
Western Michigan University Western Michigan University 

ScholarWorks at WMU ScholarWorks at WMU 

Masters Theses Graduate College 

4-1985 

The Pauli Operator Correction in the Effective ΛN Interaction The Pauli Operator Correction in the Effective N Interaction 

Jaleh Owliaei 
Western Michigan University 

Follow this and additional works at: https://scholarworks.wmich.edu/masters_theses 

 Part of the Nuclear Commons 

Recommended Citation Recommended Citation 
Owliaei, Jaleh, "The Pauli Operator Correction in the Effective ΛN Interaction" (1985). Masters Theses. 
1394. 
https://scholarworks.wmich.edu/masters_theses/1394 

This Masters Thesis-Open Access is brought to you for 
free and open access by the Graduate College at 
ScholarWorks at WMU. It has been accepted for inclusion 
in Masters Theses by an authorized administrator of 
ScholarWorks at WMU. For more information, please 
contact wmu-scholarworks@wmich.edu. 

http://scholarworks.wmich.edu/
http://scholarworks.wmich.edu/
https://scholarworks.wmich.edu/
https://scholarworks.wmich.edu/masters_theses
https://scholarworks.wmich.edu/grad
https://scholarworks.wmich.edu/masters_theses?utm_source=scholarworks.wmich.edu%2Fmasters_theses%2F1394&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/203?utm_source=scholarworks.wmich.edu%2Fmasters_theses%2F1394&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.wmich.edu/masters_theses/1394?utm_source=scholarworks.wmich.edu%2Fmasters_theses%2F1394&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:wmu-scholarworks@wmich.edu
http://scholarworks.wmich.edu/
http://scholarworks.wmich.edu/


THE PAULI OPERATOR CORRECTION IN THE
EFFECTIVE AN INTERACTION

by

J a le h  O w lia e i

A Thesis 
Submitted to  the 

Faculty  o f The Graduate College  
in  p a r t ia l  fu l f i l lm e n t  o f the 

requirement fo r  the 
Degree of Master o f Arts  

Department o f Physics

Western Michigan U n iv e rs ity  
Kalamazoo, Michigan  

A p r i l  1985

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



THE PAULI OPERATOR CORRECTION IN THE
EFFECTIVE AN INTERACTION

Jaleh. O w liaei, M.A.

Western Michigan U n iv e rs ity , 1985

Hypernnclear s tructu re  c a lc u la tio n s  performed f o r  *?Li, \ i ,
A A

1 —  and JO have reprodnced the 1 A = 1 le v e ls  in fe rred  from the recent (k

,n~) reactions. However the 1 ^  = 0 ,  groundstate of is  over-

bound by 6 MeV in  these c a lc u la tio n s , ind icating  a density  dependence

in  the e f f e c t iv e  A N  in te r a c t io n  in  the in t e r io r  of th e  h e a v ie r

system. I n  th is  work co rrec tio n s  to the ^ 0  e ffe c tiv e  in te rac tio n  are

introduced in  terms o f a Bruectner-Goldstone G -m atrix  with a modified

Pauli operator. The G -m atrix  o f  derived from th a t of ®Li w ith  the

corrected  Pauli operator re s u lts  in  an improvement o f  about one-ha lf

MeV fo r  the g ro u n d s ta te  o f T h is  makes the in c lu s io n  o f the

re p u ls ive  three-body forces, which has been neglected in th e  present

ca lcu la tio n s , more urgent. Since the number of ANN in terac tions  in

^ ^ 0  a re  ten t im e s  more th a n  th o s e  in  j[L i ,  th e s e  th r e e -b o d y

in te rac tio n s  would improve the overbinding in  w ith  l i t t l e  e ffe c t

on J l i .
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CHAPTER I

INTRODUCTION

The c e n tr a l  problem  o f n u c le a r p h ysics  is  t o  understand and 

desoribe the s tru c tu re  o f n u c le i in  terms of the p a r t ic le s  forming 

them and the in te ra c tio n s  among these p a r tic le s . I n  th is  study some 

aspects  of nuoleus are exam ined . Thus i t  is  assumed th a t  the  

c o n s t itu e n t baryons are  p ro to n s* neu trons  and a A -h yp e ro n . An 

e ffe c t iv e  in te ra c tio n  among these p a r t ic le s  is  form ulated in  terms 

of the Brueckner-Go Id  stone theory o f nuclear m a tte r.

H ypernucle i -  Why Study Them?

N u c le a r  fo rc e  w ith  i ts  s h o rt range a t t r a c t io n  ( r s 2  fm ), hard  

core re p u ls io n  ( r s . 5  fm ), non c e n t r a l ,  sp in  dependent n a tu re  and 

o th er p e c n l i a r i t i e s  appears to be more complex th an  o th e r  known 

fundam enta l fo rc e s . C o m p licated  fo rc e s  in  one w e l l  in v e s t ig a te d  

case, th a t  o f chem ical forces between atoms, is w e l l  understood in  

terms o f  in te rn a l s tru ctu re  o f  atoms. This idea suggests th a t the 

c o m p le x ity  o f  n u c le a r  fo rce  m ight be a m a n ife s ta t io n  o f in te r n a l  

s tru c tu re  and fundamental forces acting w ith in  nucleons. In te rn a l 

n u c le a r  m otions can g ive  r i s e  to the e x c ite d  nucleons ( G o t t f r i e d &  

Weisskopf, 1984)

One uses the term  "baryon" fo r  fermions that in te ra c t v ia  the 

strong in te r a c t io n .  The e x is te n c e  o f baryons o th e r  than nucleons  

was f i r s t  in fe r r e d  from  the a n a ly s is  o f  h ig h  energy cosm ic rays .

1
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They are sh o rt-liv ed  p a rtic le s  and carry d if fe re n t  charges, 1>nt a l l

are  an in te g e r m u lt ip le  o f the charge o f  e le c tro n . Among these

baryons was found a n e u tra l massive p a r t ic le  which decays in to

proton and pion, h u t rather slowly. This p a r tic le  was id e n tifie d  as

lambda p a r t ic le .  I t s  l i f e t im e  is  2.6 x 10”*® sec. Th is  is much 

-23lo n g e r than 10 sec, ty p ic a l  o f strong in te rac tio n *, i t  is  ra th e r
_o

c lo se  to 10 sec, the o rd er o f weak in te r a c t io n  l i f e t im e .  G e l l -  

mann and N ishijim a speculated that A has a property tha t proton  

and neutron do not have, and the decay A— >P+n v io la te s  conservation  

o f th is  p ro p erty , w hich is  c a lle d  "s tra n g e n e s s " , S. Strangeness  

is  conserved in  strong in te ra c tio n  but could be changed by 1 in weak 

in te r a c t io n . A is  defined  as having S =  -1 (D a l i t z ,  1981’, Soga, 

1983).

L a te r  e ig h t o f  these p a r t ic le s  w ere  grouped in to  a baryon  

o c te t, based on th e ir  3-quark structure. P a rtic le s  w ith  no s-quarks 

in  th e ir  wave function have S = 0, and these are proton and neutron. 

The o ther p a r t ic le s  in baryon o c te t have one or two s-quarks in  

th e ir  structure and have s d iffe re n t from zero. P artic les  w ith  S = 

- 1 ,  which are \  and' ^ b a ry o n s  are c a l le d  Y -p a r t ic le s .  The S ^ 0  

p a r t i c l e s  a re  c o l l e c t i v e l y  c a l le d  " h y p e ro n s "  o r " s t r a n g e  

p a r t ic le s ' ' .

The charge equation is modified as:

Q = I 3 + Y, Y = B + S + C

where in c lu s io n  o f  S and C now g ives c o rre c t re s u lts  fo r  n e u tra l  

A ~ p artic le  as w e ll as the rest of baryons. Here B is the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



" b a ry o n "  number w hich is  1 f o r  a l l  baryons* Q is  the m o d ifie d  

charge , I 3 is th e  " is o s p in  p r o je c t io n " ,  S is  s tran g en ess , C is  

"c h arm " and 7  is  c a l le d  "h y p e rc h a rg e " . T h is  g e n e ra l charge  

equation which now encompasses a l l  the s ta tes , introduces a new set 

o f quantum numbers. These numbers, fa r  from being an a r t i f ic e  (to  

save t i e  charge e q u a tio n ), each has i t s  own s ig n if ic a n c e  in  

su b n u c lear p h ys ics . Some p r o p e r t ie s  o f the  baryon  o c te t  are  

summarised in the fo llo w in g  diagrams: (G o ttfr ie d  & Weisskopf, 1984*,

Soga, 1983 , 1984).

h

s Y I -1/2 0 1/2 1

0 1 1/2 N p

- 1 0 0 • A

- 1 0 1 X ' r I +

- 2 - 1 1/2 n *
u

»-i#
Ci

Figure 1. Baryon oc te t

1 -fO iy y j.)

4-

c. " K v ^ f ),S.

Figure 2 . Quark s tru c tu re  o f baryons
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A hypernuclens i s  a nucleus in  w hich one or more nucleons a re  

replaced by hyperons. For example, A-hyperons a re  known to  form  

p a r t ic le  stable bound states w ith  a l l  the s tab le  n u c le i as w e ll as 

w ith  sone n u c le i  w h ich  are n o rm a lly  not p a r t i c l e  s ta b le . These  

A ~ a tc le u s  systems are c a lle d  A -hypernuc le  i ,  in d ic a te d  by ^Z, i n  

w hich Z is  the symbol fo r  th e  n u c le a r  charge and A is  the mass 

number.

Host of our knowledge about hyperon-nucleon in te rac tio n s  stems 

from the hyperon-nucleon binding energies. This is  so because the  

s h o rt l i f e  tim e  of hyperons make the  hyperon-nuc 1 eon s c a t te r in g  

experiments very  d i f f i c u l t .

Since th e  path  len g th s  tra v e rs e d  by hyperon  
b e fo re  decay is  so s h o rt r e la t iv e  t o  the mean p a th  
le n g th  fo r  c o l l i s io n  in  l iq u id  hydrogen, a d i r e c t  
determ ination  o f the hyperon-nucleon in te ra c tio n  from a 
study o f h y p e ro n -p ro to n  c o l l is io n  is very d i f f i c u l t . .
At the present th e  most in form ation  bearing on hyperon- 
nucleon in te ra c tio n  is  th a t obtained from the binding  
o f A hyperon to  n uc le i ( D a l i t z ,  1965. p. 1 ).

A -h y p e rn u c le i are  s tu d ie d  in  more d e t a i l  th a n  the o th e r  

h y p e rn u c le i, s in ce  th e  l i f e t im e  o f A -h y p e ro n  is  longer than th e  

others, and a lso  because i t  decays in to  two w e ll measurable charged 

p a r t ic le s .  Another reaso n  is  the absence o f coulomb s c a t te r in g  

in te r fe r e n c e  fo r  A "P  in te ra c t io n s  (A lexander Karshon, 1 9 6 7 ).  

These c o n s id e ra tio n s  make th e  b in d in g  energy o f A ~Pact ic le s  a n  

a t t r a c t iv e  top ic of in v e s tig a tio n .

The Baryon-Baryon In te ra c tio n

The la rg e  b in d in g  en erg ies  o f  A~hyperons show th a t  th e  

s tre n g th  o f the A -n u c le a r  in te ra c t io n s  are com parable to NN
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in teractions . The absence o f AN 'bound s ta te  though, together w ith  

the fa c t th a t the binding energy o f  the l ig h te s t  A 'kyP ^ rn u c le i 

is o n ly  s l ig h t ly  la r g e r  th an  th a t  of d e u te ro n  in d ic a te s  th a t  A -  

b in d in g  en erg ies  a lth o u g h  s trong , are s t i l l  s u b s t a n t ia l ly  weaker 

than nucleon—nucleon in te rac tio n s  (Bodmer, 1967).

The most c h a ra c te r is tic  fe a tu re  of hypernuclei stems from the 

d is t in g u is h a b i l i t y  o f the hyperon from nucleons, and consequently 

the absence o f  P au li p r in c ip le  fo r hyperons. Besides th is ,  one big 

d if fe re n c e  betw een  hyperon-nucleon and nucleon-nucleon in te rac tio n  

is th e  e f f e c t iv e  range o f these fo rc e s . NN and YN fo rc e s  are  both  

tra n s m itte d  th ro u g h  the meson f i e l d .  The range o f NN fo rc e  is  

divided into three regions. The long ranges, r  g  2 fm o r  more, are 

dominated by the exchange o f s ingle n-meson, This is the  part o f  NN 

i n t e r a c t io n  w h ich  is  b e s t  u n d e rs to o d . Then  t h e r e  is  the  

interm ediate range o f  r  s  1 fm, which is  a ttr ib u te d  to th e  cr-mesons 

th a t s im u la te  s c o n tr ib u t io n s  a r is in g  fro m  exchange o f p a irs  o f  n- 

mesons. The th ir d  re g io n  o f r ; . 5  fm and le s s , is  r e fe r r e d  to  as 

the "  hard c o re "  a r is in g  from heavy meson exchange (Barenger, 

1969).

AN fo rc e s  on the o th e r hand, do not have th e  one p ion  

exchange (OPE) t a i l ,  o r the longer range o f  the NN forces. The N -N  

fo rces  o f the  lo n g est range is  about .7 fm , and corresponds to  the 

interm ediate, im p erfec tly  understood part o f the NN in te ra c tio n . As 

m entioned above one e x p la in s  th is  reg io n  e ith e r  by u s in g  two p io n  

exchange or one boson exchange (OBE) models (Bodmer, 1967). The two 

pion exchange is  made possible through the fo llow ing  decays:
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A  * — *  Z-'+Tc , Z  4 r - *  A  4-*n

A —>21 + it  — .> AVTCVff •

Absorption of these pions by a neighbouring nucleon w i l l  give r is e  

to  the .7 fm A N  in te rac tio n . Soso ty p ic a l two p ion exchange (TPE) 

processes are shown in  the fo llo w in g  graphs (D a litz , 1965, p. 62).

14 A "  A

s <n-
J

'tt ^
1

1
1 >

, 4  s : TT

N A "  J

F ig u re  3 . Some ty p ic a l  graphs c o n tr ib u t in g  to  the p io n ic  
component o f the A -N  in te ra c tio n .

O th e r YN in te r a c t io n s  a ls o  a r is e  fro m  exchange o f  k,p,e) and o th e r  

mesons and resonant s ta te s  w hich m ay e x is t  ( D a l i t z ,  1965 , p. 7 6 ). 

(The k-meson exchange involves the tra n s fe r  o f strangeness between 

baryons and give rise  to exchange p o te n tia ls , having a range of s .4 

fm) .

N

N

Figure 4 . T y p ic a l YN graphs involv ing  k ,  p, and u> exchange.

F in a l ly ,  th e  above decays w i l l  le a d  to a n o th e r p o s s ib i l i t y ,  th e  

th re e  body fo rc e  , w h ich  is  due to th e  a b s o rp tio n  o f p io n s  by tw o
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7

neighbouring nucleons (D a l i t z ,  1965, p. 3*. Gal e t a l . ,  1970).

N .

N„

Figure 5. The pionic component o f the ANN three body p o te n tia l.

I t  w i l l  be seen ift th e  p resen t c a lc u la t io n s  th a t these three body 

potentia ls  should n o t be overlooked and th ey  could have appreciable  

c o n tr ib u tio n  to  the b ind ing  energ ies (de—S h a lit ,  1967, p .5", Sal e t  

a l., 1977).

The Overbinding Problem

In te r e s t  in  p a r t ic le  s tu d ies  is  increased re c e n tly  in  

attem pts to e x p la in  and reproduce the im portant fe a tu re s  o f  

strangeness exchange (k~, n) reac tio n s  on a number o f ta rg e ts  

(Auerbach & Van G ia i, 1979*, D a litz  &  Gal, 1978*, D a litz ,  1981). In  an 

a r t ic le  by D. Halderson (1984), some problems p e r ta in in g  to th e  

hypernuelour s tru c tu re  calculations are mentioned and a solution is 

o ffe re d . Namely, the f a c t  th a t the hyperon w avefunction  is  

d if fe r e n t  from th a t o f nucleon, and also e lim in a t io n  o f spurious  

center o f  mass exc ita tions fo r hyperon o rb ita ls  other than are

taken in to  c o n s id e ra tio n  (D a l i tz  & Gal, 1981: H alderson, 1984).
/  7 1 fj

Then ca lcu lations are made fo r  J[Li, ^L i, and ^0.

In  these calcu lations an in teraction  o f  the form:
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VAN av ( x ) ( l “ 8 + e p x) ( l+ a a j| .c )

is employed in  which i s  the space exchange operator and e and a 

are param eters  chosen to  f i t  d a ta  (Anerbaeh e t  a l . ,  1983). The 

ra d ia l dependence v (r )  for the present c a lc u la tio n  is:

v (r) = 4000 y ( r / r j ) —1 3 5 8 .0 5 y (r /r2 )

where y(x) *» e“x /x  , and r j  «* 0 .25  fm, and r 2 “ 0.4 fm. These 

values provide s e lf consistency in  the A -s in g le  p a rtic le  energy.

A sm all symmetric s p in -o rb it odd in te rac tio n  is  added in  the form 

(Halderson, 1984):

VAN = [-7 1 5 .5  y t r / r j )  -  81.9 y ( r / r 2 > ] l .»

The 1A = 1 leve ls  in fe rred  from (k.nj ara w e ll  reproduced, but 

the 1 A a0, the ground state of ^A0 is  overbound b y  6 MeV, indicating  

a d e n s ity  dependence in  the e f fe c t iv e  AN in te r a c t io n  in  the  

in te r io r  o f the heavier system.

In  th is  th es is  an e f f o r t  is  made to im prove the overb ind ing  

II? II?problem  o f A0 ground s ta te .  C o rrec tio n s  to  t i e  “0 e f fe c t iv e  

in te rac tio n  are introduced by a proper P au li operator. The ro le  of 

P a u li  operato r in  e f f e c t iv e  in te ra c t io n  is  discussed in  the next 

section.
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CHAPTER I I

GOUDSTONE-BRUECKNER THEORY 

E ffe c tiv e  In te ra c tio n s

To solve the many-body problem of p a r t ic le s  inside -the nucleus, 

one may start' by so lving  a n o n -r e la t iv is t ic  Schrodinger equation  for 

p a rt ic le s  in te ra c tin g  through a two-body p o te n t ia l.  Together w ith  

the e x p l ic it  assumption o f n o n -r e la t iv is t ic  l im i t  for th e  problem, 

i t  is  a lso  assumed th a t  th re e -b o d y  and fo u r-b o d y  p o te n t ia ls  are 

n e g lig ib le  (Day, 1967). The mesonic degrees of freedom a re  included  

only  as a resu ltin g  A N  p o te n tia l.

A c r ite r io n  fo r  a r e a l is t ic  two-body p o te n tia l is  the a b i l i t y  

to  reproduce the s h e l l  model p ro p e r t ie s  o f  the n u c le i.  In  s h e l l  

model, the many-body problem of nucleons inside n u c le i i s  solved by 

re p la c in g  th e  in te r a c t io n  o f one p a r t i c l e  w ith  the  r e s t ,  v i t h  the 

p o te n tia l of single p a r t ic le  in an e ffe c tiv e  average c e n tra l f ie ld  

due to  the r e s t  of the  nucleons (de—S h alit & T a lm i) . Here though, we 

have to  s ta rt w ith  a r e a l is t ic  two—body force and hope t o  calcu late  

the s h e ll model vave functions and the e ffe c tiv e  p o te n t ia l.

There a re  some d i f f i c u l t i e s  in  nuc 1 eon-nucleon in t e r a c t io n  

however', m a in ly  th e  hard core, which makes a s e lf -c o n s is te n t  

approach d i f f i c u l t .  Th is  in te r a c t io n  is  a lso  too s tro n g  to use 

ord inary p e rtu rb a tio n  techniques d ire c tly . However, the presence 

o f many nucleons p e rm its  one to in tro d u c e  an e f f e c t i v e  nu c leo n -

9
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nucleon in te ra c tio n  w hich  is  v e i l  behaved and f in i te . .  One im portant 

e ffe c t iv e  in te rac tio n  is  the G -m atrix , or re a c tio n  m atrix  cen tra l to  

Brneckner—Goldstone th eo ry  of nuclear m a tte r (Ring &  Schunck, 1980, 

chap. 4 ) .

Goldstone theorem gives the p ertu rb a tio n  expansion o f the exact 

ground s ta te  fu nction  and the exact ground s ta te  energy o f a maay- 

fexm io n  system (B aran g er, 1969', Day 1967). The H a m ilto n ia n  is th e  

s u n  of k in e t ic  e n erg ie  s of a l l  the p a r t ic le s  plus the sum o f tw o -  

body in te ra c tio n s  between them:

In c lu s io n  of th e  s in g le  p a r t ic le  p o te n t ia l  TJ, in  th e  u n p e rtu rb e d  

H a m ilto n ia n  p e rm its  one to make the p e r tu rb a t io n  v e ry  s m a ll.  

S t i l l ,  th e  t o t a l  H a m ilto n ia n  does n o t in v o lv e  U and f i n a l  r e s u l t  

v i l l  not depend on U, b a t  the energy which is an expansion in  powers

Goldstone Theorem

A A.

in  which v - j  is  the r e a l i s t i c  tw o-body fo r c e . H is  d iv id e d  in to  a 

perturbed and an unpertnrbed p a rt:

H -  Hq + H j,

o f  Hj w i l l  converge m ore r a p id ly  f o r  c e r t a in  choices o f  U. T h is  

p a r t ic u la r  choice w i l l  b e  discussed in  c a lc u la tio n  section.

F o r the unperturbed p a r t  one can w r ite :

( T j  + D ,  ) E ^ r j )
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w here &p are s in g le  p a r t io le  wave fu n c tio n s  and fo rm  a com plete  

orthonorma.1 set. The unpertarbed groand s ta te  is th e  normalized $  

represented by a S la te r  determ inant:

= ( A U - ^ a - C S t r j ) . . . .  $ ( r A))

where t  i s  anti symmetrizing operator. Then,

Ho*o -  6o ^ o  ' 8o=s t EnW»X

The exact groand s ta te  s a t is f ie s :  The exp an s io n  fo r  e

th ro u g h 'th ird  o rd er in is:

ta£b+<$» I« l| « l(e 0 -H 6) |

Ih -.|$0> < $ J h i ( £ , - He) PHs j $ o>. . . ,

where P 3  1 -  !$>,>< is  the p ro je c tio n  operator vhiehi re s tr ic ts  the

summation over in te rm ed ia te  s ta te s  so th a t i t  contains on ly  states

above F e rm i sea (Day, 1967). The m a tr ix  e le m e n ts  of would

involve te rn s  such, as < >. As i t  stands the m atrix* *2 . x j  3

elements c a n  get very la rg e  because of the hard core.

Brneckner Reaction M atrix

The same k in d  of problem  w h ich  a r is e s  in  the n u c leo n -n u c le o n  

in t e r a c t io n  due t o  the short range re p u ls io n  in thie n u c le i  a lso  

a r is e s  in  n u c leo n -n u c le o n  s c a tte r in g  in  f r e e  space. Nam ely, in  

Goldstone expansion th e  hard core makes th e  m a tr ix  e lem en ts  

involving a  p o ten tia l in f in i t e ,  and in  th e  scattering  problem, by
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using the Born approxim ation in  which one ca lcu la tes  the sca tte rin g  

a m p litu d e  to  f i r s t  o rd e r  in  v , one o b ta in s  in a c c u ra te ly  la rg e  

values.

The trea tm ent is a ls o  s im ila r  for the two cases. In  s ca tte rin g  

problem, one calcu la tes  the scattering  am plitude to a l l  orders in v, 

which amounts to  solving the Lippmann-Schwinger equation, inc lud ing  

m u ltip le  s c a tte rin g  (Joachain, 1975*, H e rz b a c h e r, 1970*, Soga, 1984). 

Then one gets co rrec t re s u lts . In  Goldstone expansion, instead o f 

b a re  in te r a c t io n ,  one in tro d u c e s  B rueckner's  e f fe c t iv e  p o t e n t ia l  

w h ich  is  i t s e l f  a sum o f  i n f i n i t e  s c a t te r in g  processes o f two 

nucleons in  n u c lear m atter, the bare in te ra c t io n  being ju s t th e  Born 

te rm  of t h is  s e r ie s  (R ing& Schunck, 1 9 8 0 , Chap. 4 ). So i t  s u f f ic e s  

to  do a com plete  summation o f a l l  o rd e rs  o f the in t e r a c t io n  fo r  

every p a ir  o f in te ra c tin g  p a rtic le s .

Since the in te ra c tio n  is  strong only a t  short ranges, 
th is  should be s u ff ic ie n t  to  ensure convergence and i t  
should not be necessary  to  sum c o m p le te ly  by a l l  
in terac tio n s  between three nucleons in te rac tin g  a t  close 
range, four nucleons e tc . . . ( Baranger, 1969, p. 542).

This e ffe c tiv e  in te ra c t io n  is ca lled  G—m atrix , or reactio n  m atrix .

I t  is  fo r  two nuoleons in  n u c le a r m a tte r , but analogous to

s ca tte rin g  T -m a tr ix  for two nucleon in  free  space. I t  is defined in

a s im i la r  manner, too. So in  o p e ra to r  form G is  d e fin e d  as  (Day,

1967):

G(<o) = v + v (Q /e) v + v (Q /e )v (Q /e )v  + . . .

G(o>) = v + v (Q /e) [v  + v (Q /e )v  + . . .  ] •

G(<o) = v + v (Q/e)G(ci>)
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and th is  equation is ca lled  the Bethe-Golds-tone equation. Q and e 

axe two p a rtic le  operators defined as:

The P au li operator annih ilates two p a rtic le  states below Fermi sea.

Operator e gives the s ta rtin g  energy o minus the energy of the two  

p a r t ic le  s ta te . I t  is  im portant to note t h a t  6 is  a fu n c tio n  o f o>. 

and u must be spec ified  to avoid ambiguity in  G.

The purpose o f t h i s  kind o f  many-body technique is  two fo ld :  

f i r s t ,  by resumming the s e r ie s , one gets r id  o f the hard c o re  

problem ’, second, by e lim in a t io n  o f the p o te n t ia l  in  favor o f  

reactio n  m atrix, one includes more of the many-body e ffec ts  than i f  

one had taken ju s t the hare in te rac tio n .

Ipq) i f  p>A and q>A 

0 Otherwise

e|pq> *  (o> -  Ep -  Ipq> stands f o r ^ ( r j J ^ r j )p' 1 ' r 2

I t  is fo r  two nucleons and is  to  be m o d ifie d  fo r  A~hyperc2
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CHAPTER I I I

CALCULATIONS 

Choice of th e  Single P a rt ic le  P o te n tia l

The p e r tu rb a t io n  in the Goldstone expansion was d iv id ed  

in to  two parts:
A A

H1 = X  v i j  -  I  Ui
i<j i

i .e . .  a tw o-body and a one-body p a r t .  The tw o —body p o te n t ia l  was 

xeplaoed by the 6- m a t r ix  in  o rder to  get r i d  o f th e  hard core 

problem. Now one is  to choose the single p a r t ic le  p o te n tia l U.

We r e c a l l  th a t  the f in a l  r e s u lt  is  independent o f  U, and 

in c lu s io n  o f  U in  the u n p ertu rb ed  H a m ilto n ia n  HQ is  in tended to  

ensure a rapid  convergence, and to ease the num erical calcu lations. 

A convenient choice is  harmonic o s c il la to r  p o te n tia l. This f u l f i l l s  

the req u irem en t o f  the Goldstone theorem*, th a t the  p a r t ic le  

w avefu n ctio n s  should fo rm  a com plete  orthono rm al s e t. The main 

reason fo r th is  p a r t ic u la r  choice is, however, th e  fa c t tha t th is  HQ 

nice  l y  s p l i t s  in to  a c e n te r  o f mass and a re la  t  ive p a r t  (Bar anger, 

1969) .

G -M atrix  fo r  *^0

As m entioned e a r l i e r ,  the e f f e c t iv e  AN in te r a c t io n  fo r  *j[o 

should be m o d ifie d . S in ce  the in te r a c t io n  used fo r  ®Li g ives  

reasonable re s u lts , the G -m atrix  fo r oxygen is ca lcu la ted  in  terms

14
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of th a t  f o r  ^Li (H a ld e rso n , 1 9 8 4 ). Both o f these m a tr ic e s  should  

s a t is fy  the Bethe-Goldstone equation: G(w) = v + v(Q/e)G(<c).

Let Gft and G  ̂ he m a tr ic e s  s a t is fy in g  th e  above eq uation , and 

le t  a and b  be a r b it r a r y  operators.

Ga =  v + vaG& = v  + vav + vavav +...

Gjj =  v + vbG^ = v  + vbv + vbvbv + ...

= v +  v [ a +  < h -a )]v  + v [a  + ( t - a )  Jv[a + (b -a ) ]v +

So Gjj can b e  expanded com pletely to include a large number o f  terms. 

These te rm s are no? regrouped accord ing  to  the  number o f (b -a ) 's  

th a t occur:

The Oth o rd e r :  v +  vav + vavav+ ... = Ga

The 1 s t o rd e r :  (v  + vav + vavav+ . . . ) (b -a ) (v  + vav +■ vavav+...)

>  Ga(b-a)Ga

The 2nd o rd e r :  (v  + vav + v a v a v + ...)(b —a)(v  + vav + v a v a v + ...)*

(b -a ) (v  + vav + v a v a v + ...)  = G „(b-a)G „ (b-a)G„a ft ft

Gjj = G& + Ga (b -a )  Ga +■ Ga (b -a )  Gft (b -a ) Ga +... 

which is th e  ite ra t iv e  so lu tio n  o f  the equation

Gb “  Ga + G a (b~a > Gb*

Th is  e q u a tio n  may now be used -w ith  G  ̂ as th e  c o rre c te d  oxygen G -

m a tr ix ,  Gfl the GL i  G -m a tr ix , and a and b as th e  corresponding  Q /e  

o p erato rs  (Barangex, 1969).
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Treatment o f the Pauli Operator and Energy Denominator

The form o f  operator d which an n ih ila tes  a two p a r t ic le  s ta te  

below Ferm i Sea, is  governed by d i f f e r e n t  F erm i le v e ls  fo r  A 

p a r t ic le  and nucleons. The Ferm i Sea, b e in g  the lowest; f i l l e d  

s ta te s , o f course d i f f e r s  fo r  v a rio u s  n u c le i. I t  is  shown for ^ L i 

and ^ 0  in  the fo llo w in g  diagrams:

Pj/z
Sl/2

Fermi Sea

Li 16 O

Fermi Sen
P 1/2
P 5 / 1  
S 1/2

Figure 6. Fermi levels in  ®Li and

Due to its  d is tin g u is h a b ility  from  nucleons, A -p a r t ic le  would 

not obey the P a u li p rin c ip le  and i t  resides in  the O S -^  o r b it .  The 

Fermi leve ls  fo r lambda and nucleons i n  ^Li and are shown in the 

fo llow ing  diagrams:

F e r m i  S e a  —  —  —  —
P 1/2 —
P  3 / 2  . i

F e r m i  S e a  s i / 2  _ _ _ _ _
S  1 /2

- - - - - -  Ferm i Sea

16 -

Figure 7. Fermi levels in  ®Li and ^^0
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Thus the p ro jec tio n  operato r Qq fo r AL i is defined as

a,o
1 i f  211 A+ I A >0 and 2 n N+ l N >0 

0 otherw ise

F o r * 0 ,  however, the p ro je c tio n  operator should a n n ih ila te  ^  from

0S i / 2> which is  the same as Qq, and also should a n n ih ila te  nucleons

The o th er q u a n ti 'ty  w h ich  has to  be s p e o if ie d  is th e  en erg y  

denominator. 6  is  now w r it te n  as:

H0  is harm onic o s c i l l a t o r  H a m ilto n ia n  and H0 = HQ (N) + Hq (a) w i t h  

hco A = 14.05 MeV fo r A —p a r t ic le  and hujj = 11-83 MeV fo r  nuc leon . 

Due to th e  p a ir in g  in te r a c t io n ,  the  s in g le  p a r t ic le  energy o f  

occup ied  o rb its  is  lo w e re d  b y  an energy gap A (Cohen. 1971*, Soga, 

1983 ). T h is  gap is e x p e r im e n ta l ly  obsereved to  be s  30 MeV? 

th e re fo re  this amount i s  subtracted from H0 in  the denominator i .e . ,  

w— (HQ -  A) or e q u iv a le n t ly  added to  u: to + A -  HQ, T h is  a ls o

lowers the s in g le  p a r t ic le  energy o f unoccupied o rb its  by an amount 

com parable  to th a t  obser. ved  fo r  the  occupied o r b i ts .  u is  th e  

s ta r t in g  energy E0 (A) + EQ(N ). In  the p re s e n t c a lc u la t io n s  th e  

fo l lo w in g  e x p e r im e n ta l va lu es  are used ( D a l i t z  &  Gal, 1978, M e  

Ca x  thy &  Davies? 1970):

fxom 0^1 / 2 ’ ®^3/2 ao<* O S i/2> Consequently ft for * A0  w i l l  be:

1 i f  2 n  N + 1 N >1 and 2 n A + 1A >0

0 otherwise

G(o>) =  v + v 0 [Q/(m -  H0) ]  G(<o)
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TABLE 1

E x p e r im e n ta l values for E (N ) E. (A) ,  and the energy gap A.

^  =30 MeV

SHELL E (N ) e(a )

s 1 /2 - 2 6  Mev -1 3  Mev

p 3 /2 -1 4  Mev

p 1/2 - 8  Mev

R e d e fin e  to =  u + A, to in c lu d e  th e  energy gap. Thus, to = 9 , 3 ,  and-9 

Mev corresponding to  0P i / 2 » 01*3 / 2 ’ ®^i/2  orb i t s re s p e c tiv e ly .

®Li = v + v [Q 0 /(to -  Hq ) ]  G ^ fm ), th e  G -m a tr ix  u s in g  GL i

P a u li operator is  formed f i r s t ,  then equation

G0 =  GL i  + GL i  "  Ho ) -  Qo/ ( “ "  Ho) G0

is  em ployed to o b ta in  the im proved G m a tr ix  w ith  the P a u l i

operator.

Binding Energy C a lcu la tions

Binding energy is the sum o f  p o te n tia l and k in e t ic  energies:

B = P .E . + K. E.

i  ) K in e tic  energy:

From th e  t o t a l  energy of the core nucleus and A ~ P & ft ic le , the

cen ter of mass k in e t ic  energy (Tc ffl) should be subtracted.

’  ?  pi * '
T = 2_ P / /2 m  + P . / 2m -  TA c.m
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T„ = P2 /2M , M = Am + m . c . m  A

w here m and m a re  th e  masses o f  n u c le o n  and A - p a r t i c l e  

re s p e c tiv e ly .

A
T0„ ,  -  1 /2M  I .  p £] *

-  1/2M [ 1  j j . p j  + 2 £  P j . P ,  * t i 2 1
i j  J i

= 1/aM [ 5 P£2 + 2 Z Pi«Pi + 2 5. Pi-p. + p.2 3
1 1  i<j  3 i 1  A  A

A A
T = Z ( l /2 m  -  l / 2 M ) P i 2 + ( l /2 m  — l /2 M )p  2 -  l / M ^ p - . p ,  

I 1 A A i<J J

A
- 1 / M  2  P i'P A

Now the to ta l  H am ilto n ian  is w r itte n  as:

H “ VAN + VNN + T

S u b stitu tin g  T in  th is form ula and rearranging terms:

A

H = VNN + VAN + ^  (1/2m “ l / 2*)P.i2 d /2“ A-  l/2M)p^2

A

A A

-  i / m 2  P i-^j “ 1/M Z  pi-p
id  i

= %  + $ P i 2 / 2® "  I / 2** Z  P i2 ~ 1 /M  Z  P i .p. (3 -1 )
i i id J

A
+ \ ^ N - 1 / (0  A + Am) Z  Pi*PA (3 -2 )

l

+ (l/2 m A-  1/2M) p A2 (3 -3 )

A  *  r - 2 A
(3 -1 ) : V™ + Z .  P i / 2m " i / 211 .4- P i  “  I  Pi-P,-

i 1 i<j

1/M Z  P i-P j + f“ A/{  Mcore + “ a ^ Z  P i2/2n  
i<j i
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*  VNN " 1/M I  P i-P j + t“ A/(  “ core + “ A>1 (3 /4  ^

( 3 - 2 )  : -  l / (m ^  + A n) is  the Hajj term .
*

<3-3) : ( l /2 m A -  1/2M) p 2

= (Am) p2 j  [ (m + Am) 2m]
A A A

= [ “ core “ core + ®A)1 <3/4 H«A>.-

s ince the A  is  assumed to  reside in  a s ta te .

Terms co n trib u tin g  to  the A  EE in  th is  H am ilton ian  are

KE -  [,aA /  (» corc  + » a) H 3 /4 H Wn) + [M c o re / (MCore + ®A>] (3 /4  *«■>' 

i i )  P o te n tia l energy :

P o te n tia l energy is  found to  be [ See Appendix ]:

PE • I  V  J ,J 1  7  V  J 2j + 2j h,
V ”'. V i 1 j 1 " 'h1'.1 (_> m

j. j J

J h J J B

in  v h ic h  th e  f i r s t  term  i s  due to  the b in d in g  o f  A“ P » r t io le  to  

oore and the second teen corresponds to  that o f A  w ith  the hole th a t 

should be subtracted.
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CHAPTER IV

RESULTS

KE *  +  Mw r e > W 4  1toN). + [Moote/(M core + mA)]  (3 /4 > A>

w ith  mA ■ 1115 MeV * “ core = (931 X 15) MeV ' 1mN “ -11*83. MeV and 

= 14.05 MeV.

KE = 10.4144 HeV

PE = 2<0S1^2 0S1/2 (0) |V| 0S1/2  0S1 / 2> l/2

+ 2 <0S1 /2  0S1/2 (1) Ivl 0S1/2  0S1 / 2>3/2

+ 2<0P3 /2  0S1/2 (1) |V| 0P3/2  0S1 / 2>3/2

+ 2 <0P3 /2  OS1/2 (2 ) Ivl 0P3/2  0S1 / 2>5/2

+ 2<0P1 /2  0S1/2 (0) |V| 0P1/2  0S1 / 2> l/2

For XJo . JB = 1 and

+ 2 <0P1 /2  0S1/2 (1) Ivl 0P1/2  0S1 / 2>3/2
1/2  1 /2  J

-  X  <op1 /2  ps1/2 (J) Ivl op1 /2  os1/2> [J] 
J 1/2  1/2  1

(4 -1 )

( 4 - 1 )  is  expanded as:

A com puter code is  developed to  c a lc u la te  the above m a tr ix

21
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elem ents. Relevant m a tr ix  elements are summarized in  the fo llo w in g  

ta b le . To check the convergence, c a lc u la tio n s  are performed for two 

d if fe r e n t  basis sizes corresponding to n £ ( and n<.8 where 

n  = 2n A + 1 A + 2nN + %
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Binding energy o f *Jjjo groundstate : 

a— using G ^ -m a tr ix

PE = -24.006535 MeV

KE -  +10.414392 MeV

BE = -13.59093 MeV

b— using GQ-m atrix

PE -  -23.58493 MeV

KE = +10.414392 MeV

BE>  -13.170538 MeV

A (BE) -  0.42045 5 HeV
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CHAPTER V

CONCLUSION

A m odified AN in te ra c tio n  is  considered fo r ^ 0  in terms o f  a 

B rn eckn er-G o ld s to n e  6 -m a t r ix  w ith  a c o rre c te d  P a u li  o p e ra to r. 

C a lc u la t io n s  w ere n o t s e n s it iv e  to  in c re a se  o f  n fro m  6 to  8 

in d ic a t in g  t h a t  convergence is  a lre a d y  ach ieved  fo r  a  = 6. The 

c o n trib u tio n  o f Pauli operator co rrec tio n  is  found to be about one 

h a l f  MeV. So, th e  o v erb in d in g  problem  o f ^ 0  im proved but n o t  

corrected  com pletely. This makes the  inclusion  o f repu ls ive  th re e -  

body forces more urgent. Since the number o f ANN in terac tio n s  in  

16a 0 are ten tim e s  more th an  those  in  ^ L i,  these th re e -b o d y  

in te ra c tio n s  would improve the overbinding in  *^0  w ith o u t changing 

th e  re s u lts  of ®Li d ra s t ic a lly .

25
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APPENDIX

The p o ten tia l energy fo r in vhich one nucleon is replaoed

by a ^ -p a r t ic le  involves p a rtic le -h o le  m atrix  elements o f the form:

v -  < j ,  Ivl )„•

.  £ r Jt J‘  Jb  (->  j *  -  »h  c ip< J‘ J*  *
mp “mh %  V  " “ I  MB

mp (J'h V * ,v l  W  ( j h '

C's a re  the Clebsh-Gordan c o e f f ic ie n ts  ensuring th a t the to ta l  

angular momemtum Jg  is a good quantum number, ( - ) jh -mh and ~mh

ensure correct ro ta tio n a l transform ation characteris tic  of the hole 

creation  operators (B rink &  S a tc h le r ,1 9 6 8 /1 9 7 9 ). The above m a tr ix  

element can be w r itte n  in  i t s  second quantized form:

%  mp (^h “ h* ,V| jp  “ p ( j h “ li >>

, 1 /2  Z  <0 i a+ 
aPy6 ' h ftP 1Ba  ap ay a8at ' ah',0> \ f i y b

,■1/2 X  v
aPy6 aPy* <ol a p 8t  ap (8h '~  ah 'ah) a 6  By V  ,0>

<al
■f + li 

a p ay a6 } ap'|o> 8h' (A-l)

- 1 /2  Z  v
«Py6 aPyfi <0 ,a p aa (8 U '_ ah/ a p}

* <8b ~ a8 al )ay ap',0> (A-2)

The contribution  o f term (A -l) is:

26
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27

1 / 2 a ^ S  VaPy6<0J ap (a a  ap+ a y a5) 6h '

= x \ r h  jh  Jb "I 

L m -mt  MgJ
R " '2 <01 a_ V aJ^IO) 6jp  s'*

P V  h'

■ 1/2  j ? » t  <j, ^  i v  < i j , i , .>  -  i j .J , » » ! ' 6£-

+ Z <ip mp ® tp Jc mo m tc^ -̂jp'V® V jO mc m tc>j c°cmt0
-  l j c -  v >}

core

I  T rio , j„ff)lvdi' j -> - (-)jp+io_ Ilj. j„ '»
VC“ vC

l i  I P c Jp Jc v  ,Jo Jpj emteJ Up'

The f i r s t  term contains in te rac tio n  o f the core w ith  i t s e l f  and does 

n o t c o n tr ib u te  to  A b in d in g  energy. The second term  is  th e  

in te r a c t io n  o f A ~ p a r t ic le  w i t h  the core . in  w h ich  we n e g le c t the  

exchange term  correspond ing  to  the exchange o f  A to N and v ic e  

versa. Then c o n tr ib u tio n  from equation (A—1) becomes:

£ t 0X - <j’J‘ ( I, IV IV JX
The co n trib u tio n  o f  term (A-2) is :

-  1/2
oPy6 VaPy8 <0^P aa(5&" ah' aV (5h ~ a6 ah)ay apl0>

-  ~ l / 2 « M  *« m  <»l»p 4  *Y “p - 10> 4  4  » - 3 >

tl/2«W v«pr6 <0|V 5S'" V*a)af“T vl°>8h lA“t>

*  1 /2 « W  V« M  < ° l*p  » a  H i 6!  -  * r  4 > V  | 0> S S '  »-s>.
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■ 1 / 2«f?S V. w  < 0 |*P * f  *6 ‘V l 0 >6S '6i  

(A -2) : (A -3 ) + (A -4) + (A -5) + (A -6)

ay  ̂ ^ahyh ” ^havh "" ^alihY + ^ a h y   ̂*

<0 |<8P -  a* ap)(  8 P -  a t  ay) l 0>

- S  I ' W  V f c r ^ 01- !  ar l0> 8pf 

" "  <Jp“ pJl»,mJ‘*VI ^ p ' V ^ V  “ , j hmh V  V >J .

" Z < j 0“ o l j j i nilijo!nc >] Sp
Jc"1̂

The second term is the in te ra c tio n  of hole with the core, and again 

w i l l  he neg lected  s in ce  i t  does not c o n tr ib u te  to th e  A b ind ing

energy. The f i r s t  term  is  the A  hole in te r a c t io n  and should he

snbtracted from the A -c o re  in teraction  fonnd in  (A-l).

The con tribu tion  from (A-2) is thus:

" <JpmpJh' nh' M I J p 'V Jh“li> " , jhmh V mP > ]

m _ 2 “  £ j P JB w  jp  3

“ p ” mh MB mp~”h' MB JM mh' mp M

* (-)Jh_mh+jh' "“h' *

<jh . j p(J ) IV [ | j llj ' ( J ) - ( - ) J ii+V  "J l j p' j h(J)> (A-7)

Again in the m atrix elem ent, (A-7), the exchange term is  dropped. 

Thus (A-2) is  :

-  £ c a - 7 )  £  [ J B] [j](-)jh"JP+Jh' "Jp' +j p"1h' +j p'" jh +jh 'mh+jh  _mh'
J m‘s

G
J h  V  J

n i t  m • M h p
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where Clebsh—Gordan coefic ien ts  a re  w ritte n  in  te rns  o f 3 -j symbols 

(Messiah. 1966)

(A—2) :

-  [JBlT < A - 7 )  [J ] ( - ) jp + j h+ jh' + v  Jjp  J i
3 { 3 v  k  i i j  J

Here the 3 - j  symbols a re  w r it te n  in  terms o f  Racah o o e fic ie n ts  

(Messiah,1966). Therefore contribution from (A-2) becomes:

- I m n j p + V - J h '  +V  V v/  \  H  d »  '
I j P Jh J j

Thus c o n tr ib u tio n  of ( A - l )  and (A-2) to  the p o te n t ia l  energy o f / \ -  

p a rtic le  a re  :

I ; S  %  J . J. > 4
j c» t 0J [3.3

-  £  i J K - > W J h * * V  JBJ < V J p W ) l T l j 4 4 W »
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