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CHAPTER I
PRELIMINARIES
Introduction
Many of the properties studied in mathematics can
be categorized as being either local or global.

For

example, the integrability of a function can be con
sidered to be a global property since it is defined
in terms of the domain of the function or some,region
contained in its domain.

On the other hand, the con

tinuity of a function is a local property in the sense
that continuity is defined at a point and a function
is said to be

(globally) continuous if it is continuous

at each point in its domain.
In some cases, the name given to the local property
describes the (global) property which appears "locally."
In algebra, "local rings"
"locally cyclic"

[16] and groups which are

[14] are encountered.

A topological

vector space may be "locally compact" or "locally
convex"

[23].

More generally, a topological space may

possess either of these last two properties or be
"locally connected"

[11].

As each of these terms
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implies, a mathematical structure S is said to have
local property P if for each x € S, the substructure
of S generated by those elements of S "sufficiently
close" to X possesses property P.
We now turn our attention to the mathematical
structure "graph" and the property of connectedness.
A locally connected graph is defined as one in which
the neighborhood of every vertex is connected.

It is

the object of this dissertation to investigate graphs
which are locally connected.

The first paper which

considered such graphs in some detail was by Chartrand
and Pippert

[7].

In this thesis, we extend several of

their results and consider related questions not
previously studied.
After defining some pertinent terms in Chapter I,
we formally introduce the property of a graph being
locally connected in Chapter II.

For graphs having

only vertices of "small degree", we extend a result
of Chartrand and Pippert [7] and characterize such
graphs.

Special consideration is given to hamiltonian

graphs.
In Chapter III we define the local connectivity
of a graph and determine a graph of minimum order
which has prescribed connectivity and local connecti
vity.

Similarly we determine a graph of minimum order
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3
with prescribed local connectivity and local edge con
nectivity, and a graph of minimum order with prescribed
edge connectivity and local edge connectivity.

In the

last section of the chapter, graphs are investigated
which are critically locally connected and minimally
locally connected.
Chapter IV is concerned with conditions on degrees
of vertices which are sufficient for a graph to be
locally connected.

Chartrand and Pippert [7] gave a

lower bound for the minimum degree of a graph which
is sufficient for the graph to be locally connected.
Moreover, they showed that this number could not be
reduced.

We obtain sufficient conditions which allow

some vertices to have smaller degrees.

Furthermore,

we determine the smallest degree a vertex may assume,
the number of vertices which may have this degree,
and show that all these results are best possible.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Basic Definitions and Notation
For completeness of presentation, we include here
a substantial number of basic definitions and notation.
Definitions of those terms not given here are found in
[2] or [15].

Additional definitions will be given

later as required.
The vertex set of a graph G is denoted by V(G);
its edge set is denoted by E(G).

The order of G,

usually denoted by p, is the number of elements in the
vertex set; the size of G is the number of edges in G,
and is usually denoted by q.

If v € V(G), the number

of edges incident with v is called the degree of v
and is denoted by deg^ v, or deg v is the graph G is
clear from context.

If deg v = 0, then v is called

an isolated vertex; if deg v =
end-vertex.

1

, then v is called an

A graph H is said to be a subgraph of a

graph G if V(H) s V(G) and E(H) s E (G); in this case
we also say G is a supergraph of H.
A non-decreasing sequence (d^,d2 »...,d^) of non
negative integers is the degree sequence of a graph G
if the vertices of G can be labeled
that deg v^ = d^ for i = 1,2,...,p.

'^2' '''*^p
In this case, d^

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

is called the minimum degree of G and is denoted by
6

(G); the maximum degree, d^, is usually denoted by

A(G).

If each vertex of G has degree d, then G is

called d-regular. or simply a regular g r a p h A graph
of order p in which each vertex is adjacent to each
other vertex of the graph is called a complete graph
and is denoted by K^.
If u and V are vertices of a graph G, a u-v walk
in G is an alternating sequence of vertices and edges
of G, beginning with u and ending with v such that each
edge is immediately preceeded and succeeded by the two
vertices it is incident with.

It is customary to

represent a walk by its vertices only, since the
edges are then evident.

A u-v path is a u-v walk in

which no vertex is repeated.

Two different u-v paths

are disjoint if they have no vertex in common other
than u and v; they are called edge-disjoint if they
have no edges in common.

A path on n vertices is

denoted by P^.
A walk v^,V 2 ,...,v^,v^ is called a cycle if
all n vertices are distinct and n > 3.
n vertices is denoted by C^.

A cycle on

A cycle C in a graph G

is called a hamiltonian cycle if C contains all the
vertices of G; if such a cycle exists, then G is
called a hamiltonian graph.
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A graph G is said to be connected if for every
pair u,v of vertices, G contains a u-v path; otherwise
G is said to be disconnected. A component of G is a
maximal connected subgraph of G,

The number of com

ponents of G is denoted by c(G). A vertex of a graph
G whose removal from G results in a graph having a
larger number of components is called a cut-vertex
of G.

A connected subgraph of G which contains no

cut-vertices and which has no connected supergraph
in G without cut-vertices is called a block of G.
If G is a graph and Vj^ s V(G), then the subgraph
of G with vertex set

which contains exactly those

edges of G which are incident with two vertices in
is called the subgraph induced by
by <V^> .

and is denoted

Similarly, a subgraph may be induced by a

set of edges.
A graph G is called n-partite, n > 2, if V(G) can
be partioned into non-empty subsets

'^2 ' ' ' " ^n

that each edge of G is incident with a vertex in V^_
and a vertex in Vj, i ^ j.
called bipartite.

If n = 2, then G is

A n-partite graph with the additional

property that if u €

and v € V^, i / j ,

then

uv € E(G) is called a complete n-partite graph; for
n = 2, the graph is complete bipartite. If |v.| = p .,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

the complete n-partite graph is denoted by
K ( p ^ t? 2 I • • • r

)•

A set S of vertices

(or edges) of a graph G is

said to separate vertices u and v of G if the removal
of S from G results in a disconnected graph in which
u and V are in different components.
n-connected, n ^ l ,

The graph G is

if the removal of fewer than n

vertices results in neither a disconnected nor a
trivial graph.
The number of edges in a path is called its
length.

In a connected graph G, if u,v € V(G), the

distance between u and v, denoted by d(u,v), is the
least length of a u-v path in G.

To emphasize that

the distance between u and v is determined by paths
in G, we sometimes use the notation d^(u^v).

The

set V(G) is a metric space under this distance function.
The nth power G^ of G is the graph for which
V(G*^) = V(G) and uv € E (G) if and only if
1 < dg(u,v) < n.

The graph G^ is also called the

square of G.
Let Gj^ and G^ be two disjoint graphs; that is, two
graphs whose vertex sets are disjoint.

The union of

Gj^ and G 2 , denoted G^ U G^ f is the graph for which
V(Gi

U

Gg) = V(G^)

u

V (Gg ) and E(G^ U G^) =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

^ ®2 '

the graph for which V(G^ + G^) -

V(G^) U VfGg) and E(Gi + G^) = E(G^) U E (G^ ) U X,
where X = {uv|u € V(G^) and v € V(Gg)).

The union

and join of a finite number of mutually disjoint
graphs are defined analogously.

The union of n graphs,

each of which is isomorphic to G is, sometimes denoted
by nG; if G is connected, the graph nG has n com
ponents, each of which is isomorphic to G.

One

particularly useful graph in the discussion which
follows is a wheel, defined by W ^ = K ^ + ^n- 1 '
n ^ 4.
A graph is called planar if it can be embedded in
the plane.

A planar graph G is said to be maximal

planar if for every pair of non-adjacent vertices u
and V of G, the graph G + uv is non-planar.

If a

graph can be embedded in the plane so that all of
its vertices lie on the boundary of a single region,
then G is called outerplanar.
Finally, there are two commonly-used arithmetical
symbols we will need.

For a real number x, we denote

the largest integer not exceeding x by [x], and the
least integer not less than x by (x).

We use the

symbol ■ to designate the end of a proof.
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CHAPTER II
LOCALLY CONNECTED GRAPHS
Introduction
Let G be a graph without isolated vertices and
let V be a vertex of G.

The neighboring vertices

of V, denoted N(v), are those vertices of G adjacent
with V.

The neighborhood of v, <N(v)>, is the sub

graph of G induced by the neighboring vertices of v.
We say that G has local property P if for each
V

€ V(G), the subgraph <N(v)> has property P.

Thus,

we consider a graph to have a given local property if
each "deleted neighborhood of radius one" has this
property.
Some aspects of the properties of neighborhoods
in graphs have already been investigated.

Agakishieva

[1 ] examined graphs with isomorphic neighborhoods;
Vetukhnovskii

[24, 25] studied the problem of covering

a graph with a system of neighborhoods.

Our interest,

however, lies with graphs in which each neighborhood
possesses a property which is usually considered to be
a global property of a graph.

One such property.
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"locally hamiltonian", was studied by Skupien [21, 22].
As expected, a graph G is locally hamiltonian if the
neighborhood of each vertex of G is hamiltonian.
One of the most fundamental properties that a
graph may possess is that of being connected.

It is

the local analogue of this property we shall investi
gate.

A graph G without isolated vertices is said to

be locally connected if the neighborhood of every
vertex of G is connected.

We shall restrict our

attention to graphs without isolated vertices so each
vertex will have a well-defined neighborhood.
It should be noted that the properties of being
connected and of being locally connected are indepen
dent.

An n-cycle, n > 3, is connected but is not

locally connected since each neighborhood consists of
two isolated vertices.

Conversely, a disconnected

graph may be locally connected; the graph

2 K^,

which

consists of two components each of which is a triangle,
is an example of such a graph.
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Locally Connected Graphs with Small Degrees I
As noted above, there exist graphs which are dis
connected and locally connected and there exist graphs
which are connected but not locally connected.
Although a graph may be neither connected nor locally
connected (e.g., consider

2 C^),

we are interested in

graphs which are both connected and locally connected.
Chartrand and Pippert [7] obtained the following
results.
Theorem 2.A.

Let G be a connected, locally connected

graph with at least three vertices.

If A(G) ^ 4,

then G is hamiltonian unless G = K (1,1,3).
Theorem 2.B.

If a graph G is locally connected, then

every component of G, other than K 2 » is 2-connected.
Although Theorem 2.A provides a necessary con
dition to be satisfied by a graph of small maximum
degree, which is both connected and locally connected,
it is immediate that such a condition is not sufficient.
For example, a cycle of length four is hamiltonian and
has maximum degree two, but is not locally connected.
The following result characterizes graphs which are
11
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connected, locally connected and have maximum degree
no'greater than four.
Theorem 2.1.
A(G) ^ 4.

Let G be a graph which has p ^ 3 and

Then G is connected and locally connected

if and only if G = K(l,l,3),

or is one

of the graphs given in Figs. 2.1-2.9, 2.12, 2.13,
2.18,

2

.2 1 .

That the graphs described in Theorem 2.1 are con
nected and locally connected is a direct result of the
definitions and consideration of each of the graphs and
the resulting neighborhoods.
erably

The converse is consid

longer and involves the investigation of

several cases.

For convenience, we separate the proof

into four parts as indicated by the four lemmas below.
The proof is then immediate from these four lemmas.
Lemma 2.2.

Let G be a graph which is connected,

locally connected, and has

A(G) < 3 .

If p > 3, then

G = K 3 , K^, or K^-e.
Proof.

By Theorem 2.h, either G = K(l,l,3) or G con

tains a hamiltonian cycle, call it C:

' '"^p'^1'

Suppose C has two adjacent vertices of degree 2, say
Vj^ and V 2 .

Then v^ is adjacent to v^ since (N (Vg )) is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

If c contains adjacent vertices of degree 2 and 3,
respectively, we may assume deg ^ = 3
so p S 4.
to v^.

and deg Vg =

2

,

Since <N(v^)> is connected, v^ is adjacent

Also, Vp is adjacent to v^ since <N(Vj^)> is

connected.

But, deg v^

^ A (G) < 3, so v^ = v^.

Thus, p = 4 and G = K^-e.
The only other alternative for G is to be regular
of degree 3 and have p ^ 4.
for some

5

If Vg if adjacent to v^

< j < p- 1 , then at least one of

Vg,v^

must be adjacent to the other two vertices since
(N(Vg))is connected.
impossible.

But A (G) = 3, so this is

Hence, v^ is adjacent to v^ or v^; we

may assume without loss of generality that v^ is
adjacent to v^.

If p = 4, we must have G = K^.

Otherwise, since <N(v^)> is connected, v^ must be
adjacent to v^.

Lemma 2.3.

But this is impossible since

Let G be a graph which is connected,

locally connected with A (G) = 4,

6

(G) < 2, and p > 3.

Then G = K(l,l,3) or G is one of the graphs in Figs.
2 .1-2 .6 .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Proof.

For

degree 1.

6

(G) = 1, let

be a vertex of G of

Let Vg be the vertex adjacent to v^^.

<N(Vg)) is connected, v^ also must have degree
Thus G = K 2 Let

or G is hamiltonian.
may let C:
G.

.

But p 5: 3, and therefore this is impossible.

(G) = 2.

6

Since
1

By Theorem 2.A, either G = K (1,1,3)
Assume G ^ K (1,1,3).

' * **'^p'^1

Then we

^ hamiltonian cycle in

Suppose there are two consecutive vertice on C of

degree 2.
A(G) = 4 ,

Let v^^ and v^ denote such vertices.
sop ^5.

adjacent to v^.

Now

Since <N(Vg) > is connected, v^^ is

But deg v ^ = 2 ,

so this is an impos

sibility.
Suppose C has two consecutive vertices of degree
2 and 3; say deg V 2 = 2 and deg v^ = 3.

Since <N (V2 )>

is connected, we must have v^^ adjacent to v^.

Also,

v^ is adjacent to v^ because (N(v^)) is connected.
Since <N(v^)> is connected, v^ is adjacent to v^.

This

process may be continued, obtaining one of the graphs
in Fig. 2.1 depending on the order of G.

Thus, if C

contains consecutive vertices of degree 2 and 3, G
must be the graph in Fig. 2.1(a) if p is odd or
the graph in Fig. 2.1(b) if p is even.
The only other alternative is for G to contain a
vertex, say

of degree

2

while deg v^ = deg V g = 4 .
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i- 1

i+ 1
i+ 2
(b.) p even

(a.) p odd
Figure 2.1

Figure 2.2

Figure 2.3

Figure 2.4

Figure 2.5
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Now <N(V2 )) is connected, so
N(v^) = ( ' ^2 '^3 '^ ^"
deg V 2 = 2,
Case 1.

is adjacent to v^.

Since (N(v^) ) is connected and

must be adjacent to

Assume

or u.

is_ adjacent to v^.

If p = 5, then G is the graph in Fig. 2.2.
henceforth that p S
be adjacent to

6

. Assume v ^ / u .

Then

4, so u =

graph in Fig. 2.3.

Suppose
must

since (N(v^)) is connected. Now

<N(v^)) is connected, so u is adjacent to v^.
deg Vp

Let

If p =

6

But

, then G is the

For p ^ 7, since

is

connected, at least one of v ^ , m u s t be adjacent to
one of the other vertices in

Since

and

already have maximum degree, N(Vp_^) must contain a
vertex which is adjacent to v^ _ 2 and to either v^ or
Vj^.

Since -\r^ and v^ already have maximum degree, this

vertex must be v^.
Vp __2 “ Vg.

But deg v^ - 4, so we must have

Thus p = 7 and G must be the graph in

Fig. 2.4.
It remains to consider the possibility in Case 1
where p ^

6

and v^ = u.

Since <N(v^)> is connected

and Vg cannot be adjacent to v^ or v^, there must be
another vertex in N(v.) which is adjacent to v^ and to

this vertex must be v^.

But deg v^ ^ 4, so G must be

the graph in Fig. 2.5.
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Case 2.

Assume

Now p ^ 5 ,

adjacent to u but not to v^.
for otherwise deg

the hypothesis that deg V g = 4 .
<N(v^^)> is connected, so

= 3, contradicting
Hence p ^

then

. Also

must be adjacent to u.

Since deg u < 4,either u = v^__^ or u =v^.
u = Vp_^,

6

must be adjacent

to

But if
since

(N(Vg)) is connected; thus G is the graph in Fig. 2.6.
Hence, we consider u = v^.

Since deg

N(v^) contains a vertex other than v

= 4,

, and

which must be adjacent to at least one of
Since

0 N(Vg) and deg

Vg € N(v^).
Let p > 7.

If p =

6

Vg,v^.

2 4, we must have

, then G is the graph in Fig. 2.3.

Since <N (v^) ) is connected, and v^_^^ is

not adjacent to v^^ or v^, it follows that N (v^) must
contain a

vertex which is adjacent

to

either v^

or v^.

be v ^ . But

deg Vg

This vertex must

and to

4, so Vg = v^_^ and G must be the graph in

Fig. 2.4.
Lemma 2.4.

“
Let G be a graph which is connected,

locally connected with A(G) = 4 and

6

(G) = 3 .

Then G

is one of the graphs in Figs. 2.7-2.9.
Proof.
C;

Again G is hamiltonian, so we may take

'^2'""'^p'^1 to be a hamiltonian cycle in G.
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Since A (G) = 4 , necessarily p ^ 5.

First we consider

the case in which there are two consecutive vertices on
C

both of which have degree 3.

two such vertices.
otherwise neither
|n(v2 ) n ^(v^)
[vi,V4 ).

1

Suppose Vg and v^ are

Certainly N(v^) Pi N(v^) / 0 , for
(v^)) nor <N(v^)) is connected.

If

= 2, then we must have N (v^) A N (v^) =

Since p ^ 5, it follows that v^ cannot be

adjacent to Vg or v^ because deg v^ = deg v^ = 3,

But

(nCv^)> is connected, so N(v^) must contain another
vertex adjacent to v^ and to either v^ or v^.

This

vertex must be v^^ since it is the only vertex, other
than V4 , adjacent to v^ or v^ which does not have
maximum degree.
deg Vg =

2

But deg v^^ - 4, so v^ = v^.

But then

, contradicting the hypothesis that every

vertex of G has degree 3 or 4.
It remains to consider the case in which
IN (V g ) n NCv^)I = 1, where deg Vg = deg v^ = 3.
N(v2 ) n ^(v^) = v'.

If v' €

Let

we may assume,

without loss of generality, that v ' = v^ and

Vj^v^

6

E(G).

Let N(v 2 ) = (v^^v^/w).

Since <N (V2 )) is

connected, necessarily v^ is adjacent to w.
deg

4, so w = v^.

in Fig, 2.7.

For p ^

But

I f p = 5, then G is the graph
6,

since <N(Vp)> is connected.
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vertices in N(v^).

But

and v^ already have maximum

degree, so the vertex in N (v ), other than

vertex must be v^.

But deg v^ S 4, so v^__^ and v^

must be consecutive on C.

Hence p =

6

.

But then

deg Vg = 2, which, by hypothesis, is not possible.
Thus we may assume that v' ^

^

'^4

^'

Since <N(v2 )> and <N(Vg)) are connected, we must
have v' adjacent to both v^ and v^.

But deg v ' ^ 4 ,

so v' must be consecutive with v^ and v^ on C; thus
p = 5.

Now each vertex of G has degree

is adjacent to v^.

Therefore G must

3 or 4, so v^

be the graphin

Fig. 2.7.
We now may assume that C does not contain consecu
tive vertices of degree 3.

Since C must contain con

secutive vertices of degree 3 and 4, we may assume,
without loss of generality, that deg ^ = 4
deg Vg = 3.

Let N(Vg) = (Vg#v^,u).

two cases determined by the location

and

We consider
of u on C.

Since <N(Vg)> is connected, u is adjacent to Vg or
v^.

We may assume deg v^ = 4, since otherwise C has

two consecutive vertices of degree 3, namely v^ and
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a situation which was considered above.
deg Vg = deg

Thus

= 4, so we may assume without loss of

generality, that u is adjacent to v^.
is connected,

Since (N(v^))

is adjacent to u or v ^ .

adjacent with u, then u =

If v^

since deg u < 4.

is
But we

are considering the case where u ^ ^^ 1 ' ^ 5 ^' so we must
have v^ adjacent with v^ but not with u.

Since

is connected, v^^ is adjacent to either v^ or u.
v^v^ € E(G).

Suppose

Since u / v^, it follows that v^ must be

adjacent to v^ because <N(v^)> is connected.
u = Vp, then we must have p =
is not connected.
Fig. 2.8.

(N(v^))

6

If

; otherwise (N(v^))

In this case, G is the graph in

For u / v^, we must have v^ adjacent to

Vg since <N(v^)> is connected.

But this is impossible

since neither of Vg/v^ is adjacent to the other two
vertices in N(u), so <N(u)> is not connected.
Thus, we may assume that v^ is adjacent to u but
not to v^.

But deg u < 4, so we must have u = v^.

was noted above, deg v ^ = 4 ,
not adjacent to v^ or v^.

sop ^7,

As

since v^ is

Now <N(v^)> is connected

since the only vertex adjacent to v^ or v^ which
does not have maximum degree is v^, and, by
assumption, v^ i? N(v^).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Case 2.

Assume u E

Since deg

=

loss of generality, that u = v ^ .
nected, so

is adjacent to

Subcase 2(a).

Suppose

Now (N(v^)) is con
or

.

i_s adjacent to v^.

If p = 5, then G is the graph in Fig. 2.9, since
deg V 2 = 4.

Let p ^

Vp is adjacent to

.

6

Since <N(v^)> is connected,

or v^.

then Vg is adjacent to
By hypothesis, deg
nected, we must have

If

is adjacent to v^,

because <N(v^)> is connected.

= 4, and since <N(v^)) is con
or

adjacent to at least one

of the other vertices in N(v^).

If p ^ 7, this is

impossible since the only vertices adjacent to v^ or
Vg are v^ and v^, both of which have maximum degree
so cannot be in NfVg).

If p =

6,

then G is determined

since ^2 must be adjacent to both v^ and Vg.

But this

is the graph in Fig. 2.8.
Thus, we consider v^ adjacent to v^ but v^ not
adjacent to v^.

Now <N(v^)> is connected, so at least

one of v^ and v^ must be adjacent to at least one of
the other vertices in N(v^).

Since v^^ and v^ already

have maximum degree and v^ f N(v^), we must have
Vg € N(v^) and v^ ad
sible because deg v„
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Subcase 2(b). Assume

is. adjacent to

but not

If p = 5, then G is the graph in Fig. 2.7.
we consider p —

6

.

Hence

Now deg Vg = 4, by hypothesis, so

NfVg) contains some vertex other than
call such a vertex w.

and v^;

If w = v^, since <N(v^)> is

connected, at least one of v^ and v^ must be adjacent
to one of the other vertices in N(v^).

But v^ and v^

already are of maximum degree, so one of the vertices
adjacent to v^ or v^ must be in N(v^) and be adjacent
to v^.

Since v^^ ^ N (v^) , we must have v^ in N(v^)

and be adjacent to Vg.
p =

6

. Also, deg Vg

But deg v^ < 4, so necessarily
2, so Vg is adjacent to v^^.

The graph G is isomorphic to the graph of Fig. 2.8,
which can be seen by permuting vertices v^ and Vg
while fixing the remaining vertices.
If w = Vg, since <N(Vj^)> is connected, at least

N(v^) which must be adjacent to v^.

This vertex can

not be v^, so it must be Vg; that is, Vg is adjacent
to both v^ and v^.

But deg Vg < 4, so p =

deg v^ = 4, so v^v^ € E (G).

6

. Also

This graph is the graph

in Fig. 2.8, which can be seen by replacing Vg by
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^

some j such that

this to occur, we must have p ^ 7.

6

< j < p-1.

nected, so Vj must be adjacent to either
Vj is adjacent to v^, then
<N(v^)> is connected.

For

Now (N(v^)) is con
or

If

is adjacent to v^, since

But deg Vj < 4, so Vj = v^.

Now <N(Vj^)> is connected and

is not adjacent to

Vg or v^, so N(v^) must contain a vertex which is
adjacent to v^ and to either Vg or
deg V g = 3 ,
impossible.

deg Vg =

v^. But v^v^ ^

4, and deg v^ < 4,

E(G),

so this is

Thus we must have v^ adjacent to v^.

Since <N(v^)> is connected, v^ must be adjacent to
V . , so V. = v^ ,.
]

]

p-1

Now <N(v„ i)> is connected, so v

is adjacent to v^.

P-i

«

P~^

But <N(v^)> is connected, so

Vg or v^ must be adjacent to Vg or be adjacent to the
other vertex in N(v^), which must be adjacent to Vg.
Since v^ f N(v^) and

v^_^ ^ N(v^), this

Lemma 2.5.

a graph which is connected,

Let G be

locally connected, and is regular of degree 4.

is impossible."

Then G

is one of the graphs in Figs. 2.12, 2.13, 2.17, 2.21.
Proof.

By Theorem 2.A, the graph G contains a hamil-

tonian cycle C.
degree

2,

Then H = G - E(C) is regular of

so consists of k disjoint cycles, for some
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cycle (1

i < k).

vertices,

Since a cycle has at least three

1e (C^)| ^ 3.

To construct G from H, it

suffices to determine the hamiltonian cycle C.
Suppose k ^ 2.
Cg:

Let C^:

** " ’^p '^1"

on hamiltonian cycle C.

" " ^ p '^1

Assume further that UgVg is
Since deg

= 4, there is a

vertex v (other than u^,v^,Vg) to which v^ is adjacent.
Case 1.

Assume v is_ on cycle C^, say v = v^.

Now y^ is not adjacent to u^, for otherwise the
hamiltonian cycle C contains only three yertices.

But

(N(v2 )^ is connected, so y^ is adjacent to at least
one of v^ and y^.

If y^ is adjacent to exactly one

of

v^ and y^, we may assume that y^ is adjacent to v^ but
not to y ^ .

Now y^ cannot be adjacent to u^, for

otherwise C contains only four vertices.

Since (N(v^))

is connected, we must have v^ adjacent to both u^
and y ^ .

This is impossible

cycle C does not contain u^.
Thus, we must have v^ adjacent to both v^ and Vg.
Since deg v^ = 4, the vertex v^ must be consecutive on

generality, we assume Vj = v^ and yyv^ € E(C).

Since

(n(v 2 )) is connected and C is hamiltonian, u^ must be
adjacent to v ^ .

But < N c o n n e c t e d ,

so v^ must

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

26
be adjacent to one of

and u^; without loss of

generality, say the latter.
to u^.
to

Then

must be adjacent

Since <N(v^)> is connected,
since ( N(u^)>

must be adjacent

is connected, u^ must be adjacent

to u^.
We continue this process in each of the cycles.
The process must terminate, resulting in the graph of
Fig. 2.10.

Since deg

to which
v' / u^

= 4, there is a vertex v'

is adjacent (v' / ^j-l'^j'^j+ 2 ^'
since otherwise the hamiltonian cycle C

does not contain u^, an impossibility.

If v' = u^,

then Uj^ must be adjacent to Vj because
connected, and

is

must be adjacent to

<N(Uj^)> is connected.

since

Then C contains exactly those

vertices on cy
unless k =

2

.

If k ^ 3, then v' must be a vertex on

for some

i > 3; without loss of generality, say v' = W 2 € V(C^).
Then Wg is adjacent to Vj since (N

> is connected,

and one of w^^ and w^, say w^, is adjacent to v^ since
(N(Wg)) is connected.

Thus, w^ is adjacent to w^,"and

we may continue this process on

as above.

Ulti

mately the process terminates, and we obtain the graph
in Fig. 2.11.

This completes Case 1.
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Case 2.

Assume v is

of generality, say v

on cycle C^, i ^ 1,2; without loss
=

^ (C^) .

Since <N(v2 )> is connected, one of y^^,y^ is
adjacent to one of

without loss of generality,

say y 2 is adjacent to w ^ . Also,
so y^ is adjacent to one of
of generality, say

(N(Wg)^ is connected,

and w ^ ; without loss

is adjacent to w^.

Then (N(y^))

nee
^2

is adjacent to y^^.
adjacent to

If

is a triangle, then u^ is

since <N(y^)) is connected, and since

(N(Ug)> is connected, we may take u^ to be adjacent
to y^.

Continuing this

process as in Case 1, we

obtain the result that if a cycle C^ contains a yertex
which is adjacent to two yertices on distinct cycles,
then C^ must be a triangle.

With this restriction,

the construction of C follows the procedure in Case 1;
in fact. Case 2 is Case 1 when cycle C^ is taken to
be a triangle.
Case 3.

Assume v = u^ € v(C^), j / 1,3.

Since C is hamiltonian, u^ cannot be adjacent to
Ug.

But

either

(N(y^)) is connected, so u^ is adjacent to
or y^; without loss of generality, say u^

is adjacent to y^^.
one of u^ and

Again since

(N(v^) > is connected,

is adjacent to y^.

If u^ is
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adjacent to

then C is not hamiltonian, so

be adjacent to

must

But the connectedness of <N (v^) )

necessitates that u^ be adjacent to v^, which again
contradicts the hamiltonian property of C.

Thus,

Case 3 cannot occur.
Case 4.

Assume v = u^ ^

u ^ ; without loss of genera

lity, say V = u^.
Since (N(v^)) is connected, one of y^ and

is

adjacent with one of u^ and u^; without loss of
generality, let y^ be adjacent to u ^ .

Unless.C^ is a

triangle, we must have v^^ adjacent to u^ or y^

'

adjacent to v^.

Since <N(u^) > is connected, u^ is adjacent to u^
or Vg.

I f u ^ is adjacent to u^, then u^ must be

adjacent to u^ since <N(u^)) is connected.

Continuing

in this manner, we see that this situation is the
same as that considered above in Case 1 and illus
trated in Fig. 2.10.

u^ and V

Thus we consider u^ adjacent

must be adjacent to one of the other vertices

one of the vertices adjacent to u^ or v^ must be in
NfUg) and adjacent to u^^.

This vertex must be v^;
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that is, V is adjacent to Uj^ and
not connected since neither of

.

But (N (u^) ) is

and u^ is adjacent

to either of the other two vertices in N(u^).
is impossible,

This

so no new graphs are obtained in this

case.

Subcase 4(b).

Suppose vyUg € E(C).

Since <N (Ug)) is connected, either
gle or

is adjacent to v^.

situation for

being a triangle was considered in

Subcase 4(a); hence we may assume
Thus, u^ is adjacent to
u^ is adjacent to
angle,

is a trian

But my symmetry, the

.

is not a triangle.

Since (N (u^)) is connected,
Then, since

is not a tri

is adjacent to u^ because <N(v^)) is

connected.

We continue in this manner.

Without loss

of generality, suppose the number of vertices on
does not exceed the number of vertices on
contain k vertices, k > 4.
so u^^v^ € C.

.

Let

Now <N(Uj^)> is connected

This is possible if and only if H con

sists of exactly two cycles of the same length.

The

graph G is given in Fig. 2.12.
Subcase 4(c).

Suppose vyv^ € E(C).

Then v^ is adjacent to v^ since ( N(v^))
nected.

is con

Also, u^ is adjacent to u^ since ( N(u^))

connected, and the connectedness of ( N(Ug))

is

implies
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is adjacent to u^.
in Case 1.

This situation is the same as

The resulting graph G, given in Fig. 2.11,

is the same as the graph given in Fig. 2.13.
This completes Case 4 and consequently the situa
tion when k ^ 2.

It remains to determine G if k = 1,

i.e., if H is hamiltonian.

In this case G consists of

two hamiltonian cycles, namely H and C.
Let the hamiltonian cycle H of length p ^ 5 be
given.

To determine another hamiltonian cycle C on

the same p vertices and hence the graph G, we consider
three cases determined by the location on H of the two
neighboring vertices of a given vertex which are not
consecutive with this vertex on H.

Let v^ denote the

given vertex, so N(Vg) consists of v^,v^ and two
other vertices of H, say w and w ' .

The three cases

are determined by the cardinality of {w,w‘} f) (vj^,Vg),
which can be
Case 5.

2, 1

, or

0

.

Assume |{w,w'} fl

)

I

=

2,

that is

'^l’^a'^3'^5 ^ B(c).
Now v^Vg f E(C),

for otherwise C is a cycle of

length three so is not hamiltonian.
generality,

Without loss of

either VgVg G E(C) or VgV^ € E(C)

since
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Ifp=5,

then necessarily G = K^.

<N(Vg)> is connected so

For p ^ 5 ,

is adjacent to

or v^.

If Vg is adjacent to v^, then since (N(v^)) is
connected, at least one of the vertices in N(v^), other

N(v^) and G is the graph given in Fig. 2.14.
then exactly one of v^ and Vg is in N(v^).

I f p ^

6,

If v^^ ^

N(v^), then v^ € N (v^), since <N(v^)> is connected.
Now p / 7 since deg Vg = 3.

Similarly, p /

8

.

But

then <N(Vg)> is not connected since neither v^ nor Vg
is adjacent to either of the other two vertices in
N(Vg).

Thus v^ Î N(v^), so Vg € N(v^).

is connected, v^ is adjacent to v^.
of degree 4, so p ^ 9.

Since <N(Vg))

But G is regular

Now <N(v^)) is not connected

since neither v^ nor Vg is adjacent to either of the
other two vertices in N(v^).

This is impossible.

Thus we must have Vg adjacent to v^ and p ^
Since v^Vg € E(C), if p =
Fig. 2.14.

6,

.

If p = 7, then G is the graph given in

Fig. 2.15. For p >

8

, since <N(v^) ) is connected,

either (i) there is an integer j v^Vj,VgVj

6

G is the graph in

€ E(C),

8

such that

(ii) v^ is adjacent to v^,

(iii) v^

is adjacent to v^, or (iv) v^ is adjacent to v^.
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Figure 2.13

Figure 2.15

Figure 2.14

3

Figure 2.16

Figure 2.17
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Now

and Vg cannot be adjacent to some Vj

for otherwise

(7 ^ j ^ p)

is a cycle in G containing

no edges of H which is not hamiltonian; thus (i) cannot
occur.

Also

is not adjacent to

for otherwise the

connectedness of <N(Vj^)> implies that

is adjacent

to Vg and hence <N(Vg)> is not connected.

Furthermore,

cannot be adjacent to Vg since otherwise <N(Vg) )
would not be connected.

Thus

is adjacent to

Now Vg is not adjacent to Vg or else
connected.

If there is a vertex v^

.

<N(Vj^) ) is not
(j > 8) to which

Vg and v^
non-hamiItonian cycle in G containing no edges of H,
which is impossible.

In addition, Vg is not adjacent

to Vj since <N(Vg) > is connected.
to Vp.

If p =

Fig. 2.16.

8

Thus Vg is adjacent

, then G is the graph given in

For p >9, the vertex in N(Vj^) other than

Vg»Vg, and v^, Crill it v ‘, must also be adjacent to
Vp, since

ÛSl(v^) > is connected.

Vp_i, for otherwise

This vertex must be

V ,v^,v^,Vg,Vg,Vp,v' is a non-

hamiltonian cycle in G containing no edges of H.
Thus Vp ^ is adjacent to v^.

Vj since

(N(Vg)) is connected.

Similarly,

the vertex

This vertex must be Vg,

for other\'/ise G contains a non-hami It onian cycle.
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Continue this process until we obtain one of the graphs
in Fig. 2.18.

Since G is regular of degree 4, the

remaining edges of G are determined in each case.
G is the graph given in Fig. 2.17.

Thus

An isomorphic

formulation of G is given in Fig. 2.19.

This completes

Subcase 5 (a) .
Subcase 5(b).Assume VgV^ € E (C) and

v^v^ f E (C) .

Since deg Vg =4, it follows that p >
N (Vg'' = {v^, v^,Vg,Vj}, where j ^ 7.

7.

Let

Since <N(Vg)> is

connected, one of Vj and v^ is adjacent to one of
Vg and v^, so

v^ isadjacent to Vg orv^, where j ^ 7.

In the latter

case,Vj is adjacent to both Vg and v^

and, since <N(Vg)> is connected, Vg must be adjacent
to Vj.

Now deg Vj = 4, so vyVg € E (H), that is,

j = 7.

But then Vg,v^,v^,v^ is the path which deter

mined Subcase 5 (a), so this situation has been con
sidered above.

Hence we consider v^ adjacent to Vg.

Again, since <N(Vg)> is connected, v^ is adjacent to
Vg.

If j > 9, then <N(Vg)> is not connected.

If

Vj = Vg, then v^,Vg,Vg,v^ is the path which determined
Subcase 5(a), and therefore has already been considered.
Thus, it remains to consider Vj = v^.
Let N(Vg) = Cv^,Vg,v^,v^).
nected, V. is adjacent to v-, so

Since <N(Vg)> is con
8

<

i < p.

If i > 10,
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has been considered in Subcase 5 (a).
= Vg.

Thus

We continue in this manner until one of the

graphs in Fig. 2.20 is obtained.

The graph in Fig.

2.20(a) is regular of degree 4, so
to both

and v^.

Vp_ 2 »Vp,V 2 is a

must be adjacent

But thenv^, Vg, —

^v^j^,...,

non-hamiltonian cycle in G which

tains no edges of H.

con

This is impossible, so this

situation cannot occur.

For the graph in Fig. 2.20(b),

we have deg v^ = 4, so v^ is adjacent to v^ _ 2
consequently v^_^ is adjacent to v^^.

'^2 *

The resulting

graph G can be realized as either of the graphs in
Fig. 2.21.

This completes Subcase 5(b) and hence

Case 5.
Case

6

.

Assume I(w,w'} fl

and VgVj € E(C)

for some j,

) I = 1/ say vyv^ € E(C)
6

< j< p.

Since C is hamiltonian, v/Vg

^ E (C). Since

<N(Vg)> is connected, v^ is adjacent to either v^ or v^.
Subcase

6

(a).

Assume v^Vj ^ E(C).

Since <N(Vg)) is connected,
or Vg.

Suppose V 2 V^

6

E(C).

is adjacent to v^

Now we may assume

Vj ^ Vj^, for otherwise Vg,Vg,v^,v^ is the path which
determined Subcase 1 (a) and thus has been considered.
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this situation has been considered above.
7

< ]<p,

or

But for

neither v\_^ nor vy^^ is adjacent to

so (N(Vj)> is not connected, an impossibility.

Hence we cannot have v^v^ ^ E(C), so necessarily
VgVg € E(C) .
We now introduce a procedure which will be used
frequently to show that the situation being analyzed
has been considered previously.

Recall that in con

structing the graph G, we are beginning with the ver
tices labeled relative to their position on the hamil
tonian cycle H and we construct the hamiltonian cycle
C by determining the p edges of C.

Sometimes it is

instructive to interchange the roles of H and C so the
vertices are ordered according to their location on C
instead of their location on H.

When this is done,

after a few edges of C have been determined, it may
happen that the portion of G constructed thus far is
exactly that considered in a previous case with the
roles of H and C interchanged.

If this occurs, we

need not analyze such a situation further; we consider
the two situations to be "equivalent."

In the case

under consideration, the vertices ^ 2 '^5 '^3 '^j ^^ 4
consecutive on hamiltonian cycle C and the hamiltonian
cycle H contains the path Vg,Vg,v^,v^.

Thus, this
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situation is equivalent to Subcase 5 (a) considered
above.
Subcase 6 (b).

Assume V g V j

€ E(C).

Since C is hamiltonian, v^v^ ^ E(C).

Since

<N(Vg) > is connected, at least one of v^ and Vj is
adjacent to one of v^ and v^; that is (i) Vj is
adjacent to v^,

(ii) v^ is adjacent to v^, or (iii) v^

is adjacent to v^.
I f V j is adjacent to v^, since deg v^ = 4, we must
have Vj = v^^.

But then C contains the path

Vs,V 3 ,Vi,V4 , so this case has been considered above in
Subcase 5 (a)
path '^4 '^2 '^j ' ^ 3

^ is equivalent to the path

Vg ,V 3 ,Vj,v^ which determined Subcase

6

need only consider Vj adjacent to Vg.
so we must have Vj = Vg.

(a).

Thus, we

But deg v^ = 4,

Since <N(Vg)> is connected,

either v^ is adjacent to Vg or v^.

If vyVg

6

E(C),

then the path v^,Vg ,Vg,Vg in C shows that this case

done above, reorder the vertices of G according to
their location on C instead of their location on H.
It then follows that G contains the path of length two
and the edge which determined Subcase 5 (b).

Hence,

this case is equivalent to Subcase 5 (b) which has been
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considered above.
Case

6

This completes Subcase

6

(b) and hence

.

Case 7.

I

|[w,w' ) fl

Cv2 ,V4 ,Vi»Vj}, where

6

=

say N (v^) =

< i < j < p.

Since <N(v^)) is connected, at least one of
and Vj is adjacent to at least one of Vg and v^.
Without loss of generality, we consider v^ to be adja-

Subcase 7 (a) .

Assume vyVg € E(C).

Since C is hamiltonian, VgV^ ^ E(C).

But <N(v^))

is connected, so v^^ is adjacent to v^ or v^.

If

v^v^ € E(C), then VgV^ f E(C) since C is hamiltonian.

Reordering the vertices of G according to their
location on C, instead of on H, we see that this situa
tion has been considered in Subcase 5 (b).

Thus, we

may consider v\Vj ^ E(C) and v^v^ f E(C).

But

deg V j = 4 ,

so i = j - 1.

Since <N(v^)) is connected,

necessarily v^ is adjacent to Vg.

Also (N(Vg)) is

connected, so v^ is adjacent to v^ or v j .
If vyv^ € E(C), then, reordering the vertices
according to their location on C, we recognize that
this situation is equivalent to that which determined
Subcase 5(a).

Thus we may assume v^Vj € E(C).

Since

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

42
deg Vj = 4, we must have Vj = v^.
the path

But, then C contains

again we have a situation

equivalent to one considered above.
Subcase 7 (b) .

Assume v^v.

6

E(C) and VgVj,v^Vj^ 0 E(C).

Since <N(v^) > is connected,

is adjacent to

the vertices according to their location on C, we
observe that this situation is equivalent to Case 5
considered above.

Thus, we must have VgV^ € E(C), and

we may assume VgV^ f E(C).

But <N(v^)> is connected,

so both v^ and v^ must be adjacent to v j.
deg Vj = 4, necessarily i = j-1.

Since

Since <N(v^)> is

connected, we must have v^v^ G E(C).

Again, by re

ordering the vertices of G according to their location
on C, we see that this case is equivalent to one con
sidered above since it contains the path Vg,v^,v^,Vg.
This completes Subcase 7 (b) and hence Case 7.
We have now determined that if the graph G is con
nected, locally connected, and is regular of degree 4,
it must be one of the graphs given in Figs. 2.12, 2.13,
2.14, 2.15, 2.16, 2.17, 2.21 or G = Kg.

But Kg is a

special case of the graph in Fig. 2.21; the graphs in
Figs. 2.14, 2.15 and 2.16 are special cases of the
graph in Fig. 2.17.

Hence, G must be one of the graphs
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given in Fig. 2.12, Fig. 2.13,

(alternately Fig. 2.11),

Fig. 2.17 (alternately Fig. 2.19), or Fig. 2.21.

This

completes the proof of Lemma 2.5, and hence of
Theorem 2.1.

■
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Locally Connected Graphs with Small Degrees II
In Theorem 2.A, it was determined that if G is
connected, locally connected, and has A(G) < 4, then
with a single exception, G must be hamiltonian.

We

might expect that a few more "exceptions" arise when
A(G) is allowed to increase, but perhaps only finitely
many.

However, this is not so.

In fact, a slight

increase in A(G) produces an infinite class of nonhamiltonian graphs, as evidenced in the following
result.

The class of graphs obtained in this theorem

includes the non-hamiItonian graph obtained when A(G)
was taken to be at most 4, since G^ = K(l,1,3).
Theorem 2.6.

Let G be a graph which is connected,

locally connected, and has p > 3.

Suppose G has at

most one vertex of degree 5, all other vertices being
of degree at most 4.

Then G is hamiltonian or G = G^

for some k > 5, where G^ is one of the non-hamiltonian
graphs in Fig. 2.22.
Proof.

Since G is connected and locally connected, by

Theorem 2.B, G is 2-connected, so that G contains a
cycle.

Assume G is not hamiltonian, and let C be a

44
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cycle of maximum length in G.

Since G is not hamil

tonian, there is a vertex of G not on C.

Since G is

connected, there are vertices v^ and v^ of G such that
V 3 € V(C),

^ V(C), and v^v^ € E (G) .

Let

Vg,v^ € V(G) be such that Vg,v^, and v^ are consecutive
on C.

Since C is a cycle of maximum length,

VgV^ 0 E(G).

Similarly, v^v^ 0 E(G).

Now <N(V3 )> is

connected, so deg v^ > 3.
i-3

i- 2

i- 2
i- 1

i- 1

i+:

i+r

i+ 2

i+ 2
(a) k odd

(b) k even
Figure 2.22

Case 1.

Assume deg v^ = 4.

V^V^

V

aiiu

adjacent to at least one of Vg and v^.
of generality, assume vyVg € E(G).

Without loss

Since

^1^2'^1^3 ^ E(G), and C is a cycle of maximum length,
necessarily v^ ^ V(C).

Since |N(v^)| = 4 and (N(Vg))
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Suppose

is not adjacent to v^.

VgV^ 6 E(G) since <N(v^)> is connected.
at least one vertex on C between
otherwise

...,v ^ , v ^ , v^,

greater than that of C.

There must be

and

since

is a cycle of length

Similarly there must be at

least one vertex on C between v^ and v^ since otherwise
Vj_, . .. /v^, v^,v^, Vj^, Vj^ is a cycle whose length is
greater than C.

Thus deg v^ = 5.

Let w^^,w^ E V(G) be

such that C is given by C:

''^2'^1'

Now WgVg f E(G) since otherwise deg
impossible since deg ^ = 5
of degree 5.

= S, which is

and G has only one vertex

Also, v^ is not adjacent to Wj^ or Wg

since deg v^ = 4.

Since C is a cycle of maximum length,

W 1 V 4 i? E(G) since otherwise Wg^, .. ., v^, v^, v^, v^,w^, ...,
V 4 ,Wi is a cycle of length greater than that of C;
now w^^Wg f E(G) since otherwise W 2 » •• •»v^,v^»v^^,v^^^,V2 ,
...,

is a cycle of length-greater than that of C.

Also,

^ E (G) since otherwise

w^, ..., Vj^^,v^,w^ for i =
greater than C.

1

,2 , is a cycle of length

Since deg v^ = 5 = A(G),

N(w) = [^'^2 '^2 '^2 '^3 '^k^ '

<N(v^)> the vertex

W 2 is isolated; this is impossible since <N(v^)> is
connected.

Therefore,

it cannot occur that v^ is not

adjacent to v^^, i.e., v^^v^ € E(G).
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Since deg
and

< 5, at least one of

are consecutive on C.

^1^2'^1^4 ^ ^

' then |v(C)| = 4.

or

In this case,

VgV^ 0 E(G) since otherwise cycle
contradicts the choice of C.

and

If both

v^,v^,v^,v^

Thus G contains the

induced subgraph G^ = K(l,l,3), where
the partite set of order three.

a vertex t of G which is distinct from the five
vertices in G^ and is adjacent to at least one vertex
of Gg (since G is connected).

Since a cycle of length

four has maximum length in G, the vertex t cannot be
adjacent to more than two vertices of G^, other than
and v^.

But G has at most one vertex of degree 5

so t cannot be adjacent to both v^^ and v^.

Thus t

must be adjacent to exactly one vertex of G^.

If t

is adjacent to v^ (or v^), then (N(v^)) (respectively,
(N(v^) )) is not connected, contrary to the hypothesis.
If t is adjacent to v^ (or v^ or v^), then t € N(v^)
(respectively N(v^) or N(v^)), which induces a con
nected graph.

Thus there is a t-v^ path in <N(v^))

(respectively (N(v^)) or <N(v^))) which has length
at least two.

But this gives rise to a path in G

of length greater than four, which is impossible
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by the definition of C.
cannot exist, so G =

Therefore, such a vertex t
= K(l,l,3).

We now consider the case where exactly one of
Vg and

is consecutive with v^^ on C.

Without loss

of generality, say v^ and v^ are consecutive on C,
while Vj^ and v^ are not consecutive on C.
v^_ 2_ ^ V (G) be such that C:

Let

*" '^k-1'^1*

^k-l^k ^ ^ (G) since otherwise

v^, v^,

''^k-l'^k'^1

is a cycle of length greater than that of C.
^2^k-l ^ ^ (G) since otherwise

Also,

v^, v^, v^, ...,

Vg,v^^ is a cycle of length greater than that of C.
Since deg v^ = 4, we must have v^v^_^ 0 E(G).
<N(v^)> is connected, so necessarily
Also VgV^ ^ E (G) , for otherwise
Vk

2^,v^

of C.

Now

^ ^ (G) .
''^3 ''^2 '^4'* *’'

is a cycle of length greater than the length
Thus G contains the induced subgraph G^ of

Fig. 2.22.
If v^ and

are not consecutive on C, let

Vg 6 V(G) be such that C: v^,V 2 ,v^,v^,Vg, ...

tion of C; similarly v^v^ 0

E (G) .

Since deg Vj^ = 5,
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deg

= 4, it follows that N(v^) =

but <N(v^)> is connected so

;
€ E(G).

Thus, G

contains the induced subgraph G^ of Fig. 2.22.
If Vg and

are not consecutive on C, let

the vertex on cycle C so that

2

are consecutive on C.
Vj^

’'^k-1'

^1

As in the previous paragraph,

is not adjacent to vertices V 2 and v^ since C is

2

a cycle of maximum length and v^ _ 2 is adjacent to none
of the vertices

v^fv^, and

since each of these

vertices already has maximum possible degree.
v^

However

is adjacent to v^ since <N(v^_j^)> is connected.

2

Thus G contains the induced subgraph Gg of Fig. 2.22.
If Vg and v^^ ^ are not consecutive on C, then a
vertex Vg can be obtained which precedes Vg on the
v^

2

v^

2_*

“

''^5

P^th determined by C which does not contain

Proceeding as above, G contains the induced

subgraph Gg of Fig. 2.22.

This process must terminate.

Thus G necessarily contains an induced subgraph Gj^
for some k >

1

, but does not contain

induced subgraph.

as an

We will show that G = G^, that is,

G = G .
P

Suppose G^ 7^ G.

Since G is connected, there is

a vertex u of G such that u ^ V(G^) and u is adjacent
to

at least one vertex of G^.

t o V,

Now u is not adjacent

since
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of G which has degree 5, the vertex u is not adjacent
to v^,v^, ... f

...,

(where i = { ^ } )

because each of these vertices has degree 4.

Thus u

is adjacent to at least one of '^2 '^i'^i+l'

^k’

We claim u cannot be adjacent to v^^ since if
uv^ € E(G), then u,v^,v^

6

N(v^).

Since <N(v^)> is

connected, there is a u-v^ path in (N(v^)).

The

vertex of P which precedes v^ must also be adjacent
to v^ since P is in <N(v^)>.

This vertex must be in

since the degree of v^ in G^ is 5 (= A(G)); the
only vertex of

adjacent to both v^^ and v^ is v^,

which cannot be adjacent to u since deg^
Thus such
be adjacent
deg_
Vj^.

to v^.

V, = 5 = A(G).

This is also impossible since
Hence u cannot be adjacent to

Similarly u cannot be adjacent to v^.
Thus

i =

v^ = 4.

avertex does not exist; that is, u must

uis adjacent to at most

and

. Now ucannot be adjacent to only

otherwise <N(v^)) is not connected.
cannot be adjacent to only

where
v^ for

Similarly, u

Therefore, u is

adjacent to exactly two vertices of G^, namely v^ and
'^i+l*

then <V (G^) U (u}> =

which is

impossible since, by assumption, among the graphs G^,
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greatest order.

Thus such a vertex u does not exist,

so G = G^.
Case 2.

Assume deg

= 5.

Since deg v^ = 5, there are vertices v^ and v^_^
of G such that N(v^) =

v^,v^,v^_^,v^).

If neither

v^ nor v^_^ is on C, then neither of v^ and

is

adjacent to v^ or v^ since C is a cycle of maximum
length.

But then (N(v^)) is disconnected since (N(v^))

contains no v^-v^ path.

Thus, at least one of v^^ and

'^k-l
Suppose exactly one of v^^ and v^_^^ is on C.
Without loss of generality, say v^^ € V (C) but
v^_^ 0 V(C).

Then v'2'^k-l''^4^k-l ^ ^

maximum length.

since C has

Since (N(v^)) is connected, at least

one of v^ _ 2 and v^ is adjacent to v ^ ; without loss of
generality, say v^v^ € E(G).

Since (N(v^)) is con

nected, at least one of v^ and v^ is adjacent to v^;
without loss of generality, say v^v^

6

E(G).

But G

has only one vertex of degree 5, namely v^, so
deg Vj^ < 4.

Thus, v^ and v^ must be consecutive

vertices on C.
^l'^k'^3 '^2 '^4 '
that of C.

Now v^v^ 0 E(G), for otherwise
'’^l

^ cycle of length greater than

Since N(v^) contains v^, which is not

adjacent to v^,v^_^, or v^, necessarily v^v^ £ E(G).
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But deg

^ 4 so

vertices on C.

and

must be consecutive

Thus C has length four.

^k-l^k ^ ^ (G), for otherwise
a cycle of length five.
^l^k-1 ^ ^ (G) .

Thus

Now

v^, v^, v^_^, v^,v^ is

Also deg v^^ ^ 4 so
is an isolated vertex in

<N(Vg)), which is impossible.

Hence it is not possible

for exactly one of Vj^ and v^_^ to be on C.
Since both v^ and v^_^^ are on C, the cycle C
determines two v^-v^ paths.
not containing v^.

Vj_ precedes v^_^^ on P.
least one of v^^ and

Let P be the v^-v^ path

Without loss of generality, assume
Since <N(v^) > is connected, at
is adjacent to v^.

loss of generality, say v^v^ € E(G).

Without

Since deg u < 4,

we have v^^v^ 0 E(G).
Suppose v^ and v^_^ are not consecutive on C.
the

On

path in C which does not contain v^, let

w^ be the first vertex following v^.

Then w^v^ 0 E(G)

since deg v^ = 5, and w^v^ 0 E(G) for otherwise
Wj_, ...

... ,v^, v^, v^,..., v^,v^,w^ is a cycle of

length greater than the length of C.

If v^ and

are

not consecutive on C, then let w^ denote the first
vertex following v^ on the v^-v^ path in C which does
not contain v^.

Now w^ is not adjacent to v^ since

deg Vg = 5, and w^ is not adjacent to Vj, since Other-
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wise the existence of the cycle
tradicts the definition of C.

^1

But then (N(v^^) ) con

tains no Wg-v^ path, an impossibility.
Vg are consecutive vertices on C.

Thus

and

Since (N(v^)) is

nected, nece
Wi» ... ,v^_l, ..., V 3 ,Vj^, Vi» V 2 ,Wi is a cycle whose length
is greater than that of C, which is impossible.

Thus

v^ and v^_^ must be consecutive on C.
If

G

E(G), then

V 2 , ...,

v^, v^ is

a cycle whose length exceeds that of C, which is
impossible.

Also,

f E(G), for otherwise
is a cycle of length greater

"k-1'

than the length of C.

Similarly, v^v^ 0 E(G), for
v^,v^ is a cycle

otherwise v-

whose length is greater than that of C.

But (N(v^))

is connected, so v^v^_^ and v^v^ are edges of G.
Since deg v^ < 4, the vertices v^^ and v^ are consecu
tive on C.
Therefore, G contains the induced subgraph G^ of
Fig. 2.22.

(This can be accomplished by interchanging

Vg and v^ with

and

respectively.)

as in Case 1, we see that G = G^.

Proceeding
■
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Locally Connected Graphs with Large Degrees
In the previous two sections we have encountered
only locally connected graphs whose vertices were of
small degree.

All locally connected graphs considered

thus far have had at most one vertex of degree 5 with
all other vertices of degree 4 or less.

There are,

however, large classes of locally connected graphs
whose vertices have arbitrarily large degree.

It can

be shown, for example, that maximal planar graphs are
locally connected

[2 1 ,2 2 ]; this result will be dis

cussed further in Chapter III.

In [9], Chvatal noted

the following result.
Proposition 2.C.

The square of any graph is locally

connected.
There are classes of graphs which are readily
determined to be not locally connected.

Since the

neighborhood of a cut-vertex of a graph is necessarily
disconnected, no locally connected graph can contain a
cut-vertex; that is, each component of a locally con
nected graph is a block.

This is not a sufficient

condition for a graph to be locally connected, since
,54
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a cycle of length at least 4 is a block but is not
locally connected.
Presently it suffices to note that the class of
locally connected graphs is certainly not trivial.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

CHAPTER III
GRAPHS WITH PRESCRIBED LOCAL CONNECTIVITIES
Introduction
There are many properties associated with a graph
which are variations and generalizations of the proper
ty of being connected.

In this chapter we will study

the local analogues of several of these variations.
A graph is said to be locally n-connected if the
neighborhood of each vertex is n-connected; i.e., if
the neighborhood of each vertex has the property that
the removal of fewer than n vertices results in neither
a disconnected nor a trivial graph.

To show that a

graph is locally n-connected using this definition is
usually rather difficult since in each neighborhood
we must consider the subgraph obtained when each kelement subset of vertices, k < n, is removed.

Most

techniques used to show a graph is n-connected are
variations of the following classical result of
Monger [17].
Theorem 3.A.

If u and v are distinct non-adjacent

vertices of a graph G, then the maximum number of
56
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disjoint u-v paths in G equals the minimum number of
vertices of G which separate u and v.
One particularly useful extension of Monger's
Theorem is the following characterization of nconnected graphs due to Whitney
Theorem 3.B.

[27].

A graph G is n-connected if and only if

for each pair u,v of distinct vertices there are at
least n disjoint u-v paths in G.
We will use Theorem 3.B to prove the following
result.
Theorem 3.1.

Let n > 2 be a positive integer and let

G be a graph for
(n-1 )-connected.
Proof.

Let

V

k}>.

Since

6

let

Vj^,...,v^

€ V (G) and let G^ = ([u € V(G) |dg(u,v) =
(G)

> n, we must have |v(G^) | ^ n;

be distinct vertices

in G^. To show

G^

is locally (n-1)-connected, we use Theorem 3.B to
verify that the neighborhood of v in g'^ is (n-1 )connected; i.e., we show that between any two vertices
adjacent to v in G^, there are at least n - 1 disjoint
paths.

Let <N(v)> denote the neighborhood of v in G^,

so <N(v)> = <[u € V(G) |u€ V (Gj ) for some
j = l,2,...,n)>.

Now ifu € V(G^), then d^(u,v)

=j
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so in

g ", u

is adjacent to all vertices in

In particular,

.

each vertex in G^ is adjacent in G^ to

all vertices in G^,.../
Let u and w be two distinct vertices in N(v).

If

neither of u and w is in G^, then u,v^,w is a u-w path
in G^ for each v^ ^ u,w in G^.

If not both u and w are

in G^, then there are at least n-1 such u-w paths.

If

paths, but the edge uv provides an additional path.
If exactly one of u and w is in G^, we may assume,
without loss of generality, that u € V(G^) and
w ^ V(G^).
Un

Furthermore, we may let v^ = u^u^,...,
^

^ v^-u path in G, where u^ € V (G^).

Then in G^ there are (n-2) u-w paths of the form
u,Uj/Vj,w, where u^ € V(G^) and 2 < j ^ n-1.

Another

u-w path is u,v^,w, and all n - 1 of these paths are
disjoint unless w = u^ for some j.

In this case,

u,Uj,Vj,w is not a path, but replacing it by the edge
uw provides n - 1 distinct paths.
It remains to consider the situation when both u
and w are in G^.

As above, we may assume, without loss

of generality, that Vj^ = ^ 1 ^ 2 ' '"''^n-1 ' % = u is a
v^-u path in G, and v^ =
v^-w path in G, where Uj,Wj

*’"^n-l'^n = ^
6

V(G^).

^

If Uj ^ Wj for
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each j = 1,2,...,n-1, then the n-2 paths in G
form u,Uj,Vj,Wj,w, for j =
u-w paths.
in

2 ,3,...,n - 1

of the

are disjoint

Also, the path u,u^,w^,w is a u-w path

disjoint from the other n-2 paths.

Thus, there

are at least n - 1 disjoint u-w paths in G^.
It remains to consider the situation where the

be the vertex of largest index in which the two paths
intersect.

Without loss of generality, we may assume

the two paths are identical prior to u^ = w^; that is,
Uj = Wj for j = 1,2,...,k.

Then u,u^ = w^,w is a u-w

path of length two, for i = 1,2,...,k.

Since

d(Uk^jfWn-j) = n - k < n, we must have u^^j adjacent
to w^__j in G^.

Thus, g’^ contains n - k - 1 paths of

the form u,u^^j,w^_j,w, where j =

1 ,2

,...,n-k-l.

Therefore, G^ contains at least n-1 u-w paths; further
more, all of these paths are disjoint.

■

By Theorem 3.1, a large class of locally (n-1)connected graphs can be obtained.

In particular, if

G is a graph without isolated vertices or end-vertices,
then

must be locally connected.

As indicated in

Proposition 2.C, even if G has end-vertices, G^ is
locally connected.
Thus far we have discussed how the removal of a
collection of vertices affects the graph.

We now
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consider an analogous situation when a collection of
edges is deleted.

A graph G is said to be n--edqe

connected if the removal of fewer than n edges of G
results in neither a disconnected nor a trivial graph.
A graph G is called locally n-edge connected if the
neighborhood of each of its vertices is n-edge con
nected.

The following results [12,13] are edge

analogues of Theorems 3.A and 3.B.
Theorem 3.C.

If u and v are distinct vertices of a

graph G, then the maximum number of edge-disjoint u-v
paths in G equals the minimum number of edges of G
which separate u and v.
Theorem 3.D.

A graph G is n-edge connected if and

only if for every two distinct vertices u and v of G,
there exist at least n edge-disjoint u-v paths in G.
Theorems 3.B and 3.D will be used repeatedly in
the remainder of this chapter to show that a graph is
n-connected, n-edge connected, or has either of the
corresponding local properties.
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Some Remarks on Hamiltonian Graphs
One of the most outstanding unsolved problems in
graph theory is to obtain a reasonable characterization
of hamiltonian graphs.

In Chapter II we obtained a

class of non-hamiltonian graphs in which each graph
was both connected and locally connected, namely the
graphs

in Fig. 2.22.

mum degree 2.

Each of these graphs has mini

In fact, each contains two vertices

which are mutually adjacent to two vertices of degree
2.

This may suggest that if G is connected, locally

connected, and has minimum degree sufficiently large,
then G must be hamiltonian.

However, this is not so,

as the following example illustrates.
Let n(^ 5) be a positive integer and let H be the
graph in Fig. 3.1, where deg v = (n/2) and each vertex
whose distance from v is two, has n - 1 end-vertices
adjacent to it.

Let G = H^.

Thus G is connected and,

by Proposition 2.C, the graph G is locally connected.
Also,

6

trarily

(G) > n; i.e., the minimum degree of G is arbi
large.

otherwise.

But G is not hamiltonian, for suppose

Let C be a hamiltonian cycle in G and let

u be adjacent to v in H and w / v be adjacent to u
61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

62
in H.

Let ^ 1 ' "" '^n-1

to w and let

the end-vertices adjacent

and v^ denote the immediate predecessor

and successor of w in C, respectively.

If v^ ^ v,

then v^ = u or v^^ = Wj for some j (1 < j < n-1).
Vj^ = u, then v^ = v since C is hamiltonian.

If

If

Vj^ = Wj for some j, then the first vertex preceding w
in C which is not adjacent to w in H must be u.
Vg = V.

Thus

Therefore, in any case, the vertex v must be

consecutive on C with w.

This is so for each of the

(n/2) vertices whose distance in H from v is two.
Since n > 5, we must have at least 3 such vertices.
But V can appear only once on C so there can be only
two vertices consecutive with v on C.

Thus, this

situation is impossible so G is not hamiltonian.

Figure 3.1
The previous example shows that a connected,
locally connected graph of arbitrarily large minimum
degree need not be hamiltonian.

Now the cube of every
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connected graph of order at least three must be
hamiltonian

[20].

By Theorem 3.1, the cube of a graph

whose minimum degree is at least 3 is locally 2connected.
locally

It can also be observed that every connected,

2 -connected

hamiltonian.

graph encountered thus far has been

Thus, we may conjecture that every con

nected, locally 2-connected graph is hamiltonian.

How-

every, we can also show this conjecture is false.
As mentioned previously, Skupien has studied
graphs which are locally hamiltonian.

In [21], he

proved the following.
Theorem 3.E.

If a graph G of order p > 3 is maximal

planar, then G is locally hamiltonian.
Since a hamiltonian graph is a priori 2-connected,
by Theorem 3.E every maximal planar graph of order at
least 3 is locally 2-connected.

Thus the question as

to whether every connected, locally

2 -connected

graph

is hamiltonian can be answered in the negative if we
can exhibit a graph which is connected and maximal
planar but not hamiltonian.

Such a graph, due to

C. N. Reynolds, may be found in [26].

Thus, we have

an example of a connected,

graph which is

not hamiltonian.

2 -connected

However, we are left with the

following.
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Open Question;

If there a positive integer n ^ 3 such

that if G is an arbitrary connected, locally nconnected graph, then G must be hamiltonian?
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Connectivity and Local Connectivity
One particularly useful variation of the property
of being connected is the connectivity of a graph.
The connectivity of a graph G, denoted by
maximum n for which G is n-connected.

h

(G), is the

Thus, the con

nectivity of G is the minimum number of vertices whose
removal from G results in a disconnected or trivial
graph.
j0h

The local connectivity of a graph G , denoted by

(G), is the maximum n for which G is locally n-

connected.

Note that

is the only locally connected

graph with local connectivity 0.
is due to Chartrand and Pippert
Theorem 3.F.

The following result
[7].

If a graph G is locally n-connected,

n 5: 1, then every component of G other than

is (n+1) -

connected.
Thus, if

(G) = n, then by Theorem 3.F we must

have h(G^) ^ n+1, where G^ is any component of G.

In

particular, if G is connected, then H(G) > Hk (G).

We

will prove the validity of a converse of this result,
namely, if k and m are integers with

0

< k < m, then

there is a graph G for which HjK (G) = k and H (G) = m.
65
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Furthermore, the minimum order of such a graph will be
shown to be

2 m-k.

Lemma 3.2.

If a graph H is connected and locally k-

connected, then G = H+v is locally (k+1)-connected.
Proof.

Since v is adjacent to each vertex of H, the

connectivity of <N(v)) is equal to K(H), which we know
is greater than
connected.
vertex of

Let u

(H) 5: k.
V (H).

6

Thus (N( v )) is (k+1) Since v is adjacent to each

<N(u)>, to disconnect <N(u)> in G, it is

necessary to remove v and those vertices which dis
connect <N(u)> in H.
ity

Hence <N(u)> in G has connectiv

at least k+1, so G is locally (k+1)-connected.

■

With the assistance of the two previous results,
we can obtain a graph with prescribed connectivity
and local connectivity.
Theorem 3.3.

Let k and m be integers with 0 < k < m.

Let G denote the complete (k+2)-partite graph
K (1,1, . .., l,m-k,m-k) .
Proof.

Then H (G) = m and -Ck (G) = k.

Now K(m-k,m-k) has connectivity m-k and local

connectivity zero.

By k applications of Lemma 3.2, G

is locally k-connected.

Also, G is m-connected since

to disconnect G, all k of the singleton vertices must
be removed along with a set of m-k vertices whose
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removal disconnects K(m-k,m-k).
Xh (G) ^ k.

Thus

k

(G) ^ m and

But the removal of the indicated vertices

does disconnect the required graphs, so

h

(G) = m and

Xh (G) = k.
Theorem 3.4.

■
Let k and m be integers with

If G is a graph for which

k

0 < k < m.

(G) = m and Xn (G) = k, then

p(G) > 2m-k.
Proof.
k

Assume there

(G) = m, but p(G)

isa graph

G forwhich X h (G) = k,

< 2m-k. Since

a vertex v of G for which

h ^(n (v

Xh (G) =k, there
))^ = k.

is

Let T denote

a set of k vertices in N(v) whose removal from (n (v )>
results in a disconnected

or trivial graph.

Now k < m

and K (G) = m, so |n (v ) | S: m; for otherwise,the re
moval of |n(v)I vertices would isolate vertex v.

S = V (G) - (N(v) U (v}).

Then

|s

Let

U (v)| < 2m-k-m =

m-k, so Is U {v} U t] < m-k+k = m.

But the removal

of S U {v} U T from G results in a disconnected or
trivial subgraph.

Thus k(G) < m, which contradicts

the hypothesis.

■

From Theorems 3.4 and 3.5, we see that the com
plete (k+2)-partite graph G = K (1,1,...,1,m-k,m-k) is
a graph of minimum order for which

k

(G) = m and

Xk (G) = k, where k and m are arbitrary integers
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satisfying 0 < k < m.

For the special case when

m = k+ 1 , we obtain the graph
that

for which we know

= k + 1 and
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Local Connectivity and Local Edge Connectivity
We now turn our attention to the edge analogue
of local connectivity.
graph G, denoted

The edge-connectivity of a

(G), is the minimum number of edges

whose removal from G results in a disconnected or
trivial graph.

Thus a graph for which

(G) ^ n is

n-edge connected; that is, the removal cf fewer than
n edges results in neither a disconnected nor a
trivial graph.

The local edge connecitivty of a graph

G, denoted by

(G), is the maximum n for which G

is locally n-edge connected; that is, there is at
least one vertex of G whose neighborhood has edgeconnectivity n and no neighborhood of G has edgeconnectivity less than n.
It is well known
K(H) <

(H).

[27] that, for any graph H,

We now observe that a similar result

is valid for local connectivities.
Proposition 3.5.
Proof.

If G is a graph, then Ah(G) < Ah^ (G).

Let V € V(G) be such that H^^<N(v)>j = Ah^ (G).

Since k (H) < h^^ (H), in particular
(<N(v)>).
Ah ^ (G) o

But Ah(G) < h(<N(v)>),

<N (v)
so

<

Ah(G) <
■
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By Proposition 3.5, it is meaningful to ask
whether or not there is a graph with prescribed local
connectivities.

In particular, if 0 < k < m, is there

a graph G such that
sideration

(G) - k and £k^{G)

of the case where k =

0

= m?

and m >

0

Con
shows

that the answer is not affirmitive in general, since
for iK (G) = 0, there must exist a vertex whose neigh
borhood is disconnected or trivial.
(G) = 0.

But then

The following result shows that by

restricting k to be positive, a graph with prescribed
local connectivities can be found.
Theorem 3.6.
1 < k < m.
G

=

; when k < m, let

Then Zk (G) = k and

Proof.
so

Let k and m be integers such that
For k = m, let G =

For each v € ^

h ^<N(v

)>^ = Hj^^<N(v)>^ = k.

Ak {g ) = k and

Thus, for k = m,

(G) = k = m.

Let k < m and consider G =

+ ^+1*

neighborhood in G is either
Since % (K^%) = m and x
Xh (G) = k.

Also

(G) = m.

have <N (v) > =

or
+

(^m+1^ == ^ and

+ K^.

K^) = k, we have
(^^^m-k+1

“
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It remains to determine a graph G of smallest
order for which

(g ) = k and

(G) = m, where k is

any positive integer no greater than integer m.

We

use the following result of Chartrand and Harary [4]
to show that the graphs in Theorem 3.6 do have
minimum order.
Theorem 3.G.

For any integers b and c, 0 < b < c,

there exists a graph G with H(G) = b and %^(G) = c.
Furthermore the smallest such graph is
(1 )

Theorem 3.7.

1 < k ^ m and
4%(G) = k and

when b = c .

Let k and m be integers such that
let G be a connected graph for which
(G) = m.

I f k = m, then p (G) ^ m+2;

otherwise, p(G) > 2m-k+3.
For k

= m,

6

(G) >

is connected.

Proof.

Thus

6

(G) ^

For 1 < k < m,
4%(G) = k and
k ^<N(v

)>^ = k.

(G) > ^h^(G) = m, since G
m+1, so p(G) ^ m+2.

let G be
= m.

a

graph such that

Letv € V(G) be

But K^^<N(v)>^ ^ m, so

such that

k ^(^<N(v

)>^ > k.

By Theorem 3.G, we must have p^<N(v)>^ ^ 2m-k+2.
Therefore, p(G) ^ 2m-k+3.

■
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Edge Connectivity and Local Edge Connectivity
In the two previous sections we have considered
the relationship between x.(G) and Ah (g ) and between
Ah (G) and Ah ^ (G).

The edge connectivity has been

defined in the previous section; we now consider its
relationship to the local edge connectivity.
Proposition 3.8.

Let n be a non-negative integer and

let G be a connected graph which is locally n-edge
connected.

Then G is (n+l)-edge connected.

connected, but not (n+l)-edge connected.

Then there

is a set S of k n )

edges whose removal from G dis

connects the graph.

Furthermore, we may take

k=H^(G).

Since the removal of fewer than k edges

does not disconnect G, it follows that G-S consists
of two components; denote them by G^ and G^.

Let u

and V be vertices in G^ and G^, respectively, such
uv

6

S.

Since G ^ K g ,

order at least two.

at least one of G^ and

has

Without loss of generality, let
72
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|V(G^) I 5: 2.

Then N(u) contains v S VfGg) and at least

one vertex of G^.

Since there are at most k-1 edges

in <N(u)> joining vertices of G^ with vertices of G^,
<N(u)> is not k-edge connected, where k < n.

This

contradicts the hypothesis that G is locally n-edge
connected.

■

An immediate result of the preceeding proposition
is the following.
Corollary 3.9.

If G is connected, then

(G) <

(G) .

We now determine the edge connectivity and the
local edge connectivity of the complete (k+2 )-partite
graph K (1 ,1 ,...,l,m-k,m-k), which we considered
earlier.

The following two lemmas will be useful.

Lemma 3.10.

If H i s connected and locally k-edge

connected, then G = H+v is locally (k+l)-edge
connected.
Proof.

Since v is adjacent to each vertex of H,

h^^<N(v)>^ = %^(H) > ZKj^(E) > k.
edge connected.

Thus <N(v)> is (k+1)-

Let u € V(H) and let S be a separating

set of edges in the subgraph <N(u)> of G.

The set S

must contain at least those edges of H which dis
connect <N(u)> in H, so

|sj

^ k.

But v is adjacent

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

74
to each vertex of H, and S must contain at least one
edge incident with v.

(In fact, S must contain at

least those edges incident with the vertices in the
smallest component of (N(u)>-S in H.)
Hence,

(n (u )>

Thus |S| > k+1.

has edge-connectivity at least k+1, so

G is locally (k+1)-edge connected.

■

The next lemma is more number-theoretic in nature.
Lemma 3.11.

If x,y, and A are non-negative integers,

with x ^ + y ^ ^ O

and A > max {x,y}, then

X (A-y) + y (A-x) > A.
Proof.

Since A > max (x,y), it follows that A > x+1.

Thus

A (x+y-1) > (x+1) (x+y-1)

A(x+y-1) > 2xy, so Ax + Ay = xy - xy > A; that is,
X(A-y) + y (A-x) > A.

If exactly one of x and y is

zero, the result is trivial.
Proposition 3.12.
0 <k<m.

Let k and m be integers, with

If G is the complete

(k+2)-partite graph
k.
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Proof.

The complete bipartite graph K(m-k»m-k) has

edge connectivity m-k and local edge connectivity zero.
By k applications of Lemma 3.10, G is locally k-edge
connected.

of vertices in the singleton sets.

For u E V ^ ,

the

subgraph <N(u)> can be disconnected by the removal of
k edges, since a vertex in

has degree k in <N(u)>.

Thus, JiKj^(G) = k.
Since

deg^u = m and

(G) <

6

(G), we must have

K^{G) < m.

To show H^(G) = m, we

assume (G) < m.

Then there

is a set T of edges of

G whoseremoval

from G disconnects G, where |T | < m.

Let Gj^ denote

one of the resulting components, and let G^ = G-V(G^).
Since
|v

(Gj^)

6
I

(G) = m and Kj^(G) < m, we must have
> 2.

Now k ^ O ,

for otherwise

(G) = m.

Let Gj^ contain g^ vertices from V^,g^ vertices from

from V^, and

* **' \ *

if

0

< j < k, then

Vj^ € V(G^) and v^ G V (G^), so v^ is adjacent to
2 m-k-j-g^-g2

vertices in G^ and v^ is adjacent to

^1 + 92^' i vertices in G^.

Thus, there are
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2 m-k-l

in T.

(> m) edges incident with

or

This is impossible since |t | < m.

which are
Thus, all

say
(Vi,.../V^} s VfGg).
|t1 = k (g^^+g^)

Then
+ g^^ (m-k-g^) + g^ (m-k-g^^)

= 9 2^(m-g^)
As was noted above, k ^ O ;

+ g^ (m-g^) .
so necessarily m >

max (g^^,g^) . Also, g^^ +
g^^ (m-g^) + g^ (m-g^) ^ m.

^ 0, so by Lemma 3.11,
Thus,

|t | > m, which con

tradicts the assumption that %^(G) < m.

Therefore,

%^(G) = m.

"

The previous proposition exhibits the existence
of a graph with edge connectivity m, local edge con
nectivity k, and order 2m-k.

If the present situation

were analogous to the result above where the connecti
vity and local connectivity were compared, it would
follow that if G is a graph for which %^(G) = m
-èH^(G) = k, then p(G) > 2m-k.

and

However, such aresult

does not exist since the graph in the following
proposition has the required connectivities but has
order less than

2 m-k.

Proposition 3.13.
0 < k < m/2 - 1.
(G) = m,

Let k and m be integers such that
There exists a graph G with

(G) = k and p(G) < 2m-k.

If m is even.
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then p(G) < 2m-k.
Proof.

Since k < m/2 - 1 , we must have k < [m/2] - 1.

Let G' = (G^ U Gg) + (G^ U [v]), where G^^ =
and G^ =

Select k vertices from each of

G 2 and Gg# say

» « ««»

€ V (Gj^) and y^» « »»»

^ ^

^*

Let the graph G be defined by V(G) = V (G') and
E(G) = E(G') U T, where T = [x^y^|l < i < k). Since
deg v = m, we must have
Hj, (G-T) =
show

(G) < m.

Since

(G) ^

(G' ), to show %^(G) = m, it suffices to

(G ') > m.
To show that G ' is m-edge connected, we will use

Theorem 3.D.

Thus we must show that for each pair of

distinct vertices of G ', there are at least m edgedisjoint paths joining the two vertices.
Let u^,w^ € V(G^).

There are [m/2] - 1 edge-

disjoint v-u^ paths of the form v,Uj,u^
Uj

6

(where

V(G^) for j > 2), the edge vu^, and [m/2] edge-

disjoint v-u^ paths of length three, where the
interior vertices are from G^ and G^, respectively.
Thus, there are [m/2] - 1 + 1 + [m/2] = m edgedisjoint v-u^ paths in G.

Similarly, there are m

disjoint v-Ug paths in G.

There are also m edge-

disjoint v-Ug paths

edge-

(of length two) in G, namely [m/2]

through Gj^ and [m/2] through G^.

Within G^, there
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are [m/2 ] - 1 edge-disjoint
[m/2 ] edge-disjoint

paths; there are

paths of length two (with

interior vertex in Gg), and the path

Thus,

there are m edge-disjoint u^-w^^ paths.
there are [m/2 ] -

1

+ [m/2 ]

+ 1

(> m) edge-disjoint

Ug-Wg paths, and there are [m/2 ] [m/2]

1

+ [m/2 ] +

(> m) edge-disjoint Ug-Wg paths.

[m/2 ] -

1

Similarly

There are

edge-disjoint u^-Ug paths of length two

(with the interior vertex in Gg); the edge u^Ug; the
path

v^,Ug,Ug ; and

[m/2 ] -

1

edge-disjoint Ug^-Ug

paths of length three with interior vertex in Gg^ • (but
not u^).
in G.

Thus there are m edge-disjoint u^-Ug paths

Similarly, there are m edge-disjoint Ug-Ug

paths, and m edge-disjoint u^-Ug paths.

Thus,

Hg^(G') ^ m, so %^(G) = m.
To determine £Kj^(G), we first note that
k^^<N(v)>^ = k, so £Kj^(G) < k.

To show that

Xk^(G) = k, we again use Theorem 3.D.

Thus in each

neighborhood of G, we want to find at least k edgedisjoint paths between any two vertices in that
neighborhood.

That this indeed happens is readily

determined since each neighborhood in G (other than
<N(v)>) is isomorphic to one of the graphs in Fig. 3.2.
Each vertex of Gg has a neighborhood isomorphic to

;
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has a neighborhood iso

each of u.
morphic to

the remaining vertices in

have neighborhoods isomorphic to
we can show that
[m/2] > k, and

.

> {m/2 } (N^) = [m/2] >k.

1

and

By Theorem 3.D,
> k,

Thus

It remains to show that p(G) < 2m-k.

(N^) =
(G) = k.
But

p(G) = 1 + [m/2] + {m/2} + {m/2} = 1 + m + {m/2} =
1 + 2m - [m/2] and k <

[m/2]-l, so p(G) < 2m-k.

k < m/2 - 1, if m is even, then k < [m/2] - 1.
this case p(G) < 2m-k.

Since
In
■

•{m/2 }-l

[m/2 ]-l

Figure 3.2
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Since k < m ,
is m-1.

the largest value which k may assume

The complete graph

has the property that

XHi(Km^l) = m-1 (= k) and

(^m+1^ =

Since any

graph with edge-connectivity m must contain at least
m + 1 vertices, certainly

is a graph of minimum

order with local edge-connectivity m - 1

(= k) and edge-

connectivity m.

2m-(m-1) =

Also P (^ni+1^ “

=

2m-k, so for k = m-1 we have a graph G such that
Xk^(G) = k,

(G) = m, and p(G) = 2m-k.

For k = 0,

the graph G' in Proposition 3.13 has JIk ^{G') = 0,
Kj^(G') = m; but p (G') =
when k = 0.

--j-,

which is less than

2 m-k

Thus it appears that the minimum order of

a graph G with M^{G) = k and

(G) = m depends on the

magnitude of k relative to m.

That this indeed is the

case will be shown below.
Theorem 3.14.
and

0 < k < m.
Proof.
■|^.3m+2|

Let G be a graph such that iK^{G) - k

(G) = m, where k and m are integers for which
Then p(G) ^ min ({'^2

2m-k^.

We first consider the relative sizes of
2m-k.

integral, so

Now if k = m/2 - 1, then -SSiZ
= |i:E±2

k < m/2 - 1 if and only if

_

= 2m-k.
< 2m-k.

Also

Therefore,

the conclusion of this theorem can be restated as;
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(1)
(2)

p(G) >

if

k < in/2 - 1/ and

p(G) > 2m-k if k > m/2 - 1.

It is this formulation of the conclusion that we will
justify.
Suppose there is a graph G with

(G) = k and

(G) = m, but of order less than the desired minimum.
Let V € V(G) be such that

k ^(<N( v

)>') = k and let T be

a separating set of k edges in <N(v)).

Denote a

smallest component of <N(v)> - T by G^; let G^ =
<N(v)> - G^, and G^ = G - ^N(v) U (v)).
| v ( G ^ ) I.

Let r =

Since h^(G) = m, we must have

6 (G )

> m.

particular, deg v > m; say deg v = m+t, for t >
Then r <
Case 1.

0

In
.

and |V (G^ ) | = m+t-r.
Suppose k < m/2 - 1.

Our assumption here, then, is that
p(G) <

•

Thus

|v(G ^ )

I = p(G) - 1 - deg v
<

-

1

- m -t

= (m/2 ) - t.
If k = 0 or if k ^ 1 but there is a vertex w in

w < |V(G^) I + |V(G^) I
<

+ (iri/2) - t
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= [ ^ ]

<

+

[m/2] + fm/2 )

= m,
contradicting

6

(G) ^ m.

and each vertex in
edge of T.

Thus, we may assume that k > 1

is incident with at least one

Let u € V(Gj^) be incident with the fewest

number

of edges in T.

with u

is no greater than [k/r].

must have

The number of edges of T incident
Since deg u > m, we

V (G^ )^ m - r - [k/r], so
p(G) ^ r + (m-r) + (m-r- [k/r] ) + 1
=

2m

- r - [k/r] +

1

.

Let k = nr + r^, where 0 < r^ < r, so [k/r] = n.
Since k < m/2 - 1, we must have m > 2k + 2, so
m ^ 2k + 3.

Then
:>

=

2

(rn +

>

2

(r+n) +

1

) +
1

1

, since n ^

1

and

so 4m - 2r - 2n + 2 > 3m + 3, or 2m - r - i
But

s:

} , so 2m-r-n+l 5:

2m-r- [k/r] + 1 >

Thus, p(G) >

r>

1,

3m+3

; that is,
,

which contradicts the initial assumption on the order
of G.
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Case 2.

Suppose k ^ m/2 - 1.

In this case, our assumption is that p(G) < 2m-k,
where

(G) = k and

(G) = m.

As in Case 1, let u

be a vertex of G^ incident with the fewest number of
edges of T.

Then u is incident with at most [k/r]

vertices in Gg.

Since deg u ^ m, we must have

IV (Gg) I ^ m-r- [k/r] .

Thus p (G) ^ 2m-r[k/r]+l.

Let k

= rn+r^, where 0 < r^ < r, so

[k/r] = n.

k+ 1 =

rn+r^+l ^ rn+ 1 >: r+n, since r^

1

and n ^

Then
1

.

Thus -r-[k/r]+l > -k, so p(G) ^ 2m-r-[k/r]+l
^ 2m-k.

However, this contradicts our initial

assumption on the order of G.

■

By Theorem 3.14 and Propositions 3.12 and 3.13,
for given integers k and m, where

0

< k < m, we can

find a graph G of minimum order for which
and

(G) = m.

in the proof of Proposition 3.13 provides
example.

(G) = k

If k < m/2 - 1, the graph G constructed
a minimal

If k ^ m/2 - 1, the complete (k+2)-partite

graph K (1 ,1 ,..., ,m-k,m-k) is such a minimal graph.
Of course, if k = m-1, this (k+2)-partite graph is
Kj^+2 =

For k < m-2, another graph G of minimum

order for which ^n^{G) = k and
mined.

(G) = m can be deter

Let G ' = (G^ U [u]) + (Gg U [z]) , where

Gi
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that V(G) = V(G') and E(G) = E(G') U
{uVilvi e G^, 1 < i < k].

Using Theorem 3.D, it is

straightforward to show that
deg z = m, so

(G) = m.

(G) ^ m.

But

By consideration of each of

the five classes of neighborhoods in G and again using
Theorem 3.D, we obtain jeH^(G) = k.
2 m-k,

Since p(G) =

we have exhibited another minimal example if

k ^ m/ 2 -

1

.
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Critically and Minimally Locally Connected Graphs
We have already seen that some locally connected
graphs are "more locally connected" than others.

That

is, a locally connected graph may be locally n-connected
for some n > 1.

Hence, in this sense, the least

locally connected graphs are the graphs having local
connectivity 1.

There is yet another method for

measuring graphs which are just barely locally con
nected; we briefly discuss this in the present section.
We say that a graph G is critically locally
connectée if G is locally connected but for each
vertex v
The graph

of G, the graph G - v is not locally connected.
G is minimally locally connected

if G is

locally connected but for each edge e of G, the graph
G - e is not locally connected.
In Chapter II, several classes of connected,
locally connected graphs were obtained.

Some of these

graphs can be used to show that critically locally
connected and minimally locally connected are
independent concepts.

For example, in Fig. 2.13

(page 33), if we take k = 2 and C.
If

the graphG^ of Fig. 3.3

= C.
ig

(a) is obtained.

= C , then
^

For each

85
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V

€ V(Gj^), the graph G^^-v is not locally connected,

so Gj^ is critically locally connected.
is minimally locally connected.
3

Similarly, Gj^

The graph G^ in Fig.

.3 (b) is also critically locally connected since it

is locally connected and <N(v)> is a disconnected

(b)

(a)

Figure 3.3

neighborhood in G^ - v? by the symmetry of G^, each of
its subgraphs obtained by the deletion of a single
vertex fails to be locally connected.

However, G^ is

not minimally locally connected since G^ - e is locally
connected.
Several of the graphs in the previous chapter are
minimally locally connected but not critically locally
connected.
well as

The family of graphs G^ in Fig. 2.22 as
(p > 7) are examples of such graphs.

The

family Pp_i + (v) is still another such example.

There

are also many examples of graphs which are locally
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connected but neither critically locally connected nor
minimally locally connected; all complete graphs and
wheels

(on at least four vertices) are examples of

such graphs.
The next proposition will be useful in giving us
some information about critically locally connected
graphs.
Proposition 3.15.
and

If G is a graph for which

6

(G) > 2

(G) = n, then there is a vertex v of G for which

Xh (G-v) = n-1.
Proof.

If Xh(G-v) = n for each v

6

V(G), then every

neighborhood in G-v has connectivity at least n.

But

then every neighborhood in G has connectivity at least
n+ 1 , contradicting the hypothesis.
Corollary 3.16.

■

A necessary condition that a locally

connected graph G be critically locally connected is
that Xr (G) = 1.
The necessary condition on G given in the pre
ceding corollary is certainly not a sufficient condi
tion for a graph to be critically locally connected.
In fact, each of the graphs G^,

and Pp_2^ + (v)

presented above as examples of graphs which are
minimally locally connected but not critically locally
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connected also has local connectivity 1.

Proposition 3.17.

If G ( ^ 3 ) is a locally connected

graph in which every neighborhood is a tree, then G
is minimally locally connected.
Proof.

Let e = uv be an edge of G.

G-e is not locally connected.

We must show that

To this end, we first

show that e is an edge of some triangle in G.
G / K^, either deg u > 1 or deg v > 1.

Since

Without loss

of generality, say deg v > 1; let w € N(v), w 7^ u.
Since <N(v)> is connected, there is a u-v path P in
<N(v)>.

Let u^ be the vertex adjacent to u on P.

Then u,u^^,v,u is a triangle in G to which e = uv
belongs.
By hypothesis,

<N(u^)> is a tree.

Since

e € E^<N(u^)>), and since in a tree the deletion of
any edge disconnects the tree, we must have that
(N(u ^)> - e is disconnected.

But then G-e is not

locally connected.

■

Figure 3.4
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The sufficient condition given in the previous
proposition is not also a necessary condition for a
graph to be minimally locally connected.

The graph

G given in Fig. 3.4 is minimally locally connected
but not every neighborhood in G is a tree.
The result in Proposition 3.17 is best possible
in the sense that if G is a locally connected graph
in which all neighborhoods except one are trees,
then G need not be minimally locally connected; for
example, let G be a wheel.
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CHAPTER IV
SUFFICIENT CONDITIONS FOR LOCAL CONNECTIVITY
Introduction
In this chapter we present several sufficient
conditions

(expressed in terms of degrees) for a graph

to be locally connected.

In order to place these

results in their proper perspective, we review some of
the history of sufficient conditions which have been
developed for certain graph-theoretic properties.
Hamiltonian graphs serve as a good example in this
context.
In 1952 Dirac

[10] discovered one of the most

famous theorems dealing with hamiltonian graphs.
Theorem 4.A.
6

If G is a graph of order p ^ 3 such that

(G) > p/2, then G is hamiltonian.
It is not difficult to show that the number p/2

cannot be improved, i.e., there exist graphs G of
order p for which
hamiltonian.

6

(G) = (p-l)/2, and G is not

However, Ore [18] improved Dirac's

result by showing that a graph could have some vertices
90

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

with degree less than p/ 2 and still necessarily be
hamiltonian.
Theorem 4.B.

If G is a graph of order p ^ 3 such that

for every pair of nonadjacent vertices u and v,
deg u + deg v > p, then G is hamiltonian.
P 6 sa [19] then proceeded to provide a sufficient
condition for hamiltonian graphs which allows more
vertices of degree less than p/ 2 , including some of
quite small degree.
Theorem 4.C.

Let G be a graph of order p > 3 such

that for every integer j with
of vertices of degree not

1

< j < p/ 2 , the number

exceeding jis less than

j.

Then G is hamiltonian.
As is often the case, the stronger result is more
difficult to apply.

For example, although Theorem 4.A

is weaker than Theorem 4.C, it is considerably easier
to employ when checking whether a graph is hamiltonian.
The property of being harailtonain has been
generalized; a graph G of
hamiltonian, 0 < n
vertices,

0

^ k

order p > 3is called n-

p-3,if the removal

of any k

n, results in a hamiltonian graph.

Thus a 0-hamiltonian graph is simply a hamiltonian
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graph.

The three results above have been generalized

[6 ] and appear in corresponding order below.
Theorem 4.D.

Let G be a graph of order p ^ 3 and let

0 :< n :< p-3.

If

6

(G) ^ (p+n)/2, then G is n-

hamiltonian.
Theorem 4.E.

Let G be a graph of order p > 3 and let

0 < n < p-3.

If for every pair of nonadjacent vertices

u and v, deg u + deg v > p+n, then G is n-hamiItonian.
Theorem 4.F.Let G be a

graph of order p > 3 and let

0 ^ n

every j such that

^ p-3.

If (1) for

n+ 1 < j < (p+n-l) / 2 the number of vertices of degree
not exceeding j is less than j-n and (2 ) the number of
vertices of degree not exceeding (p+n-1 ) / 2 does not
exceed (p-n-l)/2, then G is n-hamiltonian.
These results have been extended still further by
Chvatal

[8 ], who stated the sufficient condition in

terms of the degree sequence of the graph.
Theorem 4.G.
0

Let G be a graph of order p > 3, let

< n < p- 3 , and let (d^,d^,.../d^) be the degree

sequence of G.

If for each m (0 < m < n) ,

d^ S k+m < i (p+m) implies

- P-k, then G is

n-hamiltonian.
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Since a hamiltonian graph is 2-connected/ and
more generally, a (n-2 )-hamiltonian graph is nconnected, each of the above results can be restated
to give a sufficient condition for a graph to be nconnected.

Instead of following this approach, we

present a more direct sequence of results.
In [4], Chartrand and Harary presented a lower
bound for

6

(G) which is a sufficient condition for the

graph G to be n-connected.
Theorem 4.H.

Let G be a graph of order p ^ 3 and let

1 < n < p-1.

If

6

(G) > (p+n-2)/2, then G is n-

connected.
Theorem 4.H cannot be improved in the sense that
if the degree of each vertex of G is lowered by one,
then G need not be n-connected.

However, several

results have been obtained to show that it is possible
to lower the degrees of some vertices and still force
G to be n-connected.

Two such results are the

following [3,5].
Theorem 4.1.
1 < n < p.

Let G be a graph of order p > 2 and let
If (1) for every k such that

n-1 < k < (p+n-3)/2, the number of vertices of degree
not exceeding k does not exceed k+l-n, and (2 ) the
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number of vertices of degree not exceeding (p+n~3)/2
does not exceed p-n, then G is n-connected.
Theorem 4.J.
1

Let G be a graph of order p ^ 2, let

< m < p, and let (d^,dg,. . . be the degree se

quence for G.

If 1 < k < P“^p_n+i ■“ ^ implies

d^ > k+n-1, then G is n-connected.
With these ideas in mind, we now return to the
concept in which we are chiefly interested: locally
connected graphs.
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Sufficient Conditions for Locally Connected Graphs
Chartrand and Pippert [7] have shown that if
6

(G) > I(p-1), then G is locally connected.

Further

more, they showed this number cannot be reduced.

More

generally, they obtained the following.
Theorem 4.K.

If G is a graph of order p such that for

every pair u,v of vertices, deg u + deg v > y (p-1 ),
then G is locally connected.
In this section we show that we may allow some
vertices to have degree less than or equal to § (p-1 ),
and still force G to be locally connected.

In this

connection, we will determine the smallest value
which the degree of a single vertex may assume and
still require G to be locally connected.

Also we

will investigate the number of vertices which may
have this smallest degree to insure that G is locally
connected.
To justify the results given below, it will be
necessary to compare expressions, many of which involve
the least integer function

(p-i)} «

To assist in

these comparisons, we present the following table,
which may be verified by direct substitution.
95
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MAbI

f(3n)

f(3n+l)

f (3n+2)

I (p-1)

2n-2/3

2n

2n+2/3
n+1

{& (p-1)}
2{i(P-1)}-1

2n-l

2n-l

2n+l

p - { i (p-1)}

2n

2n+l

2n+l
n

{f (p-1) }-{i (p-1)}
n-1

2{l(p-l)}-p
2p-2-|f (p-1)}

2n

2n+2

2n+2

2|f (p-l)}-f (p-1) -2

2n-4/3

2n-2

2n-2/3

TABLE I
Proposition 4.1.

Let G be a graph of order p > 5.

G has one vertex of degree 2

If

(p-1) j--2 and all others

of degree greater than §(p-l)/ then G need not be
locally connected.
Proof.

Let k = {è(P*-l)} and consider the graph

G = 2K^_^ + ({v} U Kp+i_ 2 k)'

Then deg v =

2

(k-1 ) =

2-[i (p-l)}-2, and if u (A) is a vertex of G,
deg u > (k-2 )+l+(p+l-2 k) = p-k = p-{i(p- 1 )} > f(p-l)/
by Table 1.

Thus G satisfies the degree requirements
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of the proposition.

Since <N(v)> =

which is

disconnected, G is not locally connected.

■

Thus, by Proposition 4.1, we may not allow even
a single vertex to have degree as small as

2 -^i (p-1 )j— 2

(with all other degrees greater than § (p-1 )) and still
be assured that the graph is locally connected.

Hence

we cannot expect a result for locally connected graphs
which is similar to Posa's result for Hamiltonian
graphs.

However, we may question whether a graph may

have a vertex of degree

2 -|i (p-1 )| - 1

forced to be locally connected.

and still be

The following result

shows that in fact we may have more than a single
vertex of degree
2 "[l (p-1

2 |è(P“l)}“l?

we may have as many as

)}-p-l such vertices providing the remainding

vertices have sufficiently large degree.
Theorem 4.2.
to

Let G be a graph of order p which has up

2 -|f (p-1 )j--p-l

vertices of degree

2 j^i(p-l) j - 1

all others of degree greater than § (p-1).

and

Then G

is locally connected.
Proof.

If p s 2 (mod 3), then by Table 1, we have

2{ i(p-l)j-1 > § (p-1).
6

Hence in this case

(G) > § (p-1), so by Theorem 4.K, G is locally

connected.
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For p = 0 (mod 3) or p = 1 (mod 3), suppose G is
not locally connected.

Then there is a vertex v of G

such that <N(v)> is not connected.
Case 1.

Suppose deg v = 2

(p-1)j-1.

Let Gj^ be a component of <N(v)> of minimum order,
say

|v(G ^ )

I = r.

Then r <

(2

(p-1) j-l), so

r ^ {i(p-l)}-l, since r is integral.

If u € V(Gj^),

then deg u < r+p- 2

1 )j

by Table 1.

(p-1 )j < p- 1 - ( p -

< § (p-1 ),

Thus each vertex of G^ has degree at most

§ (p-1 ), so by hypothesis, the degree of each vertex
of G^ must be

2|'3

(p-1) J-l.

Therefore, r ^

sft(p-l)}-p - 2 since there are at most
vertices of degree

2 j^i(p-l) j- 1

2

(p-l)j-p-l

, one of which is v.

Hence deg u < r+p-2||(p-l) | < 2(^|f (p-1) j-— [l(p-l)]-)-2 =
2{i(p-l)}-2, by Table 1, since p
hypothesis, no vertex of

G

2 (mod 3).

But by

has degree 2-^i(p-l) j - - 2 ,

so

Case 1 cannot happen.
Case 2.

Suppose deg v = k > f (p-1).

(p_l) = § (p-1) .
deg u < r+p-l-k <
2 } i(p-l)}-!'

Thus r < 2-[f (p-1) |-p-l, so

2 {|(p- 1 )}-2 -k

by Table 1.

<

2 {f(p- 1 )}-

f (p-1 )-

But, by hypothesis, this

is impossible, so Case 2 cannot happen.
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As we noted at the beginning of the proof of
Theorem 4.2, when p = 2 (mod 3), then

if p = 2 (mod
by

3), then 2

6

(G) > § (p-1).

But

(p-1) j-2 < § (p-1) < 2-^i (p-1) j

Table 1. Thus by Proposition 4.1, when p = 2 (mod 3),

if G has as few as one vertex of degree less than or
equal to f(p-l), then G need not be locally connected.
Proposition 4.3.

If G has 2-^# (p-1) j-p vertices of

degree |^f(p-l)j--l and all others of degree greater than
§ (p-1), then G need not be locally connected.
Proof.

Let k = |f(p-l)| and consider G =

^p-k)

(fv) U

each of the

2

U

Then deg v = ||(p-l)j--l and
(p-1 )j-p - 1 vertices in

has

degree 2k-p-l-l+l+p-k = |f(p-l)j-l, so G has
(p-1) j-p vertices of degree |f(p-l)j--l.

If

u € Kp_^, then deg u > p-k-l+l+p-k = 2 p- 2 |f (p-1 )j- >

f (p-1) by Table 1.
requirements.
not connected.

Thus G satisfies the degree

But <N (v)> =

U K^_^, which is

Thus, G is not locally connected.

■

If p = 0 (mod 3), then by Theorem 4.2, G may
have as many as
2’
|è(P”l)}“l

2 -|f (p-1

)|-p-l vertices of degree

and all others of degree greater than

§ (p-1), and necessarily G is locally connected.
when p = 0 (mod 3), 2-| è(p-l) }-l =

Now

(p-1) j-1, by
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Table 1, so Theorem 4.2 is best possible.
for p

5

In summary,

0 (mod 3), by Proposition 4.1 if G has at least

one vertex of degree

(p-1 )| - 2 and all others of

degree greater than § (p-1), then G need not be locally
connected.
to

However, by Theorem 4.2, G may have up

2 -^# (p-1 )j-p - 1

vertices of degree

2

(p-1 )j- 1 , with

all other vertices of degree greater than § (p-1 ), and
necessarily G is locally connected; furthermore, the
number

2 ||(p- 1 )|-p-l

cannot be improved, i.e., it

cannot be increased.
It remains to complete the analysis for p =
1 (mod 3).

In this case. Theorem 4,. 2 states that if G

has a certain number of vertices of degree
2

(p-1 )j-1 = # (p-1 )- 1 and all others of degree greater

than I (p-1), then G must be locally connected.

Thus

we want to determine what combination of vertices of
degrees § (p-1 ) - 1 and # (p-1 ) with all other vertices
having degree greater than f(p-1) will insure that G
is locally connected.

It is also desirable to obtain

a result of this type which is best possible.
Theorem 4.4.

Let p = 1 (mod 3) and let k be such that

0 < k < i(p-l)-1.

If a graph G has k vertices of

degree § (p-1 ) and i(p-l)-1 -k vertices of degree
# (p-1 ) - 1 with all other vertices of degree greater than
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§ (p-1)f then G is locally connected.
Proof.

Assume G is not locally connected and let v be

a vertex of G for which <N(v)> is not connected.

We

consider three cases determined by the degree of v.
Case 1.

Suppose deg v = § (p-1)-1.

Let G^ be a component of <N(v)> of smallest order,
say

|v (G ^ )

I = r.

Thus, r < i(p-l)-l, since r is an

integer and p = 1 (mod 3).

Let u € V(G^).

deg u < r+p-i(p-1) < f(p-l).

Then

Thus each vertex in

Gj_ has degree § (p-1 )- 1 or § (p-1 ), and since there are
^(p-l)-l such vertices, one of which is v, necessarily
r < i(p-l)-2.

Thus deg u < r+p-f(p-1) ^ |(p-l)-l.

But G contains i(p-1)-1-k vertices of degree f(p-l)-l,
one of which is v, so r < §(p-l)-2-k.
deg u < r+p-f (p-1) < f (p-1)-1-k.

Therefore,

But k > 0, so

deg u < f(p- 1 )- 2 , which by hypothesis is impossible.
Thus Case 1 cannot happen.
Case 2.

Suppose deg v = f(p-1).

Let G^ and r be as in Case 1.

Then r ^ f (p-1).

If u € V(G^), then deg u < r+è(p-l) < f (p-1) .

But G

has f(p-1 ) such vertices, one of which is v, so
r < f (p-1) -2.

Hence deg u < r+ i(p-l) < f (p-1) -2,

which by hypothesis is impossible.

Thus Case 2

cannot occur.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Case 3.

Suppose deg v = t > f (p-1).

Let

and r be as in Case 1/ so r < t/2.

For

u € V(G^); deg u < f+p-l-t < p-l-t/2 < f(p-l).
Since G has |(p-l)-l-k such vertices, we must have
r < f(p-1)-1-k.

But then deg u < r+p-l-t <

^(p-l)-l-k+(p-l)-t < I (p-1)-1-k.

Since k > 0, neces

sarily deg u < § (p-1)-2, which is impossible.

Thus

Case 3 is also impossible, so the assumed graph G
cannot exist; that is, the theorem is valid.

■

We now show that the number of vertices of degree
§ (p-1 ) - 1 cannot be increased; i.e., if the hypothesis
of Theorem 4.4 is relaxed to allow just one additional
vertex of degree § (p-1 )- 1 , while retaining the other
degree requirements, then G need not be locally
connected.
Proposition 4.5.

Let p = 1 (mod 3) and let k be such

that 0 < k < i(p-1)-1.

If a graph G has k vertices

of degree § (p-1 ) and i(p-l)-k vertices of degree
§ (p-1 ) - 1 and all other vertices of degree greater than
§ (p-1), then G need not be locally connected.
Proof.

To justify this result we will construct such

a graph G.

To that end, let the graph G ' be defined

by G' = (G'^ U G^) + ({v} U G'g) , where G'^^,G'^, and
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G 'g are complete graphs of order ^(p- 1 )- 1 , & (p-1 ), and
§ (p-l)+l, respectively.

Thus deg v = § (p-1)-1.

We

construct G from G ' by deleting certain edges of G '.
Let V(G) = V(G') and select ^ (p-1)-1-k vertices from
G'^.

For each of these vertices so selected, we

decrease its degree by one by deleting an incident
edge which is also incident with a vertex in G'^*

We

perform these deletions so that no vertex in G '^ has
degree decreased by more than one.
since |v(G'^) | > |v(G'j_)|.

This is possible

Let G^,G^, and G^ denote
and G'
1)

i(p-1)-1-k vertices of degree § (p-1)-1.

a

Now all

vertices of G^ and G^ have degrees at least § (p-1 )+ 1 .
Since deg v = § (p-1)-1, the graph G satisfies the
degree requirements.

Also (N( v )) = G ^ U G^, which is

disconnected, so G is not locally connected.

■

In Theorem 4.4 we considered those situations
where, if the degree of a vertex did not exceed § (p-1 ),
then that vertex must have degree § (p-1 ) or § (p-1 )- 1 .
In fact, we considered only those graphs which contained
at least one vertex of degree § (p-1 ) and at least one
vertex of degree § (p-1)-1.

Suppose now that all of

the vertices of a graph G which have degree at most
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f (p-1 ) necessarily have degree f(p-l)-l, i.e., assume
G has i(p-1)-1 vertices of degree § (p-1)-1 and all
other vertices have degree greater than § (p-1).

Since

an overall assumption in this discussion is that
p E 1 (mod 3), by Table 1 we have i (p-1) -1 = 2-^# (p-l)j-p.
Hence, by Proposition 4.3, G need not be locally con
nected.

However, if G has one less vertex of degree

I (p-1 ), so that G has ^(p-1) - 2 =

2

[f(p-l)}-p-l vertices

of degree # (p-1) -1 = 2-[^ (p-1) j-l, then by Theorem 4.2,
G must be locally connected.

Hence, to insure that G

is locally connected, if all vertices have degree
exceeding | (p-1 ) except some which have degree
§ (p-1 )- 1 , then there can be at most § (p-1 ) - 2 vertices
of degree § (p-1 )- 1 .
We now consider the situation where the only
vertices whose degrees do not exceed f (p-1 ) must have
degree f(p-l).
Theorem 4.6.

Let p = 1 (mod 3).

If a graph.G has no

more than § (p-1 ) vertices of degree § (p-1 ) and all
other vertices have degree greater than § (p-1), then G
is locally connected.
Proof.

Suppose there is a graph G satisfying the

hypothesis which is not locally connected.

Then there

is a vertex v of G such that <N(v)> is not connected.
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Case 1.

Suppose deg v = f(p-l).

Let

UG 2

<N(v)> =

<N(v)> ofminimum order,
r <

3

(p-1) .

§ (p-1) .

If u

6

where G^ is acomponent of

say |v(G^)| = r.

Then

V(Gj^), then deg u < r+& (p-1) <

Thus each vertex of G^^ has degree § (p-1)

since no vertex of G has smaller degree.

But then

r = & (p-1) and consequently |V (G^) | = I (p-1).

Thus

if y € V(Gg), then deg y < f (p-1 ), so deg y = | (p-1 ) .
Therefore, all vertices of G^ have degree § (p-1).
Also, deg v = f(p-l), so G contains at least f(p-l)+l
vertices of degree f (p-1 ), which by hypothesis is
impossible.
Case 2.
Let
u

6

Suppose

deg v = t > f(p-1).

G 2^ and r be as in Case 1, so r < t/2.

If

V(Gj^), then deg u < r+p-l-t < p-l-t/ 2 < § (p-1 ) .

But no vertex of G has degree less than § (p-1), so
Case 2 cannot happen.

■

We now show that Theorem 4.6 cannot be improved
by allowing an additional vertex of degree § (p-1 ).
Proposition 4.7.

Let p = 1 (mod 3).

If a graph G has

§ (p-1 ) + 1 vertices of degree § (p-1 ) and all other
vertices of degree greater than § (p-1), then G need
not be locally connected.
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Proof.
([v)

Let r = (p-l)/3 and consider G = 2K^ +

U

K^).

Then G has 2r+l =

f (p-l)+l

vertices of

degree f (p-1 ) and all other vertices of degree p- 2 .
Since <N(v)> = 2K^ is disconnected, G is not locally
connected.
This completes the analysis of the case p =
1 (mod 3).

Hence we have determined the number of

vertices of degrees -|f (p-l)|-l and -|^f(p-l)| which are
allowed and still force G to be locally connected.
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