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Several  procedures based on order s t a t i s t i c s  from 

unbalanced samples are given for the i n te r v a l  e s t im a t io n  

o f  the l a r g e s t d - q u a n t i l e  of  severa l  continuous d i s t r i b u ­

t i o n s .  Infimum of  p r o b a b i l i t y  coverage i s  d i scu sse d  for  

these procedures for one-sided  and t v o -s id e d  i n t e r v a l s .

A l t er na te  procedures based on d i f f e r e n t  types of  

order s t a t i s t i c s  are given for  the i n te r v a l  e s t imat ion  of  

the l a r g e s t  median o f  severa l  continuous symmetric d i s t r i ­

b u t io n s .  Infiir.ma of  probabi l i  ty coverage i s  a l s o  d i scussed
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I .  INTRODUCTION

S t a t i s t i c a l  p ro b lem s c o n c e r n e d  w i t h  t h e  o r d e r in g  o f  

s e v e r a l  unknown p a r a m e te r s  h a v e  b een  o f  w id e  i n t e r e s t .

T h ere a r e  num erous t y p e s  o f  p r o b le m s . One o f  t h e s e  i s  th e  

p ro b lem  o f  e s t im a t in g  t h e  l a r g e s t  p a r a m e te r . B o th  p o in t  

and i n t e r v a l  e s t im a t io n  p ro b lem s h a v e  b e e n  c o n s id e r e d  b y  

s e v e r a l  a u t h o r s .  T h is  p a p er  w i l l  f o c u s  on a p r o c e d u r e  

b a s e d  on o r d e r  s t a t i s t i c s  in  a d i s t r i b u t i o n - f r e e  s e t t i n g  

g iv e n  b y  R iz v i  and S axen a  [1] . They c o n s id e r e d  th e  i n t e r ­

v a l  e s t im a t io n  o f  t h e  l a r g e s t  a - q u a n t i l e  o f  s e v e r a l  c o n ­

t in u o u s  d i s t r i b u t i o n s  u s in g  e q u a l s i z e  s a m p le s  ..from  e a c h  

p o p u la t io n .  An e x t e n s io n  o f  t h i s  p r o c e d u r e  t o  t h e  c a s e  o f  

u n b a la n c e d  sa m p le  s i z e s  w i l l  b e  t h e  f i r s t  o f  tw o m ain d i s ­

c u s s i o n s  i n  t h i s  p a p e r . The se c o n d  w i l l  c o n c e r n  an im­

p ro v em en t o f  th e  p r o c e d u r e  f o r  t h e  s p e c i f i c  c a s e  when t h e  

p a ra m eter  o f  i n t e r e s t  i s  th e  m ed ian  and th e  d i s t r i b u t i o n s  

a r e  assu m ed  t o  b e  sy m m e tr ic .

A lam  [ 2 ] ,  B e c h o fe r  [ 3 ] ,  B lu m en th a l and C ohen [4] , and  

D ud ew icz [5 ] h a v e  c o n s id e r e d  p o in t  e s t im a t io n  o f  th e  l a r g e s t  

p a r a m e te r . E s t im a t in g  t h e  l a r g e s t  mean from  k (k ^ 2) 

p o p u la t io n s  w as o f t e n  t h e  p ro b lem  c o n s id e r e d ,  p a r t i c u l a r l y  

fo r  k  n orm al d i s t r i b u t i o n s .

S axen a  and Tong [6] c o n s id e r e d  t h e  c o n s t r u c t io n  o f  a 

f ix e d - w id t h  c o n f id e n c e  i n t e r v a l  f o r  t h e  l a r g e s t  mean o f  

k (k ^ 1) n o rm a l p o p u l a t io n s ,  w it h  known v a r i a n c e s ,  b a se d
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on t h e  l a r g e s t  sa m p le  m ean. T h e ir  p r o c e d u r e  u s e d  sy m m etr ic  

i n t e r v a l s  o f  a f i x e d  le n g t h  a b o u t t h e  maximum o f  a s e t  o f  

c o n s i s t e n t  e s t im a t o r s  o f  t h e  k  unknown p a r a m e te r s .  The 

in fim um  o f  p r o b a b i l i t y  c o v e r a g e  f o r  t h e s e  i n t e r v a l s  w as  

d i s c u s s e d  f o r  t h e  s p e c i a l  c a s e  when t h e  p a r a m e te r  o f  i n ­

t e r e s t  i s  a l o c a t i o n  p a r a m e te r . Many o f  t h e  t e c h n iq u e s  

u se d  in  th e  p r o o f s  o f  th e o r e m s  in  [6 ] w ere  u s e d  l a t e r  b y  

R iz v i  and S a x en a  [1 ] , and w i l l  b e  u s e d  in  C h a p ter  2 when  

we d i s c u s s  t h e  e x t e n s i o n  o f  [1 ] t o  t h e  c a s e  o f  u n b a la n c e d  

sa m p le  s i z e s .

D ud ew icz [7 ] and [8 ] d e v e lo p e d  a p r o c e d u r e  f o r  o b t a in ­

in g  t w o - s id e d  c o n f id e n c e  i n t e r v a l s  f o r  ran k ed  m eans by  

u s in g  th e  k  (k  ^ 1) sa m p le  means in  y e t  a d i f f e r e n t  w ay . 

He a r g u e d  h i s  c o n f id e n c e  i n t e r v a l s  w e r e  b e t t e r  th a n  t h o s e  

d e s c r ib e d  by  S a x en a  and Tong in  [ 6 ] .  Tong [1 5 ] l a t e r  

a rg u ed  t h a t  a c l a s s  o f  h y b r id  e s t im a t o r s  s h o u ld  b e  c o n ­

s id e r e d  when d i s c u s s i n g  t h e  k  (k  ̂ 1) sa m p le  p ro b lem  o f  

e s t im a t in g  t h e  l a r g e s t  p o p u la t io n  m ean.

S a x en a  [9 ] a l s o  d i s c u s s e d  ra n d om -w id th  c o n f id e n c e  

i n t e r v a l s  f o r  t h e  l a r g e s t  v a r ia n c e  from  k  (k s  1) n orm al 

d i s t r i b u t i o n s .  The u s e  o f  c o n s i s t e n t  e s t im a t o r s  and  

s e v e r a l  p r o c e d u r a l  m eth o d s w e r e  s i m i l a r  t o  t h o s e  in  [ 6 ] .

Tong [1 0 ] e x te n d e d  th e  id e a  o f  e s t im a t in g  t h e  l a r g e s t  

o f  k  (k £ 1) m eans o f  k  n orm al d i s t r i b u t i o n s  f o r  t h e  

c a s e  o f  unknown common v a r i a n c e s .  A m u l t i - s t a g e  p r o c e d u r e  

w as u s e d  i n  w h ic h  an e s t im a t e  o f  t h e  v a r ia n c e  w as fo u n d .
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Tong [1 1 ] l a t e r  d i s c u s s e d  an im p rovem en t o f  t h e  u s a g e  o f  

sy m m etr ic  i n t e r v a l s  f o r  th e  l a r g e s t  mean o f  k  (k  ̂ 1) 

n orm al d i s t r i b u t i o n s .

A lam , S a x e n a , and Tong [1 2 ] e x te n d e d  c o n f id e n c e  i n t e r ­

v a l  id e a s  f o r  l o c a t i o n  and s c a l e  p a r a m e te r s  t o  a more 

g e n e r a l  s e t t i n g  o f  k  (k s  1) u n i v a r i a t e  d i s t r i b u t i o n s ,  

in d e x e d  b y  a r e a l  p a r a m e te r  0 . T hey u se d  t h e  maximum o f  

i n d i v i d u a l  o b s e r v a t io n s  from  t h e  k  p o p u la t io n s  t o  c o n ­

s t r u c t  a c o n f id e n c e  i n t e r v a l  f o r  t h e  maximum p a r a m e te r  from  

t h e  s e t  o f  k  p a r a m e te r s .  The a u t h o r s '  a p p ro a ch  in v o lv e d  

th e  f in d in g  o f  two s t r i c t l y  in c r e a s i n g  c o n t in u o u s  f u n c t io n s  

and t h e i r  c o r r e s p o n d in g  i n v e r s e s ,  w h ic h  w o u ld  s a t i s f y  c e r ­

t a i n  c o n d i t i o n s .  W ith  a p p r o p r ia t e  r e s t r i c t i o n s  on t h e s e  

f u n c t io n s  and t h e  o r i g i n a l  u n i v a r i a t e  d i s t r i b u t i o n s  th e  

a u th o r s  o b ta in e d  s e v e r a l  g e n e r a l  th e o r e m s . The p r o o f s  o f  

t h e s e  th e o r e m s  c o n t a in e d  t e c h n iq u e s  s i m i l a r  t o  t h o s e  in  

[ 6 , 7 ] .

I t  w as s t a t e d  in  [12] t h a t  a f a m i ly  o f  d i s t r i b u t i o n s  

w it h  t h e  m on otone l i k e l y  r a t i o  p r o p e r t y  w o u ld  s a t i s f y  th e  

n e c e s s a r y  c o n d i t io n s  f o r  th e  th e o r e m s  i f  t h e  p a ra m eter  o f  

i n t e r e s t  i s  a l o c a t i o n  o r  s c a l e  p a r a m e te r . The l a r g e s t  

mean o f  a f a m ily  o f  n orm al d i s t r i b u t i o n s  w as c o n s id e r e d  b y  

th e  a u th o r s  i n  an e x a m p le . C o n s i s t e n t  e s t im a t o r s  w ere  

u s e d  a s  e s t im a t e s  f o r  th e  p o p u la t io n  m ean s. I f  t h e  X / s  

and F ( * , 0 ^ ) ' s  in  [1 2 ] a r e  r e p la c e d  b y  t h e  sa m p le  m eans 

and t h e i r  c o r r e s p o n d in g  c d f ’ s  t h e  r e s u l t s  a r e  p r e c i s e l y
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4

t h o s e  s t a t e d  in  [6  and 1 1 ] .

I n  t h e  r e f e r e n c e s  c i t e d  th u s  f a r ,  t h e  m ain em p h a sis  

h a s  b een  on f in d in g  c o n f id e n c e  i n t e r v a l s  f o r  th e  l a r g e s t  

p a r a m e te r  from  k  u n i v a r i a t e  d i s t r i b u t i o n s ,  e a c h  in d e x e d  

b y  a c o r r e s p o n d in g  p a r a m e te r . L o c a t io n  and s c a l e  p a r a ­

m e te r s  w ere  u s u a l l y  t h e  p a r a m e te r s  o f  i n t e r e s t ?  th e  c o n f i ­

d e n c e  i n t e r v a l s  w ere  o f t e n  c e n t e r e d  arou n d  c o n s i s t e n t  

e s t i m a t o r s ,  o r  some o th e r  s i n g l e  f u n c t io n ,  from  e a c h  popu­

l a t i o n  sa m p le . O rder s t a t i s t i c s  w ere  n o t  u se d  in  th e  

p r o c e d u r e .  The th eo rem s and o t h e r  m ain r e s u l t s  in  t h e  

p a p e r s  w ere  n o t  g iv e n  in  d e t a i l  s i n c e  i t  w as t h e  t e c h n iq u e s  

in  th e  p r o o f s  and th e  g e n e r a l  p r o c e d u r e s  t h a t  w ere  im p or­

t a n t ,  n o t  t h e  a c t u a l  r e s u l t s .  In  R iz v i  and Saxena [1] and  

in  ou r  e x t e n s i o n ,  in  C h a p ter  2 ,  o f  t h e i r  id e a s  t h e  d i s t r i ­

b u t i o n - f r e e  s e t t i n g  and t h e  u s a g e  o f  o r d e r  s t a t i s t i c s  le d  

t o  r e s u l t s  w h ic h  a r e  o f t e n  v e r y  d i f f e r e n t  th a n  t h o s e  in  

t h e  p a p e r s  p r e v i o u s ly  m e n t io n e d .

In  a u n i v a r i a t e  s e t t i n g ,  d i s c u s s i o n s  com p arin g  c o n f i ­

d e n c e  i n t e r v a l s  f o r  th e  m ed ian  o f  a sy m m etr ic  d i s t r i b u t i o n  

a r i s i n g  from  t h e  s ig n  t e s t  s t a t i s t i c  (w h ich  i s  e q u iv a le n t  

t o  t h e  u s u a l  o r d e r  s t a t i s t i c  a p p roach ) and t h e  W ilco x o n  

t e s t  s t a t i s t i c  h a v e  b een  g iv e n  b y  many a u t h o r s ,  in c lu d in g  

G ib b on s [ 1 3 ] .  F or many t y p e s  o f  d i s t r i b u t i o n s ,  i t  i s  w e l l  

known t h a t  f o r  t h e  on e sa m p le  c a s e  t h e  c o n f id e n c e  i n t e r v a l  

r e l a t e d  t o  th e  W ilc o x o n  t e s t  s t a t i s t i c  h a s  s h o r t e r  e x p e c te d  

le n g t h  th a n  t h e  o n e  r e l a t e d  t o  th e  s i g n  t e s t  s t a t i s t i c .
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The m eth o d s in  [1] f o r  f in d in g  a c o n f id e n c e  i n t e r v a l  f o r  

th e  l a r g e s t  a - q u a n t i l e  ca n  b e  th o u g h t  o f  in  te r m s  o f  c o n f i ­

d e n c e  i n t e r v a l s  r e l a t e d  t o  th e  s i g n  t e s t  s t a t i s t i c .  I t  

w o u ld  seem  n a t u r a l  when c o n s id e r in g  t h e  l a r g e s t  o f  th e  

m ed ia n s o f  k (k ^ 1) sy m m e tr ic  d i s t r i b u t i o n s  t o  a tte m p t  

t o  p a r a l l e l  t h e  p r o c e d u r e s  in  [1 ] u s in g  c o n f id e n c e  i n t e r v a l s  

r e l a t e d  to  t h e  W ilco x o n  t e s t .  In  C h a p ter  3 we w i l l  d i s c u s s  

d i f f i c u l t i e s  t h a t  a r i s e  in  su c h  an a t t e m p t .

N o e th e r  [14] d e s c r ib e d  a c o n f id e n c e  i n t e r v a l  f o r  th e  

m ed ian  o f  a sy m m etr ic  d i s t r i b u t i o n  w h ich  w as b e t t e r  th a n  

t h e  on e r e l a t e d  t o  th e  s ig n  t e s t  s t a t i s t i c .  H is  ( g , h )  

i n t e r v a l s  a r e  r e l a t e d  t o  b o th  t h e  s i g n  t e s t  and W ilco x o n  

t e s t .  In  C h a p ter  3 we w i l l  show  how h i s  p r o c e d u r e  can  b e  

e x te n d e d  t o  th e  k -sa m p le  p r o b le m . The r e s u l t i n g  c o n f id e n c e  

i n t e r v a l s  sh o u ld  h a v e  s h o r t e r  e x p e c t e d  l e n g t h  th a n  t h o s e  

o f  R iz v i  and S axen a  [1 ] f o r  t h e  l a r g e s t  m ed ian  o f  k  

(k ^ 1) sy m m etr ic  p o p u la t io n  d i s t r i b u t i o n s .
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I I .  DISTRIBUTION-FREE INTERVAL ESTIMATION OF THE 
LARGEST a-QUANTILE FOR k  UNBALANCED SAMPLES

The p u r p o se  o f  t h i s  s e c t i o n  i s  t o  e x te n d  t h e  p r o c e d u r e  

o f  R iz v i  and S a x en a  [1 ] t o  t h e  c a s e  o f  k  1) u n b a la n c e d

s a m p le s .

C o n s id e r  k  1) d i s t r i b u t i o n s  w i t h  unknown c o n ­

t in u o u s  c u m u la t iv e  d i s t r i b u t i o n  f u n c t io n s  F^ , i  = 1 , 2 ,

. . . , k  . L e t  x a (F^) d e n o te  t h e  u n iq u e  a - q u a n t i l e

(0  < a < 1) o f  Fj_ • x a^Fi^ n o t  u n -̂cIu e  ca n  k e

d e f in e d  t o  b e  s o  i n  t h e  u s u a l  m anner. D e f in e

0 = max x  ( F . )  . For a s p e c i f i e d  c o n s t a n t  y , a
ls - i^ k  a 1 . ,

random i n t e r v a l  I  i s  d e s i r e d  su c h  th a t

( i )  i n f  Pr {9 € l }  £ y ,
Q

w h ere  Q d e n o te s  t h e  s e t  o f  a l l  p o s s i b l e  k - t u p l e s

( F l , F 2  Fk ) . L e t  Xx ± , X2 I  d e n o te  t h e

o r d e r  s t a t i s t i c s  o f  a random  sa m p le  o f  s i z e  n^ from  th e

fch1 d i s t r i b u t i o n ,  i  = 1 , 2 ,  , k  .

The p r o c e d u r e  in  [1 ] f o r  d e te r m in in g  an i n t e r v a l  I  i s

b a s e d  on  t h e  o r d e r  s t a t i s t i c s  o f  random sa m p le s  o f  e q u a l

s i z e s  from  e a c h  F^ , i  = l , 2 , . . . , k  . I n t e r v a l s  o f  t h e

form  (Y , Y , ) a r e  fou n d  w h ere  Y = max X . ,  1 s  r  s  n . 
s  c  r  l s i s k  r ' x

The s t a t i s t i c  Y , 1 s! r  s ’n , d o e s  n o t  h a v e  a m e a n in g fu l  

i n t e r p r e t a t i o n  a s  an e n d p o in t  f o r  a c o n f id e n c e  i n t e r v a l  f o r

6
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9 i f  t h e  k  sa m p le s  a r e  u n b a la n c e d . I f  we l e t  t h e  sam p le

s i z e s  b e  a r b i t r a r y  a p r o c e d u r e  u s in g  " p r o p o r t io n a l"  o r d e r

s t a t i s t i c s  seem s r e a s o n a b le .  C o n s id e r  t h e  f o l l o w i n g  s im p le

ex a m p le  o f  ou r  m ean in g  o f  t h e  term  " p r o p o r t i o n a l ."

I f  n^ = 1 0 , n 2 = 1 5 , and n^ = 20  we r e f e r  t o

X2 x 3 2  an ^ 3 a s  t h e  t w o - t e n t h s  " p r o p o r t io n a l"

o r d e r  s t a t i s t i c s  from  t h e  f i r s t  t h r e e  s a m p le s .

In  g e n e r a l ,  l e t  p and v r e p r e s e n t  f r a c t i o n s  su ch

t h a t  0 s : p < Q f < v s : l ,  w h ere  th e  a - q u a n t i l e  i s  t h e

q u a n t i l e  o f  i n t e r e s t .  L e t  t h e  p p r o p o r t io n a l  o r d e r

s t a t i s t i c  from  sa m p le  i  b e  Y . = Xr i • and t h e^ pni # i  [ pni ] , i
tTiv p r o p o r t io n a l  o r d e r  s t a t i s t i c  from  sa m p le  i  b e  

Y"vn.  ̂ w h ere  [ ] r e p r e s e n t s  t h e  g r e a t e s t

i n t e g e r  f u n c t i o n .  F or  s i m p l i c i t y ,  h e r e  and in  t h e

f o l l o w i n g  d i s c u s s i o n  pn^ m eans [pn^] and vn^ m eans

[ v n . ] + l  . D e f in e  Y = max Y . and
» l ^ i s k  ^n i ' x

Y = max Y . . We w i l l  b e  a b le  t o  d e v e lo p  a p r o c e d u r e
v IssiSk  ^ i ' 1

f o r  th e  u n b a la n c e d  c a s e  in  a m anner s i m i l a r  t o  som e e x t e n t  

t o  t h e  p r o c e d u r e  in  [1 ] f o r  t h e  b a la n c e d - c a s e .

D e f in e  YQ = and Y^ = « . F o r  p < a  < v , l e t

I  = (Y , Y ) be' t h e  random  i n t e r v a l  u n d er  c o n s i d e r a t i o n .p* V

W ith  G^n j_(p) d e n o t in g  t h e  in c o m p le te  b e t a  f u n c t io n
i

Gpni , ri  (p> = “ni C i )  J0
P p n . - l  n . - p n .  

w (1 —w) 1 1dw
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where pn^ means [ pn^] as before and

/ n . v -p v n . - l  n . - v n .  

Gv n . . i (E,) = vni U . )  J „  w 1 (1 - w) 1 ldw  •i  i  0

w h e re  v n . m eans [ v n . ]  + 1 , t h e  c d f  o f  Y . i s  l  i  p n ^ i

G • (F . (y) ) and th e  c d f  o f  Y . i s  G . (F . ( y ) ) . p n . ,  l  i  v n . ,  i  v n . , l  l  *
i  l i

U s in g  th e  c o n v e n t io n  . ( • )  = 1 and G, . ( • )  = 0  th e3 0 , i  l , i

p r o b a b i l i t y  o f  c o v e r a g e  o f  9 b y  I ca n  b e  s t a t e d  a s

p r ( e e i )  = P r ( Y  s e ) - p r (Yv^e)

( i i ) = Pr(Y  •s 9 , i = l , 2 , . . . , k ) - P r ( Y  . ^ 9 , i = l , 2 , . . . , k)
jg^Il • /  J .  V l l  i /  X

= n G . (F ( 9 ) )  -  n Gxm . ( F . ( 9 ) )  .
1=1 1 i = l  1

N o te  t h e  a b o v e  p r o c e d u r e  and s t a t e m e n t  c o n c e r n in g  p ro b a ­

b i l i t y  o f  c o v e r a g e  a r e  p r e c i s e l y  th e  sam e a s  t h o s e  in  [1 ]  

i f  t h e  k sa m p le  s i z e s  a r e  e q u a l .

U s in g  th e  c o n v e n t io n  Gn . ( • )  = 1  and Gn • ( * )  -  0 ,U / 1  «L / 1
and n o t in g  t h a t  a  ^ F . . (9)  ^ 1 , f o r  a l l  i  , we can  

s t a t e  th e  f o l l o w i n g .

Theorem  2 .1  ( o n e - s id e d  i n t e r v a l s ) :

(a ) For p = 0 , v < 1 , t h a t  i s ,  w it h  I = (-=°,Y ) ,v

i n f  Pr { 9  € 1}  = 1 -  G . ,  (a)  w h ere
Q ^ i - ' 1
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i 1 € { l , 2 , . . . , k }  i s  c h o s e n  s o  t h a t

G . , (a) 2: G . (a)  , f o r  a l l  i  ; andvn^ , , 1  vn^, 1

(b) f o r  |i >  0 , v = 1 , t h a t  i s ,  w i t h  I = (Y , “ ) ,
*  “

i n f  p r {6 € I ) = II G,m , (a) .
Q. i = l  ^ i ' 1

P r o o f ; (a) and (b) f o l l o w  r e a d i l y  from  ( i i ) , th u s  t h e  

d e t a i l s  a r e  o m it t e d .  #

T a b le s  o f  t h e  in c o m p le te  b e t a  f u n c t io n  o r  e q u i v a l e n t l y  

c u m u la t iv e  b in o m ia l  t a b l e s  ca n  b e  u s e d  t o  e v a l u a t e  th e  

r i g h t  hand s i d e  o f  (a ) and ( b ) . F or  (a)  o f  Theorem  2 . 1  we 

c h o o s e  v t o  b e  t h e  s m a l l e s t  f r a c t i o n  su c h  t h a t  

1 -  Gyn (a) ^ Y . F or a g iv e n  a , y m ust s a t i s f y

n i  1
0 < y < 1 -  a . N o te  t h a t  f o r  y- < p,' t h a t

G . ( - )  s; G , . ( • )  . T h e r e fo r e  in  (b) o f  Theorem  2 .1
un^, i

we c h o o s e  u, t o  b e  th e  l a r g e s t  f r a c t i o n  su c h  t h a t

k
II G . (a )  ̂ Y > w it h  

i = l  ^ i ' 1
0 < Y1 /k  < {1  -  (1 -  a) X] ,

f o r  a l l  i  . I t  i s  c l e a r  from  t h e  ab ove u p p er b ou nd s on  

Y  t h a t  f o r  f i x e d  k  and a , I  ca n  s a t i s f y  ( i )  f o r  any

v a lu e  o f  y b e tw e e n  0 and 1 , p r o v id e d

m in {n ^ ,n 2 , - . . , n^}  i s  l a r g e  en o u g h .

The amount o f  e f f o r t  t o  f in d  p, o r  v f o r  a g iv e n

s e t  o f  v a lu e s  k , a ,  Y / n ^ , ^ , . . .  ,n ^  i s  o f t e n  n o t  a s  s h o r t

a s  f o r  t h e  b a la n c e d  c a s e  c o n s id e r e d  in  [1 ] . The
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e x p r e s s io n s  (a ) and (b ) a r e  more c o m p lic a te d  f o r  u n b a la n c e d  

c a s e s  and u s u a l l y  m ore t r i a l - a n d - e r r o r  c a l c u l a t i o n s  a r e  

r e q u ir e d  b e f o r e  th e  d e s i r e d  n o r  v i s  a r r iv e d  a t .  In  

s e a r c h in g  f o r  an a p p r o p r ia t e  p and v su c h  t h a t  ( i )  

h o ld s ,  we can  a l t e r n a t e l y  e x p r e s s   ̂ in  term s o f  th e

c u m u la t iv e  b in o m ia l  d i s t r i b u t i o n

n .

G . {a) can  b e  e x p r e s s e d  in  a s i m i l a r  m anner. (Keep in  
i '

m ind nn^ i s  rou n d ed  down and vn^ i s  rou n d ed  up in  ou r  

c o n v e n t i o n . )

L e t ' s  c o n s id e r  f in d in g  v in  Theorem  2 .1  (a) f o r  a

s p e c i f i e d  k , y , a  and n ^ , n 2 » . . . , n^  • We n eed  t o  u s e  a

t r i a l - a n d - e r r o r  p r o c e d u r e  o f  e x a m in in g  v n ^ , v n 2 , . . . , vn^

f o r  v a r io u s  v a lu e s  o f  v . T h is  in v o lv e s  c h e c k in g  t h e

b in o m ia l  c d f  t a b l e s  t o  d e te r m in e  G . f o r  e a c h  n . and\m ^ ,i  1

v , i  = l , 2 , . . . , k  . We n eed  t o  f in d  th e  a p p r o p r ia t e  

s m a l l e s t  v and t h e  p a r t i c u l a r  n^ su c h  t h a t  (a ) o f  

Theorem  2.1 i s  s a t i s f i e d .  F or many v ' s  i t  w i l l  f o l l o w

t h a t  n^ , o f  (a) w i l l  b e  m in { n ^ ,n 2 ,  * T h is  i s  n o t

a lw a y s  t h e  c a s e ,  h o w e v e r , due t o  th e  e f f e c t s  o f  th e  rou n d ­

in g  o f f  p r o c e d u r e  f o r  th e  v n ^ 's  and t h e  d i s c r e t e n e s s  o f  

th e  b in o m ia l  d i s t r i b u t i o n .  One ca n  u s e  m i n { n ^ , n 2 , . . .  ,n ^ ’J 

t o  g e t  an i n i t i a l  v a lu e  f o r  v , th e n  c h e c k  (a) and
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1 1

a d j u s t  v s l i g h t l y  i f  n e c e s s a r y .

I f  th e  sa m p le  s i z e s  a r e  a p p r o p r ia t e ly  la r g e  t o  a l l o w  

a n orm al a p p r o x im a t io n  t o  t h e  b in o m ia l  c d f ,  th e  c o n t in u o u s  

p r o p e r ty  o f  th e  n orm al d i s t r i b u t i o n  a l lo w s  th e  f o l l o w i n g  

s i m p l i f i c a t i o n  o f  t h e  a b o v e  t r i a l - a n d - e r r o r  p r o c e d u r e .  

A ssum ing

/  vn j -  n ±ot .
G . ( » ) « N l  j r r  r-J ,

v n . , i  '  V n .Q '(l-Q ')/

f o r  a l l  i  , i t  f o l l o w s  t h a t

G • , (a ) £ G . (a) , f o r  a l l  i  , =* n ., ^ n . f o r  a l l  i
, f a. i  * i  i

Thus f o r  th e  n orm al a p p r o x im a tio n  we ca n  f in d  t h e  ap p ro ­

p r i a t e  v b y  c o n s id e r in g

f vn ^ . -  n-j_ • crN 
N (-  > vy ■ , ) ^ 1 -  y w it hV Vni , a ( 1 - a ) /

n i t  = mi n { n 1 , n 2 , . . . , n k ) .

L e t ' s  now c o n s id e r  f in d in g  p, in  (b) o f  Theorem  2 .1  

f o r  a s p e c i f i e d  k , y ,ot and n ^ , n 2 , . . . , n k . A p r o c e d u r e  

som ew hat s i m i l a r  t o  t h a t  f o r  p a r t  (a) can  b e  u s e d .  The 

t r i a l - a n d - e r r o r  p r o c e d u r e  to  f in d  p, in v o lv e s  w o rk in g  w ith  

a p r o d u c t  o f  k - t e r m s ,  a l l  d e p e n d e n t on  p, . F in d in g  t h e  

l a r g e s t  p, su ch  t h a t

k

11 Gun i (cy) S Yi = l
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i s  som ew hat t e d io u s  s i n c e  t h e  p r e c i s e  r e l a t i o n s h i p  b e tw e e n  

t h e  i n d i v i d u a l  f a c t o r s  v a r i e s  f o r  d i f f e r e n t  p ,'s . T h is  

i s  a g a in  due t o  t h e  d i s c r e t e n e s s  o f  t h e  b in o m ia l  c d f  and  

th e  r o u n d in g  o f f  o f  t h e  p r u 's  .

A number o f  m eth o d s h a v e  b e e n  a t te m p te d  t o  f in d  a 

s im p le r  p r o c e d u r e  t o  d e te r m in e  t h e  l a r g e s t  p, su c h  t h a t

(b) o f  Theorem  2 . 1  h o l d s .  I f  a s i n g l e  f u n c t io n  o f  th e  

n / s  can  b e  u s e d  to  d e te r m in e  p, , o n ly  a s i n g l e  b in o ­

m ia l  c d f  v a lu e  w ou ld  n e e d  t o  b e  c o n s id e r e d .  The f o l l o w i n g

m eth od s seem  r e a s o n a b le  b u t  h a v e  n o t  y i e l d e d  e x a c t  r e s u l t s

1 /k(1 ) C h oose  p, su c h  t h a t  G . , (a)  ^ y w herep n ^ , , 1

n . ,  = min {n.  , n_  , . . .  ,n , } . T h is  p r o c e d u r e  o f t e n
X «, ^  X Z  JCl ^ i

l e a d s  t o  v e r y  c o n s e r v a t i v e  p r o b a b i l i t y  s t a t e m e n t s , 

e s p e c i a l l y  i f  t h e  sa m p le  s i z e s  a r e  s m a l l  o r  vary  from  

o n e  a n o th e r  t o  an y  g r e a t  e x t e n t .

(2 ) C h oose  p, su c h  t h a t  G _ v (a)   ̂ . The

r  ' —

G e n e r a l iz e d  H S ld e r s  I n e q u a l i t y  ca n  b e  u s e d  t o  make 

in fim u m  s t a t e m e n t s .  The r e s u l t i n g  s t a t e m e n t  f o r  (b) 

o f  Theorem  2 .1  may b e  good  o r  p o o r  d e p e n d in g  a g a in  on  

t h e  r e l a t i o n s h i p  o f  t h e  sa m p le  s i z e s .

I f  t h e  n o rm a l a p p r o x im a t io n  t o  t h e  b in o m ia l  c d f  i s  

g o o d  ( i . e .  i f  t h e  sa m p le  s i z e s  a r e  la r g e  e n o u g h ) ,  th e  

t r i a l - a n d - e r r o r  p r o c e d u r e  t o  f i n d  p, f o r  a s p e c i f i e d  

k , y , a  and n ^ , n 2 , . . . , n ^  in  (b ) o f  Theorem  2 . 1  d o es
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1 3

becom e e a s i e r  by u s in g  t h e  f o l l o w i n g  a p p r o a c h . A ssum e t h a t  

n^ ^ s  ^ . We n o t e  t h a t  from  o u r  a s su m p tio n  o f

good  n orm al a p p r o x im a t io n s

k k , irni -  n i a N k  t  p,-a

nl V n j i  •

\ i -a
L e t  -  ( l - g )  * v^ i  = z i  * U si n9  t h i s  n o t a t i o n .

TC 1c 7*~" 1
n g . (or) »  n n ( z ,  v / r i ) . 

i = i  ^ i ' 1 i = i  v 1 Vni ;

F in d in g  t h e  s m a l l e s t  (h en ce  t h e  l a r g e s t  n) su c h  t h a t

II N (z  - 7 _ i  ) s  y i s  an e a s i e r  t a s k  th a n  th e  p r o c e d u r e  
i = l  v 1 ^ n l

d e s c r ib e d  u s in g  t h e  b in o m ia l  c d f  t a b l e s .  N o te ,  i f

f o r  a l l  i  , z^ «  z*  w h ere  z*  i s  a v a lu e  su c h  t h a t

N ( z * )  = . I f  1 f o r  a t  l e a s t  on e  v a lu e  o f
v n i

i  , i  € [ l , 2 , . . . , k ]  , we s h o u ld  t r y  v a lu e s  f o r  z^ su c h  

t h a t  < z *  .

We h a v e  n o te d  t h a t  t h e  p r e v i o u s l y  d i s c u s s e d  m ethod o f  

o b t a in in g  o n e - s id e d  c o n f id e n c e  i n t e r v a l s  u s in g  p r o p o r t io n a l  

o r d e r  s t a t i s t i c s  ca n  in v o lv e  le n g t h y  t r i a l - a n d - e r r o r  c a l c u ­

l a t i o n s .  We w i l l  now d e s c r ib e  a n o th e r  m eth od , i n v o lv i n g  

i n t e r v a l s  d e f in e d  i n  a d i f f e r e n t  w ay , w h ich  r e q u ir e s  s im ­

p l e r  c a l c u l a t i o n  f o r  i t s  e x e c u t i o n .  W e ' l l  s e e  t h a t  o f t e n  

t h e  r e s u l t i n g  o n e - s id e d  i n t e r v a l s  w i l l  in v o lv e  t h e  same
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o r d e r  s t a t i s t i c s  f o r  t h e  tw o p r o c e d u r e s .  We w i l l  i n d i c a t e  

t h a t  f o r  m o st s e t s  o f  sa m p le  s i z e s  n e i t h e r  o f  t h e  tw o  

p r o c e d u r e s  w i l l  h e  p r e f e r a b l e ,  p r io r  t o  a p a r t i c u l a r  sam­

p l i n g .  We w i l l  u s e  t h e  term  " p r e fe r a b le "  a s  W ilk s  [1 6 ]  

and R iz v i  and S axen a  [1 ] d o .  We w i l l  w a n t t o  c h o o s e  u 

and v in  Theorem  2 .1  su c h  t h a t  t h e  ra n k  d i f f e r e n c e  

(vn^ -  wn^) i s  m in im ized  f o r  a p r e a s s ig n e d  y  f o r  ea ch  

i  , i  = l , 2 , . . . , k  . In  t h e  f o l l o w i n g  p r o c e d u r e  we w i l l

c h o o s e  m. and I . su c h  t h a t  th e  ran k  d i f f e r e n c e  { I .  - m . )
1 1  1 1

i s  m in im iz e d  f o r  e a ch  i  , i  = l , 2 , . . . , k  , f o r  a p r e ­

a s s ig n e d  v u s e d  in  th e  n e x t  th eo rem .

H e n c e fo r th  f o r  n o t a t i o n a l  p u r p o s e s ,  we w i l l  r e f e r  t o  

t h e  p r e v io u s  p r o c e d u r e  a s  t h e  | i , v  p r o p o r t io n a l  p r o c e d u r e .  

The f o l l o w i n g  p r o c e d u r e  w i l l  b e  c a l l e d  t h e  m ,£ p r o c e d u r e .

To d e s c r ib e  t h e  o n e - s id e d  m ,£ p r o c e d u r e  c o n s id e r

tilth e  f o l l o w i n g .  L e t   ̂ d e n o te  t h e  nu l a r g e s t  o r d e r

tils t a t i s t i c  f o r  t h e  i  p o p u la t io n  (w ith  sa m p le  s i z e  n ^ ) .

We c h o o s e  rru t o  b e  t h e  l a r g e s t  ran k  s u c h  t h a t

G . (a)  f o r  e a c h  i  . L e t  Y, . d e n o te  t h en u , i  - c - ,1

til till a r g e s t  o r d e r  s t a t i s t i c  from  t h e  i  p o p u la t io n  and

c h o o s e  t o  b e  t h e  s m a l l e s t  rank su c h  t h a t

G. . (of) ^ 1 -  Y f o r  e a c h  i  . D e f in e
V 1

Y = max Y . and Y , = max Y ,  . . U se th e
m l * i £ k  mi ' 1 1  l i i ^ k  V 1

c o n v e n t io n  Yn . = - »  and Y f o r  a l l  i  .u / x •*JL| l

with permission of the copyright owner. Further reproduction prohibited without permission.



1 5

The o n e - s id e d  i n t e r v a l s  a r i s i n g  from  t h i s  p r o c e d u r e  a r e  o f  

th e  ty p e  I = (Y , ®) o r  I  = ( - ® , Y . ) . N o t in g  t h a t
Til

Gn . ( • )  s  1 , G , . ( • )  ■ h o and a s; F . (0) s i  f o rU , i  n^+JL,i l

e a c h  i  we s t a t e

Theorem  2 .2  ( o n e - s id e d  i n t e r v a l s ) ;

(a) F or m. = 0 , I .  z  n . , f o r  a l l  i  , t h a t  i s ,  w it h' i l l

I = ( - “ ,Y^) ,

i n f  P r { 9 € l ) = l - G .  . * (a) £ y w h ere i *  6 { 1 , 2 ,  . . .  , k}
n i * ' 1

i s  c h o se n  s o  t h a t

G. . *(oc) ^ G- . (a)  , f o r  a l l  i  ; and
1 X 1

(b) f o r  m. s i ,  I .  = n . + 1 , f o r  a l l  i  , t h a t  i s ,i l l

w i t h  I  = (Y , 00) m

k
i n f  P r [ 0  € 1} = n G . (a)  s  y .

rs • <« IQ • / 1Q i = l  l

P r o o f ; (a) and (b) f o l l o w  d i r e c t l y  from  t h e  way we d e f in e d

iru and t  ̂ f o r  ea ch  i  , i  = 1 , 2 ,  ,k  . #

N o te  f o r  (a ) and (b) t o  b e  m e a n in g fu l we n e e d  t h e
1 / k  n i

r e q u ir e m e n t  t h a t  f o r  (a) 0 < y < ( 1 -  ( 1 - a )  ) , f o r

a l l  i  , f o r  a g iv e n  a  , and f o r  (b) t h a t
n i*

0 < y < 1 -  a  f o r  a g iv e n  a . I t  i s  c l e a r  from  u p p er
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b ou nd s on y t h a t  f o r  f i x e d  k  and a  ( i )  can  h o ld

f o r  any v a lu e  o f  y b e tw e e n  0 and 1 , p r o v id e d

m i n f n ^ , ^ , . .  - / n^}  i s  l a r g e  en o u g h .

To show t h e  c o n f id e n c e  i n t e r v a l s  (Y , “ ) andm
from  t h e  m,-t p r o c e d u r e  ca n  o f t e n  b e  v e r y  s i m i l a r  

t o  (Y , “ ) and ( - “ ,Y ) , r e s p e c t i v e l y ,  from  t h e  n , vj»i> V
p r o p o r t io n a l  p r o c e d u r e  w e ' l l  com pare them  when th e  sa m p le  

s i z e s  a r e  s u f f i c i e n t l y  l a r g e  t o  a l lo w  t h e  u s e  o f  n orm al 

a p p r o x im a t io n s  f o r  t h e  b in o m ia l  c d f ' s  i n v o lv e d .  In  d o in g  

t h i s  we w i l l  lo o k  a t  s e v e r a l  n u m e r ic a l  e x a m p le s  f o r  v a r io u s  

s e t s  o f  sam p le  s i z e s .

In  com p arin g  ( - “ , Y . ) t o  ( - m, Y  ) we s e e  t h e  tw o  

p r o c e d u r e s  in v o lv e d  a r e  s i m i l a r  s i n c e  o n ly  on e  term  i s  

in v o lv e d  in  th e  in fim um  s t a t e m e n t .  We f in d  vn^, i s

u s u a l l y  . C om paring (Ym' “ ) t o  Ŷp,,0°̂  more

d i f f i c u l t .  U s in g  t h e  n o t a t io n

G . (a ) «  N ( z , ' , / - i  ) , f o r  a l l  i  , w here  u r u , i  \  1 Vn^ /

-U+Qf ___  / _mi  + n i a \
z ,  = t—r-= r  * <JnZ and G . (a)  «  N( r—— r ~ T  ) •1 */a{l-a) v 1 m ^,i Vvn^o'(l-oO /

f o r  a l l  i  , i t  f o l l o w s  from  t h e  tw o p r o c e d u r e s  t h a t

N ( z x ) ' N( z 1 * ^ -  )  N ( z l*V n ~  )  = Y and = Y1</k ,

-m^ + n ia

w h e re  z * =  • f o r  a 1 1  1 •l
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sir
I t  i s  e a s i l y  v e r i f i e d  t h a t  z n £ z*  £ z, = z_rt/ iS. . I f  t h eJ 1 ■ k IV n 1

ffi-
sa m p le  s i z e s  s a t i s f y  ^/^±. «  1 f o r  a l l  i  i t  f o l l o w s  t h a t

th e  c o n f id e n c e  i n t e r v a l s  f o r  t h e  two p r o c e d u r e s  a r e  s i m i l a r .

The f o l l o w i n g  e x a m p les  i l l u s t r a t e  t h e  r e l a t i o n s h i p s  

o f  t h e  ran k  o f  th e  o r d e r  s t a t i s t i c s  o b t a in e d  by t h e  tw o

p r o c e d u r e s  f o r  v a r io u s  a p p l i c a t i o n s  o f  p a r t  (b) o f

T heorem s 2 .1  and 2 . 2 .  We w i l l  u s e  th e  n orm al a p p r o x im a tio n  

p r o c e d u r e s .

We u s e  a c o r r e c t i o n  f a c t o r  o f  .5  when u s in g  n orm al 

a p p r o x im a t io n s .

E x l .  L e t  n^ = 1 6 , n^ = 2 5 ,  n^ = 3 6 , n^ = 4 9 , a = 1 / 2 ,

4
Y = . 9 0 .  Then z n = 1 . 5 6  and n G - (a)  = . 9 0 .1 i = 1  , m . , i

For  z 1 = 1 . 5 6  we g e t  p, = . 3 0  . Then

[p-n1] = 5 ml = 4

[u n 2] = 8 m2 = 8

[p n 3] = 11 m3 = 12

U n 4 ] = 15 m4 = 18

L e t n^ = 8 0 , n2 = 9 0 ,  n 3 = 90 , n4 = 1 0 0 ,

Then z^ = 1 . 5 2 ,  p, = . 2 2  and

[pn^] = 18
mi

= 18

[W lj] = 20 m2 = 20

[p n 3] = 20 m3 = 20

[p n 4 ] = 23 m4 = 23
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E x 3 . L e t  = 1 6 0 , = 1 8 0 , = 2 0 0 , = 2 2 0 , a = .3

Y  = .9 5 5  .

Then
Z 1  = 1 .3 8  , U = .2 5  and

Un-jJ = 40 mi
= 39

= 45
m 2

= 45

[fin 3] = 50 m3 = 50

[^ n4 l = 55 m4 = 56

L e t n l  = !30 , n 2 = 9 0 , n 3  = 9 0 , n4 == 1 0 0

Y = • 943 .

Then
Z 1  = 2 .0 6 5 , p. = .6 5  and

[ = 52 ml = 51

[» n 2] = 59 m2 = 58

U n 3 ] = 59 m3 = 58

[ Fn4 ] = 65 m4 = 65

W e've s e e n  th e  p ,,v  p r o p o r t io n a l  p r o c e d u r e  and th e  

p r o c e d u r e  y i e l d  s i m i l a r  in t e r v a l s  f o r  (a ) o f  

Theorem  2 . 1  and (a) o f  Theorem  2 . 2 .  From t h e  n orm al 

a p p r o x im a tio n  d i s c u s s i o n  f o r  i n t e r v a l s  o f  th e  form  (Y , “ ) 

from  (b) o f  Theorem  2 . 1  and o f  t h e  form  from  (b)

o f  Theorem  2 .2  w e know t h a t  in  m o st c a s e s  n e i t h e r  p r o c e ­

d u re  i s  p r e f e r a b l e .  In  one o f  t h e  fo u r  n u m e r ic a l  ex a m p les  

we s e e  t h a t  o n e  m ethod i s  p r e f e r a b l e  t o  th e  o t h e r .  T h is  

o c c u r s  in  t h e  l a s t  e x a m p le , t h e  |a , v p r o p o r t io n a l  m ethod
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i s  p r e f e r a b l e .  T h is  f o l l o w s  s i n c e  e a c h  ran k  o f  t h e  i n d i ­

v id u a l  o r d e r  s t a t i s t i c s  f o r  t h e  p r o p o r t io n a l  m ethod i s

g r e a t e r  th a n  o r  e q u a l  t o  th e  ran k  o f  t h e  c o r r e s p o n d in g  

o r d e r  s t a t i s t i c  from  t h e  m, 1  p r o c e d u r e .  T h e o r e t i c a l l y ,  

from  t h e  i n e q u a l i t i e s  £ z*  £ z^ i t  f o l l o w s  t h a t  e i t h e r  

p r o c e d u r e  m ig h t h e  p r e f e r a b l e  f o r  a p a r t i c u l a r  s e t  o f  

v a lu e s  k ,a ',Y  and n ^ , ^ ». . - ,  b u t  i t  seem s r e a s o n a b le  

t h a t  in  m ost c a s e s  n e i t h e r  p r o c e d u r e  i s  p r e f e r a b l e .  F or  

t h i s  r e a s o n ,  t h e  m,-t p r o c e d u r e  f o r  f in d in g  o n e - s id e d  

random i n t e r v a l s  s a t i s f y i n g  ( i )  i s  o f t e n  d e s i r a b l e  b e c a u s e

o f  t h e  s im p le r  c a l c u l a t i o n s  f o r  i t s  e x e c u t i o n .

We now d i s c u s s  t w o - s id e d  i n t e r v a l s .  We in t r o d u c e  t h e

tilf o l l o w i n g  t e r m in o lo g y .  L e t  Y . b e  t h e  s .  o r d e r
S  • §  X X

1

s t a t i s t i c  from  sa m p le  i  and d e f i n e  Y = max Y . .
s l i i ik  si ' 1

tTiL e t  Y . b e  t h e  t .  o r d e r  s t a t i s t i c  from  sam p le  i  and
l ' 1  1

d e f i n e  Y. = max Y, . . F or  i n t e r v a l  I  = (Y ,Y. ) ,
l^iik V 1 s

i t  f o l l o w s  in  a m anner s i m i l a r  t o  ( i i )  t h a t

k k
( i i i )  P r ( 6 € l ) =  II Go . (F.  ( 6 ) ) -  II G. . ( F . ( 0 ) )  .

i = i  v 1 1 i = i  V 1 1

C o n s id e r  m in im iz a t io n  o v e r  Q o f  P r ( 9  6  I ]  f o r  t w o - s id e d  

random i n t e r v a l s .

Theorem  2 .3  ( t w o - s id e d  i n t e r v a l s ) :  F or 1 £ s .  < t .  s : n .  ,------------------------ s-------------------------------------- £. 1  x 1  /

f o r  a l l  i  , t h a t  i s ,  w it h  I  = (Y , Y . ) ,
S  v
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r

i n f  P r { 0  € i ]   ̂ m in{ n a
r

0

{a)  -  II G q { a ) } 
i = l  ‘ s . - 9!

w here th e  minimum i s  o v e r  a l l  c h o ic e s  o f  r  = l , 2 , . . . , k  

and [ 0 1 , . . . , g r ] e  ( 1 , 2 , . . . , k )  .

P r o o f : The p r o o f  f o l l o w s  a p a t t e r n  s im i l a r  t o  Theorem 2 

in  [1] . A d a p tin g  t h e  d i s c u s s i o n  in  [1] t o  o u r  p ro b lem  we 

g e t  th e  f o l lo w in g :

We s e e  P r f 0  € 1} in v o lv e s  F . ' s  e v a lu a t e d  a t  th e
1 l

c o n s t a n t  0 , and F^(0)  £ a  f o r  i  = 1 , 2 , . . . , k  . We

can  w r i t e  F . (0) = a  + 6 . ; w here 0 ^ 6 . ^ 1 -  a  . T h is  i  i  i

e n a b le s  u s  t o  r e p a r a m e te r iz e  ( i v )  a s  a f u n c t io n  o f  th e

6 ^ 's  . W ith o u t l o s s  o f  g e n e r a l i t y  we can  assum e =

Thus th e  p rob lem  o f  m in im iz a t io n  o f  ( i v )  o v e r

Q = { ( F^, F 2 * . • • f F ^ ) : F^ i s  c o n t in u o u s  f o r  e a c h  i  } i s

red u ced  t o  i t s  m in im iz a t io n  o v e r  f ( 6 , , . . . ,  6 . 0  ^ 6 . s
1 1  k - 1  l

1  -  a , i  = 1 , 2 , . . . , k  -  1 } .

k
( i v )  Pr{ 9 € (Y , Y ) } = II G= . (F.  ( 0 ) )

i “ l  i*

k
i ( F . ( 0 ) )  .

k - 1

Prf  0 € I'J = G . (or)  II G
s k  i = l  s i

i ( a+ 6 i ) -  G
k - 1

(v)

= J ( 6 X
6 k - l ) ' s a y *

c o n s id e r  S J /S 6 j . U s in g  G ^  ^(p)  w r i t t e n  in  i t s  form

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



a s  th e  in c o m p le te  b e t a  f u n c t io n  we d e f in e

gr  ̂ (P) =
i . , i (p) = r i ( r . ) P 1  (1 -p )  1  ' 0  ^ P * 1 *dp r .

r . - l  n - r .

We can  o b s e r v e  t h a t  g . ( p ) | g  . (p) i s  in c r e a s in g  in

p f o r  t . >  s . s i n c ec  I X

, n . N t . - 1  n . - t .

1 u - p >  1 1_____ l _____________________
f r y  \  s . - l  n . - s .
( " i j p  1 X ( l - P )  1  1

t . - s  . s . - t .
= Cp 1  1 ( l - p )  1  1

, t . - s  .f— “ 1 ^ .  o  .
=  c ^ l  1 1_ l - p j

w h ich  in c r e a s e s  a s  p i n c r e a s e s  s i n c e  p i s  p o s i t i v e ,  

C , a c o n s t a n t ,  i s  p o s i t i v e  and t ^  -  >  0 .

L e t  A = n G . (cv+6 .)
i = l , i * j  s i ' x 1

and B = n G, • (cH-6 .)
i = l , i ^ j  V 1  1

We can  o b t a in  from  (v) t h a t

I 7 -  = A • g . (cH-5 .)  
S6j s i , i v y

1  -

Bg . (oH-5 )x j

AgZ  ± (or+ 6  .)s ^ , x  j

g t  i t a+V
S in c e   ------------------ > i s  in c r e a s in g  i t  f o l l o w s  t h a t  th e

~ ’ jS i ' 1

e x p r e s s io n  in  t h e  b r a c k e t s  i s  d e c r e a s in g  in  6  ̂ . H ence
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we c o n c lu d e  t h a t  - | ^  h a s  e i t h e r  t h e  sam e s ig n  a t  e v e r y

v a lu e  o f  6  ̂ o r  a t  m ost o n e  ch a n g e  o f  s i g n  from  p o s i t i v e  

t o  n e g a t i v e  and c o n s e q u e n t ly  in fg  J  i s  e i t h e r  a t
j

6 ^ = 0  o r  6  ̂ = 1 -  a . T h is  h o ld s  f o r  e v e r y  j  . T h e r e ­

f o r e ,  t h e  in fim u m  o f  J  i s  a c h ie v e d  w hen a c e r t a i n  number 

o f  O j ' s  a r e  z e r o  and t h e  r e s t  a r e  e q u a l  t o  1 -  a . The 

s t a t e m e n t  o f  T h eorem 2.3 th u s  f o l l o w s .  #

N o te  t h a t  f o r  f i x e d  k  and a , I  ca n  s a t i s f y  ( i )  

p r o v id e d  y l i e s  b e tw e e n  0  and  

r _ n . r  n .
mm
l^ r ^ k

r- 11 . ~| -L 11 .

{ II ( 1 — ( l - a )  -  II a } . T h is  minimum ca n  b e
i = l  J i = l

made a r b i t r a r i l y  c l o s e  to  1  b y  t a k in g  t h e  n ^ ' s  la r g e  

e n o u g h .

L et s . b e  p n . and t . b e  v n . f o r  e a c h  i  in  i  r i  l  l

( i i i ) , w h ere p and v a r e  from  t h e  p ,v  p r o p o r t io n a l

p r o c e d u r e .  I t  f o l l o w s  from  ( i i i )  and Theorem  2 .3  t h a t  f o r

I = (Y ,Y ) p v

( v i )  i n f  Pr (0 6 1 } ^ min { n G_ (a)  -  n G. ( a ) } .
n i = l  3 i  i = l t 3 / Pii  l

T here a r e  many p ' s  and v ' s  t h a t  w o u ld  y i e l d  a 

v a lu e  g r e a t e r  th a n  y , f o r  a s p e c i f i e d  y , i f  u s e d  in  

th e  r i g h t  hand s i d e  o f  ( v i ) . A t th e  end  o f  t h i s  c h a p t e r  

we w i l l  d i s c u s s  an a lg o r it h m  f o r  f i n d i n g  p and v in
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an o p t im a l  w ay , s i m i l a r  t o  R iz v i  and S a x e n a 's  optim um  d i s ­

c u s s i o n  in  [ 1 ] .

T y p i c a l l y ,  t h e  minimum o f  th e  r i g h t  hand s i d e  o f  ( v i )  

o c c u r s  when r  = k  . To f in d  y and v su ch  t h a t  t h e  

r i g h t  hand s i d e  o f  ( v i )  i s  g r e a t e r  th a n  o r  e q u a l t o  some 

s p e c i f i e d  y a c o n v e n ie n t  s t a r t i n g  p o in t  i s  t o  c h o o s e  a

y^ and y 2  su c h  t h a t  y^ -  y 2  = y  . Then y i s  d e t e r -

k
m ined  su c h  t h a t  n G . (or) s  y by t h e  p r o c e d u r e

i = 1  y n ^ i  1

d e s c r ib e d  f o r  f in d in g  y f o r  Theorem  2 . 1  ( b ) ( l e t  y^ = y

in  t h a t  d i s c u s s i o n ) . In  a s i m i l a r  m anner v i s  d e te r m in e d ,

m aking v a s  l a r g e  a s  p o s s i b l e ,  su c h  t h a t

k
n G . (a) * y .. . v n . ,  i  2i = l  i

U sin g  t h e s e  v a lu e s  f o r  y and v th e  r i g h t  s i d e  o f  ( v i )

i s  e v a lu a t e d  t o  c h e c k  i f  t h e  r e s u l t i n g  v a lu e  i s  g r e a t e r  

th a n  o r  e q u a l  t o  th e  s p e c i f i e d  y . I f  i t  i s  n o t  o r  i f  

th e  in fim u m  s t a t e m e n t  t h a t  r e s u l t s  from  ( v i )  i s  t o o  c o n ­

s e r v a t i v e  a s l i g h t  a d ju s tm e n t  o f  y and v i s  n e c e s s a r y .  

N o te  t h e  i n t e r v a l  d e te r m in e d  in  t h i s  way i s  n o t  n e c e s s a r i l y  

o p t im a l .

L e t ' s  now d e f i n e  a t w o - s id e d  random i n t e r v a l  f o r  th e  

m, 1  p r o c e d u r e .  F or  a g iv e n  y , we c h o o s e  a y^ and

Y2  su c h  t h a t  y^ -  y 2  = Y and Y-̂ 1^  -  y ^ ^  ^ Y • F° r

e a c h  i  , i  = l , 2 , . . . , k ,  c h o o s e  nu a s  t h e  l a r g e s t
1 / k

i n t e g e r  s u c h  t h a t  G . (a)  ^ y . ' , and c h o o s e  I .  a sm ^ ,i 1  i
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1 / kt h e  s m a l l e s t  i n t e g e r  su ch  t h a t  ^ ( a )  ^ y 2

i '

W ith  t h i s  s e l e c t i o n  o f  rru and f o r  ea ch  i  ,

we ca n  s t a t e  t h e  f o l l o w i n g .

Theorem  2 .4  ( t w o - s id e d  i n t e r v a l s ) :

F or 1 ^ rru < ^ n i  ' ^o r   ̂ • t îa t  w ith

1 = < V V  '

i n f  P r f 0  € I ]  £ y  .

P r o o f :  We s u b s t i t u t e  m f o r  s  and l „  f o r  t
P i Pi

fo r  e a c h  0^ in  ( v i )  . By t h e  way we d e f i n e  m ^ and

I a f o r  e a c h  0 . i t  f o l l o w s  t h a t  
S i

i n f  P r { 0  € I ]  s  min {(Y,1//k) r  -  ( r’} - 
Q l^ r ^ k

In  t u r n ,  i n f  P r ( 9  6  I ]  ^ m in {Y .1//k -  Y ,1^  # Yn “ Y9 )
n 1

b y  l i n e s  ( 3 . 5 )  and ( 3 . 6 )  i n  [ 1 ] ,  Thus b y  t h e  s e l e c t i o n  o f

Y  ̂ and y 2  » Theorem  2 . 4  f o l l o w s .  #

The tw o p r o c e d u r e s  d i s c u s s e d  a b o v e  f o r  f in d in g  tw o -  

s id e d  random  i n t e r v a l s  ca n  b e  com pared  i n  a m anner s i m i l a r  

t o  t h e  e a r l i e r  c o m p a r iso n  o f  th e  o n e - s id e d  i n t e r v a l s  in  

(b) o f  T heorem  2 . 1  and (b) o f  Theorem  2 . 2 .  U s in g  n orm al 

a p p r o x im a t io n  a r g u m e n ts , i t  f o l l o w s  t h a t  in  m ost c a s e s  

n e i t h e r  p r o c e d u r e  i s  p r e f e r a b l e ,  p r i o r  t o  a p a r t i c u l a r
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s a m p lin g . E ach p r o c e d u r e  can  b e  p r e f e r a b le  f o r  c e r t a i n  

c a s e s  b y  m aking s u i t a b l e  s e l e c t i o n s  o f  k , y , a  and n ^ ,n 2 ,

. . . , n ^  . In  m ost c a s e s ,  i n t e r v a l s  fo u n d  b y  th e  tw o  

p r o c e d u r e s  a r e  v ery  s i m i l a r  i f  b o th  p r o c e d u r e s  u s e  t h e  

same y^ and y 2  , su c h  t h a t  ŷ  ̂ -  y 2  = y . F or t h i s  

r e a s o n , we s e e  t h e  m , l  p r o c e d u r e  f o r  f in d in g  a t w o - s id e d  

i n t e r v a l  s a t i s f y i n g  ( i )  i s  o f t e n  d e s i r a b l e  b e c a u s e  o f  th e  

s im p le r  c a l c u l a t i o n  f o r  i t s  e x e c u t i o n .

We c o n c lu d e  o u r  d i s c u s s i o n  o f  t w o - s id e d  random i n t e r ­

v a l s  by d i s c u s s i n g  an optim um  tw o - s id e d  random i n t e r v a l  

fo r  th e  p r o p o r t io n a l  p r o c e d u r e .

F or s p e c i f i e d  k , y , a  and n ^ ,n 2 , . . . , n k  we can  f in d  

th e  ia and v t h a t  s a t i s f i e s  i n f  P r { 9  € (Y ^,Y y) } ^ y

in  an optim um  way b y  u s in g  t h e  same t y p e  o f  a lg o r it h m  a s

R iz v i  and S a x en a  d id  i n  [ 1 ] .  The p r o c e d u r e  w i l l  b e  e x a c t l y

th e  same a s  t h e i r s  i f  th e  sa m p le  s i z e s  a r e  a l l  e q u a l .

C o n s id e r  e su c h  t h a t  O ^ i x ^ n  + e ^ l .  D e n o te

b y  Q ( n , e )  t h e  in fim um  o f  Pr{Y < 0 < Y , } o v e r  Q a sy, ,̂-re

g iv e n  b y  Theorem  2 . 3 .  F or e v e r y  f i x e d  e , l e t  p,' (e)

b e  th e  v a lu e  o f  p f o r  w h ic h  Q(p'  ( e ) , e )  = max Q ( n , e )  .
l^ p ^ l - e

C hoose t h e  s m a l l e s t  e , c a l l  i t  e ' , su c h  t h a t  

Q ( w ' ( e , ) , e ' )  £ y . Then t h e  optim um  c h o ic e  o f  th e  random  

i n t e r v a l  s a t i s f y i n g  t h e  i n f  Pr{0  € (Y ,Y ) }  ^ y i s
G * V
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In  c h a p te r  tw o we d i s c u s s e d  an e x t e n s io n  o f  R iz v i  and  

S a x e n a 's  p r o c e d u r e  in  [1 ] f o r  f in d in g  c o n f id e n c e  i n t e r v a l s  

f o r  t h e  maximum Q '-q u a n tile  in  a d i s t r i b u t i o n - f r e e  s e t t i n g .

We c o n s id e r e d  t h e  c a s e  o f  k u n b a la n c e d  s a m p le s .

We now tu r n  ou r a t t e n t i o n  t o  a d i f f e r e n t  p r o b le m . We 

assum e e q u a l  sa m p le  s i z e s ,  r e s t r i c t  th e  d i s c u s s i o n  t o  k  

(k £ 1 ) unknown sy m m etr ic  d i s t r i b u t i o n  and f o c u s  on f in d ­

in g  a b e t t e r  c o n f id e n c e  i n t e r v a l  ( in  term s o f  s h o r t e r  

e x p e c te d  le n g t h )  f o r  t h e  maximum m ed ia n .

F or k = 1 , c o n f id e n c e  i n t e r v a l s  f o r  t h e  m ed ian  

a r i s i n g  from  o r d e r  s t a t i s t i c s  r e l a t e d  t o  t h e  W ilc o x o n  s ig n e d  

ran k  t e s t  o f t e n  h a v e  s h o r t e r  e x p e c te d  le n g t h  th a n  t h o s e  

u s in g  o r d e r  s t a t i s t i c s  r e l a t e d  t o  th e  s ig n  t e s t .  T h e r e fo r e ,  

i t  i s  n a t u r a l  t o  e x te n d  u s a g e  o f  W ilco x o n  " ord er  s t a t i s t i c s  

t o  t h e  k -s a m p le  p ro b lem  t o  p a r a l l e l  R iz v i  and S a x e n a 's  

e x t e n s io n  u s in g  s i g n  t e s t  " ord er  s t a t i s t i c s . "

We w i l l  d i s c u s s  a "W ilcoxon  p ro ced u re"  w h ich  e n a b le s  u s  

t o  f in d  b e t t e r  c o n f id e n c e  i n t e r v a l s  f o r  t h e  l a r g e s t  m ed ian  

o f  k  (k ^ l )  sy m m etr ic  d i s t r i b u t i o n s  when c o n s id e r in g  

o n e - s id e d  random i n t e r v a l s .  H ow ever, due t o  th e  c o m p le x ity  

o f  t h e  W ilc o x o n  s t a t i s t i c  d i s t r i b u t i o n  u n d er  a l t e r n a t i v e  

h y p o th e s e s  an a t te m p t  t o  u s e  maximum W ilc o x o n

26
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" ord er s t a t i s t i c s "  in  a m ethod s i m i l a r  t o  R i z v i  and

S a x e n a 's  t w o - s id e d  random  i n t e r v a l s  f o r  th e  k  sa m p le

p ro b lem  d o es  n o t  p r o v e  t o  b e  s u c c e s s f u l .  A p r o c e d u r e  f o r

f in d in g  t w o - s id e d  random  i n t e r v a l s  b a s e d  on  a p r o c e d u r e  o f

N o e th e r  [14 ] w i l l  b e  d i s c u s s e d .  An i n d i c a t i o n  o f  i t s

im provem ent o v e r  th e  R iz v i  and S axen a  m eth o d , in  term s o f

i n t e r v a l s  o f  s h o r t e r  e x p e c te d  l e n g t h ,  w i l l  a l s o  b e  g iv e n .

C o n s id e r  k  (k  ̂ 1) unknown sy m m etr ic  d i s t r i b u t i o n s

w it h  c o n t in u o u s  c d f ' s  F^,  i  = l , 2 , . . . , k  . L e t  0^ b e

fcht h e  m ed ian  f o r  t h e  i  d i s t r i b u t i o n ,  1  ^ i  ^ k  , and

d e f i n e  9 = max 0 .  . F or  a s p e c i f i e d  y we w a n t t o  f i n d  
l ^ i s k  1

an i n t e r v a l  I su c h  t h a t

( i )  i n f  Pr { 0  € I } ^ y
n

w h ere 0  d e n o te s  t h e  s e t  o f  a l l  k - t u p l e s  ( F ^ , F 2 , . . . -  

L e t  x .  . ,  x„ x  . r e p r e s e n t  a sa m p le  from  p o p u la -X f i  a t n j x

t i o n  i  , 1 £ i  £ k  . L e t  u . . . = 1 / 2 ( x . . + x .  . )  ,j  , i  ■w i

1 £ j s  <£ £ n , 1 £ i  £ k  . S u p p ose  th e  o r d e r e d  sums

u . . . a r e  d e n o te d  by
D / £ , i  *

W, . < W. . < . . .  < WM . w h ere M = n .l , i  2 , i  M ,i 2

W . i s  th e  r ^  o r d e r  s t a t i s t i c  from  t h e  ^ ^3T $ 1  2.
a v e r a g e s  o f  th e  x .  . ’ s  , j = 1 , 2 , . . . , n  f o r  a f i x e d  i  ,

D • 1

1  ̂ i  s  k  . L e t  W = max W . . D e f in e  = -<*> and
r  U i A c  r - 1  0
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= " - F or s < t  c o n s id e r  random i n t e r v a l  I =M+l

(W ,W ) . We d i s c u s s  a p r o c e d u r e  f o r  f in d in g  s and tS C
su ch  t h a t  ( i )  h o l d s .

D e f in e  D. . = x .  . -  0 , and d e f in e  
3 , 1  3 / i

1  i f  D . ± >  0  

Z . . = J ^ ' | (n o te  s i n c e  th e  d i s t r i b u t i o n s
 ̂ 0  i f  D j i < 0

a r e  c o n t in u o u s  P r ( D .  . = 0) = 0) . L e t
3 , i

+ n
T. = E Z. . r ( | D .  .1)  , w h ere  r ( | D .  . ! )  i s  t h e  rank

1 j = i  J ' 1 ' 3 , 1  1 ] , i ‘

o f  th e  a b s o lu t e  v a lu e  o f  D . . i f  t h e  a b s o lu t e  v a lu e s  o f
3 / i

th e  D . . ' s  a r e  o r d e r e d .  From G ibb on s [ 1 3 ] ,  p a g e  1 1 7 , i t  
3 / 1

f o l l o w s  t h a t

( i i )  P r ( 0  < W .)  = Pr(M -  t  < T . + )"C / 1  X

and

( i i i )  Pr (W . < 9) = P r ( T . + < M -  s )  .
S  /  1  X

When 0^ = 0 , v a lu e s  o f  s  and t  can  b e  fou n d  from  

th e  W ilc o x o n  t a b l e s  s o  t h a t

Pr(M -  t  < Ti + < M -  s )  ^ y ,

f o r  some s p e c i f i e d  y .

The p r o b a b i l i t y  o f  c o v e r a g e  o f  0 by I  = (W ,W )s  t
i s  g iv e n  b y
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P r ( e  € I )  = P r(w g £ 0) -  Pr(Wfc £ . 0 )

( i v )
k k

= n pr(wc . s e) - n pr (w. .  ̂e) .
i = l  S ' 1  i = i  C ' 1

F or o n e - s id e d  random  i n t e r v a l s  t h e  m in im iz a t io n  o f  

P r { 0  € I ]  o v e r  Q i s  g iv e n  b y  Theorem  3 . 1 .

Theorem  3 .1  ( o n e - s id e d  i n t e r v a l s ) :

(a ) F or s  >  0 , t  = M +  l ,  t h a t  i s ,  w it h  I  = ( W g , c o )  ,

(v ) i n f  Pr f0 € 1}  = {P r [T + < M -  s] }k  ; and
Q

(b) f o r  s  = 0 , t  £ M , t h a t  i s ,  w i t h  I  = ( - “ ,W ) ,

( v i )  i n f  P r { 0 € i )  = 1 -  P r ( T + < M -  t )  ,
Q

w h ere  T+ h a s  t h e  n u l l  h y p o t h e s i s  d i s t r i b u t i o n  o f  

th e  W ilco x o n  s t a t i s t i c  b a s e d  on  n o b s e r v a t io n s .

P r o o f : The s t a t e m e n t s  o f  (a) and (b) f o l l o w  im m e d ia te ly

from  ( i i )  and ( i i i )  s i n c e  0  ̂ ^ 0  , f o r  a l l  i  , and we 

d e f in e d  Pr{W^ £ 0 ) = 1  and £ 0 ) = 0  . #

N o te  t h a t  f o r  s  < t  , P r ( W  . £  0)  ^  P  (W. . £  0 )  ,
S /  X *C s J.

f o r  a l l  i  . T h e r e f o r e ,  i n  (a ) we c h o o s e  s  from  t h e

W ilc o x o n  S ig n e d  Rank T e s t  S t a t i s t i c  t a b l e s  t o  b e  th e  

l a r g e s t  i n t e g e r  su c h  t h a t  t h e  r i g h t  hand  s i d e  o f  (v)
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e x c e e d s  t h e  s p e c i f i e d  y . T h is  can  b e  done f o r  any y
M .k

su c h  t h a t  0 < y < [1  -  ( 1 - 1 /2 )  } . In  (b) o f  Theorem  3 .1

we c h o o s e  t  from  th e  W ilc o x o n  S ig n e d  Ranks T e s t  S t a t i s t i c

t a b l e s  t o  b e  t h e  s m a l l e s t  in t e g e r  su c h  t h a t  th e  r i g h t  hand

Ms i d e  o f  ( v i )  e x c e e d s  y w i t h  0 < y < 1 -  ( 1 /2 )  . From

t h e  u p p er  bou nd s on y we s e e  t h a t  f o r  f i x e d  n (h en ce

f o r  f i x e d  M) I ca n  s a t i s f y  Pr { 0  € 1} £ y f o r  any

v a lu e  o f  y b e tw e e n  0  and 1  i f  n i s  ta k e n  la r g e  en o u g h .

L e t ' s  c o n s id e r  th e  m in im iz a t io n  o f  ( i v )  f o r  t w o - s id e d

random  i n t e r v a l s .  L e t  0 . b e  d e f in e d  a s  t h e  d i f f e r e n c e
i

0 - 0 . , f o r  i  = l , 2 , . . . , k  . I f  we assum e 0 = 0 . ,  we
jL JC

ca n  w r i t e  ( i v )  a s

k - 1

Pr (W s  0 s  w ) = Pr (W s. 0 ) n Pr (Wc * 0 + p )o t  S * Jsi iv • «* S * JL 1 JL
1 = 1

k - 1

( v i i )  -  Pr(W 0k ) n Pr(W j_s  0 i  + p±)
' i = l  '

w h ere  0   ̂ 3 ^ ^ 0 , i  = 1 , 2 ,  , k - l  .

S in c e  we do n o t  h a v e  a c o n v e n ie n t  form  f o r  t h e  d i s t r i b u t i o n  

o f  W . when 3 . > 0 , l ^ r ^ M  and 1  £ i  £ k  -  1  ,r , i  i

s t a t e m e n t s  in v o lv i n g  ( v i i )  a r e  d i f f i c u l t  t o  h a n d le .  For 

t h i s  r e a s o n ,  we w i l l  d i s c u s s  a p r o c e d u r e  b a s e d  on id e a s  

i n  a p a p e r  b y  N o e th e r  [1 4 ] .

N o e th e r  d i s c u s s e s  w h a t h e  c a l l s  ( g , h )  i n t e r v a l s  f o r  

t h e  m edian  o f  a sy m m etr ic  d i s t r i b u t i o n  w it h  c o n t in u o u s
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c u m u la t iv e  d i s t r i b u t i o n  f u n c t io n  F ( x )  and c e n t e r  o f

sym m etry T] . F or n o t a t i o n a l  p u r p o s e s ,  x^ i s  in tr o d u c e d  
tTi

a s  t h e  i  o r d e r e d  o b s e r v a t io n  from  a random  sa m p le  o f  s i z e  

n and T] a s  t h e  h y p o t h e s iz e d  v a lu e  o f  T] . N o e th e r

b e g in s  h i s  d i s c u s s i o n  w it h  th e  s ig n  t e s t  b a s e d  on t h e  tw o
n n

s t a t i s t i c s  S = .Z_ t .  and S . = Z ( 1 - t . )  , w here
D= 1 3 + j = l  3

tilt j  = t  j  ( T|q) = 1  o r  0  d e p e n d in g  on w h e th e r  f o r  t h e  j 

l a r g e s t  a b s o lu t e  d i f f e r e n c e  |x^  -  T]g| , x^ i s  s m a l le r

o r  g r e a t e r  th a n  T|q . The h y p o th e s e s  11 = T|g i s  r e j e c t e d  

in  fa v o r  o f  t h e  a l t e r n a t i v e  11 /  Tig i f  t h e  s m a l le r  o f  S 

and S+ i s  s u f f i c i e n t l y  s m a l l ,  s a y  l e s s  th a n  o r  e q u a l  t o  

some v a lu e  c  . The i n t e r v a l  o f  a c c e p t a b le  T j-va lu es i s  

bounded  b y  x^  and x n + ] _ _ (3  * i * 1 6  s m a l l e s t  and d * " * 1

l a r g e s t  sa m p le  o b s e r v a t io n s ,  w h ere  d = c  + 1 . T h is  i s  

e q u iv a le n t  t o  th e  u s u a l  s i g n  t e s t  p r o c e d u r e .

N o e t h e r 's  g e n e r a l i z a t i o n  o f  t h e  s i g n  t e s t  i n t e r v a l s  

t o  w h a t h e  c a l l s  ( g , h )  i n t e r v a l s  c o n s i s t s  o f  th e  f o l l o w ­

in g .  L e t  m b e  an i n t e g e r  su c h  t h a t  2 s; m £ n . We

lo o k  o n ly  a t  t h e  m l a r g e s t  d i f f e r e n c e s  |x ^  -  T)gJ and

m m
d e f i n e  T = Z t .  and T = Z ( 1 - t . )  . The

j = l  J 3=1 3

h y p o t h e s i s  T] = T|q i s  r e j e c t e d  in  t h e  s m a l le r  o f  t h e  tw o  

s t a t i s t i c s  i s  l e s s  th a n  o r  e q u a l t o  a s p e c i f i e d  v a lu e  c  .

The lo w e r  bound f o r  a c c e p t a b le  T|q v a lu e s  when t e s t i n g

T| = 1)q i s  shown t o  b e  t h e  sa m p le  a v e r a g e  1 /2  (x^+xn+^ .
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w h ere  g = c  + 1  and h = m -  c  ? t h e  u p p er  hound i s  

1 / 2  (x^ + x n + i_ g )  • Tlle r e s u l t i n g  c o n f id e n c e  i n t e r v a l  i s

I / 2  (xg + x n+ l - h ) < 71 < ^ ^ h  + x n + l - g ) '

N o te  when m = n t h i s  i n t e r v a l  c o r r e s p o n d s  t o  t h e  i n t e r v a l

a s s o c i a t e d  w i t h  t h e  s ig n  t e s t .  The s i g n i f i c a n c e  l e v e l  f o r
c

t h e  t e s t  w it h  c r i t i c a l  v a lu e  c i s  s ^q b ( s , m , 1 / 2 ) , 

w h ere b ( s , m , 1 / 2 ) i s  th e  b in o m ia l  p r o b a b i l i t y  o f  s 

s u c c e s s e s  in  m in d e p e n d e n t  t r i a l s  w i t h  s u c c e s s  p r o b a ­

b i l i t y  1 / 2 .

In  t e r m in o lo g y  som ew hat d i f f e r e n t  from  N o e th e r ,  l e t ' s  

c o n s id e r  a random sa m p le  o f  s i z e  n , c a l l  t h e  o b s e r v a ­

t i o n s  z ^ , z 2 , . . . , z  , from  a sy m m etr ic  p o p u la t io n  w it h

c o n t in u o u s  c u m u la t iv e  d i s t r i b u t i o n  f u n c t io n  F ( x )  and 

c e n t e r  o f  sym m etry some v a lu e ,  s a y  0 .  P ic k  T) >  0 (T]

c o u ld  b e  c h o se n  l e s s  th a n  0  and th e  f o l l o w i n g  d i s c u s s i o n

c o u ld  b e  h a n d le d  in  a s i m i l a r  w a y ) .  D e f in e  t . (T) )  = 1 o r  0
t ild e p e n d in g  on w h e th e r  f o r  th e  j  l a r g e s t  a b s o lu t e  d i f f e r e n c e  

jz^  -  Tj j i s  s m a l le r  o r  g r e a t e r  th a n  7] . We c o n ­

s i d e r  o n ly  t h e  m l a r g e s t  a b s o lu t e  d i f f e r e n c e s  jz^  -  T]|

and d e f in e

m m

T = ^  t  j and T+ = ^  (1 -  t  j ) . 

j = l  j = l

We n o t e  T and T+ w o u ld  b e  o f  th e  same form  a s  T 

and T+ in  N o e th e r  i f  t h e  t j ' s  w e r e  d e f in e d  in  te r m s  o f
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o r d e r e d  o b s e r v a t i o n s ,  s a y  x ^ ,X 2 , . . . , x n , in s t e a d  o f  th e

u n o r d e r e d  o b s e r v a t io n s  z , , z _ , . . . , z
1 2  n

The n o t a t i o n  T+ = k i n d i c a t e s  k  o f  th e  t . ' s
3

a r e  z e r o  among t h e  t ^ 1s  t h a t  c o r r e s p o n d  t o  t h e  m l a r ­

g e s t  |z ^  -  T] | ' s  . S in c e  t h e  * - j ' s  a r e  n o*- ^ nown t o  b e  

in d e p e n d e n t ,  a s  th e y  a r e  in  N o e t h e r ' s  d i s c u s s i o n  u n d er

th e  n u l l  h y p o t h e s i s ,  o u r  e v a l u a t i o n  o f  P r ( T + = k)  w i l l

t i lin v o lv e  c o n d i t i o n a l  p r o b a b i l i t i e s .  L e t  Y* b e  t h e  m 

l a r g e s t  J z  ̂  — Tj j , i  = l , 2 , . . . , n .  Then  

Pr (T+ = k | Y *  = y )  i s  t h e  p r o b a b i l i t y  t h a t  o f  t h e  m 

o b s e r v a t io n s  from  th e  c o n d i t i o n a l  d i s t r i b u t i o n  o f  z 

g iv e n  z  i s  o u t s i d e  o f  (T| -  y,T) + y )  we h a v e  k o f  

t h e s e  in  [ Tj + y,=>) . I n  te r m s  o f  t h e  c d f  F ( z )  w e h a v e

P r  fT+=k !y *=v ) =  f f U M ____________ f k■ 1 ^k/L l-F (T|+y) +F (Tl-y) J Ll-F(Tl+y)+F(H-y) J

L e t  h ( y )  d e n o te  th e  d e n s i t y  f u n c t io n  o f  Y* . We c o u ld  

w r i t e  h ( y )  in  e x p l i c i t  form  a s  an o r d e r  s t a t i s t i c  p r o b a ­

b i l i t y  d e n s i t y  f u n c t i o n .  We w o n ' t ,  h o w e v e r , s i n c e  i t  w i l l  

n o t  b e  u s e d  i n  th e  f o l l o w i n g  d i s c u s s i o n .  We w i l l  m e r e ly  

s t a t e  t h a t  t h e  ra n g e  o f  y  i s  ( 0 , “ ) . W ith  t h e  a b o v e  

n o t a t io n  i t  f o l l o w s

P r ( T + = k)  = f"  /mVl-F(IHv)______f
'  JQ W Ll—F(Tl+y)+F(Tl-y) j

F ( 7)-y)____________ lfF (T ]-y) l  ul- ^  , . .
l 1 -F  ( T|+y) +F ( T)—y ) J h (Y)dY
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From t h i s  we s e e

Pr(T+ s c l - f  Y W f W l t o d _________f
1 ’ j „  L  W . l - F d l + y )

u k=0
( T]+y) +F ( T]-y) J

'F(T l-v) m-k
-1-F  ( Tl+y) +F ( Tl-y) J • h ( y ) d y

The b in o m ia l  e x p r e s s io n  in  t h e  sq u a r e  b r a c k e t s  h a s  a 

supremum o v e r  y  e x p r e s s i b l e  a s

I  © < p * > W >
m -k f o r  som e p* < 1 / 2

k = 0

T h e r e fo r e ,

P r ( T + s c )  * J  [ £  ( £ ) ( p * ) k ( l - p * ) m k ]  h ( y ) d y

k = 0

c = 0

= 1  ( k ) ( P * ) k d " P * )
m-k

k = 0

I f  we w r i t e  p* a s  1 /2  -  g , f o r  som e g su c h  t h a t  

0  ^ g £ 1 / 2  , we n o te

P r ( T + £ c )  * £  ( ” ) ( V 2  -  3 ) k ( l / 2  + g ) m k

k = 0
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In  a s i m i l a r  m anner we can  show

Pr(T'=k) lY*=y) = ('m’)P L(-llryJ___________ f r i r F l M _________l m' k
1 \k /L l - F  ( Tj+y) +F (T]-y) J L l-F  ( T|+y) +F ( T]-y) _

I t  f o l l o w s  t h a t

Pr (T~ ^ c ) s  £  ( £ ) ( l - p * ) k (p*)

k = 0

m-k

= £  ( “ ) ( V 2  + 3 ) k d / 2  -  j3)m-k
k = 0

w h ere  p* and 3  a r e  d e f in e d  a s  b e f o r e .

N o te  we e l e c t e d  t o  d i s c u s s  P r ( T + £ c)  and Pr (T~ ^ c ) 

u s in g  t j ' s  d e f in e d  in  te r m s  o f  u n o r d e r e d  o b s e r v a t io n s  

from  t h e  sy m m e tr ic  p o p u la t io n  d i s t r i b u t i o n .  As p r e v io u s ly  

m e n tio n e d , d e f i n i n g  t h e  t j 1s  in  te r m s  o f  o r d e r e d  o r  

u n o r d e r e d  o b s e r v a t io n s  d o e s n ' t  a l t e r  T+ o r  T-  .

As i n  N o e t h e r ' s  n o t a t i o n ,  l e t  x , , x _ , . . . , x  b e  t h e1 2  n

o r d e r e d  o b s e r v a t i o n s ,  g = c + 1 and h = m -  c  . The 

s t a t e m e n t  1 / 2  (Xg + x n + 2 .-h^ >   ̂ i n d i c a t e s  T) i s  c l o s e r  

t o  t h e  (c  + l ) s t  s m a l l e s t  o b s e r v a t io n  th a n  t o  t h e  ( m - c ) t * 1 

l a r g e s t  o b s e r v a t io n  in  th e  sa m p le . Thus a t  l e a s t  ( m - c )  

o f  t h e  m l a r g e s t  |z ^  -  T| | ' s  h a v e  t j 1 s  w i t h  v a lu e  0 , 

s o  T~£ c  . T h e r e fo r e ,
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Pr ( l / 2 ( x g + x n + 1 _h ) >T1) = P r (T-  £ c)  

<v i i i )  g - 1

* X  ( k ) (1 / 2 + P) k ( ! / 2  -  3 ) m k
k = 0

S i m i l a r l y ,  1 /2  (x n + x n+j _ g )  <  ̂ i n d i c a t e s  T| i s  

c l o s e r  t o  t h e  g t k  l a r g e s t  o b s e r v a t io n  th a n  t o  t h e  h tk  

s m a l l e s t  o b s e r v a t io n -  Thus a t  l e a s t  m -  c o f  t h e  m 

l a r g e s t  |z^  -  Tj | ' s  h a v e  c o r r e s p o n d in g  t j ' s  w i t h  v a lu e  

1 , s o  T+ s  c  - T h e r e fo r e ,

P r ( l / 2 ( x h + x n +1 _g ) < T j ) = P r ( T  * c )

g - 1

X © ( 1 / 2  -  3 ) k ( l / 2  + P)m-k

k = 0

From t h i s  i t  f o l l o w s

g - 1

Pr (1 /2  (xh + x n + 1_g ) >  T\) * 1 ~ X (k )  ( 1 / 2  " 9)k ( l / 2  + 3)m_k
k = 0

m

= 1“ X ®(l/2+3>k(V2-3>n-k
k = m -g - l

( i x )
m-g

= X  ( k )  ( l / 2 + 3 ) k  ( l / 2 - 3 ) m-k  
k = 0

h - 1

m-k
= X  ( k )  d / 2 + 3 ) k ( 1 / 2 - 3 )  

k = 0
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N o te  i f  we had  s e l e c t e d  T] < 0 in  th e  a b o v e  d i s c u s ­

s io n  th e  e x p r e s s io n s  f o r  P r (T - ^ c ) and P r ( T + ^ c)

w o u ld  rem ain  t h e  same e x c e p t  t h a t  p* w o u ld  b e  g r e a t e r  

th a n  1 / 2 .  Thus t h e  r o l e s  o f  ( 1 /2  -  £3) and (1 /2  + p) 

w o u ld  b e  in t e r c h a n g e d .

F or t h e  c a s e  k  = 1 , we s e e  from  ( v i i i )  and ( ix )

t h a t  f o r  T) g r e a t e r  th a n  th e  p o p u la t io n  m ed ian

P r ( l / 2 ( x g + x n+ 1 _h ) < T1 < l / 2 ( x h  + x n + 1_g ))  ’

h - 1

* I  ( k ) ( 1 / 2  + P) k ( 1 / 2  -
k = 0

g - 1

-  /  ( “ )  (1 / 2  + p)k ( l / 2  -  p )m_k .
k = 0

L e t ' s  now c o n s id e r  e x te n d in g  t h e  a b o v e  id e a s  t o  

d e te r m in e  a t w o - s id e d  random i n t e r v a l  f o r  t h e  maximum 

m ed ian  o f  k  (k  ̂ 1 ) sy m m etr ic  d i s t r i b u t i o n s  w i t h  c o n ­

t in u o u s  c d f ' s .  F ix  m, 2 ^ m ^ n , and n o t e  g + h  =

m + 1 . D e f in e  0 = max 0 . , w h ere 0 . i s  th e  p o p u la -
l^ i^ k  1

t i o n  m edian  o f  t h e  i ^  d i s t r i b u t i o n .  L e t  W . =

1 / 2  (x  . + x  . )  and W = 1 / 2  (x^ + x  .)
n + l - h , i  h , i  n , i  n + l - g , i

f o r  e a c h  i  , i  ^ 1  ^ k  , w h ere  x.. , , x 0  xJL/ 1  6 / 1  Xl^X

d e n o te  th e  o r d e r e d  o b s e r v a t io n s  from  sa m p le  i .  D e f in e

W = max . and W, = max W. . . U s in g  t h i s
3 is isk  9 ' 1 h l * i * k  h>1

n o t a t io n  we ca n  s t a t e  t h e  f o l l o w i n g .
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T heorem  3 .2  ( t w o - s id e d  i n t e r v a l s ) ; For 1 ^ g < h  ^ m 

w h ere  g = c  + 1  and h  = m -  c  , t h a t  i s ,  w it h  

I  = (Wg ,wh ) ,

h - 1  g - 1

i n f  P r { 9 € l }  ̂ m i n { ( l / 2 ) m £  ( g ) ^ 1/ 2 ) " ^  ( s )  ' 
n s = 0  s = 0

s = 0  s = 0

P r o o f ;

Pr{eei ' j  = Pr (W . S 6, i  = 1 , 2 , . . . , k )  y / 1

-  P r (wh / i  s  e ,  i  = 1 , 2  k) .

U s in g  ( v i i i )  and ( i x )  w i t h  (3 = pj f o r  a l l  j s u c h  t h a t  

0^ /  9 , and u s in g  N o e t h e r ' s  d i s c u s s i o n  w hen 0^ = 0

( th u s  3 j  = 0 ) , i t  f o l l o w s

h - 1

Pr (W . s e )  a J  0 ^ / 2  + 3 . ) S (1 /2  -  3 . ) m~Sg , j  i-j \ s /  j j
s = 0

g - 1

and Pr(Wh > j ^ 9 )  £ £  (“ ) ( l / 2  + 3 j ) S ( l / 2  -

s = 0

f o r  e a c h  j  . In  tu r n
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k 1 1 - 1"  -  m -s
Pr{Wg / i ^ 0 ' 1=1,2 k)S.n I ( g ) ( l / 2 +Pi ) S ( l / 2 - p i )

1 = 1 s = 0  

and

k g _ 1

Pr(Wh , i S‘0 , i = 1 ' 2 ' I ( g ) ( l / 2 +Pi ) S ( l / 2 - 3 i ) m_S
1 = 1  s = 0

T h e r e f o r e ,

k  h ' 1

Pr { 6 € 1 } a n Y ( ™ ) ( l / 2  + p . ) S ( l / 2 - i 3 . ) m s  

1=1 s=0

k h _ 1

-  n Y W ( 1/ 2+3 . ) s ( i / 2 - e . ) m-s
1 = 1  s = 0

To f in d  t h e  in fim um  o f  t h e  r i g h t  hand s i d e  o f  t h i s  e x p r e s ­

s i o n  we u s e  t h e  r e s u l t s  o f  Theorem  2 in  R iz v i  and S axena  

d i r e c t l y .  The s ta t e m e n t  o f  Theorem  3 .2  th u s  f o l l o w s .  #

N o te  i f  7] w as c h o se n  l e s s  th a n  0 in  t h e  a b o v e  d i s ­

c u s s i o n  t h a t  Theorem  3 .2  w ou ld  b e  a l t e r e d  s i n c e  th e  v a lu e s  

( 1 / 2  + 0 ^) and ( 1 / 2  -  3 j_) w ou ld  b e  in te r c h a n g e d  in  th e  

d i s c u s s i o n .  To u s e  R iz v i  and S a x e n a 's  argum ent we w ou ld  

in t e r c h a n g e  t h e  v a lu e s  b y  m aking th e  lo w e r  sums i n t o  

a p p r o p r ia t e  u p p er  su m s. R e s u l t i n g l y ,  Theorem  3 .2  w ou ld  

b e  ch a n g ed  o n ly  t o  t h e  e x t e n t  t h a t  t h e  p r o d u c ts  in  t h e  

in fim u m  p r o b a b i l i t y  s t a t e m e n t  w ou ld  in v o lv e  u p p er  su m s.

The a b o v e  p r o c e d u r e  f o r  t w o - s id e d  i n t e r v a l s  i s  

e q u iv a le n t  t o  R i z v i  and S a x e n a 's  f o r  t h e  c a s e  m = n .
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F or t h e  c a s e  k  = 1 , N o e th e r  d i s c u s s e s  a m ethod o f  c h o o s in g  

g and h . B ased  on t h i s  m eth od , h e  g i v e s  an e f f i c i e n c y  

d i s c u s s i o n  o f  h i s  ( g , h )  i n t e r v a l s  r e l a t i v e  t o  t h e  s ig n  

t e s t  i n t e r v a l .  When m < n , h e  show s f o r  many t y p e s  o f  

c o n t in u o u s  d i s t r i b u t i o n s  h i s  m ethod y i e l d s  i n t e r v a l s  w it h  

s h o r t e r  e x p e c te d  le n g t h  th a n  th e  c o r r e s p o n d in g  s ig n  t e s t  

i n t e r v a l s .  I t  i s  n a t u r a l  t o  e x p e c t  t h i s  p r o p e r ty  t o  c a r r y  

o v e r  t o  t h e  k  sam p le  p ro b lem , th u s  y i e l d i n g  random i n t e r ­

v a l s  o f  s h o r t e r  e x p e c te d  le n g t h  f o r  th e  maximum m ed ian  

u s in g  o u r  p r o c e d u r e  th a n  f o r  R iz v i  and S a x e n a 's  p r o c e d u r e  

in  [ 1 ] .
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