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A STUDY OF AN INTEGRAL EQUATION FOR COMPUTING RADIAL
DISTRIBUTION FUNCTIONS

Noraini Ismail, M.A.

Western Michigan University, 1988

A two parameter integral equation, equation T is studied to compute

radial distribution functions for a classical fluid whose single component

particles interact pairwise acording to a square-well potential function. A

computer program originally written for a DEC 10 was modified to run  on

a DEC VAX. At the sam e time, m odifications w ere m ade to take

advantage of the faster VAX and to reduce the time an operator m ust

spend to get a solution to the integral equation. Solutions were obtain for

several densities, tem peratures, and param eter values. Tem peratures

ranged from  a high tem perature gas to near critical tem peratures.

Accurate results were easily obtained for medium  and high temperatures

but derivations from 'exact' results occured at low temperatures and high
•  •

densities.
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CHAPTER I

INTRODUCTION

Statistical Mechanics deals w ith the understanding of microscopic 

behavior of ind iv idual molecules that m akes up  a system  and the 

connection that can be established from this knowledge w ith macroscopic 

behavior. It is a goal to obtain equations of state for all substances. 

Practically this goal is not possible since representation and description of 

interparticle forces are not complete.

For som e systems, the molecular interactions are neglected due to 

their simple or no structure conditions that m ake their molecules evenly 

distributed. Such systems are of low density gases. They follow the ideal 

gas equation of state,

PV=NkT (1)

where P is the pressure, V is- the volume, N  is the num ber of molecules, k 

is the Boltzman's constsnt and T is the absolute tem perature. But for 

other system, such as in cases of dense gases and liquids, the molecular 

interactions becom e m ore im portant and m ore complicated and it is 

necessary to use approxim ations before any significant progress can be 

m ade to find  equations of state. The Van Der Waals equation is an 

im provem ent over the ideal gas equation w here it takes into account the 

interm olecular interactions,

1
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(P  + a )  ( v - b ) = RT 
v2

(2)

w here

R » gas constant = N ak,

v = N aV/
N

N a = Avogadro's number,

and a and b are param eters depending  upon the type of molecule. 

However, the Van Der Waals equation does not accurately represent any 

real substance.

In this study  radial distribution functions are. solved from  integral 

equation T and  are used to find equations of state for p ressu re  P and 

internal energy U. The radial d istribution function is re la ted  to the 

probability of finding a molecule at a  distance r from a central molecule. 

For the case of an ideal gas g(r) = 1, the distribution is uniform. For real 

fluids, g(r) = 0 distance is less than the molecular diameter.

The force between molecules w ith separation r, can be w ritten as

The general form  of potential energy and the form of force are shown 

below,1

F(r) = -d&  
dr

(3)
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m

Figure 1. General Form of Potential Energy.

m

Figure 2. General Form of Force.

In this study, the sim plified potential square-well function is used in 

the evaluation of the integral equation T. It is more realistic than the hard 

sphere since it considers both the attraction and the repulsive forces in the 

interaction of the molecules. It is the objective of this study  to find the 

best choice parameters of integral equation T. This equation is then used 

to obtain radial distribution functions to get pressure and internal energy 

equations of state.
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CHAPTER n

THE SYSTEM

W hen selecting a system, w e come to a choice of a real fluid or a 

hypothetical fluid. The hypothetical fluid is an assum ed well defined 

model of fluids that describes how  process between particles should act. In 

our study, w e consider only sim ple classical fluids. It is a system  of 

spherically symmetric particles w ith only radial forces acting betw een 

them. "Classical" means that it can be adequately described by classical 

mechanics and no quantum  mechanics are needed. The potential energy 

of this system can be represented as sum  of pair interaction,

N  = £  0 ( rij) = I  oij (4)
•  •  •  •  i>j i>j

w here rij is the separation distance between particle i and j and is the

pair potential energy. But w hen w e consider real systems, the interaction

becomes more than pair interactions, so that the energy expression above 

becomes,

N  = £  0 ij + £  £  0ij + • • • (5)
i>j i>j>k

w here the higher order terms become significant at higher densities.

4
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The nature of this s tu d y  concerns the condition for which the 

com putational techniques w ork  and because of th is w e choose the 

hypothetical fluids. In  a study  of real fluids there are  discrepencies 

between theory and experiment which arise from inadequate theory and 

from a poor description of the particle interactions, it is usually difficult to 

identify the source of error.

In our case, the square-well potential was chosen because it has some 

of the characteristics of the real m olecular potential and  it has been 

extensively studied by other theoretical methods, so that w e have basis for 

comparison. Also some success has been achieved in computing 

therm odynam ic equations of state when real fluids are represented by 

simple classical fluids.

In a simple classical fluid the Hamiltonian is of the form,

H  = K + $  = K + l / 2  S L  o ( r i j )  (6)
i j

is the kinetic energy of the particles expressed in terms of their 

momenta, 

is the potential energy of the particles, 

is the pair potential energy which is assum ed to be a function 

of their separation distance only.

W e assum e a system of particles having a potential energy equal to the 

sum  of pair potential energies of the form ,2

where K

'  §

0
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0  (r) = oo 

0 (r) = - £  

0  (r) = 0

d £ r £ K d

r >K d

r <  d

(7)

w here d is the diameter of the molecule, K is the param eter for the width 

of the well (which is to be taken in this case to be 1.5), is the depth of the 

well, r  is the separation distance of a pair of particles, and  0  is the pair 

potential energy. The shape of this potential function is show n in Figure 3 

below.

b©

d l-S cL
■> r

i

Figure 3. Square-Well Potential Function.

Below are the dimensionless quantities being used,3

x = r (8)
d

T* = kT = 1 = 1 
f i  Q*

(9)
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n*=Nd3
V

(10)

where k is Boltzmann's constant, T is the absolute tem perature and N  is 

the num ber of particles in volume V.

The square-well potential is useful in this study  as a test of the 

effectiveness of our proposed param etric integral equation since m any 

theories have been applied to this model.

Radial Distribution Function and the Thermodynamic Equations

The average num ber density n(r) about a given particle is, in general, 

no t constant in  a classical one com ponent fluid having  an average 

num ber density,

w here N  is the num ber of particles and V is the volume. The radial 

distribution function g(r) is defined as the factor by which n(r) differs from 

n according to,

From the M axwell-Boltzmann distribution law  g(r) for a sim ple 

classical fluid can be written as,

n  = N  
V

(11)

n (r) = ng(r), (12)

g(r) = v 2 z - * J . . . J  e x p ( - U / k T ) d r 3  . . . . d r N ,  %* **•V
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where Z = J . . .  /  exp ( - U /k T ) d r i . . .  dr n  , (13)
v ~*

in the limit as N  approaches infinity/ where U  is the potential energy and 

the integration is over the position coordinates of the particles. Figure 4 

shows the typical shape of a radial distribution function. It gives an 

indication of the stucture of the molecule distribution as related to the 

origin. The structure in a dense gas or liquid is correlated to the origin 

molecule only over a short distance. Beyond that point it is unaffected.

Figure 4. Radial Distribution Function

The radial distribution as a power series in densities can be written as,

g e = 1 + 2  nfc-2) I . . .  J ( 2  II fij) dr3 . . .  d r k (14) 
k=3 (k-2)! (QK)
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where fij is the Mayer function defined as,

f (rij) = e ( -fia(rij)) .  i  (15)

w here rij is the distance betw een molecule i and j. Thermodynamic 

quantities can be calculated from integration once g(r) and o(r) are known. 

The general equation for pressure is£

P* = PV = 1 - 2rcN J fdei\g(r)  r^dr,  (16)
NkT 3VkT 0 I del

For the square-well studied here, the well is taken between x = 1 and x = 

1.5. This reduces the above expression to,

P* = 1 + 2 jc n* [ g(l) - 3.375 g(1.5) (1 - e" ®*) ] (17)
3

where g(l) is the radial distribution function as x approaches 1 from above 

and g(1.5) is the value as x approaches 1.5 from below.

The general equation for internal energy is,5

U* = 2v = 1 + 4rcN / 0  (r) g(r) r3 dr (18)
3NkT 3VkT 0

and it reduces to,

1.5
U* = 1 - 4rcn* J g(x) x^ dx (19)

3T* 1
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The derivation of both simplified thermodynamic equations, P* and U*, 

can be found in Appendix D.

Methods of Obtaining g

Two basic m ethods are used to calculate g(r), o ther than integral 

equation, i.e, the so-called "exact" m ethod and the pertubation method.

Molecular Dynamic M eth o d * *

In this method, Newton’s equations of motion are solved as the system 

evolves in time. The system consists of cells w ith a know n am ount of 

molecules (approxim ately 1000). Initial configuration such as position, 

potential and kinetic energies are specified for each molecule in a cell and 

the surrounding cells. These surrounding cells are considered to be image 

particles for each of the N  particles in the basic cells. The num ber of 

particles in each cell is kept constant so that as a molecule leaves a cell, 

another molecule from a neighboring cell will enter. To avoid 

correlation betw een molecule entering and exiting the cell, truncation 

have to be done. Several collisions per molecule are required before the 

transient effects of the starting configuration have died out. As the time 

goes, the m ovem ent of the m olecules gives new  positions and  new 

velocities. From  theis inform ation the pressures, internal energies and 

other therm odynam ic properties are determined. This m ethod uses the 

m icrocanonical ensem ble w here total energy is he ld  constan t and 

tem perature is allowed to fluctuate.
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Monte Carlo Method 7

In this m ethod the same cells w ith a fixed num ber of molecules are 

again used. Instead of solving Newton's equation of m otion, a probability 

ru le  is used for particle m ovem ent. One of the N  particles is chosen at 

random  and given a new random  position chosen uniform ly w ithin the 

cell. If m ovem ent causes a decrease in  configurational energy, the 

m ovem ent is accepted or allowed. But if there is an increase in  energy, the 

m ovem ent is also allowed w ith probability of

P = exp ( -  AU) (20)
kT

w here AU is the change in potential energy between two configurations. 

The probability is then compared to a random number selected from 0 to 1. 

If the probability is greater than  this random  num ber, the particle is 

m oved and if it is less, the m ovem ent is rejected. W hether the movement 

is successful or not, the contribution of the resulting configuration to the 

average being computed is included. The above process is repeated m any 

tim es and  finally the therm odynam ic properties of the  system  are 

determ ined. Notice that un like the case of the m olecular dynam ics 

m ethod, the movement of molecules in the Monte Carlo m ethod does not 

represent physical motions. The m ovem ent of molecules is done only to 

provide a sampling over which averages can be made. M onte Carlo uses 

the canonical ensemble which holds tem perature constant and  allows the 

energy to fluctuate.
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The Monte Carlo together with Molecular Dynamic methods are often 

considered to be exact because they are the m ost direct m eans of 

com puting g(r) and they also provide dependable results at several 

densities (intermediate and high densities) for which integral equations 

often yield large errors. The results are often used to test other less direct 

m ethods such as integral equations and pertubation methods. Major 

disadvantages are that this m ethod needs large computing times and 

limits the number of degrees of freedom considered. One thing should be 

kept in mind; there are approximations involved in these methods and it 

is still p rudent to study thermodynamic systems from several points of 

view.

Pertubation Method

This method is basically the m odem  Van Der Waals theory, and it is 

proven to be a successful theory when properties of systems such as hard- 

sphere are known accurately enough. The basic idea behind this method 

is to separate the attractive and repulsive interactions. However Maitland 

(dted in Oxford, 1981) stated:

It is postulate that the structure of simple dense fluids 
is chiefly determ ined by  the repulsive in term olecular 
interactions and that the attractive forces m aintained the 
high density, but do not otherwise have m uch effect on 
the structure, as described by radial distribution function, 
g(r). Both hard-sphere and  Lennard-Jones liquids h a s  
sim ilar radial distribution functions, which suggest that 
the effect of the repulsive interactions m ay be m odeled 
w ith  reasonable accuracy using hard-sphere system  of 
suitable diameter, (p. 32)
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The pair potential energy is the sum  of the reference potential and the 

pertubation potential,

u(r) = uo(r) + u i(r) (21)

The configurational partition function for pertubation theory is,8

Z Q =  _L_ / . . .  J exp [ 2  uo (rij) + u i  (rij) ] d r i . . .  drN  (22)
N! kT i>j

W ith few substitutions, the equation of state, which consists of reference 

system and pertubation contributions, can be obtained.

P = P + 2rcN 9 [ 1 J u  (r) g (r) r  d r . . .  ] + higher terms (23)
3 9v v

reference pertubation contributions
system

The division of u(r) into reference and pertubation potentials determ ines 

the success of the results.

Other pertubation methods used hard-sphere (with diam eter d) for the 

reference potential and Lennard-Jones (with a slightly greater diam eter) 

for the pertubation  potential. By m aking the hard-sphere diam eter a 

function of tem perature, it is found that the diam eter decreases w ith 

increasing tem perature. Pertubation m ethod can also com bined w ith 

in tegral equation  m ethods, and  it p rov ides a valuable source  of 

information on properties of fluids.
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Integral Equations

A pproxim ate integral equations to calculate the rad ial d istribu tion  

function offer an alternative w ay to determ ine therm odynam ic functions. 

They w ork w ell and give good resu lts a t low  densities b u t large errors 

som etim es occur at interm ediate and high densities.

The total correlation function is a m easure of the variation about the 

uniform  densities caused by the reference m olecule at the origin. It relates 

to the rad ial distribution function as,

h(r) = g(r) -1  (24)

and to the d irect and indirect correlation  function by m eans of the 

O rnstein-Z em ike equation/*

h (ri2) = c(ri2) + n  f c (ri3) h(r23) d r3, (25)
total direct indirect

Figure 5 show s the typical correlation function.

5. C orrelation Function.
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The direct correlation can be w ritten in term s of a density expansion as,10

c(ij) = S ^ a + 1  (ij) n_a_1 (26)
a>l

w here,

^ a + l  (ij) = 1 / • • • / 2 II  f  (ij) dr3 . . .  drN-1
(a-1)!

We d efin es to be

S = h (r) - c(r) = g(r) -1  - c(r) (27)

A pproxim ate integral equations are obtained by assum ing a relationship 

betw een c and g or betw een S and g. Some of the integral equations which 

have been intensively studied are listed below.

(Percus Yevick) c = g (1 - e^0 ) (28)

(H ypem etted) c = g - 1 - ln(ge^0 ) (29)

(Equation C) c = g -1  - (1 /a) In (age^0 - a +1) (30)

(Equation T) c = e“fi0 (1 + S+ b2 S2 + b3S3 ) -1 -S (31)

U sing  c, the co rre la tio n  fu n ctio n , and  su b s titu tin g  it on to  the 

com pressibility equation of O m stein and Zem ike, an equation of state can 

be determ ined,H

1_ ( dP^ = 1 - 4jt n  J c(r) r2 dr (32)
kT \ 9n / 0
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In  term s of S and the d en sity  expansions w e fo r have the rad ial 

d istribu tion  function,

Percus-Yevick equation

g = (1 + S ) (33)

Equation C

g - e( - f i ( l  + l / a ( e a s - l ) )

g  = e(-fi0 ) ( ! + S  + l/2 a S 2  + l / 6 a 2 s 3  + . . . )  (34)

H ypem atted Chain Equation

g = e(-fi 0 ) e S  (35)

= e(-fi0) ( 1 + S  + 1 /2S 2  + 1 /6S 3  + . . . )

Equation T

g = eH30) (1  + S + b2  + b3 S3) (36)

E quation N

g = e(-fi0) ( l + S - ( a - l ) S 2  + ( a - l  )2s3  + . . . )  (37)

w here a, b2 / and b3 are adjusted param eters. The general form  of these 

equations is,
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17

(38)

There are sim ilarities am ong these equations w hen we examine them. 

Equation C is the sam e as PY equation when a = 0 and is the same as the 

HNC equation when a = 1. Equation T is the sam e as PY equation when b2 

= b3 = 0 and is sim ilar to ( but not exactly the sam e as ) the HNC equation 

when b2= 1 /2  and t>3 = 1/ 6.
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CHAPTER ffl

COMPUTATIONAL METHOD

The com puter program  used to solved equation T num erically is rim  on 

a d ig ital com puter. The m ethod of solution used  for this purpose is 

essentially that of B royles.*2 it is an iterative procedure using the Fourier 

transform  of the function S,

S(k) = 1 JJJ S (r) exp (ik.r) d r (39)
2jc

Part of this research involved m odifying an  old  com puter program  

w ritten  for the DEC 10 so that it w ould ru n  on the DEC VAX. This 

program  solves the in teg ral equations to ob tain  rad ia l d istribu tion  

functions, using  an iteration  technique. A t the sam e tim e the program  

w as m odified to im prove an extrapolation technique and to reduce the 

tim e it takes an operator to obtain a solution. To m ake sure that the 

changes d id n 't effect the w hole program , sam ple values w ere tested from 

p rev io u sly  know n resu lts . M ore deta iled  ex p lan atio n s of these 

im provem ents are in  A ppendix B.

Good convergence is easy to get at low density w ith a sm all num ber of 

iterations. A t high density, longer tim e is needed and solutions become 

m ore sensitive to the interval w idth  in the representation of the function.

18
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All of the so lu tions obtained for g(r) w ere done through the iteration  

process. From g(r) the pressure P* and in ternal energy U* are calculated

for several densities using the equations for the square-w ell potential,

P* = 1 + 2 it n* [ g(r) - 3.375 g(r) (1  - e'O*) ] (17)
3

1.5
U* = 1 - 4 7C n* J g(x) x2  dx (19)

3T* 1.0

We note that the pressure is m ore sensitive to the change of param eters 

than internal energy. For a given n* and T*, the dependence of P* and U* 

upon equation T param eters are approxim ated,

P* = Po* + C lb 2  + C2b3 + C3b22 + C4b3^ + Csb2b3 (40)

U* as Uo* + C ib 2  + C2b3 + C3b22  + Q b 32  + C5 b2  b3 (41)

w here Po* and Uo* are the pressure and in ternal energy values obtained

w he b2 = b3 = 0. By solving the integral equation for at least six sets of

param eters, the values of C 's m ay be obtained using the m ethod of least 

squares. Once the C 's are obtained, it is possible to determ ine the values of 

b2  and b3 w hich w ill give a specified P*. By plotting a graph of b2 versus 

b3 which gives correct values of P* for a fixed T* and different values of 

n*, one can hope to obtain  the best values o f b 2 and b3 for the given
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isotherm . The radial distribution function is again solved using these best 

values of b2  and  b3 for a few densities and these results are used in the 

in terpolation  form ula ,13

P*= (14- ain* + a2n*2 + a3n*3 ) (42)
(1 + a4n* + asn*2 + a6n*3 )

U* = (1  + ain* + a2n *2 -f a3n*3 ) (43)
(1  + a4n* + asn 1̂  + a$n*3 )

G raphs are p lo tted  and  com parisons are  m ade to the "exact" values and 

values of eq uation  C. All com puter program s for the com putation  are 

listed in  A ppendix 8 .

S'
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CHAPTER IV

RESULTS AND COMPARISONS

The major task involved is to find solutions to the integral equation T 

a t seven suggested tem peratures T* that ranged  from  near critical 

tem perature to high tem peratures in  the gas region using the com puter 

program . Radial distribution functions g(x) are solved for two groups of 

discrete points w ith fixed intervals. 75 points are used to specify the 

function w ith an interval of Ax = 0.07142857, while 297 points are used to 

specify the function w ith an in terval of Ax = 0.01785714. A t each 

tem perature the pressure P* and the internal energy U* are determ ined 

from  radial the distribution functions calculated.

Results for Tem perature T* = 3.3333

First, solutions for several sets of param eters w ith fixed n* were 

obtained. Results for this isotherm  at n*=0.85 and n*=0.65 are shown in 

Table 1, w here only 297 poin ts solutions are show n. M ore complete 

results can be found in A ppendix A.

21
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Table 1

P* and  U* Using Equation T a t T* = 3.3333

b2 b3 n* P* U*

0 0 0.85 7.15 -0.191

0 0.1667 850 -0.185

05 0 8.81 -0.189

0.1775 0.0092 7.45 -0.189

0.4 0.05 8.80 -0.187

05 0.1667 9.46 -0.185

0.3 05 954 -0.181

• 0 0 0.65 358 0.070

0 0.1667 3.79 0.072

05 0 4.05 0.076

0.1175 0.0092 3.72 0.072

0.4 0.1667 4.18 0.077

0.3 0.3 4.15 0.076

We established first 'exact* results which com e from  the M onte Carlo 

studies of R o tte n b e rg l^  at T* =3.3333 for m edium  and high density and 

C arley 's^S  results o f param etric integral equation C for low density as 

shown in Table 2. The results were then used to find the constants in the 

interpolation form ulas, equation (42) and equation (43). The interpolated 

'exact" results and their corresponding Pade1 coefficients are show n in 

Table 3.
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Table 2

"Exact" Results Used for T* = 3.3333

Source P* U*

Carley's results of param etric 
integral equation C

Monte Carlo results 
of Rottenberg

Results as read from Alder's 
graph.

0.001

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.424

0391

0.750

0.820

0.853

0.890

0.918

0.2828

0.3536

0.4714

1.0003559

1.00223

1.0553

1.1016

1.65

1.249

1.360

1.506

1.72

2.76

5.10

6.72 

7.84

9.06 

9.60 

1.32

0.9986568

0.93304

0.86620

0.79905

0.7312

0.6625

0.5923

0.5207

0.61

0.52

0.35
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Table 2~Continued

Source n* P* U*

Results as read from Alder's 0.5657 
graph.

0.7071

2.58

4.42

0.20

0

0.7857 5.78 -0.18

0.8319 6.98 -0.20

0.8839 8.80 -0.28

Table 3

Interpolated "Exact* Results for T* = 3.3333 W ith 
Corresponding Pade'Coeffirients

n* P* U*

0.05 1.022 0.933

0.10 1.055 0.866

0.15 1.102 0.799

0.20 1.164 0.731

0.25 1.249 0.662

0.30 1.366 0.593

0.35 1.895 0.523

0.40 1.611 0.452

0.45 1.845 0.308

0.50 2.127 0.235

0.55 2.480 0.161
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Table 3~Continued

n* P* U*

0.60 2.925 0.086

0.65 3.488 0.011

0.70 4.20 -0.06

0.75 5.10 -0.354

0.80 6.237 -0.227

0.85 7.666 -0.306

0.90 9.447 -0.386

e :
Pade' Coefficients

IE
a i = -3.959 a i = 4.436

a2 = 4.989 32 = -17.17

a3 = -5.014 33 = 12.82

a4 = -4.313 a4 = 5.78

as = 4.798 as = -9.606

as = -1.695 a6 = 1.015

Results in Table 1 w ere used along w ith their PY values to compute the 

C coefficients, using the least square fit equations, equation (40) and (41). 

Values of C’s of P* are show n in Table 4.
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Table 4

Coefficients of P* for Least Square Fit Equation at T* = 3.3333

n* C l C2 C3 C4 C5

0.85 4.28449 9.63534 -1.94971 -9.25845 -8.50752

0.65 1.13358 1.42599 -0583516 -0.783295 -0.989399

Values of C's in Table 4, together w ith "exact" values in Table 3 are used to 

calculate b2 and bs, choosing Erst the value of b2 and then calculating the 

corresponding value of b3 to give the correct P*. The results are found in 

T ables.

Table 5

Values of b2 and b3 to Give Correct P* at T* = 3.3333

P*

n* b2 b3

0.85 -050 0.278

-0.45 0.256

-0.40 0.234

-0.35 0.212

-0.30 0.190

-0.25 0.168

-0.20 0.145

-0.15 0.123

- 0.10 0.101
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Table 5--Continued

P*

n* b2 b3

0 0.057

0.05 0.035

0.10 0.013

0.15 -0.01

0.20 -0.032

0.25 -0.054

0.30 -0.076

0.35 -0.098

0.40 -0.120

0.45 -0.142

0.50 -0.165

-050 0.347

-0.45 0.304

-0.40 0.262

-0.35 0.221

-0.30 0.18

-0.25 0.138

-0.20 0.098

-0.15 0.057

-0.10 0.173

-0.05 -0.022

0 -0.062
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Table 5—Continued

P*

n* b2 b3

0.65 0.05 -0.101

0.10 -0.14

0.15 -0.178

0.20 -0.216

0.25 -0.254

0.30 -0.292

0.35 -0.33

0.40 -0.467

• 0.45 -0.404

0.50 -0.440

A graph is plotted for b2 versus b3 for each density n*= 0.85 and n*= 0.65. 

As show n in Figure 6, the lines cross each other at the value of b2 = -0.33 

and b3 = 0.19 which gives the best fit param eter of equation T at this 

isotherm . W ith these new  param eters, the integral equation is again 

solved for a new  value of density and the values of P* and U* are 

redeterm ined. Results are shown in Table 6.
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0.30

0.25

0.20

0.15

n* = 0.85

0.10
n* = 0.65

0.50 -0.40 -0.30 - 0.20 - 0.10

Figure 6. b2 V ersus b3 of P* at T* = 3.3333.
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Table 6

Results of New Best Fit Param eter at T*=3.3333

n* P* U*

0.001 1.0004 0.9987

0.10 1.0557 0.8662

0.30 1.3465 0.5924

0.50 2.1318 0.2958

0.70 4.198? -0.0062

0.80 6.385 -0.1358

0.85 7.9789 -0.1899

Before a com parison is m ade, these new  P* and U* values are used w ith 

equations (42) and (43) to get the best values for the in terpo lation  

coefficients. Results are shown in Tables 7 and 8 w here com parisons are 

m ade w ith  'exact* results and equation C results. A graph is draw n in 

Figure 7 and 8.

Table 7

Com parison of The 'Exact* and Equation C Results w ith The Best Fit of
Equation T for P* and U*

Equation T Equation C 'Exact*.

P* 0.05 1.0223 1.0223 1.0223

0.10 1.0553 1.0553 1.0553
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Table 7-C ontinued

n* Equation T Equation C "Exact"

0.15 1.1010 1.1016 1.1015

0.20 1.162 1.165 1.164

0.25 1.243 1.249 1.249

0.30 1.346 1.360 1.366

0.35 1.48 1.506 -

0.40 1.648 1.694 1.611

0.45 1.861 1.936 1.845

0.50 1131 125 1127

0.55 1473 163 1480

0.60 m 3.12 1925

0.65 m 3.72 3.488

0.70 4.198 4.46 4.20

0.75 5.142 5.4 5.10

0.80 6.384 - 6.237

0.85 7.978 7.666

0.05 0.93305 0.93304 0.93309

0.10 0.86621 0.86620 0.86618

0.15 0.79914 0.79905 0.79888

0.20 0.7314 0.7312 0.731

0.25 0.6626 0.6625 0.6625

0.30 0.5924 0.5923 0.5932

0.35 0.5207 0.5207 0.5232
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Table 7-C ontinued

n* Equation T Equation C "Exact"

0.40 0.4472 0.4476 0.4524

0.45 0.3722 0.3731 0.3084

0.50 0.2958 0.2977 0.2352

0.55 0.2187 0.2214 0.1611

0.60 0.1418 0.1462 0.0862

0.65 0.06634 0.0721 0.0106

0.70 -0.0062 0.0004 -0.065

0.75 -0.0741 

0.80 -0.1357 

0.85 -0.18987 

0.90 -0.23544 

0.95 -0.2721

-0.067

Pade1 Coefficients of Equation T

P* U*

a i = -2.09106 a i = -2.37036

a2 = 2.78619 32= 1.6803

33 = -1.87646 33 = -0.487793

a4  = -2.44513 34 = -1.0274

as = 1.9071 as = 0.192993

a6  = -0.47073 36 = 0.427292
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P

  Equation T

• • • "Exact"
9

8 .

7

6

5

4

3

2

1

0.900.50 0.700.300.10

Figure 7. P* Versus n* at T* = 3.3333.
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—  Equation T 

'*** "Exact"
0.70

0.50

0.30

0.10

0.10

0.500.30 0.40 0.60 0.800.70

Figure 8. U* Versus n* at T* = 3.3333
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Results in Low Tem perature Gas R egion.

The next tem peratures studied are low  ranged tem peratures T* = 2.6, 

T* = 1.8 and T* = 1.4. Table 8 show results of solving integral equation T 

for several sets of param eters for densities of 0.85 and 0.65. N ew  sets of 

param eters are used for convenience to get good convergence. Again, only 

297 poin t solutions are listed here.

Table 8

P* and U* Using Equation T at T* = 2.6,1.8 and 1.4 

T* b2 b3 n* P* U*

0 0 0.85 6.908 -0.532

-0.7 0.60 8.993 -0.517

-0.8 0.65 9.078 -0.521

-0.85 0.40 8.532 -0.533

-0.8 0.45 8.62 -0.527

-0.7 0.40 8.358 -0.526

-0.85 0.60 9.131 -0.520

-0.7 0.60 0.65 3.293 -0.206

-0.8 0.65 3.264 -0.208

-0.85 0.40 2.828 -0.215

-0.8 0.45 2.989 -0.212

-0.7 0.40 3.031 -0.21

-0.85 0.60 3.147 1 -0.210
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Table 8--Continued

T* b2 b3 n* P* U*

0 0 0.85 6.418 -1.225

-0.225 0.15 6.587 -1.213

-0.15 0.1 6.522 -1.216

-0.4 0.2 6.374 -1.21

-0.3 0.1 5.976 -1.216

-0.6 0.2 5.750 -1.225

0.1175 0.0092 6.683 -1.224

0 0 0.65 2.729 -0.763

-0.225 0.15 2.680 -0.761

-0.15 0.1 2.577 -0.765

-0.4 0.2 2.698 -0.792

-0.3 0.1 2.597 -0.761

-0.6 0.2 2.445 -0.762

0.1175 0.0092 2.796 -0.764

0
•  •

0 0.85 5.949 -1.875

0.1175 0.0092 6.316 -1.885

0.05 -0.2 5.111 -1.9

0.15 -0.1 6.023 -1.900

0.2 -0.1 6.185 -1.908

0.15

CMo1 5.557 -1.915

0.2

rjoi 5.789 -1.925
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Table 8—Continued

T* b2 b3 n* P* U*

0 0 0.65 2.22 -1.299

0.1175 0.0092 2.242 -1.304

0.2 -0.1 2.217 -1.316

0.05 ■ o fo 2.166 -1.306

0.15 -0.2 2.034 -1.317

0.15 -0.1 2.212 -1.308

0.2 -0.2 2.183 -1.313

"Exact" results used for T* = 2.6,1.8 and 1.4 are show n in Table 9. Their 

fitted  results are show n in Table 10 along w ith their Pade' coefficients.

Table 9

"Exact" Results for P* and U* a t T* = 2.6,1.8 and 1.4

Source T* n* P* U*

Results from  Carley 2.6 0.001 0.997663 0.998127
and Dotson Integral
and pertubation 0.05 0.99 0.91
m ethod

0.10 1.00 0.82

0.20 1.05 0.64

0.25 1.10 0.55
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Table 9-C ontinued

Results as read from Alder's 
graph.

Results from  Carley and 
Dotson Integral Equation 
and Pertubation Method.

Results as read from Alder’s 
graph.

T* n* P* U*

0.2828 1.15 0.50

0.3536 1.27 0.35

0.4174 1.64 0.15

0.5657 2.20 -0.05

0.7071 3.94 -0.30

0.7857 5.50 -0.50

0.8319 6.53 -0.60

0.8839 8.20 -0.65

0.001 0.998402 0.996790

0.05 0.93 0.84

0.10 0.87 0.69

0.15 0.83 0.55

0.20 0.81 0.42

0.25 0.80 0.29

0.30 0.80 0.16

0.35 0.83 0.03

0.40 0.89 -0.11

0.45 1.00 -0.25

0.2828 0.80 0.20

0.3143 0.80 0.075

0.3536 0.85 0
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Table ^--Continued

Source T* n* P* U*

Results as read from Alder's 1.8 0.4747 1.05 -0.25
graph.

0.5657 1.50 -0.55

0.7071 3.00 -1.00

0.7857 4.60 -1.15

0.8319 5.70 -1.25

0.8839 7.50 -1.35

Results from  Carley and 
Dotson Integral Equation 
and Pertubation Method.

1.4 0.001

0.05

0.998402

0.86

0.99679

0.84

0.10 0.74 0.69

0.15 0.64 0.55

0.20 0.58 0.42

0.25 0.53 0.29

Results as read from Alder's 0.2828 0.50 -0.07
graph.

0.3143 0.45 -0.20

0.3536 0.45 -0.35

0.4714 0.50 -0.67

0.5657 0.75 -1.00

0.7071 2.20 -1.50

0.7857 3.70 -1.80

0.8319 5.00 -1.95

0.8839 6.80 -2.05
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Table 10

Fitted "Exact" Results for T* = 2.6,1.8,1.4

T* n* P* U*

0.05 0.996 0.901

0.10 0.995 0.827

0.15 1.011 0.73

0.20 1.044 0.636

0.25 1.099 0.543

0.30 1.183 0.450

0.35 1.311 0.357

0.40 1520 0.263

0.45 2593 0.169

050 1593 0.075

0.55 2.059 -0.020

0.60 2532 -0.116

0.65 3.111 -0.218

0.70 3.833 -0.281

0.75 4.732 -0.391

0.80 5.837 -0.488

0.85 7.167 -0.585

0.90 8.722 -0.681

0.95 10.47 -0.777

1.00 12.35 -0.874
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Table 10-Continued

T* n* P* U*

0.05 0.947 0.843

0.10 0.898 . 0.694

0.15 0.856 0.55

0.20 0.824 0.410

0.25 0.804 0.274

0.30 0.80 0.141

0.35 0.851 0.009

0.40 0.895 -0.121

0.45 0.946 -0.250

0.50 1.16 -0.379

0.55 1.403 -0.509

0.60 • 1.752 -0.641

0.65 1239 -0.783

0.70 1901 -1.207

0.75 3.783 -

0.80 4.926 -1.22 *

0.85 6.360 -1.258

0.90 8.085 -1.393

0.95 10.05 -1.529

1.00 1112 -1.665

0.05 0.892 0.764

0.10 0.787 0.540

0.15 0.689 0.33
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Table 10—Continued

T* n* P* U*

0.20 0.599 -0.35

0.25 0.522 -0.426

0.30 0.463 -

0.35 0.428 -

0.40 0.426 -0.472

0.45 0.467 -0.611

0.50 0.563 -0.769

0.55 0.718 -0.944

0.60 1.147 -1.124

0.65 1.503 -1.303

0.70 2.097 -1.476

0.75 2.929 -1.642

0.80 4.056 -1.8

0.85 5.546 -1.951

0.90 7.469 -2.1

0.95 9.878 -2.235

1.00 12.79 -2.369
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Table 10--Continued

Pade' Coefficients for P*

Coefficients T* = 2.6 T* = 1.8 T* = 1.4

a i -3.95329 -5.724 -5.40844

a2 6.44708 11.3766 10.6507

a3 -5.57169 -9.50623 -7.40751

34 -3.72132 -4.62341 -3.22023

a5 4.05959 5.68353 3.21404

a6 -1.50414 -2.29556 -1.08495

Pade’ Coefficients For U*

Coefficients T* = 2.6 T* = 1.8 T* = 1.4

al -17.1846 -3.51492 -8.16153

32 48.7258 0.912704 21.3391

33 -37.6429 2.91196 -19.8052

34 -15.3123 -0.303127 -3.32219

35 20.6739 -1.81646 2.89548

36 -0.523841 0.332932 1.80226

Again, a t this poin t the least square fit equation are used to calculate C 's 

for each corresponding results in Table 8 . R esults are show n in Table 11.
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Table 11

Coefficients of The Least Square Fit Equation for P*

r r

0.85

0.65

Si
6.51807

0.945435

Sg
13.0166

1.00952

T* = 2.6 

S3 
5.4668 

-0.788452

£4

-8.45703

-1.11749

£5
1.9043

-2.0144

n*

0.85

0.65

Si
3.6217

0.564087

S2
5.88789

0.574219

T» = 1.8 

S 3  

-0.971191 

-0.340332

-3.55859

£5

-6.83984

-0.679688 -0.764094

r r

0.85

0.65

3.16312

0.190654

£2

4.15126

0.286202

T* = 1.4 

£3- 

-2.38828 

-0.222214

£4 .

-6.16533

£ 5

-8.7646

-0.108007 -.117786

Values of C's in Table 11, together w ith values of pressure in  Table 10 

are used to calculate b2 and b3 choosing first the value b2 and then 

calculating the value of b3 for each corresponding tem perature. The 

results can be found in Table 12.
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Table 12

Values of b2 and b3 to Give Correct P* for T* = 2.6,1.8 and 1.4 

T* b2 b3

n* = 0.85 n* = 0.65

-0.50 0.209 0.288

-0.45 0.199 0.146

-0.40 0.187 0.203

-0.35 0.172 0.160

-0.30 0.155* 0.117

-0.25 0.136 0.073

-0.20 0.115 0.028

-0.15 0.093 -0.017

-0.10 0.07 -0.062

-0.05 0.046 -0.108

0 0.20 -0.154

0.05 0.006 -0.200

0.10 -0.033 -0.247

-0.95 0.389 0.334

-0.90 0.374 0.277

-0.85 0.359 0.222

-0.80 0.343 0.169

-0.75 0.267 0.118

-0.70 0.310 0.068
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Table 12-C ontinued

T* b2 b3

1.8 n» = 0.85 n» = 0.65

-0.65 0.293 0.019

-0.60 0.275 -0.028

-0.55 0.256 -0.074

-0.50 0.237 -0.120

-0.45 0.217 -0.164

-0.40 0.196 -0.207

1.60 -0.071 -0.807

1.65 -0.092 -0.759

1.70 -0.113 -0.709

1.75 -0.135 -0.658

1.80 -0.156 -0.604

1.85 -0.177 -0.549

1.90 -0.197 -0.492

2.00 -0.218 -0.434

2.05 -0.259 -0.311

2.10 -0.280 -0.246

2.15 -0.300 -0.180

2.20 -0.320 -0.110

2.25 -0.340 -0.0385

2.30 -0.361 -0.035
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0.20

n* = 0.85

n* = 0.65

-0.5. • - 0.2-0.3 -0.1-0.4

Figure 9. b2 Versus b3 0f P* at T* = 2.6
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0.60

0.50

n* = 0.85
0.40

0.30

n* * 0.65
0.20

0.10

b 2
-0.70-0.90 -0.80- 1.20 -1.00- 1.10

Figure 10 b2 Versus b3 of P* at T* =i 1.8
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0.65
- 0.1

- 0.2

-0.3

n* = 0.85-0.4

0.5

2.32.1 2.22.01.9

Figure 11. b2 Versus b3 of P* at T* = 1.4.
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G raphs are plotted for b2 versus b3 for each tem perature. As can be 

seen from  Figures 9,10 and 11, the lines cross a t a point to give the best 

values o f p a ram eters b2 and b 3 for equation  T. W ith these new  

param eters, equation T is again solved for new  values of densities. As 

noted, w hen the density increases and w hen the tem petartue decreases 

good convergence is very hard to obtain. That is w hy only values of P* 

and U* a t tem perature T* = 2.6 and 1.8 can be obtained since they give 

convergence. A t tem perature T* = 1.4 no convergence can be found. 

Results for these tw o tem peratures are listed in Table 13 and their fitted  

values w ith  Pade' coefficients are in Table 14.

Table 13

Result U sing Best Fit Param eters of Equation T at T* = 2.6 and 1.8 

T* n* P* U*

0.001 1 0.998

0.10 0.976 0.813

0.30 1.184 0.459

0.50 1.876 0.037

0.65 3.096 -0.206

0.75 4.601 -0.384

0.85 7.205 -0.530

0.001 0.998 0.997

0.10 0.873 0.694
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Table 13—Continued

T* n* P* U*

0.25 0.838 0.291

0.45 1.204 -0.226

0.60 1.904 -0.63

0.70 2.642 -1.022

0.75 3.419 -1.215

0.85 7.108 -0.897

T* = 2.6 b2 = -0.37 b3 = 0.17

* ii *-» 00 b3 = -1.0 b3 = 0.40

Table 14

Results From Equation T Using Pade' Equation at T* = 2.6 and 1.8

T* n* P* U*

2.6 0.05 0.993 0.907

0.10 0.998 0.814

0.15 1.017 0.723

0.20 1.052 0.632

0.25 1.107 0.544

0.30 1.185 0.460

0.35 1.290 0.384
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Table 14—Continued

T* n* P* U*

0.40 1.452 0.278

0.45 1.632 0.157

0.50 1.874 0.038

0.55 2.186 -0.083

0.60 2.584 -0.121

0.65 3.094 -0.206

0.70 3.75 -0.293

0.75 4.6 -0.384

0.80 5.715 -0.681

0.85 7.202 -0.530

0.90 9.234 -0.622

0.95 12.103 -0.708

0.05 0.927 0.844

0.10 0.872 0.697

0.15 0.837 0.557

0.20 0.824 0.422

0.25 0.838 0.291

0.30 0.88 0.161

0.35 0.953 0.033

0.40 1.06 -0.096

0.45 1.20 -0.226
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Table 14~Continued

T*' n* P* U*

1.8 0.50 1.388 -0.358

0.55 1.618 -0.492

0.60 1.904 -0.629

0.65 2.266 -0.765

0.70 2.741 -0.898

0.75 3.420 -1.021

0.80 4.544 -1.13

0.85 7.109 -1.21

0.90 24.14 -1.27

Pade1 Coefficients For P* and U*
p* U !

Coefficients T* = 2.6 T* = 1.8 T* = 2.6 T* = 1.8

a i -3.99097 -3.38319 -5.4253 -4.04749

a2 6.07947 7.27675 9.53632 4.11527

a3 -6.46582 -4.64153 -5.3922 -1.53251

a4 -3.75262 -1.78225 -3.55185 -0.835613

a5 3.25311 1.60823 2.73677 -0.689926

a6 -0.70713 -0.93189 0.169372 0.887224
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Equation T 

“Exact"

n'
0.1 0.2 0.3 0*4 0.5 0.6 0.7 0.8 0.9

Figure 12. P* Versus n* a t T* » 2.6
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u*

Equation T 

"Exact"

0.8

0.6

0.4

0.2

- 0.2

-0.4

0.6

0.700.500.10 j 0.900.30

Figure 13. U* Versus n* a t T* = 2.6
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Equation T 

’Exact"•  •  • •

0.80.4 0.60.2

Figure 14. P* Versus n* at T* = 1.8
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xxxx “Exact’'Results

Equation T0.8'

0.6

0.4

0.2

- 0.2

-0.4 -

- 0.6

0.50.3 0.70.1 0.9

Figure 15. U* Versus n* a t T* = 1.8
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Results in  H igh Tem perature Gas Region

We next study the high tem perature in the gas region, a t T* = 6.11, T* = 

10 and T* = 20. The m ethod used is the sam e as for low er tem peratures. 

R esults are show n in  the follow ing tables. G raphs are again plo tted  to 

com pare w ith the "exact" values.

Table 15

Results of P* and U* U sing Equation T at T* = 6.11,10 and 20 

T* b2 b3 n* P* U*

0 0 0.85 7.536 0.353

0.1175 0.0092 8.224 0.356

0.5 0.1667 10.04 0.361

0.2 0.4 10.42 0.362

-0.25 0.3 9.615 0.358

-0.1 0.5 10.48 0.362

0.4 -0.1 8.241 0.357

0 0 0.65 4.052 0.499

0.1175 0.0092 4.237 0.501

0.2 0.4 4.82 0.504

-0.25 0.3 4.349 0.5

-0.1 0.5 4.731 0.502

0.4 -0.1 4.388 0.503

0.5 0.1667 4.797 0.505
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Table 15—Continued

T* b2 b3 n* P* U*

10 . 0 0 0.85 7.719 0.605

0.1175 0.0092 8.452 0.608

0.2 0.4 10.746 0.612

-0.25 0.3 10.00 0.609

1 O h-4 0.5 10.846 0.611

0.3 0.3 10.523 0.612

0.5 0.1667 10.307 0.612

0 0 0.65 4.279 0.696

0.11 0.0092 4.483 0.697

0.3 0.3 5.089 0.7

0.2 0.4 5.131 0.7

-0.25 0.3 4.668 0.7

-0.1 0.5 5.062 0.699

0.5 0.1667 5.082 0.700

20 0 0 0.85 7.719 0.605

0.1175 0.0092 8.633 0.804

0.1 0.01 8.105 0.804

0.05 0.05 8.89 0.804

0.1 0.04 8.938 0.805

0.15 0.05 9.18 0.805

0.01 0.1667 9.79 0.805

0 0 0.65 4.46 0.849
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Table 15~Continued

T* b2 t>3 n* P* U*

20 0.1175 0.0092 0.65 4.678 0.85

0.1 0.01 4.65 0.849

0.05 0.05 4.69 0.849

-0.25 0.3 4.927 0.849

0.1 0.5 5.429 0.851

0.5 0.1667 5.306 0.851

Table 16

"Exact" R esults Used for T* = 6.11, 10 and  20

Source T* n* P* U*

M onte Carlo results of 6.11 0.2828 1.50 0.80
Rottenberg as read from
Alder's graph. 0.3536 - 0.75

0.4745 - 0.65

0.5657 3.28 0.55

0.7071 5.02 0.45

0.7857 6.60 0.40

0.8319 7.70 0.33

0.8839 9.40 0.30

Results from Equation C 10 0.001 1.0015734 0.9996334
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Table 16~Continued

Source T* n* P* U*

Results from  equation C 10

Results as read from  A lder's 
graph 's.

Results from  Equation C 20

0.05 1.08424 0.98126

0.10 1.1814 0.96167

0.15 1.2943 0.94119

0.20 1.426 0.91979

0.25 1.581 0.8975

0.30 1.764 0.8742

0.35 1.981 0.8502

0.40 2.238 0.8254

0.45 2.544 0.8001

0.50 2.91 0.7743

0.55 3.34 0.7484

0.60 3.86 0.7227

0.65 4.48 0.6973

0.70 5.23 0.6729

0.75 6.1 0.6495

0.80 7.2 0.6279

0.85 8.5 0.608

0.8319 8.1 0.6

0.8839 9.5 0.6

0.001 1.0018418 0.9998156

0.05 1.09832 0.9103
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Table 16—Continued

Source T* n” P * U*

Results from  Equation C 20 0.10 1.2109 0.98153

0.15 1.3404 0.97150

0.20 1.490 0.96091

0.25 1.663 0.9499

0.30 1.865 0.9382

0.35 2,100 0.9263

0.40 2.376 0.1938

0.45 2.699 0.9011

0.50 3.08 0.8882

0.55 3.53 0.8752

0.60 4.05 0.8623

0.65 4.68 0.8493

0.70 5.42 0.8373

0.75 6.3 0.8254

0.80 7.4 0.8147

0.85 8.7 0.804
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Table 17

Interpolated "Exact" Results for P* and U* at T* = 6.11 and Their 
C orresponding Pade' Coefficients

n* p* u*

0.05 1.04882 0.967123

0.10 1.11854 0.933237

0.15 1.21062 0.898297

0.20 1.32699 0.862255

0.25 1.47009 0.825061

0.30 1.64302 0.786661

0.40 1.8497 0.747001

0.40 2.09509 0.706026

0.45 2.38553 0.663677

0.50 2.72917 0.619896

0.55 3.13664 0.574624

0.60 3.62196 0.527785

0.65 4.204 0.479235

0.70 4.90852 0.428214

0.75 5.76996 0.360996

0.80 6.86603 0.356847

0.85 8.23334 0.361222

0.90 10;0333 0.120407

0.95 12.482 0.10772

1.00 15.9879 0.0532304
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Table 17~continued

Pade' Coefficients of P* 

a i = -0.724881 

a2 = 2.59592 

a3 = -4.23454 

a4 = -1.50023 

as = -0.194393 

a6 = 0.609337

Pade' Coefficients of U* 

a i = -3.3998 

a2 = 3.82276 

a3 = -1.4213 

a4 = -2.75206 

as = 2.23317 

a6 = -0.449848

Table 18

Coefficients C's of Least Square Fit Equation a t T* = 6.11,10 and 20

n* Cl C2

T* = 6.11 

C3 C4 C5

0.85

0.65

5.67657

1.52907

13.6122

2.39239

-3.9586

-0.700459

-15.5894

-1.85059

-13.7615

-2.23718

n* Cl C2

T* = 10 

C3 C4 C5

0.85

0.65

5.35228

1.58129

14.3692

2.85393

-3.65118

-0.751114

-16.5302

-2.40088

-20.568

-2.51845
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Table 18—Continued

n* C l C2

T* = 20

C3 C4 C5

0.85 7.69714 21.9907 -8.11816 -56.3828 -62.4961

0.65 1.37323 4.37946 3.75997 -9.88257 -17.105

Table 19

Values b2 Versus b3 to Give Correct P  at T* = 6.11, 10 and 20

T* b2 b3

6.11 n* = 0.85 n* = 0.65

-0.20 0.140 0.196

-0.15 0.118 0.164

-0.10 0.097 0.099

-0.05 0.076 0.067

0 0.055 0.035

0.05 0.034 0.003

0.10 0.014 -0.029

0.15 -0.006 -0.061

0.20 -0.025 -0.093

10 -0.20 0.135 0.188

-0.15 0.115 0.16
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T* b2 b3

n* = 0.85 n* = 0.65

-0.10 0.096 0.131

-0.05 0.077 0.103

0 0.058 0.075

0.05 0.401 0.047

0.10 0.022 0.02

0.15 0.005 -0.008

0.20 -0.121 -0.062

-0.20 0.099 0.047

-0.15 0.088 0.053

-0.10 0.077 0.058

-0.05 0.065 0.060

0 0.052 0.058

0.05 0.037 0.046

0.10 0.02 0.18

0.15 0.072 -0.33
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0.03

n* = 0.65

0.05 0.10

Figure 16. b2 Versus b3 of P* at T* = 6.11
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n* = 0.85.

0.03

0.01

0.05 0.10

Figure 17. b2 Versus b3 of P* a t T* = 10
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b2 = -0.03 

b3 = 0.06
n* = 0.85

0.07

n* = 0.650.05

0.03

b2-0.4 0 0.2- 0.2 0.4

Figure 18. b2 Versus b3 of P* at T* = 20
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Table 20

p* and U* from  Best Fit Param eter of Equation T at T* = 6.11,10 and 20

T* n* p* U*

6.11 0.001 1.001 0.999

0.10 1.143 0.934

0.30 1.632 0.789

0.50 2.675 0.626

0.70 4.942 0.461

0.80 6.930 0.387

10 0.001 1.002 1.0

0.10 1.181 0.962

0.30 1.759 0.874

0.50 2.902 0.774

0.70 5.333 0.673

0.80 7.503 0.628

0.85 8.978 0.608

20 0.001 1.002 1

0.10 1.210 0.982

0.30 1.853 0.938

0.45 2.659 0.901

0.60 3.979 0.862

0.75 6.262 0.825

0.85 8.752 0.805
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Table 20~Continued

T* = 6.11 b2 = 0.05 b3 = 0.34

T* = 10 b2 = 0.026 b3 = 0.088

T* = 20 b2 = -0.03 b3 = 0.06

Table 21

Interpolated Values of P* and U* at T* = 6.11,10 and 20

T* n* P* U*

6.11 0.05 1.06 0.968

0.10 1.143 0.934

0.15 1.234 0.9

0.20 1.343 0.864

0.25 1.474 0.827

0.30 1.631 0.789

0.35 1.822 0.75

0.40 2.454 0.709

0.45 2.334 0.668

0.50 2.675 0.626

0.55 3.089 0.584

0.60 3.592 0.541

0.65 4.203 0.500

0.70 4.942 0.460
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Table 21—Continued

T* n * p* u*

0.75 5.840 0.423

0.80 6.932 0.387

0.85 8.265 0.355

0.90 9.908 0.367

0.95 11.964 0.302

1.00. 14.595 0.281

0.05 1.084 0.981

0.10 1.181 0.962

0.15 1.294 0.941

0.20 1.424 0.92

0.25 1.578 0.898

0.30 1.759 0.874

0.35 1.973 0.85

0.40 2.228 0.825

0.45 2.533 0.8

0.50 2.999 0.774

0.55 3.342 0.748

0.60 4.528 0.722

0.65 4.528 0.697

0.70 5.321 0.672

0.75 6.290 0.649
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Table 21—Continued.

T* n* P* U*

0.80 7.478 0.627

0.85 8.94 0.608

0.90 10.75 0.590

0.95 13.02 0.576

0.05 1.098 0.991

0.10 1.201 0.981

0.15 1.337 0.971.

0.20 1.483 0.961

0.25 1.652 0.949

0.30 1.847 0.937

0.35 2.072 0.925

0.40 2.335 0.912

0.45 2.643 -

0.50 3.005 0.75

0.55 3.432 0.872

0.60 3.941 0.849

0.65 4.548 0.837

0.70 5.279 0.825

0.75 6.164 0.814

0.80 7.242 0.804

0.85 8.561 0.795

0.90 10.18 0.798
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Table 21-C ontinued

Pade1 Coefficients of P*

Coefficients T* = 6.11 T* = 10 T* = 20

a i -0.796005 -0.543945 1.10059

a2 1.07625 0.468262 0.627197

a3 0.312088 0.123291 0.069141

a4 -2.00598 -2.11353 -0.727051

35 1.63034 1.64893 -0.4375

36 -0.515259 -0.469604 0.357178

Pade1 Coefficients of U*

Coefficients T* = 6.11 T* = 10 T* = 20

31 -1.55066 -1.00244 -3.40989

32 0.79483 0.33887 3.17958

33 -0.0532837 0.203613 -1.20073

34 -0.911346 -0.635254 -3.235

35 0.380432 0.157715 2.71347

36 0.210236 0.249512 -1.02891

Figures 2 1 ,22, 23, 24, 25 and 26 show results of P* versus n* a t T* = 6.11,10 

and 20. As no ted , P* differs slightly fron "exact" resu lts anly a t high 

densities. G raphs are draw n to show  radial d istribu tion  function as the 

function of distance x at three tem peratures, T* = 6.11, 3.3333 and 1.8 for 

density n* = 0.75.
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P*

—  Equation T 
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Figure 19. P* Versus n* at T* = 6.11
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Figure 20. U* Versus n* at T* = 6.11
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Figure 21. P*‘Versus n* at T* = 10
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Figure 22. U* Versus n* at T* = 10
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Figure 23 P* Versus n* at T* * 20
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—  Equation T 
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Figure 24 U* Versus n* at T* = 20
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Table 22

Radial D istribution Function at T* = 3.3333,6.11 and 1.8

X g(x)

0.0179

T* = 6.11 

0

T* = 10 

0

T* = 20 

0

0.1250 0 0 0

0.2500 0 0 0

0.3750 0 0 0

0.5000 0 0 0

0.6250 0 0 0

0.7500 0 0 0

0.8750 0 0 0

1.0000 3.495 2.748 3.378

1.0714 2.554 2.389 2.478

1.1250 Z051 2.245 2.064

1.1964 1.565 1.890 1.644

1.2500 1.304 1.550 1.385

1.3214 1.062 1.234 1.112

1.3750 0.944 0.941 0.971

1.4464 0.853 0.825 0.865

1.5000 0.824 0.840 0.842

1.5714 0.703 0.548 0.644

1.6250 0.725 0.651 0.682
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Table 22-C ontinued

x g(x)

H - J f c l l T* *  3.3333
T“<IIP.

1.6964 0.775 0.7360 0.754

1.7500 0.825 0.822 0.817

1.8214 0.902 0.929 0.707

1.8750 0.968 1.002 0.977

1.9464 1.063 1.089 1.072

2.0000 1.139 1.145 1.142

2.0714 1.186 1.186 1.187

2.1250 1.171 1.189 1.178

2.1964 1.120 1.162 1.136

12500 1.074 1.123 1.092

13214 1.016 1.052 1.03

13750 0.980 0.994 0.987

14464 0.945 0.927 0.941

15000 0.928 0.889 0.916

15714 0.921 0.870 0.904

16250 0.927 0.883 0.912

16964 0.946 0.922 0.936

17500 0.965 0.957 0.96

18214 0.992 1.000 0.992

18750 1.011 1.026 1.014

19464 1.031 . 1.049 1.036

3.0000 1.041 1.058 1.046
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Figure 25. Radial D istribution Function at T* = 1.8 (n* = 0.75)
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g(x)
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Figure 26. Radial D istribution Function at T* = 3.3333 (n* = 0.75)
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Figure 27. Radial D istribution Function at T* = 6.11 (n* = 0.75)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER V

SUMMARY AND CONCLUSIONS

A two param etric integral equation, equation T, was studied w here 

square-w ell potential ia an assum ed potential used for the system  studied. 

Radial d istribution functions w ere com puted from  high tem perature, T*= 

20, to low  tem perature T* = 1.4, in die gas region. Com parisons w ere

m ade w ith the 'exact* M onte Carlo results that w ere read from  A lder's 
<

graphs, equation C and results from Carley's com bination of pertabation 

and  in teg ral equation m ethod. Theoretical resu lts w ere used  for 

com parisons to avoid the task of determ ining the interpartical forces. 

Thus, it is certain that if the results obtained differ from  the attem pted 

results, it is because of theoretical and numerical approxim ation involved 

in using the integral equation.

Equation T was initially solved for two densities n* = 0.85 and n* = 0.65 

at seven selected tem peratures w here values of b2 and b3 w ere chosen to 

give close agreem ents to established 'exact* results. Good agreem ents w ere 

found for tem peratures T* = 6.11,3.3333 and 6.11 at low and as well as high 

densities. A t tem perature T* = 10 amd T* = 20 a sm all deviation from  

exact" (equation C) occurred at high densities w hich show s th a t b3 

- becom es reasonably im portant and gives significant effect at high densities 

and on the results obtained. This is because b3 appears only in h igher 

densities term s in the density expansion.

86
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becomes reasonably im portant and gives significant effect at high densities 

and, thus,

At T* = 1.8, deviations occurred at low and a t high densities except at 

densities n* = 0.85 and n* = 0.65. These are expected since the param eters 

of equation T, used to find coefficients for the least square fit equation, 

w ere chosen to give agreem ents to the "exact" values. Best fit param eters 

w ere obtained at m uch low er tem perature (T* = 1.4), b u t no agreem ent 

w ith  the "exact" values w as found because no convergence could be 

obtained at all densities. If there w ere convergences, they usually  gave 

questionable results. N o com parisons can be m ade and therefore, this 

concludes that equation T does not w ork w ell in  low  tem perature gas 

region.

This study show s that equation T w orks w ell a t low  tem peratures 

and it is better than equation C. But equation T is no t convenient to work 

w ith since it deals w ith  tw o param eters w hich require  a lot m ore work. 

W hen com paring resu lts from  equation T usin g  square-w ell potential 

w ith results using L ennard Jones potential, it is show n that Equation T 

using Lennard Jones potential does gives better results.
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APPENDIX A

EQUATION T RESULTS

This appendix lists all results of numerical solution of solving integral 

equation T using the main program . The following notations are used.

N otations Discriptions

b2 and b3 Values of parameters in equation T

n* Reduced number density.

T* Reduced temperature.

N  A indicates 75 points were used to specify the

function with intervals of 0.07142857.

B indicates 297 points were vised to specify 

the function with an interval of 0.01785714.

SDSS M easure of the difference betw een the final

guessed value of S and com puted value of S. 

This is also to indicate how good the 

convergence is. The smaller the value of 

SDSS, the better is the convergence.

P* and U* Reduced pressure and energy, calculated

from  the radial distribution function.
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Table 23

Complete Results of P* and U* of Equation T

b2 • b3 n* T* N SDSS P* U*

0 0 0.85 3.3333 A .195E-5 6.7563782 -0.19625568

B .977E-5 7.1476440 -0.19142985

0 0.1667 A •166E-5 7.7022090 -0.18968117

B .745E-6 8.5003777 -0.18472409

0.5 0 A .168E-5 8.80351477 -0.19194698

B .214E-5 8.81336816 -0.18879616

0.1175 0.0092 A .448E-5 7.21554848 -0.19323182

B .178E-5 7.745555 -0.18866730

0.4 0.05 A •704E-6 8.0046206 -0.19041419

B .746E-6 8.7976208 -0.18666637

0.5 0.1667 A .547E-6 8.4585466 -0.18850577

B .701E-5 9.4561443 -0.18488586

0.3 0.3 A .533E-6 8.4819536 -0.18567610

B •862E-5 9.5448084 -0.181123889

0 0 0.65 A .215E-7 3.4735594 0.070326626

B .246E-6 3.5785537 0.070133805

0 0.1667 A .311E-6 3.6506388 0.07188600

B .312E-6 3.7948359 0.071707368

0.5 0 A .294E-6 3.8827496 0.075995028

B .310E-6 4.0504513 0.075964332
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Table 23-"Continued

b2 b3 n* T* N SDSS P* U*

0.1175 0.0092 0.65 3.3333 A .489E-6 3.5983171 0.072121382

B .144E-6 3.7221196 0.071987510

0.4 0.05 A .334E-6 3.8512378 0.075376868

B •342E-6 4.0166163 0.075325966

0.5 0.1667 A •290E-6 3.9894714 0.076633453

B .409E-6 4.1841631 0.076594055

0.3 0.3 A .232E-6 3.9553180 0.075655818

B .812E-6 4.1519780 0.075578034

0 0 0.85 2.6 A .319E-5 6.4947963 -0.53877711

B .301E-5 6.9079013 -0.53156531

> o 0.6 A .179E-5 7.7382021 -0.52575164

B .186E-2 8.9931068 -0.51687109

-0.8 0.65 A .154E-5 7.8077855 -0.5268656

B .514E-2 9.0776358 -0.52129400

-0.85 0.40 A .733E-6 7.1648660 -0.54195571

B .242E-5 8.5320864 -0.53257334

i o VJ 0.4 A .610E-5 7.1859102 -0.53537834

B .195E-5 8.3575621 -0.5624869

-0.85 0.6 A .159E-5 7.6902852 -0.52977979

B .302E-3 9.1306143 -0.52034461

-0.8 0.45 A .178E-5 7.3256750 -0.53416805

B .188E-5 8.6196613 -0.5653563
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Table 23—Continued

b2 b3 n* T* N SDSS P* U*

0 0 0.65 2.6 A .117E-6 3.1803179 -0.20225751

B .321E-6 3.2923281 -0.20172048

-0.7 0.6 A .325E-6 3.2923281 -0.20668876

B .300E-6 3.2931020 -0.20647514

-0.8 0.65 A .306E-6 3.1024172 -0.20795941

B .525E-6 3.2643993 -0.20783186

-0.85 0.40 A .358E-6 2.7301290 -0.21499109

B .530E-6 2.8277113 -0.21530366

00o• 0.45 A .383E-6 2.872043 -0.21179390

B .709E-6 2.9888151 -0.21187568

-0.70 0.40 A .379E-6 2.9180334 -0.21002758

B .304E-6 3.0313866 -0.20997322

-0.85 0.60 A. .235E-6 2.9984286 -0.21021509

B .795E-6 3.1471994 -0.21022594

0 0 0.85 1.8 A .722E-6 5.9623165 -1.2378807

B .345E-5 6.4180951 -1.2245107

0.1175 0.0092 A .124E-5 6.2815056 -1.2406933

B .148E-5 6.8633385 -1.2278628

-0.225 0.15 A .369E-6 6.0035253 -1.2277236

B .170E-5 6.5870590 -1.2131097

-0.15 0.10 A .348E-5 5.9852977 -1.2306306

B .151E-5 6.5224748 -1.2163684
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Table 23-Continued

b2 b3 n* T* N  SDSS P* U*

-0.4 0.20 A .281E-5 6.373818 -1.2247856

B .144E-5 6.373818 -1.2097538

-0.3 0.1 0.85 1.8 A .522E-5 5.5622587 -1.2304845

B .368E-4 5.218432 -1.2307656

-0.6 0.2 A .164E-4 5.218432 -1.2307656

B .392E-5 5.7503672 -1.2247488

0 0 0.65 A .207E-6 2.6026130 -0.76647329

B .895E-6 2.728990 -0.76331866

0.1175 0.0092 A .825E-6 2.6542280 -0.76720524

B .756E-6 2.7956033 -0.76410472

-0.225 0.15 A .195E-6 2.5629094 -0.76446271

B .319E-6 2.6804533 -0.76120317

-0.15 0.1 A .325E-6 2.577236 -0.76502335

B .295E-6 2.6976142 -0.76178718

-0.4 0.2 A .377E-6 2.4938669 -0.76407599

B .383E-6 2.5966499 -0.76080859

-0.3 0.1 A .270E-6 2.5009351 -0.76482940

B .367E-6 2.6030908 -0.76158023

-0.6 0.2 A .481E-6 2.3678517 -0.76165688

B .346E-6 2.44445951 -0.76165688

0 0 0.85 1.4 A .499E-6 5.4541912 -1.8960524

B .274E-6 5.9487991 -1.8753595
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Table 23-Continued

b2 b3 n* T* N SDSS P* U*

0.1175 0.0092 A .180E-5 5.7010589 -1.9056975

B .242E-5 6.3155351 -1.8850944

0.05 -0.2 A .970E-5 4.9422574 -1.9179475

B .282E-5 5.1114421 -1.8995726

0.15 -0.1 A .556E-5 5.5323400 -1.9186985

B .105E-5 6.0233474 -1.9002521

0.15 -0.2 A .436E-5 5.2487855 -1.9311764

B .294E-5 5.5570016 -1.9146433

0.2 -0.1 A .240E-5 5.6390958 -1.9253347

B .280Er5 6.1852498 -1.9076796

0.2 -0.2 A .310E-5 5.3838220 -1.9399796

B 313E-5 5.7585845 -1.9249921

0 0 0.65 A .403E-8 2.Q803168 -1.3063579

B .181E-6 12198944 -1.2992847

0.1175 0.0092 A .226E-6 • 10894551 -1.3105977

B .258E-6 2.2419636 -1.3036809

0.05 -0.2 A .102E-6 2.0330129 -1.3059127

B .351E-6 2.1660993 -1.3173382

0.15 -0.1 A .221E-6 10620608 -1.3146353

B .267E-6 2.2119348 -1.3079607

0.15 -0.1 A .241E-6 2.0344996 -1.3173382

B .238E-6 2.1785436 -1.3108687
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Table 23-C ontinued

b2 b3 n* r* N SDSS P* U*

0.2 -0.1 0.65 1.4 A .208E-6 2.0616720 -1.317056

B .354E-6 2.2171683 -1.3164997

0.2 -0.2 A .262E-6 2.0330451 -1.3200130

B .376E-6 2.1827538 -2.3136911

0 0 0.85 6.11 A .139E-5 7.1792774 0.35088563

B .591E-5 7.5357866 0.35281187

0.1175 0.0092 A .370E-5 7.7236438 0.35409856

B .172E-5 8.2241611 0.35589963

0.5 0.1667 A .834E-6 9.0869360 0.35988933

B .943E-6 10.037261 0.36122400

0.2 0.4 A .157E-6 9.2933311 0.36073309

B .IE-6 10.419754 0.36246794

-0.25 0.3 A .182E-5 8.6014271 0.35578293

B .124E-5 9.6145306 0.35789371

-0.1 0.5 A •.665E-6 9.2697563 0.36001801

B .199E-5 10.479503 0.36201465

0.4 - 0.1 A .109E-5 7.8236451 0.35543633

B .IE-5 8.2413292 0.35684812

0 0 0.65 A .349E-6 3.9580369 0.50002831

B .308E-6 4.0520568 0.49940103

0.1175 0.0092 A .379E-6 4.1218262 0.50163329

B .371E-6 4.2368970 0.50106937
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Table 23-Continued

b2 b3 n* T* N SDSS P* U*

0.2 0.4 0.65 6.11 A .382E-6 4.6113076 0.50458729

B .421E-6 4.8197188 0.50405461

-0.25 0.3 A .325E-6 4.1885924 0.50023568

B .514E-6 4.3494925 0.49951857

-0.1 0.5 A .447E-6 4.52-5216 0.50302547

B .415E-6 4.8311807 0.50240046

0.4 ■■0.1 A .330E-5 4.26 54905 0.50365484

B •412E-6 4.3882117 0.50320268

0.5 0.1667 A .297E-6 4.6078858 0.50557733

B .2E-6 4.7973838 0.50513256

0 0 0.85 10 A .543E-6 7.3795228 0.60439271

B .189E-5 7.7191029 0.60536534

0.1175 0.0092 A .109E-5 7.9648333 0.60683489

B .591E-5 8.4520158 0.60773838

0.2 0.4 A .219E-5 9.6292181 0.61150855

B .484E-5 10.746062 0.61232579

-0.25 0.3 A .224E-5 8.9763136 0.60797733

B .465E-5 10.003480 0.60900182

-0.1 0.5 A .648E-5 9.6360979 0.61086637

B .248E-5 10.845904 0.61181670

0.3 0.3 A .182E-5 9.4918928 0.61130762

B .182E-5 10.523094 0.61207241
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Table 23-Continued

b2 b3 n* T* N SDSS P* U*

0.5 0.1667 0.85 10 A •134E-5 9.3783969 0.61207241

B .341E-5 10.306882 0.61188203

0 0 0.65 A .388E-6 4.1898904 0.69659889

B .311E-6 4.2789631 0.6960755

0.1175 0.0092 A .369E-6 4.3713861 0.69774611

B .438E-6 4.4826107 0.69727618

0.3 0.3 A .281E-6 4.8907957 0.70009017

B .331E-6 5.0885949 0.69965845

0.2 0.4 A .282E-6 4.9211087 0.69997340

B •258E-6 5.1311197 0.69952011

-0.25 0.3 A 538E-6 4.5001264 0.69711524

B .631 E-6 4.6677880 0.69652909

• o J-» o In A .262E-6 4.8464326 0.69902128

B .338E-6 5.0624571 0.69850061

0.5 0.1667 A .290E-6 4.8954854 0.70053422

B .411E-6 5.0824952 . 0.70014578

0 0 0.85 20 A .449E-5 7.5380487 0.80259097

B .247E-5 7.7190819 0.60536516

0.1175 0.0092 A .979E-6 8.1564054 0.80400765

B .131E-4 8.1564054 0.80400765

0.1 0.01 A .600E-5 8.1048183 0.80387586
- B .535E-5 8.5718718 0.80425507

0.05 0.05 A .203E-5 8.321204 0.80403262
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Table 23~Continued

b2 b3 n* T* N SDSS P* U*

0.05 0.05 0.85 20 B .374E-5 8.8895731 0.80441469

0.1 0.04 A .270E-5 8.3739252 0.80426979

B .353E-5 8.9375582 0.80464178

0.15 0.05 A .936E-6 8.5706682 0.80468971

B .221E-5 9.1844282 0.80504686

0.01 0.1667 A .513E-6 8.9719877 0.80493087

B .128E-5 9.7900686 0.80530363

0 0 0.65 A .194E-6 4.3746872 0.84912217

B .194E-6 4.4599791 0.84886167

0.1175 0.0092 A •198E-6 4.5697279 0.84976965

B .382E-6 4.6780186 0.84947747

0.1 0.01 A .556E-6 4.5488195 0.84969598

B .416E-6 4.6549182 0.84940028

0.05 0.05 A .416E-6 4.5732498 0.84966612

B .323E-6 4.6879373 0.84938237

0.1 0.04 A ..406E-6 4.61284116 0.84983355

B ..376E-6 4.7301726 0.84953928

0.15 0.05 A .363E-6 4.6882911 0.85006821

B .415E-6 4.8149781 0.84978342

0.01 0.1667 A .391 E-6 4.7519069 0.84999305

B .276E-6 4.7519069 0.84968738
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Table 24

Com plete Results of Best Fit Param eters of Equation T

b2 b3 n* T* N SDSS P* U*

-0.33 0.19 0.001 .3.3333 A 0 1.0003558 0.99865645

B 0 1.0003558 0.99865717

0.10 A .193E-7 1.0548491 0.86611313

B .557E-8 1.0556784 0.86621141

0.30 A .763E-7 1.3419741 0.59225386

B .449E-7 1.3419741 0.59225386

,0.50 A .188E-6 2.1027668 0.29618740

B .149E-6 2.1317523 0.29580861

0.70 A .638E-6 4.0193305 -0.0063024759

B .294E-6 4.1982203 -0.006194531

0.75 A .841 E-6 4.8563266 -0.075227857

B .764E-6 5.1489840 -0.074105978

0.80 A .770E-6 5.905870 -0.13865650

B .578E-6 6.3849936 -0.13581800

0.85 A .187E-5 7.2014093 -0.19547379

B .680E-6 7.9788857 -0.18993819

•1.0 0.4 0.001 1.8 A .558E-10 0.99840188 -0.99678862

B 0 0.99840188 -0.99679203

0.10 A .273E-8 0.87233138 0.69358087

B .187E-7 0.87274837 0.69405240
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Table 24—C ontinued

b2 b3 n* T* N  SDSS P* U*

0.25 1.8 A .611E-7 0.83400637 0.2886990

B .703E-7 0.83773023 0.29058182

0.45 A .112E-6 1.1843519 -0.22834468

B .IE-6 1.2037913 -0.22598970

0.60 A .174E-6 1.8636935 -0.63180506

B .315E-6 1.9043090 -0.62928247

0.70 A .716E-6 2.5572543 -0.90043151

B .173E-5 2.6423690 -0.89681387

0.75 A .748E-6 3.1743598 -1.0271902

B .106E-5 3.4189560 -1.0219886

0.85 A .242E-5 5.7713513 -1.2314889

B .305E-5 7.1085725 -1.2149594

0.001 2.6 A 0 0.99976313 0.99812573

B 0 0.9976319 0.99812669

0.10 # A .108E-7 0.99744749 0.81640339

B 0 0.99612220 0.81262630

0.30 A .586E-7 1.1794686 0.45854568

B .697E-7 1.1842876 0.45912135

0.50 A .160E-6 1.8469712 0.083524704

B •146E-6 1.8761592 0.03683372

0.65 A .413E-6 2.9982064 -0.20593274

B .477 E-6 3.0955153 -0.20593274
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Table 24--Continued

b2 b3 n* T* N SDSS p* U*

-0.37 0.17 0.85 2.6 A .542E-5 6.5359292 -0.53859425

B .561E-6 7.2045317 -0.53032815

0.05 0.034 0.001 6.11 A 0 1.0012118 0.9936026

B 0 1.0012118 0.99936056

0.10 A .217E-7 1.1423963 0.93420237

B 0 1.1426346 0.93422520

0.30 A .715E-7 1.6266403 0.78929526

B .525E-7 1.6316613 0.78919798

0.50 A .233E-6 2.6412497 0.62660205

B .132E-6 2.6749732 0.62507545

0.70 A .125E-5 4.7733541 0.4609472

B .205E-5 4.9418039 0.406183

0.75 A •279E-6 5.5842185 0.42263716

B .179E-5 5.8296647 0.42268503

0.80 A .613E-6 6.5669789 0.38673162

B •155E-5 6.9303708 0.38749117

0.85 A .IE-5 7.7274883 0.35369784

B .169E-5 8.2627125 0.35556686

0.026 0.088 0.001 10 A 0 1.0015733 0.99963313

B 0 1.0015733 0.99963331

0.10 A .104E-7 1.1809695 0.96167248

B .177E-8 1.18122481 0.96167248
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Table 24-C ontinued

b2 b3 n* T* N SDSS P* U*

0.026 0.088 0.30 10 A .540E-7 1.7542067 0.87440532

B .621E-7 1.7593472 0.87429506

0.50 A .104E-6 2.8672721 0.77464390

B .139E-6 2.9022400 0.77421975

0.70 A .391E-6 5.1416540 0.67305988

B .539E-6 5.3331351 0.67266876

0.80 A .912E-6 7.0655479 0.62760705

B •986E-6 7.5034437 0.62787783

-0.03 0.06 0.001 20 A 0 1.0018418 0.99982548

B 0 1.0018418 0.99982560

0.10 A .708E-8 1.2104031 0.98153520

B 0 1.2106794 0.98153520

0.30 A .371E-7 1.8480663 0.93843150

B •3E-7 1.8530670 0.93835747

0.45 A .670E-7 2.6385379 0.90131837

B .170E-6 2.6589773 0.90111196

0.60 A .261E-6 3.9071531 0.86220622

B .383E-6 3.9789257 0.86188108

0.75 A .379e-6 6.0164571 0.82993061

B •708E-6 6.2624044 0.82477766

0.85 A .386E-5 8.1883526 0.80352145

B .272E-5 8.7524891 0.80371943
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APPENDIX B

COMPUTER PROGRAMS

This appendix lists all com puter program s that w ere used for this study  

and also discusses the changes that w ere m ade for their im provem ents. 

The first thing that w ere done was to transfer all program s from  DEC PDP 

10 system  to a m uch faster com puting system , DEC VAX. The follow ing 

are the procedures involved, w ritten in  po in t form .

1. Log-in the PDP 10 system.

2. A t the m onitor prom pt (.) type the exactly the following,

w hich m eans 'nm  netw ork file transfer’

3. W hen a star prom pt appear (*), type exactly the following,

*COPY POOH::MAIN8.FOR/USER:86ISMAIL=MAIN7.FOR

.R N F T

new filename old filenam e

4. M essages appear asking for the follow ing inform ations,

PASSWORD: TAQWA

USERID: 86ISMAIL

ACCOUNT: <R>

(Enter your VAX usernam e) 

(Type RETURN)

(Type your secret passw ord)

104

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



105

5. M essages appear to confirm  that the file has com pletely 

transferee!.

6. To exit type EXIT at star (*) prom pt.

N ote that the exam ple show n above is the case of this particular study. A 

m ore general exp laination  are in  the nex t tw o pages su p p lied  by 

Achedem ic Com puter Center at W estern M ichigan U niversity.
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ASCII F i le  Transfers Between th e  CECsystem-10 and the VAXes

1 .1 0 2
7/86-SMT

DBC-10 ” > V M

To transfer a file froa the DECsystem-10 to the VAX you need to log onto the 
DEC-10 and run the program NFT (Network File Transfer) typing the following 
command at the DEC-10 prompt (.):

.K NFS

At the * pronpt which 'will appear* type the COPY command (you substitute the 
appropriate node* device, directory and filename):

COPT node: :device: [directorylvaxfilename/USKRID=decfilename

The. program will respond with a message and then request you to enter the 
following information about your VAX account:

USER-XD:
ACCOUNT: (just press the RETURN key)
PASSWORD: (will not echo password)

A message recounting the transfer process will appear in the following form:

Node: :device: [directory Jvaxfilename < «  DSK: (ppnjdecfilenaae

This will be followed by a message about the size of the file transferred and the 
asterisk will reappear. At this point simply enter EXIT to leave the program or 
enter another NFT command.

Example:

• R H R

♦COPY POOS: :DXSE3BISs[JOHBS]newfil2.dat/USERID>newfil.dat

USER-XD: J O B S  (VAX login username)
ACCOUNT:
PASSWORD: (enter VAX password)

POOH: :DXSK$BXS:[JONES]newf il2.dat < »  DSK:[ppnlnewfil.dat 

♦EXIT
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VAX a»a> DBC-10

To copy a file froa the VAX to the DEC-10 cun the NFT program on the DEC-10 (as 
described above) using the R NFT command and switch the VAX information to the 
other side of the sign. The command can be shortened to:

♦COPT dccfilename=node::vamfilename/USERID

As with the DEC-10 to VAX transfer, you will be asked for information about the 
VAX account.

If the VAX filename contains underscores or special characters, it must be 
enclosed in double quotes (") in the NFT command line. The DEC-10 file into 
which it is moved must have a valid DEC-10 file name.

SIMPLIPTING THE COtMAND

If you want to simplify the COPT command further, you can put the following line 
in your SWITCH.INI file:

NFT/USERID:username:username

The COPT command can then be reduced to:

♦COPT nade::adecfilenaaa (to copy from the DEC-10 to the VAX)
and

♦COPT decfilename»node::vaxfilename (to copy from the VAX to the DEC-10)

GETTING HELP

There is online help available for NFT. To read it, enter HELP NFT at the DEC-10 
prompt (.). To obtain a printed copy of this help file enter the following 
command at the DEC-10 prompt:

PRINT HLP:NFT.HLP

Warning:

Since the network attempts to login to the VAX account using the USERID and 
PASSWORD specified, if there ara any errors in your uCGIN.COM file on the VAX, 
the program will fail. To prevent the processing of your LOGIN.COM file during 
network logins, insert the following line at the beginning of your LOGIN.COM 
file:

SIP PSMODE() .EQS. "NETWORK" THEN 3EXIT
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The m ain task after the transfer is to m ake the new  system  capable of 

understand ing  the com m and statem ents th a t appear in  the program  

transferred. So few changes are necessary. Fortunately, the problem  d idn 't 

arises w hen dealing w ith  all Basic program s since both system s use the 

sam e com m ands. The three basic program s; the LEASTSQ.BAS, PAD.BAS 

QUADRATIC.BAS are listed in the next four pages. The Least square fit 

program  basically deals w ith equation 37 and 38.

p* = Pq* + C ib2 + C2b3 + C3b22 + C4b32 + C5b2b3 (40)

U* = Uo* + C ib 2 + C2b3 + C3b22 + C jb32 + C5 b2 b3 (41)

The QUADRATIC.BAS uses the same equation to com pute b2 and b3 

given values of P* and  Po*. The PAD.BAS program  is used  for 

interpolation using form ulas

P* = ( 1 + aln* + a2n* + a3n* )

( 1 + a4n* + a5n* + a6n* )

U = ( 1 + aln* + a2n* + a3n* )

( 1 + a4n* + a5n* + a6n* )

The only program  w ritten in FORTRAN is the MAIN8 which is the 

im provem ent of MAIN7. Changes are listed in points form.
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QUADRATIC.BAS PROGRAM

10 REM THIS PROGRAM IS DESIGNED TO COMPUTE B2, GIVEN A 

VALUE OF B3 

20 PRINT "TYPE THE PY VALUE"

30 INPUT PO

40 PRINT ’TYPE THE P* OR U* VALUE”

50 FOR S = 1 TO 5

60 INPUT L

70 LET C(S) = L

80 NEXT S

90 A = -1.00

100 A = A + 0.05

110 E = ( C ( 2 ) + C ( 5 ) « A )

120 S = C ( 1 ) » A  + C ( 3 ) « A « A  + P 0 - P

130 PI = - (E + E /ABS( E ) • S Q R T ( E » E - 4 # C ( 4 )  • F ))/

( 2  • C ( 4 ) )

140 B2 = F / ( C ( 4 )  • B l )

150 PRINT Bl, B2, A 

160 IF A >1.00  THEN 170 

165 GO TO 100

170 PRINT " DO YOU WANT TO TEST OTHER VALUE ? "

180 INPUT T 

190 IF T  = 3TH EN 20 

200 END
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LEASTSQ.BAS
5 REM P* . Po* + clb2 + c2b3 + c3b2**2 + c4b3**2 + c5b
6 rent " U* = Uo* + clb2 + c2b3 + c3b2**2 + c4b3**2 + c5b
10 DIM A (20), B (20), Y(20), X(5,5>, C<5,1), Z(5,l>15 MAT Z * ZER20 MAT X * ZER
30 PRINT "TYPE THE NO. OF POINTS"40 INPUT N
50 PRINT " TYPE THE PY VALUES "60 INPUT P
70 PRINT " TYPE THE N VALUES OF P "80 FOR J * 1 TO N 
90 INPUT PI 100 Y(J) = Pi - p
110 next J
120 PRINT " TYPE THE N VALUES OF A "130 FOR J = 1 TO N 140 INPUT A (J)150 NEXT J
160 PRINT " TYPE THE N VALUES QF B "170 FOR J = 1 TO NISO INPUT B (J)190 NEXT J200 FOR J = 1 TO N210 X <1.1) = X(l,1) + A (J) *A (J)220 X(1,2) a X(1,2) + A(J)*B(J>230 X(1,3) = X(1,3) + A (J) *A (J) *A < J)240 :< (1,4) = x(1,4) + A (J) *B (J) *B < J)250 X(1,5) = X(1,5) + A(J)*A(J)*B(J>260 X (2,2) a X(2,2) + B (J ) *B (J)270 X (3,3) = X(3,3) + A (J) *A (J) *A (J) * A (J)
280 X ( 2 , 4 ) = X(2,4) + B(J>*B(J)*B(J)290 X (3,4) = X(3,4) + A(J)*A(J)*B(J)*B<J>X(5,5) = X(5,5) + A (J)*A(J)*B(J)*B(J)300 X(3.5) = X(3,5) + A (J)*A(J)*A(J)*B(J)310 X(4,4) a X(4,4) + B(J)*B(J)*B(J)*B(J)320 X (4,5) a X(4,5) 4* A(J)*B(J)*B(J)*B(J)330 X(2,1) — X(1,2)340 X (2,3) a X ( 1, 5)350 X <2, 5) a X (1,4)360 X <3,1) = X (1,3)370 X (3, 2) s X(2,3)380 X(4,1) a X ( 1,4)390 X (4, 2) = X (2, 4)400 X (4,3) a X (3, 4)410 X(5,1) = X(1,5)420 X(5,2) a X(2,5)430 X(3,3) a X(3,5)
A4'0 X(5e 4) = X( 4 , 5 )
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450 Z <1, 1 > ■ Z<1,1> + A(J)*YCJ>
460 Z <2f1) = Z<2,1> + B(J)*Y(J>
470 Z(3,1) ■ Z(3,1) + A(J)*A<J>*Y<J)
480 Z (4,1) = Z(4,l) + B (J)*B(J)*Y <J)
490 Z(5,1) a Z(5,1) + A<J)*B(J>*Y<J>495 NEXT J 
500 MAT D = INV(X)
510 MAT C = D*Z 
520 PRINT
530 PRINT "Cl a" ; C(l, 1)540 PRINT "C2 a" ; C (2, 1)550 PRINT "C3 =" ; C(3, 1)560 PRINT "C4 a- . C (4, 1)570 PRINT "C5 =" ; C<5, 1)580 PRINT
590 PRINT 11 ft11  ̂111311 11 p M- "P600 PRINT
610 FOR J = 1 TO N620 PI = P + Y(J)
630 P2 * P + C<1, 1>*A(J) + C(2,1)*B<J> *• C (3, t) *A (J ' +A •. J » -r Cl4,i (5, 1) *A (J) *B < J)
640 PRINT A<J),B<J>.Pi,P2 650 NEXT J
660 PRINT " DETERMINANT OF X " ,DET 670 END

' *B J ) * .
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Pad.Bas

11
15
16 
17 
20 
21  
22 
23
25
26
27
28
29
30
31
32
33
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
55
56
57
58
59
60
65
66 
67
70
71
72
73
74
75
76

dim d(6),p(6),c(6,l),a(6,l),w(6,6),b(6,6)
def fnb(x) = 1 + a(l,l)*x + a(2,l)*x*x + a(3,l)*x*x*x
def fnc(x) = 1 + a(4,l)*x + a<5,l)*x*x + a(6,l)*x*x*x
def fna(x) = fnb(x)/fnc(x)
print "type the 6 densities"
input d(l) ,d(2) ,d<3) ,d(4) ,d(5) ,d(6)
print "type the 6 y-values"
input p(l) ,p(2) ,p(3) ,p<4) ,p(5) ,p(6)

= 1 to 6 
= P ( j )  -  1 = d(j)
= d( j) *d( j)= d( j) *d( j) *d( j)
= -p(j) *d(j)
= -p(j) *d(j) *d( j)
= -p( j) *d( j) *d( j) *d( j)

for j  
c(j,l) 
w(j,l) w( j,2) 
w(j,3) 
w( j ,  4) 
w( j,5) 
w( j ,  6) 
next j 
mat b 
mat a 
print 
print 
print 
print 
print 
print 
print 
print 
print 
print 
print print 
for j

= inv(w)
= b*c
"pade ceofficients"
"al = "; a ( 1 , 1
"a2 = " ; a  (2,1
"a3 = " ; a ( 3 , 1
"a4 "; a (4 , 1
"a5 = " ; a ( 5 , 1
"a6 " ; a  ( 6 , 1
ii ̂  iij / tidensity "input "output y'
= 1 to 6 

y = fna(d(j)) 
print j,d(j) ,p(j) , y  
next j 
print
print "type 1 to end, 2 to print values" 
input jl
if jl = 1 then 76 
print "type initial density, 
input dl,d2,j 3 
print
print "density", "y", "numerator", 
print
for j = 1 to j3 
x = dl + (j - 1) *d2 
print x, fna(x), fnb(x),fnc(x) 
next j 
print 
goto 56 
end

interval, and number of points"

"denominator"
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LINES CHANGES

1. 100,200,300/ 400

2. 800

3. 5100,5200,5300

4. 5600

5. 7600,7900,8100

6. 10100,10200,10300 

32600

To m ake it possible to com pute m ore 

than 100 values, all dim ensions are 

changed from 100 to 300 except SINE(600)

The format is changed to FORMAT(L5F15.0) 

This is because Vax reads values from  the 

screen monitor differently.

A n equation is broken dow n to sm aller parts 

of equations for convenience.

X »2.0*S2(J)

Y = X - S4(J) - SO)

IF ( Y . EQ. 0.0) GO TO 200 

To avoid computing zero dom inator extra­

polated SE(J) is assigned w ith the S(J) value. 

Notice that this is related to 5300.

The following statem ents are inserted,

IF (NTIMES .GT. 0) GO TO 61 

READ (5,60) MT, ALPHA, NTIMES 

NTIMES = NTIMES -1

These lines are to avoid typing ALPHA 

each time.

A t this subroutine, the therm odynam ic 

function is inserted. The CALL statem ents 

are changed to,
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CALL STOG3 (S,G,BPHI/R/N/P2,P3/DEN/DEL) 

CALL STOG3 (S2/GI/B PH I^<N /P2/P3/DEN/DEL) 

CALL ST0G3 (SE,GE,BPHI,R,N,P2,P3,DEN,DEL) 

Notice that P1,P2,P3,DEL,DEN are inserted.

VAX uses different OPEN statement. 

OPEN (UNIT = 20/ ACCESS = 'SEQUEN- 

-TIAL'/STATUS = 'NEW',FILE = 'PRINT) 

The same changes are m ade for dies, 

PRIN2,DASIl/DASI2,and DASI.

Thermodynamic function THTSW.FOR 

and statem ent T = PI are inserted. 

Statements deleted are,

SP = 0.0

OPEN statem ents for FSJDAT 

SP = SP + R*4*(1.0 -10*  R*6)* G(J)

G(JB) = 10  * G(JB + 1) - G(JB + 2)

G(JE) = 10 *G(JE - 1) - G(JE - 2)

The program  to com pute thermodynamic functions P* and U* of Square- 

w ell is on next page, w hich is the original program . A new  revised 

version of this program  is in M ain 8 under subroutine STOG3. N otice 

that this program  is inserted  in the m ain program  to avoid the task of 

creating or renam ing DASI files every tim e to run  THTSW and thus, 

saving tim e. The MAIN8 program  is listed  in the last pages of this 

appendix

7. 10900,11000,15100 

53000,284000

8. 32700 - 35000
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115

THTSW.FOR
DIMENSION S <300),G <300)
SE * 0.0
P I  *  3 . 1 4 1 5 9 2 7
WRITE( 5 , 4 0 )

40 FORMAT(' TYPE N,DEL,DEN,T,P2,P3 '/)
READ<5,60) N,DEL,DEN,T.P2,P3 60 FORMAT(I,5F)
Cl - EXP(1.0/T)
C2 = 1.0/Cl
OPEN(UNIT*21, ACCESS* SEOUENTIAL STATUS* ' OLD F [LE-- PS.DAT' ) READ(21.110)<S(J>, J=2.N)

110 FORMAT(E20.3)
J8 = 1.0/DEL + 1.005
JE = 1.5/DEL + 1.005
DO 150 J=JB,JE

1 5 0  G ( J)  *  C l * ( 1 . 0  + 3 ( J )  + P 2 * S ( J ) # S ( J)  + P 3 + S <J ) * S ( J - + S ( J> ■DO 210 J*JB,JE AJ * J-l 
X = AJ * DEL 

210 SE * SE + G(J)*X*X
SE = SE - 0.5*G(JB) - 0.5*G < JE' * 1.5*1.5
E * 1.0 - <4.0*P[*DEN*DEL*SE>/<3.0*T-
P = 1.0+t (2. 0*PI*DEN)/3.0) * (G (JB)-3. 375+G •. JE< + l . v - C l  <WRITE K5,260)P,E 

260 FORMAT(2E20.S)
STOP
END
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MAIN8 program

n i H E M S i a l l  $ n S E C 3 G 0 ) » 3 E C 3 u 0 ) » G C 3  9 0 ) » G E C 3 Q G ) » S s l C 3 0 Q ) » G l C 3 f l O )  
O I H E M S I O M  S 3 C 3 0 C ) . S 4 C 3 0 0 )

1 e n n u i  r f  I  l T v o e  f . ! , r : - L . Bl » . r,2 i P 3 » O E N V )* .. i. • % • • • »• * •* -  u t  • £ £ * 2 2 '
2 R E A D C 5 » 3 ) N , D E L » P l » P 2 , P 3 , 0 c M
3 F ORMAT CI  * 5F ) '  -T UDTTECSaS)
5 F QRMAT C' TYPE N F G S . M P f l N , N 8 G , A L P H A • / )
6 R £ A D C 5 , 7 ) N F G S  . H P G H . N E Q , A L P H A
7 FGRMATC 3 1 » F) . .
3 MCQM * 5 0  v f
9 PT ■ 3 . 1 4 1 5 9 2 7  

10  RHO = C 2 . 0 . i P I > * :  3 4 0 E N
I F C N F G S . G T . l )  GH TQ 13  
RHOC *  =!Ha 
RHO a RH0 v 0 • I

13  GO TG C 1 4 , 1 6 ) , I J F G S
14  CALL F G S 1 C 5 I . M )
1 5  GO TO 17
1 6  CALL F G S 2 C S I . N )
17  CGUT I HUE  
1 3  I MG » C
19 N T *  0
2 0  MOENQH = 0
2 2 AH a 1)
2 3  EL a 2 . 0 - C A N  -  1 . 0 ) -  DcL . .
2 4  C l  a E L A * 2 / £ 4 . a f c B I ^ . 3 a C ? . f i x A r j  -  1 - 0 ) )
2 5  C2 3 1 6 . 0 . 1 P I 4 4 3 / C G E L ^ E L  : r 2 )
26  CALL T R I G I C N . S I N E )  .
2 7  On 29 J  *  2 , n
2 8  . AJ a j  -  i
2 9  R C J )  s A J! GEL

30  GO TO C31 , 33 ,  35 ) . f lPGM
31 CALL P G M T L 1 C P 1 , P 2 , P 3 , R , M , 6 P H I )
3 2  GO TO 36
33 CALL P Q M T L 2 C P l , P 2 , P 3 , R , M , 8 P H r )
3 4 GO TO 3 6  .t  i 1  / n 1 • • r. •. • : z * *.j • >
J J A. * U U I U'M t  JSI  * I* •! | l  ; I • n » w* H I /
36 CALL I T E R C S I , ? P H I , R , N , i T N E , T C , C l , R H a , H Q r N Q M .

1 S t C 2 . - C . H E 1 . P 2 . P 3 )
3 7  I MG a i n n  ♦ 1 

I F C N F G S . G T . l )  GO TO 3E 
I F  C I N 0 . G T . 9 )  GO TO 38  
AI NQ *  I MO ♦ 1
RHO a R H O C v C A i n n / l C . O  )

33  CALL R M S C S I . S . N . S O )
39  SOS S U N G )  *  S 0
40  DO 41 J a 2 » N

X a 2 • 0 ' «S1CJ)
Y = X - S 2 C  J ) - S C J )

S E C J ) Y a * C S i c J )  -J 2 -  S 2 c l ) * ,- S ( j )  ) / C 2 - O t S l  C J )  -  S 2 C J )  -  S C J ) )  
GG TQ 41  

2 0 0  S E C J )  *  S C J )
41 CONT I NUE
4 2  CALL RMSC5E , S c l  , 1 1 , SO)
4 3 Sn EE CZ H! ) )  *  SC

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



117

u
4 6
4 7
48
4 9
50
51
m  ««DC -

53
54

i i
57

11
50
61

62
63
64

U
6 7
69

M
74
75

f ?
71

I 11

82
83
84
85  

. 86
87
83
89
90

1 0 9 1
1 0 9 2
1 0 9 3  
1 0 9 0

91
92
93

1 0 9 4
1 0 9 5

9 4
95
9 6
97

i o H ( ? H § S s i ’ ? 6 n , S D )
0 0  49  J = 2 » N 
S 2 C J )  3 S i C J )

I P C N O E N O M ) 5 3 » 5 3 * 5 1  
W 3 I T E ( 5 » 5 2 )  
F33MATC • O E N O H I ' U T n *  WENT N E G A T I V E ' )  fldEMOM = *
f o b h a t c , ?4 > i t e r  SCSS SDSE SOEE ' / )

F 8 i S 5 i f i i i i i f ^ s ; 2 l ? i f 3 ,i > ’ S 0 S E C i n 0 )  
I F  CNTIMES . G T .  P )  GO TO 61

F o S S I t C ' * T ? P E  1 - C O N r . r  5 X T , 3 . A B O P T , 4 . F I N , 5 . GO B A C K ! A L P H A . N T I M E S ' / )R S A D C 5 , 6 0 ) H T , A C P H A , M T I M B 3  , .
FQRMAT( I , p )
M T I M E S » M T I M E S - 1
DO JS Cj 2 j 6 5 . 1 5 7 f 7 4 , 6 8 ) » M T

S I C J ) = S C J J A A L P H A  ♦ C l - 0 - A L P H A ) * S I C J )
GO TO 36

S i c j !
GO TO 36  
DO 6 9  J -  2 * N

i i c «  I 6 S2CJ>
GO TO ( 7 5 , 7 9 , 8 3 , 8 7 ) ,MEQ 
CALL S T O G K S . G . - I P H I . R . N )m  H 8 8 t H i : S *  J l p H I  
GO TO 90
CALL S T 0 G 2 C 3 , G , 3 P H I , R

H t t  H 8 8 ! i S i : 8 t : W l l
GO TO 90
CALL STDG3CS , G , C - PMI , R  
CALL S T 0 G 3 ( S 2 , G 1 , 3 P H I  
CALL S T 0 G 3 C S E . G 6 . B P H I  
GO TO 90 
CALL 5 1 U G 4 C 5 t G , 9 ° H I , R  
CALL S T 0 G 4 ( S 2 » G 1 » 8 P M I  
CALL S T 0 G 4 ( S 5 , C - P , 9 P H I  
I F ( N T ) 1 0 9 1  , 1.091 . 1 3 9 3  
OPEN ( U N I T = 2 0 » A C C E S S 3 
GO TO 1 0 9 0  
OPEN ( U N I T = 2 0 , A C C E S S =
W R I T E C 2 0 , H  )
F0RMATC44H1 RAOIAL O I S T R I P U T I O N

F 0 R H A T C 2 6 H 3 * 0 0  CA2LET  P H Y S I C S  0 = P T  )
M R I T E C ? 0 « H 9 5 ) N P O N , N “ 0 

FORHAT CI OH NPOM= I 1 U . 9 H  NcO = 1 1 0 )

P0RMA$C21H5 ^POTENTI AL FUNCTION  
v j R I T S C 2 0 , ' 1 7 )  
F0RMATC13H RUN NUM3EP / / )

R , N )
R . M )

N )

i : M
N , P 1  , P 2 , P ? » 0 6 N , 0 E L )
.9 » I I , P 1 , F 2 , P 3 , DEM, 0  EL ) 
R . M . P l . F 2 . n 3 , O E N , O E L )

M . P 3 . A P A R )
R . N . P 3 , A P A R )
B . M . P 3 . A P A B )

S E Q U E N T I A L * . S T A T U S = * N E W , F T L E = * P R I N 1 • )  

S E Q U E N T I A L ' . S T A T U S = * N 5 M » , F I L E = * P R I N 2 ' )

F UNCT I CM GENERAL CODE )

/ / )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



118

J = 1 , I N O )

99 F0RMA$C3$H DIRECT CORRELATION FUNCTION / / )
100  W R I T E C 2 ? » 1 0 1 ) A L r H A , D E N , P l . P 2 , P 3
101  FORMAT ( 1  C H ALPHA = F 5 . 3 » 1 5 H  OENSITY = F 7 . 4 , 1 0 H  P i

1 E 1 0 . 4 . 1 C H  P2 = E 1 0 . 4 , 1 0 H  P3 3 E 1 0 . 4  / / ✓ )

i o I F Q R M A T C 4 1 H ° I T E 5 A T I 0 N  RMSCS- S)  RMSCS- SE)
1 15H RMSCSE-SE)  / / )

104  W R I T E C 2 0 , i g 5 ) C J , 3 p S S C J ) » S C S E C J ) , S 0 E E C J ) »
1 0 3  F ! 3 R M A T C I 6 » E 2 0 . 4 , 2 F 1 5 . 4 )
106  R R I T E C 2 3 j 9 1 )
107  WRITECZO »93 )
108  WRI TEC20 . 1 0 9 )  ce S
1 0 9  F0RMATC50H R S I  SE 5

1 5 9 H G l  GE G C
2 14  H TC J / / I

1 1 1  W R I T E C 2 0 l ! l I Z ) 8 c J ) » 3 2 C J > » 3 E C J ) » S C J > , r« l C J ) » G  = C J ) » G C J ) » C C J ) , T C C J ) , J
1 1 2  F O R M A T ( F 3 . 4 » 3 E 1 4 . ; i 3 F 1 3 . 5 t E 1 4 # 5 » G 1 9 . 2 * 1 4 )
1 1 3  I F C J  -  MCOM)  1 1 7 , 1 1 4 , 1 1 7
1 1 4  MCOM = NCOM ♦ 5 n
1 1 5  W R I T S C 2 0 *i}6)  m j
116  F0RMATC48H1 9 S i  Sr  5

1 5 9 H Gl  * 5  G C
2 13H TC J / / )

117  CONTINUE  
CLOSE < U M I T * 2 9 )

1 18  I FCMPUH)  1 2 1 , 1 1 9 * 1 2 1
, 1 1 3  { K W M m U f t l i l i .  ' S E Q U E N T I A L ' . S T A T U S s * M r M * . P I L E = » O A S I I * )

1 1 9  2 Q P S N ^ U N  T Ta  2 0 ,  ACC ~ S 5 a ' S E Q U E N T I A L ' , ST ATUS = ' N E W ' j F I L S a ' O A S l Z * )1 1 9 2  OPEN C U N T T = 2 0 , A C C 3 S S = ' S S O I

*1«  ”5 S S I f f S i CiC
CLOSE ( U N I T = 2 0 )

1 2 1  C ON T I N UE

1 2 2  F f l R M A T C ^ T T P E  1 T9  F I N , 2 TOEXT R A N , 3 TO 2X14, 4  TO 4 X N ; N ' / )
1 2 3  REAQC5 » 1 2 4 ) M T , N
1 2 4  F ORMAT( 2 1 )
J | |  G 0 _ T 0 < ; j L 5 7 , p , 1 2 P , l 4 9 ) , N T

1 3 0  0 0  1 3 2  J *  3 »N » 2
1 3 1  K » J / 2  ♦ 1

11! m i 5S 3c5 , 4.m.2-
1 3 4  K = J / 2
1 3 3  S I C J )  = O . S A ( S C K )  ♦ 3 C K ♦ 1 ) )

13! iii*2 6^8:iu?> - SU4>
13  9 GO TO 22
1 4 0  H a 4'«N -  3 .
1 4 2  0 5 L  a O E L * 0 . 2 5 0
1 4 3  DO 1 4 5  J 3 5 , N , 4
1 4 4  K a J / 4  ♦ 1
1 4 5  S I C J )  = SCK)
1 4 6  0 9  1 4 9  J = 7 . N . *
1 4 7  X 3 J / 4  ♦ 1 _
1 4 0  S I C J )  3 0 . 5 * 1  S C * )  ♦ SCK + 1 ) )
1 4 9  0 0  1 5 0  J 3 6 »N , 4
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113 * s n J  4
1 5 2  S I C J )  = 0 . 5 * * C S I C J  -  1 )  ♦ S I C J  ♦ 1 ) )
1 5 3  S I  C 4 )  = 2 . 0 1'5 1 ( 5 )  -  S I C 6 )

H i  1 K 1 3 :  -  H H J
1 5 5  GO TO 22
1 5 7  CALL E X I T

SUBROUT I NE  I T ER C S I f B P H I . I t H . S  I N e * T C » C l t R H C » » I O E N O M »  SOUTi

1 D I M E N S I O N * ? I C 3 G 9 ) . 9 P H I C 3 9 0 > . R C 3 C O > , C C 3 0 G > , S I N E C 6 0 0 ) f T C C 3 0 0 )  
D I M E N S I O N  T S C ? 0 0 ) , S 0 U T C 3 ) G )

3 GO TO ( * » 5 » * * l Q ) t M 5 Q
4 CALL OC1 C 5 I  » 9 p H I  * R # f l »C)
5 GO TO 11
? S H o 0 H ( s i . ’ p H t . * - » . c >  . .
y l a l l  o c : C j i . n r H r , R . M . c , f 2 , P 3 )
9 GO Tn 11

10 J A l j ^ j D C A C S I t B P H I . P . M t C . P a t P ? )

12 CALL F 0 U P T R C M » S I M E * C » T C * R * C 1  )
13  NOENOM = 0
14  DO 20  X = 2 * N
15 AHUM = P H 0 5 i T C ( K ) * : ’' 2
1 6  OEMOM = 1 . 0  -  RHO ‘‘ T C ( K  )
1 7  T S C K )  *  ANUM/ OENOM
I B  I F  COENOM)  1 9 . 1 9 # 2 0
19  NOENOM = 1
2 0  CONTI NUE-
21 CALL I N V S T R C N . S I N ? , T S t S 0 U T , C 2 )
2 2  RETURN  

END
SUBROUT I NE P Q N T L i  C P I * p2 »P3 * P , N , » P H I )
 ------------------  R ( 3 n 0 ) . B P H I C 3 0 0 )

3 )  5 * 5 . 7

R C 1 ) ) ♦  1 . 0 0 5

SUBROUTINE P.MS C A , P . M • SO )
DI MENSI ON A ( 3 0 0 ) . 3 ( 3 0 9 )

3 S U M a 0 . 0  „ u
4 00  5 J -  2 » M
5 SUM = SUM -* ( A ( J ) -  R ( J > > * * 2
6 AM a M
7 SO a SQRT CSUM/ AM)
B RETURN 

ENO
SUBRDUTINE PQURTRCN. S I N r * 0 , TA . R • C 1 ) . . . . . .

3 8 i ^ ^ NS5 C~ |  I | | EC4 0  3 ) . AC 300 ) »T A C300 ) » RC300 ) . R AC 300 )

4 RACJ)  *  R( J ) *  A ( J )
5 0 0  15  K a 2 * N

3 o o  a j  = 2
4 I F  C R C J )  -
5 3 P H I C J )  = 1
6 GO TO 8
7
9

3 9 H I C  J )  =  
C O N T I N U E

0

9 K = 1 . 0 / C P C
1 0 3 P H I C K )  = 0
1 1 RET URN

ENO
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8 00  13 J = 2 » N
9 SUM = SUM 4 R A C J )  '*S I N E  CK N )is is i  i ) > i j . t j . w

1 2  KM = KN -  C2* N -  1 )
12  CONTI NUE
14  A K = K -  1
15 TACK)  = C l t S U M / A K
1 6  RETURN 

END

S S 8 S 8 > ! I i l i e s f l l ! ! ? l ® 5 ? : l H S 4 5 ; f i l S j i ) . T A K C J o o )
3 DO 5 K = 2 , N
4 AK = K -  1

I 53K« ’ 3 I ' W '
7 SUM = 0 . 0
9 JM ■ J

1? ^UM1 *  s Gm ” *  2 f  AKCK ) * S  IN5C JN)
11 JN = JN 4 J -  1
12  I F  CJM -  C2MJ -  1 ) )  1 4 » 1 4 » 1 ?
13 JM *  JM -  C?*N -  1 )
1 4  C OUT I  NilE
1 3  AJ = J -  I
16  A C J )  = C a ^ S U M / A J
1 7  RETURN  

END
SUBROUTINE P G S 1 C S I * * ! )
D I M E N S I O N  S I C 3 0 °  )

3 DO 4 J = 1 .N
4 S I C J )  = 0 . 0
5 RETURN 

END
SUBROUTI NE F G 3 2 C S r » ‘l )

3 OPEH ( U M I T * 2 l l  A C C E S S - ' S E Q U E N T !  A l » ,  S T A T U S - • Q L O S  F I L E * ' O A S  I '
4 R E A 0 C 2 1 f 5 ) C S I C J ) t J  *  2 . N )
3 F 0 R M A T C E 2 0 . R )
6 RETURN

3

SUBROUTI NE T R I G 1 CM» 3 I N E  )
D I M E N S I O N  S I N E C 6 0 0 )

4 A M* a  M
5 C = 2 . 0+- 3 .  1 4 1 5 9 / A M
6 0 0  3 J = 1 , M
7 AJ = J -  1
3 S I NF . CJ )  = S I M C A J C )
9 RETURN  

p M D
SUBROUTI NE S T O G l C S » G « B p M I » R | N )
D I M E N S I O N  3 C 3 0 0 ) . G C 3 0 0 ) » R P H I C 3 0  0 ) » R C 3 0 0 )

3 0 0  4 J = 2 , N
4 G C J )  = C S C J )  ♦ l . ? ) ’* E X P C - B R H I C J ) )
5 RETURN 

ENO
SUBROUTI NE ST 0 0 2 C3 , G , B P H I » R . N )
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ggNE NSJ QN J C 3 0 0 ) t G C 3 0 ,J) i ' , p H I C 3 0 0 ) . R C 3 0 0 )

4 G C J )  = E X P C S C J )  -  ? P H I C J ) )
5 RETURN  

END
SUBROUTI NE D C t C S G , B P H I , R , N , C )
D I M E N S I O N  S G C 3 0 0 ) » R R H I C 3 0 C ) » R C 3 0 0 ) » C ( 3 0 0 )

3 0 0  4 J = 2 . N  ,
4 C C J )  = CSGCJ )  ♦ 1 . 0 > v C 5 X P ( - P P H I C . J ) )  -  1 . 0 )
5 Re t u r n  

END
SUBROUT I NE D C 2 C S G , 8 P H ! , E , N , C )
D I M E N S I O N  S G C 3 C r ) » R P H I C 3 T ) ) * R C 3 T ) ) i C C 3 0 0 )

3 DO 4 J *  2»N
4  C C J )  = EXP CS GCJ )  -  B P H T C J ) )  -  S G C J )  -  1 . 0
5 RETURN 

BN0
SUBROUTI NE OC3 CS O, 3 P H I , R , N , C , ®2 , P 3 )
D I M E N S I O N  S G C 3 C C ) f B P H I C 3 ! ) C ) . R C 3 0 0 ) , C C 3 0 0 )

4 C C J )  = • O + SGC J )  + P 2 >  SGC J ) * 3 G C J  ) * P 3 * S G C  J  ^ S G C  J ) * S G C  J )  ) * E X P  
1 C - B P H I C J ) ) - l . O - S G C J )

5 RETURN 
= tjD
SUBROUT I NE S T C G ? C S , G t e P H I . R . N , P i , ° 2 » P 3 » O E N t D E L )
D I M E N S I O N  . SC. 300)  , G f  3 U C ) . 3 P H I C 3 0 D ) , R C 3 0 0 )
T = P I  ' - 
SE = 0 . 0  
P I  = 3 . 1 4 1 3 3 2 7  
C l  = E X P C 1 . 0 / T )
C2 = 1 . 0 / C l  
J 3  = 1 . 0 / D E L  ♦ 1 . C 0 5  
JE *  l . « / Q 5 L  ♦ J . . 0 0 5  
on 1 5 0  J = J - ^ . JE  

1 5 0  G C J )  = C 1 . 0 * S C J > * p 2 * S C J )  *SC J > * P  3 ;:S C J > * S C J ) ‘ S C J )  )  *C 1
DO 2 10  J = J B t J E  
AJ = J -  1 

X = A J * Q E L

2 1 0  SE_  = Es i  - E ) ! f ?GC J 8 ) - % . 5  G C J E V  1 . 5 ^ 1 . 5

? S l l o  ♦ C C 2 % ^ P I * O F N > 7 3 . f O W ^ C J B )  -  ? • ? 7 5 t«G C JE ) *  C1 .  0 -  
U R I T E C 5 , 2 6 0 ) P , ci 

2 6 0  F 0 R M A T C 2 E 2 0 . R )
RETURN

l u B R O U T I N E  O O N T L 2 C P 1 » P 2 » ? 3 , R » N » E P H I )
D I M E N S I O N  P C 3 0 1) ) ,  B P H I C 3 B 0  )

3 DO 11 J = 2 »N
4 I F  CRCJ)  -  1 . 0  S ,  3» T
5 3 P H I C J )  = 1 . 0 E + 2 C
6 GO TO 11
7 I F  CRCJ )  -  1 . 3 )  e , 8 » 1 0
8 B P H I C J )  = - C 1 . 0 / P 1 )
1 GO TO 11

h  n m n f -
1 2  K 1 = 1 . 0 / C R C 2 )  -  R C1 ) )  ♦ 1 . 0 0 5
1 3  K Z  = 1 . 3 / C R C 2 )  -  R C I  ) )  ♦  1 . 0 0 5

C 2 )  )
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15  ^ P H I C k J )  = - A L O g H . 5 ♦ ? . 5 * : f : X P C 1 . 0 / o l ) )
16  RETURN 

ENO
SUB ROUT I  HE P O N U 3 C P l . P 2 . P 2 t R , N t R P H I )
DI MENSI ON R ( 3 0 0 ) » B P H I C 3 0 0 )

• 3  OP 6 J = 2 . N
4 X = C l . C / ' P C J ) )  ’ - 6
5 X2 = X - t f Z
5 3 P H I C J )  = 4 . 0 * ( X 2  -  X ) / P 1  
7 RETURN 

END
SUBROUT I NE D C 4 C S G t 3 P H I , R . N . C i P 2 » P 3 )  ,
D I M E N S I O N  S G C 3 0 C > i 8 P H I C 3 O C ) . R C 3 O 0  5 » C C 3 0 0 >

3 0 0  4 J *  2 . N
4 C C J )  = E X ° C - 3 P H T C  I > >■» ( 1 .  0 - 1 .  0 / P 3  + EX ° (  P3 > SGC J ) > / P 3 3 - S G C J ) - l
5 RETURN 

ENO
S UBROUTI NE S T C G * C S » G * D P H I , R t M t P 2 , P 3 >  ' •
D I M E N S I O N  S C 3 0 O ) » O C l 0 O ) t 3 P H I ( ^ n o ) , R C 3 n 0 )

3 DO 4 J = 2 »N
4 G C J )  = E X P C - R P H I C J > ) * C 1 . 0 - 1 . 0 / P 3 + E X P C P 3 * S C J > ) / P 3  )
5 RETURN 

ENO
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APPENDIX C

DERIVATION OF THERMODYANAMIC EQUATION

This appendix  shows the derivations of P* and U* equation of state 

from  general (equation  16 and 18) to the specific case of o u r stud y  

(equation 17 and 19).

The po ten tial function for square-w ell,

when w e take K = 1.5

x = r /d  

T* = kT /g  

n* a n d 1

the function becomes.
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The pressure equation of state is, 

= I — A

ntT 3 tT 'O
~  ^  ( * $ r )  r ' d r

i -  a  

3V.

a z  ( z - * )  - -  e . " ¥ < - r >  * £

o r  A ±  f p
C*X c t* l  ^  1

P * s l + a u r t *  f

d x

V t w  . A -  ( e - ^ )
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0  “P 'r
G raph of C  versus x is shown in figure below,

'/T*

i . o

As show n in the figure,

1-0 - |.y
-> *•

4 ^(x) = o

K\J ( X ) = o o

(x) = oo

I.Ot

X.  =■ I . o "

Lp c o  d

except at x = 1.0 and 1.5

at =
e .

1. 0 '

I. o '
'  d

»/T*

1.S +

d x  r

T l.ff-

(

*  i .o - t
Yt*
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4 > ao  » (L
Vt * 126

p * s v +. a." n *  ^  0 ^ [3 I e ' /T* ^ c * - o

P s  i + a f i n * . .  - ' / T *  - '/ t *
< j c f t  e  + e .

Internal Energy Equation of State,

u *  = u
3/a UV.7

I 4. 4 n

3V/V.1
r a d r

u n d 3
>.!»

1.0

_ J— >\  Q C30 X3 d x

•H- 11 n *
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Pressure and Energy at low density 

For low density,

a e . ”  , p ' r t^  ' 1  or |J e.

p * .  , *

.  , + a T n *  £  , V*T* _  e l /T * £,.rt* ^  < -

If we write: p *  = \ 4  n  *  4  0 * * 4

V>a  = a . o 1 H 3 S \  a * STS’ T 1

I )*  ,  v _  *  « O * (  "*
V  -  “ 7 T *  J 3 c;’0  34
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V*  I -  *15 .**
3 T *

i • s
a=c

— j \n f t*  £L
- ' / t * 3 -I \-S»"

m ,
-  - *  ' / t *t -  4 « °  €.

U *  »  1 +  b aurv*, -V lo^ o'**' -V .- ■ *  a

b a  * -  3 . 3 \ U a f f S T f ^  /  g .
'  T
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