt € [a,b];
(iii) There exist m; and k; for which the bounds (6.0.20) and (6.0.21) hold in the
local coordinates p; on C;;

(iv) K C Ui<i<yC;.

PRrROOF. For each ¢ € K choose a chart (y¢,,C4) on which the bounds (6.0.20)
and (6.0.21) hold for L! functions kq,mg. Without loss of generality we assume that

Cq4 is compact. Choose open sets A, and B, for which

(6.1.4) qeEA, C A, CB,CByCCy
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and let §; > 0 such that for any ¢’ € Ay, for any ¢ € [0,7] and control u € U,
we have q(s;t,¢',u(-)) € By whenever |s —t| < 6. Such § exists because the local
coordinate representation of f is bounded in norm by an integrable function.

The collection {4, : ¢ € K} forms an open cover for K. By compactness we
may choose a finite collection of charts (p;,C;)i<i<r so that K C Uj<i<,A;. Let
d > 0 denote the minimum of the corresponding ¢;. We claim that (C;, ¢;)1<i<, and
0 have the desired properties.

Indeed, properties i, iii and iv are immediate from our construction. To check
property ii choose any control u(-) and [a,b] C [0,7] with |a — b|] < §. Fix i so that
q(a;0,qo,u) € A;. Recalling that

(615) Q(ta O?QOau) = q(t;a,q(a;O,qO,u),u),

we have by construction ¢(¢; a, q(a; 0, qo,u),u) € B; for t € [a, b]. O

As a first application of Proposition 6.1.1 we prove that the endpoint map ¢ —
q(T; q,u) is locally Lipschitz in ¢ and that the constant may be chosen independently

of u. The constant, of course, depends on the charts chosen in Proposition 6.1.1.

PROPOSITION 6.1.2. Fiz go € M and let (Ci,pi)i_; and 6 > 0 be as in Propo-
sition 6.1.1. Let m be a partition 0 = tog < t; < --- < t, = T of [0,T] with

diam(7) < 0. There ezists a neighborhood Oy of qo such that:

(i) For any interval [t;,t;11], any control u, and any qi,q2 € O there exists an
index j; such that q(t;0,q1,u),q(t;0,q2,u) € Cj; for allt € [t;,tit1];
(ii) The endpoint map q — q(T';0,q,u) is locally Lipschitz on O with rank inde-

pendent of u.

Note that the first property implies that for any q € O we have Ry(q) C Uj_,C;.

155



PROOF. For each 1 < i < r let k; denote the L' Lipschitz rank of ¢;,f. Set

1<i<
indices i, j such that O; N O; # 0. Since the sets ;(C;) are all compact, L, is finite.

k(t) = max k;(t). Let L, be an upper bound on the Lipschitz ranks of ¢; o cpj.*l for
<i<r

Now choose a number ¢ > 0 so that for any 1 < i < r we have
(6.1.6) ‘Pz(Bz) +eB C wz(CZ)

We will prove that for some neighborhood O, of gy, for any control u € U and any
q1 € Op, the trajectory ¢(t; 0, g1, u) lies within the e-tube about ¢(t;0, go, u) for any
of the local coordinates ;. This will prove the first property.

Regardless of which control we choose, we will have ¢o € A;, for some i;. Fix iy

and let O, be the set of all ¢; € A; for which

€ —
(617) ||8021 (QO) — Piy (QI)H < LT—le lI&ll 1 .
®

Let g1 € Or and control u € U be arbitrary. Define

(6.1.8) q(t) = q(t; 0, qo, u) q(t) = q(t;0,q1,u).

By Proposition 6.1.1 we may choose indices i;, 2 < j < r such that ¢(t) € B;, for
all t € [t;,tj41]. For t € [0,¢1] we have

(6.1.9)
iy (a(t)) = @i (@) < llir (g0) — i (1)l

+/0 k() [(iy ) (7,030 (a(7)), (7)) = (@ir < f) (7500 (q(7)), u(T)) || d7

< [l@ir (90) = i (1) +/0 k(7) l0i (q(7)) — iy (q(7)) ]| dr,

provided that ¢(t) € C;, for all t € [0,¢1]. By the Gronwall lemma,
O P k(r) dr
6110) g (a(t) — pu @O < leinla0) — g (an)] e HOT < o
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and by (6.1.6) we see that indeed ¢(t) € C;, for all t € [0, ¢4].

For ¢ € [t1,t2] we have by the same argument

o (a(t)) — ia @) g < lpia(a(t1)) — pia @(E1))]] e 7

< Ly ||ir (q(t1)) — @i, (q(t1))]] eftl k(r)dr

(6.1.11) t t
)H efol k(7) dTeftl k(r)dr

S L‘P HSD’Ll (QO) — gDil (QI
ta
= LSO ”Qofh (QO) — Pi (ql)H efo k(r) dr <e.

Arguing inductively we see that

6112) [l a0) — i, @0 g < L lpilao) = plan)] e¥lar <

for any ¢ € [tj,tj41], j = 1,...,r. This proves the first property and implies the

second. OJ

PROPOSITION 6.1.3. If ¢ is locally Lipschitz and f satisfies Assumption 6.0.3
and local estimates (6.0.20) and (6.0.20) then there exists a coordinate neighborhood
(O,9) of qo on which the functions q — v(q,u) are locally Lipschitz with rank

independent of u.

Proor. This is a consequence of Proposition 6.1.2, along with our assumption

that ¢ is locally Lipschitz. O

PROPOSITION 6.1.4. If ¢ is locally Lipschitz and f satisfies Assumption 6.0.3
and local estimates (6.0.20) and (6.0.20) then there exists a coordinate neighborhood

(O, ) of qo on which the function v is Lipschitz.

PRrOOF. The inf-envelope of a uniformly locally Lipschitz family of functions is

again locally Lipschitz and so this Proposition follows from Proposition 6.1.3. [

As a consequence v has a well-defined subdifferential, toward which we now turn

our attention.
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6.1.2. Subdifferential. The value function is defined through (6.1.2) as the
inf-envelope of a family of functions. In [65] the multidirectional mean value inequal-
ity was used to characterize the subdifferentials of such functions. Here we apply
this result to study the subdifferential of v in terms of subdifferentials of the func-
tions ¢ — v(q,u). In particular, we show that if ( € dpv(q) then there are sequences
qn — q and ¢, € Opv(-,uy)(qn) for which ¢, — (. Further, controls u, may be cho-
sen to satisfy limv(qo,un) = v(qo). Since Ipv(-,un)(qn) = Py rOrl(q(T; gn, un)),
with P, ; the flow of w,, the covectors ¢, may be described in terms of the adjoint
equations and this relationship is the essential tool in the existence theorem proved
in the next section.

We begin by recalling the needed result from [65], stated here for R™:

PROPOSITION 6.1.5. Let {g} be a family of lower semicontinuous functions

vyel

gy : R — R. Suppose function g is defined through

(6.1.13) g(x) = inf 9y(@),

suppose that g is lower semicontinuous at xo and that ¢ € Opg(xp).
There exists a function ¥ : Ry — Ry with lim. g1 (e) = 0 such that for any

small e and any (v, x:) satisfying

(6.1.14) Te € kg + B G () < g(z0) + €

there exists z. € xo + 2v/eB such that

(6.1.15) 9(ze) < g(x0) + O(Ve) ¢ € Orgr.(2c) + ¢(€)B.

In [65] one may also find the following:

PROPOSITION 6.1.6. If, in the definition of g (6.1.13), each g, is C* smooth,

then Opv(x) is a singleton whenever it is nonempty.
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In our situation, the pair (., x¢) is replaced by a pair (ue,qo) with u. a control
satisfying v(ge, ue) < v(ge) +¢. We follow [62] and introduce the following set of

controls:
(6.1.16) U(ge) i={uel : v(gu) <v(q) +¢c}.

The following proposition gives us a characterization of drv(q) in terms of subgra-

dients for the functions v(q,u) and the sets U(q;e):

PROPOSITION 6.1.7. There exists Cy > 0 such that for any ¢ € Opv(qo) and any
sequences ey, | 0, u, € U(qo;en), there exist sequences q, € M, (, € Opv(-,un)(qn),
and 6, > 0 such that ¢, — qo, (o — ¢ in the topology of T*M, and 6, — 0 for
which

(6.1.17) [v(gn) — v(qo)| < Cody,
and
(6.1.18) [0(Gns un) — v(qo, un)| < Coon.

PRrOOF. Choose a coordinate chart (¢, O) for which gy € O and set xo = ¢(qo).

Define functions g : ¢(O) x U — R through

(6.1.19) gz, u) = v(p~H(x),u)
and set
(6.1.20) 9(z) = inf gz, u) = v(p™" (x)).

By Proposition 6.1.2 we may let Cp be a bound on the Lipschitz ranks of these

functions.
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Suppose that ¢ € drv(qo) and that we are given sequences &, | 0 and u,, €
U(qo; £n). Choose ¢ € dpg(xo) for which ¢*C = ¢. By Proposition 6.1.5 there exists a
function ¢ : Ry — R, such that for n sufficiently large there exists z, € zo+2,/c,B
G-

and ¢" € 9pg(-; un)(2n) for which < (en). Let 6, = ||zn — xo|| and note

that d,, J 0. Further, we have

(6.1.21) 19(2n) — g(20)| < Codn,

and

(6.1.22) 19(zn; un) — g(@o; un)| < Codp.

The proof is completed by setting ¢, = ¢~ !(z,) and (" = go*Z”. O

6.2. Existence and Uniqueness for Mayer Problems

In this section we establish the main result of the chapter, which is an existence
theorem for the following generic Mayer problem: minimize ¢(¢(7; q,u)) subject to
(6.0.15) and ¢(0;q,u) = q.

We first introduce the assumptions on f.

ASSUMPTION 6.2.1. Let control system f satisfy Assumption 6.0.3 as well as local
estimates (6.0.20) and (6.0.21). Suppose in addition that the associated Hamiltonian
H:[0,T] x T*M x U — R is such that

(i) For any nonzero ¢ € T*M, there is a unique u(t, ¢) for which
ue

holds;

(ii) The differential equation

(6.2.2) C(t) = Ht, C(t), ut, C(1)) ¢(0) = Go
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admits unique solutions for any (p € T*M on the time interval [0, T7.

We will see that these assumptions are enough to demonstrate existence of an
optimal control whenever Jrv(gq) is nonempty and uniqueness whenever v is dif-
ferentiable. We further show that the optimal control u® can be expressed in the

feedback form

(6.2.3) u®(t) = ult, ¢(t)),

where ¢ : [0,T] — T*M is a solution to (6.2.2) satisfying —((0) € 9pv(q).
Let us note that that the feedback map ¢ — wu(t, () is continuous for fixed ¢.
Applying Filippov’s measurable selection theorem one finds that for any continuous

map (¢ : [0,7] — T*M the control u(t) = u(t,((t)) is measurable.

6.2.1. Approximate Maximum Principle. The generic existence and unique-
ness result established in this chapter relies on the following approximate maximum

principle:

PROPOSITION 6.2.2. Suppose that u € U minimizes the perturbed functional
w — v(go, w) + Ad(u,w) for a fivred A > 0. Then there exists —(r € Opl(q(T;u))
such that

T
(6.2.4) /O H(1, (1), u(t)) — mas (1, (1), u) dt > ~ATdiam(D),

where ¢ : [0,T] — T*M 1is the solution to the adjoint equations

(6.2.5) {0y = Ht, (), u(t))
satisfying C(T) = (r.

PROOF. The proof is similar to that of Theorem 5.2.3. Fix a coordinate chart

¢ at q(T;u) and let k; denote the local Lipschitz rank of the function £o =1, Let
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P, ; denote the flow associated with u and let

(6.2.6) E= {/OT P, <fA‘(7-,q(T; u),v(r)) — f(T,q(T; u), 5U(T))) dr : v € M} ,

where M is the set of relaxed controls v : [0,7] — P(U) introduced in Chapter Five.
The set E' C Ty(1,,)M is a compact, convex set. Let v € E be arbitrary and let v be
the corresponding relaxed control. Let ¢* be the trajectory for Ou(r)+A (V(t) — 5u(t)).
As in Proposition 5.5.2 we may choose disjoint measurable sets Ay, By with m(A4,) =

(1 — AT and m(By) = AT and a control v € U such that the trajectory for the

control
(6.2.7) w(t) = xa, (Oult) + xz, (0 (1)
satisfies
(6:28) | ota* ) = wta(msw) | < 22
Consider

(6.2.9) €(q™(T)) = a(T5w™) ~ ke [ () = pla(T30")|| = a(T5 )~ ke2
Further,

T
(6.2.10) d(w)‘,u)—/o dU(w)‘(t),u(t))dtg/B dy(v(t),u(t))dt < XTdiam(U).

It follows
(6.2.11)

DUG(T w): v) = T ing L D) — Ua(T5w))

AL0 A
LAY ) 9
> limint Q0T w?) = Ha(Tw) ke
A0 A A0 A
capA)) . A _ A
:hr%nf Lq(T;w)) — L(q(T; U));\Lﬁd(w u) = Ad(w?, u).
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Note that £(q(T;w?)) = v(qo, w). We have

.. . v(qo, w)‘)Ad(w)‘, u) — v(qo,u) — Ad(wA, u)
6.2.12 D T:w):v) = liminf .

Since u is optimal for the functional w — v(qp, w) + Ad(u,w) and

T
(6.2.13) d(w, u) = / dy(w(t),u(t)) dt < T diam(U)
0
we obtain
—Ad(uw?
Dl(q(T;u);v) > liminf —Adw’,u)
A0 A
(6.2.14) ANT diam(U
> lim inf — fam(U) = —ATdiam(U).
AL0 A

By Proposition 5.1.3 we may now choose —(r € 91,¢(q(T;u)) such that for any v € E
there holds (—(p,v) > —ATdiam(U). Define a map ((¢) : [to,T] — T*M through
¢(t) = Pyp(¢, where P is the flow associated with control u. By Proposition 3.3.5,
¢(t) is a solution to the adjoint equations (6.2.5) and for any relaxed control v we

have

T ~ -~
(6.2.15) /0 (¢0), J(t, (T3 w),6uy) = Fit,a(T50), v(1)) ) dt > ~Adiam(U).

By Filippov’s lemma, we may take a control «™#* for which

(6.2.16) H(t,((t),u™™(t)) = Ez%cH(t,C(t),u)
for almost all t. Taking v(t) = dymax(y) in (6.2.15) we obtain (6.2.4). O

The uniqueness of the feedback control, along with the approximate maximum

principle, gives us the following useful convergence result:

PROPOSITION 6.2.3. Suppose we are given sequences wp, € U, §§ — & € T M,

and A, | 0. Define curves £" : [0,T] — T*M through £"(t) = ﬁ(t,f”(t),wn(t))
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and £"(0) = & . Suppose that for each n,

T
(6.2.17) /0 H(t,€"(t), wn (1)) — max H(t,€"(t), w) dt > —A,dian(U).

If uy, is the control uy(t) := u(t,£™(t)) then we have lim d(wy,u,) = 0.

n—o0o
ProoOF. Choose a subsequence for which

(6.2.18) lim d(wp,, up, ) = limsup d(wy, uy)

k—oc0 n—00
and fix ¢ > 0. We claim that lim,, o d(wy,,un,) < €. Since the sequence

d(wn,,, up, ) converges it will suffice to prove this for a subsequence.

For each n introduce sets

uelU

(6.2.19) I, = {t L [H(E, €(8), wn(t)) — max H(t, (), u)| > f}

and J, = [0, T] \I,. Inequality (6.2.17) implies that
(6.2.20)

< F %H (t,7(t),u) — H(t, " (t), wn(t)) dt < VA, diam(U).

Passing to a subsequence, we may therefore assume that Ui/, has measure at

m(In

most ¢/diam(U). Let I = Ugl,, and J = [0,T] I = NgJp,.

Now,

d(wnk7unk> - dU(wnk( ) ( fﬂk( )))dt+ dU(wnk( ) ( fnk( )))
(6.2.21) /[ /J

<ct [ dufuwn (), ult € 1) dr
J
We claim that, for any fixed ¢, € J, there holds klim dy(wn, (), u(ts, §™ (t))) = 0.
— 00
Indeed, suppose this is not the case. Choose €9 > 0 and a subsequence such that

dy(wn,, (t+), u(ts, ™ (t4))) > eo for all k. We prove below, in Proposition 6.2.4, that

we may pass to a subsequence for which £ (t.) — & for some £ € T*M. Likewise,
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because U is compact, we may assume that wy, (t,) = w € U. But now because

t. € J we see that H(t,&, w) = max H(t,, &, u) and this forces w = u(ts, &), which
ue

is a contradiction. It follows that dy(wn, (t), u(t,{™(t))) — 0 for all t € J.

Applying the Lebesgue dominated convergence theorem in (6.2.21) we then ob-

tain
(6.2.22) lim sup d(wp, up) = lim d(wy, , up, ) < €.
n—o0 k—o0
This holds for any € > 0 and so completes the proof. O]

PROPOSITION 6.2.4. Given a sequence of controls w, € U, points q, — qu, and
covectors —& € Opv(gn; wy) which satisfy & — &o in the topology of T*M. Define
a family of arcs £"(t) satisfying £"(t) = ﬁ(t,f"(t),wn(t)) and possessing initial
conditions £ . The sequence {{™} admits a uniformly convergent subsequence of the

maps " (t).

PROOF. Choose a partition 7 and open set O, as in Proposition 6.1.2. For each
n, the trajectory ¢" for w, takes an interval [t;,t;11] into one of the sets C;,. Since
there are only finitely many intervals and finitely many sets C;, we first pass to a
subsequence such that each ¢" takes each interval [t;, ;1] to the same Cj,.

One may check that in the local coordinates for C;, the sequence " (t) is equicon-
tinuous. Since the maps ¢ — v(gq; w) are locally Lipschitz with uniformly bounded
rank, the sequence £"(t) is bounded in local coordinates. By the Arzeld-Ascoli the-
orem we may pass to a subsequence which converges uniformly on [to,¢;]. Likewise
we may then use local coordinates on C;; and pass to a subsequence which converges
uniformly for ¢ € [t1,t2]. Continuing in this way we may choose a subsequence which

converges uniformly on [0, 7. O

6.2.2. Generic Existence and Uniqueness. We are now in a position to

present a generalization of the existence and uniqueness result given in [62].
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THEOREM 6.2.5. Suppose that control system f satisfies Assumption 6.2.1 and
that the cost function £ is C'. Then for each —(y € Opv(qo) there exists a unique
optimal control u® for the Mayer problem. Moreover, if ¢ : [0,T] — T*M is a

solution to (6.2.2) with ¢(0) = (o then control u° satisfies the feedback law u° =

u(t, ¢(t)).

PROOF. Let ¢, | 0 be an arbitrary sequence and for each n choose a control
un € U(qo;en). By Proposition 6.1.7 we can choose sequences §,, | 0, ¢, — qo,
—(™ € Opv(gn; uy) such that ¢" — (p and such that

V(Gn, un) < v(qo, un) + Codn < v(qo) + &n + Codn
(6.2.23)
v(‘]n) + CO(Sn + CO(Sn + en.
Set A, = 2Cy0, + €y, s0 that u, € U(qn; Ap).

Control uy, is a Ap-minimizer of the function u — v(gy;u). By the Ekeland

variational principle, we can find w, € U(qn; Ay,) with d(wy,u,) < /A, and such

that the function

(6.2.24) = v(gn;u) + / Apd(w, wy)

attains a minimum over U at w,. By Proposition 6.2.2 the solution £™ to 5”(t) =

H(t, 67(t), wa(t)) with —E(T) = de(q(T; g, wn)) satisfies
(6.2.25) / ! H(t,&(t), wn(t)) — max H(t,€" (1), u) dt > —V/A,diam(U
0 uelU

Let u,’i(t) = u(t,£"(t)). By Proposition 6.2.3 we have lim,, d(wn,un) =0. It is
shown below in Proposition 6.4.3 that the sequences £" converge uniformly to ¢, the

solution to (6.2.2) satisfying ¢(0) = (p.
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Set u%(t) := u(t,((t)) and note that
(6.2.26) v(qo,uo) = lim v(qn,ufl) = lim v(gn,wn) = lim v(gn,u,) = v(qo)-

It follows that the control u’(t) := wu(t,{(t)) is an optimal control.
Further, if @ is any other optimal control then we may take the sequence w, to
be u, := u for all n and in doing so obtain

(6.2.27) d(w,u’) = lim d(un,u’) =0,

n—o0

implying that u° is the unique optimal control for —(y € dpv(qo). By Proposition
6.1.6, o is the only element of drv(qo) and so optimal trajectories are also unique.

O

PROPOSITION 6.2.6. If f satisfies Assumption 6.2.1 and the cost function £ is
C' then the set of points ¢ € M for which a unique optimal control exists has full
measure in M. That is, if (O,p) is any coordinate chart then the image of the

complement of this set under ¢ has measure zero in R™.

PROOF. Since v is locally Lipschitz, Orpv is empty only on a set of measure

Zero. O

6.3. Existence and Uniqueness for Bolza Problems

In this section apply Theorem 6.2.5 to the study of the following problem of

Bolza: Minimize the cost

T
(6.3.1) (T q,0)) + /0 L(t,q(T; q,u), u(t)) dt

subject to (6.0.15). Let us suppose that L is locally integrable Lipschitz and locally
integrable bounded. That is, for any ¢ € M there exists a coordinate chart (O, ¢)

and L! functions k., m,, such that for almost all ¢, for all z,y € p(O) we have
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[( L) (t, 2, 1) = (L) (E, Y, u)l[gn < o (t) |2 = yllgn

(6.3.2)
1(psL)a(t, z,u) — (PuL)a(t, ys u)llgn < ko(t) Iz — yllgn
along with
(6.3.3) (L) (t, 2, )| gn < () [(0x L) (t, 2, u)lpn < my(t),

where the function ¢, L is defined through ¢, L(t,z,u) = L(t, o~ (z),u).

The Hamiltonian associated with this problem is given by

(634) H(ta C?u) = <C7f(t7Q>u)> _L(taqvu)'

We make the following assumptions on this problem:

ASSUMPTION 6.3.1. Let control system f satisfy Assumption 6.0.3 as well as local
estimates (6.0.20) and (6.0.21). Suppose in addition that the associated Hamiltonian
H :[0,T) x T*M x U is such that

(i) For any ¢ € T*M, there is a unique u(t, ) for which

(6.3.5) H(t, ¢, u(t, Q) = Tgﬁ{ﬂ(t,g,u)

holds;

(ii) The differential equation

(6.3.6) C(t) = Ht. (1), u(t, (1)) ¢(0) = <o

admits unique solutions for any (o € T*M.
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We reduce this to a Mayer problem using a standard technique. Introduce a

variable z and consider control system ¢ defined on M := M x R defined by
(6.3.7) g(t7 q? Z’ u) =

Fix initial condition (gp,0). The Bolza problem is now equivalent to the Mayer

problem of minimizing

(6.3.8) Uq(T5u), 2(Tsu)) == L(q(T;u)) + 2(T5 ).
Note that the exterior derivative of ¢ is
(6.3.9) dl = dl + dz.

Thus if (z,p) denote global coordinates on T*R 2 R?, then Hy : T*M x T*R — R

corresponding to (6.3.7) is given by

(6310) Hg(tv qa Z’ Cap) = <C7 f(t7 Q> U)> + pL(ta Q7 U)

If (¢,p):[0,T] = T*M x T*R is defined through
(6.3.11) (¢, 5(0) = H (2, <), p(), u(t))

OH, ~
then we have p = a—zg and hence if (¢(T),p(T)) = —dl then p(t) = —1 for all t.

It follows that if for any ¢ € T*M there is a unique u(t,¢) which maximizes

(6312) Hg(t7Q7 C) = <<7f(ta Q?u)> - L(t7Q7U)

then Theorem 6.2.5 may be applied to the control system g, thus proving the fol-

lowing;:
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THEOREM 6.3.2. Suppose that Assumption 6.5.1 is satisfied and let

T
(6.3.13) v(q) = inf {K(q(T; q,u)) —i—/o L(t,q(t;q,u),u(t))dt : u e Z/l} .

For each —(y € Orv(qo) there is a unique optimal control u® for the associated Bolza

problem.
In the same manner as before (Proposition 6.2.6) we obtain

PROPOSITION 6.3.3. If f satisfies Assumption 6.3.1 then the set of points g € M
for which a unique optimal control exists has full measure in M. That is, if (O, )
is any coordinate chart then the image of the complement of this set under ¢ has

measure zero in R".

6.4. Convergence Theorems

Finally, we turn our attention to a careful proof of the convergence results used
in the proceeding sections. Before proving our main convergence result, we remind
the reader of two closely related results for R". Proofs of similar theorems can be
found, for example, in [49]. We include a proof of the first for completeness.

Given a continuous map z : [0, T] — R? let us agree to write

6.4.1 = t .
(6.4.1) Jollo:i= ma la(t)]

LEMMA 6.4.1. Let g : [0,T] x R? x R™ — R? be a Carathéodory function.
Suppose there is a feedback control u : [0,T] x RY — R™ which is measurable in

t and continuous in x and for which the function G(t,x) = g(t,z,u(t,z)) admits

unique solutions. Suppose that xj — xo and z™ : [0,T] — R? is defined through

(6.4.2) @"(t) = g(t, 2" (t), wn(t))
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for a sequence w, € U. Define a sequence of controls u, € U through u,(t) =
u(t,z"(t)) and suppose that d(wn,un) — 0. If there are nonnegative functions

a(t),b(t) such that
(6.4.3) lg(t, 2" (t), wa(t)| < alt) + [|z" ()] b(¢)

for almost all t and for all n, then the sequence x™ converges uniformly to an abso-

lutely continuous mapping x : [0, T] — R which satisfies (t) = g(t, x(t), u(t, z(t))).

PRrROOF. First we claim that the sequence x™ is uniformly bounded and equicon-

tinuous. To see this, let n be arbitrary and note that

t
(6.4.4) " @O < llzg | +/0 a(7) + [l ()] b(7) d.
By Gronwall’s lemma we find

6.4.5 ) < (||la? 1Bl x
(6.4.5) max lz" (N < ([Jlzgll + llall 1) e

Since z{} is a convergent sequence we see that 2" is uniformly bounded and (6.4.3)
implies the family is equicontinuous.
We claim next that

(6.4.6) limsup [|2"(t) — z(t)||o = 0.

n—o0

Choose a subsequence of the " which attains this limsup. By the Arzeld-Ascoli
theorem we may pass to a subsequence which converges uniformly to a continuous
function y : [0,7] — R? We further pass to a subsequence for which w,(t) —
u(t, z"(t)) — 0 pointwise for almost all ¢.

Let K be a compact set containing the images of the 2" (t) and define 2 = K xU.

Because (2 is compact, for any fixed time ¢, the continuous function (z,u) — g(t, z,u)
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is uniformly continuous on 2. Therefore

(6.4.7) lim g(t, 2™ (), wn(t)) — g(t, 2" (t), u(t, z"(t))) = 0.

n—oo

We consider now

= g0+ lim g(m, 2" (1), u(r,2"(7))) dr

(6.4.8) .

+ lim g(1, 2" (1), wn (1)) — g(7, 2" (1), u(r, 2™ (7))) dT

n—oo 0
I~ /0 g7, y(r),u(r, y(r))) dr

where we have used Lebesgue dominated convergence theorem for the last equality.
This proves that y(t) = z(t) and since z"™(t) — y(t) uniformly we have established
(6.4.6). O

In the same way one can prove the following;:

LEMMA 6.4.2. Let g : [0, T]xR¢xR™ — R? be a Carathéodory function. Suppose
we are giwen initial conditions x™(0) and y™(0) satisfying lim 2™ (0) = lim y™(0) and
sequences Uy, w, € U for which d(wn,u,) — 0. Define arcs z",y" : [0,T] — R?

through

(6.4.9) " (t) = g(t, x"(t), wa(t)) g (t) = gt y" (1), un(t)).

If there are nonnegative functions a(t),b(t) such that

(6.4.10) lg(t, 2™ (8), wn ()] < alt) + [z ()] b(t)
and
(6.4.11) lg(t,y" (8), un ()] < alt) + [ly"(¢)]| b(t)
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for almost all t and for all n then we have

(6.4.12) lim [2"(t) — 5" (t)]| o = 0.

n—o0

With these results we turn to our main convergence theorem:

PROPOSITION 6.4.3. Suppose that we have sequences un,w, € U for which
lim d(up,w,) = 0 and a sequence ¢, — qo € M for which lim dv(g,,u,) = (o €

T, M. Define a sequence of arcs &" : [0,T] — T*M through

(6.4.13) En(t) = H (t, € (t), wa (1)),

with initial condition —&™(0) = dv(gn, wy) and define controls ufePak .= u(t, £7(t)).

ufeeback

n ) =0 then " converges uniformly to C, the solution to

If lim d(wn,
(6.4.14) E(t) = H(t, (), ult, C(1))
with initial condition —(g.

PROOF. We first claim that the conditions lim d(uy,w,) = 0and lim dv(g,,u,) =
n—00 n—0oo

Co € Ty, M together imply that T}L)IIOIO dv(qn,wn) = Co € Ty M. Indeed we have
(6.4.15) dv(gn, wn) = Po'7dl(q(T; qn, wn)),

where Fg'p is the flow associated with wy,. For each index n, q(T; gn, wy,) lies in
the domain for some chart ¢;, . By Proposition 6.1.1 we may apply Lemma 6.4.2
finitely many times to find that for n sufficiently large n, ¢(T'; ¢n,uy) lies in the
same domain and that for any of the (finitely many possible) coordinate charts ¢;,

we have

(6.4.16) Jim{|j, (¢(T5 gny un)) = 5, (4(T'5 4> wn))[gn = 0.
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Thus, in any of the finitely many local coordinates on T*M induced by the maps

pj we will have

(6.4.17) lim w;}l*dﬁ(q(T; Qn,Un)) — cpj_nl*dﬁ(q(T; qn,wn)) = 0.

n—o0

Again we may apply Lemma 6.4.2 finitely many times to find that
(6.4.18) Jim Qg 7d0(q(T' gn, un)) = Fopd(q(T5 gn, wn)) = 0,

where Qf, is the flow associated with u, and P, is the flow associated with wy,.

Since Q4 7d¢(q(T'; gns un)) = dv(gn, up) we find that
(6.4.19) h_>m P&;dg(Q(T§ Qn, Wy)) = h_>m dv(gn, un) = Co-

Now by Lemma 6.4.1 the Proposition is true for ¢ € [0,¢;]. It then holds induc-

tively on [t1,t2] and so on, and this completes the proof. O
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CHAPTER 7

Differential Inclusions

In this final chapter we turn our attention to problems of dynamic optimization

on manifolds which are subject to a dynamic constraint of the form

(7.0.20) q(t) € F(t,q(1)),

where F' : [0,T] x M = TM is a set-valued map. Such differential inclusions arise
naturally in problems of pure mathematics. An obvious example is the geodesic

problem, in which one may take
(7.0.21) F(t.q)={veT,M : Jull, <1}.

More generally, if H is a subriemannian distribution on M with metric g then a

set-valued map of interest is given by
(7.0.22) F(t.q)={veH, : Joll, <1}.

Differential inclusions also arise naturally optimal control problems which are sub-

ject to mixed constraints of the form
gj(t,q(t),u(t)) <0 1<j<r.

Early studies of such problems in the context of optimal control include [37].
In this chapter we establish necessary optimality conditions for differential inclu-

sions on manifolds, including a version of our exact penalization result in Chapter
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Five. The problem addressed in this chapter is the following. Fix an initial condi-
tion gqo € M, let £: M — R be a locally Lipschitz function and S C M a closed set.
Suppose that ¢° : [0, T] — M minimizes ¢(¢°(T)) over absolutely continuous curves

q:[0,T] — M which satisfy

(7.0.23) q(t) € F(t.q(t)),

q(0) = qo and ¢(T') € S. The main goal of this chapter is to prove the following

necessary condition:

THEOREM 7.0.4. Suppose that ¢° : [0,T] — M provides a local minimum for the
Mayer problem described above and that F satisfies Assumption 7.2.1. Then there is
a A € {0,1} and an arc ¢ : [0,T] — T*M which satisfies —((T) € \0,0(¢°(T)) +
NE(G(T)) as well as

(7.0.24) (t) e Ht, (1)),

The set-valued map i [0,T] x T*M — TT*M is a generalization of the
Hamiltonian lift and is described below, as will Assumption 7.2.1. In the process

we will also prove the following theorem:

THEOREM 7.0.5. Suppose ¢° : [0,T] — M provides a local minimum for the
Mayer problem described above and F' satisfies Assumption 7.2.1. If there are no
solutions to (7.0.24) satisfying —C(T) € N&(q(T)) with ¢(T) # 0 then there erists
a constant K > 0 such that ¢° provides a local minimum to the free terminal point

Magyer problem of minimizing
(7.0.25) q— 4(q) + Kd(q),

where d : M — R s the locally defined function dg(sy o 6 for a coordinate chart ¢

whose domain includes q°(T).
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Theorem 7.0.5 is new in R™ and so this chapter begins by studying the case
M = R". We then use the method of Lagrangian charts to transfer our results to
manifolds.

Our work in this chapter relies on tools made use of by Clarke in [23]. In
this section we provide the three main background results needed for the following
sections. We recommend the book of Clarke, Ledyaev, Stern, and Wolenski [28] or
the classic [23] for a broader introduction to this material.

Because L? ([0, T],R") is a smooth Banach space in which the multidirectional
mean value inequality! holds, we formulate our results for absolutely continuous
mappings whose derivative is in L?. Our problems have a fixed initial condition .

Given an element v of L? we define
t
(7.0.26) x(t;v) = xo +/ v(T) dr.
0

We will have need of the following convergence result, a version of which can be

found in [28].

PROPOSITION 7.0.6. Suppose that T : [0,T] x R" x R™ =% R" is a set-valued map
with convex, compact values, is measurable in t, and has a support function

(7.0.27) or(t,a,B,p) = sup (p,v)
vel'(t,a,8)

which is continuous in (o, B). Suppose that we have sequences of L? functions

k

k gk k k k —— k o L?
a®, B %, e¥ such that o — «a pointwise, % — B pointwise, e — 0, and for

almost all t

(7.0.28) AR () + €F(t) € D(t, a*(t), B*(t)).

1See Theorem 5.1.4
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Suppose also that there is an L' function mr such that for all k, for almost all t
(7.0.29) T(t,a®(t), B*(t)) € mp(t)B.

Then if ¥* -2 ~ we have y(t) € T'(t, a(t), B(t)) for almost all t.

PROOF. Let {p,},-, be a countable dense subset of R". In order to show that

v(t) € T'(t,a(t), B(t)) for a particular time ¢ it will suffice to show that

(7.0.30) (P, v(1)) < or(t, o), B(t), pn)

for any n.

Fix an integer n and let 7, C [0,7T] denote the collection of times ty which are
Lebesgue points for both ~(¢) and for the function t — orp(t, a(t), 8(t), pn). Given
to € T, and § > 0 consider the map p°(t) defined by

L€ [toto+0
(7.0.31) wi=1" fo.fo + 0]

0 elsewhere

Equation (7.0.28) implies that, for each k,

T T
(7.0.32) /O <pg(t),ryk(t)+e’f(t)> dt < /0 or(t, ¥ (t), B¥(t), p) (1)) dt.

The integrand on the right is dominated by integrable function mg(t) ||p,| and so
by the Lebesgue theorem we obtain in the limit
T

T
(7.0.33) / (1)) dt < / or(t, a(t), (1), pi (1)) dt.

That is,

to+0 to+6
(7.034) / " oy () dt < / ot a(t), B(t), pa) di.

to to
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Dividing by § > 0 and taking the limit as § | 0 we find that for any ¢y € 7,

(7.0.35) (pns (o)) < or(to, alto), B(to), pn)

The set 7 = N9, 7, C [0,7] has full measure and for any ¢y € 7 the inequality

(7.0.35) holds for any n, completing the proof. O

We also require a necessary condition from the nonsmooth calculus of variations.

Suppose that L : [0,7] x R™ x R" satisfies the following hypotheses:

(i) For fixed x,v the map ¢ — L(t,x,v) is measurable;
(ii) For any continuous map z : [0, 7] — R" there exists ¢ > 0 and an L? function

k1, such that for any (¢,y1) and (¢,y2) in the set
(7.0.36) Q:={ty) :lly—=@)] <e}
there holds
(7.0.37) L, y1,0) = Lt y2, 0)| < k(@) [lyr — g2l ;

(iii) L is globally Lipschitz rank &, in v.

Define a functional J : L? — R by

T
(7.0.38) J(v) = /0 L(t, 2(t:v), v(t)) dt.

One can check that J is a locally Lipschitz functional. Its Clarke subgradient will

play a central role in what follows and we provide the following characterization.

PROPOSITION 7.0.7. Suppose that ¢ € OcJ(v). Then there exists a selection

(&(t),n(t)) € OcL(t, z(t;v),v(t)) such that

T
(7.0.39) C(t) =n(t) +/t &(r)dr.
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Finally, we have need of Filippov’s approximation lemma for differential inclu-
sions. This lemma first appeared in [44] and is proved, under slightly more general
hypotheses, in [23]. Suppose that F' : [0,7] x R" = R” is measurable in ¢ and
takes on nonempty, closed values. Suppose also that for any given continuous map
x :[0,T] — R™ there exists § > 0 and L? functions kr and mp such that for all

t,y1,y2 which satisfy ||x(t) — y;|| < & we have

(7.0.40) F(t,y1) C F(t,y2) + kp(t) [ly1 — y2| B
and
(7.0.41) F(t, yl) C mp(t)IB%.

Fix a particular map z° and let 8, kp, mp be as above.

LeEmMMA 7.0.8 (Filippov). Ifx : [0,T] — R™ is absolutely continuous and satisfies

on — xHC < %5 and
T
(7.0.42) /0 d(F(t,z(t)), 2(t)) < %5e—||kp||u

then there exists an absolutely continuous function y : [0,T] — R™ with z¢o = yo and

y(t) € F(t,y(t)) such that

T
(7.0.43) () — 5(8) |2 < eMerllen /O APt (1)), #(1) di.

7.1. Necessary Optimality Conditions and Exact Penalization in R"

We now turn to a study of necessary optimality conditions for a differential

inclusion of the form

(7.1.1) #(t) € F(t, (1)
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with fixed initial condition x(0) = x¢ and terminal constraint z(7') € S C R". We
will formulate our problems in the space L? ([0,7],R™) and so (7.1.1) becomes the

requirement that
(7.1.2) v(t) € F(t,z(t;v))

for almost all ¢ € [0,7].
Throughout this section we make the following assumptions on the set-valued

map F':[0,T] x M — TM.

ASSuMPTION 7.1.1. The map F : [0,7] x R®™ =2 R™ is measurable in ¢ and takes

on nonempty, convex, compact values. In addition:

(i) F is locally integrable Lipschitz: For a given continuous map z : [0,7] — R"
there exists ¢ > 0 and an L? function kp such that for almost all ¢, for any

y1, Y2 satisfying ||z(t) — y;|| < € there holds

(7.1.3) F(t,y1) C F(ty2) + kr(t) ly1 — vl B;

(ii) F is integrable bounded: For a given continuous map z : [0,7] — R"™ there
exists ¢ > 0 and an L? function mp such that for almost all ¢, for any y

satisfying ||z(t) — y|| < €, there holds
(7.1.4) F(t,y) C mp(t)B.

Notice that because of (7.1.4), any absolutely continuous curve satisfying & (t) €
F(t,z(t)) will satisfy (¢) € L? and so we lose nothing by working in this space. We

will make use of a penalty function of the form

T
(7.1.5) vl—>/0 d(F(t,x(t;v)),v(t)) dt.
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The reader may check that the function L(t,z,v) := d(F(t,z),v) satisfies the as-
sumptions needed for Proposition 7.0.7.Following Clarke’s own route, detailed in

[23], we study the perturbed problem
(7.1.6) i(t) € F(t,z(t)) + oB.

A proof of the following can be found in [23], page 127.

PROPOSITION 7.1.2. If (€,n) € Oc Kd(F(t,z) +aB,v) and v € F(t,x)+aB then
(&, v) € dcH(t,z,1) + aB.

Our approach is analogous to that taken in Chapter Five and again relies on the
Ekeland principle. We therefore turn to the metric spaces we will use in the study
of this problem. These metric spaces are designed for the study of a particular map
v9(t) € L? and while we will later take v° to be a local minimizer for a functional for
the moment we consider any fixed v € L? satisfying for almost all ¢ the inclusion
vO(t) € F(t,2%(t)). Here 20 is the trajectory for v°. Let £, be chosen so that (7.1.3)
and (7.1.4) hold for ||y — 2°(t)|| < e, and define

(7.17) Xa={ve L% : v(t) € F(t,z(t;v)) + oB a.a.t and v — U0HL1 <éeu}.

Note the use of the L' norm, which has been chosen for compatibility with the
Filippov lemma. Note also that the particular map v is not explicit in the notation.
We have chosen to write X,, instead of X, (v%,¢.) to keep the notation compact. We

define a metric d on X, by
(7.1.8) d(v, w) = [lv —w| 1,

and we define A, = {v(t) € X, : z(t;v) € S}.
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PROPOSITION 7.1.3. The space X, is a complete metric space and Aq, is a closed

subset.

PROOF. Let v" be a Cauchy sequence in &,. Then v" is Cauchy in L'-norm
and must converge to an L' function v with Hv — ’UOH 11 < €x. Since F is integrable
bounded, we have |[v"|| ;2 < ||mp]|| 2 for all n and so we must have v € L?. Passing
to a sequence v* which converges pointwise to v(t), the continuity of F' in x implies
that v(t) € F(t,z(t;v)) + oB for almost all ¢ and thus v € X,,. The proof that A,

is closed is similar. OJ

We define the distance from v to A, through the formula

7.1.9 d = inf d .
(7.19) Ac(v) = inf d(v,w)

We next prove this map is lower semicontinuous in o at @ = 0.

PropoSITION 7.1.4. For any v € X there holds

(7.1.10) limiionf da,(v) > da,(v).

PrOOF. Fix v € X and choose a sequence «y | 0 for which

(7.1.11) lim dg,, (v) = limiionf da, (v).

k—00

For each k, choose w* € A,, such that d(v,w*) < da,, (v) +1/k. The sequence w”
is bounded in L? norm by ||mp||;2 and so we may assume that w® — w for some

w € L2 Choose p € L™ with ||p||;« = 1 for which

T
(7.1.12) d(v,w) = /0 (p(t),v(t) —w(t)) dt



and note that

T
(7.1.13) d(v,w) = lim <p(t),v(t) - w(t)k> dt < liminf d(v, w").
k—oo Jo k—oo
If we can now establish that w € Ay then we will have
(7.1.14) da,(v) < d(v,w) <liminf d(v, w®) = liminf d 4, (v)

k—o0 al0

and this will complete the proof.

k k

We prove that w € Ag. Notice that the trajectories z" corresponding to w
converge uniformly. Since each x¥(T) € S we have z(T;w) € S. It remains only to
show that w(t) € F(t,z(t;w)) for almost all ¢. This is implied by Proposition 7.0.6

and the standing assumptions on F'. O

7.1.1. Metric Regularity. In this section we introduce a constraint qualifi-
cation which ensures the metric regularity of this constraint z(7') € S and, as in
Chapter Five, we prove that failure of our constraint qualification corresponds to a
kind of abnormality. The constraint qualification follows:

Condition C: There exist g9 € (0,e4) and ag, Ag > 0 such that for any a €
(0, ), for any v € &, satisfying d(v,v°) < g9 and dg(x(T;v)) > 0, and any ¢ € L?
with ||¢]|;2 < Ay, there is no absolutely continuous map p : [0,7] — R™ which

satisfies —p(T") € Ordg(z(T;v)) and
(7.1.15) (—=p(t),v(t)) € OcH (t, z(t;v),p(t) + (1)) + oB.

If Condition C holds we obtain a decrease principle analogous to that of Propo-

sition 5.3.9. Set

A
(7.1.16) Cp = <2T10/2 N 1) ol
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and define for o > 0 a functional ®, : L? — R through
T —
(7.1.17) B (v) = ds(2(T:v)) + Cr / d(F (1, 2(t;v)) + oF, v(t)) dt.
0

The decrease principle will be given in terms of the sequential weak lower Dini

derivative introduced by Clarke and Ledyaev in [26]:

O(v+ A\w™) — (I)(U).

(7.1.18) DY®(v;w) = inf  lim
O An
wn—Lw

This lower derivative is useful for studying decrease of nonlinear functionals defined
on smooth Banach spaces. It is shown in [26] that if £ C L? is a closed, bounded,

and convex set and
(7.1.19) DY®,(v;w) > —Ay

for all w € E, then for any ¢ > 0 there exists v® with [[v® —v[|;2 < € and (° €

Op®P,(v7), each of which is such that for any w € E there holds
(7.1.20) (€5, w) 2 > —Ap.

In fact their result is even more general, but what we have written is enough to
establish the following decreasing principle, which must hold whenever Condition C'

does:

PROPOSITION 7.1.5. Suppose that Condition C holds at v°. Then for any o €
(0,0) and v € X, satisfying d(v,v°) < g9 and x(t;v) € S there exists w € B2 such

that

(7.1.21) DY®,(v;w) < —Ay.
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Proor. If (7.1.21) does not hold then there exists a € (0, ap) and v € X, such
that

(7.1.22) DY®,(v;w) > —Ag

k

2
for all w € B2. Fix this value of o and choose a sequence v o along with

proximal subgradients ¢¥ € 9p®,(v*) such that for any w € B2 we have
(7.1.23) <Ck,w> > —Ay.

Note that each ¢* has norm bounded by A. Passing to a weakly convergent subse-
quence we find that there exists ¢ € 9P, (v) with [|(||;2 < Ap. Define functionals
JU,Jl : L2 —>]Rby
(7.1.24)
T —
Jo(v) = ds(z(t;v)) Ji(v) = CF/ d(F(t, z(t;v)) 4+ oB, v(t)) dt
0

we must have ¢ = (% + ¢! for some (¢ € 9.J;(v), i = 0,1. We characterize ¢°, ¢!,
beginning with (V.
For ¢°, we wecall (see [28]) that there exists an element —p(T") € drds(z(T;v))

for which ¢°(t) = —p(T) for almost all t. To characterize (!, set
(7.1.25) L(t,z(t;v),v(t)) = Cpd(F(t,z(t;v)) + aB, v(t)).

Proposition 7.0.7 implies the existence of a selection

(7.1.26) (£(t),n(t)) € OcCrd(F(t,z(t;v)) + aB,v(t))
for which

T
(7.1.27) CHt) = n(t) + /t &(r) dr.
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By Proposition 7.1.2 we then have

(7.1.28) (—&(t),v(t) € OcH (t, z(t;v),n(t)) + oB.
Define

T
(7.1.29) p(t) =p(T) — /t &(r)dr

so that p(t) = £(t) and note that
T
(7.1.30) )+ <) = p(T) = [ €r)dr+ D)+ (0) =
for almost all . Hence p satisfies
(7.1.31) (—=p(t),v(t)) € dcH(t, x(t;v), p(t) + ((t)) + aB

for almost all ¢. This contradicts condition C' and so the weak decrease principle

(7.1.21) must hold. O

As in Chapter Five, the weak decrease principle can be used to establish a metric

regularity-type result:

ProrosiITION 7.1.6. If Condition C' holds, then there exists €1 > 0 such that for
any v € Xy with d(v,v") < g1 we have

4T1/2

(7.1.32) d g, (v) < A

ds(z(T;v)).

1/2
PROOF. Choose 0 < 1 < 3&¢ small enough that if d(v, v°) < &7 then

ds(z(T;v)) <
0
%Eo. Suppose that for some v € Xy with d(v,v") < 7 there holds

4T1/2
A
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Since limiionf da,(0) > da,(v) we can pick some « € (0, ap) such that
Q.

/

(7.1.34) da(5) > 4T102ds(x(T;v)).

Now set

(7.1.35) e = 2dg(x(T: 7)) o= 421/2 ds(x(T; 7))
0

and notice that v is an e-minimizer over X, of the functional w — dg(z(T;w)). By
the Ekeland variational principle, we may therefore pick v € X, with d(v,7) < o

which minimizes the functional
(7.1.36) w = dg(x(T;w)) + gd(fw,v)

over X,. Check that /o = Ag/(27"/?). Notice that

(7.1.37) d(v,v%) < d(v,7) + d(T,v°) < 0 + &1 < 0.
Further
4T1/2
(7.1.38) d(v,v) <o = A ds(x(T;7)) < da, (V).
0

Therefore v € A, and so the requirements for Proposition 7.1.5 are met at v.
Now suppose that w € B;2 is arbitrary. For each A > 0 let z* be the trajectory
for v + Aw. Note that
T T
(7.1.39) /0 d(F(t, z*(t)) + oB, v(t) + Mw(t)) dt < /\/0 lw(t)|| dt < AT/,
It follows that there exists Ao independent of w € B2 such that for each A € (0, Ao)

we may choose, through Filippov’s approximation lemma, a trajectory y* € X,, for
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which

(7.1.40) ka - yﬁ’

el [ A B i
|, Sellel /O d(F(t,27()) + o, i (£)) dt.

A
Recalling that Cp = <2T10/2 + 1) ellfrlizt | we now have

(7.1.41)

(v + M) + 20

2T1/2

=

|2
Lt

A r A ™ AO - A
~ dg(x (T))+CF/O A(F (1,2 (1)) + 0B, o(t) + Aw(®) db + o0 [~ o

Ll

+ Cp /OT A(F(t,z*(t)) + oB, i (t)) dt

Lt
Ao || .a Ao flox a
+2T1/2Hy U‘Ll 2T1/2Hy $)L1
A .
> ds( (1)) + (i v) > ds(a(T:v)) = Ba(v).

The Cauchy-Schwarz inequality implies that |Jw||;, < T"/? and so

Ag
2T1/2

(7.1.42) i ‘ Ao %A.

Hx Ul T o

Mwlgr <

Therefore, for any w € By2 and 0 < A < Ag we have

D, (v+ Aw) — Dy (v) S A

1.4
(7.1.43) A -2

But this implies that DY ®,(v;w) > —Ag/2 for all w € B2, contradicting Proposi-
tion 7.1.5. Thus (7.1.32) must hold. O

7.1.2. Optimality Conditions. In this section we apply Propositions 7.1.11
and 7.1.6 to establish necessary optimality conditions for the constrained Mayer

problem described above. Consider the functional

(7.1.44) v U(x(T;v)).
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Let v° € Ap provide a local minimum for the functional (7.1.44) subject to the

constraint z(T;v) € S.

PROPOSITION 7.1.7. If Condition C holds at v° then v° is a local minimum in

Xy for the functional

(7.1.45) w = x(Tiw)) + Kds(x(T;w)),

4T1/2
for K = k‘gT, where ky is the local Lipschitz rank for £.
0

PROOF. By Proposition 7.1.6 there exists €1 > 0 such that for any v € A with

d(v,v%) < &1 there holds

4T1/2
0

(7.1.46) da,(v) < ds(2(T;v)).

Suppose that d(v,v°) < e;. Given any o > 0 choose w € Ag such that d(v,w) <

da,(v) + 0. Consider

(7.1.47) L(z(T;v)) > U(z(T5w)) — ke ||z(T;w) — 2(T50) ||gn > @(xO(T)) — ked(v, w)

because v is optimal in Ay. Thus we have
(7.1.48) ((x(T;0)) > 0z(T)) — keday (v) — keo
and so
4T1/2
(7.1.49) Ux(T;v)) + ke A ds(x(t;v)) > £(2°(T)) — kyo.
0
Letting o | 0 completes the proof. ]

Using Filippov’s approximation lemma, we may apply a standard technique to
remove the dynamic constraint and so reduce our problem to one of nonsmooth

calculus of variations.
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PROPOSITION 7.1.8. Suppose v is locally optimal for the functional (7.1.44)
and that Condition C holds. Then v° is a local (in L' norm) minimizer for the

functional

T
(7.1.50) w = L(x(T;w)) + Kids(x(T;w)) + KQ/O d(F(t,z(t;w)),w(t)) dt,

0

or K1, Ko sufficiently large. Since the L? norm dominates the L' norm, v° is also
Yy warg

a local minimizer in L? norm.

PRrROOF. We have already seen that there exists €; > 0 such that v° is optimal

among v € X satisfying d(v,v") < e; for the functional
(7.1.51) w— L(z(Tiw)) + Kds(2(T;w)),

provided that K is sufficiently large. Let €2 > 0 be defined by

(7.1.52) £y = min {51 °l }

27 2el*rlle (|lkpll e +1)

and suppose that w € L? satisfies
(7.1.53) Hvo—wHL1 < e3.
By Filippov’s approximation lemma we may choose u € Xy with

T
(7.1.54) lu— w2 < elbrlo /0 A(F(t, 2(t; w)), w(t)) dt.
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We also have the bounds
(7.1.55)

T
/0 d(F(t,z(t;w)), w(t))dt
T

< /0 d(F(t,2°()), (1)) + i (8) [|2°(8) — 2(t;w)|| + [°(F) — w(t)]| dt

< (Ikrll g + 1) [Jo° - wl -
As a consequence,

d(u,v°) < d(v°,w) + d(w, u)
(7.1.56) < %1 +elfrley (kg + 1) [0 —w]| 1) d(@°, w)
<e€1.

The local optimality of v° then provides us with

Uax(T;w)) + Kdg(z(T;w)) + (K + kp)elFrl /OT d(F(t,z(t; w)), w(t)) dt

> U(x(T;u) + Kds(x(T;u)) — (K + k) lu — w1
(7.1.57)

T
+ (K + ky)ellErll /O d(F(t,x(t;w)), w(t)) dt

> ((z"(T)).

0

Therefore v° is optimal for the unconstrained problem among all w € L? with

Hw—vOHLl < €7. ]

We have shown that Condition C implies that all constraints may be lifted from
the problem through a process of exact penalization and we are now in a position

to prove the following theorem originally due to Clarke [23, 31]:
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THEOREM 7.1.9. Suppose that v° is a local minimizer for the problem of mini-
mizing £(x(T;v)) subject to v(t) € F(t,z(t;v)) and x(T;v) € S. We assume that ¢
18 locally Lipschitz and that F' satisfies Assumption 7.1.1.

There exists \° € {0,1} and absolutely continuous map p : [0,T] — R™ for which
—p(T) € N°0,0(2°(T)) + Nk (2°(T)) and which satisfies

(7.1.58) (=p(t), v(t)) € D H(t, 2°(1), p(t)).
Equivalently,
(7.1.59) (=p(t),2°(t)) € DcH(t, 2°(t), p(t)).

Moreover we have ||p(T)| + A% # 0.

Following a path analogous to that in Chapter Five we prove this theorem in

two steps, corresponding to the success or failure of Condition C'.

PROPOSITION 7.1.10. Suppose that Condition C holds. Then we obtain Theorem
7.1.9 with \° = 1.

PROOF. Let
(7.1.60)
T
J(a,w) = (x(T;w)) + Kids(z(T;w)) + K2/0 d(F(t,z(t;w)) + aB, w(t)) dt,

with K7, Ko defined as in Proposition 7.1.8.

Proposition 7.1.8 provides us with € > 0 such that v° is optimal, among v € L?
with Hv - vOHLQ < g, for the functional v — J(0,v).

Let £ := v + B and let xg be the function which is zero on E and +oo

elsewhere. Let C = T K5. Note that for « > 0 and w € E we have

(7.1.61) J(o,w) > J(0,w) — Ca > J(0,2°) = Ca = J(a,0") — Ca.
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Therefore, if a > 0, then

(7.1.62) 2Ca + iél£2 {J(e,w) + xE(w)} > J(a,v°).

By Ekeland’s principle we may choose v® € L? with

(7.1.63) HUO—UO‘HLQ <+Va

which minimizes the functional

(7.1.64) w = J(a,w) + xp(w) + 20Va |w — v 2

over L2.
Take a sequence ay | 0 and choose such v® for each k, labelling it v*. By (7.1.63)
we see that when k is sufficiently large v* will lie in the interior of E and (7.1.64)

then implies that we will have
(7.1.65) 0 € . J (o, %) — €¥,

where €” is an element of L? with norm bounded by 2C,/ay.

Define the following functionals:

(7.1.66) Jo(v) = £(z(T;v))
(7.1.67) Ja(v) = Kidg(z(T;v))
T
(7.1.68) Jp(a,v) = Kg/ d(F(t,z(t;v)) + aB,v(t)) dt.
0

For each k we can find ¢} € dr.J,(v¥), ¢¥ € 05J4(v%), and ¢ € O Jr(ou, v*) such

that

(7.1.69) ke =er
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Let 2% be the arc for v*. There are constants 05 € dp(x*(T)) and 0% € 0, K1dg(a*(T))
such that ¢f(t) = 05 and ¢¥(t) = 6% for almost all ¢. Since these sequences are
bounded, we may pass to a subsequence for which 6} — 6, € 9,¢(z°(T)) and
0% — 04 € OpK1ds(2°(T)) € N4 (2°(T)). It follows from (7.1.69) that the sequence
(’g converges in L? norm to the constant function —6, — 6.

For each k there exist selections (£¥(t),n"(t)) € dcKad(F(t,z*(t)) + oB,v*(t))

for which

T
(7.1.70) cht) =nF(t) + /t ek () dr.

Since ag, > 0 and v* € Xo, Proposition 7.1.2 implies that

(7.1.71) <—§k(t), vk(t)> € AcH(t, 2" (1), 0" (1)) + i B.
Setting
T

(7.1.72) P = —ok — gk — / eF(r) dr,
we find that

T
(7.1.73) PRt + R () = — /t () dr + CE(t) = n*(8).
Thus
(7.1.74) (_pk(t), vk(t)> € OcH(t, 2" (1), p*(t) + ¥ (1)) + cuB.

As in the proof of Proposition 7.1.11 we may pass to a subsequence for which p* — r

and apply Proposition 7.0.6 to show that

(7.1.75) (=r(t),2°(t)) € OcH(t,2°(t), p(t)),
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where

T
(7.1.76) p(t) = —04— 0, — /t r(r) dr.

Hence p(t) satisfies the differential inclusion (7.1.59). Since p(T') = —6, — 6, we see
that

(7.1.77) —p(T) € ap(z°(T)) + Nk (z°(T)),
completing the proof. O
Now consider the case in which Condition C fails.

PROPOSITION 7.1.11. Suppose that Condition C fails at v° and let 20 be the
trajectory for v°. There exists an arc p which satisfies —p(T) € Ords(z°(T)),
lp(T)|| = 1, and for almost all t

(7.1.78) (=p(t),2°(t)) € OcH(t,2°(t), p(t)).

Proor. If Condition C' fails then we can choose sequences ¢, | 0, ay | 0, and
Ay, | 0 such that, for each k, there exists v* € X,, with d(v*,v°) < ¢4, and ¢* € L2
with HC'CHLQ < Ay, such that the arcs z* for v¥ satisfy 2%(T) ¢ S and such that

there exist arcs p¥ which satisty —p*(T') € drds(x*(T)) and
(7.1.79) (=85, 0"(1)) € BeH(t,2*(1), 9 (2) + C*(1) + B

for almost all ¢ € [0,T]. Since 2*(T) ¢ S and —p(T)* € 9rds(z*(T)) we have
Ip(T)*]

We claim that the maps p* can be uniformly bounded in L?-norm. To see this,

e =1L

first recall [28] that (7.1.79) implies the inequality

(7.1.80) [, < k() @)z + s

R™
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As a consequence,

t

-0, = @+ [t -nar

R"

(7.1.81) e

t
< 1+/ kp(T — ) Hpk(T—T)H]R + ag dT.
0 n

By Gronwall’s lemma we obtain the bound

1. k < erll 1
(7.1.82) e Hp (t)HRn < (14 apT)elkrlls

Inequality (7.1.80) now implies that p* is uniformly bounded in L?-norm.

We may therefore pass to a subsequence such that p* — r for some r € L2.
Since ¢* L—2> 0 we may also assume that (¥ — 0 pointwise and because the p*(T')
are all norm one, we can assume that p*(T) — p(T) for some p(T) with norm one.
Note that p(T) satisfies —p(T) € drds(z%(T)).

Setting

T
(7.1.83) p(t) =p(T) - /t r(r)dr

and applying Proposition 7.0.6 we find that for almost all ¢ there holds

(7.1.84) (=p(t),v(t)) € cH(t,z°(1), p(t)),

which completes the proof. O

Together Propositions 7.1.10 and 7.1.11 imply 7.1.9. We also have the following:

THEOREM 7.1.12. Suppose there is no map p : [0,T] — R™ which satisfies

(7.1.85) (=p(t), v(t)) € doH(t, 2°(t), p(t)),
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—p(T) € N%(2%(T)) and p(T) # 0. Then for K > 0 sufficiently large the map x°

provides a local minimum for the functional
(7.1.86) vi= L(x(T5v)) + Kdg(x(T;v)).

Proor. If Condition C fails then such a map exists. Thus if there are no such

maps then Condition C' must hold and the result is implied by Proposition 7.1.8. 0

7.2. Necessary Optimality Conditions and Exact Penalization on

General Manifolds

In this section we use the method of Lagrangian charts to establish a version of
Theorem 7.1.9 which is valid for problems posed on smooth manifolds. We begin

by introducing the standing assumptions on F.

ASSUMPTION 7.2.1. The map F : [0,7] x M = TM is measurable in time for
each fixed ¢ and for any (¢, ¢) the set F'(t,q) C T, M is nonempty, closed, and convex.
In addition, for each ¢ € M there exists a coordinate chart (O, ) and L? functions

my, and kg, for which

(7.2.1) (@) F(t, q1) C ps(@) F (L, q2) + k(D) 0(q1) — o(g2)|[gn B
and
(7.2.2) ex(q) F(t, 1) Cmy(t)B

for almost all ¢, for all g1, q2 € O.

Suppose that ¢° : [0,7] — M is optimal for the problem of minimizing ¢(q(T))
subject to ¢(T") € S and

(7.2.3) q(t) € F(t,q(t)),
198



where £ is locally Lipschitz and F' satisfies 7.2.1. By Proposition 3.2.8 we may let V
be a C*°-smooth vector field, compactly supported and measurable in time, which

extends ¢° in the sense that

(7.2.4) Vi(q"(8)) = ¢°(t).

Let P, ¢ be the flow of V;. Choose a coordinate neighborhood (¢, O) for which g9 € O
and let ¢y : Py(O) — ¢(O) be the associated Lagrangian coordinates ¢, := o P, .
Define set-valued map ;. F : ¢(O) — R™ through

(7.2.5) (WeaF)(t ) = Pra (0 () F (8,4 (2))

and let G : [0,T] x ¢(O) = R™ be the map

(726) G(tﬂ :IZ) = (wt*F)(th) - (T/)t*‘/})@)

Suppose that ¢ : [0,7] — M is an absolutely continuous map which satisfies ¢(t) €
Py +(O) for all t. Setting

(7.2.7) z(t) = ¥e(q(t))

one may check that we have ¢(t) € F(t,q(t)) for almost all ¢ if and only if #(t) €

G(t,z(t)) for almost all t. Indeed this follows from the formula

d

(7.2.8) -

Pst(q) = —Pst(0)Vs(q),

established in Proposition 3.1.1.

The map G is behind our reduction to the R™ case.

PROPOSITION 7.2.2. The map G satisfies Assumption 7.1.1 in a neighborhood

of #°(t) := ¥ (q°(t)) = @(qo).
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PROOF. Certainly G is measurable for fixed ¢t and takes on nonempty, compact,
convex values. Partition [0,7] into intervals 0 = tg < t; < --- < t, = T which
are small enough that for each k, q° takes [t;,t;11] into a single coordinate chart
O; on which (7.2.1) and (7.2.2) hold. Assume without loss of generality that O; is
compact and that ¢; is defined on a neighborhood of O;. Recalling that (O, ) is
the coordinate chart used to define the Lagrangian coordinates and that 1), 1(x) =
Py top~t(z), continuous dependence on initial conditions implies that we may choose
¢ > 0 such that for all 2 € p(O) which satisfy ||z — ¢(q)| < € we have 1, *(x) € O;
for all t € [t;, ti+1].

Let ¢ € [ti, ti+1] and choose points y1,y2 € ¢(O) such that ||y; — ¢(qo)|| < € for
i =1,2. Set ¢; = 1, '(y;). Let us first prove that (7.1.4) holds for some function
depending on 7. We have

(7.2.9)
G(t,y1) = (Ve F) (1) = Yoy (92) F (07 (1))

= e (@) F(tq1) = (Ve o 07 ) (9i(@1)) pin(@) F(t, q1) © Aymi(t)B

where A; is a bound on the derivative (wt o goi_l), for x € p;(0;) and t € [t;, tit1].
This proves that G is locally integrable bounded, which is (7.1.4).

To prove G is locally integrable Lipschitz, which is (7.1.3), consider

G(t,y1) = Yes(q) F(t, q1) — VYes(@1)Vilqr)

(7.2.10) /
= (o ;") (eilar)) @i (@) F(t q1) — Yrs(@1)Vi(qr).

Choose constants B; and C; such that

(7.2.11) lpi(q) — @i(g2)|l < Billyr — 2l
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and

(7212)  ||(o e (eilan) = (b0 ) (wil2))|| < Cillyr — sl

Such constants exist because wtocp;l = oDy ogo;l is the local coordinate expression
for the flow of a C*°-smooth vector field.

By (7.2.1) we have

(7.2.13) Cix (@) F(t,q1) C pix(a2)F(t,q2) + ki, (1) lpi(qr) — »ilq2)[| B

and so

(7.2.14)
(e o 9i) (0ila1)) win(a) F(ta1) © (e 0 077) (0ilar)) winl(a2) F(t, 42)

+ kg, () lpi(ar) — ila2)l| (Ve 0 07 t) (pi(a1)) B
C (Yo %-_1)/ (0i(q2)) Pi+(q2)F(t, q2) + Cimy, () lyr — yo2|| B 4 B; Aiky, (1) |ly1 — y2|| B.

Finally, choose a function Cy;(t) for which

(7.2.15)

10+ V2) (ilar)) — (0ixVe) (ilg2)) || < Cvi(t) llpilar) — wi(q2)ll < BiCvi(t) [lyr — v2ll -
Putting things together we have
(7.216)  G(t,y1) C G(t,ya) + (Cimy, (t) + BiAiky, (t) + BiCvi(1)) ly1 — yal|| B.

U

Thus we may reduce a problem on M to a problem on R" defined in terms of

the set-valued map G.

7.2.1. Hamiltonian Lift of the Clarke Subgradient. Before transferring

Theorem 7.1.9 to manifolds we must first interpret it geometrically and reformulate
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it as a result in T*R". For a smooth manifold, Hr is defined as a map from T*M
into R, defined for ¢ € T5'M through
(7.2.17) Hp(t,¢() = max ((,v).

vEF(t,q)

For a fixed t, this map is locally Lipschitz and so is differentiable on a dense subset

Dy C T*M. As in [66] one may define

(7.2.18) OcHFp(t,¢) = co {llir& dHp(t, () : G €Dy, G — C} CTET*M.
Recall that there is a map Jyr : TT*M — T*T*M defined through

(7.2.19) op(v,w) = (Jpyv,w) ,

where o) is the natural symplectic structure on 7% M. Following [82] we make the

following definition:

DEFINITION 7.2.3. The Hamiltonian Lift of a locally Lipschitz map H : [0, 7] X
T*M — R is the set ﬁ(t,p) C T,T*M defined through

(7.2.20) H(t,¢) = Ji 0 H(t, ).

Since Jg.(a,b) = (—b,a) we have shown in Theorem 7.1.9 that if 2° is an
optimal curve for a differential inclusion in R” then there is an arc p so that (22, p),

interpreted as an arc in T*R™ =2 R" x R", satisfies
(7.2.21) (#°(t), p(1)) € H (¢, 2(t), p(t)).
Now let W : T*M — T*R"™ be the map defined, for ¢ € Ty M, by

(7.2.22) U,(C) = (ve(a), 91 1*¢),

as studied in Chapter 3.
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Define maps Hp, Hy : [0,T] x T*M — R™ through

(7.2.23) Hp(t,¢) = x| (¢, v) Hy (t,¢) = (¢, Vi(q))

and Hg : [0,7] x R" x R" — R by

(7.2.24) Hg(t,z,p) = max (p,v).
veG(t,z)

Our next proposition, stated informally, says that the coordinates induced on
T*M by (7.2.22) take arcs for E’)G to those for H r. Thus our necessary conditions
in R™, which are written in terms of the map G, will translate through (7.2.22) to

necessary conditions on M in terms of the map F'.

PROPOSITION 7.2.4. Suppose (x(t),p(t)) € ﬁg(t,m(t),p(t)). Then the curve
¢:[0,T] — T*M defined through (t) = U, (2(t), p(t)) satisfies

(7.2.25) o) € Hp(t, (b)),

Proor. Consider

(7.2.26)

GO0 = G E0p0) = T VLe@p) + | ¥+ 9)

We evaluate each of the derivatives on the right. First, if Q)s; denotes the flow on

T*M of ﬁv then we have

(7.2.27)

WL (0). (1) =

a Quase 007! (alt) 1) = Huy(t,¢(1).

e=
For the second,

(7.2.28)
d

e Uy (4 ). plt +2)) = (U7 (1), 5(1) € (U7 ) Halt (1), p(2).

e=0
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Now consider

HG(t7$ap) = max <p7 wt*v> - <pa (¢t*%)($)>
vEF (tah, ! ()

(7229) = HF(t, \11;1(56,]9)) - HV(t’ \Il;l(xvp))
= (Hp = Hy) o ¥, (z,p).

Since V4 is differentiable, we see that Hg is differentiable if and only if Hp is. At

any point of differentiability we have

(7.2.30) dHg =d ((Hp — Hy) o U ') = U, Y dHp — U, dHy.
Hence
(7.2.31) He = Jghu dHp — J5 7 dHy

By Proposition 3.4.6 we can write this as

(7.2.32) He =, 0J5 dHp — Uy, o J5 dHy
or
(7.2.33) (\P;l)*ﬁg = ﬁF — ﬁv.
Thus we have, by (7.2.28),
(7.2.34)
d

| e plire) € H (1,07 (2(0), (1) — Hy (1,9, (2(0), p(1))-

Finally, adding (7.2.34) and (7.2.27), we find

(7.2.35) () € Hy(t,C(1) + Hrlt,C(1)) — Hy(t,C(t) = Hrlt,C(1)),
which completes the proof. O
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We turn to the necessary optimality conditions for the Mayer problem in ques-

tion:

THEOREM 7.2.5. Suppose that ¢ : [0,T] — M provides a local minimum for
0(q(T)) subject to q(T) € S and ¢(t) € F(t,q(t)), where £ is locally Lipschitz, S is
closed, and F satisfies Assumption 7.2.1. Then there is a \° € {0,1} and an arc
¢ :[0,T) = T*M which satisfies —((T) € N0,0(¢°(T)) + NE(¢°(T)) as well as

(7.2.36) C(ty € Ht, ().

Proor. We first reduce our problem to one in R” through a Lagrangian chart.
Let (O, ¢) be a coordinate chart with gy € ©. The map 2°(¢) := v;(¢"(t)) provides a
local minimum for the cost £ := (o Y7 subject to #(t) € G(t,z(t)) and (T € S =
Y7 (S). By Theorem 7.1.9 there must exist A’ € {0,1} and an arc p : [0,T] — R"®

for which —p(T) € \°9.0(z°(T)) + Ng(zo(T)) for which

(7.2.37) (—p(t),2°(t)) € Do Ha (t, x(t), p(t)),
where
(7.2.38) Hg(t,z,p) = veHClJE(iJZ(x) (p,v).

Consider the map (z(t), p(t)) as a map into T*R™ =2 R™ x R™ in order to see that
(7.2.39) (8°(6), p(1)) € Jgt B Ha(t,a (1), p(t)) = H (t,2°(t), p(t)).
Define a map ¢ : [0,7] — T*M through

(7.2.40) ¢ =0, (2°(t), p(t).
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Notice that, since ((7') = ¢7.p(T"), we have

(7.2.41) —((T) € i (AOaLZ(g:O(T)) + Ng(xO(T))) .

Because the subdifferential is invariant under C*-diffeomorphism [66] we have
(7.2.42) V1oL (Covrt) (Yrlq)) = dLl(q).

Similarly we obtain

(7.2.43) G NE@O(T)) = NE((T)).

Thus w satisfies the condition —((T') € A°9.¢(¢°(T))+N%(¢°(T)) and there remains
only to show that { satisfies the Hamiltonian inclusion. This has been done in

Proposition 7.2.4 and so the proof is complete. O
We conclude with a proof of Theorem 7.0.5.

PROOF. If there are no solutions to (7.0.24) satisfying —((T') € N%(q(T)) with

¢(T) # 0 then there are no solutions to
(7.2.44) (), 5(t)) € Halt,a(t).p(t)
satisfying —p(T') € NTﬁT(S) (z(T)) and p(T) # 0, for then

(7.2.45) C(t) = U (a(t), p(t))

will be a solution to ¢ € ﬁp(t, ¢) with —¢(T") € N%(g(T)) and ((T) # 0, where
alt) == 7(C(1).

By Proposition 7.1.11, Condition C' must be satisfied for the problem in R”
corresponding to cost £ o, !, terminal constraint set 17 (S), and set-valued map G

given by (7.2.6). As a consequence, Proposition 7.1.7 implies that 2°(¢) := 1;(¢"(¢))
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is an unconstrained local minimizer for the cost
(7.2.46) Copr(x) + Kdy,(s)(@),

K sufficiently large. Consequently ¢° is an unconstrained local minimizer for the

cost
(7.2.47) (q) + Kd(q),

where d is the locally defined penalty function dy,.(s) o ¢¥r. By Proposition 5.5.6,
we may replace d with the penalty function dy(g) o6 (possibly with a corresponding

increase in K). O

207



1]
2]

3]

Bibliography

R. A. Adams. Sobolev Spaces. Academic Press, New York, NY, 1975.

A. Agrachev and R. Gamkrelidze. Exponential representation of flows and a chronological
calculus. Mat. Sb. (N.S.), 149, 1978.

A. Agrachev and R. Gamkrelidze. Chronological algebras and nonstationary vector fields. Jour-
nal of Mathematical Sciences, 17(1), 1981.

A. Agrachev and Y. Sachkov. Control Theory from the Geometric Viewpoint. Springer-Verlag,
Heidelberg, Germany, 2004.

A. Agrachev and A. Sarychev. On abnormal extremals for lagrange variational problems. Jour-
nal of Mathematical Systems Estimation and Control, 8:87-118, 1998.

A. A. Agrachev and R. V. Gamkrelidze. Local controllability for families of diffeomorphisms.
Systems € control letters, 20(1):67-76, 1993.

M. Barbero-Lifidn and M. C. Munoz-Lecanda. Geometric approach to Pontryagins maximum
principle. Acta applicandae mathematicae, 108(2):429-485, 2009.

G. K. Batchelor. An introduction to fluid dynamics. Cambridge University Press, 2000.

A. Bennett. Lagrangian fluid dynamics. Cambridge University Press, 2006.

L. D. Berkovitz. Optimal control theory. Springer-Verlag, New York, NY, 1974.

J.-M. Bismut. Large Deviations and the Malliavin Calculus. Birkh&user, Boston, MA, 1984.
A. Bloch. Nonholonomic Mechanics and Control. Springer, 2003.

R. Bonic and J. Frampton. Smooth functions on banach manifolds. J. Math. Mech, 15(5):877—
898, 1966.

J. Borwein and Q. J. Zhu. Techniques of Variational Analysis. CMS Books in Mathematics.
Springer, New York, NY, 2010.

J. Borwein and D. Zhuang. On fan’s minimax theorem. Mathematical Programming, 34:232 —

234, 1986.

208



(16]

(17]

(18]

[25]

(26]

J. M. Borwein. Stability and regular points of inequality systems. Journal of Optimization
Theory and Applications, 48(1):9 — 52, 1986.

F. Bullo and A. Lewis. Supplementary chapters for geometric control of mechanical systems
[18]. http://motion.mee.ucsb.edu/book-gems/. Retrieved October, 2013.

F. Bullo and A. Lewis. Geometric Control of Mechanical Systems: Modeling, Analysis, and
Design for Simple Mechanical Control Systems. Springer, New York, NY, 2005.

W. L. Burke. Applied differential geometry. Cambridge University Press, 1985.

S. A. Caiado, M.I. Remarks on stability of inverted pendula. Rendiconti del Seminario Matem-
atico, 63(4):333-347, 2005.

L. Cesari. Optimization-theory and applications: problems with ordinary differential equations,
volume 17. Springer New York, 1983.

W .-L. Chow. Uber systeme von linearen partiellen differentialgleichungen erster ordnung. Math-
ematische Annalen, 117:98 — 105, 1940.

F. Clarke. Optimization and Nonsmooth Analysis. STAM Classics in Applied Mathematics. John
Wiley and Sons, New York, NY, 1983. Reprinted as vol. 5 of Classics in Applied Mathematics,
SIAM, Philadelphia, PA, 1990; Russian translation, Nauka, Moscow, 1988.

F. Clarke. Necessary conditions in dynamic optimization. American Mathematical Society,
Providence, RI, 2005.

F. Clarke. Functional Analysis, Calculus of Variations and Optimal Control. Springer, New
York,NY, 2013.

F. Clarke and Y. S. Ledyaev. Mean value inequalities in hilbert space. Transactions of the
American Mathematical Society, 344:307 — 324, July 1994.

F. Clarke, Y. S. Ledyaev, and M. Radulescu. Approximate invariance and differential inclusions
in hilbert spaces. Journal of Dynamical and Control Systems, 3:493 — 518, 1997.

F. Clarke, Y. S. Ledyaev, R. Stern, and P. Wolenski. Nonsmooth Analysis and Control Theory.
Springer-Verlag, New York, NY, 1998.

F. H. Clarke. Necessary conditions for nonsmooth problems in optimal control and the calculus
of variations. PhD thesis, University of Washington., 1973.

F. H. Clarke. The maximum principle under minimal hypotheses. SIAM Journal on Control

and Optimization, 14(6):1078-1091, 1976.

209



(31]

(35]

(36]

(40]

(41]

(42]

[45]

(46]

F. H. Clarke. Optimal solutions to differential inclusions. Journal of Optimization Theory and
Applications, 19(3):469-478, 1976.

J.-M. Coron. Control and nonlinearity. American Mathematical Society, Providence, RI, 2009.
K. Deimling. Ordinary Differential Equations in Banach Spaces, volume 596 of Lecture Notes
in Mathematics. Springer-Verlag, New York, NY, 1977.

J. Diestel and J. Uhl. Vector Measures. Number 15 in Mathematical Surveys. American Math-
ematical Society, Providence, RI, 1977.

A. Dresden. Some recent work in the calculus of variations. Bulletin of the American Mathe-
matical Society, 32(5):475 — 521, 1926.

P. du Bois-Reymond. Erlduterungen zu den anfangsgriinden der variationsrechnung. Mathe-
matische Annalen, 15(2):283-314, 1879.

A. Y. Dubovitskii and A. A. Milyutin. Necessary conditions for a weak extremum in optimal
control problems with mixed constraints of the inequality type. USSR Computational Mathe-
matics and Mathematical Physics, 8(4):24-98, 1968.

N. Dunford and J. T. Schwarz. Linear Operators: Part I, volume 7 of Pure and Applied
Mathematics. Wiley Interscience, New York, NY, 1958.

I. Ekeland. On the variational principle. Journal of Mathematical Analysis and Applications,
47(2):324-353, 1974.

M. Fabian, J. Whitfield, and V. Zizler. Norms with locally lipschitzian derivatives. Israel
Journal of Mathematics, 44(3):262-276, 1983.

K. Fan. Minimax theorems. Proceedings of the National Academy of Sciences of the United
States of America, 39(1):42 — 47, 1953.

H. O. Fattorini. Infinite dimensional optimization and control theory, volume 54. Cambridge
University Press, 1999.

A. Filippov. On certain questions in the theory of optimal control. Journal of SIAM Control,
Series A, 1(1):76-84, 1962.

A. Filippov. Classical solutions of differential equations with multivalued right-hand side. STAM
Journal on Control, 5(4):609-621, 1967.

R. Fry and S. McManus. Smooth bump functions and the geometry of banach spaces: a brief
survey. Ezpositiones Mathematicae, 20(2):143-183, 2002.

R. Gamkrelidze. Principles of Optimal Control Theory. Plenum Press, New York, NY, 1978.

210



(47]

(62]

(63]

R. Gamkrelidze, A. Agrachev, and S. A. Vakhrameev. Ordinary differential equations on vector
bundles, and chronological calculus. ltogi Nauki i Tekhniki. Seriya ”Sovremennye Problemy
Matematiki. Noveishie Dostizheniya”, 35:3-107, 1989.

I. Gelfand and S. Fomin. Calculus of Variations. Prentice-Hall, Inc., 1963.

P. Hartman. Ordinary Differential Equations. Classics in Applied Mathematics. SIAM,
Philadelphia, PA, 2002.

E. Hobson. On the fundamental lemma of the calculus of variations, and on some related
theorems. Proceedings of the London Mathematical Society, 2(1):17-28, 1913.

L. Hormander. The Analysis of Linear Partial Differential Operators I. Distributions Theory
and Fourier Analysis. Springer-Verlag, Berlin, 1983.

A. Toffe. Necessary conditions in nonsmooth optimization. Mathematics of Operations Research,
9(2):159-189, 1984.

A. Isidori. Nonlinear Control Systems V. Springer-Verlag, London, 1989.

V. Jurdjevic. Geometric Control Theory, volume 52 of Cambridge Studies in Advanced Math-
ematics. Cambridge University Press, Cambridge, UK, 1997.

M. Kawski. Controllability via chronological calculus. In Decision and Control, 1999. Proceed-
ings of the 88th IEEE Conference on, volume 3, pages 2920—-2925. IEEE, 1999.

M. Kawski. Calculating the logarithm of the chen fliess series. In Proc. MTNS, 2000.

M. Kawski. Chronological algebras: combinatorics and control. Itogi Nauki i Techniki, 68:144—
178, 2000.

M. Kawski and H. J. Sussmann. Noncommutative power series and formal lie-algebraic tech-
niques in nonlinear control theory. pages 111-128. Teubner, 1997.

I. Kolar, P. W. Michor, and J. Slovak. Natural Operations in Differential Geometry. Springer-
Verlag, New York, NY, 2010.

G. Kothe. Topological Vector Spaces I. Springer-Verlag, New York, NY.

S. Lang. Fundamentals of Differential Geometry. Springer-Verlag, New York, NY, 1999.

Y. S. Ledyaev. On generic existence and uniqueness in nonconvex optimal control problems.
Set-Valued Analysis, 12(1):147-162.

Y. S. Ledyaev. Extremal Problems in Differential Game Theory. Dr. Sc. Dissertation, Steklov

Institute of Mathematics, Moscow, 1990.

211



(64]

[65]

(66]

[75]

[76]

Y. S. Ledyaev. On an infinite-dimensional variant of the rashevski-chow theorem. Dokl. Akad.
Nauk Rus, 398:735-737, 2004.

Y. S. Ledyaev and J. S. Treiman. Sub- and supergradients of envelopes, semicontinuous clo-
sures, and limits of sequences of functions. Russian Mathematical Surveys, 67(2):345-373, 2012.
Y. S. Ledyaev and Q. J. Zhu. Nonsmooth analysis on smooth manifolds. Transactions of the
American Mathematical Society, 359(8):3687-3732, 2007.

J. Lee. Introduction to Smooth Manifolds. Springer-Verlag, New York, NY, 2006.

M. Mauhart and P. Michor. Commutators of flows and fields. Arch. Math. (Brno), 28:229-236,
1992.

R. McOwen. Partial Differential Equations. Pearson Education, Inc., Upper Saddle River, NJ,
2003.

S. Monaco, D. Normand-Cyrot, and C. Califano. Exponential representations of volterra-like
expansions: an explicit computation of the exponent series. In Decision and Control, 2002,
Proceedings of the 41st IEEE Conference on, volume 3, pages 2708-2713. IEEE, 2002.

S. Monaco, D. Normand-Cyrot, and C. Califano. From chronological calculus to exponential
representations of continuous and discrete-time dynamics: a lie-algebraic approach. Automatic
Control, IEEE Transactions on, 52(12):2227-2241, 2007.

R. Montgomery. A tour of subriemannian geometries, their geodesics and applications. The
American Mathematical Society, Providence, RI, 2002.

B. Mordukhovich. Variational analysis and generalized differentiation, II: Applications.
Springer-Verlag, New York, NY, 2006.

L. Pontryagin, V. Boltyanskii, R. Gamkrelidze, and E. Mishchenko. The Mathematical Theory
of Optimal Processes. John Wiley & Sons, New York, NY, 1962.

P. Rashevskii. About connecting two points of a completely nonholonomic space by admissible
curve. Uch. Zapiski Ped. Inst. Libknechta, 2:83 — 94, 1938.

W. T. Reid. Ramifications of the fundamental lemma of the calculus of variations. Houston
Journal of Mathematics, 4(2):249-262, 1978.

G. Restrepo. Differentiable norms in banach spaces. Bulletin of the American Mathematical
Society, 70(3):413-414, 1964.

A. V. Sarychev. Lie-and chronologico-algebraic tools for studying stability of time-varying

systems. Systems & Control Letters, 43(1):59-76, 2001.

212



[79]

(86]

(87]

(91]

92]

H. Schéttler and U. Ledzewicz. Geometric Optimal Control: Theory, Methods and Examples.
Springer-Verlag, New York, NY, 2010.

W. Schirotzek. Nonsmooth Analysis. Springer-Verlag, New York, NY, 2007.

A. 1. Subbotin. Generalized solutions of first-order PDEs: the dynamical optimization perspec-
tive. Birkhduser Boston, 1995.

H. Sussmann. Symmetries and integrals of motion in optimal control. Geometry in nonlinear
control and differential inclusions. Mathematics institute of Polish academy of sciences. Banach
center publications, 32:379 — 393, 1995.

H. J. Sussmann. Two new methods for motion planning for controllable systems without drift.
In In European Control Conference. Citeseer, 1991.

H. J. Sussmann. An introduction to the coordinate-free maximum principle. Pure and Applied
Mathematics - Marcel Dekker Incorporated, 207:463-557, 1998.

A. Tretiyak. Sufficient conditions for local controllability and high-order necessary condi-
tions for optimality. a differential-geometric approach. Journal of Mathematical Sciences,
85(3):1899-2001, 1997.

A. Tretyak. Chronological calculus, high-order necessary conditions for optimality, and pertur-
bation methods. Journal of dynamical and control systems, 4(1):77-126, 1998.

F. Troltzsch. Optimal control of partial differential equations: Theory, methods and applica-
tions, volume 112. AMS Bookstore, 2010.

P. A. Vela and J. W. Burdick. A general averaging theory via series expansions. In Proceedings
of the American Control Conference, volume 2, pages 1530-1535, 2003.

R. Vinter. Optimal Control. Birkhauser, Boston, MA, 2000.

R. B. Vinter and G. Pappas. A maximum principle for nonsmooth optimal-control problems
with state constraints. Journal of Mathematical Analysis and Applications, 89(1):212-232,
1982.

J. Warga. Relaxed variational problems. Journal of Mathematical Analysis and Applications,
4:111-128, 1962.

J. Warga. Optimal Control of Differential and Functional Equations. Academic Press, New
York, NY, 1972.

213



[93] L. C. Young. Generalized curves and the existence of an attained absolute minimum in the
calculus of variations. Comptes Rendus de la Société des Sciences et des Lettres de Varsovie,
classe 111, 30:212—234, 1937.

[94] L. C. Young. Lectures on the calculus of variations and optimal control theory. American Math-

ematical Society, Providence, RI, 1980.

214



	Mathematical Methods of Analysis for Control and Dynamic Optimization Problems on Manifolds
	Recommended Citation

	tmp.1409945834.pdf.tSkqr

