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A consumption of energy continues to increase at an exponential rate, especially in terms 

of automotive spark ignitions vehicles. About 40% of the applied fuel into a vehicle is lost as waste 

exhaust to the environment. The desire for improved fuel efficiency by recovering the exhaust 

waste heat in automobiles has become an important subject. The thermoelectric generator (TEG) 

has the potential to convert exhaust waste heat into electricity as long as it is improving fuel 

economy. The remarkable amount of research being conducted on TEGs indicates that this 

technology will have a bright future in terms of power generation. 

The current study discusses the optimal design of the automotive exhaust thermoelectric 

generator (AETEG). The work investigates the effect of leg length and ceramic plate materials on 

the performance of the thermoelectric module. A new design is conducted analytically based on 

the idea of leg length and the ceramic plate materials effect, giving a significant improvement in 

terms of power density. Experimental work is conducted to verify the model that used the ideal 

(standard) equations along with effective material properties. The model is reasonably verified by 

experimental work, which is mainly due to the utilization of the effective material properties. 

Hence, the thermoelectric module that was used in the experiment is optimized by using a newly 

developed optimal design theory (dimensionless analysis technique). 
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Vċ cold fluid volume flow rate (CFM) 
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1 BACKGROUND OF THERMOELECTRIC   

 The thermoelectric (TE) is a solid-state device that can directly convert the thermal energy 

into electrical energy, and vice versa. TE is used for several purposes such as a power generation, 

and heating and cooling without any intermediary fluids. TE includes two main devices, which are 

a thermoelectric generator (TEG) and a thermoelectric cooler (TEC). These two devices have no 

moving parts, which can reduce the mechanical failure and maintenance required. Additionally, 

they allow for a silent operation when compared to others devices. These advantages make the 

thermoelectric devices extremely attractive for many applications. TEGs include a significant 

potential for recovering waste heat using automotive vehicles into power, replacing the alternator 

[1]. TEG was used also in space exploration in order to convert the heat energy into electricity [2]. 

Moreover, TEG can be used to convert thermal solar energy into electricity using incoming 

sunlight [3]. On the other hand, TEC is widely used for heating ventilation and air conditioning 

purposes of vehicles [4]. In addition, cooling and heating of car seats, refrigeration, and some 

medical devices are some applications of TEC.               

1.1 Thermoelectric Effects    

 Thermoelectric effect is based on three interrelated phenomena, which are the Seebeck 

effect, the Peltier effect and the Thomson effect. In 1821, a Germany physicist called Thomas 

Johann Seebeck discovered that by heating one junction of the circuit made of two dissimilar 

metals, an electromotive force or potential difference can be produced. French physicist Jean 

Peltier found in 1834 that heating or cooling can be generated by passing a current through the 

same circuit of dissimilar metals. In 1854, English physicist William Thomson (later called as 
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Lord Kelvin) discovered that heat can be either liberated or absorbed by the existence of a 

temperature difference between two points for an electrical conductor [5].  

1.1.1 Seebeck Effect  

 The Seebeck effect is the conversion of a temperature difference between two 

semiconductors into an electrical current. As shown in Figure 1.1 (a) and (b), some free electrons 

and holes start to move, which then produce a current. Potential difference or voltage is produced 

between the two junctions due to the temperature difference as expressed by 

 V = α∆T 1.1 

 

where α is the Seebeck coefficient, ∆T is the temperature difference between the two junction 

temperature and V is the voltage.   

 

 

(a) 
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(b) 

Figure 1.1: Seebeck effect and the movement of (a) electrons and (b) holes. 

1.1.2 Peltier Effect 

 The Peltier effect is the reverse process of the Seebeck effect, which is a temperature 

difference generated by passing a current between two different semiconductor materials as 

illustrated in Figure 1.2. The passing current is proportional to the generated heat with a different 

sign when the current has opposite direction. The Peltier effect’s relation can be expressed by 

   Qpeltier = πAB I 1.2 

 

where πAB is the Peltier coefficient, I is the passing current and   Qpeltier is the heat absorbed or 

liberated.  

1.1.3 Thomson Effect 

 The Thomson effect deals with a temperature gradient and flowing current through the 

thermoelectric material, which is schematically shown in Figure 1.2. The Thomson heat is 

considered to be proportional to both the temperature gradient and electrical current and reversible 

between heat and electricity. The Thomson heat absorbed or liberated is given by  

 QThomson = τ I ΔT 1.3 
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where τ is the Thomson effect, I is the current and ΔT is the temperature difference.  

 

 

Figure 1.2: Peltier and Thomson Effect. 

1.1.4 The Figure of Merit  

 The figure of merit Z represents the performance of thermoelectric devices, where the unit 

is 1/K. The figure of merit is equal to  

 
Z =

α2

ρk
=  
α2 σ 

k
 

1.4 

 

where α is the Seebeck coefficient in (V/K)  , ρ is the electrical resistivity in (Ωm), k is the thermal 

conductivity in (W/mK) and σ is the electrical conductivity in (mK/W).  

 It can be seen from Eq. 1.4) that a higher Seebeck coefficient, a higher electrical 

conductivity, a low electrical resistivity, and a low thermal conductivity are needed in order to 

have a good value of Z. The dimensionless figure of merit ZT depends on the type of material at a 

given temperature, where T is the absolute temperature. For the last decades, the value of ZT was 

limited to be about one with existing devices. Using a new technology such as nano-materials can 

improve the dimensionless figure of merit, which has been investigated. These investigations show 

an improvement in the ZT when compared to bulk materials. The main goal is either to increase 

the power factor (α ∗ σ) or decrease the thermal conductivity in order to achieve a higher ZT. One 
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of the most widely used materials for a thermoelectric cooler is Bismuth Telluride, which has the 

highest figure of merit at room temperature. Recently, some research has been done on skutterudite 

materials, which shows a good performance especially for higher temperature applications such as 

the thermoelectric generator for automotive exhaust waste heat recovery and solar energy. Figure 

1.3 presents the dimensionless figure of merit for various nano-composite thermoelectric materials. 

It can be seen from the figure that the Bismuth Telluride has the highest ZT at room temperature 

and the skutterudite at a higher temperature.   

 

Figure 1.3: Dimensionless figure of merits for a various nanocomposite thermoelectric materials 

[6]. 

1.2 Thermoelectric Ideal (Standard) Equations 

1.2.1 General Governing Equations 

 Considering a non-uniformly heated thermoelectric material for isotropic material 

properties, the continuity equation is given as 

 ∇ ⃑⃑  ⃑ ∙  j = 0 1.5 
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where ∇ ⃑⃑  ⃑ is the differential operator along with respect to length and j  is the current density. The 

electric field E⃑⃑  is affected by j  and the temperature gradient  ∇⃑⃑ T. The coefficients have 

contributions from both Ohm’s law and the Seebeck effect. By differentiating Eq. 1.5 with respect 

to length, the electric field is equal to 

  E⃑⃑⃑  =  j  ρ + α ∇⃑⃑ T 1.6 

 

The heat flow density vector (heat flux) is given by  

 q⃑ =  α T j − k ∇⃑⃑  T 1.7 

 

The general heat diffusion equation is expressed as  

                                                                                                  
− ∇⃑⃑  ∙  q⃑  + q̇ =  ρcp  

∂T

∂t
 

1.8 

 

where q̇ is the generated heat by unit volume, ρ is the mass density, cp is the specific heat and 
∂T

∂t
 

is the rate of change temperature with respect to time.  

For steady state Eq. 3.53 reduced to 

                                                      − ∇⃑⃑  ∙  q⃑ + q̇ = 0 1.9 

 

where q̇  is defined as  

 q̇ = E⃑⃑ ∙ j =  J
2ρ + j ∙ α∇⃑⃑ T 1.10 

 

Following equation can be obtained by substituting Eqns. 1.7and 3.53 in equation 1.9. 

                                                                                  
∇⃑⃑ ∙ (k∇⃑⃑ T) + J2ρ − T

dα

dT
J ∙ ∇⃑⃑ T = 0 

1.11 
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where ∇⃑⃑ ∙ (k∇⃑⃑ T) is the thermal conduction, J2ρ is the Joule heating, and T
dα

dT
 is the Thomson 

coefficient. A study by [7] shows a good agreement between the Thomson coefficient as a function 

of temperature and the exact solution that neglected the Thomson coefficient. Hence, the Thomson 

coefficient can be neglected   T
dα

dT
= 0.   

1.2.1.1 Assumptions of Thermoelectric Ideal (Standard) Equations 

 Below are the important assumptions of thermoelectric ideal (standard) equations: 

1) The Thomson effect is negligible. It has been proven analytically and experimentally 

that the Thomson effect has a very small effect on the performance of TEG and TEC. 

2) The electrical and thermal resistances between ceramic plates and thermoelectric 

elements are negligible. 

3) The convection and radiation losses are negligible. 

4) The materials properties are assumed to be independent of temperature.   

1.2.2 Thermoelectric Couple Equations 

 Consider two dissimilar semiconductor elements, which are sandwiched between copper 

conductive tabs, each element is called a thermoelectric leg or pellet, and is either p-type material 

(positive) or n-type material (negative). These elements are temperature independent with their 

material properties, which are Seebeck coefficient (α), electrical resistivity (ρ), and thermal 

conductivity (k), as illustrated in Figure 1.4. 
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Figure 1.4: Longitudinal Cross-section of a Thermoelectric Couple, (b) differential element. 

The steady state heat balance at T1 becomes 

                                                                                                                   Q̇1 = qp + qn 1.12 

 

where qp and  qn are the heat flows for p-type and n-type. The heat flows can be defined in terms 

of the Peltier heat and Fourier’s law of conduction as  

 
    qp = αpT1I + (−kpAp

dT

dx
|
x=0
) 

1.13 

 

                                                                
qn = −αnT1I + (−knAn

dT

dx
|
x=0
) 

1.14 

 

By applying the heat balance on the differential element shown in Figure 1.4 (b), the temperature 

gradient can be obtained as   
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qx − (qx +

dqx
dx
)

⏟          
dx +

heat transfer 
across the surface 
of the element

I2ρp

Ap
dx

⏟    
Joul heating

= 0 
1.15 

 

Differentiating Eq. 1.13 with respect to x gives 

                                                                                                      dqp

dx
=  −kpAp

d

dx
(
dT

dx
) 

1.16 

 

Inserting Eq. 3.53 into Eq. 1.15 yields 

                                                                                           
−
d

dx
(−kpAp

dT

dx
) +

I2ρp

Ap
= 0 

1.17 

 

or, 

                                                                                                       
 kpAp

d

dx
(
dT

dx
) =  

−I2ρ

Ap
 

1.18 

 

Integrating Eq. 3.53 gives  

 
 kpAp  ∫ d (

dT

dx
) = −

I2ρ

Ap
∫dx → 

dT

dx
= −

I2ρ

kpAp2
x + C1 

1.19 

 

Using the boundary conditions as T1 at x = 0 and T2 at x = L, Eq. 3.53 can be integrated from 0 

to L and leads to 

                               
∫ dT
T2

T1

= −
I2ρ

kpAp2
 ∫ x

L

0

+∫ x
L

0

C1 → (T2 − T1)

= −
I2ρ

2kpAp2
L2 + C1Lp 

1.20 

 

From the above equation, C1 can be obtained as  
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C1 =

I2ρ

2kpAp2
Lp + (

T2 − T1
Lp

) 
1.21 

 

Substituting Eq. 3.53 into Eq. 1.19 at x = 0 gives  

                                                                                         dT

 dx
|
x=0

= −
I2ρ

2kpAp2
Lp −

(T1 − T2)

Lp
 

1.22 

 

Substituting Eq. 3.53 into Eq. 1.13 yields  

                                                                         
qp = αpT1I −

1

2
I2
ρpLp

Ap
+
kpAp

Lp
(T1 − T2) 

1.23 

 

Eq. 3.53 represents the heat transfer for the p-type, by following the similar way the heat transfer 

equation for n-type can be derived as  

                                                                     
qn = −αnT1I −

1

2
I2
ρnLn
An

+
knAn
Ln

(T1 − T2) 
1.24 

 

As shown in Figure 1.1 (a) and Eq. 1.12, the heat transfer rates of thermoelectric couple equal to  

                            
Q̇1 = (αp − αn)T1I −

1

2
I2 (

ρpLp

Ap
+
ρnLn
An

)

+ (
kpAp

Lp
+
knAn
Ln

) (T1 − T2) 

1.25 

 

and, 

                         
 Q̇2 = (αp − αn)T2I +

1

2
I2 (

ρpLp

Ap
+
ρnLn
An

)

+ (
kpAp

Lp
+
knAn
Ln

) (T1 − T2) 

1.26 

 

Moreover, the material properties can be added together using the following equations 
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                                                                                                                      α = αp−αn 1.27 

 

 
R =

ρpLp

Ap
+
ρnLn
An

 
1.28 

 

 
K =

kpAp

Lp
+
knAn
Ln

 
1.29 

 

where α, R and K are the total Seebeck coefficient: electrical resistance and thermal conductance 

of the couple, respectively. Simplifying Eqns. 1.25 and 1.26, using Eqns. 1.27 to 3.53 gives 

                                                                                   
Q̇1 = αT1I −

1

2
I2R + K(T1 − T2) 

1.30 

 

 
 Q̇2 = αT2I +

1

2
I2R + K(T1 − T2) 

1.31 

 

  

 The above two Eqns. 1.30 and 3.53 are known as the ideal (standard) equations. The first 

term αT1I is the Peltier/Seebeck effect, which is a reversible process. A higher Peltier/Seebeck 

effect is needed in order to have a higher cooling or power generation. The second term 
1

2
I2R is 

known as the Joule heating, which is an irreversible process. Finally, the third term K(T1 − T2) is 

the thermal conductance, which is also an irreversible process. The heat flow direction is 

significant in order to know the type of thermoelectric couple, either a thermoelectric cooler or 

thermoelectric generator. If the direction of heat flow is same as the direction that shows in Figure 

1.4 (a), then it represents the thermoelectric generator. By reversing the heat flow direction, the 

thermoelectric cooler can be represented.  
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1.2.3 Thermoelectric Generators Equations 

 A thermoelectric generator (TEG) is a solid-state device that directly converts the 

temperature differences or thermal energy into sufficient electricity. As shown in Figure 1.5, due 

to the connection of two dissimilar materials with the temperature difference, an electrical current 

can be created.  

 

Figure 1.5: A unit couple of thermoelectric generator attached to a load resistance. 

Using Th for hot side and Tc for cold side instead of  T1 and T2 respectively in Eqns. 1.30 and 3.53, 

become as  

                                                                                  
 Q̇h = αThI −

1

2
I2R + K(Th − Tc) 

1.32 

 

 
 Q̇c = αTcI +

1

2
I2R + K(Th − Tc) 

1.33 
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Figure 1.6: The energy balance for thermoelectric generator. 

 As illustrated in Figure 1.6 and by applying the first law of thermodynamics, the electrical 

output can be written as  

                                                                                                                Ẇ = Q̇h − Q̇c  1.34 

 

or, 

                                                                                                  Ẇ = αI(Th − Tc) − I
2R 1.35 

 

Moreover, the power output can be defined in terms of the load resistance as 

                                                                                                                         Ẇ = I2RL 1.36 

 

As known, Ohm’s Law is given as  

                                                                                           V = IRL = α(Th − Tc) − IR 1.37 

 

Hence, the circuit’s current is equal to 

                                                                    
I =

α(Th − Tc)

RL + R
 

1.38 
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 The thermal efficiency of TEG is defined as the ratio between the power output and the 

heat input into the system  

 
 ηth =

Ẇ

Q̇h
       

1.39 

 

or, 

 
 ηth =

I2RL

αThI −
1
2 I

2R + K(Th − Tc)
 

1.40 

 

 The output power and the thermal efficiency can be defined in terms of resistance ratio 
RL

R
 

as 

 

   Ẇ =
α2Tc

2 [(
Tc
Th
)
−1

− 1]

2

(
RL
R )

R(1 +
RL
R )

2    

1.41 

 

 

ηth =
(1 −

Tc
Th
) (
RL
R )

(1 −
RL
R ) −

1
2 (1 −

Tc
Th
) +

1
2ZT̅

(1 −
RL
R )

2

(1 +
Tc
Th
)

 

1.42 

 

 

where,  T̅ is the average temperature and defined as 

 
  T̅ =

Th + Tc
2

   
1.43 

 

 The maximum parameters for TEG can be divided into two operations, which are 

maximum conversion energy and maximum power output. First, the maximum conversion 
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efficiency which is the maximum possible efficiency can be produced by the system at  
RL

R
=

 √1 + ZT̅  is given as  

 
Imc =

αΔT

R(√1 + ZT̅ + 1)
 

1.44 

 

 

Ẇmc =
α2ΔT2√1 + ZT̅

√1 + ZT̅ + 1
 

1.45 

 

 

ηmc = (1 −
Tc
Th
)
√1 + ZT̅ − 1 

√1 + ZT̅ +
Tc
Th

 

1.46 

 

For the maximum power output at  
RL

R
= 1, the current, power output, and efficiency respectively, 

are equal to  

 
Imp =

αΔT

2R
 

1.47 

 

 
Ẇmax =

α2ΔT2

4R
 

1.48 

 

 

ηmp =
(1 −

Tc
Th
)

2 −
1
2 (1 −

Tc
Th
) +

2
ZT̅
(1 +

Tc
Th
)
 

1.49 

 

For the maximum voltage which can be occurred at the open circuit and given as 

   Vmax = nαΔT 1.50 
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 Eqns. 1.36, 1.37, 1.38 and 1.40 can be divided by the above equations, which are the 

maximum parameters respectively in order to get the normalized power output, current, voltage, 

and efficiency respectively as flows 

 
Ẇ

Wmaẋ
=

4
RL
R

(
RL
R + 1)

2 

1.51 

 

 I

Imax
=

1

RL
R + 1

 
1.52 

 

 
V

Vmax
=

RL
R

RL
R + 1

 

1.53 

 

 η

ηmax

=

RL
R [
√1 + ZT̅ +

Tc
Th
]

[(
RL
R + 1) −

1
2 (1 −

Tc
Th
) +

1
2ZT̅

(
RL
R + 1)

2

(1 +
Tc
Th
)] (√1 + ZT̅ − 1)

 

1.54 

 

  

 The average temperature  T̅  is important parameter for TEG because of its effect on the 

performance of the TEG that is related to the hot and cold side temperatures. Eqns. 1.51 to 1.53 

are a function only of resistance ratio 
RL

R
, while Eq. 3.53) is a function of  

RL

R
,  
Tc

Th
 and ZT̅. Therefore, 

these normalized parameters can be used to create a generalized graph for the thermoelectric 

generator as shown in Figure 1.7. 
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Figure 1.7: Normalized chart for thermoelectric generators with  
𝑇𝑐

𝑇ℎ
= 0.7 and 𝑍�̅� = 1.  

 It is evident from the above plot that the maximum power output and the maximum 

conversion efficiency are close to each other. The maximum power output occurs at 
RL

R
= 1, which 

means the load resistance is equal to the internal resistance. For the maximum conversion 

efficiency, it exists when the load resistance value is bigger than the internal load resistance 

value 
RL

R
> 1. 

 As shown in Figure 1.8, the TEG module consists of multiple number of thermocouples. 

The previous analysis was done for one couple (p-type and n-type) and in order to compute the 

parameters for the module, the parameters must multiply by the total number of thermocouples n 

as follows 

 (Ẇ)
m
= nẆ 1.55 

 

 (Q̇h)m = nQ̇h 1.56 
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 (Q̇c)m = nQ̇c  
1.57 

 

 (R)m = nR 1.58 

 

 (R)m = nR 1.59 

 

   (RL)m = nRL   1.60 

 

 (V)m = nV 1.61 

 

 (K)m = nK 1.62 

 

 (I)m = I 1.63 

 

 
  (ηth)m =

(Ẇ)
m

(Q̇h)m 
= ηth 

1.64 
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Figure 1.8: Cutaway of a typical thermoelectric module [5].  

1.3 Contact Resistance for Thermoelectric Generator 

 While the above discussion was for ideal equations, the real thermoelectric devices must 

include thermal and electrical resistances, which are considered in this section. The effect of 

thermal and electrical resistance can reduce the performance of the thermoelectric generator when 

compared to the ideal prediction, especially at a small leg length. As shown in Figure 1.9, the 

thermoelectric thermocouples are connected in a series using a high conducting metal strip and 

then sandwiched between ceramic plates. In Figure 1.9, ρc is the electrical contact resistivity, kc 

is the thermal contact conductivity including the thermal conductivity of the ceramic plates and 

the thermal contacts, (T1c and T2c) are the junction temperature of elements which are different 

than junction temperature of the ceramic plate T1 and T2. For a single couple the heat balance 

equations can be written as [5]:  
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Figure 1.9: Basic configuration of one couple including thermal and electrical contact resistances. 

 
Q̇1 =

Akc
lc
(T1 − T1c) 

1.65 

 

 
Q̇1 = αIT1c −

1

2
I2R −

Ak

lo
(T2c − T1c) 

1.66 

 

 
Q̇2 = αIT2c +

1

2
I2R −

Ak

lo
(T2c − T1c) 

1.67 

 

 
Q̇2 =

Akc
lc
(T2c − T2) 

1.68 

 

 
I =

α(T1c − T2c)

RL + R
 

1.69 

 

where  α = αp + αn and k = kp + kn. Moreover, the electrical resistance includes two resistance: 

thermocouple and electrical contact.  
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R = Ro + Rc =

ρlo
A
+
ρc
A

 
1.70 

 

Therefore, 

 
R =

ρlo
A
(1 +

s

lo
) 

1.71 

 

where =
ρc

ρ
 , Eqns. 1.65 to 1.68 can be rearranged to compute the electrical current as 

 
I =

Aα(T1 − T2)

2ρlo (1 +
s
lo
) (1 + 3r

lc
lo
)
 

1.72 

 

where  r =
k

kc
 , Using the above equation with wn = I

2R, the power output can be expressed as 

 
Wn =

Aα2(T1 − T2)
2

4ρlo (1 +
s
lo
) (1 + 3r

lc
lo
)
2 

1.73 

 

or, the power output per unit area is 

 
Wn
A
= (

kT1
lo
)
ZT̅ (1 +

T2
T1
)
−1

(1 −
T2
T1
)
2

4 (1 +
s
lo
) (1 + 3r

lc
lo
)
2  

1.74 

 

 

The voltage and the conversion efficiency respectively is defined as 

 
Vn =

α(T1 − T2)

2 (1 + 3r
lc
lo
)
 

1.75 
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 ηcr

=
(1 −

T2
T1
)

2
ZT̅
(1 +

T2
T1
) (1 +

s
lo
) (1 + 3r

lc
lo
) + 2 (1 + 3r

lc
lo
) ξTEG −

1
2 (1 −

T2
T1
)
   

1.76 

 

 

where, 

 

ξTEG =
T1c
T1
=

1 +
1
4 r
lc
lo

ZT̅ (1 +
T2
T1
)
−1

(1 −
T2
T1
)
2

(1 +
s
lo
) (1 + 3r

lc
lo
)
2 −

r
lc
lo
(1 −

T2
T1
)

(1 + 3r
lc
lo
)

1 + r
lc
lo

ZT̅ (1 +
T2
T1
)
−1

(1 −
T2
T1
)

(1 +
s
lo
) (1 + 3r

lc
lo
)

 

1.77 

 

 

 This model which includes the contact resistance was verified by [6] along with 

experimental work that has been done by [8, 9] as shown in Figure 1.10 for three different leg 

lengths. 
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Figure 1.10: Experimental (symbols) and theoretical (solid lines) power output of thermoelectric 

generators as a function of temperature difference along with variation of leg length [6]. 

1.4 Thermoelectric Generator System 

 The typical TEG system is mostly connected to heat sinks or heat exchangers, which can 

improve the amount of heat absorption to the thermoelectric generator module. With the 

connection of heat sinks as shown in Figure 1.11, the ideal equations of thermoelectric along with 

some new equation are considered. 
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1.4.1 Basic Equations of Thermoelectric Generator System 

 

Figure 1.11: Thermoelectric generator module attached to two heat sinks. 

 Consider the TEG system as shown in Figure 1.11 operating under the assumption of a 

steady-state heat transfer. Each heat sink faces a fluid flow that has a temperature T∞. Subscript 1 

and 2 represent the hot and cold quantities respectively. Assuming that the contact resistance in 

the thermoelectric generator is negligible, the material properties are independent of temperature, 

the TEG is perfectly insulated, and the p-type and n-type element has the same dimensions. The 

basic equations for the TEG with two heat sinks are expressed as 

 Q̇1 = η1h1A1(T∞1 − T1) 1.78 

 

 
Q̇1 = n [αIT1 −

1

2
I2R +

Aek

Le
(T1 − T2)] 

1.79 
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Q̇2 = n [αIT2 +

1

2
I2R +

Aek

Le
(T1 − T2)] 

1.80 

 

 Q̇2 = η2h2A2(T2 − T∞2) 1.81 

 

 
I =

α(T1 − T2)

RL + R
 

1.82 

 

The thermal resistances of the heat sinks can be expressed by the reciprocal of the convection 

conductance as  η1h1A1. 

where,  η1 is the fin efficiency, h1 is the convection coefficient, and A1 is the total surface area of 

the heat sink 1. Moreover, T1 and T2 are the thermoelectric junctions temperatures [10]. 

1.4.2 Heat Sink Design and Optimization  

 The main goal of connecting the thermoelectric module to a heat sink is to maximize the 

amount of heat transfer rate from the fins. At given dimensions, width (Wf), length (Lf) and profile 

length (bf) as shown in Figure 1.12, there are some parameters that can be optimized in order to 

minimize the thermal resistance. These parameters are the fin thickness (tf), and fin spacing (zf) 

of the heat sink. 
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Figure 1.12: Multiple array heat sink [5].  

 The total fin efficiency is an important parameter for heat sink performance and it is defined 

as [5]  

 
ηf =

tanh mbf
mbf

 
1.83 

 

  mbf is defined as  

  
mbf = bf (

2h

kftf
)
1/2

 
1.84 

 

where kf is the thermal conductivity and h is the heat transfer coefficient of fluid which can be 

calculated by using the Nusselt number as  

 
h =

kfluid
Lf

Nu 
1.85 

 

where, kfluid is the thermal conductivity of the fluid.  

The total heat transfer area of heat sink is given as follow  
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   Af = nf[2(Lf + tf) + Lfzf,opt] 1.86 

 

where, nf is the number of fins.  

The optimum fin spacing can be expressed as  

 zf,opt = 3.24LfReL
−1/2

Pr−1/4 1.87 

 

where, ReL  and Pr are the Reynolds number and the Prandtl number respectively.  

Moreover, the fin thickness can be optimized in order to get the maximum heat transfer rate as 

given 

 qf = ηfhAf(T∞ − Tb) 1.88 

 

where, T∞ and  Tb fluid temperature and heat sink base temperature respectively [5].  

1.4.3 Power Density  

 A power density is a significant factor that can express the performance of a thermoelectric 

generator system, which can be described as the total amount of power output per module 

area ( W/cm2). The higher power density is the higher TEG system performance. The power 

density can also represent the TEG cost ratio, which is especially important for waste heat recovery 

applications [11]. However, the literature shows that the power density for the TEG system is still 

very low, which can be a good point to consider and improve in this study.  

1.5 Chapter Conclusion  

 In this chapter, the concept of thermoelectric was discussed, which will be helpful to 

understand the fundamentals of this technology. Some of the important factors were defined, and 
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can be used in the current study. In the following chapter, the background of thermoelectric 

generator for exhaust waste heat recovery and its previous work will be studied and investigated 

in order to define the objectives and direction of the current study.        
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2 LITERATURE SURVEY AND OBJECTIVES OF THE CURRENT STUDY  

2.1 Background  

 Internal combustion engines are extensively used in our daily lives, for either gasoline or 

diesel engines. Two-thirds of the thermal energy of combustion in vehicles is lost as waste heat, 

whereas 40% is in the form of the exhaust gas is lost [12]. As can be noticed in Figure 2.1, only 

about 25% of the fuel can be applied for vehicles operation. The thermoelectric generator (TEG) 

is able to convert this waste heat into electrical power. This electricity can be sent back to an 

auxiliary battery or a hybrid battery pack [1]. Hence, the alternator can be removed, which 

increases the efficiency of the vehicle and improves the fuel economy.    

 

   Figure 2.1: Typical energy flow path in internal combustion engine. 

2.1.1 Hot Side Heat Exchanger  

 As mentioned in Chapter 1, the thermoelectric generator module needs to be attached to a 

heat exchanger in order to maximize the amount of absorbed heat. The hot gas exhaust is the 
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temperature source in the hot side of the TEG module. The exhaust fluid is a mixture of burned 

and unburned fuel, carbon monoxide, sulfur dioxide and some of the un-used nitrogen. However, 

the exhaust fluid is considered and modeled as hot air in the current study. Moreover, the design 

of the heat exchanger is critical, which can enhance the heat transfer rates. The back pressure 

(pressure drop) is an important parameter that must be considered in this situation. Hence, the 

optimum design for the heat exchanger including a number of fins, fin thickness, and fin spacing 

is an effective way to manage these parameters and increases the system performance (refer to 

Figure 2.2).     

2.1.2 Coolant System  

 The cold side of thermoelectric generator module can be connected to the coolant system 

(radiator) of vehicles in order to cool the generator. The size of the coolant heat exchanger can be 

smaller because of a high heat transfer coefficient of coolant fluid as compared to the air, which 

can be an advantage for using the coolant system. Furthermore, cooling by air requires an 

additional pumping power. Hence, as shown in Figure 2.2, the rectangular blocks can be attached 

to the cold side of thermoelectric generator module while maintaining the coolant fluid at a 

constant temperature.  
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 Figure 2.2: Schematic of thermoelectric generator system.  

2.1.3 Bypass System   

 As the vehicle’s engine is running, the exhaust gas temperature can exceed a very high 

temperature that might destroy the thermoelectric generator modules. A bypass system can be 

located at the entrance of thermoelectric generator system with a control valve, which can control 

the temperature limitation in order to protect the system as shown in Figure 2.3.   

 

Figure 2.3: Schematic of bypass flow system.   
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2.2 Literature Survey of Automotive Exhaust Thermoelectric Generator (AETEG)     

2.2.1 AETEG System  

 As the improvement of thermoelectric materials performance continues, the designing 

scientists work on applying the available materials into vehicles exhaust waste heat. Both 

analytical and experimental approaches have been done by using a thermoelectric generator for 

automotive waste heat recovery. A theoretical study by [13] was concluded that the thermoelectric 

generator powered by exhaust waste heat could meet the electrical requirement of a medium size 

vehicle. Yang [14] discussed that the thermoelectric technology has the ability to produce tens of 

kilowatts by converting the exhaust heat of vehicles. Morelli [15] studied thermoelectric 

technology for the automotive application needed for developing a new material with a higher 

figure of merit. Furthermore, the design of an exhaust gas generator such as heat transfer, size, 

mass, location, backpressure, and cost were investigated. His recommendation was to do more 

research on skutterudite compounds and a new intermetallic semiconductors. It was also expected 

that the thermoelectric for a power generator would become viable and competitive for next 

century. Rogl G. [16] conducted a study that focused on increasing the energy cost and 

environmental regulation, which expresses the importance of using waste heat in automotive.     

2.2.2 Numerical and Experimental Work of AETEG           

 During World War II, three sizes of thermoelectric generators, which are 6, 15 and 25 

watts, were used by the U.S Army Single Corps for heating and charging batteries purposes [17]. 

One of the earliest studies on the thermoelectric generator for automotive exhaust was constructed 

in 1963 by [17] with collaboration of U.S. Naval Engineering Experiment Station. The original 

goal was to produce 500 Watts at 28 Volts with efficiency no less than 3% but their goal could not 
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be attained at the contract funding level. However, the maximum power output obtained was 156.6 

W with efficiency about 2.20 % under their operating conditions.  

  Five years later, Embry and Tudor [18] found that the thermoelectric generator applied in 

exhaust could meet the electrical requirement of a medium size automobile. However, despite 

recommendations to prove experimentally their analytical finding, the literature does not show that 

was ever completed. In 1988, Porsche [19] developed a prototype for testing a thermoelectric 

generator by using the exhaust gas and water circulation system of vehicle. The thermoelectric 

material that was used is FeSi2 and was connected to a Porsche engine 944. The results were in a 

good agreement with the calculations for a temperature difference 490 K between cold and hot 

sides of thermoelements. The output power was about 58 Watts for 90 thermoelements. In 

addition, the authors suggested that the use of other materials with a higher dimensionless figure 

of merit could improve the power output.            

 In 1994, Hi-Z technology [20, 21]  conducted testing on the thermoelectric generator using 

eight diesel truck engines under funding by the US department of energy and California Energy 

Commission. The thermoelectric generator system used 72 modules that were produced by Hi-Z 

with bismuth telluride material. The study further discussed the use of Bi2Te3, PbTe, and SiGe in 

an exhaust heat waste and decided that Bi2Te3 has the best performance regardless of its maximum 

operating temperature. The goal was to reach 1 Kilowatts of electrical power. As a result, the 

maximum electrical power output was about 1068 watts at 300 h.p. and 1700 RPM.  

 Nissan Motor [22] developed an advanced type of thermoelectric module based on SiGe 

material to apply it into exhaust waste heat of a gasoline engine vehicle. The size of the module 

was 20 mm2 with height of 9.2 mm with 8 thermocouples. The maximum electric power of the 
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module was approximately 1.2 W at the temperature difference between cold and hot sides of 

about 563 K. A thermoelectric generator system was fabricated of 72 modules with a total volume 

of 440 × 180 × 170 mm3. The measurements were done under the condition of 3000cc gasoline 

engine with 58 g/s of gas flow rate and 14.2 l/min of cooling water flow rate. The maximum 

power output was obtained about 35.6 W. The heat exchanger efficiency was 11 % of primary 

exhaust gas energy flux and the generated power was 0.9 % of the heat flux from exhaust gas to 

the coolant. Finally, they suggested that the improvement on heat transfer property and 

thermoelectric material are required to increase the overall performance. In 2002, Matsubara [23] 

developed a high efficiency thermoelectric generator which was assembled into a gasoline engine. 

He concluded that the average ZT-values of 1.5 to 2 were needed to attain the goal of 10% overall 

efficiency. Clarkson University [24] conducted testing on a prototype automobile exhaust 

thermoelectric generator. The prototype was installed in 1999 GMC Sierra pick-up truck. They 

concluded that the improvement in fuel efficiency was achieved on the order of 1-2 percent, 

depending on speed.      

 Some of the numerical models [25, 26, 27] have been done to evaluate the performance of 

the thermoelectric generator using a plate fin heat exchanger with available commercial Bi2Te3 

modules. Espinosa et al. [28] modeled a thermoelectric generator application for a diesel engine, 

which was composed of Mg2Si/Zn4Sb3 and Bi2Te3 for a high and low temperature respectively. 

The effect of the number of thermoelectric elements and electrical contact were addressed in their 

work. One TEG module was conducted by [29] to be applied in an automobile. The result showed 

that the performance could be improved by using the exhaust pipe instead of the radiator. Karri et 

al. [30] reported the prediction of the performance and fuel savings by using a thermoelectric 
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generator placed in the exhaust stream of a sports utility vehicle (SUV) and a stationary, 

compressed natural gas (CNG)-fueled engine generator set.  

 In 2009 [31], researchers at BMW Company developed the thermoelectric generator 

prototype based on Bi2Te3 material. The vehicle involved was a BMW 530i. As a result, around 

200 W of electrical power were achieved using 24 modules at 130 km/h. Finally, BMW claimed 

that the future enhancement of thermoelectric generator depended on how well the thermoelectric 

material could be improved. Kim et al. [32] fabricated a thermoelectric generator using the engine 

water coolant of passenger vehicles. Their experimental results revealed that the maximum 

electrical power was approximately 75 W in the driving mode at 80 km/h.  

 The evolution of the TEG cylindrical shape was studied by [33, 34] for a high-power 

density during phase 3-4 of BSST led US DOE project. A six-cylinder engine of BMW was used 

at the National Renewable Energy Laboratory (NREL). The bench test was conducted by BSST 

using the Ford Lincoln and BMW, which has reported electrical power of 125 W. The fuel 

improvement was predicted to range from 1% to 7%.  

 General Motors (GM) lead a group to design and test a thermoelectric generator for 

automotive exhaust waste heat. This project was funded by U.S. Department of Energy (DOE) 

[35]. Some modules based on skutterudite material were fabricated by the Marlow Company in 

order to sustain with a very high temperature. The module tests were reported by [36] with the 

maximum output power of 9 W at constant hot and cold junction temperatures of 550 ℃ and 80 ℃ 

respectively. The thermoelectric generator consisted of 24 skutterudite modules in the front and 

18 bismuth telluride in the rear with a total of 42 modules. GM mentioned that achieving 350 W 

and 600 W is possible using a Chevrolet Suburban under city and highway driving conditions 

respectively. The progress of improving their prototype along with developing a high performance 
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module was presented by Meisner [37, 38]. Recently, a numerical model was studied by Kumar et 

al. based on the GM project. Three different configurations of heat exchanger were investigated 

with the effect of leg geometries. However, the rectangular configuration had the best overall 

performance [39, 40].  

 In 2014, X. Liu et al. [41] constructed an energy-harvesting system, which was used in an 

automobile exhaust pipe using thermoelectric generator. A road test was done on the system using 

a prototype vehicle called “Warrior”. The maximum power output was 600 W at an average 

temperature difference of 182 ℃ while the system efficiency was 1.25%. Finally, it was 

recommended that the optimizing design would be critical to improve the performance of TEG. 

 Zhang et al. [42] were awarded a funded project of $ 11 million dollars by DOE and the 

US army on automotive waste heat recovery. They developed a nanostructure bulk material to 

increase module performance. The fabricated module has a high power density of 5.26 W/cm2 

with a 500 ℃ temperature difference. A thermoelectric generator system was built using 400 

nanostructure modules and tested using an automotive diesel engine. The system generated 1002.6 

W of electrical power at an average temperature of 550 ℃ and mass flow rate of 480 g/s.        

 In 2016, Kim et al. [43] investigated experimentally thermoelectric generator for waste 

heat recovery. Forty customized thermoelectric modules were installed on the rectangular heat 

exchanger, which has a dimension of 253.5 × 372 × 60 mm. A six-cylinder diesel engine was 

used for an engine rotation speed and load of 1000-2000 RPM and 0.2-1.0 MPa respectively. The 

coolant flow rate and temperature were fixed at 8 SLPM and 293 K. The maximum power output 

was about 119 W 2000 RPM and 0.6 MPa. The conversion efficiency was in the range of 0.9-
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2.8%. It was observed that the power output increased with the engine load or speed. The pressure 

drops were below 1.46 kPa under all experimental condition. 

Table 2.1: Summary of previous efforts on AETEG 

Reference Automobile Thermoelectric 

Technology (TE) 

Element 

Length 

lo(mm) 

Power 

Output  

(W) 

Power 

Density 

(W/cm2) 

Birkholz et al. 

(1988) [19] 

Porsche engine 

944 

90 Thermoelements 

(FeSi2) 
13 58 0.064 

Bass et al. 

(1994) [20, 

21] 

Class eight Diesel 

truck (Cummins 

NTC 350 engine) 

72 of Hi-Z TEMs 

(Bi2Te3) 
5 1068 0.521 

Ikoma et al. 

(1998) [22] 

Nissan Motors 

(3000cc gasoline 

engine) 

72 TEMs 

(SiGe) 
8 35.6 0.123 

Thacher et al. 

(2007) [24] 

1999 GMC Sierra 

pick-up truck 

16 Hi-Z TEMs 

(Bi2Te3) 

5 170 0.18 

Eder 

(2009) [31] 

BMW 535i 

(Gasoline engine) 

24 TEMs 

(Bi2Te3) 

 

 200  

Crane et al. 

(BSST) 

(2009) [33, 

34] 

BMW 

(6 Cylinder in-

line) 

2 Stage segmented 

elements 

(Bi2Te3 &HH) 

2.4 125 0.096 

Kim et al. 

(2011) [32] 

2L engine of SUV 72 TEMs 

(Bi2Te3) 

 75  

Meisner 

(2011) [37, 

38] 

GM Chevrolet 

(Suburban) 

42 TEMs 

(Bi2Te3/

skutterudites ) 

4 57 0.062 
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X. Liu et al. 

(2014) [41] 

Prototype vehicle 

called (Warrior) 

240 TEMs 

(Bi2Te3) 

5 600 0.1 

Zhang et al. 

(2015) [42] 

 

Diesel engine 400 TEMs 

Nanostructure bulk 

materials 

2 1002.6 0.343 

Kim et al. 

 (2016) [43] 

6 Cylinder diesel 

engine 

40 TEMs 

(Bi2Te3) 

0.8 119 0.153 

 

2.3 Motivation  

 As the consumption of energy is significantly increasing, recovering some of the waste 

energy becomes very important. Developing thermoelectric technology can be an efficient way to 

convert some of this waste energy into useful electricity. In the United States of America, 59.1 

quadrillion BTU’s of energy is dissipated annually as waste heat as shown in Figure 2.4 [44]. In 

terms of transportation, the wasted energy is 21.9 quadrillion BTU’s out of 27.7 quadrillion BTU’s 

as input energy, which is about 79%. Recovering at least 5% of this wasted energy would equate 

to approximately 1 quadrillion BTUs, which can be equal to 8007 × 106 gallons of gasoline or 

5996 × 106 gallons of diesel oil. Hence, recovering wasted energy using a thermoelectric 

generator for automotive can improve the fuel economy along with decreasing the environmental 

pollution.   
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Figure 2.4: Estimated U.S Energy consumption in 2015 [44]. 

2.4      Objectives of Current Study   

 From the previous literature reviewed, it can be noticed that these studies showed very low 

power densities. Also, none of the studies conducted in the past reported the effect of leg length 

and ceramic plate materials on the performance of thermoelectric modules. The overall goal of this 

thesis is to develop an optimal design of automotive exhaust thermoelectric generator system 

(AETEG). This optimal design of (AETEG) has two main aspects, which are the optimal design 

of the thermoelectric module and the heat exchanger. The optimal design of the thermoelectric 

module includes studying the effect of the leg length and the ceramic plate material on its 

performance. On the other hand, the optimal design of the heat exchanger examines the best heat 

exchanger in order to achieve a high heat absorption. The pressure drop is studied and calculated 

because of its effectiveness on engine performance and fuel consumption. Moreover, an 

experimental work is conducted using a commercial TEG module in order to verify the validity of 
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using the ideal (standard) equations along with the effective materials properties. Finally, the 

dimensionless method is used to optimize the TE module along with optimizing the heat 

exchangers for two sides (hot and cold). 

3    MODELING OF (AETEG) 

3.1 Modeling of Module Tests   

 In order to examine the module test, the thermal and electrical contact resistances need to 

be considered. Since the module consists of many numbers of thermocouples, a unicouple can be 

studied as shown in Figure 3.1. By using intrinsic properties of any module along with the below 

equation, the module test can be predicted.             

 

Figure 3.1: TE unicouple including thermal and electrical contact resistances. 
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Q̇1 =

Akc
lc
(T1 − T1c) 

3.1 

 
Q̇1 = αIT1c −

1

2
I2R −

Ak

lo
(T2c − T1c) 

3.2 

 

 
Q̇2 = αIT2c +

1

2
I2R −

Ak

lo
(T2c − T1c) 

3.3 

 

 
Q̇2 =

Akc
lc
(T2c − T2) 

3.4 

 

 
I =

α(T1c − T2c)

RL + R
 

3.5 

 

These five equations can be solved for T1c and T2c as a function of seven parameters as 

 T1c = T1c(RL, T1, Ae, lo, lc, ρc, kc) 3.6 

 

 T2c = T2c(RL, T1, Ae, lo, lc, ρc, kc) 

 

3.7 

 

These two functioned equations can be solved by using a mathematical program, which result with 

the heat flow rates Q̇1 and Q̇2 and the efficiency for the thermoelectric module.  

3.2 Calculating the Effective Material Properties 

 All information in this section is in reference to the methodologies explained in Ref. [45] 

with the author’s contribution. One of the most challenging tasks for designers is to determine the 

thermoelectric material properties. Manufacturers usually provide the performance curves at a 

constant junction temperature, which is unpractical in thermoelectric systems design. Also, the 

material properties are known and manufacturers do not provide them due to the proprietary nature 
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of the information. These make it hard for designers to evaluate the performance of thermoelectric 

devices. Using the effective material properties technique along with the ideal equations is accurate 

as it shows an excellent agreement with the several manufacturer’s performance data (which can 

even be provided by the manufacturer or obtained by measurements). The effective material 

properties can be calculated using three maximum parameters (output power, current, and 

efficiency) that are provided by manufacturers along the following equations. However, since the 

maximum parameters are taken from measurements, the thermal and electrical contact resistances 

are already included in the calculations. The effective electrical resistivity is obtained using Eq. 

1.38 at RL = 0 and Eq. 1.48 which is  

 

ρ∗ =
4(
Ae
Le
)Ẇmax

n(Imax )2
 

3.8 

 

  The effective Seebeck coefficient can be obtained using Eq. 1.38) at RL = 0 and Eq. (1.54), 

 
α∗ =

4Ẇmax
nImax(Th − Tc)

 
3.9 

 

 The effective figure of merit is obtained from Eq. 1.46, 

 

Z∗ =
1

T̅
[
 
 
 

(
1 +

   ηmax
   ηc

Tc
Th

1 −
   ηmax
   ηc

)

2

− 1

]
 
 
 

 

3.10 

 

 

 Where ηc = 1 −
Tc

Th
 is Carnot efficiency. However, in cases of having the maximum power 

efficiency instead of the conversion efficiency provided by the manufacturer, the figure of merit 

can be defined as, 
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Z∗ =

2
T̅
(1 +

Tc
Th
)

   ηc (
1

   ηmp
+
1
2) − 2

 

3.11 

 

From the definition of the thermal conductivity, we can define the effective thermal 

conductivity as a function of the other effective properties as, 

 

k∗ =
α∗2

ρ∗Z∗
 

3.12 

 

Note that the effective material properties are obtained using the ideal equations. Thus, 

they include different effects like the Thomson effect, conduct resistances, and losses due to 

radiation and convection. These effective material properties are the total properties, so they should 

be divided by two to obtain the single p-type and n-type thermocouple properties. 

3.3 Dimensional Analysis Method to Find the Thermoelectric Optimum Resistance Ratio and 

Geometric Ratio for a Unit Cell 

 The main goal of this section is to investigate the optimum design for the thermoelectric 

generator system to maximize the output power by simultaneously optimizing the resistance ratio 

and the thermocouple geometric ratio. This dimensional analysis technique was developed by [10] 

and derived in this work including flow through two heat sinks as shown in details in Appendix 

A, which can be powerful to optimize the TEG system. By considering a TEG system as shown in 

Figure 3.2 with certain flow in both hot and cold sides, the ideal (standard) equations are given as 
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Figure 3.2: Thermoelectric generator module (TEG) with two heat sinks 

 

   Q̇1 = ṁ1cp1 (T∞−1−in − T∞−1−out) 3.13 

 

     
Q̇1 = η1h1A1 ((

T∞−1−in + T∞−1−out
2

) − T1) 
3.14 

 

 
Q̇1 = n [αIT1 −

1

2
I2R +

Aek

Le
(T1 − T2)] 

3.15 

 

 
Q̇2 = n [αIT2 +

1

2
I2R +

Aek

Le
(T1 − T2)] 

3.16 

 

  
Q̇2 = η2h2A2 (T2 − (

T∞−2−in + T∞−2−out
2

)) 
3.17 
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 Q̇1 = ṁ2cp2 (T∞−2−out − T∞−2−in) 3.18 

 

 
I =

α(T1 − T2)

RL + R
 

3.19 

 

Eqns. 3.13 to 3.53 can be converted into two non-dimensional equations as written below  

 

[
Nh

1 + (
Nh
2Nm1

)
] (T∗∞ − T

∗
1)

Nk

=
ZT∞−2−in(T

∗
1 − T

∗
2)T

∗
1

Rr + 1

−
ZT∞−2−in(T

∗
1 − T

∗
2)
2

2(Rr + 1)2
+ (T∗1 − T

∗
2) 

3.20 

 

 

 

[
(T∗2 − 1)

[1 + (
1

2Nm2
)]
]

Nk

= 
ZT∞−2−in(T

∗
1 − T

∗
2)T

∗
2

Rr + 1

+
ZT∞−2−in(T

∗
1 − T

∗
2)
2

2(Rr + 1)2
+ (T∗1 − T

∗
2) 

3.21 

 

where the dimensionless parameters are defined as flowing  

 
Nm1 = 

ṁ1cp1

η2h2A2
 

3.22 
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Nm2 = 

ṁ2cp2

η2h2A2
 

3.23 

 

 

Nk = 
(
Aek
Le
) n

η2h2A2
 

3.24 

 

 
Nh = 

η1h1A1
η2h2A2

 
3.25 

 

 
Rr = 

RL
R

 
3.26 

 

 
T∗1 = 

T1
T∞−2−in

 
3.27 

 

 
T∗2 = 

T2
T∞−2−in

 
3.28 

 

 
T∗∞ = 

T∞−1−in
T∞−2−in

 
3.29 

 

 
ZT∞−2−in = 

α2

ρk
T∞−2−in 

3.30 

Note that T∞1 and T∞2 are defined as  

 
T∞1 = 

T∞−1−in + T∞−1−out
2

 
3.31 

 

 
T∞2 =

T∞−2−in + T∞−2−out
2

 
3.32 

Now, Eqns. 3.20 and 3.21 can be solved for T∗1 and T∗2 as a function of seven independent 

dimensionless parameters as shown below 
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 T∗1 =  f(Nk, Nh, Rr, T
∗
∞, ZT∞2, Nm1, Nm2 ) 3.33 

 

 T∗2 =  f(Nk, Nh, Rr, T
∗
∞, ZT∞2, Nm1, Nm2 ) 3.34 

After that, the dimensionless heat transfer, power output, and thermal efficiency are defined as 

follows 

 

Q∗1 =  
Q1

η2h2A2T∞2
= [

Nh

1 + (
Nh
2Nm1

)
] (T∗∞ − T

∗
1) 

3.35 

 

 

Q∗2 = 
Q2

η2h2A2T∞2
= [

(T∗2 − 1)

[1 + (
1

2Nm2
)]
] 

3.36 

 

 W∗
n = Q

∗
1 − Q

∗
2 3.37 

 

 
ηth = 

W∗
n

Q∗1
 

3.38 

 

Fixing Nh, T∗∞, ZT∞2, Nm1 and Nm1 to be inputs and optimize the dimensionless parameters Nk 

and Rr, Eq. 3.20) and 3.21) can be solved to give the maximum power output.  

3.4  Heat Sink Optimization  

 Optimizing the heat sink is extremely important in order to improve the performance of the 

TEG system. The same method that was discussed in section 1.4.2 is used to investigate the 

optimum fin thickness and spacing. The Nusselt number for plate fin heat sink by forced 

convection is developed by [46] with measurements as flowing 
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Nuz = 
hz

kf
= [(

Re∗zPr

2
)
−3

+ (0.664√Re∗zPr
1
3√1 +

3.65

√Re∗z
)

−3

]

−1
3

 

3.39 

 

where h is the convection coefficient, kf is the thermal conductivity of fluid and Re∗z is the reduced 

Reynold number which is given as 

 Re∗z = Rez
z

L
 

3.40 

 where  

 
Rez = 

Vz

ν
 

3.41 

Note that, this equation covers the laminar and turbulent flows and also developing and fully-

developed flows for air. Moreover, the Nusselt number for fully developed turbulent flow for 

gasses and liquid was studied by [47] and given as 

 
NuD =

hD

kf
=

(f/2)(ReD − 1000)Pr

1 + 12.7(f/2)1/2(Pr2/3 − 1)
 

3.42 

 

where D is the hydraulic diameter of the channel, ReD is the Reynold number and f is the Fanning 

friction coefficient, which are defined as  

 
D = 

4Ac
Pwet

 
3.43 

 

 
ReD = 

VD

ν
 

3.44 
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 f =  [1.58 ln(ReD) − 3.28]
−2 3.45 

 

3.5 Offset Strip-Fin Heat Exchanger (OSF)  

 The OSF is one of the most efficient heat exchangers as shown in Figure 3.3. The 

geometry of OSF has one of the highest heat transfer performances relative to the friction factor 

[5].  

 

Figure 3.3: Offset strip-fin heat exchanger. 

The most comprehensive correlation for j and f factors, which covers laminar, transition, and 

turbulent regions was studied by [48] as follows 
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 j

=  0.6522Re−0.5403 (
s − δf
h − δf

)
−0.1541

(
δf
l
)
0.1499

(
δf

s − δf
)
−0.0678

× [1 + 5.269

× 10−5Re1.34 (
s − δf
h − δf

)
0.504

(
δf
l
)
0.456

(
δf

s − δf
)
−1.055

]

0.1

 

3.46 

 

  f

=  9.6243Re−0.7422 (
s − δf
h − δf

)
−0.1856

(
δf
l
)
0.3053

(
δf

s − δf
)
−0.2659

× [1 + 7.669

× 10−8Re4.429 (
s − δf
h − δf

)
0.92

(
δf
l
)
3.767

(
δf

s − δf
)
0.236

]

0.1

 

3.47 

 

where the hydraulic diameter was defined as 

 
Dh =

 4(s − δf)(h − δf)l

2[(s − δf)l + (h − δf)l + (h − δf)δf] + (s − δf)δf
 

3.48 

 

3.6  Exhaust mass flow rate calculations  

 The mass flow rate is one of the critical parameters that has to be investigated for AETEG 

system. The condition of mass flow rate depends on the engine load which will lead to a variation 

in the output power of AETEG system during the normal engine running cycle. Exhaust mass flow 

rate for any engine can be calculated as flowing [49] 

 ṁin = ṁexhaust = ṁair + ṁfuel 3.49 

where ṁair and ṁfuel is the mass flow rate of air and fuel respectively which are defined as  
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ṁair = λdrVdρair

N

n
 

3.50 

 

 
ṁfuel =

 ṁair

AF
  

3.51 

 

 where λdr is the delivery ratio (0.65 < λdr < 0.95), Vd is the displacement volume, ρair is the air 

density (ρair = 1.181 kg/m
3), N is the engine speed, n is the number of revolutions per cycle and 

AF is the air fuel ratio.  

3.7 Pressure Drop Calculations 

 The pressure drop along the AETEG system is an important factor to consider because of 

its effect on the performance and fuel consumption. The pressure drop across the system is 

calculated with an assumption that the positive contraction and negative expansion pressure drops at 

entrance and exit are canceled for each other as follows for plate fin heat sink 

 
∆P =

4fL

D

1

2
ρV2 

3.52 

 

where f is defined in Eq. (3.45), L is the length of system, D is defined in Eq. (3.43), ρ is the gas 

density and V is the velocity.   

For the offset-strip fin heat exchanger, the pressure drop is defined as [5] 

 
∆P =  

G2

2ρi
[(1 − σ2 + Kc) + 2 (

ρi
ρo
− 1) +

4fL

Dh
(
ρi
ρm
)

− (1 − σ2 − Ke) (
ρi
ρo
)] 

3.53 
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3.8 Chapter Conclusion 

 Chapter 3 discussed the theories that are needed to find the optimum design of the AETEG 

system. The ideal (standard) thermoelectric equations along with heat sink equations are used in 

the analytical model in order to achieve the optimum design. Use of the effective materials 

properties method decreases the errors that are associated with the assumption of ideal (standard) 

equations. Moreover, an experimental investigation of the validity of the model is needed, which 

is discussed in the following chapter.          
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4 EXPERIMENTAL WORK 

 In order to investigate the accuracy of the AETEG model, an experiment was conducted 

and tested. Thus, a TEG system was constructed where the module was sandwiched between the 

hot and cold side channels. Using the dimensionless method discussed in the last chapter, the TEG 

module was optimized and the closest commercial module was used. One heat sink was used in 

the hot side based on the optimized analytical design, and the aluminum channel is used for the 

cold side without a heat sink. A closer commercial heat sink was selected due to the limited 

availability of the dimensions of heat sink. The experimental setup is shown in Figure 4.1 (a) and 

the test section is schematically shown in Figure 4.1 (b).  

 

(a) 
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(b) 

Figure 4.1 (a): Schematic of experimental setup of one unit cell of AETEG system, (b) schematic 

of test section. 

In detail, two aluminum blocks (40 mm × 40 mm × 19.1 mm) were fabricated to be sandwiched 

between the TEG module and both sides (hot and cold) in order to measure the junction 

temperatures Th and Tc. The junction temperatures were measured by drilling two holes in the 

aluminum blocks and using K-type thermocouples. A steel channel (140 mm × 40 mm ×

25 mm) was fabricated for the hot side and then the heat sink (40 mm × 40 mm × 25 mm) was 

installed inside it. Moreover, a heat gun was used as a heat source for the hot side channel, which 

was required to converge from a rectangular to circular shape with a diameter of 40 mm to fit the 

heat gun. The aluminum channel (140 mm × 40 mm × 20 mm) was used for the cold side with 

water supplied by water tap. A pilot tube connected to a monometer was fixed at the hot exit in 



55 
 

order to measure the flow speed. Another flow meter was used also to measure the water flow on 

the cold side. The inlet and outlet temperatures for hot and cold sides were measured by using four 

K-type thermocouples. Hence, the experiment was connected to the data acquisition to collect the 

data. Finally, temperatures, voltage, and current were measured along with varying the external 

load resistance. A photograph of experimental setup before and after insulation is show in 

Figure4.2. 

 

(a) 
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(b) 

Figure4.2: (a) Photograph of experimental setup before insulation, (b) Photograph of 

experimental setup after insulation. 
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Figure 4.3: Flowchart of the experimental procedure for four AETEG unit. 

 

Table 4.1: Experirement equipment        

Equipment  Function 

 

A TEG module fabricated by Kryotherm 

company.  

(40 mm × 40 mm × 3.2 mm)  

 

Leg length ( 0.8 mm) 
 

Leg Area (1.4 × 1.4 mm2) 
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A steel channel with a heat sink for the hot 

side. (140 mm × 40 mm × 25 mm) 

 

Aluminum heat sink for the hot side. 

(40 mm × 40 mm × 25 mm) 

 

Fin spacing (1.51 mm) 
 

Fin thickness (0.55 mm) 
 

 

A heat gun which was used as a heat source 

for the hot side.  

 

Aluminum channel for the cold side with 

two holes for inlet and outlet.  

(140 mm × 40 mm × 20mm) 

 

 

 

 

 

 

A tap was used as the cold water source. 
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Two aluminum blocks were used in order 

to measure the junction temperatures. 

(40 mm × 40 mm × 19.1 mm) 

 

A high temperature insulation was used to 

insulate the system.  

 

A pilot tube for measuring the air velocity. 

 

Flow meter for measuring the water flow. 

 

K-type thermocouples for measuring the 

temperatures. 
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A rheostat was used in order to vary the 

load resistance. 

 

A thermal paste was used to eliminate 

spaces and gaps from the interface area.  

 

A data acquisition to collect the data.  
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5 RESULTS AND DISCUSSION  

 This chapter discusses the validation of the GM project using ideal equations and then 

when improved by optimizing the thermoelectric module and heat exchanger. The optimized 

design is applied for 400 Kilowatts engine along with calculating the mass flow rate. Finally, the 

results of the effective material properties and the experimental work are addressed and discussed.      

5.1 GM Project 

 GM leads a project that was funded by DOE between May 23, 2005 and October 31, 2011. 

Their target was to increase the fuel economy by generating electrical power from automotive 

exhaust waste heat recovery using thermoelectric technology. All information in this section was 

regenerated based on work that recently has been done by [6].   

5.1.1 Module Test Validation 

 TEG modules were fabricated by Marlow Company using skutterudite material due to its 

higher mechanical performance and suitability at automotive exhaust gas high temperatures as 

shown in Figure 5.1.  

 

Figure 5.1 Skutterudite modules were fabricated by Marlow [36].  

The module tests were reported by [36] with a maximum power of 9 W at the hot junction of 

500 ℃ and the cold junction temperature of  80 ℃, which gives a power density of 0.36 W/cm2. 
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The intrinsic material properties and dimensions of the module are listed in Table 5.1. Note that 

for the module tests no heat sink was used. 

Table 5.1: Material properties and dimensions of the module based on [36, 39]. 

Description Value Description Value 

Seebeck coefficient αn = −160 μV/K Seebeck 

coefficient 
αp = 160 μV/K 

Electrical resistivity ρn = 0.45 × 10
−3Ωcm Electrical 

resistivity 
ρp = 1.27 × 10

−3Ωcm 

TE thermal 

conductivity 
kn = 3.7 W/mK TE thermal 

conductivity 
kp = 2.75 W/mK 

Number of 

thermocouples n = 32 

Ceramic 

thermal 

conductivity for 

AlN 

kAlN = 180 W/mK 

Leg length of TE 

element Lo = 4 mm 

Ceramic 

thermal 

conductivity for 

Al2O3 

kAl2O3 = 25 W/mK 

Cross-sectional area 

of TE element 
Ao = 4mm

2 
Electrical 

contact 

resistance 

ρc = 1.6 × 10
−6Ωcm 

Thickness of 

ceramic plate 

(assumed) 

 

Lc = 1.5 mm 

Dimensionless 

figure of merit 

at (900 K) 
ZT = 0.831 

 

Using the model that was discussed in the last chapter (including electrical and thermal contact 

resistances) along with the material properties and dimension for the module, the measurements 

for power output and voltage can be predicted as shown in Figure 5.2. However, the ceramic plate 

thickness needs to be assumed due to the lake of provided information. Moreover, the electrical 

resistance is estimated from a typical value. As can be seen in Figure 5.2 (a), the power output is 

plotted as a function of temperature differences along with the measurements [36]. The calculated 

voltage also is predicted as a function of a hot junction temperature along with measurements as 
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shown in Figure 5.2 (b). The predictions show a good agreement with the measurement, which can 

support the model. The small discrepancies are related to the assumption made for the temperature 

independent material properties.    

 

(a) 

 

(b) 

Figure 5.2: (a) Power output versus temperature difference, (b) voltage versus hot junction 

temperature. 

 Once the model was verified, it was used in order to investigate the effect of leg length and 

the ceramic plate materials on the performance of the module. Two ceramic plate materials 

available on the market are alumina (Al2O3) and aluminum nitride (AlN) and were used in this 
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investigation. The aluminum nitride has a much higher thermal conductivity than the alumina as 

shown in Table 5.1. Moreover, the price of aluminum nitride is about eight times that of the 

alumina. However, the alumina is widely used in the commercial modules except for the micro 

size. The effect of the ceramic plate materials along with the leg length for the same skutterudite 

module was explored as shown in Figure 5.3. For the module test, the maximum power output 

occurs at a resistance ratio equals to one (
RL

Re
 = 1). The red color indicates the alumina, the pink 

color indicates the aluminum nitride and the black indicates the ideal (standard) equations (no 

electrical or thermal contact resistances). There are some important points to note in this figure. 

First, at such a long leg length of 4 mm and larger, the computed curves with either alumina or 

aluminum nitride are very close to the curve of the ideal equation. The maximum power output is 

significantly increased with decreasing in the leg length. In addition, it is very impressive to note 

that the effect of ceramic plate materials along with reduction of the leg length on the maximum 

power output is not prominent for alumina, but is very prominent for aluminum nitride. Finally, it 

is clear that the curve of aluminum nitride behaves very close to the curve of the ideal equation 

comparing to the curve of alumina. However, it is not clear why most of the typical TEG modules 

have a long leg length 4 and more according to the literature. Hence, the effect of ceramic plate 

materials along with the leg length was investigated, which can be very helpful for TEG modules 

design.                
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Figure 5.3: Maximum power output and efficiency versus leg length with ceramic plate of two 

materials (𝐴𝑙𝑁 and 𝐴𝑙2𝑂3). 

5.1.2 AETEG Test Validation            

 The AETEG test by GM had been done using a Chevrolet Suburban as the demonstration 

vehicle. Their TEG system consists of 42 modules including upper and lower sides (24 skutterudite 

modules and 18 bismuth telluride modules) as shown in Figure 5.4. The bypass system was used 

in front of the bismuth telluride modules in order to prevent them from destruction by a high 

temperature. Plate fin heat exchanger and channel (without fins) were used in the hot and cold side 

respectively. The configuration dimensions were reported by [39] as listed in Table 5.2. 



66 
 

  

 Figure 5.4: Schematic of General Motors TEG system. 

 

Table 5.2: General Motors' baseline model configuration based on [39].  

Parameter Value 

Exhaust inlet temperature 

 
Tinlet−h = 550℃ 

Coolant temperature 

 
Tinlet−c = 90℃ 

Height (heat exchanger) 

 
HTEG = 38 mm 

Width 

 
WTEG = 224 mm 

Length 

 
LTEG = 413.1 mm 

Fin thickness 

 
t = 3.3 mm 

Fin spacing 

 
Z = 6.35 mm 

Mass flow rate (hot side) 

 
ṁh = 35 g/s 

Channel cold height 

(assumed) 

 

bc = 5 mm 

Volume flow rate (cold side) 

(assumed) 
V̇c = 5 gpm 
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Note that the mass flow rate of exhaust depends on the vehicle speed, which was reported by [39] 

according to GM in the range of 20 − 100 g/s with an average value of 35 g/s.  In order to 

validate their TEG system test, one unit cell from the upper side was considered because of the 

symmetric design as shown in Figure 5.5. After that, by using the thermal isolation technique [50], 

the power output of the hall system can be estimated.  

 

Figure 5.5: Schematic of one unit cell.       

Since it is evident in Figure 5.3 that there is a small discrepancy between the contact resistances 

model and the ideal (standard) equation at a leg length of 4 mm and larger, the ideal (standard) 

equation model was used in order to simplify. Using the ideal equation model along with the 

available information, the power output and junction temperature versus load resistance ratio are 

shown in Figure 5.6. The maximum power output is about 5.6 W at load resistance approximately 

equals to one, which is the highest possible in this TEG system because of the temperature drop 

along the system. The power density is calculated to be 0.224 W/cm for the first module. The 

power reduction from 9 W (refer to Figure 5.2 (a)) to 5.6 is attributed to the thermal resistance of 

heat sink, which indicates that the design of heat sink along with the module is very critical in 
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order to achieve a high power output. As a result, optimizing both heat sink and module design is 

crucial to enhance the performance of TEG.   

 

 

Figure 5.6: (a) Power output and efficiency versus load resistance ratio. (b) Junction 

temperatures versus load resistance ratio. 

Now, after the power output was computed, the total power output for the whole system can be 

estimated by using the thermal isolation technique [50]. In detail, the first module (unit cell) was 
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run with an inlet exhaust temperature of 550 ℃ and inlet coolant temperature of 90 ℃, and the 

outlet temperature of exhaust and coolant were 535.91 ℃ and 90.25 ℃ respectively. These two 

outlet temperatures would be used as the inlet temperature for the second module, resulting in a 

new outlet temperature and so forth. Using this technique, the power output and efficiency for 

seven modules (one column) can be run as shown in Figure 5.7. It is clear that the power output 

decreases along the flow direction due to a drop of the temperatures’ difference. Hence, the sum 

of the power output for one column is 33 W. As shown in Figure 5.4, TEG system has 6 columns 

(upper and lower). Therefore, the total power output is 33 × 6 = 198 W, which is close to the 

GM estimation [38]. The efficiency drops marginally from 6.12 % to 5.17 % along the flow 

direction. Moreover, the inlet exhaust and coolant temperatures along the flow direction are plotted 

in Figure 5.8. The exhaust inlet temperature decreases through the flow direction. On the hand, the 

inlet coolant temperature increases along the flow direction. Hence, the temperature difference 

reduces through the flow direction (refer to Figure 5.9) which affects the power output.      
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Figure 5.7:  Calculated power output per module along the module number in flow direction. 

 

Figure 

5.8: (a) Exhaust inlet temperature along the module number in flow direction, (b) Coolant inlet 

temperature along the module number in flow direction. 
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Figure 5.9: Inlet temperature difference along the module number in flow direction. 

5.1.3 Optimizing and Improving GM System (New Design)  

 After an extensive study of the GM system in the last section, the system can be improved 

in two ways: first improving the heat exchanger and improving the thermoelectric module. The 

improving of heat exchanger can be done by maximizing its effectiveness in design. Second, the 

thermoelectric module can be improved by maximizing the power output in design. 

5.1.3.1 Optimizing the Heat Exchanger (Hot Side)      

 Using the heat sink optimization discussed in section 1.4.2 along with the configuration 

dimensions in Table 5.2, the total heat transfer rate of the heat exchanger along with the fin 

thickness can be optimized as shown in Figure 5.10. The optimum fin spacing is calculated to be 

1.596 mm and the optimum fin thickness is 0.279 mm as shown in Figure 5.10. The total heat 

transfer rate at optimum fin spacing and thickness is about 387 W comparing to 163.2 W for GM 

design. Applying these optimum parameters (fin spacing and thickness) for the first module (unit 

cell), the power output increased from 5.6 W (refer to Figure 5.6 (a)) to 6.25 W as plotted in Figure 
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5.11 where the improvement is about 11.6 %. Hence, the improvement in power output is not 

significant, one of the most efficient heat exchangers that is known as offset-strip (OSF) heat 

exchanger and is considered and investigated.          

 

Figure 5.10: Total heat transfer rate versus fin thickness for plate fin heat exchanger. 

 

  Figure 5.11: Power output and efficiency versus load resistance ratio for optimum plate fin heat 

exchanger. 
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  The OSF equations discussed in Chapter 3 according to [5] were used to calculate the OSF 

heat exchanger. The optimum fin spacing is calculated to be 2.06 mm. By fixing the optimum fin 

spacing, the total heat transfer rate can be plotted as a function of fin thickness as shown in Figure 

5.12. The optimum fin thickness is 0.2 mm where the total heat transfer rate is about 1130 W. 

Applying the optimum design of the OSF for the first module (unit cell), the power output 

increased from 5.6 W (refer to Figure 5.6 (a)) to 8 W as plotted in Figure 5.13 where the 

improvement is about 42.85 %. It is clear that the OSF heat exchanger is much more effective 

than the plate fin heat exchanger, so the OSF heat exchanger will be used for the new design. Note 

that, Figure 5.11 and Figure 5.13 are plotted at same cold side and TE module that was used by 

GM, which means the improvement is just for the hot side heat exchanger. 

 

Figure 5.12: Total heat transfer rate versus fin thickness for OSF heat exchanger. 
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Figure 5.13: Power output and efficiency versus load resistance ratio for optimum OSF heat 

exchanger. 

It is important to consider the pressure drop along the OFS heat exchanger because of its effect on 

the vehicle performance and fuel consumption. Each vehicle has an allowed limit pressure drop 

for the exhaust system. The allowed limit for a Chevrolet Suburban was reported by [39] according 

to GM, which is 812 Pa at mass flow rate 35 g/s. Moreover, the pressure drop for OSF was 

calculated as a function of mass flow rate and plotted as shown in Figure 5.14. It can be seen that 

the pressure drop increases with increasing the mass flow rate. However, it is clear in Figure 5.14 

that the pressure drop at ṁh = 35 g/s is 255 Pa, which is lesser than the allowed value. The 

configuration dimensions for OSF are listed in Table 

 

 

Table 5.3.   
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Figure 5.14 : Total pressure drop versus mass flow rate for OSF heat exchanger. 

 

 

 

Table 5.3: The configuration dimensions for OSF heat exchanger. 

Parameter Value 

Fin height  bh = 15 mm 

Fin spacing  Zs = 2.06 mm 

Fin thickness ts = 0.2 mm 

Offset strip length  l = 5.5 mm 

 

5.1.3.2 Improving the Cold Side Channel  

 No heat sink was used for cold side according to the GM design. Using a plate fin heat sink 

is studied in order to enhance the heat transfer rate for cold side. The fin spacing was fixed to be 
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2 mm and the total heat transfer computed along with the fin thickness as shown in Figure 5.15 

with optimum fin thickness of 0.4 mm. Applying that for the first module (unit cell) along with 

OSF heat exchanger discussed in the last section, the power output can be plotted as shown in 

Figure 5.16. The power output for optimizing both the hot and cold sides is about 11 W, which 

indicates that the optimum design of the heat exchanger is very important. The improvement is 

about 96.42 % with optimizing the hot and cold sides. The configuration dimensions for plate fin 

(cold side) are listed in Table 5.4.  

 

Figure 5.15: Total heat transfer rate versus fin thickness for cold side. 
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Figure 5.16: Power output and efficiency versus load resistance ratio for optimum OSF heat 

exchanger and Optimum plate fin (hot and cold sides). 

Table 5.4: The configuration dimensions for plate fin heat exchanger (cold side). 

Parameter Value 

Fin height  bc = 5 mm 

Fin spacing  Zc = 2 mm 

Fin thickness ts = 0.4 mm 

 

5.1.3.3 Final Optimum Design  

 After optimizing the hot and cold heat exchangers, the effect of leg length and ceramic 

plate materials (refer to Figure 5.3) apply for the new design. The GM system was redesigned 

based on the optimum design of the heat exchanger and TE module as shown in Figure 5.17, which 

is almost a half of the old design. The new AETEG system includes 20 TE skutterudite modules 
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(upper and lower sides) with dimensions 260 mm wide × 110 mm long ×  40 mm tall  

(including cold side). 

 

Figure 5.17: (a) Schematic of new design of AETEG system, (b) Schematic of one unit cell.   

Using similar ways that were used for the old system (unit cell), the new system can be modeled. 

The effect of the leg length along with the optimum design of hot and cold sides is shown in Figure 

5.18. As can be noticed, the power output increases with decreasing the leg length. The power 

output is about 35.24 W at leg length of 0.2 mm. Note that the same dimensions of skutterudite 

module are used. 
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Figure 5.18: Power output and efficiency versus leg length. 

For the final design, the power output and efficiency versus the load resistance ratio are plotted in 

Figure 5.19. The maximum power output is 35 W at a load resistance ratio of 1.2. Hence, the 

power density can be calculated to be 1.4
W

cm
, which is a significant improvement compared to 

0.224 W/cm for the old design. Moreover, the electrical current and voltage are shown in Figure 

5.20. The current is about 35 A at load resistance ratio of 1.2, which is impractically high to handle 

safely, so the cross sectional area of the TE module could be reduced to a lower current as shown 

in Figure 5.21. The reduction of the cross sectional area increases the number of thermocouples, 

so no effect on the power density is expected. Figure 5.22 shows how the power output increases 

with varying mass flow rate and it is clear the power output of 35.24 W at mass flow rate of 35 g/s.        
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Figure 5.19: Power output and efficiency versus load resistance ratio for final design. 

  

 

Figure 5.20: Electrical current and voltage versus load resistance ratio for final design. 
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Figure 5.21: Electrical current versus cross sectional area of TE module. 

 

Figure 5.22: Power output versus mass flow rate.   

Now, by the same ways for the old system, the power output and efficiency for the hall system can 

be estimated using thermal isolation technique [50] as shown in Figure 5.23. As can be seen the 

third module is useless because of the small power output, so it was eliminated from the system. 

Hence, two modules in flow direction are finally used as shown in Figure 5.17, giving 35.24 +

9.81 ≈ 45 W. Since, there are 10 columns in the system, the total output power is 45 × 10 =

450 W at a mass flow rate of 35 g/s with the exhaust inlet temperature of 550 ℃ and coolant inlet 

temperature of 30 ℃. Note that the thermoelectric material was reduced about twenty-fold from 
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leg length of 4 mm to 0.2 mm and the power density increased about six-fold from 0.224 W/cm 

to 1.4
W

cm
, which would be a considerable improvement. The inlet exhaust and coolant temperatures 

are plotted in Figure 5.24. The inlet exhaust temperature dropped from 550 ℃ to 172.48 ℃ 

because of the effectiveness of the OSF heat exchanger. Note that the pressure drop through the 

system is 510 Pa, which is still less than the GM limit of 812 Pa at mass flow rate of 35 g/s. 

Comparisons between the GM system and the new system are illustrated in Table 5.5.    

 

Figure 5.23: Calculated power output per module along the module number in flow direction for 

final design. 
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Figure 5.24: (a) Exhaust inlet temperature along the module number in flow direction, (b) 

Coolant inlet temperature along the module number in flow direction. 

Table 5.5: Comparison between Gm system and new system. 

Parameters GM System New System 

Height of heat exchanger 38 mm 30 mm 

Width of heat exchanger 224 mm 260 

Length of heat exchanger 413.1 mm 110 mm 

Total mass flow rate 35 g/s 35 g/s 

Pressure drop across heat 

exchanger 

221.48 Pa 510 Pa 

Total heat transfer rate 

(hot side) 

99.53 W 1130 W 

Total heat transfer rate 

(cold side) 

86.98 W 340 W 

Power output 198 W 450 W 
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5.2 Applying the New Design of AETEG System for 400 Kw Engine  

 This section was developed based on a funding announcement by the office of Naval 

Research (ONR) for a solid state energy recovery prototype solution. Their goal was to fabricate 

a heat recovery system using exhaust waste for a 400 kW diesel engine. Hence, the new design 

that was discussed in the last chapter was studied and applied for the 400 kW diesel engine.  

5.2.1 Choosing of 400 Kw Diesel Engine 

Choosing a 400 kW engine is needed in order to start this study. After searching, the 

Cummins 550 diesel engine was selected for this study, which can be used for a semi-truck as 

shown in Figure 5.25 with the engine performance curve [51]. The specification of the engine is 

listed in Table 5.6 according to [51].  

Figure 5.25: (a) 400 kW engine and semi-truck, (b) Engine performance curve [51]. 
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Table 5.6: Engine specification [51]. 

Type 4-cycle, in-line, 6cylinder, 

turbocharged/charge air cooled 

Bore & Stroke 137 × 169 mm (5.39 × 6.65 in) 

Displacement 15 liters (912 cu in) 

Compression ratio 17:1 

Oil system capacity 49.2 liters 

Dry weight 1365 kg (3009 lb) 

 

5.2.2 Exhaust Mass Flow Rate Calculation 

 In order to compute this study, the mass flow rate for the engine needed to be calculated. 

Based on the engine specification along with the equations discussed in section 3.6, the exhaust 

mass flow rate can be calculated and plotted as a function of the engine speed, as shown in Figure 

5.26. As can be seen the exhaust mass flow rate increases with increasing engine speed. The 

exhaust mass flow rate varies from 0 − 500 g/s so the mass flow rate of 280 g/s was decided to 

be an average mass flow rate that was considered for this study.   
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 Figure 5.26: Exhaust mass flow rate versus engine speed (RPM).      

5.2.3 Estimation of Power Output for 400 Kw Engine   

 After selecting the engine and calculating the exhaust mass flow rate, the power output was 

estimated. The new design of the AETEG that was discussed in the last section was optimized at 

a mass flow rate of 35 𝑔/𝑠. Hence, eight of the AETEG systems are needed to handle the mass 

flow rate of 280 𝑔/𝑠 as shown in Figure 5.27 with dimensions 520 𝑚𝑚 𝑤𝑖𝑑𝑒 × 110 𝑚𝑚 𝑙𝑜𝑛𝑔 ×

160 𝑚𝑚 𝑡𝑎𝑙𝑙. The power output estimated to be 450 𝑊 × 8 = 3.6 𝑘𝑊 at mass flow rate 

of 280 𝑔/𝑠, inlet exhaust temperature of 550 ℃, and inlet coolant temperature of 30 ℃. The 

AETEG consists of 160 modules distributed in 8 layers. It is important here to mention a study 

funded by the DOE was recently done by [42]. Their system was installed for a diesel engine with 

dimensions 513 𝑚𝑚 𝑤𝑖𝑑𝑒 × 190 𝑚𝑚 𝑙𝑜𝑛𝑔 × 232 𝑚𝑚 𝑡𝑎𝑙𝑙. They used a mass flow rate 

of 480 𝑔/𝑠, inlet exhaust temperature of 550 ℃ and inlet coolant temperature of 40 ℃, giving 

power output of 1.0026 kW. Hence, when comparing 3.6 kW for the new design to 1.0026 𝑘𝑊 

for their system would be considered a significant improvement. Note that although their system 
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is larger in size and has a much higher mass flow rate, the new design is generating a much higher 

power output.   

 

 

Figure 5.27: Schematic of AETEG system for 400 kW engine. 

5.3 Experimental Results  

 This section discusses the experimental results which begin with addressing the results of 

the effective material properties for TEG module used in the experiment. After that, the results of 

measurement along with analytical module are compared and discussed. Finally, optimizing of 

two sides (hot and cold) was investigated and is discussed in order to enhance the system 

performance. 
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5.3.1 Effective Material Properties Results 

 A commercial TEG module (TGM-199-1.4-0.8) was used in the experimental work. By 

using the effective material properties technique [45], the properties of the TE module were 

calculated using the maximum parameters provided by the manufacturer, along with the equations 

discussed in section 3.2. Table 5.7 shows recalculated maximum parameters (Wmax, Imax, Vmax and 

ηmax.) using the calculated effective material properties and compared with the manufacturers’ 

maximum parameters. It shows a good agreement except for the maximum voltage, which is 

reasonable because it was not considered in our calculations. Figure 5.28 indicates the comparison 

between the calculations and the performance data sheet provided by manufacturers (Kryothrm 

Company) for different cold side temperatures of the module, with a good agreement. In Figure 

5.28 (a), the power output versus hot side temperature shows a good agreement. However, in 

Figure 5.28 (b), the current showed discrepancies at regions of non-linearity. This occurred 

because of the temperature independent material properties for an ideal equation that only predicts 

a linear voltage output. The open circuit voltage, which represents the maximum voltage was 

compared with commercial data as shown in Figure 5.28 (c). The voltage comparison at matched 

load conditions in Figure 5.28 (d) shows similar results to the commercial data.  
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Table 5.7: Comparison of the properties and dimensions for the commercial products of 

thermoelectric module. 

 

Description 

TEG Module (Bismuth Telluride) 

Symbols TGM199-1.4-0.8 

𝐓𝐜 = 𝟑𝟎℃ 
𝐓𝐡 = 𝟐𝟎𝟎℃ 

Number of thermocouples n 199 

 

Manufacturers’ maximum 

parameters 

Wmax(W) 11.4 

Imax (A) 5.6 

ηmp (%)  4.3 

Vmax (V) 9 

Rn(Ω) 1.46 

Measured geometry of 

thermoelement 

A (mm2) 1.96 

L (mm) 0.8 

G = A/L (cm) 2.45 

Dimension (W×L×H) mm 40 × 40 ×3.2 

 

Effective material properties 

(calculated using commercial 

𝐖𝐦𝐚𝐱  , Imax, and 𝛈𝐦𝐚𝐱) 

α∗ (μV/K) 120.35 

ρ∗(Ωcm) 8.951 × 10-4 

k∗ (W/cmK) 0.012 

ZTavr  0.532 

 

The maximum parameters using 

effective material properties 

Wmax (W) 11.4 

Imax  (A)   5.6 

ηmax (%) 4.3 

Vmax (V) 8.143 

Rn(Ω) 1.454 

  

        

   

 



90 
 

 

(a) 

 

(b) 

 

(c) 
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(d) 

Figure 5.28: Comparison between calculations with effective material properties and commercial 

data.  (a) Output power versus hot side temperature, (b) Current versus hot side temperature, (c) 

Open circuit voltage versus hot side temperature, (d) voltage versus hot side temperature. 

5.3.2 Experimental Results Comparing With Analytical Model  

 The overall aim of the experiment is to validate the analytical model that used ideal 

(standard) equations along with the effective material properties. Using the analytical model of 

TEG discussed in section 1.2.3 along with the experimental setup explained in the last chapter, the 

analytical model was reasonably verified. The experimental inputs parameters are listed in Table 

5.8. However, the voltage and current were measured along with varying the external load 

resistance while the internal resistance is fixed. Moreover, the junction temperatures (hot and cold 

sides) are obtained by extrapolating the temperature readings from the aluminum blocks as 

discussed earlier. Figure 5.29 presents the comparison between analytical and experimental 

thermoelectric junction temperatures versus a load resistance ratio. The model was reasonably 

verified although there are some discrepancies. The discrepancies could be attributed to the ideal 

equations assumptions, except the contact resistances which were included for the effective 

material properties.        
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Table 5.8: Experimental inputs parameters. 

Description Value 

Hot inlet temperature (air) 204 ℃ 

Cold inlet temperature (water) 18.4 ℃ 

Mass flow rate (hot side) 3.462 g/s 

Volume flow rate (cold side) 2.8 gpm 

Total heat transfer rate (hot side) 116.38 W 

Total heat transfer rate (cold side) 91.91 W 

  

 

Figure 5.29: Comparison between experimental and analytical junction temperatures versus load 

resistance ratio. 

In addition, the comparison between analytical voltage and current with measured voltage and 

current along the load resistance ratio is shown in Figure 5.30. It is clear that the measured current 



93 
 

is in a good agreement with the analytical. On the other hand, the measured voltage is a little more 

off than the analytical which might be related to the effective material properties where the voltage 

was not considered. The experimental power output and efficiency are compared to the analytical 

as shown in Fig.Figure 5.31. In Figure 5.31 (a), the power output and efficiency were calculated 

using measured voltage and current, which show small discrepancies related to the voltage. In 

Figure 5.31 (b), the power output and efficiency were calculated using measured junction 

temperatures and current along with TE ideal equations, which shows a good agreement. However, 

the experiment reasonably validated the analytical model due to using of effective material 

properties. Since the aluminum blocks were used in order to measure the junction temperature, 

Figure 5.32 shows the power output and efficiency with and without aluminum blocks. It is clear 

that the system can generate power output of 1.9 W and efficiency of 1.88% without the aluminum 

blocks.           

 

Figure 5.30: Comparison between experimental and analytical current versus load resistance ratio, 

(b) Comparison between experimental and analytical voltage versus load resistance ratio.         
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Figure 5.31: Comparison between experimental and analytical power output and efficiency versus 

load resistance ratio using voltage and current, (b) Comparison between experimental and 

analytical power output and efficiency versus load resistance ratio using junction temperatures.  
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Figure 5.32: Power output and efficiency with and without aluminum blocks versus load 

resistance ratio.  

5.3.3 Optimizing and Improving Experimental Work  

 Since the analytical model was verified experimentally, improving the AETEG system is 

considered. As mentioned, the experimental setup was done based on commercially available 

equipment. Hence, this section is to investigate the effect of optimizing the TE module, and the 

hot side heat exchanger and cold side heat exchanger on the performance of system along with 

same configuration dimensions and mass flow rate.   

5.3.3.1 Optimizing TE Module  

 The optimum design model was intended to find the maximum possible power output by 

optimizing the dimensionless load resistance ratio, Rr and the ratio of thermal conductance to the 

convection conductance Nk as explained in section 3.3. Fixing hot and cold side parameters, the 

TE module can be optimized to investigate its effect on system performance. Using the same inputs 

that were used in the experiment along with dimensionless equations, a simultaneous prediction of 

the optimum load resistance ratio and geometry ratio can be obtained in order to maximize the 

power output. The power output and efficiency are plotted versus the dimensionless parameters as 

shown in Figure 5.33. The optimum load resistance ratio Rr is obtained to be 1.25 along with 

optimum conductance Nk of 0.38, which is the most important parameters. However, using 

optimum conductance Nk, the geometry ratio 
Ae

Le
 can be optimized along with fixing number the of 

thermocouples n, giving 1.508 mm. In the same way, the number of thermocouples n can be 

optimized along with fixing the geometry ratio  
Ae

Le
 , giving 122 couples. Figure 5.34 presents the 

power output and efficacy versus the optimum number of thermocouples and geometry ratio. 
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Comparisons between the commercial module used in the experiment and the optimum design (TE 

module) of power output and efficiency are shown in Figure 5.35. However, the improvement is 

about 5.263% in power output, which indicates that the selected commercial module was much 

closed to the optimum design.        

 
 

(a) (b) 

  

  

(c) (d) 
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(e) 

Figure 5.33: Power output and efficiency versus dimensionless (a) load resistance (b) conductance 

(c) capacitance at fluid 1 (d) capacitance at fluid 2 (e) convectance.   

  

(a) (b) 

Figure 5.34: Power output and efficiency versus (a) optimum number of thermocouples, (b) 

optimum geometry ratio. 
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Figure 5.35: Compression between commercial module used in experiment and optimum design 

(TE module) of power output and efficiency. 

5.3.3.2 Optimizing Hot Side Heat Exchanger  

 Due not only to the t TE module limiting the performance, but also the hot and cold side 

heat exchanger had a considerable effect on it. The hot side heat exchanger was optimized here 

along with fixing others parameters (TE module and cold side). Using the heat sink optimization 

discussed earlier, the total heat transfer rate can be optimized as shown in Figure 5.36. The 

optimum fin thickness was calculated to be 1.59 mm and the optimum fin thickness is 0.39 mm. 

Hence, applying these optimum parameters to the model, the improvement can be seen as shown 

in Figure 5.37, giving an improvement of power output from 1.9 W to 2.1 W, which also indicates 

that the selected commercial heat sink was close to the optimum.   
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Figure 5.36: Total heat transfer rate versus fin thickness (hot side). 

 

Figure 5.37: Compression between commercial module used in experiment and optimum design 

(hot side heat exchanger) of power output and efficiency. 

5.3.3.3 Optimizing Cold Side Heat Exchanger 

 The third important parameter to consider is the cold side. As mentioned before, the cold 

side was used without a heat sink. Hence, the effect of using a heat sink ion the cold side is 
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investigated along with fixing others parameters (TE module and hot side heat exchanger). The 

total heat transfer was optimized as shown in Figure 5.38, giving optimum fin thickness of 0.56 

mm long with fin spacing of 0.7 mm. After that, applying these optimum parameters to the model, 

the improvement can be noticed as shown in Figure 5.39 as 3.25 W of power output comparing to 

1.9 W. It is a significant improvement comparing to using a channel without heat sink.     

  

 

Figure 5.38: Total heat transfer rate versus fin thickness (cold side). 
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Figure 5.39: Compression between commercial module used in experiment and optimum design 

(cold side heat exchanger) of power output and efficiency. 
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5.3.3.4 Results of All Optimum Parameters 

5.3.3.5   Considering the optimization of all parameters, the final optimum design is shown 

Figure 5.40. It is clear that the improvement is significant of about 83.15 %, hence the 

design of either TE module or hot and cold side heat exchanger is very critical in order 

the performance. The comparison between the experimental using commercial and the 

design along with improvement percentage is listed in  

Table 5.9.  

 

 

 Figure 5.40: Comparison between final optimum design and experimental design. 
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Table 5.9: Comparison between the experimental using commercial and the optimum design along 

with improvement percentage 

Description Experiment 

(commercial) 

TE module 

optimization 

Hot side 

optimization 

Cold side 

optimizatio

n 

Final 

optimum 

design 

Number of 

Thermocouples (n) 

199 122 199 199 122 

Geometry Ratio 

(𝐆𝐞) 
2.45 mm 1.508 mm 2.45 mm 2.45 mm 1.508 mm 

Fin Spacing (hot 

side) (Z) 

1.51 mm 1.51 mm 1.59 mm 1.51 mm 1.59 mm 

Fin Thickness (hot 

side) (t) 

0.55 mm 0.55 mm 0.39 mm 0.55 mm 0.39 mm 

Fin Spacing (cold 

side) (Z) 

_____ _____ _____ 0.7 mm 0.7 mm 

Fin Thickness 

(cold side) (t) 

_____ _____ _____ 0.56 mm 0.56 mm 

Power Output 1.9 W 2 W 2.16 W 3.2 W 3.5 W 

Power Density 0.118 W/cm 0.125 W/cm 0.135 W/cm 0.2 W/cm 0.218 W/cm 

Improvement 

Percentage 

_____ 5.26 % 13.684 % 68.421 % 84.21 % 
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6 CONCLUSION AND FUTURE WORK  

6.1  Conclusion 

 This current work was focused on the optimization of automotive exhaust thermoelectric 

generator (AETEG). In this work, analytical models have been developed to calculate the 

performance of a thermoelectric generator system along with experiment validation. The first part 

of this thesis deals with the analytical model, using ideal equations where the contact resistances 

were included. The model was used in order to validate the module test done by GM, which 

showed a good agreement. Hence, the effect of leg length and ceramic plate materials were 

investigated. Based on the idea of leg length and ceramic plate materials along with optimizing the 

hot and cold side heat exchanger, a new design was introduced with a significant improvement in 

power density when compared to the literature. After that, the new design with a high power 

density was applied for a 400 kW engine in order to estimate the performance. Moreover, an 

experiment for one unit cell was conducted to validate the ideal equations model along with using 

the effective material properties. The model was reasonably verified which indicates the power of 

using the effective material properties. Hence, the TE module that was used in the experiment was 

optimized, using a developed dimensionless method. In addition, the optimization of the hot and 

cold side heat exchanger was considered, which showed their effect on the performance of the 

system.  

6.2 Future Work 

 The effect of the leg length along with ceramic plate materials can be proved 

experimentally by fabricating a TE module based on the analytical work of this study. 

 The dimensionless method for TE module could be also verified experimentally with a 

fabricated module based on optimization results.  
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 The effect of optimization for the hot and cold side heat exchanger can also be validated 

by using the optimum design results. 
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Appendix A 

Using balance equations of TEG with two heat sinks  

Q1̇ = m1̇ cp,1(T∞1,in − T∞1,out)                                                                                      (1) 

Q1̇ = η1h1A1 (
T∞1,in + T∞1,out

2
− T1)                                                                         (2) 

Q1̇ = n [αT1I −
1

2
RI2 + K(T1 − T2)]                                                                          (3) 

Q2̇ = n [αT2I +
1

2
RI2 + K(T1 − T2)]                                                                          (4) 

Q2̇ = η2h2A2 (T2 −
T∞2,in + T∞2,out

2
)                                                                         (5) 

Q2̇ = m2̇ cp,2(T∞2,out − T∞2,in)                                                                                      (6) 

 I =
α(T1−T2)

RL+R
                                                                                                                       (7)            

First for Q1̇ , using Eq. (1) and (2) we have, 

m1̇ cp,1(T∞1,in − T∞1,out) = η1h1A1 (
T∞1,in + T∞1,out

2
− T1)                                             (8) 

Dividing by η1h1A1 we have, 

m1̇ cp,1

η1h1A1
(T∞1,in − T∞1,out) = (

T∞1,in + T∞1,out
2

− T1)                                                          (9) 

Multiplying by 
η2h2A2

η2h2A2
, we have  

m1̇ cp,1

η2h2A2

η2h2A2
η1h1A1

(T∞1,in − T∞1,out) = (
T∞1,in + T∞1,out

2
− T1)                                        (10) 

Eq. (10) equals to  

Nm1
1

Nh
(T∞1,in − T∞1,out) = (

T∞1,in + T∞1,out
2

− T1)                                                       (11) 

Eq. (11) can be solved for T∞1,out, given  
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 T∞1,out = 

Nm1
Nh

T∞1,in −
T∞1,in
2 + T1     

1
2 +

Nm1
Nh

                                                                                 (12) 

Now, From Eq. (2) and (3) we have, 

η1h1A1 (
T∞1,in + T∞1,out

2
− T1) = n [αT1I −

1

2
RI2 + K(T1 − T2)]                             (13)   

Inserting Eq. (12) into Eq. (13) 

η1h1A1

(

 
 
 
 
 

T∞1,in
2

+

Nm1
Nh

T∞1,in −
T∞1,in
2 + T1     

1
2 +

Nm1
Nh
2

− T1

)

 
 
 
 
 

= n [αT1I −
1

2
RI2 + K(T1 − T2)]                                                              (14)   

By looking to the right hand side, we have  

η1h1A1

(

 
 
 
 
 

T∞1,in
2

+

Nm1
Nh

T∞1,in −
T∞1,in
2 + T1     

1
2 +

Nm1
Nh
2

− T1

)

 
 
 
 
 

                                                    (15)   

Simplifying Eq. (15), we can come up with 

  

η1h1A1  [
1

1 +
Nh
2Nm1

] (T∞1,in − T1)                                                                                         (16)   

Dividing by η2h2A2T∞2,in, we have  
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 [
Nh

1 +
Nh
2Nm1

] (T∗∞ − T
∗
1)                                                                                                        (17)   

Eq. (17) represents the dimensionless equation for the right hand side. 

Now, for the left hand side we have  

n [αT1I −
1

2
RI2 + K(T1 − T2)]                                                                                                (18) 

Where R, K and Z are defined as respectively 

                               R =
ρLe
Ae
                                                                                                        (19)   

                               K =
kAe
Le
                                                                                                        (20)   

Inserting Eq. (19), (20) and (7) into Eq. (18) we have  

n

[
 
 
 

αT1
α(T1 − T2)

RL +
ρLe
Ae

−
1

2

ρLe
Ae
(
α(T1 − T2)

RL +
ρLe
Ae

)

2

+
kAe
Le
(T1 − T2)

]
 
 
 

                                          (21) 

By taking 
kAe

Le
 as common factor, we have  

n
kAe
Le

[
 
 
 
 
 
 
 

αT1
α(T1 − T2)

RL +
ρLe
Ae

kAe
Le

−

1
2
ρLe
Ae
(
α(T1 − T2)

RL +
ρLe
Ae

)

2

kAe
Le

+ (T1 − T2)

]
 
 
 
 
 
 
 

                                        (22) 

Simplifying Eq. (22) and dividing by 
ρLe

Ae
  we have, 

n
kAe
Le
[
α2T1(T1 − T2)

kρ(Rr + 1)
−
α2(T1 − T2)

2

2kρ(Rr + 1)2
+ (T1 − T2)]                                                         (23) 

Organizing Eq. (23) and dividing by  η2h2A2T∞2,in,  
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Nk [
ZT∞2,in(T

∗
1 − T

∗
2)T

∗
1

Rr + 1
−
ZT∞2,in(T

∗
1 − T

∗
2)
2

2(Rr + 1)2
+ (T∗1 − T

∗
2)]                             (24) 

where Z =
α2

kρ
                                                                                                                                 (25) 

Finally, by combining Eq. (17) and (24), we have 

[
Nh

1 +
Nh
2Nm1

] (T∗∞ − T
∗
1)

= Nk [
ZT∞2,in(T

∗
1 − T

∗
2)T

∗
1

Rr + 1
−
ZT∞2,in(T

∗
1 − T

∗
2)
2

2(Rr + 1)
2

+ (T∗1 − T
∗
2)]                                                                                                 (26) 

Eq. (26) represents the first dimensionless equation. 

First for Q2̇ , using Eq. (5) and (6) we have, 

m2̇ cp,2(T∞2,out − T∞2,in)  = η2h2A2 (T2 −
T∞2,in + T∞2,out

2
)                                         (27) 

Dividing by η2h2A2 

m2̇ cp,2

η2h2A2
(T∞2,out − T∞2,in)  = (T2 −

T∞2,in + T∞2,out
2

)                                                      (28) 

Eq. (28) can be written as  

Nm2(T∞2,out − T∞2,in)  = (T2 −
T∞2,in + T∞2,out

2
)                                                            (29) 

Solving Eq. (29) for T∞2,out 

 T∞2,out =
T2 + T∞2,in (Nm2 −

1
2)

Nm2 +
1
2

                                                                                           (30) 

Now, From Eq. (4) and (5) we have, 
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η2h2A2 (T2 −
T∞2,in + T∞2,out

2
) = n [αT2I +

1

2
RI2 + K(T1 − T2)]                             (31)   

Inserting Eq. (30) into Eq. (31) 

η2h2A2

(

 
 
 
 

T2 −
T∞2,in
2

+

T2 + T∞2,in (Nm2 −
1
2)

Nm2 +
1
2

2

)

 
 
 
 

= n [αT2I +
1

2
RI2 + K(T1 − T2)]                                                              (32)   

By looking to the right hand side, we have 

  

η2h2A2

(

 
 
 
 

T2 −
T∞2,in
2

+

T2 + T∞2,in (Nm2 −
1
2)

Nm2 +
1
2

2

)

 
 
 
 

                                                             (33)   

Simplifying Eq. (15), we can come up with 

η2h2A2

(

 
 
(T2 − T∞2,in)

1

1 + (
1

2Nm2
)

)

 
 
                                                                                 (34)   

Dividing by η2h2A2T∞2,in, we have  

(

 
 
(T∗2 − 1)

1

1 + (
1

2Nm2
)

)

 
 
                                                                                                      (35)   

Now, for the left hand side we can follow the same way as before and come up with 
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Nk [
ZT∞2,in(T

∗
1 − T

∗
2)T

∗
2

Rr + 1
+
ZT∞2,in(T

∗
1 − T

∗
2)
2

2(Rr + 1)2
+ (T∗1 − T

∗
2)]                             (36) 

Finally, by combining Eq. (35) and (36), we have 

(
(T∗2 − 1)

1 + (
1

2Nm2
)
)

= Nk [
ZT∞2,in(T

∗
1 − T

∗
2)T

∗
2

Rr + 1
+
ZT∞2,in(T

∗
1 − T

∗
2)
2

2(Rr + 1)2

+ (T∗1 − T
∗
2)]                                                                                                 (37) 

where Eq. (37) represents the second dimensionless equation. 
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