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A CRITICAL EXAMINATION OF THE USE OF PRELIMINARY
TESTS IN TWO-SAMPLE TESTS OF LOCATION

Kimberly Tucker Perry, Ph.D.

Western Michigan University, 1992

The purpose of this dissertation was to explore the appropriateness 

of testing the equality of two means using either a t test, the Welch test, or 

the Mann-Whitney-Wilcoxon test for two independent samples based on the 

results of using two classes of preliminary tests. One class of preliminary 

tests determines whether the population variances differ, and the other 

class ascertains if  the underlying distributions are symmetric or skewed. 

The F-ratio test and the Levene test (using the median) were compared as 

preliminary tests for variance homogeneity; and the DAgostino Sy and the 

Triples tests were also compared as preliminary tests of 

symmetry/asymmetry. The simulation results were used in the formulation 

of an expert system procedure in which both classes of preliminary tests 

were incorporated in the test of equality of two means. Depending on the 

results of the two preliminary tests, the t test, Welch test, or Mann- 

Whitney-Wilcoxon test of means was selected. The performance of the 

expert system was evaluated relative to Type I error only. No power 

results were reported.
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The performance of an expert system was also evaluated with respect 

to robustness and the frequency at which the expert system selected the 

most appropriate means test.

The results reported here indicate that a preliminary test procedure 

for equality of variance should be used rather than using the Mann- 

Whitney-Wilcoxon test or t test for cases where nothing is known a priori 

about variance equality. A second conclusion is that a preliminary test 

procedure should be urn at a significance level > 0.25.

Finally, suggestions for improvements in the overall expert system 

are given.
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CHAPTER I

INTRODUCTION

1.1 Robustness of the t test, the Welch Test, and the Mann- 
Whitney-Wilcoxon Test

In practice, the two-sample t test is widely used to test the equality 

of two means. However, it is well-known that the assumptions of 

independence (which will not be discussed in this dissertation), variance 

homogeneity and normality must be met for the two-sample t test to 

perform well. It has been shown in the literature (Zimmerman and 

Williams, 1989) that the Type I error rate for testing the equality of two 

means for normally distributed populations is an increasing function of the 

ratio R = aa/o2 when sample sizes are unequal and indirectly paired (when 

the smaller sample size is associated with the larger variance); and it is a 

decreasing function of the ratio R = ax/a2 when direct pairing is employed 

(when the smaller sample size is associated with the smaller variance). 

Little dependence of the true Type I error rate on the ratio of Oj/g2 is seen 

under equitable sample sizes. Only when both the variances and the 

sample sizes are unbalanced is the observed significance level affected to 

any measurable degree.

An alternative method for testing the equality of two means for the

1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



case of variance heterogeneity is the Welch test, which is known to sustain 

excellent control over the probability of the Type I error for those normal 

cases with extreme variance heterogeneity and imbalanced sample sizes 

(Zimmerman & Williams, 1989). However this method, like the t  test, is 

liberal (rejects too often) in the indirect pairing cases for skewed 

distributions (Gans, 1981; Murphy, 1976).

The Mann-Whitney-Wilcoxon test is a distribution free test that is 

not based on normality and has been used for testing equal location 

parameters. The Mann-Whitney-Wilcoxon test is known to be robust 

(preserves the stated Type I error rate) for the case of asymmetric 

distributions with variance homogeneity (Snedecor & Cochran, 1967). 

However for the case of symmetric distributions, Murphy (1976) found the 

Mann-Whitney-Wilcoxon test to be more stable with respect to Type I error 

than the t test but still unacceptable when the variances are unequal, 

especially for the cases of indirect pairing. Murphy (1976) states that non­

normality is not a serious problem when the distributions are symmetric, 

but none of the three above tests (the t test, the Welch test and the Mann- 

Whitney-Wilcoxon test) are robust under extreme skewness.

Based on these results for testing the equality of means, we conclude 

the following:

1. The t test is robust when the distribution is symmetric and the 

variances are equivalent.
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2. The Welch test is robust when the distribution is symmetric and 

the variances are unequal.

3. The Mann-Whitney-Wilcoxon test is robust when the distribution 

is asymmetric and the variances are equivalent.

4. None of the above three methods are robust when the distribution 

is asymmetric and the variances are unequal.

Therefore it would be useful to design a system, an expert system, 

which would use the results from a preliminary test of variance 

homogeneity and a preliminary test of symmetry/skewness to determine 

which of the three tests, the t test, the Welch test, or the Mann-Whitney- 

Wilcoxon test, should be used to test the hypothesis H0: = m.

A great deal of uncertainty surrounds the use of a preliminary test 

for testing variance homogeneity. This is discussed in Section 1.2. The 

idea of incorporation of a preliminary test for testing symmetry/skewness 

has not been investigated for the case of testing for means equality. 

Selecting methodology for testing the hypothesis of symmetry/skewness is 

discussed in Section 1.3. Section 1.4 contains a statement of the purposes 

of this dissertation work based on the results from the literature review 

cited in Sections 1.2 and 1.3.
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1.2 Tests of Variances Used as Preliminary Tests

1.2.1 Introduction

The goal of the preliminary test for variance heterogeneity is to select 

an appropriate method for testing equality of means. In other words, this 

preliminary test would advise the researcher when to avoid using mean 

tests that are sensitive to variance heterogeneity.

The selection of preliminary tests of Ha: = o | is now discussed.

The F-ratio test is one of the oldest methods for testing the hypothesis H0: 

ô  = ô . However, the F-ratio test lacks robustness when the underlying 

distributions are non-normal (Box, 1953). For this reason some 

statisticians do not recommend its use as a preliminary test of H0: = ô .

Many other methods for testing variance homogeneity have been 

developed, namely several by Levene, which are more robust with respect 

to normality. Section 1.2.2 contains a discussion of four simulation studies 

which address this question. The four studies are: (1) Brown and Forsythe 

(1974), (2) Conover, M.E. Johnson, and M.M. Johnson (1981), (3) Loh 

(1987), and (4) O’Brien (1979). The L60, the Levene test using the median, 

was found to be robust for the non-normal cases and recommended by 

Conover et al. (1981). Therefore, the Levene test using the median might 

be a more robust preliminary test procedure than the F-ratio test.

Some researchers have conducted studies using the F-ratio test as a
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preliminary test for variance homogeneity. Four such simulation studies 

are discussed in Section 1.2.3. The four studies are: (1) Gans (1981), (2) 

Moser, Stevens, and Watts (1989), (3) C.A. Markowski and E.P. Markowski 

(1991), and (4) Lauer and Han (1974). The preliminary test procedure 

using the F-ratio test is not recommended in any of the above four 

simulation studies except in the Lauer and Han (1974) study. Gans (1981) 

and Moser et al. (1989) used only traditional significance levels ranging 

from 0.05 to 0.25 for testing variance homogeneity. The significance level 

used in the Markowski and Markowski study (1991) was not disclosed. In 

the Lauer and Han (1974) study, the significance level was chosen based on 

the configuration of nx and n2. Only one distribution, the normal 

distribution, was examined. Their results showed that the preliminary F- 

ratio test was more robust than the t test or the Welch test used alone. It 

is noted that Gurland and McCullough (1962) also conducted a simulation 

study similar to Lauer and Han (1974) but used several different statistics 

for testing means. The significance level for the preliminary test was 

chosen in a fashion similar to one used in the Lauer and Han (1974) study. 

Again the preliminary F-ratio test procedure was recommended over the 

means test used alone with respect to robustness.

It is of interest to examine the performance of the preliminary F-ratio 

test procedure using higher significance levels than were used in the Gans 

(1981) and Moser et al. (1989) studies for testing of variance homogeneity
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preceding a test of means.

Two simulation studies have been reported using the Levene test as 

a preliminary test procedure: (1) Olejnik (1987) and (2) Keselman, Games, 

and Clinch (1979). Olejnik (1987) conducted a study where the Levene test 

using the median was compared to the O’Brien procedure as a preliminary 

test procedure preceding the means test (Section 1.2.4). It is noted that 

Olejnik (1987) used only significance levels of 5% and 10% for testing 

variance homogeneity in the preliminary test procedure. His results 

showed the Levene test and the O’Brien procedure used as preliminary 

tests of variance homogeneity were only slightly more robust than using the 

means test alone. The Keselman et al. (1979) simulation study compared 

six preliminary test procedures for variance homogeneity preceding the test 

for equality of four means. One of the six tests for variance homogeneity 

was the Levene test using the median. This study will not be discussed in 

Section 1.2.4 as it was designed to examine four samples instead of two 

samples which is beyond the focus of this dissertation work. However, it 

is noted that the authors concluded that none of the preliminary test 

procedures at the 5% significance level were uniformly robust. Keselman 

et al. (1979) recommend using a robust test for equality of means such as 

the Brown and Forsythe procedure, which is based on the Welch test, 

without employing a preliminary test of variance homogeneity.

As was conjectured in regards to the preliminary F-ratio test
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procedure, there is interest in the performance of the test as 

preliminary test procedure where a higher significance level is used for 

testing variance homogeneity.

1.2.2 Methods for Testing Variance Homogeneity

Four simulation studies for testing variance homogeneity using the 

Levene test are discussed in this section. These are: (1) Brown and 

Forsythe (1974), (2) Conover et al. (1981), (3) Loh (1987), and (4) O’Brien 

(1979). In each of the four studies the Leo (Levene test using the median) 

was recommended.

Let xn, . . ., *lni be a random sample with sample size of n1 from a 

distribution denoted fi(x\ m, c x); and x21, . . . ,  x2d2 be a random sample with 

sample size of n2 from a distribution denoted f 2(x; P2, o2). The two samples 

are assumed to be independent. Let the sample mean and sample variance

forxiv . . . ,x iBi be denoted aslq and s? for i = 1, 2, respectively.

Brown and Forsvthe (1974) Study

Brown and Forsythe (1974) examined six tests for equality of 

variances, Ha: d\ = d*2. These tests are described below:

1. F-ratio test, with the upper a critical values Fa df df taken from
> 1 * 4*

the Snedecor F-table with degrees of freedom dfx -  nx -1  and df2 = n2 -1
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for the significance level a.

2. L0, the Levene test in which a one-way analysis of variance 

procedure is performed on the zy values where zy = I xy - x[ I which is 

compared to the upper a  critical value a + „2.2. Alternate formulations 

considered by Levene are replacement of Zy by / Zy or by log (zy). Since, in 

the authors’ empirical sampling, both are less powerful than using Zy, only 

the L0’s results are reported.

3. L50, the Levene test in which the calculation is based on Zy where 

Zy = | Xy -x i I and Xt is the median of {xUtj  = 1 , . . . ,  n ,}. L^ is compared 

to the upper a  value Fa,, f + „2 .2.

4. L10, the Levene test in Test 2 with the mean replaced by the ten 

percent trimmed mean with the upper a  value Fa t 2-* 9 1 i

5. Layard (1973) %2 test statistic, which is a function of the kurtosis.

6. Miller’s jackknife procedure (1968), generalized by Layard (1973).

The alternative formulations of Levene’s test statistic were found to

be robust under nonnormality. Brown and Forsythe (1974) also concluded 

that the equality of variances for long-tailed distributions can best be tested 

by the L10 statistic, and by Lso for the asymmetric distributions.

Conover. M.E. Johnson, and M.M. Johnson (1981) Study

Conover, M.E. Johnson, and M.M. Johnson (1981) conducted a 

simulation study comparing fifty-six tests for equality of variance. This
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study included the most popular and most useful parametric and 

nonparametric tests available for testing the equality of k variances (k £ 2) 

assuming the means are unknown. Comparisons were made under the null 

hypothesis (for robustness) and under the alternative hypothesis (for 

power). Simulations were conducted with respect to different distributions, 

sample sizes, means, and variances.

Their results show that many of the extensively used tests, such as 

Bartlett test, Cochran test, and F-ratio test, have uncontrolled risk of Type 

I errors when the populations possess asymmetric and heavy-tailed 

characteristics. Conover et al. (1981) also found the more popular 

nonparametric tests showed erratic error rates when the population means 

are unknown. Thus, they felt that it was important to find tests for 

variances that show more stable error rates and more acceptable power 

levels.

Three tests were found to be preferable in terms of robustness and 

power. One of the three tests recommended is the L50 test. All three 

selected tests performed well when applied to the large set of oil and gas 

lease bidding data discussed in the paper.

Loh (1987) Study

In 1987, Loh examined various modifications of the Levene test for 

testing homogeneity of variance. The author evaluated six different tests.
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These are:

1. Lgo, the Levene test using the median.

2. Satterthwaite’s method, where the test statistic is the same as the 

Lgo test, but its value is referred to the F-distribution with 1 and v degrees 

of freedom (instead of 1 and n1 + n2 - 2), where

d-D  v=— ^ «<=£ and v ^ - i .
£ « | V 4 j

3. Data-based transformation, where a power transformation of the 

Zy,  denoted as z \ ,  is performed before applying the Lgo test, where p  is some 

real number.

4. Satterthwaite’s method combined with the data-based 

transformation.

5. An Exact test based on zu, which is the L50 test made exact by 

computer simulation where each is independent and normal (0, 1).

6. An Exact test based on which is the Exact test (Test 5) applied 

to zpy instead of

The six tests were compared in a simulation experiment using five 

distributions and fours sets of group sizes. Distributions ranged from 

symmetric to asymmetric, and light to heavy tails.

Loh’s (1987) results show that the L50 test and the Exact test based 

on Zy  were the best overall performers, with the Exact test preferred over
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the Lgo test for symmetric distributions and vice versa for asymmetric 

distributions.

Based on the above cited literature, the Lbo test is a viable robust 

choice as a preliminary test of variances.

O’Brien (1979) Study

O’Brien (1979) conducted a simulation study which compared the 

O’Brien procedure to the Lg0 test. As in the case of the L50 test, the O’Brien 

procedure transforms the original data to create a dependent variable zy, 

which is used in an one-way analysis of variance procedure. The 

transformation zy is defined as follows:

(1 2) _ (w +Wj ~2) nt (xu-xtf  -  wsf (n -1 )
*  (nr l)(n r 2)

where w is between 0 and 1 depending on the shape of the population 

distribution (O’Brien recommends w = 0.5).

O’Brien’s (1979) results show that for the case of light-tailed 

distributions, such as the uniform distribution, this procedure is more 

powerful than the L50 test, but less powerful with the heavy-tailed 

distributions.
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1.2.3 F-ratio Test Used as a Preliminary Test

12

Discussion is limited in this section to four simulation studies which 

use a preliminary F-ratio test to test variance homogeneity, and based on 

the F-ratio test outcome, use the t test, the Welch test, and/or the Mann- 

Whitney-Wilcoxon test to test the equality of two means. The four studies 

discussed are: (1) Gans (1981), (2) Moser et al. (1989), (3) Markowski and 

Markowski (1991), and (4) Lauer and Han (1974).

Gans (1981) Study

Gans (1981) used the following preliminary test procedure. The 

equality of variances is tested first using the F-ratio test and if the 

variances are found to be equivalent, the t test is used to test the equality 

of means; otherwise the Welch test is used. He explored the performance 

of this preliminary test procedure using the normal distribution, the 

uniform distribution, and the (single) exponential distribution. The 

significance levels of 0.05, 0.10, and 0.20 were used for the preliminary F- 

ratio test.

For the cases of the normal distribution and the uniform distribution, 

the results show the t test rejects too rarely (conservative). When using the 

preliminary F-ratio test procedure, the conservative bias was counteracted 

yielding a more robust test. For the cases where the t test is liberal
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(namely the indirect pairing cases), the preliminary F-ratio test procedure 

improved upon the t test, but only slightly as the preliminary F-ratio test 

procedure was still liberal. The author noted this is especially true for the 

moderate indirect pairing cases ( R -  = 0.67). Using the 5%

preliminary F-ratio test procedure, the null rejection rate was as high as 

12% for the cases of moderate indirect pairing. Gans (1981) observed that 

the particular significance level (0.05, 0.10, and 0.20) used for the 

preliminary F-ratio test procedure has relatively little effect in reducing the 

bias in the resulting means tests. Gans (1981) noted that as the 

significance level of the preliminary test procedure is increased, the 

resulting bias is decreased. Gans (1981) also noted that the Welch test 

used alone is generally robust.

For the skewed exponential distribution, Gans’ (1981) results showed 

that the t test and the Welch test both lacked robustness. For the skewed 

exponential cases, the t test was biased even for the equal sample size 

cases. The Welch test also yielded biased results, but was less biased than 

the t test. The skewed exponential results using the preliminary F-ratio 

test procedure at 5%, 10%, or 20% were found to be less biased than the t 

test, and generally comparable to the Welch test results.

Based on these results, Gans (1981) recommends that the Welch test 

be used directly without a preliminary F-ratio test for variance 

homogeneity. Gans (1981) reported that the Welch test is superior to both
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the t test and the preliminary F-ratio test procedure when the sample sizes 

are unequal, and as good as these procedures when the sample sizes are 

equal.

Moser. Stevens, and Watts (1989) Study

Moser, Stevens, and Watts (1989) report a simulation study similar 

to that of Gans (1981). Like Gans (1981), the F-ratio test is selected as the 

preliminary test with significance levels of 5% and 25%. However, only the 

normal distribution case was examined in this study. If the variances were 

found to be unequal, Satterthwaite’s approximate F test for testing Ha: px 

= Pa was performed; otherwise, the t test was used. Satterthwaite’s 

approximate F test is identical to the Welch test; however, the degrees of 

freedom are calculated in a different manner than the Welch test.

The Moser et al. (1989) results are analogous to those reported in the 

Gans (1981) study. When nx -  n2, the t test, Satterthwaite’s approximate 

F test, and the preliminary F-ratio test procedures (at 5% and 25%) show 

almost identical simulated null rejection rates for all values of 12 = c x/a2. 

When the sample sizes differ, Satterthwaite’s approximate F test is more 

robust than both the t test and the preliminary F-ratio test procedures, 

regardless of the R value.

Based on these results, Moser et al. (1989) recommend that 

Satterthwaite’s approximate F test be used directly without preliminary
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testing since it is more robust than both the t  test and the preliminary F- 

ratio procedures.

Markowski and Markowski (1991) Study

C.A. Markowski and E.P. Markowski (1991) evaluated the 

preliminary F-ratio test procedure using a variety of configurations of 

sample size. They assumed that the samples are drawn from normal 

distributions and from other symmetric distributions, as well as skewed 

distributions. The significance level of the F-ratio test for testing variance 

homogeneity was not disclosed in the paper. The t  test is used if the 

hypothesis of equality of variance is not rejected, and the Welch test is used 

if  the preliminary test suggests that the equality of variance assumption is 

violated. The performance of the preliminary F-ratio test procedure was 

compared only to the t test in this study (i.e., the unconditional Welch test 

was not discussed).

For the normal distribution cases with equal sample sizes, the 

authors state the t test is robust and that the preliminary F-ratio test 

procedure is unnecessary.

When the sample sizes differ, relatively small deviations from equal 

variances (e.g., R = o-Jg2 = 0.7 or 1.4) yielded biased results when using the 

t test. The preliminary F-ratio test procedure also lacked robustness for 

these cases.
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Markowski and Markowski (1991) also investigated the performance 

of the preliminary F-ratio test procedure for the two symmetric 

contaminated normal distribution cases. For the unequal sample size cases, 

the preliminary F-ratio test is consistently liberal because it uses the t test 

too often. For most situations where sample sizes are balanced, the 

preliminary F-ratio test procedure yielded robust results counteracting the 

bias seen when using the t test alone.

For skewed distributions, (exponential distribution and the chi- 

square distribution), the preliminary F-ratio test procedure showed large 

discrepancies between the nominal and estimated actual Type I error levels, 

regardless of the sample size configurations.

Like Gans (1981) and Moser et al. (1989), Markowski and Markowski 

(1991) concluded that the preliminary F-ratio test procedure does not warn 

when the two-sample t test is inappropriate for testing the equality of two 

means and hence, do not recommend use of a preliminary test of variance.

Lauer and Han (1974) Study

Lauer and Han (1974) also conducted a simulation study to 

investigate methods for test equality of means after using a preliminary F- 

ratio test for equality of variances in two normal populations. The 

preliminary F-ratio test procedure is the same as described in the other 

three studies; however, the degrees of freedom for the Welch test were
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obtained by using an approximation given in Cochran (1964) which 

interpolates between t-table values. Important to this study is that the 

authors allowed the significance level of the F-ratio test to depend on n1 

and n2 for the normal distributions examined. The significance level was 

chosen to satisfy an optimality criterion which is derived in the 1974 paper, 

assuming normality. They concluded a gain with respect to robustness was 

realized in every instance using the preliminary F-ratio test procedure and 

hence, recommend use of a preliminary test of variance.

1.2.4 The Levene Test Used as a Preliminary Test

Olejnik (1987) conducted a simulation study comparing two 

preliminary test procedures to the unconditional ANOVA (analysis of 

variance) test for testing the equality of two means. Since only two sample 

populations were used, the unconditional ANOVA test is just the squared 

t test statistic t2.

Five distribution types were examined: (1) normal, (2) platykurtic, 

(3) skewed, (4) leptokurtic, and (5) skewed/leptokurtic. For the platykurtic 

case, the distribution has a flatter top than the normal distribution (e.g., 

rectangular) with a negative coefficient of kurtosis. In contrast, the 

leptokurtic distribution is usually taller and slimmer (peaked) than the 

normal distribution with a positive coefficient of kurtosis.

To assess the preliminary test procedures, Olejnik used the following
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strategy. First, the equality of means was tested yielding the Type 1 error 

rate using the t test (i.e., no preliminary test for variance homogeneity) 

with n = 1000 simulation runs. Secondly, the Type I error rate for the 

preliminary test procedure was obtained in the following manner. The 

test and the O’Brien test procedure were computed to test for variance 

homogeneity at the 5% and 10% significance levels for all 1000 simulation 

runs. The succeeding t test was computed only in n cases (n < n) where 

n is the number of tests where variance equality was not rejected; thereby, 

yielding a Type I error rate for the preliminary test procedure.

For the equal variance cases, Olejnik’s (1987) results show both 

preliminary test procedures are robust, except for the skewed/leptokurtic 

distributions. For skewed/leptokurtic distributions, both preliminary test 

procedures are conservative.

For the unequal variance cases, Olejnik’s (1987) results using the t 

test concur with what has been previously cited. For the direct pairing 

cases, the t test is conservative; whereas, it is liberal for the indirect 

pairing cases. The results of both preliminary test procedures using 

significance levels of 5% and 10% for the analysis of variance equality are 

similar. When the t test for means is conservative, the preliminary test 

procedures are conservative, and when the t test for means is liberal, the 

preliminary test procedures are also liberal. It was also demonstrated as 

the difference in sample size increases, the degree of liberalism and
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conservatism also increases. Their results show that when the tests are 

liberal, the preliminary test procedures are more liberal than the t test. 

Therefore, Olejnik (1987) concludes there is very little achieved when using 

these preliminary test procedures.

1.3 Tests for Skewness/Symmetry

Murphy (1976), Gans (1981), and Olejnik (1987) all concluded 

skewness adversely affects the robustness of the t test and the Welch test. 

Therefore, a second class of preliminary testing, a test of 

symmetry/skewness, will be examined in this dissertation. Two test 

methods were selected, the D’Agostino Sy test for skewness and the Triples 

test for symmetry.

1.3.1 D’Agostino’s Skewness Test

D’Agostino’s test is a test of normality versus non-normality, which 

is sensitive to skewed nonnormal alternatives. A sketch of this procedure 

is now described.

A simple and very powerful test of normality against skewed 

alternatives (Shapiro, Wilk, & Chen, 1968) is the test based on the 

standardized third sample moment,
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The test of normality is rejected if gt is large in absolute value when 

compared to a table of critical values (Pearson & Hartley, 1966). However, 

Pearson and Hartley’s (1966) table is extremely scant for critical values 

starting at n -  25, since it is tabulated for increments of n = 25 or larger. 

These tables are appropriate for two-sided tests with significance levels of

0.02 and 0.10, and one-sided tests with levels of 0.01 and 0.05.

D’Agostino (1970), using a transformation due to Johnson (1949), 

transforms the distribution ofg2 to that of the standard normal distribution 

with mean zero and variance of one. Details of this transformation are 

outlined in Chapter II. Results from D’Agostino’s Monte Carlo simulations 

for n < 25 and checks with an existing table of Pearson and Hartley (1966) 

for n > 25 show that the accuracy of the transformation is very good.

1.3.2 Triples Test

The second approach is a Triples test described in a paper by

Randles, Fligner, Policello, and Wolfe (1980). Let x1 xa denote a

random sample from a continuous population where i, j, k are distinct 

integers such that 1 < i, j, k < n. The Triples test is an asymptotically
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distribution-free procedure which examines each triple (xit xJf xk). If the 

middle observation is closer to the smallest observation than it is to the 

largest observation, then a "right triple" is formed (looks skewed to the 

right). If the middle observation is closer to the largest observation than 

it is to the smallest observation, then a "left triple" is formed Qooks skewed 

to the left). The Triples test statistic is a function of the numbers of right 

triples and left triples. The procedure used to obtain the test statistic is 

outlined in Chapter II.

Randles et al. (1980) compared three procedures for testing whether 

a univariate population is symmetric about some unspecified value 

compared to an immense class of asymmetric distribution alternatives. 

The Triples test was compared to Gupta’s skewness test (Gupta, 1967) and 

Gupta’s nonparametric procedure (Gupta, 1967). Their results show that 

the Triples test is superior to either competitor for testing the hypothesis 

of symmetry, even for sample sizes as small as 20, while possessing good 

power for detecting asymmetric alternative distributions (Randles et al., 

1980).

The performance of the D’Agostino skewness test and the Triples test 

as preliminary tests for symmetry/skewness is examined in Chapter VI. As 

previously stated, the goal of incorporating a preliminary test of 

symmetry/skewness is to alert the researcher when the means tests 

sensitive to asymmetry, like the t test and the Welch test, should be
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avoided.

1.4 Summary of Research to be Conducted

The purpose of this dissertation is to further explore the 

appropriateness of testing the equality of two means using either a two- 

sample t test, the Welch test, or the Mann-Whitney-Wilcoxon test based on 

the results of using two classes of preliminary tests. One class of 

preliminary tests determines whether the population variances differ, and 

the other class ascertains if  the underlying distributions are symmetric or 

skewed. The "commonly used" F-ratio test and the "recommended" test 

(hereafter denoted Levene test) will be compared and assessed as 

preliminary tests for variance homogeneity. The D’Agostino Su test and the 

Triples test will be compared and assessed as preliminary tests of 

symmetry/asymmetry. These assessments will be based on seven 

population distributions: normal, uniform, double exponential, logistic, 

lognormal, gamma and contaminated normal. These were arbitrarily 

chosen based on their symmetric and skewed population characteristics. 

Unequal variance and unequal sample size cases under direct pairing and 

indirect pairing will be examined. The nominal significance levels of 0.05, 

0.25, 0.50, and 0.75 for both classes of preliminary tests will be evaluated.

The three objectives of this dissertation work are:

1. Comparison of the F-ratio test to the Levene test as a preliminary
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test for testing variance homogeneity preceding a means test. Based on 

this comparison, a preliminary test for variance homogeneity at a 

significance level a  will be chosen and implemented into an expert system.

2. Comparison of the D’Agostino Su test and the Triples test as tests 

of symmetry/asymmetry. Based on this comparison, a preliminary test for 

symmetry/asymmetiy at a significance level a** will be chosen and 

implemented into an expert system.

3. Evaluation of the performance of an expert system which selects 

a method for testing Ha: ^  = \i2 based on two classes of preliminary tests: 

(1) the F-ratio or the Levene test at a significance level of a* for the test of 

variance homogeneity; and (2) the D’Agostino Su test or the Triples test at 

a significance level of a** for the test of symmetry/asymmetry.

The purpose of the expert system is to yield a robust test for testing 

the hypothesis Ha: m = \i2 when the data analyst does not know whether 

the variances are homogeneous and whether symmetry is present. Based 

on the results of the two preliminary tests, the t test, the Welch test or the 

Mann-Whitney-Wilcoxon test is selected to test the equality of means.

The expert system is constructed in the following way:

Case 1: If ox = o2 and symmetry is concluded, then the t test is used.

Case II: If al * ct2 and symmetry is concluded, then the Welch test 

is used.

Case III: If ox = o2 and symmetry is rejected, then the Mann-
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Whitney-Wilcoxon test is used.

Case IV: If Oj * o2 and symmetry is rejected, then the Welch test is

used.

It is noted that robust methods exist for testing H0: = p2 for Cases

I-III, but no robust method exists for Case IV.

The expert system procedure is outlined in Figure 1.

Nonsignificant
Test of 
Variance
Homogeneity Significant

Figure 1. Expert System.

Results from Chapters III, IV and V are used to assess which of the 

two preliminary tests of variance homogeneity, along with a specific 

significance level are recommended for use in the expert system procedure. 

In Chapter VI the performance of the two methods for testing 

skewness/symmetry is judged and, based on these findings, the most robust 

testing method will be implemented into an expert system. The overall 

performance of this expert system is discussed in Chapter VII. A summary 

and recommendations for future study follow in Chapter VIII.

Test of Symmetry 
Nonsignificant Significant

t test Mann-Whitney- 
Wilcoxon test

Welch test Welch test

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER II

METHODOLOGY

2.1 Introduction

This chapter contains the details describing the two-sample 

methodology used to test the equality of means, variance homogeneity and 

skewness/symmetry under selected distributions.

Let Xn, . . ., aclni be a random sample with sample size of nx from a 

distribution denoted f x(x\ plt ĉ ); and x2i» • • •» x2a2 be a random sample with 

sample size of n2 from a distribution denoted f 2(x; g2). The two samples

are assumed to be independent. Let the sample mean and sample variance 

for xiv . . . , xiai be denoted asl^ and s? for i = 1, 2, respectively.

2.2 Testing the Equality of Means

The t test, the Welch test, and the Mann-Whitney-Wilcoxon test 

procedures of H0: m = \i2 vs. Hx: m * ji2, are now described.

The t test is the given as

(2.1a) ,■ .

25
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Kta„
(2.1W

is the pooled estimate of a2, assuming of = of = a2. 

The Welch test statistic is

(2.2a) tw=- = = = = =
^(5?/n,)+(s 2/^2)

which uses Satterthwaite’s (1946) approximation for the degrees of freedom:

(2.2b) df- (flings f o 2
(^ /n ^ n rD H ® ^ 2/^ -!)

The Mann-Whitney-Wilcoxon statistic is

(2.3) S-iiiOij + l ) /2 - ^ / 2
+1 4 + 1 ) /1 2

where S is the sum of the ranks assigned to the sample observations from 

group 1, and z  is an approximate normal deviate.

The a-level tests of H0: m vs. Hf. px * p2 are \t I > ,ni + n2.2>

I tw I > *a 12, df > and UI > zaf2 for the t test, the Welch test, and the Mann- 

Whitney-Wilcoxon test, respectively, where za is the upper a-point of the 

standard unit normal distribution and tar is the upper a-point of a £
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distribution with r degrees of freedom.

2.3 Testing the Equality of Variances

The F-ratio test and the Levene test of H0: of = of v s . H{. of * of 

are now described, assuming the sampling conditions described in Section

2.1 hold.

The F-ratio a-level test statistic is

(2.4) F=(larger s\,s\) / (smaller s\,s\) > Fa t dfh dfg

where Fa> dfh dfg js the upper a-point of an F random variable where dfL is 

the degrees of freedom ( i.e sample size minus one) from the sample which 

has the larger sample variance, and dfs is the degrees of freedom from the 

sample which has the smaller sample variance.

The Levene a-level test is

(2 c\ . E  ~z.)2 >> jr
L =  -------------- --------------------- > - ^o ,  1 , ni + n 2 - 2>

which is the one-way analysis of variance F-test computed on the values, 
where ẑ  = |Xjj-median of group i|.

2.4 Testing of Symmetry Versus Skewness

The D’Agostino test of skewness and the Triples test of symmetry are
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described first for a general random sample xlt . . xn from some 

distribution /  (x; p, o) before generalization to the two samples described 

in Section 2.1. It is convenient to let x denote the sample mean of xl t . .  

xa and to let the sample estimates of /p it the third standardized moment, 

and P2> the fourth standardized moment, be denoted as

The D’Agostino Su skewness statistic is obtained in the following 

manner. First, compute /b x from the sample data. Secondly compute 

Z(/6j), where

(2.6)

(2.7) and b2 = m4 / m\

(2.8) where =£(*,-£)*/*» for k = 2, 3, 4.

(2.9a) Z(/bx) = 8 ln(y/a + [(Y / a ) 2 + I f  ),

(2.9b)

(2.9c) JP2 = -1 + [2 (P2(^ i)) “ 1) 11<l ,

f l J / D -  3(n2 +27n -70)(n 1)

(2.9d) (n-2)(i»+5)(«+7)(n+9) ’

(2.9e) fi = lA/inFK and a=2l(W2- l)m •
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The a-level D’Agostino test of skewness is:

29

(2.10) Z(Sb1) > z a.

is approximately n(0, 1) under the null hypothesis of population 

normality for cases where n > 8 (D’Agostino, Belanger, & D’Agostino, 

1990).

For the Triples test of symmetry, we again let xl f . . ., xD denote the 

random sample. The test rejects Ha of symmetry if  IT11 > t„ (a/2) where

(2.11a) T ^ n '^ /d ,,

(2.11b) f) = ((number of right triples) - (number of left triples))

and ^  is the standard deviation of f(. The statistic is calculated as

(212) * = (" )'5 > < w y

where f  fX, X , XJ  = (sign (X, + Xj - 2Xk) + sign (X, + Xk - 2X/) + sign (Xj + 

Xk - 2Xj)}/3 and sign(u) = -1, 0, or 1 as u <, =, or > 0.

To compute var On), let

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30

( 2 i 3 a >  f c r s o o

(2.13b) where ^  = var Ifc(Xp . . . ,  Xc)].

Then .w ith /,-(,)=*[/• (*.*,.X,)], yields

<2-14a> X , ) - t f , Y * t r e
n j=1

(2.14b) /;  (X ,)= --t- £  E /•(*,.*,.*»)
[ n - l | x*
I 2 J

Similarly,

/<*

(2.15a) %2=J _  £  £  (£ (X̂ .X*) - )2 . wtere

0  "

(2.15b) f i ( Xj,Xk) = - ^  £  f'(Xt,XJ,Xi) ,
i*j*k
i*k

2.5 Selected Configurations of Distributions, Sample Sizes and Variance
Ratios Used in the Simulation

Type I error rates for testing the homogeneity of means were 

simulated under a variety of conditions. Seven distributions were
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arbitrarily chosen based on their different population characteristics. These 

distributions are classified into three groups: (1) symmetric, (2)

asymmetric, and (3) outlier model. Chapter III examines the use of testing 

for variance homogeneity preceding the test of equality of means, H0: px = 

Pa for the four symmetric distributions: (1) normal, (2) uniform, (3) double 

exponential, and (4) logistic; Chapter IV examines this test for the two 

asymmetric distributions: (1) lognormal and (2) gamma; and Chapter V for 

the outlier model, the contaminated normal.

To evaluate the performance of the preliminary test of variance 

homogeneity, the following standard deviation ratios R -  o1/ a2 are used: 

0.25, 0.50, 0.67, 1.0, 1.5, 2.0, and 4.0. Clearly the sample variances are 

equal when R = 1. Sample size configurations (n^n?) used in the 

simulations are: 5:5,5:10,5:20,10:10,10:20,10:40, and 20:20. This allows 

for both direct and indirect pairings to be examined.

Direct pairing occurs when R = 0.25, 0.50 and 0.67 holds with the 

imbalanced samples 5:10, 5:20, 10:20, and 10:40. Severe direct pairing is 

defined to occur in those above situations when R  = 0.25 and 0.50; whereas, 

moderate direct pairing occurs with the R = 0.67 cases. An example of a 

moderate direct pairing case is as follows. Let group 1 be distributed with 

mean px =0 and standard deviation ox = 0.67 with a sample size of nx = 5; 

and group 2 be distributed with mean P2 = 0 and standard deviation o2 = 

1.0 with sample size of n2 = 10. Then the ratio R = ax/a2 = 0.67 and the
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group with the smaller a (at = 0.67) is estimated from the group with the 

smaller sample size (nx = 5).

Indirect pairing occurs when R = 1.5, 2.0 and 4.0 holds with the 

imbalanced sample sizes 5:10, 5:20, 10:20, and 10:40. Severe indirect 

pairing is defined to occur for the above cases when R = 2.0 and 4.0; and 

moderate indirect pairing for the R = 1.5 cases. An example of moderate 

indirect pairing is as follows. Let group 1 be distributed with mean =0 

and standard deviation Oj = 1.50 with a sample size of n1 = 5; and group 2 

be distributed with mean ^  = 0 and standard deviation c2 = 1.0 with 

sample size of n2 = 10. Then the ratio R =<5-J<52 = 1.50 and the group with 

the smaller a (c2 = 1.00) is estimated from the group with the larger sample 

size (n2 = 10).

As stated in Chapter I, it is of interest to examine the performances 

of the F-ratio test and the Levene test as preliminary tests of variance 

homogeneity using nontraditional significance levels. Therefore, we have 

arbitrarily chosen significance levels of 0.50 and 0.75 in addition to the 

traditional 0.05 and 0.25 levels. In all cases, the means are set equal, so 

that performance is evaluated relative to Type I error only. All tests are 

two-tailed. No power results are reported.

2.6 Generation of Random Realizations

This section contains an outline of how the random realizations are
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generated for each specified distribution. As before let xn, . . ., xlni be a 

random sample of size nx from the distribution f t(x; Pj, Oj); and x21, . . . ,  x2n2

be a random sample of size n2 from the distribution f 2(x; p2, <*2)* where it is 

assumed that the two samples are independent.

The random realizations from the standardized distribution f 2 (#; 

g2) are generated for each of the selected distributions. For the first 

sample, f x (x; px, Gj), the random realizations are generated in the same 

fashion, but shape parameters and scale parameters are adjusted to yield 

the desired standard deviation ratio R =

The IMSL random number generator RNSET, which initializes the 

seed, is used in all of the simulations.

2.6.1 Normal Distribution

In the case of the normal distribution, both sample means are set to 

zero, px = p-j = 0. For the second of the two samples, the distribution f 2(x; 

Pa, o2) is initialized as a normal (0, 1). The FORTRAN function RNNOF 

was used to generate the normal (0, 1) random numbers. RNNOF is the 

function form of RNNOR which generates standard normal (Gaussian) 

numbers using an inverse CDF technique. For the first sample, random 

normal (0,1) numbers are generated and then multiplied by a scale factor 

R to yield random realizations with distribution f x(x\ 0, R).
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2.6.2 Uniform Distribution

Let x be uniform (a, b) with mean = (a + 6)/2 and standard 

deviation a = (b - a ) //12. As in the case of the normal distribution, we set 

both means equal to zero, m = p2 = 0 for the uniform distribution cases. 

For the second of two samples, the distribution f 2(x; p.2, a2) is arbitrarily 

designated as a uniform (-1/2, 1/2) distribution yielding a mean 0 and 

standard deviation ct2 = 1//12. To achieve the desired R  ratio, random 

realizations from a uniform (-R/2, R/2) distribution are generated for the 

fi(x; |Xx, ax) distribution yielding mean | ix = 0 and a standard deviation ox 

= R/S12.

Uniform random realizations for a uniform (-R/2, R/2) distribution 

are constructed in the following fashion. First, random numbers from a 

uniform (0,1) distribution are generated using the FORTRAN function 

RNUN. Then, the uniform (-i?/2, R/2) random realizations are:

(2.17) xt = R{ut - 1/2).

2.6.3 Double Exponential Distribution

Let x have the double exponential probability density function f(x)

where

(2.18) /(x ) = e $ L M  - c . < x < »  .
2
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The mean and variance are

(2.19) p = E(jc) = 0 and

(2.20) o2 = VarCc) = 2.

To simulate x for distribution f 2(x; 0, / 2  ), we use the following 

transformation:

(2.21) x = (y1 -y 2)/2

where y t and y2 are two independent chi-square random variables, each 

with two degrees of freedom.

For the first sample, let

(2.22) x= R (y1 -y 2)/2

to yield realizations with distribution / x(jc; (xx, ax) = f^x; 0, /2R ).

The FORTRAN function RNCHI generates random values from a chi- 

squared distribution with d f  degrees of freedom. In our case df=  2 and the 

chi-squared random number y  is generated as

(2.23) y  = -2 In (u)

where u is an independent random number from a uniform (0,1) 

distribution (see Section 2.6.2).
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2.6.4 Logistic Distribution

Let fix) represent the probability density function for a logistic 

distribution

(2.24) / ( * )  = — - ----  w h e r e . •
( i* « f

The mean and variance are

(2.25) p = E(*) = 0 and

(2.26) o2 = VarOe) = 3/rc2

For the second of two samples, the standard deviation is preset to 

equal 1, so that f 2(x; 0, a2) = f 2(x\ 0, 1). The random numbers x{ for this 

logistic distribution are generated using the transformation

(2.27) x.=^k)g
It

f - s - l  
. 1 - “J

where u{ is uniform (0 ,1 ).

The transformation that yields realizations for the first sample ffx;  

0, ctx) = / x(*; 0, R) is:

(2 .28) xt= log
it 1 -ui}

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



37

where u{ is uniform (0 ,1 ).

2.6.5 Lognormal Distribution

The probability density function for the lognormal distribution with 

parameters a and b is:

(2.29) /(*)=---- 1 exp - - L  ( in *- af )  for x > 0 .
b X t/TH 2b2 )

The mean (i, variance a2, and coefficient of skewness are

« 2
(2.30) ^ = E(x)=exp (a+— )

2

(2.31) o2 = Var(x) =w(w- l)exp(2a) > and

(2.32) coefficient of skewness = (w + 2) (w - 1)%

where w = exp (ft2). Let x be n(a, b), then y = ex has the lognormal 

probability density function in (2.29).

Three lognormal distributions are selected due to their degree of 

skewness. In each case, a2= 0 in the second of the two samples from 

distribution f 2(x\ o2) denoted as lognormal (a# b2). Assuming the means

of the two samples to be equal m = m results in the conditions of:

(2.33) and
2
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(2.34) R 2 _  exp (2a,) exp (ft?) [exp (ft?)-1] 

exp(ft?) [exp(ft?)-l]

The three b2 parameter values chosen for the f 2(x; m, o2) lognormally 

distributed sample are: (1) b2 = 0.4 , (2 ) b2 = 1.0, and (3) b2 = 1.75. The 

coefficients of skewness for these cases are 1.3,6.2, and 105.6, respectively. 

The case of b2 = 0.4 is denoted as slight skewness, b2 = 1.0 as moderate 

skewness, and b2 = 1.75 as heavy skewness. Lognormal distributions with 

slight skewness (b2 = 0.4) and heavy skewness (b2 = 1.75) are displayed in 

Figure 2. The slightly skewed lognormal distribution (b2 = 0.4) in Figure 

2  looks similar to a normal bell-shaped curve but is slightly skewed to the 

right. The heavy skewed lognormal (b2 = 1.75) peaks rapidly leaving a 

short left tail and than decreases much slower, resulting in a long right 

tail.

Substituting (2.33) into (2.34) yields

for the f^x; m, distribution samples for the case of slight, moderate, and 

heavy skewness, respectively.

(2.37)

(2.35)

(2.36)

b\ = ln(R2(0.1735) + 1). 

b\ = ln(Jf?z(1.7183) + 1). 

b\ = ln(#2(20.3809) + 1).
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Figure 2. Lognormal Distributions (Rothschild & Logothetis, 1986)

Source: Rothschild, V., & Logothetis, N. (1986).
Probability Distributions, p. 32
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Table 1

Parameter Values to Generate Lognormal Samples

Slieht i i l i l i i f p l l Heavy Skewness

% ** h
0.25 0.0746 0.1039 0.4490 0.3194 1.1205 0.9064
0.50 0.0588 0.2061 0.3213 0.5978 0.6275 1.3444
0.67 0.0425 0.2739 0.2141 0.7561 0.3726 1.5223
1.00 0.0000 0.4000 0.0000 1.0000 0.0000 1.7500
1.50 -0.0848 0.5741 -0.2912 1.2579 -0.3923 1.9614
2.00 -0.1835 0.7260 -0.5317 1.4365 -0.6753 2.1007
4.00 -0.5843 1.1527 -1.1748 1.8302 -1.3639 2.4063

Table 1 displays the parameters values ax and bx used in the first 

sample f t(x; |xlt a j  to form the specified standard deviation ratio.

The FORTRAN function RNLNL is used to create the random 

realizations for a lognormal distribution f(x; |i, a) using the transformation 

y  = ex where x is n(a, b) (IMSL, 1989a).

2.6.6 Gamma Distribution

The probability density function for the gamma distribution with 

shape parameter a  and scale parameter (3 is

(2.38) /(*) = — -— x*"!exp(-4) where x>0, a>0, p>0
r(a)P“ I P j

with mean aP, variance aP2 and coefficient of skewness 2 //a .
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Two gamma distributions are examined in this section, one with 

shape parameter equal to 3 and unit scale parameter (denoted as G(3,l)), 

and the other with shape parameter equal to 2  and unit scale parameter 

(denoted as G(2 ,l» . Figure 3 displays the G(3,l) and G(2 ,l) distributions. 

As seen in Figure 3, the G(3,l) distribution is only slightly skewed 

(coefficient of skewness = 1.5) whereas the skewness is more pronounced in 

the G(2,l) distribution (coefficient of skewness = 1.41).

The gamma random realizations are generated using RNGAM (IMSL 

Routine) which yields random numbers with shape parameter a  and unit 

scale parameter ((3 = 1 ). To formulate the random numbers from a G(a,P) 

distribution, the numbers generated from RNGAM are then multiplied by 

the scale parameter (3.

Applying the condition of equal means results in

(2.39) aipx = a2p2

For the case of the G(3,l) distribution where = 3 and |32 = 1 , the 

results of (2.39) reduce to

(2.40) ax = 3/Px,

and it follows that:

(2.41) Px = R2
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f(x:a.0)

1.00

.75

.SO

ci * 2

.25

Figure 3. Gamma Distributions (Rothschild & Logothetis, 1986)

Source: Rothschild, V., & Logothetis, N. (1986).
Probability Distributions, p. 42
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(2.42) and a, = 3/R2.

For the case of the G(2,l) distribution where ô  = 2 and (32 = 1, the 

results of (2.39) reduce to

(2.43) a x = 2/pi,

and it follows that:

(2.44) = R2

(2.45) and a x = 2/R2.

Table 2 lists the ax and Pj used in the first sample to achieve each R

value.

Table 2

Parameter Values to Generate Gamma Samples

R
G (3,1)

*>
G (2,1)

Pi
0.25 48.0000 0.0625 32.0000 0.0625
0.50 12.0000 0.2500 8.0000 0.2500
0.67 6.6830 0.4489 4.4553 0.4489
1.00 3.0000 1.0000 2.0000 1.0000
1.50 1.3333 2.2500 0.8889 2.2500
2.00 0.7500 4.0000 0.5000 4.0000
4.00 0.1875 16.0000 0.1250 16.0000
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The contaminated normal has observations which usually follow a 

normal distribution but where occasionally something goes wrong with the 

experiment so that an occasional observation is a gross error. Under this 

model, fix) takes the form

(2.46) f(x) = (1 - p)n(pa, <ra) + pn(m„ at)

where 0  < p  < 1 , ni\i, a) is the normal distribution function with mean |i 

and standard deviation o. The former normal distribution, n(|ia, oa) denotes 

the "parent" and the latter normal distribution, n(|ib, ab) denotes the "child" 

or the "outlier". The mean and variance of the contaminated normal is

(2.47) H=(l-p)n«+PH*

(2.48) and o2 =(l-p)(^+o«)+p(nJ+Oi)+[(l-p)p<I+pniJ2 .

The contaminated normal numbers are generated in the following 

way. RNUN is used to generate a uniform random number u, as described 

in Section 2.6.2, and RNNOF generates a normal (0,1) random variable, as 

described in Section 2.6.1. If the uniform random number u is less than (1 

- p), then the corresponding normal (0 ,1 ) random number is transformed 

into a n(pa, aa) value, otherwise it is transformed to a n(pb, 0 *,) value.

Two types of contaminated normal (0,1) distributions are

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



45

investigated. The first has 95% of the observations in the parent 

distribution and 5% in the child with differing means; resulting in a skewed 

distribution. In the second contaminated normal (0,1), 90% of the 

observations are in the parent and 1 0 % in the child with the mean in both 

the parent and child set to zero; resulting in a symmetric distribution. 

Since the contaminated normal mean is set to zero, the variance becomes

(2.49) o2 = (1 - p)(p2 + o|) + p(p£ + o£).

The random numbers for the contaminated normal (0,1) with p = .05 

are generated as follows. In the second sample the parent is chosen to be 

a n(-0.15, 0.31019) and the child as a n(2.85, 3.1019) thus resulting in a 

contaminated normal (0,1). If the uniform random number is less than 0.95 

then the corresponding normal (0 ,1 ) random number is transformed to the 

parent, n(-0.15, 0.31019), if  not, a n(2.85, 3.1019) is created.

For the first of the two samples, the parent remains as n( -0.15, 

0.31019) and the mean of the child is fixed at 2.85. Thus, the ratio R is 

obtained by changing the standard deviation of the child by the following 

equality,

(2.50) ac2 = CR2 - .5189)/0.05.

For the symmetric contaminated normal (0, 1) with p = 0.10, the 

means of the parent and child are both set to zero. In the case of the
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second sample, f 2(x; 0 , 1 ), the parent is initialized as n (0 , /.5 )  and the child 

as n (0, /5 .5 ) thereby resulting in a symmetric contaminated normal (0,1). 

In this case, when the uniform random number is less than 0.90, the 

corresponding normal (0 , 1 ) random number is transformed to a parent 

n(0, /.5 ) value; otherwise to a n (0, /5 .5 ) value.

The parent remains as n (0, V.5) and the mean of the child is again 

fixed at 0 for the sample from the f x(x\ 0, R) distribution. The ratio R 

results by changing the standard deviation ratio of the child by the 

following equation,

(2.51) <£ = (R2- 0.45)/0.1.

For the direct pairing cases, the unbalanced sample size 

configurations are reversed so nx > n2 resulting in n{.n2 = 10:5, 20:5, 20:10, 

and 40:10. By choosing n1 > n2, the oc used for the moderate indirect 

pairing cases can then be also used for the moderate direct pairing cases. 

The same is true for the severe direct pairing cases.

Table 3 gives the cc values used to yield the R values in the 

symmetric and asymmetric cases.
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Table 3

Parameter Values to Generate Contaminated Normal Samples

JRssOj /Oj for p  s* 0 . 1 0  

(Symmetric)
oe for p  *> 0.05 
(Asymmetric)

0.25 12.4700 17.5961
0.50 5.9582 8.3440
0.67 4.2426 5.8840
1 . 0 0 2.3452 3.1019
1.50 4.2426 5.8840
2 . 0 0 5.9582 8.3440
4.00 12.4700 17.5961
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CHAPTER III

SYMMETRIC DISTRIBUTIONS

3.1 Introduction

This chapter contains an examination of the performance of the 

preliminary variance equality test procedures for the four symmetric 

distributions: normal, uniform, double exponential, and logistic. Presented 

are the simulation results for testing the hypothesis of Ha: = p2 after

utilizing the two types of preliminary test of variance homogeneity, the F- 

ratio test and the Levene test, for each of the four symmetric distributions.

Preliminary testing is handled in the following manner. When the 

preliminary test for variance homogeneity is found to be not significant at 

the specified significance level, the t test is employed; otherwise the Welch 

test is used. The test of equality of means is conducted at a 5% significance 

level. In the following tables, the symbols F(a) and L(a) represent the F- 

ratio test and the Levene test respectively, tested at the a level of 

significance in the parentheses.

Tables 4-7 present the simulated null rejection rates, where the 

proportion of rejections is expressed as a percent for each of the four 

symmetric distributions (normal, uniform, double exponential, and logistic).

48
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Each entry in the table is the result of ten thousand simulation runs.

For each distribution, the results are given for the seven selected 

sample size combinations n{.n2 = 5:5, 5:10, 5:20, 10:10, 10:20, 10:40, and 

20:20. For each of the seven sample size combinations, the simulated null 

rejection rate is reported for the specified ratio R  = a/c^. The R  values 

were selected to yield three cases of direct pairing (R = 0.25, 0.50, and 

0.67), three cases of indirect pairing (R = 1.50, 2.00, and 4.00), in addition 

to the case of equal variance (R = 1). Five testing procedures are evaluated: 

(1 ) the t test without the preliminary test for variance homogeneity, 

denoted as t; (2) the Welch test without the preliminary test for variance 

homogeneity, denoted as W; (3) the Mann-Whitney-Wilcoxon test without 

the preliminary test for variance homogeneity, denoted as MW; (4) the 

preliminary test procedure (described above) using the F-ratio test for 

testing variance homogeneity at significance levels of 0.05, 0.25, 0.50, and 

0.75, denoted as F(a); and (5) the preliminary test procedure using the 

Levene test for testing variance homogeneity at significance levels of 0.05, 

0.25, 0.50, and 0.75 denoted as L(a). A testing procedure is defined to be 

robust, liberal or conservative as follows:

Robust: If the simulated null rejection rate is > 4% and < 6 %. 

Conservative: If the simulated null rejection rate is < 4%.

Liberal: If the simulated null rejection rate is > 6 %.
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The simulated null rejection rates for the normal distribution are 

presented in Table 4. Results in Table 4 show that the t  test is generally 

robust in the case of equal sample sizes regardless of the degree of variance 

heterogeneity. The t test yields liberal results when both samples are size 

5 and R = 0.25 or 4.00. As cited in the published literature (Chapter 1), the 

t test is biased when R * 1 and the sample sizes are unequal. The t  test 

true significance levels tend to be too large (liberal) when the smaller 

sample size is associated with the larger variance (i.e., indirect pairing) and 

too small (conservative) when the smaller sample is associated with the 

smaller variance (i.e., direct pairing). The conservative bias increases as 

the R value decreases, whereas the liberal bias increases as the R  value 

increases. The Welch test is robust regardless of the sample size 

configuration and the variance disparities. The observed simulated null 

rejection rates resulting from the Welch test ranged from 3.95% to 5.34%. 

For the case of unequal sample sizes and unequal variances, the Mann- 

Whitney-Wilcoxon test is a more robust procedure than the t test but not 

as robust as the Welch test. For equal sample sizes, regardless of variance 

conditions, the t test and the Welch test are more robust than the Mann- 

Whitney-Wilcoxon test. The results in Table 4 support the statements cited 

in the published literature discussed in Chapter I.
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Table 4

Normal Distribution: Simulated Null Rejection 
Rate (%) With Nominal 5% Level

1... .
Ratio m a /a , l l i p i l l '

llllll Teet HHHillllll llllll LOO Ml! 2.00 4.00
5 5 t 7.35 5.86 5.24 4.97 5.24 5.87 7.31

F(.05) 5.68 5.53 5.03 4.83 5.06 5.62 5.81
F(.25) 4.94 4.88 4.60 4.45 4.79 4.99 5.07
F(.50) 4.85 4.60 4.36 4.24 4.50 4.75 4.95
F(.75) 4.80 4.53 4.28 4.08 4.48 4.65 4.93
L(.05) 7.17 5.82 5.18 4.94 5.21 5.85 7.13
L(.25) 5.38 5.23 4.79 4.74 5.00 5.28 5.52
L(.50) 4.89 4.74 4.48 4.34 4.61 4.85 5.06
L(.75) 4.81 4.53 4.32 4.08 4.48 4.67 4.94

W 4.77 4.48 4.21 3.95 4.35 4.62 4.93
MW 6.87 6.10 5.69 5.48 5.73 6.40 7.25

5 10 t 1.52 2.10 2.82 5.06 8.37 11.41 17.81
F(.05) 3.94 2.93 3.28 5.15 7.63 9.05 6.58
F(.25) 4.70 4.18 4.27 5.39 6.29 6.61 4.98
F(.50) 4.79 4.66 4.65 5.33 5.78 5.64 4.74
F(.75) 4.81 4.70 4.78 5.17 5.45 5.22 4.68
L(.05) 2.64 2.66 3.15 5.20 8.20 10.67 11.86
L(.25) 4.65 4.04 4.27 5.63 7.39 8.13 6.34
L(.50) 4.78 4.67 4.72 5.65 6.54 6.52 5.08
L(.75) 4.81 4.72 4.81 5.41 5.80 5.66 4.80

W 4.81 4.65 4.74 4.96 5.21 5.08 4.65
MW 2.55 2.54 2.85 4.10 5.63 6.84 8.28
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f l l f t l i l l Kfttio »
'

#1 ■ 1 1 .25 I H H I .87 too 1M 1 1 1 1 1 4.00
5 20 t 0.13 0.62 1.36 5.01 12.26 18.85 31.53

F(.05) 4.30 2.72 2.55 5.31 10.37 11.58 6.69
F(.25) 4.85 4.50 4.41 6.06 7.85 7.45 5.31
F(.50) 4.88 4.91 4.88 6.16 6.91 6.00 5.09
F(.75) 4.88 4.91 4.97 5.69 6.06 5.50 4.99
L(.05) 2.97 2.08 2.36 5.32 11.50 15.33 10.86
L(.25) 4.86 4.63 4.52 6.64 9.97 10.60 6.52
L(.50) 4.88 4.88 5.00 6.72 8.36 8.07 5.57
L(.75) 4.88 4.90 4.97 6.13 7.13 6.40 5.21

W 4.88 4.89 4.87 5.23 5.34 5.15 4.92
MW 0.93 1.54 2.44 4.91 8.72 11.32 17.69

10 10 t 5.96 5.36 5.18 4.99 5.10 5.46 6.14

F(.05) 4.85 4.97 5.07 4.95 4.94 5.00 4.95
F(.25) 4.83 4.82 4.91 4.90 4.82 4.90 4.91
F(.50) 4.81 4.79 4.91 4.82 4.78 4.87 4.90
F(.75) 4.81 4.79 4.89 4.81 4.76 4.86 4.90
L(.05) 5.02 5.13 5.12 4.97 5.03 5.20 5.21
L(.25) 4.83 4.85 4.94 4.91 4.88 4.96 4.93
U.50) 4.81 4.81 4.92 4.84 4.79 4.88 4.90

L(.75) 4.81 4.79 4.89 4.80 4.76 4.86 4.90

W 4.81 4.79 4.89 4.79 4.74 4.86 4.90
MW 7.76 5.92 5.53 5.14 5.33 5.99 7.95
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l l l l i l l

*x n* Tert l l l l l .60 .67 to o ililttB 2.06 400
10 20 t 1.09 1.78 2.70 4.98 8.57 11.59 16.85

F(.05) 4.74 4.00 3.65 5.03 7.12 6.95 5.22
F(.25) 4.76 4.80 4.49 5.20 5.91 5.66 5.18
F(.50) 4.76 4.87 4.77 5.21 5.48 5.28 5.17
F(.75) 4.76 4.86 4.90 5.15 5.24 5.24 5.17
L(.05) 4.56 3.47 3.24 5.03 7.70 8.25 5.60
L(.25) 4.76 4.68 4.42 5.32 6.36 6.28 5.19
L(.50) 4.76 4.85 4.77 5.34 5.73 5.55 5.18
L(.75) 4.76 4.86 4.84 5.20 5.38 5.34 5.17

W 4.76 4.86 4.88 5.10 5.14 5.23 5.17
MW 3.11 3.08 3.54 4.94 7.02 8.83 12.00

10 40 t 0.07 0.49 1.47 4.85 12.02 18.34 29.24
F(.05) 4.96 3.96 3.28 5.10 8.35 7.22 4.82
F(.25) 4.96 4.78 4.56 5.47 6.09 5.41 4.81
F(.50) 4.96 4.85 4.97 5.43 5.38 4.98 4.81

F(.75) 4.96 4.86 5.02 5.07 5.10 4.87 4.81
L(.05) 4.94 3.61 3.07 5.11 9.35 9.19 4.97
L(.25) 4.96 4.76 4.64 5.69 7.12 6.26 4.81
L(.50) 4.96 4.86 4.98 5.62 5.96 5.36 4.81

L(.75) 4.96 4.86 5.02 5.28 5.41 5.02 4.81

W 4.96 4.86 5.00 4.88 4.91 4.82 4.81
MW 0.90 1.54 2.59 4.77 8.33 10.65 15.32
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Ratio «

feet M  . M .87 LOO 150 3.00 4.00
t 5.55 5.11 4.95 5.10 5.23 5.56 5.54

F(.05) 4.99 4.92 4.89 5.08 5.20 5.21 5.01
F(.25) 4.99 4.89 4.84 5.06 5.18 5.21 5.01
F(.50) 4.99 4.88 4.84 5.04 5.18 5.21 5.01
F(.75) 4.99 4.88 4.84 5.04 5.18 5.21 5.01
L(.05) 4.99 4.95 4.90 5.07 5.20 5.24 5.01
L(.25) 4.99 4.89 4.85 5.06 5.18 5.21 5.01
L(.50) 4.99 4.88 4.84 5.04 5.18 5.21 5.01
L(.75) 4.99 4.88 4.84 5.03 5.18 5.21 5.01

W 4.99 4.88 4.84 5.03 5.18 5.21 5.01
MW 7.83 5.77 5.29 4.72 5.24 5.88 7.48

The results using the preliminary F-ratio and Levene test procedures 

for normal samples are as follows. In the situation of R = 1 (including 

balanced and unbalanced sample sizes), all the preliminary F-ratio and 

Levene test procedures at any significance level are robust except for the 

n1:n2 = 5:20 cases. For this case, only the F(.05) L(.75), and L(.05) test 

procedures are robust. The preliminary Levene test procedure tends to he 

more liberal (maximum of 6.72%) than that of the preliminary F-ratio test 

procedure (maximum of 6.16%) for the a = 0.25 and 0.50 cases.

For the R = 0.67 cases where the sample sizes are equal, the 

preliminary F-ratio and Levene test procedures at any significance level are
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robust. For the moderate direct pairing cases where the t test and the MW 

test are too conservative, the F(.05) and the L(.05) test procedure are too 

conservative as the t test is used too often. The preliminary F-ratio and 

Levene test procedures are robust for moderate direct pairing cases for 

choices of a > 0.25.

For the R = 0.25 and 0.50 cases where the sample sizes are equal, 

the preliminary F-ratio and Levene test procedures at any significance level 

are robust. For the severe direct pairing cases, the same patterns as 

described above for the moderate direct pairing cases are seen. The 

simulated null rejection rates tend to be conservative when the preliminary 

F-ratio and Levene test procedures are used at a significance level of 5%.

The t test and the MW test are both generally liberal for the 

moderate indirect pairing cases. This is also true when the preliminary F- 

ratio and Levene tests are used at a 5% or 25% significance level, as the 

preliminary test procedures use the t test too often. For the n .̂nz = 5:20 

cases, neither the preliminary F-ratio nor the Levene test procedure is 

robust. It is noted that the preliminary Levene test procedure is slower to 

counteract the liberalism of the t test than the preliminary F-ratio test 

procedure at any significance level. For the cases of R =1.50 with equal 

sample sizes, all test procedures are robust.

The t test, MW test, F(.05) and L(.05) test procedures are liberal for 

the severe indirect pairing cases. The F(.25) and the L(.25) test procedures
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are also liberal for many cases. Again it is noted that the preliminary 

Levene test procedure is slower to counteract the liberalism of the t  test 

than the preliminary F-ratio test procedure at any significance level. The 

F(.50) and F(.75) test procedures are robust in all imbalanced samples sizes 

cases. For the R = 2.00 and 4.00 cases with equal sample sizes, all 

preliminary F-ratio and Levene test procedures are robust with one 

exception. The 5% preliminary Levene test procedure is liberal in the case 

ofR = 4 where n1 = n2 = 5.

Overall, the F(.05) and the L(.05) test procedures are not robust for 

the unequal sample size cases as the t test is used too often. However, 

preliminary test procedures conducted at a higher significance level do 

counteract the bias of the t test. The preliminary F-ratio and Levene test 

procedures for cases where a  > 0.05 demonstrate robustness in some cases, 

but none of the procedures are robust for all cases. As previously noted, the 

preliminary Levene test is slower to counteract the bias of the t test than 

the preliminary F-ratio test procedures at any significance level.

3.3 Uniform Distribution

Table 5 presents the simulated null rejection rates for the uniform 

distribution which are presented in the same format as those for the 

normal case in Table 4. The results are very similar to those stated with 

the normal distribution where the t test is robust for cases of unequal
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variances as long as the sample sizes are equal, but seriously biased when 

the sample sizes are unequal. The bias observed under conditions of 

indirect and direct pairing are similar for the uniform cases as those 

reported for the normal distribution. The MW test is more robust than the 

t test for cases with unequal sample sizes and unequal variances; otherwise 

the t test is more robust than the MW test. The Welch test is generally 

more robust than the t test and the MW test regardless of both the sample 

size and variance disparities.

The results using the preliminary F-ratio and Levene test procedures 

are as follows. When the variances are equal, the preliminary F-ratio and 

Levene test procedures are robust except for the sample size cases of n1:n2 

= 5:10 and 5:20. For these two cases, the preliminary F-ratio and Levene 

test procedures tend to be liberal. The preliminary Levene test procedures 

(maximum of 7.60%) are more liberal than that of the preliminary F-ratio 

test procedures (maximum of 7.20%), as was the case for normal samples.

For R = 0.67 cases, all preliminary test procedures are robust when 

the sample sizes are equivalent. For the situations of moderate direct 

pairing, both the F(.05) and the L(.05) test procedures yield conservative 

results as the conservative t  test is used too often. Except for the case of 

n1 = 5 and n2 = 2 0 , the preliminary F-ratio and Levene test procedures at 

significance levels of 0.50 and 0.75 are robust. These procedures are 

slightly liberal with a maximum simulated rejection rate of 6.18% for the
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Table 5

Uniform Distribution: Simulated Null Rejection 
Rate (%) With Nominal 5% Level

Ratio » Oifo* ' i |t lf§ ll

H I .25 .50 .07 LOO ISO 2*00 4.00
5 5 t 8.51 6.78 5.77 5.31 5.94 6.97 8.89

F(.05) 7.37 6.52 5.59 5.11 5.75 6.75 7.86
F(.25) 6.53 6.01 5.27 4.72 5.43 6.28 6.74
F(.50) 6.39 5.74 4.99 4.49 5.21 6.03 6.66
F(.75) 6.38 5.67 4.87 4.47 5.14 5.91 6.66
L(.05) 8.34 6.74 5.75 5.27 5.90 6.95 8.84
L(.25) 7.11 6.35 5.47 4.96 5.63 6.61 7.48
L(.50) 6.48 5.97 5.13 4.63 5.33 6.16 6.81
L(.75) 6.39 5.69 4.89 4.45 5.15 5.95 6.66

W 6.38 5.61 4.78 4.38 5.05 5.84 6.65
MW 6.99 6.45 6.07 5.48 6.04 7.07 7.46

5 10 t 1.78 2.31 3.03 5.25 9.00 12.44 18.40
F(.05) 4.24 3.26 3.64 5.45 8.59 11.10 7.30
F(.25) 5.19 4.41 4.68 5.88 7.78 8.74 6.31
F(.50) 5.26 4.83 5.05 6.10 7.16 7.34 6.19
F(.75) 5.26 4.90 5.12 6.07 6.78 6.85 6.17
L(.05) 2.82 2.83 3.52 5.55 9.00 12.22 14.23
L(.25) 4.91 4.27 4.71 6.19 8.71 10.66 7.70
L(.50) 5.24 4.82 5.12 6.44 8.16 8.89 6.44
L(.75) 5.26 4.90 5.17 6.29 7.28 7.61 6.22

W 5.26 4.87 5.05 5.88 6.41 6.65 6.15
MW 2.67 2.38 2.65 4.10 6.40 8.05 8.57
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l l l l i l Ratio » tr/o* !|i|llllllli

Tfesfc 11I11I .SO *7 1*00 150 2.00 4.00
5 20 t 0.19 0.62 1.38 4.93 12.76 19.84 31.09

F(.05) 4.40 3.08 3.17 5.31 12.11 15.15 7.41
F(.25) 5.02 5.00 5.55 6.68 10.44 9.56 6.64
F(.50) 5.03 5.28 6.15 7.20 9.04 7.81 6.57
F(.75) 5.03 5.31 6.18 7.04 7.85 7.25 6.56
L(.05) 3.30 3.35 3.92 5.93 12.86 18.88 12.16
L(.25) 5.02 5.12 5.98 7.53 12.66 14.71 7.52
L(.50) 5.03 5.29 6.17 7.60 11.30 10.74 6.85
L(.75) 5.03 5.30 6.11 7.18 9.43 8.39 6.64

W 5.03 5.31 6.08 6.69 7.05 6.80 6.55
MW 0.88 1.18 1.68 4.91 10.43 13.63 21.14

10 10 t 6.28 5.70 5.34 5.10 5.33 5.61 6.35
F(.05) 5.25 5.38 5.28 5.03 5.22 5.33 5.17
F(.25) 5.24 5.25 5.10 4.98 5.10 5.12 5.17
F(.50) 5.24 5.25 5.06 4.94 4.99 5.10 5.17
F(.75) 5.24 5.24 5.02 4.89 4.98 5.09 5.17
L(.05) 5.47 5.54 5.32 5.03 5.33 5.47 5.48
L(.25) 5.25 5.29 5.11 4.97 5.12 5.21 5.18
L(.50) 5.24 5.25 5.05 4.95 5.03 5.11 5.17
L(.75) 5.24 5.25 5.04 4.90 4.98 5.09 5.17

W 5.24 5.24 5.01 4.88 4.98 5.09 5.17
MW 8.52 6.30 5.73 5.14 5.81 6.72 8.56
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i l f i l l l i i l l l B I t !p§IllMlllill

*1 .25 M M I B M B 1.80 2.00 4.00
10 20 t 1.19 1.18 2.62 5.11 8.89 12.17 16.70

F(.05) 4.95 3.91 3.54 5.19 8.08 7.58 5.35
F(.25) 4.95 4.80 4.57 5.38 6.51 5.96 5.35
F(.50) 4.95 4.86 4.91 5.50 5.85 5.62 5.35
F(.75) 4.95 4.87 4.97 5.46 5.63 5.61 5.35
L(.05) 4.83 3.63 3.61 5.35 8.45 9.44 5.58
L(.25) 4.95 4.71 4.60 5.60 7.32 6.72 5.35
L(.50) 4.95 4.85 4.92 5.65 6.50 5.95 5.35

L(.75) 4.95 4.87 4.96 5.58 5.96 5.68 5.35
W 4.95 4.87 4.96 5.36 5.55 5.59 5.35

MW 3.24 2.79 3.05 4.94 8.19 10.25 12.91

10 40 t 0.09 0.45 1.32 4.72 12.43 18.68 29.34
F(.05) 5.13 4.20 3.22 4.88 10.12 7.05 5.19
F(.25) 5.13 4.95 4.99 5.40 6.83 5.35 5.19
F(.50) 5.13 5.00 5.33 5.64 5.74 5.14 5.19
F(.75) 5.13 5.00 5.34 5.58 5.33 5.11 5.18
L(.05) 5.13 4.32 4.12 5.31 11.19 9.74 5.21
L(.25) 5.13 4.97 5.18 5.96 8.50 6.42 5.19

L(.50) 5.13 5.00 5.33 5.93 7.04 5.49 5.19

L(.75) 5.13 5.00 5.34 5.60 6.01 5.23 5.19
W 5.13 5.00 5.32 5.31 5.22 5.11 5.18

MW 0.83 1.15 1.82 4.77 9.96 12.53 16.29
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Batlfo illllllf llllllll

*1 Test .25 .50 B H 1,00 HIM! 2,00 4.00
20 20 t 5.71 5.39 5.15 5.13 5.29 5.34 5.64

F(.05) 5.18 5.12 5.11 5.12 5.19 5.10 5.09
F(.25) 5.18 5.11 5.05 5.11 5.14 5.09 5.09
F(.50) 5.18 5.11 5.05 5.10 5.13 5.09 5.09
F(.75) 5.18 5.11 5.05 5.10 5.13 5.09 5.09
L(.05) 5.18 5.16 5.10 5.12 5.23 5.12 5.09
L(.25) 5.18 5.11 5.05 5.10 5.15 5.10 5.09
L(.50) 5.18 5.11 5.05 5.10 5.13 5.09 5.09
L(.75) 5.18 5.11 5.04 5.10 5.12 5.09 5.09

W 5.18 5.11 5.04 5.10 5.12 5.09 5.09
MW 8.45 6.45 5.64 4.72 5.60 6.32 8.05

case of nx = 5 and n2 = 20. It is noted that the Welch test is also slightly 

liberal for this case. The F(.25) and the L(.25) test procedures are robust 

for all cases.

The preliminary test procedures using the F-ratio test and the 

Levene test are generally robust for the R = 0.25 and 0.50 cases with equal 

sample sizes. For the = 5 and n2 = 5 case, the preliminary F-ratio and 

Levene test procedures tend to be liberal. This is not unexpected because 

both the t test and the Welch test tend to be liberal for this case. The 

L(.05) test procedure is more conservative than the F(.05) test procedure. 

The other preliminary test procedures for choices of a  > 0.25 are generally 

robust using either the Levene test or the F-ratio test. It is noted that the
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preliminary Levene test procedures are slower to counteract the 

conservatism of the t test than the preliminary F-ratio test procedures.

For the R = 1.50 cases with equal sample sizes, all preliminary test 

procedures are robust. For the nx:ra2 = 5:10 and 5:20 cases, all preliminary 

F-ratio and Levene test procedures are liberal. This is expected since both 

the t test and the Welch test are liberal. As the significance level of the 

preliminary test of variance is increased, the liberal bias is decreased; 

however, the bias is always less when using the Welch test alone. For the 

n{inz = 10:20 and 10:40 cases, the F(.50) and the F(.75) test procedures are 

both robust.

For the R = 2.00 and 4.00 cases where the sample sizes are equal to 

10 or 20, all preliminary test procedures using the F-ratio test and the 

Levene test are robust. All the preliminary test procedures tend to be 

liberal when R = 4 and R = 2 when n1 = n2 = 5. For the imbalanced cases 

of n{.n2 = 10:20 and 10:40, the preliminary F-ratio test procedures for a > 

.05 and the preliminary Levene test procedure for a > 0.25 are robust. For 

the other two imbalanced cases: n1:n2 = 5:10 and 5:20, both the t test and 

the Welch test are liberal; although the t test is more liberal than the 

Welch test. Therefore, both of the preliminary test procedures are liberal, 

regardless of the significance level used in testing the equality of variances. 

The preliminary Levene test procedure is slower to counteract the large 

liberal bias of the t test than is the preliminary F-ratio test procedure.
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In summary, the F(.05) and the L(.05) test procedures are not 

recommended as they are too heavily influenced by the biased t test for the 

case of unequal sample sizes. The preliminary Levene test procedures are 

slower to counteract the bias of the t test than the preliminary F-ratio test 

procedures. The preliminary F-ratio test procedure for a  > .05, the L(.50) 

and the L(.75) test procedures are generally robust for those cases where 

the Welch test is robust. However, for those cases where the t test and the 

Welch test are liberal, the preliminary F-ratio and Levene test procedures 

are also liberal.

3.4 Double Exponential Distribution

Simulation results for the double exponential distribution are 

displayed in Table 6 . This table is similar in format to those presented in 

Table 4 for normal cases. For the equal sample size cases, the t test and 

the MW test perform well and tend to be slightly more robust than the 

Welch test, which is sometimes conservative (when nx = n2 = 5). It is 

generally observed that the MW test, like the t test, is conservative for the 

direct pairing cases and liberal for the indirect pairing cases. However, it 

is noted for both the direct and indirect pairing cases, the MW test is less 

biased than the t test. The Welch test is observed to be slightly 

conservative for both direct and indirect pairing cases.

The results using the preliminary F-ratio and Levene test procedures
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are now discussed. The F(.05) and L(.05) test procedures are robust as they 

use the robust t test for the cases of equal variances. The preliminary test 

procedures where a  > 0.05 are generally robust except for the n{in2 = 5:5 

and 5:10 cases, where they tend to be slightly conservative (minimum 

simulated null rejection rate of 3.62%).

The results for the R = 0.25,0.50 and 0.67 cases are similar. For the 

case of nx = n2 = 5, the F(.05) and the LC.05) test procedures are generally 

robust; whereas, the preliminary test procedures at a > 0.05 are liberal. 

For the case where both sample sizes are 10 or 20 (10:10 and 20:20), all 

preliminary test procedures are robust. All preliminary test procedures are 

conservative for the nx = 5 and n2 = 10 cases, as both the t test and the 

Welch test are conservative for these cases. For the remaining direct 

pairing cases, the preliminary F-ratio and Levene test procedures are 

generally robust when a  > 0.05. The F(.05) and the L(.05) test procedures 

are generally conservative.

For the R  = 1.50 cases where nx = n2 = 5, the 5% and 25% 

preliminary F-ratio and Levene test procedures are robust, whereas the 

50% and 75% preliminary F-ratio and Levene test procedures are slightly 

conservative (ranging from 3.71%-3.78%). For the other cases of balanced 

sample sizes, 10:10 and 20:20 with R = 1.50, the preliminary F-ratio and 

Levene test procedures are robust. For the indirect pairing cases, the 

preliminary F-ratio test procedures are robust except for the F(.05) test
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Table 6

Double Exponential Distribution: Simulated Null Rejection 
Rate (%) With Nominal 5% Level

f i i i i

#1 l l l l Test l l i l l l l i l l m LOO LOO 2.00 4 M
5 5 t 5.40 4.90 4.65 4.56 4.74 5.09 5.69

F(.05) 3.84 4.34 4.30 4.35 4.50 4.59 4.28
F(.25) 3.32 3.72 3.81 3.96 4.04 4.01 3.73
F(.50) 3.18 3.53 3.63 3.76 3.78 3.78 3.62
F(.75) 3.15 3.46 3.46 3.62 3.73 3.72 3.61
L(.05) 5.12 4.80 4.63 4.52 4.72 5.02 5.37
L(.25) 3.71 4.01 4.14 4.21 4.36 4.36 4.05
L(.50) 3.23 3.64 3.71 3.83 3.93 3.86 3.69
L(.75) 3.18 3.45 3.52 3.67 3.71 3.73 3.60

W 3.12 3.35 3.39 3.51 3.62 3.62 3.59
MW 6.81 6.45 6.06 5.81 6.07 6.40 6.90

5 10 t 1.07 1.77 2.54 4.58 7.59 10.24 16.70
F(.05) 3.11 2.57 3.01 4.26 5.69 6.35 5.41

F(.25) 3.76 3.54 3.63 4.21 4.38 4.55 3.79
F(.50) 3.82 3.86 3.79 4.00 3.93 4.05 3.38
F(.75) 3.81 3.88 3.83 3.80 3.61 3.75 3.28
L(.05) 1.90 2.13 2.77 4.52 6.95 8.78 10.15
L(.25) 3.57 3.23 3.45 4.50 5.34 5.79 4.79
L(.50) 3.81 3.84 3.83 4.41 4.38 4.57 3.60
L(.75) 3.83 3.88 3.81 3.94 3.90 3.89 3.30

W 3.79 3.85 3.69 3.52 3.48 3.53 3.23
MW 2.32 2.59 2.87 3.86 5.26 6.26 7.96
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Hatio *

% Test .25 .50 .67 1.00 IM £00 4.00
5 20 t 0.09 0.75 1.81 5.25 11.51 17.55 30.46

F(.05) 3.92 2.65 2.94 5.15 7.65 8.48 5.62
F(.25) 4.53 4.27 4.27 5.16 5.95 5.57 4.19
F(.50) 4.57 4.56 4.68 4.76 4.99 4.66 3.80
F(.75) 4.58 4.54 4.60 4.57 4.32 4.11 3.60
L(.05) 1.54 1.27 2.10 5.06 9.58 12.29 10.27
L(.25) 4.40 3.82 3.91 5.39 7.52 7.61 5.14
L(.50) 4.58 4.54 4.70 5.39 5.95 5.59 4.12
L(.75) 4.58 4.59 4.67 4.88 4.92 4.56 3.73

W 4.58 4.48 4.34 4.14 3.93 3.79 3.45
MW 1.09 2.09 3.13 5.20 7.63 9.71 14.68

10 10 t 5.14 4.54 4.42 4.41 4.57 4.84 5.18
F(.05) 4.04 4.19 4.23 4.28 4.34 4.41 3.98
F(.25) 4.02 4.04 4.13 4.19 4.19 4.31 3.94
F(.50) 4.02 4.03 4.10 4.15 4.14 4.30 3.94
F(.75) 4.02 4.03 4.07 4.14 4.13 4.29 3.94
L(.05) 4.29 4.35 4.33 4.39 4.51 4.62 4.35
L(.25) 4.04 4.10 4.17 4.23 4.29 4.34 3.94
L(.50) 4.02 4.03 4.11 4.17 4.17 4.30 3.94
L(.75) 4.02 4.02 4.09 4.15 4.14 4.29 3.94

W 4.02 4.01 4.06 4.10 4.11 4.27 3.94
MW 6.92 5.49 5.03 4.93 4.97 5.46 6.89
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Ratio

«1 n* ,25 11111Will 100 150 2,00 4.00
10 20 t 0.83 1.66 2.56 4.93 7.87 10.56 16.01

F(.05) 4.33 3.73 3.81 4.72 5.52 5.65 4.51
F(.25) 4.39 4.40 4.50 4.78 4.85 4.59 4.35
F(.50) 4.39 4.54 4.59 4.59 4.52 4.45 4.29
F(.75) 4.39 4.55 4.63 4.56 4.35 4.28 4.27
L(.05) 3.61 2.58 3.09 4.86 6.57 7.05 5.27
L(.25) 4.35 4.12 4.01 4.79 5.05 5.04 4.39
L(.50) 4.39 4.48 4.57 4.82 4.57 4.51 4.29
L(.75) 4.39 4.54 4.64 4.56 4.42 4.33 4.26

W 4.39 4.55 4.61 4.51 4.31 4.23 4.26
MW 3.08 3.25 3.69 4.76 6.18 7.55 10.51

10 40 t 0.07 0.57 1.80 5.36 11.90 17.51 29.31
F(.05) 4.74 3.91 3.67 5.06 6.81 6.68 4.62
F(.25) 4.77 4.54 4.62 5.13 5.38 5.11 4.44
F(.50) 4.77 4.65 4.84 5.01 4.92 4.72 4.42
F(.75) 4.77 4.68 4.78 4.91 4.68 4.54 4.42
L(.05) 4.04 1.99 2.41 5.09 8.44 8.70 5.00
L(.25) 4.76 4.28 4.02 5.13 6.13 5.78 4.51
L(.50) 4.77 4.60 4.72 5.25 5.05 5.00 4.42
L(.75) 4.77 4.69 4.79 4.99 4.74 4.62 4.41

W 4.77 4.68 4.68 4.74 4.55 4.51 4.41
MW 1.09 2.13 2.92 5.15 7.73 9.73 14.24
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l l i l i l m m

*1 n* M M .67 1.60 t m 2.00 460
20 20 t 5.15 4.90 4.93 4.79 4.94 4.94 5.13

F(.05) 4.51 4.61 4.80 4.71 4.84 4.71 4.52
F(.25) 4.51 4.59 4.80 4.67 4.81 4.71 4.52
F(.50) 4.51 4.59 4.80 4.67 4.81 4.71 4.52
F(.75) 4.51 4.59 4.80 4.67 4.79 4.71 4.52
L(.05) 4.51 4.69 4.86 4.77 4.87 4.81 4.52
L(.25) 4.51 4.59 4.80 4.71 4.83 4.72 4.52
L(.50) 4.51 4.59 4.80 4.67 4.82 4.71 4.52
L(.75) 4.51 4.59 4.80 4.67 4.82 4.71 4.52

W 4.51 4.59 4.80 4.67 4.79 4.71 4.52
MW 6.66 5.28 5.00 4.82 4.88 5.34 6.66

procedure. The F(.05) test procedure uses the liberal t test too often. This 

liberal bias is also seen when using the L(.05) and the L(.25) test 

procedures.

Results for the R = 2.00 cases are similar to those stated above for 

the R = 1.50 cases. The results for the cases of R = 4 are as follows. When 

the sample sizes are equal, all preliminary test procedures using the F-ratio 

test and the Levene test are generally robust (minimum of 3.6%). The 

preliminary F-ratio and Levene test procedures are robust for the 10:20 and 

10:40 cases. For the 5:10 cases, only the F(.05) test procedure and the 

L(.25) test procedures are robust. For the 5:20 cases with R = 4.00, the
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F(.05), F(.25), L(.25), and L(.50) test procedures yield robust results.

In summary, the t test is conservative for cases with direct pairing. 

The F(.05) and the L(.05) test procedures are generally conservative, as 

they use the t  test too often. The preliminary test procedures which use 

significance levels a > 0.25 are more robust.

For the indirect pairing cases, the liberal bias of the t test is observed 

to increase as R increases. This observation is in agreement with the 

results published in the literature (Chapter I). The Welch test is somewhat 

conservative for the indirect pairing cases. As a result, the 25% and 50% 

preliminary test procedures generally yield robust results, as they are not 

too heavily influenced by the liberal t test or the conservative Welch test.

For the balanced sample size cases where nl = n2> 5, all procedures 

are generally robust.

3.5 Logistic Distribution

Using the same format as in the normal case, the simulated null 

rejection rates for the logistic distribution are displayed in Table 7. For 

each sample size and variance configuration, the Welch test is generally 

robust. The t test and MW test are generally conservative for the direct 

pairing cases and liberal for the indirect pairing cases. The MW test rejects 

too frequently for R values of 0.25, 0.50, 2.00, and 4.00 when the sample 

sizes are balanced. The t test is somewhat liberal in the severe indirect
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pairing cases with R = 2.00 and 4.00. For the R -  1 cases, the t test, Welch 

test, and MW test are generally robust.

Results using the preliminary F-ratio and Levene test procedures are 

now discussed. For the equal variance cases, regardless of sample size, all 

preliminary test procedures at any significance level are robust, with one 

exception. Only the 5% and 25% preliminary test procedures using the F- 

ratio test and the Levene test are robust for the nl = n2 = 5 case.

For the R = 0.67 cases with nx = n2, all preliminary F-ratio and 

Levene test procedures are robust. For the moderate direct pairing cases, 

all preliminary F-ratio procedures are again robust with the exception of 

the F(.05) test procedures, which uses the conservative t test too often. The 

preliminary Levene test procedures where a > 0.05 are also generally 

robust.

For the R  = 0.25 and 0.50 cases with nx = n2, all preliminary F-ratio 

and Levene test procedures are robust with the exception of the L(.05) test 

procedure, which is liberal for the case n1 = n2 = 5. For the severe direct 

pairing cases, all preliminary F-ratio and Levene test procedures are again 

generally robust with the exception of the F(.05) and the L(.05) test 

procedures, which use the conservative t test too often.

For the moderate indirect pairing cases, the F(.05) and the L(.05) test 

procedures yield liberal results due to the influence of the liberal t test. 

This bias is also seen for these cases when using the L(.25) test procedure.
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Table 7

Logistic Distribution: Simulated Null Rejection 
Rate (%) With Nominal 5% Level

m°&*..... i i i i i i ,

H I .25 .50 l l i l l I B B I m i l H U B 4.00
5 5 t 6.65 5.38 4.88 4.70 5.03 5.80 7.22

FC05) 5.12 4.82 4.70 4.53 4.78 5.39 5.65
F(.25) 4.48 4.37 4.26 4.07 4.31 4.81 5.08
F(.50) 4.42 4.09 4.13 3.80 4.16 4.55 4.98
F(.75) 4.40 4.00 4.04 3.63 4.05 4.44 4.95
L(.05) 6.35 5.32 4.86 4.66 5.02 5.76 6.98
L(.25) 4.89 4.66 4.60 4.36 4.61 5.16 5.60
L(.50) 4.46 4.20 4.23 3.92 4.24 4.70 5.06
L(.75) 4.42 4.05 4.02 3.66 4.08 4.46 4.96

W 4.40 3.96 3.91 3.53 3.90 4.38 4.92
MW 7.12 6.05 5.63 5.63 5.95 6.48 7.52

5 10 t 1.43 2.05 2.96 4.87 8.26 11.16 17.35
F(.05) 3.74 2.94 3.40 4.68 6.93 7.86 6.18
F(.25) 4.56 3.87 4.15 4.71 5.65 5.57 4.61
F(.50) 4.67 4.26 4.39 4.64 4.89 4.93 4.32
F(.75) 4.69 4.30 4.29 4.49 4.65 4.61 4.19
L(.05) 2.46 2.43 3.21 4.89 7.84 10.04 11.44
L(.25) 4.38 3.82 4.05 5.02 6.63 7.17 5.76
L(.50) 4.69 4.28 4.47 4.95 5.69 5.70 4.73
L(.75) 4.69 4.32 4.37 4.73 5.02 4.99 4.34

W 4.69 4.22 4.21 4.33 4.43 4.42 4.15
MW 2.48 2.67 3.04 3.96 5.53 6.66 8.38
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Ratio *<»/(%

% *a 1 1 1 ! — 11 .50 .67 1.00 1.50 2.66 4.00
5 20 t 0.15 0.71 1.60 4.69 11.52 17.50 30.59

F(.05) 4.25 2.74 2.91 4.85 8.96 9.94 6.31
F(.25) 4.74 4.36 4.63 5.64 6.69 6.91 4.95
F(.50) 4.77 4.63 4.95 5.55 5.78 5.81 4.62
F(.75) 4.77 4.66 4.88 5.30 5.17 5.10 4.49
IX.05) 2.41 1.63 2.16 4.88 10.45 13.41 11.08
L(.25) 4.69 4.23 4.44 5.93 8.61 9.41 5.96
L(.50) 4.76 4.67 5.07 6.13 7.27 7.24 4.98
L(.75) 4.76 4.67 4.86 5.52 6.00 5.93 4.68

W 4.76 4.62 4.69 4.87 4.75 4.67 4.45
MW 0.94 1.88 2.93 5.17 8.12 10.44 16.32

10 10 t 6.01 5.29 5.20 5.07 5.17 5.45 6.14
F(.05) 4.95 5.05 5.05 4.96 5.00 5.04 4.97
F(.25) 4.92 4.87 4.93 4.84 4.89 4.84 4.92
F(.50) 4.91 4.83 4.86 4.82 4.86 4.79 4.92

F(.75) 4.91 4.82 4.86 4.79 4.84 4.79 4.92

L(.05) 5.19 5.15 5.14 5.02 5.06 5.27 5.17
L(.25) 4.92 4.94 4.96 4.91 4.97 4.92 4.95

L(.50) 4.91 4.83 4.88 4.86 4.89 4.80 4.92

L(.75) 4.90 4.81 4.86 4.83 4.85 4.79 4.92

W 4.90 4.81 4.86 4.77 4.82 4.79 4.92

MW 7.50 6.15 5.76 5.54 5.69 6.24 8.38
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1 Ratioliiiii
*a Test M .50 .67 1 .0 0 l l l l £ 0 0 4.00

10 20 t 1.14 1.93 2.85 5.33 8.37 11.02 15.81
F(.05) 5.05 4.20 4.00 5.38 6.54 6.44 4.99
F(.25) 5.12 4.91 4.88 5.30 5.57 5.36 4.91
F(.50) 5.13 5.05 5.07 5.24 5.24 5.12 4.88
F(.75) 5.13 5.05 5.12 5.17 5.14 5.01 4.87
L(.05) 4.72 3.27 3.48 5.38 7.26 7.68 5.42
L(.25) 5.09 4.87 4.56 5.44 5.94 5.82 4.95
L(.50) 5.13 5.05 5.10 5.39 5.51 5.27 4.89
L(.75) 5.13 5.03 5.14 5.28 5.21 5.07 4.87

W 5.13 5.04 5.04 5.16 5.08 5.01 4.87
MW 3.57 3.41 3.78 4.94 6.82 8.09 11.28

10 40 t 0.06 0.53 1.56 4.76 11.14 17.52 29.38
F(.05) 4.85 3.88 3.67 4.90 7.39 6.90 4.57
F(.25) 4.85 4.54 4.73 5.16 5.81 5.09 4.55
F(.50) 4.85 4.68 5.00 5.20 5.19 4.75 4.53
F(.75) 4.85 4.70 5.00 5.09 4.93 4.61 4.53
L(.05) 4.70 2.82 2.82 4.86 8.64 8.72 4.92
L(.25) 4.85 4.49 4.58 5.31 6.46 5.83 4.57
L(.50) 4.85 4.66 5.02 5.51 5.50 5.00 4.54
L(.75) 4.85 4.69 5.01 5.25 5.05 4.71 4.52

W 4.85 4.69 4.93 4.90 4.72 4.56 4.52
MW 0.69 1.60 2.55 4.80 7.61 9.96 14.80
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Ratio*d n
l y i i i i i

% *a Test I M l .50 +07 1.00 j j j p i 2*00 4.00
20 20 t 5.70 5.58 5.49 5.31 5.16 5.15 5.59

F(.05) 5.16 5.37 5.45 5.31 5.03 4.93 4.87
F(.25) 5.16 5.35 5.43 5.29 5.02 4.91 4.87
F(.50) 5.16 5.35 5.43 5.26 5.01 4.90 4.87
F(.75) 5.16 5.35 5.43 5.25 5.01 4.90 4.87
L(.05) 5.16 5.37 5.97 5.30 5.05 4.98 4.87
U..25) 5.16 5.36 5.43 5.30 5.02 4.93 4.87
L(.50) 5.16 5.35 5.43 5.28 5.01 4.90 4.87
L(.75) 5.16 5.35 5.43 5.26 5.01 4.90 4.87

W 5.16 5.35 5.43 5.25 5.01 4.90 4.87
MW 7.64 6.13 5.37 5.04 5.51 5.81 7.37

However, the F(.50) test procedure yields robust results. For the R  = 1.50 

cases with balanced sample sizes, all preliminary test procedures are robust 

regardless of the significance level used.

For the R = 2 cases with indirect pairing, the conclusions are the 

same as stated above for the moderate indirect pairing cases. For the R = 

4 cases, with the exception of the F(.05) and the L(.05) test procedures, all 

procedures are robust regardless of the sample size configuration.

In summary, conducting a preliminary test procedure using either 

the F(.05) or the L(.05) test procedure does not counteract the bias resulting 

from the t test, and for some cases the influence of the bias of the t test is
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seen in the preliminary test procedure at a significance level of 0.25.

However, the preliminary test procedures are robust for cases where a  >

0.25.

3.6 Overall Performance for the Symmetric Distributions

In order to get a clearer picture of the overall performance of the 

procedures for varying degrees of variance heterogeneity, the results of the 

simulation for the four symmetric distributions are combined in Tables 8 - 

12. Five groupings are defined depending on R  = <5XI<52. These are: (1) R 

= 0.25 and 0.50, (2) R = 0.67, (3) R = 1 (equal variance), (4) R  = 1.5, and (5) 

R  = 2.0 and 4.0. The proportion of rejections is expressed as a percent for 

the t test, the Welch test, the Mann-Whitney-Wilcoxon test, the preliminary 

F-ratio test procedures and the preliminary Levene test procedures. These 

proportions are tabulated for each /2  grouping over all (28) combinations of 

sample size pairs (7) and distributions (4) for the five categories listed 

below:

1. x < 2.5

2. 2.5 < x < 4.0

3. 4.0 < x <  6.0

4. 6.0 < x < 10.0

5. x > 10.0

The "x" represents the percentage of rejections for testing H0: m = ^
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based on 10,000 simulations for each sample size configuration. Each entry 

in the following tables denotes the frequency at which a < x £ b occurs.

The outcome of a test procedure is defined as follows:

Extremely Conservative: If the simulated null rejection rate is < 2.5. 

Conservative: If the simulated null rejection rate is > 2.5 and <- 4.0. 

Robust: If the simulated null rejection rate is > 4.0 and < 6.0.

Liberal: If the simulated null rejection rate is > 6.0 and < 10.0. 

Extremely Liberal: If the simulated null rejection is > 10.0.

R  = 1 (Equal Variance Cases)

A summary of the simulated rejection rates for the four symmetric 

distributions with the condition of equal variances is presented in Table 8 . 

Table 8  shows, as anticipated, the t test is robust (all simulated rejection 

rates of > 4% and < 6 %). However, the preliminary F-ratio and Levene test 

procedures at all significance levels, the MW test, and the Welch test are 

also generally robust tests. None of the tests examined show simulated 

rejection rates < 2.5% or > 10%. The F(.05) and the L(.05) test procedures 

are more robust than the preliminary test procedures where a > 0.05 and 

are more robust than the Welch test and the MW test.

R = 0.67 (Includes the Moderate Direct Pairing Cases)

Table 9 summarizes the simulated rejection rates for the four
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Table 8

Summary of Symmetric Distributions: Frequency of Simulated
Null Rejection Rate (%) With Nominal 5% Level

Equal Variance: R=aja2 = 1.00

test x 52.5 4<**& 6«ar4tG ' i i l i l l l t Tttft!
t 0 0 28 0 0 28

F(.05) 0 0 28 0 0 28
F(.25) 0 1 25 2 0 28
F(.50) 0 3 22 3 0 28

F(.75) 0 3 23 2 0 28
L(.05) 0 0 28 0 0 28

U.25) 0 0 25 3 0 28

L(.50) 0 2 22 4 0 28

L(.75) 0 3 22 3 0 28

W 0 4 23 1 0 28

MW 0 2 26 0 0 28

symmetric distributions for the R = 0.67 cases. Table 9 shows the t test, 

the MW test and the L(.05) test procedure can be extremely conservative. 

The F(.05) test procedure tends to be conservative. All other preliminary 

test procedures and the Welch test are robust for the R = 0.67 cases.

R = 0.25 and 0.50 (Includes the Severe Direct Pairing Cases)

The simulated null rejection rates for the four symmetric 

distributions for the R -  0.25 and 0.50 cases are summarized in Table 10. 

The t test shows the most evidence of extreme conservatism for these
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Table 9

Summary of Symmetric Distributions: Frequency of Simulated
Null Rejection Rate (%) With Nominal 5% Level

R=a1/a2 = 0.67

test *S2.5 2.5< jr £4 Total

t 8 8 12 0 0 28
F(.05) 0 16 12 0 0 28
F(.25) 0 2 26 0 0 28
F(.50) 0 2 25 1 0 28
F(.75) 0 2 25 1 0 28
L(.05) 4 11 13 0 0 28
L(.25) 0 2 26 0 0 28
L(.50) 0 2 25 1 0 28
L(.75) 0 2 25 1 0 28

W 0 3 24 1 0 28
MW 3 13 10 2 0 28

cases. The MW test shows both liberal and extreme conservative trends. 

The F(.05) and the L(.05) test procedures are conservative as they use the 

t test too often. The Welch test is generally robust but can be slightly 

conservative for certain cases. All other preliminary test procedures are 

roughly comparable to the Welch test with respect to robustness.

R = 1.50 (Includes the Moderate Indirect Pairing Cases)

Table 11 summarizes the simulated null rejection rates for the four 

symmetric distributions for the R = 1.50 cases. The t test is severely
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Table 10

Summary of Symmetric Distributions: Frequency of Simulated
Null Rejection Rate (%) With Nominal 5% Level

R = g 1/g 2 = 0.25 and 0.50

test XS2.$ &*<*** 4<* <S6 6<*S10 * > 1 0 Total

t 32 0 18 6 0 56
F(.05) 0 19 35 2 0 56
F(.25) 0 5 49 2 0 56
F(.50) 0 4 51 1 0 56
F(.75) 0 5 50 1 0 56
L(.05) 10 14 28 4 0 56
L(.25) 0 5 49 2 0 56
L(.50) 0 4 51 1 0 56
L(.7B) 0 4 51 1 0 56

W 0 5 50 1 0 56
MW 19 13 4 20 0 56

liberal. The MW test, F(.05), L(.05), F(.25), and L(.25) test procedures are 

somewhat liberal, but less liberal than the t test. The F(.50), F(.75), L(.50), 

L(.75) and the Welch procedures are each reasonably robust.

R = 2.00 and 4.00 (Includes the Severe Indirect Pairing Cases)

The simulated null rejection rates for the four symmetric 

distributions for the R = 2.00 and 4.00 cases are summarized in Table 12. 

The t test, L(.05) test procedure, and the MW test are severely liberal. The 

F(.05) and the L(.25) test procedures are liberal. It is noted that as the
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Table 11

Summary of Symmetric Distributions: Frequency of Simulated
Null Rejection Rate (%) With Nominal 5% Level

R=<51!<52 = 1.50

tent £ 5***4 6* *£10 lllliiil Total

t 0 0 12 8 8 28
F(.05) 0 0 14 11 3 28
FC25) 0 0 20 7 1 28
F(.50) 0 2 23 3 0 28
F(.75) 0 2 23 3 0 28
L(.05) 0 0 12 12 4 28
L(.25) 0 0 15 12 1 28
L(.50) 0 1 20 6 1 28
L(.75) 0 2 22 4 0 28

W 0 4 22 2 0 28
MW 0 0 13 14 1 28

significance level of the preliminary test is increased, the liberal bias is 

decreased; and that the preliminary Levene test procedure is slower to 

counteract the liberal t test than the preliminary F-ratio test procedure. 

The F(.50), F(.75), L(.50), L(.75), and the Welch procedures are each robust, 

with little evidence of extreme liberalism or extreme conservatism.

3.7 Summary

In summary in the case of variance homogeneity, the t test is the 

most robust test. However, as seen in Table 8 , all of the test procedures
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Table 12

Summary of Symmetric Distributions: Frequency of Simulated 
Null Rejection Rate (%) With Nominal 5% Level 

R=a1/a2 = 2.0 and 4.0

test x £2.8 2.5<*S4 4**30$', x >10

t 0 0 17 7 32 56
F(.05) 0 1 32 20 3 56
F(.25) 0 3 44 9 0 56
F(.50) 0 5 45 6 0 56
F(.75) 0 6 45 5 0 56
L(.05) 0 0 28 13 15 56
L(.25) 0 1 38 14 3 56
L(.50) 0 4 43 8 1 56
L(.75) 0 6 44 6 0 56

W 0 7 44 5 0 56
MW 0 0 5 33 18 56

evaluated are generally robust for the equal variance cases. For the R -  

0.25, 0.50, and 0.67 cases, where the t test is conservative, the F(.05) and 

the L(.05) test procedures are also conservative. The MW test yields 

conservative results in the case of unequal sample sizes and liberal results 

in the case of equal sample sizes. The preliminary test procedures where 

a > 0.05 and the Welch test tend to be generally robust.

For the R = 1.50, 2.00 and 4.00 cases, where the t test and the MW 

test are extremely liberal, the F(.05) and the L(.05) test procedures are also 

liberal. It is noted that as the significance level of the preliminary test
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procedures is increased, the liberal bias is decreased. However, the 

preliminary Levene test procedures are slower to counteract the liberalism 

of the t test than the preliminary F-ratio test procedures. The preliminary 

test procedures where a  > 0.25 and the Welch test are each generally 

robust.

Based on the above simulation results, the 50% and 75% preliminary 

test procedures and the Welch test are generally robust procedures with 

respect to variance heterogeneity for testing H0: Pi = (X2 for the general 

families of symmetric distributions examined.
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CHAPTER IV

ASYMMETRIC DISTRIBUTIONS

4.1 Introduction

This chapter contains an examination of the performance of the 

preliminary variance equality test procedures for the two asymmetric 

distributions, the lognormal and the gamma,, with varying degrees of 

skewness. Presented are the simulated null rejection rates for testing the 

hypothesis H0: |Xj = p2 after utilizing the two types of preliminary tests of 

variance homogeneity, the F-ratio test and the Levene test, for each of the 

asymmetric distributions.

Preliminary testing is handled in the following manner. When the 

preliminary test is found not to be significant at the specified level, the 

Mann-Whitney-Wilcoxon test is employed; otherwise the Welch test is used. 

The test of equality of means is conducted at a significance level of 5%. In 

the following tables, the symbols F(a) and L(a) represent the F-ratio test 

and the Levene test respectively, tested at the a  level of significance in the 

parentheses.

Tables 13-17 present the simulated null rejection rates, where the 

proportion of rejections is expressed as a percent for each of the five classes

83
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of asymmetric distributions (three lognormals and two gamma). Each entry 

in the table is again the result of ten thousand simulation runs. The 

format of Tables 13-17 is the same as described in Chapter III for Tables 

4-7. For each distribution, the results are given for each of the seven 

selected sample size configurations. For each of the seven sample size 

combinations, the simulated null rejection rate is reported for the three 

cases of direct pairing (R = 0.25, 0.50, and 0.67), three cases of indirect 

pairing (R = 1.50, 2.00, and 4.00), in addition to the case of variance 

homogeneity (R = 1). The test of variance homogeneity in the preliminary 

test procedures is conducted at significant levels of 0.05, 0.25, 0.50, and 

0.75, which are the same levels previously used for the symmetric cases.

Based on the observed simulated null rejection rate, a testing 

procedure is robust, liberal, or conservative as defined in Chapter III.

4.2 Lognormal Distributions

To evaluate the performance of the preliminary test procedures for 

the lognormal case, three lognormal distributions were chosen: one with 

slight skewness (b2 = 0.4), one with moderate skewness (b2 = 1.0), and one 

with extreme skewness (b2 = 1.75). Each of the three lognormal 

distributions are discussed separately in the following sections.
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4.2.1 Lognormal: Slight Skewness

Table 13 presents the simulated results for the lognormal ( 0, 0.40) 

distribution. For the equal variance cases, where nl = n2 =10 or nx = n2 

=20, the t test, the Welch test, the MW test, as well as the preliminary F- 

ratio and Levene test procedures are robust. However for the nx = n2 = 5 

cases, the t test, the MW test, the F(.05), the L(.05), and L(.25) test 

procedures are robust; whereas the other preliminary F-ratio and Levene 

test procedures tend to be conservative as the conservative Welch test is 

often used. For the cases where n2 is twice as large as nx (5:10 and 10:20), 

all test procedures are robust. For the cases where n2 is four times as large 

as nx (5:20 and 10:40), the only robust preliminary test procedures are the 

F(.05) and the L(.05) test procedures.

For the R = 0.67 cases where the sample sizes are equivalent, the 

Welch test, the t test, the preliminary F-ratio test procedures where a  > 

0.05, and the preliminary Levene test procedures where a > 0.50 are 

robust. The MW test and the other preliminary test procedures are liberal. 

For the moderate direct pairing cases, the Welch test and the preliminary 

test procedures where a > 0.05 are generally robust. The t test and the 

MW test are generally both conservative.

For the R = 0.50 cases where sample sizes are balanced, the Welch 

test, the F(.50), the F(.75) and the L(.75) test procedures are generally
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robust. The MW test and the other preliminary test procedures are liberal. 

For the severe direct pairing cases, the Welch test is robust and the MW 

test is generally conservative. For some situations, the F(.05) and the 

L(.05) test procedures are conservative, but generally the preliminary test 

procedures are robust.

For the R = 0.25 cases where the sample sizes are balanced, all 

procedures are liberal. For the severe direct pairing cases, the Welch test 

and the preliminary test procedures, excluding the L(.05) test procedure, 

are generally robust. The MW test and the L(.05) test procedure are 

somewhat conservative.

For the R  = 1.50 cases where the sample sizes are equal, the MW 

test is liberal. The t test, the Welch test, the F(.50) and the F(.75) test 

procedures are generally robust. The preliminary Levene test procedures 

at each significance level yield liberal results in several instances. For the 

moderate indirect pairing cases, all procedures are generally liberal.

For the R = 2.0 and 4.0 cases, regardless of sample size configuration, 

all procedures are generally liberal.

In summary, for the R  = 0.67, 0.50, and 0.25 cases, the Welch test, 

the F(.50), the F(.75), and the L(.75) are generally robust. For the R = 1.50 

cases where the sample sizes are balanced, the t test, the Welch test, the 

F(.50) and the F(.75) test procedures are generally robust. For the 

moderate indirect pairing and for R = 2.0 and 4.0 cases, all procedures are
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Table 13

Lognormal ( 0, 0.40) Distribution: Simulated Null 
Rejection Rate (%) With Nominal 5% Level

Ratio

iiiiitllllll .50 nil LOO 1.50 2.00 4.00

5 5 t 8.88 6.30 5.23 4.45 5.22 6.74 16.36
F(.05) 7.66 6.61 5.56 4.64 5.39 7.16 16.55
F(.25) 7.13 6.08 4.87 3.96 4.78 6.57 15.63
F(.50) 6.91 5.75 4.53 3.57 4.40 6.03 15.17
F(.75) 6.89 5.49 4.31 3.40 4.14 5.71 14.95
L(.05) 8.39 7.01 5.97 5.16 6.07 7.83 17.16
L(.25) 7.56 6.58 5.50 4.56 5.37 7.16 16.53
L(.50) 7.03 6.06 4.76 3.73 4.57 6.37 15.63
L(.75) 6.94 5.60 4.28 3.42 4.24 5.83 14.93

W 6.88 5.19 4.08 3.21 3.91 5.44 14.40
MW 8.51 7.06 5.99 5.21 6.13 7.86 17.23

5 10 t 2.76 3.13 3.54 4.68 7.75 10.72 22.70
F(.05) 4.97 3.69 3.80 4.38 6.08 8.53 19.74
F(.25) 5.81 4.28 4.24 4.98 6.39 8.90 19.78
F(.50) 6.07 4.58 4.42 5.01 6.72 9.19 19.86
F(.75) 6.06 4.72 4.39 4.97 6.73 9.24 19.77
L(.05) 4.83 3.65 3.75 4.49 6.40 8.79 19.89
L(.25) 6.31 4.65 4.52 5.28 6.83 9.06 19.99
L(.50) 6.20 4.82 4.71 5.33 6.96 9.42 20.14

L(.75) 6.07 4.86 4.58 5.10 6.84 9.43 20.24
W 6.07 4.73 4.42 4.95 6.67 9.17 19.80

MW 3.96 3.21 3.38 4.19 6.31 8.84 19.90
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l l i l M l f i l l ip ! illtpillilt

*1 "a Teel ,26 .50 .07 l l l l l l 1.60 2.00 4.00
5 20 t 0.43 1.13 2.03 5.08 10.34 16.26 32.37

F(.05) 4.54 4.26 4.65 5.94 9.03 13.09 27.36
F(.25) 5.23 4.90 5.68 7.21 9.69 13.31 25.35
F(.50) 5.23 4.94 5.44 7.10 9.77 13.10 23.79
F(.75) 5.24 4.80 5.30 6.79 9.39 12.49 22.39
L(.05) 4.07 3.38 3.84 5.53 9.22 13.90 31.72
L(.25) 5.55 5.28 5.89 7.26 10.11 14.06 29.25
L(.50 5.26 5.10 5.85 7.43 10.11 13.96 27.34
L(.75) 5.25 4.84 5.35 6.92 9.58 12.89 24.59

W 5.24 4.58 4.95 6.40 8.82 11.62 21.16
MW 2.26 2.48 3.09 5.19 9.26 14.27 32.19

10 10 t 7.24 6.24 5.67 4.68 5.45 7.42 16.01
F(.05) 6.33 6.86 6.30 5.21 6.38 9.58 21.00
F(.25) 6.20 6.14 6.01 4.91 5.93 8.50 17.97
F(.50) 6.20 5.92 5.70 4.61 5.52 7.91 16.65
F(.75) 6.21 5.78 5.40 4.46 5.26 7.49 15.95
L(.05) 9.93 7.92 6.76 5.50 7.02 11.26 31.39
L(.25) 6.69 7.38 6.58 5.35 6.86 10.85 29.41
L(.50) 6.26 6.49 6.17 4.95 6.26 9.65 21.91
L(.75) 6.22 6.02 5.72 4.56 5.70 8.21 17.80

W 6.21 5.78 5.29 4.23 4.94 6.96 15.47
MW 10.98 7.86 6.63 5.35 6.93 11.18 31.36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 13--Continued
89

n i l M l

% Test .50 ; I B I 1 .6 0 1 0 0 4.00
10 20 t 2.01 2.74 3.30 4.93 8.11 11.81 22.83

F(.05) 5.83 5.77 5.72 5.49 8.05 12.10 22.70
F(.25) 5.88 5.35 5.48 5.82 7.92 10.90 19.35
F(.50) 5.88 5.15 5.25 5.53 7.69 10.18 18.16
F(.75) 5.88 5.05 4.98 5.38 7.30 9.55 17.59
L(.05) 8.13 6.61 5.69 5.38 8.72 14.79 39.79
L(.25) 5.97 6.33 6.01 5.92 8.80 13.74 29.41
L(.50) 5.88 5.49 5.64 5.88 8.51 12.08 22.34
L(.75) 5.88 5.20 5.15 5.55 7.71 10.68 19.03

W 5.88 5.01 4.77 5.16 6.95 9.04 17.38
MW 7.58 5.87 5.04 5.06 8.81 14.96 40.23

10 40 t 0.40 0.96 1.79 4.64 11.21 17.05 32.87
F(.05) 5.19 5.41 5.76 5.86 9.28 13.71 23.65
F(.25) 5.19 5.15 5.80 6.65 9.09 11.98 20.20
F(.50) 5.19 5.06 5.44 6.33 8.74 11.07 18.99

F(.75) 5.19 4.95 5.19 6.07 8.20 10.43 18.67

L(.05) 6.24 5.75 5.04 5.34 10.26 17.74 40.79
L(.25) 5.20 5.58 6.17 6.60 10.23 15.72 27.71
L(.50) 5.19 5.10 5.68 6.52 9.79 13.63 22.30
L(.75) 5.19 4.99 5.26 6.18 8.87 11.70 19.75

W 5.19 4.89 4.94 5.66 7.63 9.80 18.46
MW 4.49 3.76 3.63 4.85 10.57 18.50 46.87
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H I M ! '

*1 Th Test M l l l l l l m t m l l l l l l 4.00
20 20 t 6.88 5.81 5.30 4.98 5.30 6.64 13.39

F(.05) 6.30 6.59 6.39 5.53 7.31 10.92 16.60
F(.25) 6.30 5.77 5.74 5.55 6.52 8.65 14.07
F(.50) 6.30 5.58 5.45 5.26 5.90 7.64 13.50
F(.75) 6.30 5.51 5.21 5.11 5.49 6.96 13.24
L(.05) 7.04 9.52 7.41 5.44 8.44 16.50 50.47
L(.25) 6.31 6.85 6.81 5.77 8.11 13.60 27.63
L(.50) 6.30 5.98 6.00 5.62 7.06 10.16 15.96
L(.75) 6.30 5.62 5.47 5.28 6.15 8.06 13.77

W 6.30 5.52 5.11 4.79 5.13 6.50 13.19
MW 14.98 9.81 7.06 4.97 7.85 16.23 52.14

generally liberal.

4.2.2 Lognormal: Moderate Skewness

The null rejection rates for the lognormal (0, 1) distribution are 

shown in Table 14. The results for the cases of variance homogeneity, 

direct pairing, and indirect pairing are now discussed. For the variance 

homogeneity and balanced sample size cases, the MW test is robust, 

whereas the t test and the Welch test are conservative. None of the 

preliminary F-ratio or Levene test procedures yield robust results for every 

case, but the L(.05) test procedure is the most robust with a maximum Type
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I error rate of 6.11%. For the case where the sample sizes differ, the MW 

test is robust, whereas the Welch test results are inconsistent. The t  test 

is robust for some cases but conservative in others. The L(.05) test 

procedure yields robust results for all cases. This is not unexpected 

because it primarily uses the robust MW test. The other preliminary F- 

ratio and Levene test procedures are comparable to the Welch test.

For the R = 0.67 cases with equal sample sizes, the t test and the 

Welch test are robust except for the nx = n2 = 5 case. The MW test is 

always liberal for these cases. The preliminary F-ratio and Levene test 

procedures are primarily liberal as the MW test is used too often for the nl 

= n2 = 20 case; and primarily conservative as the Welch test is used too 

often for the n1 = n2 = 5 case. For the moderate direct pairing cases, the t 

test is generally robust. The Welch test is robust when n2 is four times as 

large as nx (5:20 and 10:40), but generally conservative when n2 is twice as 

large as nv The MW test is robust for the nx:n2 = 5:10 and 5:20 cases but 

liberal for the n{.n2 = 10:20 and 10:40 cases. The results using the 

preliminary F-ratio and Levene test procedures are also inconsistent as 

none of the preliminary test procedures are uniformly robust.

For the R = 0.25 and 0.50 cases with balanced sample sizes, all 

procedures are generally liberal. For the R = 2 cases with unbalanced 

sample sizes, the MW test is liberal, whereas the Welch test is generally 

conservative. The results using the t test are inconsistent (sometimes
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liberal and sometimes conservative). The preliminary F-ratio and Levene 

test procedures are generally liberal except for the F(.75) test procedure. 

The F(.75) test procedure is robust for all cases. For the R = 4 cases with 

unbalanced sample sizes, the results using the t test are again inconsistent. 

All other procedures are generally liberal.

For the R = 1.50 cases where the sample sizes are balanced, the MW 

test is always liberal. The Welch test is robust only for the n1 = n2 = 20 

case; otherwise it is conservative. The t test is robust except for the nx = 

n2 = 5 case where the results are conservative. The results from the 

preliminary test procedures using the F-ratio test and the Levene test are 

also inconsistent yielding no uniformly robust test. For the moderate 

indirect pairing cases, the MW test, the Welch test, and the preliminary F- 

ratio and Levene test procedures are liberal. The results from the t test are 

inconsistent (robust for two cases, liberal for one case and conservative for 

one case).

For the R = 2 and 4 cases regardless of sample size configuration, all 

procedures are generally liberal.

In summary, for the moderately skewed lognormal cases, the MW 

test and the L(.05) test procedure are robust tests for the variance 

homogeneity cases. For the R * 1 cases, all procedures can be biased 

(generally liberal).
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Table 14

Lognormal (0, 1) Distribution: Simulated Null 
Rejection Rate (%) With Nominal 5% Level

Ratio

«1 »2 .25 ■MilB ill llllll ISO llllll 4.09
5 5 t 15.39 7.15 4.44 2.98 3.57 5.06 11.01

F(.05) 14.70 7.74 4.78 2.80 3.60 5.19 10.34
F(.25) 14.46 6.37 3.61 2.04 2.49 3.73 8.09
F(.50) 14.24 5.89 3.22 1.82 2.16 3.29 7.44
F(.75) 13.99 5.67 3.03 1.72 1.96 2.99 7.15
L(.05) 15.12 9.67 6.87 5.04 6.66 9.42 20.19
L(.25) 14.80 8.03 5.12 3.08 4.14 5.87 12.36
L(.50) 14.44 6.18 3.38 1.85 2.21 3.27 7.38
L(.75) 14.03 5.61 2.96 1.71 1.94 2.88 6.88

W 13.85 5.39 2.81 1.65 1.84 2.85 6.80
MW

ll i i i i i i i
15.14 9.75 7.02 5.21 6.98

llilii

9.83
ISIBlllf

21.20

5 10 t 8.83 6.36 5.08 3.77 3.87 4.76 9.50
F(.05) 10.93 5.54 3.75 3.68 6.34 9.74 21.33
F(.25) 10.31 4.74 3.46 3.62 6.84 10.51 21.55
F(.50) 10.25 4.31 3.08 3.55 6.77 10.43 21.30
F(.75) 10.20 3.99 2.90 3.48 6.69 10.31 20.94
L(.05) 12.52 6.66 4.74 4.44 7.07 10.35 24.69
L(.25) 13.27 6.04 4.02 4.27 7.64 11.84 25.29
L(.50) 12.47 5.45 3.54 3.68 6.82 10.38 21.09
L(.75) 10.85 4.45 3.11 3.51 6.69 10.24 20.57

W 9.95 3.77 2.77 3.41 6.62 10.21 20.50
MW 12.28 6.61 4.70 4.19 6.63 9.97 24.20
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#1 iU tt Tfeafc .2$ .60 .67 1 1 11 I B B ! 2x00 4.00
5 20 t 2.90 3.85 4.27 4.88 5.47 6.35 10.47

F(.05) 9.39 7.52 6.71 8.83 14.06 20.16 36.48
F(.25) 7.66 6.06 6.12 9.10 15.42 21.46 36.62
F(.50) 7.02 5.01 5.45 8.79 15.23 21.00 35.44
F(.75) 6.41 4.16 4.92 8.61 14.97 20.57 34.18
L(.05) 12.83 7.42 5.05 5.15 9.65 15.94 35.14
L(.25) 13.25 8.28 6.93 8.44 13.98 20.17 37.17
L(.50) 9.79 7.21 6.50 9.17 15.47 21.32 36.41
L(.75) 6.94 5.26 5.43 8.73 14.92 20.55 34.52

W 5.73 3.36 4.38 8.38 14.74 20.17 33.27
MW 12.56 7.35 5.20 5.19 9.57 15.94 35.14

10 10 t 13.41 7.44 5.36 3.52 4.64 6.94 14.82
F(.05) 16.29 11.42 6.84 3.81 5.95 10.10 25.12
F(.25) 14.19 9.83 6.05 3.37 5.15 8.43 20.61
F(.50) 13.54 8.72 5.50 3.03 4.64 7.35 17.56
F(.75) 13.19 7.86 4.98 2.84 4.21 6.45 15.28
L(.05) 26.20 13.29 8.54 5.62 9.08 15.56 38.95
L(.25) 22.76 12.97 7.60 4.23 6.97 12.12 32.20
L(.50) 15.98 11.22 6.34 3.35 5.35 9.34 24.43
L(.75) 13.89 9.03 5.30 2.98 4.51 7.55 18.32

W 12.95 7.01 4.49 2.65 3.75 5.82 13.18
MW 26.10 13.15 8.22 5.35 9.01 15.43 39.08
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-

ffg Tfeflfc | | | | i .50 llllll 1.00 too 2.00 4.00
10 20 t 6.38 5.19 4.58 3.71 4.83 6.78 15.36

F(.05) 12.24 11.10 6.85 5.60 10.82 17.45 38.11
F(.25) 10.32 8.66 5.51 5.12 10.03 15.69 33.43
F(.50) 10.02 6.93 4.63 4.83 9.34 14.38 29.89
F(.75) 9.82 5.64 3.78 4.60 8.95 13.13 26.82
L(.05) 29.57 14.41 8.22 5.28 10.62 19.74 49.24
L(.25) 22.12 13.91 7.77 6.07 12.14 20.69 47.73
L(.50) 12.26 11.13 6.46 5.18 10.36 16.74 37.54
L(.75) 10.06 7.87 4.84 4.70 9.29 14.26 30.42

W 9.64 4.57 3.24 4.34 8.48 12.38 24.40
MW 29.34 14.07 8.07 5.06 10.29 19.52 49.16

1111*11 ilif l ll !
I1IM1IIII l f |l |f l |

10 40 t 2.04 2.97 3.54 4.30 6.30 8.48 16.98
F(.05) 8.70 11.30 8.83 9.57 16.73 25.40 46.90
F(.25) 7.16 8.00 7.35 9.17 16.02 23.47 42.52
F(.50) 6.92 6.30 6.26 8.79 15.34 21.77 38.20
F(.75) 6.80 5.03 5.21 8.49 14.66 20.50 34.96
L(.05) 32.24 14.58 7.65 4.68 12.34 24.19 56.85
L(.25) 20.56 15.02 9.65 8.73 16.29 26.34 53.78
L(.50) 8.33 11.65 8.52 9.18 16.29 24.67 46.94
L(.75) 6.90 7.51 6.55 8.64 14.98 21.41 38.24

W 6.74 3.94 4.54 8.14 14.00 19.10 31.97
MW 32.03 14.27 7.76 4.85 12.48 24.35 57.27
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Katjo^g/q^
Tfe#fc l l l l l l M ,67 1.00 too 2,00 4,06

t 12.14 8.05 5.61 3.85 4.87 7.42 16.57
F(.05) 12.82 15.79 9.74 4.82 8.70 16.01 36.77
F(.25) 12.02 12.92 8.26 4.43 7.00 12.89 28.54
F(.50) 11.86 10.90 7.21 4.10 6.04 10.48 23.76
F(.75) 11.85 9.30 6.22 3.80 5.26 8.67 19.82
L(.05) 39.48 22.72 12.20 6.11 12.58 25.23 65.52
L(.25) 16.74 21.49 11.71 5.25 10.74 22.57 59.67
L(.50) 12.26 16.90 9.74 4.49 8.19 16.68 42.75
L(.75) 11.84 12.09 7.58 3.95 6.28 11.71 28.32

W 11.83 7.88 5.37 3.47 4.46 7.11 16.04
MW 44.83 22.35 11.63 4.97 11.97 24.83 65.47

4.2.3 Lognormal: Extreme Skewness

Table 15 presents the simulated null rejection rates for the lognormal 

(0,1.75) distribution. The equal variance cases are discussed first. Results 

show the MW test and the L(.05) test procedure are generally robust for the 

equal variance cases regardless of sample size configuration. The other 

procedures tend to be conservative for the equal variance cases with nx = 

n2. For those equal variance cases where n2 is four times as large as n, 

(5:20 and 10:40), the t test is robust, whereas, the Welch test is liberal. The 

t test and the Welch test are conservative in all of the remaining situations. 

All preliminary F-ratio and Levene test procedures, except the L(.05) test
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procedures, are liberal for those equal variance cases where the Welch test 

is liberal and conservative for those cases where the Welch test is 

conservative.

For the R  = 0.67 cases, the MW test is generally liberal in all sample 

sizes configurations. The t test is conservative for those cases where the 

sample sizes are equal. For the nx:n2 = 5:10 and 10:20 cases, the t test is 

robust whereas, for the n{.n2 = 5:20 and 10:40 cases, the t test is liberal. 

The Welch test is generally conservative in all cases. The preliminary F- 

ratio and Levene test procedures are robust for the nx:n2 = 5:20 and 20:20 

cases. For the remaining sample size pair cases, neither the preliminary 

F-ratio nor Levene test procedures yield a uniformly robust test.

For the R = 0.25 and 0.50 cases, the MW test is liberal. The t test 

is also liberal but not as severe as the MW test. The Welch test is 

somewhat robust but generally liberal for the R = 4 cases and conservative 

for the R = 2 cases. There is no uniformly robust preliminary test 

procedure because either the Welch test or the MW test is used too often.

For the R = 1.50 cases, the MW test is liberal except for the n1 = 5 

and n2 = 10 case, where it is robust. For cases where n2 is four times as 

large as n.j (5:20 and 10:40), the t test is robust, whereas the Welch test is 

liberal. The t test and the Welch test are generally conservative in all of 

the remaining situations. Some of the preliminary F-ratio and Levene test 

procedures yield robust results but they are sporadic. The preliminary test
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Table 15

Lognormal (0, 1.75) Distribution: Simulated Null 
Rejection Rate (%) With Nominal 5% Level

Ratio
a* fe s t .25 .50 flfll LOO 156 2x00 4.00

5 5 t 12.19 3.62 2.29 1.78 1.91 2.34 3.92
F(.05) 11.64 3.25 1.98 1.26 1.47 1.87 3.12
F(.25) 9.44 2.29 1.38 0.88 0.92 1.22 2.32
F(.50) 8.76 2.06 1.19 0.78 0.82 1.03 2.07
F(.75) 8.34 1.92 1.10 0.73 0.73 0.90 1.97
L(.05) 20.72 9.12 6.25 4.87 6.29 8.05 14.16
L(.25) 13.51 4.58 3.13 2.18 2.96 3.58 6.23
L(.50) 8.84 2.01 1.12 0.76 0.77 0.99 1.99
L(.75) 8.18 1.86 1.08 0.71 0.70 0.88 1.93

W 8.03 1.79 1.04 0.72 0.70 0.88 1.92
MW 21.43 9.71 6.70 5.21 6.64 8.49 15.27

5 10 t 14.82 6.89 4.61 2.97 2.07 1.94 1.98
F(.05) 12.32 3.39 2.30 2.11 3.19 4.55 8.32
F(.25) 9.11 2.43 1.78 1.96 3.17 4.43 8.21
F(.50) 7.09 1.94 1.57 1.90 3.09 4.36 8.10
F(.75) 5.97 1.62 1.47 1.83 3.06 4.31 8.02
L(.05) 19.56 6.52 4.30 3.93 5.58 8.27 17.16
L(.25) 13.62 3.61 2.62 3.16 5.17 7.36 14.74
L(.50) 10.92 2.80 1.90 2.01 3.12 4.38 8.06
L(.75) 7.57 2.05 1.55 1.86 3.04 4.31 7.99

W 4.93 1.36 1.32 1.79 3.02 4.29 7.98
MW 21.55 7.85 5.18 4.19 5.36 7.87 16.52
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itiiiif
% Test .2$ M .67 MB!I1IBI 100 4.00

5 20 t 10.90 7.70 6.60 5.53 4.56 3.98 3.03
F(.05) 16.65 6.65 6.03 8.00 11.62 15.02 23.78
F(.25) 11.40 4.97 5.24 7.74 11.57 14.90 23.41
F(.50) 8.00 3.98 4.67 7.48 11.40 14.71 23.04
F(.75) 5.20 3.23 4.27 7.35 11.30 14.55 22.82
IX.05) 25.07 7.30 4.66 4.43 7.45 11.35 24.92
L(.25) 21.75 6.88 5.56 7.08 11.31 15.64 28.86
L(.50 18.10 6.34 5.89 8.11 12.08 15.74 25.59
L(.75) 10.40 4.45 4.89 7.60 11.39 14.64 23.01

W 2.68 2.49 3.95 7.20 11.19 14.49 22.60
MW 27.41 9.31 6.14 5.19 7.65 11.40 24.96

10 10 t 15.40 4.83 3.03 1.91 2.28 3.13 6.10
F(.05) 26.94 7.01 3.71 2.30 3.01 4.27 9.70
F(.25) 22.20 5.76 2.95 1.79 2.50 3.39 7.63
F(.50) 18.96 5.00 2.51 1.61 2.10 2.94 6.33
F(.75) 16.58 4.32 2.34 1.47 1.81 2.51 5.27
L(.05) 39.52 13.33 8.11 5.43 7.70 11.77 27.05
L(.25) 34.58 8.79 4.56 2.98 4.21 6.28 15.10
L(.50) 26.38 6.14 3.13 1.90 2.65 3.70 8.83
L(.75) 19.46 4.71 2.50 1.59 2.03 2.74 6.27

W 14.11 3.71 2.06 1.34 1.64 2.11 4.45
MW 39.47 13.47 8.17 5.35 7.63 11.94 27.89
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Tort H i! llllllHill 1.00 t  m 2x00 4x00
10 20 t 13.97 6.65 4.58 2.85 2.25 2.28 3.18

F(.05) 27.29 7.78 4.16 3.92 6.52 9.72 19.71
F(.25) 19.57 5.40 3.08 3.54 6.11 8.80 17.27
F(.50) 15.28 3.91 2.53 3.39 5.75 8.22 15.83
F(.75) 11.70 2.86 2.17 3.21 5.51 7.84 14.72
L(.05) 47.71 13.72 7.14 4.73 8.47 14.42 35.75
L(.25) 42.41 9.88 5.26 5.10 9.01 14.15 31.33
L(.50) 33.61 7.42 3.97 3.86 6.37 9.42 19.19
L(.75) 19.87 4.71 2.83 3.31 5.68 8.19 15.97

W 8.39 2.09 1.73 3.03 5.33 7.45 13.85
MW 48.65 15.38 8.24

l l l l l l
5.06

l l l l l l

8.37 14.26
SIIII

35.63

10 40 t 8.72 6.81 6.07 5.14 4.42 3.82 3.63
F(.05) 26.52 10.10 7.71 9.15 14.25 19.28 33.07
F(.25) 17.01 7.27 6.43 8.70 13.50 18.07 30.54
F(.50) 11.68 5.79 5.76 8.41 13.26 17.62 29.07
F(.75) 7.75 4.41 5.20 8.20 13.09 17.19 28.11
L(.05) 57.31 14.62 6.46 4.01 9.27 17.05 42.83
L(.25) 54.23 13.70 8.04 7.91 13.84 21.13 44.36
L(.50) 43.60 11.58 7.83 9.13 14.38 19.88 35.38
L(.75) 22.37 7.51 6.24 8.50 13.34 17.82 29.72

W 4.54 3.15 4.67 8.06 12.88 16.93 27.26
MW 58.54 16.98 8.18 4.85 9.56 17.22 42.93
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T*»fc M M ,67 1.00 L50 0*00 4*00

t 17.42 6.07 3.60 2.32 2.76 3.80 8.19
F(.05) 37.00 12.24 5.61 2.98 4.06 7.35 17.92
F(.25) 29.30 9.28 4.59 2.60 3.39 5.73 13.52
F(.50) 24.46 7.80 4.03 2.37 2.92 4.59 10.77
F(.75) 20.83 6.74 3.53 2.15 2.57 3.97 9.05
L(.05) 67.22 23.76 11.30 5.95 10.10 18.33 49.04
L(.25) 62.89 17.91 7.69 3.73 6.23 11.90 32.59
L(.50) 45.76 12.51 5.42 2.83 4.10 7.43 20.34
L(.75) 30.44 8.92 4.14 2.31 3.15 5.21 13.00

W 17.11 5.58 3.11 1.95 2.24 3.29 7.30
MW 67.18 23.26 10.55 4.97 9.47 17.92 48.88

procedures specifically use the Welch test or the MW test exclusively.

For the R = 2 and 4 cases, the MW test is severely liberal. The t test 

is always conservative for the R = 2 cases. For the R = 4 cases, the t  test 

is conservative when the sample sizes are unequal and generally liberal 

when the sample sizes are identical. The Welch test is generally liberal 

when the sample sizes are unequal and generally conservative when the 

sample sizes are equivalent for the R = 2 and 4 cases. As seen for the R 

=.50 cases, the preliminary F-ratio and Levene test procedures yield robust 

results for some cases, but they are sporadic. The preliminary test 

procedures specifically use the Welch test or the MW test exclusively.
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In summary, the MW test and the L(0.05) test procedure are robust 

for the variance homogeneity cases regardless of the sample size 

configuration. As the variance heterogeneity increases, the MW test 

becomes more liberal. The t test and the Welch test are liberal for some 

cases and conservative in other cases, with no apparent pattern. Various 

preliminary test procedures yield robust results for one case or another, but 

in no apparent pattern. The liberal or conservative bias does tend to 

increase for all procedures as the R values depart from one.

4.3 Gamma Distributions

Two gamma distributions are examined in this section, a gamma 

with shape parameter equal to 3 and unit scale parameter (slight skewness) 

denoted as G(3,l) and the other with shape parameter of 2  and unit scale 

parameter (moderate skewness) denoted as G(2,l).

4.3.1 Gamma (3.1) Distribution

Table 16 presents the simulated null rejection rates for the gamma 

(3,1) distribution. For the variance homogeneity cases with equal sample 

sizes, Table 16 shows all procedures are generally robust. For the nx * n2 

cases, the t test, the MW test, the F(.05), and the L(.05) test procedure are 

robust. The Welch test and all other preliminary test procedures are robust 

for the cases where n2 is twice as large as nx (5:10 and 10:20), but liberal
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Table 16

Gamma (3,1) Distribution: Simulated Null Rejection 
Rate (%) With Nominal 5% Level

I B M «<?]/<% l l f f j l l

Test .25 i .50 .67 1.00 1.60 2.00 4.00

5 5 t 9.36 6.95 5.48 5.03 5.56 8.32 25.74
F(.05) 7.81 6.85 5.67 5.18 5.80 8.40 25.53
F(.25) 7.30 6.19 5.12 4.54 5.19 7.53 24.38
F(.50) 7.14 6.00 4.81 4.37 4.70 7.11 23.87
F(.75) 7.05 5.84 4.58 4.06 4.48 6.74 23.42
L(.05) 8.47 7.33 6.03 5.69 6.41 9.40 27.52
L(.25) 7.61 6.79 5.57 5.10 5.83 8.36 25.44
L(.50) 7.23 6.12 4.96 4.47 4.81 7.20 23.52
L(.75) 7.14 5.90 4.64 4.12 4.52 6.75 22.99

W 6.92 5.63 4.41 3.88 4.26 6.49 22.97
MW 8.59 7.33 6.08 5.73 6.48 9.50 27.77

5 10 t 2.84 3.19 3.43 4.71 7.79 12.33 31.62
F(.05) 4.98 4.08 3.53 4.29 6.90 10.94 31.58
F(.25) 6.06 4.66 4.10 4.89 7.45 11.55 31.77
F(.50) 6.22 4.87 4.20 5.11 7.71 11.88 31.37
F(.75) 6.26 4.83 4.19 5.13 7.68 11.90 30.85
L(.05) 4.81 3.98 3.51 4.25 7.22 11.22 31.62
L(.25) 6.41 4.94 4.33 5.12 7.83 11.76 31.73
L(.50) 6.32 5.05 4.37 5.40 7.84 12.08 31.44
L(.75) 6.28 4.87 4.29 5.32 7.67 11.88 30.65

W 6.25 4.73 4.11 5.14 7.58 11.67 30.08
MW 3.82 3.58 3.07 3.99 7.09 11.12 31.68
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*1 ** Test .25 .50 fill! 1.00 llllll 2.0O 400
5 20 t 0.42 1.06 1.85 4.81 11.15 18.75 40.66

F(.05) 4.66 4.10 4.47 5.67 9.50 16.06 38.89
F(.25) 5.39 5.06 5.49 7.16 10.13 16.03 36.04
F(.50) 5.48 5.06 5.54 7.31 10.37 15.70 34.26
F(.75) 5.48 4.80 5.40 6.91 9.82 14.83 32.71
IX.05) 4.15 3.50 3.69 5.59 9.85 17.04 49.03
L(.25) 5.67 5.40 5.76 7.45 10.75 17.23 44.14
L(.50) 5.50 5.15 5.75 7.51 10.70 16.71 40.09
L(.75) 5.49 4.85 5.41 7.04 9.86 15.26 35.85

W 5.49 4.66 5.06 6.58 9.13 13.44 31.04
MW 2.15 2.43 2.83 5.02 10.03 17.51 49.26

10 10 t 7.85 6.46 5.28 4.87 5.22 7.87 20.41
F(.05) 6.81 6.72 5.94 5.36 6.63 11.91 29.25
F(.25) 6.75 6.08 5.66 5.19 6.10 10.01 24.45
F(.50) 6.76 5.94 5.33 5.00 5.67 8.95 22.12
F(.75) 6.77 5.90 5.19 4.71 5.41 8.24 20.99
L(.05) 10.61 7.98 6.41 5.57 7.28 13.93 50.52
L(.25) 7.23 7.29 6.38 5.48 7.15 13.59 49.52
L(.50) 6.79 6.42 5.81 5.18 6.59 12.06 37.81
L(.75) 6.77 6.12 5.35 4.86 5.78 9.57 27.57

W 6.77 5.94 4.97 4.48 4.86 7.48 20.13
MW 11.40 7.87 6.27 5.39 7.16 13.77 50.44
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Test M m i i i H il fill MillIBiijii 400
10 20 t 1.75 2.39 3.02 4.67 8.01 12.20 27.59

F(.05) 5.52 5.30 5.26 5.45 8.39 14.43 29.12
F(.25) 5.53 5.00 5.19 5.79 7.87 12.45 24.80
F(.50) 5.53 4.84 5.00 5.58 7.48 11.27 23.48
F(.75) 5.53 4.87 4.77 5.34 6.99 10.16 22.80
L(.05) 7.72 6.37 5.23 5.32 9.28 18.63 60.62
L(.25) 5.61 5.82 5.68 5.88 9.24 17.83 49.52
IX.50) 5.53 5.17 5.31 5.78 8.72 15.12 36.30
L075) 5.53 4.99 4.91 5.47 7.53 12.47 28.91

W 5.53 4.88 4.60 5.04 6.46 9.42 22.36
MW 6.85 5.29 4.45 4.93 9.35 18.70 60.68

10 40 t 0.26 0.87 1.67 4.86 11.38 18.53 36.66
F(.05) 5.38 5.78 5.86 5.99 10.69 16.29 28.20
F(.25) 5.37 5.49 5.83 6.61 10.23 14.01 24.86
F(.50) 5.37 5.33 5.48 6.60 9.77 12.46 23.92
F(.75) 5.37 5.25 5.25 6.38 8.94 11.40 23.59
L(.05) 6.11 6.02 5.16 5.42 11.61 22.04 60.38
L(.25) 5.37 5.87 6.19 6.76 11.82 19.59 42.68
L(.50) 5.37 5.42 5.73 6.86 11.34 16.96 34.10
L(.75) 5.37 5.25 5.28 6.43 9.95 14.08 28.45

W 5.37 5.21 4.94 6.11 8.05 10.27 23.47
MW 4.27 3.98 3.75 4.85 11.87 22.62 66.10
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1*1 n% I I H m i H H lllf l lll 1 .0 0 H I 2 .0 0 400
20 20 t 6.68 5.55 5.25 5.42 5.35 7.11 15.20

F(.05) 6.20 6.20 6.38 5.94 8.41 13.26 17.45
F(.25) 6.20 5.54 5.69 6.07 7.30 9.93 15.49
F(.50) 6.20 5.35 5.22 5.93 6.47 8.50 15.11
F(.75) 6.20 5.36 5.10 5.62 5.73 7.62 15.00
L(.05) 6.71 9.06 7.20 5.81 9.79 21.74 78.59
L(.25) 6.21 6.60 6.74 6.35 9.57 18.23 52.08
L(.50) 6.20 5.71 5.92 6.12 8.20 13.01 28.11
L(.75) 6.20 5.43 5.31 5.82 6.66 9.42 19.32

W 6.20 5.34 5.04 5.26 5.18 6.95 14.93
MW 14.06 9.33 6.73 5.36 9.31 21.23 78.91

for the cases where n̂ .n̂  = 5:20 and 10:40.

For the R = 0.67 cases with equal sample sizes, the t  test and the 

Welch test are robust, whereas the MW test is liberal. All the preliminary 

F-ratio test procedures are robust, except the F(.05) test procedure for the 

nx = n2 = 20 case where it is liberal. The L(.50) and the L(.75) test 

procedures are robust for the = n2 cases. For the nx * n2 cases, all 

preliminary F-ratio and Levene test procedures are generally robust, except 

for the L(.05) test procedure which is sometimes conservative and 

sometimes liberal.

For the R -  0.25 and 0.50 cases with equal sample sizes, the t  test
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and the MW test are generally liberal. The Welch test and the F(.50) and 

the L(.75) test procedures are robust for the R = 0.50 cases but liberal for 

the R = 0.25 cases. None of the preliminary Levene test procedures are 

consistently robust for the n1 = n2 cases. For the severe direct pairing 

cases, the t test is always conservative. The MW test is sometimes liberal, 

sometimes conservative, and sometimes robust, whereas the Welch test is 

generally robust for the severe direct pairing cases. The preliminary test 

procedures using the F-ratio test and the Levene test are generally robust, 

except for the L(.05) test procedure. For the R = 0.25 cases where n{.n2 = 

5:10, the preliminary test procedures with a > 0.05 tend to be liberal 

because the Welch test is often used.

For the R = 1.50 cases with equal sample sizes, the t test, the Welch 

test, and the F(.75) test procedure are robust, whereas the MW test and the 

other preliminary test procedures tend to be liberal. For the nx * n2 cases, 

all procedures are liberal.

For the R = 2 and 4 cases, all procedures are liberal.

In summary, for the R  = 1 cases, the t test, the MW test, the F(.05), 

and the L(.05) procedures are robust. For the R = 0.67 cases, the t test, the 

Welch test, and the preliminary test procedures where a  > 0.05 are 

generally robust. For the R  = 0.50 cases with equal sample sizes, the 

Welch test, the F(.50) and the L(.75) test procedure are robust. None of the 

procedures are robust for the R = 0.25 cases with equal sample sizes. For
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the severe direct pairing cases, the Welch test and the preliminary test 

procedures where a  > 0.05 are generally robust. For the R = 1.50 cases 

with equal sample sizes, the t test, the Welch test, and the F(.75) test 

procedure are robust. For the R = 1.50 with nx * n2 cases, all procedures 

are liberal. For the R = 2 and 4 cases, all procedures are liberal.

4.3.2 Gamma (2.1) Distribution

The simulated null rejection rates for the gamma (2,1) distribution 

are presented in Table 17. For the R = 1 cases with balanced sample sizes, 

Table 17 shows the t test and the MW test procedures are robust. The 

Welch test is conservative for the nx = n2 = 5 cases. This conservatism is 

also seen in the preliminary F-ratio test procedure with a > 0.05 and in the 

preliminary Levene test procedure with a > 0.25. The F(.05) and L(.05) test 

procedures are robust. For the nx *■ n2 cases, the t test is robust. The MW 

test is robust for all cases except nx\n2 -  5:10 where it is slightly 

conservative. The Welch test is liberal for the case where n2 is four times 

larger than nx; otherwise, the Welch test is robust. The L(.05) test 

procedure is the only preliminary F-ratio or Levene test procedure which 

is always robust (maximum of 6.08%).

For the R = 0.67 cases with equal sample sizes, the t test and the 

Welch test are robust, whereas the MW test is liberal. The F(.75) test 

procedure is the only preliminary F-ratio or Levene test procedure which
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Table 17

Gamma (2, 1) Distribution: Simulated Null Rejection 
Rate (%) With Nominal 5% Level

Ratio « o/a* |||II§1|
111! M H U lllllll 1.00 t m 2 M 4.00

5 5 t 9.90 6.90 5.49 4.56 5.57 8.27 27.98
F(.05) 8.47 6.96 5.75 4.69 5.96 8.81 27.02
F(.25) 8.08 6.52 4.99 3.95 4.86 7.45 24.92
F(.50) 7.95 6.11 4.60 3.59 4.29 6.75 23.85
F(.75) 7.87 5.95 4.36 3.40 4.01 6.42 23.27
L(.05) 9.01 7.44 6.26 5.27 7.15 10.79 32.82
L(.25) 8.35 6.91 5.54 4.54 5.76 8.78 26.79
L(.50) 8.04 6.41 4.89 3.74 4.50 6.85 23.53
L(.75) 7.93 5.99 4.40 3.43 4.08 6.24 22.78

W 7.81 5.71 4.10 3.23 3.81 6.05 22.71
MW 9.10 7.50 6.32 5.34 7.24 10.89 33.82

5 10 t 3.18 3.40 3.69 4.80 7.87 11.54 33.69
F(.05) 5.68 3.88 3.69 4.23 7.87 12.67 38.55
F(.25) 6.63 4.39 4.02 4.89 8.68 13.50 38.64
F(.50) 6.96 4.56 4.04 4.97 9.04 13.75 38.32
F(.75) 7.03 4.65 3.93 4.99 9.00 13.74 37.36
L(.05) 5.69 3.77 3.67 4.33 7.80 12.86 38.66
L(.25) 7.34 4.65 4.35 5.15 8.93 13.73 38.73
L(.50) 7.07 4.85 4.32 5.28 9.09 13.71 37.66
L(.75) 7.04 4.77 4.06 5.18 8.97 13.50 36.58

W 7.00 4.52 3.83 5.03 8.82 13.35 36.24
MW 4.69 3.49 3.33 3.84 7.62 12.68 38.62
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*1 f l t l l l i l ! 35 uni 1 1 1 JfilH i l l l l l l l 4,00
5 20 t 0.63 1.37 2.30 4.84 10.55 16.94 40.66

F(.05) 4.80 4.90 5.25 6.13 11.28 18.80 46.40
F(.25) 5.49 5.43 6.23 7.85 12.83 19.36 43.98
F(.50) 5.51 5.35 6.01 7.98 12.75 18.99 41.96
F(.75) 5.49 5.10 5.71 7.62 12.15 17.76 39.79
L(.05) 4.51 4.20 4.18 5.58 11.18 19.57 57.38
L(.25) 5.92 5.87 6.46 8.02 12.80 20.22 51.97
L(.50) 5.54 5.60 6.39 8.28 12.83 19.50 47.11
L(.75) 5.49 5.19 5.87 7.87 12.18 17.92 41.98

W 5.49 4.78 5.32 7.42 11.55 16.60 37.24
MW 2.89 3.11 3.22 4.96 11.27 19.88 57.53

10 10 t 8.18 6.84 5.18 5.02 5.50 7.91 24.48
F(.05) 7.31 7.97 6.28 5.54 7.66 14.03 37.99
F(.25) 7.17 7.17 5.76 5.25 6.95 11.92 31.78
F(.50) 7.14 6.73 5.43 4.94 6.18 10.24 28.44
F(.75) 7.14 6.56 5.08 4.65 5.64 8.93 26.06
L(.05) 12.87 9.29 6.85 5.76 8.40 16.95 62.56
L(.25) 8.12 8.75 6.68 5.57 8.02 16.47 61.37
L(.50) 7.19 7.77 6.16 5.16 7.26 14.26 48.36
L(.75) 7.17 6.90 5.42 4.81 6.14 10.94 35.13

W 7.17 6.32 4.77 4.52 5.06 7.48 24.13
MW 13.23 9.13 6.68 5.46 8.13 16.79 62.57
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l i l l l l Test B M I M .67 KISS 1.50 4.00
10 20 t 2.32 2.97 3.35 4.67 8.50 12.74 28.93

F(.05) 6.10 6.71 6.19 6.13 10.71 18.41 36.32
F(.25) 6.15 6.06 5.71 6.55 10.46 15.75 31.08
F(.50) 6.15 5.79 5.44 6.29 9.68 14.23 28.76
F(.75) 6.15 5.72 5.18 6.02 8.97 12.90 27.31
L(.05) 9.99 7.90 6.21 5.69 11.34 23.29 70.10
L(.25) 6.34 7.40 6.58 6.72 11.81 22.84 61.18
L(.50) 6.16 6.38 5.93 6.52 11.30 19.74 46.49
L(.75) 6.15 5.84 5.36 6.05 9.72 15.46 35.92

W 6.15 5.61 4.83 5.65 8.19 11.09 26.13
MW 9.35 6.76 5.28 5.15 11.17 23.30 70.08

10 40 t 0.41 1.02 1.75 5.03 11.45 18.91 39.43
F(.05) 5.87 5.89 6.32 7.19 12.52 20.91 38.15
F(.25) 5.85 5.14 6.01 7.70 12.25 18.32 33.39
F(.50) 5.85 4.91 5.67 7.31 11.36 16.22 31.19
F(.75) 5.85 4.82 5.27 6.83 10.28 14.40 30.06
L(.05) 8.03 6.51 5.70 6.08 13.59 27.91 73.51
L(.25) 5.87 5.96 6.52 7.63 13.95 25.79 56.88
L(.50) 5.85 5.14 5.93 7.61 13.35 22.56 46.69
L(.75) 5.85 4.84 5.37 7.05 11.42 17.86 37.76

W 5.85 4.69 4.96 6.37 9.24 12.60 29.23
MW 6.41 4.63 4.08 5.39 13.75 28.23 77.64
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Bill lllll IIIBIlllll lllbllllll 2 ,0 0 4*00
20 20 t 7.37 6.36 5.57 4.79 5.71 7.67 18.86

FC05) 6.89 7.73 7.82 5.72 10.11 17.05 24.27
F(.25) 6.89 6.53 6.82 5.73 8.64 12.74 20.49
F(.50) 6.89 6.18 6.38 5.38 7.49 10.55 19.53
F(.75) 6.89 6.11 5.92 5.02 6.45 8.86 18.99
LC05) 8.03 11.66 8.76 5.48 12.17 29.34 88.90
L(.25) 6.90 8.22 8.21 5.88 11.92 26.35 71.66
L(.50) 6.89 6.74 7.32 5.53 10.16 19.15 45.63
LC.75) 6.89 6.27 6.39 5.13 7.70 12.87 30.60

W 6.89 6.09 5.46 4.68 5.55 7.41 18.77
MW 18.16 11.81 8.15 4.72 11.47 28.93 88.94

is always robust. Several of the preliminaiy test procedures are robust for 

the nl = n2 = 5 and nx = n2= 10 cases, but become liberal for the n1 = n2 = 

20 case because the MW test is more often used. For the moderate direct 

pairing cases, the t  test is always conservative, whereas, the Welch test is 

primarily robust. The MW test is sometimes conservative and sometimes 

liberal. The F(.50), F(.75), and L(.75) test procedures are generally robust 

in all cases.

For the R = 0.25 and 0.50 cases with equal sample sizes, all 

procedures are generally liberal. For the severe direct pairing cases, the t 

test is conservative. The MW test tends to be conservative for the n1:n2 =
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5:10 and 5:20 cases and liberal for the n{:n2 = 10:20 and 10:40 cases. The 

Welch test is generally robust. The F(.50), F(.75), and L(.75) test 

procedures are also generally robust. The preliminary F-ratio and Levene 

test procedure at a = 0.05 or 0.25 tend to be biased because the MW test is 

more often used.

For the R = 1.50 cases with equal sample sizes, the t test and the 

Welch test (minimum of 3.81%) are generally robust, whereas the MW test 

is severely liberal. None of the preliminary F-ratio and Levene test 

procedures are robust for the n1 = n2 = 20 case. For = n2 = 5 and n1 = n2 

= 10 cases, only the F(.75) test procedure is robust. For the moderate 

indirect pairing cases, all procedures are liberal.

For the R = 2 and 4 cases regardless of sample size combination, all 

procedures are liberal.

In summary, for the R  = 1 cases, the t test, the MW and the L(.05) 

test procedure are generally robust regardless of sample size configurations. 

For the R = 0.67 cases with balanced sample sizes, the t test, the Welch 

test, and the F(.75) test procedure are robust. For the moderate direct 

pairing cases, the Welch test, F(.50), F(.75), and L(.75) are robust. All 

procedures are liberal for the R  = 0.25 and 0.50 cases with equal sample 

sizes. For the severe direct pairing cases, the Welch test, the F(.50), F(.75), 

and L(.75) test procedures are generally robust. For the R = 1.50 cases 

with equal sample sizes, the Welch test, the t test, and the F(.75) are
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generally robust. For the moderate indirect pairing cases and the R  = 2  

and 4 cases, all procedures are liberal.

4.4 Overall Performance for the Asymmetric Distributions

As in Chapter III for the symmetric distributions, the results of the 

simulations for the lognormal and gamma distributions are combined in 

Tables 18-22 in order to evaluate the procedures for varying degrees of 

variance heterogeneity. The same five groupings (previously defined for the 

symmetric cases) are again formulated depending on R = a /a 2. These are: 

(1) R = 0.25 and 0.50, (2) R = 0.67, (3) R = 1 (equal variances), (4) R = 1.50, 

and (5) R = 2.0 and 4.0. The proportion of rejections is expressed as a 

percent for the t test, the Welch test, the MW test, the preliminary F-ratio 

test procedures, and the preliminary Levene test procedures which are 

tabulated for each R grouping over all (35) combinations of sample size 

pairs (7) and distributions (5). In Tables 18-22, the interval x < 2.5 is 

separated into two categories: x < 1 and 1 < x < 2.5 to yield more 

information concerning trends for the severe conservative cases. Also, the 

interval x > 1 0  is separated into two categories: 1 0 < x < 2 0  and x > 2 0  to 

examine in more detail the patterns for the severe liberal cases. The seven 

categories are listed below:

1 . x<Zl

2. 1 < x < 2.5
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3. 2.5 < x £ 4

4. 4 < x £ 6

5. 6  < x £ 10

6. 10 < * £ 2 0  

7. x > 20

Recall that value "x" represents the percentage of rejections for 

testing Ha: = p2 based on 10,000 simulations for each sample size

configuration. Each entry of the following tables denotes the frequency at 

which a<x<b  occurs. The outcome of a test procedure is defined as follows: 

Severely Conservative: If the simulated null rejection rate is <, 1. 

Extremely Conservative: If the simulated null rejection rate is > 1 and < 

2.5.

Conservative: If the simulated null rejection rate is > 2.5 and < 4.0. 

Robust: If the simulated null rejection rate is > 4.0 and < 6.0.

Liberal: If the simulated null rejection rate is > 6.0 and < 10.0. 

Extremely Liberal: If the simulated null rejection rate is > 10.0 and < 20.0. 

Severely Liberal: If the simulated null rejection rate is > 20.0.

R  = 1 (Equal Variance Case)

A summary of the simulated null rejection rates for the asymmetric 

distributions for the R = 1 cases is presented in Table 18. For the R = 1 

cases, the MW test and the L(.05) test procedure are robust. The t test is
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Table 18

Summary of Asymmetric Distributions: Frequency of Simulated 
Null Rejection Rate (%)* With Nominal 5% Level 

Equal Variances: R=a1/a2 = 1.0

test x£  I le x  <2.5 2J5< x  £4 4<x £6 6<x £10 10< x £20 l l l l l i l l Tefcl

t 0 3 7 25 0 0 0 35
F(.05) 0 3 5 20 7 0 0 35
F(.25) 1 3 6 13 12 0 0 35
F(.50) 1 4 5 14 11 0 0 35
F(.75) 1 4 6 13 11 0 0 35
L(.05) 0 0 1 32 2 0 0 35
L(.25) 0 1 4 17 13 0 0 35
L(.50) 1 3 6 13 12 0 0 35
U.75) 1 4 6 13 11 0 0 35

W 1 4 7 14 9 0 0 35
MW 0 0 2 33 0 0 0 35

♦Preliminary test procedures used Mann-Whitney-Wilcoxon test for equal variances and the Welch test for 
unequal variances. Table is based on the five asymmetric distributions lognormal ( 0, 0.40), lognormal ( 0, 
1.0), lognormal (0 , 1.75), G(3, 1), & G(2 , 1 )] and seven sample size pairs.
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robust for approximately 70% (25 of 35) of the cases but it can be 

conservative and even extremely conservative for some of the R = 1 cases. 

None of the procedures are extremely liberal.

R = 0.67 (Includes Moderate Direct Pairing Cases)

Table 19 summarizes the simulated null rejection rates for the 

asymmetric distributions for the R = 0.67 cases. The Welch test, the F(.50), 

F(.75), and L(.75) are robust in approximately 70% (25 of 35) of the R = 

0.67 cases. These procedures can be conservative and even extremely 

conservative for some R = 0.67 cases. The t test is conservative or 

extremely conservative for almost 50% (16 of 35) of the R = 0.67 cases. The 

MW test are liberal or extremely liberal in more than 50% (19 of 35) of 

these cases. Overall, the preliminary test procedures using the Levene test 

are much slower to counteract the liberalism of the MW test than are the 

preliminary F-ratio test procedures.

R = 0.25 and 0.50 (Includes Severe Direct Pairing Cases)

The simulated null rejection rates for the asymmetric distributions 

for the R = 0.25 and 0.50 cases are summarized in Table 20. For the R = 

0.25 and 0.50 cases, the Welch test, the F(.50), F(.75), and L(.75) test 

procedures are the most robust. The t test can be severely conservative as 

well as extremely liberal. The MW test is primarily liberal or extremely
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Table 19

Summary of Asymmetric Distributions: Frequency of Simulated 
Null Rejection Rate (%)♦ With Nominal 5% Level 

R=al/a2 -  0.67

test 1<*£2.5 4<* <6 6 < x £ l0 l(kx:£20 *>20 | Tom
t 0 7 9 17 2 0 0 35

F(.05) 0 2 5 14 14 0 0 35

F(.25) 0 2 4 20 9 0 0 35

F(.50) 0 2 4 25 4 0 0 35

F(.75) 0 4 5 25 1 0 0 35

L(.05) 0 0 5 11 17 2 0 35

L(.25) 0 0 2 14 18 1 0 35

L(.50) 0 2 4 19 10 0 0 35

LC75) 0 3 3 25 4 0 0 35

W 0 4 6 25 0 0 0 35

MW 0 0 8 8 17 2 0 35

♦Preliminary test procedures used Mann-Whitney-Wilcoxon test for equal variances and the Welch test for 
unequal variances. Table is based on the five asymmetric distributions lognormal (0, 0.40), lognormal (0,1.0), 
lognormal (0, 1.75), GK3, 1), & G(2, 1)] and seven sample size pairs.
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liberal for the R = 0.25 and 0.50 cases. Overall, the preliminary test 

procedures using the Levene test are much slower to counteract the 

liberalism of the MW test than are the preliminary F-ratio test procedures.

R = 1.50 (Includes Moderate Indirect Pairing Cases)

Table 21 summarizes the simulated null rejection rates for the 

asymmetric distributions for the R = 1.50 cases. All procedures tend to be 

liberal or extremely liberal for the R = 1.50 cases. Excluding the MW test, 

the L(.05), and the L(.25) test procedures, the procedures can be 

occasionally extremely conservative.

R  = 2 and 4 (Includes Severe Indirect Pairing Cases)

The simulated null rejection rates for the asymmetric distributions 

for the R = 2 and 4 cases are summarized in Table 22. All procedures are 

extremely or severely liberal for at least 50% of the R = 2 and 4 cases.

4.5 Summary

In summary, for the case of variance homogeneity, the MW test and 

the L(.05) test procedure are robust. Although all procedures evaluated are 

fairly robust for the equal variance cases. The Welch test, the F(.50), 

F(.75), and L(.75) are robust in approximately 70% of the 72=0.67 cases. For 

the J?=0.25 and 0.50 cases, the Welch test, the F(.50), F(.75), and L(.75) test
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procedures are the most robust. The best procedure is the F(.75) procedure 

which is only robust for 50% of the 72=0.25 and 0.50 cases. For the 72=1.50, 

2.0, and 4.0 cases, all procedures range from liberal to severely liberal. As 

the 72 values increase, the procedures tend to become more liberal.
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Table 20

Summary of Asymmetric Distributions: Frequency of Simulated 
Null Rejection Rate (%)* With Nominal 5% Level 

R=a1/c2 = 0.25 and 0.50

test x 51 1< x £2.5 2.5<x <A 4<x<£ 6< x£l0 10<x£2G x >20 Total
t 8 9 12 4 28 9 0 70

F(.05) 0 0 4 21 27 14 4 70

F(.25) 0 2 0 26 31 9 2 70
F(.50) 0 2 2 31 25 9 1 70
F(.75) 0 2 3 35 23 6 1 70
L(.05) 0 0 5 8 32 13 12 70
L(.25) 0 0 1 19 30 11 9 70
L(.50) 0 1 1 22 29 13 4 70

L(.75) 0 2 0 31 26 9 2 70
W 0 4 6 33 22 5 0 70

MW 0 4 9 6 22 16 13 70

♦Preliminary test procedures used Mann-Whitney-Wilcoxon test for equal variances and the Welch test for 
unequal variances. Table is based on the five asymmetric distributions lognormal (0,0.40), lognormal (0,1.0), 
lognormal (0, 1.75), GK3, 1), & G(2 , 1 )] and seven sample size pairs.
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Table 21

Summary of Asymmetric Distributions: Frequency of Simulated 
Null Rejection Rate (%)♦ With Nominal 5% Level 

R=a1/c2 = 1.50

test *£1 1< x <2.5 2.6< x £4 I 6< X <10 IGkx £20 x >20 Total

t 0 4 3 15 7 6 0 35

F(.05) 0 1 3 5 16 10 0 35

F(.25) 1 2 2 5 15 10 0 35

F(.50) 1 2 2 8 15 7 0 35

F(.75) 1 2 2 11 13 6 0 35

L(.05) 0 0 0 1 24 10 0 35
L(.25) 0 0 1 6 14 14 0 35

L(.50) 1 1 2 5 14 12 0 35

LC.75) 1 2 2 7 17 6 0 35

W 1 3 4 9 13 5 0 35

MW 0 0 0 1 24 10 0 35

♦Preliminary test procedures used Mann-Whitney-Wilcoxon test for equal variances and the Welch test for 
unequal variances. Table is based on the five asymmetric distributions lognormal (0,0.40), lognormal (0,1.0), 
lognormal (0, 1.75), G(3, 1 ), & G(2 , 1 )] and seven sample size pairs.
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Table 22

Summary of Asymmetric Distributions: Frequency of Simulated 
Null Rejection Rate (%)♦ With Nominal 5% Level 

R=al/c2 = 2.0 and 4.0

test x <1.0 l<x £2.8 2.5< X <4 4 cx£6 €kx £10 10<*£20 x  >20 Total

t 0 4 8 2 17 23 16 70

F(.05) 0 1 1 3 10 27 28 70

F(.25) 0 2 2 2 12 27 25 70
F(.50) 0 2 2 2 13 29 22 70

F(.75) 1 1 3 3 16 25 21 70
L(.05) 0 0 0 0 6 26 38 70
L(.25) 0 0 1 1 7 23 38 70

IX.50) 1 1 2 1 11 23 31 70

L(.75) 1 1 2 3 12 27 24 70

W 1 2 2 4 17 24 20 70

MW 0 0 0 0 7 25 38 70

♦Preliminary test procedures used Mann-Whitney-Wilcoxon test for equal variances and the Welch test for 
unequal variances. Table is based on the five asymmetric distributions lognormal (0,0.40), lognormal (0,1.0), 
lognormal (0 , 1.75), GK3, 1), & G(2 , 1 )] and seven sample size pairs.
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CHAPTER V

CONTAMINATED NORMAL DISTRIBUTIONS

5.1 Introduction

This chapter examines the performance of the preliminary variance 

equality test procedures for the two contaminated normal distributions, one 

being symmetric with 1 0 % of the random realizations in the child 

distribution; and the other being asymmetric with 5% of the random 

realizations in the child distribution. Presented are the simulated null 

rejection rates for testing the hypothesis H0: m = p2 after utilizing the two 

types of preliminary tests of variance homogeneity for each of the 

contaminated normal distributions.

Preliminary testing for the symmetric contaminated normal 

distribution is conducted in the same manner as described in Chapter III 

for symmetric cases. When the preliminary test for variance homogeneity 

is found not to be significant the t test is employed; otherwise, the Welch 

test is used.

Preliminary testing for the asymmetric contaminated normal 

distribution is conducted in the same manner as described in Chapter IV 

for asymmetric cases. When the test for variance homogeneity is found to

124
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be not significant at the specified level, the Mann-Whitney-Wilcoxon test is 

employed; otherwise the Welch test is used.

For both the asymmetric and symmetric contaminated normal cases, 

the test of equality of means is conducted at a significance level of 5%.

Tables 23 and 24 present the simulated null rejection rates where the 

proportion of rejections is expressed as a percent for the symmetric and 

asymmetric contaminated normal distributions, respectively. Each entry 

is again the result of ten thousand simulation runs. The format of Tables 

23 and 24 is the same format as described in Chapter III for Tables 4-7. 

For each distribution, the results are given for the seven selected sample 

size configurations. For each of the seven sample size combinations, the 

simulated null rejection rate is reported for the three cases of direct 

pairing, the three cases of indirect pairing, in addition to the case of 

variance homogeneity. The test of variance homogeneity in the preliminary 

test procedures is again conducted at significance levels of 0.05, 0.25,0.50, 

and 0.75.

The results are presented, but not individually discussed for the 

symmetric and asymmetric cases. An overall assessment is made in the 

next section.

5.2 Overall Performance for the Contaminated Normal Distributions

To evaluate the overall performance of the test procedures for
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Table 23

Symmetric Contaminated Normal with p  = 0.10: Simulated Null 
Rejection Rate (%) With Nominal 5% Level

l l l l l l iffiiii
nt nt Test 0.25 0.50 0.67 1.00 1.50 2 M 4.00

5 5 t 3.07 3.48 3.76 4.15 3.76 3.48 3.07
F(.05) 2.90 3.32 3.60 3.97 3.60 3.32 2.90
F(.25) 2.49 2.81 3.09 3.50 3.09 2.81 2.49
F(.50) 2.38 2.67 2.94 3.28 2.94 2.67 2.38
F(.75) 2.35 2.61 2.87 3.20 2.87 2.61 2.35
L(.05) 3.01 3.44 3.74 4.13 3.74 3.44 3.01
L(.25) 2.75 3.15 3.41 3.79 3.41 3.15 2.75
L(.50) 2.46 2.77 3.06 3.38 3.06 2.77 2.46
L(.75) 2.36 2.62 2.91 3.24 2.91 2.62 2.36

W 2.29 2.54 2.78 3.13 2.78 2.54 2.29
MW

I l i l l l l l i

5.63 5.68 5.73 5.71 5.73
* 1 1 1

5.68
llllllilli

5.63

5 10 t 2.41 3.09 3.46 4.31 4.62 4.49 4.24
F(.05) 2.27 3.00 3.41 4.00 3.48 3.09 2.41
F(.25) 2.31 3.11 3.60 3.92 3.41 3.07 2.64
F(.50) 2.34 3.27 3.78 4.02 3.46 3.16 2.80
F(.75) 2.36 3.27 3.78 3.93 3.38 3.08 2.72
L(.05) 2.36 3.04 3.41 4.30 4.44 4.22 3.47
L(.25) 2.37 3.11 3.61 4.38 3.93 3.57 2.90
L(.50) 2.37 3.24 3.78 4.26 3.79 3.41 2.87
L(.75) 2.43 3.38 3.89 4.03 3.50 3.19 2.79

W 2.32 3.18 3.73 3.82 3.25 3.00 2.66
MW 4.03 4.09 4.12 4.02 4.13 4.16 4.20
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Table 23-Continued 127

IMiillllll
n* * 3 0,26 0.00 0.07 1.00 1.80 2.00 4,00
5 20 t 1.68 2.53 3.24 4.94 7.87 9.84 14.95

F(.05) 2.36 3.13 3.42 4.28 3.84 3.25 2.62
F(.25) 2.76 3.80 4.43 4.99 4.09 3.94 3.36
F(.50) 2.73 3.95 4.59 4.96 4.21 4.02 3.48
F(.75) 2.63 3.82 4.46 4.71 4.05 3.79 3.34
L(.05) 1.48 2.29 2.98 4.83 6.36 7.36 9.73
L(.25) 1.51 2.42 3.30 5.15 4.93 4.55 3.80
L(.50 2.47 3.63 4.34 5.38 4.63 4.28 3.67
L(.75) 2.62 3.88 4.58 5.00 4.21 3.95 3.52

W 2.55 3.70 4.23 4.41 3.80 3.53 3.18
MW 4.46 4.64 4.77 4.92 5.19 5.25 5.41

10 10 t 2.41 3.22 3.64 4.34 3.64 3.22 2.41
F(.05) 2.26 3.01 3.46 4.24 3.46 3.01 2.26
F(.25) 2.15 2.90 3.36 4.05 3.36 2.90 2.15
F(.50) 2.15 2.89 3.36 4.02 3.36 2.89 2.15
F(.75) 2.15 2.89 3.35 4.01 3.35 2.89 2.15
L(.05) 2.40 3.21 3.63 4.30 3.63 3.21 2.40
L(.25) 2.29 3.08 3.53 4.17 3.53 3.08 2.29
L(.50) 2.19 2.96 3.37 4.07 3.37 2.96 2.19
L(.75) 2.15 2.89 3.35 4.03 3.35 2.89 2.15

W 2.13 2.88 3.34 3.99 3.34 2.88 2.13
MW 5.24 5.21 5.22 5.20 5.22 5.21 5.24
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lilfllill Ratio «

** *h I l f l l l i 0.26 0.60 0.07 1.00 Ip iiM 2.00 4.00
10 20 t 1.81 2.83 3.64 4.49 5.35 5.86 5.95

F(.05) 2.35 3.58 4.09 4.22 3.49 3.09 2.12
F(.25) 2.36 3.76 4.29 4.16 3.44 2.91 2.14
F(.50) 2.36 3.82 4.30 4.18 3.37 2.88 2.17
F(.75) 2.32 3.82 4.28 4.13 3.30 2.78 2.12
L{.05) 1.73 2.75 3.51 4.40 4.99 5.22 4.45
L(.25) 1.73 2.77 3.60 4.42 4.21 3.86 2.72
L(.50) 2.19 3.38 3.98 4.24 3.75 3.24 2.37
U.75) 2.30 3.69 4.25 4.22 3.42 2.93 2.19

W 2.27 3.78 4.25 4.04 3.20 2.74 2.06
MW 5.06 5.14 5.23 4.83 4.96 4.99 5.08

10 40 t 0.49 1.54 2.59 5.25 9.54 13.00 20.71
F(.05) 3.45 3.99 4.05 4.55 3.98 3.29 2.21
F(.25) 3.56 4.35 4.56 4.71 3.79 3.22 2.37
F(.50) 3.58 4.37 4.60 4.70 3.80 3.31 2.49
F(.75) 3.57 4.33 4.53 4.56 3.74 3.30 2.50

L(.05) 0.45 1.45 2.42 4.91 7.12 8.49 10.5
L(.25) 0.78 2.04 3.11 4.87 4.87 4.59 3.15
L(.50) 2.79 3.56 4.09 4.92 4.30 3.85 2.76
L(.75) 3.37 4.08 4.37 4.73 4.03 3.42 2.55

W 3.56 4.31 4.40 4.47 3.71 3.20 2.44
MW 4.31 4.44 4.54 5.48 5.72 5.79 5.89
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Ratio

*h Test 0.25 0.50 0.07 LOO 111! 2.00 , o;bo
20 20 t 2.09 3.32 3.32 4.49 3.32 3.32 2.09

F(.05) 1.85 3.13 3.13 4.47 3.13 3.13 1.85
F(.25) 1.85 3.12 3.12 4.46 3.12 3.12 1.85
F(.50) 1.85 3.12 3.12 4.45 3.12 3.12 1.85
F(.75) 1.85 3.12 3.12 4.45 3.12 3.12 1.85
L(.05) 2.08 3.31 3.31 4.49 3.31 3.31 2.08
L(.25) 1.88 3.20 3.20 4.46 3.20 3.20 1.88
L(.50) 1.85 3.13 3.13 4.46 3.13 3.13 1.85
L(.75) 1.85 3.12 3.12 4.46 3.12 3.12 1.85

W 1.85 3.12 3.12 4.45 3.12 3.12 1.85
MW 4.74 4.71 4.71 4.59 4.71 4.71 4.74

varying degrees of variance heterogeneity, the results of the simulation for 

the symmetric contaminated normal and the asymmetric contaminated 

normal are combined across the seven selected sample size pairs in Tables 

25-29 and Tables 30-34, respectively. The format used in Tables 25-29 and 

Tables 30-34 is the same format as used in Chapter IV for Tables 18-22 

where the five groups are determined by the R = o /a 2 values. These are: 

(1) R = 0.25 and 0.50, (2) R = 0.67, (3) R = 1 (equal variances), (4) R = 1.50, 

(5) R = 2.0 and 4.0. The proportion of rejections is expressed as a percent 

for the t test, the Welch test, the MW test, the preliminary F-ratio test 

procedures, and the preliminary Levene test procedures, which are 

tabulated for each R grouping over all (7) sample size pairs. The interval
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Table 24

Asymmetric Contaminated Normal with p  = 0.05: Simulated Null 
Rejection Rate (%) With Nominal 5% Level

-

■11 llllli 0.50 0.67 LOO 1.50 2.00 400
5 5 t 3.44 3.48 3.53 3.53 3.53 3.48 3.44

F(.05) 3.71 3.85 3.91 3.88 3.91 3.85 3.71
F(.25) 3.31 3.36 3.43 3.45 3.43 3.36 3.31
F(.50) 3.02 3.05 3.10 3.12 3.10 3.05 3.02
F(.75) 2.85 2.90 2.94 2.94 2.94 2.90 2.85
L(.05) 5.60 5.57 5.51 5.52 5.51 5.57 5.60
L(.25) 5.18 5.14 5.03 5.03 5.02 5.14 5.18
L(.50) 3.25 3.34 3.42 3.40 3.42 3.34 3.25
L(.75) 2.88 2.93 2.99 2.99 2.99 2.93 2.88

W 2.64 2.68 2.72 2.74 2.72 2.68 2.64
MW 5.62 5.59 5.53 5.54 5.53 5.59 5.62ill®mii— — l i i l i111*

5 10 t 3.35 3.41 3.53 3.69 3.55 3.38 3.13
F(.05) 2.59 2.65 2.76 2.52 2.60 2.51 2.39
F(.25) 2.64 2.83 2.91 2.65 2.71 2.59 2.50
F(.50) 2.77 2.95 3.05 2.63 2.70 2.59 2.51
F(.75) 2.80 2.98 3.09 2.70 2.72 2.66 2.58
L(.05) 4.13 4.11 4.15 3.94 4.10 4.12 4.13
L(.25) 3.94 3.96 3.99 3.67 3.73 3.63 3.43
L(.50) 3.37 3.50 3.52 3.11 3.13 3.07 2.94
L(.75) 3.04 3.24 3.33 2.78 2.81 2.68 2.63

W 2.85 3.03 3.16 2.67 2.64 2.60 2.56
MW 4.13 4.11 4.15 3.96 4.08 4.13 4.15
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Table 24-Continued

llllllti f i l l i p

1 1 1 Test 0.26 — i l l 1 1 1 1 1 1.00 1.50 2.00 4.00
5 20 t 5.40 5.88 6.15 6.11 7.36 8.76 11.88

F(.05) 2.45 2.90 3.02 4.22 4.04 3.94 3.87
F(.25) 2.47 2.99 3.11 4.38 4.20 4.08 4.08
F(.50) 2.34 2.84 3.01 4.26 4.11 4.00 4.00
F(.75) 2.17 2.64 2.86 3.99 3.88 3.79 3.77
IX.05) 4.98 4.93 4.89 4.93 4.95 4.92 4.75
L(.25) 4.82 4.82 4.76 4.93 4.81 4.65 4.52
L(.50) 4.25 4.30 4.20 5.14 4.88 4.82 4.76
L(.75) 2.47 2.82 3.05 4.21 4.04 3.96 3.99

W 1.96 2.43 2.67 3.73 3.58 3.51 3.52

MW 5.12 5.12 5.07 5.12 5.18 5.23 5.27

10 10 t 2.51 2.68 2.73 2.87 2.73 2.68 2.51
F(.05) 2.45 2.77 2.80 2.87 2.80 2.77 2.45
F(.25) 2.28 2.51 2.59 2.64 2.59 2.51 2.28
F(.50) 2.28 2.47 2.52 2.60 2.52 2.47 2.28

F(.75) 2.33 2.48 2.52 2.63 2.52 2.48 2.33

L(.05) 5.30 5.26 5.20 5.15 5.20 5.26 5.30
L(.25) 4.70 4.65 4.61 4.54 4.61 4.65 4.70
L(.50) 2.64 3.00 2.99 2.97 2.99 3.00 2.64
L(.75) 2.44 2.66 2.71 2.79 2.71 2.66 2.44

W 2.27 2.42 2.47 2.59 2.47 2.42 2.27
MW 5.32 5.28 5.22 5.17 5.22 5.28 5.32
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Table 24-Continued

Ratio ttC/ora

jjjjjjj 0.26 limn 0.67 1.00 1.50 2.00 4.00

10 20 t 2.91 3.10 3.33 3.05 2.80 2.71 2.77
F(.05) 1.70 2.27 2.51 2.93 2.76 2.67 2.41
F(.25) 1.65 2.10 2.36 2.82 2.68 2.54 2.35
F(.50) 1.65 2.06 2.34 2.65 2.62 2.48 2.30
F(.75) 1.56 1.96 2.24 2.61 2.53 2.47 2.32
L(.05) 5.21 5.14 5.12 4.87 4.81 4.85 4.84
L(.25) 4.45 4.40 4.37 4.38 4.29 4.23 3.82
L(.50) 2.58 2.97 3.11 3.30 3.14 3.02 2.72

L(.75) 1.75 2.26 2.45 2.85 2.81 2.69 2.48

W 1.51 1.91 2.10 2.56 2.52 2.45 2.31
MW 5.33 5.25 5.21 4.98 4.95 4.97 4.97

10 40 t 3.12 4.21 4.75 5.48 7.16 9.52 15.42

F(.05) 1.82 2.94 3.46 5.48 5.39 5.26 4.80
F(.25) 1.61 2.66 3.25 5.23 5.29 5.20 4.74
F(.50) 1.45 2.48 2.93 5.14 5.26 5.08 4.70
F(.75) 1.38 2.36 2.82 5.03 5.13 4.98 4.61

L(.05) 4.89 4.75 4.73 4.72 4.73 4.90 4.81

L(.25) 4.73 4.48 4.41 4.71 4.53 4.51 4.03
L(.50) 3.70 4.05 4.27 5.58 5.55 5.32 4.98
L(.75) 2.02 2.84 3.27 5.14 5.27 5.07 4.73

W 1.31 2.23 2.79 4.86 5.00 4.84 4.54

MW 5.03 4.93 4.95 5.13 5.20 5.39 5.52
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Table 24-Continued 133

<NjBl illlllll

#1 111! Test 0.26 0.50 0.07 1.00 1111 BIIB 4.00
20 20 t 1.91 2.30 2.39 2.73 2.39 2.30 1.91

F(.05) 1.78 2.33 2.51 2.83 2.51 2.33 1.78
F(.25) 1.77 2.16 2.42 2.57 2.42 2.16 1.77
F(.50) 1.72 2.13 2.29 2.46 2.29 2.13 1.72

F(.75) 1.75 2.14 2.21 2.44 2.21 2.14 1.75
L(.05) 5.26 5.21 5.14 5.20 5.14 5.21 5.26
L(.25) 4.17 4.16 4.23 4.54 4.23 4.16 4.17
L(.50) 2.34 2.80 3.03 3.24 3.03 2.80 2.34

U.75) 1.83 2.33 2.47 2.67 2.47 2.33 1.83

W 1.73 2.06 2.17 2.36 2.17 2.06 1.73

MW 5.22 5.15 5.06 5.14 5.06 5.15 5.22

x < 2.5 is separated into two categories: x < l  and 1 < x < 2.5 to yield more 

information concerning trends for the severe conservative cases. The 

interval x > 1 0  is separated into two categories: 1 0  < x < 2 0  and x > 2 0  in 

order to examine more closely the patterns for the severe liberal cases. The 

seven categories are listed below:

1 . x < l

2. 1 < x < 2.5

3. 2.5 < x < 4

4. 4 < x £ 6

5. 6  < * £ 1 0

6 . 1 0  < x £ 2 0
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7. * > 2 0

The value "*" represents the percentage of rejections for testing H0: 

(ii =\i2 based on 1 0 , 0 0 0  simulations for each sample size configuration. 

Each entry of the following tables denotes the frequency at which a < x < 

b occurs. A test procedure is defined to be severely conservative, extremely 

conservative, conservative, robust, liberal, extremely liberal, or severely 

liberal as defined in Chapter IV.

5.2.1 Symmetric Contaminated Normal (0.1) with p = 0 . 1 0

R = 1 (Equal Variance Cases)

A summary of the simulated null rejection rates for the symmetric 

contaminated normal distribution for the equal variance cases is presented 

in Table 25. The t test, the MW test, and the L(.05) test procedure are 

robust. The other preliminary test procedures are generally robust. The 

Welch test is slightly more conservative than the other procedures.

R -  0.25. 0.50. and 0.67 (Includes All Direct Pairing Cases)

Results of the simulated null rejection rates for the symmetric 

contaminated normal distribution for the R = 0.25,0.50, and 0.67 cases are 

summarized in Tables 27 and 26, respectively. The MW test is robust, 

whereas the other procedures are conservative or extremely conservative.
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Table 25

Summary of Symmetric Contaminated Normal Distribution With p=0.10: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level 

Equal Variances: R=ol/<52 -  1.00

test x-Sl.0 l<x<2.5 2.5< x <4 4 < x l6 6<X£i0 Kk*S20 X >20 Total

t 0 0 0 7 0 0 0 7

FC05) 0 0 2 5 0 0 0 7

F(.25) 0 0 2 5 0 0 0 7

F(.50) 0 0 2 5 0 0 0 7

F(.75) 0 0 2 5 0 0 0 7
L(.05) 0 0 0 7 0 0 0 7
L(.25) 0 0 2 5 0 0 0 7
L(.50) 0 0 1 6 0 0 0 7

L(.75) 0 0 1 6 0 0 0 7

W 0 0 3 4 0 0 0 7

MW 0 0 0 7 0 0 0 7

♦Preliminary test procedures used t  test for equal variances and the Welch test for unequal variances.

Table is based on the seven sample size pairs.
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Table 26

Summary of Symmetric Contaminated Normal Distribution With p=0.10: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level

R=ax/a2 = 0.67

test x £1.0 le x  £2.5 2.5<x £4 4<x<® 6 « * £ l0 10ex £20 *>20 Total

t 0 0 6 0 1 0 0 7

FC05) 0 0 6 1 0 0 0 7

F(.25) 0 0 5 2 0 0 0 7

F(.50) 0 0 5 2 0 0 0 7

F(.75) 0 0 5 2 0 0 0 7

L(.05) 0 0 6 0 1 0 0 7
L(.25) 0 0 6 1 0 0 0 7

L(.50) 0 0 5 2 0 0 0 7

L(.75) 0 0 4 3 0 0 0 7

W 0 0 5 2 0 0 0 7

MW 0 0 0 7 0 0 0 7

*Preliminary test procedures used t  test for equal variances and the Welch test for unequal variances.

Table is based on the seven sample size pairs.
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Table 27

Summary of Symmetric Contaminated Normal Distribution With p=0.10: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level

R=o1/g2 = 0.25 and 0.50

test x£1.0 1 <*£2.5 2.5<*£4 4<* £6 6<x £10 ltk*£20 * >20 Total

t 1 7 6 0 0 0 0 14

F(.05) 0 5 9 0 0 0 0 14

F(.25) 0 5 8 1 0 0 0 14

F(.50) 0 5 8 1 0 0 0 14

F(.75) 0 5 8 1 0 0 0 14

L(.05) 1 8 5 0 0 0 0 14

U.25) 1 8 5 0 0 0 0 14

L(.50) 0 7 7 0 0 0 0 14

L(.75) 0 5 8 1 0 0 0 14

W 0 5 8 1 0 0 0 14

MW 0 0 0 14 0 0 0 14

♦Preliminary test procedures used t test for equal variances and the Welch test for unequal variances.

Table is based on the seven sample size pairs.
09
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The conservatism increases as the degree of variance heterogeneity increases.

R = 1.50. 2.0. and 4.0 (Includes All Indirect Pairing Cases)

Results of the simulated null rejection rates for the symmetric 

contaminated normal distribution for the R = 1.50, 2.0, and 4.0 cases are 

summarized in Tables 28 and 29, respectively. The MW test is robust, 

whereas the other procedures are conservative or extremely conservative. 

The conservatism increases as the degree of variance heterogeneity increases.

5.2.2 Asymmetric Contaminated Normal (0 .1 ) with p = 0.05

R = 1 (Equal Variance Cases)

A summary of the simulated null rejection rates for the asymmetric 

contaminated normal distribution for the equal variance cases is presented 

in Table 30. Table 30 shows the MW test, the L(.05), and the L(.25) test 

procedures are robust. The t test, the Welch test, the preliminary F-ratio test 

procedures, and the remaining preliminary Levene test procedures are 

somewhat conservative.

R = 0.25. 0.50. and 0.67 (Includes All Direct Pairing Cases)

Results of the simulated null rejection rates for the asymmetric 

contaminated normal distribution for the R = 0.25, 0.50, and 0.67 cases are
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Table 28

Summary of Symmetric Contaminated Normal Distribution With p=0.10: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level

.R=o1/<j2 = 1.50

test x  51.0 1< x  £2.5 2.5< * <4 4<*<6 6< x  <10 l(k x£20 Total

t 0 0 3 2 2 0 0 7

F(.05) 0 0 7 0 0 0 0 7

F(.25) 0 0 6 1 0 0 0 7

F(.50) 0 0 6 1 0 0 0 7

F(.75) 0 0 6 1 0 0 0 7

LC05) 0 0 3 2 2 0 0 7

L(.25) 0 0 4 3 0 0 0 7

L(.50) 0 0 5 2 0 0 0 7

L(.75) 0 0 5 2 0 0 0 7

W 0 0 7 0 0 0 0 7

MW 0 0 0 7 0 0 0 7

♦Preliminary test procedures used t test for equal variances and the Welch test for unequal variances. 

Table is based on the seven sample size pairs.
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Table 29

Summary of Symmetric Contaminated Normal Distribution With p=0.10: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level

R=a1/a2 = 2.00 and 4.00

test x  <1.0 1<*£2.5 2.5<*<4 4<Jc<6 6<*£10 10<*£2O — S Total

t 0 2 4 4 1 2 i 14

F(.05) 0 5 9 0 0 0 0 14

F(.25) 0 5 9 0 0 0 0 14

F(.50) 0 5 8 1 0 0 0 14

F(.75) 0 5 9 0 0 0 0 14

U.05) 0 2 5 3 3 1 0 14
U.25) 0 2 10 2 0 0 0 14
L(.50) 0 4 9 1 0 0 0 14

U.75) 0 4 10 0 0 0 0 14

W 0 5 9 0 0 0 0 14

MW 0 0 0 14 0 0 0 14

♦Preliminary test procedures used t test for equal variances and the Welch test for unequal variances.

Table is based on the seven sample size pairs.
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Table 30

Summary of Asymmetric Contaminated Normal Distribution With p - 0.05: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level 

Equal Variances: R=a1/a2 = 1.00

test x <1.0 l<x£2.8 2.5<X£4 4<x £6 6<x £10 10<x£20 *>20

t 0 0 5 1 1 0 0 7
FC05) 0 0 5 2 0 0 0 7
F(.25) 0 0 5 2 0 0 0 7
F(.50) 0 1 4 2 0 0 0 7
F(.75) 0 1 5 1 0 0 0 7
LC05) 0 0 1 6 0 0 0 7
L(.25) 0 0 1 6 0 0 0 7
LC50) 0 0 5 2 0 0 0 7
L(.75) 0 0 5 2 0 0 0 7

W 0 1 5 1 0 0 0 7
MW 0 0 1 6 0 0 0 7

♦Preliminary test procedures used Mann-Whitney Wilcoxon test for equal variances and the Welch test for 
unequal variances.

Table is based on the seven sample size pairs. m
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Table 31

Summary of Asymmetric Contaminated Normal Distribution With p=0.05: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level

R=a1/c2 -  0.67

test x<:i 1< X  <2.5 2.5<x <A 4cx S fi 6 c * £ l0 1 0 cx £26 X>26 Total

t 0 1 4 1 1 0 0 7

F(.05) 0 0 7 0 0 0 0 7

F(.25) 0 2 5 0 0 0 0 7

F(.50) 0 2 5 0 0 0 0 7

F(.75) 0 2 5 0 0 0 0 7

IX.05) 0 0 0 7 0 0 0 7

L(.25) 0 0 1 6 0 0 0 7

L(.50) 0 0 5 2 0 0 0 7

L(.75) 0 2 5 0 0 0 0 7

W 0 3 4 0 0 0 0 7

MW 0 0 0 7 0 0 0 7

•Preliminary test procedures used Mann-Whitney Wilcoxon test for equal variances and the Welch test for 
unequal variances.

Table is based on the seven sample size pairs. 142
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Table 32

Summary of Asymmetric Contaminated Normal Distribution With p=0.05: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level

R=a1/a2 -  0.25 and 0.50

test * <1.0 l< x  £2.6 2.5< X <A 4cjtf5£ 6<*£10 1O<*£20 *>20 Total

t 0 2 9 3 0 0 0 14

F(.05) 0 7 7 0 0 0 0 14

F(.25) 0 7 7 0 0 0 0 14

F(.50) 0 9 5 0 0 0 0 14

F(.75) 0 9 5 0 0 0 0 14

L(.05) 0 0 0 14 0 0 0 14

IX.25) 0 0 2 12 0 0 0 14

L(.50) 0 1 10 3 0 0 0 14

IX.75) 0 7 7 0 0 0 0 14

W 0 10 4 0 0 0 0 14

MW 0 0 0 14 0 0 0 14

*Preliminary test procedures used Mann-Whitney Wilcoxon test for equal variances and the Welch test for 
unequal variances.

Table is based on the seven sample size pairs. ^
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Table 33

Summary of Asymmetric Contaminated Normal Distribution With p=0.05: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level

R=a1/a2 = 1.50

test *51.0 1< x  52.5 2.5«*54 4<*56 <kx 510 1O<*520 *>20 ToW

t 0 1 4 0 2 0 0 7

F(.05) 0 0 5 2 0 0 0 7

F(.25) 0 1 4 2 0 0 0 7

FC50) 0 1 4 2 0 0 0 7

FC75) 0 1 5 1 0 0 0 7

L(.05) 0 0 0 7 0 0 0 7
L(.25) 0 0 1 6 0 0 0 7

L(.50) 0 0 5 2 0 0 0 7

L(.75) 0 1 4 2 0 0 0 7

W 0 2 4 1 0 0 0 7

MW 0 0 0 7 0 0 0 7

♦Preliminary test procedures used Mann-Whitney Wilcoxon test for equal variances and the Welch test for 
unequal variances.

Table is based on the seven sample size pairs. 144
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Table 34

Summary of Asymmetric Contaminated Normal Distribution With p=0.05: Frequency 
of Simulated Null Rejection Rate (%)* With Nominal 5% Level

i?=a/og = 2.00 and 4.00

test *£1.0 1< * 52.6 2.5<x <4 4<x£6 $<*£10 lQ<x£20 x >20 Total

t 0 2 8 0 2 0 0 14

F(.05) 0 5 7 2 0 0 0 14

F(.25) 0 5 5 4 0 0 0 14

F(.50) 0 6 6 2 0 0 0 14

F(.75) 0 6 6 2 0 0 0 14

L(.05) 0 0 0 14 0 0 0 14

L(.25) 0 0 3 11 0 0 0 14

L(.50) 0 1 9 4 0 0 0 14

IX.75) 0 4 8 2 0 0 0 14

W 0 6 6 2 0 0 0 14

MW 0 0 0 14 0 0 0 14

♦Preliminary test procedures used Mann-Whitney Wilcoxon test for equal variances and the Welch test for 
unequal variances.

Table is based on the seven sample size pairs. 145
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summarized in Tables 32 and 31, respectively. The MW test, the L(.05) and 

the L(.25) test procedures are robust for the R  = 0.25, 0.50, and 0.67 cases. 

The t test, the Welch test, and the other preliminary test procedures are 

conservative and can be extremely conservative. As the degree of variance 

heterogeneity increases, the conservatism of these procedures increases.

R = 1.50. 2.0. and 4.0 (Includes All Indirect Pairing Cases)

Results of the simulated null rejection rates for the asymmetric 

contaminated normal distribution for the R = 1.50, 2.0, and 4.0 cases are 

summarized in Tables 33 and 34, respectively. The MW test, the L(.05), and 

the L(.25) test procedures are robust for these cases. The t test, the Welch 

test, and the other preliminary test procedures are conservative and can be 

extremely conservative. As the degree of variance heterogeneity increases, 

the conservatism of these test procedures increases.

5.3 Summary

For the symmetric contaminated normal distribution, the MW test, the 

t test, and the L(.05) test procedure are robust for the R  = 1 cases. For the 

R * 1 cases, only the MW test is robust. The other procedures are 

conservative and can be extremely conservative. The degree of conservatism 

tends to increase as the degree of variance heterogeneity increases.

For the asymmetric contaminated normal distribution, the MW test,
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the L(.05), and the L(.25) test procedures are robust for the R = 1 and R * 1 

cases. The other procedures tend to be conservative or extremely 

conservative for these cases. As the degree of variance heterogeneity 

increases, the conservatism of these procedures tends to increase.

Clearly, the MW test is robust for the contaminated normal cases for 

both the symmetric and asymmetric cases. No other procedure is as robust 

as the MW test for these outlier model cases. It would be of interest to 

evaluate the performance of other outlier models than those considered here. 

However, for dissertation purposes, this concludes the discussion of 

preliminary tests for variance homogeneity in detecting mean differences in 

outlier models.
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CHAPTER VI

SELECTING COMPONENTS OF EXPERT SYSTEM

6.1 Introduction

One objective of this dissertation work is to evaluate the performance 

of an expert system which selects a method for testing H0: m = ^  based on 

two classes of preliminary tests: (1 ) a test of variance homogeneity, and (2 ) 

a test of symmetry/asymmetry. A preliminary test for testing of 

symmetry/asymmetry is examined because skewness adversely affects the 

robustness of the t test and the Welch test even for the equal variance cases 

(Murphy, 1976; Gans, 1981; and Olejnik, 1987). The D’Agostino Su test for 

skewness and the Triples test for symmetry were selected for examination, 

and their performance is compared in Section 6.2.

Based on this evaluation, a preliminary test for symmetry/asymmetry 

at a significance level a** will be chosen and implemented into an expert 

system. Using the simulation results in Chapters III and IV, a preliminary 

test for variance homogeneity at a significance level a* will be chosen and 

implemented into an expert system (Section 6.3). The results of an expert 

system which consolidates a symmetry test and a variance homogeneity test 

are discussed in Chapter VII. The outlier model cases are beyond the focus

148
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of this dissertation work and will not be included when evaluating the 

performance of the expert system.

6.2 Selecting Methodology for Testing of Symmetry

The robustness and the power of the D’Agostino Sy test for skewness 

at significance levels of 0.05, 0.25, 0.50, and 0.75, denoted D(a), and the 

Triples test for symmetry at significance levels of0.05,0.25,0.50, and 0.75, 

denoted as T(a), are examined in this section. These two methods are 

evaluated for the one sample cases and the two sample cases, which are 

described in the sections below. To assess the Type I error, the simulated 

null rejection rates are examined for the four symmetric distributions 

(normal, uniform, double exponential, and logistic). The asymmetric 

distributions (lognormal and gamma) are used to investigate the power of 

the two procedures.

6 .2 . 1  One Sample Case

For the one sample case, n random realizations are generated from 

a distribution f(x; p, a) where n -  5, 10, 20, or 40. The hypothesis of 

symmetry is tested using the D’Agostino Sj, test and the Triples test. For 

the ft = 5 case, only the Triples test can be conducted as the sample size 

must be greater than seven for the D’Agostino S*, test to be defined.
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Robustness

Tables 35-38 display the simulated null rejection rates for testing 

symmetry with respect to the four symmetric distributions. These results 

are presented but are not individually discussed. We will focus on an 

overall assessment with respect to the D(.05), D(.25), T(.05), and T(.25) 

tests.

To evaluate the performance of the two methods for testing symmetry 

at significance levels a  = 0.05 and 0.25, the results of the simulation for the 

four symmetric distributions are combined in the following manner. The 

proportion of rejections is expressed as a percent for the D(.05) test and the 

T(.05) test which is tabulated over all sample sizes for the seven categories 

listed below:

1. * < 1.0

2. 1.0 < * < 2.5

3. 2.5 < * < 4.0

4. 4.0 < * < 6 .0

5. 6.0 <*<10.0

6. 10.0 <  *  < 20.0

7. *>20.0

The value "*" represents the percentage of rejections for testing H0: 

symmetry based on 10,000 simulations for each sample size. Each entry in
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the following tables denotes the frequency at which a <x<,b  occurs. The 

percentage at which a < x < b occurs is also given because the D’Agostino 

Su test results are based on 1 2  observations rather than 16 due to the 

constraint that n must be greater than 8 .

The outcome of the D(.05) test and the T(.05) test is defined to be 

robust if  the simulated null rejection rate is > 4.0 and < 6.0.

For the D(.25) test and the T(.25) test, the proportion of rejections 

(%) is tabulated over all sample sizes for the seven categories listed below:

1. x <, 17.5

2. 17.5 <x<,  32.5

3. 32.5 < x < 37.5

4. 37.5 <*<42.5

5. 42.5 < x <  62.5

6 . 62.5 < x <80.0

7. x > 80.0

The outcome of the D(.25) test and the T(.25) test is defined to be 

robust if  the simulated null rejection rate is > 17.5 and < 32.5.

Table 39 presents frequency of simulated null rejection rate (%) for 

testing symmetry with significance levels of 0.05 and 0.25 for the four 

symmetric distributions. Results show that the T(.25) test is robust for 

93.8% of the simulated cases. The D(.05), T(.05), and D(.25) tests lack 

robustness as robustness is seen in only about 33% of the symmetric cases
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Table 35

Normal Distribution: Simulated Null Rejection Rate (%) of
Symmetry for the One Sample Case

test n » ( ft a  10 n a 20 n * 40

D(.05) -- 5.30 4.66 4.55
D(.25) -- 24.09 24.57 24.30
D(.50) - 48.54 49.34 49.60
D(.75) - 73.73 74.48 75.15
T(.05) 2.95 1.64 3.63 4.52
T(.25) 24.45 16.34 20.63 22.13
T(.50) 50.06 40.72 44.96 46.56
T(.75) 85.99 69.46 71.15 72.49

Table 36

Uniform Distribution: Simulated Null Rejection Rate (%) of 
Symmetry for the One Sample Case

test n = 5 ft a  10 ft a 20 ft a  40

D(.05) - 1.88 0.67 0.20
D(.25) -- 15.46 10.85 7.98
D(.50) -- 39.44 34.61 30.55
D(.75) - 69.08 65.36 62.74
T(.05) 3.07 1.86 5.43 6.26
T(.25) 21.86 19.18 23.81 24.97
T(.50) 52.21 44.93 47.54 49.17
T(.75) 88.71 71.89 73.00 74.38
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Table 37

Double Exponential Distribution: Simulated Null Rejection Rate (%)
of Symmetry for the One Sample Case

iest n # 5 n «10 n « 20 AX 40

D(.05) - 17.70 25.84 33.17
D(.25) -- 43.68 52.70 57.95
D(.50) -- 65.09 71.54 75.07
D(.75) -- 82.65 86.68 88.26
T(.05) 3.98 3.38 5.38 6.14
T(.25) 29.87 21.17 22.95 24.15
T(.50) 54.75 46.03 47.02 47.57
T(.75) 85.46 72.01 72.97 73.46

Table 38

Logistic Distribution: Simulated Null Rejection Rate (%) 
of Symmetry for the One Sample Case

test ft = 5 n x 10 n *s 20 n X 40

D(.05) - 10.05 13.46 16.99
D(.25) -- 31.61 37.49 41.75
D(.50) -- 54.91 60.11 63.42
D(.75) - 77.17 80.39 82.65
T(.05) 3.19 2.12 4.53 4.88
T(.25) 26.46 17.83 21.69 23.35
T(.50) 51.57 42.53 45.86 47.82
T(.75) 85.59 70.16 72.04 73.51
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Table 39

Summary of Symmetric Distributions: Frequency of Simulated Null Rejection 
Rate (%) for Symmetry Test With Nominal 5% and 25% Levels

One Sample Case

Nominal 5% Level

test : $1.0 >1.0, £2.5 >2,5, £4.0
Robust 

>4.0, £6,0 >6,0, §7.5 >7.5, £10 >10, £20 >20

D(.05) 2 (16.7%) 1 (8.3%) 0 (0.0%) 3 (25.0%) 0 (0.0%) 0 (0.0%) 4 (33.3%) 2 (16.7%)
TC05) 0 (0.0%) 3 (18.8%) 6 (37.5%) 5 (31.3%) 2 (12.5%) 0 (0.0%) 0 (0.0%) 0 (0.0%)

Nominal 25% level

test
£17.8

Roboat 
>17.5, £32.5 >32.5, <37.5 >37.5, £42.5 >42.5^52^ >52.5, £62* >62.5^80.0 >80*0

D(.25) 3 (25.0%) 4 (33.3%) 1 (8.3%) 1 (8.3%) 1 (8.3%) 2 (16.7%) 0 (0.0%) 0 (0.0%)
T(.25) 1 (6.3%) 15 (93.8%) 0 (0.0%) 0 (0.0%) 0 (0.0%) 0 (0.0%) 0 (0.0%) 0 (0.0%)

Table is based on the four symmetric distributions (normal, uniform, double exponential, and logistic) and 
seven sample sizes (six sample sizes for D’Agostino Su approximation).



(25.0%, 31.3%, and 33.3% respectively).

Results of Power Analysis

The results of a power comparison of the D’Agostino Su test and the 

Triples test is now reported. For each of the asymmetric distributions, the 

null rejection rate (%) (equivalent to power for the asymmetric cases) is 

presented in Tables 40-44. The results presented in Tables 40-44 are not 

individually discussed. However, an overall assessment of these results is 

now discussed. The results of the simulation for the five asymmetric 

distributions were combined over all sample sizes for the eight categories 

below:

1. x < 25.0

2. 25.0 < x < 50.0

3. 50.0 < x £ 75.0

4. 75.0 < x  ̂90.0

5. 90.0 < x < 95.0

6 . 95.0 < x £ 98.0

7. 98.0 < x <  99.5

8 . x > 99.5

The value V  represents the power to detect asymmetry based on 

10,000 simulations for each sample size configuration. Each entry in the 

following tables denotes the frequency at which a < x <b  occurs. As in
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Table 40

Lognormal (0, 0.40) Distribution: Simulated Null Rejection Rate (%)
of Symmetry for the One Sample Case

test »  « 1 0 n m 20 n *4&

D(.05) - 18.43 37.17 67.56
D(.25) - 45.30 67.07 89.67
D(.50) - 66.91 82.62 96.09
D(.75) -- 84.06 91.82 98.65
T(.05) 4.02 5.65 25.24 58.44

T(.25) 28.56 32.99 59.00 84.80
T(.50) 54.80 59.78 78.18 93.63

T(.75) 87.35 80.63 90.02 97.64

Table 41

Lognormal (0, 1) Distribution: Simulated Null Rejection Rate (%) 
of Symmetry for the One Sample Case

test ft At 5 «  St 10 » st 20 n st 40

D(.05) - 53.80 86.63 99.49
D(.25) - 78.50 97.09 99.97
D(.50) -- 89.64 99.23 100.00
D(.75) -- 95.55 99.81 100.00
T(.05) 9.51 31.47 82.01 99.35

T(.25) 44.65 70.85 95.96 99.95
T(.50) 68.77 86.93 98.90 99.99
T(.75) 91.57 94.53 99.73 100.00
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Table 42

Lognormal (0, 1.75) Distribution: Simulated Null Rejection Rate (%)
of Symmetry for the One Sample Case

test n *5 ft *10 « « 20 » « 40

D(.05) -- 76.91 98.09 100.00
D(.25) -- 92.94 99.83 100.00
D(.50) -- 97.66 99.98 100.00
D(.75) -- 99.19 100.00 100.00
T(.05) 20.17 62.68 97.57 100.00
T(.25) 60.26 90.04 99.77 100.00
TC50) 80.71 96.64 99.98 100.00
T(.75) 95.09 98.79 100.00 100.00

Table 43

Gamma (3 ,1 ) Distribution: Simulated Null Rejection Rate (%) 
of Symmetry for the One Sample Case

test n -  5 ft » io I I ft 20 n *40

D(.05) -- 16.78 34.93 66.08
D(.25) - 44.28 67.54 90.23
D(.50) - 65.85 83.53 96.45
D(.75) - 84.12 92.94 98.77
T(.05) 4.11 6.31 27.42 62.05
T(.25) 28.41 34.40 61.76 86.52
T(.50) 54.49 60.54 79.67 94.38
T(.75) 87.40 81.60 91.38 97.87
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Table 44

Gamma (2, 1) Distribution: Simulated Null Rejection Rate (%)
of Symmetry for the One Sample Case

test ft = 5 s » 1 0 ft «20 ft » 40

D(.05) - 21.76 47.16 80.52
D(.25) - 52.34 78.15 96.03
D(.50) - 72.78 90.29 98.96
D(.75) - 87.82 96.17 99.68
T(.05) 5.11 9.30 41.77 79.13
T(.25) 31.82 42.52 74.40 95.02
T(.50) 57.94 67.54 88.43 98.41
T(.75) 88.52 85.58 95.32 99.50

Tables 39, the percentages are given as the D’Agostino Sy approximation 

test results are based on 15 observations rather than 20 due to the 

constraint that n must be greater than 8 .

Table 45 shows that the T(.05) and D(.05) tests lack power. The 

power is < 0.75 for 60% of the cases when using the D(.05) test and is < 

0.75 for 75% of the cases when using the T(.05) test. The D(.25) test tends 

to reject symmetry more often than the T(.25) test. The power is > .95 for 

33% of the cases when using the D(.25) test compared to 25% of the cases 

when using the T(.25) test. However, the power is < 0.50 for 35% of the 

cases when using the T(.25) test compared to approximately 13% when 

using the D(.25) test.
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Table 45

Summary of Asymmetric Distributions: Frequency of Simulated Power 
Rate (%) for Symmetry Test With Nominal 5% and 25% Levels

One Sample Case

£25.0 >25.0, £50.0 >so.o, <n 5-0 >75.0, £90.0 >90.0, £95.0 >05.0, £98.0 >98.0, £99.5 >99.5

D(.05) 3 (20.0%) 3 (20.0%) 3 (20.0%) 3 (20.0%) 0 (0.0%) 0 (0.0%) 2 (13.3%) 1 (6.7%)
T(.05) 8 (40.0%) 4 (20.0%) 3 (15.0%) 2 (10.0%) 0 (0.0%) 1 (5.0%) 1 (5.0%) 1 (5.0%)

D(.25) 0 (0.0%) 2 (13.3%) 3 (20.0%) 3 (20.0%) 2 (13.3%) 2 (13.3%) 0 (0.0%) 3 (20.0%)
TC25) 0 (0.0%) 7 (35.0%) 5 (25.0%) 2 (10.0%) 1 (5.0%) 2 (10.0%) 0 (0.0%) 3 (15.0%)

Table is based on the five asymmetric distributions [lognormal ( 0, 0.40), lognormal ( 0,1.0), lognormal ( 0,
1.75), G(3,l), & G(2 ,l)] and four sample sizes (three sample sizes for D’Agostino Sy approximation).
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Based on the results of Tables 39-45, the T(.25) test is recommended 

for the one sample case.

6 .2 . 2  Two Sample Case

In the expert system, a preliminary test of symmetry will be 

conducted where both samples are individually tested. If the null 

hypothesis is rejected in either case, asymmetry is declared (denoted as the 

two sample case). In this section, the robustness and power of the 

D’Agostino Su test and the Triples test for the two sample case is evaluated. 

Since the two samples are assumed to be independent and symmetry is 

rejected if at least one sample is significant at level a, the Prob(Type I 

error) for testing at significance level a is:

(6.1) Prob(Type I error) = 1  - (1 - a)2.

Therefore, the Prob(Type I error) is 9.75% and 43.75% for the cases of a  = 

0.05 and 0.25, respectively.

For the two sample case, two samples are generated for the R = 1 

case in the same manner as described for testing the hypothesis of variance 

homogeneity. The same sample size configurations used in Chapters III 

and IV are used for the two sample case.
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Robustness

Table 46 presents a summary of the simulated null rejection rates for 

the two sample case using a format similar to the one used in Table 39. 

For the a  = 0.05 cases where the Prob(Type I error) is 9.75%, Table 46 

shows the T(.05) test is more robust than the D(.05) test. The Type I error 

rate using the T(.05) test is between 7.5% and 10.0% for almost one third 

of the simulated cases compared to approximately 8 % when using the 

D(.05) test. Table 46 shows at least 60% of the cases are between 6.0% and 

10.0% when using the T(.05) test compared to approximately 8 % when 

using the D(.05) test.

For the a = 0.25 cases where the Prob(Type I error) is 43.75%, Table 

46 shows that the T(.25) test is more robust than the D(.25) test. The Type 

I error rate using the T(.25) test is between 37.5% and 52.5% for over 70% 

of the simulated cases compared to 25% when using the D(.25) test.

Based on the results of Table 46, the Triples test is recommended 

over the D’Agostino Su test for both a = 0.05 and 0.25 cases. The T(.25) 

test tends to be more robust than the T(.05) test. It is noted that the 

percentage of occurrences are displayed due to the dissimilar observations 

counts utilized in the two methods. The D’Agostino Su test can not be 

conducted if n < 8 , and therefore, only 24 observations could be used rather 

than the 28 observations for the Triples test.
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Table 46

Summary of Symmetric Distributions: Frequency of Simulated Null Rejection 
Rate (%) for Symmetry Test With Nominal 5% and 25% Levels

Two Sample Case

Nominal 5%

1wvV £1.0 >1.0, £2.5 >2.5, £4.0 >4,0, £6.0 >6.0, £7,5
Robust

>7.5, £10 >10, £20 >20

D(.05) 1 (4.2%) 4 (16.7%) 1 (4.2%) 2 (8.3%) 0 (0.0%) 2 (8.3%) 6 (25.0%) 8 (33.3%)
T(.05) 0 (0.0%) 0 (0.0%) 2 (7.1%) 7 (25.0%) 8 (28.6%) 9 (32.1%) 2 (7.1%) 0 (0.0%)

Nominal 25%

test £17.5 >17.5, £32.5 >32.5, £37.5
Robust

>37.5, <42.5 >42.5,£52.5 >52.5, £625 >62^^80.0 >80.0

D(.25) 2 (8.3%) 7 (29.2%) 1 (4.2%) 0 (0.0%) 6 (25.0%) 4 (16.7%) 4 (16.7%) 0 (0.0%)
T(.25) 0 (0.0%) 1 (3.6%) 7 (25.0%) 15 (53.6%) 5 (17.9%) 0 (0.0%) 0 (0.0%) 0 (0.0%)

Table is based on the four symmetric distributions (normal, uniform, double exponential, and logistic) and 
seven sample size pairs (six sample size pairs for D’Agostino Su test).
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Table 47 presents the results of the simulation for the five 

asymmetric distributions combined over all sample sizes using a format 

similar to the one used in Table 45. For the a  = 0.05 case, Table 47 shows 

that both the D(.05) test and the T(.05) tests lack power. The power is <, 

.50 for more than 35% of the simulated cases when using the D(.05) test 

and 57.2% when using the T(.05) test. The D(.05) test also concludes 

asymmetry more often as the power is > .995 for approximately 13% of the 

simulated cases compared to approximately 6 % when using the T(.05) test.

For the a  = 0.25 cases, Table 47 shows the D(.25) test tends to be 

more powerful than the T(.25) test. The power is > 0.90 for 50% of the 

simulated cases when using the D(.25) test compared to 40% when using 

the T(.25) test.

Based on the simulation results for the one sample and two sample 

cases, the T(.25) test is recommended over the D(.05), D(.25), and T(.05) 

tests; and therefore will be implemented into the expert system for testing 

symmetry.

6.3 Selecting Methodology For Testing of Variance Homogeneity

Results from Chapter III for the R = 0.25, 0.50, and 0.67 symmetric 

cases showed that the F(.05) and the L(.05) test procedures were
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Table 47

Summary of Asymmetric Distributions: Frequency of Simulated Power 
Rate (%) for Symmetry Test With Nominal 5% and 25% Levels

Two Sample Case

test £25.0 >25.0, £50.0 >50.0, £76.0 >75.0, £90.0 >90.0, £95.0 >95.0, £98.0 >98.0, £99.5 >99.5

D(.05) 3 (10.0%) 8 (26.7%) 7 (23.3%) 4 (13.3%) 1 (3.3%) 2 (6.7%) 1 (3.3%) 4 (13.3%)
T(.05) 10 (28.6%) 10 (28.6%) 5 (14.3%) 4 (11.4%) 0 (0.0%) 1 (2.9%) 3 (8.6%) 2 (5.7%)

D(.25) 0 (0.0%) 2 (6.7%) 5 (16.7%) 8 (26.7%) 3 (10.0%) 3 (10.0%) 2 (6.7%) 7 (23.3%)
T(.25) 0 (0.0%) 2 (5.7%) 12 (34.3%) 7 (20.0%) 3 (8.6%) 3 (8.6%) 2 (5.7%) 6 (17.1%)

Table is based on the five asymmetric distributions [lognormal ( 0, 0.40), lognormal ( 0,1.0), lognormal ( 0,
1.75), G(3,l), & G(2 ,l)  and seven sample size pairs (six sample size pairs for D’Agostino Su approximation).

I-*
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conservative. For the R  = 1.50, 2.0, and 4.0 symmetric cases, the F(.05), 

F(.25), L(.05) and the L(.25) test procedures were liberal. The preliminary 

test procedures where a  > 0.25 were generally robust for all cases.

For the asymmetric cases examined in Chapter IV, the F(.05) and the 

L(.05) test procedures are not recommended. Results for the R  = 0.25, 

0.50,and 0.67 asymmetric cases showed the F(.50), the F(.75), and the 

L(.75) test procedures were the best preliminary test procedures with 

respect to robustness and comparable to the Welch test. For the R  = 1.50, 

2.0, and 4.0 asymmetric cases, all procedures were generally liberal or 

severely liberal and as the R  value increased, the procedures became more 

severely liberal.

It was arbitrarily decided to select one Levene and one F-ratio 

preliminary test procedure to be included in an expert system. Based on 

these conclusions, the F(.05) and the L(.05) test procedures are eliminated 

as they do not control the Type I error rate for both the symmetric and 

asymmetric cases examined. The F(.75) and the L(.75) test procedures were 

also eliminated as these test procedures are in essence the Welch test. 

Therefore, of the F-ratio test procedures, the F(.50) test procedure was 

chosen to be implemented into an expert system because it generally 

performs better than the F(.25) test procedure. The L(.25) test procedure 

was chosen to provide a contrast to the F(.50) test procedure where a 

modest significance level is used that is > .05.
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CHAPTER VII 

RESULTS FROM EXPERT SYSTEM

7.1 Introduction

In this chapter, the performance of the expert system is evaluated. 

The expert system consists of two components. First a preliminary test of 

symmetry is conducted where both samples are individually tested. The 

T(.25) test is used to test the null hypothesis of symmetry. If the null 

hypothesis is rejected in either case, asymmetry is declared. The second 

component consists of a test for variance homogeneity between the two 

sample groups. The F-ratio test at a significance level 0.50 and the Levene 

test at a significance level 0.25 are used to test the null hypothesis of 

variance homogeneity. The expert system is constructed in the following 

way:

Case I: If CTj = a2 and symmetry is concluded, then the t test is used. 

Case II: If aj a2 and symmetry is rejected, then the Welch test is

used.

Case III: If ox = a2 and symmetry is rejected, then the MW test is

used.

Case IV: If Oj * ct2 and symmetry is rejected, then the Welch test is
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used.

It is noted that robust methods exist for testing H0: m m for Cases 

I-III, but no robust method exists for Case IV.

The Fprel test procedure denotes the results of the expert system 

using the T(.25) test and the 50% F-ratio test for testing variance 

homogeneity while the results using the T(.25) test and the 25% Levene 

test are denoted as the Lprel test procedure. Figures 4 and 5 show the 

flowchart of the expert system using the Fprel test procedure and the Lprel 

test procedure, respectively.

7.2 Results From Symmetric Distributions

Tables 48-51 present the simulated null rejection rates, where the 

proportion of rejections is expressed as a percent for each of the four 

symmetric distributions in a format similar to the one used in Tables 4-7 

in Chapter III. The simulated null rejection rates for each of the four 

symmetric distributions are included for completeness, but discussion will 

be limited to the overall performance of the test procedures as described 

below.

To evaluate the overall performance of the procedures for varying 

degree of variance heterogeneity, the results of the simulation for the four 

symmetric distributions are combined in Tables 52-55 using the same 

format as used in Tables 18-22 in Chapter TV. The outcome of a test
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Triples Test for Testing 
Symmetry a t a  =0.25

8 ns

F-ratio for Variance 
Homogeneity at a  =0.50

F-ratio for Variance 
Homogeneity at a  =0.50

ns ns

Welch test Mann-Whitney- t  test Welch test
Wilcoxon test

Figure 4. Expert System Using the Fprel Test Procedure.
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Triples Test for Testing 
Symmetry a t a  =0.25

J L

ns

Levene for Variance Levene for Variance
Homogeneity at a  =0.25 Homogeneity a t a  =0.25

ns ns

Welch test Mann-Whitney- t  test Welch test
Wilcoxon test

Figure 5. Expert System Using the Lprel Test Procedure.
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Table 48

Normal Distribution Using the Expert System: Simulated Null
Rejection Rate (%) With Nominal 5% Level

m i Ratio •it

„ 3 ..IP! Test HUB .50 .67 LOO 1.50 200 4.00

5 5 t 7.35 5.86 5.24 4.97 5.24 5.87 7.31

W 4.77 4.48 4.21 3.95 4.35 4.62 4.93

MW 6.87 6.10 5.69 5.48 5.73 6.40 7.25
Fprel 4.87 4.92 4.59 4.43 4.71 4.81 4.97
Lpre 5.41 5.60 5.07

III1II8
5.06 5.29 5.56 5.74

5 10 t 1.52 2.10
ig g g
2.82 5.06 8.37 1LI.41

1
17.81

W 4.81 4.65 4.74 4.96 5.21 5.08 4.65

MW 2.55 2.54 2.85 4.10 5.63 6.84 8.28

Fprel 4.78 4.63 4.60 5.15 5.63 5.44 4.70

Lprel 4.69 4.15 4.23 5.41 6.91 7.45 5.81

5 20 t 0.13 0.62 1.36 5.01 12.26 18.85 31.53

W 4.88 4.89 4.87 5.23 5.34 5.15 4.92

MW 0.93 1.54 2.44 4.91 8.72 11.32 17.69

Fprel 4.88 4.93 4.96 6.10 6.86 6.00 5.09

Lprel 4.87 4.74 4.71 6.49 9.41 9.69 6.31

10 10 t 5.96 5.36 5.18 4.99 5.10 5.46 6.14

W 4.81 4.79 4.89 4.79 4.74 4.86 4.90

MW 7.76 5.92 5.53 5.14 5.33 5.99 7.95

Fprel 4.81 4.83 4.88 4.90 4.89 4.84 4.90

Lprel 4.86 5.07 5.17 5.09 5.20 5.13 4.95
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Ratio * o/cr, llllll

' a, Test M .50 .67 1.00 1.50 2.00 4 M

10 20 t 1.09 1.78 2.70 4.98 8.57 11.59 16.85
W 4.76 4.86 4.88 5.10 5.14 5.23 5.17

MW 3.11 3.08 3.54 4.94 7.02 8.83 12.00
Fprel 4.76 4.88 4.79 5.34 5.47 5.30 5.17
Lprel 4.77 4.77 4.56 5.48 6.32 6.19 5.18

10 40 t 0.07 0.53 1.46 4.93 12.12 18.28 29.75
W 5.28 5.04 5.17 5.14 5.10 4.97 4.86

MW 0.82 1.41 2.58 4.89 8.35 10.76 15.55
Fprel 5.28 5.04 5.21 5.51 5.55 5.13 4.86
Lprel 5.28 4.96 4.96 5.65 7.06 6.31 4.86

20 20 t 5.55 5.11 4.95 5.10 5.23 5.56 5.54
W 4.99 4.88 4.84 5.03 5.18 5.21 5.01

MW 7.83 5.77 5.29 4.72 5.24 5.88 7.48
Fprel 4.99 4.88 4.87 4.95 5.18 5.21 5.01
Lprel 4.99 4.86 4.98 5.03 5.26 5.26 5.01
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Table 49

Uniform Distribution Using the Expert System: Simulated Null
Rejection Rate (%) With Nominal 5% Level

Ritio . . . / • • ...... gflllllll

......... ■ 1 S m S R .25 ; .so l l i l l l 1.00 1.50 2.00 4.00
5 5 t 8.51 6.78 5.77 5.31 5.94 6.97 8.89

w 6.38 5.61 4.78 4.38 5.05 5.84 6.65
MW 6.99 6.45 6.07 5.48 6.04 7.07 7.46
Fprel 6.39 6.00 5.43 4.93 5.54 6.42 6.67
Lprel 6.64 6.40 5.78 5.16 5.79 6.81 6.95

5 10 t 1.78 2.31 3.03 5.25 9.00 12.44 18.40
W 5.26 4.87 5.05 5.88 6.41 6.65 6.15

MW 2.67 2.38 2.65 4.10 6.40 8.05 8.57
Fprel 5.25 4.78 5.06 5.92 6.97 7.18 6.18
Lprel 5.01 4.32 4.66 5.77 7.71 9.37 7.03

5 20 t 0.19 0.62 1.38 4.93 12.76 19.84 31.09
W 5.03 5.31 6.08 6.69 7.05 6.80 6.55

MW 0.88 1.18 1.68 4.91 10.43 13.63 21.14
Fprel 5.03 5.29 6.18 7.25 9.02 7.69 6.57
Lprel 5.02 5.20 6.02 7.42 12.08 13.86 7.38

10 10 t 6.28 5.70 5.34 5.10 5.33 5.61 6.35
W 5.24 5.24 5.01 4.88 4.98 5.09 5.17

MW 8.52 6.30 5.73 5.14 5.81 6.72 8.56
Fprel 5.24 5.24 5.20 5.26 5.17 5.12 5.17
Lprel 5.30 5.92 5.74 5.30 5.72 5.96 5.22
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nx ^ Test "  ' M .50 .6? tM IM 2.00 4.00
10 20 t 1.19 1.80 2.62 5.11 8.89 12.17 16.70

W 4.95 4.87 4.96 5.36 5.55 5.59 5.35
MW 3.24 2.79 3.05 4.94 8.19 10.25 12.91
Fprel 4.95 4.87 4.99 5.58 5.85 5.60 5.35
Lprel 4.95 4.87 4.89 5.72 7.62 6.82 5.35

10 40 t 0.11 0.50 1.29 4.87 12.54 18.69 29.52

W 5.09 5.05 5.31 5.34 5.35 5.15 5.21

MW 0.74 1.01 1.68 4.89 10.03 12.84 16.18
Fprel 5.09 5.05 5.35 5.82 5.78 5.18 5.21

Lprel 5.09 5.03 5.25 6.16 8.62 6.34 5.21

20 20 t 5.71 5.39 5.15 5.13 5.29 5.34 5.64

W 5.18 5.11 5.04 5.10 5.12 5.09 5.09
MW 8.45 6.45 5.64 4.72 5.60 6.32 8.05
Fprel 5.18 5.11 5.03 5.06 5.12 5.09 5.09
Lprel 5.18 5.15 5.37 5.11 5.50 5.20 5.09
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Table 50

Double Exponential Distribution Using the Expert System: Simulated
Null Rejection Rate (%) With Nominal 5% Level

l l l i l i
Test ■ il l .50 .67 1.00 1.50 2.00 4*00

5 5 t 5.40 4.90 4.65 4.56 4.74 5.09 5.69

W 3.12 3.35 3.39 3.51 3.62 3.62 3.59
MW 6.81 6.45 6.06 5.81 6.07 6.40 6.90
Fprel 3.20 3.70 3.90 3.94 4.02 3.96 3.64

Lprel 4.40 4.80 4.92 4.94 5.14 5.21 4.66

5 10 t 1.07 1.77 2.54 4.58 7.59 10.24 16.70

W 3.79 3.85 3.69 3.52 3.48 3.53 3.23

MW 2.32 2.59 2.87 3.86 5.26 6.26 7.96

Fprel 3.81 3.80 3.77 3.95 3.90 3.98 3.41

Lprel 3.78 3.41 3.56 4.40 5.10 5.55 4.57

5 20 t 0.09 0.75 1.81 5.25 11.51 17.55 30.46

W 4.58 4.48 4.34 4.14 3.93 3.79 3.45

MW 1.09 2.09 3.13 5.20 7.63 9.71 14.68

Fprel 4.60 4.59 4.75 4.85 5.07 4.70 3.77

Lprel 4.51 4.14 4.22 5.42 7.03 7.02 4.96

10 10 t 5.14 4.54 4.42 4.41 4.57 4.84 5.18

W 4.02 4.01 4.06 4.10 4.11 4.27 3.94

MW 6.92 5.49 5.03 4.93 4.97 5.46 6.89

Fprel 4.01 4.06 4.13 4.06 4.13 4.37 3.96

Lprel 4.08 4.23 4.35 4.32 4.48 4.54 4.07
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*1 nt Test » ■ ! .50 .67 too 1.50 2.00 4.00
10 20 t 0.83 1.66 2.56 4.93 7.87 10.56 16.01

W 4.39 4.55 4.61 4.51 4.31 4.23 4.26

MW 3.08 3.25 3.69 4.76 6.18 7.55 10.51

Fprel 4.39 4.51 4.43 4.40 4.58 4.42 4.28

Lprel 4.39 4.22 4.01 4.57 4.94 4.99 4.38

10 40 t 0.08 0.56 1.60 5.10 12.18 18.00 29.89

W 4.99 4.82 4.83 4.96 4.82 4.82 4.58

MW 1.23 2.37 3.19 5.32 7.93 9.98 14.02

Fprel 4.99 4.83 4.96 5.06 5.18 4.94 4.58

Lprel 4.99 4.71 4.38 4.87 5.90 5.80 4.68

20 20 t 5.15 4.90 4.93 4.79 4.90 4.94 5.13

W 4.51 4.59 4.80 4.67 4.79 4.71 4.52

MW 6.66 5.28 5.00 4.82 4.88 5.34 6.66

Fprel 4.51 4.51 4.72 4.42 4.64 4.63 4.52

Lprel 4.51 4.54 4.55 4.34 4.50 4.58 4.52
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Table 51

Logistic Distribution Using the Expert System: Simulated Null
Rejection Rate (%) With Nominal 5% Level

Iflllllll Iplllll

3 .. nmmllllll .50 *87 t.M 1*50 2*00 400
5 5 t 6.65 5.38 4.88 4.70 5.03 5.80 7.22

w 4.40 3.96 3.91 3.53 3.90 4.38 4.92
MW 7.12 6.05 5.63 5.63 5.95 6.48 7.52
Fprel 4.48 4.21 4.27 4.06 4.32 4.66 4.99
Lprel 5.34 5.26 5.06 4.90 5.20 5.54 5.70

5

lililll i i i l
10 t 1.43 2.05 2.96 4.87 8.26

tlllllll

11.16 17.35
W 4.69 4.22 4.21 4.33 4.43 4.42 4.15

MW 2.48 2.67 3.04 3.96 5.53 6.66 8.38
Fprel 4.67 4.23 4.33 4.61 4.86 4.74 4.27
Lprel 4.50 3.91 4.09 4.88 6.22 6.36 5.31

5 20 t 0.15 0.71 1.60 4.69 11.52 17.50 30.59
W 4.76 4.62 4.69 4.87 4.75 4.67 4.45

MW 0.94 1.88 2.93 5.17 8.12 10.44 16.32
Fprel 4.77 4.67 4.97 5.69 5.83 5.76 4.59
Lprel 4.71 4.40 4.66 6.06 8.13 8.72 5.81

10 10 t 6.01 5.29 5.20 5.07 5.71 5.45 6.14
W 4.90 4.81 4.86 4.77 4.82 4.79 4.92

MW 7.50 6.15 5.76 5.54 5.69 6.24 8.38
Fprel 4.90 4.82 4.84 4.93 4.82 4.82 4.93
Lprel 4.98 5.14 5.10 5.21 5.13 5.24 5.03
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*1 llllll Te*it 1111I l f ♦67 1.00 t m £66 4 M
10 20 t 1.14 1.93 2.85 5.33 8.37 11.02 15.81

W 5.13 5.04 5.04 5.16 5.08 5.01 4.87
MW 3.57 3.41 3.78 4.94 6.82 8.09 11.28
Fprel 5.13 5.03 5.00 5.15 5.28 5.14 4.87
Lprel 5.11 4.86 4.59 5.38 6.04 5.86 4.97

10 40 t 0.09 0.55 1.58 4.89 11.74 18.05 29.78
W 5.16 5.02 5.16 4.93 4.85 4.71 4.56

MW 0.82 1.54 2.69 4.89 8.07 10.45 15.05
Fprel 5.16 5.00 5.25 5.19 5.25 4.94 4.56
Lprel 5.16 4.84 4.89 5.24 6.52 6.05 4.57

20 20 t 5.70 5.58 5.49 5.31 5.16 5.15 5.59
W 5.16 5.35 5.43 5.25 5.01 4.90 4.87

MW 7.64 6.13 5.37 5.04 5.51 5.81 7.37
Fprel 5.16 5.35 5.40 5.11 4.94 4.89 4.87
Lprel 5.16 5.39 5.45 5.09 4.97 4.94 4.87

procedure is defined to be severely conservative, extremely conservative, 

conservative, robust, liberal, extremely liberal, or severely liberal as 

outlined in Chapter IV.

R = 1 (Equal Variance Cases)

A summary of the simulated null rejection rates for the four 

symmetric distributions for the equal variance cases is presented in Table
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52. Table 52 shows, as anticipated, that the t test is robust. However, the 

other procedures are also generally robust. None of the procedures 

examined show simulated rejection rates <, 2.5% or > 10%.

R  = 0.67 (Includes the Moderate Direct Pairing Cases)

Table 53 summarizes the simulated rejection rates for the four 

symmetric distributions for the R = 0.67 cases. Table 53 shows the t test 

and the MW test can be extremely conservative. The Welch test, the Fprel 

test procedure and the Lprel test procedure are robust for the R  = 0.67 

cases.

R = 0.25 and 0.50 (Includes the Severe Direct Pairing Cases)

The simulated null rejection rates for the four symmetric 

distributions for the R = 0.25 and 0.50 cases are summarized in Table 54. 

The t test tends to be severely conservative for these cases. Results using 

the MW test range from liberal to severely conservative. The Welch test, 

the Fprel test procedure, and the Lprel test procedure are comparable. 

They are generally robust but can be slightly conservative for some cases.

R = 1.50 (Includes the Moderate Indirect Pairing Cases)

Table 55 summarizes the simulated null rejection rates for the four 

symmetric distributions for the R = 1.50 cases. The t test is extremely
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Table 52

Summary of Symmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level 

Equal Variances: R=a1/o2 -  1.00

test x 5 t 1 « x  52.5 2.5<£ 54 4 < x56 6 « x  510 10<* 520 x > 2 0 Total

t 0 0 0 28 0 0 0 28
W 0 0 4 23 1 0 0 28

MW 0 0 2 26 0 0 0 28
Fprel 0 0 2 24 2 0 0 28
Lprel 0 0 0 24 4 0 0 28

Table is based on the four symmetric distributions (normal, uniform, double exponential, and logistic) and 
seven sample size pairs.
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Table 53

Summary of Symmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level

R=c]/ c52 = 0.67

test 1< x £2.5 2.5< x £4 4 < x £ 6 G<x£W 1 0 < x <20 x  > 2 0 Total

t 0 8 8 1 2 0 0 0 28
W 0 0 3 24 1 0 0 28

MW 0 3 13 1 0 2 0 0 28
Fprel 0 0 2 25 1 0 0 28
Lprel 0 0 1 26 1 0 0 28

Table is based on the four symmetric distributions (normal, uniform, double exponential, and logistic) and 
seven sample size pairs.
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Table 54

Summary of Symmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level 

R=o1/g2 = 0.25 and 0.50

test x £ 1 1 < x  £2.5 2.5< x £4 4<x^ 6 6< x  < & 0 lG<x<S20 x > 2 0 Total

t 17 15 0 18 6 0 0 56

W 0 0 5 50 1 0 0 56

MW 6 13 13 4 2 0 0 0 56

Fprel 0 0 4 51 1 0 0 56

Lprel 0 0 3 51 2 0 0 56

Table is based on the four symmetric distributions (normal, uniform, double exponential, and logistic) and 
seven sample size pairs.
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Table 55

Summary of Symmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level

R=al/o2 = 1.50

test x £ 1 1 < x £2.5 2,5< x £4 4< x£6 6 < x £ l0 1 0 c *  £ 2 0 * > 2 0 Total

t 0 0 0 1 2 8 8 0 28
W 0 0 4 2 2 2 0 0 28

MW 0 0 0 13 13 2 0 28
Fprel 0 0 1 24 3 0 0 28
Lprel 0 0 0 15 1 2 1 0 28

Table is based on the four symmetric distributions (normal, uniform, double exponential, and logistic) and 
seven sample size pairs.
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Table 56

Summary of Symmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level 

R=a1/a2 = 2.00 and 4.00

test x<,% 2.5<* <A : 4<XjS6 6 <*<;io * > 2 0 Total;.,.v .v .v .m W w S w # .v .v .V iV

t 0 0 0 17 7 24 8 56
W 0 0 7 44 5 0 0 56

MW 0 0 0 5 32 18 1 56
Fprel 0 0 6 44 6 0 0 56
Lprel 0 0 0 39 16 1 0 56

Table is based on the four symmetric distributions (normal, uniform, double exponential, and logistic) and 
seven sample size pairs.
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liberal. The MW test and the Lprel test procedure tend to be liberal. The 

Welch test and the Fprel test procedure are each reasonably robust.

R = 2.0 and 4.0 (Includes the Severe Indirect Pairing Cases)

The simulated null rejection rates for the four symmetric 

distributions for the R = 2.0 and 4.0 cases are summarized in Table 56. 

The t test can be severely liberal. The MW test is extremely liberal but not 

as severe as the t test. The Lprel test procedure is liberal. The Fprel test 

procedure and the Welch test are each robust with no evidence of extreme 

liberalism or extreme conservatism.

Based on the above simulation results, the Fprel test procedure and 

the Welch test are recommended as robust tests for testing the H„: Px = p2 

for the symmetric cases examined.

7.3 Results From Asymmetric Distributions

Tables 57-61 present the simulated null rejection rates, where the 

proportion of rejections is expressed as a percent for each of the five 

asymmetric distributions in a format similar to the one used in Tables 4-7 

in Chapter III. The simulated null rejection rates for each of the five 

asymmetric distributions are included for completeness, but discussion will 

be limited to the overall performance of the test procedures as described 

below.
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Table 57

Lognormal (0, 0.40) Using the Expert System: Simulated
Null Rejection Rate (%) With Nominal 5% Level

Ratife

n* l lM I l l l l l B l l M .87 1.00 1.50 2.00 A M

5 5 t 8.88 6.30 5.23 4.45 5.22 6.74 16.36
W 6.88 5.19 4.08 3.21 3.91 5.44 14.40

MW 8.51 7.06 5.99 5.21 6.13 7.86 17.23
Fprel 6.95 5.61 4.40 3.55 4.32 5.90 15.10
Lprel 7.52 6.22 5.18 4.32 5.12 6.86 16.38

5 10 t 2.76 3.13 3.54 4.68 7.75 10.72 22.70
W 6.07 4.73 4.42 4.95 6.67 9.17 19.80

MW 3.96 3.21 3.38 4.19 6.31 8.84 19.90
Fprel 6.07 4.75 4.54 5.11 6.88 9.45 20.43
Lprel 5.97 4.70 4.69 5.40 7.11 9.39 20.96

5 20 t 0.43 1.13 2.03 5.08 10.34 16.26 32.37
W 5.24 4.58 4.95 6.40 8.82 11.62 21.16

MW 2.26 2.48 3.09 5.19 9.26 14.27 32.19
Fprel 5.23 4.94 5.41 7.08 9.71 13.23 23.88
Lprel 5.44 5.15 5.83 7.36 10.05 14.16 29.56

10 10 t 7.24 6.24 5.67 4.68 5.45 7.42 16.01
W 6.21 5.78 5.29 4.23 4.94 6.96 15.47

MW 10.98 7.86 6.63 5.35 6.93 11.18 31.36
Fprel 6.21 5.99 5.63 4.54 5.40 7.89 16.68
Lprel 6.46 6.98 6.25 5.04 6.53 10.32 28.22
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Ratio

Teefc .25 .50 .67 JLOO t M 2.00 4.00
10 20 t 2.01 2.74 3.30 4.93 8.11 11.81 22.83

W 5.88 5.01 4.77 5.16 6.95 9.04 17.38
MW 7.58 5.87 5.04 5.06 8.81 14.96 40.23
Fprel 5.88 5.18 5.20 5.51 7.61 10.17 18.19
Lprel 5.92 6.05 5.86 5.92 8.45 13.33 28.90

10 40 t 0.27 0.89 1.82 4.71 11.34 17.31 32.96
W 5.51 4.86 5.05 5.88 7.80 9.98 18.47

MW 4.29 3.69 3.66 4.77 10.91 19.19 46.90
Fprel 5.51 5.00 5.55 6.60 9.11 11.40 19.10
Lprel 5.52 5.53 6.16 6.77 10.52 16.26 27.55

20 20 t 6.88 5.81 5.30 4.98 5.30 6.64 13.39
W 6.30 5.52 5.11 4.79 5.13 6.50 13.19

MW 14.98 9.81 7.06 4.97 7.85 16.23 52.14
Fprel 6.30 5.58 5.43 5.24 5.91 7.63 13.50
Lprel 6.31 5.59 6.60 5.70 8.06 13.48 27.57
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Table 58

Lognormal (0, 1.0) Using the Expert System: Simulated
Null Rejection Rate (%) With Nominal 5% Level

llflllllll? i i i l l t i i

I | l l t l i i ! l l l l l l ( I B B I .67 1 .0 0 1.50 2 .0 0 4.00
5 5 t 15.39 7.15 4.44 2.98 3.57 5.06 11.01

w 13.85 5.39 2.81 1.65 1.84 2.85 6.80
MW 15.14 9.75 7.02 5.21 6.98 9.83 21.20
Fprel 14.25 5.81 3.12 1.79 2.07 3.20 7.28
Lprel 14.82 7.59 4.64 2.87 3.74 5.32 11.55

5 10 t 8.83 6.36 5.08 3.77 3.87 4.76 9.50
W 9.95 3.77 2.77 3.41 6.62 10.21 20.50

MW 12.28 6.61 4.70 4.19 6.63 9.97 24.20
Fprel 10.34 4.42 3.13 3.58 6.78 10.43 21.26
Lprel 12.57 6.09 4.08 4.27 7.45 11.64 24.73

5 20 t 2.90 3.85 4.27 4.88 5.47 6.35 10.47
W 5.73 3.36 4.38 8.38 14.74 20.17 33.27

MW 12.56 7.35 5.20 5.19 9.57 15.94 35.14
Fprel 6.99 4.94 5.44 8.78 15.22 20.97 35.40
Lprel 13.08 8.25 6.89 8.40 13.90 20.07 37.07

10 10 t 13.41 7.44 5.36 3.52 4.64 6.94 14.82
W 12.95 7.01 4.49 2.65 3.75 5.82 13.18

MW 26.10 13.15 8.22 5.35 9.01 15.43 39.08
Fprel 13.52 8.63 5.37 3.01 4.63 7.31 17.52
Lprel 21.33 12.41 7.30 4.11 6.85 11.91 31.91
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ft i i S s

% Test .25 .50 .67 1.00 1.50 2 .0 0 4.00
10 20 t 6.38 5.19 4.58 3.71 4.83 6.78 15.36

w 9.64 4.57 3.24 4.34 8.48 12.38 24.40
MW 29.34 14.07 8.07 5.06 10.29 19.52 49.16
Fprel 10.05 6.93 4.63 4.82 9.34 14.37 29.89
Lprel 21.92 13.90 7.75 6.06 12.12 20.66 47.71

10 40 t 2.03 3.01 3.54 4.43 6.47 8.57 17.32
W 6.88 3.80 4.57 8.40 14.14 19.06 31.67

MW 31.81 13.98 7.80 4.77 13.38 24.61 57.11
Fprel 7.12 6.24 6.23 9.05 15.58 21.89 38.17
Lprel 20.70 14.73 9.68 8.89 16.91 26.39 53.77

20 20 t 12.17 8.05 5.61 3.85 4.87 7.42 16.57
W 11.83 7.88 5.37 3.47 4.46 7.11 16.04

MW 44.83 22.35 11.63 4.97 11.97 24.83 65.47
Fprel 11.87 10.88 7.20 4.10 6.04 10.48 23.76
Lprel 16.63 21.45 11.70 5.25 10.74 22.57 59.67
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Table 59

Lognormal (0, 1.75) Using the Expert System: Simulated
Null Rejection Rate (%) With Nominal 5% Level

R«tfo«■ i l l l l i p i l

m i Test .25 .SO S I i l l l l l 158 2.88 4.00
5 5 t 12.19 3.62 2.29 1.78 1.91 2.34 3.92

W 8.03 1.79 1.04 0.72 0.70 0.88 1.92
MW 21.43 9.71 6.70 5.21 6.64 8.49 15.27
Fprel 8.72 2.01 1.18 0.79 0.82 1.03 2.05
Lprel 12.84 4.21 2.86 2.04 2.67 3.31 5.87

5 10 t 14.82 6.89 4.61 2.97 2.07 1.94 1.98
W 4.93 1.36 1.32 1.79 3.02 4.29 7.98

MW 21.55 7.85 5.18 4.19 5.36 7.87 16.52
Fprel 7.02 1.94 1.57 1.90 3.09 4.36 8.09
Lprel 13.43 3.60 2.60 3.12 5.11 7..27 14.52

5 20 t 10.90 7.70 6.60 5.53 4.56 3.«98 3.03
W 2.68 2.49 3.95 7.20 11.19 14.49 22.60

MW 27.41 9.31 6.14 5.19 7.65 11.40 24.96
Fprel 8.00 3.98 4.67 7.48 11.40 14.71 23.04
Lprel 21.75 6.87 5.55 7.07 11.31 15.63 28.85

10 10 t 15.40 4.83 3.03 1.91 2.28 3.13 6.10
W 14.11 3.73 2.06 1.34 1.64 2.11 4.45

MW 39.47 13.47 8.17 5.35 7.63 11.94 27.89
Fprel 18.93 4.99 2.51 1.61 2.10 2.93 6.33
Lprel 34.26 8.74 4.54 2.98 4.21 6.25 15.07
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lilfci <v<*»

'H Test ,28 ,80 ,67 iCISS 1.80 U S 4,00
10 20 t 13.97 6.65 4.58 2.85 2.25 2.28 3.18

W 8.39 2.09 1.73 3.03 5.33 7.45 13.85
MW 48.65 15.38 8.24 5.06 8.37 14.26 35.63
Fprel 15.28 3.91 2.53 3.39 5.75 8.22 15.83
Lprel 42.40 9.88 5.26 5.10 9.01 14.15 31.33

10 40 t 9.09 7.15 6.39 5.29 4.54 4.04 3.59
W 4.62 3.00 4.56 8.19 13.03 17.11 27.10

MW 58.39 16.83 8.25 4.77 10.14 17.83 43.18
Fprel 11.61 5.51 5.51 8.49 13.35 17.88 28.87
Lprel 53.84 13.46 7.87

i l l l l l l l l
7.86 14.40 21.81 44.27

20 20 t 17.42 6.07 3.60 2.32 2.76 3.80 8.19
W 17.11 5.58 3.11 1.95 2.24 3.29 7.30

MW 67.18 23.26 10.55 4.97 9.47 17.92 48.88
Fprel 24.46 7.80 4.03 2.37 2.92 4.59 10.77
Lprel 62.89 17.91 7.69 3.73 6.23 11.90 32.59
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Table 60

Gamma (3,1) Distribution Using the Expert System: Simulated Null
Rejection Rate (%) With Nominal 5% Level

Ratio
' '

i l l i l .2$ M .67 1,00 H H I 2.00 4.00

5 t t 9.36 6.95 5.48 5.03 5.56 8.32 25.74
w 6.92 5.63 4.41 3.88 4.26 6.49 22.97

MW 8.59 7.33 6.08 5.73 6.48 9.50 27.77
Fprel 7.08 5.98 4.80 4.19 4.62 6.98 23.88
Lprel 7.71 6.68 5.44 4.86 5.57 8.11 25.31

5 10 t 2.84 3.19 3.43 4.71 7.79 12.33 31.62
W 6.25 4.73 4.11 5.14 7.58 11.67 30.08

MW 3.82 3.58 3.07 3.99 7.09 11.12 31.68
Fprel 6.25 4.93 4.32 5.33 7.88 11.90 31.52
Lprel

l i l l l l i i l l
6.13 i1.88 4.55 5.41 8.04 11.78 3]L.99

5 20 t 0.42 L.06 1.85
%%&$&&&&&

4.81 11.15 18.75 4C1.66
W 5.49 4.66 5.06 6.58 9.13 13.44 31.04

MW 2.15 2.43 2.83 5.02 10.03 17.51 49.26
Fprel 5.47 4.99 5.54 7.29 10.29 15.69 34.27
Lprel 5.56 5.23 5.82 7.52 10.64 17.11 44.08

10 10 t 7.85 6.46 5.28 4.87 5.22 7.87 20.41
W 6.77 5.94 4.97 4.48 4.86 7.48 20.13

MW 11.40 7.87 6.27 5.39 7.16 13.77 50.44
Fprel 6.77 6.03 5.31 4.86 5.57 8.91 22.12
Lprel 7.06 7.03 6.08 5.23 6.79 13.20 49.42
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M f tV e /a t I t llllll

»1 1 1 1 Teat .25 .60 .67 1.00 1.60 2.00 4.00
10 20 t 1.75 2.39 3.02 4.67 8.01 12.20 27.59

W 5.53 4.88 4.60 5.04 6.46 9.42 22.36
MW 6.85 5.29 4.45 4.93 9.35 18.70 60.68
Fprel 5.53 4.92 4.99 5.52 7.48 11.22 23.49
Lprel 5.58 5.71 5.61 5.72 9.14 17.52

A*.VM'.y.*.W.V.W.,.VA,W
49.47

IMIIIIillff f|||lll|ll|l lilllllllllll
10 40 t 0.22 0.83 1.56 4.72 11.59 18.96 37.02

W 5.57 5.13 5.06 6.11 8.28 10.49 23.35
MW 4.22 3.81 3.66 4.70 12.23 22.83 66.39
Fprel 5.57 5.27 5.52 6.67 9.91 12.46 23.83
Lprel 5.57 5.66 6.16 6.79 12.01 19.73 43.08

20 20 t 6.68 5.55 5.25 5.42 5.34 7.11 15.20

W 6.20 5.34 5.04 5.26 5.18 6.95 14.93
MW 14.06 9.33 6.73 5.36 9.31 21.23 78.91
Fprel 6.20 5.34 5.24 5.84 6.43 8.51 15.11
Lprel 6.21 6.46 6.62 6.28 9.46 18.22 52.08
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Table 61

Gamma (2,1) Distribution Using the Expert System: Simulated Null
Rejection Rate (%) With Nominal 5% Level

'Rgfcfc lllllllllll lif illl

*h Test .25 "M " '  & LOO IM 2.00 4.00

5 t t 9.90 6.90 5.49 4.56 5.57 8.27 27.98
W 7.81 5.71 4.10 3.23 3.81 6.05 22.71

MW 9.10 7.50 6.32 5.34 7.24 10.89 33.82
Fprel 7.90 6.03 4.56 3.54 4.20 6.61 23.81
Lprel 8.52 6.80 5.31 4.25 5.40 8.36 26.67

5 10 t 3.18 3.40 3.69 4.80 7.87 11.54 33.69
W 7.00 4.52 3.83 5.03 8.82 13.35 36.24

MW 4.69 3.49 3.33 3.84 7.62 12.68 38.62
Fprel 7.01 4.70 4.13 5.06 9.06 13.81 38.35
Lprel 6.96 4.73 4.42 5.35 8.88 13.63 38.72

5 20 t 0.63 1.37 2.30 4.84 10.55 16.94 40.66
W 5.49 4.87 5.32 7.42 11.55 16.60 37.24

MW 2.89 3.11 3.22 4.96 11.27 19.88 57.53

Fprel 5.51 5.30 6.02 7.98 12.70 18.91 41.88
Lprel 5.79 5.76 6.53 8.09 12.62 20.03 51.76

10 10 t 8.18 6.84 5.18 5.02 5.50 7.91 24.48
W 7.17 6.32 4.77 4.52 5.06 7.48 24.13

MW 13.23 9.13 6.68 5.46 8.13 16.79 62.57
Fprel 7.16 6.63 5.30 4.89 6.05 10.14 28.44
Lprel 7.76 8.12 6.29 5.45 7.73 16.09 61.32
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Table 61—Continued 194

Baftm m
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IliH lli ,20 M .07 1M i i i l i i 1 1 1 !
10 20 t 2.32 2.97 3.35 4.67 8.50 12.74 28.93

w 6.15 5.61 4.83 5.65 8.19 11.09 26.13
MW 9.35 6.76 5.28 5.15 11.17 23.30 70.08
Fprel 6.15 5.82 5.39 6.28 9.68 14.21 28.76
Lprel 6.29 7.37 6.49 6.71 11.71 22.63 61.16

10 40 t 0.32 1.03 1.90 5.26 11.32 18.62 38.98
W 5.51 4.80 5.11 6.34 8.89 12.23 28.84

MW 6.38 4.88 4.38 5.41 13.20 27.86 78.00
Fprel 5.51 5.08 5.87 7.20 10.86 15.82 30.83
Lprel 5.53 6.25 6.88 7.38 13.26 25.40 57.35

20 20 t 7.37 6.36 5.57 4.79 5.71 7.67 18.86
W 6.89 6.09 5.46 4.68 5.55 7.41 18.77

MW 18.16 11.81 8.15 4.72 11.47 28.93 88.94

Fprel 6.89 6.21 6.36 5.33 7.47 10.55 19.53
Lprel 6.89 8.11 8.11 5.87 11.91 26.35 71.66

To evaluate the overall performance of the procedures for varying 

degrees of variance heterogeneity, the results of the simulation for the five 

asymmetric distributions are combined in Tables 64-68 using the same 

format as used in Tables 18-22 in Chapter IV. The outcome of a test 

procedure is defined to be severely conservative, extremely conservative, 

conservative, robust, liberal, extremely liberal, or severely liberal as 

outlined in Chapter IV.
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R = 1 (Equal Variance Cases)

A summary of the simulated null rejection rates for the five 

asymmetric distributions for the equal variance cases is presented in Table 

62. The MW test is robust for the R = 1 cases. The t test is robust for 

approximately 70% (25 of 35) of the R = 1 cases but it can be extremely 

conservative. The Welch test, the Fprel test procedure, and the Lprel test 

procedure tend to be liberal or somewhat conservative. The Welch test and 

Fprel test procedure can be extremely conservative in some cases. None of 

the procedures are extremely liberal.

R  = 0.67 (Includes Moderate Direct Pairing Cases)

Table 63 summarizes the simulated null rejection rates for the 

asymmetric distributions for the R = 0.67 cases. The Welch test and the 

Fprel test procedure are robust in approximately 70% (25 of 35) of the R = 

0.67 cases. These procedures can be conservative and even extremely 

conservative for some R = 0.67 cases. The t test is conservative or 

extremely conservative for almost 50% (16 of 35) of the R = 0.67 cases. The 

MW test and the Lprel test procedure are liberal or extremely liberal in at 

least 50% of these cases. The Lprel test procedure is slower to counteract 

the liberalism of the MW test than is the Fprel test procedure.
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Table 62

Summary of Asymmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level 

Equal Variances: R=a1/o2 = 1.00

test 1<*£2.5 2.5<* £4 4 < x £ 6 6<x  £ 1 0 I i o < x m x > 2 0 Total

t 0 3 7 25 0 0 0 35
W 1 4 7 14 9 0 0 35

MW 0 0 2 33 0 0 0 35
Fprel 1 4 5 14 1 1 0 0 35
Lprel 0 1 4 17 13 0 0 35

Table is based on the five asymmetric distributions [lognormal (0, 0.40), lognormal (0, 1.0), lognormal (0,
1.75), G(3,l), & G(2 ,l)] and seven sample size pairs.
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Table 63

Summary of Asymmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level

R=a1/a2 = 0.67

test *51 1<*52.5 2.5<r* 54 4< *56 6 < * 510 1 0 c # ; £ 2 0 * > 2 0 Total

t 0 7 9 17 2 0 0 35
W 0 4 6 25 0 0 0 35

MW 0 0 8 8 17 2 0 35
Fprel 0 2 4 25 4 0 0 35
Lprel 0 0 2 15 17 1 0 35

Table is based on the five asymmetric distributions [lognormal (0, 0.40), lognormal (0, 1.0), lognormal (0,
1.75), G(3,l), & G(2 ,l)] and seven sample size pairs.
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R = 0.25 and 0.50 (Includes Severe Direct Pairing Cases)

198

The simulated null rejection rates for the asymmetric distributions 

for the R = 0.25 and 0.50 cases are summarized in Table 64. For the R = 

0.25 and 0.50 cases, none of the test procedures are robust. The Welch test 

and the Fprel test procedures tend to be liberal or extremely liberal, but 

these tests can be extremely conservative as well. The t test can be 

extremely liberal or severely conservative. The MW test tends to be 

severely liberal for the R = 0.25 and 0.50 cases.

R = 1.50 (Includes Moderate Indirect Pairing Cases)

Table 65 summarizes the simulated null rejection rates for the 

asymmetric distributions for the R = 1.50 cases. All procedures tend to be 

liberal or extremely liberal for the R = 1.50 cases. However, the t test is 

the most robust for these cases. The t test, the Welch test, and the Fprel 

test procedure can be occasionally extremely conservative.

R = 2  and 4 (Includes Severe Indirect Pairing Cases)

The simulated null rejection rates for the asymmetric distributions 

for the R = 2 and 4 cases are summarized in Table 6 6 . All procedures are 

extremely or severely liberal for >55% of the R = 2 and 4 cases. These 

procedures can yield extremely conservative results as well.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R
eproduced 

with 
perm

ission 
of the 

copyright 
ow

ner. 
Further 

reproduction 
prohibited 

w
ithout 

perm
ission.

Table 64

Summary of Asymmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level 

R=gx!g2 = 0.25 and 0.50

test *51 1 « * < 2 2 .6 2.5< x 54 4< x56 6 < *  5 1 0 f tk * £ 2 0 * > 2 0 Total

t 8 9 1 2 4 28 9 0 70
W 0 4 6 33 2 2 5 0 70

MW 0 4 9 6 2 2 16 13 70
Fprel 0 2 2 30 26 9 1 70
Lprel 0 0 1 19 30 1 1 9 70

Table is based on the five asymmetric distributions [lognormal (0, 0.40), lognormal (0, 1.0), lognormal (0,
1.75), G(3,l), & G(2 ,l)] and seven sample size pairs.
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Table 65

Summary of Asymmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level

i2=Oj/a2 = 1.50

test *51 1 < x  £2.5 2.5<* 54 4< * 56 6<*510 i 10<%52O x > 2 0 Total

t 0 4 3 15 7 6 0 35
W 1 3 4 9 13 5 0 35

MW 0 0 0 1 23 1 1 0 35
Fprel 1 2 2 8 15 7 0 35
Lprel 0 0 2 5 14 14 0 35

Table is based on the five asymmetric distributions [lognormal (0, 0.40), lognormal (0, 1.0), lognormal (0,
1.75), G(3,l), & G(2,l)] and seven sample size pairs.
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Table 66

Summary of Asymmetric Distributions Using Expert System: Frequency of 
Simulated Null Rejection Rate (%) With Nominal 5% Level 

RsOx/Oa = 2.00 and 4.00

test 1<*3£2.5 2JS<x 4 < x£6 6 «jc a to 1 0 < x £ 2 0 x  > 2 0 Total

t 0 4 7 3 17 23 16 70

W 1 2 2 4 17 24 2 0 70

MW 0 0 0 0 7 25 38 70

Fprel 0 2 2 3 1 2 28 23 70

Lprel 0 0 1 2 6 2 2 39 70

Table is based on the five asymmetric distributions [lognormal (0, 0.40), lognormal (0, 1.0), lognormal (0,
1.75), 6(3,1), & G(2,l)] and seven sample size pairs.
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In summary for the R  = 1 cases, all procedures are generally robust. 

For the R = 0.67 cases, the Welch test and the Fprel test procedure are 

reasonably robust. For the R = 0.25, 0.50, 1.50, 2.0 and 4.0 cases, all 

procedures tend to be liberal. The degree of liberal bias increases as the 

degree of variance heterogeneity increases.

7.4 Frequency (%) at Which Each Means Test is Used

In addition to the simulated null rejection rates, the expert system 

can report the frequency (%) at which each of the test procedures is used 

for a given sample size and R value. Results for the imbalanced case n1 = 

1 0  and n2 = 2 0 , and the balanced case n1 = n2 = 2 0  will be summarized for 

the normal distribution cases, the four symmetric distribution cases 

combined (including the normal distribution cases), and the five asymmetric 

distribution cases combined.

Tables 67-68,69-70, and 71-72 summarize the frequency (%) at which 

each of the test procedures is used for the normal distribution cases, the 

four symmetric distribution cases combined, and the five asymmetric 

distribution cases combined, respectively. The format for Tables 67-72 is 

as follows. For each R value, the frequency at which the t test, the Welch-S 

test, the MW test, and the Welch-AS test was selected by the expert system 

is reported. In these tables, the t test, Welch-S, MW, and Welch-AS denote 

the following:
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t test: The t test was used because the expert system concluded 

= a2 and symmetry was accepted.

Welch-S: The Welch test was used because the expert system 

concluded ot * o2 and symmetry was accepted.

MW: The MW test was used because the expert system concluded 

dj = a2 and symmetry was rejected.

Welch-AS: The Welch test was used because the expert system 

concluded Oj * a2 and symmetry was rejected.

7.4.1 Normal Case

Tables 67-68 contain the frequency (%) at which each of the test 

procedures is used in the normal distribution cases for the balanced and 

imbalanced cases, respectively.

R = 1  (Includes Imbalanced and Balanced Cases)

For the R = 1 case with equal sample sizes, the t test is known to be 

robust. Results in Table 67 show the Lprel test procedure correctly selected 

the t test for approximately 50% of the simulations compared to 

approximately 33% when using the Fprel test procedure. The Welch-S test 

incorrectly was used twice as often by the Fprel test procedure than by the 

Lprel test procedure (31% and 15%, respectively).

For the R = 1 case with imbalanced sample sizes, the Fprel test
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Table 67

Frequency (%) at Which Each Means Test is Used
in the Normal Distribution
nx = 20 and n2 = 20 Case

H iteftt
Jfcrel

MW WeleVAS
0.25 0.00 63.05 0.00 36.95
0.50 0.77 62.28 0.47 36.48
0.67 8.16 54.89 5.23 31.72
1.00 31.69 31.36 18.43 18.52
1.50 8.62 54.43 4.76 32.19
2.00 0.80 62.25 0.44 36.51
4.00 0.00 63.05 0.00 36.95

n t test
Lprel

Wefch-S MW Weleh-AS
0.25 0.00 63.05 0.01 36.94
0.50 3.91 59.14 2.65 34.30
0.67 21.14 41.91 13.20 23.75
1.00 48.26 14.79 29.21 7.74
1.50 21.02 42.03 13.53 23.42
2.00 3.86 59.19 2.45 34.50
4.00 0.00 63.05 0.00 36.95
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Table 68

Frequency (%) at Which Each Means Test is Used
in the Normal Distribution
nt -  10 and n2 = 20 Case

B
rpfw

Welch-S MW Weleh'AS

0.25 0.00 65.24 0.00 34.76
0.50 2.70 62.54 1.50 33.26
0.67 15.04 50.20 8.28 26.48
1.00 32.86 32.38 17.47 17.29
1.50 13.78 51.46 6.96 27.80
2.00 3.56 61.68 1.64 33.12
4.00 0.02 65.22 0.00 34.76

R tte s t
Lprel

Welch'S MW WelcVAS

0.25 0.04 65.20 0.01 34.75
0.50 9.32 55.92 5.64 29.12
0.67 28.79 36.45 16.07 18.69

1.00 49.32 15.92 27.52 7.24

1.50 30.48 34.76 17.81 16.95
2.00 12.10 53.14 7.03 27.73
4.00 0.16 65.08 0.12 34.64
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procedure correctly used the t test and incorrectly used the Welch-S test 

each for approximately 33% of the simulations (Table 68). The Lprel test 

procedure correctly selected the t test for approximately 50% of the 

simulations and incorrectly used the MW test for approximately 30% of the 

simulations.

R  = 0.67 and 1.50 (Includes Imbalanced and Balanced Cases)

For the R = 0.67 and 1.50 cases with equal sample sizes, Table 67 

shows the Fprel test procedure correctly selected the Welch-S test for 

approximately 55% of the simulations and the Welch-AS for approximately 

32% of the simulations. The Lprel test procedure correctly selected the 

Welch-S test for approximately 42% of the simulations while the t test and 

the Welch-AS test were each selected for more than 20% of the simulations. 

Both test procedures incorrectly concluded asymmetry for approximately 

37% of the normal cases with R = 0.67 and 1.50.

For the R -  0.67 and 1.50 cases with unequal sample sizes, Table 68 

shows the Fprel test procedure correctly used the Welch-S test for 

approximately 50% of the simulations and incorrectly selected the Welch-AS 

test for approximately 25% of the simulations. The Lprel test procedure 

correctly selected the Welch-S test for slightly more than 33% of the 

simulations and incorrectly selected the t test for approximately 33% of the 

simulations. Similar to the n1 = n2 case, both the Fprel and the Lprel test
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procedures incorrectly concluded asymmetry for approximately 35% of the 

normal cases with R = 0.67 and 1.50.

R  = 0.25.0.50.2.0 and 4.0 (Includes Imbalanced and Balanced Cases)

For the R  = 0.25,0.50,2.0, and 4.0 cases, the Welch test is known to 

be robust. Tables 67-68 shows the Fprel and Lprel test procedures correctly 

used the Welch-S test for approximately 60% of the simulations regardless 

of sample size configuration. However, the Fprel and Lprel test procedures 

incorrectly concluded asymmetry for about 35-37% of the normal cases with 

R = 0.25, 0.50, 2.0, and 4.0.

7.4.2 Symmetric Cases

Tables 69-70 contain the frequency (%) at which each of the test 

procedures is used in the four symmetric distributions combined (including 

the normal distribution cases) for the balanced and imbalanced cases, 

respectively.

R = 1 (Includes the Imbalanced and Balanced Cases)

For the R = 1.00 case with equal sample sizes, the t test is known to 

be robust for the symmetric distributions. Results in Table 69 show that 

the Fprel test procedure correctly selected the t test for approximately 30% 

of the simulations compared to almost 50% when using the Lprel test
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procedure. The Welch-S test was incorrectly selected for approximately 

30% of the simulations when using the Fprel test procedure compared to 

only 14% when using the Lprel test procedure.

For the R = 1.00 case with unequal sample sizes, Table 70 shows that 

the Lprel test procedure selected the t test for nearly 50% of the 

simulations compared to approximately 31% when using the Fprel test 

procedure. The Fprel test procedure incorrectly selected the Welch-S test 

for approximately 32% of the simulations, whereas the Welch-S test was 

incorrectly selected for 15% of the simulations when using the Lprel test 

procedure.

R  = 0.67 and 1.50 (Includes the Imbalanced and Balanced Cases)

For the R = 0.67 and 1.50 cases with equal sample sizes, Table 69 

shows the Fprel test procedure correctly selected the Welch-S test for more 

than 50% of the simulations compared to 40% when using the Lprel test 

procedure. The Lprel test procedure incorrectly selected the t test more 

frequently than the Fprel test procedure (21% versus 8%). Both test 

procedures incorrectly concluded asymmetry in about 40% of the R = 0.67 

and 1.50 cases.

For the R = 0.67 and 1.50 cases with unequal sample sizes, Table 70 

shows the Fprel test procedure correctly selected the Welch-S test for about 

50% of the simulations compared to about 33% when using the Lprel test
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Table 69

Frequency (%) at Which Each Means Test is Used
in the Symmetric Distributions

nl = 20 and n2 = 20 Case

B t test
jrprtt

m k b $ MW Welch-AS
0.25 0.00 60.10 0.00 39.90
0.50 1.37 58.73 0.99 38.91
0.67 8.10 52.00 5.60 34.30
1.00 29.48 30.62 19.84 20.06
1.50 8.33 51.77 5.11 34.79
2.00 1.43 58.67 0.93 38.97
4.00 0.01 60.09 0.00 39.90

Lprel
B t test Welch-S MW Welch-AS

0.25 0.03 60.07 0.02 39.88
0.50 5.05 55.05 3.77 36.13
0.67 20.78 39.32 15.01 24.89
1.00 46.96 14.39 31.38 8.52
1.50 20.67 39.42 14.70 25.21
2.00 5.07 55.03 3.63 36.27
4.00 0.03 60.07 0.02 39.88
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Table 70

Frequency (%) at Which Each Means Test is Used
in the Symmetric Distributions

nx = 10 and n% = 20 Case

R ftest
Fprel

Welch-S MW Welch-AS
0.25 0.02 62.40 0.02 37.56
0.50 3.02 59.40 2.05 35.53
0.67 13.35 49.08 8.42 29.15
1.00 30.70 31.72 18.43 19.15
1.50 13.00 49.43 7.49 30.08
2.00 4.23 58.20 2.37 35.20
4.00 0.09 62.34 0.06 37.51

R
Lprel

Welch-S MW Welch-AS

0.25 0.20 62.23 0.16 37.42

0.50 10.26 52.17 7.11 30.46
0.67 27.63 34.79 18.04 19.54

1.00 47.27 15.15 29.63 7.94

1.50 29.65 32.78 19.50 18.07
2.00 12.63 49.79 8.44 29.14
4.00 0.43 61.99 0.32 37.26
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procedure. The Lprel test procedure incorrectly selected the t  test for about 

29% of the simulations compared to approximately 13% when using the 

Fprel test procedure.

R  = 0.25. 0.50. 2. and 4 (Includes Imbalanced and Balanced Cases)

For the R  = 0.25,0.50, 2.0, and 4.0 cases, the Welch test is known to 

be robust. Tables 69-70 shows the Fprel and the Lprel test procedures 

correctly used the Welch-S test for approximately 50-60% of the simulations 

regardless of the sample size configuration. The Welch-AS test was 

incorrectly used for approximately 30-40% of the simulations when using 

either the Fprel or the Lprel test procedure.

In summary, for the normal case and the combined symmetric cases, 

the Lprel test procedure correctly selected the t test more often than the 

Fprel test procedure for the R = 1 cases regardless of the sample size 

configuration. For the R  = 0.67 and 1.50 cases, regardless of sample size 

configuration, the Fprel test procedure correctly selected the Welch-S test 

more frequently than did the Lprel test procedure. For the R  = 0.25, 0.50, 

2.0, and 4.0 cases, regardless of sample size configuration, the Fprel and 

the Lprel test procedures correctly used the Welch-S test for approximately 

60% of the simulations. It is noted for the R 1 cases, both the Fprel and 

the Lprel test procedures incorrectly concluded asymmetry for 

approximately 38% of the simulations.
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7.4.3 Asymmetric Cases

Tables 71-72 contain the frequency (%) at which each of the test 

procedures is used in the five asymmetric distributions combined for the 

balanced and imbalanced cases, respectively.

R  = 1 (Includes the Imbalanced and Balanced Cases)

For the R = 1 case with equal sample sizes, the MW test is known to 

be robust for the asymmetric distributions. Results in Table 71 show the 

Lprel test procedure correctly selected the MW test for approximately 69% 

of the simulations compared to approximately 25% when using the Fprel 

test procedure. The Fprel test procedure incorrectly selected the Welch-AS 

test (67%) in these homogeneous variance cases.

For the R = 1 case with unequal sample sizes, Table 72 shows the 

that Lprel test procedure correctly selected the MW test for approximately 

65% of the simulations compared to approximately 24% when using the 

Fprel test procedure. As also seen for the balanced sample size case, the 

Fprel test procedure incorrectly selected the Welch-AS test in more than 

60% of the cases.

R  = 0.67 and 1.50 (Includes All Cases)

For the equal sample size cases, Table 71 shows the Lprel test
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Table 71

Frequency (%) at Which Each Means Test is Used
in the Asymmetric Distributions

nx = 20 and n2 = 20 Case

n
Fprel

WelcMS MW W*tch*AS
0.25 0.05 16.37 2.88 80.70
0.50 0.78 12.91 6.96 79.35
0.67 2.65 9.09 14.73 73.53
1.00 3.03 4.65 24.95 67.36
1.50 0.90 2.39 16.67 80.04
2.00 0.27 1.14 10.78 87.81
4.00 0.03 0.12 7.04 92.81

R tte ftt
Lprel

Welch-S MW Welch-AS
0.25 0.10 16.32 16.53 67.05
0.50 2.17 11.52 32.50 53.81
0.67 5.32 6.42 50.47 37.79
1.00 5.29 2.39 68.81 23.51
1.50 1.70 1.60 60.61 36.09
2.00 0.56 0.86 52.83 45.75
4.00 0.06 0.09 55.10 44.75
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Table 72

Frequency (%) at Which Each Means Test is Used
in the Asymmetric Distributions

nx = 10 and n2 = 20 Case

R *fest Welch'S MW micfeAS
0.25 0.08 17.82 3.48 78.62
0.50 1.83 14.99 9.11 74.14
0.67 4.85 11.24 17.18 66.73
1.00 5.74 7.98 24.13 62.16
1.50 2.92 7.37 18.58 71.13
2.00 1.45 5.67 14.29 78.59
4.00 0.34 1.98 10.13 87.55

Lprel
R * test Welch-S MW Weleh-AS

0.25 0.30 17.60 22.55 59.55
0.50 4.52 12.23 41.01 42.24
0.67 8.50 7.58 54.95 29.97
1.00 9.60 4.12 64.99 21.29
1.50 5.64 4.65 59.20 30.51
2.00 3.12 4.00 53.38 39.50
4.00 0.86 1.46 49.48 48.20
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procedure incorrectly selected the MW test in 50% of the R  = 0.67 cases and 

61% of the R = 1.50 cases. The Welch-AS test was correctly selected for 

approximately 37% of the R  = 0.67 and 1.50 cases when using the Lprel test 

procedure. The Fprel test procedure incorrectly selected the MW test for 

15-17% of the R = 0.67 and 1.50 cases. The Welch-AS was correctly 

selected by the Fprel test procedure for the majority of the R = 0.67 and 

1.50 cases (74% and 80%, respectively).

For the R = 0.67 and 1.50 cases with imbalanced sample sizes, 

results in Table 72 show the same trends as were seen for the equal sample 

size cases. The Lprel test procedure incorrectly used the MW test for more 

than half of the R  = 0.67 and R = 1.50 cases ( 55% and 59%, respectively); 

and correctly selected the Welch-AS test for approximately 30% of the R = 

0.67 and 1.50 cases. The Fprel test procedure correctly selected the Welch- 

AS test for more than two-thirds of the R  = 0.67 and 1.50 cases (67% and 

71%, respectively). The MW test was incorrectly chosen by the Fprel test 

procedure for approximately 18% of the R -  0.67 and 1.50 cases.

R = 0.25 and 0.50 (Includes the Imbalanced and Balanced Cases)

Results in Table 71 show for the balanced case that the Fprel test 

procedure correctly selected the Welch-AS test for approximately 80% of the 

R = 0.25 and 0.50 cases. The Welch-S test was incorrectly used for at least 

13% of the R = 0.25 and 0.50 cases. The Lprel test procedure correctly

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



216

selected the Welch-AS test for over 50% of the R  = 0.50 cases and 

approximately two-thirds of the R  = 0.25 cases. The MW test was 

incorrectly used for about 33% of the R = 0.50 cases, whereas the Welch-S 

test and the MW test were each incorrectly used for approximately 16% of 

the R  = 0.25 cases.

Results in Table 72 for the unequal sample size case show that the 

Fprel test procedure correctly used the Welch-AS test for the R = 0.25 and

0.50 cases (79% and 74%, respectively). The Lprel test procedure correctly 

used the Welch-AS test for approximately 60% of the R  = 0.25 cases, 

whereas the MW test and the Welch-AS test were each incorrectly selected 

for about 40% of the R = 0.50 cases.

R = 2.0 and 4.0 (Includes the Imbalanced and Balanced Cases)

Tables 71-72 show the Welch-AS test was correctly chosen by the 

Fprel test procedure for at least 78% of the R = 2.0 and 4.0 cases regardless 

of sample size configuration. The Lprel test procedure incorrectly used the 

MW test for about 50% of the R = 2.0 and 4.0 cases and the Welch-AS test 

was correctly used for approximately 45% of the R = 2.0 and 4.0 cases.

In summary, for the R = 1 cases regardless of the sample size 

configuration, the Lprel test procedure predominately used the MW test 

correctly, whereas the Fprel test procedure generally incorrectly used the 

Welch-AS test. For the R =0.67 and 0.50 cases, the Fprel test procedure
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used the Welch-AS test for at least 66% of the simulations, whereas the 

MW test was incorrectly selected for at least 50% of the simulations when 

using the Lprel test procedure. For the 0.25 and 0.50 cases, the Fprel and 

the Lprel test procedures generally correctly used the Welch-AS test; 

however, the Welch-AS test was selected more often when using the Fprel 

test procedure. The Fprel test procedure generally correctly selected the 

Welch-AS test for the R = 2.0 and 4.0 cases, whereas the Lprel test 

procedure selected the Welch-AS test correctly and the MW test incorrectly 

each for about 50% of the simulations.
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CHAPTER VIII

CONCLUSIONS AND FUTURE WORK

8.1 Conclusions

For the cases where variance homogeneity is unknown to the 

practicing statistician, the use of a preliminary test for H0\ 0  ̂ = 0  ̂

preceding the means test yielded improved results over using the t test or 

the Mann-Whitney-Wilcoxon test alone for all cases except the asymmetric 

unequal variances cases, where no method maintained the stated Type I 

error rate. Preliminary testing for variance homogeneity where a > 0.25 

yielded more robust tests than where a < 0.25. Results using a preliminary 

test for variance homogeneity where a > 0.25 were comparable to those 

when using the Welch test alone.

Results using the Triples test at a significance level of a = 0.25 were 

more robust and powerful for testing Ha: symmetry than when using the 

Triples test at a = 0.05 or the D’Agostino Su test at a = 0.05 and a = 0.25 

for the one sample cases and the two sample cases.

For the cases where variance homogeneity and symmetry each are 

unknown to the practicing statistician, an expert system using the Fprel 

test procedure and the Lprel test procedure yielded improved results with
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respect to robustness over using the t  test or the Mann-Whitney-Wilcoxon 

test alone, except for the asymmetry unequal variance cases, where no 

method maintained the stated Type I error rate. Results using the Fprel 

test procedure were comparable to those when using the Welch test alone. 

Based on the results of the simulated rejection rates, the Fprel test 

procedure was generally more robust than the Lprel test procedure except 

for the asymmetric equal variance cases.

The performance of the expert system was also evaluated by the 

frequency at which the expert system selected the most appropriate test of 

means. For the symmetric equal variance cases, the Lprel test procedure 

correctly selected the t test for approximately 47% of the simulated cases 

compared to approximately 30% when using the Fprel test procedure. For 

the symmetric cases with severely unequal variances (R = 0.25, 0.50, 2.0, 

and 4.0), the frequency at which the Welch test was correctly selected 

ranged from approximately 58-61% when using the Fprel test procedure 

and ranged from approximately 52-61% when using the Lprel test 

procedure. Asymmetry was incorrectly concluded for approximately 39% of 

the simulated symmetric cases when using either the Fprel or the Lprel 

test procedure.

The frequency at which the Fprel and the Lprel test procedure 

correctly concluded asymmetry ranged from approximately 83-99% of the 

simulated cases for the families of asymmetric distributions examined. It
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is noted that the frequency at which asymmetry was concluded when using 

the Fprel and the Lprel test procedure increased as the R value increased. 

For the asymmetric equal variance cases, the Lprel test procedure correctly 

selected the Mann-Whitney-Wilcoxon test for approximately 67% of the 

simulated cases compared to 28% when using the Fprel test procedure. For 

the asymmetric cases with severely unequal variances, the frequency at 

which the Fprel test procedure correctly concluded asymmetry and variance 

heterogeneity ranged from approximately 77-90% of the simulated cases 

compared to a range of43-63% of the simulated cases when using the Lprel 

test procedure.

Results showed that the expert system examined in this simulation 

study concluded asymmetry too often for the symmetric cases.

8.2 Future Work

Since the expert system examined in this simulation study concluded 

asymmetry too often, it would be of interest to examine the performance of 

an expert system using the Triples test for testing of symmetry at a lower 

significance level such as a = 0.05. An alternative approach would be to 

examine the performance of an expert system which concludes asymmetry 

only if both samples were judged to be asymmetric at a = 0.25.

Other interests for future work are:

1. Explore the appropriateness of using two classes of preliminary
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tests (a test for variance homogeneity and a test for symmetry) preceding 

confidence interval estimation for p, - m .

2. Explore the appropriateness of testing the equality of k means (k 

> 2) using means tests for k independent samples based on the results of 

using the two classes of preliminary tests.

3. For the outlier models (symmetric and asymmetric contaminated 

normal distributions) examined, only the MW test was robust in both cases. 

Additional types of outlier models need to be investigated. If the simulation 

results continued to show that the MW test was robust, it would be of 

interest to evaluate the performance of an expert system which included a 

preliminary test for outlier models in addition to the two classes of 

preliminary tests explored in this dissertation work.
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