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I  INTRODUCTION 

The P r o b le m

I n  t h e  c l a s s i c a l  t h e o r y  o f  c o m m u t a t i v e  r i n g s ,  one  

i m p o r t a n t  r e s u l t  s t a t e s  t h a t  f o r  a  0 - d i m e n s i o n a l  i d e a l  

Q i n  a n o e t h e r i a n  r i n g  A w i t h  i d e n t i t y ,  t h e  H i l b e r t  

f u n c t i o n  H ( n , o )  = L ^ ( A / o ^ )  , t h a t  i s  t h e  A -m odule  

l e n g t h  f r o m  A t o  , i s  a p o l y n o m i a l  w i t h  r a t i o n a l

c o e f f i c i e n t s  f o r  s u f f i c i e n t l y  l a r g e  n  . The d e g r e e  o f  

t h i s  p o l y n o m i a l  i s  t h e  a l t i t u d e  s  o f  o . The m u l t i ­

p l i c i t y  |j.Ca) o f  t h e  i d e a l  o i s  s !  t i m e s  t h e  l e a d i n g  

c o e f f i c i e n t  o f  t h i s  p o l y n o m i a l  a n d  i s  f r e q u e n t l y  e x p r e s s e d  

by  t h e  l i m i t  f o r m u l a  o f  Samuel

( 1 . 1 ) ^ ( 0 ) = s i  l i m  .
n-»oo n

I t  i s  a l w a y s  t r u e  t h a t  n-Ca) i s  a n  i n t e g e r  w h ic h ,  i n  

t h e  g e o m e t r i c  s i t u a t i o n ,  c a n  be  i n t e r p r e t e d  a s  t h e  " m u l t i ­

p l i c i t y "  o r  " c o u n t "  o f  t h e  i n t e r s e c t i o n s  o f  v a r i e t i e s .

The s t u d y  o f  s e q u e n c e s  o f  p o w e r s  o f  a f i x e d  i d e a l  

h a s  b e e n  g e n e r a l i z e d  t o  t h e  s t u d y  o f  f i l t r a t i o n s  w h e re  

a m u l t i p l i c a t i v e  f i l t r a t i o n  ( o r  j u s t  f i l t r a t i o n ) on  a 

r i n g  A i s  a  s e q u e n c e  f  = { o f  i d e a l s  o f  A w h i c h  

s a t i s f i e s  t h e  c o n d i t i o n s

( i )  = A ,

( 1 . 2 ) ( i i )  “n +1  ^ “n  a l l  n  i  0  , and

( i i i )  0 0 C O  f o r  a l l  m ,n  2 0  , m n  m+n
1
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2
T h i s  i s  i n d e e d  a  g e n e r a l i z a t i o n  o f  t h e  p o w e rs  o f  a n  i d e a l  

f o r ,  g i v e n  any  i d e a l  o o f  A , t h e  s e q u e n c e

( 1 . 3 )  f g  =

f o r m s  a  f i l t r a t i o n  on  A u s i n g  t h e  c o n v e n t i o n  t h a t  

0 °  = A .

I n  t h i s  d i s s e r t a t i o n ,  t h e  c o n c e p t  o f  m u l t i p l i c i t y

i s  e x t e n d e d  by  t h e  f o r m u l a  a n a l o g o u s  t o  ( 1 . 1 ) t o  a l l

f i l t r a t i o n s  f o r  w h i c h  t h e  l i m i t  e x i s t s ;  t h a t  i s ,

LA(A/a  )
( 1 . 4 )  n ( f )  = s i  l i m  — — 2 -

n-^oo n

p r o v i d e d  t h i s  l i m i t  e x i s t s ,  w h e r e  s = a l t ( f )  . See  ( 1 . 1 3 ) .

I n  g e n e r a l  L ^ ^ A / a ^ )  c a n n o t  b e  d e s c r i b e d  by a p o l y n o m i a l  

a s  b e f o r e  and  m u l t i p l i c i t y  n e e d  n o t  be  a n  i n t e g e r  o r  e v e n  

a  r a t i o n a l  n u m b e r .  T h i s  m ean s  t h a t  t h e  g e o m e t r i c  i n t e r ­

p r e t a t i o n  o f  m u l t i p l i c i t y  a s  c o u n t i n g  i n t e r s e c t i o n s  d o e s  

n o t  a p p l y  e v e n  i n  t h e  c a s e  o f  g e o m e t r i c  r i n g s .  Some 

c o n n e c t i o n  d o e s  e x i s t ,  h o w e v e r ,  a n d  i n  C h a p t e r  3 ,  a m i n o r  

s t r e n g t h e n i n g  o f  t h e  t h e o r y  i s  d e v e l o p e d  i n  o r d e r  t o  

d e m o n s t r a t e  t h e  c o n n e c t i o n  w i t h  a n o t h e r  g e n e r a l i z a t i o n  

o f  m u l t i p l i c i t y .  F o r  a n y  f i l t r a t i o n  o f  t h e  t y p e  c o n s i d e r e d  

t h e r e ,  a  c o n s t a n t  f a c t o r  o f  p r o p o r t i o n a l i t y  i s  o b t a i n e d  

w h i c h  r e c o v e r s  t h e  i n t e g e r  c o r r e s p o n d i n g  t o  t h e  g e o m e t r i c  

m u l t i p l i c i t y .  D e s p i t e  t h i s  f a c t ,  t h e  g e n e r a l  t h e o r y  

d e v e l o p e d  l i e s  more  a p p r o p r i a t e l y  i n  t h e  r e a l m  o f  t h e  

a r i t h m e t i c a l  t h e o r y  o f  f i l t r a t i o n s  w i t h  no  p a r t i c u l a r  

d i s t i n c t i o n  b e i n g  made a s  t o  w h e t h e r  o r  n o t  t h e  m u l t i -
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3
p l i c i t y  i s  r e l a t e d  t o  some i n t e g e r  i n  a  n a t u r a l  m a n n e r .

T h i s  t h e s i s  i s  t o  b e  r e g a r d e d ,  t h e n ,  a s  o n e  f u r t h e r  a d v a n c e  

i n  t h e  b r o a d e r  s t u d y  o f  a l l  m u l t i p l i c a t i v e  f i l t r a t i o n s  on 

a  c o m m u t a t i v e  r i n g ,  r e s t r i c t e d  o f  c o u r s e  t o  t h o s e  f i l t r a ­

t i o n s  f o r  w h i c h  m u l t i p l i c i t y  i s  d e f i n e d .

W i t h i n  t h e  t e x t ,  a l l  s t a t e m e n t s  a b o u t  m u l t i p l i c i t y  

w i l l  b e  made i n  t e r m s  o f  s u b m o d u l e s  o f  a m o d u l e  i n s t e a d  

o f  i d e a l s  i n  a r i n g  by  d e f i n i n g  t h e  m u l t i p l i c i t y  | i ( f ,M )  

o f  a  f i n i t e l y  g e n e r a t e d  A -m o d u le  M w i t h  r e s p e c t  t o  a 

f i l t r a t i o n  f  = on  a  n o e t h e r i a n ,  c o m m u t a t i v e  r i n g

A w i t h  i d e n t i t y  a s
La CM/o M)

,* l i m  -------Ü—  ,( 1 . 5 )  kL(f,M) = s* l i m  — ---- -ii—  , s = a l t ( f )  ,
n-»oo n

w h e n e v e r  t h i s  l i m i t  e x i s t s .  I f  f  i s  a p p r o x i m a t a b l e  by 

p o w e r s  i n  t h e  s e n s e  t h a t  f o r  e a c h  j  6 U , t h e r e  e x i s t s  

k j  6 ]N s u c h  t h a t

( i )  a. = f o r  a l l  n  , a n d

( 1 . 6)
( i i )  — --------» 1 a s  j  — > » .

j
a n d  i f  f  i s  0 - d i m e n s i o n a l ,  ( i ( f ,M )  e x i s t s  f o r  e v e r y  

f i n i t e l y  g e n e r a t e d  A - m o d u l e  M , The c o r r e s p o n d i n g  

m u l t i p l i c i t y  f u n c t i o n  | j , ( f , _ )  d e f i n e d  o n  t h e  c a t e g o r y  

o f  a l l  f i n i t e l y  g e n e r a t e d  A - m o d u le s  h a s  p r o p e r t i e s  v e r y  

s i m i l a r  t o  t h o s e  o f  t h e  m u l t i p l i c i t y  f u n c t i o n  t i ( a , _ )  

o f  c l a s s i c a l  i d e a l  t h e o r y ;  e . g . ,  i t  i s  a d d i t i v e  a n d  o b e y s  

t h e  u s u a l  l o c a l i z a t i o n  a n d  e x t e n s i o n  f o r m u l a e .  Any
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4

f i l t r a t i o n  o f  t h e  t y p e  f  = f ^  f o r  some o i s  t r i v i a l l y  

a p p r o x i m a t a b l e  b y  p o w e r s .  The c l a s s  o f  a l l  f i l t r a t i o n s  

w h i c h  a r e  a p p r o x i m a t a b l e  by^ijj^iwers i s  much w i d e r ,  h o w e v e r ,  

and  e v e n  i n c l u d e s  many f i l t r a t i o n s  w h i c h  a r i s e  f rom  

n o n d i s c r e t e  r a n k  1  v a l u a t i o n s .

To d e m o n s t r a t e  how t h e  t h e o r y  o f  C h a p t e r  2 i s  t o  be  

a p p l i e d ,  two c l a s s e s  o f  f i l t r a t i o n s  o n  f a m i l i a r  r i n g s  a r e  

d i s c u s s e d  i n  d e t a i l .  I n  f a c t ,  a l l  o f  C h a p t e r  4 i s  d e v o t e d  

t o  t h e  d e s c r i p t i o n  o f  a n  u n u s u a l  b u t  v e r y  i n t e r e s t i n g  c l a s s  

o f  f i l t r a t i o n s  o n  k [X ,Y ]  , t h e  e x a m i n a t i o n  o f  w h ic h  l e d  

t o  t h e  key i d e a  o f  " a p p r o x i m a t a b l e  b y  p o w e r s " .

F o r  C h a p t e r s  1 ,  2 ,  and  4 o n l y  t h e  g e n e r a l  know ledge  

o f  c o m m u t a t i v e  r i n g  t h e o r y  f o u n d  i n  [ 4 ]  o r  [ 5 ]  i s  a s s u m e d .  

The t h i r d  c h a p t e r  q u o t e s  w i t h o u t  p r o o f  a n d  w i t h  v e r y  l i t t l e  

e x p l a n a t i o n  some o f  t h e  more s o p h i s t i c a t e d  r e s u l t s  o f  [ 7 ]  

and  [ 9 ] .

P r e l i m i n a r y  N o t i o n s

T h r o u g h o u t  t h i s  w o rk ,  w h e t h e r  m e n t i o n e d  e x p l i c i t l y  

o r  n o t ,  A w i l l  d e n o t e  a  c o m m u t a t i v e  r i n g  w i t h  i d e n t i t y  

and  any  r i n g  h o m om orph ism  w i l l  be  a s s u m e d  t o  p r e s e r v e  t h e  

i d e n t i t y .  A n u m b e r  o f  common t e r m s  o f  c o m m u t a t i v e  r i n g  

t h e o r y  n e e d  t o  b e  a d a p t e d  t o  s i m p l i f y  s t a t e m e n t s  a b o u t  

f i l t r a t i o n s .  F i r s t  r e c a l l  t h a t  t h e  r a n k  o f  a  p r im e  i d e a l  

p i n  a r i n g  A i s  t h e  supremum ( p o s s i b l y  +“ ) o f  a l l  n  

f o r  w h ic h  t h e r e  e x i s t s  a  c h a i n  o f  p r i m e  i d e a l s
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( 1 . 7 )  Pc  F P . . .  F P n - l  f  Pn = P .

The a l t i t u d e  o f  a n  i d e a l  o /  A i s  d e f i n e d  by

( 1 . 8 ) a l t ( a )  = s u p { r a n k ( p )  | p i s  a  m i n i m a l  p r im e  o f  a } .

The d i m e n s i o n  o f  t h e  r i n g  A i s

( 1 . 9 )  Dim(A) = s u p { r a n k ( p )  | p i s  a m ax im a l  i d e a l  o f  A } .

The d i m e n s i o n  o f  t h e  i d e a l  a o f  A i s  t h e n

( 1 . 1 0 )  d im ( o )  = D i m ( A / a )  .

The r a d i c a l  o f  a n  i d e a l  a /  A i s  g i v e n  by

( 1 . 1 1 ) r a d ( o )  = D {p I  0 = P a n d  p i s  a  p r im e  i d e a l ]  .

I t  i s  w e l l  known t h a t  r a d ( o )  = [ a 6A | f o r  some n€]N }.

L e t  f  = be  a f i l t r a t i o n  on a  r i n g  A . I f

0^  = A f o r  some n  > 0 , t h e  d e f i n i t i o n  i m p l i e s  t h a t

a = A f o r  a l l  n  > 0 ; t h a t  i s ,  f  = f .  i n  t h e  n o t a t i o nn ' A
o f  ( 1 . 3 ) .  T h i s  t r i v i a l  f i l t r a t i o n  w i l l  o r d i n a r i l y  be

e x c l u d e d  f r o m  c o n s i d e r a t i o n  w i t h o u t  comment.  C o n d i t i o n s

( i i )  and  ( i i i )  o f  t h e  d e f i n i t i o n  o f  f i l t r a t i o n  ( 1 . 2 ) a n d

p r o p e r t i e s  o f  p r i m e  i d e a l s  t h e n  i m p l y  t h a t  a l l  t h e  i d e a l s

o f  f  e x c e p t  Q h av e  t h e  same r a d i c a l .  D e f i n e  t h eo
r a d i c a l  o f  f  by

( 1 . 1 2 ) r a d ( f )  = r a d ( a ^ )  f o r  a n y  n  > 0  .

S i n c e  r a d ( f )  i s  a n  i d e a l  o f  A , t h e  a l t i t u d e  an d  

d i m e n s i o n  o f  t h e  f i l t r a t i o n  f  c a n  be  d e f i n e d  by

( 1 . 1 3 )  a l t ( f )  = a l t ( r a d ( f ) )  and
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d i m ( f )  = d i m ( r a d ( f ) )  .

I t  h a s  b e e n  o b s e r v e d  [ 6 ] t h a t  t h e  s e t  o f  a l l  f i l t r a ­

t i o n s  F on  a r i n g  A , i n c l u d i n g  t h e  t r i v i a l  o n e s  

f^Q^ an d  f ^  , f o r m s  a  l a t t i c e  u n d e r  t h e  f o l l o w i n g  p a r t i a l  

o r d e r ,  m e e t ,  a n d  j o i n .  F o r  a n y  tw o  e l e m e n t s  f  = 

and  g = {b^} i n  F ,

f  ^ g i f  c  f o r  a l l  n  a 0  ,

( 1 . 1 4 )  f A g  = f f | g  = { o ^ r i  b ^ )  f o r  a l l  n  & 0  , a n d  

f V g = f + g = ( c ^ ]  , w h e r e  i s  t h e  i d e a l

S
x + 3 =n

The s e t  F i s  a l s o  endowed w i t h  a j o i n  d i s t r i b u t i v e  

m u l t i p l i c a t i o n

( 1 . 1 5 )  f g  = [ a ^ b ^ ]  f o r  a l l  n  ^ 0  .

The o p e r a t i o n s  a r e  c o m p a t i b l e  w i t h  t h e  o r d e r ,  a s s o c i a t i v e ,  

and  c o m m u t a t i v e .  The two t r i v i a l  f i l t r a t i o n s  f ( Q )  

f ^  p r o v i d e ,  r e s p e c t i v e l y ,  a d d i t i v e  and  m u l t i p l i c a t i v e  

i d e n t i t i e s .

N o te  1 . 1 : I t  i s  e a s i l y  shown t h a t  f o r  two i d e a l s  o 

a n d  b o f  A , f *  + f t  = f g + b  a n d  f ^ f ^  = f ^ y   ̂ b u t  

f o r  t h e  i n t e r s e c t i o n  o f  f ^  a n d  f ^  , i n  g e n e r a l  o n l y  

foDb ^ f g  n  f y  i s  t r u e .  The q u e s t i o n  o f  j u s t  " h o w  c l o s e "  

fgQy i s  t o  f g n  fjj i s  s t i l l  u n a n s w e r e d .

N o te  1 . 2 ; The s e t  o f  a l l  f i l t r a t i o n s  on a r i n g  w i t h  t h e
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same r a d i c a l  fo rm  a s u b l a t t i c e  o f  F w i t h  t h e  p r o p e r t y  

t h a t  f o r  any  two e l e m e n t s  f  & g o f  t h e  s u b l a t t i c e ,  t h e

i n t e r v a l  i n  F d e t e r m i n e d  by  f  and g  ̂ s c o n t a i n e d

i n  t h e  s u b l a t t i c e .

F o r  any  f i l t r a t i o n  f  = and  p o s i t i v e  i n t e g e r  k,

t h e  s u b s e q u e n c e  d e t e r m i n e d  by  t h e  m u l t i p l e s  o f  k  f o r m s  

a  f i l t r a t i o n  f ^ ^ ^  ; t h a t  i s ,

( 1 . 1 6 )  .

By u s e  o f  ( 1 . 1 5 ) ,  f ^  i s  d e f i n e d  and c a n  b e  e x p r e s s e d  

f k  = (o  . From ( i i i )  o f  ( 1 . 2 ) ,  i t  i s  i m m e d i a t e  t h a t

f k  g g ( k )

L e t  f  = b e  a  f i l t r a t i o n  on  a  r i n g  A , g = { b^}

a  f i l t r a t i o n  on a r i n g  B , a n d  cp:A— »B a  r i n g  homo­

m o r p h i s m  so t h a t  by  d e f i n i t i o n ,  B i s  a n  e x t e n s i o n  o f  

A . The e x t e n s i o n  o f  f  t o  B i s  d e f i n e d  by

( 1 . 1 7 )  f ^  = Co^^} = {cpCd^lB}

a n d  t h e  c o n t r a c t i o n  o f  g t o  A by

( 1 . 1 8 )

I t  i s  e a s i l y  c h e c k e d  t h a t  f® and  g*̂  a r e  f i l t r a t i o n s

o n  B and  A r e s p e c t i v e l y  a n d  t h a t  f  s  and

z  g .

F i l t r a t i o n s  w h i c h  a r i s e  a s  t h e  p o w e rs  o f  a f i x e d  i d e a l  

w i l l  p r o v i d e  a key t o o l  i n  t h e  s u b s e q u e n t  d e v e l o p m e n t  and 

t h e  r e l a t i o n s h i p  b e t w e e n  t h e s e  and  t h e  c o l l e c t i o n  o f  a l l  

f i l t r a t i o n s  i s  more  t h a n  s i m p l e  c o n t a i n m e n t .  The f o l l o w ­
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i n g  r e s u l t  d e m o n s t r a t e s  t h i s  f a c t  an d  p r o v i d e s  s u s p i c i o n  

t h a t  some p r o p e r t i e s  o f  f i l t r a t i o n s  o f  t h i s  s p e c i a l  t y p e  

a r e  i n  f a c t  p r o p e r t i e s  o f  more g e n e r a l  f i l t r a t i o n s .  I n  

p a r t i c u l a r ,  i t  sh o w s  t h a t  an y  s t a t e m e n t  a b o u t  a f i l t r a t i o n  

f  w h ic h  i s  t r u e  f o r  e v e r y  f i l t r a t i o n  o f  t h e  t y p e  f ^  

f o r  some o a n d  w h i c h  i s  p r e s e r v e d  u n d e r  a l l  c o n t r a c t i o n s ,  

i s  t r u e  f o r  f  i t s e l f .

P r o p o s i t i o n  1 . 5 :  F o r  a n y  f i l t r a t i o n  f  on  a  r i n g  A ,

t h e r e  e x i s t s  a  r i n g  e x t e n s i o n  B a n d  a n  i d e a l  b o f  B 

s u c h  t h a t  f  i s  t h e  c o n t r a c t i o n  o f  t h e  f i l t r a t i o n  on  B 

g i v e n  by t h e  p o w e r s  o f  b ; t h a t  i s ,  f = f  .

P r o o f  : F o r  e a c h  o f  f  = , c h o o s e  a  s e t  o f

g e n e r a t o r s  [ a  • F o r  a n  i n d e t e r m i n a t e  t  o v e r
n  2

A and  t h e  m u l t i p l i c a t i v e l y  c l o s e d  s e t  S = [ t , t  , . . . } ,

l e t  A [ t ] g  b e  t h e  c o r r e s p o n d i n g  r i n g  o f  q u o t i e n t s .  Take

B a s  t h e  s u b r i n g  o f  A [ t ] g  g e n e r a t e d  by  t  and  a l l

q u o t i e n t s  o f  t h e  f o r m  ^ / t ^  f o r  e a c h  n  . T h a t  i s ,

( 1 . 1 9 )  B = A [ t ,  f o r  i  € a n d  n  = 1 , 2 , . . . ] .

Then  f o r  t h e  i d e a l  b = ( t )  i n  B ,

( 1 . 2 0 )  0^  = b’̂  n  A f o r  n  s  0  .

The c o n t a i n m e n t  c  b^ (1 A i s  i m m e d i a t e  s i n c e

t^^(a . / t ^ )  = O' . i m p l i e s  t h a t  e v e r y  g e n e r a t o r  o f  o 
n  J 1  I I  J 1  r i

i s  i n  b^ n  A . To s e e  t h e  r e v e r s e  i n c l u s i o n ,  c h o o s e
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an y  a  € fl A . T h e n  a  = f o r  some g 6 B . S i n c e

g i s  i n  B i t  i s  e a s y  t o  show i t  h a s  a r e p r e s e n t a t i o n

a s  g = g ( t )  + Y ^ / t  + Y2 / t ^  + Y j / t ^  + ----  w h e re  g ( t ) € A [ t ] ,

Y^ € 0 ^ f o r  a l l  i  a 1 , and  a l l  b u t  f i n i t e l y  many

Y^ = 0  , T h e n  t ^ g  6 A i m p l i e s  g ( t )  = 0  and  Y^ = 0

f o r  i  /  n  . Now a  = t ^ g  = Y^ € . Q .E .D .

R em ark  1 . 4 : A n o t h e r ,  s l i g h t l y  m ore  c o m p l i c a t e d  p r o o f  o f

t h i s  r e s u l t  e x i s t s  s h o w i n g  t h a t  B may e v e n  be  c h o s e n  

i n t e g r a l  o v e r  A .

T h e r e  i s  a n  a l t e r n a t e  a p p r o a c h  t o  t h e  s t u d y  o f  f i l t r a ­

t i o n s  on a  r i n g  w h i c h  w i l l  b e  e m p lo y e d  t o  d e v e l o p  one  a s ­

p e c t  o f  t h e  t h e o r y  and  w i l l  be  u s e d  a s  a c o n v e n i e n t  m e th o d  

o f  p r e s e n t i n g  p a r t i c u l a r  f i l t r a t i o n s .

L e t  R d e n o t e  t h e  s e t  o f  n o n n e g a t i v e  r e a l  n u m b e rs  

t o g e t h e r  w i t h  +<= a n d  d e f i n e  a d d i t i o n  and  o r d e r  on R 

i n  t h e  u s u a l  m a n n e r .  A p s e u d o - v a l u a t i o n  on  a r i n g  A

i s  a  f u n c t i o n  v on A i n t o  R w i t h  t h e  p r o p e r t i e s

( i )  v ( 0 ) = +»

( 1 . 2 1 )  ( i i )  v ( a g )  i  v ( a )  + v ( g )  f o r  a l l  a , g € A , a n d

( i i i )  v ( a  + g) à m i n { v ( a ) , v ( g ) } f o r  a l l  a , g € A .

T h e s e  c o n d i t i o n s  d e f i n e  a v a l u a t i o n  on  A i n  c a s e  ( i i )  

i s  r e p l a c e d  by

( 1 . 2 2 )  ( i i ) ’ v(cyg) = v ( a )  + v ( g )  f o r  a l l  a , g € A .
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F o r  a n y  r  € R , t h e  s e t  ^  = {a € A | v ( a )  ^ r }

i s  a n  i d e a l  o f  A and t h e  s e q u e n c e  o f  i d e a l s

( 1 . 2 3 )  £ „  =

f o r m s  a  f i l t r a t i o n  on A w h i c h  i s  c a l l e d  t h e  f i l t r a t i o n  

a s s o c i a t e d  w i t h  t h e  p s e u d o - v a l u a t i o n  v . C o n v e r s e l y ,  

g i v e n  a  f i l t r a t i o n  f  = on  a  r i n g  A , t h e r e  i s  a

c l a s s  o f  p s e u d o - v a l u a t i o n s  v  f o r  w h i c h  f ^  = f  .

E x i s t a n c e  o f  s u c h  i s  o b t a i n e d  by  d e f i n i n g  v^ on  A i n t o

R v i a

( 1 . 2 4 )  V g ( a )  = s u p { n  | a  € a^} f o r  e a c h  a  € A .

T h i s  f u n c t i o n  i s  a p s e u d o - v a l u a t i o n  on A an d  i s  c a l l e d  

t h e  p s e u d o - v a l u a t i o n  a s s o c i a t e d  w i t h  f  . N o te  t h a t  

f  = f  . The  c o r r e s p o n d i n g  s t a t e m e n t  s t a r t i n g  w i t h  a 

p s e u d o - v a l u a t i o n  v ; i . e . ,  v^  = v , i s  i n  g e n e r a l  f a l s e
V

s i n c e  v n e e d  n o t  be i n t e g r a l l y  v a l u e d .  T h i s  s i t u a t i o n  

c a n  b e  r e c t i f i e d  by d e f i n i n g

( 1 . 2 5 )  [ v ] ( e )  = C v ( a ) ]  , f o r  e a c h  o 6 A ,

w h e r e  [ r ]  d e n o t e s  t h e  g r e a t e s t  i n t e g e r  l e s s  t h a n  o r  e q u a l  

t o  t h e  r e a l  num ber  r  a n d  [ + “ ] = +® . T h en  [ v ]  i s

a p s e u d o - v a l u a t i o n  and v^ = [ v ]  .
V

A g r a d e d  r i n g  R i s  a  r i n g  w i t h  a  s u b s e q u e n c e  o f  

a b e l i a n  s u b g r o u p s  R^ s u c h  t h a t

(i) R = 0  R^ as abelian groups, and

(ii) rV  c R**^ for all m,n & o .
( 1 . 26)
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The e l e m e n t s  o f  a r e  s a i d  t o  be  h om ogeneous  o f  d e g r e e

n  a n d  a hom ogeneous  i d e a l  i s  a n  i d e a l  o f  R g e n e r a t e d

by  h o m o g e n eo u s  e l e m e n t s .  T h e  e l e m e n t s  h o m o g e n eo u s  o f

d e g r e e  0  fo rm  a s u b r i n g  o f  R . A g r a d e d  m o d u le  E

o v e r  a  g r a d e d  r i n g  R = 0  R ^ i s  a n  R -m o d u le  E t o g e t h e r

w i t h  a  s e q u e n c e  o f  s u b g r o u p s  E^ w h i c h  s a t i s f y
00

( i )  E = 0  E^  a s  a b e l i a n  g r o u p s ,  a n d
( 1 . 2 7 )  n=0

( i i )  R^E* c  E^+*  f o r  a l l  m ,n  a 0  .

As b e f o r e ,  t h e  e l e m e n t s  o f  e ”  a r e  c a l l e d  h o m o g e n e o u s  o f  

d e g r e e  n  , and  a h o m o g e n e o u s  s u b m o d u le  i s  one  w h i c h  i s  

g e n e r a t e d  by hom ogeneous  e l e m e n t s .

To e v e r y  m u l t i p l i c a t i v e  f i l t r a t i o n  f  = on a

r i n g  A , t h e r e  c o r r e s p o n d s  a  g r a d e d  c o m m u t a t i v e  r i n g  w i t h  

i d e n t i t y ,  t h e  a s s o c i a t e d  g r a d e d  r i n g ,  d e f i n e d  by

( 1 . 2 8 )  G f(A )  = 0
n = 0  n +1

a s  a n  a b e l i a n  g r o u p  w i t h  m u l t i p l i c a t i o n  b e i n g  g i v e n  by 

t h e  f o r m u l a

( 1 . 2 9 )  * i + * i + l ) ( l  Gj+Oj+i)  = I
1 '  '  j  '  k  i + j = k

T h i s  m u l t i p l i c a t i o n  i s  w e l l  d e f i n e d  b e c a u s e  f  i s  a 

m u l t i p l i c a t i v e  f i l t r a t i o n .  T h a t  i s ,  i f  a* = or+Y w i t h  

c( and  0 * = g + 6 w i t h  g , g '  € o j  ,

6 € ® j+ l  ’ t h e n  cy*g* = org + of6 + y3 + Y& a n d  b y  t h e

+ =k+l •

f i l t r a t i o n  c o n d i t i o n s ,  a 6  + y3 + y6 € The

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



12

i d e n t i t y  o f  Gg(A) i s  . I f  M i s  a n  A -m o d u le

and  f  = {û 3 i s  a f i l t r a t i o n  on  A , t h e  a b e l i a n  g r o u p

(1.30) Gf(M) = 0
n = 0  n +1

h a s  s t r u c t u r e  a s  a  g r a d e d  m o d u le  o v e r  t h e  g r a d e d  r i n g  

G^(A) by  d e f i n i n g  s c a l a r  m u l t i p l i c a t i o n  a s

(1.31) (% mj+'j+l*) = 1 1  * "
1 ' '  j  k  i + j = k  /

The G ^ ( A ) - m o d u le  G^CM) i s  c a l l e d  t h e  a s s o c i a t e d  g r a d e d

m o d u le  o f  M w i t h  r e s p e c t  t o  f  . I n  c a s e  f  = f ^  f o r

some i d e a l  a , Go (A) and  Go (M) w i l l  be  d e n o t e d
0 0

Gg(A) a n d  G^CM) .

k+1^  *
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I I  MULTIPLICITY OF FILTRATIONS 

The N o e t h e r i a n  C a s e

A m u l t i p l i c a t i v e  f i l t r a t i o n  f  = on a commuta­

t i v e  r i n g  A w i t h  i d e n t i t y  i s  s a i d  t o  be n o e t h e r i a n  i n  

c a s e  t h e  a s s o c i a t e d  g r a d e d  r i n g  G^(A)  i s  n o e t h e r i a n .

N o te  2 . 1 : By e l e m e n t a r y  p r o p e r t i e s  o f  g r a d e d  r i n g s  a n d

t h e  H i l b e r t  B a s i s  T h e o re m ,  f  i s  n o e t h e r i a n  i f  and  o n l y  

i f  R° = A / o^ i s  a  n o e t h e r i a n  r i n g  a n d  G^(A) i s  f i n i t e l y  

g e n e r a t e d  a s  a n  a l g e b r a  o v e r  R °  [ 1 ,  P r o p o s i t i o n  1 0 . 7 ,

P .  1 0 6 ] .

P r o p o s i t i o n  2 . 2 ;  F o r  any  i d e a l  o i n  a  n o e t h e r i a n  r i n g  

A , t h e  f i l t r a t i o n  f ^  i s  n o e t h e r i a n  a n d  Gg(A) i s  g e n e r ­

a t e d  a s  a n  a l g e b r a  o v e r  R°  = A /a  b y  t h e  e l e m e n t s  homo­

g e n e o u s  o f  d e g r e e  1 .  I f  i n  a d d i t i o n  M i s  a f i n i t e l y  

g e n e r a t e d  A - m o d u l e ,  G^CM) i s  a  f i n i t e l y  g e n e r a t e d  

G g ( A ) - m o d u l e .

P r o o f  : I n  a n y  r i n g  A , t h e  a s s o c i a t e d  g r a d e d  r i n g

Gg(A) f o r  a n  i d e a l  a i s  g e n e r a t e d  a s  a n  a l g e b r a  o v e r  

R °  by , t h e  e l e m e n t s  h o m o g e n eo u s  o f  d e g r e e  1 ,  b e c a u s e

e a c h  R^ h a s  t h e  f o r m  R^ = o ^ / a ^ * ^  . The a d d ed  c o n d i t i o n  

t h a t  A i s  n o e t h e r i a n  i m p l i e s  R^ i s  f i n i t e l y  g e n e r a t e d  

a n d  R°  i s  a  n o e t h e r i a n  r i n g .  N o te  2 . 1  now shows t h a t

13
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Gg(A) i s  a  n o e t h e r i a n  r i n g .  T h e  l a s t  s t a t e m e n t  i n  t h e  

p r o p o s i t i o n  i s  i m m e d i a t e  s i n c e  R ^ E °  = f o r  e a c h

E^ = i m p l y i n g  t h a t  t h e  im age  o f  a  s e t  o f

g e n e r a t o r s  f o r  M i n  E^ = M / oM i s  a  s e t  o f  g e n e r a t o r s

f o r  GgCM) o v e r  G^CA) . Q .E .D .

L e t  M b e  a n  A -m odu le  a n d  a a n  i d e a l  o f  A c o n ­

t a i n e d  i n  t h e  a n n i h i l a t o r  o f  M . T h en  M h a s  s t r u c t u r e  

a s  a n  A / o - m o d u l e  w i t h  t h e  l a t t i c e  o f  s u b m o d u le s  o f  M 

a s  a n  A - m o d u le  b e i n g  i d e n t i c a l l y  t h a t  o f  M a s  a n  

A / o - m o d u l e .  I f  A i s  n o e t h e r i a n ,  o i s  0 - d i m e n s i o n a l ,

and  M i s  f i n i t e l y  g e n e r a t e d  o v e r  A , t h e n  M i s  f i n i t e ­

l y  g e n e r a t e d  o v e r  t h e  r i n g  A / o  . Now A / a  i s  b o t h  

0 - d i m e n s i o n a l  an d  n o e t h e r i a n ,  a n d  t h e r e f o r e  A r t i n i a n  

[ l .  T h e o re m  8 . 5 ,  P . 9 0 ]  w h i c h  i n  t u r n  i m p l i e s  t h a t  M h a s  

f i n i t e  A / o - l e n g t h .  S i n c e  t h e  l a t t i c e  s t r u c t u r e  o f  M 

a s  a n  A - m o d u le  a n d  a s  a n  A / o - m o d u l e  a g r e e ,

( 2 . 1 )  L^(M) = La/gCM) < » .

F o r  a n y  f i l t r a t i o n  f  = {o^} , o^  i s  c o n t a i n e d  i n

Ann^(M/o^M) a n d  d i m ( f )  = d i m ( o ^ )  f o r  n  > 0  . The

n e x t  p r o p o s i t i o n  f o l l o w s  d i r e c t l y  f r o m  t h e s e  comments  

and  s t a t e m e n t  ( 2 . 1 ) .

P r o p o s i t i o n  2 . 3 ; L e t  A b e  a  n o e t h e r i a n  r i n g ,  f  = (o ^^  

a  f i l t r a t i o n  on  A w i t h  d i m ( f )  = 0  , and  M a f i n i t e l y  

g e n e r a t e d  A - m o d u l e .  Then  f o r  e a c h  n  a 0 , L ^ ( M / o^M) < “ .
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I n  t h e  s i t u a t i o n  o f  P r o p o s i t i o n  2 . 3 ,  d e f i n e  t h e  

( c u m m u l a t i v e )  H i l b e r t  f u n c t i o n  by

( 2 . 2 )  H ^ ( n , M , f )  = L^(M/a^M ) f o r  a l l  n  % 0  .

S i n c e  n o  c o n f u s i o n  w i l l  a r i s e  i n  t h e  f o l l o w i n g  d e v e l o p m e n t  

t h e  A w i l l  be  s u p p r e s s e d .  The sym bo l  H ( n , f )  d e n o t e s  

H ( n , A , f )  , a n d  H ( n ,M ,o )  d e n o t e s  H ( n , M , f ^ )  i n  t h e  

c l a s s i c a l  c a s e  o f  f  = f ^  f o r  some i d e a l  Q . The 

H i l b e r t  f u n c t i o n  H ( n , M , a )  i s  e s p e c i a l l y  w e l l  b e h a v e d .

T h e o re m  2 . 4 : F o r  a 0 - d i m e n s i o n a l  i d e a l  a i n  a n o e t h e r ­

i a n  r i n g  A and  a  f i n i t e l y  g e n e r a t e d  m o d u le  M o v e r  A , 

t h e  H i l b e r t  f u n c t i o n  H ( n , M , o )  i s  d e s c r i b e d  by a  p o l y n o ­

m i a l  i n  n  f o r  a l l  s u f f i c i e n t l y  l a r g e  n  .

T h i s  i s  a s p e c i a l  c a s e  o f  t h e  f o l l o w i n g  r e s u l t  by  

l e t t i n g  R = G^CA) an d  E = G^CM) and  a p p l y i n g  P r o p o s i ­

t i o n  2 . 2 .  I n  f a c t  T h e o re m  2 . 5  e x t e n d s  T h eo rem  2 . 4  t o  t h e  

c a s e  w h e re  f  i s  0 - d i m e n s i o n a l ,  n o e t h e r i a n ,  and  G^(A) 

i s  g e n e r a t e d  by o^/Og a s  a n  a l g e b r a  o v e r  A / o ^  .

T h e o re m  2 . 5 : L e t  R = 0  R^  be a  n o e t h e r i a n  g r a d e d

r i n g  s u c h  t h a t  R® i s  0 - d i m e n s i o n a l  a n d  R i s  g e n e r a t ­

ed  a s  a n  a l g e b r a  o v e r  R® by R ^ . I f  E = 0  iI S

a  f i n i t e l y  g e n e r a t e d  g r a d e d  R - m o d u l e ,  t h e n
n - 1

f  ( n )  = ^  Lj^o (E ^ )

i= 0
i s  a  p o l y n o m i a l  i n  n  f o r  s u f f i c i e n t l y  l a r g e  n  .
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The p r o o f  w i l l  b e  o m i t t e d  s i n c e  i t  i s  r e a d i l y  a v a i l ­

a b l e  f r o m  s e v e r a l  s o u r c e s ;  e . g . ,  C l , C o r o l l a r y  1 1 . 2 , P .  117]  

o r  [ 4 , ( 2 0 . 5 ) ,  P . 6 8 ] .

R e m a r k  2 . 6 ; U s u a l l y  H ( n , M , a )  i s  r e g a r d e d  a s  a  p o l y n o ­

m i a l  and  c a l l e d  t h e  H i l b e r t  p o l y n o m i a l .

I n  t h e  e n s u i n g  d e v e l o p m e n t  i t  i s  e s s e n t i a l  t o  know 

t h e  d e g r e e  o f  t h e  H i l b e r t  p o l y n o m i a l .

X t i c  O X c l l l  ^  / # X l l c  U c ^ X c c  U i- L>Llc l l U m X  M ^  n  \  Li  ̂i  i   ̂ W y

IQ + A n n . ( M ) \
g i v e n  by  Theorem  2 . 4  i s  a l t  I— ^ n n  ( m)— ) t a k e n  i n  t h e

Arin“ rMy *

F o r  p r o o f  s e e  [ 4 , T h e o re m  2 2 . 7 ,  P .  7 4 ] .

C o r o l l a r y  2 . 8 ; The d e g r e e  o f  H ( n , o )  i s  p r e c i s e l y  

s = a l t ( a )  and  d e g ( H ( n , M , q) )  i s  l e s s  t h a n  o r  e q u a l  t o  

s f o r  e v e r y  M i n  t h e  c a t e g o r y  o f  f i n i t e l y  g e n e r a t e d  

A - m o d u l e s .

P r o o f  : S i n c e  1 € A , Ann^(A) = ( 0 )  s o
/o + A n n . ( A ) \

a l t ^— — I  = a l t ( a )  . The s e c o n d  a s s e r t i o n  o f  t h e

c o r o l l a r y  i s  i m m e d i a t e  f r o m  t h e  f a c t  t h a t  t h e  a l t i t u d e  o f  

a n  i d e a l  c a n  n o t  i n c r e a s e  u n d e r  a  r i n g  e p i m o r p h i s m .  Q .E .D .

S i n c e  N a g a t a ’ s p r o o f  o f  T heorem  2 . 7  i s  r a t h e r  c o m p l i ­

c a t e d  a n d  s i n c e  o n l y  C o r o l l a r y  2 . 8  w i l l  b e  n e e d e d  i n  t h e  

f o l l o w i n g  w ork ,  i t  s h o u l d  be  n o t e d  t h a t  C o r o l l a r y  2 . 8  c a n

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



17

b e  d e r i v e d  i n  a  much more  a c c e s s i b l e  m a n n e r  f r o m  r e s u l t s  

i n  [ l ,  C h a p t e r  1 1 ]  by  l o c a l i z a t i o n  a l t h o u g h  t h e  e x p l i c i t  

r e s u l t  i s  n o t  s t a t e d .

I f  Gg(A) i s  n o t  g e n e r a t e d  a s  a n  a l g e b r a  by e l e m e n t s  

hom ogeneous  o f  d e g r e e  1 ,  H ( n , f )  n e e d  n o t  be  g i v e n  by  a  

p o l y n o m i a l  f o r  l a r g e  n  a s  t h e  f o l l o w i n g  d e m o n s t r a t e s .

Example  2 . 9 : L e t  A = k [X ]  w h e r e  X i s  a n  i n d e t e r m i n a t e

o v e r  t h e  f i e l d  k  and  t h e  f i l t r a t i o n  f  = { a^} be  g i v e n  

by

i f  n  i s  od d ,  and
( 2 . 3 )  %

( X n /2 )  n  i s  e v e n

( 2 . 4 )  H ( n , f )

More e x p l i c i t l y  f  = [ A , ( X ) , ( X ) , ( X ^ ) , ( X ^ ) , . . . }  . S i n c e  

La ( ( X ^ ) / ( X ^ ' ^ ^ )  ) = L ^ ( A / ( X ) )  = 1  we h a v e  t h e  f o l l o w i n g  

f o r m u l a  f o r  t h e  H i l b e r t  f u n c t i o n  o f  f  on  A .

( n + l ) / 2  i f  n  i s  o d d ,  and. <
_ n /2  i f  n  i s  e v e n .

C l e a r l y  H ( n , f )  c a n  n o t  be r e p r e s e n t e d  by a  p o l y n o m i a l

f o r  l a r g e  n  .

D e f i n i t i o n  2 . 1 0 : L e t  A be  a  n o e t h e r i a n  c o m m u t a t i v e

r i n g  w i t h  i d e n t i t y ,  f  = a  0 - d i m e n s i o n a l  f i l t r a t i o n

on A w i t h  a l t ( f )  = s , and  M a  f i n i t e l y  g e n e r a t e d

A -m o d u le .  The m u l t i p l i c i t y  o f  M w i t h  r e s p e c t  t o  f  i s  

d e f i n e d  by

lx^( f ,M) = SÎ lim
n~ nn- ôo Ti  ̂ n^c* — ®
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w h e n e v e r  t h i s  l i m i t  e x i s t s .  As b e f o r e ,  p ^ f ,M )  w i l l  be  

d e n o t e d  p . ( f ,M) , p ,^ ( f ,A )  a s  | j , ( f)  , a n d  a s

N o te  2 . 1 1 ; I t  r e m a i n s  u n a n s w e r e d  w h e t h e r  o r  n o t  t h i s  

l i m i t  a l w a y s  e x i s t s .

Theo rem  2 . 1 2 : I f  o i s  a 0 - d i m e n s i o n a l  i d e a l  i n  a

n o e t h e r i a n  r i n g  A an d  M i s  a  f i n i t e l y  g e n e r a t e d  A-

m o d u le ,  t h e n  e x i s t s .  M o r e o v e r ,  i t  i s  j u s t  s i

t i m e s  t h e  l e a d i n g  c o e f f i c i e n t  o f  t h e  H i l b e r t  p o l y n o m i a l  

/o + Ann. (M)\
i f  a l t  --------------------- 1= a l t ( a )  a n d  z e r o  o t h e r w i s e .

\ Ann^(M) I
P r o o f  : T h i s  i s  a n  i m m e d i a t e  c o n s e q u e n c e  o f  T h eo rem s

2 . 4  a n d  2 . 7  an d  C o r o l l a r y  2 . 8 .  Q .E .D .

Rem ark  2 . 1 3 : I n  t h i s  c o n t e x t ,  t h e  i n c l u s i o n  o f  s i  i n

D e f i n i t i o n  2 . 1 0  a p p e a r s  s u p e r f l u o u s .  I t s  p r e s e n c e  h e r e  

i s  f o r  a g r e e m e n t  w i t h  o t h e r  d e f i n i t i o n s  o f  m u l t i p l i c i t y  

i n  t h e  s i t u a t i o n  of  Theorem  2 . 1 2  w h e re  i t  a s s u r e s  t h a t  

M , ( q , M )  w i l l  a l w a y s  be a  n o n n e g a t i v e  i n t e g e r  [ 4 ,  ( 2 0 . 8 ) ,

P . 6 9 ] .

The c l a s s i c a l  s i t u a t i o n  h a v i n g  b e e n  r e v i e w e d ,  i t  

s eem s  n a t u r a l  t o  a s k  a b o u t  e x i s t a n c e  o f  and  r e p r e s e n t a ­

t i o n s  f o r  M-(f,M) when f  i s  n o t  f ^  f o r  a n y  o . As 

a s i m p l e  e x a m p l e  c o n s i d e r  t h e  f i l t r a t i o n  f  g i v e n  i n  

Exam ple  2 . 9 .  T h i s  f i l t r a t i o n  i s  0 - d i m e n s i o n a l  s i n c e  

(X) i s  a  m ax im a l  i d e a l  a n d  a l t ( f )  = 1 s i n c e  k [X ]  i s
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a  p r i n c i p a l  i d e a l  d o m a in .  T h e n  ( 2 . 4 )  i m p l i e s

1 / 2  + l / 2 n  i f  n  i s  o d d ,  a n d  

1 / 2  i f  n  i s  e v e n ,  

and  t h u s  ^ ( f )  = 1 / 2  . The e x i s t e n c e  o f  m u l t i p l i c i t y  i n  

t h i s  e x a m p l e  i s  no  a c c i d e n t  b u t  i n s t e a d  comes f r o m  t h e  

f a c t  t h a t  f  i s  e s s e n t i a l l y  p o w e r s  o f  a n  i d e a l  i n  t h e  

f o l l o w i n g  s e n s e .

D e f i n i t i o n  2 . 1 4 : A f i l t r a t i o n  f  = {a^} on  a  r i n g  i s

d e s c r i b e d  a s  b e i n g  e s s e n t i a l l y  p o w e rs  o f  a n  i d e a l  i n  c a s e

t h e r e  e x i s t s  N € ]N s u c h  t h a t  f o r  a l l  n  5 0
N

“n %  ° n - i ^ i  ’ 
i = l

w h e r e  = A f o r  a l l  n  < 0  .

P r o p o s i t i o n  2 . 1 5 ; The c o n d i t i o n  f  = w i t h

N
^  a l l  n  ^ 0  i s  e q u i v a l e n t  t o  s a y i n g

i = l
f  i s  t h e  l e a s t  f i l t r a t i o n  g = s u c h  t h a t

P r o o f  ; D i r e c t l y  f r o m  t h e  d e f i n i t i o n ,  a n y  f i l t r a t i o n  

g = {b^} w i t h  b^ = f o r  i  = 1 , . . . , N  h a s  t h e  p r o ­

p e r t y  t h a t

I  ( f t( 2. 6)  ' n  =  A  i J j ,  “ i  J == \  f o r  n  >  N  .
E in ^= n

D e f i n e  h = by l e t t i n g  f o r  n  ^  N .
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I t  i s  s t r a i g h t  f o r w a r d  t o  show h  i s  a  f i l t r a t i o n  s o  o f  

c o u r s e  t h e  s m a l l e s t  f i l t r a t i o n  w h i c h  a g r e e s  w i t h  f o r

i  = 1 , . . . , N  . S i n c e  f  i s  a  f i l t r a t i o n ,  t h i s  p r o p e r t y  

i m p l i e s  h  ^ f  . To s e e  t h a t  f  s  h  , c h o o s e  any ,

n  > N and  show i t  i s  c o n t a i n e d  i n  c . Examine  e a c h
N

p r o d u c t  o f  “ n  ~ X  ° n - i ° i  * ^ N , t h e n  “n - i ° i
i = l

i s  one o f  t h e  d e f i n i n g  p r o d u c t s  o f  a n d  “^ - i ^ i  ^ ^n  '
N

I f  n - i  > N , t h e n  ^  “ ( n - i ) - j “ j
N j = l

0 . Q .  = ) 0 / . \  . 0 . 0 . . R e p e a t  t h e  p r o c e d u r e  f o r  e a c hn-i 1 L (n-i)-j J 1
j = l

j  s u c h  t h a t  n - i - j  > N . T h i s  p r o c e s s  e v e n t u a l l y  t e r m i ­

n a t e s  s i n c e  t h e  i , j , . . .  o b t a i n e d  a r e  a l l  g r e a t e r  t h a n  o r

e q u a l  t o  1 .  I t  now f o l l o w s  t h a t  o . a .  c  c f o r  e a c hn - 1 1  n

1 = 1 , . . . ,  N a n d  t h e r e f o r e  f o r  e a c h  n  > N . By

d e f i n i t i o n ,  f  s  h  , and  h e n c e  f  = h  . Q . E .D .

N o te  2 . 1 6 : I f  f  = f ^  f o r  some a , f  i s  e s s e n t i a l l y

p o w e rs  w i t h  N = 1 .

As a  f i r s t  s t e p  t o w a r d  t h e  g o a l  o f  sh o w in g  t h a t  i n  

a n o e t h e r i a n  r i n g  m u l t i p l i c i t y  a l w a y s  e x i s t s  f o r  any  

0 - d i m e n s i o n a l  f i l t r a t i o n  w h i c h  i s  e s s e n t i a l l y  p o w e r s ,  

t h e  f o l l o w i n g  i s  o b t a i n e d  f r o m  a d a p t i n g  t h e  a r g u m e n t  f o r  

a r e s u l t  o f  M u h ly  a n d  Sakuma i n  [ 3 ] .  I n  a d d i t i o n  t o  b e i n g  

a n e c e s s a r y  s t e p  i n  t h e  t h e o r y ,  t h i s  r e s u l t  g i v e s  much
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i n s i g h t  i n t o  t h e  n a t u r e  o f  a l l  n o e t h e r i a n  f i l t r a t i o n s  

a n d  c h a r a c t e r i z e s  them i n  t h e  c a s e  o f  n o e t h e r i a n  r i n g s .

T h eo rem  2 . 1 7 ; I f  f  = i s  a n o e t h e r i a n  f i l t r a t i o n

on a  c o m m u t a t i v e  r i n g  A w i t h  i d e n t i t y ,  t h e r e  e x i s t s  

k  € IN s u c h  t h a t  f o r  a l l  j  ^ k  and  a l l  t  s  0  ,

“k + j  = “ k “ j  + “ k + j + t  •

C o n v e r s e l y ,  i f  f o r  f  = t h e r e  e x i s t s  k € U  s u c h

t h a t  f o r  a l l  j  a k ,

*k+ j  = “ k “ j  + = k + j + l  ’

and  i f  A i s  n o e t h e r i a n ,  t h e n  f  i s  n o e t h e r i a n .

P r o o f  : F o r  e a c h  j  ^ 1 a n d  i  w i t h  1 ^ i  ^ j  ,

d e f i n e

C 2 .7 )  j  + “ 2 “ j - 2  ^ * ° j + l  •

I t  f o l l o w s  f r o m  t h e  d e f i n i t i o n  o f  f i l t r a t i o n  t h a t

b .  . C o .  f o r  e a c h  j  a n d  i  . By l e t t i n g  a = A 
1 > J J ^

f o r  n  < 0 t h e  r e s t r i c t i o n  i  s  j  may be  re m o v e d  and

b .  . i s  d e f i n e d  f o r  a l l  i , j  € ]N . Thus  b . . = a .
1 J J 1  Î J J

i f  i  ^ j  . F i x i n g  i  d e t e r m i n e s  a n  i d e a l  o f

Gg(A) v i a

( 2 . 8 )  B. = ®  .
^ j = 0  ° j + l

The s e q u e n c e  B^, B g , . . .  i s  a n  a s c e n d i n g  c h a i n  o f  i d e a l s  

i n  Gg(A) w h i c h  m u s t  become c o n s t a n t .  T h a t  i s ,  t h e r e
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e x i s t s  k  € IN s u c h  t h a t  f o r  a l l  t  & 0 .

The d i r e c t  sum n a t u r e  o f  B^ t h e n  i m p l i e s

-  ^ k + t , j  a l l  t , j  € IN .
“ j+1 j+1

S i n c e  c  j  c  ^ k + t  j  ’ f o l l o w s  t h a t

'’k j  = * k + t , j  *11 t . j S J N .

T h u s  a l l  t h e  i d e a l  p r o d u c t s  u s e d  i n  t h e  d e f i n i t i o n  o f

b, . a r e  c o n t a i n e d  i n  b, . ; i n  p a r t i c u l a r ,  a t
K + 1 , J J J

i  = k  + t  t h i s  m eans  t h a t  f o r  a l l  j  a n d  t

“k + t “ j - ( k + t )  ^ "  “ l “ j - l  ° k ° j - k  + “ j+ 1  •

S p e c i f i c a l l y  f o r  j  ^ k a n d  t  = j - k  , t h i s  becom es

" j  ' k , j  •

The o t h e r  c o n t a i n m e n t  a l w a y s  h o l d s ,  g i v i n g  t h e  e q u a t i o n

( 2 .9 )  » j  = + ° 2 ° j - 2  + - - - +  “k“ j - k  + ° j + l  ■ j  = k .

R e p la c in g  j  by j+1 t r a n s l a t e s  e q u a t i o n  ( 2 . 9 )  i n t o

(2.10) .j+1 = +.. .+ Vj-k+1 + “j+2 ' J*k-1.

S u b s t i t u t i n g  ( 2 . 9 )  i n t o  ( 2 . 1 0 )  a n d  d i s t r i b u t i n g  l e a d s

t o

“j+1 = (“l “l “j- l  * “l “2“j-2 +---+ “l “k“j_k + “l “j+l>

* “2°j-l “k“j-k+l “j+2 > 2  ̂ k ,

w i t h  e a c h  i d e a l  p r o d u c t  i n  p a r e n t h e s e s  c o n t a i n e d  i n  one 

o f  t h o s e  w h i c h  i s  n o t .  Th u s
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“ j+ 1  "  “ 2 ® j - I  “3 “ j - 2  +•••■*■ “ k “ j - k + l  “ j+ 2  ’ j  ^ •

C o n t i n u i n g  i n d u c t i v e l y ,  a s su m e  f o r  2 ^ h  < k - 1  t h a t

( 2 . 1 1 )  Oj+h = “ h + l “ j r l  “h + 2 “ j - 2  “k “ j - k + h  “ j + h + 1  ’

f o r  a l l  j  a  k  . As b e f o r e ,  r e p l a c e  j  by  j+1 t o  o b t a i n

( 2 . 1 2 )  O j+ h + i  = “h + l “ j  “ h + 2 “ j - l  “k “ j - k + h + l

+ “ j+ h+ 2  ’ j  = k - 1  .

U s i n g  e q u a t i o n  ( 2 . 9 )  i n  ( 2 . 1 2 )  l e a d s  t o

0 j + ( h + l )  -  ( “h + l “l “ j - l  “h + l “ 2 “ j - 2  “h + l “k “ j - k

“h + l “ j + l ^  '*■ “h + 2 ° j - l  “ k “ j - k + h + l  “ j+h+2  ’ J  ^  ^  •

A g a i n  e a c h  t e r m  i n  p a r e n t h e s e s  i s  c o n t a i n e d  i n  one o f  

t h o s e  w h i c h  i s  n o t ,  c o m p l e t i n g  t h e  i n d u c t i o n  a r g u m e n t  t o  

g i v e  v a l i d i t y  o f  e q u a t i o n  ( 2 . 1 1 )  f o r  h = k - 1  . E x p l i c i t l y ,

+ “ j f k  - i  ^ k .
By r e p l a c i n g  j  w i t h  j+ 1  , t h i s  i m p l i e s

(2-13) = V j  + “k+j+1 - j  ̂ k -

R e p l a c i n g  j  by  j+ 1  i n  ( 2 . 1 3 )  g i v e s  r i s e  t o

(2 -1 4 )  ° k + j + l  = ° k ° j + l  + °k+ j+2  ’ j  = k-1 -

S u b s t i t u t i n g  ( 2 . 1 4 )  i n t o  ( 2 . 1 3 )  a n d  u s i n g  t h e  f a c t  t h a t  

“ k “ j + l  ^ “ k “ j  ’ e q u a t i o n

“k t j  = “k “j  + °k+j+2 ’ ) = k

i s  o b t a i n e d .  I n d u c t i v e l y  one  p r o c e e d s  t o  d e r i v e
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° k + j  = “ k “ j  * “ k t j + t  ' :  k  and  a l l  t  a  0

C o n v e r s e l y ,  s u p p o s e  t h e r e  e x i s t s  k s u c h  t h a t

( 2 - 1 5 )  ° k + j  = “k “ j  + V j + 1  a l l  j  a  k .

F o r  a n y  n  , t h e  d i v i s i o n  a l g o r i t h m  g i v e s  n  = mk + r

w i t h  0  ^  r  < k .

I f  n  ^ k , n  = ( m - l ) k  + ( k + r )  w i t h  k s  k + r  < 2k

T h e n

a
n ( m - 1 ) k + ( k + r )

= a k + ( m - 2 ) k + ( k + r )

Now

n
*n+l

= " k * ( m - 2 ) k + ( k + r )  + "n+1 ( h ?

° k ( ° k ® ( m - 3 ) k + ( k + r )  * n - k + l ) + 0n+1
2

° k  ® ( t n - 3 ) k + ( k + r )  * k ° n - k + l  ^ ° n + l

**k ° ( m - 3 ) k + ( k + r )  ^n+1

“k'^ ^ “k + r  “n+1

n
n+1

° k * " ^ ° k + r
“n+1

f o r  n  < k  , and  

. .  .m-1

k+1
( - V j . )
\ “k + r + 1 /

f o r  n  2 k .

T h u s  Gg(A) i s  g e n e r a t e d  a s  a n  a l g e b r a  o v e r  = A / o^

by  “n '^^n+ l  ’ ^  ”  l , . . . , 2 k - l  . Now t h e  a s s u m p t i o n  t h a t

A i s  n o e t h e r i a n  i m p l i e s  t h a t  A^ i s  n o e t h e r i a n  a n d
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G^(A) i s  f i n i t e l y  g e n e r a t e d  a s  a n  a l g e b r a  o v e r  . By

N o te  2 . 1 ,  f  i s  n o e t h e r i a n .  Q .E .D .

P r o p o s i t i o n  2 . 1 8 ; I f  f  = (a^3  i s  a  n o e t h e r i a n  f i l t r a ­

t i o n  on  a  n o e t h e r i a n  c o m m u t a t i v e  r i n g  A a n d  i f  f  h a s  

t h e  p r o p e r t y  t h a t  f o r  e a c h  n  t h e r e  e x i s t s  9 ( n )  s u c h  

t h a t  °cp(n) ^  ( r a d ( f ) ) ^  , t h e n  t h e r e  e x i s t s  k s u c h  t h a t  

f o r  a l l  j  2; k

" k + j  = ° k ° j  •

N o te  2 . 1 9 ; I n  t h e  l a n g u a g e  o f  f i l t r a t i o n  t o p o l o g i e s ,  

t h e  c o n d i t i o n  ^ ( r a d ( f ) ) ^  i s  e q u i v a l e n t  t o  s a y i n g

t h a t  f  ( b y  i t s  i d e a l s )  a n d  r a d ( f )  ( b y  i t s  p o w e rs )

g e n e r a t e  t h e  same r i n g  t o p o l o g y  on A .

P r o o f r L e t  k be  g i v e n  by  T h eo rem  2 . 1 7 .  Then  f o r  

a l l  j  ^ k and  a l l  t  ^ 1 ,

(2 -16 )  °k+j  = + ° k + j + t  ■

S i n c e  i n  a n o e t h e r i a n  r i n g  e v e r y  i d e a l  c o n t a i n s  a 

pow er  o f  i t s  r a d i c a l ,  t h e r e  e x i s t s  n ,m  € IN s u c h  t h a t

( r a d ( f ) ) ^  c  0 and  ( r a d ( f ) ) ^  c  a .  . I t  f o l l o w s  t h a t
K. J

“cp(n+m) ^  ( r a d ( f ) ) * + m  = ( r a d ( f ) ) * ( r a d ( f ) ) M  c  q^ o .̂ .

The d e s i r e d  r e s u l t  now f o l l o w s  by  l e t t i n g  t  = cp(n + m) 

i n  e q u a t i o n  ( 2 . 1 6 ) .  Q .E .D .

T heorem  2 . 2 0 : A f i l t r a t i o n  f  = on a  n o e t h e r i a n
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r i n g  A i s  e s s e n t i a l l y  p o w e r s  o f  a n  i d e a l  i f  a n d  o n l y  i f  

f  i s  n o e t h e r i a n  and  h a s  t h e  p r o p e r t y  t h a t  f o r  e a c h  n  

t h e r e  e x i s t s  cp(n) s u c h  t h a t  °cp(n) ^ ( r a d ( f ) ) ^  .

P r o o f :  I f  f  i s  e s s e n t i a l l y  p ow ers  o f  a n  i d e a l
N

t h e r e  i s  by  d e f i n i t i o n  a n  N s u c h  t h a t  “ X  * * n - i ° i
i = l

f o r  a l l  n  a n d ,  by ( 2 . 6 )  i n  t h e  p r o o f  o f  P r o p o s i t i o n  2 . 1 5 ,

0 c a n  b e  r e p r e s e n t e d  a s

V  t V  " i( 2 . 1 7 )  Q = )  I I  0 . ^ .
Z i n i n i = l

Then  G^(A) i s  g e n e r a t e d  b y  > i  = 1 , . . . , N  , a s

a n  a l g e b r a  o v e r  A /o ^  . E a c h  o f  t h e s e  i s  f i n i t e l y  g e n e r ­

a t e d  a n d  f r o m  N o te  2 . 1  f  i s  n o e t h e r i a n .  F o r  t h e  f u n c t i o n  

cp , t h e  l i n e a r  f u n c t i o n  9 ( n )  = Nn c a n  be u s e d  b e c a u s e

f o r  e a c h  pow er  p r o d u c t  | ^ w i t h  ^  i n ^  = Nn i n

( 2 . 1 7 ) ,
-i-i- ^  • -TT Z n . En .

^ = * ' “l  “ “ l  ^  ( r a d ( f ) )  c  ( r a d ( f ) )  ,

w i t h  t h e  f i n a l  c o n t a i n m e n t  co m in g  f ro m  t h e  f a c t  t h a t  e a c h

1 i s  no  g r e a t e r  t h a n  N s o  t h a t  n  = ^  ^ Z  ’̂ i  '

C o n v e r s e l y ,  u s e  t h e  k  o f  P r o p o s i t i o n  2 . 1 8  t o  w r i t e

°n  ~ ° k  ° k + r  ^  * n - ( k + r ) ^ k + r

f o r  e a c h  n  a  k  , w h e re  n  = mk + r  , 0  s: r  < k  .
2 k - l

Then  f o r  a l l  n  , ®n ^ Z  * n - i ° i  ’ w i t h  t h e  o p p o s i t e
i = l
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i n c l u s i o n  a l w a y s  b e i n g  t r u e .  Hence  f  i s  e s s e n t i a l l y  

p o w e r s  o f  a n  i d e a l .  Q .E .D .

C o r o l l a r y  2 . 2 1 ; I f  f  = {a^} i s  a  f i l t r a t i o n  on  a

n o e t h e r i a n  r i n g  A w h i c h  i s  e s s e n t i a l l y  p o w e r s  o f  a n

i d e a l ,  t h e r e  e x i s t s  k  6 H  s u c h  t h a t

“kn = °k"  ̂ 0  ■

P r o o f  : By T h e o r e m  2 . 2 0 ,  t h e  c o n d i t i o n s  o f  P r o p o ­

s i t i o n  2 . 1 8  a r e  s a t i s f i e d .  L e t  k be g i v e n  b y  P r o p o s i t i o n

2 . 1 8 .  Then  f o r  a l l  n  > 0 ,

“kn = ° k + k ( n - l )  = “k“k ( n - D  = • • •  = * k " '^ °k  = “k". Q.E.D.

E x t r a c t i n g  t h e  p r o p e r t y  a s s u r e d  by  C o r o l l a r y  2 . 2 1 ,  

a  f i l t r a t i o n  f  = Cû^}  w i l l  b e  s a i d  t o  p o s s e s s  a  r e g u l a r  

s u b s e q u e n c e  o f  p o w e r s  o f  a n  i d e a l  i n  c a s e  t h e r e  e x i s t s  

k € ]N w i t h

( 2 . 1 8 )  f ( k )  = f  ;
“ k

t h a t  i s ,  f o r  a l l  n  2= 0  .

The c o n n e c t i o n  w i t h  m u l t i p l i c i t y  i s  s u m m a r i z e d  i n  t h e  

f o l l o w i n g  t h e o r e m .

Theorem  2 . 2 2 : L e t  A be  a  n o e t h e r i a n  r i n g ,  M a

f i n i t e l y  g e n e r a t e d  A - m o d u l e ,  f  = a  0 - d i m e n s i o n a l

f i l t r a t i o n  o f  a l t i t u d e  s . I f  f  p o s s e s s e s  a r e g u l a r  

s u b s e q u e n c e  f ^ ^ ^  o f  p o w e r s  o f  a n  i d e a l ,  t h e n  p ( f , M )  

e x i s t s  an d  u , ( f ,M )  = M-(a,M)
i.S  b-
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P r o o f  : F o r  e a c h  n  , one  h a s  by  t h e  d i v i s i o n  a l ­

g o r i t h m  n  = q^k. + r ^ ^  0  s: r ^  < k  . S i n c e

q ^ k  s  n  < ( q ^ + l ) k ,  i t  f o l l o w s  t h a t  0 ( q ^ + i ) k  = = ° q ^ k '

w h i c h  i n  t u r n  i m p l i e s

q q^+1
“q^k  = “ k "  “ ( q „ + l ) k  = “ k t h i s  may

be  e x p r e s s e d  i n  t e r m s  o f  H i l b e r t  f u n c t i o n s  a s

H ( q ^ , M , o ^ )  s  H ( n , M , f )  ^ H (q^+1 ,M ,  Oj )̂ .

s  ^M u l t i p l y i n g  by t h e  p o s i t i v e  c o n s t a n t  —|  a n d  a d j u s t i n g
n

t h e  t e r m s  l e a d s  t o

^ g ,  H ( n , M , f )

kS \  ^  /  ( q ^ )

, / ( q ^ + l ) k \ G  H(q^+l ,M,Oj^)
n /

, l i a  + I ) KLi ®

k® I  /  ( q n + l ) G

P a s s i n g  t o  t h e  l i m i t  a n d  u s i n g  T h eo rem  2 . 1 2  t o  g i v e  t h e  

same l i m i t  f o r  t h e  f i r s t  a n d  l a s t  e x p r e s s i o n s  p r o v i d e s  t h e  

d e s i r e d  r e s u l t

s i  l i m  n ( a .  ,M) . Q .E .D .
r u * »  XI® k ®  ^

C o r o l l a r y  2 . 2 5 ; I f  f  i s  a  0 - d i m e n s i o n a l  f i l t r a t i o n

on a  n o e t h e r i a n  r i n g  A , w h i c h  i s  e s s e n t i a l l y  p o w e r s  o f

a n  i d e a l ,  t h e n  f o r  a n y  f i n i t e l y  g e n e r a t e d  A -m o d u le  M ,

i i ( f ,M )  e x i s t s  a n d  i s  a  r a t i o n a l  n u m b e r .
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P r o o f  : T h i s  i s  i m m e d i a t e  f r o m  C o r o l l a r y  2 . 2 1 ,

Theo rem  2 . 2 2 ,  and  t h e  f a c t  t h a t  p,(o,M) i s  a n  i n t e g e r .

The G e n e r a l  C ase

I t  h a s  n o t  y e t  b e e n  shown t h a t  t h e r e  e x i s t  f i l t r a t i o n s  

on  n o e t h e r i a n  r i n g s  w h i c h  a r e  n o t  n o e t h e r i a n .  T r i v i a l  o n e s  

a b o u n d  a s  c a n  be  s e e n  by t h e  f o l l o w i n g .

Exam ple  2 . 2 4 : L e t  A = Z  , t h e  i n t e g e r s ,  and

f  = [Z ,  2Z, 2^Z ,  2^Z, 2 ^2 , 2^Z ,  2 ^ Z , . . . }  . Then  f  i s  

a f i l t r a t i o n  on A w h i c h  i s  n o t  n o e t h e r i a n  b u t  i t s  

m u l t i p l i c i t y  d o e s  e x i s t  and  i s  z e r o .  I n  f a c t ,  m u l t i p l i c i t y  

e x i s t s  f o r  a n y  f i l t r a t i o n  on  Z . See  C o r o l l a r y  2 . 3 1 .

A f a r  m ore  i n t e r e s t i n g  s i t u a t i o n  i s  g i v e n  b e l o w .

Example  2 . 2 5 ; L e t  A = k [ x ]  = k [ X ^ , . . . , X ^ ]  w i t h  t h e  

b e i n g  i n d e t e r m i n a t e s  o v e r  t h e  f i e l d  k . L e t  ,

i  = l , . . . , n  b e  n o n n e g a t i v e  r e a l  n u m b e r s .  F o r  any

y  = y  a .  . X ^ l . . . X n *  € A d e f i n e
Lmi V I  J

( 2 .1 9 )  V n  I “ (1 )  '

I t  c a n  be  v e r i f i e d  t h a t  v^ d e f i n e s  a  v a l u a t i o n  on  A 

w h i c h  by ( 1 . 2 3 )  g i v e s  r i s e  t o  t h e  f i l t r a t i o n  f^  

w h e re  = [cp € A | v ^ ( ^ )  a m} f o r  e a c h  m . I f  a t

l e a s t  one  i s  i r r a t i o n a l ,  f o r  d e f i n i t e n e s s  s a y  T j  ,
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f ^ i s  n o t  n o e t h e r i a n .  T h i s  i s  b e c a u s e  t h e  ‘*cp-condition**

o f  T h eo rem  2 . 2 0  i s  s a t i s f i e d  by  t a k i n g  9 ( n )  t o  b e  t h e

l i n e a r  f u n c t i o n  Nn w h e r e  N i s  any  i n t e g e r  g r e a t e r

t h a n  o r  e q u a l  t o  m a x { T . }  . I f  f  was n o e t h e r i a n ,  Theorem
i  ^

2 . 2 0  w o u ld  im p l y  t h a t  i t  w as  e s s e n t i a l l y  p o w e r s  and  C o r o l -
( k)l a r y  2 . 2 1  w o u ld  g i v e  a  r e g u l a r  s u b s e q u e n c e  f  o f  p o w e rs

o f  a n  i d e a l ;  t h a t  i s ,  f o r  a l l  m . T h a t  t h i s

i s  f a l s e ,  may be s e e n  a s  f o l l o w s .  Choose  a s e t  o f  g e n e r ­

a t o r s  f o r  0^  o f  t h e  f o r m  w h ic h  i s  p o s s i b l e  s i n c e

Y  i s  i n  Qĵ  i f  a n d  o n l y  i f  X^^^ i s  a l s o ,  f o r

e a c h  o v . x /  0 . T hen  o n e  o f  t h e  g e n e r a t o r s  n e e d e d  i s  
k .

X j  w h e re  k j  i s  t h e  s m a l l e s t  p o s i t i v e  i n t e g e r  q f o r

w h i c h  q T j  2  k . S i n c e  k j T j  > k t h e r e  e x i s t  p o s i t i v e

i n t e g e r s  s and t  s u c h  t h a t  k j T j  > - |  > k  . From

t h i s  i n e q u a l i t y  b o t h  k j t  > s  and  s T j  > k t  a r e  d e r i v e d .

T h e  f i r s t  i m p l i e s  X.® ^  o . ^  b e c a u s e  t h e  s m a l l e s t  p f o r
3 K

w h i c h  X .P  € 0 , ^ i s  k - t  , a n d  t h e  s e c o n d  i m p l i e s
J  K J

X,® € . Hence  f o r  t h i s  c h o i c e  o f  t  , .

I n  t h e  c a s e  w h e re  a l l  a r e  r a t i o n a l  a n d  g r e a t e r

t h a n  z e r o ,  t h e  q u e s t i o n  o f  e x i s t a n c e  o f  m u l t i p l i c i t y  h a s  

a l r e a d y  b e e n  s e t t l e d  a f f i r m a t i v e l y  by  C o r o l l a r y  2 . 2 3  

b e c a u s e  f ^  i s  e s s e n t i a l l y  p o w e r s .  S i n c e  l a t e r  r e m a r k s  

w i l l  d e p e n d  on t h i s  f a c t ,  a  p r o o f  i s  i n c l u d e d  f o r  c o m p l e t e ­

n e s s .  L e t  T = ( t ^ )  w i t h  = a ^ / b ^  f o r  e a c h  i  = l , . . . , n

n
w h e r e  a .  , b .  6 ]N a n d  l e t  a  = | | a .  .

X X  i = i  1
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I t  w i l l  be  shown t h a t  f o r  a l l  tn ,
n a

(2-20) V = I “m-k“k •
k = l

F o r  a n y  g e n e r a t o r  o f  u s e  t h e  d i v i s i o n  a l g o r i t h m

t o  e x p r e s s  i . = c . m .  + r . , O ^ r .  < c .  w h e re
J  J  J  J  J  J

c j  = & 2 . . . a j _ ^ b j a j ^ ^ . . . a ^  f o r  e a c h  j  . T h e n  may

b e  f a c t o r e d
/ • \ 1  ̂ 1 ___ c *111 ♦ ___ r  •

l . . . X ^  *  =  T ] X j  ^  ^ T T X j  J  ,  j  =  l , . . , , n .

c .
F o r  e a c h  j  ,  v ^ ( X j  = a i m p l y i n g  t h a t

c jïTij 2ir\j ^
TT-^j ^ “ a . S i n c e  v ^ C f f X j  ^  r^ .a^ ./b^  , i t

r  .
f o l l o w s  t h a t  y | X j  ^  -a . / b  . ]  ’ " b e r e  [ r ]  d e n o t e s

t h e  g r e a t e s t  i n t e g e r  l e s s  t h a n  o r  e q u a l  t o  t h e  r e a l  num ber

r  . Thus

( 2 . 2 1 )  2 . [ z r . a . / b . ]  .

S i n c e  ,

”  '  I  =  I  ^  I
= a ) m. + ) r . a . / b .

^  J ^  J J J

From t h e  f a c t  t h a t  m -  a ^  m^ i s  a n  i n t e g e r ,

m -  * I  * j  = E - ' f  j / C j ]  ■

S i n c e  r . a . / b .  < c . a . / b .  = a  , one  h a s  ) r . a . / b .  < n a  ,
J J J J J J Lc, J J J J

s o  a f o r t i o r i  k  = m -  a ^  mj < na
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Zm .

B e c a u s e  = “ k “a  = "aZm. ’ f o l l o w s

f r o m  ( 2 . 2 1 )  t h a t

^ “a s m j “k = ° m - k “ k '

The l a s t  i d e a l  p r o d u c t  i s  one  o f  t h o s e  a p p e a r i n g  i n  t h e

r i g h t  s i d e  o f  ( 2 . 2 0 )  a n d  was  a r b i t r a r i l y  c h o s e n
n a

i m p l y i n g  ^ X  *m -k°k  ' r e v e r s e  c o n t a i n m e n t  a l w a y s
k = l

h o l d s  c o m p l e t i n g  t h e  a r g u m e n t .  Q .E .D .

E x i s t a n c e  o f  m u l t i p l i c i t y  f o r  f ^  i n  t h e  i r r a t i o n a l  

c a s e  w i l l  be  d e r i v e d  f r o m  r e s u l t s  i n  t h i s  s e c t i o n .

As a f i r s t  s t e p  i n  t h e  t h e o r y  o f  m u l t i p l i c i t y  f o r  

f i l t r a t i o n s  w h i c h  n e e d  n o t  be n o e t h e r i a n ,  t h e  f o l l o w i n g  

a p p r o x i m a t i o n  f o r m u l a  i s  d e r i v e d .

P r o p o s i t i o n  2 . 2 6 ; L e t  f  = be  a  0 - d i m e n s i o n a l

f i l t r a t i o n  on  a n o e t h e r i a n  r i n g  A w i t h  a l t ( f )  = s an d  

l e t  M be  a f i n i t e l y  g e n e r a t e d  A - m o d u l e .  Then

l i m  - i -  M.(o. ,M)
k-*oo k

e x i s t s  and  p r o v i d e s  a n  u p p e r  bo u n d  f o r

s i  l i m  su p H ( n , M . f )
n®

P r o o f  ; F i x  k a n d  c h o o s e  a n y  n  € IN . By t h e  

s i o n  a l g o r i t h m  ex  

Th en  f o r  a l l  m € H ,

d i v i s i o n  a l g o r i t h m  e x p r e s s  n  = q ^ k  + r ^  , 0  s  < k
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k + r n.

M

m m m

M
(q  +1)  S Î  L*l Cq + l )m

^ \ ° k  M'
( ( q ^ + l ) m ) *

I n  t e r m s  o f  H i l b e r t  p o l y n o m i a l s  t h i s  becomes

m ( ( q ^ + l ) m ) '

T a k i n g  l i m i t s  w i t h  r e s p e c t  t o  m i m p l i e s

n ( o „ ,M )  ^ ( q „ + D ®  |j,(a. ,M) .n ’n

D i v i d i n g  by  ( ( q ^ + l ) k )  , one  o b t a i n s

[ ( q ^ V D k j  ^ ( * n 'M )  * ^  ’

f o r  a l l  n  , so  t h a t

l i m  s u p

S i n c e  k was  c h o s e n  a r b i t r a r i l y  and  a l l  t h e  t e r m s  a r e  

b o u n d e d  b e l o w  by  z e r o ,  t h e  d e s i r e d  l i m i t  e x i s t s .

F o r  t h e  s e c o n d  s t a t e m e n t ,  i t  i s  now s u f f i c i e n t  t o

show

s i  l i m  s u p H ( n . M , f )
n

s  —  f o r  e a c h  k .
k®

The a r g u m e n t  i s  v e r y  s i m i l a r .  L e t  n  be  a r b i t r a r y  a n d

e x p r e s s  n = q k + r  , 0 ^ r < k  a s  b e f o r e .  T h enn  n  ’ n
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s i  L S Î  L M

n

“ k ( q ^ + l ) 7

n (^)
By u s e  o f  H i l b e r t  f u n c t i o n s ,  t h i s  b eco m es

s !  H ( n , M , f )
n M

The l i m i t  o f  t h e  r i g h t  s i d e  i s  known g i v i n g

s i  l i m  s u p H ( n . M , f )r H (n . :  

L n
Q .E .D.

D e f i n i t i o n  2 . 2 7 : The  l i m i t  g i v e n  by P r o p o s i t i o n  2 . 2 6

w i l l  b e  c a l l e d  t h e  n a t u r a l  u p p e r  bound  f o r  t h e  m u l t i p l i c i t y  

o f  M w i t h  r e s p e c t  t o  f  ( e v e n  t h o u g h  t h e  m u l t i p l i c i t y  

i t s e l f  may n o t  be  d e f i n e d ) .

N o te  2 . 2 8 ; T r i v i a l  e x a m p l e s  show t h a t  t h i s  n a t u r a l  u p p e r  

b o u n d  n e e d  n o t  b e  a t t a i n e d  e v e n  when p ( f , M )  e x i s t s .  ( S e e  

Example  2 . 3 3 ) .  I n  f a c t ,  t h e  f o l l o w i n g  e x a m p l e  shows t h a t  

t h e  r i n g  and  f i l t r a t i o n  may be  c h o s e n  i n  s u c h  a  m anner  

t h a t  t h e  two d i s a g r e e  by a  p r e a s s i g n e d  p o s i t i v e  i n t e g e r  

m u l t i p l e .

Exam ple  2 . 2 9 : L e t  A = Z [ X ] / ( X  ) = E [ x ] a n d  f  =

w h e r e  = 2^A + xA = ( 2 ^ , x ) T h en  f  i s  a  0 - d i m e n ­

s i o n a l  f i l t r a t i o n  o n  A w i t h  r a n k ( f )  = 1 a n d  M.(f) = 1 

b u t  l i m i t i C o ^ )  -  k  .
n^o n n '
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P r o o f : S i n c e  ( x )  c  A n n ^ ( A / o ^ )  a n d  s i n c e

A / o ^  «  g /2*% , = L%(Z/2*%) = n  . Thus

y A / o  ) 1 , ^
= i :  l i m  = I  . To c o m p u te  Ixm -  ^ ( o  ) ,

n-»oo  ̂ TWoo

f i r s t  c o m p u te  |J .(a^) f o r  e a c h  n  . The f o l l o w i n g  i s  a 

c o m p o s i t i o n  s e r i e s  f r o m  A t o  :

A = ( 2 , x )  = ( 2 ^ , x ) = . . .  = (2"™ ,x)  = ( 2 ^ ' ^ , 2 x , x ^ )  = . . .  

a  ( 2^ ^ \ 2* ( ^ " l ) x , x 2 ) a  2 x ^ , x ^ )  a . . .

a  2 n ( m - l ) x , , . . , 2 " ( m - ( k - l ) ) x k - l )  = _

Hence  L^(A/C o^ ) '^ )=  nm + n ( m - l )  + —  + n ( m - k + l ) = n ( k m - k ( k - l ) / 2 )  

and  t h u s  p ( a ^ )  = n k .  T h e r e f o r e  ■^M<(Oj )̂ = k f o r  e a c h  n  . Q .E .D .

T h eorem  2 . 5 0 : I n  t h e  s i t u a t i o n  o f  P r o p o s i t i o n  2 . 2 6 ,  i f

a l l  b u t  f i n i t e l y  many o f  t h e  I d e a l s  c a n  be g e n e r a t e d

by s e t s  o f  s  e l e m e n t s ,  ^ ( f , M )  e x i s t s  and  i s  t h e  

n a t u r a l  u p p e r  b o u n d .

P r o o f  : F o r  a n y  e > 0  c h o o s e  a  s e q u e n c e  [ n ^ j

s u c h  t h a t

H ( n . , M , f )
( 2 . 2 2 )  s i  -------— -—  s  s !  l i m  i n f  ] ), + e

( n . ) ®
j ' H ( n . M , f ) j

w h i c h  e x i s t s  s i n c e  0  i s  a  l o w e r  b o u n d .  N o te  t h a t

H ( n . , M , f )  = H ( l , M , o ^  ) = L . ( M / o M) a n d  by  h y p o t h e s i si- lî  A
0 c a n  be  g e n e r a t e d  by  a  s e t  o f  s  e l e m e n t s .  I n  t h i s  
^ i

s i t u a t i o n  t h e  m u l t i p l i c i t y  d e f i n e d  i n  t h i s  w o r k  a g r e e s
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w i t h  t h a t  i n  N o r t h c o t t  [ 5 ] ( s e e  Theorem  1 3 ,  P . 32 9 )  a n d  i n  

h i s  d e v e l o p m e n t ,  T heo rem  6 ( p . 30 8 )  g i v e s  t h e  i n e q u a l i t y

,M) s  L^CM/o^^M) s  SÎ L^(M/o^_M) .

S u b s t i t u t i n g  b a c k  i n t o  ( 2 . 2 2 )  g i v e s  t h e  i n e q u a l i t y

^ l i (o  ,M) s  s i  l i m  i n f  ■ H ( n , M . f )
n=

+ e

w h i c h  t o g e t h e r  w i t h  P r o p o s i t i o n  2 . 2 6 ,  p r o v e s  t h e  r e s u l t .

C o r o l l a r y  2 . 3 1 : M u l t i p l i c i t y  e x i s t s  and  i s  t h e  n a t u r a l

u p p e r  bound  f o r  any  n o n t r i v i a l  f i l t r a t i o n  a n d  f i n i t e l y  

g e n e r a t e d  m odu le  o v e r  a  p r i n c i p a l  i d e a l  d o m a i n .

P r o o f  : E x c e p t  f o r  t h e  two t r i v i a l  f i l t r a t i o n s

f^Q^ a n d  f ^  , e v e r y  f i l t r a t i o n  i s  0 - d i m e n s i o n a l  and  

h a s  a l t i t u d e  1 .  Q .E .D .

I n  t h e  c a s e  o f  a  f i l t r a t i o n  f o r  w h i c h  t h e  m u l t i p l i c i t y  

e x i s t s  a n d  i s  t h e  n a t u r a l  u p p e r  b o u n d ,  s e v e r a l  i m p o r t a n t  

t h e o r e m s  f o l l o w  f rom  t h e  c o r r e s p o n d i n g  r e s u l t s  f o r  i d e a l s  

u s i n g  s i m p l y  t h e  f a c t  t h a t  t h e  l i m i t  o f  a  sum i s  t h e  sum 

o f  t h e  l i m i t s .  T h eo rem s  2 . 3 2 ,  2 . 3 4 ,  2 . 3 5  a n d  2 . 3 6  a r e  o f  

t h i s  t y p e  w i t h  T heo rem s  2 . 3 5  a n d  2 . 3 6  b e i n g  p r o v e n  i n  more 

g e n e r a l i t y  i n  t h a t  o n l y  e x i s t a n c e  o f  m u l t i p l i c i t y  i s  

a s s u m e d .  I t  w i l l  s u b s e q u e n t l y  be  shown t h a t  a n y  f i l t r a t i o n  

w h i c h  i s  a p p r o x i m a t a b l e  by  p o w e r s ,  m e n t i o n e d  i n  C h a p t e r  I  

( 1 . 6 ) ,  d o e s  s a t i s f y  t h e  c o n d i t i o n  t h a t  f o r  i t s e l f  and  f o r  

e a c h  o f  i t s  l o c a l i z a t i o n s  m u l t i p l i c i t y  e x i s t s  a n d  i s  t h e
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n a t u r a l  u p p e r  b o u n d .  By T heorem  2 . 2 2  a n d  p r o p e r t i e s  o f  

l o c a l i z a t i o n ,  i t  c a n  a l r e a d y  b e  s e e n  t h a t  t h e  h y p o t h e s e s  

o f  t h e s e  t h e o r e m s  a r e  s a t i s f i e d  i f  t h e  f i l t r a t i o n  i n v o l v e d  

p o s s e s s e s  a  r e g u l a r  s u b s e q u e n c e  o f  p o w e r s .

Th eo rem  2 . 3 2  (A d d i t i v i t y ) ; L e t  f  = b e  a  0 - d i m e n ­

s i o n a l  f i l t r a t i o n  o n  a  n o e t h e r i a n  r i n g  A . I f  f  i s  

s u c h  t h a t  | j , (f ,M) e x i s t s  a n d  i s  t h e  n a t u r a l  u p p e r  bound  

f o r  e v e r y  f i n i t e l y  g e n e r a t e d  A -m o d u le  M , t h e n  t h e  r e a l  

v a l u e d  f u n c t i o n  n , ( f , _ )  i s  a d d i t i v e  on  t h e  c a t e g o r y  o f  

f i n i t e l y  g e n e r a t e d  A - m o d u l e s .  T h a t  i s ,  i f

( 2 . 2 3 )  0   »M' — »0

i s  a  s h o r t  e x a c t  s e q u e n c e  o f  f i n i t e l y  g e n e r a t e d  A - m o d u l e s ,  

t h e n

tx(f ,M) = t i ( f , M ' )  + n ( f  , I f ' )  .

P r o o f :  By h y p o t h e s i s  | i ( f , M )  = l i m  p. ( q_ , M )  .
iWm n® ^

S i n c e  ^ ( o ^ ^ _ )  i s  a d d i t i v e  [4 , Theo rem  ( 2 3 . 3 ) ,  P . 7 6 ]  

a p p l y i n g  i t  t o  ( 2 . 2 3 )  i m p l i e s

f i ( f ,M )  = l i m  - i -  ( m- ( o ,M ' )  + ij. ( q„ ,M “ ) )  
n-#œ n  ^

= l i m  - i -  n ( o  ,M’ ) + l i r a  M-(a ,M") 
n^œ n  n-»co n

= M .(f ,M ')  + ^L(f,M") . Q .E .D .

To s e e  t h a t  t h e  m u l t i p l i c i t y  f u n c t i o n  f o r  a  0 - d i m e n ­

s i o n a l  f i l t r a t i o n  f  n e e d  n o t  be  a d d i t i v e  e v e n  i n  c a s e
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f  i s  n o e t h e r i a n ,  c o n s i d e r  t h e  f o l l o w i n g .

Ex am p le  2 . 3 3 : L e t  A = = Z /4 Z  , f  = { Z ^ , 2 Z ^ , 2 Z ^ , . . . )

an d  t a k e  t h e  s h o r t  e x a c t  s e q u e n c e

( 2 . 2 4 )  0 ------ ► 2 2 ^ - ^  2 ^ - ^  Z2---- » 0

w h e re  i  r e p r e s e n t s  t h e  i n j e c t i o n  o f  2Z^ i n t o  2 ^  and

c t h e  c a n o n i c a l  e p i m o r p h i s m  Z ^  » Z ^ / 2 Z ^  «  Z2  . F o r

t h i s  c h o i c e  o f  f i l t r a t i o n ,  a l t ( f )  = d i m ( f )  = 0  and  

m u l t i p l i c i t y  t r i v i a l l y  e x i s t s  f o r  e v e r y  f i n i t e l y  g e n e r a t e d  

Z ^ - m o d u le  M ; e x p l i c i t l y .

L.CM/2M)
M.(f,M) = 0 : l i m  — —  -----  = L.CM/2M) = L„(M/2M)

n-»08 n

T h e n ,  w i t h  r e s p e c t  t o  t h e  s h o r t  e x a c t  s e q u e n c e  ( 2 . 2 4 ) ,

p ( f , 2 Z ^ )  = L g ( 2 Z ^ / 2 ( 2 Z ^ ) )  = L g ( 2 Z 4 / ( 0 ) )  = 1 ^ ( 2 2 ) = 1 ,

p ( f , Z ^ )  = L g ( 2 ^ / 2 Z ^ )  = L g ( Z 2 ) = 1 , and

p ( f , % 2 )  = L g ( Z 2 / 2 Z 2 )  = L g ( 2 2 )  = 1 .

I t  i s  now c l e a r  t h a t

p ( f , Z ^ )  /  p ( f , 2 Z ^ )  + p ( f , Z 2 )  .

Theorem  2 . 5 4 : L e t  f  = 1 “^ )  be a  0 - d i m e n s i o n a l  f i l t r a ­

t i o n  on a  n o e t h e r i a n  r i n g  A w i t h  t h e  p r o p e r t y  t h a t  f o r  

a n y  f i n i t e l y  g e n e r a t e d  A -m o d u le  M, p ^ ( f , M )  e x i s t s  a n d  

i s  t h e  n a t u r a l  u p p e r  b o u n d . T h e n

P A (f ,M )  = ] ^ L ^ ^ ( M p ) p ^ ( f , A A )  ,
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w h e r e  p r u n s  o v e r  a l l  m i n i m a l  p r i m e s  o f  A s u c h  t h a t  

d i m ( p )  = a l t ( f )  .

P r o o f  : By h y p o t h e s i s ,

^ i . ( f ,M )  = l i m  .
«  n_»m n

T h i s  i m p l i e s

= l i m  ^ 3  I  ^ A ( ° n ' A / P )

w h e r e  p r u n s  o v e r  a l l  m i n i m a l  p r i m e s  o f  A s u c h  t h a t

d i m ( p )  = a l t ( f )  by  [ 7 , P . V - 3 ] .  Then

n ^ ( £ ,M )  = ^ L .  (Mp) U m  ^  p . ^ ( a ^ , A / p )

P
s i n c e  t h e r e  a r e  o n l y  f i n i t e l y  many s u c h  p . Thus

( ^ p )  W.A(f,A/P) . Q .E .D .

F o r  a  f i l t r a t i o n  f  on  a  r i n g  A a n d  a  p r im e

i d e a l  p o f  A , l e t  f ^  d e n o t e  t h e  e x t e n s i o n  o f  f  i n  

t h e  l o c a l  r i n g  A
P

T h e o re m  2 . 5 5  (L o c a l i z a t i o n  f o r m u l a ) : L e t  f  be  a  0 -

d i m e n s i o n a l  f i l t r a t i o n  on a  n o e t h e r i a n  r i n g  A and  l e t

M be  a  f i n i t e l y  g e n e r a t e d  A - m o d u le .  I f  p,. ( f  ,ML)Ap p P

e x i s t s  f o r  e a c h  p r i m e  i d e a l  p w h i c h  c o n t a i n s  r a d ( f )

a n d  f o r  w h i c h  a l t ( p )  = a l t ( f )  , t h e n  M-^(f,M) e x i s t s

and
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=  I  ( f p ' M p )  ’
P ^

w here  p r u n s  o v e r  a l l  s u c h  p r i m e s .

P r o o f  : T h i s  c a n  b e  d o n e  d i r e c t l y  u s i n g  t h e  l o c a l i ­

z a t i o n  f o r m u l a  f o r  l e n g t h s  [ 5 ,  T h e o re m  1 2 ,  P . 1 6 6 ] .  How­

e v e r  by t a k i n g  A = A ' i n  t h e  f o l l o w i n g  t h e o r e m ,  t h e  

d i r e c t  a p p r o a c h  i s  u n n e c e s s a r y .  Q .E .D .

Theorem  2 . 5 6  ( E x t e n s i o n  F o r m u l a ) :  L e t  f  be a

0 - d i m e n s i o n a l  f i l t r a t i o n  on  a  n o e t h e r i a n  r i n g  A w h i c h

i s  a  f i n i t e  i n t e g r a l  e x t e n s i o n  o f  a  s u b r i n g  A ’ a n d  l e t

M be a  f i n i t e l y  g e n e r a t e d  A - m o d u l e .  I f  |x. ( f  ,M )p p

e x i s t s  f o r  e a c h  p r i m e  i d e a l  p w h i c h  c o n t a i n s  r a d ( f )  

and  f o r  w h i c h  a l t ( p )  = a l t ( f )  , t h e n  n ^ ( f , M )  e x i s t s  

and

= Y  ^A ( f p ' M p )  [ A / p : A y p ^ ]

P ^
w h e re  p r u n s  o v e r  a l l  s u c h  p r i m e s .

N o te 2 . 3 7  ; The  e x p r e s s i o n  ^ ^ , ( f , M )  h a s  n o t  b e e n  d e f i n e d

s i n c e  f  i s  a  f i l t r a t i o n  on A , n o t  A ’ . The d e f i n i t i o n  

i s ,  h o w e v e r ,  e n t i r e l y  a n a l o g o u s  t o  D e f i n i t i o n  2 . 1 0  o n l y  

L ^ ( M / ô M) i s  r e p l a c e d  by  L ^ , (M /a ^ M )  f o r  e a c h  n  .

Rem ark  2 . 3 8 : The  o n l y  r e a s o n  f i n i t e n e s s  o f  A o v e r

A* i s  a s s u m e d  i s  t o  a s s u r e  t h a t  e a c h  [ A / p : A / p ^ ]  < «  .

Xf t h i s  c o n d i t i o n  i s  im posed  s e p a r a t e l y  t h e  f i n i t e n e s s
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may b e  d r o p p e d  and  t h e  same p r o o f  g i v e s  t h e  r e s u l t .  I n  

f a c t ,  by  r e q u i r i n g  t h e  p r o p e r t i e s  o f  N a g a t a s ’ s  [ 4 , Theorem  

2 1 . 2 ,  P . 7 0 ]  on t h e  r i n g s  A a n d  A ’ a n d  l e t t i n g  r a d ( f )  

be t h e  z e r o  d i m e n s i o n a l  i d e a l  g i v e n  t h e r e  one  c a n  e v e n  

d r o p  t h e  c o n d i t i o n  t h a t  A b e  i n t e g r a l  o v e r  A* .

P r o o f :  From t h e  f a c t  t h a t  m-a e x i s t s  f o r
p ^

e a c h  s u c h  p , / M \

y  Ha ( f n ' M h )  [ A / p : A ' / p C ]  = y  s !  l i m  — f " ? P [ A / p : / { / p ‘ ]^  Ap p p ^

w h e r e  s = a l t ( f )  . S i n c e  ( x a  ) V  ] “ ® f o r  t h o s e
q \  n  q q/

m a x im a l  i d e a l s  w h i c h  do n o t  c o n t a i n  r a d ( f )  and  s i n c e  

M j
l i m  — 3----- ^  .̂ -.3 .,. = 0  f o r  t h o s e  w h i c h  c o n t a i n  r a d ( f )
n-+cD n®

b u t  f o r  w h i c h  a l t ( q )  < s  , t h i s  e q u a t i o n  may be r e w r i t t e n  

a s  /  M \
L* (t T t V  [ A / q : A y , C ]

y  H. ( f .  ,M ) [A /p :A ' /p C ]  = y  s !  l i m  — ^ 1 -̂-------------------
p P  »  *  t

w h e r e  q r u n s  o v e r  a l l  m a x i m a l  i d e a l s  o f  A . A l l  b u t

f i n i t e l y  many | ' (tt ^ M~ ' |  “ ^  t h e  sum a n d  t h e  l i m i t

may be  i n t e r c h a n g e d  t o  o b t a i n

I ^A ( f p 'M p )  [ A /p z A /p C ]  = s i  l i m  \  ̂ q̂l̂ Vq̂q)  ̂ .
^  b  ̂  ̂ n-»oo sp  ̂ n
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By p r o p e r t i e s  o f  l o c a l i z a t i o n  , 'v \ t  ^
n / q  q \  n  / q

t h e  e x t e n s i o n  f o r m u l a  f o r  l e n g t h s  [ 5 , T h e o re m  1 3 ,  P . 1 6 8 ]

may b e  a p p l i e d .  T h i s  i m p l i e s

[A/P:Ayp ]̂ = s! lim ‘'A' (t ^)

an d  t h e  l a s t  e x p r e s s i o n  i s  t h e  d e f i n i t i o n  o f  ( f  ,M) .

Q .E .D .

C o r o l l a r y  2 . 3 9 : M u l t i p l i c i t y  e x i s t s  a n d  i s  t h e  n a t u r a l

u p p e r  bound f o r  a n y  n o n t r i v i a l  f i l t r a t i o n  a n d  an y  f i n i t e l y  

g e n e r a t e d  m o d u le  o v e r  a  D e d e k i n d  d o m a in .

P r o o f  : E v e r y  l o c a l i z a t i o n  i s  a  d i s c r e t e  v a l u a t i o n

r i n g  a n d  c o n s e q u e n t l y  a p r i n c i p a l  i d e a l  d o m a in  [ l ,  Theorem 

9 . 3 ,  P . 9 5 ] .  By C o r o l l a r y  2 . 3 1  and t h e  l o c a l i z a t i o n  f o r m u l a  

t h e  r e s u l t  i s  i m m e d i a t e .  Q .E .D .

The r e m a i n d e r  o f  t h i s  c h a p t e r  w i l l  b e  d e v o t e d  t o  t h e  

s t u d y  o f  two e q u i v a l e n t  f o r m s  o f  t h e  c o n d i t i o n  " a p p r o x i m a -  

t a b l e  by p o w e r s "  i n t r o d u c e d  i n  C h a p t e r  I .  The f i r s t  fo rm  

c o n s i d e r e d  a p p e a r s  t o  be  t h e  more  n a t u r a l  g e n e r a l i z a t i o n  

o f  t h e  " e s s e n t i a l l y  p o w e r s "  s i t u a t i o n  a n d  l e n d s  i t s e l f  

m ore  e a s i l y  t o  t h e  p r o o f  o f  P r o p o s i t i o n  2 . 4 5 .  The s e c o n d  

i s  f o r m u l a t e d  i n  s u c h  a  way t h a t  u n t i l  o n e  f i n a l  c o n d i t i o n  

i s  im p o se d  t h e  r e s u l t s  a r e  p r o v e d  more  g e n e r a l l y  a n d ,  i f  

t h e  f i l t r a t i o n  i s  g i v e n  b y  a p s e u d o - v a l u a t i o n ,  i t  i s
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somewhat  e a s i e r  t o  a p p l y .

S u p p o s e  f o r  t h e  f i l t r a t i o n  f  = t h e  c o n d i t i o n

t h e r e  e x i s t s  k 6 IN s u c h  t h a t
( 2 . 2 5 )

c  ( r a d ( f ) )  f o r  a l l  n

i s  s a t i s f i e d .  T h i s  i s  a  s t r e n g t h e n i n g  o f  t h e  * * c p -c o n d i t io n ‘* 

u s e d  i n  T h e o r e m  2 . 2 0 .  H o w ev e r ,  a n  i n s p e c t i o n  o f  t h e  p r o o f  

o f  Theorem 2 . 2 0  shows t h a t  w h e n e v e r  f  i s  e s s e n t i a l l y  

p o w e r s ,  c o n d i t i o n  ( 2 . 2 5 )  i s  s a t i s f i e d .  Thus  on a  n o e t h e r i a n  

r i n g ,  a  f i l t r a t i o n  f  = i s  e s s e n t i a l l y  p ow ers  i f  a n d

o n l y  i f  f  i s  n o e t h e r i a n  a n d  c o n d i t i o n  ( 2 . 2 5 )  i s  s a t i s f i e d .  

I n  t h e  s e q u e l  t h e  c o n s e q u e n c e s  o f  c o n d i t i o n  ( 2 . 2 5 )  w i l l  b e  

i n v e s t i g a t e d  i n  t h e  a b s e n c e  o f  t h e  r e q u i r e m e n t  t h a t  f  

be n o e t h e r i a n .

I n  t h e  c a s e  t h a t  A i s  n o e t h e r i a n ,  e v e r y  i d e a l  c o n ­

t a i n s  a  p o w e r  o f  i t s  r a d i c a l  a n d  c o n s e q u e n t l y  i t  i s  e a s y  

t o  v e r i f y  t h a t  i f  f o r  t h e  f i l t r a t i o n  f  = , c o n d i t i o n

( 2 . 2 5 )  i s  s a t i s f i e d ,  t h e n  f o r  e a c h  j  € H t h e r e  e x i s t s  

some k j  € TN s u c h  t h a t

( 2 . 2 6 )  0 . ^ c  0 f o r  a l l  n  € ]N .iCjn J

Lemma 2 . 4 0 ; L e t  f  = b e  a  f i l t r a t i o n  w i t h  t h e

p r o p e r t y  t h a t  f o r  e a c h  j  t h e r e  e x i s t  p o s i t i v e  i n t e g e r s  

k j  w h i c h  s a t i s f y  ( 2 . 2 6 )  and  l e t  t j  be  t h e  l e a s t  s u c h  

i n t e g e r .  T h e n  t h e  s e q u e n c e  o f  r a t i o s  { t j / j ]  c o n v e r g e s .
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P r o o f  : To show t h a t  t h e  s e q u e n c e  i s  b o u n d e d ,  f i x

j  a n d  c o n s i d e r  a n y  m . U se  t h e  d i v i s i o n  a l g o r i t h m  t o

e x p r e s s  m = j q  + r  , 0  s  r  < j  , w h ic h  w i t h  ( 2 . 2 6 )
^  ^ '̂m m m

i m p l i e s

f o r  a l l  n  . S i n c e  t  i s  t h e  l e a s t  k f o r  w h i c hm m

®k n  ^  °m^ ^  f o l l o w s  t h a t  t ^  ^  t j ( q ^  + 1)  .

T h e n  f o r  m & j  ,

T h u s  [ t ^ / m ]  i s  b o u n d e d  by m a x [ t  / p , 2 t ^ / j )  w h e r e
P

p = l , . . . , j - l  . L e t  L = l i m  i n f { t ^ / m ]  . F o r  a n y  e > 0 

c h o o s e  i  s u c h  t h a t  t ^ / i  < L + e . From s t a t e m e n t  ( 2 . 2 7 ) ,  

one h a  s

^  "  1 •
I 1 + 1 / q  \

As m— »“  , T—  J .  -  I— »1 w h i c h  i m p l i e s  t h a t
\1 *

t ^ / m  < L + e f o r  a l l  s u f f i c i e n t l y  l a r g e  m . H en ce  L 

i s  a c t u a l l y  t h e  l i m i t  o f  t h e  s e q u e n c e  [ t ^ / m ]  . Q .E .D .

I n  t h e  e n s u i n g  d e v e l o p m e n t  t h e  a c t u a l  v a l u e  o f

l i m ( t . / j )  i n  Lemma 2 . 4 0  d o e s  n o t  p l a y  t h e  i m p o r t a n t  r o l e  
j-*o9 J

b u t  r a t h e r  w h e t h e r  o r  n o t  t h i s  l i m i t  i s  l e s s  t h a n  o r  e q u a l  

t o  o n e .
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D e f i n i t i o n  2 . 4 L : A f i l t r a t i o n  f  = i s  a p p r o x i m a t a b l e

by p o w e r s  i n  c a s e  t h e r e  e x i s t s  a s e q u e n c e  o f  p o s i t i v e  

i n t e g e r s  { k j}  w i t h  k j  & j  f o r  e a c h  j  s u c h  t h a t

a, c  0 f o r  a l l  n  a n d  ( k  . / j )  — *1 .
J J

N o te  2 . 4 2 : L e t  f  = {o^} be a s  i n  Lemma 2 . 4 0 .  I f  f o r

some j  , t j  i s  l e s s  t h a n  o r  e q u a l  t o  j  , t h e n  t h e  

c o n t a i n m e n t s

“ j n  ^ ° t j n  ^ “ j  ^ “ j n

i m p l y  t h a t  f  h a s  a  r e g u l a r  s u b s e q u e n c e  o f  p o w e rs  

The f o l l o w i n g  r e m a r k  t h e n  i m p l i e s  f  i s  a p p r o x i m a t a b l e  

by  p o w e r s .

R em ark  2 . 4 5 : I f  f  = h a s  a  r e g u l a r  s u b s e q u e n c e  o f

p o w e r s  f ( ^ )  , t h e n  i t  i s  a p p r o x i m a t a b l e  by  p o w e r s .  I n  

p a r t i c u l a r ,  i f  f  i s  e s s e n t i a l l y  p o w e rs  on  a n o e t h e r i a n  

r i n g ,  by  C o r o l l a r y  2 . 2 1  a n d  t h i s  r e m a r k ,  f  i s  a p p r o x i ­

m a t a b l e  by p o w e r s .  To p r o v e  R em ark  2 , 4 3  u s e  t h e  d i v i s i o n  

a l g o r i t h m  t o  e x p r e s s  e a c h  i n t e g e r  j  a s  j  = k q j  + r j  ,

0  ^ r j  < k . T h en  f o r  a l l  n  ,

( q ^ + i ) n
“ k ( q j + l ) n  -  “k -  ( = k ( q j + l ) )  = “ j  '

The s e q u e n c e  o b t a i n e d  by  t a k i n g  k j  = k ( q j  + 1 )  p r o v i d e s  

t h e  c o n c l u s i o n .
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Theorem  2 . 4 4 : L e t  f  = b e  a  0 - d i m e n s i o n a l

f i l t r a t i o n  o n  a  n o e t h e r i a n  r i n g  A a n d  l e t  M be a 

f i n i t e l y  g e n e r a t e d  A - m o d u le .  I f  f  i s  a p p r o x i m a t a b l e  

by p o w e r s ,  t h e n  ^ ( f , M )  e x i s t s  a n d  i s  t h e  n a t u r a l  u p p e r  

b o u n d .

P r o o f I L e t  s  = a l t ( f )  . By P r o p o s i t i o n  2 . 2 6  i t

s u f f i c e s  t o  show

l i m  p ( a  ,M) s: s i  l i m  i n f
n-»oo n

H ( n . M , f )
n®

As u s u a l ,  t h e  a r g u m e n t  d e p e n d s  o n  t h e  d i v i s i o n  

a l g o r i t h m .  F o r  e a c h  n  , l e t  b e  g i v e n  by D e f i n i t i o n

2 . 4 1  and  one  h a s  £ m = k ^ q ^  + , 0  £ 1 e r

q_
e a c h  m . From a. c  a , i t  f o l l o w s  t h a t  

M \ ^ L < I,, / M \

>0. " v /
s  ^M u l t i p l y i n g  by  —̂  and  c h a n g i n g  t o  H i l b e r t  f u n c t i o n s
m

i m p l i e s  t h a t

(ïf
By p a s s i n g  t o  t h e  l i m i t  w i t h  r e s p e c t  t o  m , one o b t a i n s

f o r  e a c h  n  .
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implies

lim ^  ^ si Lim inf
n-*m n m®

Q .E .D .

The n e x u  p r o p o s i t i o n  s u m m a r i z e s  some o f  t h e  p r e s e r v a t i o n  

p r o p e r t i e s  o f  t h e  c o n d i t i o n  “ a p p r o x i m a t a b l e  by  pow ers* ' .

P r o p o s i t i o n  2 . 4 5 ; L e t  f  = , g = be two

f i l t r a t i o n s  on  a c o m m u t a t i v e  r i n g  A w h i c h  a r e  a p p r o x i -  

m a t a b l e  b y  p o w e r s  a n d  B a c o m m u t a t i v e  r i n g  e x t e n s i o n  

o f  A . T h en

( i )  f  + g ,

( i i )  f g  , and

( i i i )  f ^  a r e  a p p r o x i m a t a b l e  by  p o w ers  .

P r o o f : L e t  { k t ]  b e  g i v e n  by  t h e  f a c t  t h a t  f  i s

a p p r o x i m a t a b l e  by pow ers  a n d  s i m i l a r l y  {k^} f o r  g .

( i )  F o r  e a c h  j  , l e t  k j  = m a x { k ^ ,k ' j ]  . Then

k j  a j  f o r  e v e r y  j  a n d  ( k j / j )  — »1 . L e t t i n g  

d e n o t e  t h e  i ^ ^  i d e a l  o f  f  + g i t  i s  c l a i m e d  t h a t

c, c  . By d e f i n i t i o n  o f  f  + g , c. i sK^n J j

g e n e r a t e d  by  a l l  p r o d u c t s  o f  t h e  f o r m  w h e re

s + t  = k jU  so  i t  s u f f i c e s  t o  show t h a t  e a c h  o f  t h e s e

i d e a l  p r o d u c t s  a r e  i n  • The d i v i s i o n  a l g o r i t h m

g i v e s  t h e  e q u a t i o n s  s  = k . q  + r  , 0  s  r  < k .  a n d  °  ^ j ^ s  s ’ s  ]
t  = k j q ^  + r ^  , 0  s  < k j  . T h e n

"  * k j q s + r s * k j q t + r t  “ k jq ^ ^ ’k j q ^  “ j  ‘’ j
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The i d e a l s  o j  a n d  b j  a r e  i n  Cj s o  t h i s  c o n t a i n m e n t  

c h a i n  may b e  e x t e n d e d  g i v i n g

q.+qt

The e x p r e s s i o n s  f o r  s  a n d  t  a b o v e  g i v e

k . n  = s + t  s  k . ( q  + 1 )  + k . ( q .  + 1)  f r o m  w h i c h  i t
J J s  J ^

f o l l o w s  t h a t  n  -  2 s  q^  + q ^  . Th u s

c, c ( J. n _
k j n  J

T h i s  c o n d i t i o n  and  t h e  f a c t  t h a t  ( k j / j ) — >1 i m p l y  

f  + g i s  a p p r o x i m a t a b l e  by  t h e  f o l l o w i n g  a r g u m e n t .  L e t  

[ t j ]  be  t h e  s e q u e n c e  o f  s m a l l e s t  i n t e g e r s  m s u c h  t h a t

c c  c f o r  a l l  n  .mn J

T h i s  s e q u e n c e  e x i s t s  b e c a u s e  f o r  m = 3 k j  , t h e  s t a t e m e n t  

i s  t r u e ;  e x p l i c i t l y ,

= ' j "  "  ■

From t h e  f a c t  t h a t

mn-2 _ _ m n-2n  c- / « ^nc kjmn = ' j  = .

i t  i s  s e e n  t h a t  t . , _  s  k .m  .j( ,m -2)  J

T h e n  ^11  j  a n d  m > 2  .
k .  t .

S i n c e  — >1 , l i m  ^  ^  f o r  a l l  m > 2 .
J  J-*oo J

T h e r e f o r e  { t j / j }  c o n v e r g e s  t o  some l i m i t  L w i t h

O S L S l .  I f  L = l ,  t h e  p r o o f  i s  c o m p l e t e .  I f

L < 1 , r e p l a c e  t j  by j  w h e n e v e r  t y  < j  . The
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r e s u l t i n g  s e q u e n c e  t h e n  h a s  t h e  d e s i r e d  p r o p e r t i e s .

( i i )  U s i n g  k j  = max{k^,kU} f o r  e a c h  j  , one 

o b t a i n s  t h e  c h a i n

w h i c h  i m p l i e s  f g  i s  a p p r o x i m a t a b l e  by  p o w e r s .

( i i i )  L e t  cp; A— be t h e  r i n g  hom om orphism  w h i c h  

makes  B a n  e x t e n s i o n  o f  A . The e x t e n d e d  f i l t r a t i o n  

f® i s  a p p r o x i m a t a b l e  by  p o w e rs  w i t h  t h e  same s e q u e n c e  

{k^} a s  f o r  f  s i n c e

= ( 9 [ 0 j ] B ) "  = ( o y ^ ) *  .

^ ^  Q .E .D .

R e m a rk  2 . 4 6 ; The p r o p e r t y  t h a t  a  f i l t r a t i o n  be  a p p r o x i ­

m a t a b l e  by p o w e r s  n e e d  n o t  be  p r e s e r v e d  u n d e r  r i n g  c o n -  

t r a t i o n s  and  a s  y e t  t h e  a n s w e r  i s  unknown f o r  t h e  i n t e r ­

s e c t i o n  o f  two s u c h  f i l t r a t i o n s .  The f i r s t  s t a t e m e n t  i s  

m a n i f e s t e d  i n  t h e  f a c t  t h a t  an y  f i l t r a t i o n  i s  t h e  c o n t r a c ­

t i o n  o f  a f i l t r a t i o n  g i v e n  by t h e  p o w e r s  o f  a f i x e d  i d e a l  

i n  some r i n g  e x t e n s i o n .  See  P r o p o s i t i o n  1 . 3 .

T h eo rem  2 . 4 7 : I f  f  i s  a 0 - d i m e n s i o n a l  f i l t r a t i o n

on a  n o e t h e r i a n  r i n g  A w h i c h  i s  a p p r o x i m a t a b l e  by 

p o w e r s ,  t h e  f u n c t i o n  ^ ( f , _ )  i s  an  a d d i t i v e  f u n c t i o n  on  

t h e  c a t e g o r y  o f  f i n i t e l y  g e n e r a t e d  A - m o d u l e s  and  s a t i s f i e s  

t h e  l o c a l i z a t i o n  f o r m u l a .  I f  i n  a d d i t i o n ,  A i s  a f i n i t e
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i n t e g r a l  e x t e n s i o n  o f  t h e  s u b r i n g  A ’, ^ ^ , ( f , _ )  s a t i s f i e s  

t h e  e x t e n s i o n  f o r m u l a  a s  w e l l .

P r o o f : S i n c e  l o c a l i z a t i o n  i s  a  fo r m  o f  r i n g

e x t e n s i o n ,  T h e o r e m  2 . 4 4  and  P r o p o s i t i o n  2 . 4 5  im p ly  t h a t  

t h e  h y p o t h e s e s  o f  T h eo rem s  2 . 3 2  a n d  2 . 3 4 - 2 . 3 6  a r e  

s a t i s f i e d .  Q .E .D .

The s e c o n d  f o r m  o f  t h e  " a p p r o x i m a t a b l e  by  p o w e r s "  

c o n d i t i o n  w i l l  be  s t a t e d  i n  t e r m s  o f  t h e  p r o d u c t  o f  a 

f i l t r a t i o n  w i t h  a  r e a l  n u m b e r .  I n  p r e p a r a t i o n  f o r  t h i s  

d e f i n i t i o n ,  r e c a l l  t h a t  f o r  a  p s e u d o - v a l u a t i o n  v on  a 

r i n g  A a n d  a  r e a l  number  \  & 0  t h e  f u n c t i o n  \ v  

d e f i n e d  by

( 2 . 2 8 )  X v i o i ' )  = X ( v ( a ) )  f o r  a l l  a  € A

i s  a p s e u d o - v a l u a t i o n  on A .

D e f i n i t i o n  2 . 4 8 : F o r  a  f i l t r a t i o n  f  = on a

c o m m u t a t i v e  r i n g  A a n d  a p o s i t i v e  r e a l  number  X , d e f i n e  

Xf v i a

■

See  ( 1 . 2 3 )  a n d  ( 1 . 2 4 ) .  T h a t  i s ,  f o r  e a c h  n  ,

^  = {a € A I X v g (a )  a  n} w h e r e  V g (a )  = s u p f m |  a  € o ^ ]  .

P r o p o s i t i o n  2 . 4 9 : L e t  f  = [ “^3 be  a  f i l t r a t i o n  on  a

n o e t h e r i a n  r i n g  A , l e t  M be  a n  A -m o d u le ,  and  l e t
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X he a p o s i t i v e  r e a l  n u m b e r .  Then  | i , (f ,M) e x i s t s  i f  

a n d  o n l y  i f  g,(Xf,M) e x i s t s  i n  w h i c h  c a s e

M,(\f,M) = —  | i , (f ,M) w h e r e  s  = a l t ( f )  .

P r o o f  : S i n c e  t h e  two m u l t i p l i c i t i e s  r e f e r  t o

d i f f e r e n t  f i l t r a t i o n s  i t  m u s t  be  v e r i f i e d  t h a t

a l t ( X f )  = a l t ( f )  . A l t h o u g h  t h i s  i s  n o t  d i f f i c u l t  t o

show d i r e c t l y ,  i t  f o l l o w s  f r o m  Lemma 2 . 5 3  t h a t

r a d ( X f )  = r a d ( f )  , t h u s  a l t ( X f )  = a l t ( f )  .

By c o n s i d e r i n g  r a t i o n a l  s e q u e n c e s  c o n v e r g i n g  t o  X

f r o m  a b o v e  and  b e l o w  a n d  t h e  c o n t i n u i t y  o f  —  ^ ( f , M )
X®

a s  a  f u n c t i o n  o f  X , i t  s u f f i c e s  t o  show P r o p o s i t i o n  2 . 4 9  

f o r  X r a t i o n a l ,  s a y  X = a / b  , a , b  € U . F i r s t  n o t e  

t h a t  f o r  any  f i l t r a t i o n  g = b o t h  t h e  e x i s t e n c e

a n d  t h e  v a l u e  o f  ( i (g ,M) c a n  be f o u n d  f r o m  a n y  r e g u l a r  

s u b s e q u e n c e  g^^^  . To p r o v e  t h i s  f a c t ,  u s e  t h e  d i v i s i o n  

a l g o r i t h m  t o  e x p r e s s  n  = k q ^  + r ^  , 0  s  r ^  < k . T h en  

n  -  k < k q ^  s  n  < k ( q ^  + I )  a n d

s 'By m u l t i p l y i n g  by —j  a n d  c h a n g i n g  t o  H i l b e r t  f u n c t i o n s
n "

t h i s  becom es

I  ( n - k ) S  r  /  (q„ )®n
(k)

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



52

a n d  p a s s i n g  t o  t h e  l i m i t  w i t h  r e s p e c t  t o  n  , e x i s t a n c e  

o f  e i t h e r  l i m i t  i m p l i e s  e x i s t a n c e  o f  t h e  o t h e r  i n  w h i c h  

c a s e

( 2 . 2 9 )  w ( g ( k ^ ,M )  = ^ ( g ,M )  .

S i n c e  = {« 1 fv^Co?) 2 na} = [a  j v ^ ( . a )  2 nb} = ,
^ f , n a

i t  f o l l o w s  t h a t  = f^*^^ a n d  t h e r e f o r e

^ ( g f ( * ) M )  = n ( f ^ ^ Î M )  .

From ( 2 . 2 9 )  one  o b t a i n s

a® n (g f ,M )  = ^ ( y f ( * ) M )  = ^ ( f ( b ) M )  = b® n(f ,M )  .
Q .E .D .

Th eo rem  2 . 5 0 : L e t  f  = be  a 0 - d i m e n s i o n a l

f i l t r a t i o n  on  a  n o e t h e r i a n  r i n g  A a n d  l e t  M be a n  

A - m o d u le .  I f  t h e r e  e x i s t s  a s e q u e n c e  ( f ^ ^  o f  f i l t r a t i o n s  

on A and  a  s e q u e n c e  o f  p o s i t i v e  r e a l  num bers

s a t i s f y i n g

( i )  f ^  3 f  s  ^ n ^ n  e a c h  n  ,

( i i )  t i ( f ^ , M )  e x i s t s  f o r  e a c h  n  ,

( i i i )  t h e  s e q u e n c e  ( j j i ( f^ ,M)}  c o n v e r g e s  t o  L , and

( i v )  t h e  s e q u e n c e  {^^3 c o n v e r g e s  t o  1 ,

t h e n  M-(f,M) e x i s t s  a n d  ^ ( f , M )  = L .

P r o o f  ; L e t  s  = a l t ( f ^ )  f o r  some n  . C o n d i t i o n

( i )  i m p l i e s  a l t ( f )  = a l t ( f ^ )  = a l t ( X ^ f ^ )  = s  f o r  a l l  m.
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From t h e  o r d e r i n g  o f  t h e  f i l t r a t i o n s ,

m®

s  s i  l i m  su p

M

P r o p o s i t i o n  2 . 4 9  i m p l i e s  | j , ( \ ^ f ^ , M )  = —̂ n ( f ^ , M )  f o r  e a c h

n . S i n c e  by  h y p o t h e s i s  l / \ ^ ^  — ^ 1 ,  t h e  r e s u l t  f o l l o w s  by 

t a k i n g  l i m i t s  w i t h  r e s p e c t  t o  n  . Q .E .D .

I t  i s  s t r a i g h t  f o r w a r d  t o  show t h a t  c o n d i t i o n  ( i )  

o f  T h eo rem  2 . 5 0  on a  f i l t r a t i o n  f  = i s  p r e s e r v e d

u n d e r  a l l  r i n g  e x t e n s i o n s ,  s i n c e  , s o

c r i t e r i a  may be o b t a i n e d  f r o m  t h i s  t h e o r e m  t o  e s t a b l i s h  

t h e o r e m s  a b o u t  a d d i t i v i t y ,  l o c a l i z a t i o n  and  e x t e n s i o n  

a s  b e f o r e .  The d i f f i c u l t y  i n  a p p l y i n g  Theorem 2 . 5 0  i s  

t h a t  one  r e q u i r e s  c o n s i d e r a b l e  k n o w le d g e  a b o u t  t h e  

a p p r o x i m a t i n g  f i l t r a t i o n s  f ^  . C o n d i t i o n s  ( i i )  a n d  ( i i i )  

o f  T h e o re m  2 . 5 0  a r e  a u t o m a t i c a l l y  s a t i s f i e d  i f  i t  i s  r e ­

q u i r e d  t h a t  e a c h  f ^  be e s s e n t i a l l y  p o w e rs  ( C o r o l l a r y  

2 . 2 3 )  a n d  t h a t  t h e  s e q u e n c e  [ f ^ ^  be  m ono to n e  i n c r e a s i n g .  

H ow ever ,  t h e  f o l l o w i n g  c h a r a c t e r i z a t i o n  o f  f i l t r a t i o n s  

w h i c h  a r e  a p p r o x i m a t a b l e  by  p o w e r s  shows t h a t  u n d e r  t h i s

a d d e d  h y p o t h e s i s  n o t h i n g  new i s  b e i n g  c o n s i d e r e d .

Theorem  2 . 5 1 : L e t  f  = be  a  f i l t r a t i o n  on  a

n o e t h e r i a n  r i n g  A . T h e r e  e x i s t s  a s e q u e n c e  o f  f i l t r a t i o n s
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{ f^ }  e a c h  o f  w h i c h  i s  e s s e n t i a l l y  p o w e rs  a n d  a s e q u e n c e  

o f  p o s i t i v e  r e a l  n u m b e r s  w h i c h  c o n v e r g e s  t o  1 s u c h

t h a t  f o r  e a c h  n

f n  = f  '

i f  a n d  o n l y  i f  f  i s  a p p r o x i m a t a b l e  by  p o w e r s .

R e m a r k  2 . 5 2 : The p r o o f  o f  T h eo rem  2 . 5 1  w i l l  i m p l y  t h a t

e a c h  o f  t h e  f i l t r a t i o n s  f ^  may be  c h o s e n  t o  be t h e

l e a s t  f i l t r a t i o n  s u c h  t h a t  t h e  f i r s t  N i d e a l s  o f  fn  n
a g r e e  w i t h  t h o s e  o f  f  f o r  some € IN . F u r t h e r m o r e

t h e  may be  t a k e n  t o  b e  m o n o to n e  i n c r e a s i n g  s o  t h a t

t h e  r e s u l t i n g  f ^  a r e  m o n o to n e  i n c r e a s i n g  a s  w e l l .

The f o l l o w i n g  c o m p u t a t i o n a l  lemma i s  d e r i v e d  i n  o r d e r  

t o  f a c i l i t a t e  t h e  p r o o f  o f  Theo rem  2 . 5 1 .  As u s u a l ,  [ r ]  

d e n o t e s  t h e  l e a s t  i n t e g e r  g r e a t e r  t h a n  o r  e q u a l  t o  t h e  

r e a l  number  r  .

Lemma 2 . 5 3 : L e t  f  = b e  a f i l t r a t i o n  on  a  r i n g

A a n d  l e t  \  be  a  p o s i t i v e  r e a l  n u m b e r .  T hen

( i )  y < X f)  s: f  , and

( i i )  g f o r  a n y  k 6 H  .

P r o o f  o f  ( i ) ; F o r  a n y  n  , or € a i m p l i e s

^ ^  v^g(& )  2  Xn =» v ^ ^ ( a )  & {Xn} s i n c e

v ^^  i s  i n t e g r a l  v a l u e d .  Thus  a  € w h ic h  i n
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t u r n  i m p l i e s  X v ^ ( a )  s  { \n }  =» v^C a)  ^ ^

=» V g(a)  a i ^ j ,  jXn = n  => a  € 0n

P r o o f  o f  ( i i ) : F o r  any  n  , a  € o = “ [ \ k ] n
r  , n

i m p l i e s  v^(of) s  { \ k } n  a \ k n  =» ^ kn

=» a  €  a .

P r o o f  o f  T h e o re m  2 . 5 1 : F o r  e a c h  n  , f ^  i s

e s s e n t i a l l y  p o w e r s  on  a  n o e t h e r i a n  r i n g  s o  by  C o r o l l a r y

2 . 2 1  t h e r e  e x i s t s  k  € W s u c h  t h a t  , = (Oc u ) ' ”
^  ^ n ’ V  ^ n ’ ^n

f o r  a l l  m . From Lemma 2 . 5 3  and  t h e  f a c t  t h a t  f  ^ X ^ f^  

i t  f o l l o w s  t h a t  f o r  a l l  m ,

X”j ^ n V ’ ''n'"n
( 2 . 3 0 )

S i n c e  o, = r a d ( f )  , t h e  c o n d i t i o n  ( 2 . 2 5 )  and  h e n c e  
n

c o n d i t i o n  ( 2 . 2 6 )  a r e  s a t i s f i e d  f o r  t h e  f i l t r a t i o n  f  .

L e t  t j  d e n o t e  t h e  s m a l l e s t  p o s i t i v e  i n t e g e r  f o r  w h ic h

a. _  c a f o r  a l l  m . By Lemma 2 . 4 0 ,  t h e  s e q u e n c et  jm ]

C t j / j ]  c o n v e r g e s  t o  some l i m i t  L . I f  L < 1 , N o te

2 . 4 2  t o g e t h e r  w i t h  R e m a rk  2 . 4 3  i m p l y  f  i s  a p p r o x i m a t a b l e  

b y  p o w e rs  so  i t  s u f f i c e s  t o  show L < 1 . By t h e  c h o i c e
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o f  k a b o v e  . = (a^  . .'f so  t h a t  ( 2 . 3 0 )  r e -
^  n ’ n'J'" n ’ n-^

m a i n s  v a l i d  when i s  r e p l a c e d  b y  k ^ j  f o r  a n y  j  .

t h i s  i m p l i e s

By d e f i n i t i o n  o f  t ,  . , t .  • < { ^ ^ k  j }  . Thus
^n^ . n-^ ^  ^

t .  k j

S i n c e   >1 a n d  L & f o r  e v e r y  n  , f  i s  a p p r o x i ­

m a t a b l e  b y  p o w e r s .

C o n v e r s e l y ,  l e t  f  = be  s u c h  t h a t  f o r  e a c h  j

t h e r e  e x i s t s  k .  a j  s u c h  t h a t  a. c o f o r  a l l  n  J y n  J

and  ( k j / j ]  c o n v e r g e s  t o  1 .  F o r  e a c h  j  , l e t  Nj € DJ

2be d e f i n e d  i n d u c t i v e l y  by  = k̂  ̂ and

Nj = m a x [N j  ^ , k j ^ 3  f o r  j  > 1 .  D e f i n e  f j  = ( a ^  by

N.

° f . , n  "  I “n - i “ i  •
J i = l  

k .+1
L e t t i n g  Aj = —  f o r  e a c h  j  , i t  i s  c l a i m e d  t h a t

( 2 . 3 1 )  f j  s  f  s  A j f j  f o r  e a c h  j  .

By c o n s t r u c t i o n  f j  3 f  f o r  e a c h  j  . To show

f  s  \  , f  . , i t  i s  r e q u i r e d  t o  show t h a t  o c o, ^
J J n  j  j ’ ^

f o r  e a c h  j  a n d  a l l  n  . S i n c e  e a c h  Aj > 1 , c l e a r l y

“ f , , n  = “ X . £ . , n  ■ Hence f o r  n  s  N j  , = a = %  . f  . , n .
J <J J J J J
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F o r  n  > Nj , t h e  d i v i s i o n  a l g o r i t h m  i m p l i e s  n  = k ^ q ^ + r ^ ,

0  3 < k j  , a n d  t h e r e f o r e

“n  "  ° k j q ^ + r ^  = ° k j q ^  = " j

2
S i n c e  j  s  k j  z k j  s  N j  , i t  i s  i m m e d i a t e  t h a t

a j  = 0^ j  s o  t h a t  a j " '  c   ̂ f o r  a l l  m . T hen  t h i s  

c h a i n  o f  c o n t a i n m e n t s  c a n  e x t e n d  t o  i m p l y

“n  = •

T h u s  Of € 0^  i m p l i e s  (or) & j q ^  . Now m u l t i p l y  by
k .  + 1 _ ^

\  j  = ■ -J- -j —  t o  o b t a i n

XjVf Co) 2  ( k j  + l ) q ^  = k j q ^  + q ^  .

By c h o i c e  o f  N .  , k . s  N- < n  s o  t h a t  k .  < ^
J J J J

B u t  q ^  i s  t h e  g r e a t e s t  i n t e g e r  l e s s  t h a n  o r  e q u a l  t o  

n / k j  and  t h e r e f o r e  k j  z . One now h a s

k jV f  ( * )  ^ k j q n  '*■ ^  k . q ^  + ^  '

H e n ce  a  6 û i m p l i e s  a  € o, ^ f o r  e v e r y  n  so  by
j  j*

d e f i n i t i o n  f  s  I j f j  . S t a t e m e n t  ( 2 . 3 1 )  h a s  now b e e n  

v e r i f i e d  and  t h e  f a c t  t h a t  \ j — »1 i s  t r i v i a l ,  Q .E .D .

As a n  e x am p le  o f  t h e  r e s u l t s  j u s t  c o n s i d e r e d ,  r e t u r n  

t o  Exam ple  2 . 2 5 ,  t h e  f i l t r a t i o n  f ^  on  k [X ]  = k [ X p . . . , X ^ ]  

w i t h  T = ( T j )  , j  = l , . . . , n  and  e a c h  Tj  > o  . I t  was
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shown a t  t h a t  t i m e  t h a t  i f  e a c h  t  , i s  r a t i o n a l ,  f ,  i s
J T

e s s e n t i a l l y  p o w e r s .  I f  some a r e  n o t  r a t i o n a l ,  c h o o s e

a s e q u e n c e  o f  v e c t o r s  = ( T ? )  w i t h  r a t i o n a l  a n d

s u c h  t h a t  O S  t . -  T? s  — . L e t  N be  g i v e n  by t h eJ J m m °
f a c t  t h a t  e a c h  f  ^  i s  e s s e n t i a l l y  p o w e r s  and  D e f i n i t i o n

2 . 1 4 .  N o t h i n g  i s  l o s t  by  r e q u i r i n g  < N^^^ so  t h a t

N — a s  m“ *“  . L e t  f  be t h e  l e a s t  f i l t r a t i o n  w h i c h  m m
a g r e e s  w i t h  f ^  f o r  ou , i  = 1 , . . . , N ^  . I t  i s  c l a i m e d

t h a t  Î  \  X ; = m a x { T y T p .

The s e c o n d  i n e q u a l i t y  i s  t h e  o n l y  one  f o r  w h i c h  t h e r e  i s  a n y

d i f f i c u l t y  s o  i t  i s  s u f f i c i e n t  t o  show t h a t  [ v ^ ]  s

F i r s t  n o t e  t h a t  X 'v  a vm ,m T s i n c eT

m [I I "(i)  ̂°]
a I /  0 ]  = •

L e t  0/Ç. A  .  I f  V s  , [ v ^ ] ( a )  > v^ (or) o n l y  i f
T m

Nm+1
F o r  V ^ w h i c h  i m p l i e s  t h a t

m

S i n c e  »1 , f ^  i s  a p p r o x i m a t a b l e  by  p o w e r s .  Q .E .D .

I n  C h a p t e r  I I I  i t  w i l l  be  r e q u i r e d  t o  know more 

a b o u t  kiCf^jM) t h a n  c a n  be  f o u n d  j u s t  f r o m  t h e  f a c t  t h a t
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i s  a p p r o x i m a t a b l e  b y  p o w e r s .  The n e x t  p r o p o s i t i o n  

p r o v i d e s  t h i s  i n f o r m a t i o n  a s  w e l l  a s  g i v i n g  a n  a l t e r n a t e  

p r o o f  o f  t h e  e x i s t a n c e  o f  i i ( f ^ , M )

P r o p o s i t i o n  2 . 5 4 : F o r  f ^  = {o^} on A = kCX^^, . . .  ,X^]

w i t h  T = (T ^ )  , > 0  , i  = l , . . . , n  and  a n y  f i n i t e l y

g e n e r a t e d  A -m odu le  M ,

t i ( f_ ,M )  =   n ( ( X ) ,M )  ,

w h e r e  (X) = ( X ^ , . . . , X ^ )  , t h e  m ax im a l  i d e a l  g e n e r a t e d  by  

t h e  X^ .

P r o o f  : F i r s t  o b s e r v e  t h a t  t h e  r e s t r i c t i o n  > 0

f o r  a l l  i  i m p l i e s  some p o w e r  o f  e a c h  X^ i s  i n

s o  r a d ( f ^ )  = (X) a n d  a l t ( ^ )  = n  [ 5 ,  T h e o re m  3 ,  P . 2 8 1 ] .

By c o n t i n u i t y  o f  - — ^ p, ( (X) ,M) a s  a  f u n c t i o n  o f
1 '  "  n

T = , i t  s u f f i c e s  t o  r e s t r i c t  t h e  p r o o f  t o

t h e  c a s e  w h e re  a l l  a r e  r a t i o n a l  n u m b e r s .  Assume

a ,
t h a t  = -g— , a ^ , b ^  6 IN . The  method  o f  p r o o f  i s  t o

a p p r o x i m a t e  t h e  f i l t r a t i o n  f ^  by  u s e  o f  t h e  p o w e r s  o f
c ,  c

t h e  i d e a l  o = (X^ , . . . , X^ ) w he re

c .  = a , . . . a .  n b . a . ^ ,  . . . a ^  . N o t e  t h a t  a c  , w h e reJ 1 j “ i- J j t l  n  a

a = TTa^ , and  t h e r e f o r e  o'" = o^^  f o r  a l l  m . F o r  any

m , l e t  m = a q ^  + r ^  , 0  s  r ^  < a  . Then

“ = = a ( q ^ + l )  = *m

w h i c h  i m p l i e s
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n: lim = n! lim - L^(a^M/a‘’'"''̂ M)
tn-400 %% tn-»oo n

m m

( 2 . 3 2 )

= n! lim - n! lim -̂Â _
tn-*œ ri tti'̂ oB ri

ra m

p r o v i d e d  b o t h  l i m i t s  e x i s t .  T h e s e  l i m i t s  w i l l  now be 

c o m p u t e d .

n! lim M) ^ n! l i m / V l f  îlA«/“‘'“’' «
m-»oo I m ytn-»» tTHco  ̂ m /  ( q ^ + i ) ^

= M-(o,M)
a

I n  t h i s  s i t u a t i o n  n i s  t h e  same a s  N o r t h c o t t ’ s e^  ̂ so  

by  [ 5 ,  C o r o l l a r y  1 P . 3 1 1 ] ,

c # * , c
"),M) =

a "  ~ a

= ( c ^ a ^ / ÿ : " ( c „ a y b „ )

= V  *' T H.((X),M) .

L . ( «  M/a ”  M)
I t  r e m a i n s  t o  b e  shown t h a t  n l  l i m  --------------------------  = 0 .

m-*oo

By e q u a t i o n  ( 2 . 2 0 )  was  shown t o  b e  e s s e n t i a l l y  p o w e rs
n a

w i t h  0^ = y  °m-i**i  ' t h e  a r g u m e n t  g i v e n  t h e r e ,
i = l

more  i n f o r m a t i o n  c a n  be  d e r i v e d ;  n a m e l y .
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n a  ^
V i

C 2 .3 4 )  = I  “ “ i  ’
i = l

w h e r e  tn^ i s  t h e  l e a s t  i n t e g e r  s u c h  t h a t  am̂  ̂ + i  ^ m .

T h i s  f a c t  f o l l o w s  f r o m  n o t i n g  t h a t  i n  s t a t e m e n t  ( 2 . 2 1 ) ,  

may b e  r e p l a c e d  by  o . S i n c e  am^ + i  ^ m a n d

i  a n a  o n e  o b t a i n s  m. 2 a n d  t h e  f a c t  t h a t  m, i s
1 a  1

a n  i n t e g e r  i m p l i e s

m^ ^ j* m -  n a  j  e a c h  m^ o f  ( 2 . 3 4 ) ,

w h e r e  { r}  d e n o t e s  t h e  l e a s t  i n t e g e r  g r e a t e r  t h a n  o r

e q u a l  t o  r  . Hence  t h e  r i g h t  s i d e  o f  e q u a t i o n  ( 2 . 3 4 )

c a n  be  f a c t o r e d  a s
rm-nai na _ rm-naflll-nai lid ^ rUl-lld-il - r — J ^  m . - l — — i

^ 0  ou f o r  a l l  m 2: n a  ,

i = l

l e a d i n g  t o  t h e  a p p r o x i m a t i o n
^m^iw j

Q c  Q ^ f o r  a l l  m & n a  .m

From m = a q  + r  , s u b t r a c t i o n  o f  a n  a n d  d i v i s i o n  b y  a  m m
shows t h a t

[ ^ ]
w h i c h  i m p l i e s  t h e  e v e n  r o u g h e r  a p p r o x i m a t i o n

m

A p p l y i n g  t h i s  t o  l e n g t h s  o n e  h a s
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L m J  m-*» m
q _ - n + i  

,  , a "  M
n A\ q - n + i + 1  

= n :  l i m  X
i:o

^  H(q  - n + i + L , M , a )  -  H (q  - n + i , M , o )
= n l  l i m  2,

i%0

= ÿ  I n* lim! 
i= o \

/ q ^ - n + i + l \ ^  H ( q ^ - n + i + l , M , q)• __ I III I tu

I (q̂ -n+i+l)"
H(q - n + i , M , o )

-  n l  l i m l
/  ( q ^ - n + i ) ^

= O
q _ + l

T h u s  n l  l i m  ------------- —-----------  e x i s t s  a n d  i s  0  .
tiHoo tn

From ( 2 . 3 2 )  a n d  ( 2 . 3 3 )  t h e  p r o o f  i s  c o m p l e t e .  Q .E .D .
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I l l  FILTERED MODULES OVER FILTERED RINGS

L e t  M be  a  m odu le  o v e r  A , a  c o m m u t a t i v e  r i n g  w i t h  

i d e n t i t y .

D e f i n i t i o n  5 . 1 : A f i l t r a t i o n  g = o n  M i s

a  s e q u e n c e  o f  A - s u b m o d u I e s  o f  M w h i c h  s a t i s f i e s

( i )  Mq = M 

( i i )  f o r  a l l  n  .

I f  t h e  f i l t r a t i o n  g = on  M h a s  t h e  p r o p e r t y

t h a t  e a c h  M/M^ h a s  f i n i t e  A - l e n g t h ,  a H i l b e r t  f u n c t i o n  

f o r  g may be  d e f i n e d  a s

( 3 . 1 )  H ( n , g )  = H ^ ( n , g )  = L^(M/M^) f o r  a l l  n .

D e f i n i t i o n  3 . 2 ; L e t  g = [M^] be a f i l t r a t i o n  on  M, a n

A-module ,  w i t h  L^(M/M^) < ® f o r  e a c h  n , a n d  s a

n a t u r a l  n u m b e r .  The m u l t i p l i c i t y  o f  g w i t h  r e s p e c t  t o  

s i s

|o , ( s ,g )  = s !  l i m
n->(

w h e n e v e r  t h i s  l i m i t  e x i s t s .

n-»ao xi^

Exam ple  3 . 5 : F o r  a  s i m p l e  e x a m p l e  sh o w in g  t h a t  t h i s

l i m i t  n e e d  n o t  a l w a y s  e x i s t  e v e n  i f  t h e  s e q u e n c e  o f  r a t i o s  

j S,),! i s  b o u n d e d ,  c o n s i d e r  t h e  f o l l o w i n g  f i l t r a t i o n
I n® J k

2 ^on E o v e r  Z . L e t  g = {o^} w i t h  = (2  ) w h e r e

63
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K  K
n  = 2 + r  w i t h  0  ^ < 2 f o r  n  ^ 1 . T h a t  i s ,n  n

g = [ 2 , ( 2 ) , ( 2 ^ ) , ( 2 2 ) , ( 2 * ) , ( 2 * 1 , ( 2 * ) , ( 2 ^ ) , ( 2 ^ ) , ,

T h e n  t h e  s e q u e n c e  o f  r a t i o s  ^ H ( n ^ g ) j  f g  b o u n d e d  b u t  

c o n t a i n s  s u b s e q u e n c e s  c o n v e r g i n g  t o  d i f f e r e n t  l i m i t s .  

F o r  i n s t a n c e ,  t h e  s u b s e q u e n c e  o f  t e r m s  d e t e r m i n e d  by 

n .  = 2^ h a s  v a l u e  1 f o r  e a c h  i  b u t  t h e  s u b s e q u e n c e
1 _ ,• n

o f  t e r m s  d e t e r m i n e d  by  n -  = 2 ^ - 1  h a s  v a l u e  —̂
^ , 2 ^ - 1

f o r  e a c h  i  an d  t h e r e f o r e  c o n v e r g e s  t o  .

D e f i n i t i o n  3 . 4 ; L e t  f  = [o ^ ^  b e  a ( m u l t i p l i c a t i v e )

f i l t r a t i o n  on  a  r i n g  A a n d  g = [M^j a  f i l t r a t i o n  on

a n  A -m odu le  M . T h e n  g i s  c a l l e d  a n  f - f i l t r a t i o n

i n  c a s e

The f i l t r a t i o n  g i s  a s t a b l e  f - f i l t r a t i o n  i f  i t  i s  an

f - f i l t r a t i o n  and  t h e r e  e x i s t s  a n  N s u c h  t h a t
N

” n  = I “n - i ” i  "  -
i = 0

w h e r e  oy = A i f  j  < 0  .

N o te  5 . 5 : F o r  a n y  f i l t r a t i o n  f  = {o^} on  a  r i n g  A

a n d  A -m odu le  M , t h e  s e q u e n c e  g = {M^} w i t h

= o^M f o r m s  a  s t a b l e  f - f i l t r a t i o n  on  M s i n c e

0

I
i = 0
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T h i s  was t h e  s i t u a t i o n  e n c o u n t e r e d  t h r o u g h o u t  C h a p t e r  I I .

Remark. 5 . 6 ; I n  c a s e  f  i s  t h e  p o w e r s  o f  a f i x e d  i d e a l ,

s a y  f  = { 0^} , t h e  c o n d i t i o n s  f o r  a  f i l t r a t i o n  g =

on a n  A -m o d u le  t o  be  a s t a b l e  f - f i l t r a t i o n  r e d u c e  t o

( 3 . 2 )  aM^ c  ^ n + 1  a l l  n  , and

( 3 . 3 )  ~ n+1 f o r  a l l  s u f f i c i e n t l y  l a r g e  n  .

To v e r i f y  t h i s  r e m a r k ,  n o t e  t h a t  c o n d i t i o n  ( 3 . 2 )  i s

e q u i v a l e n t  t o  g b e i n g  a n  f - f i l t r a t i o n ,  s i n c e  f o r  a n y

m and  n ,  ( 3 . 2 )  i m p l i e s

“X  = == “" ' " H h. I  = • • •  = ■

and t h e  c o n v e r s e  i s  i m m e d i a t e  b y  t a k i n g  m = 1 . I f  ( 3 . 3 )

i s  s a t i s f i e d ,  t h a t  i s , i f  t h e r e  e x i s t s  N € ]N s u c h  t h a t

qM = M , f o r  a l l  n & N , t h e n  f o r  any  k ,
N

4̂-k = “̂ +k-l = =  ̂ I X   ̂ N̂+k
i= 0

w h i c h  i m p l i e s  g i s  f - s t a b l e .  C o n v e r s e l y ,  i f  g i s

N
f - s t a b l e  t h e r e  i s  N s u c h  t h a t  ^  f o r  a l l

n  . Then  f o r  n  a N ,

N

1=0

f r o m  w h i c h  i t  f o l l o w s  t h a t  f o r  a l l  n  a N .

Then  f o r  a n y  n  & N ,

ûMn = o « ^ - %  =
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a n d  c o n d i t i o n  ( 3 . 3 )  i s  s a t i s f i e d .

C o n d i t i o n s  ( 3 . 2 )  a n d  ( 3 . 3 )  on  a  f i l t r a t i o n  g = {M^} 

h a v e  b e e n  s t u d i e d  an d  h a v e  b e e n  d e s c r i b e d  b y  s a y i n g  g 

i s  o - s t a b l e , [ S e e  1 ,  P . 1 0 5 ] .

R e m a rk  3 . 7 ; A l t h o u g h  t h e  f a c t  w i l l  n o t  be  u s e d  i t  s h o u l d  

b e  n o t e d  t h a t  when g = [M^] i s  a n  f - f i l t r a t i o n  on  a n  

A -m o d u le  M , g h a s  a n  a s s o c i a t e d  g r a d e d  m o d u le  v i a

■ . 1  è
w h i c h  h a s  a m odu le  s t u c t u r e  o v e r  G^(A) . I f  g i s  

f - s t a b l e  and  e a c h  i s  f i n i t e l y  g e n e r a t e d ,  Gg(M) i s

a  f i n i t e l y  g e n e r a t e d  G ^ ( A ) - m o d u l e . T h e s e  c o n s i d e r a t i o n s  

a r e  n o t  h e l p f u l  h e r e ,  h o w e v e r ,  s i n c e  G^(A) i s  o r d i n a r i l y  

n o t  a n o e t h e r i a n  r i n g .

I t  was shown by E x a m p le  3 . 3  t h a t  e v e n  i n  v e r y  s i m p l e  

c a s e s  t h e  m u l t i p l i c i t y  o f  a  f i l t r a t i o n  on  a  m o d u le  n e e d  

n o t  e x i s t .  The s i t u a t i o n  i s  much b e t t e r  f o r  f i l t r a t i o n s  

w h i c h  a r e  s t a b l e  w i t h  r e s p e c t  t o  a m u l t i p l i c a t i v e  f i l t r a ­

t i o n .

T h e o re m  3 . 8 : L e t  f  = be a  0 - d i m e n s i o n a l  f i l t r a ­

t i o n  on  a  n o e t h e r i a n  r i n g  A and  l e t  g = [M^] be  a 

s t a b l e  f - f i l t r a t i o n  on  a n  A -m odu le  M . T h e n  f o r  

s  = a l t ( f )  , M,(s,g) e x i s t s  i f  and  o n l y  i f  | i . (f ,M)

e x i s t s ,  i n  w h ic h  c a s e  t h e y  a r e  e q u a l .
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N

P r o o f :  L e t  N be s u c h  t h a t  = )  a .M. f o r— —  u z_j n -  X 1
i = 0

a l l  n  . T h en  f o r  n  2  N , ^  m a n d  o f  c o u r s en-x  n-w
C M  so

( 3 . 4 )  " n *  = * n  = «n-N* = V n *

The  f i r s t  t h r e e  members  o f  t h i s  c h a i n  i m p l y

/ n-N  Y  s i  H ( n - N , M , f )  ^ s i  H ( n , g )  ^ s i  H ( n , M , f )
\  ̂ I (n -N)®  n® n®

a n d  p a s s i n g  t o  t h e  l i m i t ,  e x i s t a n c e  o f  | j . (f ,M) f o r c e s  

l j - ( s ,g )  t o  e x i s t  a n d  e q u a l  |x ( f ,M )  . The c o n v e r s e  f o l l o w s  

f r o m  a s i m i l a r  a r g u m e n t  u s i n g  t h e  l a s t  t h r e e  members  o f  

t h e  c h a i n  ( 3 . 4 ) .  Q .E .D .

I n  [ 8 ]  a n d  [ 9 ] ,  Smoke a p p l i e d  a d e f i n i t i o n  o f  

m u l t i p l i c i t y  due  t o  S e r r e  [ ? ]  a n d  F r a s e r  [ 2 ]  t o  f i n i t e l y  

g e n e r a t e d  g r a d e d  a l g e b r a s  o v e r  a f i e l d  k a n d  t o  f i n i t e ­

l y  g e n e r a t e d  g r a d e d  m o d u l e s  o v e r  s u c h  a l g e b r a s .  The 

m u l t i p l i c i t y  f u n c t i o n  d e f i n e d  t h e r e  o r d i n a r i l y  t a k e s  

v a l u e s  i n  Z [ [ t ] ]  . I n  t h i s  w o rk  t h e  e m p h a s i s  h a s  b e e n  

i n  a  d i f f e r e n t  d i r e c t i o n  more  c l o s e l y  r e l a t e d  t o  t h e  

c l a s s i c a l  f o r m u l a t i o n  o f  m u l t i p l i c i t y  a s  a n  i n t e g e r  

d e r i v e d  f r o m  t h e  l e a d i n g  c o e f f i c i e n t  o f  some p o l y n o m i a l .  

The m u l t i p l i c i t y  d e f i n e d  h e r e  i s  a l w a y s  a  r e a l  n u m b e r .

I t  i s  e n c o u r a g i n g  t o  s e e  t h a t  when t h e s e  two t y p e s  o f  

m u l t i p l i c i t y  a r e  c o m p a r a b l e ,  t h e r e  i s  a  s t r o n g  c o n n e c t i o n  

b e t w e e n  t h e i r  v a l u e s .  To r e s t r i c t  c o n s i d e r a t i o n  t o  t h o s e
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f i n i t e l y  g e n e r a t e d  g r a d e d  a l g e b r a s  f o r  w h i c h  h i s

m u l t i p l i c i t y  i s  a  r e a l  num ber  ( so  i n  f a c t  a n  i n t e g e r )

f o r  e v e r y  f i n i t e l y  g e n e r a t e d  g r a d e d  m o d u l e ,  Smoke im p o se d

t h e  c o n d i t i o n  o f  r e g u l a r i t y ;  i . e . ,  t h e  a l g e b r a  h a s  f i n i t e

g l o b a l  d i m e n s i o n .  As he  p r o v e d  [ 9 , T h e o re m  7 . 5  p . 38 ]  t h e

c o n d i t i o n  o f  r e g u l a r i t y  i s  e q u i v a l e n t  t o  r e q u i r i n g  t h a t

t h e  a l g e b r a  be  a  f i n i t e l y  g e n e r a t e d  g r a d e d  p o l y n o m i a l

a l g e b r a  o v e r  t h e  f i e l d  k . I t  i s  i n  t h i s  s i t u a t i o n

t h a t  t h e  c o n n e c t i o n  b e t w e e n  t h e  two t y p e s  o f  m u l t i p l i c i t y

c a n  be g i v e n  f o r  a l l  f i n i t e l y  g e n e r a t e d  m o d u l e s  by

m u l t i p l i c a t i o n  w i t h  a  f i x e d  p o s i t i v e  i n t e g e r  w h i c h  d e p e n d s

o n l y  on  t h e  a l g e b r a .
00

L e t  R = R? be  a n o e t h e r i a n  g r a d e d  r i n g ,
p=0

R = k ,  a f i e l d .  Any f i n i t e l y  g e n e r a t e d  g r a d e d  R -m o d u le
CO

M = 0  mP h a s  t h e  p r o p e r t y  t h a t  f o r  some N ,
p=0

M = R 0 mP) . On c h e c k i n g  d e g r e e s ,  i t  f o l l o w s  t h a t
\p=0 /

N
P - ^  r P f o r  p s  N an d  t h u s

i = 0
N

( 3 . 5 )  0  r P =
p^q i=o

f o r  e a c h  q a N .

T h i s  s i t u a t i o n  may be  i n t e r p r e t e d  i n  t e r m s  o f  

f i l t r a t i o n s  a s  f o l l o w s .  L e t

( 3 . 6 )  f  = w h e r e  = 0 r P f o r  e a c h  n  a 0  .
p an
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By t a k i n g  a s e t  o f  h o m o g e n eo u s  g e n e r a t o r s

[ r ^ ,  , r ^ }  o f  R o v e r  k , R i s  s e e n  t o  be  t h e

homomorphic  i m a g e  o f  A = k [ X ^ , . . . , X ^ J  . L e t  t = ( d ^ )
d J

w h e re  = d e g ( r ^ )  f o r  e a c h  i  ; t h a t  i s ,  r ^  € R

D e f i n e  f ^  o n  A v i a  Exam ple  2 . 2 5 .  S i n c e  t h e  d^ a r e  

p o s i t i v e  i n t e g e r s ,  h e n c e  r a t i o n a l  n u m b e r s ,  f ^  i s  

e s s e n t i a l l y  p o w e r s .  O b s e r v e  t h a t  u n d e r  t h e  e x t e n s i o n  

f r o m  A t o  R , f^® = f  so  t h a t  f  i s  e s s e n t i a l l y
p

p o w ers  a s  w e l l .  S i n c e  ——  k , f  i s  0 - d i m e n s i o n a l
1

and  by C o r o l l a r y  2 . 2 3 ,  | i ( f , M )  e x i s t s  f o r  e v e r y  f i n i t e l y

g e n e r a t e d  R - m o d u l e  M ,
CO

The f i n i t e l y  g e n e r a t e d  g r a d e d  R - m o d u l e  M = 0
p=0

i s  f i l t e r e d  b y  d e f i n i n g

( 3 . 7 )  g = w h e re  = 0  f o r  e a c h  n  .
p s n

E q u a t i o n  ( 3 . 5 )  i m p l i e s  t h a t  g i s  f - s t a b l e .  By Theorem  

3 . 8  and  t h e  f a c t  t h a t  | j , (f ,M) e x i s t s ,  i t  f o l l o w s  t h a t  

| x ( s , g )  e x i s t s  w i t h  ^ ( s , g )  = ^ ( f , M )  w h e re  s = a l t ( f )  . 

F u r t h e r m o r e  p , ( s , _ )  i s  a n  a d d i t i v e  f u n c t i o n  on t h e  

c a t e g o r y  o f  f i n i t e l y  g e n e r a t e d  g r a d e d  R - m o d u l e s .  

I n c i d e n t a l l y ,  C o r o l l a r y  2 . 2 3  i m p l i e s  p , ( s , g )  i s  a 

r a t i o n a l  n u m b e r  f o r  e a c h  f i n i t e l y  g e n e r a t e d  R -m o d u le ,

A t  t h i s  p o i n t .  S m o k e ' s  m u l t i p l i c i t y  eg^(M) i s  an  

e l e m e n t  i n  z C C t ] ]  a n d  a s  s u c h  i s  n o t  c o m p a r a b l e  w i t h  

n ( s , g )  . I f ,  h o w e v e r ,  R i s  r e g u l a r ,  Smoke showed t h a t  

t h e  p o l y n o m i a l  r i n g  A a b o v e  c a n  b e  c h o s e n  i s o m o r p h i c  t o
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R and  h e  c a n  compose  f r o m  Z C C t ] ]  t o  Z a n d  r e c o v e r  

t h e  f o r m u l a t i o n  o f  m u l t i p l i c i t y  g i v e n  by S e r r e [ 7 ]  i n  t h i s  

s i t u a t i o n ;  t h a t  i s
n

( 3 . 8 )  e%(M) = Y  C - l ) ^ d i m ^ T o r ^ ( k , M )  .
i = l

The r e l a t i o n s h i p  w h i c h  e x i s t s  b e t w e e n  t h e s e  two t y p e s  o f  

m u l t i p l i c i t y  i s  s t a t e d  i n  t h e  f o l l o w i n g  t h e o r e m .

Theorem  3 . 9 : I n  t h e  s i t u a t i o n  d e s c r i b e d  a b o v e , i d e n t i f y

A = R . T h e n  d ^ .  . .d^M ,^(n ,g )  = e^(M )

P r o o f  ; S i n c e  Theorem  3 . 8  i m p l i e s  ^ ^ ( n , g )  = M<^(f^,M), 

i t  f o l l o w s  f r o m  P r o p o s i t i o n  2 . 5 4  t h a t

w h e re  (X) = ( X ^ , . . . , X ^ )  i s  t h e  m a x im a l  i d e a l  g e n e r a t e d  

by { X ^ , . . . , X ^ }  . Thus  t o  c o m p l e t e  t h e  p r o o f  one  n e e d s  

o n l y  t o  show t h a t

( 3 . 9 )  tJi^((X),M) = e^CM) .

T h a t  i s ,  e^(M ) i s  j u s t  t h e  m u l t i p l i c i t y  o f  M w i t h  

r e s p e c t  t o  t h e  m ax im a l  i d e a l  (X) . To p r o v e  ( 3 . 9 )  

n o t e  f i r s t  t h a t  a l t ( X )  = n  . H ence  by d e f i n i t i o n

H . ( ( X ) , M )  = n l  l i m  L . ( M / ( X )% 1 )  .
^  m-»a> _£*___________

m^
The l i m i t  f o r m u l a  o f  Samuel i m p l i e s  [ 5 ,  Theorem  1 3 ,  P . 3 2 9 ]  

t h a t  t h i s  m u l t i p l i c i t y  i s  t h e  same a s  N o r t h c o t t ’ s
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6a (X^,  . . .  ,X^,M) [ 5 ,  P . 2 9 9 ] .  T h e n  b y  [ 5 ,  Theorem  5 ,  P . 3 7 0 ]

L̂a (CX),M) i s  t h e  E u l e r - P o i n c a r €  c h a r a c t e r i s t i c  o f  t h e

hom ology  c o m p le x  o f  t h e  K o s z u l  c o m p l e x  K(X;M) o f  M

w i t h  r e s p e c t  t o  X ^ , . . . , X ^  . T h a t  i s ,
n

KA((X),M) = Y  C -1)^L a (H ^K (X ;M ))  .
i = l

S i n c e  (X) a n n i h i l a t e s  e a c h  h o m o lo g y  m o d u le ,  [ 5 ,  T h e o re m

3,  P . 3 6 4 ] ,  La (H^K(X;M)) = Lj^(H^K(X;M) ) = dimj^(Hj.K(X ;M) )

and  t h e  e q u a t i o n  a b o v e  may be  r e w r i t t e n  a s
n

( 3 . 1 0 )  m.a ( ( X ) ,M )  = 2  ( - l )^d im j^H ^K (X ;M )  .

i = l

Now X ^ , . . . , X ^  f o r m  a n  A - s e q u e n c e  ( i . e .  , ((X^^,. ..  , X ^ ) : X ^ ^ ^ )  

= ( X ^ , . . . , X ^ )  f o r  e a c h  i  = 0 , . . . , n - l )  so  [ 7 ,  P r o p o s i t i o n  

2 ,  P . I V - 4 ]  t h e  K o s z u l  c o m p le x  K(X) o f  A w i t h  r e s p e c t  t o  

X ^ , . . . , X ^  p r o v i d e s  a  p r o j e c t i v e  r e s o l u t i o n  o f  k «  A / ( X )  

w i t h  t h e  a u g m e n t a t i o n  map K ( X ) — »A/(X) b e i n g  j u s t  t h e  

c a n o n i c a l  map K^(X) »  A ~ » A / ( X )  . The  K o s z u l  c o m p le x  o f  

M w i t h  r e s p e c t  t o  X ^ , . . . , X ^  i s  j u s t

K(X;M) = K (X )® M  .

Thus

H^K(X;M) = H ^(K (X )® M ) = T o r ^ ( A / ( X )  ,M) = T o r ^ ( k , M )

w h i c h  t o g e t h e r  w i t h  ( 3 . 1 0 )  i m p l i e s
n

( 3 . 1 1 )  Ha ( ( X ) ,M )  = Y  ( - l ) ^ d i m j ^ T o r ^ ( k , M )  .
i = l

S i n c e  A = R,  ( 3 . 8 )  and  ( 3 . 1 1 )  p r o v e  ( 3 . 9 ) .  Q .E .D .
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IV AN EXAMPLE

I n  t h i s  c h a p t e r ,  a n o t h e r  c l a s s  o f  p s e u d o - v a l u a t i o n s  

on  k [ X ,Y ]  , k  a f i e l d ,  i s  c o n s i d e r e d .  The m a i n  r e s u l t .  

P r o p o s i t i o n  4 . 4 ,  e s t a b l i s h e s  f o r  e a c h  p s e u d o - v a l u a t i o n  

i n  t h e  c l a s s  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  o n  t h e  

p a r a m e t e r s  f o r  t h e  c o r r e s p o n d i n g  f i l t r a t i o n  t o  b e  a p p r o x i -  

m a t a b l e  by p o w e r s .

L e t  A = k [X ,Y ]  a n d  l e t  t  = be a  s e q u e n c e

o f  p o s i t i v e  i n t e g e r s  s u c h  t h a t

f o r  e a c h  n  6 IN a n dT-i > r~i I ri
( 4 . 1 )

(i) ^n+2 ^ ^n+l^n
(ii) gcd(T n ' T n + l )  =

sequence o f integers.
sequence of polynomials

(i) “l = X

(ii) «2 = Y , and

(iii) “ n  =

( 4 . 2 )
T n - 1

P r o p o s i t i o n  4 . 1 : F o r  a n y  3 € A , t h e r e  e x i s t s  a  u n i q u e

r e p r e s e n t a t i o n  f o r  0 a s

^  k / l  • • • %  0  S k .  <

w h e r e  ( k )  = (k^^, . . .  , k ^ , 0 , 0 , . . .  ) f o r  some n  € U  and  

3 ( k )  ^ ^  • T h i s  r e p r e s e n t a t i o n  w i l l  be  c a l l e d  t h e  

s t a n d a r d  fo r m  f o r  0 .
72
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P r o o f  : E x i s t a n c e  o f  s u c h  a  r e p r e s e n t a t i o n  w i l l

b e  known p r o v i d e d  t h e  r e s u l t  i s  shown f o r  e a c h  ,

n ,m  € IN U {0 } . The p r o o f  i s  by i n d u c t i o n  on  n  + m .

I f  n  + tn = 1 , t h e n  X ^ ^  i s  e i t h e r  X o r  Y

a n d  t h e  s t a t e m e n t  i s  t r u e .  Assume v a l i d i t y  f o r

n  + m = k > 1 . The a r g u m e n t  now d e p e n d s  on two v e r y  

s i m i l a r  c a s e s ;  n a m e ly  n  > 0 o r  m > 0 .  I f  n  > 0  , 

xHym _ x ( X ^ ' ^ Y ^ )  a n d  by t h e  i n d u c t i v e  h y p o t h e s i s

k, +1 k., k

1 %  L / i

0  3 . The o t h e r  c a s e  i s  a l m o s t  t h e  same,

0  ^ k^ < . T h e s e  e x p r e s s i o n s  n e e d  n o t  be  i n  t h e

p r o p e r  fo r m  b u t  t h e y  b o t h  c a n  be so  r e w r i t t e n  by 

e s t a b l i s h i n g  t h e  s t a t e m e n t :  Any monomia l

— -®n T j + i  f o r  j  i  and

Ckl T  f k Mk^ < , h a s  a  r e p r e s e n t a t i o n  a  = ^  ,

O S  k t  <  T .  . f o r  a l l  j  . To e s t a b l i s h  t h i s  a s s u m e  
J J + i
s  k^ < ( o t h e r w i s e  i t  i s  a l r e a d y  c o r r e c t l y

^ i + 1  ^ i
e x p r e s s e d )  a n d  u s e  " °^ i+ l e x p r e s s
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S i n c e  0  î  k .  -  , k . ^ 2  + ^ , a n d

+ T^ < 2 t ^ ^ 2  7 t h e  p r o b l e m  e x p o n e n t  h a s  b e e n

t r a n s f e r r e d  t o  h i g h e r  i n d i c e s .  C o n t i n u i n g  i f  n e c e s s a r y

t o  t h e  i n d e x  n  , t h e  p r o c e s s  t e r m i n a t e s .

P r o o f  o f  u n i q u e n e s s  o f  t h e  r e p r e s e n t a t i o n  i s  much

more d i f f i c u l t  an d  b e c a u s e  o n e  a s p e c t  o f  t h e  p r o o f  i s

r a t h e r  cum bersom e o n l y  a n  i n c o m p l e t e  p r o o f  w i l l  b e  g i v e n .

F i r s t  n o t e  t h a t  u n i q u e n e s s  o f  t h e  r e p r e s e n t a t i o n

i s  e q u i v a l e n t  t o  k - l i n e a r  i n d e p e n d e n c e  o f  B , t h e  s e t

o f  a l l  power  p r o d u c t s  , 0  ^ k^ < f o r  a l l  i  .

To t h i s  e n d ,  f i x  n  and  c o n s i d e r  t h e  s e t  o f  a l l

s u c h  t h a t  k .  = 0  f o r  i  > n  . S i n c e  B c  B
1 n  n + i

f o r  e a c h  n  a n d  (JB = B , i t  s u f f i c e s  t o  show B i sn  n
l i n e a r l y  i n d e p e n d e n t  o v e r  k f o r  e a c h  n  . T h i s  i s

p r o v e d  by i n d u c t i o n  on i  = l , . . . , n - l  o f  t h e  s t a t e m e n t :

B . = B 1 k - = 0  f o r  j  < n - i }  i s  a l i n e a r l yn ̂ 1 n J
i n d e p e n d e n t  s e t .  I t  i s  e s s e n t i a l  t o  t h e  p r o o f  t h a t  e a c h

c o n s e c u t i v e  p a i r  °^n’ °^n+l a l g e b r a i c a l l y  i n d e p e n d e n t .

T h i s  f o l l o w s  a t  o n c e  f ro m  n o t i n g  t h a t  i s  i n t e g r a l

o v e r  a n d  c o n t i n u i n g  i n d u c t i v e l y

kCx,Y] = i s  i n t e g r a l  o v e r  . Then

t h e  a s s u m p t i o n  t h a t  a n d  be a l g e b r a i c a l l y

d e p e n d e n t  l e a d s  t o  a c o n t r a d i c t i o n .

I t  i s  e a s i l y  s e e n  t h a t  B^ i s  l i n e a r l y  i n d e p e n d e n t  

s o  a ssu m e  n  > 1 . S u p p o s e  i  = 1 and
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0 = y  a , .  w i t h  & '  € B , f o r  e a c h  ( k ) .
u  ( k )  n , L

= I V  , . k - ° '  k i  < .
n - i  n

From t h e  i n d e p e n d e n c e  o f  a n d  map t o  k [ T ]  ,
T ^ T

T a new i n d e t e r m i n a t e  v i a  a  *— *T , o i—»T ^  . T h en
n - i  n

0  = .

C a n c e l l a t i o n  w i t h i n  t h e  sum r e q u i r e s  t h a t

^ n - l^ n -1  ^  ^n^n “ ^ n - l ^ n - I  ^ ^n^n ^ n - l ^ ^ n - I  “ ^n-1^

= V  • - k ; _ ^ |  < and ( V l - ’'ti> = '■ =

t h u s  k , = k * , , k„ = k ’ and  no  c a n c e l l i n g  c a n  o c c u r ,n - i  n - i  n  n  °
Th u s  a ^ ^ ^  = 0  f o r  a l l  ( k )  .

Assume,  t h e n ,  t h a t  ^  h a s  b e e n  shown t o  be

l i n e a r l y  i n d e p e n d e n t  f o r  i  > 2 , The  p r o o f  t h a t

i s  a l s o  l i n e a r l y  i n d e p e n d e n t  f o l l o w s  f r o m  knowing t h a t  

e a c h  p o l y n o m i a l  o f  t h e  fo rm

( 4 . 3 )

i s  i r r e d u c i b l e  ove r  = k [ d ^  a ^ ]  ,

and  h e n c e  o v e r  k ( a  . or . ( s i n c e  k [ a  . , o t  .  ̂ ] i sn - i ,  n - i + i  n - i  n - i + 1
i s o m o r p h i c  t o  k [ S , T ]  , a u n i q u e  f a c t o r i z a t i o n  d o m a i n ) .

2 ”'”n  1
Then  [ l , * n - i - l ' * n - i - l ' ' ' ' ' * n - i Z l   ̂ ^ b a s i s  f o r

k ( a ^ _ ^ _ ^ , . .  . , 0?^) a s  a  v e c t o r  s p a c e  o v e r  k ( a ^ _ ^ , . . . , a ^ )  . 

I t  now f o l l o w s  t h a t  B^ i s  l i n e a r l y  i n d e p e n d e n t  o v e r
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k a s  w e l l .  The p r o o f  t h a t  t h e  p o l y n o m i a l  ( 4 . 3 )  i s  

i r r e d u c i b l e  w i l l  b e  o m i t t e d  b u t  i s  o u t l i n e d  a s  f o l l o w s .  

F i r s t  t r a n s l a t e  t h e  p r o b l e m  t o  new  i n d e t e r m i n a t e s  S ,T  , 

u s i n g  t h e  f a c t  t h a t  and  a ^ ^ i + l  a l g e b r a i c a l l y

i n d e p e n d e n t ;  t h e n  show t h a t  -  (S  -  T^)  i s  i r r e d u c i b l e  

o v e r  k C S , T , Z ]  f o r  a n y  r e l a t i v e l y  p r i m e  m ,n  6 U . 

A l t h o u g h  t e d i o u s ,  t h e  a r g u m e n t  i s  s t r a i g h t  f o r w a r d ;

i . e . ,  a s s u m e  a  f a c t o r i z a t i o n  i n  k C S , T , Z ]  ,

f g  = z"" -  (S  -  T ^ )  ,

and  d e r i v e  t h a t  f  o r  g m u s t  be  i n  k . I t  i s  h e l p f u l  

i n  t h i s  e n d e a v o r  t o  f i r s t  show t h a t  Z^ + i s

i r r e d u c i b l e  i n  k [ Z , T ]  . Q .E .D .

U s i n g  t h e  u n i q u e  r e p r e s e n t a t i o n  g i v e n  by P r o p o s i t i o n  

4 . 1 ,  d e f i n e  f o r  a n y  P = ^  ^ A

( 4 . 4 )  v ^ O )  = v ( P )  = minlEk^Tj .  | a ^^^  /  0} .

P r o p o s i t i o n  4 . 2 ; The f u n c t i o n  v d e f i n e d  by ( 4 . 4 )  i s  

a p s e u d o - v a l u a t i o n  on  A .

P r o o f  : The f a c t  t h a t  v (g  + Y) ^ min{ v ( 3 ) , v(  y) 3

i s  i m m e d i a t e  f r o m  u s i n g  t h e  s t a n d a r d  fo r m  r e p r e s e n t a t i o n s  

o f  e a c h  a n d  t h e n  a d d i n g .  The r e s u l t  i s  t h e n  i n  s t a n d a r d  

fo rm  w i t h  p o s s i b l y  more z e r o  c o e f f i c i e n t s .  To show 

v( P y) ^ v ( P )  + v ( y) , i t  s u f f i c e s  t o  show t h e  r e s u l t  

w h e re  g a n d  y a r e  d e f i n i n g  m o n o m i a l s  0 = ,
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Y = . Even  more  i s  t r u e  i n  t h i s  c a s e ;  n a m e l y ,

( 4 . 5 )  = v ( # ( j ) )  + v ( & ( ^ ) )

S in c e   ̂ s t a t e m e n t  ( 4 . 5 )  i s  i m p l i e d

by t h e  s t a t e m e n t

( 4 . 6 )  v ( a ^ ^ ) )  = Zm^T^ , 0 & m ^ ,  i  = l , . . . , n  , n € H .

I f  e a c h  , t h e r e  i s  n o t h i n g  t o  p r o v e .  C h o o s e ,

t h e n ,  t h e  s m a l l e s t  i n d e x  i  f o r  w h i c h  m. a t . , a n d  
’  1 1+1

T . T .

u s i n g  = *^i+l “ i  ^ e x p r e s s

I f  m^ -  a ^ i + i  ’ r e p e a t  t h e  p r o c e s s  a g a i n  a t  i

o b t a i n i n g  two more  t e r m s  f o r  e a c h  o f  t h o s e  i n  t h e  e x ­

p r e s s i o n .  I f  m^ -  , move,  i n  e a c h  o f  t h e s e

t e r m s ,  t o  t h e  n e x t  i n d e x  f o r  w h i c h  t h e  e x p o n e n t  i s
m. m

" ' t o o  l a r g e ” . E v e n t u a l l y ,  . . . a ^  w i l l  be  r e d u c e d
k, k

t o  a sum o f  t e r m s  o f  t h e  f o r m  +a- ,  . . . a  ^ w i t h-  1 p
k^ < f o r  a l l  i  = l , . . . , p  . I n s p e c t i o n  o f  t h i s

p r o c e d u r e  shows t h a t  p r e c i s e l y  one  o f  t h e  t e r m s  h a s  

e x a c t l y  t h e  v a l u e  Zm^T^ a n d  a l l  t h e  o t h e r s  h a v e  h i g h e r  

v a l u e  s i n c e
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T .

v ( * i + 2 )  = ^ U 2  ^  ■ a n d

( 4 - 7 )
= v ( a .  )

a t  e v e r y  i  w h e re  a  s u b s t i t u t i o n  i s  m ade .  T h e n  c o l l e c t ­

i n g  t e r m s  g i v e s  t h e  s t a n d a r d  f o r m  r e p r e s e n t a t i o n  f o r  
m, m

Off . . . q;^ ^  w i t h  p r e c i s e l y  o n e  t e r m  o f  v a l u e  Zm^T

a n d  a l l  o t h e r s  g r e a t e r .  By d e f i n i t i o n ,  
m, m

v ( o ^  . . . a ^  ) = Zm^T^ . Q .E .D .

R em ark  4 . 3 : E q u a t i o n  ( 4 . 5 )  i s  m o t i v a t i o n  f o r  s u s p e c t i n g

t h a t  V = v^ i s  a l w a y s  a  v a l u a t i o n .  I t  i s  n o t ;  f o r  

s u p p o s e  T = i s  d e f i n e d  by  = i ,  = 2 , and

= T n ^ n - l *  ^ n  > 2 . L e t  P = a n d

Y = • Then

v O y )  = ~ * 3 ^ )  = -  a  = 7 , b u t

v (P )  + v ( y) = 3 + 3 = 6

By t a k i n g  c h a r ( k )  = 2 , t h i s  e x a m p l e  shows t h a t  v

n e e d  n o t  b e  h o m o g e n eo u s ;  i . e . ,  t h e r e  a r e  some 0 € A

a n d  n  € IN f o r  w h i c h  v ( 0 ^ )  /  n v ( 0 )  .

P r o p o s i t i o n  4 . 4 ; F o r  a n y  s e q u e n c e  t = I t ^ )  w h i c h

s a t i s f i e s  ( 4 . 1 ) ,  t h e  f i l t r a t i o n  f ^  = {o^} w h i c h  

c o r r e s p o n d s  t o  t h e  p s e u d o - v a l u a t i o n  v i s  a p p r o x i m a t a b l e
°° T ,

by p o w e r s  i f  and  o n l y  i f  t h e  i n f i n i t e  p r o d u c t  TT ——.—
i = l  ^ i / i + 1

c o n v e r g e s  t o  a f i n i t e  l i m i t .
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P r o o f ; The p r o o f  w i l l  be  b a s e d  on t h e  e q u i v a l e n t

f o r m u l a t i o n  o f  " a p p r o x i m a t a b l e  by  p o w e r s "  g i v e n  by  Theorem

2 . 5 1 .  By Rem ark  2 . 5 2  i t  i s  s e e n  t h a t  a t t e n t i o n  may be

r e s t r i c t e d  t o  a p p r o x i m a t i n g  f i l t r a t i o n s  o f  t h e  fo r m

&
( 4 . 8 )  w h e r e  e ^ . j  = 1  ”  •

i = l

Lemma 4 . 5 : L e t b e  g i v e n  by  ( 4 . 8 )  w i t h Nn = " n ^ n - l

a n d  v ^  - Vg . Then  
n

f o r  n  2 4

( i ) = T j  f  o r  j  s: n  ,

( i i ) ^ n - l ^ n  ’

( i i i )

( i v ) Vn(«n+k) ^ n - l ^ n  '^n+1* • ■'^nn-k-2 f o r  k a 3 .

P r o o f :  By t h e  d e f i n i t i o n  o f  f  , o . = o.  f o r  n  ’ n ,  1 1

i  ^ ’’’n ^ n - 1  t h e r e f o r e  v^X&j) = v ( O j )  f o r  j  s  n  .

F o r  j = n + k ,  k € U ,  t h e  a r g u m e n t  i s  by  i n d u c t i o n

o n  k w i t h  t h e  d i f f i c u l t  p o i n t  b e i n g  f o r  k = 1 . To

show ~ ^ n ^ n - 1  r e p l a c e  t h e  s e q u e n c e  by

T ’. w h e re  t = T . f o r  j  ^ n  and  t '. = t ’. , + 1
J J J J j - i

f o r  j  > n  . T h i s  s e q u e n c e  s a t i s f i e s  ( 4 . 1 )  a n d  t h e

r e s u l t i n g  s e q u e n c e  o f  ( 4 . 2 )  h a s  t h e  p r o p e r t y  t h a t

t ! p t !
a !  = a .  f o r  i  = 1 ,  , n  a n d  a !  = a? Î , + a \  f o r•*- J- 1 1 -1  ]_- ^
a l l  i  > n  . The d e f i n i t i o n s  o f  and  a '  .  a g r e en + I  n + 1 °

s o  t h a t  b u t  i t s  v a l u e  h a s  b e e n  r e p l a c e d  by
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T T - + 1 . F o r  t h e  r e s t  o f  t h e  p r o o f  o f  t h e  c a s e  k  = 1 ,  n  n - i
t h e  p r i m e s  w i l l  be o m i t t e d  s i n c e  o n l y  s m a l l  i n d i c e s  o c c u r

a n d  i s  t h e  same w h e t h e r  o b t a i n e d  f r o m  t h e  b r g i n a l

f i l t r a t i o n  o r  f r o m  t h e  new o n e .  T h i s  i s  b e c a u s e  i s

d e f i n e d  e n t i r e l y  by  t h e  i d e a l s  » i  = ^ * • • • »’’’n ^ n - l

w h i c h  a g r e e  f o r  f ^  a n d  f ^ , , s i n c e  t h e  s m a l l e s t  i n d e x

j  f o r  w h i c h  v ^ ( O j )  m i g h t  d i f f e r  f r o m  v ^ , ( a j )  i s  n  + 1

a n d  t h e n  e a c h  v a l u e  e x c e e d s  '’’^'’’^ - 1  • f a c t ,  t h e  o n l y

r e a s o n  f o r  i n t r o d u c i n g  t h e  p r i m e s  a t  a l l  i s  t o  a s s u r e

t h a t  t h e  v a l u e  o f  of„ . may be a s s u m e d  t o  b e  t  t , + 1n+L n  Ti—i.
i n  t h e  a r g u m e n t .

F i r s t  i t  w i l l  be shown t h a t

( 4 . 9 )  ^ •

S u p p o s e  t h i s  a s s e r t i o n  i s  f a l s e .  T h en
 ̂ In-1

-  YZ
i = l

I t  t h e n  f o l l o w s  t h a t  c a n  be r e p r e s e n t e d  a s

“ n + l  « "  I  •

f  «  “ t  T , + 1 - i  .  V ê  Q .
n  n - i

R e p r e s e n t  e a c h  p a i r  p a n d  y i n  t h e i r  s t a n d a r d  f o r m s ,

P s u c h  t h a t  min{ E s . T . l a .  . /  O] = T t , + 1 - i ,Aj ( s )  J J ' Cs)  n  n - 1  '

Y s u c h  t h a t  m i n [ E t j T j  | b ^ ^ ^ / 0 ] =  i  .

E x p a n d in g  t h e  r i g h t  s i d e  o f  t h e  a b o v e ,  i t  f o l l o w s  t h a t

= w h e r e  mj < 2 T j ^ ^  f o r  a l l  j  .“ n+1
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The u n i q u e  r e p r e s e n t a t i o n  f o r  ^  c a n  be o b t a i n e d

by r e d u c i n g  e a c h  t o  i t s  u n i q u e  r e p r e s e n t a t i o n

a n d  t h e n  c o m b i n i n g  s i m i l a r  t e r m s .  Of c o u r s e ,  t h i s  m u s t

be s i n c e  i t  i s  a l r e a d y  i n  t h e  u n i q u e  f o r m .  Hence

r e d u c t i o n  o f  some w i t h  m- < 2t . . f o r  a l l  j  ,
J J+-L

m u s t  y i e l d  a  t e r m  w h i c h  i s  a  n o n - z e r o  m u l t i p l e  o f  .

S i n c e  r e d u c t i o n  o f  y i e l d s  o n l y  t e r m s  o f  v a l u e

g r e a t e r  t h a n  o r  e q u a l  t o  and s i n c e  t h e  v a l u e  o f

e a c h  t e r m  o f  P y i s  g r e a t e r  t h a n  o r  e q u a l  t o  ^+1

i t  m u s t  be t r u e  t h a t  t h i s  h a s  v a l u e  e x a c t l y
, X m, m

T T T+ 1 .  Th u s  vCof ) = v ( a ,  . = Em. t . =n n-1 1 q i i
^ + 1 . S i n c e  q > n  an d  m^ > 0  a r e  o n l y  p o s s i b l e

i n  t h i s  e x p r e s s i o n  i f  one  o f  t h e  i n d i c e s  i s  n  + 1 and

t h e  c o r r e s p o n d i n g  m^^^ = 1 a n d  a l l  o t h e r  m^ = 0 and

s i n c e  t h i s  s i t u a t i o n  c o n t r a d i c t s  t h e  c h o i c e  o f  a s

a  p r o d u c t  o f  l o w e r  t e r m s ,  i t  may be a s s u m e d  t h a t  q s  n  .

It i s  c l a i m e d  t h a t  t h e  a s s u m p t i o n  o f  a p p e a r i n g  a s

a  t e r m  i n  t h e  r e d u c t i o n  o f  t o  s t a n d a r d  fo rm  i s  f a l s e .

P i  P n - l  Pn
L e t  o t ,  . . .Qf„ T b e  f r o m  a n y  t e r m  i n  t h e  s e c o n d  t o1 R““i n
t h e  l a s t  s t a g e  o f  t h e  r e d u c t i o n  o f  t o  s t a n d a r d

f o r m .  T h a t  i s  P j  < f o r  j  = l , . . . , n - 2  and

:Pi"i ^ "n"n-l + 1 - If ^Pi"i > "n^n-1 +  ̂ ’
it cannot yield a term of so assume equality. If
p ^  > 0  , e a c h  t e r m  o f  t h e  r e d u c t i o n  h a s  a  f a c t o r  o f

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



82

T
a  _ , 0! ^  , o r  a  ( d e p e n d i n g  o n  w h e t h e r  o r  n o tR+2 n+L n
Pn & a n d  i n  a n y  c a s e ,  t h e  t e r m  c a n n o t  be

o b t a i n e d .  T h u s  p ^  = 0 . Now p ^ T ^  + —  + ^ n - l ^ n - l  “

T T  , + 1 .  I f  p t > t  , t h e  l e f t  s i d e  o f  t h i sn  n - 1  n - 1  n
e q u a t i o n  i s  g r e a t e r  t h a n  + 1 a n d  we have  a

c o n t r a d i c t i o n .  I f  p^_^  = t^  , c a n c e l  t o  o b t a i n  

^1^1 ■*■•••'*■ P n - 2 ^ n - 2  “  1 - I f  T^ > 1 , t h i s  i s  i m p o s ­

s i b l e ;  o t h e r w i s e ,  p^ = 1 , P j  = 0  f o r  j  = 2 , — , n - 2

and  w i l l  a p p e a r  a s  a  f a c t o r  i n  t h e  r e d u c t i o n ,  a g a i n

a c o n t r a d i c t i o n .  I f  p„ i < t , a  \ . . a  ?  ^ i s  a l -^ n - i  n  1 n - 1
r e a d y  i n  s t a n d a r d  fo r m  and  c a n n o t  b e  r e d u c e d  t o  y i e l d

t h e  t e r m  a ^ ^ ^  . Thus  a ^ ^ ^  f  ^ ? +]  ̂ w h ic h  i m p l i e s
’ n  n - 1

V (a  ) < T T  , + l . O n  t h e  o t h e r  h a n d ,  s i n c en  n+1 n  n - i
T T

* n + l  = * n  + “ n - 1  f o l l o w s  t h a t

V n ( * n + l )  “

= = ' n / n - 1  '

Hence  = ' ' n ^ n - 1  ’

F o r  t h e  r e m a i n d e r  o f  t h e  a r g u m e n t ,  t h e  t s e q u e n c e  

i s  t h e  o r i g i n a l  o n e .  F o r  k = 2 , t h e  f a c t  t h a t

*n+2 = “ n + l  * “ n  i m p U e e

' ' n ' “ n+2> ^ ■

w i t h  e q u a l i t y  h o l d i n g  i n  c a s e  o n e  o f  t h e s e  h a s  s t r i c t l y  

s m a l l e r  v a l u e  t h a n  t h e  o t h e r .  Now
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■'n''n<“'n+ l>  = " n r t ' ' n ^ “ n^ = "n ^ n + 1  '

S i n c e  t  .  ^  , + 1 > t  t  t h e  f i r s t  e x p r e s s i o nn+1 n  n - 1  n  n - 1  ’ ^
2

h a s  minimum v a l u e .  Thus  = t  t . S i m i l a r l yn  n + z  n - 1  n

V n(*n+3)  = i n  g e n e r a l

^n^°^n+k^ “  ^ n - I ^ n  ^n+1 ' ’ ‘ ^n-t-k-2

The p r o o f  o f  Lemma 4 . 5  i s  now c o m p l e t e .

R e t u r n i n g  now t o  t h e  p r o o f  o f  P r o p o s i t i o n  4 . 4 ,

s u p p o s e  f  = f ^  i s  a p p r o x i m a t a b l e  by  p o w e r s .  T h e n  t h e r e  

i s  a  s e q u e n c e  o f  f i l t r a t i o n s  f ^  o f  t h e  t y p e  ( 4 . 8 )  a n d

a s e q u e n c e  o f  r e a l  n u m b e r s  — »1 s u c h  t h a t

f*  3 f  3 \  f* f o r  a l l  n  .n  n  n

C h o o se  a n y  n  , f o r  s i m p l i c i t y  n  = 1 and l e t  Nj  ̂ be

g i v e n  by  ( 4 . 8 ) .  S i n c e  ------»» a s  m — *= , a n  m

c a n  be  c h o s e n  w i t h  Nt s t  t   ̂ . L e t  f  be  g i v e n  by1 m m -1 m °

( 4 . 8 )  w i t h  = T , / m - l  • T h en

( 4 . 1 0 )  f i  .  £ „  s  f  = ,

and  c o n s e q u e n t l y  \ ^ v ^  s  v w h e r e  v^  = v^ . I n
m

p a r t i c u l a r ,  a v ( a ^ ^ ^ )  f o r  a l l  k  € H .

By Lemma 4 . 5 ,  i t  f o l l o w s  t h a t

2
^ l ^ m - l ' ^ m  " ^ m + l  •  •  *  V + k - 2  ^  ^ m + k  '

o r  e q u i v a l e n t l y
T k T

m+k T T  m+i

^  V i - a V + i - i=
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T h i s  i n e q u a l i t y  i s  t r u e  f o r  a l l  k so  t h e  i n f i n i t e  

p r o d u c t  c o n v e r g e s  t o  a l i m i t  n o  g r e a t e r  t h a n  .

M u l t i p l y i n g  by  t h e  f i r s t  f i n i t e l y  many p r o d u c t s

^ j + 2 , j  = 1 , . . . ,m -2  , one  h a s
00

T

( 4 . 1 1 )  T T  T- -r ~  <  “
i = l  ^ i ^ i + 1

00

C o n v e r s e l y ,  s u p p o s e  TT — c o n v e r g e s .  L e t

■ | I I .

f ^  be  a s  i n  Lemma 4 . 5  a n d  l e t  X^ = | |

i = l  i  i+ 1
i + 2

i = n - l  i  i+ 1
I t  i s  c l a i m e d  t h a t  f o r  n  s  4

( 4 . 1 2 )  f ^  s  f  s  X ^ f ^  , X^ »1 a s  n — .

The i n e q u a l i t y  f ^  ^ f  i s  t r i v i a l  and  t h e  f a c t  t h a t  

X^— *1 a s  n  — *00 i s  s t a n d a r d  f ro m  t h e  t h e o r y  o f  c o n ­

v e r g e n t  p r o d u c t s .  To p r o v e  f  ^ X ^ f^  , r e c a l l  t h a t  t h e  

v a l u e  o f  a n y  e l e m e n t  8 € k [ X ,Y ]  i s  f o u n d  by e x p r e s s i n g  

8 i n  s t a n d a r d  fo r m ,

 ̂ = I
a n d  l e t t i n g  v ( 8 )  = m in{Zk^T^  | a ^ ^ ^  /  0} . S i n c e  X^v^ 

i s  a  p s e u d o - v a l u a t i o n ,

T h u s  i t  s u f f i c e s  t o  show X ^ v ^ ^ ^ j )  2 v ( # j )  = f o r  a l l  j ,

I f  j  < n  , v^OZj)  = v ( & j )  , s o  a s su m e  j  = n + k , k 6 M  

U s i n g  Lemma 4 . 5 ,  one  c o m p u t e s
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^n/n(*n+k) " ^n'^n-l'^n '̂^n+1* * *'^n+k-2

-  T T  ^ i + 2  T T 2? T
■ i i n i l  T i / i + l  "+k-2

n+k-2 _" T
f r  "i+2 T T  2  ̂ T TT i+2i U l  " i" i+ l n-1 " n+l--- n+k_2 "i+i+1

00

= +_.,. n  'i+^
n*'" i = n + k - l  + i + i + l

=■ +n+k = v ( 'n + k )  •

T h u s  ( 4 . 1 2 )  i s  e s t a b l i s h e d .  Q .E .D .

R em ark  4 . 6 :  I n  t h e  p r o o f  o f  t h e  s t a t e m e n t ,  **f i s  a p p r o x i -
00 T .

m a t a b l e  by p o w e r s  i m p l i e s  | | - —^ —  < = " ,  t h e  f a c t
i = l  ^ i T i + 1

t h a t  — »1 w as  n o t  u s e d  i n  any  w ay .  The mere  f a c t

t h a t  t h e r e  e x i s t s  some X and  some f i l t r a t i o n  f ^  w h i c h  

i s  e s s e n t i a l l y  p o w e r s  w i t h

( 4 . 1 3 )  f ^  s: f  3 \ f ^

f o r c e s  t h e  p r o d u c t  t o  c o n v e r g e  and  h e n c e  f  t o  be 

a p p r o x i m a t a b l e  by  p o w e r s .  S i n c e  fj^ i s  e s s e n t i a l l y
(k)p o w e r s ,  f ^  h a s  a  r e g u l a r  s u b s e q u e n c e  o f  p o w e rs  f ^ y  . 

T h en  s t a t e m e n t  ( 2 . 3 0 )  i m p l i e s

®{\k}m ^ ( r a d ( f ) ) ' "  f o r  a l l  m ;

t h a t  i s ,  c o n d i t i o n  ( 2 . 2 5 )  i s  s a t i s f i e d .  The c o n v e r s e  i s

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



86

a l s o  t r u e ;  i . e .  i f  c o n d i t i o n  ( 2 . 2 5 )  i s  s a t i s f i e d ,  ( 2 . 3 1 )  

i m p l i e s  t h a t  some e s s e n t i a l l y  p o w e r s  f i l t r a t i o n  f ’ a n d  

some \  c a n  be  f o u n d  s u c h  t h a t  ( 4 . 1 3 )  i s  s a t i s f i e d .  T h u s  

a  f i l t r a t i o n  o f  t h e  t y p e  c o n s i d e r e d  i n  t h i s  c h a p t e r  i s  

a p p r o x i m a t a b l e  by  p o w e rs  i f  an d  o n l y  i f  c o n d i t i o n  ( 2 . 2 5 )  

i s  s a t i s f i e d .  I t  i s  unknown w h e t h e r  o r  n o t  t h i s  i s  t h e  

c a s e  f o r  e v e r y  f i l t r a t i o n  o n  a  n o e t h e r i a n  r i n g .
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