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A ROBUST TWO-SAMPLE PROCEDURE TO ESTIMATE A SHIFT
PARAMETER

Feridun Tasdan, Ph.D.

Western Michigan University, 2003

This study estimates the location shift parameter in the two-sample prob-
lem. The classical method, Least Square(LS), obtains the shift parameter estimate
under the normality assumption. A departure from normality assumption makes
the estimate inefficient and unreliable. One alternative to the least square esti-
mate is Hodges-Lehmann(HL) estimate which uses Wilcoxon ranks to estimate
the shift parameter. This estimate is robust against contaminations and large
outliers. The proposed method in this study combines two samples and uses con-
volution technique to find a density function for the combined sample. This new
density function is later used in the construction of the log likelihood function.
By the quasiconvexity of log likelihood function, a minimization procedure finds
the estimate of the shift parameter. Asymptotic properties of this estimator is
established under conditions that are similar to those used in LS and HL. Among
those properties, the asymptotic linearity and asymptotic normality conditions
are satisfied and found in the latter case. As shown in the study, the proposed
estimator is highly efficient and robust against contaminations and outliers. This

result is supported by the real data examples and by a bootstrap simulation study.
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CHAPTER I
INTRODUCTION

1.1 Definition of the Problem

Let Xj,...,X,, and Yj,...,Y,, be two independent i.i.d random samples
with common distribution functions F(x) and G(y), respectively. We assume
a relationship of G(y)=F(y-Ay) which is also called the location-shift model. In
general, two problems are often studied in this set up. First problem is the testing

of the hypotheses
Hy: F(z) =G(y) vs Ha: F(z) # G(y)

where H, implies that the sample X and the sample Y come from the same pop-
ulation distribution function under Hy. Equivalently, above null and alternative

hypotheses can also be expressed in terms of shift parameter Aq
Hy:Ag=0vsHy:Dp#0

Most of the procedures in the literature only deal with this problem, testing of
Hy vs Hy. The main interest is whether or not two samples come from the samie
population distribution function F(x).

Second type of problem often seen in the literature is the estimation of the

shift parameter Ay. The shift parameter Aq is sometimes called the treatment

1
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effect in the literature if the two random samples are classified as control and
treatment groups. Ay is the expected effect due to the treatment. If Ay is positive,
it is the expected increase due to the treatment. If A is negative, it is the expected
decrease due to the treatment.

We should note that, in many cases, neither of the random samples are
classified as treatment or control group. The procedures we discuss here are

applicable even if the samples are not related to drug testing problems.

1.2 Least Square Estimation

The problem of estimating shift parameter A in the two-sample problem
has been studied extensively in the past. The least square estimation method first
introduced by Gauss in the 18th century can be used to derive the shift parameter
estimate in the two-sample location problem. Hettmansperger and McKean(1998)

described the two-sample location problem in terms of a linear model as follows:

where ey, ..e, are i.i.d with distribution function F(x), ¢; is the indicator function

0, f1<i<n
C; =

1, ifm+1<i<n
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and Z; is the ith element of the combined sample of (X1, ..X,,, Y1, ..Ys,). The clas-
sical least squares estimation approach can be used to estimate the shift parameter

Ay based on the following square pseudo-norm,

Drs(A) = Z—CA|[35=> > (Zi— cih = Zj + ¢;A)?

i=1 j=1

By taking the first derivative of the above D(A) function with respect to A, we

get the gradient function

SLs(A) = —4n1n2(§7 . A)

Therefore, setting Sps(A) equal to zero, we get the classical least square estimate

of Ay which is

It can be shown that
Aps is approximately N (Ao, d*(n7 +n31))

By setting A = 0 in Sg(A), we can find the test statistic
SLS(O) = ? e X

Then, under Hy, the classical two-sampled pooled t-test statistic based on the

above results is defined by
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where

(n1 — I)Sg + (’I’l2 - 1)55
Spool =

ny + ng — 2

This is a well known testing procedure for comparing the locations of two samples.
It can be found in almost every elementary statistics textbook. Under the normal-
ity of population distribution functions assumption, A Ls and pooled t-test are the
best for estimating the shift parameter Ay and testing the null hypothesis in the
two-sample location problem. On the other hand, if there is contamination in the
data or departure from the normality assumption, then the result of the estima-
tion and naturally the result of the testing procedure could be less than optimal.
Therefore, both of these methods, Ars =Y — Y and the two-sample t-test, are
vulnerable to the outliers and depend heavily on the normality assumptioﬁ (Stu-
dent (1927), Tukey (1960), Hoyland (1965) and Huber (1972)). The two-sample
t test should be used with a caution if the underlying distribution function is

unknown or if there are large outliers in the data.

1.3 Hodges-Lehmann Estimation

The robust estimation and testing procedures are on the big move to-
ward replacing classical methods in recent years. The reason for this, as we have

mentioned above, is that the classical estimation method (Least Square) needs
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the data to be normally distributed (at least approximately normal or outlier
free) but in the real world, the data does not follow these assumptions. Hample,
Ronchetti, Rousseew, and Stahel (1986) argue that real data cpntain 1% to 10%
gross errors in real life. Further studies by Huber(1972), and Hettmansperger and
McKean(1998) also indicate that real life data can be contaminated. On the other
hand, the robust estimation and testing procedures do not depend on the normal-
ity assumption and robust against outliers. Mostly, they are distribution free
under the null hypothesis. The most widely used and well known robust proce-
dure in the two sample problem is the Mann-Whitney-Wilcoxon(MWW) method.

This method uses ranks and based on the pseudo-norm(L; norm) defined by

Dr(A) =|Z~CAlr=Y_3 | Zi— i = Z; + ;A |

i=1 j=1

By taking the first derivative of the dispersion function Dg(A) with respect to A,

we get the MWW gradient function

n1 n2

Sr(Do) = =2 Y sgn(Y; — X — Ao)

i=1 j=1

By setting Sr(A) = 0 and solving for A, we get
Ap = med{Y; — X;}

which is the median of the pairwise differences. This is the pseudo-norm(L,

norm) based on the estimate of the shift parameter Ay. The above estimator
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is called the Hodges and Lehmann(1963) estimator. Hodges and Lehmann(1963)
and Hettmansperger and McKean(1998) showed that A r is approximately normal
with mean Ay and variance o? = ﬁ/\lM-TlfW' Based on the MWW gradient

function, Wilcoxon (1945) proposed rank based test statistic
W(A) =322 R(Y: - 4)

Later, Mann and Whitney (1947) proposed the test statistic
Sr(A) = #(Y; - X > A).

Mann and Whitney(1947) showed that the linear relationship between Wilcoxon

and Mann-Whitney is

Sr(A) = W(A) — 22lzth)

2

The statistic Sg(A) has been referred as the Mann-Whitney-Wilcoxon(MWW)
test statistic. This derivation of the linear relationship can be found in Hettmansperger
and McKean (1998).

Hettmansperger and McKean(1998) showed that the test statistic Sg(A) is

distribution free under the null hypothesis Hy. Asymptotically, it is normally dis-

tributed with the mean p1 = nyn,/2 and standard deviation 0 = y/nina(ny +ny +1)/12.
Hence, based on the asymptotic results, an « level Z test statistic has been devel-

oped

7 = —SeO)-(mny/2)
\/Hng(nl +n2+1)/12
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The benefit of using robust procedures is that they don’t lose efficiency and
power under the contamination and presence of large outliers. If the normality
assumption is satisfied, then robust methods still hold their ground against the
least square estimation with asymptofic relative efficiency of 0.95, which was found
by Hodges and Lehmann(1956). In some cases, even one outlier is enough to
impair a two-sample t-test procedure and A Ls, but MWW test and AR remain
robust and less sensitive to gross errors, see Hettmansperger and McKean(1998,

Example 2.3.1).

1.4 General Rank Scores

The general rank score functioh estimate of the Ay and testing procedure
has been developed by Hettmansperger and McKean(1998). The pseudo norm for

the scores is denoted by

n

Dyl(8) =] Z — CA [ly= 3 ap(R(Zi ~ eiA))(Zi — cidd)

i=1

By taking the negative derivative of the || Z — CA ||,, we find gradient function

S(8) =3 ag(R(Y; - 4))

where a(i) are scores such that a(1) < ... < a(n) and Y a(¢) = 0. This score

function can be taken as a(i) = ¢(i/(n+1)). If we take pp = v12(u — 1/2), it is
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called Wilcoxon score and ¢g = sgn(2u — 1) is called sign score.
By setting S,(A) = 0 and solving iteratively, we find &,,. This solution
exist since the pseudo norm is a convex function of A. Hettmansperger and

McKean(1998) found that

o~

A, is approximately N (Ao, 72(ny" +n3'))

where 72 = [ o(u)ps(u)du

The test statistics, under Hy, is

5,0 = 3 au(R(Y)

This test statistics is distribution free and depends only on the ranks of the sample

under the null hypothesis. The expected value and variance of S, are
E[S,) =0

and

Then, for testing previously defined Hy vs H4, an asymptotic level « test is to

Reject Hy in favor of Hy if S,(0) > 240,
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1.5 Other Important Methods

Some other nonparametric procedures for the two-sample location problem
are Fisher’s Exact Test by Fisher (1936), Median Test by Mood(1950), Tukey’s

Quick Test(1959), Kolmogrov and Simirnov etc.
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CHAPTER 11
PROPOSED SOLUTION

2.1 Method and Notation

Let Xi,...,X,, and Yj,...,Y,, be two independent i.i.d random samples
with distribution functions F(x) and G(y)=F(x-Ay), respectively. As we know
from the Chapter I, the parameter Ag represents the true shift parameter between
the locations of the two samples. The main interest in this dissertation is to
estimate the true shift parameter Ay and find asymptotic properties of the its
estimator. Therefore, the shift in the locations of the two samples is our main
focus. If we state our basic assumption:

Assumption (Al): Xi,..,X,, and Yq,....,Y,, are two independent i.i.d random
samples from continuous distribution functions F(x) and G(y)=F(x-A¢) with
equal scale parameters.

In a linear model notation, the following representation is also used by

Doksum(1974) and Hollander and Wolfe(1999).

Y—0o 2 X

The notation = indicates that Y — Ao and X have the same distribution function

as F(x). If Ag = oy — p (the shift between the locations), then we have

10
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11
d
Y —p, =X —p,

which indicates that by shifting, the data is centered.
The following figure shows the relationship between two distributions and

the true shift parameter A,.

Graphical illustration of Two Sample Location Problem

F(x)
- Gly)
\
\
\
\
\
\
\
\
\
N\
\
~
S
EX| P E[Y|
Delta=E[Y|-E[X]

Figure 1: F(x) and G(y), shifted by A¢=E(Y)-E(X)
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First, let Y* = Y; — A for j = 1,..,ny be arbitrary A shifted Y-Sample

and let

Zy =

Yy, fnm+1<k<n
be the combined sample of X, ..., Xy, ; Y7, ..., Y,> and n = n; +ny is the combined
sample size. We will call this the ”combined shifted sample”. The purpose of using
the arbitrary A variable is to align two samples as closely as possible so that true
shift parameter Ag can be estimated. We should note that when we shift the
sample Y with A parameter, the combined shifted sample Z; can be taken as a
single sample from the underlying distribution function F(x).

In this notation, for testing purposes, if we want to investigate that the

difference in locations of the two samples is equal to A}, then we should look at

the null hypothesis,
Hy:Ao=AFvs Ha: Ao > A

In addition, if we are testing that there is no difference in the locations of

the two samples, then the null hypothesis becomes

HQZAOZOVSHAZA0>0.

2.2 Likelihood Function of the Combined Sample

To estimate the true shift parameter Ag, we use the idea of the likelihood

function which is the joint probability density function of the combined shifted

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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sample Z;. The maximization of the likelihood function with respect to the arbi-
trary shift variable A estimates the true shift parameter A which aligns the two
samples as closely as possible. We first define the likelihood function of random

variable Zy,

o) = I (=)
k=1
=[1 /@)« 1w
ap VECORY | BIC7R (2.1)

Then, by taking the negative log of both sides, we get the negative log likelihood

function,

L&) = = loglf@i)] = Y loglf (s — &) 22

The negative log likelihood function defined above would be a convex function
of A as long as we have a log concave density function f(x). Therefore, by min-
imizing the log likelihood function with respect to A, the estimate of the true
shift parameter Ay can be found. The problem is that we rarely know the true
distribution function F(x) or density function f(x) of the populations in real life.
Thus, in order to use this idea, we need to know the true density function of the

combined sample or we should find one that replaces the true density function.
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2.3 Kernel Density Estimation

The estimation of density functions is not a new idea. The Kernel density
estimation methods first introduced by Rosenbalt(1956), Parzen(1962) and Cen-
cov(1962). The Kernel estimator is a numerical approximation to the derivative
of the empirical distribution function F,(z). The basic kernel estimator can be

written simply as

f@) = - Y KT = 1Y Kala - X) (23)

i=1
There are a lot of studies and suggestions in the litefature for selecting the kernel
function K(x) and bandwidth parameter b,. The choice of the kernel function
K(x) is, to some extent, arbitrary, and properties of f (z) will depend mostly on
the chosen value of the bandwidth parameter b,. There is always a trade-off in the
selection of the bandwidth parameter b,. As we decrease the value of b,, the bias
of f (z) decreases but the variance increases. Conversely, as we increase the b,
the bias of f(z) increases but the variance decreases; see Silverman (1986, section
4.3.1).

A complete solution to the problem of selecting the bandwidth parame-
ter b, is not currently available, although some promising work has been done in
recent years. Sheather and Hettmansperger (1985) studied the selection of band-
width in the rank regression. Silverman (1986), Hall and Marron (1987), Park and

Marron (1990), and Sheather and Jones (1991) all proposed an optimum band-
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width parameter selection procedure. Sheather and Jones(1991) stressed that
their bandwidth estimator has a practical performance second to none in the ex-
isting literature on the subject. In this dissertation, we will run a simulation
study to investigate the kernel density estimation method as an alternative to our
”smoothing by convolution” idea by using bandwidth b, as a smoothing param-
eter. For the estimation of the bandwidth parameter b,, we will be using the

optimum bandwidth parameter proposed by Sheather and Jones(1991).

2.4 Smoothing by Convolution

The idea of smoothing functions by convolution has been used mostly in the
mathematical sciences, engineering, physics, computer science and statistics. For
example, mathematicians use Fourier transformations to approximate functions.
An electronics engineer facing a noisy function will use one of the convolution
filters to smooth away unwanted noisy functions. Engineers call this filter design;
see Scott (1992). Similarly, a physicist would like to use convolution smoothing
to smooth away unwanted high frequency components. One of the recent hot top-
ics in computer science involves image recognition algorithms. Gaussian density
function has been used in the edge smoothing of estimates of the real images. The
problem in statistics is that we can have a sample set drawn from a population
whose density function is unknown to us. The empirical density function of the

sample can be smoothed with a weight function by using the convolution oper-
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ation that makes the empirical density function smooth, less noisy and useable
in the statistical inference. Cencov(1962), Kronmal and Tarter (1968), and Wat-
son (1969) suggested smoothing the empirical density functions using orthogonal
series approximation which uses Fourier transformation as a basis.

The usual nonparametric estimate of a distribution function F(x) is the
empirical distribution functio;l F.(z). It is a very common practice in statistics
to use the empirical distribution function F,(z) instead of the unknown F(x) in
statistical inference or testing problems. For example, the two sample Kolmogrov-
Simirnov test uses the empirical distribution functions of the two samples and
finds the maximum distance between them for testing purposes. There is a very
strong theoretical background concerning F,,(z) and F(x). The Glivenko-Cantelli
Theorem states that F,(z) converges to F(x) uniformly rather than pointwise
without restrictions to continuity points of F(x). Whenever we are have a data
set, we can find an empirical distribution function F,(z) of the given set. These
are the main reasons that we would like to use an empirical distribution function
F.(z) as a main tool in the replacement of real density function. So, given that

we have the combined shifted sample Z, we can find the empirical distribution

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

16



function of the Z;, in the following fashion.

1 n
Fi(@) == 1(Z <a)
k=1
ng

1 & 1
‘E;I(X" <x)+EZI(Y3—A<m)

=1

- % « By (2) + % % Gy (z + A) (2.4)

where I is the indicator function defined as

1, if event A is true
I(A) =

0, otherwise

and F,, and G, are the empirical distribution functions for the X and Y samples

respectively. Note that F¥(x) also depends on the arbitrary variable A.

We can not put F*(x) in negative log likelihood function directly but one
can think that we can use the theoretical relationship of f(z) = F'(z) between

fn(z) and F,(x). In reality, the empirical density function f,(z) is

fala) = = }n: 5(z — X;)

where d(t) function is called the Dirac delta function by Scott(1992). It is always
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a discrete uniform density over the data with probability mass of 1/n for each
data point. On the graph, it can be seen as one-dimensional scatter diagram. It
is a useless estimate especially if the real density is continuous. So, we cannot use
fn(z) in the negative log likelihood function either.

To overcome the difficulty of using empirical density function, we introduce
the "smoothing by convolution” idea to find a replacement for the unknown den-
sity function f(x) in the log likelihood function. By using a convolution of f,(z)
with a smooth continuous density function, the resulting empirical density func-
tion becomes a smooth and continuous density and can be used as a replacement
of f(x) in the log likelihood function.

The basic notation for the convolution in one sample case is

ht) = / o(t — 2)dFu(z) = % ot ) (2.5)

For the two-sample problem, choose a continuous ”smoother density” function
g(t) and convolute with combined empirical distribution function F;(z). The

resulting convolution becomes,

ha(t) = [ olt = 9)dF;(@)
- / 9(t = 2)d[(n1/n) * Foy (5) + (na/n) * Gy (& + A)]

g

= %l / 9(t — 2)dFy, (2) + — / 9(t — 2)dGny(z + A)
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= [ gt — 2)dF,, (z) + % / g(t —y+ A)dGr,(y)

n

If we apply the Reimann-Stieljes integral, we have

ni-

n 1 ng 1 <
=D oS -z + 2= gt -y + A
iﬂg( ) o jzlg( ¥ +A)

n1

Fa®) = 2 [ gtt—z)+ Y gt -5+ ) 26)

i=1 j=1

The resulting function BA(t) is a smoothed empirical density function of
the combined shifted sample according to the density function g(t) chosen in the
convolution. In addition, it should be noted that ﬁA (t) depends on the arbitrary
shift variable A. |

Let g(t) = 1g(%), where o is a scale parameter. If we replace g(t) with

19(%) in the expression( 2.6), we have,

Ra®) = o Yoo + 3 (R @)

We should emphasize that ha(t) is not an exact estimate of f(x) but it
will have the basic shape of the density that the data comes from. If we compare
kernel density expression ( 2.3) with smoothing by convolution expression ( 2.7),

we see that there is no bandwidth parameter ”b,” to estimate in the convolution
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smoothing but instead we have a scale parameter "¢” to deal with it. b, and o,
both do the same job, work as a smoothing parameter but estimation of b, and o
are indeed two different problems. As we discuss in section 2.3, even though there
are promising studies that have published on selection of bandvﬁdth parameter,
there is no common solution to the bandwidth parameter b, in the literature.
On the other hand, o parameter can be estimated with classical scale estima-
tion methods. This makes the ”smoothing by convolution” procedure somewhat
simpler than regular kernel density estimation procedure.

The convolution smoothing replaces the value of a function by a local
weighted average of the function’s values according to a weight function g(t),which
will be symmetric around zero. In general, the shape of the resulting convolution
function will depend on sample size n and o. On the other hand, Kernel estimator
uses a single shape for all sample sizes and width of the kernel control by smoothing
parameter b, (see, Scott 1992). The following example and plots will illustrate
the convolution smoothing and the effect of ¢ parameter over the shape of the

data.

Ezample 2.4.1. (Illustration of the Convolution) To illustrate how the smoothing
by convolution works, we will generate a random sample of X from Exp(1) with
n; = 50 and a random sample of Y-A from the same underlying distribution
function Exp(1) with ny = 30. We assume that under Hy : Ag = 0. Then, we will

convolute the combined empirical CDF of F*(z) with a smoother density function
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such as

2
glt,0%) = e

270

The parameter o2 is an important one here, we can call it the smoothing pa-
rameter, smoothness of the convolution function EA(t) depends on the smoothing
parameter 02. The following figures show the importance of ¢% as a smoothing
parameter in the Gaussian density function g(t). First column is the smoothed
empirical density function EA(t) and second column shows the resulting negative
log likelihood function L,(A). In first row, o = 0.1 is arbitrarily chosen value of
smoothing parameter, the resulting convolution does not work and the graph is
rough, no smoothing is done. In the second row, ¢ is increased to 1 The resulting
graphs are both smooth and ha (t) resembles the true density function Exp(1).
In the third row, o is chosen to be 10, resulting ha (t) looks over smoothed and
loses the original exponential density shape. It looks very similar to the smoother
density function g(t). In this example, g(t) is a normal density function and over

smoothed shape is similar to the normal density function.
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Gaussian Smoothed Data and Likelihood Fuﬁction
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Figure 2: TLA(t) and L,(A) with 0 = 0.1
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Gaussian Smoothed Data and Likelihood Function
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Figure 3: EA(t) and L,(A) with 0 =1
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Gaussian Smoothed Data and Likelihood Function
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Figure 4: TLA(t) and L, (A) with o = 10
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As we see from the example given figures above, TLA(t) is not an exact esti-
mate of f(x) but it has the basic shape of the unknown density function f(x), in this
case, an exponential density function. This shape depends on the scale parameter
o and it should be chosen carefully in order to have appropriate smoothing of the
data. Even though we mentioned kernel density estimation method here, we are
not going to deal with the main topics of kernel density estimation procedure such
as consistency, convergence rates, selecting bandwidth parameter etc. because it
is not our interest to investigate those properties in this dissertation. The pur-
pose of this dissertation is to find a "replacement” for unknown density function
f(x) which makes the log likelihood function smooth enough with respect to A
so that we can estimate the shift parameter from the likelihood function. In the
Chapter 7.2, a simulation study will be conducted to investigate the differences

between using b, and ¢ as a smoothing parameter.

2.5 Estimation Procedure

From the previous section 2.4, we have the smoothed empirical density
function ha(t) of the combined shifted sample. The unknown true density f(x) in

the log likelihood function (2.2) can be replaced with the a (t). First recall that

Fa) =2 St -2)+ ot -+ ) (2.8)
i=1 j=1
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If we rewrite ha (t) in two pieces, we have

ha(t) = hx(t) + hy(t + A) (2.9)

where hy(t) = Ly gt—m) and hy(t) = LN g0t —yk).

If we replace f(x) with ha (t), we have the new following log likelihood

function,
Zlog [hA Z; ] Zlog [hA A)]
—————Zlog[ (@2) + By ( mz-l—A] Zlog[ —A)+Ey(yj—A+A)]
La(A) = Zlog[ (22) + By (i + )] - Zlog[ — &)+ Fylyy)]

(2.10)

The minimization of the negative log likelihood function would give us the follow-
ing expression

Ag = ArgAmin{Ln(A)} (2.11)

where Ag is the proposed estimate of the true shift parameter Ag.
By taking the derivative of the L,(A) with respect to A, we can find the

gradient function and solve for A. So the partial derivative of the first sum term
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in L,(A) with respect to A is

oL, B(mi+A)
oA

—~

=1 ha(z:)

Similarly, the partial derivative of the second sum term is

0L N,y -4
A

By adding the two derivatives, we get

n o p ; A no /
Sn(A):a_L_"(_A_)z_Z y (T + +Z_x___
= A

0A

hA CL‘, j=1

-3 Yi(zi, A) + Z Pa(ys, A
=1 =1

where
~ fye+8) 13 g@—y+4)
z, A =
e N Fa(@)
and
~ }Al;c(y"A) 1Ez 19( A —m)
JA) = <
valu 8) ha(y — A) haly — A)

Therefore, the shift parameter can be estimated by either

Ag = Argmin{L,(A)}
A
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or solving

A minimization algorithm or root finder algorithm can find As. Details of these

results will appear in Chapter III.

2.6 Translation Property

One of the important properties of the proposed estimator 33 is the trans-
lation property. This property will allow us to assume under Hy : Ay = 0 without
loss of generality. For convenience, let the vector X denote sample X1,..X,, and
the vector Y denote the sample Y3, .., Y;,. The following definition of translation

equvariance property is given by Hetmansperger and McKean(1998).

Definition 2.6.1. Let X +al = (X; +a, .., X, +a), where a is a constant number.
An estimator K(X, Y) of A is said to be a location equivariant estimator of A if

AX+al,Y)=AX,Y)—aand AX,Y +al) = AX,Y) +a

Theorem 2.6.1. Let Ag = Argmin{L,(A|X,Y))}. Let X+va1 = (X1 +
A
a,..,Xn, +a). Then we have

o~

A, = Argmin{L,(A|X +al,Y)}
A

where

AGIAS——CL
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29
Proof. By the expression ( 2.11), we have Ag = Argmin{L,(A)} where
A

:—Zlog[ (zz)—i-h :E1+A] Zlog[ )+/ﬁy(yj)]

Note that the L,(A) can be also written as L,(A|X,Y) since it depends
on X and Y also. Let X +al = X +a,.., X,, + a. Then, replace sample X with

X +al in the L,(A|X,Y). So

La(A|X +41,Y) = Zlog [hA (z; +a ] - ilog [EA(yj - A)]
= — i log [sz+a(xi +a)+ ﬁy(:r:Z +a+ A)]
—Elog[m — A) + hy (y; A)]

1 &
__;log [ﬁgg(mi—ka—xl—a)+;L-Zg(a:i+a+A—yk)j|

k=1
na 1 ny 1 n3
=Y log |=> gy —A—m—a)+= g(yj—A—ykwLA)]
: n n
j=1 =1 k=1
After some rearrangement inside the sums and writing —A —a = —(A + a), we

get the following expression
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ny ny
z—Zlog[—%Zg T — ) Zg (25 — yx + A—I—a))]
i=1

=

—Zz:log[ Zg —(A+a)—x) Zg ] (2.17)

Inside the brackets, the shift variable is A + a this time and the log likelihood
function depends on A + a. Thus we can write
Lo(AX +al,Y) = Zlog[ (25) + hy(zi + (A + )]
- Zzog [Py — (A + @) + Py (1)
L,(AIX+al,Y)=L,(A+a|X|Y)=L,(A+a) (2.18)
Let’s define
A, = Argmin{L.(A + a)} (2.19)
A

where A, is the argument that minimizes L,(A+a). Note that Ag is the argmin of
the L,(A), which implies that L,(Ag) is the minimum at As. Then the argument

that minimizes L,(A + a) must be equal to Ag — a. Thus, we have the following

A.=As—a | (2.20)
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Similarly, by using the same argument above for Y; + a, .., Yy, + a, we will have
As=As+a (2.21)

Therefore, the proposed estimator Ag is a translation equivariant estimator. [
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CHAPTER III
PROPERTIES OF %a(t) and L,(A)

3.1 Asymptotic Properties of ﬁA(t)

In this section, we are shall give some important definitions and theorems,
which are necessary for establishing the basic properties of the ’ﬁA (t). We in-
vestigate the asymptotic properties of the smoothed empirical density TLA(t) in
this chapter. It will be proven that ha (t) converges to a true convolution density
ha(t), which is the convolution of the smoother density function g(t) with CDF
of F*(z). The pointwise convergence of A (t) to ha(t) is clear by the Strong Law
of Large Numbers(S.L.L.N). The theorems of Wellner(2001) will be introduced in
order to prove the uniform convergence of ha (t) to ha(t). First, we shall state
a very basic theorem of empirical processes called the Glivenko-Cantelli theorem
in the literature. We would like to state this theorem because we are using the
empirical distribution function F;(z) in our convolution transformation. The fol-
lowing well known theorem proves that F(z) converges to F*(z) uniformly for
i.i.d random variables. We shall state the one-sample case of the Glivenko-Cantelli

Theorem first.

32
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Theorem 3.1.1. (Glivenko-Cantelli Theorem,)

Assume that Zy,..Z, are i.i.d with distribution function F(z). Then,
sup|F(2) — F(2)| —4.5 0 as n — oo
2€R

We can extend the one-sample Glivenko-Cantelli theorem to introduce two
sample version of it. The following theorem states the result for the two-sample

problem.
Theorem 3.1.2. Assume that

1. The random variables Xy, ..., Xn, and Y1,...,Y,, are i.5.d with distribution

functions F(z) and G(y)=F(y-Ao) respectively.

2. n=n1+4+mng, n;/n— X and 0 < \; <1 fori=1,2 as n— oo.

Then,
suplFX(x) — F*(x)| —4.s 0 as n— oo
ze€R
where
Fi(x) = 5 Foy (2) + 2Gry(z + A)
and

F(z) = MF(z) + 2G(z + A)

= )\1F(.’B) —|—>\2F(I—+—A— Ao)
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Corollary 3.1.1. If we assume that the arbitrary shift variable A equals to true

shift parameter Ay (or Hy : Ag =0 and A =0), then
sup|Ex(z) = F(z)| —4.5 0 as n— oo
z€R
Proof. It A = Ag, F*(z) = M F(z)+XF(z). Since \j+X =1, F*(z) = F(z). O

The following theorem and its proof are provided by Wellner (2001) and it is

known as Glivenko-Contelli theorems in the empirical processes theory.
Theorem 3.1.3. {Theorem 2 of Wellner 2001} Assume that

1. F, is an empirical CDF of sample size n from the density f

2. © is compact set.

3. g(zt)is a upper semicontinuous in t for all z.

4. There exists a function H(z) such that E[H(Z)] < co and g(z,t) <H(z) for

all z€ x and t € O.

5. For oll t and sufficiently small p > 0

sup f(z,t)
[t —tl<p

is measurable in z. Then,

lim sup sup F,g(z,t) < sup Fig(z,t) (3.1)
te®

n—o0 t€O
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The following theorem and its proof is provided by Wellner(2001). We will

state the theorem and the proof for the readers.

Theorem 3.1.4. {Theorem 1 of Wellner 2001} Assume that
1. Z1,Zs,...2, are i.i.d with cdf F on the measurable space(x,A).
2. © is compact set.

3. g(zt)is a measurable, real valued function of z and t and continuous in t for

all 2.

4. There exists a function H(z) such that E[H(Z)] < oo and |g(2,t)| <H(z) for

allze x and t € ©. Then,

sup]l E 9(Zy, t) — /g(z,t)dF(z)| —.s 0asn — oo. (3.2)
tee M k=1
for all fixed t.

Proof. The proof is from the Theorem 1 of Wellner(2001) and it also uses of the
result of Theorem 2 of the same author.
First note that E[g(Z,t)] = [ g(z,t)dF(z) exists and is finiteE[g(z, )] < oo for

all t € ©. By the Strong Law of Large Numbers(S.L.L.N), we have

[ ot taFa(a) = Zgzk,n o [ 902,0)dF () = Blo(2,0)
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for all fixed t. We also want to show that this result holds uniformly in ¢t € © so
that we have ( 3.2). First, define k(z,t) = g(z,t) — [ g(z,t)dF(z) and —k(z,t).

By the Theorem 2 of Wellner(2001) applied to k(z,t), we have,

lim sup sup F,k(z,t) < sup Fk(z,t)

n—oo teB teo

lim sup sup (an<z,t> -/ g(z,t>dF<z>) < sup (Fg<z,t> - / g(z,t>dF(z>)

n-—oco teo tee

n—oo teo

lim sup sup (% Zg(zk,t) - /g(z, t)dF(z)) <0a.s
k=1

Similarly, by the Theorem 2 of Wellner(2001) applied to -k(z,t), we have,

n—oo teB

lim sup sup </g(z,t)dF(z) — %Zg(z;m&)) <0a.s
k=1

We can conclude our proof since

te©

0<sup |3 gln,t) - /g(z,t)dF(z)|

n

—sup (% ICR / g(z,t>dF<z)> Vsup ( [ stest1aP@) - 23 gl

k=1

NS’

By taking the lim sup of both sides, gives us the desired result. Thus,

n—oo

Supl 75, 9021 t) = [ 9(2, AP ()] —as 0 25 1 = 00
€
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The following theorem can be concluded as a result of the Theorem 3.1.4

and Theorem 3.1.3 that are stated above.

Theorem 3.1.5. Assume that

1. Xh,.X,, and Y1, ..,Y,, are i.i.d with distribution functions F(z) and G(y +

A) = F(y+ A — ) respectively.

2. t belongs to any fized interval t € [A, B.

3. g(t) is a bounded continuous function of t.

4. There exists a function H(z)such that E[H(Z)] < oo and |g(t)] < H(z) for

allt € [A, B].
Then,
fgglﬁA(t) — ha(t)] —a.s 0 as n — oo for all fized A.
where,
hat) = 1 [iga -5+ Yg(t -1+ )
i pu
and

ha(t) = M / ot — 2)dF(z) + Ao / ot — y + A)G(y)

=\ /g(t — z2)dF(z) + ) /g(t —y+A—Ay)dF(y)
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where n;/n — X; for i=1,2 as n — oo.

Proof. By the Theorem 3.1.4, we have

iggl% S gt —2) = A [ g(t — 2)dF(x)| =4 0 as 1 — oo,

Similarly,

iélghl; S gt —y;+ A) =Xy [ 9(t —y+ A)dG(y)| —as 0 as n — oo.

J
By the Slutsky’s Theorem,
supl [£ 96 = ) + & Sty ot — 5+ 2)] -
€
[M [ gt = 2)dF (z) + Mg [ g(t — y + A)dG(y)] | —as 0 a3 n — o0,
Thus, the theorem is proved. O
It will be useful to remember the definitions of the log concavity and con-
cavity before we start discussing local properties of ha (t). The following defini-

tions can be found in any calculus book. We just feel the need to state them here

in order to use in our proofs and discussions in this section.

Definition 3.1.1. A function f : R® — R is concave if for all z,y € domf and

0 <6 <1, we have

f(bz+ (1 —0)y) = 6f(z) +(1-6)f(y)

and we also say that -f is convex if f is concave. If we assume that f is twice

differentiable then the second order condition implies that f is concave if f”(z) < 0.
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Definition 3.1.2. A function f(x) is log concave if and only if log f(x) is concave
for f(z) > 0.
Remark 3.1.1. The log concavity of a function f(x) implies that

f'(@)f (@) < [f'(=)]
It should be worth to mention that concavity implies log-concavity. Thus, a
concave function is also log concave function but opposite is not true. On the

other hand, sum of the concave functions are concave but sum of the log concave

functions is not necessarily log concave.

We now look at the smoothed empirical density function /ﬁA(t) which is
given by expression ( 2.8). If we assume that the smoother density function g(t)
is a log concave density, like normal density, the sum of the smoother density
function g(t) is not necessarily log concave as stated in the remark above. But
under some conditions, h a(t) can be log concave function of A, then -log likelihood
function L,(A) will be a convex function of A under the same conditions applied

t0 ha(t). In the following example these conditions will be investigated.

FEzample 3.1.1. We want to give an example that illustrates the log concavity of
EA(t) under some conditions. Since concavity implies log concavity, the conditions

that makes TLA(t) concave will be the same as the log concavity conditions. This

way we will avoid working with log function. Let us assume that smoother density

function is

o(0) = —=en( 1} 83)
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which is the standard normal density function. We should note that univariate

and multivariate normal density functions are log concave functions. Recall that

ny

Falt) = —— [Zg(t L e Rty
I=1

g g
k=1

(3.4)

We first replace g(t) function with standard normal density and take the first and

the second derivative of TLA(t) with respect to A. So,

= [227—1)“ “u D) B A )

- P V2mo? 20?2

The second derivative is

NRA  oin
k=1

ha(t) 1 [i ((t - y:;;- NS 1) \/12_7; exp(=C —Qy;2+ A)z}]

Let t = xz; for : = 1,..,n;. Then,

Pha(z) 1 | [(@:—ye + A)? 1 —(z; — gk + A)?

aﬁém) - - [Z <($ ,721624- ) _1) - exp{ (z 23};+ ) }
k=1 vem

The second product factor on the right is always positive. Therefore, in order to

have concavity which implies ?—2%@ < 0, the first product factor inside the sum

must be negative. Thus, it can be written that

[(xi —y+A)?

= 1] <0 (3.6)
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This implies that

_ A)2
e ?Z,kz-i_—) <1

(zi — g + A)? < o2
lz: — e+ Al <o

—o<zi - +A<o (3.7)

By the last expression, we can find a o for some z;, y; and for some A on some
interval [a,b] that makes E’A(mz) <0.

Similarly, let t = y; for j =1, .., ng, EA(:I/]‘) can also be a concave function of
A on some interval [a,b] for a proper o that satisfies Qiﬁa—AA(ﬂ < 0. Since concavity
implies log concavity, the same condition is also valid to make TLA(yj) log concave

function of A.

We now state a theorem that can be found in Miravete (2002). The proof

of the Theorem is provided by the same author.
Theorem 3.1.6. Assume that

1. the smoother density function g(t) is a log concave density

2. the true density function f(z) is log concave density

Then the convolution of g(t) and f(x)

h(t) = / o(t — 2)dF(z) = / ot - 2)f(z)de (3.8)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

41



s a log concave function of t.

Proof. Miravate(2002) proved that the convolution of the two log concave density

functions is also a log concave density. a

Remark 3.1.2. If we recall the expression( 2.6), we can write the smoothed em-

pirical density ha (t) in the following form

n1

Ral) = —— |3 o(" )+ 3 g(T LS, (3.9

g g
k=1

For fix n, we can argue that EA(t) is a log concave function as ¢ — co as long as
g(t) is log concave. This is consistent with the figures 2- 4. For large o, we will
over smooth the data and lose the shape of the underlying density and resulting
convolution density will look similar to smoother density function g(t). If we have
a log concave smoother density function g(t), ha (t) will be log concave for ¢ — oo.
In a special case if smoother density g(t) is normal density and if & — oo, the
resulting estimate of Ag will be same as maximum likelihood estimate. Also, the
resulting negative log likelihood function L, (A) will be a convex function of A. It
is not desirable to have a large o that can spoil the estimation or lose robustness
but a reasonable o can give us a robust estimate of the true shift parameter Ag.
We will discuss this matter later in the simulation and examples.

The convexity of L,(A) is hard to reach in practice. In a practical point

of view, for finite samples, we can accomplish the log concavity of EA(t) on some
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interval that A € [a,b] for a reasonable smoothing parameter ¢ on some data
points.(i.e, See Example 3.1.1). The larger o, the wider the interval A € [a, b] will
be on a given data set. This is true under the normal smoothing which has been
shown by the Example 3.1.1 and expression( 3.7). In the following section we will

introduce a topic that it belongs to a family of convex functions.

3.2 Quasi-convexity of L,(A)

In this section, we would like to introduce one of the important properties
of the L, (A). That is Quasi-convexity. The quasi-convexity is discussed by several
authors in the literature. Ponstein(1967) presented ”Seven Kinds of Convexity”
and introduced "strict” quasi-convexity in his article. Roberts and Varberg (1973)
gave a nice table that compares the properties of convex and quasi-convex func-
tions respectively. The main difference between convexity and quasi-convexity is
that the convexity ensures the existence of the global minimum but the quasi-
convexity ensures the existence of the local minimum. The local minimum can
be a global minimum if the quasi-convexity is "strict”. These properties will be
discusse.d in this section. The graphical presentation of the quasi-convexity will

be introduced with a figure that is given after the definition of quasi-convexity.
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Definition 3.2.1. A function f : R™ — R is called quasi-convex if its domain and

all its sublevel sets

So ={z € domf|f(z) < o} (3.10)

are convex.

The definition above is illustrated in figure 5. For every «, the sublevel set

S, is convex., i.e, S, is an interval.

w b

x scale

Sa

Figure 5: For each «, the a-sublevel set S, is convex
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Remark 3.2.1. The following property of the quasi-convexity is based on the
Jensen’s inequality that characterizes quasi-convexity of a function. A function

f :R™ — R is called quasi-convex if and only if for z,y € domf and 0 <6< 1

f(0z+ (1= 0)y) < maz{f(z), f(y)} (3.11)

Ezample 3.2.1. We would like to give an example to illustrate the quasi-convexity
of L,(A). We randomly generated two samples from Unif(1,2) and Unif(2,3)
with sample sizes n; = 30 and ny = 20 respectively. So true shift parameter
Ao = 1. The following figure shows the quasi-convexity of L,(A) at ¢ = 0.3
level. The smoothing by convolution estimate of Ag = 1 is 33 = 1.05964,
Hodges-Lehman(H-L) estimate is Agy, = 1.05255 and Least-Square(L-S) estimate

is Arg = 1.05913.
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Figure 6: The quasiconvexity of L,(A) with ¢ = 0.3 level
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Remark 3.2.2. The effects of different o levels and quasi-convexity of L,(A) can
be seen on the following figure. We use the same data set generated in the Exam-
ple 3.2.1. Three levels of ¢ = 0.3, ¢ = 1 and ¢ = 2 are used in the plot. For each
o level, we have a convex subset S, that contains 33. S, is actually an interval

that we defined as [a,b] in the previous examples.

8 g
Q
34
R g4
g g
5 3 3
24
8
& 8
0=0.3 o=1 0=2
3
U 3
2

Figure 7: The quasiconvexity of L,(A) with different o levels
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CHAPTER IV
ESTIMATION OF THE SHIFT PARAMETER BY USING ha(t)

4.1 The Likelihood function LX(A)

In this section, we would like to introduce a new log likelihood function that
is consist of ha(t) instead of TLA(t). In Chapter 2, a smoother density function
g(t) is convoluted with empirical distribution function F¥(z) of the combined
sample Z. The resulting convolution is TLA(t). If we convolute a smoother density
function g(t) with the distribution function F*(z) of the combined sample Zj, the

resulting convolution is ha(t). If we recall that by the Theorem 3.1.5, we have

sup|71A(t) — ha(t)| —as 0 as n — oo.
1SS :

where,

and

hat) = M / ot — )dF(z) + Ao / ot -y + A)dG(y)

=\ /g(t —z)dF(z) + X /g(t —y+A—A)dF(y)

48
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We define this new log likelihood function by replacing ha (t) with ha(t)

in the L,(A). After replacing TLA(t) with ha(t) , we have

Ly(A) = = loglha(z:)] = Y loglha(y; — A)] (4.1)
i=1 j=1

The purpose of this replacement is to create a new log likelihood function L}(A)
in terms of true convolution density ha(t) that can also be used to estimate the

true shift parameter Ag. The new estimator is
5= ArgAmin {L7(A)}

We need to know underlying density function f(x) in order to estimate A¥§. A
question can be asked why do we need to use this estimator if we know underlying
density function since the underlying density function can be used in the log
likelihood function to estimate the shift parameter Ag. A simple answer maybe
with smoothing of underlying density function efficiency of the estimator can be
increased. This topic will be studied in the future because we are mainly interested
in the estimator ﬁs. We would like to investigate the log-concavity of ha(t) with
respect to A given that we have log-concave smoother density g(t) and log-concave
true underlying density f(x). By the Theorem 3.1.6, it has been proven that the
convolution of two log-concave density functions is a log-concave density. The

result of log-concavity implies certain properties for a density function. Some

important properties of log-concave functions are given in the following remark.
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Remark 4.1.1. Log-concavity of a function ¢(z) is equivalent to each of the fol-

lowing three conditions.
1. log[¢(z)] is a concave function.

2. ¢¥'(z)/v¥(z) is monotone decreasing for all x.

3. Y(z)Y"(z) — [¢'(=)]? < 0 for all x.

Theorem 4.1.1. Let A > 0 be a constant number. Assume that ¢ is twice
differentiable log concave density function. Then, the function ®(z) = log[A +
Y(z)] is a concave function on an interval (-a,a) if there is an interval (-a,a) such

that

%(%T) <0 for z € (—a,a)
or

P'(z) <0 for z € (—a,a), where "a” is the inflection point of (zx).

Proof. By using the properties of log-concavity mentioned in the remark 4.1.1, we

can find first and second derivation of function ®(x)

P'(z) = ———Aﬁ,(jzx) (4.2)
and
nip) — AT Y@ (@) — (@)
N T )k 43
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If we prove that ®”(x) < 0, then the proof is complete. The denominator of the

®"(z) reveals that [A + ¢(z)]? is always positive. The numerator is
[A+9(@)¢"(z) — [ (2)]* = AY"(z) + ()¢ (z) — [’ ()]
The last property in the remark 4.1.1 implies that ¢ (z)y"(z) — [¢'(z)]? < 0. Thus,

by the assumption there is an interval (-a,a) such that ¥”(z) < 0 for z € (—a,a).

Then, Ay"(z) < 0 since A is a positive constant. Therefore, the numerator is

[A¢" () + P(2)y" (@) — [ (@) < 0 (44)

This result implies that ®”(z) < 0 for & € (—a,a). The point ”a” in the interval
(-a,a) can be called inflection point because 1(z) turns downward(concave down)

between (-a,a). Therefore, the function ®(x) will be concave on the same interval.

O

We would like to give an example to see that this condition holds for our

application here.

Ezample 4.1.1. Let 9(z) be N(0,02) which is a log concave density. Let A be a
positive constant number. First, we find the second derivative of 1(z). It is given

by the following expression

@) =51 | et 23] (45)
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and then we find the second derivative of log[A + v(z)] which is

AY"(z) + p(2)y"(z) - [¥'(2)]?
[A+ ¢ (@)

(4.6)

The first product term, [(‘f—z - 1] , in the ¥"(x) implies that we must take |z| < ¢
in order to have 9"(x) < 0. Therefore, the numerator of the expression defined
in the ( 4.6) will be less than or equal to zero as long as z € (—o,0)(i.e |z| < 7).
Thus, by Remark 4.1.1 and Theorem 4.1.1, log[A + v(z)] is a concave on (—o, o)
and [A + ¢(z)] is log concave on (—o,0).
Corollary 4.1.1. Suppose that

1. there is a positive constant A.

2. the smoother density function g(t) is a log concave density function.

3. the true underlying density function f(z) is a log concave density function.

4. Y, A) = [g(t —y — Do+ A)dF(y) is a log concave function of A for any

given t.

5. there is an interval (—t + Do, A¢ +t) such that

P"(t,A) <0 for A € (—t+ Ag, Ag + t) with any given t.
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Then, by the Theorem 4.1.1,

halt) = A [ glt=)iF(@)+a [ gt~y - Ao+ A)aF(y)

= A+¢'(ta A)

is log concave function of A on the interval (—t + Ao, Ag + t) for any given t.

Proof. We have

ha(t) = M / gt — 2)AF(z) + N / ot -y + A)AG()
=\ /g(t —2)dF(z) + Ao /g(t —y+A)dF(y — Ay)

— [glt=9)dF@) 4% [olt—y- Do+ A)FG) (47

The first integral, \; [ g(t—z)dF(z), is independent of A, therefore we can’replace

this integral with a positive constant A. So we have
ha(t) = A+ g / gt —y— Ao+ A)AF(y) (4.8)
Let ¥(t,A) = Ay fg(t —y—Ag+ A)dF(y). Then,
ha(t)=A+¢(t,A) (4.9)

By the Theorem 3.1.6, ¥(t, A) is a log concave function of A for all t since it is
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a convolution of two log concave density functions and log concavity is preserved
under the integration. Also, log of a log concave function is concave by the

Definition 3.1.2. Therefore,
log [1(t,A)] is a concave function of A for all t.

By the Theorem 4.1.1, for A > 0, log[A + (¢, A)] will be a concave function
of A on the interval (—t + Ao, Ag + t) such that ¥"(t,A) < 0 for any given
t. Thus, ha(t) = [A+¢(t,A)] is a log concave function of A on the interval

(=t + Ay, Ao + t) for any given t. O

Theorem 4.1.2. Assume that Theorem 3.1.6, Theorem 4.1.1, and Corollary 4.1.1

hold. There exists a o so that

n1

L4(A) = ~loglha(@)] + 3 ~loglhaly; — A)]

i=1 j=1

is a convex function of A on the interval (Ag — 0 — ¢1, Mg + 0 + ¢3), where ¢; =
max{z;y;} fori=1,..,n1,5 =1,...,n9 and co = min{z;; y;} fori =1,...,n1,75 =

1, ceey N

Proof. By the Corollary 4.1.1 and Theorem 3.1.6, ha(t) is a log concave function
of A on the interval (—t + Ag, Ao + t) for each t. Therefore, the negative log
of ha(t) must be convex function of A on the same interval for each t. The
-log likelihood function L}(A) contains observations zi,...Zn,, Y1, ..., Yn, and for

each observation, -log ha(t) is convex function of A on the given interval by the
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Corollary 4.1.1. In order to smooth the data, we choose a smoothing density
g(t) = 1®(%) and use in the convolution Qperation to get ha(t). The parameter
o is smoothing parameter and smoothness of L} (A) depends on o.

Let t = 1, -log ha(x1) is a convex function of A on (Ag—o—zy, Ag+o+1x4)
by the Corollary 4.1.1. Similarly, for ¢t = zy, -log ha(zs) is a convex function of
A on (A9 — 0 — 29, A¢+ 0+ x3). So, for each z;, -log ha(z;) is a convex function
of Aon (Ag—0 —xz;, Ao+ 0+ ;). If we find the sum of the convex function, -log
ha(z;), for each i = 1,..,ny, then the sum must be a convex function of A on the
intersection of the intervals. This intersection can be found by defining the lower
limit as mzqm{Ao — 0 —z;} and the upper limit as miin{Ao bo+ z;}. Therefore,
Y it —loglha(x;)] is a convex function of A on (Ag — 0 — maz{z;},Ag + 0 +
Similarly, for ¢ = y;, 222:1 —loglha(y; — A)] is a convex function of A on (Ay —
o — maz{y;}, Ao + 0 + min{y;}). A basic calculus argument says that the sum

of convex functions is a convex function. So,

ny

LAY =3 —loglha(z)] + > ~loglha(y, — A)]

i=1 i=1

is a convex function of A on the interval (Ay — o — ¢1,A¢ + 0 + ¢2), where
cl = maz{z;;y;} and c; = min{z;;y;} for i =1,...,n4,j = 1,...,n2 and o is the

smoothing scale parameter that can be estimated by observations z; and y;. O
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Since L*(A) is a convex function of A on the interval (Ag — 0 — ¢1,Ap +

0 + ¢3), then the minimum value of L} (A) exists and we can write it as
5= ArgAmin{L;(A)} (4.10)

The following theorem shows the approximation of L} (A) to L*(A).

Theorem 4.1.3. Assume that ™ — \; asn — oo. ’Then,
P < lim :LL* (A) = L*(A)) —1 @)
where
L8) =M [ ~loglhal@)ldF @)+ e [ —loglhaly = A)CE)  (412)

Proof. Recall that

Li(A) = Zlog[hA z;)) ZlOg[hA A)]
_L* = |: Zlog ha(z;)] — Zlog[hA ]]
——— [Zlog[hm)]] -2 lZlog[th ]}

If we take the limit as n — oo, we have
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lim LL5(A) = Ay [ ~loglha (@)]dF(@) + X [ —loglhaly - AJldG(y) = L*(A)

where n;/n — ); as n — oo for i = 1,2. Therefore, 1L%(A) —** L*(A) which

completes the proof. a

In the next theorem, the identifiability condition will be discussed. Before
that we investigate the convexity of the log likelihood function L*(A). It is known
from the calculus that the convexity is preserved under the infinite sums and in-
tegrals. By the corollary 4.1.1, ha(t) is a log concave function of A on the given
interval by the same corollary. Thus, —log[ha(t)] is a convex function of A for any
t on the same interval given by the corollary 4.1.1. Therefore, [ —loglha(z)|dF(z)
is a convex function of A for each x since convexity is preserved under the inte-
gration. Similarly, [ —log[ha(y — A)]dG(y) is a convex function of A for each
y. Therefore, the log likelihood function L*(A) is a convex function of A since it
is the sum of two convex functions. In fact, L*(A) is strictly convex since —log
implies strict convexity.

In the following theorem, it will be shown that L*(A) attaints its unique
minimum at A = Ay. The result of the theorem indicates that A = ArgAminL*(A)

would be consistent for true shift parameter A,.

Theorem 4.1.4. The function L*(A) attains its unique minimum at A = A,
where Ag 1s the true shift parameter.

Proof. If we prove that aL;éA) = 0 when A = Ay, then the proof of the theorem

is complete.
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Recall that

L(8) = M [ ~loglha(@)}dF (@) + s [ ~loglhaly — A)G()

~ N / loglha(2)dF(z) + Ao / —logha(y — A)dF(y — Ag)  (4.13)

Let y = y + Ao in the second integral. Then,
LAY = Ay / —loglha(2)dF(z) + Ao / —loglhay+ Ao — AYdF(y)  (4.14)

Take the first partial derivative with respect to A.

oL*(A) NED (—DRA(y + Ao — A)
oA ’Al/hi(x)dF(‘”) "Az/ hA(szO—A) dF(y)

- X2 [g'(z+ A —y— Ag)dF(y) i
Al/)qux—m*dFm* -|—)\2fgg;+A y— Ao)dF(y )dF()
H/ M [ gy + Do~ A —2)dF ()
2 )\lfg(y+A0—A—.’L‘)dF(:L‘)+)\2fg(y_y*)dp(y*)

dF(y)

If we put A = A,,

_ [9(=—y)dF(y) -
o )\1)\2/Alfgac—a:*de*)—l—)Qfgm— YdF(y )dF()

[ ¢y - 2)dF ()
wan [ 5 T90—D)dF@) T 2 [ 9 —aF@) L ¥

= A / G ;(g)dF ®) dF (z)

+ AA /fg %) aF(y)
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Let y=x in the second integral, then

oo fg'(mh—(g;dmy) i)

W / Jg( I:(g))dF (y)dF(a:)

—0 (4.15)

So %ﬁ) = 0 when A = A,. Since L*(A) is strictly convex function, it attains

its unique minimum at A = Aq. Thus, the proof is complete. a

4.2 Asymptotic Normality of A%

In this section, we want to find asymptotic distribution and variance of
A% = ArgAmin{Lfl(A)}. We will satisfy the Pitman regularity conditions for
the gradient function S}(A) = —9%4{32 and find the efficacy of it. The Pitman
regularity conditions are stated in the Hettmansperger-McKean (1998). We will
also use the Theorem 1.5.8 of Hettmansperger-McKean (1998) in order to prove

asymptotic normality result:
V(A% — Ag) — N(0,%)

where c is the efficacy of the S} (A). Without loss of generality, we will also assume

that

Assumption (A2): Under Hy : Ag =0 and G(y) = F(y — Qo) = F(y)
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First recall that

L&) = 30 —loglha(w] + 3 —loghalyy ~ ) (416)

where

ha(t) = M / gt — 2)dF(z) + Ao / ot - y+ A)G(y)

=)\ /g(t —z)dF(z) + X /g(t —y+ A)dF(y)
Define that h,(t) = Ay [ g(t — z)dF(z) and

(t) = e [ gt = 1)dG() = o [ ott-warw) (417)

Then, ha(t) can be written as
ha(t) = ha(t) + hy(t + A)

So we can rewrite L*(A) in the following way,

Ly (A)=- Zl log [he(x:) + hy(z; + A))

— > "log[hu(y; — A) + hy(y; — A+ A))] (4.18)
j=1

Let Sx(A) = —aLg éA). Note that we can call L*(A) as the dispersion function

and SX(A) as the gradient function.
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The partial derivative of the first sum term in the L% (A) is

ALAA) _ Z R (z: + A)

4.1
98 2 ha(e) (4.19)
Similarly, the partial derivative of the second sum term in the L}(A) is
0L,(A) o~ (=D (y; — A)
—_— = — = 4.20
0A ; ha(y; — A) (4:20)
If we add the two partial derivatives, we get
i hy(zi + A) i (=Dha(y; — A)
hA CIJz = hA(yj et A)
n1i hl xz + A n2
N Z hA .'131 Z hA
= Z"/"l(xZ:A) - Z¢2(yjaA) (421)
i=1 j=1
where
[t —y+A)Gy) h(t+A)
t,A)y =\ = 4.22
and
fg (t—A—z)dF(z) h(t—A)
et A) = hA(t TA)  ha(t=A) (4.23)

The following definition of Pitman regularity conditions is given by Hettmansperger-

McKean (1998).

Definition 4.2.1. We say that the function S}(A) is Pitman regular if the following
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four conditions hold;

1. The gradient function S*(A) is nonincreasing function of A.

2. Let S(A) = (1/n")S%(A) for some v > 0. There exists a function p(A) =

EA[S5(0)] = Eo[S(—A)] such that x(0) = 0 and x'(0) > 0.

3. There is a constant 0%(0) = lim,,_,.onVar[S(0)] such that

V(23 2 N0, 1)

4. The asymptotic linearity of the process Si(A).

sup |SZ(—6—) — 8X(0) + 64/ (0)] =T 0 as mn — oo (4.24)
vadss VR
for all B > 0.

Then, by the Definition 1.5.3 of Hettmansperger-McKean (1998), the quantity
¢ = 1£(0)/5(0)
is called the efficacy of SX(A).
Theorem 4.2.1. The function SX(A) s Pitman regular if it satisfies the condi-

tions of the definition 4.2.1. Then, we have

50), o,
VT = VO (4.25)
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where §(0) = 15%(0) and

\/hm nVar[5(0))] (4.26)

n—eo

Proof. We start proving each conditions of Pitman regularity from 1 to 4, respec-

tively.

1. In our problem, L*(A) is a convex function of A on the given interval by
Theorem 4.1.2. Then there is € > 0 such that %él is a nondecreasing function
of A around [Ag — €, Ag + €]. Thus, Si(A) = ﬂ— is nonincreasing function

of A within the interval [Ag — €, € + Ao].

2. Let S(A) = L18%(A). Since EA[S(0)] = Eo[S(—A)], we write

Eo[S(~A)] = Eq [ Z% (i, —A) — —Z%(ya,
= Ey [EZ%(% “A)} - Eo [g Z%(yj, —A)]
_E [% "Zl zbl(x;, —A)] g [@ng :T‘: «m(y;, —A)]
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After moving the signs of A inside the i, and 1, functions and taking the expec-

tation of the each terms, we can write

=1 [ a0, )@ - X [ aly, 2)d60)
_A1/¢1xAdF A2/¢2y A, A)dF(y)

= u(a) (4.27)

where 22 — A\; and %2 — ), as n— oo.

Thus, we write

H(8) = [ i(o, A)iF(@) - [wato-a,80dF )
[ 9@ -y + A)dF(y) |

= )\1 )\2 hA (:E) dF(IL')
— / ML (yh_A = - Z))dF (=) dF(y) (4.28)

Let’s put A = 0 in the expression of p(A). Therefore, under the assumption (A2),

we have

p0) =22y [ 1L S ®) 4 ()

J 9'(y — =)dF(z)
—Ag* A / h(y) dF(y)
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Again we let y=x in the second integral term of x(0), then we have

u(0) =0

Second part of the condition is to show that u'(0) > 0.

First note that we have the expression ( 4.27) which is

(D) = A / 1 (2, A)AP(z) — Do / oy, A)AG(y)

The partial derivatives of ¥, and 1 functions with respect to A is

_ 0, 8) _ [+ A — Byt + A) x ha(?)

Pyt A) = oA [ha(t)]?
and
' _ O0Ye(t,A) [ha(t = A)* — hy(t — A) x ha(t — A)
1/)2(t’A) - T - (—1) [hA(t _ A)]2 =

Let’s take the derivative of u(A) with respect to A. So we have
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=\ / W (2, A)dF () + Ao / ¥a(y, A)dG(y)

B (b (z + D) = hy(z + A) * ha(z) .

-x Toa @)l 4k (z)
(hi(y — A)2 — b (y — A) * ha(y — A)

“h | raly — B W

By the assumption (A2) and taking A = 0, we have

)=, [ L) 1)

(z)]?
I — h! h
+ Ay / [halw)” )](;’) *hW) ap(y) (4.31)
The numerator in the first integral is positive since the function h(z) = [ g(z

y)dF (y) > 0 and the log concavity of h(x) implies that [h] (x)]* — hy (z) *h(z) > 0

Similarly, the numerator in the second integral is also positive with similar reason.
Thus, the first and second integrals are both positive which implies that y'(0) > 0.
Therefore, second condition of the Pitman regularity condition satisfied.

3. To prove the third condition of the Pitman regularity, we follow the path of

Hettmansperger and McKean (1998)

02(0) = limp,_0onVar[S(0))]

ny 1 n
= limn_,oonVa,r[—?l; Z PYr(z:) — - Z P2 (y))]
i=1 Jj=1
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Since two samples are i.i.d and mutually independent, we can write

1 & 1 &
= limn_,oon[;ﬁ 21: Varl(z;)] + 3 Zl Var[a(y;))
1= J=

= liMp 00| % %nl * Var[y(z1)] + n = %nz * Var[pha(y1)]]
— zimnﬁw[ﬁnl « Varpy (1)) + % « Vargs(y)]]

0%(0) = A * Var[y:(z)] + A * Var[iha(y)] (4.32)

Therefore, by the Central Limit Theorem, we have

VA{SOEOly D N(o,1),

o(0)

a

4. In order to prove the fourth condition of the Pitman Regularity, we will give
the following theorem. The theorem is from Hetmansperger-McKean(1998) and

it proves the asymptotic linearity of S}(A).

Theorem 4.2.2. Let S(A) = (1/n7)S%(A) for some v > 0 such that S(A)

satisfies 1,2 and 3 of the Pitman Regularity conditions. If for any 6 € R
) .
nVar[S(——n) —-5(0) —0 as n— oo.

Then,

sup WAS(==) — VAS(0) + #(0)3] —F 0
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for any B >0

Proof. As we know from the previous section, S¥(A) satisfies the conditions 1, 2
and 3 of Pitman regularity. By the Theorem 1.5.6 of Hettmansperger-McKean

(1998), we only need to show

nVar[S (7) S5(0)] — 0 as n— oo

Let S(A) = 15%(A) for v = 1. Replace A with f in S(A).
By the definition, we have
, s 0 5
= lzmn_,oo{nVar[S(T) - 5(0)]}
= limy_,e{nVar[= Z Py (:c,, Z (0 (y],

- LS s 0) + - LS (3, 0)
i=1 j=1
1 & §
= liMp oo {N * = ; Var[ (z;, %) — 1 (;,0)]
1 & §
* = ;V‘WW&(%" ﬁ) ~ 2 (y;, 0)]}
= limn_,oo{n * 732 * 71 * Var[¢1($1, j—) Py (1, )]

+ 1% % *ng * Var[ya(yi, %) — 2(y1,0)]}
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Now if we move the limit inside, we get % — 0 and n;/n — X; for i=1,2 as

n— o0

= MVar[y(z,0) — ¥1(z, 0)]
+ )\2‘/0’7'[1/}2(3/7 0) - ¢2(y7 0)]

=0 (4.33)

Thus, limn_,oo{nVar[S'(%) — 5(0)]} = 0. Therefore, the fourth condition of

Pitman regularity also holds. a

The following theorem proves the asymptotic normality of As. The Pitman
regularity conditions and the Theorem 1.5.8 from Hettmansperger-McKean(1998)

proves the result.

Theorem 4.2.3. Suppose that SX(A) is Pitman regular with efficacy c¢. Then, by

the Theorem 1.5.8 of Hettmansperger-McKean(1998),

. 1
Vn(AS — Ag) — N(0, g) (4.34)
and the efficacy c is
_ (0
"0

where (1(0) is given by the expression( 4.31) and o(0) is given by the expres-
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sion( 4.32).

Proof. Since S%(A) satisfies the Pitman regularity conditions and by the Theorem

1.5.8 of Hettmansperger-McKean (1998), we can conclude that

Thus, the proof is complete. |
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CHAPTER V
ASYMPTOTIC PROPERTIES OF THE PROPOSED ESTIMATOR

5.1 Asymptotic Linearity of the S,(A)

In Chapter 4, we discussed the asymptotic properties of the estimator A%.
It is clear that it is not practical to use A% as an estimator of A, since we need
to know true density function f(x). This was the reason we propose &g as an
estimator of the true shift parameter since it does not depend on the true density
function f(x) in the estimation process. In this chapter we will develop asymptotic
properties of the A, by using the gradient function Sn(A).

Now let’s switch our attention to S,(A) which is the gradient function of

L,(A). Recall that we have

La(8) = 3 —loglha(@)] + 3 ~loglha(y; — A)] (5.1)
where
ﬁMﬂ:ﬁfh@—M+§iﬁ—m+Aﬂ

= By (t) + hy(t + A)

71
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where iy (t) = L 2y e g(t— o) and sz( ty =152, 9(t —yx). Let

OLa(D) & ﬁfy(xi+A)+ 2B (y; — A)

S (A) = _ { i
( ) OA =1 hA(.’Ei) . et hA(yj _ A)
- 2121\1(361-, A)+ Z,J};(yja A
i=1 ey
where
Dea) = BED) XLyt A)
ha(z) ha(e)
and
0 hy-8) _L¥pdy-A-m)
7A = =
Pa(y, D) hA(y—-A) hA(y—A)

First,we replace A with \/- in the S,(A). Then, we have
o 5 ng 5
= - 1/) Ty —=) + ¢ Y, —=
; iz =) ; 245 72)
Second, let’s take § = 0. Then,
Sn(0) = Z«m zz,0)+2¢2 (¥;,0)

Now we recall S*(A) = a—l‘aaéb@ from Chapter 4

Sa(A) = 21/11(93“ )+ ) a(y;, A)
=1
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where

(t-y+A)G() _ Byt+a)
it A) = K LEEERIEW) _ BT

and

(t-A-2)dF(z) _ R.(t—A)
"/)Q(tv A) 1f9 ha(t—A) T ha{t-4)

Again replace A with % in the SX(A).

ﬂl

==Y vl Z+ 3l ) 59)

We now subtract S*(%) from the S, (%)

Sn(\j—) |: Z{b\l(xﬁ +Z¢2 y])\/—):l
- l:_i:wl Tyy —— +Z¢2 yja :|
i=1
z;[@(y], )~ bl = Zwl e s I
Similarly,

Sn(0) — Z@m z;,0 +Z¢2(yg, + 1> 1(®i,0) = 3 ey, 0)

- Z[wz v;,0) — ¥a(y;,0)] — Z[Jl(xi;O) — ¢1(2:,0)] (5.8)

i=1

After this step, we can state the following theorem which is necessary to
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show the asymptotic linearity of S,(A).

Theorem 5.1.1. Assume that the assumptions of Theorem 4.2.2 hold. Then,

| (st - 7=5:0) - (Fs1(0) - =520} 1 =7 0

asn — oo for any B >0
Proof. First we start our proof by noting that by the Theorem 4.2.2, we have

sup S*(0) + 6/ (0)) =F 0 as mn — oo (5.9)

|5|<B|f N~

for any B > 0.

Now define a function

) d « 0
S(ﬁ) = Sn(-\/—ﬁ) - Sn(\/ﬁ) (5.10)
Then if we put § = 0, we get
S(0) = S,(0) — S;(0) (5.11)
By the Mean Value Theorem, we can write
S(-=) ~ S0) = SG)=~0) (5.12)
Vn - vn ’
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where |8] < |—j—:| Thus, we have

(8) =D [ (ys,0) — ¥aly;, 6] = D[ (i, 6) — 9y (xs, )]
Jj=1 i=1

If we multiply the both side of the expression( 5.12) with ﬁ, we get

1,6, 1 ey
WS(TH)—%S(O)_%S(J)(\/E 0)
=%s'(5)

where |§] < | 4.

Therefore, by the expression( 5.14), we can write

= —Z[’([Jz yJ,(S) wg yJ, Z["pl(xzaé) ¢1($176)]

‘““ B, 8) — ¥ 21, 9)

i=1

5
e Z[% vi, ) — Wy, 0)] —

5*”22; 1[‘/’2(3/1’ ) AR )] 5*”1 21, 1[1/"(% ) ¢’(xz,6)]

7 N9 n n

If we take the absolute value of both sides, we get

< 5*7122 |¢2(yJ; ¢2(y175)| 5*”12 |'¢1 1’31, — Py (s, )|

n %) n n
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Since each sum terms in the above inequality is an average, we can put max as

an upper bound

S(

) - jﬁ B4(u5,5) — (w5, 1)

R
el

d%*n
n 1

m?,x{l't/ﬂ\'l(fﬂz,g) A

Now take the sup of both sides, left and right side, the result we get

1 6
supll—ﬁS(T) \/— S s Dy, 8) — Wy (y;, o1}

181<1 =

+ d an max{h/)l(ac“ §) — i (x:, 8)|}}

If we distribute the sup inside, we have

5*7’),2

< —2 sup max{lwz(yj,) Va(y;, 8}
l61<l“l
5 ~
+ 25 sup max{|, (zi, 6) — 9 (21, 8)|}}

?

RN

By taking the limsup, . of both sides, we get

< 8 Aglimsup sup max{|¥j(y;,8) — ¥y, 6}

oo [§<| |

+ % Ay limsup sup max{hbl(mz,é) W (x:,0)|} (5.17)

n=00 5] Lal
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The term inside max; is

i 3L g (g ——z; ey S gy ——zi) .
@(yj,g) _ %(yj,g) _ [—nl 29 S/ly )]2: _nlzl_j g r(Lyly )hg(yj —3)
(hatu; = 3)

_ Sy =6 - D)dF @)~ M [ "y — b — 2)dF(2)hs(y; - 9)
[hs(y; — 9))2

In a more compact form,

P o _ i [y — O — hif(y; — O)hs(y; — )
lpl(y')(s)_d"l(y',d):— ~ =
T (haly; — )1

o [l — O — hi(y, — O)hy(y; — )
' [hs(y; — 8)]2

(5.18)

We know that x;’s and y;’s are i.i.d, g is measurable function, 6 belong to compact
set ©. E,[g(y;,0] < co. Then, by the Theorem 2 of Wellner(2001), for fixed y;,
we have

SUPjcq mg(yj —6) — hs(y; — &) —0asn — oo
By assuming E,[¢'(y;, 5)] < o0, we also have,

SUPjco m’s(yj - 5) - h%(yj - S)| —0asn— oo
Similarly, by assuming E.[¢"(y;, S)] < 00, we have,

SUPjce mf;’(yj - 5) - hfg’(yj - S)I —0asn— o0

By the Slutsky’s Theorem, the following statements are also true,
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supjee |[R5(y; — D)2 — [Ri(y; — B2 = 0as n— oo

and

SUDjeo ]h (y; 6)h5(yJ - 5) h”( 5)h (y; — S)[ —0asn— oo

and
sup | { 5 = O = Wi(y; — )hsy; — 5)}
—{ B0 = O = Wiy — sty = )} = Dasm— 00 (5.19)

Therefore, by the Slutsky’s Theorem, we have

sup [¥5(y,6) — ¥h(y;, )|

beo

ny {[Rs(y; — ) — B(y; — 8)hs(y; — 8)}

Tiew Pl 9P
s = B ~ Ryl ~ By = )

T | —0 (5.20)

where 2L — Ay as n — oo.

Similarly, the term inside max; is

ng Lpey 9(@i~yetd) ng S
B ) — (0, §) = L7 T SEovtDp 4 m 5o g (o, — gy + 8 ()
[h 5(za)l?
_ Defg(@i —y+EAGWE + o [ o"(@i — y +)dC(y)hs(:)
ek
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In a more compact form,

Pi(@i,8) — ¥i(xi, )

_ o [B())? — Ry(wha(m) (e - B hy(a)

—~

n (s ()2 ’ [h3(z:)]2

By using the similar arguments as above and by the Slutsky’s Theorem,

sup | (@1, 8) — ¥ (1, )]
o 2 B — Behs(z) | @) - M)
= Seg | n [Eg(ivz)]z [h"(IL‘,)]Q | 0 (521)

where 22 — Ay as n — oo.

Therefore, combining results of the ( 5.20) and ( 5.21), we have that

—6——— —F0asn — oo
7 \/ﬁS(O)I 0

Since

1 ) 1 1 ) 1 1 ., _6_ 1,
G- 750 = (R - 7750 - (7SR - 750)
The result concludes the proof. a

Theorem 5.1.2. Assume that Theorem 4.2.2 and Theorem 5.1.1 hold. Then, we
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have

sup —1—Sn(0) +6/(0)] = 0 as n—oo  (5.22)

Jrli<B VN "yt y/n
for any B >0

Proof. By the Theorem 4.2.2 and Theorem 5.1.1, the proof is complete. |

By the result of this theorem, it can be written that

1 ) 1

%Sn(%) = %Sn(ﬂ) —61'(0) + op(1) (5.23)

which is going to be the foundation of our asymptotic normality proof.

5.2 Influence Function of S,(A)

In section 5.1, we proved the asymptotic linearity of S,(A). In this section,
we will find the influence function of S,(A) that will determine the asymptotic
distribution of S,(A). We will use the influence function and asymptotic linearity
results of S,(A) to prove asymptotic normality of the estimator As. Asymptotic
normality is also needed for developing hypothesis testing and confidence interval
estimation of the Ag. Note that our estimator 35 is translation equivariant esti-
mator by the Theorem 2.6 and we can assume that G(y)=F(y) by the assumption

A2.
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Definition 5.2.1. Let T be a statistical functional defined on a space of distribution
functions and let F denote a distribution function in the domain of T. Let ~;(z)
be a point mass distribution function at t. Then, the Gateux derivative of T(F)

T((1 = s)F(z) + sm(z)] - T[F(z)]

S

l’l:ms_.o

= ¥r(t) (5.24)

is called the influence function of T(F).

Note that the influence function p(t) is the derivative of the functional
T[(1=s)F(z)+sy(z)] at s=0. It measures the influence of a point in the estimator.
A functional said to be robust if influence function is bounded (Hettmansperger-
McKean 1998).

In ou? investigation of the influence function, we will use the idea of Huber
(1981) who suggested using the empirical distribution functions in the functional
that is used to estimate the true parameter. Therefore, before we find the influence
function of S,,(0), we need to write S, (0) as a function of its empirical distribution

functions F,, and G,,. Recall that

n1

S e g @i =g+ A) =D gy~ A—z)
Sn(A) _ _Z n £Lik=1 n =1 J

i=1 BA(mi) j=1 BA(yJ' - A) .

where ha (t) = L[5, gt — 21) + 202, 9t — ye + A))-

Let A = 0in S,(A). We can rewrite a functional S,(0) = T'(F,,, Gr,) in terms
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of empirical distribution functions F,,, and G,,. So we have

T(F Ie . nlz ;ﬁ;zk 19 xz"'yk)

n n -

12 Gra) =1 a3 g(zi — m) + 22 382 9% — Yk)
_{_@"2 2121 9' (Y5 — @)

2 521 nni w3290y '_xl)"*'n_n%z:k_lg( — Y)

After appliying Reimann-Stieljes aproximation, we can write

2 [ g'(z — y)dGn,(y)

Ty Gra) = =m [ 3 it dFm :v*)+1:-3fg(w 7)dGr () )
L foly—=x dFm( +%3fg Y — y*)dGn,( *)
(5.25)

Thus, S,(0) = T(F,,, Gn,) can be written in terms of empirical distribution func-

tions Fy,, and G,,.

Theorem 5.2.1. Let S,(0) = T(F,,,Gn,) where F,,; and G,, are empirical dis-

tribution functions of X and Y respectively. Let

Fi(z,e) = (1 — e)F(z) + €., () (5.26)

and

Fa(y,e) = (1 — €)G(y) + €7y, (¥) (5.27)

where 0 < € < 1 is the proportion of the contamination and v is the distribution
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function for a point mass at t. Then, the influence function of S,(0) is

dT(Fl('T7 6)7 F2(y7 6))

IF(.’IIl, yl) = de |e=0
= 2[0(e1) - )
where
_ [t —y)dG(y)
/ / g(y—w dF (z) 4Gw) [ 9(t —y)dG(y)

Proof. We start our proof by replacing F,, (x) and Gp, (y) with Fi(z, €) and Fa(y, €)
in the S,,(0) given by expression( 5.25). After the replacement, we have
2 [ gz —y)dF(y)

2 [g(z —2)dFy(*) + 2 [ g(z - y)dF(y)

dFy(y)

T(Fa(z), Faly)) = dF(z)

L [ g'(y — x)dFi(x)
i 2/—Lfg(y—fcchliv)wL%?fg(y y*)dFa(y*)

After putting Fi(z) = (1 — €)F(z) + 75, () and F3(y) = (1 - €)G(y) + €7, (y) in

the S,(0), and applying change of variable technique, we get

T(Fu(2), F2(y))

__mmg x—y)dG )+efgl@—ydn®)l o
- 1 )/ —Y)dF)] + €[ 9(x ydvm(y)dF()
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1—6 fg:v y)dG(y +6fg:v yd%u(y)]
[(1—¢) [ g'(y—2)dF(z) + € [ ¢ (y = T)dve, (2)]
(1—¢) fg9(y—2)dF () +€ [ g(y — 2)dra (2 )]dG()
[1—6)fg y —2)dF(z) +¢ [ 9'(y — 2)dra (2)] ,
(1—e¢) [gly—z)dF(z) +€ [ §(y — z)dvz, (2)] N (¥)] (528)

712”1

1_

+€

Let ﬂ&ﬁz’—ﬁﬁy—’eﬁ le=o. Apply the chain rule and replace € = 0, we get

- [ e
+/ 1) [¢'(z —y)dG(y) + [ ¢'(& — y)dy, )] [ 9(z — y)dG(y )dF(z)

[f 9(z — y)dG(y))?

(=1) [ 9(z — y)dG(y) + [ 9(z — 9)dr=, W)] [ ¢/ — 9)ACW) , .
T ola - 9)aCH)" )
9= (v)
") Te@- de(y)d% @)
Nany [dy— mdF(ac)
2 [ LT o)

—1) [¢'(y —z)dF(z +fgy ) dve, (2)] [ g(y — 2)dF (z)
*/ oy - 2)aF @) )
[(=1) [g(y — 2)dF(2) + [ g(y — 2)drz, (2)] [ ¢'(y — 2)dF ()

f 9(y — x)dF (z)]? 46)

ﬁgg((z - :f))jg((m)) ()] (5.29)

+
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By applying change of variable in the first term, we can further simplify the
equation. Note that v is a point mess and [ g(z — y)dyy, (y) = g9(z — 31) and

[9(y — 2)dvay (z) = gy — 21)

T(Fy(z), Fh(y)) = _n1nn2 [/ g/(w[}ga{ggfd_ ))C]if(y)dF( )

f g (zl y)dG(y)]
f g9(z1 — y)dG(y)

9N - $1)fg — z)dF(z)
+ n [/ [ 9(y — z)dF (z))? dG(y)
J 9y — 2)dF(z)
J 9(y1 — x)dF ()

] (5.30)

Finally, in the last equation, the square term[[ g(z — y)dG(y))? in the first and
third denominators cancel out the integral term [ g(z—y)dG(y) in the numerators.

After this cancellation, we have

_mng ) . fgl(xl - y)dG(y)
= [/ fgw— ac(y) F @+ f'g(ml—y)dG(y)]

n2n1 - 371 fgl(yl - a:)dF(m)
U J ol y — z)dF(x) dG(y) - oy - :v)dF(iv)] (5:31)

The first and last terms in the expression depend on y;, we can put these terms

together. Similarly, the second and third terms depend on z;, we can put them

together.
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Thus, we have

dT(Fl(l' €) F2(ya ))

|eO

n2n1 - 331) _ fg’(:z:1 - y)dG(y)
{/fg—wdF‘w@ faﬁ—www}
m L9 2)dF@)
{/fgw— e fmm—mwuﬁ (5:32)

Let

- 9y -1 [ 9(t=1)dG(y)
o = { [ a(y — z)dF () dC(y) T9(t — 1)dC(y) } (5.33)

Therefore, the influence function is

IF(.’El, yl) = T [Q(.’L‘l) - Q(yl)] (534)

which completes the proof. O

One of the properties of influence function is that E[IF(z,y;)] = 0. Note

that X and Y are independent by the assumption Al.

BIIF (z1,41)) = B | 22(Q(21) - 2(31))|
= 22 [B((=1)) - BOw))]

[ / Qz1)dF (zy) — / QA dG(yl)] (5.35)

anLQ
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Let y; = x; in the second integration and G(y)=F(y) under Hy

m“[/am“mml /Qxﬂwwﬂ

E[IF(ﬂfl,yl)] =0

Now let’s look at the individual terms in the IF(zy,y;). First, consider the

function Q(z,),

mmmnz/ﬂumwug
_ g'(y — x1) _ [z —y)dG(y) -
-/ [/ Tolo—2aF@ CY ™ Tola, = y)dG(y)] aF @)

_ 9'(y — 1) oy [JIE-ydGQ) o
-// 9 —naF@ CWEE) = [ F e T aat) e

By the independence of x and y, we can apply change of order of integration in

the first term

- U ] -  J e

The denominator term [ g(y —z)dF(z) is independent of dF'(z1), therefore, mov-

ing dF'(x;) to numerator keeps the integratiy of the double integral

[ 9'(y — z1)dF (1) _ [ J 9@ —y)dG(y)
/[fg Gy 0w T e T
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Let y = z; and dG(y) = dF(x;) in the first integral, then

_ [J9@=9dCl) o [ L9 @ —y)dCl)
= | Totm —nar@ T~ | Toa —yyacm)

Let x=y and dF(z) = dG(y) in the denominator of first term, then

_ [ [d@=9)dC) o\ [ 9@ =y)dCly) o
=) To@—nac) F | Tom —yact)

‘ Therefore, difference of the two same integral indicates
E [Q((El)] =0

Similarly, using the same arguments, we can show that E[Q(y;)] = 0.

5.3 Asymptotic Normality of S,(0)

The influence function (IF) often provides a representation suggesting the asymp-
totic distribution of the estimator. Based on the above influence function result,
we will prove that gradient function S,(0) is asymptotically normally distributed.
For one-sample case Huber (1981, Section 2.5) point out that, under regularity

conditions,

JA(T(F,) - T(F)) = % S IF(@:) + op(1) (5.36)
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where op(1) tends to 0 in probability. By applying the Central Limit Theorem to

the first term on the right side, and using the fact that E[IF(x)]=0, then we have
VR(T(F) ~ T(F)) = N(O, E[TF*(z) (5.37)

For two-sample case, we will extent Huber’s idea to our case. We will state
following theorem in order to prove asymptotic normality of S,(0). Here, recall

that S,(0) = T(F,,, Gy,) from section 5.25 and
Assumption (A3): Assume that op(1l) tends to 0 in probability.

Remark 5.3.1. Since we assumed that the remainder term op(1l) goes to ”zero”,
it must be proven in order to be theoretically true. The proof is not easy to show
but it is often true so that asymptotically negligible. In the literature, several
authors, for example, Huber (1981) and Serfling (1980) mentioned that this proof
is very difficult task to be accomplished. Therefore, we will assume that op(1)

goes to "zero” but the proof will be shown in the future studies related this topic.

Theorem 5.3.1. Assume that the Theorem 5.2.1 and (A3) holds. Then we have
V[T (Fry, Gny) = T(F, G)] — N(0,0(0)) (5.38)

where v?(0) = (4£2)? [m E[Q(2)] + 2 E[Q?(y)]] and n = n1 + na.
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Proof. By the Theorem 5.2.1 and Huber (1981, section 2.5), we can write

\/ﬁ [T(Fnu Gng) - T(F) G)]

= % {nlnm [i UEAEDY Q(yj)] } +op(1) (5.39)
i=1 =1

where Q(z;) and Q(y;) are independent since sample X and sample Y independent
by the assumption and both samples are i.i.d. Then, by the Central Limit Theo-
rem, the right side of the expression( 5.39) is Normally distributed with mean 0

and variance

ning

2(0) = (52

)? [mE[Q* ()] — B[ ()] (5.40)

Note that expected value of the influence function is zero(i.e E[IF(z,y)] = 0) and

by the assumption (A3) the remainder term op(1) goes to 0 in probability. O

5.4 Asymptotic Normality of As

In the final part of the chapter V, we will show the asymptotic normality of
estimator 35. The result of this section will also help us to develop an asymptotic
a level hypothesis testing and (1 — «)100% confidence interval estimation.. We
will use asymptotic linearity results for S,(A) from chapter IV in proving the

asymptotic normality of Asg.
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Recall that by the Theorem 5.1.2, we have

0 1

1
sup |—=8,(—=) — —=S5,(0) + 6x'(0)| =T 0 as N — 0o
|70~ 720+ 4 0)

This result is an important one that will be used to prove Asymptotic Normality
of the estimator 35. We will give following theorem in order to prove asymptotic

normality.

Theorem 5.4.1. Assume that Theorem 5.1.2, Theorem 5.3.1 and the assumption

(A8) hold. Then, we have
V(As — Do) -2 N(0, V2(0))

where V (0) = v(0)/nu’'(0).

Proof. By the Theorem 5.1.2, we have the asymptotic linearity result of

1 ) 1

WS"(—\/__n) = %Sn(o) — 64'(0) + 0p(1)

If we substitute \/ﬁﬁs = ¢ and by the assumption (A2), we can write,

51(0)

Vi = o)

+ op(1)

If we know the asymptotic distribution of \/Sé;f,%), we can find the asymptotic
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distribution of \/nAg.

By the Theorem 5.3.1, we have S,(0) = T(Fy,,Gn,) and
VnS,(0) =P N(0,4°(0))

where v2(0) = (222)2 [n; E[Q%(2)] + no E[Q%(y)]]-

nn

Therefore, we also have

Sn(0) —D N(O,v2(0)/n)

and

540 o, 20
V' (0) F IO

)

By the asymptotic linearity of S,(0)

A SO
Vs = ey Hord)

The remainder term op(1) — 0 in probability as n — oo by the assumption (A3).
Therefore, we have

Vi(Bs — Do) 25 N(0,V2(0))

©

v
np'(0)

where V(0) = By the assumption A2, A¢ = 0. Thus, we can also write
that

VnAs 25 N(0,V(0))
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where V(0) = 49,

ny’ (0)
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CHAPTER VI

HYPOTHESIS TESTING AND CONFIDENCE INTERVAL ESTIMATION

6.1 Hypothesis Testing

In this section, we will develop a hypothesis testing that will use the result

of chapter V. By the asymptotic normality of the S,(0)(Theorem 5.3.1), we have

VS0 = B3O, Norman(o, 1)
=) |

where v*(0) = (2£2)? [n, E[Q?(z)] + ne E[Q*(y)]]. Next, we will develop an asymp-
totic level « test of hypothesis Hy : Ao =0 vs Hy : Ag > 0 which is
Reject Hp in favor of Hy if S,(0) > 2,v(0)//n

Here v(0) has to be estimated from data since it will not be practical to use it
directly because underlying distribution functions of the samples are unknown to

us. We approximate v(0) in the following way, first recall that we have

Sy _Jg Gly)
Q“"{/ fg(y dF @Y T, (t—y)dG(w} (©.1)

04
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Then Q(t) can be approximated by the following expression

ﬁ(t>={éiigﬁy"‘” —"lfz“g( )} 62)

j=1 m i=1 g(t - xi) o ?21 g(t y])

Then v(0) can be approximated by

7%(0) = :l/l_nz [nl—ZQ z; —I—ng——-ZQ Y; ] (6.3)

6.2 Confidence Interval Estimation

As we discussed in chapter II, the estimate 35 is a solution to the equation
S,(Ag) = 0. Based on this equation and asymptotic distribution result of S,(0),

(1 — &)100% level confidence interval for Ag can be found by solving

Sn(Bu) = —2a/20(0)/v/n and Su(AL) = 20/20(0)/v/R

which yield a (1—a)100% level confidence interval (AL, Ay) for the shift parameter
Ay. Similar to the estimator /Ss, ZSL and KU can be found by using an iterative
algorithm. Examples are given in Chapter 7 to illustrate finding a (1 — )100%
level confidence intervals for the true shift parameter A,.

The result of asymptotic normality of 35 indicates that

vnAs = N(0,V*(0))
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where V(0) = 29 Therefore, based on the asymptotic distribution of &g, a
nu/(0)

(1 — a)100% level confidence interval can be written as

As 202V (0)/ V0

The estimation of V(0) and properties of this asymptotic level confidence interval

will be investigated in a future study.
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CHAPTER VII
NUMERICAL EXAMPLES AND A SIMULATION STUDY

7.1 Numerical Examples

Ezample 7.1.1. (Random Generated Data Ezample) We mentioned that L,(A)
is a quasigonvex function of A. To see this property clearly, the plot of disper-
sion function L,(A) is generated by using two érbitrary samples, see the Fig-
ure 8. Here, for simplicity reasons, smoother density function g(t) chosen to be

g(t)=Normal(0, 02) in the convolution and o2 will be estimated from the data

(n1 —1)S£+(n2—-1)55

~2 _
such that 0 = e

. Sample X with n; = 20 is generated from Nor-
mal(0,1) and sample Y with n, = 10 is generated from Normal(1,1). So, the true

shift is Ao =1.

In Table 1, the estimate of Ag is found by using LS, H-L and proposed
Smoothing method. As we see from the Table 1, the proposed Smoothing method
performed better or equal compare to LS and H-L. A 95% confidence interval is
also indicates that the proposed method performed equal to the other two. Ac-
tually, it is close to the least square in estimating the shift and the confidence
interval. This can be a good indication since the data comes from Normal Distri-

bution in which least square works the best.

97
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Table 1: Estimate of Ay and 95% Confidence Limits

Method ( A ( 95% Lower ! 95% Upper |
Smoothing 1.0257 0.1466 1.8723
Hodges Lehman | 1.0485 0.1127 1.8422
Least Square 1.0135 0.1575 1.8694

Dispersion Function Ln for Normal Data

55
i

Ln
50
1

delta

Figure 8: Log-likelihood function L,(A) of the random data
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Example 7.1.2. (Quail Data Example) This example comes from a drug screen-
ing program that finds compounds which reduce low-density lipoprofein(LDL) in
quails. See McKean, Vidmar and Sievers (1989) for the discussion of this screen.
The Main purpose of the study was to examine the effects of a drug which is
designed to lower the cholesterol levels. T'wo groups of quails have been randomly
selected, the first group were fed with a special diet and given the drug, the second
group were fed with same diet but didn’t get the drug over the same time period.
The first group is referred to the treatment group and the second group refered to

the control group in the study. The data is displayed in Table 2. we can observe

Table 2: Quail Data

Control 64 49 54 64 97 66 76 44 71 89
70 72 71 55 60 62 46 77 86 71

Treatment | 40 31 50 48 152 44 74 38 81 64

that 5th observation in the treatment group is an outlier. This type of outliers
are common in this drug study program, see McKean et al(1989). We can also
note that treatment group has lower values than the control group. This can be a
rough indication of the effectiveness of the drug but we should also consider that

sample size in treatment group is 10 against 20 in the control group.

Let 8- and 8y denote the true median levels of the control and treatment
populations, respectively. Then, one can say that the parameter of interest should
be A = 0c — Op. Since we are interested in the alternative hypothesis that

effectiveness of the drug in the study, the hypothesis set up should be
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Hy: Ag=0vs Hy: Ay >0
By using the data given in Table 2, we run our code to find proposed Smoothing,
Hodges-Lehmann(H-L) and Least Squares(L-S) estimations of the shift parameter
Ag. We also find a 90% level confidence intervals for the shift Ag. The results
are given in Table 3. Here, for simplicity reasons, smoother density function g(t)

chosen to be

— 2 — 2
= (m-DMoad;+(na—O)Mady ) tho data,

2 aoti =2
and o° estimated by & -

As we see from the table, the proposed estimation method is rejecting Hy since

Table 3: Estimate of Ay and 90% Confidence Limits

Method A | 90% Lower | 90% Uppeﬂ
Smoothing 16.02 5.10 26.20
Hodges Lehman 14 -2 24
Least Square 5 -10.25 20.25

"Zero” is not included in the interval, on the other hand, other two have included
?Zero” in the intervals and they don’t reject Hy. Thus, the proposed method finds
that the treatment effect is significant. We can also note that proposed method
gives us the narrowest confidence interval compared to the other two confidence
intervals.

In the following Table 4, we illustrated same problem without the outlier

which is the observation #b5 in the sample Y. As we see that, LS jump 10 units
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Table 4: Quail Data Results without the Outlier

| Method A | 90% Lower | 90% Upper
Smoothing 16.22 8.58 23.30
Hodges Lehman 16 5 26
Least Square 14.97 4.75 25.20

from 5 to almost 15, HL increased 2 units from 14 to 16, Smoothing only increased
by 0.2 from 16.02 to 16.22. %90 confidence intervals are now very similar to each
other, almost estimated the same interval. ”Zero” is included in all three intervals

and all of them rejects Hy : A¢ = 0, therefore, there is significant treatment effect.

Dispersion Function Ln For Quail Data

Ln
140 142 144 146
1 1 [

138
1

136
1

Figure 9: Log-likelihood function L, (A) of the quail data
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7.2 A Simulation Study

In this section, we are going to illustrate a bootstrap simulation study to
compare Asymptotic Relative Efficiencies(ARE) of Smoothing, Hodges-Lehmann
and Least Square. It is very well known that (see Hetmansperger and McKean
1998), ARE of Hodges-Lehmann with respect to Least Square is 0.955 when er-
rors are normally distributed with mean 0 and variance 1. It is natural to ask
what is the ARE of Smoothing with respect to Least Square when we have the
same underlying normal distribution. Next question, maybe, what is the ARE
of Smoothing versus Least Square and Hodges-Lehmann when we contaminated
underlying distributions. We will answer these questions with comparing finite
sample relative efficiencies(RE) of the methods. ARE is the ratio of bootstrap
variances of Smoothing estimation of the shift with respect to Hodges-Lehmann
estimation and with respect to Least Square estimation. For this simulation, the

smoother function g(t) will be Gaussian Density(Normal Density) function,

12
g(t) = \/;_me_m ~ Normal|0, 0?)

and o2 will be estimated by 2. Different choices of 2 will be investigated. We

will generate two random samples from Normal Distributions such as,
Let X;..X,, ~ Normal(us,02)
and

Let Yy...Y, ~ Normal(p,, 03)
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Therefore, the true shift parameter will be Ay = p, — p,. If we shift the sample

Y with true shift parameter Ag, the combine shifted sample becomes,
X1y Xy, Y1 — A, .. Y, — Ag ~ Normal(0, 62)
We will also define that
C.N(e,p1) = (1 — €)Normal(0,02) + € Normal(py,0?) 0<e<l.

which is a contaminated normal with contamination level e.

We run 1000 replications in the simulation by generating n; = 20 observa-
tions from Normal(2,4) and ne = 10 observations from Normal(4,4). Therefore,
true shift parameter is A¢ = 2 and 02 = 4. Furthermore, the contaminated part is
generated from Normal(10,16) where p; = 10 and 67 = 16. Estimated Asymptotic
Relative Efficiency(ARE) values of the Smoothing relative to Hodges-Lehmann
and Least Square is given in the tables with a different ¢ contamination levels.

The smoothing parameter o in the smoother density function g(t) must be
estimated from the data. There are several ways to estimate this parameter. We
can use the pooled variance if we assume that underlying distribution is normal

or approximately normal.

ni—1)mad2 +(ny—1)mad? : i
= (u-Dmadyt(ng=lmady ' op ore mad is the median
n1+ng—2 !

1. o2 can be estimated by 5%,

absolute deviation, a robust scale parameter estimate from the data.
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. ~ n1—1)72+(na—1)72 .
2. 0% can be estimated by 52 = ZTUEtoDn whore 1 s a robust scale
ny+ng—2 ’

parameter estimate proposed by Huber(1981).

_ (n1—1)S§+(n2—1)S

2 n =\2
2 i 52 y 2 _ 2= (T
3. 0° can be estimated by 7% = - , Where §* = ==Lt isa

non-robust classical estimate of the variance from the data.

4, If we use Kernel Density Estimation method instead of ”smoothing by convo-
lution” idea in the replacement of true density function f(x), the bandwidth
parameter(b,) must be estimated from the data. We will use optimal band-

width parameter selection procedure proposed by Sheather and Jones(1991).

First, we will run all three smoothing parameter o2 replacement options and see
which one gives us the highest relative efficiency compared to Hodges-Lehman(H-
L) and Least Square(L-S) procedures under the contamination. Later, we will run
a simulation to investigate the Kernel Density Estimation which is alternative to
the smoothing by convolution.

We start the simulation with using Median Absolute Deviation (MAD) as
a smoothing parameter o estimate. We compare relative efficiencies of Smooth-
ing(SM), H-L and L-S. The Following Table 5 shows the results. The relative
efficiencies of Smoothing(SM) versus H-L and L-S compared by using Huber’s 7
as a smoothing parameter estimate. At ¢ = 0, ARE of SM with respect to L-S
is 0.9649 which is almost equal to H-L under no contamination case. L-S is the
best at 0% contamination compared to H-L and SM. At the 10% contamination

of the data, ARE of SM versus H-L is 1.0103 which indicates Smoothing is 1%
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more efficient than H-L and almost 18% more efficient than L-S. At the extreme
case, 30% contamination, ARE of Smoothing versus H-L is 1.1099 which indicates
Smoothing is almost 11% more efficient than H-L, and almost 56% more efficient

than L-S.

Table 5: SM relative to HL and LS, using 5%, as a smoothing parameter

(e [ARE(SM,LS) [ ARE(SM,HL) [ ARE(HL,LS) |
e=0 0.9649 1.0013 0.0637
¢=0.10 1.1802 1.0103 1.1681
€=0.20 1.4715 1.0603 1.3760
¢=0.30 15615 1.1009 1.4068

In Table 6, the relative efficiencies of Smoothing(SM) versus H-L and L-
S compared by using Huber’s 7 as a smoothing parameter estimate. At ¢ = 0,
ARE of SM with respect to L-S is 0.9672 which is almost equal to H-L under
no contamination case. L-S is the best at 0% contamination compared to H-L
and SM. At the 10% contamination of the data, ARE of SM versus H-L is 1.0126
which indicates Smoothing is 1% more efficient than H-L and almost 18% more
efficient than L-S. At the extreme case, 30% contamination, ARE of Smoothing
versus H-L is 1.1160 which indicates Smoothing is 11% more efficient than H-L,
and almost 57% more efficient than L-S.

Table 7 shows relative efficiencies of Smoothing(SM) versus H-L and L-
S, by using 7% as a smoothing parameter estimate. At e = 0, ARE of SM with

respect to L-S is almost 98% which is 2% greater than H-L under no contamination
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Table 6: SM relative to HL and LS, using 52 as a smoothing parameter

Le | ARE(SM,LS) | ARE(SM,HL) | ARE(HL,LS)
e=0 0.9672 1.0036 0.9637
€=0.10 1.1829 1.0126 1.1681
€=0.20 1.4806 1.0761 1.3760
€=0.30 1.5701 1.1160 1.4068

case. But still L-S is the best at 0% contamination. At the 10% contamination
of the data, ARE of SM versus H-L is 1.0211 which indicates Smoothing is 2%
more efficient than H-L and almost 20% more efficient than L-S. At the extreme
case, 30% contamination, ARE of Smoothing versus H-L is 1.0608 which indicates

Smoothing is 6% more efficient than H-L, and almost 50% more efficient than L-S.

Table 7: SM relative to HL and LS, using 5% as a smoothing parameter

¢ [ARE(SM,LS) | ARE(SM,HL) | ARE(HL,LS)
=0 0.9791 1.0160 0.9637
€=0.10 1.1927 1.0211 1.1681
¢=0.20 1.4460 1.0508 1.3760
¢=0.30 1.4924 1.0608 1.4068
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Table 8 shows relative efficiency of Kernel Density Estimation Method with re-
spect to H-L and L-S by using optimal bandwidth procedure from Sheather and
Jones(1991). The algorithm used in this simulation is available upon request from

the authors.

Table 8: SM relative to HL. and LS, using bandwidth b,, as a smoothing parameter

[e ARE(SM,LS) [ ARE(SM,HL) [ ARE(HL,LS) |
=0 0.8140 0.8414 0.9586
¢=0.10 1.0086 0.8664 | 1.1641
¢=0.20 1.4242 1.0250 1.3882
¢=0.30 1.6236 11274 1.4401
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CHAPTER VIII

CONCLUSION

8.1 Concluding Remarks

In this study, we proposed a new estimation method for the shift parameter
Ay in the two-sample location problem. Our main purpose was to develop an
alternative procedure to current parametric and nonparametric procedures that
are widely used in the literature.

The parametric shift parameter estimation method, Least Squares and non-
parametric estimation methods Hodges-Lehman and General Rank Scores have
been presented in the Chapter I. Their asymptotic properties have been referred
to Hettmasperger and McKean(1998). Their advantages and disadvantages have
been pointed out. In Chapter II, the proposed method has been described and
notation introduced. The sample Y is shifted by an arbitrary shift variable A
and then sample X and A shifted Y sample are combined in a one sample. The
purpose of our arbitrary A shift is to align two sample as closely as possible and
find that value which aligns two sample. We can not use true shift parameter Aq
in place of A because it is unknown. Later the empirical distribution function
F(z) of the combined shifted sample is convoluted with a smoother density func-

tion g(t) to find a smooth replacement for the true underlying density f(x). This
108
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new density is called TLA(t) which carries over the overall(approximate) shape of
the true population density f(x) that »the combined shifted sample comes from.
It should be noted that even though proposed smoothing by convolution idea is
analogous to Kernel Density estimation, we don’t exactly estimate the density but
we smooth the empirical distribution function with convolution idea to get the
overall shape of the data. The smoothing parameter o plays an important role in
the smoothing by convolution idea. The smaller values of the ¢ can under smooth
the data, the larger values of the ¢ can over smooth the data. The importance
of o is illustrated by figures in Chapter 2. Later EA(t). replaces the unknown true
density function f(x) in the log likelihood function L(A). After the replacement,
L(A) is called L,(A) which can be minimized with respect to A. The resulting
solution Ag is estimate of the true shift parameter Ag. This estimator is a trans-
lation equivariant estimator and this is proved in the last part of the Chapter
2.

In Chapter III, some of the theoretical properties of the smoothed density
function ﬁA(t) is presented. We discussed that L,(A) is a quasiconvex function of
A and minimum exists by Roberts and Varberg(1973). L,(A) and its approxima-
tion L} (A) have been developed to support the asymptotic results. In Chapter
IV, the Pitman regularity conditions for S}(A) = E%EAA—) have been satisfied and
the asymptotic linearity results of gradient function S*(A) has been shown.

In Chapter V, The asymptotic linearity of S,(A) is proven by the The-
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orem 5.1.2. The influence function IF(x,y) derived by using the idea proposed

by Huber(1982) in the one sample case. Based on the influence function and the
asymptotic linearity results of S,,(A), the asymptotic normality result of the esti-
mator &g has been derived. In Chapter VI, we developed the asymptotic o level
testing and confidence interval estimation procedure for the proposed method.

The examples and a bootstrap simulation study presented in the Chapter
VII demonstrated that proposed method is as competitive as current methods,
in most cases even better. By the simulation study, different choices of smooth-
ing parameter o have been investigated. The regular non-robust sample variance
estimate 5%, robust median absolute deviation(MAD) estimate 72, and robust
Huber’s Tau(r) estimate o2 are compared and found that the proposed estimator
works similarly in the different choices of o2 estimations. Surprisingly, non-robust
sample variance estimation of o2 is very competitive with other two robust es-
timations of ¢2. Kernel Density estimation method is also used to estimate the
unknown true density function of the combined sample. As an alternative to esti-
mate smoothing parameter o from regular scale estimation procedures, the band-
width parameter proposed by Sheather and Jones(1991) is estimated and used in
the smoothing by convolution idea. The result of the simulation is presented in
Chapter VII. |

By the finite sample asymptotic efficiency result, the proposed solution

is approximately 98% efficient against classical method, the Least Square under

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



111

the normality assumptions and far better than the Least Squares if underlying
distribution is contaminated. Under the same conditions proposed method has
almost 1%-10% more efficient than the Hodges-Lehman method. As a result, we
can confirm that proposed method works as good as currently used methods and

can be included in the literature of two-sample location problem.

8.2 Future Research

In the future, we will investigate some of properties of the smoothed den-
sity function ha (t) and log-likelihood function L, (A). We will try to develop
conditions on the log concavity of EA(t) with respect to smoothing parameter o.
The quasi-convexity of the L,(A) will be investigated further and mathematical
proofs will be sought. The different choices of the smoothing parameter o will be
considered and optimum smoothing parameter ¢ will be proposed.

From Chapter IV, the efficiency bf the estimator A% will be investigated
against the maximum likelihood estimator given that underlying distribution func-
tions are known.

We would like to investigate the Behrens-Fisher problem by using the same
smoothing by convolution idea. In the Behrens-Fisher problem, we have a case of
different scale parameters for each population distribution functions. If we recall

that in regular two-sample location problem, we assumed that scale parameters
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are equal. By this assumption, we guaranteed that shapes of the two distributions
-are identical but locations are different. In fact, the scale parameters are different
in Behrens-Fisher problem. Therefore, the shapes of the underlying distribution
functions are not identical any more. In this case, we propose to smooth each
empirical density functions of the samples separately without combining the two
samples. We will have two different smoothing parameter o, and o, for each

convolution smoothing. It will be a very complicated problem to work on.
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