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Z∗ =

2
T̅
(1 +

Tc
Th
)

   ηc (
1

   ηmp
+
1
2) − 2

 

3.11 

 

From the definition of the thermal conductivity, we can define the effective thermal 

conductivity as a function of the other effective properties as, 

 

k∗ =
α∗2

ρ∗Z∗
 

3.12 

 

Note that the effective material properties are obtained using the ideal equations. Thus, 

they include different effects like the Thomson effect, conduct resistances, and losses due to 

radiation and convection. These effective material properties are the total properties, so they should 

be divided by two to obtain the single p-type and n-type thermocouple properties. 

3.3 Dimensional Analysis Method to Find the Thermoelectric Optimum Resistance Ratio and 

Geometric Ratio for a Unit Cell 

 The main goal of this section is to investigate the optimum design for the thermoelectric 

generator system to maximize the output power by simultaneously optimizing the resistance ratio 

and the thermocouple geometric ratio. This dimensional analysis technique was developed by [10] 

and derived in this work including flow through two heat sinks as shown in details in Appendix 

A, which can be powerful to optimize the TEG system. By considering a TEG system as shown in 

Figure 3.2 with certain flow in both hot and cold sides, the ideal (standard) equations are given as 
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A steel channel with a heat sink for the hot 

side. (140 mm × 40 mm × 25 mm) 

 

Aluminum heat sink for the hot side. 

(40 mm × 40 mm × 25 mm) 

 

Fin spacing (1.51 mm) 
 

Fin thickness (0.55 mm) 
 

 

A heat gun which was used as a heat source 

for the hot side.  

 

Aluminum channel for the cold side with 

two holes for inlet and outlet.  

(140 mm × 40 mm × 20mm) 

 

 

 

 

 

 

A tap was used as the cold water source. 
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Two aluminum blocks were used in order 

to measure the junction temperatures. 

(40 mm × 40 mm × 19.1 mm) 

 

A high temperature insulation was used to 

insulate the system.  

 

A pilot tube for measuring the air velocity. 

 

Flow meter for measuring the water flow. 

 

K-type thermocouples for measuring the 

temperatures. 
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A rheostat was used in order to vary the 

load resistance. 

 

A thermal paste was used to eliminate 

spaces and gaps from the interface area.  

 

A data acquisition to collect the data.  
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5 RESULTS AND DISCUSSION  

 This chapter discusses the validation of the GM project using ideal equations and then 

when improved by optimizing the thermoelectric module and heat exchanger. The optimized 

design is applied for 400 Kilowatts engine along with calculating the mass flow rate. Finally, the 

results of the effective material properties and the experimental work are addressed and discussed.      

5.1 GM Project 

 GM leads a project that was funded by DOE between May 23, 2005 and October 31, 2011. 

Their target was to increase the fuel economy by generating electrical power from automotive 

exhaust waste heat recovery using thermoelectric technology. All information in this section was 

regenerated based on work that recently has been done by [6].   

5.1.1 Module Test Validation 

 TEG modules were fabricated by Marlow Company using skutterudite material due to its 

higher mechanical performance and suitability at automotive exhaust gas high temperatures as 

shown in Figure 5.1.  

 

Figure 5.1 Skutterudite modules were fabricated by Marlow [36].  

The module tests were reported by [36] with a maximum power of 9 W at the hot junction of 

500 ℃ and the cold junction temperature of  80 ℃, which gives a power density of 0.36 W/cm2. 
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The intrinsic material properties and dimensions of the module are listed in Table 5.1. Note that 

for the module tests no heat sink was used. 

Table 5.1: Material properties and dimensions of the module based on [36, 39]. 

Description Value Description Value 

Seebeck coefficient αn = −160 μV/K Seebeck 

coefficient 
αp = 160 μV/K 

Electrical resistivity ρn = 0.45 × 10
−3Ωcm Electrical 

resistivity 
ρp = 1.27 × 10

−3Ωcm 

TE thermal 

conductivity 
kn = 3.7 W/mK TE thermal 

conductivity 
kp = 2.75 W/mK 

Number of 

thermocouples n = 32 

Ceramic 

thermal 

conductivity for 

AlN 

kAlN = 180 W/mK 

Leg length of TE 

element Lo = 4 mm 

Ceramic 

thermal 

conductivity for 

Al2O3 

kAl2O3 = 25 W/mK 

Cross-sectional area 

of TE element 
Ao = 4mm

2 
Electrical 

contact 

resistance 

ρc = 1.6 × 10
−6Ωcm 

Thickness of 

ceramic plate 

(assumed) 

 

Lc = 1.5 mm 

Dimensionless 

figure of merit 

at (900 K) 
ZT = 0.831 

 

Using the model that was discussed in the last chapter (including electrical and thermal contact 

resistances) along with the material properties and dimension for the module, the measurements 

for power output and voltage can be predicted as shown in Figure 5.2. However, the ceramic plate 

thickness needs to be assumed due to the lake of provided information. Moreover, the electrical 

resistance is estimated from a typical value. As can be seen in Figure 5.2 (a), the power output is 

plotted as a function of temperature differences along with the measurements [36]. The calculated 

voltage also is predicted as a function of a hot junction temperature along with measurements as 
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shown in Figure 5.2 (b). The predictions show a good agreement with the measurement, which can 

support the model. The small discrepancies are related to the assumption made for the temperature 

independent material properties.    

 

(a) 

 

(b) 

Figure 5.2: (a) Power output versus temperature difference, (b) voltage versus hot junction 

temperature. 

 Once the model was verified, it was used in order to investigate the effect of leg length and 

the ceramic plate materials on the performance of the module. Two ceramic plate materials 

available on the market are alumina (Al2O3) and aluminum nitride (AlN) and were used in this 
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investigation. The aluminum nitride has a much higher thermal conductivity than the alumina as 

shown in Table 5.1. Moreover, the price of aluminum nitride is about eight times that of the 

alumina. However, the alumina is widely used in the commercial modules except for the micro 

size. The effect of the ceramic plate materials along with the leg length for the same skutterudite 

module was explored as shown in Figure 5.3. For the module test, the maximum power output 

occurs at a resistance ratio equals to one (
RL

Re
 = 1). The red color indicates the alumina, the pink 

color indicates the aluminum nitride and the black indicates the ideal (standard) equations (no 

electrical or thermal contact resistances). There are some important points to note in this figure. 

First, at such a long leg length of 4 mm and larger, the computed curves with either alumina or 

aluminum nitride are very close to the curve of the ideal equation. The maximum power output is 

significantly increased with decreasing in the leg length. In addition, it is very impressive to note 

that the effect of ceramic plate materials along with reduction of the leg length on the maximum 

power output is not prominent for alumina, but is very prominent for aluminum nitride. Finally, it 

is clear that the curve of aluminum nitride behaves very close to the curve of the ideal equation 

comparing to the curve of alumina. However, it is not clear why most of the typical TEG modules 

have a long leg length 4 and more according to the literature. Hence, the effect of ceramic plate 

materials along with the leg length was investigated, which can be very helpful for TEG modules 

design.                
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Figure 5.3: Maximum power output and efficiency versus leg length with ceramic plate of two 

materials (𝐴𝑙𝑁 and 𝐴𝑙2𝑂3). 

5.1.2 AETEG Test Validation            

 The AETEG test by GM had been done using a Chevrolet Suburban as the demonstration 

vehicle. Their TEG system consists of 42 modules including upper and lower sides (24 skutterudite 

modules and 18 bismuth telluride modules) as shown in Figure 5.4. The bypass system was used 

in front of the bismuth telluride modules in order to prevent them from destruction by a high 

temperature. Plate fin heat exchanger and channel (without fins) were used in the hot and cold side 

respectively. The configuration dimensions were reported by [39] as listed in Table 5.2. 
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 Figure 5.4: Schematic of General Motors TEG system. 

 

Table 5.2: General Motors' baseline model configuration based on [39].  

Parameter Value 

Exhaust inlet temperature 

 
Tinlet−h = 550℃ 

Coolant temperature 

 
Tinlet−c = 90℃ 

Height (heat exchanger) 

 
HTEG = 38 mm 

Width 

 
WTEG = 224 mm 

Length 

 
LTEG = 413.1 mm 

Fin thickness 

 
t = 3.3 mm 

Fin spacing 

 
Z = 6.35 mm 

Mass flow rate (hot side) 

 
ṁh = 35 g/s 

Channel cold height 

(assumed) 

 

bc = 5 mm 

Volume flow rate (cold side) 

(assumed) 
V̇c = 5 gpm 
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Figure 5.13: Power output and efficiency versus load resistance ratio for optimum OSF heat 

exchanger. 

It is important to consider the pressure drop along the OFS heat exchanger because of its effect on 

the vehicle performance and fuel consumption. Each vehicle has an allowed limit pressure drop 

for the exhaust system. The allowed limit for a Chevrolet Suburban was reported by [39] according 

to GM, which is 812 Pa at mass flow rate 35 g/s. Moreover, the pressure drop for OSF was 

calculated as a function of mass flow rate and plotted as shown in Figure 5.14. It can be seen that 

the pressure drop increases with increasing the mass flow rate. However, it is clear in Figure 5.14 

that the pressure drop at ṁh = 35 g/s is 255 Pa, which is lesser than the allowed value. The 

configuration dimensions for OSF are listed in Table 

 

 

Table 5.3.   
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(d) 

Figure 5.28: Comparison between calculations with effective material properties and commercial 

data.  (a) Output power versus hot side temperature, (b) Current versus hot side temperature, (c) 

Open circuit voltage versus hot side temperature, (d) voltage versus hot side temperature. 

5.3.2 Experimental Results Comparing With Analytical Model  

 The overall aim of the experiment is to validate the analytical model that used ideal 

(standard) equations along with the effective material properties. Using the analytical model of 

TEG discussed in section 1.2.3 along with the experimental setup explained in the last chapter, the 

analytical model was reasonably verified. The experimental inputs parameters are listed in Table 

5.8. However, the voltage and current were measured along with varying the external load 

resistance while the internal resistance is fixed. Moreover, the junction temperatures (hot and cold 

sides) are obtained by extrapolating the temperature readings from the aluminum blocks as 

discussed earlier. Figure 5.29 presents the comparison between analytical and experimental 

thermoelectric junction temperatures versus a load resistance ratio. The model was reasonably 

verified although there are some discrepancies. The discrepancies could be attributed to the ideal 

equations assumptions, except the contact resistances which were included for the effective 

material properties.        
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Table 5.8: Experimental inputs parameters. 

Description Value 

Hot inlet temperature (air) 204 ℃ 

Cold inlet temperature (water) 18.4 ℃ 

Mass flow rate (hot side) 3.462 g/s 

Volume flow rate (cold side) 2.8 gpm 

Total heat transfer rate (hot side) 116.38 W 

Total heat transfer rate (cold side) 91.91 W 

  

 

Figure 5.29: Comparison between experimental and analytical junction temperatures versus load 

resistance ratio. 

In addition, the comparison between analytical voltage and current with measured voltage and 

current along the load resistance ratio is shown in Figure 5.30. It is clear that the measured current 
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Figure 5.32: Power output and efficiency with and without aluminum blocks versus load 

resistance ratio.  

5.3.3 Optimizing and Improving Experimental Work  

 Since the analytical model was verified experimentally, improving the AETEG system is 

considered. As mentioned, the experimental setup was done based on commercially available 

equipment. Hence, this section is to investigate the effect of optimizing the TE module, and the 

hot side heat exchanger and cold side heat exchanger on the performance of system along with 

same configuration dimensions and mass flow rate.   

5.3.3.1 Optimizing TE Module  

 The optimum design model was intended to find the maximum possible power output by 

optimizing the dimensionless load resistance ratio, Rr and the ratio of thermal conductance to the 

convection conductance Nk as explained in section 3.3. Fixing hot and cold side parameters, the 

TE module can be optimized to investigate its effect on system performance. Using the same inputs 

that were used in the experiment along with dimensionless equations, a simultaneous prediction of 

the optimum load resistance ratio and geometry ratio can be obtained in order to maximize the 

power output. The power output and efficiency are plotted versus the dimensionless parameters as 

shown in Figure 5.33. The optimum load resistance ratio Rr is obtained to be 1.25 along with 

optimum conductance Nk of 0.38, which is the most important parameters. However, using 

optimum conductance Nk, the geometry ratio 
Ae

Le
 can be optimized along with fixing number the of 

thermocouples n, giving 1.508 mm. In the same way, the number of thermocouples n can be 

optimized along with fixing the geometry ratio  
Ae

Le
 , giving 122 couples. Figure 5.34 presents the 

power output and efficacy versus the optimum number of thermocouples and geometry ratio. 
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Comparisons between the commercial module used in the experiment and the optimum design (TE 

module) of power output and efficiency are shown in Figure 5.35. However, the improvement is 

about 5.263% in power output, which indicates that the selected commercial module was much 

closed to the optimum design.        

 
 

(a) (b) 

  

  

(c) (d) 
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(e) 

Figure 5.33: Power output and efficiency versus dimensionless (a) load resistance (b) conductance 

(c) capacitance at fluid 1 (d) capacitance at fluid 2 (e) convectance.   

  

(a) (b) 

Figure 5.34: Power output and efficiency versus (a) optimum number of thermocouples, (b) 

optimum geometry ratio. 
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Figure 5.35: Compression between commercial module used in experiment and optimum design 

(TE module) of power output and efficiency. 

5.3.3.2 Optimizing Hot Side Heat Exchanger  

 Due not only to the t TE module limiting the performance, but also the hot and cold side 

heat exchanger had a considerable effect on it. The hot side heat exchanger was optimized here 

along with fixing others parameters (TE module and cold side). Using the heat sink optimization 

discussed earlier, the total heat transfer rate can be optimized as shown in Figure 5.36. The 

optimum fin thickness was calculated to be 1.59 mm and the optimum fin thickness is 0.39 mm. 

Hence, applying these optimum parameters to the model, the improvement can be seen as shown 

in Figure 5.37, giving an improvement of power output from 1.9 W to 2.1 W, which also indicates 

that the selected commercial heat sink was close to the optimum.   
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Figure 5.36: Total heat transfer rate versus fin thickness (hot side). 

 

Figure 5.37: Compression between commercial module used in experiment and optimum design 

(hot side heat exchanger) of power output and efficiency. 

5.3.3.3 Optimizing Cold Side Heat Exchanger 

 The third important parameter to consider is the cold side. As mentioned before, the cold 

side was used without a heat sink. Hence, the effect of using a heat sink ion the cold side is 
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investigated along with fixing others parameters (TE module and hot side heat exchanger). The 

total heat transfer was optimized as shown in Figure 5.38, giving optimum fin thickness of 0.56 

mm long with fin spacing of 0.7 mm. After that, applying these optimum parameters to the model, 

the improvement can be noticed as shown in Figure 5.39 as 3.25 W of power output comparing to 

1.9 W. It is a significant improvement comparing to using a channel without heat sink.     

  

 

Figure 5.38: Total heat transfer rate versus fin thickness (cold side). 
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Figure 5.39: Compression between commercial module used in experiment and optimum design 

(cold side heat exchanger) of power output and efficiency. 
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5.3.3.4 Results of All Optimum Parameters 

5.3.3.5   Considering the optimization of all parameters, the final optimum design is shown 

Figure 5.40. It is clear that the improvement is significant of about 83.15 %, hence the 

design of either TE module or hot and cold side heat exchanger is very critical in order 

the performance. The comparison between the experimental using commercial and the 

design along with improvement percentage is listed in  

Table 5.9.  

 

 

 Figure 5.40: Comparison between final optimum design and experimental design. 
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Table 5.9: Comparison between the experimental using commercial and the optimum design along 

with improvement percentage 

Description Experiment 

(commercial) 

TE module 

optimization 

Hot side 

optimization 

Cold side 

optimizatio

n 

Final 

optimum 

design 

Number of 

Thermocouples (n) 

199 122 199 199 122 

Geometry Ratio 

(𝐆𝐞) 
2.45 mm 1.508 mm 2.45 mm 2.45 mm 1.508 mm 

Fin Spacing (hot 

side) (Z) 

1.51 mm 1.51 mm 1.59 mm 1.51 mm 1.59 mm 

Fin Thickness (hot 

side) (t) 

0.55 mm 0.55 mm 0.39 mm 0.55 mm 0.39 mm 

Fin Spacing (cold 

side) (Z) 

_____ _____ _____ 0.7 mm 0.7 mm 

Fin Thickness 

(cold side) (t) 

_____ _____ _____ 0.56 mm 0.56 mm 

Power Output 1.9 W 2 W 2.16 W 3.2 W 3.5 W 

Power Density 0.118 W/cm 0.125 W/cm 0.135 W/cm 0.2 W/cm 0.218 W/cm 

Improvement 

Percentage 

_____ 5.26 % 13.684 % 68.421 % 84.21 % 
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6 CONCLUSION AND FUTURE WORK  

6.1  Conclusion 

 This current work was focused on the optimization of automotive exhaust thermoelectric 

generator (AETEG). In this work, analytical models have been developed to calculate the 

performance of a thermoelectric generator system along with experiment validation. The first part 

of this thesis deals with the analytical model, using ideal equations where the contact resistances 

were included. The model was used in order to validate the module test done by GM, which 

showed a good agreement. Hence, the effect of leg length and ceramic plate materials were 

investigated. Based on the idea of leg length and ceramic plate materials along with optimizing the 

hot and cold side heat exchanger, a new design was introduced with a significant improvement in 

power density when compared to the literature. After that, the new design with a high power 

density was applied for a 400 kW engine in order to estimate the performance. Moreover, an 

experiment for one unit cell was conducted to validate the ideal equations model along with using 

the effective material properties. The model was reasonably verified which indicates the power of 

using the effective material properties. Hence, the TE module that was used in the experiment was 

optimized, using a developed dimensionless method. In addition, the optimization of the hot and 

cold side heat exchanger was considered, which showed their effect on the performance of the 

system.  

6.2 Future Work 

 The effect of the leg length along with ceramic plate materials can be proved 

experimentally by fabricating a TE module based on the analytical work of this study. 

 The dimensionless method for TE module could be also verified experimentally with a 

fabricated module based on optimization results.  
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 The effect of optimization for the hot and cold side heat exchanger can also be validated 

by using the optimum design results. 
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Appendix A 

Using balance equations of TEG with two heat sinks  

Q1̇ = m1̇ cp,1(T∞1,in − T∞1,out)                                                                                      (1) 

Q1̇ = η1h1A1 (
T∞1,in + T∞1,out

2
− T1)                                                                         (2) 

Q1̇ = n [αT1I −
1

2
RI2 + K(T1 − T2)]                                                                          (3) 

Q2̇ = n [αT2I +
1

2
RI2 + K(T1 − T2)]                                                                          (4) 

Q2̇ = η2h2A2 (T2 −
T∞2,in + T∞2,out

2
)                                                                         (5) 

Q2̇ = m2̇ cp,2(T∞2,out − T∞2,in)                                                                                      (6) 

 I =
α(T1−T2)

RL+R
                                                                                                                       (7)            

First for Q1̇ , using Eq. (1) and (2) we have, 

m1̇ cp,1(T∞1,in − T∞1,out) = η1h1A1 (
T∞1,in + T∞1,out

2
− T1)                                             (8) 

Dividing by η1h1A1 we have, 

m1̇ cp,1

η1h1A1
(T∞1,in − T∞1,out) = (

T∞1,in + T∞1,out
2

− T1)                                                          (9) 

Multiplying by 
η2h2A2

η2h2A2
, we have  

m1̇ cp,1

η2h2A2

η2h2A2
η1h1A1

(T∞1,in − T∞1,out) = (
T∞1,in + T∞1,out

2
− T1)                                        (10) 

Eq. (10) equals to  

Nm1
1

Nh
(T∞1,in − T∞1,out) = (

T∞1,in + T∞1,out
2

− T1)                                                       (11) 

Eq. (11) can be solved for T∞1,out, given  
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 T∞1,out = 

Nm1
Nh

T∞1,in −
T∞1,in
2 + T1     

1
2 +

Nm1
Nh

                                                                                 (12) 

Now, From Eq. (2) and (3) we have, 

η1h1A1 (
T∞1,in + T∞1,out

2
− T1) = n [αT1I −

1

2
RI2 + K(T1 − T2)]                             (13)   

Inserting Eq. (12) into Eq. (13) 

η1h1A1

(

 
 
 
 
 

T∞1,in
2

+

Nm1
Nh

T∞1,in −
T∞1,in
2 + T1     

1
2 +

Nm1
Nh
2

− T1

)

 
 
 
 
 

= n [αT1I −
1

2
RI2 + K(T1 − T2)]                                                              (14)   

By looking to the right hand side, we have  

η1h1A1

(

 
 
 
 
 

T∞1,in
2

+

Nm1
Nh

T∞1,in −
T∞1,in
2 + T1     

1
2 +

Nm1
Nh
2

− T1

)

 
 
 
 
 

                                                    (15)   

Simplifying Eq. (15), we can come up with 

  

η1h1A1  [
1

1 +
Nh
2Nm1

] (T∞1,in − T1)                                                                                         (16)   

Dividing by η2h2A2T∞2,in, we have  
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 [
Nh

1 +
Nh
2Nm1

] (T∗∞ − T
∗
1)                                                                                                        (17)   

Eq. (17) represents the dimensionless equation for the right hand side. 

Now, for the left hand side we have  

n [αT1I −
1

2
RI2 + K(T1 − T2)]                                                                                                (18) 

Where R, K and Z are defined as respectively 

                               R =
ρLe
Ae
                                                                                                        (19)   

                               K =
kAe
Le
                                                                                                        (20)   

Inserting Eq. (19), (20) and (7) into Eq. (18) we have  

n

[
 
 
 

αT1
α(T1 − T2)

RL +
ρLe
Ae

−
1

2

ρLe
Ae
(
α(T1 − T2)

RL +
ρLe
Ae

)

2

+
kAe
Le
(T1 − T2)

]
 
 
 

                                          (21) 

By taking 
kAe

Le
 as common factor, we have  

n
kAe
Le

[
 
 
 
 
 
 
 

αT1
α(T1 − T2)

RL +
ρLe
Ae

kAe
Le

−

1
2
ρLe
Ae
(
α(T1 − T2)

RL +
ρLe
Ae

)

2

kAe
Le

+ (T1 − T2)

]
 
 
 
 
 
 
 

                                        (22) 

Simplifying Eq. (22) and dividing by 
ρLe

Ae
  we have, 

n
kAe
Le
[
α2T1(T1 − T2)

kρ(Rr + 1)
−
α2(T1 − T2)

2

2kρ(Rr + 1)2
+ (T1 − T2)]                                                         (23) 

Organizing Eq. (23) and dividing by  η2h2A2T∞2,in,  
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Nk [
ZT∞2,in(T

∗
1 − T

∗
2)T

∗
1

Rr + 1
−
ZT∞2,in(T

∗
1 − T

∗
2)
2

2(Rr + 1)2
+ (T∗1 − T

∗
2)]                             (24) 

where Z =
α2

kρ
                                                                                                                                 (25) 

Finally, by combining Eq. (17) and (24), we have 

[
Nh

1 +
Nh
2Nm1

] (T∗∞ − T
∗
1)

= Nk [
ZT∞2,in(T

∗
1 − T

∗
2)T

∗
1

Rr + 1
−
ZT∞2,in(T

∗
1 − T

∗
2)
2

2(Rr + 1)
2

+ (T∗1 − T
∗
2)]                                                                                                 (26) 

Eq. (26) represents the first dimensionless equation. 

First for Q2̇ , using Eq. (5) and (6) we have, 

m2̇ cp,2(T∞2,out − T∞2,in)  = η2h2A2 (T2 −
T∞2,in + T∞2,out

2
)                                         (27) 

Dividing by η2h2A2 

m2̇ cp,2

η2h2A2
(T∞2,out − T∞2,in)  = (T2 −

T∞2,in + T∞2,out
2

)                                                      (28) 

Eq. (28) can be written as  

Nm2(T∞2,out − T∞2,in)  = (T2 −
T∞2,in + T∞2,out

2
)                                                            (29) 

Solving Eq. (29) for T∞2,out 

 T∞2,out =
T2 + T∞2,in (Nm2 −

1
2)

Nm2 +
1
2

                                                                                           (30) 

Now, From Eq. (4) and (5) we have, 
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η2h2A2 (T2 −
T∞2,in + T∞2,out

2
) = n [αT2I +

1

2
RI2 + K(T1 − T2)]                             (31)   

Inserting Eq. (30) into Eq. (31) 

η2h2A2

(

 
 
 
 

T2 −
T∞2,in
2

+

T2 + T∞2,in (Nm2 −
1
2)

Nm2 +
1
2

2

)

 
 
 
 

= n [αT2I +
1

2
RI2 + K(T1 − T2)]                                                              (32)   

By looking to the right hand side, we have 

  

η2h2A2

(

 
 
 
 

T2 −
T∞2,in
2

+

T2 + T∞2,in (Nm2 −
1
2)

Nm2 +
1
2

2

)

 
 
 
 

                                                             (33)   

Simplifying Eq. (15), we can come up with 

η2h2A2

(

 
 
(T2 − T∞2,in)

1

1 + (
1

2Nm2
)

)

 
 
                                                                                 (34)   

Dividing by η2h2A2T∞2,in, we have  

(

 
 
(T∗2 − 1)

1

1 + (
1

2Nm2
)

)

 
 
                                                                                                      (35)   

Now, for the left hand side we can follow the same way as before and come up with 
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Nk [
ZT∞2,in(T

∗
1 − T

∗
2)T

∗
2

Rr + 1
+
ZT∞2,in(T

∗
1 − T

∗
2)
2

2(Rr + 1)2
+ (T∗1 − T

∗
2)]                             (36) 

Finally, by combining Eq. (35) and (36), we have 

(
(T∗2 − 1)

1 + (
1

2Nm2
)
)

= Nk [
ZT∞2,in(T

∗
1 − T

∗
2)T

∗
2

Rr + 1
+
ZT∞2,in(T

∗
1 − T

∗
2)
2

2(Rr + 1)2

+ (T∗1 − T
∗
2)]                                                                                                 (37) 

where Eq. (37) represents the second dimensionless equation. 
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