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I  PRELIMINARIES

I n  [ l l ]  M i t y a g i n  a n d  S h v a r t s  l i s t  ma ny  p r o b l e m s  c o n ­

c e r n i n g  f u n c t o r s  a n d  d u a l  f u n c t o r s  i n  c a t e g o r i e s  o f  B a n a c h  

s p a c e s .  I n c l u d e d  i n  t h e s e  p r o b l e m s  a r e  t h e  f o l l o w i n g  

q u e s t i o n s :  ( l )  Wha t  p r o p e r t i e s  c h a r a c t e r i z e  c o m p a c t  f u n c ­

t o r s ?  a n d  ( 2 )  I f  a  f u n c t o r  i s  c o m p a c t  i s  i t s  d u a l  f u n c t o r  

c o m p a c t ?  T h e  m o t i v a t i o n  f o r  t h i s  p r e s e n t  p a p e r  i s  t o  

a n s w e r  t h e s e  q u e s t i o n s .  P r e c i s e l y ,  t h e  p u r p o s e  o f  t h i s  

p a p e r  i s  t h r e e f o l d :

( 1 ) t o  i n v e s t i g a t e  w h e n  t h e  hom f u n c t o r  a n d  

t h e  t e n s o r  f u n c t o r  t a k e  ( s t r i c t l y )  n o r m a l  

e x a c t  s e q u e n c e s  t o  n o r m a l  e x a c t  s e q u e n c e s .

( 2 )  t o  a n s w e r  t h e  q u e s t i o n :  I f  a  f u n c t o r  t a k e s  

c o m p a c t  o p e r a t o r s  t o  c o m p a c t  o p e r a t o r s ,  d o e s  

i t s  d u a l  d o  t h e  s a m e ?

( 3 ) t o  f i n d  w h e n  Z a n d  n t a k e  c o m p a c t  o p e r a t o r s
X

t o  c o m p a c t  o p e r a t o r s .  M o re  g e n e r a l l y ,  t h e  p u r p o s e  

i s  t o  f i n d  a  c h a r a c t e r i z a t i o n  o f  a l l  f u n c t o r s  

t h a t  t a k e  c o m p a c t  o p e r a t o r s  t o  c o m p a c t  o p e r a t o r s .

This section consists of a discussion of preliminary 

concepts needed for these investigations. Functional 

analysis concepts may generally be found in [3]. Categor­

ical terms may be found in [lO]. In the following discus­

sion, B will denote the category in which the objects are 

Banach spaces over the real scalar field and the morphisms

1
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2

a r e  c o n t i n u o u s  l i n e a r  f u n c t i o n s ,  s o m e t i m e s  c a l l e d  m a p p i n g s  

o r  o p e r a t o r s .  E l e m e n t s  o f  t h e  s c a l a r  f i e l d  I  a r e  g e n e r a l l y  

d e n o t e d  b y  l e t t e r s  s u c h  a s  a , 3 ,  a n d  y .  T h e  o b j e c t s  o f  IB 

w i l l  b e  d e s i g n a t e d  b y  l e t t e r s  s u c h  a s  A , B , C , X , Y ,  o r  Z ;  

t h e  m o r p h i s m s  w i l l  b e  d e n o t e d  b y  l e t t e r s  l i k e  f  , g , h ,  a n d  

k .  H o w e v e r ,  i n  a  l a t e r  s e c t i o n  o f  t h e  d i s c u s s i o n ,  t h e s e  

l e t t e r s  w i l l  a l s o  b e  u s e d  t o  d e n o t e  f u n c t i o n s  t h a t  a r e  

n o t  m o r p h i s m s  i n  IB. T h e  s e t  IB(A,B)  i s  t h e  s e t  o f  a l l

m o r p h i s m s  f r o m  A t o  B.  T h e  n o t a t i o n  f  ; A  >-B i s  u s e d  t o

m e a n  f  i s  a  m o r p h i s m  i n  1B(A,B) .  !B(A,B)  i s  a  B a n a c h  s p a c e  

w i t h  n o r m  g i v e n  b y  | f |  = s u p | f ( a ) | .
I a  111

T h e  c o n c e p t  o f  f u n c t o r  w i l l  b e  f u n d a m e n t a l  t o  w h a t  

f o l l o w s .

D e f i n i t i o n  1 . 1  A ( c o v a r i a n t )  f u n c t o r  F :!B— >-IB i s  a n  

a s s i g n m e n t  o f  e a c h  o b j e c t  A i n  B t o  a n  o b j e c t  F ( A )  ( o r  FA)

i n  B a n d  o f  e a c h  m o r p h i s m  f  : A — *-B i n  IB t o  a  m o r p h i s m

F ( f ) : F ( A ) ---- »F(B)  ( o r  F f : F A -----»FB) i n  B s u b j e c t  t o  t h e

f o l l o w i n g  c o n d i t i o n s  ;

( 1 ) I f  t h e  c o m p o s i t i o n  g o f : A — >-C o f  f  :A------ >-B

a n d  g : B — >-C i s  d e f i n e d  i n  B ,  t h e n  F ( g o f )  =

F(g)o F(f ) ;F(A)— »F(C) in B.
( 2 )  I f  i j ^ : A — >-A i s  t h e  i d e n t i t y  o f  A i n  B ,  t h e n  

F i ^  = i p ^ ,  t h e  i d e n t i t y  o f  FA i n  B .

( 3 ) For each A and B in B, F:B(A,B) »B(FA,FB)

i s  a  l i n e a r  c o n t r a c t i o n .  T h i s  m e a n s

F ( f + g )  = F f + F g  f , g e B ( A , B )
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F(af) = aF(f) ael , and

| F ( f )  1 <_ I f  1.

N o t e :  T h e  c o n c e p t  o f  a  c o n t r a v a r i a n t  f u n c t o r  i s  d e f i n e d

s i m i l a r l y .  T h e  d i f f e r e n c e  b e t w e e n  a  c o v a r i a n t  a n d  c o n t r a -  

v a r i a n t  f u n c t o r  l i e s  i n  t h e  f a c t  t h a t  i f  F : B — HB i s

c o n t r a v a r i a n t  a n d  f : A  >-B i s  a  m o r p h i s m  i n  B ,  t h e n  F f  i s

a  m o r p h i s m  f r o m  FB t o  FA.  T h u s  f o r  e a c h  A a n d  B i n  B ,

F i n d u c e s  a  map f r o m  B ( A , B )  t o  B ( F B , F A )  , a n d  ( 1 )  i n  ( l . l )

b e c o m e s  F ( g o f ) =  F ( f  ) o F(  g ) : F ( C ) ---- >-F(A). An i m p o r t a n t

e x a m p l e  o f  a  c o n t r a v a r i a n t  f u n c t o r  i s  t h e  f u n c t o r  * w h i c h

a s s i g n s  t o  e a c h  A i n  B i t s  c o n j u g a t e  s p a c e  A* a n d  t o  e a c h

f  ;A >-B i t s  a d j o i n t  f * : B *  »A*.

R e m a r k  1 . 2  C o n d i t i o n  ( 3 )  i n  ( l . l )  i s  g e n e r a l l y  n o t  p a r t  

o f  t h e  d e f i n i t i o n  o f  a  f u n c t o r .  A l l  f u n c t o r s  i n  t h e  

f o l l o w i n g  a r e  a s s u m e d  t o  s a t i s f y  t h i s  c o n d i t i o n .

F u n c t o r s  w i l l  b e  d e n o t e d  b y  l e t t e r s  s u c h  a s  F , G ,  a n d  H,

D e f i n i t i o n  1 . 3  L e t  F ,G b e  f u n c t o r s  f r o m  B t o  B.  A n a t u r a l

t r a n s f o r m a t i o n  n : F — >-G i s  a n  a s s i g n m e n t  t o  e a c h  o b j e c t  

X i n  B o f  a  m o r p h i s m  — >-GX i n  B s u c h  t h a t :

( l )  f o r  a n y  m o r p h i s m  f  ; A— >-B i n  B t h e  f o l l o w i n g  

d i a g r a m  i s  c o m m u t a t i v e .

F f
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( 2 )  s u p  { | n ^ | : X  i n  IB} i s  f i n i t e .

I f  f o r  e a c h  X i n  B ,  n ^ : F X  — >-GX i s  a n  i s o m o r p h i s m  ( o n e - t o -  

o n e ,  o n t o )  , t h e n  n i s  c a l l e d  a  n a t u r a l  i s o m o r p h i s m , a n d  

F a n d  G a r e  n a t u r a l l y  i s o m o r p h i c . I f  f o r  e a c h  X i n  IB , 

n ^ z F X — >-GX i s  a n  e q u i v a l e n c e ,  t h a t  i s ,  a n  i s o m e t r i c  i s o ­

m o r p h i s m ,  t h e n  F a n d  G a r e  c a l l e d  n a t u r a l l y  e q u i v a l e n t . 

R e m a r k  l . U  A l t h o u g h  c o n d i t i o n  ( 2 )  i s  g e n e r a l l y  n o t  p a r t  

o f  t h e  d e f i n i t i o n  o f  a  n a t u r a l  t r a n s f o r m a t i o n ,  a l l  n a t u r a l  

t r a n s f o r m a t i o n s  i n  t h i s  p a p e r  w i l l  h e  a s s u m e d  t o  s a t i s f y  

i t .  N a t u r a l  t r a n s f o r m a t i o n s  w i l l  b e  d e s i g n a t e d  b y  l e t t e r s  

l i k e  0 ,n ,T , a n d  X.

B a s i c  t o  t h e  f o l l o w i n g  s t u d y  w i l l  b e  t h e  c o n c e p t  

o f  t h e  p r o j e c t i v e  t e n s o r  p r o d u c t  o f  t w o  B a n a c h  s p a c e s .

A b r i e f  d e s c r i p t i o n  o f  t h i s  c o n c e p t  i s  g i v e n  b e l o w .  A 

m o r e  d e t a i l e d  d e s c r i p t i o n  c a n  b e  f o u n d  i n  [ l U ]  a n d  [ l 6 ] .

L e t  A a n d  B b e  t w o  B a n a c h  s p a c e s  a n d  l e t  I ^ ^ ^  b e  t h e

v e c t o r  s p a c e  o v e r  I  c o n s i s t i n g  o f  a l l  f u n c t i o n s  f  : A x B — >-1. 

F o r  e a c h  ( a  , b ) i n  AxB , l e t  a * b  b e  t h e  e l e m e n t  i n  1 ^ * 8  

d e f i n e d  b y

a * b ( p , q )  = 1 i f  ( p , q )  = ( a , b ) ,  a n d

a * b ( p , q )  = 0 i f  ( p , q )  f  ( a , b ) .

L e t  b e  t h e  s u b s p a c e  o f  i ^ ^ ®  s p a n n e d  b y  t h e

( AxB )
e l e m e n t s  o f  t h e  t y p e  a * b .  D e f i n e  a  r e l a t i o n  - o n  I  

b y  t h e  f o l l o w i n g  r u l e s  :

( l )  ( a ^ + a ^ ) » b i + a 2 * b 2 + • • •  " &2 * b i +

a i » b i + a 2 * b 2 + • • •  ■*'&n*^n*
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( 2 ) a ^ * ( b ^ + b ^ )  + a 2* b 2* + & n *b n  ~ a-^»b^+

a ̂ »b *̂ +a 2*b 2+ ••• +an»b^.

(3) a^(a^*b^)+a2(a2»b2)+ ... +«n(^n*^n^ ~

( a  ^a  ̂)jfb ^+( 0 2a 2 ) * b  2+ . . .  + ( “ n ^ n ) * ^ n *

( U)  ( a ^ a  ^ ) * b  ^+( a 2 a 2 ) » b  2+ . . .  + ( c t n a n ) * b j ^  ~

a  ^*( a  ^b ) + a 2*(  2 '̂*’ * • •  ( “ n^^n ) •

Now d e f i n e  t h e  e q u i v a l e n c e  r e l a t i o n  = o n  %(AXB) t ,y 

J ] a ^ ( a ^ * b i )  - l G i ( c i * d ^ )  i f  a n d  o n l y  i f  ^ a i f a ^ a b i )  c a n

b e  t r a n s f o r m e d  i n t o  l 3 i ( c j ^ * d i )  b y  a  f i n i t e  n u m b e r  o f  

a p p l i c a t i o n s  o f  t h e  r u l e s  ( 1 )  -  ( U ) .  T h e  a l g e b r a i c  t e n s o r  

p r o d u c t  A8 B o f  A a n d  B i s  t h e  q u o t i e n t  s p a c e  i ( A x B ) y _   ̂

a n d  t h e  e q u i v a l e n c e  c l a s s  o f  J ] a ^ ( a ^ * b i )  i s  d e s i g n a t e d  b y  

% a i a i @ b i .

T h e  l i n e a r  s p a c e  A0B c a n  b e  ma d e  i n t o  a  n o r m e d  l i n e a r  

s p a c e  w i t h  t h e  n o r m  g i v e n  b y

| u |  = i n f { I | a i | | a i | | b i | : u  = J^ a^a i Sb i } .

I t  c a n  b e  s h o w n  t h a t  t h i s  d e f i n e s  a  c r o s s n o r m  o n  A®B, 

t h a t  i s ,  a  n o r m w i t h  t h e  a d d i t i o n a l  p r o p e r t y  t h a t  

I a » b I  = | a | | b |  f o r  aeA a n d  b e B .  T h e  c o m p l e t i o n  o f  

A0B w i t h  t h i s  n o r m ,  d e n o t e d  b y  A#B,  i s  c a l l e d  t h e  p r o j e c t i v e  

t e n s o r  p r o d u c t  o f  A a n d  B ,  o r  s i m p l y  t h e  t e n s o r  p r o d u c t  o f  

A a n d  B .

I f  f  : A — >-C a n d  g : B — *-D a r e  m o r p h i s m s  i n  B ,  f @ g :

A8 B — »C@D ( c o n s i d e r e d  a s  n o r m e d  s p a c e s )  i s  t h e  c o n t i n u o u s  

l i n e a r  map g i v e n  b y

f @ g ( % a i @ b i )  = % f ( a i ) @ g ( b i ) .
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It can be checked that If»g 1 = |fI I g I. By definition
f®g :A®B »C@D is the unique extension of f»g to A^B of

the same norm.

The following proposition is useful in dealing with 

the projective tensor product.

Proposition 1 . 3  If A, B, and C are Banach spaces , then 

B(A®B,C) and B(B,B(A,C)) are isometrically isomorphic 

( equivalent).

Sketch of Proof. A complete proof can be found in [l4].

Define Ç:B(A»B,C) HB(B,B(A,C)) by [(Çf)b] = f(a«b) for

feB(A»B,C), beB, and aeA. The function Ç is linear and

I 5(f) I 1  |f|. Define 0 :B (B , B (A , C )-- »B(A@B,C) by p(g)(a»b) =

(g(b))a for geB(B, B (A ,C )) and extend linearly to A 8 B .

For each g in B(B,B(A,C)) , |p(g)| £  |g| , which means that 

for each g , p(g):A®B— >-C is uniformly continuous. By 

the Principle of Extension by Continuity [3,p.25] , 

p(g):A8B— >-0 has a unique uniformly continuous extension

p(g):A@B »-C. Let p : B ( B ,B ( A, C ) )---»B(A@B,C) map g to the

unique extension p(g). It can be shown p is linear and 

also |p(g)| _< I g I . Because p is an inverse for Ç , the 

proposition follows.

Note: The equals symbol "=" may sometimes be used to
mean two Banach spaces are equivalent. Thus, "B(A®B,C) =

B (B , B (A ,C ) )" means these spaces are isometrically 

isomorphic.

Two functors that will play a prominent role in the
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f o l l o w i n g  d i s c u s s i o n  a r e  t h e  hom a n d  t e n s o r  f u n c t o r s  , 

d e s i g n a t e d  f o r  a n  X i n  IB b y  0 a n d  I  r e s p e c t i v e l y .  F o r  

e a c h  X i n  IB , i s  d e f i n e d  b y  t h e  f o l l o w i n g  a s s i g n m e n t s :

( 1 )  I f  A i s  i n  (B, 0%(A) = B ( X , A ) .

( 2 )  I f  f  : A  >-B i s  a  m o r p h i s m  i n  IB , t h e n  0 ^ ( f ) :

n^A i s  g i v e n  b y  J 2 ^ ( f ) g  = f o g  f o r  g e B ( X , A ) .

S i n c e

| 0  f |  = s u p | f i  ( f ) g |  i s u p | f | | g |  = | f | ,
^  | g l l i  I s l l i

c a n  e a s i l y  b e  s e e n  t o  b e  a  f u n c t o r .

F o r  e a c h  X i n  B t h e  f u n c t o r  i s  g i v e n  b y  t h e

f o l l o w i n g  a s s i g n m e n t s :

( 1 )  I f  A i s  i n  B ,  E^A = X@A.

( 2 )  I f  f : A  "B i s  i n  IB , E ^ f : X » A  »X@B i s  t h e

m o r p h i s m  i % ^ f .

R e m a r k  1 . 6  I f  F a n d  G a r e  f u n c t o r s  f r o m  IB t o  IB , t h e n

t h e  c o m p o s i t i o n s  F « G a n d  G»F a r e  a l s o  f u n c t o r s  f r o m  B t o  B .

A l s o  t o  e a c h  f u n c t o r  F : B --->-B c a n  b e  a s s o c i a t e d  a  f u n c t o r
*

F^ :B — >-B , d e f i n e d  b y  t h e  f o l l o w i n g  r u l e s  :

( 1 )  F * ( A )  = F ( A * ) *  f o r  e a c h  A i n  B w h e r e  

F ( A * ) *  i s  t h e  c o n j u g a t e  ( d u a l )  s p a c e  o f  F ( A * ) .

( 2 )  I f  f : A — "B i s  i n  B ,  F * ( f )  = F ( f * ) * :

F ( A * ) * — » F ( B * ) * ,  t h e  a d j o i n t  o f  F ( f * ) .

A n o t h e r  u s e f u l  f u n c t o r  i s  t h e  " d o u b l e - d u a l "  f u n c t o r  

f r o m  B t o  B d e s i g n a t e d  b y  » * .  I t  a s s i g n s  t o  e a c h  A i n  B 

i t s  s e c o n d  c o n j u g a t e  s p a c e  A** a n d  t o  e a c h  f  : A — >-B
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t h e  s e c o n d  a d j o i n t  — »B**.

2̂ * * *  ttiiu. / \ *P r o p o s i t i o n  l . T  T h e  f u n c t o r s  0 »** a n d  a r e

n a t u r a l l y  e q u i v a l e n t .

P r o o f  ; T h e  f a c t  t h a t  f o r  e a c h  A i n  B ,  B ( X , A * * )  i s  i s o ­

m e t r i c a l l y  i s o m o r p h i c  t o  (X8A * ) *  i s  g i v e n  b y  ( 1 . 5 )  a s  

B ( X , A * * )  = B ( X , B ( A * , I ) )  a n d  (X@A*)* = B ( X ® A * , I ) .  L e t  

f  : A — >-B b e  a n y  m o r p h i s m  i n  B.  I t  m u s t  b e  s h o w n  t h a t  t h e  

d i a g r a m

( i y G f * ) *
(X@A*)* --------- ------------------->- ( X 0 B * ) *

^B

n%(f**)
B ( X , A * * )   >■ B ( X , B * * )

c o m m u t e s  w h e r e  a n d  a r e  t h e  e q u i v a l e n c e s  g i v e n  i n

( 1 . 5 ) .  L e t  g e ( X ® A * ) *  , x e X ,  a n d  b * e B * .  T h e n

[ ( n % f * * ( S ^ ( g ) ) x ] b *  = [ ( f * * o S ^ ( g ) ) x ] b *

= [ f * * ( Ç ^ ( g ) ( x ) ) ] b *

= [ Ç ^ ( g ) ( x ) o f * ] b *

= g ( x e f * ( b * ) ) .

On t h e  o t h e r  h a n d ,

= [ g o ( i x * f * ) ] ( x * b * )

= g ( x * f * ( b * ) ) .  

P r o p o s i t i o n  1 . 8  T h e  c o n t r a v a r i a n t  f u n c t o r s  * e Z ^  a n d
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a r e  a l s o  n a t u r a l l y  e q u i v a l e n t .  T h i s  m e a n s  i f  f  ;A-

i s  i n  B ,  t h e  d i a g r a m

B(X ,B* )

'B

(xdlA)*(X@B)* -

c o m m u t e s  w h e r e  a n d  y ^  a r e  g i v e n  b y  ( 1 . 5 ) .

Proof ; By (1.5) y^ and y^ are equivalences. It remains 

to be shown that the diagram commutes. Let g £ l B ( X , B * ) .  

Then for x e X and aeA ,

[ ( (i j^Sf )*o Pg)g]  (x«a)  = [ y g ( g ) ° ( i x @f ) ] ( x @a )

= [ y g ( g ) ] ( x @f ( a ) )

= g ( x ) ( f ( a ) ) .

A l s o

~ [ y ^ ( f * o g ) ] ( x ® a )

= [ ( f * o g ) x ] ( a )

= [ g ( x ) o f ] ( a )  = g ( x ) ( f ( a ) ) .  

N o t a t i o n  a n d  D e f i n i t i o n  1.9 I f  F a n d  G a r e  t w o  f u n c t o r s  , 

( F — >-G ) w i l l  d e n o t e  t h e  " c l a s s "  o f  a l l  n a t u r a l  t r a n s f o r ­

m a t i o n s  f r o m  F t o  G. When ( F — >-G ) i s  a  s e t ,  i t  i s  a

B a n a c h  s p a c e  w i t h  t h e  n o r m  g i v e n  b y

1%! = sup{|T%|:XEB} t e ( F  — *-G) ,

and addition and scalar multiplication given by

( x + n ) x  “  T^+Hx X in B j and
( a x ) %  = ax j j  X in B and o e I .
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1 0

D e f i n i t i o n  1 . 1 0  L e t  F : B  HB "be a  f u n c t o r .  T h e  d u a l

f u n c t o r  t o  F ,  d e n o t e d  a s  DF , i s  t h e  f u n c t o r  g i v e n  b y  t h e  

f o l l o w i n g  a s s i g n m e n t s  :

( 1 )  I f  X i s  i n  B ,  DFX = ( F  »Z%).  ( i t  w i l l

b e  e s t a b l i s h e d  b e l o w  t h a t  t h i s  i s  a  s e t . )

( 2 )  I f  f  : X  >-Y i s  a  m o r p h i s m  i n  (B, D F f i D F X  »DFY

i s  g i v e n  b y  t h e  e q u a t i o n

XeDFX , a n d  A i n  B 

T h i s  i s  d e p i c t e d  i n  t h e  f o l l o w i n g  d i a g r a m .

X .

( D F f ( x ) ) ^  = ( f ® i ^ ) o  x^

FA

( D F f ( x ) )

Lemma 1 . 1 1  I f  A a n d  B a r e  a n y  t w o  B a n a c h  s p a c e s  , t h e n  

B ( A , B )  a n d  (  »Zg) a r e  e q u i v a l e n t .

P r o o f  ; L e t  f e B ( A , B ) .  D e f i n e  TfG(%A »Zg) b y  t h e  f o r m u l a

( X f ) x  = f e i ^ i Z ^ X — »ZgX f o r  X i n  B.

T h e n  | x ^ |  = | f |  s i n c e  f o r  e a c h  X i n  B ,  [ ( x ^ J ^ I  = | f @ i % |  = 

I  f  I  . L e t  g : X — »-Y b e  i n  B . I t  i s  e a s i l y  c h e c k e d  t h a t  

t h e  d i a g r a m

"  %A?

( ' f ) x
( T f  ) y
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1 1

c o m m u t e s  s o  t h a t  i s  a  n a t u r a l  t r a n s f o r m a t i o n .  Now l e t

T b e  a n y  e l e m e n t  i n  (E  »E ) .  D e f i n e  f  : A — >-B a s
A

Tj : E ^ I ( = A )  » Z g l ( = B ) .  I t  m u s t  b e  s h o w n  t h a t  f o r  e a c h

X i n  B , = f * i % .  L e t  x : I  >-X b e  g i v e n  b y  x ( e )  = x .

By t h e  c o m m u t a t i v i t y  o f  t h e  d i a g r a m

A=EAl E.X
A

X

B=Eb I -  EgX

T ^ ( a * x )  = ( T ^ o ( i ^ ® x ) ) a®e = ( i B @ x ) ( f ( a ) )  = f ( a ) » x  = f @ i ^ ( a * x )  

Lemma 1 . 1 2  I f  F ; B — >-B i s  a  f u n c t o r  a n d  A i s  i n  B ,  t h e n  

( 0 ^ -----)-F) i s  i s o m e t r i c  t o  FA.

P r o o f  ; F o r  aeFA d e f i n e  i n  (  >-F) b y  t h e  f o r m u l a

( ? a ) % f  = F ( f ) a  f o r  f s O ^ X  = B ( A , X ) .

I t  c a n  b e  c h e c k e d  t h a t  t  i s  a  n a t u r a l  l i n e a r  t r a n s f o r -a

m a t i o n .  I t  i s  i n  ( 0 ^ — » F ) ,  s i n c e

I  = s u p  I I 
X i n  B

T a ) x l  = s u p  s u p  !(%%) f |
X i n  B f  <1

= s u p  s u p  | F ( f ) a |  £  s u p | a |  = | a | .
X i n  B I f i l l  X i n  B

Now i f  T i s  a n y  m e m b e r  o f  (  *-F ) , p u t  a  = T ^ ( i ^ ) e F A .

S i n c e  t h e  d i a g r a m

FX
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1 2

c o m m u t e s  f o r  a n y  f  :A >-X, T^ Xf )  = F ( f ) a .  T h i s  m e a n s  t h e

c o r r e s p o n d e n c e  a b o v e  i s  o n t o ,  t h a t  i s  x = x^^. S i n c e

| a |  =  I  7 4 1 * 1  =  I f T a ^ A ^ A l  -  > I  1  I * I ,
t h e  c o r r e s p o n d e n c e  i s  i s o m e t r i c .

E x a m p l e s  1 . 1 3

( 1 ) T h e  f u n c t o r s  E* a n d  0*  a r e  d u a l  t o  e a c h  o t h e r  

f o r  e a c h  A i n  B. T h a t  = E* ( t h a t  i s  , i s  e q u i v a l e n t

t o )  f o l l o w s  f r o m  t h e  e q u a t i o n

Df2*X = ( 0*------->E^) — E^A = E*X

u s i n g  ( 1 . 1 2 ) .  T h a t  DE* = f o l l o w s  f r o m  ( l . l l )  a n d  t h e

e q u a t i o n

DE*X = ( E * ----- »E%) = e ( A , X )  = n *x .

I t  r e m a i n s  t o  b e  s h o w n  t h a t  t h e  r e l a t i o n s  a r e  n a t u r a l ,  

t h a t  i s  , i n  t h e  f i r s t  c a s e  i f  f  : X — >-Y, t h e n  t h e  d i a g r a m

DO*f
DOaX ---------------------------------- Dfi*Y‘A

"AX ------------------— ----------- ►

c o m m u t e s .  L e t  x b e  i n  DO^X =  » E ^ J .  U s i n g  t h e

i s o m e t r y  e s t a b l i s h e d  i n  ( 1 . 1 2 )  b e t w e e n  Dfi*X a n d  E%A, 

t h e  l o w e r  l e f t  h a l f  o f  t h e  d i a g r a m  t a k e s  x t o  i ^ @ f ( x * ( i ^ ) ) .  

U s i n g  t h e  i s o m e t r y  o f  ( 1 . 1 2 )  a g a i n ,  t h e  u p p e r  r i g h t  h a l f  

t a k e s  X t o  t h e  s a m e  e l e m e n t .  T h e  n a t u r a l i t y  i n  t h e  

s e c o n d  c a s e  i s  s h o w n  i n  a  s i m i l a r  m a n n e r .

(2 ) The dual of the identity functor I g :IB— >-lB is
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1 3

i t s e l f .  U s i n g  ( l . l l )  ,  t h a t  D i g  = I g  f o l l o w s  f r o m

DIgX = (Ig = (Ej »E%) = (B(I,X) = X = IgX.

T h a t  t h e s e  i s o m e t r i e s  f o r  e a c h  X i n  IB g i v e  a  n a t u r a l  

t r a n s f o r m a t i o n  c a n  h e  c h e c k e d  a s  i n  ( 1 ) .

D e f i n i t i o n  l . l k  A m o r p h i s m  f  : A  >-B i n  IB i s  a  n o r m a l

m o r p h i s m  i f  t h e  i n d u c e d  c o n t i n u o u s  l i n e a r  f u n c t i o n  f r o m  

A / K e r  f — » f ( A )  i s  a n  i s o m e t r y .  I n  a d d i t i o n ,  i t  i s  a  

s t r i c t l y  n o r m a l  m o r p h i s m  i f  f o r  e a c h  h i n  f ( A )  , t h e r e  i s  

a n  aeA s u c h  t h a t  f ( a )  = b a n d  | a |  = | b | .

D e f i n i t i o n  1 . 1 5  A s e q u e n c e
f  g 

0 — *-A — >-B - ^ C  — >-0

i n  B i s  a  n o r m a l  e x a c t  s e q u e n c e  i f  i t  i s  e x a c t  ( f  i s  a

m o n o m o r p h i s m ,  g i s  a n  e p i m o r p h i s m ,  a n d  K e r  g = Im f )

a n d  e a c h  m o r p h i s m  i s  n o r m a l .  I t  i s  s t r i c t l y  n o r m a l

e x a c t  i f  i t  i s  e x a c t  a n d  e a c h  m o r p h i s m  i s  s t r i c t l y  n o r m a l .

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



I I  THE HOM AND TENSOR FUNCTORS AND EXACT SEQUENCES

T h i s  s e c t i o n  i s  d e v o t e d  t o  t h e  i n v e s t i g a t i o n  o f  

w h e n  t h e  hom a n d  t e n s o r  f u n c t o r s  t a k e  ( s t r i c t l y )  n o r m a l  

e x a c t  s e q u e n c e s  t o  n o r m a l  e x a c t  s e q u e n c e s .  I n  o r d e r  t o  

p r o c e e d  w i t h  t h i s  i n v e s t i g a t i o n ,  p r e l i m i n a r y  k n o w l e d g e  

o f  t h e  s p a c e s  L ^ ( p )  i s  n e e d e d .  T h i s  i s  g i v e n  b e l o w .  A 

m o r e  d e t a i l e d  a c c o u n t  may b e  f o u n d  i n  [ l ] .

I n  t h e  f o l l o w i n g  d i s c u s s i o n ,  E w i l l  a l w a y s  d e n o t e  

a  l o c a l l y  c o m p a c t  t o p o l o g i c a l  s p a c e .  K ( e ) w i l l  d e s i g n a t e  

t h e  v e c t o r  s p a c e  o f  a l l  r e a l - v a l u e d  c o n t i n u o u s  f u n c t i o n s  

f  o n  E w i t h  c o m p a c t  s u p p o r t .

D e f i n i t i o n  2 . 1  A p o s i t i v e  ( R a d o n )  m e a s u r e  o n  E i s  a

l i n e a r  f u n c t i o n a l  p : K ( E ) — >-1 w h i c h  s a t i s f i e s  t h e  f o l l o w i n g

c o n d i t i o n s  :

( 1 ) I f  f ( x )  ^  0 , x e E ,  t h e n  y ( f )  >_ •

( 2 )  F o r  e a c h  c o m p a c t  s u b s e t  K o f  E ,  t h e r e

e x i s t s  a  n u m b e r  M( K , p )  ^  0 s u c h  t h a t  f o r  e a c h

f  i n  K( E)  w i t h  s u p p o r t  c o n t a i n e d  i n  K,

| p ( f ) |  £ M ( K ; i ) ’ | f l „  w h e r e  | f | ^  = s u p  | f  ( x ) |  .
x e E

N o t e  : E a c h  s p a c e  d e f i n e d  b e l o w  d e p e n d s  o n  some

l o c a l l y  c o m p a c t  s p a c e  E a n d  a  m e a s u r e  p .  I n  t h e  d i s c u s ­

s i o n  t h a t  f o l l o w s  ,  s ome  f i x e d  s p a c e  E a n d  m e a s u r e  p a r e  

u n d e r s t o o d .

R e m a r k s  a n d  D e f i n i t i o n s  2 . 2  To e a c h  p o s i t i v e  e x t e n d e d

l 4

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



1 5

r e a l  v a l u e d  f  d e f i n e d  on  E ,  o n e  c a n  a s s o c i a t e  a  p o s i t i v e  

n u m b e r  p * ( f )  ( p e r h a p s  + “ ) ,  d e s i g n a t e d  s o m e t i m e s  b y  

/ * f d p ,  c a l l e d  t h e  u p p e r  i n t e g r a l  o f  f .  I f  f  i s  i n  K( E)  , 

t h e n  p ( f )  = p ( f ) ;  t h a t  i s ,  p i s  a n  e x t e n s i o n  o f  p .

T h e  e x t e r i o r  m e a s u r e  p * ( A )  o f  AcE i s  d e f i n e d  t o  b e  P * ( x ^ ) *  

AcE i s  n e g l i g i b l e  i f  p * ( A )  = 0 .  An e x t e n d e d  r e a l - v a l u e d  

p o s i t i v e  f u n c t i o n  f  i s  n e g l i g i b l e  i f  f ( x )  = 0 ,  x e E ,  

a l m o s t  e v e r y w h e r e ;  t h a t  i s ,  {xeE  : f ( x )  f  0}  i s  n e g l i g i b l e .  

D e f i n i t i o n  2 . 3  L e t  S b e  a n y  s e t .  Two f u n c t i o n s  f  , g : E — >-S 

a r e  e q u i v a l e n t  ( w i t h  r e s p e c t  t o  p )  i f  f ( x )  = g ( x )  a l m o s t

e v e r y w h e r e  on  E.  A f u n c t i o n  f  : A  >-S , A c E ,  i s  s a i d  t o  b e

d e f i n e d  a l m o s t  e v e r y w h e r e  i f  E \ A i s  n e g l i g i b l e .  T h e  

r e l a t i o n  " f  i s  r e l a t e d  t o  g i f  f  i s  e q u i v a l e n t  t o  g "  i s  

a n  e q u i v a l e n c e  r e l a t i o n  o n  t h e  s e t  o f  f u n c t i o n s  f r o m  

E t o  S .  The  e q u i v a l e n c e  c l a s s  o f  f  i s  d e n o t e d  b y  f .  T h e

e q u i v a l e n c e  c l a s s  o f  a  f u n c t i o n  f  :A >-S , A c E ,  d e f i n e d

a l m o s t  e v e r y w h e r e  on  E ,  c a n  s t i l l  b e  c o n s i d e r e d  a n d  

c o n t a i n s  , among o t h e r  f u n c t i o n s  , a l l  f u n c t i o n s  d e f i n e d  

e v e r y w h e r e  o n  E a n d  e q u a l  t o  f  a t  a l l  p o i n t s  i n  A.  I f  

t h e  s e t  S i s  a  v e c t o r  s p a c e  o v e r  I ,  b y  d e f i n i n g

f  + g = f  + g f , g e S ^ ,  a n d

o f  = o f  a e l  ,

a  v e c t o r  s p a c e  s t r u c t u r e  o n  t h e  s e t  o f  e q u i v a l e n c e  c l a s s e s  

i s  o b t a i n e d .

Now l e t  B b e  a  B a n a c h  s p a c e  o v e r  I .

D e f i n i t i o n  2 , k  F o r  e a c h  f u n c t i o n  f : E — »-B a n d  f o r  e a c h
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integer 1 < +“ , define Np(f,y) or N^Cf) to be the

finite or infinite positive number ,

Np(f) = (/* |f(•) |Pdw)l/P , 

where |f(’)| is the positive function E — »-I given by 

X I— »|f(x) I.
Remark 2.5 is a semi-norm on Consider now the

set of equivalence classes of elements of formed by 

the above relation. It can be shown that the function 

Np(f) = Np(f) is a well-defined function from this set 

of equivalence classes to I ; that is, if f = g then 
Np(f) = Np(g). Moreover , this function defines a norm 

on the set of equivalence classes. This means

Np(af) = la|Np(f) ael ,

Np(f+g) 1  Np(f)+Np(g) , and

Np(f) = 0 if and only if f = 5.

Definition 2.6 For 1 <_ p < +» , let ( E , p ) or 9:^ ( E and

y being understood) be the semi-normed vector space of

all elements f in B^ such that Np(f) < +“ . Let Kg(E)

denote the vector space of all continuous functions

f ;E >-B with compact support. (Kg(E) can be shown to be

a subspace of Define i^(E,p) or to be the closure
B B B

in the space 7^ of Kg(E). Define to be the normed 

linear space of equivalence classes of functions in 

Elements of are called power integrable functions.

Proposition 2.7 L^ is a Banach space.

Proof : See [l, p.133].
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R e m a r k  2 . 8  A l t h o u g h  t h e  e l e m e n t s  o f  L? a r e  e q u i v a l e n c e
B

c l a s s e s  o f  f u n c t i o n s  , t h e y  a r e  g e n e r a l l y  t h o u g h t  o f  a s  

f u n c t i o n s  t h a t  a r e  p o w e r  i n t e g r a b l e .  I t  m u s t  b e

k e p t  i n  m i n d  t h a t  t w o  f u n c t i o n s  a r e  c o n s i d e r e d  t h e  s ame  

i f  t h e y  a r e  e q u i v a l e n t .

D e f i n i t i o n  2 . 9  A f u n c t i o n  f : E — >-B i s  m e a s u r a b l e  i f  f o r  

e a c h  c o m p a c t  s u b s e t  K o f  E t h e r e  e x i s t s  a  n e g l i g i b l e  s e t  

NcK a n d  a  p a r t i t i o n  o f  K n ( E \ N )  , f o r m e d  f r o m  a  s e q u e n c e  

( K^ )  o f  c o m p a c t  s e t s  , s u c h  t h a t  t h e  r e s t r i c t i o n  o f  f  t o  

e a c h  i s  c o n t i n u o u s .  A s u b s e t  A o f  E i s  m e a s u r a b l e  i f  

i t s  c h a r a c t e r i s t i c  f u n c t i o n  i s  m e a s u r a b l e .

P r o p o s i t i o n  2 . 1 0  I n  o r d e r  t h a t  a  f u n c t i o n  f  ;E — >-B b e

m e a s u r a b l e ,  i t  i s  n e c e s s a r y  a n d  s u f f i c i e n t  t h a t  i t  s a t i s f y

t h e  c o n d i t i o n s  ;

( 1 )  t h e  s e t  f ^ ( U )  i s  m e a s u r a b l e  w h e r e  U i s  

a n y  c l o s e d  b a l l  i n  B ;  a n d

( 2 )  f o r  e a c h  c o m p a c t  s e t  KcE , t h e r e  i s  a  

c o u n t a b l e  s u b s e t  H o f  B s u c h  t h a t  f ( x ) E H  

( c l o s u r e  o f  H) f o r  a l m o s t  a l l  x e K .

P r o o f  ; S e e  [ 1 ,  p . 1 9 1 ] .

P r o p o s i t i o n  2 . 1 1  I n  o r d e r  t h a t  a  f u n c t i o n  f : E — >-B b e

m e a s u r a b l e , i t  i s  n e c e s s a r y  a n d  s u f f i c i e n t  t h a t

( 1 ) t h e  s e t  f \ u ) i s  m e a s u r a b l e  w h e r e  U i s  

a n y  c l o s e d  b a l l  i n  B ; a n d

( 2 )  f o r  e a c h  c o m p a c t  s e t  K c E ,  t h e r e  i s  a  

n e g l i g i b l e  s e t  S i n  K s u c h  t h a t  f ( K \ S )  i s
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s e p a r a b l e .

P r o o f  : I t  m u s t  b e  e s t a b l i s h e d  t h a t  ( 2 )  i s  e q u i v a l e n t

t o  ( 2 )  o f  ( 2 . 1 0 ) .  C l e a r l y  ( 2 )  o f  ( 2 . 1 0 )  i s  e q u i v a l e n t  

t o  t h e  s t a t e m e n t  ;

( 3 )  F o r  e a c h  c o m p a c t  s e t  KCE t h e r e  i s  a  c o u n t ­

a b l e  s u b s e t  H o f  B s u c h  t h a t  f ( K \ S ) c H  f o r  some 

n e g l i g i b l e  s e t  S i n  K.

I t  m u s t  s t i l l  b e  s h o w n  t h a t  ( 2 )  i s  e q u i v a l e n t  t o  ( 3 ) .

S u p p o s e  ( 3 )  i s  t r u e .  T h e n  f o r  e a c h  c o m p a c t  s u b s e t  K o f  E ,  

f ( K \ S )  i s  c o n t a i n e d  i n  a  s e p a r a b l e  m e t r i c  s p a c e  f o r  some 

n e g l i g i b l e  s e t  S i n  K . . S i n c e  a  s u b s e t  o f  a  s e p a r a b l e  

m e t r i c  s p a c e  i s  s e p a r a b l e ,  f ( K \ S )  i s  s e p a r a b l e .  Now 

s u p p o s e  ( 2 )  i s  t r u e .  T h e n  f o r  e a c h  c o m p a c t  s u b s e t  K o f  E ,  

f ( K \ S )  i s  s e p a r a b l e  f o r  s ome  n e g l i g i b l e  s e t  S i n  K. L e t  

H b e  a  c o u n t a b l e  s e t  i n  f ( K \ S )  s o  t h a t  H ( c l o s u r e  i n  

f ( K \ S ) ) =  f ( K \ S ) .  T h e n  f ( K \ S ) c H  ( c l o s u r e  i n  B ) .

P r o p o s i t i o n  2 . 1 2  I n  o r d e r  t h a t  f  : E — »-B b e  p ^ ^  p o w e r  

i n t e g r a b l e  f o r  1 ^  p < +”  , i t  i s  n e c e s s a r y  a n d  s u f f i c i e n t  

t h a t  f  b e  m e a s u r a b l e  a n d  N p ( f )  b e  f i n i t e .

P r o o f  ; S e e  [ l ,  p . 1 9 ^ ] .

P r o p o s i t i o n  2 . 1 3  S u p p o s e  A a n d  B a r e  B a n a c h  s p a c e s

a n d  h  : A  »-B i s  i n  B.  F o r  e a c h  f e i ? ,  h  « f  b e l o n g s  t o
B B

( 1 p  < + » ) .  M o r e o v e r ,  i f  f  = g ,  t h e n  h » f  = h o g .

P r o o f  ; S i n c e  f s Z g ,  f o r  e a c h  e>0  t h e r e  e x i s t s  a  f u n c t i o n  

g e K ^ ( E )  s u c h  t h a t  N p ( f - g )  <_ e .  S i n c e

| h o f - h o g ( * ) |  = | h o ( f _ g ) ( ' ) |  _< I h I • I f - g (  • ) I i
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N ^ ( h o f - h o g )  <_ | h | * N p ( f - g )  E" | h ( .

B e c a u s e  h » g  i s  c o n t i n u o u s  a n d  h a s  c o m p a c t  s u p p o r t ,  h & f  

i s  i n  » b e i n g  i n  t h e  c l o s u r e  o f  K g ( E ) .  T h e  l a s t  s t a t e ­

m e n t  o f  t h e  p r o p o s i t i o n  i s  t r u e  b e c a u s e  s u b s e t s  o f  n e g ­

l i g i b l e  s e t s  a r e  n e g l i g i b l e .

E x a m p l e  2 . 1 4  T a k e  t h e  s p e c i a l  c a s e  w h e r e  E i s  a n y  s p a c e

w i t h  t h e  d i s c r e t e  t o p o l o g y .  T h e n  K ( e ) = { f : E — » l | f ( x )  = 0

f o r  a l l  b u t  f i n i t e l y  ma ny  x e E } .  D e f i n e  y : K ( E )  — >-1 b y

y ( f )  = 'I f ( x )  , a  f i n i t e  s u m.  T h e  f u n c t i o n  y s a t i s f i e s  
x e E

t h e  c o n d i t i o n  o f  ( 2 . 1 ) .  I f  B i s  a  B a n a c h  s p a c e  a n d

f e K „ ( E )  , N n ( f )  = I  | f ( x ) I  , a  f i n i t e  s u m.  A f u n c t i o n
x e E

f  ; E — *-B i s  i n  i f  a n d  o n l y  i f  1 | f ( x ) |  i s  f i n i t e  b y
x e B  .

( 2 . 6 ) .  T h e  s p a c e  i n  t h i s  c a s e  i s  d e n o t e d  b y  , a n d

t h e  m e a s u r e  y i s  c a l l e d  a  d i s c r e t e  m e a s u r e .

N o t e ;  S i n c e  t h e  s p a c e s  , A i n  B , a r e  o b j e c t s  i n  B , i t s

e l e m e n t s  w i l l  b e  d e n o t e d  b y  l e t t e r s  l i k e  a ,  b ,  x ,  a n d  y ;

l e t t e r s  l i k e  f , g , a n d  h w i l l  now b e  r e s e r v e d  f o r  m o r p h i s m s

i n  B.

P r o p o s i t i o n  ( 2 . 1 3 )  h e l p s  t o  m a k e  t h e  n e x t  d e f i n i t i o n  

v a l i d .

D e f i n i t i o n  2 . 1 5  B e t  L ^ : B — »-B ( l  £  p < “>) b e  t h e  f u n c t o r  

g i v e n  b y  t h e  r u l e s  :

( 1 )  L^A = l P ,  a n d

( 2 )  I f  f  : A — »-B i s  i n  B ,  L ^ f : L ^  *-Lg i s  g i v e n

b y  L ^ f ( x )  = f o x  f o r  x e L ^ .

T h e  f o l l o w i n g  r e s u l t  i s  p r o v e d  b y  G r o t h e n d i e c k  [ 5 ,  p . 5 9 ] .
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P r o p o s i t i o n  2 . l 6  T h e  f u n c t o r s  1 a n d  a r e  n a t u r a l l y  

e q u i v a l e n t .

P r o p o s i t i o n  2 . 1 7  I f

0 — >-B

i s  a n  e x a c t  s e q u e n c e  i n  B w i t h  f  n o r m a l  , t h e n

0 — >-L^A >l P b >L^C

i s  e x a c t  f o r  1 <_ p < “  w i t h  L ^ f  n o r m a l .

P r o o f  : S i n c e  f  i s  i s o m e t r i c ,  f o r  x e t F k ,

I f o x ( • )  I = I f ( x ( • ) )  I = | x ( • ) i •

T h e r e f o r e ,  N ^ ( L P f ( x ) )  = N ^ ( f o x )  = N p ( f o x )  =

( / * | f ( x ( - ) ) | P ) ‘ / P  = =

N ( x )  = N ( x ) .P P
T h i s  m e a n s  L ( f )  i s  i s o m e t r i c .

Now s u p p o s e  y e L ^  s u c h  t h a t  L ^ g ( y )  = £ ^ y  = 0 .  T h e n13
goy  = 0 a l m o s t  e v e r y w h e r e  on  E s o  t h a t  y ( t ) e K e r  g = Im f  

a l m o s t  e v e r y w h e r e  f o r  t e E .  I t  c a n  b e  s u p p o s e d  t h a t  

y ( t ) E K e r  g f o r  a l l  t e E .  D e f i n e  x i n  L^A t o  b e  t h e  

e q u i v a l e n c e  c l a s s  o f  x : E — >-A d e f i n e d  b y  t h e  r u l e :  i f  

t e E ,  x ( t )  i s  t h e  u n i q u e  e l e m e n t  i n  A s o  t h a t  f ( x ( t ) )  = y ( t )  

a n d  | x ( t ) |  = | y ( t ) | .  I t  m u s t  b e  s h o w n  t h a t  x e i ^ A .  By 

( 2 . 1 2 ) i t  s u f f i c e s  t o  s h o w  x i s  m e a s u r a b l e  a n d  N p ( x )  

i s  f i n i t e .  S i n c e  | x ( * ) |  = | y ( ' ) |  , N p ( x )  = N p ( y )  i s  

f i n i t e .  To s ho w  x  i s  m e a s u r a b l e  t h e  c o n d i t i o n s  o f  ( 2 . 1 1 )  

m u s t  b e  v e r i f i e d .  L e t  U b e  a n y  c l o s e d  b a l l  i n  A.  T h e n  

x"  ̂ (U)  = y M f ( U ) )  s i n c e  f  i s  i s o m e t r i c .  S u p p o s e  U = 

{ a : | a - a o l  ±  r } .  T h e n  f ( U )  = { f  ( a )  : | f  ( a ) - f  ( Uq ) | <_ r  } .
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L e t  V = {b ;!) eB a n d  I b - f f a ^ ) ]  ^  r  }. T h e n  f ( U )  = VOf ( A)  .

H e n c e ,  y‘ ^ ( f ( U ) )  = y‘^ ( V n f ( A ) )  = y"^( v ) n y ' ^ ( f  ( A ) )

= y M v ) r > E  = y - i ( V ) .

S i n c e  y i s  m e a s u r a b l e ,  y ' ^ (V)  i s  a  m e a s u r a b l e  s e t  a n d  

h e n c e  x"^(U) i s  m e a s u r a b l e .

I t  m u s t  s t i l l  b e  s h o w n  t h a t  f o r  a n y  c o m p a c t  s e t  K c E ,  

t h e r e  i s  a  n e g l i g i b l e  s e t  S s o  t h a t  x ( K \ S )  i s  s e p a r a b l e .

S i n c e  y : E — >-B i s  m e a s u r a b l e ,  a  n e g l i g i b l e  s e t  S d o e s  e x i s t  

s o  t h a t  y ( K \ S )  i s  s e p a r a b l e .  L e t  H b e  a  c o u n t a b l e  d e n s e  

s u b s e t  o f  y ( K \ S ) .  L e t  H ' b e  t h e  s u b s e t  o f  x ( K \ S )  i n  a 

o n e - t o - o n e  c o r r e s p o n d e n c e  w i t h  H v i a  f .  H ' i s  c o u n t a b l e .

A l s o ,  H ( c l o s u r e  i n  y ( K \ S ) )  = y ( K \ S ) n H ( c l o s u r e  i n  B)

= y (K\  S ) .

H e n c e ,  x ( K \ S )  = f ^ ( y ( K \ S ) )  = ( y ( K \ S ) n H )

= x ( K \ S ) n f ^ ( H )  = x ( K \ S ) n H * ( c l o s u r e  i n  A) 

= H ' ( c l o s u r e  i n  x ( K \ S ) ) .

T h i s  m e a n s  H ' i s  d e n s e  i n  x ( K \ S )  s o  t h a t  x ( K \ S )  i s  

s e p a r a b l e .

P r o p o s i t i o n  2 . 1 8  I f  B — »-0 i s  s t r i c t l y  n o r m a l  e x a c t  

i n  IB, t h e n  f o r  a n y  X i n  IB,

X»B —  »X@C >-0

i s  n o r m a l  e x a c t .

P r o o f  ; S i n c e  ( i j ^ ® g ) : X 9 B — »X@C i s  a  s u r j e c t i o n ,  i ^ ®g( X®B)

i s  d e n s e  i n  X@C. To s h o w  i ^ ® g  i s  a  s u r j e c t i o n , i t  w i l l

b e  s h o w n  t h a t  t h e  i n d u c e d  map f r o m  X * B / K e r ( i x * 6 ) t o  X®C
n

i s  a n  i s o m e t r i c  m a p .  L e t  ^ x ^ a c ^  b e  i n  X®C. By a s s u m p t i o n ,
i  = l
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f o r  e a c h  i  = 1 , . . . , n ;  t h e r e  i s  a  b ^ c B  s u c h  t h a t  | b ^ |  =

I c j. 1 a n d  n n n
i y O g f  I  x . ® h  ) = I  x . ® g ( b  ) = I  x . ® c . .  

 ̂ 1=1 1 1=1  ̂ 1=1
n n

T h e r e f o r e ,  ^ | x . | | b .  | = | x . | | c . | .  C o n s i d e r i n g
1=1  ̂ 1=1 1

n ^
[ I  x . ® b . ]  a s  a n  e l e m e n t  o f  X ® B / K e r ( l  ®g) , 
x = l  1 n ^  n

I [ I  x . ® b ^ ] |  = I n f j u l  >_ I I  X ®c | .
1 = 1 ue[J]x^®b^] 1 = 1

m n
Now l e t  ^ x l ® c '  = J] x . @ c .  I n  X»C.  By a s s u m p t i o n ,  f o r

J=1  ̂  ̂ 1=1 1

e a c h  j  = 1 ,  . . . ,m t h e r e  e x i s t s  b \ s u c h  t h a t  | b ' |  = | c | |
j  j  j

a n d  g ( b ' )  = c ' .  T h e r e f o r e ,
 ̂ m m n

l y ® g ( % x ' ® b ' )  = I x ' ® c *  = % x . ® c . , a n d
i   ̂  ̂ i   ̂  ̂ 1

m m  m
= j ; i x ' | | c ' | .  

j  J J j  J j  j   ̂ j

S i n c e  t h i s  I s  t r u e  f o r  e a c h  e l e m e n t  o f  X®C e q u a l  t o  
n
I x . ®c ,  n n
i  I [ I x ^ ® b  ] I <_ I I x  ®c I .

i  i
Now l e t  y b e  a n y  e l e m e n t  o f  l j ^®g(X®B) .  T h e n  t h e r e

I s  a  s e q u e n c e  o f  e l e m e n t s  y ^  I n  X®C s u c h  t h a t  y ^  >-y

I n  X®C. By t h e  p r e c e d i n g  a r g u m e n t  , t h e r e  e x i s t  I n  

X®B s u c h  t h a t  | [ z ^ ] |  = | y%|  a n d  l j j ® g ( z j [ )  = y^^. S i n c e

| [ z ^ ] - [ z j ] |  = | [ z ^ - z j ] |  = l y ^ - y j ! ,

[ z ^ ]  I s  a  C a u c h y  s e q u e n c e  I n  X ® B / K e r ( l ^ ® g ) c o n v e r g i n g  

t o  some  [ z ]  a n d  l ^ ® g ( z )  = y . A l s o ,

| [ z ] |  = l l m | [ z ^ ] |  = l l m | y ^ |  = | y |

T h u s  X » B / K e r ( l  ®g) — »X®C I s  a n  I s o m e t r i c  ma p .
f  B

P r o p o s i t i o n  2 . 1 9  I f  0 — >-A ------ »-B  >-C — >-0
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i s  a  s t r i c t l y  n o r m a l  e x a c t  s e q u e n c e  i n  IB, t h e n

0 — »l | » A —  

i s  n o r m a l  e x a c t  i n  (B. 

P r o o f : By ( 2 . l 8 )  , l | » B —

►Liée

•■O i s  n o r m a l  e x a c t By

( 2 . 1 6 ) ,  t h e  f u n c t o r s  a n d  L  ̂ a r e  n a t u r a l l y  e q u i v a l e n t
I

b y  a  n a t u r a l  e q u i v a l e n c e  x .  H e n c e  t h e  d i a g r a m

( * ) 0  ►Ljé'A --------*-l|® b

?A

-> L |éc- -»0

( * * ) 0
L ^ f

--»0

c o m m u t e s .  S i n c e  L ^ f  i s  i s o m e t r i c  a n d  ( * * )  i s  e x a c t  a t  

Lg b y  ( 2 . I T ) ,  s e q u e n c e  ( * )  i s  n o r m a l  e x a c t .

C o r o l l a r y  2 . 2 0  I f  0 — >-A— >-B — >-0— >-0 i s  s t r i c t l y  n o r m a l  

e x a c t  i n  B ,  t h e n  0 — >-L  ̂ — >-Lg— >-Lq — ►O i s  n o r m a l  e x a c t  

i n  B .

P r o p o s t i o n  2 . 2 0  L e t  0 — ►A — ►B — *-0 — ►O b e  a  s t r i c t l y  

n o r m a l  e x a c t  s e q u e n c e  i n  B .  I f  X i s  a  r e t r a c t  o f  L 1

( m e a n i n g  t h e r e  e x i s t s  f  :X — >-Lj w i t h  | f |  ^ 1  a n d  g : L |  >-X

w i t h  I g I <_ 1 s u c h  t h a t  g o f  = i ^ )  , t h e n

0  — »x@A — » x éB — ►xéc  *-0

i s  n o r m a l  e x a c t  i n  B.

P r o o f  : S i n c e  g o f  = i ^  a n d  | g | £  1 ,  f  i s  a n  i s o m e t r i c

m a p .  S i n c e  f o r  a n y  B a n a c h  s p a c e  Y,  f * i y  :X 8Y — >-L^BY a n d

g i i y  : L j ®Y >-X®Y a r e  i n  B s o  t h a t  ( g * i y  ) « ( f  ® i y  ) = ix®Y*

[ f i i y l  £  1 ,  a n d  | ( g ® i y ) |  <_ 1 ;  f ® i y  i s  a n  i s o m e t r i c  ma p .

S i n c e  t h e  f o l l o w i n g  d i a g r a m  i s  c o m m u t a t i v e  w i t h  t h e
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m i d d l e  r o w  n o r m a l  e x a c t  b y  ( 2 . 1 9 )  » t h e  t o p  ( o r  b o t t o m )  

r o w  i s  n o r m a l  e x a c t .

0 ------- >-X®A----->-X»B------- -»-X»C----->-0

1 1 1
0 — >-l |®A — »L^@B — )-L^®C  >-0

1 I 1
0  »X@A  »X®B  »X«C  »-0

Lemma 2 . 2 2  I f
f  g 

0 — *-A — >-B — >-C >-0

i s  n o r m a l  e x a c t  i n  B ,  t h e n
g* f *

0 — >-C* ■----- >-B* --------->-A* — >-0

i s  s t r i c t l y  n o r m a l  e x a c t ,  
f *

P r o o f ;  B* --------- >-A*— >-0 i s  s t r i c t l y  n o r m a l  e x a c t  d u e  t o  t h e
g*

H a h n - B a n a c h  t h e o r e m  [ 3 ,  p .  6 3 ] .  To s h o w  0 — >-C* --------->-B*

i s  s t r i c t l y  n o r m a l  e x a c t ,  i t  m u s t  b e  s h o w n  | g * ( c * ) |  = | c * |  

f o r  a l l  c * e C * .  S i n c e  | g * |  <_ 1 ,  | g * ( c * )  | <_ | c * | .  L e t

e > 0 b e  a r b i t r a r y .  F o r  e a c h  c i n  C,  t h e r e  e x i s t s  b ^  i n  

B s o  t h a t  g ( b g )  = c a n d  | b g |  <_ | c |  + E .  H e n c e ,

| c * ( c ) |  = | c * ( g ( b g ) ) |  = | g * ( c * ) ( b ^ ) |

1  | g * ( c * ) | | b g |  <_ | g * ( c * ) | ( | c |  + E )

= I g*(  c * ) I I C I+ I g*(  C * ) I E.

S i n c e  e>0 i s  a r b i t r a r y ,  | c * ( c ) |  £  | g * ( c * ) | ' | c |  s o  t h a t  

I c *  I _< | g * ( c * ) | .

E x a c t n e s s  a t  B* m u s t  y e t  b e  s h o w n .  S u p p o s e  f * ( b * )  = 

b * o f  = 0 .  I
A
b *

\ c *
f g

"A— »-B — *-C
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T h i s  m e a n s  K e r  b * o Im  f  = K e r  g .  D e f i n e  c * ; C — >-1 b y  

c * ( c )  = b * ( b )  w h e r e  g ( b )  = c .  T h i s  i s  w e l l - d e f i n e d ,  

s i n c e  i f  b ' eB s o  t h a t  g ( b ' )  = c , t h e n  g ( b - b ' )  = 0 s o  

t h a t  b * ( b - b ' )  = 0 .  By a n  a r g u m e n t  s i m i l a r  t o  t h a t  a b o v e ,  

j c * |  = | b * |  a n d  c l e a r l y  g * ( c * )  = b * .

C o r o l l a r y  2 . 2 3  I f  0  >-A »"B— >-0— >-0 i s  a  n o r m a l  e x a c t

s e q u e n c e  w i t h  B r e f l e x i v e ,  t h e n  i t  i s  s t r i c t l y  n o r m a l  e x a c t .

T h e  p r o o f  o f  t h e  f o l l o w i n g  p r o p o s i t i o n  c a n  b e  f o u n d  

i n  [ ? ] .

P r o p o s i t i o n  2 . 2 h  X i s  e q u i v a l e n t  t o  a  s p a c e  ( f o r  

some  R a d o n  m e a s u r e  y o n  a  l o c a l l y  c o m p a c t  s p a c e  E ) i f  

a n d  o n l y  i f  f o r  e a c h  B a n a c h  s p a c e  B a n d  c l o s e d  l i n e a r

s u b s p a c e  A o f  B ,  t h e  map i ^ « f ; X ® A  >-X®B i s  a n  i s o m e t r i c

( i n t o )  map w h e r e  f  ;A — »-B i s  t h e  i n s e r t i o n  m a p .

Lemma 2 . 2 5  I f  X i s  a  B a n a c h  s p a c e  s u c h  t h a t  X** i s  

( e q u i v a l e n t  t o )  a  s p a c e  , t h e n  X i s  a l s o  a  s p a c e  l | .

P r o o f  ; L e t  A b e  a n y  B a n a c h  s p a c e ,  BcA a n y  c l o s e d  s u b ­

s p a c e ,  a n d  f  :A — »-B t h e  i n s e r t i o n  m a p .  By ( 2 . 2 4 )  i t  

s u f f i c e s  t o  s ho w i ^ @ f  i s  i s o m e t r i c .  L e t  Hjj JX— »X** b e  

t h e  n a t u r a l  e m b e d d i n g .  I t  s u f f i c e s  t o  s h o w  r i j f®i^ i n  t h e  

d i a g r a m

X»A ----------   »X@B

n x » ^ B

X**@A -----   »X**@B

i s  i s o m e t r i c .  By ( 2 . 2 2 )  i t  i s  t h e  s a m e  t o  s h o w  ( n ^ ^ i ^ ^ * :  

( X * * @ A ) * — »(X@A)* i s  a  ( s t r i c t l y )  n o r m a l  e p i m o r p h i s m .
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H o w e v e r  3 (X**®A)*  a n d  ( X # A) *  a r e  B L ( X * * , A )  a n d  B L ( X , A )  

r e s p e c t i v e l y  ,  t h e  s p a c e s  o f  c o n t i n u o u s  b i l i n e a r  f o r m s  on  

X**XA a n d  XXA. A l s o ,  B L ( X , A )  i s  e q u i v a l e n t  t o  B ( A , X * )  b y

t h e  map H  »Gg,  w h e r e  ( G ^ ( a ) ) x  = H ( x , a ) .  F o r  e a c h  H i n

B L ( X , A )  3 a s s o c i a t e  t o  Gg t h e  e l e m e n t  Hx»® B ( A , X * * * ) .

S i n c e  B ( A , X * * * )  i s  e q u i v a l e n t  t o  B L ( X * * , A ) ,  t o  i s

a s s o c i a t e d  t h e  f o r m  H i n  B L ( X * * , A ) ,  g i v e n  b y

H ( x * * , a )  = [ n % * o G g ( a ) ] x * * .

Now H ” r e s t r i c t e d " t o  XxA i s  e q u a l  t o  H. I n d e e d ,  i f  x i s  

i n  X ^ X * * ( c o n s i d e r  X a s  s u b s p a c e  o f  X * * ) , t h e n

H ( ± , a )  = [ tix* °G j j ( a )  ] x  = [ n % * ( G g ( a ) ] x

= x ( G ^ ( a ) )  = [ G j j ( a ) ] x  = H ( x , a ) .

A l s o ,  | H |  = | n x * o G g |  = |Gj j |  = | H | .

H e n c e  3 i s  a  s t r i c t l y  n o r m a l  e p i m o r p h i s m  o r

n ^ e i ^  i s  a n  i s o m e t r i c  m a p .  I t  f o l l o w s  t h a t  i ^ ^ f  i s  

i s o m e t r i c .

Lemma 2 . 2 6  S u p p o s e  X i s  a  B a n a c h  s p a c e  s a t i s f y i n g  t h e  

c o n d i t i o n s  i l l u s t r a t e d  i n  t h e  f o l l o w i n g  d i a g r a m .

X
//

y
B -

g /  
h

f

T h e  m o r p h i s m  h i s  a  n o r m a l  e p i m o r p h i s m  , w h i l e  d i m  B = 3 

a n d  d i m  C = 2 .  I t  i s  a s s u m e d  t h a t  f o r  a l l  s u c h  B ,  C,  

a n d  h : B — >-C, f o r  a n y  f e B ( X , C )  ,  t h e  d i a g r a m  c a n  b e  f i l l e d  

i n  w i t h  g e B ( X , B )  s o  t h a t  h o g  = f  a n d  | g |  = | f | .  T h e n  

X* s a t i s f i e s  t h e  c o n d i t i o n  t h a t  f o r  a n y  B a n a c h  s p a c e  YcZ
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w i t h  d i m  Z = 3 a n d  d i m  Y = 2 ,  e v e r y  e l e m e n t  i n  B ( Y , X * )  

h a s  a  n o r m  p r e s e r v i n g  e x t e n s i o n  f r o m  Z t o  X*.

0

P r o o f  : A m o r p h i s m  g ’ e B ( Z , X * )  m u s t  b e  f o u n d  s o  t h a t

I g ' I = I f ' I a n d  g ' o h '  = f  w h e r e  h '  i s  t h e  i n s e r t i o n  ma p .

C o n s i d e r  t h e  d u a l  d i a g r a m  w h e r e  c ^ i X  »X** i s  t h e  c a n o n i c a l

e m b e d d i n g .

X

g /
/

/
/

/  h '  *
Z*

X 

X**

f t  *

^Y*

By a s s u m p t i o n ,  g :X >-Z* e x i s t s  s o  t h a t  h  ' *o g = f ' * « c ^

a n d  | f ' * o c % |  = I g I .

X*

X ***

f  I * *

h ' * *

I f  f  ' c a n  b e  s h o w n  t o  b e  c * o f ' * * « C y ,  t h e n  l e t t i n g  g ' = 

g * o C 2 3 t h e  p r o p o s i t i o n  i s  p r o v e d .  L e t  yeY a n d  x e X .  

T h e n  i f  y  d e n o t e s  C y ( y )  a n d  x d e n o t e s  c % ( x ) ,
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[ ( c * o f * * * 0 C y ) y ] x  = [ c * ( f ' * * ( y ) ) ] x

= [ f  • * * ( y  )o Cj^]x 

= [ y . f * * , c ^ ] x  = [ y » f ' * ] x  

= y ( f ' * ( x ) ) = y ( x o f ' )

= ( x » f ' ) y  = x ( f • ( y ) )

= f * ( y ) ( x ) .

T h i s  m e a n s  c ^ o f ' * * o C Y  = f ' .

T h e  n e x t  lem m a w i l l  a l s o  b e  u s e d  b e l o w .

Lemma 2 . 2 7  I f  X i s  a  B a n a c h  s p a c e ,  S y ^ i x ^ y V ^ )  d e n o t e s  

{ x e X : | x - X q |  ^ T q } .  I f  t w o  b a l l s  S ^ f x ^ . r ^ )  a n d  S ^ f x g i T g )  

i n t e r s e c t  i n  X ,  t h e n  ( x ^  , r ^  )nSY(  Xg j r g  A ^  (f) w h e r e  A i s  

a n y  t w o - d i m e n s i o n a l  s u b s p a c e  o f  X c o n t a i n i n g  x ^  a n d  Xg.  

P r o o f : L e t  C = ( l - a ) x j ^ + a x g  , 0 ^  a ^  1 ,  b e  t h e  c u r v e  i n

X c o n n e c t i n g  Xj  ̂ a n d  Xg .  C i s  h o m e o m o r p h i c  t o  [ 0 , l ] .

H e n c e  t h e r e  e x i s t s  a  maximum i n  [ 0  , 1 ]  s o  t h a t

( 1 - O q ) x^+OQXg i s  i n  S ^ C x ^ j y ^ ) .  I t  c a n  b e  s h o w n  t h a t  

[ ( l - a o i x i + a g X g - x ^ l  = r ^  a n d  | ( 1 - a ^  ) Xj^+a^Xg-Xg j £ r g .

T h e  f o l l o w i n g  f a c t s  , g i v e n  h e r e  w i t h o u t  p r o o f  , w i l l  

b e  n e e d e d  f o r  t h e  n e x t  p r o p o s i t i o n .

F a c t s  2 . 2 8  ( l )  I f  X i s  a  B a n a c h  s p a c e ,  l e t  {Sj j(X|^ , r ^  ) }

b e  a  c o l l e c t i o n  o f  m u t u a l l y  i n t e r s e c t i n g  b a l l s  i n  X.

T h e n  t h e r e  i s  a  B a n a c h  s p a c e  Z3X w i t h  d i m  Z / X = 1 s u c h  

t h a t  n S g C x j j j j r ^ )  ^ <|). F o r  p r o o f  s e e  [ 8  , p . 5 1 ]  a n d  [ 1 2 ] .

( 2 ) L e t  X b e  a  B a n a c h  s p a c e  s u c h  t h a t  S j ^ ( 0 , l )  h a s  

a t  l e a s t  o n e  e x t r e m e  p o i n t ,  a n d  s u c h  t h a t  X h a s  t h e  

f o l l o w i n g  p r o p e r t y  :
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F o r  e v e r y  c o l l e c t i o n  o f  f o u r  m u t u a l l y  i n t e r s e c t i n g

b a l l s  { S % ( x ^ , r / ) :  i  = 1 , 2  , 3 , 4 }  s u c h  t h a t  {x^ : i  =

1 , 2 , 3 , 4 }  s p a n  a  t w o - d i m e n s i o n a l  s u b s p a c e  o f  X ,

S ( x .  , r .  + e )  # <t> f o r  e v e r y  e>0 .  
i  = l  ^

T h e n  X* i s  a  s p a c e  L j .  F o r  p r o o f  s e e  [ 8 ,  p . 7 1 } .

T h e o r e m  2 . 2 9  T h e  f o l l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t .

( 1 )  X i s  e q u i v a l e n t  t o  a  s p a c e  L ^ .

( 2 )  I f  B i s  r e f l e x i v e  a n d

0 — >-A — >-B — >-C >-0

i s  a n y  n o r m a l  e x a c t  s e q u e n c e  i n  B ,  t h e n

0 — hB(X,A) — H B ( X , B )  » B ( X , C )  >-0

i s  s t r i c t l y  n o r m a l  e x a c t .

( 3 )  Sam e a s  ( 2 )  w i t h  B f i n i t e  d i m e n s i o n a l .

( 4 )  Same a s  ( 2 )  w i t h  d i m  B = 3 a n d  d i m  C = 2 .

P r o o f  : S t a t e m e n t  ( 1 )  i m p l i e s  ( 2 ) .  By ( 2 . 2 2 )

0 — »-c* — >-B* — >-A* — >-0 

i s  s t r i c t l y  n o r m a l  e x a c t .  By ( 2 . 1 9 )

0 — >(X®C*) — »(X@B*) — »(X@A*) »-0

i s  n o r m a l  e x a c t .  A g a i n  b y  ( 2 . 2 2 )

0 — » ( X 0 A* ) *  — »(X@B*)* — » ( X 0 C * ) *  — "O 

i s  s t r i c t l y  n o r m a l  e x a c t .  By ( 1 . 7 )  t h e  f o l l o w i n g  d i a g r a m  

i s  c o m m u t a t i v e  w i t h  a n d  Çq e q u i v a l e n c e s .

( * )  0 — » ( X 0 A * ) *  — » ( X 0 B * ) *  — »-(X»C*)* — >-0

SA SB

( * * )  0 — » B ( X , A * * ) —» B ( X , B * * ) —►B(X,C**)—►O

T h i s  m e a n s  s e q u e n c e  ( * * )  i s  s t r i c t l y  n o r m a l  e x a c t ,  o r
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s i n c e  B i s  r e f l e x i v e  ( h e n c e  A a n d  C a r e  r e f l e x i v e ) ,

0 — H B ( X , A )  H B ( X , B )  H B ( X , C )  i-O

i s  s t r i c t l y  n o r m a l  e x a c t .

T h e  p r o o f s  t h a t  ( 2 )  i m p l i e s  ( 3 )  a n d  ( 3 )  i m p l i e s  ( 4 )  

a r e  t r i v i a l .

S t a t e m e n t  (U)  i m p l i e s  ( 1 ) . F ro m t h e  h y p o t h e s i s  o f

( 4 ) ,  X s a t i s f i e s  t h e  c o n d i t i o n s  o f  ( 2 . 2 6 ) .  I t  w i l l  b e  

e s t a b l i s h e d  t h a t  X* ( i n  w h i c h  t h e  u n i t  b a l l  a lw a y s  h a s  

a n  e x t r e m e  p o i n t  b y  t h e  K r e i n - M i l m a n  t h e o r e m  [ 3  , p . 4 4 o ] )  

s a t i s f i e s  ( 2 )  o f  ( 2 . 2 8 )  s o  t h a t  X** w i l l  b e  a  s p a c e  L j .

By ( 2 . 2 5 ) X w i l l  t h e n  b e  a  s p a c e  L j .  I t  i s  s u f f i c i e n t  

t o  s ho w t h a t  f o r  e v e r y  c o l l e c t i o n  o f  f o u r  m u t u a l l y  i n t e r ­

s e c t i n g  b a l l s  (Sj j#  ( x ^  , r ^  ) : i  = 1 , 2 , 3 , 4 }  s u c h  t h a t  t h e  

c e n t e r s  s p a n  a  t w o - d i m e n s i o n a l  s u b s p a c e  o f  X* , t h e r e  

e x i s t s  a  X i n  X* s u c h  t h a t  | x - x ^ |  ^  r ^  f o r  i  = 1 , . . .  , 4 .  

L e t  Y b e  t h e  t w o - d i m e n s i o n a l  s u b s p a c e  s p a n n e d  b y  t h e  s e t  

{ x ^ :  i  = 1 , 2 , 3  , 4 } .  By ( 2 . 2 7 )  t h e  b a l l s  i n  { S Y ( x £ , r ^ ) ;  

i  = 1 , 2 , 3 , 4 }  a r e  m u t u a l l y  i n t e r s e c t i n g .  By ( 1 ) o f  ( 2 . 2 8 )  

t h e r e  e x i s t s  ZdY w i t h  d i m  Z/Y = 1 a n d  a  p o i n t  z i n  Z 

s u c h  t h a t  I z - x ^  I = r ^  f o r  i  = 1 , .  . . 4 .  L e t  g : Z — »-X* b e  

t h e  o p e r a t o r  w h o s e  r e s t r i c t i o n  t o  Y i s  t h e  i n s e r t i o n  

f  :Y — >-X* a n d  f o r  w h i c h  | g |  = | f |  ( s e e  ( 2 . 2 6 ) ) .  T h e n  

X = g ( z )  s a t i s f i e s  f o r  e a c h  i  = 1 , . . . , 4 ,

| x - X i |  = | g ( z - x ^ ) |  ^  | z - x ^ |  £  r ^ .  Q . E . D .

One m i g h t  a s k  w h e t h e r  t h e  c o n d i t i o n  t h a t  B b e  

r e f l e x i v e  i n  ( 2 )  o f  ( 2 . 2 9 )  may b e  d r o p p e d .  T h e  a n s w e r
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i s  c o n t a i n e d  i n  t h e  f o l l o w i n g  t h e o r e m .  I n  o r d e r  t o  p r o v e  

t h i s  t h e o r e m ,  s e v e r a l  o b s e r v a t i o n s  f r o m  t h e  l i t e r a t u r e  

a r e  n e e d e d ,  a n d  t h e y  a r e  g i v e n  h e r e  w i t h o u t  p r o o f .

F a c t s  2 . 3 0  ( 1 )  L e t  X b e  a  s p a c e  w h e r e  t h e  m e a s u r e  i s

n o t  d i s c r e t e .  T h i s  m e a n s  t h a t  i s  n o t  a  s p a c e  ( s e e  

( 2 . l 4 ) ) .  T h e n  X c o n t a i n s  a  s u b s p a c e  i s o m e t r i c  t o  L ^ ( 0  ,1 ) .  

( L H  0 , 1 )  i s  t h e  c l a s s i c a l  s p a c e  o f  L e b e s q u e  i n t e g r a b l e  

f u n c t i o n s  f r o m  ( 0 , l )  t o  I . )  S e e  [ 6 ,  p . 1 5 9 ] .  H e n c e ,

X h a s  a  s u b s p a c e  i s o m e t r i c  t o  t h e  t w o - d i m e n s i o n a l  i n n e r  

p r o d u c t  s p a c e  [ 9 ,  p . ^ 9 3 ] .

( 2 )  A B a n a c h  s p a c e  i s  c a l l e d  s m o o t h  i f  t h e  n o r m  i s  

G a t e a u x  d i f f e r e n t i a b l e  a t  e v e r y  p o i n t  o n  t h e  b o u n d a r y  o f  

i t s  u n i t  b a l l .  T h e  s p a c e  d o e s  n o t  c o n t a i n  a n y  s m o o t h  

s u b s p a c e  [ 9 »  p . 4 9 8 ] .  T h e  t w o - d i m e n s i o n a l  i n n e r  p r o d u c t  

s p a c e  i s  s m o o t h  [ 2 ,  p . 1 1 9 ] .

T h e o r e m  2 . 3 1  T h e  f o l l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t .

( 1 )  X i s  e q u i v a l e n t  t o  a  s p a c e  f ^ .

( 2 )  I f

( * )  0 — *-A — >-B — >-C — >-0

i s  a n y  n o r m a l  e x a c t  s e q u e n c e  i n  IB, t h e n

( * * )  0 — >-IB(X,A) — »-BX,B) — » - B ( X , C ) --»-0

i s  n o r m a l  e x a c t .

( 3 )  I f  ( * )  i s  s t r i c t l y  n o r m a l  e x a c t  i n  B ,  t h e n  

( * * )  i s  s t r i c t l y  n o r m a l  e x a c t .

( 4 )  I f  0 —>A — >-B— >-X— >-0

i s  s t r i c t l y  n o r m a l  e x a c t  i n  B ,  t h e n  f o r  e v e r y
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B a n a c h  s p a c e  Y ,

0 — "B ( Y , A )  HE ( Y , B )  HB ( Y , x )  >-0

i s  s t r i c t l y  n o r m a l  e x a c t .

P r o o f  : S t a t e m e n t  ( 3 )  i m p l i e s  ( 1 ) ♦ L e t  A b e  a  c l o s e d

l i n e a r  s u b s p a c e  o f  t h e  B a n a c h  s p a c e  B a n d  l e t  f  :A >-B

b e  t h e  i n s e r t i o n  m a p .  T h e  s e q u e n c e

0 — ►A — >"B »B/A >-0

i s  a  n o r m a l  e x a c t  s e q u e n c e .  By ( 2 . 2 2 )  , t h e  s e q u e n c e

0 — » ( B / A ) *  — >-B* — ►A* ►O

i s  s t r i c t l y  n o r m a l  e x a c t .  T h e r e f o r e  b y  ( 3 ) ,

0 — HB(X, ( B / A ) * )   H B ( X , B * )  HB(X,A*)   >-0

i s  s t r i c t l y  n o r m a l  e x a c t .  T h e r e f o r e  b y  ( 1 . 8 )  , t h e  

f o l l o w i n g  d i a g r a m  i s  c o m m u t a t i v e .

( * )  0 — HB(X, ( B / A ) * )  — » B( X , B * )   H B ( X , A * )  »0

^B/ A

( * * )  0  » ( X 0 B / A ) *   »(XBB)*------ »(X@A)* — "0

T h e r e f o r e  ( * * )  i s  s t r i c t l y  n o r m a l  e x a c t  w h i c h  i m p l i e s  ,

0 — >•( X®A ) * * ---->•( X®B ) **  — >•( X®C ) ** — >"0

i s  s t r i c t l y  n o r m a l  e x a c t .  T h i s  m e a n s  X®A »X®B i s  a n

i s o m e t r i c  m a p ,  s o  t h a t  b y  { 2 . 2 k )  ,  X i s  e q u i v a l e n t  t o  a  

s p a c e  L j .  I t  m u s t  s t i l l  b e  e s t a b l i s h e d  t h a t  t h e  m e a s u r e  

M i s  d i s c r e t e ,  t h a t  i s ,  X i s  a  s p a c e  . I f  n o t ,  b y  ( 1 )  

o f  ( 2 . 3 0 ) , X h a s  a  s u b s p a c e  i s o m e t r i c  t o  t h e  t w o - d i m e n ­

s i o n a l  i n n e r  p r o d u c t  s p a c e .  C o n s i d e r  t h e  s p a c e  = 

| j ( S ^ , p )  a s  i n  ( 2 . l 4 )  w h e r e  i s  t h e  u n i t  b a l l  o f  X 

w i t h  t h e  d i s c r e t e  t o p o l o g y .  I f  t e ^ ^ ,  t  c a n  b e  w r i t t e n

'B
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a s  ^ X. Xy w h e r e  t ( x . ) = X. a n d  I | X .  | < “ . D e f i n e

h : ^ 2 — b y  h (  'I X^x% ) = ^ X ^ x ^ .  T h e n  t h e  s e q u e n c e
x ^ eS^  i

0 — >Ker h — ---- >0

i s  s t r i c t l y  n o r m a l  e x a c t .  I f

0 — > B ( X , K e r  h )  — H B ( X , | j ) — H B ( X , X )  ►O

i s  s t r i c t l y  n o r m a l  e x a c t ,  t h e  map i ^ : X  — >-X h a s  a  n o r m  

p r e s e r v i n g  l i f t i n g  X — *"^j* T h i s  m e a n s  t h e  d i a g r a m

/

l î i— »•
=-x

"X

c o m m u t e s  f o r  some f  : X— wh e r e  | f |  = 1 .  M o r e o v e r ,  f  i s

a n  i s o m e t r i c  map a s  | x |  = | h ( f ( x ) ) |  ^  | f ( x ) |  ^  | x |  f o r

a l l  X i n  X. T h e r e f o r e ,  / f^  c o n t a i n s  a  s m o o t h  s u b s p a c e ,

t h e  s p a c e  i s o m e t r i c  t o  t h e  i n n e r  p r o d u c t  s u b s p a c e  o f  X.

By ( 2 )  o f  ( 2 . 3 0 ) ,  t h i s  i s  i m p o s s i b l e .

S t a t e m e n t  ( 1 )  i m p l i e s  ( 2 ) . L e t  Z b e  a n y  B a n a c h

s p a c e .  T h e  s p a c e  IB ( ( E , y ) ,Z ) i s  i s o m e t r i c a l l y  i s o m o r p h i c

t o  I ” , t h e  s p a c e  o f  b o u n d e d  s e q u e n c e  ( z  ) ,  a e E ,  o f  e l e -  
Ù 01

m e n t s  o f  Z.  T h i s  i s o m o r p h i s m  i s  g i v e n  b y

n a c E
L e t  k : K j — ►C b e  i n  B a n d  l e t  e>0  b e  a r b i t r a r y .

k

B  ®-----»-C — »0

T h e r e  e x i s t s ,  t h e r e f o r e ,  a  u n i q u e  e l e m e n t  c = ( c ) i n
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c o r r e s p o n d i n g  t o  k a s  a b o v e ;  a n d  | e |  = s u p  | c | = | k | .
a e E  “

F o r  e a c h  a e E ,  l e t  b ^ e B  b e  s u c h  t h a t  gCb^,)  = c^  ̂ a n d

| cq , |  ^  | b a | - e .  S e t  b = T h e n  b e { g  a n d

| b |  = s u p l b ^ l  1  s u p ( | c g | + e )  <_ | c | + e .  
a e E  a e E

T h e  e l e m e n t  b  c o r r e s p o n d s  t o  a  c o n t i n u o u s  l i n e a r  map 

h : — >-B w i t h  | h |  = | b |  £  | k | + e .  I t  i s  i m m e d i a t e  t h a t

g o h  = k .  H e n c e ,

B( K | , B )  ,C) — ^0

i s  n o r m a l  e x a c t .  I t  i s  e a s y  t o  s h o w  t h a t  f o r  a n y  s p a c e  

X i n  B t h e  s e q u e n c e

0 —>B(X, A)  — MB(X, B)  »B( X, C)

i s  n o r m a l  e x a c t .  H e n c e  ( 1 )  i m p l i e s ( 2 ) .

S t a t e m e n t  ( 1 )  i m p l i e s  ( 3 ) . I f  

0 — >-A — *-B — >-C — >-0 

i s  s t r i c t l y  n o r m a l  e x a c t ,  i n  t h e  p r o o f  o f  ( 1 )  i m p l i e s  ( 2 )  , 

| c g j  = I b ^ l  w i t h  g ( b g )  = Cĝ  s o  t h a t  | b |  = | c | .  T h e r e f o r e  

| k I  = | h  I .

S t a t e m e n t  ( 2 )  i m p l i e s  ( 1 ) . By a  d e m o n s t r a t i o n  

s i m i l a r  t o  t h a t  i n  t h e  p r o o f  t h a t  ( 3 )  i m p l i e s  ( l )  ,  i t  c a n  

b e  s h o w n  t h a t  X m u s t  b e  e q u i v a l e n t  t o  a  s p a c e  L j .  I t  

m u s t  s t i l l  b e  s h o w n  t h a t  t h i s  i s  a  s p a c e  j f j .  C o n s i d e r  

a g a i n  t h e  s p a c e  ^ ^ ( S % , p )  a s  i n  ( 2 . l 4 )  w h e r e  S ^  i s  t h e  

u n i t  b a l l  o f  X. As s h o w n  i n  t h e  p r o o f  o f  ( 3 )  i m p l i e s  ( 1 ) ,  

X i s  i s o m o r p h i c  t o  a  q u o t i e n t  s p a c e  ^ ^ ( S % , # ) / H .  By 

a s s u m p t i o n ,  s i n c e

0 — >-H — — —>■ I j  ( , p ) / H — >-0
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i s  n o r m a l  e x a c t  ,

0  H B ( X , H )  >-B(X )  HB(X, f ^ / H )  — >0

i s  n o r m a l  e x a c t .  I f  g e B ( X , j ? j / H )  i s  t h e  i s o m o r p h i s m  m e n ­

t i o n e d  a b o v e ,  t h e n  k : X — e x i s t s  s o  t h a t  h «k = g o r  

( ^ ^ o h ) o k  = i ^ .  T h e r e f o r e ,  X i s  a  r e t r a c t  o f  I n

t h e  w e a k l y  c o m p a c t  s u b s e t s  a r e  c o m p a c t  [ 3 ,  p . 2 9 5 ] .  

T h e r e f o r e  , t h e  s a m e  i s  t r u e  f o r  X. H o w e v e r ,  i f  X i s  a 

s p a c e  L j  w h e r e  t h e  m e a s u r e  i s  n o n d i s c r e t e  , X c o n t a i n s  

L ^ ( 0 , l )  b y  ( l )  o f  ( 2 . 3 0 ) .  Bu t  i n  L ^ ( 0  , 1 )  t h e  s e q u e n c e  

f ^  = s i n  n x  f o r  n = 1 , 2 ,  . . .  , f o r  e x a m p l e ,  c o n v e r g e s

w e a k l y  b u t  n o t  i n  t h e  n o r m  t o p o l o g y .  S e e  [ l 8 ,  p p . 3 3 6  + 

3 7 7 ] .  T h e r e f o r e  X m u s t  b e  a  s p a c e  j f ^ .

S t a t e m e n t  ( U) i s  e q u i v a l e n t  t o  ( 1 ) . T h e  p r o o f  c a n  

b e  f o u n d  i n  [9  , p . U 9 8 ] .

T h e o r e m  2 . 3 0  T h e  f o l l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t .

( 1 )  X i s  e q u i v a l e n t  t o  L j .

( 2 )  I f

( * )  0 — >A — >-B — >-0 — »-0

i s  s t r i c t l y  n o r m a l  e x a c t ,  t h e n

( * * )  0 — »X@A— »X@B »X0C— *-0

i s  n o r m a l  e x a c t .

( 3 )  I f  ( » )  i s  n o r m a l  e x a c t  w i t h  B r e f l e x i v e ,  

t h e n  ( * * )  i s  n o r m a l  e x a c t .

( k )  I f  { * )  i s  n o r m a l  e x a c t  w i t h  B f i n i t e  

d i m e n s i o n a l ,  t h e n  ( * * )  i s  n o r m a l  e x a c t .

( 5 )  I f  ( * )  i s  n o r m a l  e x a c t  w i t h  B o f  d i m e n s i o n
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3 a n d  C o f  d i m e n s i o n  1 , t h e n  ( * * )  i s  n o r m a l  

e x a c t .

P r o o f  : S t a t e m e n t  ( 1 )  i m p l i e s  ( 2 )  b y  ( 2 . 1 9 )  U s i n g

( 2 . 2 3 )  , s t a t e m e n t  ( 2 )  i m p l i e s  ( 3 ) .  I t  i s  e a s y  t o  s e e  

t h a t  ( 3 )  i m p l i e s  ( 4 )  a n d  (U)  i m p l i e s  ( 5 ) .  I t  m u s t  now 

b e  s h o w n  t h a t  ( 5 )  i m p l i e s  ( l ) .  L e t

0 —>W — "Y — "Z — >-0 

b e  a n y  n o r m a l  e x a c t  s e q u e n c e  i n  B w i t h  d i m  Y = 3 a n d  

d i m  Z = 2 .  By ( 2 . 2 2 ) ,

0 ""> Z ̂  ~ > Y * — — ^0 

i s  s t r i c t l y  n o r m a l  e x a c t  w i t h  d i m  Y* = 3 a n d  d i m  W* = 1,  

By a s s u m p t i o n ,

0 — »X@Z* —»X8Y* — »X0W* — >-0 

i s  n o r m a l  e x a c t .  By ( 2 . 2 2 )  ,

0 — »(X@W*)* —>(X®Y*)* —>( X®Z*) *  — "O 

i s  s t r i c t l y  n o r m a l  e x a c t .  As i n  t h e  p r o o f  o f  ( 2 . 2 9 )  , 

t h i s  m e a n s  t h a t

0 — »B(X, W**)  —> B ( X , Y * * )  » B ( X , Z * * )  *-0

i s  s t r i c t l y  n o r m a l  e x a c t .  H e n c e ,

0 — »-B(X,W) — » B ( X , Y )  — » B ( X , Z )  — "O 

i s  s t r i c t l y  n o r m a l  e x a c t .  By ( 2 . 2 9 )  , X i s  e q u i v a l e n t

t o  L j  .
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I l l  NATURAL TRANSFORMATIONS AND THEIR DUALS

D e f i n i t i o n  3 . 1  L e t  x : F — »-G b e  a  n a t u r a l  t r a n s f o r m a t i o n

f r o m  f u n c t o r  F t o  G. T h e  d u a l  t r a n s f o r m a t i o n  D x : DG  >-DF

( r e f e r  t o  ( l . l O ) )  t o  x i s  t h e  t r a n s f o r m a t i o n  w h i c h  a s s i g n s  

t o  e a c h  o b j e c t  X i n  B t h e  m o r p h i s m  ( D x ) ^ : D G X — »DFX d e f i n e d  b y

( ( D x ) ^ n ) ^  = n ^ ' X ^  f o r  neDGX , A i n  B.  

D e f i n i t i o n  3 . 2  L e t  x :F — >-G b e  a  n a t u r a l  t r a n s f o r m a t i o n .

To e a c h  m o r p h i s m  f  : X — >-Y i n  B a s s o c i a t e  t h e  m o r p h i s m  

x ( f )  d e f i n e d  a s  x ^ o F ( f )  o r  i t s  e q u a l  G f ° x ^ .

T h e  t r a n s f o r m a t i o n  x i s  c a l l e d  a  c o m p a c t  n a t u r a l  t r a n s ­

f o r m a t i o n  i f  w h e n e v e r  f  :X — >-Y i s  a  c o m p a c t  o p e r a t o r  

[ 3 ,  p . U 8 5 ] j  ? ( f )  i s  a l s o  a  c o m p a c t  o p e r a t o r .

D e f i n i t i o n  3 . 3  S i m i l a r  t o  ( 3 . 2 )  , t h e  c o n c e p t s  o f  w e a k l y  

c o m p a c t  , e p i m o r p h i c , a n d  m o n o m o r p h i c  n a t u r a l  t r a n s f o r m a t i o n s  

a r e  d e f i n e d .  T h u s ,  f o r  e x a m p l e ,  x i s  a  m o n o m o r p h i c  

t r a n s f o r m a t i o n  i f  w h e n e v e r  f  i s  a  m o n o m o r p h i s m ,  x ( f )  

i s  a  m o n o m o r p h i s m .

D e f i n i t i o n  3 .  ^ A f u n c t o r  F :(B — *-B i s  c o m p a c t  ( w e a k l y  

c o m p a c t  , e p i m o r p h i c  , o r  m o n o m o r p h i c ) i f  t h e  i d e n t i t y  

n a t u r a l  t r a n s f o r m a t i o n  i ^ z F — »-F i s  c o m p a c t  ( w e a k l y  com­

p a c t ,  e p i m o r p h i c ,  o r  m o n o m o r p h i c ) .

37
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T h e  p u r p o s e  o f  t h i s  s e c t i o n  i s  t o  p r o v e  , am ong o t h e r  

r e s u l t s ,  t h a t  i f  a  t r a n s f o r m a t i o n  i s  c o m p a c t ,  i t s  d u a l  

i s  c o m p a c t .

D e f i n i t i o n s  a n d  N o t a t i o n s  3 .  5 L e t  F : B — >-B b e  a  f u n c t o r  

a n d  F * : B — ►£ t h e  f u n c t o r  g i v e n  i n  ( 1 . 6 ) .  F o r  e a c h  A i n  B 

d e f i n e  a s  t h e  c o m p o s i t i o n s  o f  t h e  f u n c t o r s  ** a n d  E^.  

U s i n g  t h e  f u n c t o r s  E ^ , d e f i n e  f u n c t o r  DF b y  t h e  r u l e s :

( 1 )  i f  X i s  i n  B ,  DFX = ( F — »E^) , t h e  n a t u r a l  

t r a n s f o r m a t i o n s  f r o m  F t o  E^.

( 2 )  i f  f : X — >-Y i s  a  m o r p h i s m  i n  B ,  t h e n  D F f :

DFX —»DFY i s  d e f i n e d  b y  t h e  c o m m u t a t i v e  d i a g r a m

FA

( D F f  ( t ) ) ( f ® i ^ ) * *

EyA

w h e r e  x e ( F  — »E^)  = DFX,

F o r  e a c h  A i n  B a n d  X i n  B , l e t  n b e  t h e  n a t u r a l
 ̂ A

e m b e d d i n g  o f  A0X i n t o  ( A ®X ) ** .  I t  i s  e a s y  t o  v e r i f y  t h a t

f o r  e a c h  A i n  B t h e  m ap s  g e n e r a t e  a  n a t u r a l  t r a n s f e r -
A ^  A

m a t i o n  n : ---- »E^.  U s i n g  t h e  n a t u r a l  t r a n s f o r m a t i o n s  n ,

d e f i n e  a  n a t u r a l  t r a n s f o r m a t i o n  p : D F — *-DF b y  t h e  a s s i g n ­

m e n t s  :

0eDFA , A i n  B.

T h e s e  a s s i g n m e n t s  a r e  d e p i c t e d  b y  t h e  f o l l o w i n g  c o m m u t a ­

t i v e  d i a g r a m .

P ^ (0 ) = n 0 6
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FX

E X 
A

Lemma 3 . 6  The  a s s i g n m e n t  p i s  i n d e e d  a  n a t u r a l  t r a n s f o r ­

m a t i o n .

P r o o f  ; L e t  f  ; A — >-B b e  i n  B.  I t  m u s t  b e  v e r i f i e d  t h a t  

t h e  f o l l o w i n g  d i a g r a m  c o m m u t e s .

DFf
DFA

‘a ,

DFA

-> DFB

DFf 'B

-> DFB

L e t  0EDFA = ( F — » E ^ ) .  T h e n  i f  X i s  i n  B ,

A l s o

[ ( D F f o p ^ ) e ] ^  = [ D F f ( n ^ o e ) ] x  = ( ’̂ x “ ® x ‘

[ ( p  o D F f ) 0 ] ^  = [ p „ ( D F f ( 0 ) ) ] ^  = n ? o D F f ( 0 )
B B X

= n ^ o ( f @ i % ) ° 0^ .

X ' x - ' " - ^ xI n  t h e  d i a g r a m  b e l o w ,  ( f @ i ^ ) * * o n ^  = n ^ ^ ( f @ i y ) .

f « i .
A«X

(A&X)**
( f ® i v ) * *

->B»X

^ ( B @ X ) * *

T h i s  m e a n s

( f ® i ^ ) * * o  n^o 0JJ = n ^ ^ ( f ® i % ) « 0%.

S i n c e  f o r  e a c h  A i n  B , l p ^ ( 0 ) |  = | n  » 0 |  a n d  i s  an  

i s o m e t r i c  map f o r  e a c h  X i n  B , | p ^ ( 0 ) |  = | 0 | ; t h a t  i s .

p i s  a n  i s o m e t r i c  m a p .  
A
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D e f i n i t i o n  3 . 7  F o r  e a c h  A i n  IB , l e t  T r  :A*#A — >-1 b e  t h e

c o n t i n u o u s  l i n e a r  o p e r a t o r  w h i c h  i s  t h e  u n i q u e  e x t e n s i o n

o f  t h e  map f r o m  A*8 A — >-1 g i v e n  b y
n n
y a * @ a . i  >-y a . ( a . ) .

i = l  ^ ^ i = l  ^ ^
( i t  c a n  b e  c h e c k e d  t h a t  | T r |  = 1 . )  A l s o  f o r  e a c h  A i n  B ,

d e f i n e  t h e  l i n e a r  m a p p i n g  x ^ : D F A — »F*A b y  t h e  r u l e  =

T r o 0^ ^  f o r  0 eDFA; t h i s  i s  s h o w n  b y  t h e  f o l l o w i n g  c o m m u t a ­

t i v e  d i a g r a m .

8
F (A*)

A*
^A*@A

X. 8

A* I 1 0 |  , U a ' -  1 'S i n c e  U ^ ( 8 ) |  = | T r o 0 ^ ^ |  _< | 8

Lemma 3 . 8  The  m a p p i n g s  g e n e r a t e  a  n a t u r a l  t r a n s f o r m a ­

t i o n  X : D F  »F*.
*

P r o o f  : S i n c e  IX I < 1> c o n d i t i o n  ( 1 ) o f  ( 1 . 3 )  r e m a i n s  t o

b e  s h o w n .  L e t  f  : A — >-B b e  i n  B a n d  6 eDFA.  I t  m u s t  b e

■b '

DFf
DFA --------------------------------

d e m o n s t r a t e d  t h a t  = ( x - n « D F f ) 0 .

A

( F A * ) *
( F f * ) *

->DFB 

X.B

^ ( F B * ) *

Now

( ( F f * ) * « A  )8 = X ( 8 ) o F f *  = T r o 6 » F f * ,  a n d  
A A A*

( X ^ o D F f ) 0  = X g ( D F f ( 8 ) )  = T r o ( f * i g * ) o 8 g * .  

S i n c e  8 e ( F — t h e  f o l l o w i n g  d i a g r a m  c o m m u t e s .
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0,
B *

FB» ----------------------------------------- »Z^B*

F f *

®A*
FA* ---------------------------------------- »Z^A*

T h e r e f o r e  t o  p r o v e  t h e  p r o p o s i t i o n ,  i t  s u f f i c e s  t o  s how

t h a t  T r o ( i  ® f * )  = T r « ( f @ i g * ) .  L e t  % a^@b* b e  a n  e l e m e n t  
A i = l

i n  A8B*.  T h e n
n ^ n *

[ T r 0 ( i . ® f * ) ] (  I  a j @ b . )  = T r (  I  a . ® ( b . » f ) )  
i = l  i = l  ^

= % b * X f ( & i ) ) ,
i  = l

a n d
 ̂ ^ ^  # 

[ T r ° ( f ® i g * ) ] (  I  a ^ * b ^ )  = T r ( I  f ( a ^ ) ® b ^ )
i = l  i = l

= I  b T ( f ( a i ) ) .
^ i  = l

T h e r e f o r e ,  T r « ( i ^ ® f * )  = T r  ® ( f  ® i g ^  ):A®B* — >-1.

T h e  n e x t  i m p o r t a n t  l e m m a  i s  p r o v e d  i n  [ l l ,  p . 8 2 ] .

Lemma 3 . 9  T h e r e  e x i s t s  a  n a t u r a l  t r a n s f o r m a t i o n  # : F ^  »DF

s u c h  t h a t  <(ioX = p a n d  | (}i | ^  1 .

P r o p o s i t i o n  3 . 1 0  F o r  e a c h  A i n  B , i s  a n  i s o m e t r i c  

l i n e a r  f u n c t i o n  o f  DFA i n t o  ( F A * ) * .

P r o o f  : L e t  BeDFA. U s i n g  ( 3 . 6 )  a n d  ( 3 . 9 ) »

I 8 I = IP^/ G) !  = If^A'^A^Ol  1  1  M i l

w h i c h  i m p l i e s  | 8 | = | X ^ ( 0 ) | .

C o r o l l a r y  3 . 1 1  L e t  X i n  B b e  f i n i t e  d i m e n s i o n a l .  I f  FX 

i s  f i n i t e  d i m e n s i o n a l ,  DFX i s  f i n i t e  d i m e n s i o n a l .  L e t  

X i n  B b e  r e f l e x i v e .  I f  FX i s  r e f l e x i v e ,  DFX i s  r e f l e x i v e .  

D e f i n i t i o n  3 . 1 2  L e t  F : B — >-B b e  a  f u n c t o r .  A s u b f u n c t o r
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G : B — >-B o f  F i s  a  f u n c t o r  s o  t h a t ,

( 1 )  f o r  e a c h  X i n  IB , GX i s  a  c l o s e d  s u b s p a c e  

o f  FX; a n d

( 2 )  i f  f ; X — >Y i s  i n  B ,  F f ( GX ) c G Y  a n d  G f  = F f  

on  GX.

P r o p o s i t i o n  3 . 1 3  F o r  a n y  f u n c t o r  F ;(B— , DF i s  n a t u r a l l y  

e q u i v a l e n t  t o  a  s u b f u n c t o r  R o f  F * .

P r o o f  : F o r  e a c h  A i n  B,  l e t  RA b e  t h e  s u b s p a c e  o f  ( F A * ) *

e q u i v a l e n t  t o  DFA b y  ( 3 . 1 0 ) .  S i n c e  t h e  d i a g r a m

DFf
DFA ->DFB 

X

( F A * ) *
( F f * ) *

B

->-(FB*) *

c o m m u t e s  f o r  f  : A — >-B i n  B ,  a n d  e a c h  y eRA e q u a l s  X ^ ( 8 )  

f o r  a  u n i q u e  0eDFA;  ( F f * ) * ( y )  = ( X g @ D F f ) 8 ,  a n  e l e m e n t  

i n  RB. T h i s  m e a n s  ( F f * ) * ( R A ) c R B . T h e r e f o r e ,  b y  d e f i n i n g  

R f  t o  b e  ( F f * ) *  r e s t r i c t e d  t o  RA , t h e s e  a s s i g n m e n t s  ma ke  

R a  s u b f u n c t o r  o f  F* n a t u r a l l y  e q u i v a l e n t  t o  DF.

Lemma B . l U  L e t  t :F  — Kj b e  a  n a t u r a l  t r a n s f o r m a t i o n .

F o r  e a c h  A i n  B , l e t  b e  t h e  m o r p h i s m  ( t ^ ^ ) * : ( GA*)*  — »
A*

( f a * ) * .  T h e  m o r p h i s m s  x g e n e r a t e  a  n a t u r a l  t r a n s f e r -. . .
m a t r o n  x * : G *  — »F*.

P r o o f :  L e t  f  : X — b e  i n S i n c e  t i s  a  n a t u r a l  t r a n s ­

f o r m a t i o n ,  t h e  f o l l o w i n g  d i a g r a m  c o m m u t e s .

F f *
FY* FX*

> GX*
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H e n c e  , t h e  f o l l o w i n g  d i a g r a m  c o m m u t e s

( G f * ) *
( GX*) *

*

*X 

( F X * ) *  

^A*

( F f * ) *

- > ( G Y * ) *  

*

• * Y  

- » - ( F Y * ) *

S i n c e  | x ^ ^ |  = | ( X A * ) * I  = I? A * I ,  | x * |  < “  s o  t h a t  i s  a

n a t u r a l  t r a n s f o r m a t i o n .

D e f i n i t i o n  3 . 1 5  L e t  x : F  >-G b e  a  n a t u r a l  t r a n s f o r m a t i o n ,

F* a  s u b f u n c t o r  o f  F ,  a n d  G ' a  s u b f u n c t o r  o f  G . T h e n  F ' 

a n d  G ' a r e  c o m p a t i b l e  s u b f u n c t o r s  w i t h  r e s p e c t  t o  x_ i f  

f o r  e a c h  X i n  B , t h e  r e s t r i c t i o n  "x^ o f  x^  t o  F ' XCFX 

m a p s  F ' X i n t o  G ' X .

Lemma 3 . l 6  The  m a p p i n g s  x^  d e f i n e d  i n  ( 3 . 1 5 )  g e n e r a t e  a  

n a t u r a l  t r a n s f o r m a t i o n  x ; F '  » G ' .

P r o o f  ; L e t  f ; X — >-Y b e  i n  B.  S i n c e  , X y , F ' f ,  and G ’ f  

a r e  t h e  r e s t r i c t i o n s  o f  x ^ , X y ,  F f  , a n d  G f ;  t h e  i n n e r  

s q u a r e  b e l o w  c o m m u t e s .

F f
FX ->FY

F» Y

G'X

Gf

P r o p o s i t i o n  3 . 1 7  L e t  x : F — >-G b e  a  n a t u r a l  t r a n s f o r m a t i o n
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a n d  T * : G * — >-F* t h e  g e n e r a t e d  t r a n s f o r m a t i o n  d e f i n e d  i n  

( 3 . 1 H ) .  T h e n  DG a n d  DF a r e  n a t u r a l l y  e q u i v a l e n t  t o  com­

p a t i b l e  s u b f u n c t o r s  o f  G* a n d  F* r e s p e c t i v e l y  ( c o m p a t i b l e  

w i t h  r e s p e c t  t o  t * ) .

P r o o f  ; L e t  R a n d  S b e  t h e  s u b f u n c t o r s  o f  F^  a n d  G* w h i c h  

b y  v i r t u e  o f  ( 3 . 1 3 )  a r e  n a t u r a l l y  e q u i v a l e n t  t o  DF a n d  

DG r e s p e c t i v e l y .  L e t  X ;DF — >-F* a n d  X* :DG — >-Ĝ  b e  t h e s e

e q u i v a l e n c e s .  L e t  f  :X — *-Y b e  a  m o r p h i s m  i n  

t h e  f o l l o w i n g  d i a g r a m .

( G f * ) *

C o n s i d e r

( GX* ) * ( G Y* ) *

S f
SX

( 3 . 1 8 )

DGf
DGX

DxD tT *Y*Y*X*X

D Ff
DFX

Rf
RX

( F f * ) *
( F X * ) *

t o  b e  t h e  m o r p h i s m  XyoDXyOX'^ I t  m u s t  b eD e f i n e  x

s h o w n  = x # x » i ^  w h e r e  i ^  a n d  a r e  i n s e r t i o n  ma p s

L e t  s e S X .  T h e n  s = T r » 0  „ f o r  a  u n i q u e  0eDGX.  A l s o  

( D x % ( 0 ) ) ^  = 0 ^ o x ^  f o r  e a c h  A i n  B a n d  D x ^ ( 0 ) e D F X .  T h e r e -
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f o r e ,  T * j j ( s )  i n  RX i s  t h e  e l e m e n t  T r  o 0^^  o :F ( X* ) ----->-1.

Now c o n s i d e r  s = T r ° 8 ^ *  a s  a n  e l e m e n t  o f  ( G X* ) *  v i a  i ^ .

By d e f i n i t i o n  ) * : ( GX* ) * —»-(FX* ) * .  T h e r e f o r e ,

T * ^ ( T r o 0 ^ ^ )  = T r o e ^ * o X j j * .  H e n c e ,  j x o T * ^  = T*2 ° i% a n d  

i s  t h e  r e s t r i c t i o n  o f  t *  t o  SX.  S i m i l a r l y  t * y  i s  

t h e  r e s t r i c t i o n  o f  t o  SY.

P r o p o s i t i o n  3 . 1 9  I f  x : F — >-G i s  a  c o m p a c t  n a t u r a l  t r a n s ­

f o r m a t i o n ,  t h e n  x * : G * — >-F* i s  a l s o .

P r o o f : L e t  f : X — >-Y h e  c o m p a c t .  I t  m u s t  h e  s h o w n  t h a t

a n y  o n e  o f  t h e  e q u a l  m o r p h i s m s

( x Y * ) * o ( G f * ) *  = x*Y°G%f = F * f » x * x  = ( F f * ) * o ? * *  

i s  c o m p a c t .  S i n c e  f * : Y * — »-X* i s  c o m p a c t  [ 3 ,  p . 4 8 5 ]  a n d  

X i s  a  c o m p a c t  t r a n s f o r m a t i o n ,  G f * o x ^ *  i s  c o m p a c t .

H e n c e  ( G f * o x y # ) *  = ( x ^ ^ ) * o ( G f * ) *  i s  c o m p a c t .

Lemma 3 . 2 0  L e t  x : F — >-G h e  a  n a t u r a l  t r a n s f o r m a t i o n ,

F '  a n d  G ' c o m p a t i b l e  s u h f u n c t o r s  w i t h  r e s p e c t  t o  x o f  

F a n d  G , a n d  x : F ' — >-G* t h e  t r a n s f o r m a t i o n  g i v e n  h y  ( 3 . l 6 ) .

I f  X i s  a  c o m p a c t  t r a n s f o r m a t i o n  s o  i s  x : F *  » G ' .

P r o o f  : L e t  f : X — >-Y h e  a  c o m p a c t  m a p p i n g .  T h e  m o r p h i s m

G ' f o x ^  i s  t h e  r e s t r i c t i o n  o f  t h e  m o r p h i s m  G f o x ^  t o  F ' X  

( r e f e r  t o  ( 3 . l 6 ) ) .  L e t  S '  h e  t h e  c l o s e d  u n i t  h a l l  o f  

F ' X  a n d  S t h e  c l o s e d  u n i t  h a l l  o f  FX.  I t  s u f f i c e s  t o  

s h o w  G ' f o x ^ ( S ' )  i s  s e q u e n t i a l l y  c o m p a c t  i n  G'Y ( s e e  

[ 3 ,  p . 2 2 ] ) .  S i n c e  S ' c S  a n d  G ' f o T ^ ( S ' )  = Gf  »t j^( S ' ) c G f  oXj^ ( S ) , 

e v e r y  s e q u e n c e  o f  p o i n t s  i n  G f ' o x ^ ( s ' )  i s  a  s e q u e n c e  i n  

G f * x ^ ( s ) .  S i n c e  G f o x % ( s )  i s  s e q u e n t i a l l y  c o m p a c t ,  e v e r y
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s e q u e n c e  o f  p o i n t s  i n  G f « f ^ ( S * )  h a s  a  s u b s e q u e n c e  c o n ­

v e r g i n g  t o  a  p o i n t  o f  GY. H o w e v e r  s i n c e  G'Y i s  c l o s e d  i n  

GY,  t h i s  p o i n t  i s  i n  G ' Y ;  a n d  G f ' o T ^ ( S ' )  i s  s e q u e n t i a l l y  

c o m p a c t .

Lemma 3 . 2 1  L e t  t : F — >-H b e  a  n a t u r a l  t r a n s f o r m a t i o n  w h i c h  

i s  t h e  c o m p o s i t i o n  o f  t h e  n a t u r a l  t r a n s f o r m a t i o n s  n : F — >-G 

a n d  0 : G — >-H ; t h a t  i s  , x = 0or i .  I f  0 o r  n i s  c o m p a c t ,  x 

i s  c o m p a c t .

P r o o f  ; L e t  f  : X — >-Y b e  a  c o m p a c t  m a p .  I n  t h e  c o m m u t a t i v e  

d i a g r a m

F f
y FY

>- GY

>■ HY

i f  H f o 0 ^  i s  c o m p a c t ,  t h e n  H f * x ^  = H f » 0 ^ * n %  i s  c o m p a c t  

( s e e  [ 3 ,  p . U 8 6 ] ) .  I f  n ^ o F f  i s  c o m p a c t ,  t h e n  X y o F f  = 

®y " ' ^ Y° ^ ^  i s  c o m p a c t .

T h e o r e m  3 . 2 2  I f  x ; F — >-G i s  a  c o m p a c t  n a t u r a l  t r a n s f o r ­

m a t i o n ,  t h e n  D x : D G — >-DF i s  a  c o m p a c t  n a t u r a l  t r a n s f o r m a ­

t i o n .

P r o o f  : S i n c e  x : F — »-G i s  c o m p a c t ,  b y  ( 3 . 1 9 )  ? * : G % ---- »-F*

i s  c o m p a c t .  By ( 3 . 1 7 ) ,  DG a n d  DF a r e  n a t u r a l l y  e q u i v a l e n t  

t o  c o m p a t i b l e  s u b f u n c t o r s  S a n d  R o f  G* a n d  F * .  By ( 3 . 2 0 )  ,
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t h e  t r a n s f o r m a t i o n  T * : S  — >-R i s  c o m p a c t .  R e f e r i n g  t o  d i a ­

g r a m  ( 3 . 1 8 ) ,  DTjç = e a c h  X i n  B ,  o r  D r  =

X^oT*«X* .  By ( 3 . 2 1 ) D t  i s  c o m p a c t .

T h e o r e m  3 . 2 3  I f  t  : F — >-G i s  a  w e a k l y  c o m p a c t  n a t u r a l  t r a n s ­

f o r m a t i o n ,  t h e n  D t : D G  — >-DF i s  a  w e a k l y  c o m p a c t  n a t u r a l  

t r a n s f o r m a t i o n .

P r o o f  : By s i m i l a r  p r o o f s  , i t  c a n  b e  s h o w n  t h a t  w i t h  t h e

w o r d s  " w e a k l y  c o m p a c t "  i n s e r t e d  f o r  t h e  w o r d  " c o m p a c t "  

i n  ( 3 . 1 9 ) ,  ( 3 . 2 0 ) ,  a n d  ( 3 . 2 1 )  t h e  c o r r e s p o n d i n g  s t a t e m e n t s  

a r e  t r u e .  U s i n g  t h e s e  a l t e r e d  s t a t e m e n t s  , t h e  p r o o f  o f  

t h i s  t h e o r e m  i s  s i m i l a r  t o  t h e  p r o o f  o f  ( 3 . 2 2 ) .

T h e o r e m  3 . 2 U  I f  t  ;F — >-G i s  a n  e p i m o r p h i c  n a t u r a l  t r a n s ­

f o r m a t i o n ,  t h e n  D t ; D G  >-DF i s  a  m o n o m o r p h i c  n a t u r a l

t r a n s f o r m a t i o n .

P r o o f  : L e t  f : A — »-B b e  a  m o n o m o r p h i s m .  T h e n  f * : B * — »-A*

i s  a n  e p i m o r p h i s m .  H e n c e ,  T ^ ^ o F f * : F B * — »GA* i s  a n  e p i -  

r a o r p h i s m  s i n c e  t  i s  e p i m o r p h i c .  T h e r e f o r e ,

( ? & * " ? ? * ) *  = ( F f * ) * . % 2 *  =

i s  a  m o n o m o r p h i s m ,  o r  T * : G * — »"F* i s  m o n o m o r p h i c .  U s i n g  

d i a g r a m  ( 3 . 1 8 ) , i t  c a n  b e  s e e n  t h a t  D F f o D ? ^  i s  a  m o n o ­

m o r p h i s m .  H e n c e  D t  i s  m o n o m o r p h i c .

T h e o r e m  3 . 2 5  L e t  F : B — >-IB b e  a  f u n c t o r .  T h e n

( 1 ) i f  F i s  c o m p a c t ,  DF i s  c o m p a c t ;

( 2 ) i f  F i s  w e a k l y  c o m p a c t ,  DF i s  w e a k l y  

c o m p a c t ;  a n d

( 3 ) i f  F i s  e p i m o r p h i c ,  DF i s  m o n o m o r p h i c .
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P r o o f  : L e t  i p : F — >-F b e  t h e  i d e n t i t y  t r a n s f o r m a t i o n .

T h e n  D i ^  = i p .  T h e r e f o r e  i f  i s  c o m p a c t ,  w e a k l y  com­

p a c t ,  o r  e p i m o r p h i c ,  b y  ( 3 . 2 2 )  , ( 3 . 2 3 ) ,  a n d  ( 3 . 2 4 )  ,

D i p  = i p  i s  r e s p e c t i v e l y  c o m p a c t  , w e a k l y  c o m p a c t ,  o r  

m o n o m o r p h i c .  Q . E . D .

R e s u l t s  ( 3 . 2 2 )  t h r o u g h  ( 3 . 2 5 )  h a v e  b e e n  p r o v e d  

i n d e p e n d e n t l y  i n  a  s i m i l a r  way b y  E v a n s  i n  [ 4 ] ,
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I n  t h i s  s e c t i o n ,  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  

w i l l  b e  g i v e n  f o r  t h e  f u n c t o r s  a n d  0^  t o  b e  c o m p a c t .

M o re  g e n e r a l l y ,  c o n d i t i o n s  w i l l  b e  g i v e n  t o  i n s u r e  t h a t  

c e r t a i n  f u n c t o r s  F :(B— HB a r e  c o m p a c t .

D e f i n i t i o n  4 . 1  A f u n c t o r  F : ( B— KB h a s  f i n i t e  r a n k  ( o r  i s  

a  f i n i t e  r a n k  f u n c t o r )  i f  w h e n e v e r  a  m o r p h i s m  f  : A — »-B h a s  

f i n i t e  r a n k  ( d i m  f ( A )  i s  f i n i t e )  , F f z F A — >-FB h a s  f i n i t e  

r a n k .

Lemma 4 . 2  A f u n c t o r  F :B — >-B h a s  f i n i t e  r a n k  i f  a n d  o n l y  

i f  FX i s  f i n i t e  d i m e n s i o n a l  w h e n e v e r  X i s  f i n i t e  d i m e n s i o n a l .  

P r o o f  ; L e t  f  : A — >-B i n  IB h a v e  f i n i t e  r a n k .  S i n c e  f ( A )  

i s  f i n i t e  d i m e n s i o n a l ,  i t  i s  a  B a n a c h  s p a c e  a n d  t h e  f o l ­

l o w i n g  i s  a  c o m m u t a t i v e  d i a g r a m  i n  IB , w h e r e  g a n d  f ’ a r e  

t h e  o b v i o u s  m a p s .

, f ( A )

A ^ ------------------------------------------------>• B

T h e r e f o r e  t h e  f o l l o w i n g  d i a g r a m  c o m m u t e s .

, F ( f ( A ) ) .

F f ’ Fg>^^
/ /  F f

FA ---------------------------------------------- *- FB

T h e r e f o r e ,  F f ( F A )  i s  c o n t a i n e d  i n  s f i n i t e  d i m e n s i o n a l

B a n a c h  s p a c e  F g ( F ( f ( A ) ) )  a n d  F f  h a s  f i n i t e  r a n k .

C o n v e r s e l y ,  l e t  A b e  a  f i n i t e  d i m e n s i o n a l  B a n a c h
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s p a c e .  T h e n  h a s  f i n i t e  r a n k .  H e n c e  i p ^ ( F A )  = FA

h a s  f i n i t e  d i m e n s i o n .

D e f i n i t i o n  4 . 3  L e t  X a n d  Y h e  i n  B .  An e l e m e n t  f  i n  

B ( X , Y )  i s  a  F r e d h o l m  o p e r a t o r  i f

( 1 )  K e r  f  = f ^ ( 0 )  i s  f i n i t e  d i m e n s i o n a l ,  a n d

( 2 )  C o k e r  f  = Y / f ( x )  i s  f i n i t e  d i m e n s i o n a l .

T h e  p r o o f  o f  t h e  f o l l o w i n g  l e m m a  c a n  b e  f o u n d  i n

[ 1 3  , p . 1 2 0 ] .

Lemma U.H L e t  X a n d  Y b e  i n  B . I f  f e B ( X , Y )  a n d  t h e r e

e x i s t s  h a n d  h ' i n  B ( Y , X )  s u c h  t h a t  h o f - i ^  a n d  f » h * - i ^

a r e  c o m p a c t ,  t h e n  f  i s  a  F r e d h o l m  o p e r a t o r .  C o n v e r s e l y ,  

i f  f  i s  a  F r e d h o l m  o p e r a t o r  , t h e n  t h e r e  e x i s t s  a  g i n  

B ( Y , X )  s o  t h a t  g o f - i ^  a n d  f o g - i y  h a v e  f i n i t e  r a n k  a n d  

h e n c e  a r e  c o m p a c t .

D e f i n i t i o n  k . 5  A f u n c t o r  F : B — »-B i s  a  F r e d h o l m  f u n c t o r  

i f  w h e n e v e r  f  :A — »-B i s  a  F r e d h o l m  o p e r a t o r ,  F f : F A — >-FB i s  

a  F r e d h o l m  o p e r a t o r .

P r o p o s i t i o n  k . 6  A f u n c t o r  F : B — >-B i s  a  F r e d h o l m  f u n c t o r  

i f  a n d  o n l y  i f  i t  h a s  f i n i t e  r a n k .

P r o o f  ; L e t  A b e  a  f i n i t e  d i m e n s i o n a l  B a n a c h  s p a c e .  T h e n  

0 : A — >-A ( t h e  z e r o  m o r p h i s m )  i s  a  F r e d h o l m  o p e r a t o r .

H e n c e  F ( o )  = 0 : F A — >-FA i s  F r e d h o l m ,  w h i c h  i m p l i e s  K e r  F ( 0 )  = 

FA i s  f i n i t e  d i m e n s i o n a l .

C o n v e r s e l y ,  l e t  F h a v e  f i n i t e  r a n k  a n d  l e t  f  : A — >-B 

b e  a  F r e d h o l m  o p e r a t o r .  U s i n g  ( 4 . 4 )  , t h e r e  i s  a  g : B — >-A 

i n  B s u c h  t h a t  f o g - i g  a n d  g o f - i ^  h a v e  f i n i t e  r a n k .  H e n c e ,
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F f “ F g - i p g  a n d  F g o F f - i ^ ^  h a v e  f i n i t e  r a n k  a n d  h e n c e  a r e  

c o m p a c t .  By ( U . U )  , F f  i s  a  F r e d h o l m  o p e r a t o r .

C o r o l l a r y  U.T I f  F : B — >B i s  a  F r e d h o l m  f u n c t o r  s o  i s  

DF : B  HB .

P r o o f  ; I f  F h a s  f i n i t e  r a n k  s o  d o e s  DF b y  ( 3 . 1 1 )  a n d  

( 4 . 2 ) .

Lemma 4 . 8  I f  F : B — HB i s  a  c o m p a c t  f u n c t o r  , t h e n  F h a s  

f i n i t e  r a n k  a n d  h e n c e  i s  a  F r e d h o l m  f u n c t o r .

P r o o f  : L e t  A b e  a  B a n a c h  s p a c e .  T h e n  i ^ : A — >A i s  c o m p a c t

i f  a n d  o n l y  i f  A i s  f i n i t e  d i m e n s i o n a l .  L e t  A b e  f i n i t e  

d i m e n s i o n a l .  T h e n  , b y  a s s u m p t i o n ,  i p ^ : F A — >-FA i s  c o m p a c t  

s o  t h a t  FA i s  f i n i t e  d i m e n s i o n a l .  T h e  r e s u l t  f o l l o w s  

f r o m  ( 4 . 2 ) .

C o r o l l a r y  4 . 9  I f  i s  a  c o m p a c t  f u n c t o r  , X m u s t  b e  

f i n i t e  d i m e n s i o n a l .

P r o o f  ; By ( 4 . 8 )  , i f  A i s  a  f i n i t e  d i m e n s i o n a l  B a n a c h

s p a c e ,  t h e n  X8A m u s t  b e  f i n i t e  d i m e n s i o n a l .  I n  p a r t i c u l a r ,

X®I = X m u s t  b e  f i n i t e  d i m e n s i o n a l .  Q . E . D .

L e t  N = { l , 2 , . . . , n }  w i t h  t h e  d i s c r e t e  t o p o l o g y .  The

s p a c e  J?^(N ,ii) , A i n  B ,  i s  t h e  s p a c e  o f  a l l  n - t u p l e s  a  =
n

( a  , . . . , a  ) m ade u p  o f  e l e m e n t s  o f  A w i t h  p ( a )  = I  | a . | .
i = l

D e f i n e  t h e  f u n c t o r  — HB b y  f^A = ] ^ ^ ( N , u ) .

P r o p o s i t i o n  4 . 1 0  F o r  e a c h  i n t e g e r  n ,  ^ ^ ^ B — >-B i s  a  com­

p a c t  f u n c t o r .

P r o o f  ; L e t  f  :A — >-B b e  a  c o m p a c t  m a p p i n g .  I t  s u f f i c e s  t o  

s h ow  t h a t  i f  ( a ^  , .  . . , a ^ ) j  = ( a ^ j  . a ^ ^  , .  . . , a ^ j  ) f o r  j  = 1 , 2  , .  . .
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i s  a  s e q u e n c e  i n  s o  t h a t  f o r  e a c h  j  , ^ | a ^ j  | 1 ,
« 1 i = l

j^f ( ( . , a ^ j  ) ) = ( f ( a j ^ j  ) , f ( a 2 j  ) , .  . . , f ( a ^ j  ) ) f o r

j  = 1 , 2 , . . .  h a s  a  c o n v e r g e n t  s u b s e q u e n c e .  S i n c e  ( a ^ j )  i s  

a  s e q u e n c e  i n  A s u c h  t h a t  l a ^ j l  £  1 f o r  j  = 1 , 2 , . . .  a n d  

f  i s  c o m p a c t ,  t h e  s e q u e n c e  f ( a ^ j )  h a s  a  c o n v e r g e n t  s u b ­

s e q u e n c e  f  ( a ,  ) . T h u s  a  s u b s e q u e n c e  ( f  ( a ,  . ) , f  ( a „  . ) , . . . ,

f ( a % j  ) )  o f  t h e  o r i g i n a l  s e q u e n c e  ( f  ( a ^ ^  ) , .  . . , f  ( a ^ ^  ) ) i s

o b t a i n e d  w h e r e  f ( a ^  ) c o n v e r g e s  t o  a  p o i n t  b ,  o f  B.  I nJ-Jk
a  s i m i l a r  m a n n e r  , o b t a i n  f r o m  t h e  s e q u e n c e  f ( a p .  ) a  s u b -  

s e q u e n c e  c o n v e r g i n g  t o  a  p o i n t  b g  o f  B . U s i n g  t h i s  s u b ­

s e q u e n c e ,  a  s u b s e q u e n c e  o f  ( f ( a - , .  ) , . . . , f ( a  , ) )  i s
•̂ k *Jk

o b t a i n e d  i n  w h i c h  t h e  t w o  s e q u e n c e s  f o r m e d  b y  t h e  f i r s t

t w o  c o m p o n e n t s  o n  e a c h  n - t u p l e  e a c h  c o n v e r g e s  t o  a  p o i n t  

o f  B.  C o n t i n u i n g  i n  t h i s  m a n n e r ,  e v e n t u a l l y  a  s u b s e q u e n c e  

o f  ( f ( a ^ j )  , .  . . , f ( a ^ j ) )  f o r  j  = 1 , 2 , . . .  i s  o b t a i n e d  i n  

w h i c h  t h e  s e q u e n c e  f o r m e d  b y  e a c h  c o m p o n e n t  c o n v e r g e s  t o  

a  p o i n t  o f  B.  C l e a r l y ,  t h i s  s u b s e q u e n c e  w i l l  c o n v e r g e

of t
n - l i m i t s .

P r

t o  t h e  e l e m e n t  o f  t h a t  h a s  f o r  i t s  c o m p o n e n t s  t h e s e

o p o s i t i o n  U . l l  T h e  f u n c t o r  E n l / . i s  a  c o m p a c t
------------------------------  Xj  ( N ,  y )

f u n c t o r .

P r o o f  ! By ( 2 . l 6 )  , t h e  f u n c t o r s  E ^ ^ a n d  a r e  n a t u r ­

a l l y  e q u i v a l e n t  b y  a  t r a n s f o r m a t i o n  t .  L e t  f  :A — *-B b e  

a  c o m p a c t  m a p p i n g .  By n a t u r a l i t y  , t h e  f o l l o w i n g  d i a g r a m  

c o m m u t e s .
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i  pl®f
Ë ( N , y ) » A  ----

A

f A

y)®B

-1

By ( H . 1 0 )  , i s  c o m p a c t .  T h e r e f o r e  i s  c o m p a c t .

P r o p o s i t i o n  k . l 2  I f  X i s  a  f i n i t e  d i m e n s i o n a l  B a n a c h  

s p a c e  , t h e n  — >-B i s  a  c o m p a c t  f u n c t o r .

P r o o f  ; L e t  t h e  d i m e n s i o n  o f  X b e  n . S i n c e  f j ( N , y )  h a s  

d i m e n s i o n  n i f  N = { l , 2 , . . . , n } ,  i ? j ( N , y )  a n d  X a r e  i s o m o r ­

p h i c  v i a  a n  i s o m o r p h i s m  f .  T h e r e f o r e  w h e n  g : A — >-B i s  i n  

B ,  t h e  f o l l o w i n g  d i a g r a m  c o m m u t e s .

X®A ■X X®B

^ 1 n l®g
^ l ( N , y ) ® A ------------- » ( l ( N , y ) ® B

f ^ ® i B

I f  g i s  c o m p a c t ,  t h e n  b y  ( 4 . 1 1 )  i  nj^®g i s  c o m p a c t .  T h e r e -  

f o r e  i j f®g i s  c o m p a c t .

T h e  f o l l o w i n g  t h e o r e m  s u m m a r i z e s  t h e  a b o v e  d i s c u s s i o n ,  

T h e o r e m  4 . 1 3  T h e  f o l l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t .

( 1 )  X i s  a  f i n i t e  d i m e n s i o n a l  B a n a c h  s p a c e .

( 2 ) Z ^ ^ B — *-B i s  a  c o m p a c t  f u n c t o r .

( 3 )  %x:l ►B i s  a  F r e d h o l m  f u n c t o r .

( 4 )  : B — »-B i s  a  c o m p a c t  f u n c t o r .

( 5 )  O^xB — >-B i s  a  F r e d h o l m  f u n c t o r .

Th e  q u e s t i o n  r e m a i n s  w h e t h e r  e a c h  f i n i t e  r a n k  f u n c t o r  

i s  a  c o m p a c t  f u n c t o r .  T h e  f o l l o w i n g  d i s c u s s i o n  s h o w s  t h a t
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i n  a l l  k n o w n  c a s e s  t h e  a n s w e r  i s  i n  t h e  a f f i r m a t i v e .  

D e f i n i t i o n  4 . l 4  A B a n a c h  s p a c e  X i s  s a i d  t o  s a t i s f y  t h e  

a p p r o x i m a t i o n  p r o p e r t y  i f  f o r  e a c h  e >0 a n d  f o r  e a c h  r e l a ­

t i v e l y  c o m p a c t  s u b s e t  C o f  X , t h e r e  e x i s t s  a  map f  ; X — >X 

o f  f i n i t e  r a n k  s o  t h a t

j f ( x ) - x |  < e f o r  a l l  x i n  C.

N o t e :  No B a n a c h  s p a c e  i s  k n ow n  t h a t  d o e s  n o t  s a t i s f y

( 4 . 1 4 ) .  S e e  [ 5 ,  p . 1 3 5 ]  a n d  [IT, p . 5 2 1 ] .

T h e  f o l l o w i n g  l e mma  i s  c o n t a i n e d  i n  a  t h e o r e m  b y  

G r o t h e n d i e c k  [ 5 ,  p . l 6 8 ] .

Lemma 4 . 1 5  L e t  X b e  a  B a n a c h  s p a c e  t h a t  s a t i s f i e s  t h e  

a p p r o x i m a t i o n  p r o p e r t y .  T h e n  f o r  a n y  B a n a c h  s p a c e  Y ,

f o r  a n y  c o m p a c t  m a p p i n g  f : Y  >-X , t h e r e  e x i s t s  f o r  e a c h

e >0 a  m a p p i n g  f ^ : Y  >-X o f  f i n i t e  r a n k  s u c h  t h a t  | f - f g |  < e .

P r o o f  ; S i n c e  f  : Y — >-X i s  c o m p a c t ,  f ( s )  i s  r e l a t i v e l y  

c o m p a c t  i n  X i f  S i s  t h e  u n i t  b a l l  o f  Y . S i n c e  X s a t i s f i e s

( 4 . 1 4 ) ,  g i v e n  e > 0 ,  t h e r e  e x i s t s  f q :X----*"X o f  f i n i t e  r a n k

s u c h  t h a t  | f ^ ( x ) - x |  < e f o r  x i n  f ( S ) .  L e t  f ^  = f ^ o f i Y --------»X.

T h e n  f ^  h a s  f i n i t e  r a n k  a n d

I f g - f ]  = s u p  I f g C f ( x ) ) - f ( x ) 1 < e .
_  x e S

P r o p o s i t i o n  4 . l 6  L e t  IB d e n o t e  t h e  f u l l  s u b c a t e g o r y  o f  B 

c o n s i s t i n g  o f  B a n a c h  s p a c e s  w h i c h  s a t i s f y  t h e  a p p r o x i m a ­

t i o n  p r o p e r t y .  T h e n  a  f u n c t o r  F : B — >-B i s  c o m p a c t  i f  a n d  

o n l y  i f  P i s  a  f i n i t e  r a n k  f u n c t o r .

P r o o f  ; N e c e s s i t y  f o l l o w s  f r o m  ( 4 , 8 ) .  To p r o v e  t h e  c o n ­

v e r s e ,  l e t  f : A — >-B b e  a  c o m p a c t  o p e r a t o r  i n  B.  By ( 4 . 1 5 )  ,
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t h e r e  e x i s t s  a  s e q u e n c e  f ^ : A  — >-B o f  o p e r a t o r s  w i t h  f i n i t e  

d i m e n s i o n a l  r a n g e  i n  B c o n v e r g i n g  t o  f  i n  t h e  u n i f o r m  

o p e r a t o r  t o p o l o g y .  By t h e  h y p o t h e s i s ,  F f ^ : F A — >-FB a r e  

o p e r a t o r s  o f  f i n i t e  r a n k  a n d  h e n c e  a r e  c o m p a c t .  S i n c e

| F f ^ - F f I  ■ < I f ^ - f I  f o r  n = 1 , 2 , . . .  , 

t h e  s e q u e n c e  F f ^  c o n v e r g e s  t o  F f  i n  t h e  u n i f o r m  o p e r a t o r  

t o p o l o g y .  H e n c e  F f  i s  c o m p a c t  [ 3 ,  p . U 8 6 ] .

T h e o r e m  U . I T  L e t  f  :A — >-B h e  a n y  c o m p a c t  m a p p i n g  w i t h  

B s a t i s f y i n g  t h e  a p p r o x i m a t i o n  p r o p e r t y .  I f  F :B — *-B i s  

a  f u n c t o r  , t h e n  F f  ;F A — »-FB i s  c o m p a c t  i f  a n d  o n l y  i f  F 

i s  a  f i n i t e  r a n k  f u n c t o r .

P r o o f  ; T h e  p r o o f  i s  i d e n t i c a l  t o  t h a t  o f  ( 4 . l 6 ) .

C o r o l l a r y  k . l 8 L e t  f  : A — >-B h e  a n y  c o m p a c t  o p e r a t o r  w i t h  

B a  s p a c e  w i t h  a  S c h a u d e r  h a s i s .  I f  F :B — >-B i s  a  f u n c t o r  , 

t h e n  F f  i s  c o m p a c t  i f  a n d  o n l y  i f  F i s  a  f i n i t e  r a n k  f u n c ­

t o r  .

P r o o f  ; E v e r y  B a n a c h  s p a c e  w i t h  a  S c h a u d e r  h a s i s  s a t i s f i e s  

t h e  a p p r o x i m a t i o n  p r o p e r t y .  I n d e e d ,  l e t  { h ^ }  h e  a  n o r m ­

a l i z e d  h a s i s .  E a c h  h i n  B h a s  a  u n i q u e  r e p r e s e n t a t i o n  
00

h = 'l f ( h ) h ^  w h e r e  f s B *  a n d  t h e  s e r i e s  c o n v e r g e s  u n i -  
i  = l

f o r m l y  o n  e v e r y  c o m p a c t  s u b s e t  o f  B.

E x a m p l e  L . 1 9  C o n s i d e r  t h e  f u n c t o r  — »-IB g i v e n  a f t e r

( l i . 6 ) w h e r e  n i s  s ome  p o s i t i v e  i n t e g e r .  T h e  f u n c t o r  f ^  

c a n  a l s o  h e  c o n s i d e r e d  a s  a  f u n c t o r  f r o m  B t o  (B. I n d e e d ,  

l e t  A h e  i n  B.  I t  m u s t  h e  s h o w n  t h a t  J^A i s  i n  B.  L e t  

C h e  a n y  r e l a t i v e l y  c o m p a c t  s e t  i n  jf^A a n d  e > 0  h e  a r b i t r a r y .
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F o r  e a c h  i  = 1 , . . .  ,n l e t  — »"A b e  t h e  p r o j e c t i o n :

. , a j j  ) ) = a^  . F o r  e a c h  i  , p ^  ( C ) i s  c o m p a c t  i n  

A. L e t  :A — >-A b e  a  map i n  B o f  f i n i t e  r a n k  s o  t h a t  

f o r  e a c h  x  i n  Pj^(C)  , | f \ ( x ) - x |  <_ e / n .  D e f i n e  f ^ r j f ^ A — >■ 

f^A b y  t h e  f o r m u l a  f  ( a ^  . , a ^ )  ) = ( f ^ f a ^ )  . . , f ^ ( a ^ )  ) .

T h e n  f ^  i s  i n  B a n d  h a s  f i n i t e  r a n k .  A l s o  f o r  e a c h

( ' ’^n^  ^ ^  C C fjjA f

I f ^ f f a i  a ^ )  ) - ( a i ,  .  .  .  , a j ^ )  I  =
n

_ I ^ k i ( a i ) - a ^  I  1  E.

T h e r e f o r e  j^^A i s  i n  B.  T h i s  e x a m p l e  r e a f f i r m s  t h e  v a l i d i t y  

o f  ( 4 . 1 0 ) .

Now l e t  G a n d  F : B — >-B b e  f u n c t o r s  s u c h  t h a t  f o r  e a c h  

A i n  B ,  GA i s  i s o m o r p h i c  t o  FA.  T h e n  i f  F c a n  b e  c o n s i d ­

e r e d  a s  a  f u n c t o r  f r o m  "B t o  B , s o  c a n  G . I f  X i s  a  f i n i t e

d i m e n s i o n a l  s p a c e  , E^A a n d  G^A a r e  i s o m o r p h i c  t o  j?^A 

w h e r e  n i s  t h e  d i m e n s i o n  o f  X ( s e e  ( 2 . 1 5 )  a n d  [ 17  > p . 5 2 2 ] ) .  

T h e r e f o r e  E^ a n d  fi map B i n t o  B i f  X h a s  f i n i t e  d i m e n s i o n .A A

T h e  f o l l o w i n g  l e m m a  i s  s i m i l a r  t o  ( 4 . 1 5 )  a n d  i s  

c o n t a i n e d  i n  a  r e s u l t  b y  G r o t h e n d i e c k  [ 5 ,  p . l 6 8 ] .

Lemma 4 . 2 0  I f  Y i s  i n  B s o  t h a t  Y* s a t i s f i e s  t h e  a p p r o x ­

i m a t i o n  p r o p e r t y ,  t h e n  f o r  a n y  B a n a c h  s p a c e  X,  f o r  a n y

c o m p a c t  m a p p i n g  f  :Y — >-X , t h e r e  e x i s t s  f o r  e a c h  e>0  a

m a p p i n g  f ^ i Y — >-X i n  B o f  f i n i t e  r a n k  s o  t h a t  | f ^ - f |  < e .  

P r o o f  : S i n c e  f : Y — »-X i s  c o m p a c t ,  i t  i s  w e a k l y  c o m p a c t .

T h e r e f o r e ,  f * * ( Y * * ) c n % ( X ) c x * *  w h e r e  n ^ x X — »X** i s  t h e  

n a t u r a l  e m b e d d i n g  [ 3 ,  p .  4 8 2 ] .  S i n c e  f * : X * — >-Y* i s  a l s o
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c o m p a c t  , t h e  i m a g e  o f  t h e  u n i t  b a l l  o f  X* b y  f *  i s  c o n ­

t a i n e d  i n  a  r e l a t i v e l y  c o m p a c t  s u b s e t  C o f  Y*.  By a s s u m p ­

t i o n ,  f o r  e a c h  e>0 t h e r e  i s  a  m a p p i n g  f ^ ; Y * — >-Y* i n  IB o f  

f i n i t e  r a n k  s o  t h a t  | f ^ ( y * ) - y * |  < e f o r  a l l  y *  i n  C.  Now

r e p r e s e n t  f '  b y  t h e  sum f ' ( y * )  = ^ f  ,• ( y *  ) y *  » y *  eY* , f . s Y * * ,
E E 1 1

a n d  w h e r e  y *  a r e  b a s i s  e l e m e n t s  f o r  t h e  r a n g e  o f  f ^  i n  Y*.

T h e n  f ^ ° f *  = f ^ o f * ) ( • ) y * » a n d  b y  t h e  a b o v e  a r g u m e n t ,

f j ^ o f *  = f * * ( f ^ )  = % i E n % ( X ) c X * * .  T h i s  i m p l i e s

| f * - % x . ( " ) y T | =  s u p  | f * ( x * ) - % x . ( x * ) y * |
^ x * s X * , | x * | < l  ^

= s u p  | f * ( x * ) - ^ f . ( f * ( x * ) ) y T |
| x * l l l  ^ ^

= s u p  | f * ( x * ) - f ' ( f * ( x * ) ) |  < E
| x * | l l  c

s i n c e  f * ( x * ) e C .  S i n c e  f * - % x ^ ( " ) y ^  i s  t h e  a d j o i n t  o f

f - I y * ( " ) X i  ( t r e a t i n g  t h e  x ^  a s  e l e m e n t s  o f  X) ,  t h e

i n e q u a l i t y

I f - I y * ( " ) x i l  < E

i s  t r u e .  L e t t i n g  f ^  = I y ^ ( * ) x ^ ,  t h e  lem m a i s  p r o v e d .

T h e o r e m  k . 2 1  L e t  f  :Y — »-X b e  a n y  c o m p a c t  map w i t h  Y* 

s a t i s f y i n g  t h e  a p p r o x i m a t i o n  p r o p e r t y .  I f  F ;(B— >-B i s  a  

f u n c t o r ,  t h e n  F f  i s  c o m p a c t  i f  a n d  o n l y  i f  F i s  a  f i n i t e  

r a n k  f u n c t o r .

Lemma U . 2 2  L e t  h : C  — b e  a  n o r m a l  e p i m o r p h i s m  a n d  

g : B — >-D a  n o r m a l  m o n o m o r p h i s m  i n  (B. T h e n

( 1 ) f : A — >-B i s  c o m p a c t  i f  a n d  o n l y  i f  f » h ; C  — »-B 

i s  c o m p a c t  ,  a n d
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( 2 )  f  ; A  >-B i s  c o m p a c t  i f  a n d  o n l y  i f  g ® f : A — >-D

i s  c o m p a c t .

P r o o f  : ( l )  I f  f  i s  c o m p a c t ,  f « h i s  c o m p a c t .  S u p p o s e

f o b  i s  c o m p a c t .  S i n c e  h ; C — ►A i s  a  n o r m a l  e p i m o r p h i s m ,  

t h e r e  i s  a  b o u n d e d  s e t  U i n  C s u c h  t h a t  h ( U )  = S , t h e  u n i t  

b a l l  i n  A. By a s s u m p t i o n ,  f ( S )  = f ( h ( U ) )  i s  r e l a t i v e l y  

c o m p a c t  i n  B.

( 2 )  I f  f  i s  c o m p a c t ,  g o f  i s  c o m p a c t .  Now s u p p o s e  

g o f  i s  c o m p a c t .  T h e n  f * * g *  i s  c o m p a c t  w i t h  g*  a  n o r m a l  

e p i m o r p h i s m .  H e n c e  b y  ( l )  , f *  i s  c o m p a c t .  T h e r e f o r e  f  

i s  c o m p a c t .

T h e  f o l l o w i n g  p r o p o s i t i o n  g i v e s  s u f f i c i e n t  c o n d i t i o n s  

f o r  a  f u n c t o r  t o  b e  c o m p a c t .

P r o p o s i t i o n  U . 2 3  L e t  F ; B — >-B b e  a  f u n c t o r .

( 1 )  I f  F i s  a  f i n i t e  r a n k  f u n c t o r  a n d  p r e s e r v e s  

n o r m a l  e p i m o r p h i s m s , t h e n  F i s  c o m p a c t .

( 2 )  I f  F i s  a  f i n i t e  r a n k  f u n c t o r  a n d  p r e s e r v e s  

n o r m a l  m o n o m o r p h i s m e  , t h e n  F i s  c o m p a c t .

P r o o f  : ( l )  L e t  f  ;A — »-B b e  a  c o m p a c t  m a p .  C o n s i d e r  t h e

s p a c e  J?j = f ^ ( S , y )  a s  i n  ( 2 . l U )  w h e r e  S i s  t h e  u n i t  b a l l

o f  A w i t h  t h e  d i s c r e t e  t o p o l o g y .  T h e n  t h e  map h ; — »-A

g i v e n  b y  h ( x )  = ^ x ( s ) s  i s  a  n o r m a l  e p i m o r p h i s m .  T h e
S E S

o p e r a t o r  f « h : J [ j — »-B i s  c o m p a c t .  A c c o r d i n g  t o  G r o t h e n d i e c k  

[ 5 , p . 1 8 5 ] ,  t h e  s p a c e  s a t i s f i e s  t h e  a p p r o x i m a t i o n

p r o p e r t y .  By ( 4 . 2 1 ) ,  F ( f » h )  = F f ° F h  i s  c o m p a c t .  S i n c e  

Fh  i s  a  n o r m a l  e p i m o r p h i s m ,  b y  ( 4 . 2 2 )  , F f  i s  c o m p a c t .
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( 2 )  A g a i n ,  l e t  f ; A  — >-B b e  a  c o m p a c t  m a p .  L e t  S* 

b e  t h e  u n i t  b a l l  o f  B* .  T h e  d u a l  o f  j f ^ ( S * , p )  i s  t h e  s p a c e  

,y ) , t h e  B a n a c h  s p a c e  o f  a l l  f u n c t i o n s  x  :S* — >-1 s u c h

t h a t  I f I  = s u p | f ( s * ) |  i s  f i n i t e .  A c c o r d i n g  t o  
s * s S *  .

G r o t h e n d i e c k  [ 5 »  p . l 8 5 ] ,  y j ( S * , y )  s a t i s f i e s  t h e  a p p r o x i ­

m a t i o n  p r o p e r t y .  T h e  map g : B  — »-f” ( S * , y )  g i v e n  b y  

g ( b )  = x % : 8 * — >-1 , w h e r e  x % ( s * )  = s * ( b )  , i s  a n  i s o m e t r i c  

m a p .  T h e  map g « f  i s  c o m p a c t .  By ( 4 . 1 ? ) ,  F ( g o f )  = F ( g ) o F ( f )  

i s  a  c o m p a c t  ma p .  S i n c e  F ( g )  i s  a n  i s o m e t r i c  m a p ,  F ( f )  

i s  c o m p a c t  b y  ( 4 . 2 2 ) .
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