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CHAPTER1

INTRODUCTION

This dissertation describes the theoretical atomic physics research performed over the
past five years devoted to improving the atomic data needed by astrophysical plasma mod-
elers in their studies of the chemical composition and the evolution of the universe. In
fact, a majority of funding for this work was received from NASA’s Astronomy Physics
Research and Analysis (APRA) and Solar and Heliospheric Physics (SHP) Supporting Re-
search and Technology (SR&T) programs. As such, the relevance to astrophysical studies
and the role of theoretical atomic physics are discussed before outlining the two main areas
of research for this dissertation: the fluorescence yields of K-shell vacancy states and the

K-shell photoabsorption spectra.

1.1 Overview

Since we are primarily concerned with the studies of photoionized plasmas - those in
which low-temperature (energy) electrons and ions are subject to X-ray absorption and
emission - there are two fundamental processes of interest for determining the physical en-
vironments of any photoionized astrophysical plasma. These are 1) the X-ray absorption
itself, which is predominantly a K-shell process, and 2) the X-ray emission probabilities
(fluorescence and Auger yields) from K-shell-vacancy states. All relevant K-shell pro-

cesses are depicted in Fig. 1.1.
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Figure 1.1  Relevant K-shell X-ray processes: a) Emission of an X-ray photon via radiative
decay to a K-shell vacancy state, b) Emission of an Auger electron via Auger decay to a K-shell va-

cancy state, ¢) Photoexcitation of a K-shell electron via X-ray photoabsorption, d) Photoionization
of a K-shell electron via X-ray photoabsorption.



The primary focus of this dissertation work is on the second process, specifically the
calculation of the various probabilities for radiative (see Fig. 1.1a) vs. Auger (see Fig. 1.1b)
decay of the K-shell vacancy ions; these are predominantly produced in X-ray photoionized
plasmas. The probabilities of these competing processes are crucial for determination of the
fundamental characteristics of an astrophysical plasma, notably the ionization balance and
the photoemission spectra. These data are of particular importance for the interpretation
of the spectra of photoionized plasmas such as those produced in active galactic nuclei
(AGN) and X-ray binaries, as well as for supernova remnants (SNR) under non-equilibrium
ionization conditions.

The secondary part of this dissertation, initiated less than two years ago, involves the
computation of the photoabsorption cross sections. These absorption features are ubiqui-
tous in K-shell (or X-ray) astrophysical spectra [1] and aid in interpreting the elemental

abundances in the Interstellar Medium (ISM).

1.2 K-Shell Fluorescence Yields

The K-shell fluorescence yield, from a given inner-shell-vacancy state, is a measure of
the relative probability of spontaneous radiative (photon emission) decay vs. autoionization
(electron emission):

A,
WK = m. (11)

Here A, is the total radiative rate and A, is the total radiationless Auger decay rate of
the K-shell vacancy state. Thus, the value of wk is obviously bounded between O and 1:

OSwKS]..



Since the hydrogenic Z-scaling [2] (see also Appendix B) of the decay rates A, =

A1 Z% and A, = Aq1Z0 is smooth, the resulting fluorescence yield can be written as

1
WK = (1 + ﬁ) y (1.2)

where we have defined a = A,1/A4. In general, this hydrogenic model exhibits mono-
tonically increasing behavior 0 < wx , 1 (see Fig. 1.2 for behavior using typical ra-

tios 1077 < a < 107%). Of course, the non-hydrogenic screening leads to additional

=
o

Hydrogenic Fluorescence Yield o,
(=]
(4]

o
o

0 5 10

15
Nuclear Charge Z

Figure 1.2 Hydrogenic behavior of the K-shell fluorescence yield as a function of nuclear charge
Z for three typical values of the ratio a.

Z-dependent effects, but the smooth behavior depicted in Fig. 1.2 and Eq. 1.2 is generally
found in most of our results (see Sec. 3.1).

The primary presently-recommended source of these data is the compilation of Kaastra
and Mewe published in 1993 [3]*. This comprehensive database considers the sequential
multiple electron and/or photon ejections for all stages of all 1s-vacancy ions in the periodic
table up through Zn -the heaviest cosmically-abundant element. Those data are based upon

single-particle central-field atomic calculations for singly-ionized atoms [4, 5, 6, 7, 8], and

*Our main aim is to update this database [3] with more reliable results.
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extrapolated for the remainder of each isoelectronic sequence. In that database, the electron
and photon emission yields were computed using radiative and autoionization rates that
were then configuration-averaged (see Sec. 3.1.2) over possible terms, and the fluorescence
yield was then reported as a ratio of the averaged radiative rate to the sum of the averaged
radiative and Auger rates. Those data are stiil used in various astrophysical modeling codes,
e.g., CLOUDY [9], XSTAR [10] and the SNR code of Borkowski [11].

In an earlier work initiated at Western Michigan University, that in fact precipated
the entire present line of study, the accuracy of that widely-used fluorescence and Auger
database [3] was investigated for Be- and F-like 1s-vacancy sequences [12], and it was
shown that the configuration-averaged method is incorrect for astrophysical and fusion-
research-related plasma modeling purposes. In subsequent studies, that database [3] is
shown to be inaccurate due to several deficiencies, as explained in Sec. 3.1.

We compute K-shell fluorescence yields for Li-, Be-, B-, C-, N-, O-like, and F-like 1s-
vacancy isoelectronic sequences up through Zn with nuclear charge Z = 30 (see Sec. 3.1).
For these cases, only single electron or photon emission processes need to be considered
due to the L-shell simplification that there are no other inner-shells that can also make a
transition to the K-shell. We first perform multi-configuration Breit-Pauli (MCBP) cal-
culations using the atomic structure and collision package AUTOSTRUCTURE {13] and
demonstrate the significance of properly including such physical effects as correct configu-
ration averaging and semi-relativistic (i.e., spin-orbit (S.0.)) effects. Thus, we demonstrate
that the extant database [3] in current use by CLOUDY [9] and XSTAR [10] is largely
inaccurate and/or inapplicable for astrophysical modeling purposes.

5



1.3 K-Shell Photoabsorption Cross Sections

The ISM - that which fills the space between stars and other cosmic objects - is com-
posed of mainly gas (99%) and also dust particles, and has a very low density, typically
about 10717 — 10! times that of the air we breathe. Astronomers use bright back-
ground X-ray sources to probe the physical conditions and elemental abundances of gas
clouds within the ISM of our galaxy. The inner-shell excitation and ionization features
of the elements in the ISM can be easily detected in the X-ray spectra. The advent of
new orbiting X-ray telescopes with high-spectral resolution has opened a new window to
study the ISM. For instance, photoabsorption features found in the cosmologically abun-
dant carbon through iron ions fall into the spectral range of data obtained from the Chan-

dra (http://chandra.harvard.edu/) and XMM-Newton (http://xmm.vilspa.esa.es/) X-ray tele-

scopes. Therefore, astrophysicists need reliable photoabsorption predictions to study the
high-resolution X-ray spectra transmitted through the ISM. Also, it is suspected that neu-
tral carbon within the detectors exhibits spectral features [1]. Therefore, the neutral carbon
photoabsorption spectrum is needed for the calibration of X-ray spectra from the Chan-
dra and XMM-Newton space telescopes (see, for example, the recently-observed Chandra
X-ray spectra in the energy region below the carbon K-edge in Fig. 1.3).

The observed flux density, /, which is related to the emission flux density I, as
I(\) = I,(\) exp [-o"*(E)N] , (1.3)

is shown in Fig. 1.3. Here ) is the wavelength that is related to photon energy as E = hc/\
(h is Planck’s constant and c is the speed of light), o¥* is the photoabsorption cross section,

6
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and N is the number of absorbers per unit area, known as the column density. In this figure,
each dip in the observed flux, I, corresponds to a resonance peak in the photoabsorption

cross, oA (see, for example, Fig. 3.7).
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Figure 1.3  Observed X-ray spectrum of the bright extra-galactic X-ray source Blazar Mkn 421
near the carbon K-edge obtained from the Chandra X-ray Observatory [1]. For these sources with
a hydrogen ISM column density of about Ny = 1.5 x 10%° cm ™2, the edge absorption features
are predominantly due to the instrument (in particular, a polyimide filter), but there is an expected
~ 10% contribution from the ISM. The observational data are shown as the black line, the blue
curve is a smoothed representation of the data, and the red curve is the latest model [1] using
various sources of data including semi-empirical approximations (http://chandra.harvard.edu/).

In an earlier work at WMU, K-shell photoabsorption cross sections of neon [14, 15] and
oxygen [16, 17] ions were computed. Those results were compared to high-resolution X-
ray spectroscopy of ISM gas clouds [14, 18] to determine their abundances of oxygen and
neon ions. We have calculated photoabsorption cross sections using an optical potential R-

7
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matrix method (see Sec. 2.4). This method was shown to be successful in describing both
experimental synchrotron measurements [15, 19, 20] and Chandra high-resolution spectro-
scopic observations [14, 16, 18]. The photoabsorption cross section of carbon, specifically
the 1s — mnp (see Fig. 1.1c) absorption features and np — ep (see Fig. 1.1d) above-
threshold photoionization edge, has not, to our knowledge, been previously studied either

theoretically or experimentally.



CHAPTERII

THEORETICAL METHODOLOGY

This part of the dissertation is devoted to explaining the theory behind the computa-
tional atomic physics codes that we have used in our calculations. First, as a background,
the description of many electron systems is discussed briefly.

For computation of K-shell fluorescence yields, we use the multi-configuration Breit-
Pauli (MCBP) perturbative method. Specifically, the atomic structure and collision code
AUTOSTRUCTURE [13], an extension of SUPERSTRUCTURE [21], is utilized. This
program calculates energy levels, autoionization rates, and radiative rates within a multi-
configuration Breit-Pauli (MCBP) framework. The bound, resonance, and continuum atomic
orbitals are generated internally within the AUTOSTRUCTURE code from a Slater-type of
Hartree model potential (see Sec. 2.2.3). This approach has been further generalized to the
use of non-orthogonal orbital bases, therefore including important 1s relaxation effects that
occur due to K-shell photoexcitation and/or ionization. The MCBP perturbative method is
presented in Sec. 2.3.

For our computation of K-shell photoabsorption cross sections, on the other hand, we
have found it more efficient and accurate to rely on the close-coupling R-matrix method [22,
23, 24] as implemented for many-channel atomic physics [25, 26]. Specifically, we use
the R-MAX suit of codes [27] that has been further developed to eliminate unphysical
pseudoresonances, which otherwise would appear when including important orbital relax-

ation effects via addition of pseudoorbitals [28], and spectator Auger decay broadening,



via an optical potential, which otherwise would not account for near-K-edge features cor-
rectly [19]. The application of standard R-matrix theory to many-electron systems in a
non-relativistic LS-coupling scheme is presented in Sec. 2.4.

In the photoabsorption cross section calculations, the radial orbitals are generated by
using Hartree-Fock (HF) and multi-configuration Hartree-Fock (MCHF) variational meth-
ods [29, 30, 31, 32], as discussed in Secs. 2.2.2 and 2.2.3.

We use atomic units (h = m = e = k., = 1, see Appendix A) except where specified in

our mathematical derivations and equations.

2.1 Many-Body Atomic Description

2.1.1 Non-Relativistic Hamiltonian, Wave Function, and Schriodinger Equation

In the absence of external fields and relativistic effects, the Hamiltonian of an N-

electron atomic system in SI units is given by

N
h_, Ze?
"=y (—%vi - ker—i> +

N
e2
ke—.
L Tij

Here the first term is the sum of kinetic energies of each electron, the second term is the
Coulomb electron-nucleus interaction, and the third term is the electrostatic interaction
between all two-electron pairs, where the restriction ¢ < j on the summation is imposed to
avoid double counting of electron pairs.
In atomic units, these terms becomes less clear, but mathematically free of physical
constants, and reads as
1 Z\ 1
H=;(—§v3—r—i>+;a. 2.1)

10



The time-independent Schrodinger equation for an N-particle system, subject to this Hamil-

tonian, is

HQP(QlaQ% e an) = E¢(Q1aQ2; oo 7qN) ) (22)

where ¢; = {7}, x;} denotes the spatial and spin degrees of freedom of each of the N elec-
trons. From a quantum mechanical point of view, because our Hamiltonian is symmetric
upon interchange of any two electrons, mathematical solutions with certain even or odd
parity are expected {33]. Furthermore, considering the Pauli exclusion principle, we de-
sire solutions that are antisymmetric with respect to interchange of any two electrons: a
corollary is that no two electrons can occupy the same quantum state.

As is known from one-electron hydrogenic systems, a one-electron wave function can

be described by quantum numbers n, [, m;, and m, (s = 1/2) as

¢nlsmlms (T7X) = Pnim,; (F)Xms = _lr(l}/l I(Q)Xms . (2.3)

Here P, (r) are the radial orbitals, ¥;™(€2) are normalized spherical harmonics, and X,
are the spin states (x+ = X.1/2, where the + stands for spin-up states and the — stands for
spin-down states). These quantum numbers are related to physical operators that commute
with the one-electron Hamiltonian. Here n is the principal quantum number that quantizes
the energy, [ and m, are the total and z-component orbital angular momenta, and s and
m correspond to the total and z-components of the spin. For the more complicated multi-
electron case, due to the electron-electron interaction term, analytic solutions do not exist

even for the simplest two-electron He case, and approximations must be made in order to

i1



find approximate physical solutions of the system. The approximation methods used in our
calculations are presented in Sec. 2.2.

We need to know the “good” quantum numbers describing our system from which we
will build our wave functions. It is well known that, neglecting relativistic (spin-orbit, etc.)
. . . g N d ~ N
interactions, the total orbital angular momentum L = ) /; and total spin S = Y ; of the

i=1 i=]1

system both commute with our Hamiltonian:

-

[L,H] =[S, H] =[L,5] =0. (2.4)

The commutation relations between the components of orbital angular and spin momenta

are given as
[Li, Lj] = iEijkLk and [SZ, SJ] = iEiijk s (25)

where ;55 is the Levi-Civita symbol [34]. Thus our wave function can be expanded in terms
of eigenstates of H, L2, L,, S%,and S, simultaneously. At this point, even though the non-
relativistic Hamiltonian is independent of spin, we still need to consider the spin of each
electron in order to fulfill the requirements for identical fermion systems (for s; = 1/2, or
half-integer, the Pauli Exclusion Principle). Such quantum states can be written in Dirac
bra-ket notation as |« LSM M) with eigenvalues of L?, S%, L,, and S, that are L(L + 1),
S(S+1), My, and Mg, respectively. Here o is an index representing additional information
required to specify the state unambiguously, such as the radial part of the wave function,
the parity, the (dominant) electronic configuration, etc.

The total wave function |oLS M Mg) can be obtained by coupling the orbital and spin
angular momenta of each electron. This gives a linear combination of products of un-

12



coupled states with coupling coefficients that are obtained from angular momentum alge-
bra [2, 35, 36, 37]. This coupling method is known as LS, or Russell-Saunders, coupling,
and is usually sufficient for describing most properties of lighter atoms, where the Coulom-
bic interaction is far greater than any relativistic effect, predominantly the spin-orbit inter-
action. However, as we will see, spin-orbit effects can nevertheless be prominent in many
cases. The spectroscopic notation for this LS-quantum state is 25t L, where 25 + 1 is the
spin multiplicity and L is the total orbital angular momentum of the system. A Slater de-
terminant form can now be used to construct an antisymmetric wave function for the state
| LM, SMg) with appropriate coupling coefficients that ensure orthogonality.

Electron states with quantum numbers n; and /; are referred to as sub-shells. The num-
ber of possible states for a particular nl shell is 2(2] + 1); note that m, = +1/2 and
—I < my < 1. A set of ngl; is known as an electron configuration of an N-electron system

and is written as an expansion

(nlll)wl (nglz)“”...(nmlm)w’" , (2.6)

where w; denotes the total number of electrons occupying the sub-shell n;/;, giving a total

number of electrons

Electrons occupying the same shell are said to be equivalent electrons. The orbital angular

momentum quantum number of a shell usually uses the following letter code:

13



Valueof/: 0 1 2 3 4 5 6 7 8 9

Designation: s p d f g h ¢ j I m

Another important quantum number for an electron configuration is the parity m, which
is defined as m = (—1)¥1xi(—1)w2xlz_ (—1)¥wm>xIm_ States with parity of m = +1 are said
to be even and those with m = —1 are said to be odd.

Up to now, the determination of the total wave function for an N-electron system is de-
scribed within a non-relativistic approximation. At this point, let us look at the expectation
value of the energy for the system. Our atomic Hamiltonian can be partitioned into one-

and two-body operators via

H= _Zf(i) + .Z 9(i,3) ,

where the one-body and two-body operators are given by

-v? Z 1
t 2 and g6 ) = ——
> o 9(i,5) o

f@) =

respectively.
By invoking Slater determinant properties [2, 37, 38], we obtain the expectation value

of the Hamiltonian in terms of one- and two-body operator matrix elements:
N N

(H) = D (pa(DIFWlea (D) + D (pa(Deg, g1, 2)lpa (Deg, (2))

i=1 i<j=1

—Omayma, (P (1), (2)|9(1, 2)[0g; (e (2] (2.7)
Here the first term represents the kinetic energy of the electrons and the electrostatic inter-
action of the electrons with the nucleus. The second term is called the Coulomb interaction
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between all pairs of electrons. The third term is known as the exchange interaction origi-
nating from the indistinguishability of any two electrons, and exists only between electrons
with the same spin, m,, = M.

The operators f (i) and g(i, j) carry both radial and angular dependence. The operator

9(i, j) can be expanded using the addition theorem of spherical harmonics [34],

k

Ly 4 3y riY*(Q)Y (22) 2.8)
IF— 7| = 2%k+1 £ 5t ki ASEL) Thm 352 |

m=—

where the smaller of r; and r, is . and the larger one is r~. By using this expansion
in Eq. 2.7, and considering the angular and spin algebra, the energy of the system can be
shown to be composed of one- and two-electron radial integrals along with the appropri-
ate angular coefficients. But the radial orbitals are yet to be determined. Approximation

methods for determining the bound radial orbitals are described in Sec. 2.2.3.

2.1.2 Relativistic Corrections

In the previous section, the treatment of atomic systems in a non-relativistic framework
was discussed. Although a non-relativistic approximation is good for light atoms, relativis-
tic effects should be considered for heavier atomic systems to get a fuller description of
the system. The importance of relativistic effects increases quickly for heavy atoms as Z 4
for the predominant spin-orbit effects (see Appendix B). To treat relativistic effects prop-
erly, a fully-relativistic Dirac equation should be solved. This is a very time consuming
and difficult task due to the increased dimensionality caused by the presence of four com-
ponents [39]. For our calculations of astrophysical interest, it is sufficient to consider the
first-order corrections via perturbing the non-relativistic Hamiltonian [21]. We have com-
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pared our MCBP perturbative method results and other available fully relativistic MCDF
results for fluorescence yield calculations [40, 41, 42] (see also Sec. 3.1). We have found
good agreement between the two calculations, showing that inclusion of relativistic correc-
tions perturbatively is sufficient for light atomic systems, Z < 30.

These additional relativistic effects can be derived by expanding the relativistic many-
electron equation in powers of av to order of a?, where @ = 1/c &~ 1/137.036 is known
as the fine-structure constant and v is the speed of the electron. The resulting Hamiltonian,

including corrections to order of o2, is known as the Breit-Pauli Hamiltonian [21, 30, 38]
Hpp = Hnr + HRe - 2.9

The relativistic correction operator can be divided into two parts: a relativistic shift
operator and a fine-structure operator, Hg.; = Hrs + Hrs.

The relativistic shift operator includes five terms as follows:
Hrs = Hue + Hp1 + Hp2 + Hoo + Hssc-
Here H xqc is the mass correction term
o &
Hue = -+ > (VHIVE,
i=1

‘Hp1 and Hp. are the one- and two-body Darwin terms



Hssc is the spin-spin contact term

8m
Hsse = “—a Z (51.5;)8(r.15)

1<j=1

and Hpo is the orbit-orbit term

N - = s o o\ o
o? [Pi-Pj N Tij(Tij-pi)pj:l
. .

i<j=1

Hoo = ——=-
Tij Tij

The fine-structure operator consists of three terms

Hrs = Hso + Hsoo + Hss -

The first term is the spin-orbit interaction

Q

27301 -
H50=—2_‘Z_3‘i-5ia

=1 |

the second term is known as the spin-other-orbit interaction

2 N
Hsoo = —7 Z

the third terms is known as the spin-spin interaction

‘?1

sz

(31+2‘§})a

5,.7) (5.7
o= 3 L[S
<= 1 K

In the relativistic Hamiltonian H g.;, the one-body operators scale as Z4a? while the two-
body operators scale as Z3o?.

The relativistic shift Hamiltonian commutes with total orbital angular momentum L
and spin angular momentum S , just like the non-relativistic Hamiltonian, whereas the fine-
structure operator H g does not. However, it does commute with the total angular momen-

tum of the system, J = L + 5 ([Hrs, j] = 0). Consequently, considering fine-structure
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effects in the Hamiltonian L, S, M}, and M are no longer good quantum numbers. To
include Hpg in our Hamiltonian, we need to recouple from |LS M Ms) states to |J M)

states. This can be achieved by addition of total angular L and spin S momenta as follows:

|JM)) = > (LSMLMg|JMy)|LSMLMs), (2.10)
M;=Mp+Ms

where (LSM Mg|JM;) are known as Clebsch-Gordan coefficients. This coupling method

is called intermediate coupling (IC) [2, 37].

2.1.3 Relevant Atomic Transitions: Auger and Radiative Rates

Transitions between quantum states may take place due to a perturbing potential H'. In
quantum mechanics, the transition rate, I';_, ¢, for a particular transition from an initial state
|4) to a final state | f) can be determined using Fermi’s golden rule [33, 37, 43] that can be

derived from first-order time-dependent perturbation theory as

iy = 27| (fIH'[3)?p(f) - (2.11)

Here p(f) is the density of final states (the number of states per unit energy, which is usually
taken to be one by normalizing the continuum wave functions appropriately™®) and ( f|H’'|¢)

is the transition matrix element.
Radiative Rates
We are interested in the radiative transitions that occur between two atomic states, lead-

ing to the emission of a photon accompanied by an atomic transition from a higher-energy

state to a lower-energy state, or conversely, absorption of a photon accompanied by an

*Note that it can be shown [44] that p(f) =1 & [ Py(r)Pep(r)dr = 8 d(e — €').
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atomic transition from a lower state to a higher state. This follows from the well-known
principle of detailed balance. In the electric dipole approximation, the radiative rate, A7,
from an initial state |2) to a final state |f), due to a weak field (assuming that the square of
the vector potential is negligible, A2 ~ 0), is given by Fermi’s golden rule with quantiza-

tion of electromagnetic field considerations [33, 43, 44]:

3
4o 2

A7 = = [(fID)] (2.12)

Here w is energy of the photon, defined as the difference between the initial and the final
state energies, w = wy — w;, and D = Zfi L Ti is the electric dipole operator. (Note that,
in SI units, Zfil er; is readily identified as the electric dipole moment). In this transition,
since 7 is a tensor of rank one, the initial and final L must satisfy the triangular inequality
|L; — Lf| < 1 (neglecting S.O. interactions), and since the electron-photon operator is

independent of spin and has odd parity, we have the following dipole selection rules [2]:

.
Ar = %1
AS=0 AMs =0
LS-coupling: <
AL =0,%1 AMyp =0,%1
AL=1ifL;=0 ,
\

Similarly, for IC-coupling,

p
Ar = +1
IC-coupling: { AJ = 0,+1 AM;=0,%£1
AJ=1if J;=0
\
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In a non-relativistic (LS) approximation, and by using appropriate commutation rela-

tions, the dipole matrix element, D;; = (f|7]¢), can be expressed in various forms as
(

(fISN 7li) Length Form

Dif=3 —1(fI N Vii) Velocity Form

\ (] SV ViV]i) Acceleration Form .

The dipole matrix element can be calculated by using any of these forms. We typically
compute only length and velocity forms of the dipole operator, allowing for comparison
in output radiative data, and usually report results determined from the length form of the
dipole operator. Comparison between different forms is an important consistency check
for the quality and completeness of the wave function. The closer they are, in general,
the better the wave functions are (it is a necessary, but not sufficient, condition) [2, 43].
Here we have only presented the different forms of the dipole operator in an LS-coupling
scheme. In an IC-coupling scheme, the dipole operator can also be expressed in length,

velocity, and acceleration forms.

Auger Rates

An alternative process involving the transition between atomic states from an inner-
shell-vacancy state is the so-called Auger decay. In this process, an outer electron may
fill the inner-shell vacancy, instead of emitting a photon, and the additional energy can be
transferred to another electron that departs the atom. The Auger rate from an initial atomic
state |7) to a final | f) is also given by Fermi’s golden rule [2, 33, 38] as

Vzml)

m#n

2

A= =or (2.13)

|m — Tl
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Note that, since |7}, — 7| ! is a scalar, then, in either LS- or IC-coupling schemes, both
i) and |7) atomic states must have the same symmetry. If E, is the energy of the outer
electron, £, is the inner-shell vacancy energy, and Ej is the energy of the initial, then the
vacated Auger electron is ejected with kinetic energy k?/2 = E, — E, — E,.

We treat the computation of radiative rates (in both length and velocity forms) and
Auger rates, in both LS- and IC-coupling schemes, as follows. Following the determination
of orbitals given in Sec 2.2.3, we then perform a configuration-interaction (CI) expansion
for the wave functions (see Sec. 2.2.4). Since our relevant observables, for LS-terms and
IC-levels, are unaligned states, we average over initial M, and Mg, or M ;, magnetic levels,
and sum over final M} and Mg, or M;, magnetic levels to get our term/level dependent,

statistically-averaged rates.

2.2 Approximate Many-Body Wave Functions
2.2.1 Exchange, Antisymmetry, and Slater Determinants

Complications due to the non-local electron-electron interaction term in the Schrodinger
equation for an N-electron Hamiltonian in Eq. 2.1 can be overcome by using a model cen-
tral potential. In this Central Field Approximation, it is assumed that the electron moves in
an averaged, spherically-symmetric potential due to the nucleus and all other (N — 1) elec-
trons, simplifying the eigenvalue problem into N separable equations [2, 37, 38]. We then
seek one-electron wave function solutions as given in Eq.2.3, yielding a radial equation for

each orbital as

dr? r2

2 (1.
( @ _WEED oy zE,.) Poy,(r) =0, (2.14)
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A multi-electron wave function is then constructed as a product of single-electron wave
functions with individual quantum numbers X; = {n;, l;, m;,, ms, }. However, antisymme-
try is not, in general, satisfied by a single product wave function. Instead, Slater determi-
nants [2, 37, 38] are used to construct antisymmetric multi-electron wave functions that

satisfy the Pauli Exclusion principle,

¢/\1 (ql) ¢/\1 (q2) Tt ¢/\1 (QN)

1 [Pan(q) Oa(@) 0 ox(an)

V(1 g2, ,qN) = ——\/-ﬁ (2.15)

Oan (@) Oan(@) -+ PAn(an)
where ¢, (g;) is the one-electron wave function of the electron occupying quantum state
X = {ni,l;,my,,ms,} (see Eq. 2.3) with j** space and spin coordinates 7; and X, re-
spectively. Since determinants are antisymmetric with respect to interchange of any two
columns or rows, we are guaranteed a completely antisymmetric wave function. This de-

terminant also can be written in a shorthand notation with permutation operator, P, as

(g1, G2, ,qN) = —\/% > (1) P, (1)$r,(a2) - - an(aw), (2.16)
P

where the summation is over all permutations.

2.2.2 Variational Method

Given a trial wave function ¢y which, in general, must be a linear combination of Slater
determinants to ensure that it is also an eigenfunction of our N-electron Hamiltonian, we

now proceed to seek solutions to our wave function. The optimization of our individual
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orbitals ¢,,(g;) are obtained by using the variational principle for the best” orbitals, as

follows. Consider the energy of the system to be

(YIH[Y)
Wly)

E(W) = (2.17)

We seck solutions 1 such that the energy is stable under any infinitesimal variations 4,

that is

0FE

#I_I}O W =0. (2.18)

Given that

SE = E( + &) — Ey) = (Y + dYHIOY +4)  W[H[Y)

(¢ + 6|6y + ) (Yl)

WIHIOY) _ (GuHIY) OB,  (2.19)

(¥l) (¥l)

where we have imposed the variational condition (61)|1) = 0, we must have that

(O%|H — Elp) = 0. (2.20)

Here we have introduced a Langrange multiplier to ensure orthogonality of our trial wave
function to infinitesimal variations, and this Langrange multiplier is easily identified as
the total energy of the system. This is the most general variational principle that we use
in treating both bound (£<0) and continuum (E > 0) states. A similar derivation for

continuum states can be performed, resulting in the same equation [25, 45].
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2.2.3 Hartree-Fock and Hartree-Slater Methods for Bound States
Hartree-Fock Method

Our aim is to find the radial orbitals P, (r) in Eq. 2.3 satisfying the orthonormality
conditions; orbitals with different principal quantum number and the same orbital angu-
lar quantum numbers must be orthonormal, [;° P(r)Pyi(r)dr = 6ny. For simplic-
ity, we deal with the spatial part of the wave functions, ¢;(7) in Eq. 2.3, rather than

the radial orbitals, P,,(r). Then the orthonormality condition is given as (p;|p;) =
[ @i()ei(P)dPr = &y;.

We want the total energy of the system to be stable under variations of the single-
electron orbitals, with the orthonormality conditions stated above. This can be achieved
by using the variational method with Lagrange multipliers, as discussed in Section 2.2.2.
As can be shown [30], our variational Eq. 2.20 takes a more general form considering

Langrange multipliers A;; to impose orthogonality conditions,

S((H) = D AislpiDI@i (D) + Gmyyma, Mg (0 (D5 (1)) = 0,

i<j=1
where a variation with respect to the orbital |;) is considered. This can be rewritten as

N

> {EaIf WD) + (esIf Wwa(1))} +

i=1

> {0ei0)ei(2)lg(1 2)lpi(1)p5(2)) + {pil1)ws(2)lg (1, 2)|6pi(1)5(2))} ~

i<j=1

> {(80i(1)9;(2)19(1, 2)lp3(1s(2)) + (2 (1)p(2)19 (L, 2|05 (1)00:(2))} =

i<j=1

ZAu{@%(l)l%(l)) + (VISR ()} + D Fmpyma, Mg (80Dl (1))

i<j=1
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that can be further split into two terms that are complex conjugate of each other, giving

N
FOleD) + > {es(2)19(1,2)le;(2))lei(1)

j#i=1

= Omyema, (0i(2)]9(L,2)|05(2)) e (1) }

N
= Aalpi(1) + D bmpyma, Nislios(1) - 2.21)

j#i=1

If A;; represents elements of the matrix A, and since Aj; = A;;, then A is Hermitian.
Thus, there exists a unitary transformation that diagonalizes the matrix of Lagrange multi-
pliers, UAU ! = ¢, where ¢ is a diagonal matrix with eigenvalues ;. Our wave function
transforms as ¥ = U1). This transformation of spin-orbitals doesn’t alter the Slater de-
terminantal wave function due to unitarity. Therefore, this equation is invariant under the
above unitary diagonalizing transformation, and this operation will eliminate non-diagonal

A;; terms. In this new representation, Eq. 2.21 now reads as

N
FOleD) + > {2191, 2)le;()pi(1)

ji=1
= Omym,, (0i(2)]9(1,2) ;2N (I} = &ilps(1)).  (2.22)

These are the well-known Hartree-Fock equations [30, 31, 32, 46, 47, 48]. A further sim-
plification arises if we define the following operators
IMei(1)) = (p(DIf(D)]ei(1)) the one-electron operator,
J1L,2ei1) = (p@lg(1,2lp;@)lei(1))  the direct/Coulomb operator,

K;(1,2)[ei(1)) = (pi(2)lg(1,2)l9i(2))|e;(1)) the exchange operator.
Here, I(1) represents the kinetic energy and electron-nucleus interaction operator, J;(1, 2)

can be interpreted as the electrostatic potential of the electron 7 due to electron j, and
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K;(1,2) has no classical interpretation and owes it’s existence to the required antisym-
metry of the wave function (or, equivalently, the indistinguishability of the electrons). In
terms of these operators, the Fock operator is defined as F(1) = I(1) + >_, ., {J;(1,2) -
Omy,ma; K (1,2)}, and Eq 2.22 becomes an eigenvalue equation for all one electron energies

€iy
F(D)lei(1)) = &ilwi(1)),

with eigenvectors ¢;(1). Since the Hartree-Fock method is based on a variational principle,
it only provides an upper limit to the energy of the state. And since the HF equations
are coupled, non-linear integro-differential equations, they can only be solved numerically
by using iterative methods. This requires an initial “seed” of basis orbitals, and these are
chosen to be hydrogenic. In the iterative procedure, I(1), J;(1,2), K;(1,2), and F(1) are
first calculated, and with these calculated values, Eq. 2.23 is solved for new ¢; and new
;. The new spin-orbitals are now used as the initial orbitals in a new iteration and a new
energy is computed, continuing until desired convergence is obtained. This general method
of solution is known as the Hartree-Fock self-consistent field (HF-SCF) method [30]: each
electron is an eigensolution of a potential due to the nucleus and the charge distribution of

all other (N-1) electrons.

Hartree-Slater Method

Followings Zener’s pioneering work on the analytic wave functions with variational
parameters [49], Slater developed an empirical approximation for the screening of electrons
in an atom that can then be used to determine the radial orbitals [50]. The spin orbital of an
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electron in a shell 4 = {n;/;} can be written as
Py(r) = cpleri/?, (2.23)

where ¢ is a normalization factor and p; = 2z;7/n;. The effective charge seen by the

electron in the i-shell is given by

2= — i 1) = w;. (2.24)

i<t

Here, Z is the nuclear charge, w; is the number of electrons occupying the j* shell, and
thus the second term represents the approximate screening of all other w; — 1 equivalent
electrons, each of which screens on average by a charge of 1/2. The third term with the
j < 1 restriction represents the full approximate screening from all more tightly bound
electrons. Note that we assume the average energies and radii are ordered numerically
(E; < Eiyq and (r;) < {riy1)).

Using these orbitals, the effective spherical potential for an electron due to the nucleus
and all other electrons can be determined as follows [21, 51, 52, 53]. The screening at
any radius r due to an electron j can be calculated by using the charge density of the
electron, [ |p;(7)|*dQ = P?(r). The total screening due to all other electrons then can be

written as

Jo PA(r")dr' +r [0 11"1.2(7")d7"
Si(r) = Z NG , (2.25)

J#i=1

where the two terms are attributed to inner (v’ < r) and outer (' > r) screenings, respec-

tively. The relation between effective nuclear charge and the potential for one electron can
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be written as

VZ(T) _ _ZiEff(T) — __(Z - Si(r))' (2.26)

T T

The screening factors are now determined for each shell by evaluating the integrals* in
Eq. 2.25 by using the orbitals from Eq 2.23 with the screening parameters from Eq. 2.24.
The effective potential, including the influence of the nuclear charge and the other electrons

for electron i, is determined as

. 2n;—1

Vi(r) = _% {z = 3w = 6y) [1 _ ‘;n” > (2an; m)p;_n] } |

J m=0

alocal potential that is used to determine the radial orbitals within the central-field approx-
imation.

To gain greater flexibility and control over the determination of the radial orbitals, scal-
ing parameters [51] can be defined for the STO-Hartree-Slater potentials, V;(¢) = Vi(r, o).

These parameters are defined as

and can be used as additional variational parameters in the energy-optimization procedure.
In our calculations, we have opted not to use scaling parameters, but instead we use o;; = 1.

In order to determine the bound orbitals, P;(r), this STO-Hartree model potential may
be replaced with the electron-nucleus and electron-electron Coulomb potentials in Eq. 2.1

as demonstrated in Sec. 2.2.1 within a central-field approximation. The radial equation for

e (x)
*[Fu(a)e ™ de = —— 31" Eﬂ?;fﬂ, where F,,(z) is a polynomial function of x of degree m
and F'*) () is the k*" derivative of F},(z) with respect to .
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any given ¢ = nl shell orbital described by Py (r) is

+2Eu| Pu(r) =0. (2.27)

@ Il+1) N 275 (7)
dr? r2 r
Let us now look for the solutions of this equation near the origin (r — 0) and at asymptotic

(r — o0) values. The solution of the equation at large r values is

lim Py(r) = zrvm~te==/vm

r—00

where E,; = —fr and z = Z/ (0c0) = Z — (N — 1), where N — 1 is the number of other

nl

electrons. The solution in the neighborhood of the origin is

_Zdo)r

- _P I+1
ll_I% Pu(r) = Pu(O)r {1 11

+ 0(7«2)} :

with normalization condition

/Ooo Pou(r)Pu(r)dr=1.

The orbitals Py (r) can be determined by matching asymptotic (r — co) and inner-region
(r — 0) solutions at intermediate r, yielding an eigenvalue equation for the allowed bound
states E,; < 0, thereby quantizing energies according to nodal behavior (n — ! + 1) and
angular behavior encompassed in the Y™ (€2) term and the I({ + 1) /72 centrifugal term for
P,i(r). This iteration procedure is terminated when desired convergence is obtained for
E,.
2.24 Configuration Interaction

Up to this point, we have considered only what is know as a single-configuration (SC)

approximation: the wave function is a single Slater determinant for simpler cases but a
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linear combination of Slater determinants involving permutations within one set of config-

uration orbitals. For instance, the exicted state 152s(*S) in He is described as

oC ) 1 1 | 1sx+(1) Susx+(1) 1 | 1sx-(1) Jusx-(1)
P2sx—(2) Pasx—(2) P2sX+(2)  d2sx+(2)
Note that these all include the single configuration permutations of spatial 1s and 2s space
and x4 — spin assignments within the configuration.
However, there also exist the important configuration interaction (CI). For instance, the

ground state of Be-like ions is described as 15?252 in a SC description whereas the most

important CI involves the 2s® — 2p? intra-shell correlation, giving a CI wave function
P (15225%(19)) = ¢; ¥5C(152252(19)) + ¢ ¥5C(15%2p%)(19)) ,

where we find that the mixing ratio |c;/c;|? &~ 0.08 in our calculations along the isoelec-
tronic sequence 4 < Z < 30.
In general, CI wave functions can be taken as a mixture of states from different config-

urations with the same final symmetry as

K
U= ey, where cy= (]Ty). (2.28)

j=1
Here, c;; are the mixing coefficients and 1); are the eigenfunctions of the Hamiltonian, H.
Hence, they are orthonormal: {(1;|v;) = 6;;.

One can include these (sometimes very important, see Sec. 3.1) additional configura-

tions in one of two ways. In the multi-configuration Hartree-Fock (MCHF) approach, the
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expansion coefficients ¢;, in addition to the orbitals ¢,(7), are optimized simultaneously.
As a second approximation, the orbitals are determined from HF or HS methods, and then
further variations are only considered for the mixing coefficients, as follows. The variation
with respect to mixing coefficients c;;, to minimize the energies E;, yield the following

eigenvalue equations

K
Z(H“ — 6ijEi)Cij =0 3 (229)
j=1

where H;; = (¢;|H|v;). The energies E; can be determined from the determinantal equa-

tion
|H1-j — E;é;;| = 0.

These energies E; are then used in Eq. 2.29 to solve for the mixing coefficients c;;. In our

calculations, the CI expansion is considered for both LS- and IC-coupling wave functions.

2.2.5 Distorted Wave Approximation for Continuum Orbitals

In the so-called distorted wave approximation, the continuum (scattered) electron is as-
sumed to move in a spherically symmetric potential due to the (N — 1)-electron target elec-
trons and the nucleus (“distortion” refers to the short-range, non-Coulombic inter-electron
interaction). In our MCBP calculations, this potential is chosen to be a STO-Hartree po-
tential as given in Eq. 2.27. The radial equation for a continuum electron with angular

momentum /; and wavenumber k; can be written as

d? lz(lz + 1) 2
[3—7_—2- B R 2Vi(r) + ki | Fra (1) =0. (2.30)
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where the index i is used to define the electron configuration of the target state, V;(r) is the
local potential due to the nucleus and all (/V — 1) target electrons, k; is the wavenumber,
defined as k2 = 2E > 0, and F is the energy of the continuum electron. The asymptotic

solutions of these equations are
lim Feyi,(r) = Frt, (0)r's+!
lim F,,(r) = ki_l/z sin {k,—r + £ In(2k;r) — %ﬂ +argD(l; +1— ;c—z) + 5}
r—00 i :

where 2 is the ionic charge defined as z = Z— (/N —1) and the § is the distorted-wave phase-
shift. Note that, for a purely Coulombic potential, V;(r) = (Z — N + 1)/r, the distorted
wave phaseshift is zero, § = 0. As we have described in Sec. 2.2.3 for bound states, these

continuum distorted wave solutions are determined by using a similar integration method

and imposing the orthogonality conditions {Fj,;, |Pp,) = 0.

2.3 Multi-Configuration Breit-Pauli Method

In our multi-configuration Breit-Pauli method, the N-electron Hamiltonian includes
both non-relativistic and additional relativistic terms as given in Eq. 2.9. The final wave
functions are described in an IC-coupling scheme (see Eq. 2.10) and taken in the form of a

multi-configuration expansion to include electron correlation effects

Nc
(I My) = cip(r; I My) . (2.31)

j=1

Here, the SC states (v;JM;) are determined from a HS method in a non-orthogonal

basis*, N, is the number of states included in the expansion, and ¢;; are the mixing co-

*A separate non-orthogonal set of orbitals is used for each configuration, thereby accounting for orbital
relaxation effects.
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efficients. The energies and mixing coefficients are obtained from the minimization of
the energy with respect to the mixing coefficients (see Sec. 2.2.4 for CI), yielding the CI
form of the variational equation as given in Eq. 2.29. If we define c as a N, x N, matrix
whose elements are the mixing coefficients c;; and H as a N x N, matrix whose elements
are the Hamiltonian matrix elements, H;; = (¢ (v;J M;)|Hgp|1¥(v;JMj)), the variational

equation reads as
(H-EIc=0, (2.32)

where I is the N, x N, unit matrix. The eigenvalues E; are determined from the determi-
nantal equation, |H — EI| = 0, giving eigenvectors in the columns of the matrix c.

In our calculations, the code AUTOSTRUCTURE calculates the energies of these CI-
levels (terms in an LS-coupling scheme) and the corresponding mixing coefficients. Then,
level to level dipole transition rates, using both length and velocity forms of the dipole
operator (see Sec. 2.1.3), and Auger transition rates are computed.

Another challenge of our calculations is in the use of non-orthogonal sets of orbitals,
one set for each configuration. Thus, relaxation effects due to different screening in the ini-
tial and final states are taken into account. In this method, the only approximation involved
is that overlap integrals are assumed to be unity or zero, [;° P (r) Pl (r)dr = 6, where

i defines the configuration for which the orbital is optimized.

2.4 R-Matrix Method

The R-matrix method was first introduced to study the resonance reactions in nuclear
physics [22, 23] and subsequently developed and widely used in nuclear physics [24]. Later
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application to atomic physics was pioneered by Burke and coworkers [25, 26, 27, 54, 55,
56].

In this method, configuration space is divided into two regions by a sphere of radius
r = a, where r, for electron-ion interactions, refers to the position of the scattering electron
relative to the nucleus. The R-matrix boundary, r = a, is chosen such that all electron
orbitals in the target vanish at the boundary, 7 = a. In the internal region r < a, the
interaction between the scattering electron and the target electrons is the strongest and
the most complicated. In the external region r > a, on the other hand, the interaction
between the scattering electron and all target electrons is given by a simple long-range
multiple potential of the target. The wave functions are solved in both regions, and inverse
logarithmic boundary conditions (continuity of inner and outer R-matrices) are used to
match the inner and outer solutions in order to determine the scattering or bound wave
functions.

The wave function (g, g2, - - ,gn+1) for the (N + 1)-electron system, including N-
electron target states coupled to the scattered electron, is a variational approximation to the

Schrédinger equation

HY (g1, 02,y an+1) = EV(q1, g2, ,qn+1) (2.33)

where HN+1 is the (N + 1)-electron Hamiltonian (V is replaced with N + 1 in Eq. 2.1).
Let us first look at the V-electron target and the (/N + 1)-electron scattering solutions

in the inner region. The wave functions for N-electron targets state are considered in the
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form of a CI expansion in terms of a chosen basis of configurations as

Oi(qu @2+ an) = Y b $i(q1, g2+ N) - (2.34)
J

Here, ¢; are the SC electron wave functions of Slater determinant form as discussed in
Sec.2.2.1. The mixing coefficients b;; can be determined from the following eigenvalue

equation along with the energies
(@:[HV]@;) = 6, (2.35)

where HY is the N-electron Hamiltonian given in Eq. 2.1 (here we use H” to distinguish
from the (V + 1)-electron Hamiltonian, HV*1).

For the solutions ¥, we need to solve Eq. 2.33 in this region. However, due to the
surface terms that are involved due to the E‘% kinetic energy operator, the Hamiltonian
HN+1 is non-Hermitian for the interval 0 < r < a, that is, H¥*1 £ HN . To cancel

these surface terms, the Bloch operator [24, 57] is introduced as

N+1
1 d b-1

N+l_§ - L el

T P =) (d’”i g ) ’

where b is an arbitrary constant, and can be used in conjunction with H¥*! to yield a

Hermitian-operator eigenvalue equation
(HNHL 4 [N — E)U = [N, (2.36)

In order to solve this equation, we look for solutions that satisfy the following eigenvalue
equation,

(i KN+ + LNHW]‘) = E;0;; . (2.37)
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Since we must have an antisymmetric wave function with respect to interchange of
two electrons, we antisymmetrize, and include additional (N + 1)-electron “correlation”

configurations as

_ 1
=AY cin®ilq, a2, ,QN;QN+1);;—1U¢J'(TN+1) +) 051, a2 an)
+ .

ij j

where A is the antisymmetrization operator. The channel wave functions ®; are constructed
by coupling target wave functions ®; to a scattered electron orbital u;;(r). The ©; are
additional (N + 1)-electron wave functions constructed from the bound P, (r) basis, and
are included to compensate for the enforced orthogonality condition (Py|u;) = 0. The

continuum/valance basis orbitals ;;(r) for each angular momentum /; are typically taken

to satisfy the physically-motivated model-potential equation
a2 L+1
(ﬁ - (—7‘2._2 + ‘/O(T) + k7,2_7) uij(r) = ZAiannl(T) ) (2.38)

with the following boundary conditions,

’I.Lij (0) = 0,

(u,—ia)) (dugy))ha =b. (2.39)

Here A;,; are Langrange multipliers used to ensure the orhogonality between the contin-

uum and the bound orbitals, (P,;|u;) = 0, and b is an arbitrary constant. The expansion
coefficients c;;; and d; are determined from the eigenvalue equation (Eq. 2.37). We note
that this M x M equation constitutes 2M linearly-independent solutions, but given the

v = 0 boundary conditions, we only have M remaining.
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Following Wigner’s one channel case [22], computation of the R-matrix can be gener-
alized to M channels [24] as follows. Surface amplitudes are defined as the projection of
the basis functions on the target states, a ‘wy, = (®|tx)._,, where the prime is used to
indicate that the integrals are limited to bound orbitals in the target state. In terms of the

surface amplitudes, the R-matrix is analytically shown to take the simple form

R,L](E) Z wzlé’:)ﬁjkj (T) , (2.40)

where the sum is taken over each channel k. In the outer region, since the scattered electron

and the target electrons interact weakly, the outer solution can be written without antisym-

metrization in the form of a CI expansion as

\Ijout(qbq?:'” 7qN;qN+1) =Z‘I;i((I1aQ2,"' 7qN7qN+1) F(TN+1) (241)

We seek solutions by substituting ¥,,,; into the Schrédinger equation, yielding the follow-

ing radial equation for each channel i:

? L+ 2Z M
(E«'i _hhtD) -t k?) Fy(r) =2 ; Vi (r) Fyy(r) - (2.42)

r2
Here, k; is the channel energy and defined in terms of the target energies as k? = 2(E —

E}), and V;; is the potential matrix, determined from the electrostatic Coulomb potential

induced by the target states as

Vi(r) = ¢ @43

The external solutions F;;(r) are obtained by solving Eq. 2.42 subject to the following
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asymptotic solutions

kM2 [sin(6;) + cos(8;)K;] k2 >0 open channels
Fy(r) ~ ,
e %85 k? <0 closed channels ,

where K is defined as the reactance matrix, and 6; and ¢; are defined as
0 = kir — 5l + mE In2k;r + arg (L + 1 — i£)

¢i = |kilr — & In(2[kilr) -
Here z is the ionic charge defined as z = Z — N.
Since the R-matrix must match smoothly between the inner and outer regions solutions

at the boundary r = a, we have

R, (E,r =a)[aV] ,(E,a)] = Y,u(E,a) . (2.44)

out

This boundary condition gives us the solution for the reactance matrix K, from which the

scattering matrix is determined as

_1+iK

S= .
1-:K

(2.45)

Knowledge of S-matrix-normalization of the continuum states ¥ ; allows the photoabsorp-

tion cross section [58] to be computed from an initial state ¥; as

4w
3e

oA (E) = (T4 D) . (2.46)

For E < 0, on the other hand, we get an eigenvalue equation for the binding energy and

the wavefunction ¥; of the initial state.
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2.4.1 Smith Time-Delay Method

The method we use for determining the Auger width of a decaying resonance from our
R-matrix calculations relies on studying the analytical properties of the Smith time-delay
matrix [59]. In this method, the lifetime matrix Q is defined in terms of the scattering

matrix S in Eq. 2.45 as

ds
_— — > T_—
Q=—i8S ol (2.47)

The trace of this matrix has an analytic Lorentzian form

T
(E — Eg)?+ (l;-)2 ,

Te{Q(E)} = (2.48)

where I' is the width of the decaying resonance and E'g is the position of the resonance.
We have used the R-matrix method to study the scattering of electrons from an N-electron
target state to determine the decay widths of the corresponding (/N +1)-electron resonances.
By using the computed reactance matrix K in Eq. 2.45, the S matrix is determined, from
which the Q matrix is computed using Eq. 2.47. The Auger width I' is then determined
from the Lorentizan fit of Tr{Q} for a particular resonance near it’s position Er, as given
in Eq. 2.48. In this method, identification of the resonance and determination of I" can be
difficult when overlapping resonances occur. In such cases, multi-resonance fitting must be

considered.
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CHAPTER 111

RESULTS AND DISCUSSIONS

3.1 K-Shell Fluorescence Yields for Isoelectronic Sequences

We have calculated the fluorescence yields of the 2™¢ row-like ions up through Zn.
MCBP calculations are carried out using the atomic structure code AUTOSTRUCTURE {13].
The wave functions are described in a non-relativistic framework (see Sec. 2.1.1) and sub-
sequently recoupled to an IC-coupling scheme to include additional relativistic effects as
described in Sec. 2.3. The atomic states are taken in the form of non-orthogonal config-
uration expansions to treat important orbital relaxation and electron correlation effects as
described in Sec. 2.2.4. By using these multi-configuration wave functions, level to level
radiative and Auger rates are calculated (see Sec. 2.1.3 and Sec. 2.3). By using these level
to level transition data, we have found the total radiative and Auger rates for a particular
level of interest that influences the fluorescence yields as given in Eq. 1.1. Our results for
each of the Li-like, B-like, and C-like isoelectronic sequences are presented in a subsec-
tion for each (see Sec. 3.1.1, 3.1.2, and 3.1.3). The rest of the series is not treated in this

dissertation, but future plans for the entire series are discussed in Sec. 3.1.4.

3.1.1 Li-Like: Importance of Configuration Interaction

Following the initial survey of Be-like and F-like isoelectronic sequences {12], it be-
came apparent that the Li-like case might be an important sequence as well. This was the
first theoretical and computational problem addressed in this dissertation work. In the ab-
sence of electron correlation, the Li-like K-shell vacancy system is often described by a
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single-configuration (SC) description
U5 = 15252(%S12) . (3.1)

Such states are formed either by K-shell ionization of the four-electron 1s22s? Be-like

system or by inner shell 1s — 2s excitation of the three-electron 1s22s Li-like system.
Since the wave function contains no p-electrons, decay via an ordinary (electric dipole)

transition is not allowed. Thus, the K-shell fluorescence yield is zero at this level of ap-

proximation *
Wi =0. (3.2)

Indeed, the widely-used database [3] reports a value of zero for the fluorescence yield of
every Li-like (K-shell ionized Be-like) 152s% (25y5) state.

However, considering many-body interactions in the form of configuration interaction
(CI), a more accurate wavefunction is obtained by including the important intra-shell mix-

ing of 15252 and 1s2p’configurations,
UCl = ¢ 13232(251/2) + ¢ 132p2(251/2) . (3.3)

The crucial aspect of this deviation from the single-configuration wavefunction is that
the mixing coefficient c; is not small compared to unity. Using AUTOSTRUCTURE [13],
our calculations reveal that the mixing coefficient c, varies from 0.34 for Be™ to 0.32

for Zn®"*. It is of interest to note that the mixing is nearly constant over a broad range

*Note that a highly-forbidden magnetic dipole transition is in fact possible, but the probability is so
small that it is essentially ignorable in this situation.
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of ions along the isoelectronic sequence. The result of this significant mixing with the
1s2p? configuration is that now there can be a substantial probability for this state to decay
radiatively via 152p? — 1s5%2p radiation, i.e., %! # 0.

The results of our calculations for the K-shell fluorescence yield, wg, are shown in
Fig. 3.1 and tabulated in Table 3.1. Our results show that at the low-Z end, the fluores-
cence yield remains negligible, although not quite zero. With increasing nuclear charge Z,
wg is no longer negligible, rising to a value of almost 0.18 for Zn?"*. In addition, a sig-
nificant value of 0.118 is seen for the astrophysically important Fe23* ion. This is in good
agreement with the multi-configuration Breit-Pauli result of 0.116 [60] using the same code
AUTOSTRUCTURE and in fair agreement (= 10%) with the multi-configuration Dirac-
Fock (MCDF) result of 0.105 [61]. These results are in stark contrast to the currently-used
values [3], which are all zero.

We have also developed a two-parameter fitting formula to our theoretical results for
easy usage in astrophysical purposes [40] (see also Fig. 3.1 and Table 3.1). The physics
underlying the Z-dependence of wg, seen in Fig. 3.1, can be explained by considering
the modification of expected high-Z scaling of the radiative rate A, and the Auger rate
A, by significant spin-orbit mixing [2]. To begin with, the Auger rate, A,, is approx-
imately independent of Z whereas the radiative rate, A,, scales as ~ Z*, within the
framework of LS-coupling [2] (see also Appendix B for the derivation of the Z-scaling
of the relevant physical variables). With increasing Z, however, the spin-orbit interac-
tion becomes increasingly important, and perturbs the Z* dependence of A, with a small,
negative contribution which scales as ~ Z7. This suggests that the fluorescence yield,
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Figure 3.1 Calculated fluorescence yields (circles) and fit formula (dashed line) for K-shell
vacancy Li-like ions. Available data from other theoretical sources [16, 60, 61] are also shown,
indicating the generally-good agreement between our complete-series results and the selected ions
computed by other theorists.

wrg = A /(A + Ay) = (14 1/[A-/As])71, can be well approximated by the fitting for-

mula

i 1 _
wit ~ (14 — ) t (3.4)

Fitting the above functional form to our calculated w$/, we obtain a = 3.57 x 107 and
b = 3.2 x 107'2, The resulting w¥ is shown in Fig. 3.1 and tabulated in Table 3.1. The
agreement with w$! is seen to be quite good except at very low Z where the fluorescence
yield is negligible anyway. This disagreement occurs because the approximate scaling is
invalid at such low Z. It should be emphasized that this fitting is based on the important
physics for Z < 30; for higher Z, the above perturbative approach for the spin-orbit inter-
action is inaccurate and the fitting formula, Eq. 3.4, breaks down. In any event, since the
1s2p? — 1s522p radiative rate eventually dominates the Auger rate, the asymptotic Z — 0o
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fluorescence yield, wg, is equal to unity, in sharp contradiction to the latest database in use
that reports all these values as zero [3].

Table 3.1 _ Fluorescence yield wg vs. nuclear charge Z for the intermediate-coupling, CI-mixed
Li-like 1525*(%S} o) state.

Z wgl w}?t Z w%—’ c;.rlf(?f

4 0.000076 0.000091 | 18 0.035187 0.034299
5 0.000210 0.000223 { 19 0.042622 0.041837
6 0.000459 0.000462 | 20 0.050939 0.050354
7
8

0.000874 0.000854 | 21 0.060142 0.059855

0.001512 0.001453 | 22 0.070221 0.070327
9 0.002437 0.002322 | 23 0.081161 0.081733
10 0.003718 0.003526 | 24 0.092939 0.094012
11 0.005427 0.005138 { 25 0.105530 0.107081
12 0.007640 0.007235 { 26 0.118905 0.120832
13 0.010427 0.009897 | 27 0.133037 0.135136
14 0.013859 0.013201 | 28 0.147898 0.149844
15 0.018000 0.017224 | 29 0.163462 0.164787
16 0.022906 0.022041 | 30 0.179705 0.1797381
17 0.028623 0.027714

3.1.2 B-Like: Breakdown of Configuration-Average Approximation

The five-electron K-shell vacancy 152522p? state can couple to one of four LS-terms.
These are approximately energy-ordered according to Hund’s rule as *P,2D,2P and 2S.
Furthermore, the 2P term can couple to the J = 1/2 or 3/2 IC-levels, the 2D can couple
to the J = 3/2 or 5/2 IC-levels, the *P term can couple to the J = 1/2, 3/2, or 5/2
IC-levels, and the 2S5 LS-term can only couple to the J = 1/2 IC-level. Thus, the 152s%2p?

configuration can be in any of eight LSJ-levels. The possible radiative and autoionization
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decay pathways for these states are

1s2s°2p*(3+1L;) A1 15%2522p(2P2) + hv
A2 1522p3([*S,2 D2 P)y) + hv
Aat 152252(1)) + e~

Asz 152959p(Y3P%) + e

Aa3 1529p2([LS2 P D]yw) + ¢ . (3.5)

Within a single-configuration description, the radiative rate A, equals zero for the initial
4 P; level due to spin conservation for electric dipole transitions, and the radiative rate A,
is zero for all LSJ initial levels since this involves a two-electron transition. Also, in the
single-configuration approximation, the partial Auger rate A,, equals zero for the initial
4P; and 2 P; levels due to parity conservation.

We have calculated these decay rates by including 2s*> — 2p? intrashell correlation -
the most important CI effect - as well as semi-relativistic effects, such as the all-important
spin-orbit interaction. Our results revealed that the forbidden decay pathway A,; becomes
non-negligible when we take configuration-interaction and semi-relativistic effects into ac-
count. Also, we have showed that the fluorescence yields of the eight K-shell vacancy
states are strongly LSJ-dependent over the entire isoelectronic sequence [12, 40, 41] (see
also Fig. 3.2). To emphasize the strong state dependence, we look at Z = 20. The lowest
fluorescence yield is close to zero, while the largest is seen to be about 0.6. Considering
that the fluorescence yield can only vary between 0 and 1, this amounts to an extremely
large difference.
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Fortunately, other calculations have been performed, allowing us to check the accuracy
of our calculations: the fully relativistic MCDF calculations [62] and other MCBP cal-
culations [63], that were performed for certain members of the five-electron isoelectronic
sequence. Good agreement is found with MCDF and other MCBP results both qualitatively
and quantitatively (see Fig. 3.2 for the particular >Djs/; and 2 D5, states).

Note that there is nothing special about the five-electron K-shell-vacancy system. The
same general phenomenology should be true for other isoelectronic sequences with fewer

than ten electrons (see, for example, Fig. 3.3 for the C-like isoelectronic sequence). The
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Figure 3.2  LSJ-dependent fluorescence yields for K-shell vacancy B-like ions. Comparison of
fluorescence yields for 2D /2 and 2D, /2 states.

widely used data compilation [3] contains configuration-averaged fluorescence yields, and
these are quite inappropriate for most astrophysical situations. For use in astrophysical
modeling codes, then, fluorescence yields, and the radiative and Auger rates associated
with them, need to be given for individual LSJ-states; these data can be combined as ap-
propriate for each astrophysical situation. Our aim for future astrophysics-related atomic
physics calculations is the compilation, publication, and electronic database creation of all
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such rates for all ions of all isoelectronic sequences through the 2"¢-row elements. This is
because, for a given situation, if configuration averages are sought they cannot be general
but must be tailored to the specific astrophysical situation being considered.

For example, we can create a B-like K-shell vacancy state by photoexcitation of 1s —
2p in B-like ions or by photoionization of 1s — &p in C-like ions. To the emphasize
importance of specific configuration-averaging, let’s consider the population of K-shell
states following X-ray absorption. For the sake of simplicity, a single-configuration, non-
relativistic LS-coupling scheme is considered.

The population of final K-shell vacancy states after 1s — 2p photoexcitation of B-like

ions, and 1s — ep photoionization of ground state of C-like ions, yields the following:

Photoezcitation of B — like Ions :
hv + 15225%2p[2P]° — 152522p°[28, 2P, 2D)] (3.6)
Photoionization of C — like Ions :

hv + 15*2s%2pPP] — 1s2522p*(**P)epPD, 3P, 3S]°.  (3.7)

Here the ground state of B-like ions and C-like ions are the 2P and ®P terms, respectively.
Because a photon is absorbed in either process, the change in total angular momentum of
the system will be +1 or 0 and total spin is conserved (see Sec. 2.1.3 for dipole selection
rules). For photoexcitation, the P term cannot be populated, and specific configuration-
averaging should be done over only the doublet terms. For photoionization, only *P and
2P K-shell-vacancy terms can be populated, and specific configuration-averaging should
likewise be considered over only these terms.
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3.1.3 C-Like: Anomalous Behavior

For C-like K-shell vacancy states, the relevant electronic configuration is 1s2s22p®. In
an intermediate-coupling scheme, this can be found in one of the ten 1P1°,3P5”1’2, 1pg,

3D3 , 3, 257, and 553 levels. The possible decay pathways of these states are

1s2s22p3(3%89, 13p2, 13D9) A 15%2522p%([' D, 18, 3P| y) + hv
Az 1520418, 1D, 3P)y) + hv
4ot 15%25°2p(*P5,) + €7

—

Aaz 182232p2([25, 2’4P, 2D]_]///) + e

—

A3 1529p3(2P, 2D, *S]%m) + €™ . (3.8)

Similar to the B-like case, if many-body interaction effects are neglected, some of the decay
channels are closed due to selection rules for angular momentum and/or parity; A,, equals
zero for the initial >S9 level due to spin conservation, A, is zero for all initial LSJ levels
due to the fact that a two-electron transition is forbidden via an electric dipole interaction,
and A, is zero for the intial 3559 levels due to parity conservation. In our calculations,
we have included the strongest electron correlation such as the 1s — 2s, 1s2s — 2p?, and
252 — 2p? promotions. We have performed calculations for all initial levels of the C-like
K-shell-vacancy isoelectronic sequence (see Fig. 3.3). The fluorescence yields of each level
are again strongly LSJ-dependent, similar to the case of the B-like isoelectronic sequence.
For fluorescence yields of C-like K-shell vacancy states, monotonically increasing smooth

curves as a function of nuclear charge Z are found as expected (see Fig 1.2) except for the
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Figure 3.3  LSJ-dependent fluorescence yields for K-shell vacancy of C-like ions.

3P, and 35, states (see Fig. 3.3). The 3P, and 3, results exhibit anomalous behavior as a
function of nuclear charge Z [42]. This anomalous behavior is more pronounced in the A,
and A, rates of these states (see Fig. 3.4 and Fig. 3.5).

Before proceeding, a second, independent multi-configuration Dirac-Fock (MCDF)
method was used to calculate the A, and A, rates for some members of the K-shell va-
cancy C-like ions [64]. These calculations were performed using an improved code [65]
to treat the low-Z region better [42]. As this approach is based on the full Dirac-Fock
equation, including large and small component wave functions, it implicitly includes all
one-electron and two-electron relativistic effects. In addition to all relativistic corrections
that are introduced perturbatively in the MCBP method, the MCDF method also accounts
for the frequency-dependent generalized Breit interaction, and quantum electrodynamics
(QED) corrections. For heavy elements, our present MCBP approach using non-relativistic
wave functions will be inappropriate since not all relativistic effects can be treated pertur-

batively.

49



The new MCDF calculations are carried out using an extended-averaged level scheme [65,
66] for the initial and final states separately, including the same CI expansion from the
n = 2 complex as is used for the MCBP calculations (all possible 2s°2p’ configurations are
included in the CI of both initial and final states of the system). In this extended-averaged
level scheme, the orbital wave functions are obtained by minimizing the statistical-weight-
averaged energy of all the levels in the MCDF expansion. Since the initial and final states
are treated separately, relaxation effects are included in this method as well as the MCBP
method. The transition energies and eigenvectors also include contributions from the gen-
eralized Breit interaction and quantum electrodynamic corrections. For the lighter elements
of astrophysical importance, Z < 30, we have found that these two approaches are usually
in quite good agreement for fluorescence yield calculations [12, 40, 41] and dielectronic
recombination of numerous ions (see, for example, Refs. [67, 68, 69]).

We have found that our MCBP results and the new MCDF results exhibit the same
qualitative behavior (see Fig. 3.4 and Fig. 3.5). Furthermore, at higher Z, the MCBP and
MCDF results for A, and A, differ by not more than about 5%. Since relativistic effects
become increasingly important as Z is increased, this suggests strongly that the inclusion of
relativistic effects perturbatively in the MCBP approach works well for Z < 30. However,
larger differences at lower Z are found. We attribute this discrepancy to differences in the
specifics of the wave functions employed.

A useful measure of the quality of multi-configuration calculations of radiative rates
can be obtained by performing the calculations in both “length” and velocity” gauges [70]
(see Sec. 2.1.3) which must be equal for exact wave functions. Usually, the closer they are,
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Figure 3.4 Calculated MCDF (left) and MCBP (right) radiative rates A, for the ten K-shell
vacancy levels 152522p3(25+1[ 7) of the C-like isoelectronic sequence. Note that A, is scaled by
1/Z* to factor out the strong Z* dependence.
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Figure 3.5 Calculated MCDF (left) and MCBP (right) Auger rates A, for the ten K-shell va-
cancy levels 152522p3(257 1L ;) of the C-like isoelectronic sequence.

the more accurate the calculation. This has been done for both the MCBP and MCDF re-
sults, and comparison between the two is performed (see Table 3.2) for five selected values
of Z from 7 to 30. For Z = 7, it is found that the MCBP rates differ by up to about 10%,
while the MCDF values show up to about 70% discrepancies. At the higher values of Z,
the comparison improves in both calculations; the length-velocity agreement for the MCBP

rates is within about 5%, and for the MCDF rates, it is seen to be better than 10%. Unfor-
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tunately, while this length-velocity agreement is a good indicator for calculations based on

the Schrédinger equation, such as our MCBP method, it is less useful for calculations based

Table 3.2  Comparison of radiative rates (s 1) in length and velocity gauge results of MCBP and
MCDEF calculations for ten levels of the 1525%2p® C-like ions with selected nuclear charge, Z.

Z Level MCBPX MCBP" MCDF* MCDF" Z Level MCBP* MCBPY MCDF* MCDF"

7 %S, 854 x 106 821 x 10° 3.98 x 107 508 x 107 || 12 58, 375 x 10° 3.68x 10° 5.99 x 10° 5.26 x 10°

3D 5.62x 107 587 x 101 8.61 x 101" 5.05 x 101! 3D, 712x 10" 7.32x 10'? 8.92 x L0'% 7.25 x 10*?
3D, 5.62x 1010 587 x 101 8.64 x 101 5.09 x 101 3D, 7.10% 10*2 7.31 x 102 8.93 x 10'2 7.27 x 1012
5Dy 5.62x 108 587 x 101 8.68 x 10" 513 x 10" 3Dy 7.09 % 10" 7.31 x 10'2 8.96 x 10" 7.30 x 10%
380 263 x 1012 2,36 x 102 3.52 x 1012 2.04 x 10'2 36, 299 x 10" 2.83 x 10" 3.30 x 10¥ 2.66 x 10"
3Py 6.53x 10' 6.06 x 101 9.04 x 0% 528 x 10! 3Py 7.83x 102 7.53 < 10" 9.38 x 102 7.50 x 102
3P 6.54x 10" 6.06 x 107 9.06 x 101" 5.31 x 10 3P, 888 x 1012 851 x 102 1.26 x 10" 1.01 x 10"
5P, 6.53 x 101 6.06 x 10*1 9.08 x 10" 5.33 < 10* 3P, 7.87 x 10%2 757 x 1012 9.47 x 102 7.59 x 10*2
"Dy 1.88 x 10" 177 x 10'2 2,63 x 10** 1.53 x 102 LD, 225 x 10% 219 x 10" 2,70 x 108 2,18 x 10
1P 1.99 x 102 1.79 x 1012 2.66 x 1012 1.55 x 10'2 P 234 x 101 2,92 x 101 2,74 x 1013 2.21 x 103

16 55, 8.86 < 1010 881 x 100 1.20x 10M 1.06 x 101 20 35, 9.89 x 10" 9.98 < 1070 1.27 x 102 115 x 102

DL 265 x 108 272 x 107 311 x 10¥ 2,70 x 103 3D, 76l x 108 7.79 x 10" 8.67 x 10¥ 7.82 x 10%*
3Dy 2.62x 10" 2,69 < 10" 3.08 x L0Y 2.69 x 103 3Dy 7.04x 10% 7.23 x 10" 8.01 x 108 7.25 x 10%3
3Dy 2,60 x 10% 2,68 x 10" 3.08 x 108 2.70 x 103 3Dy 6.91 x 101 7.15 x 10" 7.93 x 101 7.20 x 103
38, 852 10" 825 x 10" 9.05 x 102 7.86 x 101 1S, 2.01 x 10" 199 x 104 2.31 x 10' 2.08 x 10"
3Py 282 x 10Y 2,75 x 108 3.21 x 10¥ 2,76 x 10" 3Py 740 x 10" 7.33 x 101 8.21 x 10 7.33 x 101
3P 536 x 108 521 x 10" 6.5 x 10¥ 5.64 x 1019 8P 158 x 10M 1.56 x 104 1.63 x 10" 1.46 x 10!
3P, 2,90 x 10 2,84 x 10" 3.33 x 10*® 2.87 x 10 3P, 8.23 % 10% 8.22 x 101 9.36 x 10" 8.40 x 103
‘D, 8.05x 10" 7.94 x 10 9.14 x 10** 7.96 x 10** 1D, 205 x 10M 2.04 x 10" 2.25 x 10" 2.03 x 101
LP, 838 x 10 812 x 108 9.38 x 10 814 x 1013 P 219 x 104 216 < 101 240 x 101 2.16 x 10™

25 58, L09x 10¥ 111 x 10% 1.38 x 10 127 x10% 30 55, 7.24x 10" 7.57 x 10" 9.26 x 103 8,70 x 10"

DL 248 x 10M 254 x 10Y 2.87 x 10M 2,66 x 10M 3D, 6.55 x 10 6.80 x 10M 7.68 x 10 7.23 x 10"
3Dy L85 x 10' 1.92 x 10" 2.07 x 10!t 1.92 x 104 3D, 3.82x 10M .02 x 10M 4.22 x 10" 3.98 x 101
3Dy 179 x 10M 1.88 x 10™ 2,02 x 10 1.88 x 10 3D, 3.85 x 10 109 x 10 .32 x 104 1.08 x 10™
18 5.09 x 10 512 x 104 5.82 x 104 5.39 x 101 38, L7 x 10 110 x 101 1,19 x 10 113 x 10'°
3Py 1.90 < 10* 1,92 x 10™ 2,07 x 104 1.90 x 10** 3Py 406 x 10" 117 < 10™ 4.39 x 10" 4.10 x 10
3P 3.76 x 101 3,78 x 104 3.66 x 101 3.38 x 10 3P 737 x 10M 758 x 104 7.20 x 101 6.85 x 101
3P 269 x 101 274 x 10" 3.16 x 10Y 2,92 x 101 3P, 7.52x 10Y 7.81 x 10" 8.72 x 104 822 x 10"
'Dy 4.60 x 10" 4.68 x 10™ 4.80 x 10" 4.45 x 10™ 1Dy 773 x 10™ 8,00 x 10% 7.76 x 10™ 7.30 x 104
'P. 5.54 % 104 557 x 10 595 x 104 550 x 104 P L1 <10 117 x 1015 1.20 < 1019 1.13 x 1019

on the Dirac equation, such as the MCDF method, where it is known that the velocity form
is generally to be preferred [71] and that length-form convergence is slow. As corroboration

of these ideas, note that in almost every case shown in Table 3.2, the MCDF-velocity result
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is in much better agreement with the MCBP results than the MCDF-length rates. In any
case, based upon the comparison of length and velocity gauges, it appears that the MCBP
results are reasonably accurate.

To understand the physics behind this anomalous behavior - the non-smooth behavior
of the 35, and 3P, radiative and Auger rates- we note first that the two states exhibiting
anomalous behavior are both J = 1 states. Since they have the same J = 1 values for
total momentum, these states can interact via the spin-orbit interaction. But, the spin-orbit
coupling matrix element increases rapidly with increasing Z (see Appendix B). This sug-
gests that any effect arising from spin-orbit coupling between the states should be largest
at the highest Z, which is not what is seen. However, from a perturbation theory point
of view, the full mixing coefficient is related to the overlap matrix element divided by the

=50 thus suggesting that the anoma-

energy difference of two unmixed states, BE

(SR
C2

lous behavior is due to abnormally-strong spin-orbit mixing due to an energy crossing,
as a function of Z, of the LS-energies of the two levels, similar to the well-known Von
Neumann-Wigner [38, 72] avoided crossings phenomena. In fact, there is an energy cross-
ing between the 1525%2p3(3P) and 1525%2p3(3S) LS-states. It is very interesting that the
energy crossing doesn’t appear in the single-configuration (SC) calculations. The energy
of the SC 152522p3(3S) term lies below the energy of the SC 152s?2p®(3 P) term along the
sequence. We should note that after the inclusion of CI effects, the energy of the 3S CI state
stays about same as the 3S SC energy whereas the 3P CI energy gets lower and causes the

crossing (see Fig. 3.6a).
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Figure 3.6  The anomalous behavior of the fluorescence yields for *S; and ® P levels.

a) (E(3P) — E(3S))/Z within the 152522p? configuration at the nonrelativistic single configura-
tion (LSSC) and configuration interaction (I.SCI) levels. b) Same as a) with nonrelativistic LLSCI
(dashed line) and full calculation including CI and relativistic effects in an intermediate coupling
scheme (ICCI, solid curve). ¢) Mixing coefficients for the relativistically (spin-orbit) mixed 3P,
and 38 states of the 152522p® configuration. d) Fluorescence yields excluding and including spin-
orbit effects for the 152522p3(3Py) and 152522p®(3S)) states. The anomalous fluorescence yield
behavior is seen to occur once there is appreciable spin-orbit mixing c3 S c? -
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To explain the occurrence of this energy crossing quantitatively, it is sufficient to con-
centrate on the interaction of the 152s22p3(3P) SC state and the two-electron, 252 —
2p?, intra-shell promotion. In a SC description, we denote the two states as [P_)
1525?2p*(3P) and |3P,) < 152p°(P) that interact through the electron-electron repul-

sion term in the Hamiltonian. In this CI-mixed representation, we get

3Py)CT = a1 [PPy) + by P Py).

Our calculated results show that the mixing coefficients are approximately constant along
the isoelectronic sequence, that is a < ay ~ 0.99 and b « +b, =~ 0.1. The energies of
these mixed states will be

E(PSNY = a®’E(3Py) + 2ab(3P_|Z%l3P+) +¥E(P:).

i<j Y
Considering the hydrogenic energy scaling (E, — E_) ~ Z, a perturbative approximation
gives ¢y/c, = (3P_|§;};|3P+)/|(E+ — E_)| = 0.1, independent of Z. And since the
i<j

non-diagonal matrix element scales as Z, our calculated results have verified the linear Z
dependence of this matrix element. Because the second term dominates the third term, if
we Z —scale the change in the energies then we should get a constant energy shifting along
an isoelectronic sequence. This behavior is shown in our computed results (see Fig. 3.6a).

Furthermore, with the inclusion of relativistic effects, there is a non-zero matrix element
between the 3P, and 35, states, principally through the spin-orbit interaction. This, of
course, leads to an avoided crossing, as shown in Fig. 3.6b; note the striking similarity
with Fig. 10-2 of Ref. [2]. Considering two spin-orbit-mixed states interacting through the
(relatively weak) spin-orbit interaction, |+) = ¢,4]35:) + c21[>P;), we obtain the (non-
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perturbative) determinantal equation for the eigenvalues £ and eigenvalues c;. :

E(*S1) — Ex Vso C1+ 0
Vso E(P) - Ey Cot 0

For closely degenerate, unperturbed states, the eigenvalues of the mixed states, assum-
ing§ = E(*P,) — E(®3S;) =~ 0, and with € = EQEQ%EJ—SE, are givenby Ey = e + Vso/2.
For this perturbed energy, our determinantal equation yields approximate 50-50 mixing
between the closely degenerate states, that is, c2, =~ 1/2.

Our computed mixing coefficients are shown in Fig. 3.6¢c, where it is evident that there is
essentially no mixing of these two states at low-Z and nearly 50-50 mixing around Z = 20,
the well-known result for near-degeneracy. In this region, the maximum mixing of 35; and
3P, signatures in each state occurs and, therefore, a “sharing” of radiative and Auger rates
and a strong deviation from the otherwise-smooth behavior results (the sum remains smooth
by unitarity, as can also be inferred from Fig. 3.4 and Fig. 3.5).

Finally, we have recalculated the fluorescence yields by excluding spin-orbit interac-
tions and obtained well-behaved curves for the 3S; and 3P, levels (see Fig. 3.6d). It is
found that the anomalous behavior in the fluorescence yields occurs when there is an ap-

preciable mixing due to spin-orbit effects.

3.1.4 Comprehensive 2"¢-Row Isoelectronic-Sequence Calculations

As a completion of the present fluorescence yield investigation, we have calculated
level energies and level to level radiative and Auger decay rates for the K-shell-excited

states of all Li-like through F-like 22¢-row isoelectronic sequences (equivalently, K-shell-
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photoionized states of all Be-like through Ne-like ions). This amounts to a total number of

ions in terms of the number of electrons in the ion, V., and the nuclear charge, Z, that is
9
Nin™ Y 1=168. (3.9)

Furthermore, for each series of these ionic K-shell vacancies there exists multiple radia-
tive and/or Auger decay processes, leading to an “astronomical” number of energies and
transition rates. These complete 2°¢-row computed energies and transition rates have been
systematically evaluated [73] and comprehensively tabulated [74] for future publications.
As a simple example, we tabulate the total radiative and total Auger rate results along
with the comparison with earlier theoretical calculations [63], for the 3P,, 3P}, 3P, and
1 P, K-shell vacancy states of the 152522p® oxygen-like isoelectronic sequence in Table 3.3.

From these rates, one can compute the fluorescence yields, wk, for any states using Eq. 1.1.
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Table 3.3  The total K-shell radiative and Auger rates for the 152522p> O-like isoelectronic
sequence.
Radiative Rates A, (5 1) Auger Rates 4, (s ')

Z e 2Py 4Py ‘P Py P Py ‘P
9% 37492 x 1012 3.7507 x 10" 3.7510 x 1012 7.9773 x 102 4.4362 x 10" 44340 x 10" 4.4242 x 10" 4.0343 x 10"
10 5.8765 x 10'? 5.8800 x 10'2 5.8799 x 10" 1.2413 x 10% 45757 x 10" 45720 x 104 4.5604 x 10" 41680 x 104
10> 550 x 102 550 x 10'2 550 x 102 1.16 x 10'* 3.65 x 101 3.65x 10Y 365 x 10" 3.38 x 10"
11* 8.9643 x 1012 8.9722 x 1012 8.9705 x 10'2 1.8825 x 104 47889 x 101 4.7854 x 101 4.7694 x 10'* 4.3696 x 10'*
124 1.3259 x 10 13277 < 10" 1.3270 x 10" 2.7710 x 10 5.0357 x 10* 5.0313 x 10" 5.0114 x 10** 4.6013 x 10'
128 131 x 10" 1.31x 10% 131 x 108 272 x 108 159 < 10" 159 x 10" 4.59 x 10" 4.26 x 10!
13* 1.9036 x 10" 1.9075 x 10" 1.9055 x 10" 3.9621 x 10" 52913 x 10" 5.2857 x 10 52612 x 10 4.8406 x 10
14* 26601 x 101 2.6683 x 10" 2.663L x 10% 55163 x 10 5.5432 x 10 55361 x 10" 5.5066 < 10’* 5.0765 x 10'*
147 271x10%  272x 108 272x 108 560 x 10 531 x 10" 534 x 10M  5314x 10" 1.96 x 10M
15 3.6283 < 1013 3.6450 x 10" 3.6331 x 103 7.4990 x 108  5.7855 x 10M 57766 x 10\ 5.7416 x 101 5.3037 x 10"
16%  4.8443 x 10¥ 4.8772 x 10™ 4.8516 x 10™ 9.9793 x 10¥  6.0155 x 10** 6.0043 x 10'* 59636 < 104 55200 x 10M
16" 503 x10% 507 x 10" 503x10%  1.03 x 104 597 x 104 5.96x 10M 597 x 101 534 x 101
17 6.3466 x 108 6.4090 x 10 6.3574 x 1013 1.3029 x 10" 6.2325 x 10" 6.2182 x 10 6.1718 x 10" 57247 < 10
188 &.1761 x 10" 8.2009 x 103 8.1918 x 10" 1.6723 x 104 6.4364 x 10M 6.4183 x 10" 6.3661 x 10™ 5.9180 x 10*
18" 8.63x 10" 878 < 10 864 x 10"  1.75 x 10™ 6.46 x 104 646 x 10" 6.46 x 10M  6.01 x 10
198 10376 x 10% 1.0531 x 10" 1.0399 x 10" 21133 x 10%  6.6278 x 10* 6.6047 x 10'* 6.5472 x 1011 6.1009 x 10¥
200 1.2994 x 10M 13349 x 10" 13025 x 101 26332 x 10" 6.8075 x 10' 6.7780 x 10" 6.7158 x 10'* 6.2741 x 10™
200 138 < 10M 143 x 10 138 < 10M 277 x 10™ 6.87 x 101 6.86 x 10M 687 x 101 6.40 x 10™
21 16076 x 101 1.6674 x 101 1.6119 x 10 3.2384 x 10" 6.9762 x 10" 6.9388 x 101 6.8727 x 10" 6.4389 x 10!
22* 19675 x 10M 20652 x 101 1.9732 x 10™ 3.9348 x 10" 7.1319 x 10" 7.0876 x 10" 7.0189 < 10 6.5962 x 10
230 2.3842 x 10M 2.5397 x 10M 23918 x 104 4.7271 x 10™ 72845 x 101 7.2251 x 108 7.1552 x 104 6.7473 x 10M
247 2.8633 x 101 3.1039 x 10M 2.8733 < 10M 56188 x 10 7.4257 x 10 7.3510 x 10 7.2824 x 10 6.8930 x 10"
25% 34105 x 10M 3.7727 x 10 3.4235 x 10 6.6126 x 101 7.5592 x 101 7.4686 x 101 7.4013 x 10* 7.0340 x 104
26% 40318 x 10 4.5619 x 10 L0481 x 10™ 7.7104 x 10M  7.6858 x 10™ 7.5760 x 10" 7.5125 x 10" 7.1711 x 10"
260 403 x 10 461 x 10" 404 x 10 7.61 < 10" 745 x 10M 732 x 104 7.25 x 10 6.99 x 10M
27% 47332 x 10 5.4882 x 10" 47543 x 10 8.9143 x 10" 7.8061 x 10M 7.6751 x 10" 7.6167 x 10** 7.3045 x 10M
28 55210 x 10M 6.5680 < 10 55475 x 10" 1.0227 x 10" 7.9207 x 10* 7.7668 x 10" 7.7145 x 10! 7.4343 x 10
20% 64017 X 10™ 7.8170 x 10Y 6.4347 x 10Y L1652 x 10'°  8.0300 x 10" 7.8521 x 10*' 7.8064 x 10** 7.5605 x 10+
300 7.3820 x 101 9.2496 x 10" 7.4227 x 10" 13105 x 10 §.1346 x 10" 7.9321 x 10" 7.8920 x 10** 7.6831 x 101

& Present MCBP results.
b Recent MCBP results [75].

¢ Earlier MCBP results [63].
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3.2 Carbon K-Shell Photoabsorption Cross Section Results
3.2.1 C: Abundant in the Interstellar Medium

For photoabsorption of neutral carbon, the particular atomic processes of interest are

the following:

hv +1525%2p*(3P) = 1s25°2p%[2S,2 D,>* P] {np,ep}(®*D,* P2 S)°

v N
152213 + e~ 1s220%np + e~
ParticipatorAugerDecay Spectator AugerDecay. (3.10)

Note that there are two fundamentally different Auger decay pathways. First, there is par-
ticipator Auger decay, which involves the outer, valance np electron and therefore scales as
n~3. This is routinely incorporated into the standard R-matrix implementation by includ-
ing the appropriate 1522/3 + e~ channels in the close-coupling equations [45]. The second,
more problematic pathway is the spectator Auger decay that instead involves core Auger
decay and is therefore independent of n: spectator Auger decay dominates at the Rydberg
limit n — co. Indeed, spectator Auger decay can dominate by orders of magnitude at even
the lowest n [15, 76].

We use the Hartree-Fock [31] and multi-configuration Hartree-Fock [32] atomic struc-
ture program packages to generate radial target C* orbitals for our calculations. The op-
timization procedure (HF or MCHF) that we have used to generate C* orbitals is summa-
rized in Table 3.4 for each orbital. Single and double electron promotions are considered
to account for orbital relaxation effects due to 1s—vacancy.

The core (spectator) Auger widths are calculated by performing R-matrix calculations
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Table 3.4  Criterion for determination of C* physical 1s, 2s, and 2p orbitals and correlation (or
pseudo) 35, 3p, and 3d orbitals.

1s,2s,and 2p From a HF (single-configuration) calculation for the 15%2s%2p (*P)

term.

35, 3p, and 3d From a MCHF (multi-configuration) calculation for the lowest K-
shell vacancy 1s2s?2p? (“P) term including single and double n =

2 — n = 3 promotions.

for the electron scattering off the four electron C?* target states. Auger widths are de-
termined using the Smith time-delay method (see Sec. 2.4.1). These values are used in a
Feshbach projection-operator, optical potential methodology, within our R-matrix calcu-
lations, to include Auger broadening effects. Cross sections are calculated in length and
velocity gauges and agreement between the calculations is within 6.2%, which is a mea-
sure of the completeness of our wave functions (see Sec. 2.1.3). These photoabsortion
cross section results are compared with those obtained using an independent-particle (IP)
approximation [77] in Fig. 3.7. As is clearly seen, our background cross section is in good
agreement with the IP results, but we also include the important 1s — np absorption fea-
tures that are necessary for understanding abundances in the ISM, as discussed earlier in

Sec. 1.2 (see Fig. 1.3).
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A comparison of Auger widths of the lowest 17 autoionizing C* target states is shown in
Table 3.5 between the two theoretical results. Table 3.6 shows our R-matrix results for the
ground state energy of C, the first 25-target threshold energies, and the resonantly-excited
K-shell vacancy state energies compared to results from fluorescence yield calculations for
B-like and neutral C and and also to the available NIST critically evaluated data. Also
shown in Table 3.6 are the photon energies with respect to the ground state of C. Overall,

good agreement between our R-matrix and AUTOSTRUCTURE results is found.

Table 3.5 Comparison of Auger widths for the 17 C* autoionizing target states above the K-shell
threshold (see Table 3.6).

State Present® AUTO" MCDF*

1 1525%2p* (*P) 6.45E — 02 8.61E — 02 6.68E — 02
15252 2p? (*D) 9.14F — 02 1.16E — 01 8.62F — 02
1525%2p% (2P) 4.93F — 02 5.19F — 02 4.75F — 02

1525%2p2 (25) 865E—02  1L02E—-01  149E—04

25(18)2p° (45) 1.55E—02  2.06E—-02  5.86E - 02
1979(53)21)3 (*D)  460E—02 6.42E—02 477E—02
1525(°8)2° (*P 3.56E —02  4.87E—02  3.73F (2
we(l $)2p° (2D 7T21E —-02  9.64E —02  9.08F - 02

525(19)2p" (ZP) 6428 —-02 TITE—-02  B8.0lFE -~
10 1525(%‘ 2p° (19) 457E —02  TABE-02  249FE —02
11 1s25(35)2p° (?D)  778E—-02  LI8E—-01  8.23FE —02
12 152s(35)2p% (25) 1.49F — 02 1.25E — 02 8.80F — 03
(

KRN S I~ AT, B N TA N )

£
13 1s25(39)2p* (°P)  656E—02 101LE—01  7.13E — (02
14 1s2p* (*P) 3.80E —03  6.83E—02  5.18E —02
15 1s2p*(?D) 724E—02 108E—01  8.16E — 02
16 1s2p* (QP) 4.60F — 02 G.69E — 02 5.03E — 02
17 1s2p* (29) 490E —02  136E—01  556E — 02

& Present R-matrix results.
® MCBP AUTOSTRUCTURE results.
¢ MCDF results [62].
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Table 3.6  Comparison of energies of the relevant C and C* states involved in the present inves-
tigation. The term energies are given relative to the 15%25%2p (2 P) ground state of C*. The photon
energies are given relative to the 15225%2p? (3 P) ground state of C.

Term Energy (Ry) Photon Energies (eV)

State Present* AUTOP OTHER®! Present*  AUTOP OTHER®
I 152252292 O P) —0.8493  —0.718) —0.8277¢ 0.0000 0.0000 0.0000°
2 152252 (*P) 0.0000  0.0000 0.0004¢ 11.5555 9.7810 11.2671¢
3 1s%2s2p% (*P) 0.3814  0.3746 0.3922° 16.7449  14.8782 16.5977°
4 1s%252p% (D) 0.7128  0.7574 0.6828° 21.2537  20.0853 20.5522°
5 1s%2s2p° (29) 0.9850  0.9589  0.8793¢ 24.9568  22.8279 23.2256°
6 1s%2s2p* (°P) 1.0450 11134 1.0083° 257738 24.9295 24.9810°
7 15220 (*9) 1.3104  1.3095 1.2942¢ 203841  27.5976 28.8710°
8 1s2p3(*D) L4311 1.5151 1.3711¢ 31.0267  30.3957 29.9170°
9 1s%2p (*P) 1.6792  1.7233 1.5377° 34.4025  33.2282 32.1832°
10 1s25°2p° (°D) 20.0536  20.3330 284.4008  286.4270
11 1s25%2p° (35) 20.0894  20.3528 284.8885 286.6974
12 1s26%2p% PP) 20.1566  20.4082 285.8022  287.4509
13 1s25%2p% (*P) 20.9133  20.9723 206.0976  295.1257 296.07 £ 0.2¢
14 152422p (3D) 21.1651  21.2193 209.5236  208.4867
15 1s2s°2p° (2P 211899 21.2280 209.8609  298.6048
16 1s2522p% (3S 21.3351  21.3339 3018369 300.0456
17 1525(15)2p° (45) 21.4753  21.4898 303.7442  302.1662
18 1s2s(35)2p° (*D)  21.5097 21.5616 304.2117  303.1433
19 25(55' P’ (*P)  21.6968  21.7240 306.7575  305.3528
20 1s2s(1S)2p° (D) 21.8446  21.9353 308.7688  308.2281
21 1s2s('5)2p3 (P)  22.0355 22.0975 311.3662  310.4357
22 152s(h )2p° (*S)  22.0847  22.2193 312.0362  312.0922
23 1s2s(*9)2p° D) 221103 22.2616 312.3834  312.6681
24 s(h )2p* ( 25) 222808 22.3968 314.8255  314.5076
25 1s2s(35)2p% ( 22,3180 22.4238 315.2095 314.8745
26 1s2p' (*P) 22.4901  22.5995 317.5512  317.2659
27 1s2p* (D) 22,6795  22.8489 320.1276  320.6580
28 1s2p* (2P) 22,7300 22.8578 320.8157  320.7795
29 1s2p* (2S) 23.0860 23.2212 325.6586  325.7238

2 Present R-matrix results.

b MCBP AUTOSTRUCTURE results.
¢ NIST data.

4 Experimental data [78].
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3.2.2 C*: Comparison with Laboratory Experiment

The specific processes of interest for K-shell photoabsorption of ground state C* are

the following:

hv + 15225%2p(*P°) — 1525%2p {np,ep} (D2 P2S) . (3.11)

These K-shell-vacancy excited states can relax via one of the following Auger processes

1s2s%2pnp — 15225 2pTel (i + j = 2) participator Auger decay , (3.12)

— 1522s2p’npef (i + j = 1) spectator Auger decay.  (3.13)

We have found that K-shell 1s — 2p photoexcitation of C* has been studied ex-
perimentally [79], but no higher 1s — np(n = 3,00) experimental studies have been
performed to our knowledge. These measurements were performed using an electron-
cyclotron-resonance ion source at the Advanced Light Source (ALS) to produce the pho-
toexcitation cross section for the energy region hi =287 - 291 eV. Theoretical calculations
were also carried out by using an R-matrix pseudo-state (RMPS) method [79, 80]. The
metastable-ion fraction in the ion beam was found to be (20 &+ 5)% by comparing the
experimental data with the theoretical cross sections. Thus, we have also studied the pho-
toabsorption of C* metastable states.

Metastable states are excited states that cannot decay via normal (electric dipole) ra-
diative interactions and are therefore relatively long-lived. The metastable state of C*
is 152252p?(*P°) and, since decay of a quartet state to the doublet ground state is spin-
forbidden (see Sec. 2.1.3), the quartet state has a much longer lifetime than the doublet

64



excited states. Radiative decay of these metastable states occurs only via S.0. mixing.
Population of metastable states is possible via thermal excitation of C* or by photoioniza-
tion of the 2s shell of the ground state of C.

In the K-shell (1s — 2p) photoexcitation processes of C*, considering that the 2p
subshell is initially occupied, we expect no participator Auger broadening effects for n = 2
excited states. And since we are interested in metastable states only for comparison with
experimental results, we are not concerned with Auger broadening effects. Instead, we
artificially broaden the 1s2s2p%(1S,* P,* D) resonances with a significantly large width
and found that it has no noticeable effect as expected in this energy region due to the broad
natural, predominantly participator Auger, widths.

Our procedure used to determine the C?* radial orbitals, using HF [31] and MCHF [32]
optimizations, is shown in Table 3.7.

Table 3.7 Criterion for determination of C?* physical 1s, 2s, and 2p orbitals and correlation (or
pseudo) 3s, 3p, and 3d orbitals.

1s and 2s HF on 15%25%(15) term.
2p HF on 15%252p(3P) term with frozen-core approximations for 1s
and 2s.

35, 3p, and 3d MCHF calculation for the lowest K-shell vacancy 152s22p (3P)

term including single and double 2 — 3 promotions.

In these calculations, an inspection of energies is often a first indicator of the accuracy
of the wave function representation. We show relative energies and corresponding photon
energies for those states involved in ground state and metastable state photoabsorption cal-
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culations in Table 3.8 and Table 3.9, respectively. Furthermore, a comparison of photon
energies for B-like and Be-like C fluorescence yield calculations in LS-coupling, and ear-
lier published experimental and theoretical results, is shown. Good agreement is obtained
between our R-matrix and AUTOSTRUCTURE results. The earlier theoretical and experi-
mental results predict the order of the resonantly-excited states of metastable configuration
as *D,*P, and 4S (lowest to highest energy), whereas our results, using two different theo-
retical methods, give the order as 4S,*D, and 4S. We tracked down these states in neutral
C photoabsorption calculations, where our C* target states are for the e~ + C* continuum;
here we also found that the order is 4S,%D, and %P (see Table 3.6).

In Fig. 3.8, a comparison of our present results with recent experimental and theoretical
cross section results is shown for the energy region hv =287 eV-291 eV. Our present results
predict more accurately the positions of the resonances at lower region to within 0.5 eV.
Our present and the earlier R-matrix results both overestimate the oscillator strengths of
the 2P and 2D states compared to experimental data. As for the background cross section,
good agreement is found between experimental data and the two theories; this implies that
the 1s and 2s photoionization processes are treated adequately in the present calculations.

For our ground state photoabsorption calculations, we considered Auger broadening for
the 8-target states above the the first K-shell ionization threshold (see Table 3.8). The Auger
lifetimes of these states are calculated by applying the Smith time-delay method [59] to
electron scattering on the 5-electron system within R-matrix theory. These values are also
readily available from our Be-like carbon fluorescence yields calculations. In Table 3.10,
a comparison between present R-matrix, MCBP [41], and MCDF [62] Auger width results
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Table 3.8 Comparison of energies of the relevant C* and C?* states involved in the present
investigation. The term energies are given relative to the 152252 (1) ground state of C**. The
photon energies are given relative to the 15225%2p (2P) ground state of C*,

Term Energy (Ry) Photon Energies (eV)

State Present* AUTOP OTHER® Present>  AUTO” OTHER® Earlier!  Experiment.”
1 15%25%2p (*P) —1.7977  —1.7125 —1.7921¢ 0.0000 0.0000 __0.0000¢
2 152262 (18) 0.0000  0.0000  0.0000° 24,4594  23.2997 24.3835°
3 15222 (°P) 0.4745 05088  0.4777° 30.9148  30.2227 30.8827¢
4 152252 (L P) 0.9570  1.0378  0.9327° 374803  37.4200 37.0736°
5 1529 (®P) 1.2649 13090  1.2528¢ 41.6698  41.1102  41.4287¢
6 15%2p%('D) 1.3630  1.4625  1.3293¢ 43.0041  43.1979  42.4700¢
7 1822p* (15) 1.7881  1.8126  1.6632¢ 48.7879  47.9619 47.0133°
8 1s2s%2p? (2D) 19.3645  21.2193 287.9289  312.0049 287.96 287.93 £ 0.03
9 1525222 (*P) 19.4001  21.2280 288.4137 312.1230 288.63  288.40 + 0.03
10 1s2s°2p* (25) 19.5509  21.3339 290.4649  313.5638 289.97  280.90 + 0.03
11 1s2522p (*P) 21.3622  21.4315 315.1086  314.8919
12 1s28%2p (*P) 21.5849  21.6197 318.1394  317.4533
13 1s25(*S)2p% (*P)  21.9689  22.0065 323.3637 322.7163
14 1s2s(38)2p% (3D) 219997  22.0721 3237827 323.6083
15 1s2s(39)2p% (D) 223201 22.4594 328.1420 328.8780
16 1s25(35)2p% (3S) 223269 22.3359 3282346  327.1971
17 1s25(38)2p% (3P) 224088  22.5559 329.3490  330.1908
18 1s2s(3$)2p% (LP) 225674 22.6623 331.5073 331.6378
19 1s2s('9)2p* (19)  22.6511 22.7227 332.6456  332.4600
20 1s2p° (3D) 22,6802  22.7892 333.0421 333.3647
21 1s2p7 (°8) 227780  22.8081 334.3724  333.6218
22 1s2p* (1D) 22.8708  22.9786 335.6354 335.9417
23 1203 (*P) 22,9926  23.0742 337.2918 337.2421
24 1s2p° (1P) 23,1865  23.2637 339.9309  339.8205

& Present R-matrix results.

> MCBP AUTOSTRUCTURE results.
¢ NIST data.

d Earlier R-matrix results [79].

¢ ALS Experimental data [79].
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Table 3.9  Same as Table 3.8, showing the C* metastable ground and K-shell excited states.

Term Energy (Ry) Photon Energies (eV)

State Present* AUTOP OTHER® Present*  AUTOP OTHER® Earlier  Experiment.®
1 15%2¢29% (*P) —1.8871 —1.8467 —1.8777¢ 0.0000 0.0000___0.0000¢
2 15%2s2p (*P) 0.0000  0.0000  0.0000° 256750  25.1260 25.5469°
3 1s%2p° (*P) 0.7905  0.8002  0.7751° 36.4309  36.0135 36.0920¢
4 1s282p° (19) 19.2225  19.2684 287.2130  287.2880 287.73
5 1s252p° (*D) 19.2371  19.3402 287.4120 288.2650 287.20 287.25+0.03
6 1s252p° (*P) 19.4267  19.5026 289.0923  290.4746 289.46 289.42 £ 0.03
7 1s25*2p (3P) 20.8877  20.9226 309.8698  309.7952
8 1s25(35)2p? °P) 21.0101 210044 311.5350  310.9080
9 1s2s(15)2p? (3P) 21.4944 214977 318.1248 317.6196
10 1s25(39)2p? (D) 21.5252 21.5633 318.5438 318.5116
11 1s25(38)2p* (38)  21.8524 21.8270 322.9958 322.1004
12 1s2% (59) 21.9228  21.9204 323.9531  323.3703
13 1s2s(35)2p° (*P)  21.9343  22.0471 324.1101  325.0940
14 1s2p° (D) 22.2058 22,2804 327.8032  328.2680
15 1520 (35) 22.3036  22.2992 329.1336  328.5250
16 127 (*P) 22,5181  22.5653 332.0529 332.1454

& Present R-matrix results.

b MCBP AUTOSTRUCTURE results.
¢ NIST data.

4 Earlier R-matrix results [79].

¢ ALS Experimental data [79].
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Figure 3.8 The 1s — 2p photoabsorption for an admixture of 80% ground-state and 20%
metastable state C* ions. Experimental measurements are performed with a spectral resolution of
120 meV and 65 meV, whereas the theoretical cross sections are summed incoherently for an 80%
ground-state and 20% metastable state admixture and then convoluted with a FWHM Gaussian of
the same experimental width.

is shown. As seen, the Auger width of the 1s2p3(3S) state is identically zero in our calcu-
lations. Considering the selection rules for Auger decay (see Sec. 2.1.3), it is found that no
decay channels are coupled to the 1s2p3(3S) state in a non-relativistic LS-approximation,
whereas a fully-relativistic MCDF calculation gives a non-zero rate (but it is two orders
of magnitude smaller than all other rates). Good agreement is found between all three
theoretical approaches. In our calculations, we have artificially broadened this series with
a width of I' = 13.605 x 1072 eV, which is smaller than the best spectral resolutions of

3*d_generation synchrotron experiments and/or astrophysical observations.
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Table 3.10  Comparison of Auger widths for the relevant C>* target states above the K-shell
resonantly-excited states (see Table 3.8).

State Present? AUTO" MCDF*

1 1s2522p(°P) 7TA8E—02  T793E-02  6.72E - 02
2 1s2s22p (1P) 546E —02  530E—02  4.76E — 02
3 1s25('S)2p*(PP)  LIOE—02  1.38E—-02  247F-02
4 1s25(*S)2p* (*D)  4T6E—02  5.17TE—02  4.29E — 02
5 1s2s(*S)2p* (*D)  9.0TE-02 1.14E-01  113E-01
6 1s2s(*S)2p7(3S)  261E—02  239E-02  2.17E-—(2
7 1s25(38)2p* (*°P)  4.64F—02  592E-02  4.91F ~02
8 1s2s(38)2p*('P)  LTOE-02 LITE-02  T7.96E-03
9 1s2s(19)2p2(*S)  TAGE~-02  T98E—02  8.36E — 02
10 1s2p® (°D) 5.76E~02  715E-02  G.08E —02
11 1s2p° (39) - - LITE-06
12 1s2p* ('D) 599E ~02  TI9E~02  6.02E — 02
13 1s20° (°P) 3.56E-02  419E-02  3.67TE—02
14 1s2p° (*P) 3.60E —02  390E—02  3.53E-02

2 Present R-matrix calculations.
b MCBP AUTOSTRUCTURE calculations.
¢ MCDF calculations. [62]

A comparison of our present R-matrix results to the independent-particle approximation
results, for the ground-state photoabsorption cross section of C*, is shown in Fig.3.9. Good
agrement is obtained between the present results using both length and velocity forms of
the dipole operator, implying that the wave functions used to describe the atomic system

are fairly converged.
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3.23 C?*: Importance of Auger Broadening

The specific process of interest for K-shell photoabsorption of ground state C2+ is the

following:
hv +15%2s*(*P) — 152s® {np,ep} (*P°). (3.14)
These K-shell excited states, as usual, can relax via two Auger processes:

1s2s’np — 1s*2sef  participator Auger decay , (3.15)

— 1s?npel  spectator Auger decay. (3.16)

K-shell photoexcitation of C2* has been studied experimentally [81] using an electron-
cyclotron-resonance ion source at the ALS. It was found that the C?* ion beam used in the
experiment consists of an admixture of 62% of the (15%2s% 1.9) ground state and 38% of the
(152252p 3P°) metastable state. Thus, we have also studied the 1s — 2p photoabsorption
of the C** metastable state.

The Hartree-Fock [31] and multi-configuration Hartree-Fock [32] atomic structure pro-
gram packages are used to generate radial target C3* orbitals for our calculations. The
optimization procedure (HF or MCHF) that we have used to generate C3* orbitals is sum-
marized in Table 3.11 for each orbital.

In Table 3.12, we show the relative term energies and corresponding photon energies
for the states involved in the ground state calculations compared to our MCBP results (in
LS-coupling) and other available experimental and theoretical data. In Table 3.13, the term
energies involved in the present metastable calculations are compared to other existing
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Table 3.11  Criterion for determination of C3>* physical 1s, 25, and 2p orbitals and correlation

(or pseudo) 3s, 3p, and 3d orbitals,

ls and 2s HF on 15225 (25) term.

2p HF on 1s%2p (*P) term with frozen-core approximation for 1s and

2s orbitals.

35, 3p, and 3d  MCHEF calculation for the lowest C2* K-shell vacancy 15252p (*P)

term including single and double 2 — 3 promotions.

values. Good agreement between our present R-matrix and MCBP calculations is found

for the state energies.

Table 3.12  Comparison of energies of the relevant C>* and C3* states involved in the present
investigation. The term energies are given relative to the 15225 (>S) ground state of C2*. The
photon energies are given relative to the 152252 (15) ground state of C27.

Term Energy (Ry)

Photon Energies (eV)

State Present* AUTOP OTHER Present*  AUTO® OTHER® Earlier' Experiment.
1 15%2s*(19) —3.5264 —3.5068 —3.5197 0.0000¢ 0.0000 __0.0000°
2 15225 (29) 0.0000 0.0000 0.0000 47.9798°  47.7127 47.8882°
3 1s22p(2P) 0.5903 0.6253 0.5883 56.0108°  56.2210  535.8921¢
4 1s2s%2p! (1 P) 18.0492  18.1128 293.9240 294.1516 204.08 293.94 £+ 0.03
5 1s2s%3pt (LP) 20.1745  20.1796 322.8400 322.2721 322.84 32293 +0.04
6 1s25%(28) 21.3887  21.3849 339.3608 338.6710

7 Ls2s('$)2p(2P)  22.0009
8 1s25(38)2p (2P)  22.2608

9 1529 (*D) 22.4055
10 1s2? CP) 22.5767
11 129 (25) 23.0266

22.0294
22.3689
22.5704
22.3955

23.0505

347.6898
351.2252
354.4195
355.5240
361.6445

347.4403
352.0598
354.8012
355.1431
361.3332

4 Present R-matrix results.

> AUTOSTRUCTURE results.

¢ NIST data.

d Earlier R-matrix results [81].
¢ ALS Experirimental data [81].
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Table 3.13  Same as Table 3.12, showing the C?* metastable ground and K-shell excited states.

Term Energy (Ry) Photon Energies (eV)
State Present* AUTO® OTHER Present*  AUTOP OTHER Earlier! Experiment.®
1 15%252p(3P) —3.0499 —2.9981 —3.0420° 0.0000 0.0000 _ 0.0000°
2 15725 (%5) 0.0000  0.0000  0.0000¢ 41,4963  40.7916 41.3889¢
3 1322p(2P) 0.5903 0.6253 0.5883° 49.5273 49.2998  49.3929¢
4 1s25(1S)2p7 (FP)  18.4423  18.5000 202.7800 292.4984 202.97 29298 £ 0.03
5 1s2s(38)2p% (°D) 184624  18.5652 293.0620 293.3856 292.78  292.80 4+ 0.03
6 1s2s(*9)2p% (?S) 187927 18.8289 297.5560 296.9744 296.73  296.62 £ 0.2
7 1s2s(35)2p7 (PP) 18.8845 19.0494 208.8054 299.9736
8 14262 (25) 21.3887  21.3849 332.8773 331.7499
9 1s2s(*S)2p (*P)  21.5576 21.5661 335.1741 334.2159
10 .152,5(15)21) ? F) 22.0009  22.0294 341.2063 340.5192
It 1s2p* (*P) 22,2378 22.2662 344.4290 343.7417
12 1s2s(38)2p (3P)  22.2608  22.3689 3447417  345.1387
13 1s2p%(*D) 22,4055 225704 347.9360 347.8801
14 1s2p* (2P) 225767  22.5955 349.0405  348.2220
15 1s2p%(25) 23.0266  23.0506 355.1610 354.4121

# Present R-matrix results.

® MCBP AUTOSTRUCTURE results.
¢ NIST data.

4 Earlier R-matrix results [81].

¢ ALS Experimental data [81].

Theoretical calculations and experimental measurements for the total cross sections are
in good agreement in terms of the positions of the 3p, 3D, and ' P° resonances. Further-
more, both theoretical results show fair agreement for the line strength of the 1525?2p ! P°
resonance.

Having analyzed our results for each partial cross section, we found the two low-lying
resonances to be in energy o;der 3P and 3D, as shown in Fig. 3.10a. The earlier published

RMPS results [81], on the other hand, order them as 3D and *P. Our MCBP (in LS-
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coupling scheme) calculation for the B-like C fluorescence yield also gives the order as 3 P
and 3D (see Table 3.12). Furthermore, the coupling of the 152s2p? configuration gives two
3P terms; the first one comes from the 1s2s (35) parent whereas the second one comes
from the 1525 (1S) parent. We have studied the angular momentum algebra of the 1s —
2p dipole excitation of the 15?2s2p (3P) term to see if any of these states are forbidden
and found that the 152s(35)2p? (*P)3P term can not be populated in a SC description,
but instead is populated through CI effects. We have detected this resonance in our cross
section and found it strong enough to be observed with both 133 meV or 200 meV spectral
resolutions (see Fig. 3.10c).

The Auger widths from R-matrix and MCBP calculations, for the six autoionizing tar-
get states above the K-shell ionization threshold, are shown in Table. 3.14. These R-matrix
results are obtained using the Smith-time delay method (see Sec. 2.4.1) with the electron

scattering from C3* target states. The resonances unaccounted for in our MCBP calcula-

Table 3.14  Auger width results obtained from different methods for the thresholds above the
K-shell excited states (see Table 3.12).

State Present® AUTQP
1 15252 (25) 6.99E —02  T.12E — 02
2 1s2s5(15)2p (2P) 3.95E — 03
3 1s25(3S)2p(PP)  3.64E — 02
4 1s2p? (QD) 5.48E — 02 6.07TE — 02
5 1s2p% (2P)
6 1s2p*(29) 8.76E — 03 5.22EF — 03

2 Present R-matrix results.
b MCBP AUTOSTRUCTURE results.
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tions are due to neglect of the coupling between the continuum and the target states within
a DW calculations (see Sec 2.4 and Sec. 2.2.5). The R-matrix width results are used for the
broadening of the 1s — 2p resonance series attached to these target states.

The present R-matrix results, using both length and velocity forms of the dipole opera-
tor, are found to be in good agreement. We have also calculated our cross sections without
considering broadening to emphasize the effect of Auger broadening on the cross sections.
A comparison of these two results is shown in Fig 3.11. The importance of the broadening

is seen even at low n = 3 value, where the resonance profile is obviously qualitatively

affected (see Fig. 3.10c and 3.11).
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Figure 3.10  Experimental measurements and present and earlier R-matrix theoretical calcula-
tions of 15 — 2p and 3p absorption resonances of C2" jons. Theoretical curves are determined by
considering an admixture of 68% of the ground-state and 32% of the metastable state. These mixed
cross sections are convoluted with a FWHM Gaussian given by the experiment spectral resolution.
a) Comparison between 152s2p? (3P, 3D) and 152522p? (1 P) absorption cross sections at a spec-
tral resolution of 68 meV. b) Comparison between the 152s2p? (35) and 152s(35)2p? (3 P) absorp-
tion cross sections at a spectral resolution of 133 meV. ¢) Comparison between the 152s23p (* P)

absorption cross sections at a spectral resolution of 200 meV. The black curve shows our results
without Auger broadening (see Fig 3.11)
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CHAPTER 1V

SUMMARY AND FUTURE DIRECTIONS

The majority of funding for this research was provided by NASA APRA and NASA
SHP SR&T programs. Thus, this dissertation focused on two astrophysically important
atomic processes, K-shell X-ray photoemission (or Auger transition) and K-shell X-ray
photoabsorption. Through these studies, much information has been gained both in the
underlying theoretical atomic physics processes and in the necessary effects that need to
be considered for computing reliable astrophysical transition rates. Such modeling by as-
trophysicists/astronomers aids in the interpretation, among other things, of the chemical
evolution of the universe. Interesting theoretical atomic physics findings, and the necessary
considerations for reliable application to astrophysics, have been discovered.

Following earlier WMU studies [12] on K-shell fluorescence yields that first investi-
gated the presently-recommended database [3], we have conducted three new investiga-
tions aimed at producing the most reliable fluorescence yields of individual Auger and
radiative rates for all 2°4-row ions. In these calculations, our results show good agree-
ment with other sparsely-available theoretical results, giving us confidence in the accuracy
of our comprehensive computed rates for the entire 2°d-row isoelectronic sequences up
through ten-electron systems. In these studies, inclusion of several important effects, such
as spin-orbit interaction, CI effects, initial-state populations of a K-shell vacancy state, and
avoided-crossing phenomena are found to be crucial for producing reliable atomic parame-

ters for astrophysical plasma modeling. This has resulted in three publications [40, 41, 42].
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Two future publications are in progress: the first is a survey of fluorescence yields of 27d-
row ions [73], and the second is a comprehensive computation and tabulation of all transi-
tion data [74].

A secondary project, aimed at computing carbon K-shell photoabsorption cross sec-
tions, was undertaken in order to provide neutral carbon data for determining ISM abun-
dances and the instrumental calibration [1]. Here we have used a more sophisticated R-
matrix method, yielding, to our knowledge, the first carbon K-shell photoabsorption cross
section spectra. Further, we continued to compute photoabsorption cross sections for the
additional C* and C?* isonuclear members, for which synchrotron-facility measurements
at the ALS had already studied the lowest 1s — 2p, 3p resonance transitions in C* and C?*:
favorable agreement is found between our present results and the experimental measure-
ments except for one puzzling case, which is still unresolved. In addition to these lowest
resonances, we have studied the higher 1s — np resonance features that are also impor-
tant for astrophysical studies. Publication of these studies along the complete isonuclear

sequence is in progress [82].
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Appendix A

Atomic Units
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For theoretical simplicity, atomic units are the most used system for describing the

electron-ion systems. Atomic units yield the simplification that A = m = e = 1 and like-

wise based on the typical dimensions of a hydrogen atom. These are tabulated in Table A.1

(Note that fine-structure constant & = k €2/(hc) = 1/137.03599967).

Table A.1 Fundamental atomic units and conversion factors

Physical Quantity Unit Name SI Value
Mass m Electron rest mass 9.10938215 x 10~°Tkg
Angular Momentum f=h/2r Planck’s constant divided by 2 | 1.05457162 x 10~* Is

Charge

Electrostatic force constant
Length

Velocity

Time

Energy

¢

k, = (dme,)?
a, = hf (mea)
ac

o/ (xc)

E), = m(ca)?

Charge of proton and electron
Coulomb’s constant

Borh radius

Hydrogen ground state elec-

tron speed

Hydrogen ground state elec-
tron period

Twice the binding energy for
the electron in the ground
state of hydrogen.

1.60217648 x 10~ C
8.9875518 x 10° N.m2/C?
0.52917720 x 107 m

2.18769125 x 10° m/s

2.41888432 x 10717 s

4.359743 x 10~¥ IT=27.211 ¢V




Appendix B
Z-Scaling of Relevant Physical Variables
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In order to derive Z-scaling of the physical variables for hydrogenic systems with arbi-
trary nuclear charge, Z, let us look at the reduced form of Schrédinger equation for the ra-

dial orbitals (one-electron wave functions are considered in the form of Eq. 2.3) [2, 38, 70].

14 1l(+1) Z
[_521;5+§_7T2—_—7_ nt| Pu(r) =0. (B.)

Here the bound solutions P,;(r) must be normalized according to expression
[ ¢)
/ Pay(r)Pu(r)dr = 1. (B.2)
0
To factor out the Z-dependence, we consider the transformation p = Zr.
Bound Orbitals

To understand the Z-dependence of the radial orbitals P,;(r), we define the p-dependent
function fr;(p) by Pu(r) = Cpifru(p). Here, Cy,; which can be determined from the nor-
malization requirement in Eq. 2.26 as a function of Z by considering that

o0
/ P (r)P,(r)dr =1, sothat (B.3)
0
jp— dp
Cannl(p)Cannl (p)—Z_ =1, and
0
Cull® [
Gl Zl| / |Fu(p)*dp=1.
0

The normalization of F;(p) thus shows the Z-dependence is C,; = Z /2 and therefore,

Pnl('f') ~ Zl/z.
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Energies

In order to find the Z-dependence of the energy, E,;, let us start with Eq B.1. First, we

multiply both sides by P,,;(r) and integrating from 0 to oo as follow:

o o 14> 1l(I+1) Z
Bu [ PaYPutar = [ a3+ 3 - 2 utryar.

r2

Using the normalization in Eq. B.3 of the radial orbitals,

Eni = /0°° Pa(r) [—% (‘g;i - w) - ‘TZ-} Py(r)dr,

r2

and since we know how r and P,,;(r) scale with Z, we can get the Z-scaling of the energy:

o0 Z2d>  Z2I1+1) Z? dp

En _ /20 | _ 4 % N A Z1/2Fn —_—

l /0 2 [ 24 2p p] l
© 1 11+ 1

= 2 [T E| g g Bl >

The Z-independent integral expression gives us the hydrogenic (Z = 1) energy, EX =

1

Y

a.u (this, of course, is within a non-relativistic framework).We see that F,; = Z 2Eﬂ ~

VAN

Continuum Orbitals

In contrast to bound orbitals, continuum orbitals are defined as a function of energy

P..(r). Also, normalization of continuum orbitals is given instead by

/Ooo P.y(r)*Pay(r)dr = §(e — el) .

85



Applying the p = Zr transformation and considering radial orbitals transform as P,(r) =
CuFgi(p). In the preceding section under such transformation, we showed that energy
behaves as € ~ Z2. Performing a transformation for continuum orbitals, the normalization

is instead

o d / 1 ,
| cuFaley Feu)Cn = 8(2HE-EY) = (B~ E),
0

|CEi|?

2L [ By Felo)dp = 0B~ ), ®.5)
0

Z
CE‘I = Z-1/2 = Pel(’f') ~ Z_1/2 .

Auger Decay Rates

Although, Auger processes do not occur for the one-electron hydrogenic systems, we
assume that the radial orbitals in a many-electronic system scale as similar to hydrogenic
orbitals, which is true considering nuclear charge as the effective charge, Z — Z¢//, in
the Central Field Approximation. Let us consider an allowed Auger process that occurs
when an electron makes a radiationless-transition from a bound state ¢,; to a continuum
states ¢ while another electron makes a transition from a bound state ¢, to a second
bound state ¢, . By using Eq. 2.13, the Auger decay rate of this particular process can

be written as

2

Ay ~ ‘/d’ (1) pen (T2) ri' Gty (T1) bt (r2) dPridPry

Using the addition theorem of spherical harmonics, defined in Eq. 2.13, and recalling that
the angular and spin integrals are independent of Z, this reduces to the two dimensional
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radial integral

& 2

(e o] 00 %) r
Aa ~ Z/ / Pn"l” (rl)Pel‘ (7‘2) —-I-c—i—l Pn/ll (r1)¢nl(7'2)d7'1d7'2
k=0 0 0 T>

i Zk+1 2

~ 221/2 7-1/2 o 712712 7-17-1

k=0

=27° (B.6)

Thus, the Auger rate A, is (roughly) independent of the nuclear charge, Z.
Radiative Decay Rates

The radiative decay rate of a dipole-allowed transition with energy w from a bound state
¢n; to another bound state ¢,/ is given in Eq 2.12. This expression is proportional to the

radial integral between these two states as follows:

2
A ~uWB /¢n/l/ (r) v dpu(r)dsr
o0 2
~ W / P y(r) r Py(r)dr
0
~ Z8|zV2 27 22z = 2t (B.7)

Spin-Orbit Interaction

‘We now consider the Z-dependence of the spin-orbit interaction presented in Sec. 2.1.2.
This can be determined by looking at the expectation value of this operator. Because the

states are normalized, we only need to consider the Z-dependence of the operator Hgo:

Hso ~ Z ;15 =773 =274 (B.8)
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In this appendix, we have considered hydrogenic scaling, which is exact for hydrogenic
systems but only an approximation for many-electron systems. For non-hydrogenic sys-
tems with nuclear charge of Z, a more rigorous approximation can be done by defining
effective charge as ZZ{ f=z- Sni, Where S, is the “screening parameter” due to all other

electrons [30].
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