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CHAPTER I
THE PARTITIONING PROBLEM
Section 1.1
Introduction

The most famous conjecture in graph theory and
one of the most famous conjectures in all mathematics
is the Four Color Conjecture. Perhaps the best known
of several equivalent formulations of this conjecture
is:

The chromatic number of any
planar graph is at most four.

The chiomatic number of a graph G 1is usually defined
as the fewest number of colors needed to color the
points of G so that no two adjacent points are colored
the same. However, the chromatic number of G may
also be defined as the minimum number of subsets in
any partition of the point set of G so that each
subset induces a totally disconnected subgraph

(i.e., a subgraph with no lines). Thus, the chromatic
number of a graph G may be described in terms of a
minimum partition of the point set of G such that
each set induces a graph with a given property;
namely, the property of having no lines. By a

variation of the property used, other graphical
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parameters may be defined in the same way. Indeedsy
for a parameter f defined in this manner, a dual
parameter f may be defined as the maximum number of
subsets in any partition of the point set of G so
that each such subset induces a subgraph net having
the prescribed property. Other parameters may be
defined in terms of such "extremal'" partitions of

the line set of G rather than its point set.

The purpose of this thesils is to .study minimal
partitions of the point set of a graph such that each
set in the partition induces a graph with a specified
property. More precisely, we investigate parameters
arising from the graphical properties "acyclic'" and

"outerplanar" ‘together with generalizations of these

‘parameters.
Section 1.2
Basic Definitions

We present here some basic definitions and
establish some of the notation which will be used
in this thesis. Those definitions not given here
may be found in [11].

The point set of a graph G 1is denoted by V(G),
while its line set is denoted by E(G). The order of

a graph G, denoted [GI, is the number of elements

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



in V(G). Graph. G is called empty or totally

disconnected if E(G) is the empty set.
The degree, degGv, of a point v of G 1is the

number of lines of G incident with v. The
subscript G will be dropped when it is apparent
which graph is under ccnsideration. The largest degree

among the points of G 1is called the maximum degree

of G and is denoted by A(G). Similarly, the

minimum degree of G 1is denoted by §&8(G).

The subgraph induced by a set U of points of G,

denoted by <ﬁ>, is .that subgraph having U as its
point set and whose line set consists of all lines of
G 1incident with two points of . U. A subgraph H of
a graph G 4s cealled induced if H = <d> for some
set U of points of G. The notation H < G 1is

used to indicate that H 1s an induced subgraph of

G. A set W of points of G 1is independent if <IJ>
is totally disconnected.
There are special classaes of graphs which we

will frequently encountesr. An aayclic graph or

forest is a graph with no cyocles. A planar graph 1is

one which can be embedded in the plane. A (planar)
graph which can be embedded in the plane so that
each of its points lies in the boundary of the

exterior region is acalled outerplanar. It is easily

shown that any outerplanar graph of order at least
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two has two or more points of degree less than three,
Also, 1if C is outerplanar with p points and ¢
lines, then q £ 2p-3.

Two graphs are said to be disjoint if their point

sets are disjoint. The union of two graphs G1 and

G, 1s the graph G defined by V(G) = V(Gl)UV(Gz)
and E(G) Z E(Gl)LJE(GZ). If G1 and G2 are disjoint
graphs, ZGi = G1+G2 is the graph which consists

' 1

of GlLJG2 and all lines joining V(Gl) with V(Gz).

For n 2 3, let Gsee+5G be mutually disioint

n
3
graphs. Then ZGi = (G1+G2)+G3 and, in general,
1 n-1
fci is defined as ( 2 Gy
1 1
The complement G of the graph G 1s a graph

+Gn.

which has V(G) as its point set, and two points

are adjacent in G if and only if these two points

are not adjacent in G. The complete graph Kp
has every pair of its p points adjaceunt. A
triangle is a subgraph isomorphic to Kg.

For n 2 1, the complete n-partite graph

K(pl,...,pn) where 1 = pl € ... = Py is the graph

2X_ . The sets V(X ),...,V(E ) are called the
P p P
1 1 n
partite sets of K(pl,...,pn).

If v 1is a point of G, then G-v denotes the
graph <y(G)—{v£> and, in general, if S 1s a proper
subset of V(G), then G-S represents the graph

<V(G)—S>. Let G be connected and S be a set of
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points of G. Then S 1is a cutset of G 1f G-S
1s a disconnected graph. A graph G 1is said to be

keconnected if for every integer m, 0 m < k, the

removal of any set of m points of G results in
a connected graph with order larger than one.

A partition Vl""'vn of the point set of a
graph G 1s said to have property P 1if, for
i=1,...on, the subgraph <§£> has property P,
Thus, for example, vl""’Vn is an outerplanar
partition of V(G) means that, for i = 1,...,0,

the set V induces an outerplanar subgraph of G.

i
A subdivision of a graph H 1is a graph G

1
obtained from H by replacing a line uv of H by

a new point w and new lines wuw and wv., A graph

G 1s said to be homeomorphic from a graph H if

G =H or if G can be obtained from H by a
sequence of subdivisions,.
Finally, throughout the thesis, the symbol //

will indicate the end of a proof,
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CHAPTER II
ACYCLIC PARTITIONS

In this chapter we consider the concept of
polntearboricity and present results dealing with
this parameter which are analogues to theorems on

chromatic number.
Section 2.1
The Point-Arboricity of a Graph

In [20] Renyi defined the arboricity of a graph
as the minimum number of subsets into which the line
set of G can be partitioned so that the subgraph
induced by each subset is acyclic. NasheWilliams [ 18]
developed a formula which gives the arboricity of any
graph.

The point analogue of arboricity is called

point~arboricity and is defined as the minimum number

of subsets into which the point set of G may be
partitioned so that each subset induces an acyclic
graph, Equivalently, the point-arboricity of G

may be defined as the fewest number of colors needed
to color the polnts of G so that no cycle of G

has all of its points colored the same. This term
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was introduced by Chartrand, Geller, and Hedetniemi
in [ 4], although the concept was considered by
Motzkin in [17], We denote the point-arboricity of
graph G by fZ(G) and observe that the point-
arboricity of any graph is the maximum point-arboricity
of 1ts components.

As with chromatic number, there is no explicit
formula for the point-arboricity of a graph. The
value of this parameter has been established for several
classes of graphs, however. For example, Chartrand,

Kronk, and Wall [ 7] have determined the point-

arboricity of all complete n-partite graphs.

Theorem 2.1A, (Chartrand, Kronk, Wall) Let

G = K(p,>P,s+.+.5Pp ) be a complete n-partite graph,
1°72 n Kk

Then fZ(G) = n-max{k: E}i £ n-k} where we define
0

po = 0.

There are a number of bounds which have been
found for the point-~arboricity of any graph. In

order to state these we define an additional term.

A graph G 1s k-critical with respect to point-

arboricity if fz(G) = k and fz(G-v) = k=1 for all
points v 1n G. A lower bound for the minimum

degree of a k-critical graph can now be given,
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Theorem 2,1B. (Chartrand, Kronk) If graph G 1is

kwcritical with respect to point-arboricity, k 2 2,

then §(G) 2 2(k~l).

The preceding result was established in [ 6] as
wera the following two theorems, the second of which

is a corollary of the first.

Tﬁeorem 2.1C. (Chartrand, Kronk) For any graph G,

fz(G) < 1+[ﬁé§£iﬁll] where the maximum is taken over
2

all induced subgraphs G' of G.

Theorem 2,1D., (Chartrand, Kronk) For any graph G,

£,(6) S 1+[£§-G-l].

By replacing the word "acyclic" in the definition
of point-arboricity by "totally dis-connected", we define
the more well~known parameter of chromatic number,

Formally, we define the chromatic number of a graph G,

denoted fl(G), as the minimum number of subsets into
which the point set of G can be partitioned so that each
subset induces a totall& disconnected graph. The preceding
three theorems might all be considered as natural
analogues of results on chromatic number.

An upper bound for fl(G) of a different nature was
developed by Wilf [25]., 1In order to consider this result,

we define the adjacency matrix A = (aij) of a graph G
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with p points, vl,...,v sy @as the p x p matrix in
P

which aij = 1 if v:L is adjacent to vj and aij =0
otherwise, With this definition Wilf showed that any
graph G has chromatic number at most 14+e(G), where
e(G) 1s the maximum 2igenvalue of the adjacency matrix
of G. The proof uses the theorems concerning
elgenvalues of the adjacency matrix of a graph which are
given in the following table., These results can be
developed from _.roperties of eigenvalues given by Wilf

in [24] and by Marcus and Minc in [16]. They are

specifically listed by Behzad and Chartrand in [ 1],
TABLE I

Theorem 1. The eigenvalues of the adjacency
matrix of a graph are real numbers, and

€e(G) 1s non-negative.

Theorem ii. Let G' be a spanning subgraph of

G, then €(G') = e(G).

Theorem 1ii., If A 1is the adjacency matrix

of a graph G of order p, then

(Ax,x)
x—-—-—_—

e(G) = ma where the maximum 1is taken

(x,x)
over all non~zero real vectors x with p
entries and (y,z) denotes the inner

product of y and =z.

* * * * * * *
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Using Theorem 2,1B and the technique employed by
Wilf, we verify the following theorem for point-arboricity

which serves as an analogue to the theorem of Wilf,

Theorem 2.1E. For any graph G, fz(G) < 1+-Fi§l].
2

Proof., 1If the point-arboricity of G 1is one, then
Theorem 1 implies the required inequality. Let

f2(G) = k > 2 and G' be any induced krcritical subgraph
of G. (For example, we may take G' to be an induced
subgraph of minimum order for which f2(G') = k.) Denote
by A = (aij) and A' = (aij the p x p and »p
adjacency matrices of G and G', respectively.
Furthermore, let A* be the p x p matrix obtained from
A by replacing those rows and columns corresponding to
points deleted from G in obtaining G' by zero rows and
columns, respectively. This implies that the elgenvalues
of A* are those of A' plus an additional p-p' zeros.
Theorem 1 implies that €(G') = e(A*)., However, A* 1is
the adjacency matrix of a spanning subgraph consisting of

G' along with p=-p isolated points of G. According to

Theorem ii,

(2.1) e(G') = e(A*) < €(G).
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Now consider the p'-vector x = (l1,1,...,1). From

Theorem 11i, we have

' )

P p

a L3

(AV . Z P ij

YY) (A'x,x) j=i\i=1

(2.2) e(G') = max—m— 2 = .
y#o (YQY) P' p'

The last expression in (2.2) 1s the average of the
row sums of matrix A'. Hence the minimum row sum of A’
does not exceed this number. Since G' 1s k=-critical,
Theorem 2.1B implies 6(G') 2 2k=2 and thus the minimum
row sum in A' 1is at least 2k-2. Hence from (2.,1) and
(2.2), €(G) 2 €(G6') > 2k=-2, which gives us the desired
inequality. //

Wilf [25] showed that ¢€(K_ ) = p-1l. This implies that

e (Kyp41)

f (K ) = 1+k = 1+|————-] which shows that there is
2 2k+1 2

an infinite class of graphs for which the bound in

Theorem 2,1E is obtained,
Section 2,2
Point~Arboricity of a Graph and Its Complement

Since there 1s no formula for the chromatic number of
an arbitrary graph, there is no ggneral formula for the
chromatic number of the complement of a graph., Nordhaus
and Gaddum [19], however, have investigated fl(G)+fl(E)
and fl(G)-fl(E) and have obtained sharp bounds in terms

of the order of the graph.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12

Theorem 2,2A. (Nordhaus and Gaddum) If G is a graph

with p points, then

2/p < fl(c)+fl('6) < p+l,

_ pt+1l 2
< £ (G)£f (G) = |—
F 1 1 2 .
In this section we obtain an analogous result for
point-arboricity. We begin with the following proposition

which compares the chromatic number of a graph with its

point-arboricity.

Propoesition 2,2B. For any graph G,

£,06)

A
Hh

2
Proof. Since V(G) <can be partitioned into fl(G) sets
such that each set induces a totally disconnected graph,
each of these sets also induces an acyclic graph, Thus

<
fz(G) < fl(G).
There is a partition of the point set of G 1into

f2(G) sets such that each set induces an acyclic subgraph

of G. Since the chromatic number of an acyclic graph

Y

never exceeds two, fl(G) < 2f2(G). !/
We observe that, for any positive integer m, there

exist graphs G and H with point~arboricity m such that
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fl(G) = m and fl(H) = 2m, We may take H to be the
graph sz and G to be the complete mepartite graph
K(2m,2m,..,,2m), Clearly the chromatic number of G 1is
m, In order to see that fZ(G) = m, wWe assume

fz(G) <€ m-1, Since (2m+2)(m~-1) = 2m2—2, which is less
than the order of G, any partition of V(G) into m~1l
sets includes a set S with at least 2m+2 points. But
this set induces a graph with a cycle. Thus the bounds in
Proposition 2,2B are the best possible in the sense that,
for each bound and for any positive integer m, there is
a graph G with fz(G) = m such that equality holds for
that bound.

We are now in a position to prove the aforementioned

analogue to the Nordhaus~Gaddum Theorem,

Theorem 2.2C, Let G be any graph of order p. Then
_ _ p+3
(2.3) /p & £_(G)+f_(G) & — and
2 2 2
P _ p+3 2
(2.4) — < £ (G)£,(G) & [— .
§ 2 2 4

Proof, From Proposition 2.2B we have

—

£,(6) £,(6) _
< fz(G) and < £_(G).
2 2 2

(2.5)
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According to Theorem 2.24
(2.6) 2/p < fl(c)+fl(6) and
(2.7) P S fl(G)°fl(G).

Thus, substituting the inequalities of (2.5) into (2.6)
and (2.7), we obtain the left side of (2.3) and (2.4)
respectively.

We use induction to verify the right inequality of
(2.3). Clearly this inequality holds for p = 1 or 2,
so assume that it holds for all graphs with fewer than p
points, p 2 3. Let H be a graph of order p. It is
easily verified that every graph of order two or more
contains two distinct points of equal degree. Let u and
v be two such points in H, say witih deg u = deg v = d,

Let G = H-u-v so that G = H-u-v, By the induction

hypothesis
- p+l

Since any two points of a graph induce an acyclic subgraph,

we have
(2.9) fZ(H) < f2(G)+l and
(2.10) f2(H) < fZ(G)+1'

14
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If strict inequality holds in either (2.9) or (2.10),

then
fz(H)+f2(H) < fz(G)+f2(G)+2.
This, together with (2.8), implies that

_ _ p+3
£ + + +1 € —
2(H) £,(H) < fz(G) £,(6)+1 < S
which is the desired result,
Suppose then that equality holds in both (2.9)

and (2.10). Let f2(G) = r and V ..,Vr be an acyclic

10
partition of V(G). From (2.9) we conclude that either
adding u to G or v to G+u increases the point-
arboricity by one. Thus either u is adjacent to two
points in each Vi’ i=1,2,...,vr or v 1is adjacent to

two points in each set of any acyclic partition of V(G+u)

into r sets. Hence,
(2,11) d = degHu = degHv 2 2f2(G).
Similarly (2.10) implies that

(2.12) p-d-1 = degﬁu

1
o
L)
09
]
<
v
N
h
N
~~
)
N

Adding (2.11]) and (2.12), we obtain

p-1 2 2f2(9)+2f2(c).
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Thus,

_ _ p-1l p+3
f2(H)+f2(H) = fz(G)+f2(G)+2 € —+2 = —,
2 2
which is the right inequality of (2.3).
In order to show the right inequality of (2.4),
we recall that the geometric mean never exceeds the
arithmetic mean. Thus,

- .
/27 £,(H)+E,(H)  p+3

< = s

2 4

(fz(H)'fz(H)

which yields the desired result and completes the proof. //
Finck [10] and Stewart [{21] have shown independently
that for any pair of integers k, k' such that k+k' s p+l
and p < kk', there is a graph G with ©p points such
that £,(G) = k and £,(G) = k'. We note that, if k
and k' satisfy these two inequalities, they satisfy all
four inequalities of Theorem 2.2A. In order to prove a
result for point-arboricity analogous to that of Finck and

Stewart, we verify three lemmas.

Lemma 2.2D. If G 1is a path of order p, then

_ P
£ (G) =(—).
2 4

Proof. Let G be a path with p points. If p < 5,

then G 1is acyclic and fz(a) =1 = {%}. Suppose then

16
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17

that G d1s the path vl,vz,...,vp, P 2 5. Partition
V(G) into m = {E} subsets as follows:

V1 = {vl,vz,v3,v4}
V2 = {vs,v6,v7,v8}
Vm = {VA(m—l)+l""’Vp}'
Since each V., 1induces an acyclic subgraph of E,

fz(E) < <%>. Suppose fz(E) < {%}, then at least one set
S in the acyclic partition of V(G) has more than four
points. Let T be a subset of S with exactly five
points. Then <ﬁ>, a subgraph of G, has at most four
lines. This implies that ZEP, a subgraph of E, has at

least six lines. Thus (T) has a cycle which implies

<S$ contains a cycle in G. From this contradiction it

follows that £ (G) = {%} /}
Lemma 2,2E. Let Gl’Gz""’Gm be mutually disjoint paths,
where Gl has k 2 2 points and each of G2,...,Gm has

m
at least two and at most k points. If G = ZGi, then
1

and

!
a8

i, fz(G)

ii. fZ(G)

i
——
&=
\-'—v—c
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Proof. We first verify i. Since each of the m paths is
acyclic, f2(G) < m, Let H be a subgraph of G induced
by a set which consists of two adjacent points from each
of the Gi' Then H 1is the complete graph on 2m
points so that fz(G) 2 fz(H) = m, which yields the
desired equality.

In ordgr to prove ii., we see that if k = 2 or

k = 3, then G has no cycles. If k > 3, then G has
at least m components. Let H be a component of G

with a maximum number of lines. Then H 1is the complement
of a path with k points and according to Lemma 2,2D,

k
fZ(H) = {Z}. But the point-arboricity of a graph is the

maximum of the point-arboricity of its components, so

—_ k
Lemma 2.2F., Let a be a fixed positive integer,
g(a') = 2aa'+a', and h(a') = 4a+2a'-2, For all integral

]

values of a larger than one, h(a') £ g(a').

Proof. We use induction and observe h(2) = g(2). Assume
h(a') < g(a') for a' = q-l1, q 2 3. Thus

4a+2q~-4 = h(q-1l) = g(q-1l) = 2qa-2a+qel,

This implies that

h(q) = 4a+2q-2 < 2qa-2a+2+q-1 = 2qa-2(a-1)+q-1.

But (a-1) 1is non-negative, so that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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19

2qa-2(a-1)+q-1 ¢ 2qat+q=1 < 2qa+q = g(q)

which yields the desired inequality., //

Theorem 2.2G. For any triple of positive integers

a, a', p such that

i, ata' § — and
ii. % < a*a’,

there exists a graph G of order p such that

= Yy = '
f2(G) = a and fZ(G) a'.

Proof. Without loss of generality we suppose a' < a and
consider a number of different cases.

. 2a+2a' = p+3. L G, = K d G, =K
Case i at2a pt3 et 1 9a-1 an i 1 for

i=2,...,22"-1 be mutually disjoint graphs. Denote the
union of these 2a'~-1] graphs by G. Then G has
* = i = = =
2a+2a'e3 p points, fZ(G) f2(Gl) fz(Kza_l) a,
— - = '
and fz(G) = f2(K2a'-1) a'.

Case ii. 2a+2a' = p+2. Let G be the union of the
2a'~1 mutually disjoint graphs G,, where Gl = K2a
and Gi = Kl for i = 2,...,2a'-1, Then G has
2a+2a'-2 = p points, f2(G) = a, and fz(a) = a',

Case iii, 2a+2a' < p+l and p< 2aa'+a'. We form the

following wmutually disjoint graphs., For i = 1,2,,..,a"
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20

GZa‘ = K2a s and for

i=a'l,...,2a'-1 let Gi be a complete graph with at

let

least one point and at most 2a points such that exactly
P points are used in these 2a' graphs. This 1is
possible since 2a+2a'-1 < p and 2aa'+a' 2 p.

Denote the union of these 2a' graphs by G. Then

fz(G) = f2(G2a') = a and G = K(pl’pZ""’pZa') where
P, = 1 for 4i=1,...,a'. Hence, according to
k
Theorem 2,1A, fz(a) = 2a'-max{k: 3p < 2a'-k} = 2a'-a' = a‘',
o 1
Case iv. 2a+2a' < p+1 and p > 2aa'+a',
Suppose a' 2 2, We form mutually disjoint graphs

Gl,...,G + Wwhere Gl is a path with 4a points and

a
G2""’Ga' are paths with at most 4a points and at least
2 points, In this way we use at most 4aa' points, and

by inequality ii., in the hypothesis of the theorem

4aa' 2 p. Also we use at least

4a+(a'-1)2 = 4a+2a'-2 = h(a')
points and by Lemma 2.2F

h(a') < g(a') = 2aa'+a' < p,

the last inequality being the hypothesis for this case,

Thus G "Ga' can be chosen so that exactly p points

1’

are used.
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a
Let G = E:Gi, then Lemma 2.2E implies f2<6) = a'
1
= 4a
and fz(G) = fz(G) = _Z- = a,
Assume a' = 1, then we have 2a+2 S p € 4a. Let

Gl be a path‘with four points, G2”"’Ga be paths with
two, three, or four points such that the Gi are mutually
disjoint. Since this procedure uses at most 4a 2 p points
"and at least 4+(a-1)2 < p points, we can choose Gi such
that exactly p points are used. Denote % G
then according to Lemma 2.2E fz(G) = a ané fz(E) = 1= a',
Thus, in all cases the theorem is proved. //

This theorem can now be used to show that each of the

bounds in Theorem 2.2C is the best possible for infinitely

many values of p.

Corollary 2.2H. For any positive integer p there are

graphs G and H with ©p points such that

_ pt+3
i, £_(G)+f (G) = | — and
o2 2 2
_Jr
ii. f (H)-£f (H) = -).
2 2 4
“p+3
Proof. For equation i., we let a = [—*~J-l and a' =1,
2
ptl p
then a-a' = [-——]z ->. Thus by Theorem 2.2G there is a graph
2 4

G with p points such that fz(G) = a and fz(a) = a',
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In order to show ii., we let a = (- and a' = 1.
p p+é p+3
Then a+a' = {-)+1 = < . Again, by applying
4], 4 2
P
Theorem 2.2G, there exists a graph H with fz(H) = (-
4
and fz(ﬁ) = 1, so that ii. is satisfied. //
Corollary 2.2I. There are infinite sets Pl and P2 of

integers with the property that, for every p in P
there is a graph G such that fz(G)+f2(6) = /p, and for

every p in P there is a graph H such that

2
_ p+3 2
f . = ——
2(H) £, (H) .
Proof. Let Pl = {p:tp = 4n“, n = 1,2,3,...}. Then for
/p
any p in Pl let a = a' = —, which is a positive
2
integer. Then a and a' satisfy inequalities i. and ii

in Theorem 2.2G, and hence there is a graph G with p
I

points such that fz(G) = —= f (G).
2 2

We define P2 as the set {p:p 4n+l, n = 1,2,...}.

p+3
For any p in P2 let a = — =n = a', Then a and a'
4
satisfy the inequalities of Theorem 2,2G, so there is a
pt3 —
graph H with p points such that fz(H) = — = fz(H). //
4

22
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Section 2.3
Uniquely k-Arborable Graphs

Previously we defined the chromatic number, fl(G),
of a graph G as the minimum number of subsets into which
the point set of G can be parti:ioned so that each
subset induces a totally disconnected graph. If fl(G) = k
and there is only one totally disconnected partition of
V(G) 1into k sets, then G 1is said to be uniquely

k-colorable. The properties of uniquely k=~colorable graphs

have been investigated by Cartwright and ﬁarary in [2], by
Harary, Hedetniemi and Robinson in [12], and by Chartrand
and Geller in [3].

Analogously we define a graph G to be uniquely

k-arborable 1if fz(G) = k and there is only one acyclic

partition of G into k sets.

We note that every acyclic graph is uniquely l-arborable.
On the other hand, no disconnected graph G with cycles
is uniquely k-arborable where k = f2(G); that is, every
uniquely k-arborable graph, k 2 2, is connected. In
fact, we will show that a much stronger statement can be
made with regard to the connectivity of a uniquely
k-arborable graph.

Two additional remarks can be made. Let Vl,...,Vk

be the acyclic partition of a uniquely k-arborable graph G.

Then for each i = 1,...,k, each point v in Vi is
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adjacent to at least two points of Vj’ j # i, because
otherwise, joining v with set Vj would form a second
acyclic partition of V(G) into k or fewer sets. This
implies that 6(G) 2 2k-2 for a uniquely k-arborable

graph G and each V, i=1,2,...,k, has at least two

i
points.

We now prove that, to verify a graph G as uniquely
k-arborable, it is sufficient to show that there is a

unique acyclic partition of the point set of G into k

sets.

Proposition 2.3A. Let G be a graph of order p and let

l <k <p. Then G 1is uniquely k-arborable if and only
if there is a unique acyclic partition of V(G) into k

sets.

Proof. The necessity is immedjate from the definition of
uniquely k-arborable graphs, so we need consider only the
sufficiency.

Suppose there is a unique acyclic partition of V(G)
into k sets. This implies that f2(G) £ k. Assume

fz(G) = m < k, and let Vl,...,V be an acyclic partition

m
of V(G). At most one of the Vi’ say Vm, has less than
two points, for otherwise the union of two one-point sets

would be acyclic and the point-arboricity would be less than

m. We now form an acyclic partition of V(G) into k sets.

Form singleton subsets of V1 until either V, has been

24
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completely partitioned into sets with one element or the

sets V i> 1, together with the sets in the partition

i’

of Vl form exactly k sets, If the former occurs, we

partition Vo, into single-element subsets until either

V2 has been completely partitioned into sets with one

element or the paftitions of Vi and V2 together with
sets V3,...,Vm form a partition of V(G) into k sets.
Continuing in this way we obtain an acyclic partitibn of

V(G) dinto sets wl,wz,...,w Since m < k, at least one

K

set, say W contains only a siugle element. Also,

l’

k <« p implies that at least one zet, say W contains

2’
at least two elements.

From the partition wl,...,w we form another acyclic

K’
partition by adding v, an element of WZ’ to set Wl.
Thus we have two distinct acyclic partitions of V(G) iﬁto
k sets. This contradicts the hypothesis and implies
that £,(6) = k. //

Any graph of the form K(l,n) 1is called a
star.

The next proposition shows that uniquely 2-arborable
graphs exist. We shall then employ this result to obtain
a sufficient condition for a graph to be uniquely k-arborable,

k 2.

v
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Proposition 2.3B. Let G1 and G2 be disjoint, non-empty

forests having order at least three. If the graph G

2

with its isolated points deleted is not a star, then

G = Gl+G2 is uniquely 2-arborable.

Proof. We note that f2(G) = 2 Dbecause G has a cycle

and the partition of V(G) into sets V(Gl) and V(Gz)

is an acyclic partition of G. We assume there is another
partition of V(G) into sets wl and W2 such that each
induces an acyclic graph. Any set with two points in both

V(Gl) and V(Gz) induces a graph which contains a cycle
on four points. Thus for i = 1,2, Wi does not have two
points in both V(Gl) and V(Gz). Furthermnre, if one of

the Wi, say Wl, is contained in but not equal to one

of the sets V(Gj), j = 1,2, then w2 contains all of

the other set V(Gj) along with at least one other point.
Thus WZ induces a graph which contains a triangle.
Hence, we can now assume, without loss of generality,
that for i = 1,2, Wi contains exactly one point v, of
l }
. = -IC -
V(6,). That is, W, \v\ DUV, {v,} and

W =

1 V(GZ)LJ{vl})-{VZ}. However, G does not have all

2

its lines incident with a single point so there are points

v and w both different from v2 which are adjacent in
Thus the set {vl,v,w} induces a triangle in (wl> which

contradicts the fact that <wl} is acyclic. //
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Theorem 2.3C. For k > 1, 1let Gi = (Vi’Ei)’

i=1,2,...,k, be mutually disjoint non-empty forests of
order at least three. If, for i = 2,3,...,k, the
deletion of the isolated points of Gi does not result in

k .
a star, then G = E'Gi is uniquely k-arborable.
1

Proof. We use induction on k. Proposition 2.3B
establishes the result for k = 2. Assume that any graph
which is the join of k-1 forests having the properties
given in the hypothesis of the theorem is uniquely
(k-1)-arborable. Let G be as given in the theorem; then
by the inductive assumption H, = G—Gi is uniquely
(k-1)-arborable for i = 1,2,...,k.

We assume that there are two acyclic partitioms of
V(G) into k sets and show that this leads to a
contradiction. One acyclic partition is Vl""’vk’ and

let W L, W be another acyclic partition of V(G). Now,

12" K
we verify three remarks on the relationship between the

sets in each partition and use these observations to

complete the proof of the theorem.

Remark A. For every pair of sets V, , Wi, the set Vj is
oL i Lhne ==
not contained in W, and wi is not contained in Vj. In

order to prove this, we assume the contrary and consider

three cases.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Case i. There exist integers s and r such that

} is a second acyclic partition of
i#r
Hs, which contradicts our inductive assumption.

V =W . Then (W
s r i

Case ii. There exist integers s and r such that V

- - S

is contained in but not equal to Wr. Then there is a point
v in Wr—VS. Since <VS> contains a line, (wr>. has a

cycle, which is impossible.

Case iii. There exist integers s and r such that wr

is contained in but not equal to Vs' In this case, if
{Wir]Hs} forms a second acyclic partition of HS, we
i#r

have a contradiction to the induction assumption.
Otherwise, {WirWH } = {V.,} which implies some set
S idr I j#s

Vj is contained in but not equal to some wi. However,

Case ii. shows this is impossible.

In all cases we have a contradiction, and thus Remark A

is verified. Each set Wi therefore contains points from
two different Vj’ and each set V., contains points from
two distinct wi. Clearly no set Wi has points from

three different Vj and no wi contains two points from
each of two distinct V,. Thus each wi contains exactly
one point from one Vj and all of its other points are

from another Vj'

Remark B. No set Vj has points in three different W

In order to establish this, we assume that Vr’ for some

i .

28
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integer r, has points in three different Wi. For j # r,
Remark A implies Vj has points in at least two different

wi. Thus there are at least 2k+1l non-empty intersections

of the sets V, with the wi as 1i,j take on all
J

distinct values 1,2,...,k. However, each Wi intersects
exactly two Vi so that there are precisely 2k non-

empty intersections of the Vj with the wi. This

contradiction proves Remark B.

Remark C. Each wi consists of exactly one point from one
Vj and all but one point of another Vj' In order to

show this, we again suppose not. Then there is a set, say

wl, which contains one point from a Vi’ say Vl’ and

all of its other points are in another Vi’ call it V2,
but there are at least two points of V2 which are not in

Wl. In Remark B we proved V2 does not have points in

three different Wi. Thus these remaining points of V2

together with another point, say v, form another set,

say W The point v 1is not in V because that would

2° 1

imply that V1 has points in three different W sets.

Thus v is an element of a third Vj’ say V3. The sets

w3,...,wk contain all points of the sets V4""’Vk and

all but one point from each of the sets Vl and V If

k = 3, then W3 has two points of each of Vl and V3,

which is a contradiction. Thus we suppose k 2 4,

The remaining points of Vl must all be in a Wi,

and the remaining points of V3 must be in a different Wi.
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Thus, without loss of generality, we may suppose

Wy = V3LJ{V4} where vaeV4. If k = 4, then W4 has at

least two points of each of V and V which again is

1 4’

a contradiction. Otherwise, the remaining points of Vl
must be in one Wi and the remaining points of V4 must
be in a different W,. Thus we can assume W, =V v 1}

o 4 4LJ 5
where v5 is an element of V5. Continuing in this way,
we see that Wk must have two points from each of Vl
and Vk. This 1s impossible, and so Remark C 1s proved.

We now select r such that Vl()wr contains a single
point v. Then there 1s an integer s # 1 .such that
weV and Wr = {V}LJ(VS—{W}). By hypothesis, not all
lines of Gs ave incident with a single point. Thus
<Vs-{w}> has a line and <Wr> contains a triangle. This
contradiction implies there 1s a unique acyclic partition
of V(G) 1nto k sets. So by Proposition 2.3A, G 1is
uniquely k-arborable. //

Previously it was observed that, for k > 1, any
uniquely k-arborable graph 1is connected. In order to give

a stronger result, we present the following observation.

Proposition 2.3D. In any uniquely k-arborable graph, k > 1,

the union of any two (of the k) sets of the acyclic

partition 1induces a connected graph which contains a cycle.

Proof. The cyclic property is true because otherwise the

point-arboricity of G would de at most (k-1).
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Let V_,V be two sets of the partition. Since G

1’72
is uniquely k-arborable, <V1LJV2> ls uniquely 2~arborable

and by the previous remark <Y1LJV2> is connected. //

Proposition 2.3E. If graph G is uniquely k~arborable,

k 2 2, then G 1is (k-1l)-connected.

Proof. If k = 2, the desired result is implied by the
aforementioned observation that G 1is connected. Thus,

let k » 2, and suppose G 1is not (k-1)-connected. Then
there is a set S of k-2 points whose removal disconnects
G. There are two sets Vl and V2 of the partition of
V(G) 1into k acyclic sets which have no points in S.

According to Proposition 2.3D, the union of V and V

1 2
induces a connected graph., That is, all points of Vl and
V2 are in the same component of G-S. Another acyclic

partition of V(G) 1into k sets can be obtained by adding
any point v in another component of G-S to set Vl'
Then Vl together with point v 1induces the graph
<V1>LJK1 which 1s acyclic. This contradicts the fact that
G 1s uniquely k-arborable. //

Since, for 2 ¢ m < k, the union of any m of the

k acyclic sets of a uniquely k-arborable graph induces a

uniquely m-arborable graph, we have the following result.
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Corollary 2.3F. Let G be a uniquely k-arborable graph

with acyclic partition Vl,...,V For 2 < m £ k, the

*
union of any m sets of the partition induces an
(m-1)-connected graph.

The next theorem shows that the conclusion of

Proposition 2.3E cannot be improved.

Theorem 2.3G. For every k 2 2, there is a uniquely

k-arborable graph which is not k-connected.

(k)

Proof. For each k 2 2, we define a graph G which
has a cut set of k-1 points and is uniquely k-arborable.

Let Gl,GZ,...,Gk denote mutually disjoint graphs
such that, for i = 1,2,...,k-1, Gi is the path

i
Vii),v;i) v; ) and Gk consists of two disjoint paths

C LU0 ) () (k)

L (R (k) (K)

P 1 ,v2 ,v3 Y, and P' = 5 Vg oV, Vg
For i =1,2,...,k=-1, let
(1) - {v§i):j = 1,2,3,4,5} and
R(D) = (v 2 5,6,7,8,9).
Also, let
(k) o {vj(k):j = 1,2,3,4} and
RO - {vj(k):j = 5,6,7,8}.

32
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Further, define

L = C; L (1) and R = Cp r(1),

(k)

Now denote by G the graph which consists of the

union of the k mutually disjoint graphs Gi together

with all possible lines joining points in distinct L (1)

and all possible lines joining points in distinct R(i).

(2

The graph is slhown in Fig. 2.1. Furthermore, if

e

S dis a subset of V( ), then we call Ser and S()R

the left side of S and right side of S respectively.

Fig. 2.1
We first consider the graph G(z). Since the removal
. (1) (2)
of v5 disconnects the graph, G is not 2-connected.

Clearly f2(G) = 2, so that it remains to show that the

only acyclic partition of V(G(z)) is V(G]), V(Gz).

33
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Suppose Wl, W is another acyclic partition of

2
2
G( )). Then one of the sets, say Wl, has at least nine

points and neither Wl nor w2 contains all of V(Gj)

"for j =1 or 2. Thus Wl contains points from both

V(

V(Gl) and V(Gz).
Since Wl has at least nine points, one side of W1
has at least five points. If these five points are in both

V(Gl) and V(Gz), they induce a cycle which contradicts

that <W1> is a forest. Thus we suppose all five of these

points are in V(Gl). Then since vél) is in both sets
L and R, the other side of wl must have five points
not all in V(Gl). These five points induce a cycle, which

again contradicts that <W1> is acyclic. Henc: G(z) is
uniquely 2-arborable.

Induction on k 1is now used to show that, for k > 2,

()

¢ (2)

is uniquely k-arborable. We have already shown that

is uniquely 2-arborable. Assume ¢ (k-1)

is uniquely
(k-1)-arborable and consider G(k).

The sets V(Gl),...,V(Gk) form an acyclic partition
of V(G(k)) into k sets, According to Proposition 2.3A,
it suffices to show that this partition is unique. Suppose
there is a partition wl""’wk of V(G(k)) into acyclic
sets which is different from V(Gl)""’V(Gk)'

Assume that one of these sets, say W is equal to

i’
V(Gj) for some j = 1,2,...,k-1. Then

wl,...,wi_l,wi+1,...,wk is an acyclic partition of
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G(k)-Gj = G(k_l) different from

),...,V(Gk).

V(Gl)""’V(Gj—l)’V(Gj+1

However, by the inductive assumption this is impossible,

Thus one set, call it W must contain m 2 9

l,
points and Wl # V(Gj) for j = 1,...,k. These m

points must come from at least two different V(Gj). But

m > 9 dimplies that one side of Wl contains at least five

points. Furthermore, using the argument given for G(z),

we can say that one side of Wl contains five points in

two or more different V(Gj). These five points induce a

cycle which implies Wl does not induce an acyclic graph.

This contradiction implies the partition V(Gl),...,V(Gk)

is unique and thus G(k)

s _

is uniquely k-arborable.
The graph {véi):i = l,...,k=-1} is disconnected,
which implies the connectivity of G(k) does not exceed
k-1. This completes the proof. //

We now present a number bf necessary conditions for
a graph to be uniquely k-arborable. This section is
concluded by showing that, for k 2 2, any uniquely

k-arborable graph is non-outerplanar and, for k 2 3, any

uniquely k-arborable graph is non-planar.

Proposition 2.3H. If G 1is a uniquely k-arborable graph,

k > 2, and Vl,...,Vk is the acyclic partition of G into

k sets, then |V 23 for i=1,2,...,k.

1]
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Proof. Assume one set, say V has exactly two points

1,
and let wu, v be the points of Vl. Since <V2> is
acyclic, V2 can be partitioned into sets S1 and S2
such that each Si induces a totally disconnected graph.

Hence SILJ{V} and SZLJ{u} both induce acyclic graphs.
This contradicts the fact that <V1LJV2> is uniquely

2-arborable. //

Proposition 2.3I. If G 1is a uniquely k-arborable

graph, k 2 2, and Vi"

V(G) such that |V1| < |v

ees V is the acyclic partition of

k

2| Seens lvkl, then |V2| 2 4,

Proof. Suppose V2 has exactly three points Vo v2, and

vy, and let Vl = {ul,uz,u3}. Then two points of Vl’
say ul and U, are non-adjacent as are two points, say
v, and vV, of V,. Hence the sets {ul,uz,v3} and

{vl,vz,uB} induce acyclic sets and we have two different
acyclic partitions of VIUV2 into two sets. This is

impossible, and thus |V2| > 3. //

Proposition 2.3J. Let G be a uniquely k-arborable graph

where k 2 2. If v 1is a point of G with deg v < 2k-1,

then G-v 1s uniquely k-arborable.

Proof. Let Vl,...,Vk

k acyclic sets, and suppose veV

be the partition of V(G) into

1° The set Vl—v is

non-empty, and Vl—v,V srea,sV is an acyclic partition of

2 k
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G-v., Assume wl,wz,...,wk is an acyclic partition of G-v.

Since degGv < 2k-1, there is a set wi, say Wl, which
has at most one point adjacent in G to v. Thus

1 — N
W, 'o= {v}LJWl,Wz,...,wk is an acyclic partition of G.

There is only one acyclic partition of V(G) into k sets.

Thus Wl' = Vl since both sets contain v. Without loss
of generality we may say Wi = Vi’ i=2,3,...,k. Then
Wl = Vl—v, W2 = V2,...,Wk = Vk is the only acyclic

partition of V(G-v) into k sets. Hence, by.

Proposition 2.3A, G-v is uniquely k-arborable. //

Proposition 2.3K. Let GO be a uniquely k-arborable graph,

k 2 2, with p points and q lines. Then p 2 4k-1

and q 2 kp.

Prooi. Propositions 2,.3H and 2.31I imply that p 2 4k-1,.
If G(GO) 2 2k, then the sum of the degrees of the

points of G is at least 2kp, which implies that

0
q 2 kp. Thus we need only comnsider the case where there
is a point vO of G0 such that deg v < 2k~-1.
Proposition 2.3J implies that Gl = Go—v0 is uniquely
k-arborable., Either the graph Gl has a minimum degree
at least 2k or there is a point vy in G1 such that
deglel € 2k-1. In the former case we stop deleting points
of G. In the latter case G2 = Gl--vl is uniquely
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k-arborable. If 6(G2) 2 2k, we stop deleting points of
G; otherwise, there exists a point vzeV(Gz) such that

G3 = G2—v2 is uniquely k-arborable. Proposition 2.3J
implies that we can continue deleting points until we
obtain a graph Gm which is uniquely k-arborable, has

minimum degree at least 2k, and has been obtained by

from G_. The

subtracting m points, v m-1’ 0

O,...,v
number of lines in Gm is at least k(p-m). We recall
that uniquely k-arborable graphs have minimum degree at
least 2k-2, For i = 0,1{...,m-1, Gi is uniquely
k-arborable, and thus each \ has degree in Gi not less

than 2k-2. 1In the removal of each point, we also

removed at least 2k-2 lines which implies that

(2k-2)m 2 km lines were deleted from G0 in obtaining
Gm. Thus G0 has not less than k(p-m)+km = kp
lines. //

The preceding proposition implies that, for k 2 3,
any uniquely k-arborable graph with p points has at
least 3p 1lines. Since every planar graph of order
p(23) has at most 3p-6 lines, we arrive at the

following:

Corollary 2.3L. If G 4is uniquely k-arborable, k 2 3,

then G is non-planar.

An outerplanar graph of order p(22) has at most

2p~3 1lines, which enables us to state another corollary.
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Corollary 2.3M. For Lk 2 2, no uniquely k-arborable

graph is outerplanar.

According to Corollary 2.3M, ro uniquely 2-arborable
graph is outerplanar. The author has been unable, however,
to find a planar, uniquely 2-arborable graph. This leads

us to the following:

Conjecture 2.3N. If k > 2 and G 1is uniquely

k-arborable, then G 1is non-planar.

Section 2.4

On Graphs with Prescribed
Point-Arboricity and Clique Number
In 1947 B. Descartes [8] asked whether there exists

a graph with chromatic number four which contains no
triangles. The proposer answered the question affirm-
atively in [(9]. The following year, the Russian graph
theorist A. A. Zykov [26] proved a more general result.
Before stating Zykov's theorem, we define the clique
number of a graph G, denoted w(G), as the maximum

number of points in any complete subgraph of G.

Theorem 2.4A. (Zykov) For any integers k,d with

2 ¢d < k, there exists a graph G such that w(G) = 4d

and fl(G) = k.
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For the special case d

stated: For any integer k

chromatic number k which h
section, we present an analo
point-arboricity. 1In Chapte

both theorems will be given.

Theorem 2.4B. For each posi

a graph Gm with no triangl

Proof. Let m be a given p
Wl a set of 2m2 points.

be the totally disconnected

1f l, we set G

1
has the desired properties.

m=

graph H For the purpose

2 .

a number of different sets.

z 2,

= 2, Theorem 2.4A can be

as no triangles. In this

gue of Zykov's theorem for

r IV, a generalization of

tive integer m there exists

es such that fz(Gm) = m,

ositive integer, and denote by

H

We define the graph 1

to

graph with V(Hl) = Wl.
= H1 and observe that Gl

If m > 1, we define a

of doing this, we first define

Let

B2 = {S:S is an independent set of points of Hl and |s|z22}.
am? | 2

(Hence 32 contains 2 -2m“-1 elements.) For each

SsBz, we let VS be a set consisting of 2m2 points

such that VS is disjoint from H1 Furthermore, for

distinct sets S and S' of B2, the sets VS and VS'

are disjoint. Sets Wz, ES, and E2 are now defined as

follows:

w2=U{

Vs:SeBz},

there exists a graph with

40
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ES = {uv:ues, veVS}, and

E, = [J{Eg:seB,).

Finally, we define H2 by letting V(Hz) = WZLJV(Hl) and

E(H = E E(H,).
(1,) = £, e
Suppose graph Hk’ 2 < k < m, has been formed. We

now define graph H Let

k+1°

B 1={T:T is an independent set of points of H, and |T|22}.

k+ k

B ,,» let V. bea set with 2m2

points with the properties that VTrWVT' = ¢ for T # T

For each set T in

and VTr1V(Hk) = ¢. We let

= :TeB
e = UTVpeTen, b,

ET = {uv:ueT, vsVT},

Ek+l = LJ{ET:TeBk+l},

. V(Hk+l) = Wk+1LJV(Hk), and

E(Hk+1) Ek+1LJE(Hk)'

The mth step of this construction forms a graph Hm, and

we let G = H .
m m

We first verify that Gm has no triangles. Suppose
the contrary. Any triangle in Gm has its points, call

them vl, v and Vi, in three different Wi, say

2’
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W, s W, , and W, respectively, since each <Wi> is

1 2 3
a totally disconnected subgraph. Thus m 2 3, and we may
assume without loss of gemerality that il < i2 < 13.
Since vy and v are adjacent in G = H and

2 m m

il < i2 < 13, we have that vy and v2 are adjacent in
Hi _1+ This implies that v, is not adjacent to both

3
vy and O Thus we have a contradiction and G has no

m

triangles.

Next we show that fz(Gm) = m. Since wl,wz,...,wm
is a partition of V(Gm) and each <Wi> is totally
disconnected, fz(Gm) < m. Assume f2(Gm) < m, Then there

exists an acyclic partition of V(Gm) into sets

Since. W has 2m2 points, at least one

Ul’Uz’l..,Um-ll l
set of the partition, say Ui’ has 2m or more points
of Wl. Let
(1) (1) (1)
{ul U, e, }C:Ulfwwl.

(1 1
Since ul ) and ué ) are independent in V(Hl), there
is a set 52 of 2m2 points of W2 which are adjacent
(1) (1)
to only the points u, and u, . No two of the points
of 82 are in U, because this would imply that '<U1>
has a cycle. Thus, at least 2m of these points are in
some Ui different from Ul’ say Uz. Let
(2) (2) (2)
{ul Uy T, }C:SZ(WUZ.

42
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Since every element of Szerz is adjacent in H2 to

il) and u(l)
2

is an independent set in H

exactly u , the set {ugz),uiz),ugl),uél)}

X Thus, in W3 there exists
a set S of 2m2 points adjacent to exactly the points

3
u(z) (2),u(1),u(1). No two of the points of S can be
3 4 3 4 3

in Ui for i 1,2. Thus, there is a set Uj with

’

j 2 3 such that Uj has at least 2m points of 83.
Without loss of generality, we suppose this set is U3.
Let

(3)

{ul

(3) (1
’...’u2m }CS3 U3l
to only

Since every point in S3r]U3 is adjacent in H

(2) _(2) (1) (1)
3 9u4 ’UB su4 ’

3

the points u the set

{u§3),ué3),u§2),uéz),ugl):Uél)} is independent in H3-

Assume now that, for j < m-1, the graph H, has an
J

independent set of points

u (1) (l)}

- (3) () (3-1) (j-1)
T {u ,u2j s 0 e e 25-1 ,uzj

25-1 Y23 Y23-1

i i
such that, for i = 1,...,3, u2j—i ),u2§ )eUif]Si

where Sl=w1 and, for i = 2,...,j, Si is a set of 2m2

points each adjacent in Hj to exactly the points of

(i-1) (i-1) (i-2) (1i-2) (1) (1)
{“2(1-1)—1’u2(i—1)’“2(1—1)-1’“2(1-1)""’“2(1—1)-1’“2(1—1)}
and

(1) (4) (1)
(o) hu, ey }C:Ui(]si.
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Since the points of T are independent in Hj’ there

exists a subset S with 2m2 points which

I
j#1 °F Wyn

are adjacent to exactly the points of T. However, for

k £ j, no two points of Sj+l are in Uk because
otherwise, these two points together with u2j—§k) and
uzgk) would induce a cycle in Uk. Thus, there are at
least 2m points of S in some U,, i 2 j+1, say
j+1l i
Uj+1' Let
(3+1) (3+1) (3+1)
{ul U, EERIL }C:Sj+1r]Uj+l'

Since the points of Sj+lr1Uj+l are adjacent to exactly

the points of T, the set

(j+1) (3+1) (3) (i) (1) (1)
tus g+l Y2 5+2 TS R T ) PSRV I IS,
is independent.

Thus, taking j = m-2, we have formed an independent
set T' of points of H _, where

1o (m-1) (m-1) (m-2) (m-2) (1) (1)

T'={uyn-3 *Yom-2 *Yom-3 'Yom-2 R I TP
and gzm_gi), uzm_él) are in Ui for i =1,...,m-1.

There exists a set Sm of 2m2 points of Wm which are
adjacent to the points of T'. However, at least two

points v v of S are in U for some i = 1,...,k

l, 2 m i
(1) (1)
2m-3  *%p-2 )

This contradicts the assumption that Ul""’Um—l is an

acyclic partition of V(Gm). Hence, fZ(Gm) =m., //

and thus, the set {vl,vz,u induces a cycle.

44
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The preceding result may also be stated in the
following terms: For every positive integer k, there

exists a graph Gk with point-arboricity k and clique

number 2. A generalization of this is now immediate.

Corollary 2.4C. For any integers k and d such that
p 8

d 22 and k 2 (-), there exists a graph G with
2

fZ(G) = k and w(G) = d.

Proof. Let Gk be as in Theorem 2.4B, and define G as
d
GkLJKd' Since fz(Kd) = {;} € k and the point-arboricity

of a graph is the maximum point-arboricity of its
components, we have fz(G) = fz(Gk) = k. Clearly
w(G) = d since Gk has no triangles. //

As a final remark, we note that the graph in

Corollary 2.4C may be connected by introducing a line from

a point of Kd to a point of Gk‘

45
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CHAPTER III
OUTERPLANAR PARTITIONS

We have seen that both the chromatic number and the
pqint-arboricity of a graph G may be described in terms
of partitioning V(G) into the minimum number of sets
such that each set induces a graph with a given property,
namely that of being totally disconnected and acyclic
respectively. Chartrand, Geller, and Hedetniemi [4] have
introduced a generalization of these parameters, which we
pPresent.

A graph G 1is said to have prsperty Fn’ nz21,

if G has no subgraph homeomorphic from Kn+l or

n+2| [n+2
K{ |—|{(——>]. Kuratowski's well-known theorem, given in
2 2

[14], states that a graph is planar if and only if it has
no subgraph homeomorphic from K5 or K(3,3). Similarly,
Chartrand and Harary [5] have characterized outerplanar
graphs as those having no subgraphs homeomorphic from K

4

or K(2,3). Thus, graphs with property F4 and F3 are
planar and outerplanar graphs respectively. Graphs which
contain no subgraphs homeomorphic from K3 or K(2,2)

are the graphs with no cycles, and a graph with no subgraph
homeomorphic from K2 or K(1,2) has no lines. Thus,

empty graphs and acyclic graphs are graphs with property

46
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Fl and F2 respectively. Graphs with property Fn’
n > 5, have not been given special names.
The aforementioned generalization of chromatic

number and point-arboricity can now be given. The

point-partition number fn(G), n 21, of a graph G
is defined as the minimum number of subsets into which
the point set of G <can be partitioned so that the
subgraph induced by each subset has property Fn' In
addition to fl(G) and f2(G) being the chromatic

number and point-arboricity respectively of G, f3(G)

is called the point-outerthickness of graph G, and

f4(G) ig its point-thickness. 1In this chapter, we

investigate properties of the parameter f3.
Section 3.1
Hypo-Outerplanar Graphs

There are often varying degrees to which a graph may
fail to possess a given property P. For example, a
graph G may fail to have property P, but each subgraph
G-v obtained by the deletion of a point v of G may
actually have property P. If this occurs, then G 1is

sald to have hypo-property P. Thus, a graph G is

hypo-outerplanar 1f G 1s not outerplanar but, for each

veV(G), G-v 1is outerplanar. In this section we

investigate hypo-outerplanar graphs.
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Wagner [23] has given a characterization of
hypo~-planar graphse Among the graphs which he has shown to
be hypo-planar are graphs homeomorphic from KS’ certain
non-planar graphs which are embeddable in the Modbius
strip, and various non~planar graphs which consist of a
path P, a cycle disjoint from P, and lines joining
endpoints of the path with points on the cycle.

Earlier we defined a graph G to be k-critical
with respect to point-arboricity if fz(G) = k and
fz(G—v) = k-1 for each point v of G. Using the

parameter fn, we now make a more general definition: a

graph G is k=critical with respect to fn if fn(G) = k
and fn(G—v) = k-1 for every point v din G. For
example, to say that a graph G 1s 2-critical with
respect to f4 means that f4(G) = 2 and f4(G—v) =1
for each point v of G. Hypo-planar graphs are there-~
fore graphs which are 2-critical with respect to f4.
Graph G 1s hypo-outerplanar if and only 1if G 1is
2-critical with respect to f3.
We present a characterization of hypo-outerplanar

graphs after first proving an elementary result.
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Proposition 3.1A. Let G be a hypo-outerplanar graph

with p points and q 1lines. Then

i. G has mt, least three points of degree not exceeding
3 and

ii. q < 2p-2.

Proof. To prove i., we let Vv be a point of G. Since

G-v 1is outerplanar, it has two points vy and v2 of
degree at most 2. Thus the degree of vl and v, in
G does not exceed 3. The giaph G—v1 is outerplanar,

and it contains a point Vg # v2 such that in G—vl

deg v < 2. Hence, degGv3 < 3 and we have three points

1’ v2, and V4 of degcee at most 3.

In proving ii., we let qV be the number of lines in

v

G-v. Since G-v 1s outerplanar, q, < 2(p-1)-3 = 2p-5
for all points v imn G. Part i, implies G has a point
u of degree not more than 3. However, q, < 2p-5 and
thus q < q +3 < 2p-2. //

We note that, for the hypo-outerplanar graph K4,
q = 2p-2.

Our characterization of hypo-outerplanar graphs requires a
few additional terms.

A graph G homeomorphic from K(2,3) 1is called a

theta-graph. The two points in G of degree 3 are called

primary points and are denoted vl and v2. A point u
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adjacent to a primary point vi is called a secondary

point, and we say u 1is secondary to v, .
i

A super-theta-graph is a theta-graph together with

exactly one of the following:
i. a line joining the primary points,

ii. a line joining two points secondary to vl

and/or a line joining two points secondary

to v .
2

A graph G 1is called a quasi-wheel if G 1is a

cycle together with a new point wu adjacent with at
least three points of the cycle.. The point u 1is called
the hub of G.

We are now ready to commence the characterization
of hypo-outerplanar graphs. Since a graph is outerplanar
if and only if it has no subgraph homeomorphic from K4
or K(2,3), it follows that theta-graphs, super-theta-

graphs, and quasi-wheels are not outerplanar. We verify

that each graph in these three classes is hypo-outerplanar.

Proposition 3.1B. Every theta-graph is hypo-outerplanar,.

Proof. Let G be homeomorphic from K(2,3), and let

vy and v2 be its primary points. For i = 1,2,

G—vi is acyclic and therefore outerplanar.

Graph G consists of three paths from vl to v2.

Let u be a point of G which is not a primary point.
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Then the removal of u from G disconnects one of the
paths from v, to v2 and G~-u 1is therefore outerplanar.
Thus, since G 1is not outerplanar, it is

hypo-outerplanar. //

Proposition 3.1C. If G is a super~theta-graph, G

is hypo-outerplanar,

Proof. We observe that super-theta-graphs are planar, so
that we may suppose G is embedded in the plane. Since
G 1is not outerplanar, we need only show that G-v is
outerplanar for each veV(G). In order to do this, we

distinguish three cases.

Case i. Assume G has a line joining primary points v1

and v2. The graph G-vi,

outerplanar, If wu is a non-primary point of G, then

i=1,2, is acyclic .and hence

G~u contains three paths from vl to v, and one of
these paths contains only one line. All points and lines
of G-u not on one of these paths do not lie on any

cycle. It follows that G-u 1s outerplanar.

Case ii. Suppose G has a line joining points secondary

to v, 2and a line joining points secondary to P For

i=1,2, G—vi contains a cycle with one chord. Since

all other points and lines of G—vi are in no cycle, G-vi

is outerplanar.
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Let u be a point of G different from vl and

v2. If deg u =2 (i.e., u 1is not incident with one of
the extra lines), then G~u consists of a cycle with two
chords2 and all other points and lines belong to no cycle.
Thus G-u 1s outerplandar. If deg u 2 3 (i.e., u 1is
incident with at least one of the two extra lines), then
G-u has one cycle with at most one chord, and all other
points and lines belong to no cycle. This implies that

G-u 1is outerplanar. Hence, for any veV(G), G-v 1is

outerplanar.

Case iii. Assume G consists of a theta-graph and one

line joining points secondary to the same primary point,

say vl. In this case G 1is a subgraph of the super~
theta-graph G', which consists of G together with a
line joining points secondary to X For any

ueV(G) = V(G'), G-u 1is outerplanar since it is a subgraph

of the outerplanar graph G'-u.

Hence, in all three cases the removal of any point of
G results in an outerplanar graph. This implies that G

is hypo-outerpianar. //

Proposition 3.1D. Every quasi-wheel is hypo-outerplanar.

Proof. Let G be a quasi-wheel with hub wu. Then G-u

is a cycle, say vl,vz,...,vn,vl, and .is outerplanar.
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Define integers k and m as follows:

k = max{i:vi is adjacent to u and i > 1},

m = min{i:vi is adjacent to u and i > 1}.
Since at least two of the points VosVgseessV are
adjacent to u, k # m. The graph G-v contains a

1
cycle and possibly chords incident with u. Any other
points and lines of G-vl are not in any cycle (See
Fig. 3.1). Thus, G—vl is outerplanar. Since G 1is not

outerplanar, it is hypo-outerplanar. //

Fig. 3.1

Next we consider sone additional lemmas.

Lemma 3.lE. If a graph G has a subgraph H which is

homeomorphic from K4 or K(2,3) and V(G) # V(H), then

G 1s not hypo-outerplanar.

53
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Proof. There is a point v in G which is not in H,.
The graph G-v 1is not outerplanar since H 1is not.

Thus, G is not hypo-outerplanar. //

Lemma 3.1F, Let G be homeomorphic from K4. If there

are two non-adjacent lines ulu2 and of K which

u3u4 4
are subdivided to obtain G, then G 1is not hypo-

outerplanar.

Proof. Let u be the point introduced by the subdivision

of Then G-u has a subgraph homeomorphic from

u,u,.
K(2,3) and hence is not outerplanar. //

Let G be a theta-graph H together with various
additional lines. We denote the primary points of H
by v and v, and observe that these extra lines are

1
of the following types:

l. Lines incident with v1 and v2.

2. Lines incident with one primary and one non-
primary point.

3. Lines incident with two non-secondary, non-
primary points.

4, Lines incident with one secondary point and one
non-secondary, non-primary point.

5. Lines incident with two secondary points,

We observe that lines of types 4. and 5. may be further

classified as follows:
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4a. Lines incident with one non-secondary, non-primary
point and one point which is secondary to only one
primary point.

4b., Lines incident with one non-secondary, non-primary
point and one point which is secondary to both
primary points. :

5a. Lines incident with two points which are secondary
to the same primary point.

5b. Lines incident with one point which is secondary
only to vy and one point which is secondary only
to v .
2
A line uv of G which is not a line in H 1is called a

basic line of G if it is of type 2., 3., 4a., or 5b.

A point which is secondary to both primary points is

called a double-secondary point. We now present the £final

lemma.

Lemma 3.1G. Let G consist of a theta-graph H together

with some additional lines. If G 1is hypo-outerplanar,

then it contains no basic lines.

Proof. Suppose uv 1is a basic line of G. We consider

three cases depending on |uv.

Case i. Line wuv 1is of type 4a. or type 3. One point of
line wuv, say u, 1s neither a primary nor a secondary
point of H. The other point v 1is not primary and is

not a double-secondary point. The points u and v may

lie on the same or on different viTv, paths in H (See

Fig. 3.2). In either case there is a point u' on
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the same vl-v2 path as u such that G-~u' contains a

theta-graph and therefore. is not outerplanar.

Vl Vl
ul
u
1
Fig. 3.2

Case ii., Line wuv is of tvwne 5b. Ve let u be secondary

to v, and v be secondary to vy (See Fig. 3.3a).

There is a point wu' in G such that G-u'! contains a

theta-graph with primary points v and v Thus, G-u'

2.
is not outerplanar.

Case iii. Line wuv is of type 2. Let point v be a
primary point and u be a non-primary point (See

Fig. 3.3b). There is a point wu' such that G-u' contains

a theta-graph with the same primary points as H. Hence,

G-u' 1is not outerplanar.
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Fig. 3.3a Fig. 3.3b

In all three cases we have shown that graph G has
a point whose removal does not result in an outerplanar
graph., This contradicts that G 1is hypo-outerplanar and

implies that G contains no basic lines. //

We continue our characterization of hypo-outerplanar
graphs. Since such graphs are not outerplanar, we know
that any graph which is hypo-outerplanar has a subgraph

homeomorphic from K4 or K(2,3).

Proposition 3.1H. If G 1is hypo-outerplanar and has a

subgraph homeomorphic from K(2,3), then G dis a

theta~graph, a quasi-wheel, or a super-theta-graph.

Proof. Let G be hypo-outerplanar and have a subgraph

H which is homeomorphic from K(2,3). Lemma 3,1E implies
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that V(H) = V(G). If G 1is itself homeomorphic from
K(2,3), then G 1is a theta-graph. Thus, we need only
consider a graph G which has a subgraph H homeomorphic
from K(2,3) where V(H) = V(G) and H# G (i.e., G
consists of H together with some extra lines). We let
A& and v2 be the primary points of H. Lemma 3.1G
implies that G has no basic lines.

Non-basic lines are of types 1., 4b., and 5a. That
is, non-basic lines are those incident with both primary
points, those incident with a double-secondary point, and

those incident with two points which are both secondary

to the same primary point. We now distinguish two cases.

Case 1. One of the non-basic lines is vlvz. If vlv2

is the only extra line, then G 1is a super-theta-graph,

Suppose uv 1is a non-basic line of G different from

v v2. Then u and v must lie on different vl—v2
1

paths in H. There is a point w different from u and

v such that w 1lies on the third vlv2 path in H. G-w

1s not outerplanar because it contains a subgraph

homeomorphic from K This contradicts the hypothesis

40
that G 1is hypo-outerplanar.

Case ii. All non-basic lines are of type 4b. or 5a. If

there is just one non-basic line, then G 1is a quasi-~

wheel or a super-theta-graph, If all of the non-basic
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lines are incident with a double-secondary point, then G
is a quasi-wheel. We thus assume that G has at least two
non-basic lines and not all non-basic lines are incident

with a double-secondary point.

We observe now that none of the non-basic lines are

of type 4b. To verify this we suppose the contrary and
let uv be a line with u secondary to both vy and
v and v neither secondary nor primary. Then there

is another non-basic line in G such that

Y1¥2
v, # u for i = 1,2 (See Fig. 3.4). Thus the deletion
of one of the primary points results in a non-outerplanar

graph. This contradiction implies that none of the

non-basic lines are of type 4b.

Fig. 3.4

Hence, we can suppose that G has at least two
non-basic lines, all of type 5a., and that not all non-basic

lines are incident with a double-secondary point. With
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these restrictions we now show: The graph G does not

have three non-basic lines. To prove this we suppose the

contrary. If these three lines are all incident with

1 .
points secondary to the same primary point, say vy then

G-vl contains a suﬁgraph homeomorphic from K4 and thus

is not outerplanar.

Now we can suppose that two non-basic

lines join points sécondary to vl and another line, call
it vv, Jjoins poinFs secondary to v, (See Fig. 3.5),
where one of v ané w, say Vv, 1is not secondary to vy
Also recall that not all three lines are incident with a
double-secondary point. Thus, G-v contains a subgraph

homeomorphic from K(2,3) where u 'and w are primary

points.

Fig. 3.5

There axe therefore exactly two non-basic lines, both
of type 5a., and these two lines are not both incident

with a double-secondary point. If one line joins points
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secondary to vl and the other joins points secondary to
vz, then G 1is a super~theta~graph, 1If both lines join

points secondary to the same primary point, say v then

l’

these two lines are adjacent at a point w. Since w 1is
not a double-secondary point, there exists a point Vv # w

which is on the same v path in H as w (See

1V2
Fig. 3.6). Graph G-v 1is a theta-graph, and hence G 1is

not hypo-outerplanar.

Fig. 3.6

We have now shown that, if G 1is hypo~outerplanar with
a subgraph homeomorphic from K(2,3), then G is a

theta-graph, a super-~theta-graph, or a quasi-wheel. //

Proposition 3.1I. If graph G 1is hypo-outerplanar and

has a subgraph homeomorphic from K&’ then G 1is a

quasi-wheel or a super~-theta-graph.

Proof. Let H be a subgraph of G which is homeomorphic

from K4. Lemma 3.1E implies V(H) = V(G). Therefore,
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G consists of H together with a (possibly empty) set of
extra lines.
The graph H can be formed by a sequence of

subdivisions of lines of K If the sequence is empty,

4.
H = K4 and G 1s necessarily isomorphic to H. Thus,
G 1s a quasi~wheel. Assume then that the sequence of
subdivisions is non-empty. If the subdivisions occur on

four or more lines of - K at least two of these lines

4’
must be ncn-adjacent. Lemma 3.1F implies that H dis not
hypo-outerplanar. From this, it follows that the sub~-

divisions can occur on at most three lines of K . We

consider two cases.

Case i. There is a point v4 of K4 not incident with
any line of K4 which must be subdivided to form H.

Since H 1is not isomorphic to K4, H must be obtainable

from K4 by at least one subdivision of a line not
incident with V4' Let this line be ViV and denote
the other point of K4 by v3. Let the graph formed by

a single subdivision of line vlv2 be labeled H', and
observe that H'-v3v4 is a copy of K(2,3) with primary

points vi and v2 (See Fig., 3.7). Graph H can now be

formed by a (perhaps empty) sequence of subdivisions of

H'. By hypothesis, line v is not subdivided to

3V

obtain H, so that H-v3v4 is a theta-graph., Thus, H

consists of a graph homeomorphic from K(2,3) together

62
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with an extra line. However, G consists of H together
with a set (possibly empty) of extra lines. This implies
that G consists of H-—v3v4 which is homeomorphic from
K(2,3) along with extra lines. From Proposition 3.1H we
know all such hypo-outerplanar graphs are quasi-wheels or

super—-theta~graphs,

Fig. 3.7

Case ii. Every point of K4 is incident with at least one

line which must be subdivided to obtain H. Suppose every

point of K4 is incident with at least one line which is

subdivided and at least one line which is not subdivided

to obtain H. Then two non-adjacent lines of K4 are

subdivided in obtaining H., Lemma 3.1lF shows that H 1is
not hypo-outerplanar, which implies that G 1is not
hypo-outerplanar.

We thus know that all lines incident with one point,

say Vl’ of K4 must be subdivided in order to obtain H.

Label the other points of K4 by v

9 v3, and va. The
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graph H-V3V4 is then homeomorphic from K(2,3) because
it consists of three disjoint V-V, paths of length two
or more. Graph G 1is therefore hypo-outerplanar and
consists of a theta-graph together with additional lines.
Proposition 3.1H implies that such graphs are quasi-wheels
or super-theta-graphs. //

From Propositions 3.1B, 3.1C, and 3.1D, we know that
every theta-graph, super~theta-graph, and quasi-wheel is
hypo-outerplanar. Since each hypo-outerplanar graph
contains a subgraph homeomorphic from K4 or K(2,3),
Propositions 3.1H and 3.11 imply that every hypo-outerplanar
graph is a quasi-wheel, a super-theta-graph, or a theta-

graph. Thus, we obtain the following characterization of

hypo-outerplanar graphs.

Theorem 3.1J. A graph G 1is hypo-outerplanar if and only

if G 1is a theta-graph, a super~theta-graph, or a

quasi-wheel,

This characterization yields a number of

corollaries.

Corollary 3.1K. Any hypo-outerplanar graph has at most

two points of degree greater than 3 and at most one

point of degree greater than 4.

Corollary 3.1L. Hypo-outerplanar graphs are planar.
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Fig. 3.8 shows that the converse of Corollary 3.1L

does not hold.

-~ U

Fig. 3.8

Before considering the final corollary, we define
a wheel as a quasi-wheel with p points and maximum
degree equal to p-1l.

Wagner [23] proved that every hypo-planar graph G
has chromatic number at most 5 and that G has
chromatic number 5 if and only if it consists of K

where n 1is odd,

and a cycle Cn’ disjoint from K2,
such that every point of K2 is adjacent to every point
of Cn' We now present an analogous result for

hypo-outerplanar graphs.

Corollary 3.1M. If G 1is hypo-outerplanar, then the

chromatic number of G does not exceed 4 and G has
chromatic number 4 if and only if G 1is a wheel with

an even number of points.
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Proof. Observe that a wheel is a cycle together with
one point u not on the cycle such that wu 1is adjacent
with every point of the cycle. 1If wheel G has an even
number of points, the cycle has an odd number of points
and hence any coloring of G can be done with four
colors. It is apparent that any coloring of G requires
four colors. If wheel G has an odd number of points,
then G <can be colored with three colors.

A quasi-wheel which is not a wheel can be
3-colored by coloring the hub u and one point not
adjacent to u with color 1 and then alternating colors
2 and 3 among the other points.

A super-theta-graph G with line v.,v can be

1°2

3-colored by coloring vy with color 1, v2 with color
2, the three points secondary with v2 with color 3,
and alternating colors 2 and 3 among the remaining
points on each path in the theta-subgraph of G.

If G is a super-theta-graph with two lines joining
secondary points and if G 1is not a quasi-wheel, then G
consists of two triangles along with three mutually disjoint
paths joining points in different triangles. Fig. 3.9

gives a colorihg for the triangles so that G can be

3-colored.
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Since any subgraph of a 3-colorable graph is
3-colorable, theta-graphs and super-theta-graphs with

one line joining secondary points are 3-colorable. //

Fig. 3.9
Section 3.2

The Point-Outerthickness of
Complete n-Partite Graphs
In this section we consider the minimal point-
partition number with respect to the property of being
outerplanar, i.e., the parameter f3. It would be
desirable to have a formula for the value of f3(G) for
any graph G. This seems to be extremely difficult, as

there is no formula for fl or f In view of the futile

2.
attempts by numerous outstanding mathematicians to prove
the Four Color Conjecture, it is unlikely that a formula
for fl(G) for an arbitrary graph G will be found.

Our goal here will be to establish a formula for the

point-outerthickness of an important and large class of
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graphs, namely the complete n-partite graphs. As was
stated in Chapter II, Chartrand, Kronk, and Wall have
developed a formula for the point-arboricity of any
complete n-partite graph.

We begin with a number of observations.

|%
Remark 3.2A. For every positive integer p, f3<Kp) = (-

3

Proof. This formula follows from the fact that a set of
three points of a complete graph induces K3, which has
property F3, and a set of four points induces K4, which
does not have property F,. //

Remark 3.2B., A complete n-partite graph G, =n 2 2, 1is

outerplanar if and only if G 1s isomorphic to one of
the following: K(1,1,2), K(2,2), K(1,1,1), or K(l,m)

where m 1is any positive integer.

Proof. Let G be isomorphic to one of the graphs
K(1,1,2), K(2,2), K(1i,1,1), or K(l,m). Then G has
no subgraph homeomorphic from K4 or K(2,3) and is
therefore outerplanar.

For n 2 2, we suppose that G 1is a complete
n-partite graph. If n 2> 4, then G contains K4 as a
subgraph and is not outerplanar. Thus we need only consider

n=2 or 3, If G has five points and n = 3, then G

contains K(2,3) as a subgraph which contradicts the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



69

hypothesis that G 1s outerplanar. This implies that
K(1,1,2) and K(1,1,1) are the only outerplanar complete
tripartite graphs. Any complete bipartite graph with

five points and at least two points in each partite set
contains K(2,3). Hence, any outerplanar bipartite graph

is of the form K(l,m) or K(2,2). //

Remark 3.2C. Let S be a set of at least five points of

a complete n-partite graph G. If <S>> is outerplanar,
then <S> is either empty or a star and S has all but

possibly one point from a single partite set.

Proof. Since G 1is a complete n-partite graph, any set S
of points of G 1induces a complete m~partite graph for
some m ¢ n., Thus, if m = 1, the graph <S> is empty.
For m > 1, the fact that (S8) 4is outerplanar with at
least five points, together with Remark 3.2B, implies that
<S> is a star. //

Denote the partite sets of the complete n-partite

graph K(pl,p ,...,pn) by Vy,Vy,...,V ~ where |Vi| =p,,

2 i

1l < i <n, and recall Py < P, € o0 < P We begin the
development '0of a formula for point-outerthickness of any

complete n-partite graph with a special case.

Proposition 3.2D. Let G = K(pl,p ,...,pnj and P 2 3,

a+l

2

where a 1s the least integer such that n-a, Then

H%]m
H.
v
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i. £ (G) and
3

]
=
1
[+}]
(U
Hh
™M
o]
]
=]
1
o4

ii. f3(G) n-a+l if >p, > n-a.

Proof. We consider two cases and in each case show that
the desired result is an upper bound for the point-
outerthickness of G. Then, combining the two cases, we

verify that statements i. and ii. are indeed correct.

a
Case 1. Suppose Zpi = n-a. Then the number of points
1

a
in LIJVi is equal to the number of sets in the

collection { Thus, we can partition

Vopp*Vapgroe ooV be

, Wwhere

V(G) 1into n-a sets 51’82""’Sn-a

Sj = Vn+l-jLJ{vj}’ l < 3j < n-a, and each v is an

b
a
element of LJVi. Each S, 1induces a star with at least
1 J

four points and is outerplanar. This implies that

f3(G) < n-a.

a
Case ii., Assume Epi > n-a. Since a was defined as
1
a
the least positive integer such that E}i > n-a, we have
1

a-1
Z Py < n-a+l. This implies that the number of elements
1

a-1
in LJ Vi is less than the number of sets in the
1

70
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1

a-1
collection vV ,V yo.+5V . Thus, we can form r = 3 p
a a+l n 1

mutually disjoint subsets Sl,Sz,...,S of V(G), with
r

S, = Vn+l—jLJ{vj}’ l < j<r, and where each vj is

an element of A Next, form mutually disjoint point

sets S e e S where, for k = r+l,...,n-a,

r+1’° n-a

= 1 f
Sk Vn+l—kLJ{Vk} and the vk are distinct elements o

a
V . Since zpi > n-a, we have some points of V which
a a

1

are not in any Sj’ j=1,...,n-a., Call this set of
The sets S ,...,S each induce a star

oints S .
P n-a+1l 1 n-a

(which is, of course, outerplanar) with at least four
points. The set Sn—a+l induces a totally disconnected

graph which is obviously outerplanar. From this it follows

that f3(G) < n-a+t+l.

These two cases are now considered together. In each
case, denote the aforementioned upper bound by s and
suppose f3(G) = t < s, Then V(G) can be partitioned

into sets Tl’TZ""’T where ITiI > |T and each set

¢ g1l

induces an outerplanar graph. Since t < s, there is an

integer j, 1 < j < t, such that IT.| > lS l. Let h
J

be the largest such integer. Then, for any i such that

h<i1i¢<¢t, |T | < IS,|. If h < t, then this observation

71
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together with the fact that the set {Th+1""’Tt} has
fewer elements than the set {Sh+1,...,ss}, implies that
t s
U.Ti < Usi .
h+1 h+1

Thus, in any event,

i’
i ¢ h, has all but at most one point from a single partite

h h
Urz.| > |Us.,|,
1 * 1 °
and
h h
Uz, |-n> | Us,|-n.
1 1
We observe that, in Case i, every set in the partition
Sl,...,Sn_a has at least four points and, in Case ii,
every set of the partition Sl,...,Sn_a+1 has at least
four points, except possibly Sn—a+1' Thus, the cardinality
of Sh is at least four. Since, for 1 < h,
lt. | 2 |T. | > |sh] > 4, Remark 3.2C implies that each T

set. If such a point exists for a given Ti’ denote it

by w.,. Then, for i < h, define T ' =T -{w_} for all
i i i i
i for which wi exists and Ti' = Ti’ otherwise. This
h
implies that the set [ Ti' has all of its points in h
1
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or fewer partite sets. However, the fact that, for i < h,

Si = Vn+l—iLJ{vi} implies that
n h
U V- = S. —hl
n-h+1 * %J 1

Hence, the union of any h partite sets has at most

h
|lJsS.{-h points, but
Y i
h h h
- — 1
Lijsi h< |(Jrf-ns|Ur,
1 1
h ,
implies that LJTi' cannot have all of its points in h
1

or fewer partite sets. Thus, we have a contradiction and

f3(G) = s in both cases. //

a+1l

Corollary 3.2E. Let G = K(pl,p ,...,pn) with p 2 3

2
a

where a is the least integer such that ZPi 2 n-a.
1

Then,
b
£,(G) = n-max{b: 3 p, < n-bl.
3 1 1
a b
Proof. If 3 p, = n-a, then a = max{b: 3 p < n-b}
1 * 1 1

a
and Proposition 3.2D implies f3(G) = n-a. If 2}1 > n—-a,
1

a-1 b
then 2 p, < n-(a-1) and a-1 = max{b: >p
11 11

[ 12}
=}
1
o
—

1
=}

!
~
V)

1
p—
~
S~
S~

Proposition 3.2D implies that f3(G) = n-a+l
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We now consider the point-outerthickness of

K e e o 9 if S 2.
(Pls ’pn) pa+1

Proposition 3.2F., Let G = K(pl,pz,...,p ), n2 2, and
n

suppose p +1 € 2, where a 1is the least integexr such
a

a
that Zpi 2 n-a. Also define
1

p =0,
r = max{i:pi < 2}, and

k = max{i:pi s 1},

r
, Zpi+3(n-r)
2 1
If k+r-n ¢ -(2r-n), then f (G) = .
3 3 4
2 2n-r
If k+r-n > -(2r~-n), then £f_(G) = .
3 3 3

Proof. In the proof we exhibit a partition of V(G) into
the desired number, say s, of subsets, each of which
induces an outerplanar graph. Then we show that there is

no outerplanar. partition into fewer thamn s sets.

The inequality r 2 a+l > a dimplies that

a
Ebi > n-a > n-r. Thus there are more elements in the
1
y
set - Vi than sets ‘in the collection {Vr+1’vr+2""’vn}'
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Hence we can form n~r mutually disjoint sets

S . 3S 544458 where S =V v, } 1< j < n-r
1°°2° g b n+l—jU{ i ’ J ’
. a
and vje LJVi. Moreover, the points vj are always
1
selected successively from the set Vi with 1 minimum

such that Vi has points remaining.
Each of the sets Sl’SZ""’Sn—r induces a star
T
with at least four points. Also, there are %pi—(n—;) >0
points of G not in any set Si’ 1 <1< n~r. Each of

these points is contained in a partite set of G which

consists of at most two elements.

2
Case 1. Suppose k+r-n < ~(2r-n). We observe that k 1is
== 2uppose 3 :

the number of one-point partite sets of G and n-r is
the number of sets formed thus far in the partition. If
k+r-n = k-(n-r) is positive, we have k+r-n unused one-
point partite sets of G. In defining the sets
Sl’SZ""’Sn-r’ we used points from at most 2(n-r)
partite sets of G. Thus, there are at least

n~2(n-r) = 2r-n partite sets of G which are disjoint
from each Si’ i=1l,...,n-r., Since k+r-n < §(2r—n),
we know that the number of unused one-point partite sets
of G 1s no greater than two-thirds of the number of
unused partite sets. Thus, we can form mutually disjoint

sets S Sq’ each consisting of two one-point

n-r+l’" "7

partite sets and one two-point partite set until we have

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



76

at most one unused partite set with one point. All
remaining partite sets have precisely two points. If k+r-n
is not positive, then there are only two-point partite
sets of G remaining and perhaps one more point which is
an element of a two-point partite set from which the
other point has been used. Thus, in either case, we have
only two-point partite sets remaining, and possibly one
extra point. With the remaining points, we may form
mutually disjoint sets which consist of the union of two
of the remaining two-point partite sets until at most one
partite set with two points is unused. There are at most
three points remaining. These points form a set which

induces an outerplanar graph. Thus, we have partitioned

V(G) 1into
r T
Zpi—(n-r) 2pi+3(n-r)
1l 1
n-r+(———— ) = = s
4 4
\ \

sets. Each set induces an outerplanar graph; and each set,
with at most one exception, has at least four points.

This construction shows that f3(G) < s. Suppose
f3(G) < s. Then V(G) can be partitioned into sets
Tl,Tz,...’

outerplanar subgraph and ]T

Tt’ t < s, such that each Ti induces an

| 2 IT |  for

i+l
i{i=1,2,.,..,t-1. There is a largest positive integer h
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with the property that |Th| > |Sh|. Then
t s
.| < | Us
h¥1 1 h¥l 1|

which implies that

h h
%JTi ~h > EJsi -h.

Since all S;» except possibly Ss’ have at least four
points, Th must have at least five points. Thus, for

i € h, Ti has five or more points and Remark 3.2C implies
that each such Ti has all but possibly one point from a

single partite set. If such a point exists for a given

denote it by wi. Then, for 1 < h, define

|
i

Ti—{wi} for all i for which wi exists and

h
T,' = T,, otherwise. This implies that the set LJT !
i i T i

has all of its points in h or fewer partite sets. We now

consider two subcases depending upon h.

Subcase a. h <€ n-r. In this subcase, Si = Vn+l—iLJ{Vi}

for i = 1,...,h. This implies that

h
0 v.| = | Us, |-
n-h+1 1 i 1

Hence, the union of any h partite sets has at most
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h
LJ S,|-h points. However,
i
1
h h h
Us.|-b < |Ur.|-ns | Ut "],
1 1 1t 1 i
h
Thus, LJTi' cannot have all of its points in h or
1
fewer partite sets. This is a contradiction.
Subcase b. h > n-r. The sets Sl,...,S ‘ exhaust all
partite sets with three or more points. Since h is
necessarily less than s, the sets S 5 e00495 each
n-r+l h
use at least one partite set with two points. Without

loss of generality, we may assume that these are the

partite sets V This implies that

’

n+l-(n-r+1)’ """’ n+l-h"

n l h
v < LJ S,{-h.
n-h+1 1 1 1
n
The union of any h partite sets has at most LJ V.,
n-h+l =
points. However, the fact that
n h h h
U v < |Usyj-n<|Ur|-ns Ut
n~h+1 1 1 1

h
implies that LJTi' cannot have all of its points in h
1

or fewer partite sets. This is a contradiction.
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In both subcases we have a contradiction, and thus

f3(G) = 5.
2

Case ii. Suppose k+r-n > -(2r-n). In this case, 2r-n
3

is non-negative. In order to verify this, we suppose

otherwise; then,

1
(3.2) k < r < -n.

2
However, the hypothesis for this case implies that

3k > r+n.
Since k £ r, we obtain
2k = 3k-k » r+n-r = n,

which contradicts (3.2).
Since 2r-n 1is non-negative, k+r-n is positive.

e e ey d s the remaining

Thus, after forming sets S_.,S_,
2 n-r

1
partite sets include k-(n-r) = k+r-n > 0 sets with a

single point. This implies that

5, = viLJvn+1_i, i=1,2,...,n-r,

and we have precisely n-2(n-r) = 2r-n unused partite sets
of G. Since k+r-n > E(Zr—n), there are more than twice
as many unused partite sets with one point as unuséd partite
sets with two points. It follows that we can form disjoint

sets S s s003S in such a way that each set consists
n-r+1l n-k
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of four points, two from two-point partite sets and two
from distinct one-point partite sets. When this is done,
there are k-(n-r)-2(r-k) = 3k-r-n points remaining in

G. These points induce a complete subgraph and have an
3k-r-n

3
in this partition be denoted by S

outerplanar partition into < } sets. Let the sets

n-k+1""’ss° Here,

3k-r-n 2n-1 ;2n—r
s = n-kt{=—————) = , and f3(G) < .
3 3 3
In order to show that f3(G) = s, we suppose that
f3(G) = t < s, Then there exists an outerplanar partition

of V(G) into sets Tl,...,Tt such that |Ti| 2 lTi+l|

for i =1,...,t-1. Let h be the largest integer such

that |Th| hl.

In the partition of V(G) into s subsets, each of

the sets Sl""’Sn r induces a tree with at least four

points and each of the sets S ceesS induces

n-r+1’ n-k
the outerplanar graph K(1,1,2). Now, each of

<Sn-k+1>""’<ss-1> is isomorphic to K(1,1,1) = K, and

<§s> is the complete graph on one, two, or three points.

We observe that IThI 2 4 and distinguish two subcases

depending upon the number of points in Th.
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Subcase a. The cardimnality of Th is at least five.

Using the same argument as in Case i, we have that

h h
EH T, |-h > gg s,|-h.

From the fact that Th has at least five points, we know

that, for i < h, |T 2 5 and, according to Remark 3.2C,

;|

all but perhaps one point of Ti are from a single
partite set. As before, if such a point exists for a

given T denote it by LR Then, for i < h, define

i’
Ti—{wi} for all i for which Wy exists and

h

T,' = T,, otherwise. This implies that the set LJ T,'
i i 7 i

has all of its points in h or fewer partite sets of G.

]
.
|

The sets Sl""’sn-r exhaust all partite sets with

t 1 th d, £ - = .
at least ree points and, for i < n-r, 5, Vn+1-ikJ{vi}

If r # k, then S use all partite sets

n-r+1°°° " *5n-k

with two points and we can suppose, without loss of

generality, that Si = Vn+1—iLJ{ui’wi}’ for

n-r < i < n~k. This implies that, if h < n-r, then

n h
v = S.|-h
nJKLl i gg i

and, if h > n-r, then

A

n h
U v, EJSI ~h.

n-h+1l
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In either case,

U v,| < Usi—h< UTi-—hs U,

n
n-h+1

h
Thus, LJTi' cannot have all of its points in h or
1

fewer partite sets, which is a contradiction.

Subcase b. The cardinality of T, is four. For 1 < h,
Ti has four or more points and at least two of these points
must be in a single partite set of G. Since |Th| = 4,

Sh has three points. 1In fact, Sh is the union of three

partite sets, each of which contains only omne point.

Recall that |Tl| 2 |T2| 2 .. 02 ITtl. Further, order the
collection Ti’ i=1,...,t, so that, if |Ti| = |Tj|’
themn 1 < j if Ti has more points from some partite
set than Tj has from any partite set.
Let m = max{i:p;, < 3}. The partite sets

Vl,...,Vk each contain exactly one point.

If r # k, then
. Vk+1,...,Vr each contain exactly two points.

If m# r, then

Vr+1,...,Vm each contain exactly three points.
If n # m, then

Vm+1,...,Vn each contain four or more points.
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Suppose each of the sets Vn is contained

Vm+l’.|o’

in some Ti' From the ordering on Ti we may assume,

without loss of generality, that ViC:Tn+1—i’ for
i=m+tl,...,n. Also recall that, for i = 1,...,n-k,

8; = Vn+1—iLJwi where W, consists of one or two points.
From the fact that S consists of three points from

h
three different partite sets, we have that

(3.1) h > n-k,.

n—m+l’Tn-m+2""’Th each have at least four

points and therefore at least two points from one partite

The sets T

set. However, all partite sets with at least four points

are used in sets Tl,...,T . Thus, we need h-(n-m+1)+1

partite sets with two or three points, and there are only
(n-k)-(n-m+1)+1 = m~k such partite sets. Hence, using
inequality (3.1), we have a contradiction.

Therefore, we assume that at least one of the
partite sets with four or more points, say ViO’ has

points in two or more of the sets T With this

i.
assumption, we show that we can obtain a new outerplanar

partition of V(G) into t sets such that Vi is
0

contained in some set of the new partition.

If Vi has three or more points in one Ti’ say
0
Tb’ then Tb has at most one point which is not in Vio.
By adding all other points of Vio to Tb, we obtain
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a new outerplanar partition of V(G) into t sets such

that Vi is contained in some set of the new partition,
0
Thus, we suppose Vio does not have three or more
points in any T;. If Vi has two points in Tb and
0

one or two points in Tc’ c # b, we can add the points

of Tc(]ViO to Tb and one point of Tb—Vio (if such a

!

point exists) to Tc' Call these new sets Tb' and TC

Both induce an outerplanar graph, and Tb'LJTC' = TkaTc.
We now have an outerplanar partition of V(G) into t
sets such that Vio has three or more points in ome T,.
From the preceding paragraph, we know we can now obtain an
outerplanar partition of V(G) 1into t sets such that

A is contained in one of the sets.

io

If V has each point in a different T then T

ig i h

10 Yoo and Wgq be

points in Th—Vio. Add all points of Vio to Th'

has at most one point of Vio. Let w
Since

Vio has at least four points, three of these points must

have been in three distinct T, different from T say

h’

1,2,3, insert w into

For k K

]

Til, Tiz’ and
)
Tik. Then Th consists of Vio plus possibly one

other point. We have a new outerplanar partition of V(G)

Ti3.

into t sets with all points of V in a single set.

ig

Thus, we have shown that, if m # n, there exists an

outerplanar partition of V(G) into t sets such that
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one partite set Vio, m < io <€ n, 1is contained in some

set of the partition. Among the outerplanar partitions of
V(G) into t sets, select one which has a maximum

number, say M, of Vi’ m < i ¢ n, each of which is

contained in some set of the partition. Call this

partition Tl,...,T and order the sets of this

t,

partition in the same manner as the previous partition.
Again, we let h be the largest integer such that

|Th| > |S 1f ITh| 2 5, we apply subcase a, and we

nl-

obtain a contradiction. If lThl = 4 and each Vs

m< i1 < n 1is contained in some Tj’ we have the contra-
diction developed in the first part of this subcase. Thus,

we suppose ITh| = 4 and there exists a partite set ViO’

m < iO < n, which is not contained in any Tj'

If ViO has at least three points in one Tj’ say

Tb’ we add all other points of V to Tb. Thus, a new

io
outerplanar partition of V(G) into t sets is
obtained. In removing points of Vio from the various
Tj’ we did not move any points from Vi’ i # ip. We
now have an outerplanar partition of V(G) into t sets

such that M+1 partite sets with at least four points are

contained in various T This is a contradiction.

J‘o

If Vv has exactly two points in some Ti’ say Tb’

ig

then ViO has one or two points in T c # b. We add

c’
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the points of Tc(]ViO to Tb and add one point of

(1f such a point exists) to T _ ., Call these new

TpVig c

b

contain a Vi’ m < 1 ¢ n, and any vy contained in T

sets T,' and Tc', respectively, Clearly, T, did not

o]

is still contained in Tc'. Thus, we have an outerplanar

partition of V(G) d1into t =sets such that Vio has
three or more points in one set, and M partite sets

Vi, m < 1 < n, are each contained in some T,. According

3

to the previous paragraph, this leads to a contradiction.

Finally, before considering the possibility that

Vi has its points distributed among ]Viol different

0
Tj’ we show that Th does not contain Vi’ for

i=m+l,...,n. To do this, we suppose there exists

m < 1. € n, which is contained in T Since

1’ 1
T = 4 and A
| Ty | |

vy .

ill 2 4, we know that I, = Vil' From

our ordering on the partition Tl""’Tt’ we know that
the sets Tl,...,Th have at most h-1 points from
one-point partite sets of G. The sets T seesT
p p h+1’ 3 t
: t
have at most LJTi points from one-point partite sets
h+1

of G. The partition '1‘1,...,’.1'.‘t uses all one=-point

partite sets of G, and the number used must be not more

86
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than h-1+ LJ Ti . Thus,

T
hil

The set Sh is the union of three one-point partite

sets of G, and thus the sets s e e 35 each consist
s

S
h+1
of only points from one-point partite sets; that is, the

s
sets Sh+1""’ss contain LJSi points from one-point
h+1
partite sets. However, each of the sets Sl,'...,Sh

contains at least one point from a one-point partite

set, Thus, the partition Sl""’Ss contains at least

h+ LJS points from one-point partite sets. It follows
i
h+1
that
s
(3.3) k2wt Us, |,
h+1
S t
The fact, previously observed, that LJS > LJT s
i i
h+1 h+1

together with (3.2) and (3.3), 4dimplies that

S
k > h+| Js,| > n-2+] |1, | 2 k.

t
h+1 1
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This is clearly impossible, and hence Th does not

i m < i < n. The set Th therefore has

points from at least two different partite sets,

contain a V

Keeping in mind that Th must have points from at

least two different partite sets, we suppose ViO has

each point in a different T

. Then T has at most
J h
one point of Vio. Let Wis Woo and W, be points in
Th-ViO. Add all points of Vio to Th' Since Vio

has at least four points, three of these points must be

in distinct Tj different from Th’ say Til’ Tiz’

and TiS' For k = 1,2,3, insert Wi into Tik' As

before, this yields a new outerplanar partition of V(G)

into t sets. Since Th did not contain any partite

sets with four or more points, this new partition has

M+l sets, each of which contains a V m < 1 < n. This

i’
is a contradiction.

In all cases where |T = 4, we have a contradiction.

|
Hence, in both subcases, we have a contradiction and
£4(6) = s. //

We now combine Corollary 3.2E and Proposition 3,2F

in order to give a complete formula for the point-

outerthickness of a complete n-partite graph.
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Theorem 3.2H. Let

P = 0, and define a

0

a .
Ebi > n-a. Also define
1

IN

r = max{i:pi

k = max{i:p,

Then,
.
n-max{b: 2 p, < n-b}
i
1
r
2p +3(n-r)
1
f3(G) = Z
2n-r

N

G = K(pl,pz,...,pn), nz 2,

as the least integer such that

2} and

1l}.

if Pat1 2 3,
if <
pa+1 2
2
and k+r-n £ -(2r-n),
3
£ Pyyy €2
2
and k+r-n > ~(2r-n).
3

89
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CHAPTER 1IV
POINT~PARTITION IMBERS

In the preceding chapter, ﬁhe point-partition

number fn(G), n > 1, of a graph G is defined as

the minimum number of subsets into which V(G) can be
partitioned so that each subset induces a graph with
‘property Fn. As we have noted previously, the chromatic
number and point-arboricity of G are then fl(G) and
fz(G) respectively. We now consider the parametex fn’
n > 3, and investigate possible generalizations of

theorems dealing with chromatic number and point-arboricity

to the parameters fn for all positive integers n.
Section 4.1

Generalizations of Chromatic
Number and Point-Arboricity

Proposition 2.2B shows that, for each graph G

£,(6)

2

s fz(G) < fl(G).

In [{4] Chartrand, Geller, and Hedetniemi show that the

chromatic number of any outerplanar graph does not exceed

90
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3. This theorem is used to establish a result, analogous

to Proposition 2.2B, dealing with point-outerthickness.

Proposition 4.1A. For any graph G,

fl(G)
(4.1) < f3(G) and
3
(4.2) fS(G) < fl(G).

Proof. 1Inequality (4.2) follows immediately from the
fact that any totally disconnected graph is outerplanar.
To establish (4.1) we observe that there is a

partition of V(G) 1into f3(G) subsets such that the

graph induced by each subset is outerplanar. Since

any outerplanar graph has chromatic number at most 3,

fl(G) < 3f3(G), which yields the desired inequality. //
Clearly, graphs with property F also have

1
property Fn for n 2 1. This implies the following:

Proposition 4.1B. For any graph G 'and any positive

integer n,
(4.3) f (G) £ £_(G).
n 1

Unfortunately, the corresponding generalization of
inequality (4.2) 1is not so easily established. In fact,

after stating this generalization as a conjecture, we
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show that, for n = 4, this statement is equivalent to

the Four Color Conjecture.

Conjecture 4.1C. For every graph G and any positive

integer n,

£.(G)
(4.4) 1

< £_(G).

Proposition 4.1D. For n = 4, inequality (4.4) 1is

equivalent to the Four Color Conjecture.

Proof. Suppose that the Four Color Conjecture is true
so that every planar graph has chromatic number at

most 4. For a graph G, the set V(G) may be
partitioned into f4(G) subsets, each of which induces
a planar graph. It then follows that fl(G) = 4f4(G).

£.(6)

Conversely, assume < f4(G) for any graph G.

4
If H 1is any planar graph, then fa(H) = 1. It follows
that fl(H) < 4f4(H) = 4 which implies the Four Color
Conjecture. //
F 1 , f =
or the complete graph Knp n(Kn ) p and

p
fl(Knp) = np. Thus, for any posi. “ve integer n, there
is a graph such that equality holds in (4.4). The
following proposition shows that, for n 2> 1, there is an

infinite class of graphs for which equality holds in (4.3).
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Propositicn 4,1E, For any positive integers n and k,

there exists a graph H such that fn(H) = fl(H) = k.

Proof. If n =1, let H = Kk' For k =1 and for

any natural number n, any totally disconnected graph is
the required example.

Suppose n 2 2 and k 2 2, Let H be the complete
k-partite graph K(pl,...,pk) where p; = kn for
i=1,...,k. Certainly fl(H) = k, and thus fn(H) < k.

Assume fn(H) < k, and wl""’wk—l is a

partition of V(H) such that each W induces a graph

i
with property F . Since (nk+n)(k-1) = nk?-n < nk? = |ul,

one of the sets, say W contains more than nk+n

1’
points. The fact that graph H has exactly k partite

sets implies that Wl must contain at least n+l points

from one partite set, say Vl' The set Vl conrtains

precisely kn points, and thus wl must have at least

n+l points which are not in Vl' It follows that
K(n+l,n+l1) 1is a subgraph of <Wl>. However,
n+2 nt+2
[———]s.-——— < n+l, and thus <w1> contains
2 2

n+2 n+2
K [———], — « This implies that the graph induced by
2 2

Wl does not have property Fn' This is a contradiction,

and hence fn(H) = k = fl(H). /[
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Proposition 4.1F. Let m, n, and k be positive

integers and m < n. Then, for any graph G,
fn(G) < fm(G). Furthermore, there exists a graph H

such that fn(H) = fm(H) = k.

Proof. For m < n, a graph with property Fm also has
property Fn' There is a partition of V(G) into
fm(G) subsets such that each subset induces a graph
with property Fm. Thus, each induced subgraph has
property F_ and this implies that fn(G) < fm(G).
According to Proposition 4.1E, there exists a
graph H with fn(H) = fl(H) = k. However, the first
part of this proposition implies that
fn(H) < fm(H) < fl(H), which establishes the last part
of this proposition. //
If G 1is a graph which is k-critical with respect

to £ then 6(G) > k-1 where ©6(G) denotes the

1°
minimum degree of G. This result can be used to

establish the fact, first proved by Szekeres and Wilf [22],
that for any graph G, fl(G) € 1+max8(G') where the
maximum is taken over all induced subgraphs G' of G.

The analogues for point-arboricity to these two theorems

have already been stated in Chapter II. We combine these

four results in the following two statements:
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Theorem 4.1G. If G 1is k~critical with respect to £ ,
n

for n = 1,2, then
(4.5) §(G) 2 nk~n.

Theorem 4.1H. For n = 1,2 and for any graph G,

maxé (G')
(4.6) fn(G) < l+[—————~——]

n

where the maximum is taken over all induced subgraphs

G' of G.

Contrary to what one might hope, the inequalities
in Propositions 4.1G and 4.1H are not valid for n 2 3.

We first show this for n = 3.

Proposition 4.1I. For any integer k > 1, there exists

a graph G which is k-critical with respect to f3 and

maxs (G')
§(G) < 3k-3. Furthermore, f3(G) > 14— where
3

the maximum is taken over all induced subgraphs of G.

Proof., Let G = Then G 1s a subgraph of

K3k—4+K3°

and f3(G) < f3(K ) = k. Since any induced

K3p-1 3k-1
subgraph of G with more than four points contains

K(2,3), it follows that induced outerplanar subgraphs have
at most four points. We assume f3(G) < k-1 and 1let

v be an outerplanar partition of V(G). Each

1,-..,Vk__l
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Vi has at most four points. From the fact that

3(k-1)+2 = 3k~-1 1is the number of points of G, we know
that at least two of the sets of the partition must have
four points. However, any set with four points from

or three points from and one point from K

K
3k-4
This implies that at most one of

K3k-4 3

induces the graph K4.
the sets of the partition has four points. This 1is a
contradiction, and hence f3(G) = k.

In order to show that G 1is k-critical with

respect to £ we consider H = G-v where veV(G).

3,
We note that H has order 3k-2. Let S be a subset of

V(H) consisting of two points from K3k 4 and two
points from K3. (If k =2 and VEKBk—4’ then let S
consist of the one remaining point of K2 and all points

of fs.) The set S 1induces an outerplanar graph,
|V(H)-S| = 3k-6, and H-S is the complete graph on
3k~6 points. Thus, f3(H-S) = k-2, which implies
f3(H) = k-1, and G is k-critical with respect to f3.
It is clear that 6(G) = 3k-4 < 3k-3. In order to
establish the second part of the proposition, let G' be

an induced subgraph of G. If G' <contains a point v

of EB, then deg v < 3k-4 and 68(G') < 3k-4. If G
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contains no point of K then it has at most 3k-4

3’
points and §(G') < 3k-4. Hence,

maxé (G') 3k-4 1
I+4———— = 14— =k - - < k = £ (G),
3 3 3 3

wvhich completes the proof. //
Combining Theotrem 2,1D with the well-known result

that, for any graph G,
fl(G) < 1+A(G),
we arrive at the following:

Theorem 4.1J. For n = 1,2 and for any graph G,

A(G)
(4.7) fn(G) < 1+[ ].

n

n+2 n+2
For n 2 4, the graph G = K [———], shows
2 2

that inequality (4.7) is not valid. This follows from
A(G) n+3

€ 1l+— < 2 = £ (G). This
n 2n n

the fact that 1+

observation can be used to show that inequalities (4.5)

and (4.6) do not hold in general for n 2 4. To do this,

we let n 2 4 and suppose that, for any graph G,

maxs(G"')
£f (G) ¢ 1+——o where the maximum is taken over all
n
n
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induced subgraphs G' of G. Since 6(G') < A(G) for
all induced subgraphs G' of G, we conclude that

A(G)

fn(G) s 1+ for any graph G. This is impossible, and

n
hence the conclusion of Theorem 4.1H is not correct for
n 2> 4.

Assume that, for n 2 4, 6(H) 2 nk-n where H
is a k~critical graph with respect to fn. We show that
this assumption implies Theorem 4.1H for any graph G and
n 2 4. Let G be a graph such that fn(G) = k 2 2.
Let H be any induced subgraph of G with minimum order
such that fn(H) = k., Therefore, H 1is k-critical with
respect to fn. Also,

§(H) € maxs(G')
G'<H

because H 1itself is an induced subgraph of H. Also,
each induced subgraph of H 1s an induced subgraph of
G so that

max8(G') < maxs§(G').
G'<H G'<G

According to our assumption, &(H) 2 nk-n so that

max§(G') 2 nk-n = n(fn(G)-l).
G'<G _
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However, we have already shown that this is not necessarily
true for n 2 4. From this contradiction, it follows that
the conclusion of Theorem 4.,1G is not valid for =n 2 4.

In summary, we have shown that the conclusions in
Theorem 4.1G and 4.1H are not valid for n 2 3 and
the conclusion of Theorem 4.1J 18 not valid for n 2 4.

Whether or not f3(G) < l+é£§3 for every graph G
remains an open question,

Lick and White [15] have introduced another
generalization of chromatic number and point-arboricity
and have obtained results which suggest the direction that
one probably must tske in order to generalize Theorems

4,1G, 4.1H, and 4.1J completely.

A graph G 1s called n-degenerate for n 2 0 1if,

for each induced subgraph H of G, &§(H) £ n. The
O-degenerate graphs and the l-degenerate graphs are the
totally disconnected and acyclic graphs respectively. Lick
and White have then defined the point-partition number
gn(G), n 20, of a graph G as the minimum number of
sets into which the point set V(G) can be partitioned so
that each set induces an n-degenerate graph. Thus, the
chromatic number and point-arboricity of a graph G are

gO(G) and gl(G) respectively. Using parameter gn,
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the following generalizations of Theorems 4.1G, 4.1H, and

4.1 can be established.

Theorem 4.1K. (Lick, White) If graph G 1is kecritical

with respect to gn, then
§(G) 2 (k-1)(n+l).

Theoren 4.1L7 -(Lick, White) For any graph .G,

maxd (H)
g_(G) < 1+[ ]
n n+1l

where the maximum 1s taken over all induced subgraphs

H of G.

Theorem 4.1M. (Lick, White) For any graph G,

A(G)
g (G) < 1+[~———].
n n+1l

Other results which Lick and White have generalized

by using parameter gn, n 2 0, i1include Theorems 2.1A

and 2.1E.
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Section 4.2

Graphs with Prescribed Clique Number
and Point-Partition Number

In this, the concluding section, we reconsider
several results established in Chapters II and III and
discuss their possible generalizations to the
parameters mentioned in Section 4,1. We include here
a generalization of Theorem 2.4A,

We have remarked that a number of results for
chromatic number and point-arboricity which do not
readlily generalize to the parameters fn have been
generalized to the parameters 8, In Section 2.2 we
stated the Nordhaus-Gaddum Theorem concerning the
chromatic number of complementary graphs and proved
a corresponding result for point-arboricity. Similar

theorems for parameters £ n 2 3, have not been

n,
established. Lick and White have succeeded in developing
a generalization of the Nordhaus-Gaddum Theorem fur the
parameters gy» B 2 0. However, for some values of n,

the lower bounds which they obtained are not best possible.

A graph G 1is called uniquely k-partitionable

with respect to property Fn’ n21l, 1if fn(G) = k

and there 1s only one partition of V(G) into k sets

such that each set induces a graph with property Fn' In
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Section 2.3 we investigated uniquely k-partitionable
graphs with respect to property FZ (i.e., uniquely
k-arborable graphs). For =n 2 3, uniquely
k-partitionable graphs with respect to property Fn have
not been investigated.

In this thesis, we defined a graph G to have
hypo~property P if G does not have property P but
G-v has property P for evefy veV(G). A character-
ization was given for hypo-outerplanar graphs (i.e.,
graphs with hypo-property F3) which was similar to
Wagner's characterization of hypo-planar graphs (i.e.,

graphs with hypo-property F Graphs with hypo-property

RE
a* P 2 5, have not been studied; however, a complete
characterization of such graphs would appear to be
extraordinarily complicated.

In Section 2.4 we stated a theorem due to Zykov; namely,
for any integers k, d such that k 2 d > 1, there
exists a graph G with chromatic number k and clique
number d. We then proved a corresponding result for
point-arboricity. A generalization of Zykov's Theorem for

parameter f n 21, 1is now given., The pioof closely

n’
parallels that given in Chapter II, with minor alterations
to accommodate the general parameter fn. Again, we

commence with the special case d = 2,
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Theorem 4.2A. For every palir n, m of positive integers,

there exists a graph G with no triangles such that

fn(G) = m.

Proof. For n = 1, this theorem was proved by Zykov [26].
We let n 2 2 and m 2 1 be integers. Define Hy as

the totally disconnected graph with point set Wl, where

wl consists of nm2 points.

If m=1, Hl is the required graph. We therefore

suppose that m > 1 and define a graph H For the

2-

purpose of doing this, we introduce a number of different

sets. Let
B, = {s:s is a set of independent points of H; and |s| 2 n}.
For each set S in B2, we let Vs be a set of nm

points disjoint from V(H;). Moreover, for S # S', the

sets V and VS‘ are disjoint. The sets W2, E and

S

E2 are defined as follows:

S’

W, = LJ{VS:SEBZ},

Eg = {uv:iues, veVS},

E, = JiEg:seB, ).

Finally, we define H2 by letting V(Hz) = WZLJV(HI)

and E(H,) = EZLJE(Hl).
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Suppose that, for 2 < k < m, graph Hk has been

defined. We now form the graph Hk+1' Let
Bk+l = {T:T is an independent subset of V(Hk) and |T| 2 n}.
For each set T 1in B let V be a set with nm2
° K+1’ T ser v
points with the properties that VT(]VT' = ¢ for

T # T and Vg [|V(H) = ¢. Ve let

W = :TeB
k+1 Utvg:te k+1l?

ET = {uv:ueT, veVT},
Eppp = U(Ep:Tes, o},
vl L) = wk+1LJV(Hk), and

ECH ) = B UJE@).

The mth step of this construction forms a graph Hm’

and we let G = Hm.

In order to show that G has no triangles, we assume

that the set {vl,v ,v3} induces a triangle in G. The

2
fact that <Wi>, i=1l,...,my, 18 totally disconnected in

G dmplies that vl, v2, and v3 are in three different
Wi, say Wil, wiz’ and W13 respectively. Without loss
of generality, we may assume that il < 12 < 13. This
implies that vy and v2 are adjacent in Hi3-l' Thus,
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v3 is nof adjacent to both v1 and v2. We have a
contradiction, and hence G has no triangles.,

It remains only to show that fn(G) = m, For
i=1,2,...,m, the graph <Wi>. is totally disconnected
and therefore has property F_. Thus fn(G) < m,

Assume fn(G) < m, Then there is a partition of V(G)

into m-1 sets Ul’UZ""’Um—l such that the subgraph
of G d1nduced by each Ui has no subgraph homeomorphic
n+2 n+2
from K [——-J a— . Since =n > 1, it follows that
2 2

each <Ui> does not contain K(n,n).

The set W has nm2

1
the partition, say U

points. Therefore, one set of

1° contains more than nm points

of W Let

lo

(1) (1) (1)
{ul T . } CIUl(]wl.

The fact that the set

(1 1
w, = (ul¥ 00t
is independent in V(Hl) implies there is a set S2 of
nm2 points of W2 such that each point of 82 is

adjacent to exactly the points of Ml' The average number

of points of 82 in each of Ul,...,Um_l exceeds nm,

The set Ul has less than n points of 82 because,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



106

. otherwise, <Ul> would contain K(n,n). Thus, at
least nm points of 82 are in some Ui different from

Ul’ say U2. Let
(2) . (2) (2) ()
{ul ,u2 ,...,unm 1 C 82 Uz.

Since every element of Szr]U2 is adjacent to exactly

the points of Ml’ the set
. (2) (2) , (1) (1)
My = e ooy ol e sy
is independent in Hz. In W3 there 1s a set 83 of

nm2 points adjacent to exactly the points of M,. No

set of n points of S3 can be in U1 nor in U2.

However, these nm2 points must be distributed among the

sets Ul""’U Thus, there 1is a set Uj’ J > 2,

m-1"

say U such that Uj has at least nm points of S

3° 3°

We let
(3) (3)
{u:L peeesu }CS3| |U3.

Since every point in 53(]U3 is adjacent to exactly the

points in Mz, the set
- (3) (3) (2) (2) (1) (1)
T P L SRl P RN PR

1s independent in H3.
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Assume now that, for j < m-1, the graph H, | has
]

an independent set of points

- (3) (3. . (1) (1),
Mj = {u(j-l)n+l ,...,ujn ""’u(j—l)n+1 ”"’ujn J

such that, for i = 1,...,7,

(1) (i)
lueyoiyntr 2ee09yn P C U;()ss
where Sl = wl and, for i = 2,...,]3, Si is a set of

nm2 points each adjacent to exactly the points of M._l

1
(1) (1) (i)
u }.

and Uirwsi contains the points { 1 2Up Cseeesu

Since the points of Mj are independent in H,, there

J
is a set Sj+l of nm2 points which are adjacent to
exactly the points of Mj. No set of n points of S‘+l
J
can be in~ Uk for k £ j Dbecause, otherwise, these n
: . (k) (k)
points, together with u(j—l)n+l ,...,ujn would
induce XK(n,n). Also, the nm2 points must be
distributed among Ul""’Um—l' Thus, there are at least
nm points of Sj+l in some Ui’ i 2 j+l1l, say Uj+l' Let
(3+1) (i+1)
er e sl S U .
{ul ’ >“nm } j+lrw j+l
Since the points of Sj+l(]Uj+1 are adjacent to exactly the

points of Mj’ the set

(3+1) (3+1) . (1) (1)

M = {ujn+l ,ooo,u(j+l)n ,...,ujn+l "..,u(j+l)n }

j+1

is independent in Hj+l'
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Thus, for j = m-~2, we have formed an independent

set = Mm of points of G which contain n points

M1 -1

from each of U Thus, there exists a set S

l’.'.’Umv—l' m
of nm2 points of Wm such that the points of Sm are

adjacent to exactly the points of Mm For some

-1
i=1,...,m=1, the set Sm(WUi must have more than nm
points, and therefore <Ui> contains K(n,n). This
contradiction implies fn(G) =m. //

As with the special case for point-arboricity, the

analogue of Zykov's result is immediate.

Corollary 4.2B. For any integers n, k, and d such

d
that n 2 1, d 2 2, and k 2 (-), there exists a
n

graph H such that fn(H) = k and w(H) = d.

Proof. Let G be the graph given in Theorem 4.2A
determined by k and n. Define H as GLJKd. The fact

that G has no triangles implies that w(H) = m(Kd) = d.
Since fn(H) = max{fn(G),fn(Kd)} and fn(Kd) = {g} s k,
it follows that fn(H) = k. //

As with Corollary 2.4B, the graph H given above
can be made connected by adding a line joining a point in
G with a point in Kd'

In [13] House showed that, for any integers k and
d such that 1 <« d ¢ k, there exists a graph G such

that w(G) = d and G 1is k-critical with respect to fl'
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For n 2 l; graph H, given in Corollary 4.2B, contains
a subgraph H' which is k-critical with respect to fn.
For example, take H' as any smallest induced subgraph of
H such that fn(H') =k, If d= 2, graph H' still
has clique number d., However, if d 2 3, the maximal
complete subgraph of H may have been destroyed in
obtaining H'., Thus, H has a subgraph which is k-
critical with respect to fn. But all such subgraphs may
have clique number less than d. Hence, we can only
conjecture that a result analogous to that obtained by

House exists for fn’ nz 2,

Conjecture 4.2C. For any integers n, d, and k such

d
that n 2 2, d 32 3, and k 2 {—}, there exists a
n

graph H which is k~critical with respect to fn and

w(H) = d.
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