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ABSTRACT 

Linear programming is a mathematical technique used to optimize 

complex physical processes. Due to rising pulp costs, the need to 

minimize the costs of raw materials in paper furnishes is acute. This 

paper studies the potential of linear progrfiI!lIDing as a tool to design 

::c:rn.::.shes ::ee-i::ig designztec p2pe:- spec.:.f.:.cations ,..f:-.ile ::i . .:.w�zi..r_g 

cussed and the applicability of linear models describing multi-com­

ponent furnishes with their effect on paper properties is investigated. 

Some paper properties were found to fit well with the linear model. 

Some of these were opacity, smoothness, tensile, mullen, and tear. At 

the same time, other properties such as porosity and fold exhibited 

distinctly nonlinear characteristics. There was a direct relation 

between the linear blending characteristics of a property and the suc­

cess or failure with which the linear prograrmning method could be 

used to design a specific furnish to meet the requirements of that 

property. Filler in the furnish presents more problems to accurate 

linear prograrmning results. There are strong indications, however, 

that experience and careful tuning of the filler's coefficients in 

the linear programming equations can overcome most of the initial 

shortcomings found in this report. 
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INTRODUCTION 

This investigation evaluates the applicability of linear pro­

gramming techniques for the design of least cost furnishes for paper 

manufacture. The linear programming procedure designs pulp blends 

that will meet grade specifications while minimizing the raw ma­

terials cost for paper production. To use this technique, a crucial 

concession must be made. The mathematical basis of linear programming 

solves problems in such a way that as two elements are mixed, the re­

sultant properties of that blend must change in direct proportion to 

the ratio of the elements. This is called the linearity assumption. 

Paper is a highly complex physical and chemical substance. The 

factors influencing a single measurable property of paper are far too 

numerous and interrelated to be mathematically simulated in a simple 

linear equation. For this reason linear programming must predict 

changes in properties from differing paper blends on a very empirical 

basis. 

There are, therefore, two primary questions to be answered in 

this report. First, how well does linear blending hold up for dif­

ferent physical and optical properties of paper. Second, if linear 

blending is valid, can it be used along with linear programming 

techniques to accurately predict paper qualities for least cost fur­

nish. 



HISTORICAL BACKGROUND 

Linear Programming 

Linear programming is a mathematical technique used to optimize 

complex physical processes. Any process which receives inputs, per­

forms an activity on them, thus producing outputs, may be adaptable 

to a linear programming analysis. Linear programming requires that 

the activity must be described by a system of linear equations or in­

equalities. Furthermore, more variables must exist than there are 

equations to provide alternative solutions for optimization. All 

variables used in the linear equations must be positive so that a 

valid solution with no negative yields or requirements can result. 

This means the process has an irreversible activity. Finally, a di­

recting force, known as the functional equation, must represent the 

value or connnodity to be maximized or minimized for optimization(_!_). 

Linear programming utilizes principles of applied statistics 

with all computations conforming to normal operations in matrix al­

gebra. This property makes linear programming very compatible with 

computers (_�). Therefore, optimal analysis is quite practical for 

very complicated systems involving hundreds of variables and equations. 

The formulation of linear expressions describing a given process 

is straight forward in theory, but practical problems rarely lend 

themselves to simple analysis. The greatest single shortcoming of 
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linear programming is that a process must conform to the linear 

relations of first order equations. Real activities tend to be 

more complicated and can be defined only with more sophisticated 

relationships such as second and third order or even exponential 

equations. Despite the limitation of linear programming to first 

order relationships, some compensations can be·made. For instance, 

where non-linear characteristics are exhibited by a system, inter­

mediate line segments can approximate the curve and be applied in 

the linear program analysis. Although this method is not extremely 

versatile nor precise, an analyst familiar with the system being 

optimized, can choose a linear approximation that is adequate in 

most situations to generate valid solutions. However, great care 

must be exercised in using this procedure as poor approximations can 

lead to gross errors in the solution. It is the responsibility of 

the programmer to incorporate his own understanding of the real pro­

cess capacity and other limitations that could not be included in 

the mathematical representation of the system (1_). 

Another shortcoming of linear programming is that it accounts 

only for those costs that vary directly with throughput in the opti­

mization analysis. Therefore, capital costs, fixed costs such as 

taxes, insurance, labor, and depreciation costs cannot be included 

within the network of the linear program itself (i). 

Linear programming may require large amounts of computer time 

3 



for problems involving hundreds of equations. Computing time will 

increase approximately with the square of the number of equations. 

Computation time can be decreased by combining some of the equation's 

variables to reduce the matrix size, but this will also cause a loss 

of flexibility and control in the program. 

Linear programming also has a tendency to continue optimizing 

profits for increments as small as a fraction of a cent. For this 

reason, the data used in the linear programming model of the system 

must be as accurate as possible. Errors within the linear equations 

that describe the system can lead to fictitious solutions to the op­

timization problem (2_). Therefore, every solution to a linear pro­

gramming problem must be carefully examined for its reasonableness. 

If a problem does exist within the mathematical model of the process, 

the bug is usually very hard to find and correct as the computational 

path to an optimized solution is very complex. 

Linear programming is the general title for several different 

types of optimizing algorithms. The Simplex algorithm developed by 

Dr. George Dantzig in 1947 is the most commonly used today by en­

gineers (2_). Some fundamental procedures used when applying the Sim­

plex algorithm to practical problems will be discussed now. 

Each optimization problem must be described in terms of the in­

teraction of different process variables. The variables can repre­

sent machine hours, money, the portion of a blend, or any other facet 

of production that the program may be dealing with. All variables are 

restricted to positive values. 

4 



Each variable has a coefficient in the linear equation. The 

coefficients may have positive or negative values. The proper 

pairing of the appropriate coefficient value with a given variable 

is vital for the accuracy of the optimization routine. 

The Simplex algorithm can only solve linear equalities. A 

simple method exists for the conversion of inequalities to equalities 

without changing the basic characteristics of the original inequality. 

To each inequality, a new and unique variable is added whose value, 

like all other variables must be positive. If a specific inequality's 

"variable" side of the equation is less than or equal to the given 

constant, the coefficient to the new variable is a positive one and 

vice versa. This new variable can now take on values to make up the 

difference or slack between the "variable side" of the equation and 

the constant term. These new variables are referred to as slack vari-

ables (_2_). 

A system of linear equations implies additivity. Therefore, the 

profit of the nth unit is the same as the first and the amount of each 

resource required is the same for the first as the nth unit. As a

direct result of the linearity assumption, the amount of resource con­

sumed is a linear function of the level of activity. 

Once the problem has been mathematically interpreted, there will 

5 

be a system of simultaneous equations or constraints, as they are called 



by Llewellyn, of the form: 

au Xl + al2 
x2 +. · · . +a

ln 
X = bln 

a21 
X

l 
+ a

22 
x2 + · · · . +a2n X = b2n 
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such that: x.:::..o j l,n 
J 

bk.2 0 k = l,m 

n 7m

"n" is greater than "m" in all cases as this is a fundamental prere-

quisite for linear programming. It provides the multiplicity of so­

luctions from which the optimum solution may be selected. Given this 

necessary condition, "m" variables can be solved at one time with 

the "m" equations. The rest of the variables, "n" - "m", are 

arbitrarily set to zero. This method will give a basic solution. As 

can be deduced, the optimum solution to a linear programming pro­

blem can have only as many variables included as there are constraints 

or equations. The function of the Simplex aglorithm then is to find 

that set of "n" variables and the correct value for each of those 

variables which will optimize the problem (.2_). 

If a linear programming problem is to be optimized, some specific 

function must define the level of optimization. This is done with a 

first order equation called the objective. The objective function is 

of the general form: 

6 



Such that : X· � 0 _, - j = l,n

In this equation, the coefficients to the variables, Ck, represent 

the contribution that·each variable makes toward the total optimiza­

tion of the func tion. Xj represents the quantity of that specific

product to be utilized in the solution. 

For example, if this were a profit maximization problem, Ck

would be given as the profit for each unit manufactured of the k
th 

product. Xk would be a part of the solution from the simultaneous

th 
equations and tell how many of the k product should be manufac tured. 

The solution to a linear programming problem will be those "m" vari­

ables with their respective values which, when substituted in to the 

objective function, will give the greatest value for "Z" (�_). 

Obviously, an optimum solution can be found if all possible com-

bina tions of the "n" variables are taken "m" at a time and solved for 

the system of simultaneous equations. These equations are actually 

solved as an M x N matrix using principles of matrix algebra. However, 

solving all of the possible combinations of "n" variables is far too 

cumbersome a procedure for practical application. For example, a problem 

with 10 equations and 20 variables would have 184,756 possible solutions 

to calculate. For this reason, the Simplex method was developed. The 

key to this method is that it provides a means of determining the change 

in profit a particular selection of variables will cause before the 

actual solution is calculated. This enables the program to introduce 



only those variables to an existing solution which will most greatly 

increase the profit in the new solution and eliminate those variables 

in the present solution which contribute the ,least to the total profit. 

This capability in the Simplex algorithm shortens the computational 

effort of solving that same 10 X 20 problem to 1/92,378 the computa­

tional time (_2._). 

Linear Blending 

Blending several different types of pulp to produce the optimum 

furnish for a specific grade of paper is connnon practice in paper 

mills today. The two dominant considerations when blending different 

fiber types are the resultant paper properties of the mixed pulp and 

the cost per ton of the mixture. The objective of pulp blending then 

is to meet the grade specifications at the least possible cost in raw 

materials. 

Of course, it isn't practical to make handsheets of every dif­

ferent possible combination of various pulps to determine the paper 

properties for each blend. The realistic alternative to this is to 

devise a method of predicting what changes will occur in paper char­

acteristics when specific amounts of different fibers are mixed. One 

such method is called the linear blending theory. As Nordeman describes 

linear blending theory with respect to burst properties (given a burst 

factor for a pure pulp at a specific freeness for a hardwood and a 

softwood) for all blends of two pulps, the burst strength should be on 
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a straight line between the original burst-freeness points at a 

distance in proportion to the blend ratio from the softwood burst 

point (i). The use of the linear blending theory is very straight 

forward. For example, given burst strengths c1 and c2 for two dif­

ferent pulps, then the resultant burst strength for a blend of the 

two is: 

c1 x1 + c2 x2 
= 100 c

3 

Where x1 and x
2 

are the percentage of their respective pulps in the 

mixture and c3 is the resultant burst strength.

The application of linear blending theory as a tool for pre­

dicting paper properties certainly appeals in an empirical sense but 

the reliability of this method is highly questionable. Nordeman 

felt that a linear relationship was valid for burst strength as he 

concluded that the linear blending theory allows one to determine 

mathematically which combination of pine and hardwood freeness and 

burst levels will allow maximum utilization of the hardwood (�). 

This provides good empirical evidence that some degree of linearity 

does exist in burst properties when blending two pulps. 

Caution must be exercised however to avoid generalization. The 

fiber binding systems that form a paper mat are very complex and he­

terogenous. The simplicity of a first order mathematical equation 

could not possibly describe the many facets of fiber and fiber-bonding 

characteristics which produce a given property such as burst. But as 

Skalicky points out, there is no gain in defining physical relations 

9 
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within a sheet because for the majority of tests, the force which acts 

on the sample can be accurately determined but the system upon which 

it acts cannot be expressed physically (]_). For this reason, empirical 

relationships are the most feasible mathematical approach to the simu­

lation of paper properties. 

In support of the linear blending theory, Brecht stated that if 

the properties of pulp are similar, the curve characterizing the mixing 

properties is almost always linear (�). On the other hand, he adds 

that if the measured properties are dissimilar, the mixing curve is 

rarely linear. In the case of nonlinear blending characteristics, 

different properties are influenced more or less by the dominant com­

ponent in the paper. For example, absorbancy, air permeability, 

brightness and brightness reversion are all influenced more heavily 

by the pulp with the smaller value in these properties. Tear strength, 

stiffness and opacity, however, are affected much more by the component 

with the larger value (�). 

Jamieson has pointed out that the scattering and absorption co­

efficients of a pulp are linearally dependent on those properties of 

each of its components. This is shown by ®:

(f)Blend 
Kl Xl + K2 X2 +

= 

S1 Cl + S2 C2 +

K = Absorption coefficient 

S = Scattering coefficient 

X
n 

= Percentage of each component pulp 
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Some of Parson's work with optical properties of pulp blends 

indicates that the scattering coefficient is not always linearly 

related to the scattering coefficient of its components (10). But 

these tend to be exceptional cases involved with the fraction of fines 

in the pulp. Parsons stated that a given fraction of pulp scatters or 

absorbs light independently of its surroundings. Therefore, even in 

a mixture of different pulps, each component retains its original op-

tical properties (1:.Q_). 

Page has found that the tensile properties of a sheet of paper 

also conforms to an empirical relationship of the form (.!1_). 

1 = 9 

T 8 Z 

+ 12 A d  g
b PL (RBA) 

T Finite span tensile strength 

Z = Zero span tensile strength 

A = Mean fiber cross sectional area 

d = Density 

g = Acceleration 

b Shear strength per unit area of fiber-fiber 

bonds 

P = Perimeter of average fiber cross section 

L = Mean fiber length 

RBA = Fraction of fiber surface bonded in sheet 

This is not the simple linear relationship desired, However, it does offer 

credibility to the premise that empirical relationships can describe a pro­

perty resulting from complex interactions of fibers in paper. 



Alin and Ruvo have done extensive research with polynomial repre­

sentation of pulp mixture properties Cg). The simplest expressions 

describing paper properties as a function of furnish make-up are linear 

of the form: 

WhereLX. = 
J 

A .. = 
J 

1 

=�A
i 

X 
j j 

th 
Coefficient of the i property of

.th 
the J . component

The values for the coefficients were derived experimentally with the 

application of the least squares method to the data. Almin evaluated 

second order equations of the form: 

F 

C .::;, 

= £::: A.X 
J� I J j

The sign of the "B" coefficients will indicate whether the nonlinear 

12 

effect when blending is synergistic or antagonistic. The investigation 

indicated that second order equations best describe tear strength and 

scattering coefficient. However, they pointed out that, if the range of 

validity were restricted, linear approximations can be acceptable. Third 

and higher order equations gave no significant increase to the accuracy 

of the equations Cg).

Fillers generally improve the optical appearance of pulp and are de-

trimental toward strength characteristics. Almin and Ruvo noted a pro­

nounced negative dependence of breaking length on clay content Cg).

Skalicky found that tear strength linerally decreased with increasing 

ash content. He also demonstrated that opacity increased linearly with' 

i 
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increasing filler content which agrees with earlier discussions on the 

effect of individual components on the optical properties of paper CJ_). 



EXPERIMENTAL DESIGN 

Introduction 

The preceding literature survey indicated that there are two 

areas for experimental research if a thorough knowledge of linear pro­

gramming and its possible use in furnish design is to be evaluated. 

Initially, a study of linear blending would produce data that could 

14 

be a valuable resource later when applying linear programming to pulp 

blending. Secondly, a test of the linear programming procedure would 

indicate how accurately a furnish can be designed to meet specifications 

with the linear programming cost optimization method. 

Since the success or failure of linear programming in paper furnish 

design is totally dependent on the linear change in paper properties as 

one pulp is blended with another, a complete understanding of linear 

blending is necessary if any intelligent interpretation of linear pro­

gramming results can be made. Therefore, a large portion of the ex­

perimental work was devoted toward generating more concise information 

on linear blending with the pulps that would later be used for the linear 

programming study. The results of this aspect of the experiment will be 

discussed in detail directly following the explanation of experimental 

procedure. Graphs showing the change in specific properties as one pulp 

is blended with another are included with this paper in the Appendix. 

The experimental test of linear programming consists of two parts. 

The first section deals with pulp blending while the second section also 



uses filler in the system. Klondyke water washed clay was used in 

this experiment. 

Experimental Design 

The pulps selected for this experiment were Rayonier bleached 

kraft softwood, Weyerhaeuser bleached kraft hardwood and groundwood 

manufactured by Kimberly Clark. The softwood and hardwood pulps were 

prepared at several different freenesses in small laboratory valley 

beaters, according to Tappi Standard T200 05-70. The softwood samples 

were refined to freenesses of 500 CSF, 400 CSF, 300 CSF, and 200 CSF. 

The hardwood samples were refined to freenesses of 500 CSF, 400 CSF, 

and 300 CSF. Later in the experiment, when the groundwood became 

available, it was disintegrated and refined very lightly in a valley 

beater for fifteen minutes. 

15 

From these softwood and hardwood samples, handsheets were made in 

the Noble and Wood Handsheet machine. The dry sheet target basis weight 

was 60.5 grams per square meter or 2.5 grams per handsheet. Not only 

were the handsheets 100 percent of each pulp and freeness, but blending 

studies were initiated at this point by combining different pulps (two 

at a time) in ratios of 90% - 10%, 80% - 20%, 60% - 40%, 40% - 60%, 20% 

- 80%, and 10% - 90%. The blending procedure was accomplished by bring­

ing both of the pulp slurries to the same consistency, and then mixing 

them volumetrically in the sheet mold. 

One of the pulp blends was a softwood pulp of 500 CSF mixed with 



16 

another softwood pulp at 200 CSF. In a similar way, the 500 CSF hard­

wood pulp was blended with the 300 CSF hardwood pulp. To measure the 

change in paper properties as pulps of more contrasting characteristics 

are blended, the 400 CSF softwood pulp was blended with the 500 CSF 

hardwood pulp and the 300 CSF softwood pulp was blended with the 300 CSF 

hardwood pulp. 

A study of filler addition on paper properties was also started in 

the handsheet phase of the experiment. To accomplish this, clay was 

added to the pulps at 10%, 20%, 50%, 100%, and 200% of the total dry 

sheet weight (60.5 g/m2 ). The retention in the sheet mold is very low

so the actual amount of ash in the sheets never exceeded 15%. The pulps 

selected for this study were the 500 CSF softwood, the 400 CSF hardwood, 

and the groundwood pulps. It should be noted here that the groundwood 

sheet could not be made with filler additions of greater than 50% due 

to lack of strength in the sheet. 

Ten handsheets of each set were made and placed in the controlled 

temperature and humidity room. Of the ten original handsheets made, 

eight sheets were selected for actual paper testing on the basis of 

weight and the visual appearance of the sheet. Altogether, there were

eight sets of handsheets made from single pulps at specific freenesses. 

Four groups of blended handsheets were made each consisting of six sets 

of handsheets. Three groups of filled handsheets were made with each 

containing five sets of handsheets with the exception of the groundwood 

group as mentioned previously. This makes a total of forty-five sets 



of handsheets with eight handsheets to a set (total of three hundred 

eighty handsheets tested). 

17 

At the onset of this experiment, nine tests were chosen to mea­

sure and describe various physical and optical properties of the 

sheet. The tests were Martin Sweets brightness, Sheffield smoothness, 

Sheffield porosity, tensile, burst, tear, fold, and density. 

As these are all established tests for paper, little need be 

said about them individually except where some specification or com­

ment may pertain to the results of the tests. 

With one exception, each sheet in a given sample set was measured 

once for a given property. The results for all eight sheets in a set 

were averaged to give a test value for the property being measured. 

Large data tables are a cumbersome and often difficult way to convey 

information, so the results of these tests have been portrayed graphi­

cally. Several representative graphs have been included in the body 

of this report to illustrate a specific type of trend or result. The 

rest of the graphs are included in the Appendix of this paper. The 

graphs are in three major groups consisting of those that measure a 

change in a specific property of the paper against a change in the 

freeness of a given pulp, the change in a property as one pulp is 

blended into another, and the change in a property as clay Js added 

to the sheet. 

Sheffield smoothness required a greater number of t�sts on each 



handsheet because of a large variability of smoothness values on a 

single sheet. To accomplish this, five readings were taken on each

handsheet and the average value for each sheet was recorded then all 

the sheets of the sample set were averaged. There are forty smooth­

ness readings for each sample set value or point on the smoothness 

graphs. The result of this increased sample size was consistent 

trends on all three types of graphs for Sheffield smoothness. 

Once the test data was collected, the results were compiled

19 

and the information was fed into the computer for the printer-plotter 

drawn graphs which make up the Appendix of this report. Through the

points on these graphs, least square lines were drawn of either first

or second degree depending on the configuration of the points.

The least squares fits for the data points on the'
property vs.

Canadian Standard Freeness' 
graphs were used to create the data log

for all the pulps used in this experiment. This data log was in turn 

used in the linear programming equations. An example of this is shown 

on the following page in Table 1. 
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TABLE OF EXPERIMENTAL VALUES FOR PULPS TESTED 

500 400 300 200 500 400 
Test Ground wood SWK SWK SWK SWK HWK HWK 

Opacity 96.8 67.4 66.2 66.1 66.3 79.6 78.6 

Brightness 54.6 83.0 81.2 79.5 77. 7 84.5 82.1 

Smoothness 241 340 322 306 290 292 283 

Porosity 68 72 45 29 18 117 77 

Tensile 3.3 10.3 10.5 10.7 11.0 5.7 7.0 

Mullen 5.6 38.2 40.0 40.4 40.7 16.8 20.0 

Fold l 550 561 540 524 8 14 

Tear 15 88 81 74 71 57 55 

Table 1: Showing derived coefficient values for all pulps used in Linear 

Opacity 

Brightness 

Smoothness 

Porosity 

Tensile 

Mullen 

Fold 

Tear 

Programming experiment. 

SIMULTANEOUS EQUATIONS FOR LINEAR PROGRAMMING 

.5-

96.8X1+67.4X2+66.2X
3

+66.1X
4

+66.3X5+79.6X6+78.6X7+78.0X8

54.6X1+83.0X2+81.2X3+79.5X4+77.7X5+84.5X6+82.1X7+80.0X
8

241X1+340X2+322X3+306X4+290X5+292X6+283X7+274X
8

68X1+72X2+45X3+29X
4

+11.0X
5

+5.7X
6

+77X7+49X8

3.3X1+10.3X2+10.5X3+10.7X4+11.0X5+5.7X6
+7.0X7+7.4X8

5.6X
1+38.2X2+40.0X3+40.4X4+40.7X5+16.8X6+20.0X7+22.3X8

1X1+550X2+561X3+540X4+524X
5

+8X
6

+14X7+26X8

15X1+88X2+81X
3

+74X
4

+71X
5

+57X
6

+55X7+49X8

Figure 1: Showing simultaneous equations used for Linear Programming 
where x1, x2, .... are equal to the percent of their
corresponding pulps (see Table I) in the blend. 

300 
HWK 

78.0 

80.0 

274 

49 

7.4 

22.3 

26 I 

49 
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With the final values of all the pulps for the eight tests deter­

mined, the set of simultaneous equations needed for the linear pro­

gramming could be constructed as shown in Figure 1. With the paper 

specifications inserted into the data along with cost information, 

the data table is complete and ready to run on the computer. 

21 

Although the paper specifications were arbitrary, the cost in­

formation, for the sake of authenticity, had to be based on current 

pulp prices and the cost of refining had to be ascertained in a 

realistic manner. Pulp prices were obtained from local mills. Ground­

wood was selling for about $225 per ton, bleached kraft softwood for 

about $310 per ton, and bleached kraft hardwood sold for about $325 

per ton. References for the power requirements of stock treatment 

came from two sources: a private communication with the Mead Corpora­

tion and a presentation prepared by D. W. Danforth of the Pulp and 

Paper Research Center, Inc. The horsepower figures are from a study 

of a Sprout-Waldron pressurized disc refiner treating softwood pulp 

of 3.6% - 4.15% consistency, at a rate of one hundred gallons per minute. 

The treatment of hardwood in this experiment was assumed to require ap­

proximately three quarters the power of the softwood to effect the same 

incremental drop in freeness. The cost computations are shown in detail 

in Appendix 1. The cost of power data used in this model was derived 

from a steam cost study which indicated that a million BTU's of steam 

cost one dollar. One kilowatt-hour has a heat value of ten thousand 

BTU's. The value of one KWH is then, one one-hundredth times one dollar 

or one cent per KWH. These cost figures along with the computations 



needed to derive them are shown in Appendix 1. 

Because of the dramatic difference between the nature of filler 

clay and fibrous pulps, the treatment of filler information is some­

what different than the method used to derive constants for pulps. 

The retention of filler by each individual pulp is generally pro­

portional to the amount of filler added to the sheet mold. This re­

lationship is shown in Figure 2. However, the actual retention for a 

particular blend of different pulps may be quite different from that 

expected with either pulp. A good example of this fact can be seen 

on the graph showing the relationship between percent clay added and 

percent clay retained. At the 100% addition level, more than twice 

as much clay is retained by the hardwood as the softwood. Further­

more, the amount of clay retained by the groundwood cannot even be 
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read on the chart as it exceeds more than 15% clay retained at less 

than the 50% addition level. When the linear program specifies a pulp 

blend between the hardwood and the softwood pulps of various freenesses 

with a certain level of filler, the amount of filler to be added to 

the sheet mold must be compensated to account for the different retention 

properties of the pulps in the furnish. If, for example, a 45% softwood, 

45% hardwood and 10% filler blend was needed, the most direct method of 

determining the amount of filler to add would be to find that level of 

addition where the average amount of filler retained in the sheet for 

the hardwood and softwood components was 10%. This occurs graphically 

at the 213% addition level as illustrated in Figure 2. Of course, as 
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more pulp components are specified, the problem of determining filler 

addition levels multiples but the same principle applies. 
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The second special consideration a filled sheet must be given in 

linear programming is concerned with the derivation of the constants 

for a filler in the simultaneous equations of a linear programming 

problem. All of the coefficients for pulp properties in the linear 

equations are based on actual data obtained from handsheets made from 

100% of each specific pulp. This is obviously impossible with a filler 

since it must depend on a fibrous base sheet for its cohesion and 

strength. Therefore, an estimate of a "100% sheet of filler" must be 

made based on extrapolations of data collected from tests on the filled 

handsheets. An encouraging aspect of this procedure is that as far as 

the filler additions were carried, most of the properties in the filled 

sheets increased or decreased in a linear fashion with respect to the 

amount of filler added. Since most of the filler retention levels will 

be within those limits actually tested in the filled handsheets, this 

makes the linearity assumption quite valid over the range it will be 

used. 

The actual change in the properties of the handsheets was noted 

from the zero addition level to the 100% addition level. This procedure 

was done graphically using the least squares lines instead of data 

points for added experimental accuracy. An example of this procedure 

can be seen in Figure 3 showing the change in burst strength as more 

filler is added to the base sheet. In this case, the softwood lost 
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seven points of burst while the hardwood lost five points as the filler 

addition level increased from 0% to 100%. The actual amount of filler 

in the softwood and hardwood sheets is 3.2% and 6.9% respectively. 

Using this information, the predicted total loss in burst strength as 

the percent filler in the sheet climbs to 100% is two hundred nineteen 

pounds per square inch for the softwood and seventy-two pounds per 

square inch for the hardwood. Of course, this is a physical impossibi­

lity since burst cannot have a negative value. At higher retention 

levels than those tested the effects of filler on burst strength ex­

hibits curvilinear characteristics. Therefore, the estimated co­

efficients are reasonable approximations to the loss in burst strength 

with filler additions at the levels in which we are interested. 

Depending on the relative amount of hardwood and softwood, the 

loss in burst due to the filler component should be biased proportionally 

toward the pulp type of the greatest amount. To arrive at the final 

coefficient value to be entered into the simultaneous equations of the 

linear programming problem, the loss in burst should be subtracted from 

a reasonable estimate of the burst strength of these pulps that will 

make up the furnish of the optimum paper. An example of filler co­

efficients for a sheet with equal amounts of hardwood and softwood pulps 

can be seen in Figure 4. This procedure can be approached by a succes­

sive approximation method or it may be reasonably accurate using an 

intelligent guess. It may be good to point out again that linear pro­

gramming is a valuable tool in furnish design but the solutions are only 

as good as the data supplied to the linear equation. 



ADJUSTED FILLER COEFFICIENTS FOR LINEAR PROGRAMMING* 

Test Filler 

Opacity 160 

Brightness 820 

Smoothness +36

Porosity +84

Tensile -30

Mullen -110

Fold -2500

Tear 32 

*Based on approximately 50% - 50% addition of softwood and hardwood
pulps.

Figure 4: List of estimated coefficient values for Klondyke clay. 
These values were used in the linear programming trial. 
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The last phase of the experiment was an actual test run of the 

linear programming accuracy in designing a pulp furnish. Two of the 

furnish mixtures utilized all the hardwood, softwood, and groundwood 

samples tested in the base data study. The third furnish was generated 

with the groundwood sample replaced by the filler-water washed Klon­

dyke clay. Although the clay had a very large economic advantage, it 

was highly detrimental to the sheet's strength properties which limited 

the clay's usefulness as a component in the furnish. Nevertheless, 15% 

clay in the sheet for a 60.5 grams per square meter basis weight 

seemed to be a reasonable limit for filler. 

Using the output of the linear programming routine, the furnishes 

were blended with the specified pulps and made into 60.5 gram per square 

meter handsheets for testing. These three sets of handsheets were 

tested for their physical and optical properties. 

The analysis of the test results is included in the discussion 

of the results. 
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RESULTS AND MATHEMATICAL ANALYSIS OF LINEAR PROGRAMMING STUDY 

Table II: Lists results of linear programming portion of the experimental 
procedure. 

ACTUAL % 
RUN TEST SPECIFIED PREDICTED ACTUAL ERROR ERROR 

Pulp Blend 1 Opacity 85 85 89.1 4.1 4.6 

51.4% 400 HWK Brightness 72 72.1 60.6 -11.4 -15.9

35.0% Grwd. Smoothness 280 270 294 24 8.9

7.2% 300 HWK Porosity 70 70.1 62 - 8.1 -11.6

5.5% 400 SWK Tensile 5.0 5.9 6.2 0.3 5.1

Mullen 11 16 15.7 - 0.3 - 1.9

Fold 40 40 8 -32 -80

Tear 25 42 44 2 4.8

Pulp Blend 2 Opacity 85 85 90.6 5.6 6.6 

50.8% 400 HWK Brightness 72 72 57.6 -14.4 -20

35.7% Grwd. Smoothness 280 276 279 3 1.1

13.5% 300 HWK Porosity 70 70 62 - 8 -11.4

Tensile 5.0 5.7 6.3 0.6 10.5

Mullen 11 15 15.6 0.6 4.0 

Fold 7 11 7 - 4 -36

Tear 25 40 40 0 0

Filler Blend 1 Opacity 80 82.3 83 0.7 0.9 

48.7% 500 SWK Brightness 83.5 83.5 77. 9 - 5.6 - 6.7

40.5% 500 HWK Smoothness 270 288 294 6 2.1

10.8% Clay Porosity 115 92 80 -12 -13

Tensile 3.0 4.1 5.5 1. 4 34

Mullen 5 13.5 16.7 3.2 23.7

Fold 1 1.1 11 9.9 900 

Tear 32 69.4 93 23.6 34 
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DISCUSSION OF RESULTS 

Linear Blending 

The literature survey revealed that there was quite a bit of in­

terest in the prospects of linear blending, but little precise in­

formation was available concerning the specific blending characteris­

tics of two pulps with respect to a certain property. Several genera­

lizations found in the literature are noteworthy and should be mentioned 

here again. This first axiom of pulp blending should probably be called 

the golden rule of linear blending. The more similar two pulps are, 

with respect to one property, the more linear will be the transition of 

that property from one value to the other as one pulp is blended into 

the other. In addition to this, if two pulps are blended together that 

are widely differing with respect to a property, the greatest deviation 

from a linear blending characteristic will occur when the pulps are 

blended in 50% - 50% proportion. Finally, in the case of nonlinear 

blending characteristics, different properties are influenced more or 

less by the dominant component in the paper. For example, absorbency, 

permeability, brightness and brightness reversion are all influenced more 

heavily by the pulp with the smaller value in these properties. Tear 

strength, stiffness and opacity however, are affected much more by the 

component with the larger value. 

There are four blending curves for each property in the study of 



linear blending. Regretfully, the groundwood pulp was not available 

for this study as its arrival was delayed due to transportation diffi­

culties. As mentioned previously, two of the blends are between the 
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same pulp at different freenesses; in one case, hardwood and the other 

case softwood. Each blend has six data points and each point was de­

termined by eight tests. Therefore each blending characteristic curve 

was generated by not less than forty eight individual paper tests. Two 

of the blending characteristic curves are studies of blending similar 

pulp types into one another with the expectation of a linear transition. 

The other two blending curves for each property are blend studies of 

relatively different pulps. In this case, characteristic blending curves 

are expected to be less linear due to greater divergence in sheet pro­

perties between hardwood and softwood. 

Opacity is a model example of linear blending characteristics in 

all four blend studies. This supports Parson's statement concerning the 

scattering properties of a pulp and the linear relation to the scattering 

coefficients of its components. A graph showing the blend characteristic 

curves is in Figure S. 

Brightness does not illustrate a distinct linear or nonlinear trend. 

This is due to the fact that the brightness of the pulps was so close 

that instrument error along with the differences between one set of sheets 

and the next became more significant than the incremental changes in 

brightness as one pulp is blended into another. 
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Smoothness is another good example of linear blending for all 

four pulp blends except that, even with forty measurements per point 

on the graph, the varience of measurement was still large. Distinct 

linear trends are present in all the blending curves. This could be 

due largely to the fact that the difference in smoothness between 

all the various pulps was not great therefore, the golden rule of 

linear blending applies. 

Porosity is a direct contrast to smoothness. Measurements are 

consistant and the blending characteristic is distinctly curvilinear. 

The line drawn through the data points is again a least squares fit 
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but this time it is a second degree polynomial. This can be seen very 

readily on the sample graphs in Figure 6. If this graph can be con­

sidered a reliable forecaster, particular problems can be expected when 

the linear program uses linear equations to predict the value of a 

multi-component furnish on the basis of porosity. The obvious conclusion 

from this data is that the porosity specification as well as the poro­

sity coefficient for each of the pulps must be chosen with care or the 

porosity requirement could prove detrimental to accurate furnish design. 

Tensile shows good linear characteristics in all four blend curves. 

This is highly desirable because in most manufacturing situations, the 

sheet strength requirements are critical in both paper manufacture and 

end use. Therefore, a good predicter is essential for strength specifi­

cations. Again, significant variance in the handsheet quality has pro­

duced some random nonlinearity among some of the points. These incon­

sistencies are however, well within the limits of reasonable error. 
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Burst also exhibits strong linear characteristics on all four 

blend studies, Here, too, handsheet variations contributed to ran-

dom deviation from a perfectly linear blending transition. The de­

viation of points from the least squares line is more pronounced for 
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the burst result than the tensile but the variance between individual 

paper tests is greater for burst than the variance in the tensile tests. 

Fold blending characteristics are the most complex of all the 

tests. The hardwood - hardwood and softwood blends show nearly linear 

transition as one freeness pulp replaces another but the net change in 

fold for either test is not extremely large. When large fold strength 

is exhibited, extremely large test variance occurs. Since the soft­

wood pulps have a much stronger fold than hardwood there is much more 

deviation from the least squares line for the softwood - softwood blend 

than the hardwood - hardwood blend. There is a distinct linear rela­

tionship for each of these blend curves. The softwood - hardwood blends 

show definite curvilinear trends. The change,in fold strength is much 

greater as the hardwood is blended into the softwood. In the case of 

the 300 SWK - 300 HWK blend, it can clearly be seen that the greatest 

deviation from a linear characteristic curve occurs close to the 50% -

50% blend as is connnon for nonlinear blending characteristics. The 

most outstanding feature of the fold blending data is the diverse nature 

of all the least squares lines for the blending characteristics. This 

makes the fold test difficult to use conveniently in a linear program­

ming application as prediction errors are inevitable when using linear 

approximations to define such erratic trends. 



Tear strength is the last test used in this linear blending in­

vestigation. Consistent curvilinear trends occur in all four blend 

characteristic curves. As seen before, the greatest deviation from 

a linear blend occurs in the 50% - 50% blends. Since the curvilinear 

blending characteristic is consistant and not extremely curved, this 

test should prove to be a useful predicting parameter. 

Density was a test that was to be used but the erratic data 

collected indicated that the particular sheet making process (Noble 

and Wood) did not produce sheets with consistent density. Therefore, 

the density test was not a useful parameter for specifying sheet pro­

perties in this study, but it should be reconsidered when a different 

sheet making process is employed. 

Linear Prograrmning 
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A summary of the results for the linear programming portion of 

this experiment is displayed in Table II. As expected, certain tests 

proved to behave in a more predictable manner than others. It is 

readily apparent that when pulps with widely divergent properties are 

mixed, distinct nonlinear trends take place with several properties. 

Examples of this can be seen in pulp blends one and two for the fold 

test. On the other hand, results with less error between the predicted 

and actual property values such as in opacity can be observed on tests 

that demonstrated more linear transitions upon mixing. This discussion 

will concern itself with the reliability of predicted values for 



individual tests when using linear programming to design paper fur­

nishes. Where large errors exist between actual and predicted test 

values, explanations will be made and possible solutions will be 

suggested. 

The primary difficulty in a thorough analysis of this data 

lies in the absence of blending data between groundwood and one of 

the two bleached kraft pulps. This represents a significant void in 

the blending data prepared for this experiment. Since the greatest 

differences, both physically and optically, for the test pulps lies 

between the groundwood and the kraft pulps, a blend study of one of 

those mixes would have given good reference data. The reason for 

this obvious shortcoming is the delayed arrival of groundwood pulp 

during the experimental stage of this thesis. 
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Pulp Blend 1 and Pulp Blend 2 are similar in composition. Pulp 

Blend 1 has 36% groundwood, 51.4% 400 CSF hardwood kraft, 7.2% 300 CSF 

hardwood kraft and 5.5% 400 CSF softwood kraft. Pulp Blend 2 has 35.7% 

groundwood, 50.8% 400 CSF hardwood kraft and 13.5% 300 CSF hardwood 

kraft. The blending characteristics and the accuracy of predicted pro­

perty values for both of these pulps should be quite similar. Therefore, 

a comparison of the results of Pulp Blend 1 and Pulp Blend 2 should in­

dicate the reproducibility of these blending techniques. 

The filled blend involves several important changes as compared to 

the first two pulp blends. These are the pulp mixture and the method of 

deriving coefficients used for calculating the filled handsheets' paper 



characteristics. The composition of the filled blend is 48.7% 500 CSF 

softwood kraft, 40.5% 500 CSF hardwood kraft and 10.8% Klondyke water 

washed clay. Because of these differences, the results of the pulp 

blend with filler included will be treated separately from the first 

two pulp blends. 
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Opacity was expected to conform well to linear blending principles. 

Although the linear programming results indicate 4.6% and 6.6% error 

in the opacity value for the two pulp blends, the important considera­

tion is that the error is approximately constant. This indicates that 

an adjustment of an opacity coefficient in the linear equations may 

result in a reduction of the error. An increase in the opacity value 

for groundwood from 96.8 to 106 or 110 may eliminate future error in 

opacity predictions. The filled blend showed a negligible error of 

0.9% in the linear programming estimate of paper qualities. This is 

certainly encouraging but it should not be considered conclusive as 

more trials are required to make the results credible. 

Brightness test results did not show nearly the accurate test re­

sults found in opacity. Errors of 15.9% and 20% were calculated between 

the predicted and actual brightness of the sheet. Obviously, the pre­

sence of groundwood in the blend lowers brightness more dramatically than 

original tests indicated. Again both errors are quite similar indicating 

that a change in coefficient values of the linear equations could cor­

rect it. Lowering the groundwood brightness coefficient from 54.6 to 
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approximately 30 may give more realistic results for future blends 

of these approximate proportions. The filled blend had a more accurate 

brightness prediction than the groundwood blends. The error was 6.7% . 

The smoothness test showed a significant difference between the 

error of Pulp Blend 1 and Pulp Blend 2. They were 8.9% and 1.1% 

respectively. This can be attributed to the·fact that smoothness mea­

surement had a large variability for individual tests. Therefore, 

average values tend to be unreliable and very hard to reproduce. The 

smoothness parameter may not be a valid test to use with linear pro­

gramming unless a sheet making procedure is devised to make sheets with 

more uniform smoothness. Although the smoothness error is only 2.1% 

for the filled blend, there is no more justification to keep this test 

as a blending parameter than with the two pulp blends. 

Porosity has approximately equal errors for both pulp blends. Of 

11.6% and 11.4%. The difficulty in analyzing this test lies in id­

entifying the misleading coefficient. The nonlinearity of the blending 

curves (see Appendix 3) indicates that the linear assumption will give 

higher predicted values than actual test results. This is exactly 

what happened for both pulp blends. The solution to this difficulty 

is to lower the porosity value of one or more of the pulp components. 

The selection of values that should be lowered is the responsibility of 

the programmer. The error for the filled pulp blend is unsatisfactory 

at 13%. Again the compensation in the porosity values must be done by 

the programmer and is somewhat ambiguous. 



Tensile strength appears to have a large percentage error but 

the actual error is 0.3 kilograms and 0.6 kilograms for Pulp Blend 
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1 and Pulp Blend 2 respectively. The weak groundwood did not diminish 

the strength of the pulp blends as much as linear blending would pre­

dict. These are small actual errors, however, and a minor adjustment 

to the groundwood tensile value could negate this problem. The same 

difficulty, in principle, exists in the filled blend only to a larger 

degree. The detrimental effect of filler on tensile strength has 

clearly been overestimated. Increasing clay's coefficient for tensile 

strength from -30 to -20 may produce a more realistic estimate for 

the linear equations. 

The mullen test was considerably more successful in this first run 

of linear programming trials than the tensile test. The errors for 

the mullen test were -1.9% and 4.0% for Pulp Blend 1 and Pulp Blend 2 

respectively. This is satisfactorily accurate. There is a significant 

accuracy problem with the filled blend however. As with the tensile 

test, the detrimental effect of clay on mullen strength was overestimated. 

An increase in the clay's mullen coefficient is needed. A change from 

-110 to -80 may be appropriate.

The fold test results clearly reveal that this property is linear 

programming's Achilles' heel. Due to the distinct curvilinear nature of 

fold's blending characteristics, linear approximations do not tend to 

be reasonably close to actual test results. Adjustments to fold co­

efficients would be never ending and could often be misleading. These 



test results indicate that it may be inadvisable to use the fold test 

as a contributing parameter for the design of the furnish with linear 

programming. 

The tear test had exceptionally good results with Pulp Blends 1 

and 2 with errors of 4.8% and 0% respectively. This property exhibits 

curvilinear blending characteristics as can be seen in Appendix 3. 

Therefore, it is unusual that a linear approximation would generate 

such good results. More test cases should be run before final con­

clusions are made concerning the suitability of the tear requirements 

for linear blending. The filled pulp blend did have the unacceptable 

error of 34% in its estimate of tear strength. Again, the detrimental 

effect of filler on tear strength was overestimated and some adjust­

ments could be made on the filler's tear coefficient. Changes to 
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the tear coefficient should be made with the knowledge that all the 

nonlinearity problems that applied to the tear test for the pulp blends 

are also valid for the filled blend. 



CONCLUSION 

Linear programming has shown good promise for application in 

the design of paper furnishes to meet designated requirements while 

optimizing the cost of raw materials. Pulp blends are more 

straightforward than blending a filler component in addition to pulps. 

Except for a few tests, the properties of a filled sheet seem pre­

dictable but more coefficient tuning is necessary for filled sheets 

due to the indirect method used to arrive at coefficient values for 

the filler component. An important by-product was discovered when 

running the linear programming routine with arbitrary sets of require­

ments. When specifications have been set to such values that no com­

bination of the pulps and filler available will meet those specifica­

tions, a processing error is detected by the linear programming method 

and the appropriate message is sent with the printout. This can be 

a very efficient means of surveying paper property limitations with 

existing raw materials available when designing new grades of paper. 
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Concerning the pulp blend results of the linear programming study, 

those properties that exhibited linear blending characteristic curves 

also showed good correlation with the predicted results from the linear 

programming solution. Those tests include opacity, tensile, mullen, 

and tear. Conversely, porosity and fold showed distinct curvilinear 

blending characteristics and gave poor results in the error analysis 

of the linear programming study. 

i 
11 
I ,, 



The filled furnish had significantly more error in several of 

'its predicted paper properties than the pulp blends. This is due 

directly to poor choice of coefficients in the linear equations. 

There was good evidence in the study that as the filler content in 

the paper increases, most paper properties change in a predictable 

manner. Furthermore, this change is linear in most cases. 
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APPENDIX I 

CALCULATION OF POWER COSTS FOR 

PULPS OF VARIOUS FREENESSES 

50 

Pulp & Freeness HPD/T Power Cost Total Cost 

Groundwood 

500 CSF SWK 

400 CSF SWK 

300 CSF SWK 

200 CSF SWK 

500 CSF HWK 

400 CSF HWK 

300 CSF HWK 

Steam Cost: 

7.5 

12.5 

15.1 

17.7 X 0.179 HPD = 

20.3 

12.0 

14.1 

16.6 

Steam Cost - $1.00/M BTU 

10,000 BTU = 1 KWH 

$1.00 X
M BTU 

.7457 KWH= 1 Hp

10,000 BTU= 1¢ 
1 KWH 1 KWH 

$1.34 

2.24 

2.70 

3.17 

3.63 

2.15 

2.52 

2.89 

10,000 BTU 
1 KWH 

.7457 KWH 
1 Hp 

$226.34 

327.24 

327.70 

328.17 

328.63 

312.15 

312.52 

312.89 

Incremental Power Cost: 1 HPD X .7457 KWH X 24 H X $0.01 = $0.179

T lHP D lKWH T 

HPD 
T 

X 0.179 
HPD 

i 
= T 

$ 

$ 



0 
co 

>­

r­
,..._..l,/) 

u
l""' 

<C. 
a_ 
C> 

e---t 

Q_c, 
a_r--.. 
<C 
t--

\.I) 
CD 

0 
UJ 

600 500 

c. 

Graph showing change in Tappi Opacity as 
freeness varies for hardwood and softwood 
pulps. 

CJ 

0 Freeness curve for softwoods 

'X. Freeness curve for hardwoods 

4-00 300 200 

S. FREENESS (Ml) 

:i> 
>tj 
>tj 
l:rj 
z 

b 
H 
>< 

:'0 

I 

\JI 

I...,) 

J 



� 

ti) 
1--U)Wc:o
w 
.:3 
U) 

z 
t---4 

r­
o==:: 
<(.O 
:Eco 
......., 

U) 

U) 
w 
z: 
1-­
'I.u, 
(_!:),-..... 
........ 

a:: 
� 

0 
....... 

soo 600 

Graph showing change in brightness as 
freeness varies for hardwood and 
softwood pulps. 

c. 

4-00 

s. 

D Freeness curve for softwoods 

X. Freeness curve for hardwoods

300 

FREENESS 
200 

► 
1-rj 
1-rj 
t,.j 
z 
t::l 
H 
:>< 

(\) 

I 

,.,.., 
.. -::: 
I 

..... 



u, 
N 
N'J 

Cf) 

U) 
wo 

z� 
:r:. 
t--
0 
0 
:Eu, 
(_f)r'-

A 

_J 
Lu 

N 

,__.o 
LJ...a.n 
�N 

LLJ 

:r:. 
Cf) 

u, 
N 
N 

0 
0 
N 

S-00 .600 

c. 

Graph showing change in Sheffield smoothness 
as freeness varies for hardwood and softwood 
pulps. 

0 Freeness curve for softwoods 

X, Freeness curve for hardwoods 

q.oo .3oo 200 

S. FREENESS <ML) 

► 
1-tJ 
1-tJ 
trJ 
:z 

tJ 
H 
X 

N 

I 
v,_ 

\.}', 

I 



>-

0 
0 
..... 

r-0 
..--.co

CJ) 
C) 

a:::: 
0 

CLO
A

CD 

t---t 

LL... 

LLo 
w� 
::r:. 
CJ) 

0 

I 

600 .500 

Graph showing change in Sheffield porosity as 
freeness varies for hardwood and softwood pulps, 

c. 

1+00 

s. 

0 Freeness curve for softwoods 

X Freeness curve for hardwoods

300 

FREENESS 

L..J 

- 200

2 

� 

I\) 

I 

V\ 

o, 

\. 

_J w 

a 
N 



OJ 
.,,,,......-

'-/ I 

w 
_J 
......... 

U) 
z. 

w 

i-
Ln 

600 

w 

600 

c. 

Graph showing change in tensile strength 
as freeness varies for hardwood and 
softwood pulps. 

□ 

D Freeness curve for softwoods 

1 Freeness curve for hardwwods 

D 

------ !l> 

X 

X 

t:J 

l\) 

ll-00 .300 200 

S. FREENESS <ML) 

I 

V\ 

---.J 

I 

0 

H 
>< 



0 
::t 

J­

(/)0 
0::::M 
::) 
� 

0 
N 

0 
-

600 

D 

600 

c. 

Graph showing change in burst as freeness varies 
for hardwood and softwood pulps. 

D 

□ Freeness curve for softwoods

X Freeness curve for hardwoods 

lJ.00 300 200 

S. FREENESS (Ml) 

:r> 
� 
� 
l:rj 
:z: 
t::J 
H 
X 

N 

I 

\J, 

0.) 

I 



,...... 

(!) 
-x::: 

0 
0 
t.n 

0 
0 
:::f-

�g 
�M 

A 

-1 

0 
u.._0 

0 
N 

0 
0 
..... 

0 

600 .600 

c. 

D 

□ 

Graph showing change in fold as freeness 
varies for hardwood and softwood pulps. 

D Freeness curve for softwoods 

X Freeness curve for hardwoods

Ll-00 300 200 

S. FREENESS <ML) 

;i> 

'.2 

X 

N 

I 

\_,'I 
'° 

I 



0 
a, 

0 
co 

<C 0
wr--.. 
f--

0 
CJ) 

0 
U) 

0 
::t 

600 600 

c. 

Graph showing change in tear as freeness 
varies for softwood and hardwood pulps, 

0 Freeness curve for softwoods 

X. Freeness curve for hardwoods

D 

4-00 300 200 

S. FREENESS <ML) 

:x> 

N 

I 

O, 

0 

I 



UJ 
::::t 
NJ 

� 

,-.....0 

N')i3; 
* ·

*

L
L) 
'Ln 
(!)M 
'-"'� 

>-

1-­

........ 0 
Cf)Nl 

zM

w ·
A 

UJ 
(\J 
NJ 

0 
N 
NJ 

• 

soa sea 

c. 

Graph showing change in density as freeness 
varies for softwood and hardwood pulps. 

□ Freeness curve for softwoods

X Freeness curve for hardwoods

ll-00 300 200 

S. FREENESS <ML) 

)> 
� 
� 
tx:J 
:z 
tJ 
H 
:x: 
N 

I 
o-, 
I--" 
I 

'-

• 



Blending curve characterizing change in brightness as 
JOO SWK is blended with JOO HWK and 400 WK is blended 
with 500 HWK in varying proportions. 

,/"',,. X Blend curve for JOO SWK to JOO HWK pulps 
(.f) 

+ t-- U) 
Blend curve for 400 SWK to 500 HWK pulps 

Wm 
w 

I
X 

.3 X 
Cf) 

:z. + 

X 
X 

t-- + :x,. 

'"d 
trj <(.O z 

�CD

'---" :>< 

I..:,) 

Cf) 
U) 

w 
:z. 

iicn 
..-., 
0::: 
� 

I 
I 

0 
r, 

I 

I 
0 
" 

100 80 so Ll-0 20 

PER CENT PULP 1 - REMAINDER PULP 2

a::: 

I 



.,,-.... 

CJ) 
1--U)Wc:o
w 
.3 
Cf) 

z. 
� 
t-­
� 
<1'.:_0 �co 
.._, 

Cf) 
U? 
w 
z. 
1-­
:r:.Ln 
(.!)"" 
� 

0::: 
� 

0 
"" 

100 

PER 

Blending curve characterizing change in brightness as 
500 HWK is blended with 300 HWK and 500 SWK is blended 
with 200 SWK in varying proportions. 

b 

C!] Blend curve for 500 SWK to 200 SWK pulps 

� Blend curve for 500 HWK to JOO HWK pulps 

eJ 

80 

CENT 

so 

PULP 1 

40 

REMAINDER 

20 

PULP 2 

:i> 
1-rj 
1-rj 
trj 
'.2 
t::J 
H 
:>< 
w 

I 
°' 

\..,.) 
l 

. ' 



LI) 
N 
N) 

CJ) 
(.f) 
WO 

z.�
I 
1--
0 
0 
:E,U) 
Cf)r----N 

A 
� 
w 

......... 0 
LL U> 
LL. N
lL..J
I.
CJ)

LI) 
CtJ 
t'J 

0 
0 
N 

(!) 

+ 

X 

A 

100 

PER 

Blending curve characterizing change in Sheffield smoothness 
as 500 SWK is blended with 200 SWK, as 400 SWK is blended with 
500 HWK, as JOO SWK is blended with JOO HWK, and 500 HWK is 
blended with JOO HWK in varying proportions, 

[!] 
+ 

[!] 

Blend curve for 500 SWK to 200 SWK pulps 

Blend curve for 400 SWK to 500 HWK pulps 

Blend curve for JOO SWK to JOO HWK pulps 

Blend curve for 500 HWK to JOO HWK pulps 

80 

CENT 

so 

PULP 1 

�o 

REMAINDER 

20 

PULP 

► 
1-tj 

:z 

:>< 

\.A) 

2 

I 
0' 
+'" 
I 

(, 

• 
i. 

aj 

l--~~---.:::::i,--------:::;;---------::~-:;--------J.:i.----\'!,-- ; 



0 
0 
-

� 
I-­
,_.... 

0 
(f)co

C> 

a::: 
0 
a_ 

� (.D 
_J 

w 
t--t 

L1... 
LL.a
w:::r 
I 

Cf) 

0 
(\J 

0 

100 

PER 

Blending curve characterizing change in 
Sheffield porosity as 400 SWK is blended 
with 500 HWK and JOO SWK is blended with 
JOO HWK in varying proportions, 

+ Blend curve for 400 SWK to 500 HWK pulps

)( Blend curve for JOO SWK to JOO HWK pulps

80 

CENT 
60 

PULP 1 
L.JO 

REMAINDER 
20 

PULP 2 

:t> 
'"d 
1-tj 
� 
'.2: 
t:J 
H 
X 

\.,J 

I 
(), 

v, 
I 

\ 

a 



,-... 

(!) 
� 
'-/ 

w 
_J 
t--◄ 

(.f) 
z. 

w 

0 
....... 

0 

I 

A 

100 

PER 

Blending curves characterizing change in tensile as 
300 SWK is blended with 300 HWK, as 400 SWK is blended 
with 500 HWK, as 500 SWK is blended with 200 SWK, and 
as 500 HWK is blended with 300 HWK in varying 
proportions, 

-------
-

�:i> 

X Blend curve for 300 SWK to 300 HWK pulps 

+ Blend curve for 400 SWK to 500 HWK pulps

I!] Blend curve for 500 SWK to 200 SWK pulps

6 Blend curve for 500 HWK to 300 HWK pulps 

80 

CENT 
60 

PULP 1 

qo 

REMAINDER 
20 

PULP 2 

:x: 
\...,J 

I 

a, 
O', 

l 

,_ 
l.11 

X 



.__ 

0 
:::t 

L./) 
N) 

(./) 
�� 
:::> 
� 

L/) 
N 

0 
N 

LI) 
� 

(!] 

I 

100 

PER 

� 

A 

Blending curves characterizing change in burst as 500 SWK 
is blended with 200 SWK and as 500 HWK is blended with 
JOO HWK in varying proportions. 

(!] 

Blend curve for 500 SWK to 200 SWK pulps 

Blend curve for 500 HWK to JOO HWK pulps 

80 

CENT 
so 

PULP 1 
ll-0 

REMAINDER 

(!) 

[!] 

20 

PULP 2 

:i:,. 
1-rj 
1-rj 
trj 
'.2 
t::J 
H 
:>< 

vJ 

I 
a, 
--J 

I 

(" " -

/ ·  
/ 

I . 



�� 

LI) 
N') 

.._ 

(f)o 
0::: M 
=:, 
� 

U) 
N 

1 /1

LI) 
-

100 

PER 

Blending curves characterizing change in burst as 
400 SWK is blended with 500 HWK and JOO SWK is 
blended with JOO HWK in varying proporti9ns. 

+ Blend curve for 400 SWK to 500 HWK pulps

80 

CENT 

X Blend curve for JOO SWK to JOO HWK pulps

so 
PULP 1 

c.io 

REMAINDER 

20 

PULP 2 

:i> 
'"cl 
'"cl 
t,:j 
'.2 

t:J 
H 
:>< 

\..,J 

I 
0 
0 
l 

\ 
\ 

N 



0 
0 
::t 

r--......0 
t90 
�M 

........ 

....._.., 

Ao 
--10 

O"-' 
LL 

0 
a 
-

a 

Blending curves characterizing change in fold as 
500 SWK is blended with 200 SWK, as 400 SWK is 
blended with 500 HWK, as JOO SWK is blended with 
JOO HWK, and 500 HWK is blended with 300 HWK 
in varying proportions. 

CJ � [!) [!] 

[!) � 

(!] Blend curve for 500 SWK to 200 SWK pulps 

+ Blend curve for 400 SWK to 500 HWK pulps

I � ,+ X Blend curve for JOO SWK to JOO HWK pulps

I 

100 

PER 

�� 

80 

CENT 

h Blend curve for 500 HWK to JOO HWK pulps

60 

PULP 1 

qo 

REMAINDER 

20 

PULP 

"'d 
"'d 
trj 

H 

:>< 
\.,) 

I 

°''° 
I 

c--

"-._j 

----

'Z 
t:J 

2 



a:::: 
<C 
w 
t-

0 
OJ 

0 
r-,-. 

0 
(.D 

a 
t.n 

0 
:::t 

I 

I 
. 

100 

PER 

Blending curves characterizing change in tear as 500 SWK is 
blended with 200 SWK, as 400 SWK is blended with 500 HWK, as 
JOO SWK is blended with JOO HWK, and as 500 HWK is blended 
with JOO HWK in varying proportions, 

EB 

� ·-

[!] Blend curve for 500 SWK to 200 SWK pulps 

+ Blend curve for 400 SWK to 500 HWK pulps

X Blend curve for JOO SWK to JOO HWK pulps

� Blend curve for 500 HWK to JOO HWK pulps

I I I I 

80 60 £,1.Q 20 

�
► 
'"'d 

��

>< 
I.J.) 

CENT PULP 1 - REMAINDER PULP 2

I 

--.,_J 

0 

I 

,
<

" 

Cj 
H 



�� 

�o j
N?� 
* '

* 

� 

�in j 
t!)� 
.......... . 

>- I 
I--
�o 

(f)N'> ::Z. M 

A 

N') • 
I 

I 
0 

N') 
• 

100 

Blending curves characterizing change in density as 500 HWK 
is blended with JOO HWK, as JOO SWK is blended with JOO HWK, 
as 400 SWK is blended with 500 HWK, and 500 SWK is blended 
with 200 SWK in varying proportions. 

A Blend curve for 500 HWK to JOO HWK pulps 

X Blend curve for JOO SWK to JOO HWK pulps 

+ Blend curve for 400 SWK to 500 HWK pulps

[!] Blend curve for 500 SWK to 200 SWK pulps � 

>< 

� ------

----

80 'lO tl-0 

PER CENT PULP 1 - REMAINDER

6 

� X 

6 

� 

>< 
\..,J 

I 

-'1 

f--> 

I 

20 

PULP 2 \' __, 

w 

tn 
C\J 

N 

l 

X 

+ 



�O � -l 

>­

....,_ 
........ 

0 
0, 

u 
<�o� a_ -t� 

0� 

__, 

a.... 

a_ 
<

r-

CJ 

):_+Lj" 

::. .. 

0 
(D 

o 

Graph showing effects of clay addition to Tappi opacity 
for hardwood, softwood, and groundwood pulps. 

-- --- -- -----==;---

.50 

P-£R 

100 

CENT 

4 Filler curve for 500 SWK

� Filler curve for 400 HWK

y Filler curve for Groundwood 

150 

CLAY ADDED 

200 

:x,. 
ltj 
ltj 
tx:J 
z 
t::J 
H 
>< 

+=" 

I 

----:] 

I\) 

I 

�· 



.,-.... 

U) I � l><J 

f---0
WCD
w 
3 
U) 

:z. 
........ 
I-

► 
1-tj 

a:::: 1-tj 

<O Graph showing effects of clay addition � 
:E.r- to brightness for hardwood, softwood, t:l 

H

......_,,. and groundwood pulps • :>< 
+:"" 

Cf) � Filler curve for 500 SWK 

Cf) D. B b • + l '2.. . .S
� Filler curve for 400 HWK w 

:z. 

I y Filler curve for Groundwood t--

Io 
(!)UJ 
t---f 

a::: 
t:X::l 

I I 
i 

...,_) 

1....,.) 
I 

I I 
C) 
Ln 

0 .so 100 160 200 

PER CENT CLAY ADDED 



u, 
N 
N) 

V) 

CJ) 
wo 
z.O

:r:. 
N)

1--
0 
C) 
:E,l./) 
(./),..... 

N 

A 
_J 
w 

t---10 
LJ... LO 
LL. N

w 

:r:. 
U) 

u, 
N 
N 

0 
0 
N 

� 

I y

0 .so 100 

PER CENT 

� 

Graph showing effects of clay addition 
to Sheffield smoothness for hardwood, 
softwood, and groundwood pulps. 

4 Filler curve for 500 SWK 

� Filler curve for 400 HWK 

Y Filler curve for Groundwood 

160 

CLAY ADDED 
200 

> 
1-rj 
1-rj 
trj 
'Z 
t:J 
H 
:><: 
� 

I 

---,J 
.f.=-

l 

·._J 

r"3

7 



Ln 
CD 

>­
� .._o 
if) CD 

0 
a:::: 
0 
a_ 

UJ 
Ar--­
_J 
w 
t---t 

LL. 
LLo 
W"­
:C. 
tf) 

Ln 
(.D 

0 
UJ 

.,. 

0 so 

PER 

l 00

CENT 

Zt> 
ltj 
ltj 
l:rj 
z 
t::J 
H 
>< 

� 

Graph showing effects of clay addition 
to Sheffield porosity for hardwood, 
softwood, and groundwood pulps. 

� Filler curve for 500 SWK 

� Filler curve for 400 HWK 

Y Filler curve for Groundwood 

150 

CLAY ADDED 

200 

I 
-'.) 

\JI 
I 

,_; 
\r< 



T - 2.3
Graph showing effects of clay addition to 

- i.5o
T"'"1 

�
(!)
�
'-"'

w 
--1 I t><J 

� j."T·-
(f) 

� 

tensile for hardwood, softwood, 
groundwood pulps. 

� Filler curve for 500 SWK

� Filler curve for 400 HWK

� Filler curve for Groundwood

:z. - 2.
w I � 
1---

t.n 

,7 ._ -

0 

0 .so 

PER 
100 

CENT 

1SO 

CLAY ADDED 

and 

200 

:i:,.. 
ltj 
ltj 
t-x:J 
� 
t::JH
:>< 
� 

I 
-.,J 
°' 

I 



�� 

/"".. 0 
t90 
� M 

___, 

......... 

�o 
---10 
ON
LL 

0 
0 
-

0 

0 

� 

Graph showing effects of clay addition to fold for 
hardwood, softwood, and groundwood pulps. 

� Filler curve for 500 SWK 

tx1 Filler curve for 400 HWK 

.so 

PER 
100 

CENT 

tSO 

CLAY ADDED 

200 

)> 

'U 
'U 
� 
z 

t::JH
;,< 
+'"" 

I 
---.J 
---.J 

I 

.r 
' 



,T-=-- -:-3 

0 
co 

0 
CD 

a::: 

<C v. T
�

W-1;

t-

o 
::f-

0 
('J 

u,·,..

- , 3

0 

0 

u.T= -11

t>c3 

so 

PER 

.,. 

100 

CENT 

.,. 

Graph showing effects of clay 
addition to tear for hardwood, 
softwood, and groundwood pulps. 

� Filler curve for 500 SWK 

� Filler curve for 400 HWK 

y Filler curve for Groundwood

160 

CLAY ADDED 

200 

► 
1-rj 
1-rj 
trl 
'.2! 
b 
H 

� 

I 

----J 

()'.) 

I 

�' 

' 



u, 
N 
N) 

• 

"'o 
r,t)� 
* ·

*

L 
u 

't.n 
(!) ....... '---'" N

. 

>­

t­
....... 0 
(f) Ln z.N 
w ·  
A 

U) 
N 
N 

0 
0 
N

•

a 

t><I 

Graph showing effects of clay addition 
to density for hardwood, softwood, and 
groundwood pulps. 

4 Filler curve for 500 SWK

t><l Filler curve for 400 HWK 

y Filler curve for Groundwood 

60 

PER 
100 

CENT 
1.50 

CLAY ADDED 

200 

:x> 
� 
1-rj 
l""rj 
'.Z 
t::J 
H 
>< 
.{::."" 

I 
---..) 

'° 

I 


	The Application of Linear Programming in the Design of Least Cost Furnishes for Paper Making Systems
	Recommended Citation

	tmp.1584467959.pdf.IIeHD

