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Color-Connected Graphs and
Information-Transfer Paths

Stephen Devereaux, Ph.D.

Western Michigan University, 2017

The Department of Homeland Security in the United States was created in 2003
in response to weaknesses discovered in the transfer of classified information after the
September 11, 2001 terrorist attacks. While information related to national security
needs to be protected, there must be procedures in place that permit access between ap-
propriate parties. This two-fold issue can be addressed by assigning information-transfer
paths between agencies which may have other agencies as intermediaries while requiring
a large enough number of passwords and firewalls that is prohibitive to intruders, yet
small enough to manage. Situations such as this can be represented by a graph whose
vertices are the agencies and where two vertices are adjacent if there is direct access
between them. Such graphs can then be studied by means of certain edge colorings of
the graphs, where colors here refer to passwords. During the past decade, many re-
search topics in graph theory have been introduced to deal with this type of problems.
In particular, edge colorings of connected graphs have been introduced that deal with
various ways every pair of vertices are connected by paths possessing some prescribed
color condition.

Let GG be an edge-colored connected graph, where adjacent edges may be colored the
same. A path P is a rainbow path in an edge-colored graph G if no two edges of P are
colored the same. An edge coloring ¢ of a connected graph G is a rainbow coloring of G
if every pair of distinct vertices of G are connected by a rainbow path in G. In this case,
G is rainbow-connected. The minimum number of colors needed for a rainbow coloring
of G is referred to as the rainbow connection number of G and is denoted by rc(G). A
path P is a proper path in G if no two adjacent edges of P are colored the same. An edge
coloring ¢ of a connected graph G is a proper-path coloring of G if every pair of distinct
vertices of G are connected by a proper path in G. If k colors are used, then c is referred

to as a proper-path k-coloring. The minimum k for which G has a proper-path k-coloring



is called the proper connection number pc(G) of G. In recent years, these two concepts
have been studied extensively by many researchers. It has been observed that these two
concepts model a communications network, where the goal is to transfer information in
a secure manner between various law enforcement and intelligence agencies. Research on
these two concepts has typically involved problems dealing with the minimum number
of colors required for the graphical models of these communications networks to possess
at least one desirable information-transfer path between each pair of agencies.

Looking at rainbow colorings and proper-path colorings in a different way brings up
edge colorings that are intermediate to rainbow and proper-path colorings. Let G be a
nontrivial connected edge-colored graph, where adjacent edges may be colored the same.
A path P in G is a proper path if no two adjacent edges of P are colored the same and is
a rainbow path if no two edges of P are colored the same. For an integer k > 2, a path
P in G is a k-rainbow path if every subpath of P having length at most & is a rainbow
path. An edge coloring of G is a k-rainbow coloring if every pair of distinct vertices of
G are connected by a k-rainbow path in G. The minimum number of colors for which
G has a k-rainbow coloring is called the k-rainbow connection number of G. Thus, if G

is a nontrivial connected graph whose longest paths have length ¢, then
pc(G) = rea(G) <r1es(G) < -+ < reg(G) = re(G).

We first investigate the 3-rainbow colorings in graphs and the relationships among
the 3-rainbow connection numbers and the well-studied chromatic number, chromatic
index, rainbow or proper connection numbers of graphs. Since every connected graph
G contains a spanning tree 7" and rcg(G) < rcg(7T), the various connection numbers of

trees play an important role in the study of general graphs. It is shown that

* for a triple (a,b,c) of integers with 2 < a < b < ¢, there exists a tree 7" with
pc(T) = a, re3(T) = band re(T) = cifandonlyifa =b=cor2 <a <b <

min{2a — 1, ¢} and

x for a triple (a, b, m)of positive integers, there exists a tree T' of size m with x'(G) = a
and rc3(T) = b if and only if @ < b < m such that a =b=mor 2 <a <b <

min{2a — 1,m}.

For each integer k > 3, the values of rci(G) are determined for several well-known classes

of graphs G. For example, if K, is the complete bipartite graph 2 < s < t, £ is the



length of a longest path in K,; and £ is an integer with 2 < £k < ¢, then

2 ifk=2
reg(Kst) = min{[\s/iw, 3} ifk=3
min { [Vt |, 4} if4<k <L

If T is a tree of diameter at least k for some integer k > 2, then
reg(T) = max{m(T’) : T' C T and diam(T") = k}.

With the aid of results on trees, upper bounds for rci(G) are established in terms of the
maximum degree of G. For example, if G is a connected graph of order at least k+1 > 4

and maximum degree A > 3, then

— t—
% if k=2t > 21is even

I‘Ck(G) S

1)t
142A - DA ek 91> 3 s odd,

We also establish sharp upper bounds for a connected graph in terms of its order.

* If G is a nontrivial connected graph of order n > 3 that is not a tree such that
the length of a longest path in G is ¢, then rci(G) < n — 2 for all integers k with
2 < k < /. Furthermore, the upper bound n — 2 is best possible.

* Let G be a connected graph of order n > 4 and size m > n + 1 and let ¢ be the
length of a longest path in GG. If G does not contain K, — e as a subgraph, then
rcg(G) < n — 3 for all integers k with 2 < k < £. Furthermore, the upper bound

n — 3 is best possible.

If G is a nontrivial connected graph of diameter d, then rcy(G) > d. Furthermore, if
G is a nontrivial tree of order n, then rcg(G) = n — 1 and so rcg(G) — diam(G) can
be arbitrarily large. On the other hand, if G is a connected graph of order n > 3 and
diameter d > 2 that is not tree, then d < rcg(G) < n— 2. It is shown that for each triple
(d,k,n) of integers with 2 < d < k < n — 1, there exists a connected graph G of order n
that is not a tree such that diam(G) = d and rc4(G) = k if and only if £ #n — 1.

One of well-known areas of research in graph theory involves the Hamiltonian prop-
erties of graphs. A Hamiltonian cycle in a graph G is a cycle containing every vertex of G

and a graph having a Hamiltonian cycle is a Hamiltonian graph. A Hamiltonian path in



a graph G is a path containing every vertex of G. A graph G is Hamiltonian-connected
if G contains a Hamiltonian u — v path for every pair u, v of distinct vertices of G. In a
rainbow coloring or a proper-path coloring of a connected graph G, every two vertices u
and v of G are connected by a rainbow u — v path or a proper © — v path and there is no
condition on what the length of such a path must be. For certain graphs G, however, it
is natural to ask whether there may exist an edge coloring of G using a certain number
of colors such that every two vertices of G are connected by a rainbow path or proper
path of a prescribed length.

For a Hamiltonian-connected graph G, an edge coloring c is called a Hamiltonian-
connected rainbow coloring if every two vertices of G are connected by a rainbow Hamil-
tonian path in G. The minimum number of colors needed in a Hamiltonian-connected
rainbow coloring of G is the rainbow Hamiltonian-connection number of G and is denoted
by hre(G). An edge coloring c is a proper Hamiltonian-path coloring if every two vertices
of G are connected by a proper Hamiltonian path in G. The minimum number of colors
needed in a proper Hamiltonian-path coloring of GG is the proper Hamiltonian-connection
number of G and is denoted by hpc(G).

Inspired by proper Hamiltonian-path colorings, k-rainbow colorings and Hamiltonian-
connected rainbow colorings of Hamiltonian-connected graphs, we introduce and study
the concept of k-rainbow Hamiltonian-path colorings of Hamiltonian-connected graphs.
Let G be an edge-colored Hamiltonian-connected graph, where adjacent edges may be
colored the same. For an integer k > 2, a Hamiltonian path P in G is a k-rainbow
Hamiltonian path if every subpath of P having length at most k£ is a rainbow path.
An edge coloring of G is a k-rainbow Hamiltonian-path coloring if every two vertices
of G are connected by a k-rainbow Hamiltonian path in G. The minimum number of
colors in a k-rainbow Hamiltonian-path coloring of G is the k-rainbow Hamiltonian-
connection number of G. Thus, k-rainbow Hamiltonian-path colorings are intermediate
to Hamiltonian-connected rainbow colorings and proper Hamiltonian-path colorings. In

particular, if G is a Hamiltonian-connected graph of order n > 4 and size m, then
2 < hpce(G) = hreg(G) < hreg(G) < -+ < hre,—1(G) = hre(G) < m.

We investigate the k-rainbow Hamiltonian-path colorings in two well-known classes of
Hamiltonian-connected graphs, namely the join G V K; of a Hamiltonian graph G and
the trivial graph K; and the prism G [0 Ky where G is a Hamiltonian graph of odd
order. Results and open questions are also presented.

There is a rainbow concept that is somewhat reverse to rainbow connection in graphs.

Let G be a nontrivial connected, edge-colored graph. An edge-cut R of G is called a



rainbow cut if no two edges in R are colored the same. An edge-coloring of G is a
rainbow disconnection coloring if for every two distinct vertices v and v of G, there
exists a rainbow cut in G, where u and v belong to different components of G — R. We
introduce and study the rainbow disconnection number rd(G) of G, which is defined as
the minimum number of colors required of a rainbow disconnection coloring of G. It is
shown that the rainbow disconnection number of a nontrivial connected graph G equals
the maximum rainbow disconnection number among the blocks of G. It is also shown
that for a nontrivial connected graph G of order n, rd(G) = n — 1 if and only if G
contains at least two vertices of degree n — 1. The rainbow disconnection numbers of
all grids P, 00 P, are determined. Furthermore, it is shown for integers k and n with
1 <k <n—1 that the minimum size of a connected graph of order n having rainbow

disconnection number k is n + k — 2. Other results and a conjecture are also presented.



ACKNOWLEDGMENTS

I first give God all of the glory for His provision, wisdom, peace, and guidance on a
wonderful journey that I would never have chosen myself.

Deepest thanks and gratitude to my advisor, Dr. Ping Zhang, who cheered for me
when I felt incapable, believed I could do great things, and pushed me to accomplish more
than I thought I could achieve. Her careful organization, patience, and encouragement
made all of this possible.

Thank you to all of my committee members. Thanks to Dr. Chartrand for his kind
words, good thoughts, and gentle encouragement. Thank you to Dr. Bennett for asking
good questions that made me think about new things. Thanks to Dr. Martino for
providing valuable feedback and for cheering me on. Great thanks to Dr. Hedetniemi
for the plethora of comments and suggestions that made this paper the best it could be.

Thank you to my wife, Ana, who poured encouragement into me like a fountain,
reminded me that my identity is not in my failures, showed me grace and love when I
needed it most, and heard me talk about so much graph theory that she probably could
have written these chapters herself.

Finally, thank you to all of my friends and family who supported me for the years

spent on this journey. Your care for me kept me going more than you will know.

Stephen Devereaux

ii



(©) 2017 Stephen Devereaux



TABLE OF CONTENTS

ACKNOWLEDGEMENTS
LIST OF FIGURES

1 Introduction
1.1. An Information-Transfer Problem..............coooviiiiiiiiiiiiiieea
1.2. Rainbow and Proper-Path Colorings ..o,
1.3. The Knight’s Tour Problem...........cooiiiii
1.4, E-Rainbow ColoTings. .....couiieiiiii i
1.5. Basic Definitions and Notation............coooiiiiiiiiiii
1.5.1 Proper Vertex and Edge Colorings .........coooviiiiiiiiiiiiiiiiiiicice,
1.5.2 Hamiltonian COmCePtS . ..uiuineieitt it
1.5.3 Cut-Sets and Connectivity ........co.oiiiiiii
1.5.4 DiStance COmCEPES . ..uunt ettt ettt ettt

2 On 3-Rainbow Connected Graphs
2.1. Preliminary Results ......cooiiiiii
2.2. Complete Bipartite Graphs ......c.oooviiiiiiii e
2.3. On the 3-Rainbow Connection Number of a Tree...............ocooiiiiiiinn.n.

2.4. The 3-Rainbow Connection Number and Chromatic Index......................

3 On k-Rainbow Colorings of Graphs
3.1 Introduction .. ..o
3.2. k-Rainbow Colorings of Complete Multipartite Graphs ..........................
3.3. k-Rainbow Colorings of Paths, Cycles and Wheels .................coooii.
3.4. k-Rainbow Colorings of Prisms ..........coooiiiiiiiiiii
3.5. k-Rainbow Colorings of Umbrella Graphs.............cooooiiiiiiii.

4 Bounds for k-Rainbow Connection Numbers
4.1. k-Rainbow Colorings of Trees .......c..oiiiiiiiiiiiiiiiie

iii

ii

10

11
11
17
20
25

27
27
28
30
32
34

42



Table of Contents — Continued

4.2, Unicyclic Graphis.....o.uo. i
4.3. Graphs of Cycle Rank 2 ......coooiiiiii
4.4. Diametric-Rainbow Colorings in Graphs .............cocooiiiiiiiiiiiiiiii.
5 k-Rainbow Hamiltonian- Connected Graphs
5.1, INtroduction .. ..o.oiuiiei
5.2. k-Rainbow Hamiltonian-Path Colorings of Wheels .................c.ooi.
5.3. k-Rainbow Hamiltonian-Path Colorings in Prisms................cocoo.
6 Rainbow Disconnection in Graphs
6.1, IntroduCtion . ..o e
6.2. Graphs with Prescribed Rainbow Disconnection Number........................
6.3. Rainbow Disconnection in Grids and Prisms..................coo.
6.4. Extremal Problems.........ooiiiiiii i
7 Topics for Further Study
7.1. Problems on 3-Rainbow Connection ...............coooiiiiiiiiiiiiiiiiiii...
7.2. RAINDOW SEQUEIICES. ...ttt ettt et
7.3. k-Rainbow Connectivity ........cooiiiiiiiii i
7.4. Color Disconnection in Graphs..........cooeviiriiiiiiiiiiiii e,
BIBLIOGRAPHY

v

73
73
75
81

88
88
93
96
102

106
106
108
108
109

110



LIST OF FIGURES

1.1 Three edge colorings of a graph G .......cccoiiiiiiiiiiii 5
2.1 The graphs G and Fl.....cooouiiiii 16
2.2 A graph G with rc3(G) < 2A(G) — 1 for which every .........cocooeiiiiinnn. 24
3.1 A 5-rainbow coloring ¢ of Cg [J Ko in Case 2 .......ccooiiiiiiiiiiiiiiiiiinan. 34
3.2 The umbrella graph U(a,b) .......ccooiiiiiiiiiiiiii 35
3.3 The k-rainbow (b + 1)-colorings of U(3,b) and U(4,b) when k > b+ 2....... 37
3.4 A k-rainbow 3-coloring of U(5,b) forb=1,2 and k >b+2..................... 37
3.5 A k-rainbow 3-coloring of U(5,b) for b >3 for k> b+2.....ccoccviviininiinn.n. 38
3.6 A k-rainbow 4-coloring for each of U(6,3) and U(7,3) ....coevvvvieiiinnnnnnn. 39
3.7 A k-rainbow 4-coloring for each of U(8,2) and U(9,2) ...........cooeviiinnn. 40
4.1 The subtrees T[E], T and T" of T .....ccoiiiiiiiiiii 45
4.2 A 4-rainbow 12-coloring of T ......cooiiiiiiiiiii 46
4.3 A 5-rainbow 17-coloring of T ..ot 47
4.4 A step in the proof of Case 1.......cooiiiiiiiiii e 49
4.5 The sets U; and W; of the tree T in Case 2........cccooiiiiiiiiiiiiiiiiiii i, 51
4.6 The graph G c.ooeieini 61
4.7 Three possible types of subgraphs...........c.ooooiiiii 63
4.8 Graphsin Gos and Gog «.oovovnevniniiiii 64
4.9 A graph G with diam(G) =din Case 1 .......ccoviiiiiiiiiiiiiii, 68
4.10 A graph G with diam(G) =din Case 2 .........cooiiiiiiiiiiiii 69
4.11 A k-rainbow coloring e of the tree T .....cooooiiiiiiiiiiii 70
4.12 A k-rainbow coloring ¢ of the graph G in Case 1 ...........coooiiiiiiiiiiin... 70
4.13 A k-rainbow coloring ¢ of the graph G in Case 2 ...........c.coiiiiiiiin. 72
5.1 Proper Hamiltonian-path colorings of W, forn =4,5,6 ..................o.... 79
5.2 The graph Cg [ Ko e 82
5.3 A 4-rainbow Hamiltonian-path coloring of Co O Ky for k=4.................. 85



6.1
6.2
6.3
6.4

7.1

List of Figures — Continued

Rainbow disconnection colorings of Wg and Wy ..o, 90
A rainbow disconnection coloring of G 7...............oo 97
A rainbow disconnection coloring of Gz 7................... 98
A proper 4-edge coloring of P L Cr cooviviiiiiiii e 101
A 2-connected graph H with rco(H) =rc3(H) =3 .ooiiiiiiiiiiin. 106

vi



Chapter 1

Introduction

In this chapter, we provide background and motivation for research topics studied in this
work and review some fundamental concepts and results on graph colorings that will be
encountered as we proceed. In addition, we review some facts concerning Hamiltonian
properties, vertex-cuts and connectivity concepts in graphs. We refer to the books
[15, 16] for graph theoretic notation and terminology not described in this work. All

graphs under consideration here are nontrivial connected graphs in general.

1.1 An Information-Transfer Problem

It was stated in [12] that the Department of Homeland Security in the United States
was created in 2003 in response to weaknesses discovered in the transfer of classified
information after the September 11, 2001 terrorist attacks. In [19], Ericksen made the

following observation:

An unanticipated aftermath of those deadly attacks was the realization that
law enforcement and intelligence agencies couldn’t communicate with each
other through their reqular channels from radio systems to databases. The
technologies utilized were separate entities and prohibited shared access, mean-
ing there was no way for officers and agents to cross check information be-

tween various organizations.

While information related to national security needs to be protected, there must be
procedures in place that permit access between appropriate parties. This two-fold issue
can be addressed by assigning information-transfer paths between agencies which may
have other agencies as intermediaries while requiring a large enough number of passwords
and firewalls that is prohibitive to intruders, yet small enough to manage. An immediate

question arises:



What is the minimum number of passwords or firewalls needed that permits

the existence of one or more secure paths between every two agencies?

To answer this question, we need an understanding of what is meant by a secure
information-transfer path. There are many possible interpretations of what might be
meant by such a secure path. At one extreme, a path may be considered secure only if
the passwords along the path are distinct. A considerably less stringent interpretation
might require only that every pair of consecutive passwords along the path be distinct.
As described in [12], situations such as this can be represented by a graph whose vertices
are the agencies and where two vertices are adjacent if there is direct access between
them. Such graphs can then be studied by means of certain edge colorings of the graphs,

where colors here refer to passwords.

1.2 Rainbow and Proper-Path Colorings

A rainbow coloring of a connected graph G is an edge coloring ¢ of G with the property
that for every two vertices u and v of G, there exists a u — v rainbow path (no two edges
of the path are colored the same). In this case, G is rainbow-connected (with respect to
¢). The minimum number of colors needed for a rainbow coloring of G is referred to
as the rainbow connection number of G and is denoted by rc(G). These concepts were
introduced in 2006 and studied by Chartrand, Johns, McKeon and Zhang [12]. In recent
years, this topic has been studied by many and, in fact, there is a book by Li and Sun
[28] on rainbow colorings, published in 2012.

While passwords have been around for ages, passwords, as we know them, are used to
stop unauthorized individuals from having access to private information. In recent years,
it has become increasingly clear of the necessity of using more complex passwords and of
changing passwords more frequently. Indeed, some policies of agencies and institutions
require their users to change passwords — every year, every 180 days or perhaps every 90
days. This, of course, makes remembering new passwords more difficult. Since protecting
security is critical, some policies require any new password to be distinct from those
passwords used within a certain time period. For example, one American university
requires its employees to change passwords at least once a year and not use the same
password that has been used during the past 20 years. This suggests another concept
in graph theory, namely that of assigning colors to the edges of a connected graph G so
that every two vertices of G are connected by a path P having the property that the
colors on every subpath of P of length k or less are distinct (a rainbow subpath).

Let G be an edge-colored connected graph, where adjacent edges may be colored the



same. A path P in G is properly colored or, more simply, is a proper path in G if no two
adjacent edges of P are colored the same. An edge coloring ¢ of a connected graph G
is a proper-path coloring of G if every pair of distinct vertices of G are connected by a
proper path in G. If k colors are used, then c is referred to as a proper-path k-coloring.
The minimum k for which G has a proper-path k-coloring is called the proper connection
number pc(G) of G. This concept was defined by Borozan et al. in [8] and studied by
many (see [1, 27] for example).

While proper-path colorings were introduced to parallel concepts dealing with rain-
bow colorings, there is motivation for this concept corresponding to that introduced for
rainbow colorings of graphs. With regard to the national security discussion mentioned

above, we are then interested in the answer to the following question:

What is the minimum number of passwords or firewalls that allow one or
more secure paths between every two agencies where, as we progress from one

step to the next along such a path, we are required to change passwords?

In [27], Li and Magnant reported that when building a communications network
between wireless signal towers, one fundamental requirement is that the network be
connected. If there cannot be a direct connection between two towers A and B for
any variety of reasons (such as there is a mountain between the towers), then it is
necessary to have a route through other towers to proceed from A to B. As a wireless
transmission passes through a signal tower, it would help to avoid interference if the
incoming signal and the outgoing signal do not share the same frequency. Suppose we
assign a vertex to each signal tower, an edge between two vertices if the corresponding
signal towers are directly connected by a signal and assign a color to each edge based
on the assigned frequency used for the communication. Then the minimum number of
frequencies needed to assign to the connections between towers so that there is always a
path avoiding interference between each pair of towers is precisely the proper connection

number of the corresponding graph.

1.3 The Knight’s Tour Problem

Anther motivation has been suggested for the study of proper-path colorings of graphs.
The Knight’s Tour Problem is a famous problem that asks whether it’s possible for a
knight to tour an 8 x 8 chessboard where each square of the chessboard is visited exactly
once (except that the final square visited is the initial square of the tour) and each step

along the tour is a single legal move of a knight. It is well known that such a tour is



possible. Since a single move of a knight causes the knight to move from a square of
one color on the chessboard to a square of the other color, it follows that if two knights
were placed on any two squares of a chessboard, then there exists a path of legal moves
from one knight to the other on a chessboard, using legal knight moves, such that the
squares visited along the path alternate in color. Because the Knight’s Tour Problem is
equivalent to that of finding a particular type of Hamiltonian cycle on the grid Py [J Pg
(the Cartesian product of Pg and Fj), this brings up two possible graph colorings.

(1) Colors are assigned to the edges of a connected graph G so that for every two
vertices u and v of G, there exists a u — v path P in G such that every two

adjacent edges on P have distinct colors.

(2) Colors are assigned to the vertices of a connected graph G so that for every two
vertices u and v of G, there exists a u—v path P in G such that every two adjacent

vertices on P have distinct colors.

It is colorings of type (1), of course, that lead us once again to proper-path colorings of

connected graphs.

1.4 k-Rainbow Colorings

Let us review the various edge-colorings we have discussed. First, if G is an edge-colored
graph such that for every two vertices u and v, there exists a u — v path P having
the property that every subpath of P is a rainbow path, then this edge coloring is a
rainbow coloring. On the other hand, if for every two vertices u and v, there exists a
u — v path @ having the property that every subpath of @ of length (at most) 2 is a
rainbow path, then this edge coloring is a proper-path coloring. However, what if we
require this for subpaths of length greater than 2?7 Looking at rainbow colorings and
proper-path colorings in this way brings up, quite naturally, other edge colorings that
are intermediate to rainbow and proper-path colorings.

More formally, let G be an edge-colored nontrivial connected graph, where adjacent
edges may be colored the same. For an integer k > 2, a path P in G is a k-rainbow
path (with respect to the edge coloring) if every subpath of P having length k or less is
a rainbow path. Thus, every proper path is a 2-rainbow path and for each k£ > 3, a k-
rainbow path is also an ¢-rainbow path for every integer ¢ with 2 < ¢ < k. In particular,
every k-rainbow path is a proper path for each integer k > 2.

For an integer k£ > 2, an edge coloring c is a k-rainbow coloring of a connected graph

G if every pair of distinct vertices of G are connected by a k-rainbow path in G. In

4



this case, the graph G is k-rainbow connected (with respect to c). If j colors are used to
produce a k-rainbow coloring of G, then ¢ is referred to as a k-rainbow j-edge coloring (or
simply a k-rainbow j-coloring). The minimum j for which G has a k-rainbow j-coloring
is called the k-rainbow connection number rci(G) of G. Hence, rco(G) = pc(G) and
rk(G) = rc(G) if k is the length of a longest path in G. For every nontrivial connected
graph G of size m and integer k > 2,

1 < pc(GQ) < reg(G) < re(G) < m. (1.1)

To illustrate these concepts, a proper-path 2-coloring, a 3-rainbow 3-coloring and a
rainbow 4-coloring are shown for the graph G in Figure 1.1. In fact, for this graph G,
we have pc(G) = 2, reg(G) = 3 and rc(G) = 4.

I%N S

proper-path coloring 3-rainbow coloring rainbow coloring

Figure 1.1: Three edge colorings of a graph G

1.5 Basic Definitions and Notation

In this section, we review some basic concepts in graph theory that we will need along
with some of the theorems that have been obtained concerning them. We refer to the

books [15, 16] for additional information about these concepts.

1.5.1 Proper Vertex and Edge Colorings

The vertex colorings of a graph G that have received the most attention over the years are
proper colorings (see [15, 36, 37]). A proper vertex coloring of a graph G is a function ¢
from V(G) to some set S of objects (colors) such that c¢(u) # c(v) for every pair u,v of
adjacent vertices of G. In our case, S = [k] = {1,2,...,k} for some positive integer k
and so the coloring c is a k-vertex coloring (or, more often, simply a k-coloring) of G.
The minimum positive integer k for which G has a k-vertex coloring is the chromatic
number of G, denoted by x(G). For graphs of order n > 3, it is immediate which graphs
of order n have chromatic number 1, 2 or n. A graph is empty if it has no edges; thus,

a nonempty graph has one or more edges.



Observation 1.5.1 If G is a graph of order n > 3, then x(G) = 1 if and only if G is
empty, xX(G) = n if and only if G = K,,, and x(G) = 2 if and only if G is a nonempty
bipartite graph.

By Observation 1.5.1 then, x(G) > 3 if and only if G contains an odd cycle. The

following result, though elementary, is useful.
Proposition 1.5.2 If H is a subgraph of a graph G, then x(H) < x(G).

The cliqgue number w(G) of a graph G is the maximum order of a complete subgraph

of GG. The following result is therefore a consequence of Proposition 1.5.2.
Corollary 1.5.3 For every graph G, w(G) < x(G).

There are graphs G for which x(G) and w(G) may differ significantly. As far as upper
bounds for the chromatic number of a graph G are concerned, the following result gives

such a bound in terms of the maximum degree A(G) of the graph G.
Theorem 1.5.4 For every graph G, x(G) < A(G) + 1.

For each positive integer n, x(K,) =n = A(K,) + 1 and for each odd integer n > 3,
x(Cr) =3 = A(C,) + 1. Brooks [6] proved that these two classes of graphs are the only
connected graphs with this property.

Theorem 1.5.5 (Brooks’ Theorem) If G is a connected graph that is neither an odd
cycle nor a complete graph, then x(G) < A(G).

A proper edge coloring c of a nonempty graph G is a function ¢ : E(G) — {1,2,...,k}
for some positive integer k with the property that c(e) # ¢(f) for every two adjacent
edges e and f of G. If the colors are chosen from a set of k colors, then c is called a k-edge
coloring of G. The minimum positive integer k for which G has a k-edge coloring is called
the chromatic index of G and is denoted by x'(G). It is immediate for every nonempty
graph G that x'(G) > A(G). The best known and most useful theorem dealing with the

chromatic index is one obtained by Vizing [34].

Theorem 1.5.6 (Vizing’s Theorem) For every nonempty graph G,

X (G) < A(G) + 1.



As a result of Vizing’s theorem, the chromatic index of a nonempty graph G is one
of two numbers, namely either A(G) or A(G) + 1. A graph G with x'(G) = A(G) is
called a class one graph while a graph G with x'(G) = A(G) + 1 is called a class two
graph. The following result is essentially due to Konig [26].

Theorem 1.5.7 (Konig’s Theorem) FEvery nonempty bipartite graph is of class one.

Every complete bipartite graph is of class one, while cycles and complete graphs are
of class one if their orders are even and are of class two if their orders are odd. For an
r-regular graph G, either x'(G) =r or xX'(G) = r 4+ 1 by Vizing’s theorem. If x'(G) = r,
then there is an r-edge coloring of G, resulting in r color classes Fq, Fs, ..., E,.. Since
every vertex v of G has degree r, the vertex v is incident with exactly one edge in each
set E; (1 < i < r). Therefore, each color class E; is a perfect matching (or a 1-factor)

and G is 1-factorable. The following results are known (see [15]).
Theorem 1.5.8 A regular graph G is of class one if and only if G is 1-factorable.
Corollary 1.5.9 FEvery regular graph of odd order is of class two.

We refer to the books [15, 36, 37] for more information on graph colorings.

1.5.2 Hamiltonian Concepts

A Hamiltonian pathin a graph G is a path containing every vertex of G and a Hamiltonian
cycle in a graph G is a cycle containing every vertex of G. A graph having a Hamiltonian
cycle is a Hamiltonian graph. A graph G is Hamiltonian-connected if G contains a
Hamiltonian u — v path for every pair u,v of distinct vertices of G. Among many
sufficient conditions for a graph G to be Hamiltonian or Hamiltonian-connected are
those concerning the minimum of the degree sums of two nonadjacent vertices in G and

are those concerning the size of G. For a nontrivial graph G that is not complete, let
02(G) = min{degu + degv : uv ¢ E(G)}.
For a connected graph G, let
diam(G) = max{d(u,v) : u,v € V(G)}

denote the diameter of G, where d(u,v) is the length of the shortest path from u to v.

The following result is well known (see [16, p. 152], for example).



Theorem 1.5.10 If G is a graph of order n > 2 such that 03(G) > n — 1, then G

contains a Hamiltonian path.

The following two results are due to Ore, the first of which was obtained in 1960 [30]
and the second in 1963 [31].

Theorem 1.5.11 (Ore) If G is a graph of order n > 3 such that o2(G) > n, then G

is Hamiltonian.

Theorem 1.5.12 (Ore) If G is a graph of order n > 4 such that 02(G) > n + 1, then

G is Hamiltonian-connected.

Each of Theorems 1.5.10-5.1.1 has a corollary providing a lower bound on the mini-

mum degree 0(G) for a graph G to possess the respective property.

Corollary 1.5.13 IfG is a graph of order n > 2 with §(G) > (n—1)/2, then G contains

a Hamiltonian path.

The following result (which is a corollary of Theorem 1.5.11) is the first theoretical

result on Hamiltonian graphs. This result occurred in 1952 and is due to Dirac [17].

Corollary 1.5.14 (Dirac) If G is a graph of order n > 3 with 6(G) > n/2, then G is

Hamiltonian.
The following result is a corollary of Theorem 5.1.1.

Corollary 1.5.15 If G is a graph of order n > 4 with 6(G) > (n+ 1)/2, then G is

Hamiltonian-connected.

It is well known that all bounds stated in Corollaries 1.5.13, 1.5.14 and 1.5.15 are
sharp.

1.5.3 Cut-Sets and Connectivity

A wertex-cut of a graph G is a set S of vertices of G such that G — S is disconnected.
A vertex-cut of minimum cardinality in G is called a minimum vertez-cut of G and this
cardinality is called the wertez-connectivity (or the connectivity) of G (when G is not
complete) and is denoted by k(G). Complete graphs do not contain vertex-cuts. The
connectivity of the complete graph of order n is defined as n — 1, that is, k(K,) = n— 1.
In general, the connectivity k(G) of a graph G is the smallest number of vertices whose
removal from G results in either a disconnected graph or a trivial graph. Therefore, for

every graph G of order n,



0<k(G)<n-—1.

Thus, a graph G has connectivity 0 if and only if either G = K; or G is disconnected;
a graph G has connectivity 1 if and only if G = Ky or G is a connected graph with
cut-vertices; and a graph G has connectivity 2 or more if and only if G is a nonseparable
graph (connected and no cut-vertices) of order 3 or more.

A graph G is k-connected for some positive integer k if k(G) > k. That is, G is
k-connected if the removal of fewer than k vertices from G does not result in a discon-
nected graph. The 1-connected graphs are then the nontrivial connected graphs, while
the 2-connected graphs are the nonseparable graphs of order 3 or more. Whitney [35]
provided a useful characterization of k-connected graphs regarding the number of inter-
nally disjoint paths. Note that two u — v paths are internally disjoint if they have only

w and v in common.

Theorem 1.5.16 (Whitney’s Theorem) A nontrivial graph G is k-connected for some
positive integer k if and only if for each pair u,v of distinct vertices of G, there are at

least k internally disjoint u — v paths in G.

An edge-cut of a graph G is a subset X of E(G) such that G — X is disconnected. An
edge-cut of minimum cardinality in G is a minimum edge-cut and this cardinality is the
edge-connectivity of G, which is denoted by A\(G). The trivial graph K; does not contain
an edge-cut but its edge-connectivity is defined to be 0; that is, A(K7) = 0. Therefore,
A(G) is the minimum number of edges whose removal from G results in a disconnected
or trivial graph. Since the set of edges incident with any vertex of a graph G of order n

is an edge-cut of G, it follows that
0<AG)<H§G)<n-—1

A graph G is k-edge-connected for some positive integer k if A(G) > k; namely, G
is k-edge-connected if the removal of fewer than k edges from G results in neither a
disconnected graph nor a trivial graph. Thus, a 1-edge-connected graph is a nontrivial
connected graph and a 2-edge-connected graph is a nontrivial connected bridgeless graph.
There is a well-known edge analogue of Whitney’s Theorem that appears in many sources
(see [14, 102], for example).

Theorem 1.5.17 A nontrivial graph G is k-edge-connected if and only if G contains k

pairwise edge-disjoint uw — v paths for each pair u,v of distinct vertices of G.



1.5.4 Distance Concepts

Let G be a nontrivial connected graph. The distance d(u,v) between vertices u and v
in G is the minimum number of edges in a u — v path in G. The eccentricity e(v) =
max{d(v,w) : w € V(G)} of a vertex v of G is the distance between v and a vertex
farthest from v in G. The diameter diam(G) = max{e(v) : v € V(G)} of G is the largest
eccentricity among the vertices of G and the radius rad(G) = min{e(v) : v € V(G)} is
the smallest eccentricity among the vertices of G. Therefore, the diameter of G is the
greatest distance between any two vertices of G. A vertex v with e(v) = rad(G) is called
a central vertex of G and a vertex v with e(v) = diam(G) is called a peripheral vertex
of G. Two vertices u and v of G with d(u,v) = diam(G) are antipodal vertices of G.
Necessarily, if © and v are antipodal vertices in G, then both w and v are peripheral
vertices. The subgraph induced by the central vertices of a connected graph G is the
center of G and the subgraph induced by the peripheral vertices of a connected graph G
is the periphery of G. The following result is due to Hedetniemi (see [9]).

Theorem 1.5.18 [9] Every graph is the center of some graph.

While every graph is the center of some graph, this is not true for the periphery. The
following result is due to Bielak and Syslo (see [5]).

Theorem 1.5.19 [5] A nontrivial graph G is the periphery of some graph if and only

if every vertex of G has eccentricity 1 or no vertex of G has eccentricity 1.
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Chapter 2

On 3-Rainbow Connected Graphs

In this chapter, we investigate k-rainbow colorings of graphs for the case where k = 3.
Let’s first review this concept. Let G be a connected graph of order at least 4. An edge
coloring ¢ of GG is a 3-rainbow coloring if every pair of distinct vertices of G are connected
by a path every subpath of which having length 3 or less is a rainbow path. The minimum
integer j for which G has a 3-rainbow j-coloring is called the 3-rainbow connection number
res(G) of G. We investigate the relationship between the 3-rainbow connection numbers
and the well-studied rainbow and proper connection numbers of graphs. The values of
rcg(G) are determined for several well-known classes of graphs G. With the aid of the
3-rainbow connection number of a tree, we establish sharp bounds for the 3-rainbow
connection number of a graph and some realization results on trees. Furthermore, we
study the relationship between the 3-rainbow connection numbers, chromatic number and
chromatic index of a graph and present a realization result on the 3-rainbow connection

number and chromatic index of a graph.

2.1 Preliminary Results

Let G be a nontrivial connected graph of order n and size m. In the case of the k-rainbow

connection number when k = 3, the inequalities in
1 < pc(G) <rei(G) <re(G) < m for all integers k > 2
give rise to the following inequalities:
1 <pc(G) <re3(G) <re(G) < m. (2.1)

Since rc(G) = 1 if and only if G = K, it follows that pc(G) = rc3(G) = 1 if and only if
G = K,,. Thus, rc3(G) =1 if and only if rc(G) = 1.

11



Proposition 2.1.1 Let G be a nontrivial connected graph. Then
rc(G) = 2 if and only if re3(G) = 2.

Proof. If r¢(G) = 2, then G is not complete and so 2 < rc3(G) < re(G) = 2. Thus,
rcg(G) = 2. For the converse, suppose that rc3(G) = 2. Then there exists a 3-rainbow
2-coloring ¢ of GG. Since the only 3-rainbow paths in G are proper 2-colored paths, it

follows that c is also a rainbow 2-coloring of G. Hence, rc(G) = 2. (]
The following observation is immediate.

Observation 2.1.2 Let G be a nontrivial connected graph.
If res(G) = 2, then pe(G) = 2.

Not surprisingly, the converse of Observation 2.1.2 is false. For example, pc(Py) = 2,
while reg(Py) = 3. In fact, if ¢ is a 3-rainbow coloring of a graph G and P is a 3-rainbow
path of length at least 3, then the number of colors of the edges of P is at least 3. This

observation gives the following result.

Proposition 2.1.3 If G is a connected graph with diam(G) > 3, then

reg(G) > 3.

It is probably not surprising that the converse of Proposition 2.1.3 is false. For
example, the diameter of the Petersen graph P is 2 and it is known that pc(P) = 2 and
rc(P) = 3. Thus, either rcg(P) = 2 or rcg(P) = 3. We show that rc3(P) = 3. Assume,
to the contrary, that there is a 3-rainbow 2-coloring ¢ of P using the colors 1 and 2.
Since P is 3-regular, there are two adjacent edges of P that are colored the same, say
c(uv) = c¢(vw) = 1. Since (u, v, w) is not a proper path and the girth of P is 5, the length
of any 3-rainbow u — v path of the Petersen graph P is at least 3, which is impossible.
Hence, rc3(P) = 3. Following this example, one might hope that a small diameter would
result in an upper bound on the 3-rainbow connection number. However, as we will see
later, the 3-rainbow connection number of a graph can be arbitrarily large regardless of
the diameter.

If H is a connected spanning subgraph of G and cy : E(H) — [k] is a 3-rainbow
k-coloring of H, then cy can be extended to a 3-rainbow coloring cg of G by assigning
any color in [k] to each edge in E(G)— E(H). Since every two vertices of G are connected
by a 3-rainbow path in H (and so in G), it follows that ¢ is a 3-rainbow k-coloring of

G. This observation gives the following result.

12



Proposition 2.1.4 If H is a connected spanning subgraph of a nontrivial connected

graph G, then rc3(G) < res(H). In particular, if T is a spanning tree of G, then

rc3(G) <res(T).
In the case of paths, we have the following.
Proposition 2.1.5 For each integer n > 4, rcs3(P,) = 3.

It is shown in [12] that rc(C,) = [n/2] for each integer n > 4. Thus,
re3(Cy) = 1e(Cy) = 2 and re3(Cs) = re(Cs) = 3.
More generally, we have the following.

Proposition 2.1.6 For each integer n > 5, rc3(C,) = 3.

A Hamiltonian path in a graph G is a path containing every vertex of G. A graph
G containing a Hamiltonian path is a traceable graph. The following is an immediate

consequence of Propositions 2.1.4 and 2.1.5.
Corollary 2.1.7 If a graph G is traceable, then rcz(G) < 3.

As an illustration of Corollary 2.1.7, we determine the 3-rainbow connection number
of grids. The Cartesian product G 1O H of two vertex-disjoint graphs G and H is the
graph with vertex set V(G) x V(H), where (u,v) is adjacent to (w,x) in G O H if and
only if either u = w and vx € E(H) or uw € E(G) and v = . The m x n grid graph

Gmn = Py O P, consists of m horizontal paths P, and n vertical paths P,,.

Proposition 2.1.8 Let m,n € N with m > 2 andn > 2. Then

2 m=n=2
3 m>3 orn > 3.

reg(Pp, O Py) = {
Proof. Let G = P,, O P, and suppose first that m = n = 2. For this proof, the
vertices of G are considered as entries of a matrix, where x; ; denotes the vertex in row
i and column j, where 1 <i<mand 1 <j <n.
Since G is not complete, rc3(G) > 2. We demonstrate that G has a 3-rainbow
2-coloring. Indeed, let

® C($il’j1$i27j2) =1if il = iz, and
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i C(xihﬁxizdz) =2if iy # iy

In other words, all horizontal paths are colored 1 and all vertical paths are colored 2.
Since every path between two vertices in G requires at most one vertical edge and at
most one horizontal edge, this is a 3-rainbow 2-coloring of G.

Now suppose without loss of generality that m > 3. Since the graph G now has
diameter at least 3, rc3(G) > 3 by Proposition 2.1.3. However, since G is traceable,
Corollary 2.1.7 implies that rc3(G) < 3. Thus, rc3(G) = 3 in this case, as desired. ]

The join G = G1V G2 of G and G3 has vertex set V(G) = V(G1) UV (G2) and egde
set

E(G)=E(G))UE(Gy)U{uv:ueV(Gy),veV(Ga)}.

One example is the wheel W, = C,, V K; of order n 4+ 1 > 4, which is the join of a cycle

C, and Kj, for which we have the following result.

Proposition 2.1.9 For the wheel W, of order n+1 > 4,

1 ifn=3
res(Wp)=4¢ 2 ifd<n<6
3 ifn>"T.

Proof. Since W3 = Ky, it follows that rc3(W3) = 1. Thus, we may assume that n > 4.
Let C,, = (v1,v2,...,vn,v1) and V(K1) = {v}. First, suppose that n = 4,5,6. We define
an edge coloring ¢ : E(W,,) — {1,2} as follows:

* If n =4, let ¢ be a proper coloring of Cy and let c(vv;) =1 for 1 < < 4;
*x If n =25, let ¢(e) =1 if e € {vv1,v1v2,v3v4} and ¢(e) = 2 otherwise;

* If n = 6, let ¢ be a proper coloring of Cg, let c(vv;) = 1 for 1 <14 < 3 and c(vv;) = 2
for 4 <3 <6.

In each case, ¢ is a 3-rainbow 2-coloring ¢ of W, and so rc3(W,,) = 2 for n = 4,5, 6.
Next, suppose that n > 7. Since W, is traceable, it follows by Corollary 2.1.7 that
rcg(W,) < 3. It remains to show that rcs(WW,) # 2. Assume, to the contrary, that there
is a 3-rainbow 2-coloring ¢ of W,, using the colors 1 and 2 for some integer n > 7. Thus,
for each pair z,y of distinct vertices of W,,, there is a properly colored x — y path of
length 2 in W,,. First, observe that if 7,5 € {1,2,...,n} such that |i — j| > 3, then
there is a unique v; — v; path of length 2 in W, namely, (v;,v,v;). We may assume,

without loss of generality, that c(vv;) = 1. Hence, c(vv;) = 2 for 4 < i < n — 2. Since

14



c(vvy) = c(vvp—2) = 2, it follows that c(vvy) = c(vv,) = 1. Next, since c(vvy) = 1,
this implies that ¢(vv,—1) = 2. Similarly, since c(vv,) = 1, we have c¢(vvs) = 2. Thus,
c(vvg) = c(vvp—1) = 2. Since the only vs — v,—1 path of length 2 in W), is (vs,v,vp—1),

which is not proper, this produces a contradiction. Therefore, rc3(W,,) =3 forn >7. m

It is shown by Chartrand et al. in [12] that if W), is the wheel of order n + 1 > 4,
then

1 ifn=3
rc(Wn) = 2 if4<n<6
3 ifn>7.

Thus, rcg(W,) = re(W,,) for n > 3.
In Proposition 2.1.9, we saw that rc3(W,) = 3 for n > 7, while rc3(Ws) = 2. The
reason for this is that for each integer n > 7, the cycle C,, = (v1,va,..., vy, v1) has the

property that C), contains a vertex u; for which there exists a cyclic sequence
STUL,U2y ..., ULy Uk+1 = UL

of k distinct vertices of C), for some odd integer k& > 3 such that d¢,, (ui, uir1) > 3 for
each integer i for 1 < i < k. In general, we will say that a graph G has Property (1) if
it contains a vertex uy for which such a cyclic sequence exists. In fact, here every vertex

of C), has Property (1). For example, for n = 7, the cyclic sequence
S 1 V1, V4, V7, V3, Vg, V2, Us, U1
has this property, while for n = 8, the cyclic sequence
S V1, V4, V7,02, Vs, U1

has this property. Let v be the vertex of degree n in W,,. If there existed a 3-rainbow
2-coloring of W,,, then we can assume that c¢(vv;) = 1 in each case above. For n = 7, we
then must have c(vvg) = 2, c(vvy) = 1, c(vvs) = 2, c(vvg) = 1, c(vve) = 2, c(vvs) =1
and c(vvy) = 2, which is impossible. Therefore, rc3(W,,) # 2 for n > 7. In the case of
W, there is no vertex of Cg for which such a sequence s exists. For example, for the
vertex vy of Cg, the only vertex u with the property that dc,(vi,u) > 3 is u = vq and
the only vertex u with the property that dc,(v4, u) > 3 is v;.

In the study of 3-rainbow colorings of graphs, it is often quite challenging to determine
the exact value of the 3-rainbow connection number of a given graph or to establish

a lower bound for this number. Therefore, we have a different view of the proof of
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Proposition 2.1.9 and we can apply this idea to other more general graphs. As an
example of other connected graphs G having radius at least 3 for which one can show
that rc3(G V K1) > 3, we define the square of a graph G to be the graph G? with vertex
set V(G?) = V(G) and edge set E(G?) = {uv € E(G) : dg(u,v) < 2}. Now consider the

graph G = C%, where C11 = (v1,v2,...,v11,v1). The cyclic sequence
§ 11, Y, V11, Us, V10, V4, V9, U3, Ug, V2, U7, U1

has Property (1). The graph G = C% does not have this property, however. For
example, the only vertex u for which dg(vi,u) > 3 is u = vg, while the only vertex u
with dg(ve, u) > 3 is vy.

Two other examples of graphs with this property are shown in Figure 2.1.

Figure 2.1: The graphs G and F'

In the graph G of Figure 2.1, the cyclic sequence
S : V1,04, V7, V3, Vg, V2, U5, U1
has Property (1). In the graph F' = Cs O K3 of Figure 2.1, the cyclic sequence
s 1 vy, V), V], Us, U5, U1

has Property (1). Thus, rc3(G V K;) > 3 and rc3(F V K1) > 3 for the graphs G and F
of Figure 2.1.
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2.2 Complete Bipartite Graphs

Next, we determine the 3-rainbow connection numbers of complete bipartite graphs.

Prior to doing this, we recall the rainbow connection numbers of these graphs (see [12]).
Theorem 2.2.1 For integers s and t with 2 < s <'t,
rc(K, ) = min { {\S/i -‘ , 4} .

The 3-rainbow connection numbers of complete bipartite graphs are nearly the same

as their rainbow connection counterparts.
Theorem 2.2.2 For integers s and t with 2 < s <'t,
rcg(Ks¢) = min { {\S/E -‘ , 3} .

Proof. Observe that R/f ] > 2 for all integers s and t with 2 < s <'t. First, suppose
that [/t | = 2. Since 2 < reg(Ky) < re(Ksy:) = 2 by (2.1) and Theorem 2.2.1, it follows
that res(G) = 2 and so re3(G) = min {[v/¢ |, 3}. Thus, we may assume that [/t | >3
and sot > 2°+1. Let U = {uj,ua,...,us} and W = {wy, wa, ..., w} be the partite sets
of G.

Initially, we show that rc3(Ks;) > 3. Assume, to the contrary, that there exists a
3-rainbow 2-coloring ¢ : E(K,;) — {1,2} of K. For each vertex w € W, let code(w) =
(a1,as2,...,as) be the color code of w, where a; = c(u;w) € {1,2} for 1 < i < s. Since
t > 2%, there exist two distinct vertices w’ and w” of W such that code(w’) = code(w”).
Since the edges of every w’ —w” path of length 2 are colored the same, there is no proper
w' —w” path in K, which is a contradiction. Thus, re3(K,¢) > 3.

Next, we show that rc3(K,¢) < 3 by defining a 3-rainbow 3-coloring of K ;. We

consider two cases, according to whether s =2 or s > 3.

Case 1. s =2. Thus, t > 22 +1=5. Let ¢: E(Ks:) — {1,2,3} be defined by

1 if e = wywy, uowo
cle) =4¢ 2 if e = ugwa, ugwy
3 otherwise.

Let z,y € V(Ks;) and = # y. If  and y belong to different partite sets, then (x,y) is
a path. If z and y are nonadjacent vertices of {u1,ug,w;, wy}, then there is a properly
colored = — y path of length 2. Thus, we may assume that z,y € W, where {x,y} #
{w1,wa}, say © = w; and y = w; where 1 < i < jand j > 3. If x € {wi,wa}, say
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x = wi, then (r = wi,u1,y) is a properly colored z — y path of length 2 whose edges
colored 1 and 3. If z = w; for some ¢ > 3, then P = (w;, u1, wi, us, w;) is a 3-rainbow
path of length 4 in K, ;, where the edges of P are colored by 3,1,2,3 in this order.
Case 2. s > 3. Let H = K, ¢ be the subgraph of K,; induced by the sets U and
W' = {wi,ws,...,ws}. First, we define three perfect matchings M, Mo, M3 in H as
follows: For j = 1,2,3, let M; = {wjui1j—1 : 1 <1 < s} where the subscript of each

vertex is expressed modulo s. The edges in My, My, M3 are as follows:

My = {wiui: 1<i<s} = {wiu, woug, waug, ..., wsus}
My = {wjuit1 11 <i < s} = {wiug, waus, wauy, ..., ws_1us, Wsu1 }
Mz = {wiuiyz 1 < < s} = {wiuz, waug, w3us, . .., Ws_2Us, Ws—1U1, WsU2 }.

Next, we partition the set U into two subsets U; and Us where

Ui = {u;: iisoddand 1 <i<s}

Uy = {u;: iisevenand 2 <i<s}.
For i = 1,2, let F; be the subgraph of K, ; induced by

Ui U {w5+1, Ws425 - - - ,U}t}.

Define the edge coloring ¢ : E(K,) — {1,2,3} by

3 if6€M3UE(F1)
cle)=4¢ 2 ifee M

1 otherwise.

Let z,y € V(Ks;) and x # y. If  and y belong to different partite sets, then (x,y) is
a path. If z,y € V(H), then there is a properly colored x — y path of length 2. For
example, if = u; and y = ug, then (u1,w;,us) is a properly colored path of length 2
whose edges are colored by 1 and 2; while if z = w; and y = we, then (w1, u2, ws) is a
properly colored path of length 2 whose edges are colored 2 and 1. Thus, we may assume
that x,y € W, say x = w; and y = w; where 1 <14 < j and j > s + 1. There are two

subcases.

Subcase 2.1. 1 < i < s. Here, we may assume that x = w; and y = wsy1. Then

(w1, u1,wst1) is a properly colored path of length 2 whose edges are colored 1 and 3.

Subcase 2.2. t > s+ 1. Here, we may assume that * = wsy11 and y = wsyo.
Then (wsy1,u1, we, us, wsy2) is a 3-rainbow path of length 4. The edges of this path are
colored 3,1, 2,3 in this order.
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In each case, there is a 3-rainbow z — y path in K,;. Therefore, rc3(Ks;) = 3 =
min{(f/f],3}whent225+1. ]

Ift >3°+1and s > 2, then [v/¢ | >4 and so rc(K,;) = 4. Since pc(K,;) = 2 and

rc3(Ks) = 3 in such a case, it follows that
pC(Ks’t) < I'Cg(Ks,t) < I'C(K&t)

when t > 3%+ 1 and s > 2. We next determine the 3-rainbow connection number of
complete k-partite graphs where k > 3. First, we recall the rainbow connection numbers

of these graphs (see [12]).

Theorem 2.2.3 Let G = Ky, pn,,..n, be a complete k-partite graph, where k > 3 and
ny <ng <--- < ng such that s = Zfz_ll n; and t = ng. Then

ifng =1
rc(G) = 2 ifng>2and s>t
min{[V/¢ |, 3} if s <t.

With the aid of Theorem 2.2.3, we now show for complete k-partite graphs G with
k > 3 that rc(G) = rcs3(G).

Theorem 2.2.4 Let G = Ky, n,,...n, be a complete k-partite graph, where k > 3 and
ny <ng <---<np such that s = Zf:_ll n; and t = ng. Then

1 if i =1
re3(G) = 2 ifng >2 and s>t
min{[v/¢ |, 3} if s <t.

Proof. If ny =1, then G is complete and rc3(G) = 1. Suppose next that ny > 2 and
s > t. By Theorem 2.2.3, rc(G) = 2 and so rc3(G) = 2 by (2.1). Hence, we may assume
that s < t. Let W be the partite set with ¢t = ny vertices and U = {uy,ua,...,us} be
the union of the remaining partite sets of G. Since G is not complete, rc3(G) > 2. By
Theorem 2.2.3, r¢(G) = min{[v/¢ |, 3} and so rcg(G) < min{[v/¢ |, 3}. Assume, to
the contrary, that rc3(G) < min{[v/¢ |, 3}. Since 2 < rcg(G) < min{[v/¢ ], 3} < 3,
it follows that rc3(G) = 2. Thus, [v/¢] > 3 and so v/t > 2. Hence, ¢t > 2. Let
c: E(G) — {1,2} be a 3-rainbow 2-coloring of G. Thus, we can associate a color code

code(w) = (ai,as,...,as) with each vertex w € W, where a; = c(u;w) € {1,2} for
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1 < i < s. Since the maximum number of distinct color codes is 2% and ¢ > 2%, there
exist two distinct vertices w’, w” € W for which code(w’) = code(w”). Hence, the two
edges of each w’ —w” path of length 2 are colored the same and so there is no 3-rainbow
w' — w” path in K4, producing a contradiction. Thus, reg(Ky;) =3 = min{[v/¢ |, 3}

in this case. n

In [8] it was shown that rca(G) < 3 if G is 2-connected. This suggests the following
question: if G is a 2-connected graph, is rcg(G) < 37

2.3 On the 3-Rainbow Connection Number of a Tree

We saw in Proposition 2.1.4 that if G is a nontrivial connected graph and 7' is a spanning
tree of G, then rc3(G) < reg(T) and so

rcg(G) < min{rcg(7) : T is a spanning subgraph of G}. (2.2)

This suggests investigating rcs(7") for trees T'. Since rcg(T) < m for a tree T of size m,
we begin by characterizing those trees T of size m for which rcz(7") = m. This can only
occur if the diameter of 7" is at most 3. We will see later that this inequality can be

made strict and that the gap between rc3(G) and rcg(7') can be made arbitrarily large.

Proposition 2.3.1 Let T be a nontrivial tree of size m. Then rc3(T) = m if and only

if T is a star or a double star.

Proof. If T is a star or a double star, then diam(7") = 2 or diam(7") = 3. Let e and f
be any two edges of T

Suppose that e and f are adjacent, say e = wv and f = vw for u,v,w € V(T'). Then
(u,v,w) is the only u — w path of length 2. Hence, any 3-rainbow coloring must assign
different colors to e = uv and f = vw.

If e and f are not adjacent, say e = uv and f = wzx, where then (u,v,w,x) is the
only u — « path of length 3. So e and f must be colored differently by any 3-rainbow
coloring. In any case, e and f must be colored differently. Since e and f were chosen
arbitrarily, each edge in 7" must have a distinct color. Thus, rcg(T") = m.

For the converse, suppose T' is not a star or double star. Thus, diam(7) > 4. Tt
suffices to show that there is a 3-rainbow coloring of T' in which two edges are colored
the same. Let e = wv and f = wx be edges, where u and x are leaves and d(u,z) > 4.
We define an edge coloring ¢ on 7' in which we color all edges of T distinctly with the

exception that c(e) = ¢(f). The unique path from u to x is a rainbow path, since the
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distance between u and x is at least 4. The path between any other two vertices of T has
distinctly colored edges and hence is a rainbow path. Hence c is a 3-rainbow coloring of
T using m — 1 colors. =

By Proposition 2.3.1, if T is a star, then rc3(T') = A(T); while if T is a double
star with two vertices of degree A(T") or T is a path of order at least 4, then rc3(7T') =
2A(T) — 1. In fact, more can be said, as we show next. For integers a,b > 2, let S,
denote the double star whose central vertices have degrees a and b. Thus, S, has order
a + b and size a + b — 1. The following result gives the 3-rainbow connection number of

every tree.

Theorem 2.3.2 IfT is a tree of diameter 3 or more, then
re3(T) =max{a+b—1: S, CT}.

Proof. Let k =max{a+b—1: S, C T} and let S, C T such that a +b—1 = k.
We may assume that 2 < a < b. Since any 3-rainbow coloring of 7" must assign distinct
colors to the k = a + b — 1 edges of Sy, it follows that rcg(7") > k.

Next, we show that rc3(T) < k. Let u and v be the two central vertices of Sgp
where degyu = a and degy(v) = b. Root the tree T" at vertex v. For each integer ¢ with
0<i<e),letV;={we V(T):dv,w)=1i}. For each integer h with 1 < h < e(v), let
Ty, = T[U"_,V;] be the subtree of T induced by the set U_,V; of vertices whose distance
from v is at most h. We proceed by induction on h to show that every T3, 1 < h < e(v),
has a 3-rainbow k-coloring.

For h =1, let ¢; : E(T1) — [k] of the edge coloring of T7 that assigns the b distinct
colors 1,2,...,b to the b edges incident with v. Then ¢; is a 3-rainbow k-coloring of 77.
For h = 2, we define an edge coloring ¢y : E(T») — {1,2,...,k} such that ca(e) = ci(e)
for each e € E(T1). It remains to define ca(e) for each uncolored edge e of T5. Each such
uncolored edge e is incident with a vertex in V4 and a vertex in V5. Let v; € V4. Since
degr, (v1) + degy, (v) < a + b, there are at least (a+b—1) —b = a — 1 colors in [k] that
have not been used to color any edge of T3 incident with v. Since there are at most a — 1
uncolored edges incident with vy, there are a — 1 > 1 colors in [k] that are available for
these edges in T,. By assigning degp(v1) — 1 of these a — 1 colors to the uncolored edges
of T5 incident with vy, a 3-rainbow k-coloring co of T5 is produced.

Assume by induction that for every integer h2 < h < e(v), a 3-rainbow k-coloring
cp o E(Ty) — [k] of Ty, has been defined. Next, we define a 3-rainbow coloring cp41 :
E(Th41) — [k] of Thy1. First, let cpi1(e) = cp(e) for each e € E(T},). The only uncolored
edges of Tp,1 are those that join a vertex of Vj and a vertex of Vj41. Let vpiq €
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Vha1. Then vy is adjacent to a unique vertex vy € Vp and vy, is adjacent to a unique
vertex vp—1 € Vj—1. Suppose that degy, , (vn) = degp(vn) = o’ and degy,, (vh-1) =
degr(vp_1) =V. Then @’ + b < a+ b. The edges incident with v,_; are colored with ¢/
colors in [k]. Hence, there are at least k —b' = (a+b—1) =V > (a/ +0' —1) -V =d -1
colors in [k] that have not been used to color any edge of T}y incident with vy,. There
are a’ — 1 uncolored edges incident with vy, in Tj11 and there are @’ — 1 colors in [K]
that are available for these edges in Tj1. By assigning @’ — 1 of these k — b’ colors to
the a’ — 1 uncolored edges of T} incident with vy, a 3-rainbow k-coloring of T} 1 is
produced.

Thus, the subtree Ty, of T has a 3-rainbow k-coloring for every integer h with 1 < h <
e(v). In particular, T,y = T has a 3-rainbow k-coloring and so rc3(7") < k. Therefore,
res(T) = k. ]

Notice that we may restate Theorem 2.3.2 to say that
re3(T) = max{deg(u) + deg(v) — 1 :uv € E(T)}.

In [1] it is shown that for any tree T', pc(T') = A(T), that is, the 2-rainbow connection
number of T is the maximum size of a star in 7. By Theorem 2.3.2, the 3-rainbow
connection number of a tree T' that is not a star is the maximum size of a double star in

T. The following is a consequence of Theorem 2.3.2.

Corollary 2.3.3 IfT is a tree of order at least 4, then
A(T) <re3(T) <2A(T) — 1.

Furthermore,

(i) res(T) = A(T) if and only if T is a star and

(17) re3(T) = 2A(T) —1 if and only if T' contains two adjacent vertices of degree A(T).

By (2.1), if G is a nontrivial connected graph of order at least 3 with pc(G) = a,

rc3(G) = b and rc(G) = ¢, then 2 < a < b < c¢. Next, we determine all triples (a, b, ¢)
of integers with 2 < a < b < ¢ that are realizable as the proper connection number,
3-rainbow connection number and rainbow connection number of some tree of order at

least 3. Recall that if T is a tree of size m, then rc(T) = m and pc(T) = A(T) (see
1, 12)).

Theorem 2.3.4 Let (a,b,c) be a triple of integers with 2 < a < b < c¢. Then there
exists a tree T with pc(T) = a, rc3(T) = b and vc(T) = ¢ if and only if (i) a =b=c or
(7)) 2 < a < b<min{2a — 1,c}.
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Proof. First, suppose that 7" is a tree of size m and maximum degree A with pc(7T') = a,
rcg(T) = b and rc(T') = ¢. Then pe(T) =a = A and rc¢(T) = ¢ = m. If T is a star, then
pe(T) = reg(T) = re(T) = m and so (i) holds. Thus, we may assume that 7" is not a
star. Thus, rc3(T') > A = a by Corollary 2.3.3. Since b < m and b < 2A —1 = 2a — 1,
again by Corollary 2.3.3, it follows that A < b < min{2A —1,m} = {2a — 1, c}.

Next, we verify the converse. For (i), the star of size a has the desired property. For
(ii), let (a,b,c) be a triple of positive integers with 2 < a < b < min{2a — 1,c}. Let
Sa,p—a+1 be the double star of size b whose central vertices u and v have degrees a and
b—a+1, respectively. Suppose that u is adjacent to the a—1 end-vertices ui, ug, ..., Uq—1
and v is adjacent to the b—a end-vertices v1,vs, ..., Vp_q. Since b < 2a—1, it follows that
a>b—a+1andso A(Syp—qt1) =a. lfc=0b,let T = Sgp_q41 and so pe(T) = A(T) =a
and rc3(T) = re(T) = b. If b < ¢, let T be the tree of size ¢ obtained from the double
star Sgp—q+1 and the path P,y = (wi,wo, ..., wep) by adding the edge viw;. Then
pe(T) = A(T) = a and rc(T) = c. It remains to show that rc3(7') = b. Since the
double star Sgp—q41 Of size b is a subtree of T, it follows that rcz(7) > b. Next,
define a 3-rainbow b-coloring ¢ of T by (1) c(uu;) =i for 1 < i < a—1, c(uw) = a,
c(vvj) =a+jfor 1 < j < b—a and (2) assigning the colors 1,2,3 to the edges of the
path (v, w1, ws,...w.—p) in the order 1,2,3,1,2,3,.... Therefore, rcg(T) < b and so
reg(T) = 0. ]

By Corollary 2.3.3, if T' is a nontrivial tree of size m with rc3(T) = k and A(T) = A,
then A < k <min{2A —1,m}. Since rc3(T") = A(T) if and only if T' is a star, it follows
that there is no tree T' of size m such that A(T") = rc3(T") < m. Furthermore, we saw
that if 7" is a tree of size m, then rc(T") = m and pc(T') = A(T). Therefore, the following

is a consequence of Theorem 2.3.4.

Corollary 2.3.5 Let (A, k,m) be a triple of integers with A < k < m. Then there exists
a tree T' of size m and A(T) = A such that re3(T) = k if and only if (i) A =k =m or
(17) 2 <A <k <min{2A — 1, m}.

The following is a consequence of (2.2) and Corollary 2.3.3.
Corollary 2.3.6 If G is a connected graph of order 4 or more that is not a tree, then
reg(G) < 2A(G) — 1.

The upper bound for rcz(G) provided in Corollary 2.3.6 is sharp for connected

graphs G that are not trees. In fact, more can be said.
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Proposition 2.3.7 For each pair (A, k) of integers with 3 < k < 2A — 1, there is a
connected graph G that is not a tree such that A(G) = A and rc3(G) = k.

Proof. We begin with the double star H = S|3/2)11[x/2] of size k and the complete
graph Ka of order A. Then the graph G is obtained from H and Ka by identifying an
end-vertex x of H and a vertex of KA and labeling the identified vertex by x. Suppose
that the central vertices of H are u and v where degy v = |k/2] +1 and degy v = [k/2].
Since k < 2A — 1, it follows that degou = |[k/2] +1 < 1+ k/2 < A +1/2 and
degov=[k/2] <1+4+k/2 < A+1/2. Thus, degu < A and deg,; v < A. Furthermore,
degpz = A and so A(G) = A.

It remains to show that rc3(G) = k. Any 3-rainbow coloring of G must assign distinct
colors to the k edges in H and so rcg(G) > k. Next, we show that there is a 3-rainbow
k-coloring of (G. Assume, without loss of generality that x is adjacent to u. The edge
coloring that assigns the colors 1,2,...,k to the k edges in H such that the color 1 is
assigned to a pendant edge incident with v and each edge of K is a 3-rainbow k-coloring
of G. Therefore, rc3(G) < k and rc3(G) = k. ]

If G is a connected graph of order at least 4 for which rc3(G) = 2A(G) — 1, then G
must contain a spanning tree containing two adjacent vertices of degree A(G). However,
the graph G of Figure 2.2 shows that even if every spanning tree of a graph G contains
adjacent vertices of degree A(G), then it need not occur that rc3(G) = 2A(G) — 1. In
this case, A(G) = 3 and rc3(G) = 4. A 3-rainbow 4-coloring is shown in Figure 2.2. On
the other hand, for each such spanning tree T" of G, it follows that rc3(T) = 2A(G) — 1.

p 1
1 2&)
Figure 2.2: A graph G with rc3(G) < 2A(G) — 1 for which every
spanning tree contains adjacent vertices of degree A(G)
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2.4 The 3-Rainbow Connection Number and Chromatic
Index

Recall that an edge coloring of a nonempty graph G is proper if no two adjacent edges
of G are colored the same. The minimum number of colors required of a proper edge
coloring is the chromatic index of G, denoted by x'(G). The following result is due to
Konig [26].

Theorem 2.4.1 (Konig’s Theorem) If G is a nonempty bipartite graph, then

We discuss some facts involving the chromatic index x/(G) and the 3-rainbow con-
nection number rcz(G) of a connected graph G. There are graphs G, G2 and G3 such
that

(i) X'(G1) = 1e3(Gr), (ii) X'(G2) > re3(Ga) and (iii) x'(G3) < res(Gs).
In fact, each of (i), (ii) and (iii) holds for infinite classes of graphs.
(i) If Gi = K14 is a star, then x'(G1) =rc3(Gr) = t.

(ii) Let G be the graph obtained from A > 4 pairwise disjoint paths (u;, v;) of length 1
for 1 <14 < A by (1) adding two new vertices u and v and (2) joining u to each
vertex u; and v to each vertex v; for 1 <i < A. Thus, A(G2) = A > 3. Since G
is a bipartite graph, x'(G2) = A(G2) = A. An edge coloring ¢ : E(G2) — {1,2,3}
of G9 is defined by

1 fe=wuu;forl <i<A—1ore=uovva
cle)=4 2 ife=wwforl1 <i<A
3 ife=wvy;forl<i<A—1ore=uup

is a 3-rainbow coloring, it follows that rc3(G2) < 3. However, since every 3-rainbow
coloring of Gy must use at least three colors, it follows that rcg(Ga) = 3. If A > 4,
then x/'(G2) = A > 3 = rcg(G) and the value of x'(G2) — reg(G2) = A — 3 can be

arbitrarily large.

(iii) If Gg = P, for integer n > 4, then x'(G3) = 2 and rc3(Gs) = 3. Therefore,
res(Gs) > X' (Gs).

25



We have seen that if T  is a tree of order at least 4, then
A(T) <re3(T) <2A(T) — 1.
Thus, if T' is a tree of order at least 4, then
X'(T) <res(T) < 2x(T) — 1. (2.3)

Hence, the example of stars and paths presented are special cases of (2.3). Therefore, in

the case of trees, we ask the following question:

For which pairs a,b of integers with 2 < a < b, is there a tree T such that
X'(T) =a and rc3(T) = b?

Not only is there a complete answer to this question but more can be said. An immediate

consequence of (2.3) and Corollary 2.3.5 is the following.

Corollary 2.4.2 Let (a,b,m) be a triple of positive integers. There exists a tree T of
size m for which X'(T) = a and rc3(T) = b if and only if a < b < m such that

(1)) a=b=m or (ii) 2 <a<b<min{2a — 1,m}.

26



Chapter 3

On k-Rainbow Colorings of
Graphs

In the preceeding chapter, we considered 3-rainbow colorings of graphs. Now, we study
k-rainbow colorings and k-rainbow chromatic numbers of graphs for integers & > 3 in
general and extend several results obtained in Chapter 2. In this chapter, we determine
the k-rainbow connection numbers of graphs belonging to some familiar classes of graphs,
including complete multipartite graphs, cycles, prisms and umbrella graphs. In addition,
we present some preliminary observations and results on k-rainbow connection numbers

of graphs.

3.1 Introduction

Let’s first review a primary concept in this dissertation. For an integer k > 2, a path
P in G is a k-rainbow path if every subpath of P having length & or less is a rainbow
path. An edge coloring c is a k-rainbow coloring of a connected graph G if every pair of
distinct vertices of G are connected by a k-rainbow path in G. If j colors are used to
produce a k-rainbow coloring of Gz, then c is referred to as a k-rainbow j-edge coloring or
simply a k-rainbow j-coloring. The minimum j for which G has a k-rainbow j-coloring
is called the k-rainbow connection number of G, denoted by rci(G). For every nontrivial

connected graph G whose longest paths have length ¢,
pc(G) =1ca(G) < re3(G) < -+ < reg(G) = re(G). (3.1)

First, we state some observations concerning k-rainbow connection numbers in gen-

eral.
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Observation 3.1.1 If H is a connected spanning subgraph of a nontrivial connected
graph G, then rc,(G) < rcg(H) for each integer k > 3. In particular, if T is a spanning
tree of G, then rc,(G) < rci(T).

The length of a path is the number of edges in the path.

Lemma 3.1.2 Let G be a connected graph of diameter d > 2 whose longest paths have
length £.

(a) If 2 <k <d, then rcy(G) > k.
(b) Ifd+ 1<k <, then rci(G) > d.

Proof. Let u and v be two antipodal vertices of G such that d(u,v) =d. If 2 < k < d,
then every k-rainbow coloring of G must assign at least k distinct colors to the edges of
any k-rainbow w — v path in G. Hence, rciy(G) > k and so (a) holds. If d+1 < k </,
then every k-rainbow coloring of G must assign at least d distinct colors to the edges of
any k-rainbow u — v path in G. Hence, rc(G) > d and so (b) holds. ]

In fact, the length of a longest path in a graph G is called the detour number of G
and is denoted by 7(G).

3.2 k-Rainbow Colorings of Complete Multipartite Graphs

In this section, we determine the k-rainbow connection numbers of complete multipartite

graphs. We saw in Chapter 2 that if s and t are integers with 2 < s < ¢, then
re3 (K ) = min { [\3/7?—‘ , 3} and rc(Ks ;) = min { {\s/f ] , 4} .
Consequently, we have the following corollary by (3.1).

Corollary 3.2.1 Let s and t be integers with 2 < s < t and let ¢ be the length of a
longest path in K. If k is an integer with 4 < k < £, then

mln{{\s/f} , 3} <rcg(Kgyp) < mln{{\s/f} , 4}.

We show, in fact, for every such integer k in Corollary 3.2.1 that rc;(Ks,) attains
the upper bound in Corollary 3.2.1.

Theorem 3.2.2 Let s and t be integers with 2 < s < t and let £ be the length of a
longest path in K. If k is an integer with 4 < k < £, then

reg(Kst) = min{ {\g/f —‘ , 4} .
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Proof. By (3.1) and Corollary 3.2.1, it suffices to show that
rcy(Ks) = min { [\S/f w , 4} .

Observe that [\S/f] > 2 for all integers s and t with 2 < s < t¢. Let U and W be the
partite sets of K, where [U| = s and |W| = t. First, suppose that [/t | = a, where
a € {2,3}. Since a = rc3(Ksy) < req(Kst) < re(Ksy) = a by Corollary 3.2.1, it follows
that rcy(Ksy) = min{[\s/f} , 4} if R/E] € {2,3}.

We now assume that R/i] > 4. Then t > 3°+ 1. Let U ={uy, ug, ..., us}. Since
rcy(Ksy) < 4 by Corollary 3.2.1, it remains to show that rcs(Ks;) > 4. Assume, to
the contrary, that there exists a 4-rainbow 3-coloring of K,;. Corresponding to this
4-rainbow 3-coloring of Ky, there is a color code, denoted by code(w), assigned to each
vertex w € W, consisting of an ordered s-tuple (aj,as,...,as), where a; = c(uw) €
{1,2,3} for 1 < i < s. Since t > 3°, there exist two distinct vertices w’ and w” of W
such that code(w’) = code(w”). Every w’ — w” path P in K, has even length. Since
code(w’) = code(w"), the path P cannot have length 2 as the colors of the two edges of
every w' — w” path of length 2 are the same. However, if the path P has length 4 or
more, then each subpath of length 4 in P must repeat a color as this edge coloring uses
only three colors. Hence, there is no 4-rainbow w’ — w” path in K,;, a contradiction.
Thus, rca(Ks ;) > 4 and so req(Kgy) = 4.

It then follows by (3.1) and Corollary 3.2.1 that rci(Ks;) = min { {\S/f] , 4} for all
integers k£ with 4 < k < /. n

In summary, we have the following.

Corollary 3.2.3 Let s and t be integers with 2 < s < t and let £ be the length of a
longest path in K. If k is an integer with 2 < k < £, then

2 ifk=2
reg(Kst) = mm{{\s/f] , 3} ifk=3
min{[V/¢ |, 4} if4<k <L

Next, we consider complete multipartite graphs. Let G = Ky, »,

77777

n, D€ a complete
p-partite graph, where p > 3 and n; < ng <--- < n, such that s = Z?;ll n; and t = n,,.
We have seen that

ifn,=1
rc3(G) = re(GQ) = 2 ifn,>2and s>t (3.2)
min{ [V |, 3} if s < t.
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Thus, the following corollary is a consequence of (3.1) and (3.2).

Corollary 3.2.4 Let G = Ky, n,y,....n, be a complete p-partite graph, where p > 3 and
ny <ng < --- < ny, such that s = f:_lln, and t = n,. If k is an integer with 3 < k </
where £ is the length of a longest path in G, then

ifnp =1
rey(G) = 2 if n,>2and s >t
min{[V/¢ |, 3} if s <t.

3.3 k-Rainbow Colorings of Paths, Cycles and Wheels

We now determine the k-rainbow connection numbers of graphs belonging to some other
familiar classes of graphs, namely paths, cycles and wheels. We begin with an observa-

tion.
Observation 3.3.1 For integers k and n with 2 <k <n —1, rcg(P,) = k.
We now turn to k-rainbow connection numbers of cycles.
Theorem 3.3.2 For integers k and n with3 <k <n-—1andn > 5,
rcg(Cr) =min{[n/2], k}.

Proof. Let C,, = (v1,v2,...,Vn,Vnt1 = v1) where ¢; = v;v;41 for 1 < i < n. The
diameter of C), is diam(Cy,) = |n/2]. We consider two cases, according to whether
[n/2] < kor[n/2] > k.

Case 1. [n/2] < k. Here, we show that rc(Cy) = min{[n/2], k} = [n/2]. First,
define an edge coloring ¢ of C, by

N i if 1 <i<[n/2]
elei) = i—[n/2] if [n/2] +1<i<n.

Thus, the color sequence of the edges of C,, with respect to c is

Se = (c(er),c(ea),...,clen)) =(1,2,...,[n/2],1,2,...,|n/2]).
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Note that every subsequence of length at most [n/2] in S, has distinct terms. For two
vertices v; and v; of €y, where 1 < ¢ < j < n, there are exactly two v; — v; paths P and
Q@ in C,,. We may assume that |E(P)| < |E(Q)|. Then P is a rainbow path of length
at most |n/2]. Since [n/2| < [n/2] <k, it follows that P is a k-rainbow v; — v; path.
Therefore, ¢ is a k-rainbow [n/2]-coloring of C,, and so rci(Cy,) < [n/2].

Next, we show that rcg(C,) > [n/2]. Assume, to the contrary, that C), has a k-
rainbow coloring c* using the colors 1,2,...,[n/2] — 1. Of the two v1 — v|;,/2)41 paths
on C,, one has length [n/2] and the other |n/2]. If n is even, then neither path is a
k-rainbow path; while if n is odd, the path of length [n/2] cannot be a k-rainbow path.
In this case, let n = 2t + 1 for some integer ¢ > 2 and consider the path (vy,va,...,v441)
of length ¢t = |n/2], which is necessarily a k-rainbow path. Hence, we may assume that
c*(viviy1) = i for 1 < i < t. The path (ve,vs,...,vi45) also has length ¢ and so is a

k-rainbow path, implying that ¢*(vi41vi42) = 1. Continuing in this manner, we see that

) H1<i<t¢
C*(’Ui’l)i+1) = t—e Ht+1<i<2¢
1 Ifi=2t+1.

The vorr1 — vy path P = (vg441,v1, V2, ..., v) of length ¢ has ¢*(vorp1v1) = v*(v1v2) = 1,
implying that neither P nor the vyiy1 — v; path of length ¢t + 1 is a k-rainbow path,

producing a contradiction.

Case 2. [n/2] > k. We show that rci(Cy,) = min{[n/2], k} = k. First, by Observa-
tions 3.1.1 and 3.3.1, rcg(Ch) < rcg(P,) < k. Next, we show that rcg(C),) > k. Assume,
to the contrary, that C,, has a k-rainbow coloring ¢* using the kK —1 colors 1,2,...,k—1.
There are two v1 — v, /2141 paths in Cy, one of which has length [n/2] and the other
has length [n/2]. Since the coloring ¢* only uses k — 1 distinct colors, neither path can

be a k-rainbow vy — vy41 path in C,, producing a contradiction. u

Let W,, = C,, V K1 be the wheel of order n 4+ 1 > 5 in which the length of a longest
path is n. We have seen in Chapter 2 that rco(W,,) = 2 for all n > 4 and

reo(Wy) = pe(W,) =2,

2 if4<n<6

re(Wn) = re3(Wh) :{ 3 ifn>T.

By (3.1), if n > 4, then rc;(W,,) = rc;—1(W,) for each integer i with 2 < i < n.

31



Corollary 3.3.3 Ifn and k are integers with 3 < k <n —1 and n > 4, then

1 ifn=3
reg(Wy) =res(Wy,) =< 2 if4<n<6
3 ifn>T.

3.4 k-Rainbow Colorings of Prisms

The prism C, O Ky is the Cartesian product of the cycle C, of order n > 3 and Kbs.
Since C,, OO0 K> is a Hamiltonian graph of order 2n, the length of a longest path in G
is 2n — 1.

The following is a consequence of Observation 3.1.1 and Theorem 3.3.2.

Corollary 3.4.1 If G is a Hamiltonian graph of order n > 3, then rci(G) < k for each
integer k with 2 <k <n — 1.

Proof. Since G is a Hamiltonian graph of order n, the length of a longest paths in G
is n — 1. Let C be a Hamiltonian cycle of G. It then follows by Observation 3.1.1 and
Theorem 3.3.2 that rci(G) < rcx(C) < k for each integer k with 2 < k <n — 1. ]

First, we present a lemma.
Lemma 3.4.2 For each integer n > 3, diam(C,, O Ky) = | %] + 1.

Proof. For an integer n > 3, let G = C,, J K3 be obtained from two copies C' and C’
of the n-cycle Cy,, where C' = (u1,ug, ..., Up, Ups1 = u1) and C' = (v1,v9, ..., U, Upy1 =

v1), by adding the n edges u;v; for 1 <i < n. Since d(ui,vLﬁJH) = L%J +1lfor1<i<n
2

and d(z,y) < | 2] if {z,y} # {w, ’UL%J+1-} for any ¢ with 1 <14 < n, where the subscripts

are expressed as integers modulo 7, it follows that diam(G) = | %] + 1. (]
We are now prepared to present the following result.
Theorem 3.4.3 For integers k and n with 2 <k <2n —1 and n > 3,
. n
reg(Cp, O Ky) = mln{k‘, {§J + 1}.

Proof. For an integer n > 3, let G = C,, 0 K3 be obtained from two copies C' and C’

of the n-cycle C),, where
!
C = (u1,u2, ..., Un, Upt1 = u1) and C" = (v1,v2, ..., U, Upt1 = V1),
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by adding the n edges u;v; for 1 <i < n. Letd = L%J +1. By Lemma 3.4.2, diam(G) = d.
Since G is a Hamiltonian graph of order 2n, the length of a longest path in G is 2n — 1.
First, suppose that 2 < k < d. We show that rci(G) = k. Since k < d, it follows by
Lemma 3.1.2 that rcg(G) > k. Since G is Hamiltonian, rcx(G) < k by Corollary 3.4.1.
Therefore, rci(G) = k.
Next, suppose that d+1 < k < 2n — 1. We show that rci(G) = d. By Lemma 3.1.2,
rciy(G) > d. Thus, it remains to show that G has a k-rainbow d-coloring. We consider

two cases, according to whether n is even or n is odd.

Case 1. n > 4 is even. By Theorem 3.3.2, rc(Cp) = d — 1. Let ¢; : E(C) —
[d — 1] be a k-rainbow (d — 1)-coloring of the n-cycle C' = (uj,us,...,un,u1) and let
co 2 BE(C") = [d — 1] be a k-rainbow (d — 1)-coloring of n-cycle C" = (v1,va,. .., U, v1).
Define an edge coloring ¢ of G by c(e) = c1(e) if e € E(C), c¢(e) = ca(e) if e € E(C') and
c(u;v;) = d for 1 < i < n. We show that c is a k-rainbow d-coloring of G. Let z and y
be two nonadjacent vertices of G. First, suppose that z,y € V(C) or x,y € V(C'), say
the former. Since c¢; is a k-rainbow coloring of C, there is a k-rainbow =z — y path in C'
and in G as well. Next, suppose that z = u; and y = v;, where 1 <1i,5 <n. Let P be a
k-rainbow u; — u; path in C. Since no edge of P is colored d and c(u;v;) = d, it follows
that P followed by the edge u;v; produces a k-rainbow u; — v; path in G. Hence, c is a

k-rainbow d-coloring of G.

Case 2. n > 3 is odd. In this case, d = L%J +1= [%] Define an edge coloring
¢: E(G) — [d] of G by

( | i ifl<i<d
clU;Usg =
i i—d ifd+1<i<n
o) i fl<i<d—1
C\V;Vi41 =
" (i+1)—d ifd<i<n
c(uv;)) = d if1<i<n.

Hence, the color sequences of the edges of C' and C' with respect to c are
(c(urug), c(ugus), ..., clupuy)) = (1,2,...,d,1,2,...,d—1) (3.3)

(c(vive), c(vaus), ... c(vyvr)) = (1,2,...,d—1,1,2,3,...,d). (3.4)
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This coloring is illustrated in Figure 3.1 for n = 9. Since every subsequence of length at
most d — 1 in the sequences in (3.3) and (3.4) has distinct terms, the restriction of this
coloring ¢ to each of the n-cycles C' and C’ is a k-rainbow coloring. Next, we show that

¢ is a k-rainbow d-coloring of G.

Figure 3.1: A 5-rainbow coloring ¢ of Cy [0 K5 in Case 2

Let z and y be two nonadjacent vertices of G. First, suppose that =,y € V(C) or
x,y € V(C"), say x,y € V(C). Since the restriction of this coloring ¢ to the n-cycle C' is
a k-rainbow coloring, it follows that x and y are connected by a k-rainbow x — y path in
C and so in G. Hence, we may assume that x = u; and y = v;, where 1 <4, j < n. Note
that ugugyq is the only edge colored d on C and v,v; is the only edge colored d on C'.
Let P be the k-rainbow u; —u; path of length at most d—1 on C. If uqugy1 ¢ E(P), then
no edge on P is colored by d and so P followed by the edge u;v; produces a k-rainbow
u; —v; in G. Thus, we may assume uquqi1 € E(P). Let Q be a k-rainbow v; — v; path
of length at most d — 1 in C’. Then @ is the path in C’ that corresponds to the u; — u;
path P in C and so @) contains the edge vqvgy1. Since the length of @ is at most d — 1,
it follows that ) does not contain the edge v,v1 and so no edge on (@ is colored d. Thus,
the edge u;v; followed by @ produces a k-rainbow u; — v; in G. Hence, c is a k-rainbow

d-coloring of G. n

3.5 k-Rainbow Colorings of Umbrella Graphs

An umbrella graph is constructed from a wheel W by attaching a path at the central
verter of W. More precisely, let W, = C, V K1 where Cy = (v1,v2,...,04,v1) and
V(K1) = {v} and let P, = (uy,ug,...,up). The vertex v is referred to as the central
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vertex of W,. The umbrella graph U(a, b) is constructed from W, and P, by adding the
edge vui. Then the order of U(a,b) is a + b+ 1, the diameter of U(a,b) is b+ 1 and the
length of a longest path in U(a, b) is a+b. We now determine rci(U(a, b)) for all positive
integers a, b, k with a > 3 and 2 < k < a + b, beginning with the case when & < b+ 1.

Up—1

Up

Figure 3.2: The umbrella graph U(a, b)

Proposition 3.5.1 If a,b, k are integers with a > 3 and 2 < k < b+ 1, then
reg(U(a, b)) = k.

Proof. In the umbrella graph U(a,b), let W, = C,V K1, where C, = (v1,v2, ..., Vq, V1)
and V(K;) = {v}, and let P, = (u1,u2,...,up). Then U(a,b) is constructed from W,
and P, by adding the edge vu;. Furthermore, let P11 = (v, uy,ua,...,up) be the path of
order b+ 1 in U(a,b). First, we show that rcg(U(a,b)) < k. The umbrella graph U(a, b)
has a Hamiltonian path P of order a+b+1 in U(a, b). It then follows by Observations 3.1.1
and 3.3.1 that rcg(U(a, b)) < rcg(P) = k. Next, we show that rcg(U(a,b)) > k. Since
b+ 1 > k, it follows by Observation 3.3.1 that rcg(Pyy1) = k. For every two vertices
x and x’ of Py, there is a unique x — 2’ path in U(a,b). Therefore, every k-rainbow
coloring of U(a,b) must assign at least k& distinct colors to the edges of P,y; and so
rcg(U(a,b)) > k. Therefore, rcg(U(a,b)) = k when b+ 1 > k. ]

Next, we determine rci(U(a, b)) when a > 3 and k > b+2 > 3. First, we make a useful
observation. Let U(a, b) be the umbrella graph constructed from the wheel W, = C, VK7,
where C, = (v1,v2,...,v0q,v1) and V(K7) = {v}, and the path P, = (ui,ua,...,up) of
order b by adding the edge vu;. For each i = 1,2,...,a, let Q; = (vi,v,uy,u2,...,up)
be the v; — up path of length b+ 1 in U(a,b).

(P) Since d(vj,up) = b+ 1 for 1 < i < a, it follows that Q; is a v; — u; geodesic of
length b4+ 1 in U(a,b). Hence, if k& > b+ 2, then every k-rainbow coloring of
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U(a,b) must assign b+ 1 distinct colors to the b+ 1 edges of @Q); for some i and so
rcg(U(a, b)) > b+ 1.

We begin by determining rcg(U(a,b)) for small umbrella graphs U(a,b) where a €
{3,4,5}.

Theorem 3.5.2 If a,b, k are integers with a € {3,4,5} and k > b+ 2 > 3, then

e (U (@) { b+1 if(a,bk)# (5,1,k)
b+2 if(a,bk)=(51k).

Proof. Let U(a,b) be the umbrella graph constructed from the wheel W, = C, V K,
where C, = (v1,v2,...,v0q,v1) and V(K7) = {v}, and the path P, = (uj,ug,...,up) of
order b by adding the edge vu;. Let Pyy1 = (v,u1,ug, ..., up) be the v —uy path of order
b+ 1in U(a,b). For each i = 1,2,...,a, let Q; = (v;,v,u1,uz,...,up) be the v; — uy
geodesic of length b+ 1 in U(a,b).

First, suppose that a € {3,4} and k& > b+ 2. We show that rcg(U(a,b)) = b+
1. By (P), it suffices to show that U(a,b) has a k-rainbow (b + 1)-coloring. Let ¢ :
E(U(a,b)) — [b+ 1] be the edge coloring of U(a,b) defined by

* c(vuy) =1 and c(uuipq) =i+ 1 for 2 <i <b—1;
* c(vv;)) =b+1 for 1 <i<a;
* c(vivi41) = bifiis even and c(v;vi41) = b—11ifiisodd for 1 < i < a and ve41 = v1.

This edge coloring c is illustrated in Figure 3.3 for U(3,b) and U (4, b), respectively. Next,
we show that every two nonadjacent vertices of U(a, b) are connected by a k-rainbow path
in U(a,b). For each i =1,2,...,a, the path Q; = (v;,v,u1,u,...,u) is a rainbow path
of length b 4 1. Furthermore, every two nonadjacent vertices on C, (where then a = 4)
are connected by a rainbow path of length 2. Thus, ¢ is a k-rainbow (b+ 1)-coloring and
so rcg(U(a,b)) =b+ 1.

Next, suppose that a =5 and k > b+ 2 > 3. We show that

reg(U(5,1)) = re(U(5,2)) = 3 and reg(U(5,0)) =b+ 1 for b > 3.

First, suppose that b € {1,2}. To show that rc,(U(5,b)) < 3, let the edge coloring
¢: E(U(a,b)) — [3] be defined by

* c(v109) = c{vgvg) = 1, c(vpvs) = c(vavs) = 2 and c(vsvr) = 3;
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UW-10_ _Owup Up—1 o\/o Up
b

b

Figure 3.3: The k-rainbow (b + 1)-colorings of U(3,b) and U(4,b) when k > b+ 2

* c(vv;) =3 for 1 <i < 5;
* c(vuy) =1 and c(ujug) =2 if b= 2.

This coloring is shown in Figure 3.4 for U(5,1) and U(5,2). Observe that (a) for each
i=1,2,...,5, the path @Q; = (v;,v,u1,uz2) is a rainbow v; — ug path and (b) every two
nonadjacent vertices of (5 are connected by a rainbow path of length 2. Thus, ¢ is a
k-rainbow 3-coloring of U(5,b) for b= 1,2 and all k£ > 3.

Oul

Figure 3.4: A k-rainbow 3-coloring of U(5,b) for b=1,2 and k > b+ 2

Next, we show that rcg(U(5,b)) > 3 for b € {1,2} and k > 3. If b = 2, then
rci(U(5,2)) > 3 by (P). Thus, it remains to show that rcg(U(5,1)) > 3. Assume, to
the contrary, that rcg(U(5,1)) = 2 for some integer k > 3. Let there be a k-rainbow
2-coloring ¢ of U(5,1). Since x/'(Cs) = 3, there are two adjacent edges of C5 that are

colored the same, say c(vsv1) = c(vive) = 1. Since k > 3 and ¢ only uses two colors,
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every k-rainbow vs — ve path must have length 2. This implies that (vs,v,vy) must
be a rainbow path and so {c(vsv),c(vva)} = {1,2}, say c(vsv) = 1 and c(vvy) = 2.
Similarly, both the vy — u; path (vg, v, u1) and vs — u; path (vs,v,u;) must be rainbow.
If c(vui) = 1, then there is no k-rainbow vs — uy path; while if c(vui) = 2, then there
is no k-rainbow ve — uy path, which is impossible. Thus, rcg(U(5,1)) > 3. Therefore,
reg(U(5,1)) = reg (U(5,2)) = 3 for k > 3.

Next, suppose that b > 3 and we show that rci(U(5,b) = b+ 1. By (P), it suffices to
show that a k-rainbow (b + 1)-coloring of U(5,b) exists. Let ¢ : E(U(a,b)) — [b+ 1] be
the edge coloring defined by

* c(vuy) =1 and c(ujujpr) =i+ 1for 2 <i<b-—1;
* c(vv;)) =b+1for 1 <i<5.
* c(vyve) = c(vzvy) = b, c(vavsg) = c(vsv1) = b — 1, and c(vqvs) = b — 2.

This coloring is shown in Figure 3.5. Then @Q; = (v;, v, u1, ..., up) is a rainbow v; —uy, path

fort=1,2,...,5 and every two nonadjacent vertices of C5 are connected by a rainbow

path of length 2. Hence, ¢ is a k-rainbow (b + 1)-coloring and so rcg(U(5,b) = b+ 1.
Therefore, rcg(U(5,0)) = b+ 2 if (a,b,k) = (5,1, k) and rci(U(5,b)) = b+ 1 other-

wise. ]

Figure 3.5: A k-rainbow 3-coloring of U(5,b) for b > 3 for k > b+ 2

Theorem 3.5.3 Ifa,b, k are integers with a > 6 and k > b+ 2 > 3, then

b+1 iffa/2] <b+1

reg(U(a, b)) ={ b+2 if[a/2] > b+ 2.
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Proof. In the umbrella graph U(a,b), let W, = C,V K1, where C, = (v1,v2,...,Vq,01)
and V(K;) = {v}, and let P, = (u1,ug,...,up). Then U(a,b) is constructed from W,
and Py, by adding the edge vu;. Furthermore, let Py 1 = (v, u1,us,...,up) be the path
of order b+ 1 in U(a,b). We consider two cases, according to whether [a/2] < b+ 1 or
[a/2] > b+ 2.

Case 1. Ja/2] < b+ 1. We show that rcg(U(a,b)) = b+ 1. Since k > b+ 2, it suffices
to show that U(a,b) has a k-rainbow (b + 1)-coloring by (P). Since [a/2] < b+ 1 < k,
it follows by Theorem 3.3.2 that rcgx(C,) = min{[a/2], k} = [a/2] < b+ 1. Hence,
there is a k-rainbow coloring ¢y : E(C,) — [b+ 1] of Cy. Let ¢1 be a rainbow coloring of
Py = (v,ui,ug,...,up) using the colors 1,2,...,b. Now, define a k-rainbow coloring
c: E(U(a,b)) = [b+1] of U(a,b) by

co(e) ifee E(C,)
cle) =< ci(e) ife€ E(Pyy1)
b+1 ife=wy forl<i<a.

For b = 3, this k-rainbow 4-coloring is shown in Figure 3.6 for U(6,3) and U(7,3),
respectively. Thus, rcg(U(a,b)) < b+ 1.

u1 O uy C
2 2
U220 _Ous uz O _0Ous
3 3

Figure 3.6: A k-rainbow 4-coloring for each of U(6,3) and U(7,3)

Case 2.. [a/2] > b+ 2. We show that rcg(U(a,b)) = b+ 2. First, we show that
rcy(U(a, b)) > b+ 2. By (P), rex(U(a,b)) > b+ 1. Assume, to the contrary, that
rci(U(a,b)) = b+ 1. Then there is a k-rainbow coloring ¢ : E(U(a,b)) — [b+ 1] of
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U(a,b). Since all edges of Py1q1 = (v,u1,us,...,up) must be colored differently, we may
assume that c(vu;) = 1 and c(uju;y1) = i+ 1 for 1 < i < b — 1. For each j with
1 < j < a, there is only one v; — u, path of length b+ 1, namely (vj, v, u1,ug, ..., up).
Since b+ 1 < k, it follows that c(vvj) = b+ 1 for 1 < j < a. This implies that
every two vertices x and y of C, must be connected by a k-rainbow x — y path on C,.
However then, the restriction of ¢ to the cycle Cy is a k-rainbow coloring of C, using at
most b+ 1 colors. On the other hand, since [a/2] > b+ 1 and k > b+ 1, it follows that
rcg(Cy) = min{[a/2],k} > b+ 1, which is impossible. Hence, rcg(U(a,b)) > b+2. Next,
we show that U(a,b) has a k-rainbow coloring using the colors 1,2, ...,b+ 2. Define an
edge coloring ¢ : E(U(a, b)) — [b+ 2] of U(a,b) by

* c(vuy) =1 and c(uuipq) =i+ 1for 1 <i<b-—1;
* c(vv;)) =b+11if 7 is odd and ¢(vv;) = b+ 2 if i is even for 1 <i < a;

* ¢(vivip1) = b+ 1 if i is even and c(vvi41) = 1 if i is odd for 1 < i < a and
Vag+1 = V1.

For b = 2, this k-rainbow 4-coloring is shown in Figure 3.7 for U(8,2) and U(9,2). It

remains to show that c is a k-rainbow coloring of U(a, b).

Figure 3.7: A k-rainbow 4-coloring for each of U(8,2) and U(9, 2)

Let x and y be two nonadjacent vertices of U(a,b). Since, for each integer ¢ with
1 <i < a, the path (v;,v,ui,ug,...,up) is a rainbow path in U(a,b), it follows that if
at least one of x and y does not belong to the cycle C,, then x and y are connected
by a rainbow x — y path. Thus, we may assume that x,y € V(C,). Then x = v; and
y = v; for some 4,5 € {1,2,...,a} such that |[i — j| > 2. If i and j are of opposite
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parity, where {i,j} # {1,a}, then (v;,v,v;) is a rainbow path. Thus, we may assume
that ¢ and j are of the same parity. Hence, either c¢(v;v;—1) = 1 or ¢(v;v;+1) = 1, where
the subscript of a vertex is expressed as an integer modulo a. Suppose, without loss of
generality, that c¢(v;v;—1) = 1. This implies that ¢ — 1 and j are of opposite parity and
so c(vv;—1) # c(vv;). Thus, the path (v;,v;—1,v,v;) is a k-rainbow path. Therefore, c is

a k-rainbow coloring of U(a,b) and so rcg(U(a,b)) = b+ 2. =

Proposition 3.5.1 and Theorems 3.5.2 and 3.5.3 give rise to the following result, which

provides the exact value of the k-rainbow connection number of each umbrella graph.

Corollary 3.5.4 Let a,b, k be positive integers with a > 3 and 2 < k < a+b.
(1) If k <b+1, then rc(U(a,b)) = k.

(i7) If k > b+ 2, then rci(U(a,b)) € {b+1,b+2}. Furthermore, rci(U(a,b)) =b+1
if and only if (a,b) = (5,1) or 3 < [a/2] <b+1.
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Chapter 4

Bounds for k-Rainbow
Connection Numbers

In this chapter, we establish several sharp upper bounds for k-rainbow connection num-
bers of graphs in terms of their maximum degree and order. In order to do this, we
first study k-rainbow colorings of trees, unicyclic graphs and connected graphs of cycle
rank 2. Several realization results involving k-rainbow connection numbers and other

graphical parameters are also presented.

4.1 k-Rainbow Colorings of Trees

Recall for integers a,b > 2 that S, ; denotes the double star whose central vertices have
degrees a and b. Thus, S, has order a +b and size a +b— 1. It was shown in Chapter 2

that if T is a tree of diameter 3 or more, then
re3(T) =max{a+b—1: Sqp CT}.

We now extend this to k-rainbow colorings of trees for other values of k. First, we present
a lower bound for the k-rainbow connection number of a tree. The size of a tree T” is
denoted by m(T").

Proposition 4.1.1 If T is a tree of diameter at least k > 2 for some integer k, then
reg(T) > max{m(T") : T’ is a subtree of T with diam(T") = k}.
Proof. Suppose that T is a tree of diameter at least & > 2. Let

my = max{m(7T") : T’ is a subtree of T' with diam(7") = k}.
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Let there be given a k-rainbow coloring ¢ of T" and let T be a subtree of T" with
diam(T*) = k such that m(T*) = my. For every two edges e, f € E(T™*), there is an
x —y path P in T™ such that e, f € E(P). The path P is the only  —y path in T'. Since
diam(7T™*) = k, the length of P is at most k. Thus, c(e) # c(f) and so rcg(T) > my. =

The following is an immediate consequence of Proposition 4.1.1.
Corollary 4.1.2 If T is a tree of order n and diameter d > 2, then rcg(T) =n — 1.

Proof. By Proposition 4.1.1,

reg(T) > max{m(T’): T’ is a subtree of T with diam(T") = d}
= m(T)=n-1.

Since rcg(T) < n — 1, it follows that rcg(T) =n — 1. ]

Next, we show that the lower bound for the k-rainbow connection number of a tree
T in Proposition 4.1.1 is, in fact, the value of rcg (7)) for 2 < k < 5. First, we introduce
an additional notation. For two disjoint sets U and W of V(G), let [U, W] denote the

set of edges joining a vertex of U and a vertex of W.

Theorem 4.1.3 IfT is a tree of diameter at least k for some integer k with 2 < k <5,
then
reg(T) = max{m(T") : T’ is a subtree of T with diam(T") = k}.

Proof. We have seen that the result is true for & = 2,3. Thus, we may assume that
k> 4. Let

my = max{m(T") : T' is a subtree of T' with diam(7") = k}.

By Proposition 4.1.1, it suffices to show that rcg(7") < my; that is, we show that 7" has
a k-rainbow coloring using my colors. Let v be a peripheral vertex of T. Then v is an
end-vertex of T and e(v) = diam(7"). Express the tree T' as a rooted tree whose root is
v. For each integer ¢ with 0 < i < diam(7T), let

Vi={w e V(T) :d(v,w) =i} = {vi1,vi2, ..., Vin, }

where then |V;| = n;. For each integer h with 0 < h < diam(7T), let T}, = T[U!_,V;] be
the subtree of T" induced by the set U?:()Vi of vertices whose distance from v is at most h.
We proceed by induction to show that every subtree Tp, 0 < h < diam(7), has a

k-rainbow coloring using at most my colors. This is true vacuously for Ty. Let hg be
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the largest integer h with 1 < h < diam(7') such that diam(T},) < k. [In fact, either
diam(Tp,) = k — 1 or diam(T},) = k; for otherwise, assume that diam(7}p,) < k — 2.

Since v is a peripheral vertex of 7" and diam(7") = k, it follows that
diam(Th,) + 1 < diam(Tp,+1) < diam(Tp,) + 2 < k,

which contradicts the defining property of hg.] Since diam(7},) < k, it follows that
m(Ty,) < my. Thus, for h =0,1,2,..., hg, there is a k-rainbow coloring ¢, : E(T},) —
[my] of Ty, that assigns distinct colors to distinct edges of Tj,. Assume, for an integer
h with hy < h < diam(T'), that there is a k-rainbow coloring ¢, : E(T}) — [mg] of
Ty. Next, we define a k-rainbow coloring cpy1 : E(Th41) — [myg] of Thpyq. First, define
che1(e) = cp(e) for each e € E(Ty). At this point, the only uncolored edges of Ty, 11 are
those that join a vertex of V}, and a vertex of V} 1, namely the edges in [V, Vii1].

Divide the set V}, into nj_; subsets Vi 1,Vho,..., Vip, , such that V,; (1 < j <
np—1) is the set of all children of the vertex v,_; ; € V1 in the rooted tree T'. Conse-
quently, Vj, j = N(vp—1,) NV}, for 1 < j < ny_y. Next, divide the set Vj, 41 into np_y
subsets Vi41.1, Vig1,2, -+ Vigin, , such that each set Viy1; (1 < j < np—1) consists
of all children of vertices in V}, ; that belong to V41 (namely, the grandchildren of the
vertex vp—1,;). Thus, Viy1,; = N(Vp ;) N Viy1. Then

Nh—
Vi, Vi1 = U Vh,js Vigr,5]-

For each integer j with 1 < j < nj,_y for which [V}, ;, Vi11,;] # 0, we now define a coloring
of the edges in [V}, j, Vi41 ] such that the resulting coloring is a k-rainbow mg-coloring
of T. In what follows, we assume that each set [V}, ;, Vi41;] (1 < j < np—1) under
consideration is not empty.

First, suppose that diam(7}) < k. Since h > hg and hg is the largest integer h with
1 < h < diam(T') such that diam(7},) < k, it follows that h = hy and so diam(7}) = k—1.
Since diam(T},) = k — 1, the subtree T'(j) of Th11, where 1 < j < np_1, induced by the
set V(T}) U Vi41; has diameter at most k. We may assume, without loss of generality,
that

= |[Vi,1, Vir1,1)l 2 |[Vh,js Var1)

for 2 < j < mp_y. Thus, the size of T'(1) is at most my. Let S be the set of the m(1},)
colors used to color the edges of T}, and let S = [mg] — S. Then [S| > v > |[Vi j, Vit1,4]|
for 1 < j <mnp_1. e € Vi, Vagri) and €5 € Vi 5, Vigrj], where 1 < 4,5 < np_y
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and 7 # j, then e; and e; do not lie on a path of length k or less in 7" and so e; and e;
can be colored the same. Thus, assign the distinct colors in S to the edges in each set
Vhj, Vag1,] for 1 < j < np_q, producing a k-rainbow my-coloring of Tj 1.

Next, suppose that diam(7}) > k. By the induction hypothesis, we have a k-rainbow
my-coloring of Tj,. Suppose that [Vj 1, Viy1,1] # 0. We wish to define a coloring of the
edges in [V}, 1, Vi41,1] such that the resulting coloring of the subtree induced by the set
V(Th) U Vi1, is a k-rainbow my-coloring of this subtree. Let vp_1; € Vj,—1 and let
Vh+1,1 denote the set of children of the vertices of Vj, ;. Next, let E = [{vp_11}, Va1l U
Vi1, Vat1,1). Then the diameter of the subtree T[E] of T is at most 4. Let 17" be
the subtree of Tj41 having maximum size such that T[E] C T’ and diam(7") = k.
Next, let 7" be the subtree of T}, having maximum size such that 7" — Vj,.1 € T" and
diam(T") = k. Let E* = E(T") — E(T"). By construction, if e € [V}, 1,V441.1] and
e* € E*, then e and e* do not lie on a path of length k or less in Tj,41 (and therefore in
T as well). This is illustrated in Figure 4.1, where the subtree T'[E] is indicated by bold
lines, the subtree T” by solid thin lines and the subtree T” by dashed lines.

Figure 4.1: The subtrees T[E], T" and T" of T

By the induction hypothesis, there is a k-rainbow my-coloring of the tree T”. Let
|E(T") — E*| = o, |E*| = 8 and, as before, |[Vi,1, Vht11]] =7

Therefore, m(T") = a + 8 and m(T") = a+~, where then a4+ § < my and o+ v < my.
Let S be the set of a colors used to color the edges of E(T") — E* and let S = [my] — S.
Thus, the color of each edge in E* belongs to S. Since v < my — a = |S|, there
are v distinct colors in S that can be assigned to the v edges in Vi1, Vit11]. As we

mentioned earlier, if e € [V}, 1, Vi41,1] and e* € E*, then e and e* do not lie on a path
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of length k or less in T" and so e and e* can be colored the same. This produces a
coloring of the edges of [V} 1, Vj11,1] such that every path P of length at most k such
that E(P) C E(T}) U [Vi,1, Vhy1,1] is a rainbow path. Repeating this method, we color
the edges in [V}, j, Vi41,] for each j with 2 < j < nj_; such that if @ is a path of length
at most k such that E(Q) C E(T}) U [Vh;, Vit15], then Q is a rainbow path. Since
kE <5, it follows that if e; € [V}, 4, Vig1,] and ej € [Vij, Vig1 5] where 1 < 4,5 < njy
i # j, then e; and e; do not lie on a path of length % or less in 7" and so e; and e; can be
colored the same. Thus, every path of length at most &k in T} is a rainbow path and
so this coloring is a k-rainbow my-coloring of Tj,41.

By the Principle of Mathematical Induction, the subtree T; of T has a k-rainbow
my-coloring for every integer h with 0 < h < diam(7"). In particular, Tgjam(ry = 1" has

a k-rainbow my-coloring and so rcg(T") < my. Therefore, reg(T) = my. n

As an illustration of Theorem 4.1.4 for kK = 4 and k = 5, consider the tree T of

Figure 4.2 whose diameter is 6. The solid vertex v (or root) of T" has eccentricity 6.

Figure 4.2: A 4-rainbow 12-coloring of T'

* For k = 4, the maximum size of a subtree of diameter 4 in T is my4 = 12. The
subtree of T, whose edges are indicated by bold lines, has size 12 and diameter 4.

A 4-rainbow 12-coloring of T is shown in Figure 4.2.

* For k = 5, the maximum size of a subtree of diameter 5 in T is ms = 17. The
subtree of T, whose edges are indicated by bold lines, has size 17 and diameter 5.

A 5-rainbow 17-coloring of T is shown in Figure 4.3.
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Figure 4.3: A 5-rainbow 17-coloring of T

By Theorem 4.1.4, rc4(T") = 12 and rc5(T) = 17.

In fact, we have a more general result. First, we introduce some additional definitions
and notation. For two edges e and f of a connected graph, an e — f path has e as its
initial edge and f as its terminal edge. Let T” be a proper subtree of a tree T and e = uv
an edge of T not in 7" such that e is incident with the vertex u of 7". Then T" + e
denotes that subtree of T' obtained by adding the vertex v and the edge e to T".

Theorem 4.1.4 IfT is a tree of diameter at least k > 2 for some integer k, then
reg(T) = max{m(T") : T’ is a subtree of T with diam(T") = k}.

Proof. We have seen that the result is true for every integer k£ with 2 < k£ < 5. Thus,

we may assume that £ > 6. Let
my = max{m(T") : T’ is a subtree of T' with diam(7") = k}.

By Proposition 4.1.1, it suffices to show that 7" has a k-rainbow coloring using my, colors.

Let Tj be a subtree of maximum size my, in T such that diam(7p) = k. Color the my,
edges of Ty with distinct colors from the set [my]. We consider two cases, according to
whether £ is even or k is odd.

Case 1. k is even. Thus, k = 2r for some integer r > 3. Therefore, T has a unique
central vertex vg. Let ep(vg) = t, where then t > r. We express the tree T' as a rooted
tree whose root is vg. For each integer i with 0 < ¢ <¢,let V; = {v € V(T) : d(vo,v) = i}.
Hence, Vi = {vg} and for each vertex v € V;, where 1 < i < ¢, there is a unique v’ € V;_4
such that vv’ € E(T). Furthermore, the subtree T'[U]_,V;] of T induced by U]_,V; is Tp.
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If T = Tp, then the proof is complete. Thus, we may assume that E(T)— E(Ty) # 0 and
so diam(T") > k + 1. Thus, ep(vg) =t > r.

Let e; € [V,,Viy1] and let 77 = Ty + e;. Hence, diam(7T7) = k + 1. Let T be the
subtree of T} consisting of e; and all those edges of T3 lying on a path of length k or
less having initial edge e;. We claim that diam(77) = k. Suppose that this is not the
case. Then there is an e — f path in 77 of length k + 1 for some e, f € E(T}). Since
diam(Tp) = k, one of e and f must be ey, say e = e;. However, from the definition of
T}, there is no e; — f path of length k£ + 1 in 77, a contradiction. Thus, as claimed,
diam(7]) = k and so the size of T} is at most my. Hence, at most my — 1 edges of T}
have been assigned colors from [my| and therefore there is at least one color in [my] that
has not been assigned to any edge of T}. Assigning such a color to the edge e; results in
a k-rainbow coloring of 77 using the colors of [my]. If T = T}, then the proof is complete.
Hence, we may assume that E(T) — E(Ty) # 0.

If there is an edge ¢’ € (E(T) — E(T1)) N [Vy, Vi41], where then €’ is incident with
a vertex of T1, and T + €’ has diameter k + 1, then we denote this edge €’ by ey and
let Ty = T) + e2. Next, if there is an edge ¢/ € (E(T) — E(T1)) N [Vy, Vr11], again
incident with a vertex of Tb, such that Ty + ¢’ has diameter k + 1, then we denote this
edge € by e3 and let T3 = Ty + e3. We continue this procedure until no such edges ¢’
exist, obtaining a sequence eg, ez, ..., e, (p > 1) of edges and a sequence 17,75, ..., T, of
subtrees of diameter k + 1. Next, if there exists an edge €’ € (E(T) — E(T})) N [V;, Vi41]
such that ¢’ is incident with a vertex of T),, then denote this edge €’ by e,1; and let
Tp+1 = Tp + epy1. Then diam(7T, + €’) = k + 2. We continue this procedure until no
edges in [V, V;41] remain, say arriving at the tree Ty. If E(T) — E(Ty) # 0, then
let ¢ € (E(T) — E(Ty)) N [Vig1, Viga]. We continue this procedure until no edges of
[Vi41, Vr42] remain. We then continue this, obtaining a sequence ey, e, . . ., €4 of all edges
of E(T) — E(Tp) and a sequence T4, T5, ..., Ty of subtrees, where ¢ = m(T") —m(71p) and
T, = T. In summary, after selecting the edge e, we select other edges in [V, Vi41],
one edge at a time, such that the addition of each such edge to the preceding subtree
obtained results in a subtree of diameter k£ + 1. When no such edges remain, we then
select other edges in [V}, V;41], one edge at a time, such that the addition of each such
edge to the preceding subtree obtained results in a subtree of diameter k£ + 2. Once no
such edges remain in [V;, V,41], we turn to edges in [V, 41, V;12], the addition of which to
the preceding subtree obtained results in a subtree of diameter k + 3, and so on. Hence,
T; C Ti+1 and diam(7;) < diam(7Tj4+1) < diam(7;) + 1 for 0 <i < g — 1.

We claim, for each integer ¢ with 0 < ¢ < ¢, that a k-rainbow coloring of T; exists

using the colors of [my]. We proceed by induction. We have already seen that such a
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coloring exists for both Tp and T7. Assume that such a coloring exists for T} for some
integer j with 1 < j < ¢. We show that such a coloring exists for T 1 = T} + ej41. Let
B be the branch of T" at vy containing e;1. Suppose that e;jy1 € [Vs, Vit1], where then
s+ 1 < t. Let u be the vertex incident with ej;q in V,11. Consequently, there is no edge

¢’ in Tj1; that belongs to [Viy1, Vo).
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Figure 4.4: A step in the proof of Case 1

Let Tj’ 41 be the subtree of Tj.; consisting of e;11 and all those edges of T}j1; lying
on a path of length k or less having initial edge e;1. We claim that diam(TJ{H) = k.
Clearly, diam(7} ;) > k. Let e and f be two distinct edges of 7} ;. We claim that e
and f lie on a path of length k or less in T]{H. Clearly, this is the case if either e or f is
ej+1. Thus, we may assume that neither e nor f is e;41. Let P be the unique e;11 —e
path in T;_H and @ the unique ej;1 — f path in Tg/'+1' Suppose that P is a u — x path
and @ is a u —y path. Let v be the last vertex that P and @ have in common. Let P’ be
the v — x subpath of P and @’ the v — y subpath of @. Thus, either d(z,v) > d(v,vg)
or d(y,vg) > d(v,vg). Let dp(u,v) = a, dp(v,x) = b and dp(v,y) = c¢. Thus, a +b < k

and a + ¢ < k. There are four possibilities for the locations of e and f.
1. Both edges e and f belong to the branch B.
2. Exactly one of e and f belongs to a branch of T at vy distinct from the branch B.

3. The edges e and f lie on the same branch of T" at vy but this branch is distinct
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from the branch B.

4. The edges e and f lie on distinct branches of T at vy, neither of which is the
branch B.

Regardless of which situation (1)—(4) occurs, either b < a or ¢ < a (or both). Since
b<k-—aandc<k—a,it follows that b+ ¢ < k. Thus, e and f lie on a path of length
at most k in T}, ; and so diam(7} ;) = k. Consequently, m(7} ;) < my. Hence, at most
my — 1 edges of T]’- 41 have been assigned colors from [my], resulting in at least one color
in [mg] that has not been assigned to any edge of T]’ +1- Hence, there is at least one color
in [my] available for e;j;;. Assigning ej;1 such a color results in a k-rainbow coloring of
Tj4+1 using the colors of [my]. Therefore, there exists a k-rainbow coloring of T; with the
colors of [my] for each integer ¢ with 1 < i < ¢. In particular, there exists a k-rainbow
coloring of T, = T using the colors from the set [my]. Therefore, rcy(T") = my, for each
even integer k£ > 6.

Case 2. k is odd. Thus, k = 2r 4+ 1 for some integer r > 3. Therefore, Ty has
two central vertices ug and wo and a central edge ey = ugwg. Let t1 be the length of
the longest branch of T at ug that does not contain wg and let to be the length of the
longest branch of T" at wg that does not contain ug. Hence, t; > r and t3 > r. For
i =0,1,2,...,t1, let U; be the set of all vertices of T at distance 7 from wug that lie
on a branch of T at ug not containing wy. For ¢ = 0,1,2,... %9, let W; be the set of
all vertices of T at distance ¢ from wg that lie on a branch of T" at wp not containing
up. In particular, Uy = {ug} and Wy = {wo}. Therefore, T[U;_o(U; UW;)] = Tp. If
T = Ty, then the proof is complete. Thus, we may assume that F(T) — E(Tp) # 0 and
so diam(T") > k + 1.

Let e; € [Uy,Upy1) U [W,, W,41] and let Ty = Ty + e1. Hence, diam(7Ty) = k + 1.
Let T7 be the subtree of T} consisting of e; and all those edges of T} lying on a path of
length k or less having initial edge e;. We claim that diam(7]) = k. Suppose that this
is not the case. Then there is an e — f path in 77 of length k + 1 for some e, f € E(T7).
Since diam(7y) = k, one of e and f must be e, say e = e;. However, from the definition
of T, there is no e; — f path of length k£ + 1 in 77, a contradiction. Thus, as claimed,
diam(77) = k and so the size of T} is at most my. Hence, at most my — 1 edges of T}
have been assigned colors from [my] and therefore there is at least one color in [my] that
has not been assigned to any edge of T7. Assigning such a color to the edge e; results in
a k-rainbow coloring of 77 using the colors of [my]. If T' = T}, then the proof is complete.
Hence, we may assume that E(T) — E(Ty) # 0.

If there is an edge €' € (E(T) — E(T1)) N ([Uy, Upy1]) U [W,., Wy41]), where then ¢’
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Figure 4.5: The sets U; and W; of the tree T" in Case 2

is incident with a vertex of 77 and T + €’ has diameter k + 1, then we denote this
edge €' by ey and let Ty = Ty + es. Next, if there is an edge ¢/ € (E(T) — E(Ty)) N
([U:, Upy1] U Wy, W, 41]) such that T + ¢’ has diameter k + 1, then we denote this
edge €’ by e3 and let T35 = Ty + e3. We continue this procedure until no such edges €’
exist, obtaining a sequence ey, ea,...,e, (p > 1) of edges and a sequence T1,T5,...,T)
of subtrees of T' having diameter k + 1. Next, if there exists an edge ¢/ € (E(T) —
E(Ty)) N ([Up, Upy1] U [Wy, Wyy1]), then we denote this edge ¢’ by e,11 and let Ty =
Ty + ept1. Then diam(T), + ¢’) = k + 2. We continue this procedure until no edges in
Up, Up1]U[W,., W, 1] remain, say arriving at the tree Tpy. If E(T)—E(T}) # 0, then let
¢ e (E(T)—E(Ty))N([Ups1, Up2) U[ Wy i1, Wy42]). We continue this procedure until no
edges of [Uy41, Upy2] U[Wyi1, Wy4o] remain. We then continue this, obtaining a sequence
e1,€e,...,eq of all edges of E(T')— E(Tp) and a sequence 11, T, ..., T, of subtrees, where
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qg=m(T) —m(Ty) and T, = T. In summary, after selecting the edge e, we select other
edges in [Uy, Uy41| U [W,, W,.11], one edge at a time, such that the addition of each such
edge to the preceding subtree obtained results in a subtree of diameter k£ + 1. When no
such edges remain, we then select other edges in [U,, Uy4+1] U [W,., W,41], one edge at a
time, such that the addition of each such edge to the preceding subtree obtained results
in a subtree of diameter k + 2. Once no such edges remain in [Uy, Uy41] U [W;, Wy 41],
we turn to edges in [Uyy1, Upyo] U [Wyt1, Wyia], the addition of which to the preceding
subtree obtained results in a subtree of diameter k£ + 3, and so on. Hence, T; C T; 11 and
diam(7;) < diam(7;41) < diam(7;) + 1 for 0 <i < ¢ — 1.

We claim, for each integer ¢ with 0 < ¢ < ¢, that a k-rainbow coloring of T; exists
using the colors of [mg]. We proceed by induction. We have already seen that such a
coloring exists for both T and T7. Assume that such a coloring exists for 7} for some
integer j with 1 < j < ¢q. We show that such a coloring exists for Tj11 =T +¢ej11. We
may assume that e;;1 belongs to a branch B at ug that does not contain wy and that
ej+1 € [Us, Ugy1], where then s+ 1 < t;. Let u be the vertex incident with e; 41 in Usy;.
Consequently, there is no edge in 7)1 that belongs to [Ust1, Usya].

Let T

J+1

on a path of length k or less having initial edge e;4+1. We claim that diam(TJ{H) = k.

Clearly, diam(Tj(H) > k. Let e and f be two distinct edges of TJ{H. We claim that e and
f lie on a path of length k or less in T](H. Clearly, this is the case if either e or f is e;41.

be the subtree of T, consisting of e;11 and all those edges of T} lying

Thus, we may assume that neither e nor f is ej;1. Let P be the unique ej;1 — e path in
T}, and let @ be the unique e;41 — f path in 7}, . Suppose that P is a u — z path and
Q is a u — y path. Let v be the last vertex that P and @ have in common. Let P’ be
the v — z subpath of P and @' the v — y subpath of Q. Thus, either d(x,vy) > d(v, vg)
or d(y,vg) > d(v,vo). Let dr(u,v) = a, dr(v,z) = b and dr(v,y) = ¢. Thus, a+b <k
anda+c<k,and soc< k —a.

Recall that e;11 belongs to the branch B of T at up that does not contain wg. To
simplify terminology, when we refer to a branch at ug, we mean a branch of T" at ug that
does not contain wg. Similarly, a branch at wg is a branch of T at wy that does not

contain ug. For the locations of e and f, the following situations are possible:

x one of e and f is eg and the other lies on (i) the branch B, (ii) a branch B’ # B

at uo or (iii) a branch at wy,

*x e and f lie on the same branch at ug or at wp; so this branch is (i) the branch B,
(ii) a branch B’ # B at ug or (iii) a branch at wy,

* e and f lie on two different branches at ug, one of which is B or neither of which
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is B,
* e and f lie on two different branches at wy,

* e and f lie on two different branches, one of which is a branch at wgy and the other
is either (i) the branch B or (ii) a branch B’ # B at ug.

More precisely, there are eleven possibilities for the locations of e and f:
1. One of e and f is the edge ey and the other belongs to B.

2. One of e and f is the edge ey and the other belongs to a branch B’ at ug distinct
from B.

3. One of e and f is the edge ey and the other belongs to a branch B’ at wy.
4. Both e and f belong to B.

5. Both e and f belong to the same branch B’ at ug distinct from B.

6. Both e and f belong to the same branch B’ at wy.

7. One of e and f belongs to B and the other belongs to a branch B’ at ug distinct
from B.

8. One of e and f belongs to B and the other belongs to a branch B’ at wy.
9. The edges e and f belong to distinct branches at wug, neither of which is B.

10. Ome of e and f belongs to a branch B’ at ug distinct from B and the other belongs

to a branch at wy.
11. The edges e and f belong to two distinct branches at wy.

Regardless of which situation (1)-(11) occurs, either b < a or ¢ < a (or both). Since
b<k-—aandc<k-—a,it follows that b+ ¢ < k. Thus, e and f lie on a path of length
at most k in 7}, and so diam(7} ;) = k. Consequently, m(7},;) < my. Hence, at most
my, — 1 edges of TJ’» 41 have been assigned colors from [my], resulting in at least one color
in [myg] that has not been assigned to any edge of TJ’ ,1- Hence, there is at least one color
in [my,] available for e;1. Assigning e;j;1 such a color results in a k-rainbow coloring of
Tj4+1 using the colors of [my]. Therefore, there exists a k-rainbow coloring of T; with the
colors of [my] for each integer ¢ with 1 < i < ¢. In particular, there exists a k-rainbow
coloring of T, = T' using the colors from the set [my]. Therefore, rc,(T') = my, for each

odd integer k > 7. ]
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It was observed in Chapter 2 that if 7" is a nontrivial tree of size m, then rc3(7') = m
if and only if T' is a star or a double star. This observation can be extended to the

following, which is a consequence of Theorem 4.1.4.

Corollary 4.1.5 Let T be a nontrivial tree of size m and let k > 2 be an integer. Then
reg(T) = m if and only if diam(T') < k.

Proof. First, suppose that diam(7) < k. Let e and f be any two edges of 7. Then
there is an z — y path P in T such that e, f € E(P). The path P is the only x —y
path in 7. Since diam(7T) < k, the length of P is at most k. Thus, ¢(e) # ¢(f) and so
reg(T) = m.

For the converse, suppose that 7' is a tree with diam(7") > k. Let T™ be a subtree of
T having maximum size my in T such that diam(7*) = k. Since diam(7T") > k, it follows
that T™ is a proper subtree of T" and so mj < m. It then follows by Theorem 4.1.4 that

reg(T) = my, < m. n

Theorem 4.1.4 provides a formula for rcg(T") of a tree T' for each integer k > 2, namely
rc(T') is the maximum size my, of a subtree of T having diameter k. However, when k is
large, the value mj may not be easy to compute without the aid of technology (however,
the value my may be computed in polynomial time when technology is implemented).
Therefore, this suggests the problem of obtaining bounds for rci(7") in terms of more
easily computable expressions. For integers A > 3 and d > 2, let Ta 4 denote the set of
trees having maximum degree A and diameter d and denote the minimum and maximum

sizes of trees in Ta 4 by
m(A,d) = min{m(T): T € Taa}
M(A,d) = max{m(T): T € Taa}-

We will soon derive expressions for these numbers.
A tree is central if its center is K7 and bicentral if its center is K. It is known that

a tree is central if and only if it has even diameter. Furthermore, if T" is central, then
diam(T") = 2rad(T);
while if T is bicentral, then
diam(7) = 2rad(T) — 1
(see [14, pp. 88]).
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Proposition 4.1.6 For integers A > 3 and d > 2,

m(A,d) = A+d-2,

Al(A-1)t-1]
A

_; ifd=2t>2 is even

M(A,d) =

_1)t—1_
12— DA g9t 1> 3 s odd.

Proof. Since the result is true for d = 2,3, we may assume that d > 4. First, we show
that m(A,d) = A+d—2. Let T € T 4 such that T has size m and let v be a vertex of
T with degv = A. Then T — v is a forest with A components, say T1,7T5,...,TA. Let
m; denote the size of T; for i = 1,2, ..., A. Therefore,

A
m:A—l—Zmi.
i=1

Let P be a path of size d in T'. Suppose first that v lies on P. Then exactly two of the
trees 11,75, ...,TA, say 11 and 15, contain vertices of P. Hence, mj + mo > d — 2 and

SO

A A
m=A+Y " mi>A+(d-2)+Y mi>A+d-2
=1 =3

Next, suppose that v is not a vertex of P. Hence, P lies entirely in one of the trees
T1,15,...,TA, say 11 and so m1 > d. Thus,

A A
m:A+Zmi2A+d+ZmiZA+d.
i=1 i=2

Therefore, m(A,d) > A+ d — 2. Now, let 7" be the tree obtained from the path
(vo, v1,...,vq) where d > 2 by adding A — 2 vertices and joining all these vertices to v;.
Then 7" € Ta 4. Since the size of T is A +d — 2, it follows that m(A,d) < A+d —2
and so m(A,d) =A+d—2.

It remains to determine M (A, d). We consider two cases, according to whether d is

even or d is odd.
Case 1. d > 4 is even. Then d = 2t for some integer ¢ > 2. Let
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Al(A-1)t—1
K(A,d) = 2=

We show that M(A,d) = K(A,d). Now, let T € Taq be an arbitrary tree. Since
diam(7) = d is even, T has a unique central vertex v. Then e(v) = t. We may assume

that T is a rooted tree with root v. For each integer ¢ with 0 < i <, let
Vi={w e V(T):d(v,w) =i}.

Since Vp = {v} and degv < A, it follows that |[Vp, Vi]| < A. Furthermore, |[V7, V3] <
A(A — 1) and |[Va, V3]| < A(A — 1)2. In general,

Vi, Vi) S A(A = 1) for 0 < <t—1.

Thus,
t—1 t—1 A
m(T) = > |[Vi Vil <A (A1)
1=0 =0
_ Afa-py -]
= N = K(A,d).

Since T' is an arbitrary tree in Tx 4, it follows that M(A,d) < K(A,d). On the other
hand, let Ths € Ta,q be a tree with central vertex u such that for each integer i with
0<i<t—1,every vertex in {w € V(T) : d(u,w) = i} has degree A and every vertex
in {w € V(T) : d(u,w) = t} is an end-vertex of T);. Hence, |[V;, Vis1]| = A(A — 1)
for 0 < i < t—1 and so m(Ty) = K(A,d). Hence, M(A,d) > K(A,d) and so
M(A,d) = K(A,d) when d > 4 is even.

Case 2. d > 5 is odd. Then d = 2t — 1 for some integer t > 3. Let

K(A,d) =1 +2(A — pl&=D=1]

We show that M(A,d) = K(A,d). Next, let T' € Ta 4. Since diam(7) = d is odd, the
center of T is K9 and so T has exactly two central vertices v and v. Thus, u and v are
adjacent vertices with e(u) = e(v) = t. Express the tree T' as “a double rooted tree”

whose roots are u and v. For each integer ¢ with 0 < <t —1, let
Wiv = {weV(T): d(u,w) =1 and d(v,w) =i+ 1},
Wi, = {weV(T): dv,w)=1and d(u,w) =i+ 1},

and W; = Wi, UW;, for 0 < i <t—1. Thus, Wy = {u,v} and W; consits of those
vertices in V(T') — {u, v} that are adjacent to either w or v. Then |[Wy, Wi]| < 2(A —1).
Furthermore, |[W7, Wa]| < 2(A — 1)? and |[Wa, W3]| < 2(A — 1)3. More generally,
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Wi, Wia]| < 2(A = 1) for 0<i <t —2.

Hence,

t—2 t—2
m(T) = 1+ Wy, W]l <1+ 2(A -1
=0 =0

t—

2
< 142A-1)) (A1)
i=0

1=

(A -1t —1]
A—2
Since T' is an arbitrary tree in Ta 4, it follows that M(A,d) < K(A,d). On the other
hand, let Ty € Ta g be a tree with the central vertices x and y such that for each integer

= 1+2(A-1) = K(A,d).

i with 0 <14 <t —2, every vertex in W; = W; , U W; , has degree A and every vertex
in Wiy = W1, UW,;_1, is an end-vertex of Tps. Then |[W;, Wii1]| = 2(A — 1)1 for
0<i<t—2andsom(Ty)=K(A,d). Hence, M(A,d) = K(A,d). ]

The following corollary is a consequence of Theorem 4.1.4 and Proposition 4.1.6

Corollary 4.1.7 IfT is a tree having mazimum degree A > 3 and diameter at least k,
where k > 2, then

rep(T) > A+k—2

Al(A-1)t-1]
A

7; if k=2t > 2 is even
re(T) <

_1)t—1_
1420a - DA k91> 34s odd,

The following is an immediate consequence of Observation 3.1.1 and Corollary 4.1.7.

Corollary 4.1.8 If G is a connected graph of order at least k + 1 > 4 and mazimum
degree A > 3, then

—1)t—
% if k=2t > 2 is even
reg(G) <
—1)t—1_
1A - DA kot 1> 34 odd,
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4.2 Unicyclic Graphs

In [32, 33], upper bounds for the rainbow connection numbers have been established for

connected graphs G having minimum degree 6(G) > 2.

Theorem 4.2.1 [33] Let G be a connected graph of order n > 4 with minimum degree
0G)=2. If G ¢ {Cs, K4 —€,Cs}, then rc(G) <n — 3.

Theorem 4.2.2 [32] If G is a connected graph of order n > 4 with minimum degree
§(G) > 3, then rc(G) < 3L,

The following is a consequence of (3.1) and Theorems 4.2.1 and 4.2.2.

Corollary 4.2.3 Let G be a connected graph of order n > 6 whose longest paths have
length £ and let k be an integer with 2 < k < {.

(1) If 6(G) = 2, then rcp(G) < n — 3.

(2) If 5(G) > 3, then rcy(G) < 221,

Thus, we study connected graphs containing end-vertices, namely those graphs with
minimum degree 1. Every nontrivial tree contains end-vertices. If T' is a tree of order
n > 3, then diam(7") = d is the length of a longest path in 7" and rcy(T) = n — 1 by
Corollary 4.1.2. Thus, rcg(T) < n — 1 for all integers k with 2 < k < d by (3.1). It can
be shown that if G is a connected graph of order n > 3 and ¢ is the length of a longest
path in G, then G contains a spanning tree 7" such that diam(7") = ¢. It then follows
by Observation 3.1.1 and Corollary 4.1.2 that rciy(G) < n — 1 for all integers k with
2 < k < /. In this section, we study the k-rainbow colorings of a well-known class of
graphs, namely unicyclic graphs. As a consequence, it is shown that if G is a connected
graph of order n > 3 that is not a tree and the length of a longest path in G is ¢, then
rcg(G) < n — 2 for all integers k with 2 < k < /.

A wunicyclic graph is a connected graph containing exactly one cycle. Thus, if G
is a unicyclic graph of order n > 3, then the size of GG is also n. In particular, each
cycle is a unicyclic graph. Since rc(K,) = 1 for all integer n > 3 (and so rc(Cs) = 1),
it then follows by (3.1) and Theorem 3.3.2 that rci(C,) < n — 2 for integers k and n
with 2 < k < n — 1. Next, we show that rcg(G) < n — 2 for all unicyclic graphs G of
order n > 3 in general. First, we introduce additional notation. If P and @ are two
paths in a graph G such that P and ) have exactly one vertex in common and this

vertex is an end-vertex of P and @, say P is u — v path and ) is a v — w path where
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V(P)NV(Q) = {v}, then let (P, Q) denote the u — w path in G constructed from P and
@, namely P followed by Q.

Proposition 4.2.4 If G is a unicyclic graph of order n > 3 whose longest paths have
length £, then rck(G) < n — 2 for all integers k with 2 < k < ¢.

Proof. Let G be a unicyclic graph of order n > 3. Thus, G has n edges. Since K3
is the only unicyclic graph of order 3 and rc(K3) = 1, we may assume that n > 4 and
so diam(G) > 2. Let C = (u1,ug,...,up,upr1 = u1) be the unique cycle in G. By
Theorem 3.3.2, we may assume that G # C and so 3 < p < n — 1. We show that G
has a rainbow coloring using n — 2 colors. Define the edge coloring ¢ : E(G) — [n — 2]
by assigning the color 1 to the three edges ujug, ugus, usuy on C' (where uzuy = uguy if
p = 3) and assigning the n — 3 distinct colors 2,3, ...,n — 2 to the remaining n — 3 edges
of G. It remains to show that ¢ is a rainbow coloring of G.

Let x and y be two nonadjacent vertices of G. We show that there is a rainbow = —y
path in G. First, suppose that z,y € V(C). Then there are two x — y paths @ and
Q@' on C. Since only three edges on C are colored 1, at least one of Q and )’ contains
at most one edge colored 1, say () contains at most one edge colored 1. Thus, @ is a
rainbow = —y path. Next, suppose that at least one of x and y does not belong to C, say
y ¢ V(C). Let u; € V(C) where 1 < i < n such that d(y,u;) = min{d(y,u) : u € V(C)}
and let P be the u; — y geodesic in G. Then P is a rainbow u; — ¢y path in G. If
x € V(C), then let Q be the rainbow z — u; path on C' (where @ is a trivial path if
x = u;). Hence, (Q,P) is a rainbow  — y path in G. If = ¢ V(C), then let u; € V(C)
such that d(z,u;) = min{d(z,u) : w € V(C)} where it is possible that u; = u;. Let P’
be the z —u; geodesic in G and so P’ is a rainbow = —u; path. Now let @ be the u; — u;
rainbow path on C' (where @ is a trivial path if u; = u;). Then (P’,Q, P) is a rainbow
x — y path in G. Therefore, ¢ is a rainbow coloring of G and so rc¢(G) < n — 2. It then
follows by (3.1) that rcg(G) < rc(G) < n — 2 for all integers k with 2 < k < £. ]

The bound n — 2 established for rci(G) in Proposition 4.2.4 is best possible as we
will see soon. In order to extend Proposition 4.2.4 to all connected graphs that are not

trees, we first present a lemma.

Lemma 4.2.5 If G is a nontrivial connected graph that is not a tree such that the
length of a longest path in G is ¢, then G contains o unicyclic spanning subgraph whose

longest paths have length £.

Proof. Since the result is certainly true if G is a unicyclic graph, we may assume

that G is not unicyclic. Let L be a path of length ¢ in G. Since G is not a tree,
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there is an edge e; € E(G) — E(L) that lies on a cycle of G. Then G; = G —e; is a
connected spanning subgraph of G. Since GG; contains L, the length of a longest path in
G is £. If (1 is a unicyclic graph, then (1 has the desired property. Otherwise, there
is e € E(G1) — E(L) that lies on a cycle of G;. Then G2 = G — ey is a connected
spanning subgraph of G; and G. Since G5 contains L, the length of a longest path in Go
is 0. If G4 is a unicyclic graph, then G5 has the desired property; if not, we continue this
procedure until eventually arriving at a unicyclic spanning subgraph of G whose longest

paths have length ¢. =

Theorem 4.2.6 If G is a nontrivial connected graph of order n > 3 that is not a tree
such that the length of a longest path in G is ¢, then rcp(G) < n — 2 for all integers k
with 2 < k < L.

Proof. Let G be a connected graph of order n that is not a tree such that the length
of a longest path in G is . By Lemma 4.2.5, G contains a uncyclic spanning subgraph
H such that the length of a longest path in H is . By Proposition 4.2.4, rcx(H) < n—2
for all integers k with 2 < k < ¢. It then follows by Observation 3.1.1 that rcgx(G) <
rep(H) < n — 2 for all integers k with 2 < k < /. n

The bound n — 2 established for rci(G) in Theorem 4.2.6 is best possible. In fact,
more can be said. A tree T has the property that there exists a 3-rainbow coloring
of T such that every two vertices v and v are connected by a unique 3-rainbow u — v
path in 7. This gives rise to the following question: Is there a connected graph that
is not a tree with this property? We provide an affirmative answer to this question.
First, we give an example of a class of graphs of diameter 3. The corona cor(H) of
a graph H is the graph obtained from H by attaching a pendant edge to each vertex
of H. Thus, if H has order n, then the corona cor(H) has order 2n and has precisely n
leaves. Let G = cor(K,,) for some integer n > 3, where V(K,,) = {u1,uo,...,u,} and
V(G) = V(K,) ={v1,ve,...,v,} such that u;v; is the pendant edge at u; for 1 <i <n.
Define the edge coloring ¢ : E(G) — [n+ 1] by c¢(ujv;) =ifor 1 <i<nandc(e) =n+1
for each e € E(K,). Then c is a 3-rainbow (n + 1)-coloring of G. Furthermore, every

two vertices are connected by a unique 3-rainbow path (or a rainbow path) in G.

Theorem 4.2.7 For two integers d and k with d > k > 3, there exists a connected
graph G of diameter d that is not a tree with the property that rci(G) = k and G has a
k-rainbow coloring such that every two vertices of G are connected by a unique k-rainbow

path.
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Proof. For an integer k > 3, let Gy be the graph constructed from the graph K, =
(u,v) and the path P, = (w1, ws,...,wg) of order k by joining u and v to wy. (see
Figure 4.6). Since diam(Gj) = k, it follows that rcy(Gx) > k. Next, define the edge
coloring ¢ of Gy defined by c(e) = 1 if e € {uwwv,uw;,vw;} and c(w;w;y1) = i + 1 for
1 <i<k—1. Since c is a k-rainbow k-coloring of Gy, it follows that rcx(G) = k.

u 1
k—1
1 2 3 4 o
w1 w2 w3 Wk —1 Wk
v 1

Figure 4.6: The graph Gy,

Next, we show that every two vertices of G are connected by a unique k-rainbow
path. Let x and y be any two vertices of G. If x and y belong to Py, then the x —y
subpath of Py is the unique k-rainbow x — y path in G. If  and y belong to {u,v,w; },
then (x,y) is the unique k-rainbow z — y path in G. If = belongs to {u,v, w1} and y
belongs to Py, say y = w; for some i with 2 < i < k, then the path (z,w;,ws, ..., w;) is
the unique k-rainbow z —y path in Gj. Thus, the graph Gj, (together with the k-rainbow
coloring c¢) has the desired property.

A graph G4 of diameter d > k with the desired property can be constructed from
the graph G} and the path (wgi1,wgia,...,wq) of order d — k by adding the edge
wipwgka1. We can then extend the k-rainbow coloring ¢ of Gy to a k-rainbow coloring
of G4 by assigning the colors 1,2,...,k in this order to the edges of the path Q =
(W, W41, W42, - - -, Wq) beginning with wiwy,1 (namely, assign the color i 4+ 1 to the
edge wpijwiiirq for 0 <i < k—1if d—k > k) and repeat this procedure if d — k > k. m

By Theorem 4.2.7, for each integer n > 4, there is a unicyclic graph G of order n
such that rc,—2(G) = n — 2. Therefore, as we mentioned, the bound n — 2 established
for rci(G) where 2 < k <n — 1 in Theorem 4.2.6 is the best possible

4.3 Graphs of Cycle Rank 2

In this section, we show that if G is a connected graph of order n > 3 and size at
least n+1 that is (K — e)-free and the length of a longest path is ¢, then rci(G) <n—3
for all integers k with 2 < k < /. In order to show this, we first introduce a another
class of graphs. Let G be a connected graph of order n and size m. The number of edges
that must be deleted from G to obtain a spanning tree of G is m — n + 1. The number

m —n+ 1 is called the cycle rank (or Betti number) of G. Thus, the cycle rank of a tree
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is 0 and the cycle rank of a unicyclic graph (a connected graph with exactly one cycle)
is 1. The cycle rank of a connected graph of order n and size m = n + 1 is therefore
2. A graph H is called a subdivision of a graph G if H is obtained from G by inserting
vertices of degree 2 into one or more edges of GG. For this purpose, we also say that a
graph is vacuously a subdivision of itself. If H is a subdivision of a graph G, then H
and G have the same cycle rank.

As is the case with trees, there is a formula that gives the number of end-vertices in
a connected graph G having cycle rank % in terms of ¢ and the number of vertices of G
having degree 3 or more. Although the following result is known, we present a proof for

completion.

Proposition 4.3.1  Let G be a nontrivial connected graph having maximum degree A

and cycle rank 1. If n; is the number of vertices of degree i in G, where 1 <1i < A, then
ny=(2—2¢) +n3+2n4+3n5+ -+ (A —2)na. (4.1)
Proof. Suppose that G has order n and size m. Then m = (n — 1) 4+ ¢,
n= Zle n;, and 2m = Zle in;.

Therefore, 2m = 2(n — 14+ ¢) = 2n — 2+ 21 and so

A A
D ing=2> n;—2+ 2. (4.2)
=1 =1

Solving for ny in (4.2), we obtain (4.1). ]
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For each integer n > 4, let Gs ,, denote the set of all connected graphs of order n with
cycle rank 2. If G € Ga,,, then the size of G is n+ 1. If G € Ga 5, then G contains at
least two cycles and so G has a subgraph F' that is isomorphic to one of three types of

graphs in Figure 4.7.

(a) (b) ()

Figure 4.7: Three possible types of subgraphs

(1) a graph obtained from two cycles C' and C’, by identifying a vertex in C and a

vertex in C’, as shown in Figure 4.7(a),

(2) a graph obtained from two disjoint cycles C' and C’ and a path P of length 1 or
more by identifying an end-vertex u of P with a vertex of C' and identifying the

other end-vertex v of P with a vertex of C’, as shown in Figure 4.7(b),

(3) a subdivision of Ky — e, that is, a graph consisting of three internally disjoint
u — v paths P; (1 <14 < 3), as shown in Figure 4.7(c), where at least two paths P;
(1 <1 < 3) have length 2 or more.

The graph K4 — e is the only connected graph of order 4 and cycle rank 2 and so
Go4 = {K4 —e}. Figure 4.8 shows all graphs in in Gy 5 and Gz ¢ together with a rainbow
coloring for each of these graphs. If G is a connected graph of order n > 4 and cycle
rank 2, then diam(G) <n—2. If G = K4 —e, then rc(G) = diam(G) = 2 = n—2. There
are three graphs G € Ga5 U Ga g such that rc(G) = diam(G) = n — 2, each of which is
placed inside a box shown in Figure 4.8. Notice that these are the only graphs in Go 5
and Go ¢ containing K4 — e as a subgraph and having maximum degree 3. The following

result can be verified.

Proposition 4.3.2 Let G be a connected graph of order n € {4,5,6} and cycle rank 2
whose longest paths have length £. Then rc(G) = n — 2 if and only if diam(G) = n — 2
and rc(G) < n — 3 otherwise. Consequently, if diam(G) # n — 2, then rcp(G) < n—3
for each integer k with 2 < k < £.

We now turn our attention to connected graphs of order n > 7 having cycle rank 2.

A graph G having cycle rank 2 is of type I if the two cycles in G are edge-disjoint. Thus,

63



1

2

3 2 1 3

3 2 3

2
"<" 1 3 1 3 2
2 \. 1 |2
3 1>' 1 b3
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Figure 4.8: Graphs in Go 5 and Ga 6

G contains a subgraph that is isomorphic either to the graph in Figure 4.7(a) or to the
graph in Figure 4.7(b).

Proposition 4.3.3 Let G be a connected graph of order n > 7 having cycle rank 2 and
let ¢ be the length of a longest path in G. If G is of type I, then rci(G) < n — 3 for all
integers k with 2 < k < /.

Proof. Let C, = (u1,u2,...,up,u1) and Cy = (v1,v2,...,04,v1) be the two edge-
disjoint cycles in G. We may assume that ¢ > p > 3. By (3.1), it suffices to show that
rc(G) < n—3; that is, there is a rainbow coloring of G using at most n — 3 colors. First,
observe that if p = 3, then rc(Cy) = 1 = p—2; while if p > 4, then rc(C)) < |p/2] < p—2.
Thus, rc(Cp) < p — 2 for each integer p > 3. Similarly, rc(Cy) < g — 2 for each integer
g > 3. Suppose that rc(Cp) = a and rc(Cy) = b. Then a +b < p+q — 4. Let
¢p : E(Cp) — [a] be a rainbow coloring of C), and let ¢, : E(Cy) = {a+1,a+2,...,a+b}
be a rainbow coloring of Cy. Let X = E(G) — (E(C,) U E(Cy)). Since the size of G is
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n+ 1, it follows that | X|=n+1—-p—q>0.

*x If X =0, then n = p+ ¢ — 1. Define the edge coloring ¢ : E(G) — [a + b] by
cle) = cple) if e € E(Cp) and c(e) = ¢4(e) if e € E(Cy). Then c is a rainbow
coloring of G and so r¢c(G) <a+b<p+qg—4=n-—3.

* If X # 0, then let X = {ey,eq,...,e,}, where y =n+1—p— ¢ > 1. Define the
edge coloring ¢ : E(G) — [a+ b+ 7] by c(e) = ¢p(e) if e € E(C)) and c(e) = cq4(e)
if ee E(Cy) and c(e;) =a+b+ifor 1 <i<~. Then cis a rainbow coloring of G
and sorc(G) <a+b+y<(p+q¢—4)+(n+1—-p—q)=n-3.

It then follows by (3.1) that rcix(G) < n — 3 for all integers k with 2 < k < /. ]

A connected graph G of order n > 4 having cycle rank 2 is of type II if the two
cycles in G have at least one edge in common. Thus, G contains a subdivision of K4 —e.

Therefore, G' contains a subgraph that is isomorphic to the graph in Figure 4.7(c).

Proposition 4.3.4 Let G be a connected graph of order n > 7 having cycle rank 2 and
let £ be the length of a longest path in G. If G is of type I1 but does not contain K4 — €
as a subgraph, then rc(G) < n — 3 for all integers k with 2 < k < £.

Proof. By (3.1), it suffices to show that rc(G) < n — 3, that is, there is a rainbow
coloring of GG using at most n — 3 colors. Let H be the subgraph of order p that is
isomorphic to a subdivision of K4 — e in G. Since H # K4 — e, it follows that p > 5.
Since H is a connected graph of cycle rank 2 itself, the size of H is p+ 1. If G = H, then
G is a connected graph of order n > 7 and 6(G) = 2. It then follows by Theorem 4.2.1
that rc(G) < n — 3. Thus, we may assume that G # H. Then

|E(G) - E(H)| =n+1)—(p+1)=n—p> 1.

Let E(G) — E(H) = {e1,e2,...,en—p}. Since H # Cs and §(H) = 2, it follows by
Theorem 4.2.1 that rc(H) = a < p—3. Let ¢y : E(H) — [a] be a rainbow coloring of
H. Define the edge coloring ¢ : E(G) — [a+ (n — p)] by c(e) = cu(e) if e € E(H) and

c(e;) =a+ifor 1 <i<mn—p. It can be shown that ¢ is a rainbow coloring of G. Thus,
rc(G)<a+(n—p)<(p-3)+(n—p)=n-—3.

Therefore, rci(G) < n — 3 for all integers k with 2 <k < ¢ by (3.1). ]

The following is a consequence of the three preceding propositions.
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Theorem 4.3.5 Let G be a connected graph of order n > 4 having cycle rank 2 and let
£ be the length of a longest path in G. If G does not contain K4 — e as a subgraph, then
reg(G) < n — 3 for all integers k with 2 < k < L.

By an argument similar to that used in the proof of Lemma 4.2.5, we obtain the

following lemma.

Lemma 4.3.6 If G is a nontrivial connected graph of order n > 4 and size m > n+1,
the length of whose longest path is ¢, then G contains a connected spanning subgraph of
size n + 1 whose longest paths have length £.

The following is a consequence of Observation 3.1.1, Lemma 4.3.6 and Theorem 4.3.5.

Theorem 4.3.7 Let G be a connected graph of order n > 4 and size m > n+1 and let
£ be the length of a longest path in G. If G does not contain K4 — e as a subgraph, then
reg(G) < n — 3 for all integers k with 2 < k < £.

The results stated in Theorems 4.3.5 and 4.3.7 are best possible. In fact, for each
integer n > 4, there are connected graphs G,, of order n > 4 and size n + 1 that contain
K, — e as a subgraph such that rcg(G,) = n — 2 for some integer k where 2 < k < ¢ and
£ is the length of a longest path in GG,,. To see this, let G4 = K4 — e and for n > 5, let
G, be constructed from the graph Ky — e and P,_4 = (v1,v2,...,v,—4) by joining v; to
a vertex of degree 2 in Ky — e. Since diam(G,) = n — 2, it follows by Lemma 3.1.2 and
Theorem 4.2.6 that rcg(Gp) = n — 2 for k = n — 2,n — 1. Furthermore, for each integer
n > 5, there are connected graphs F;, of order n > 4 and size n 4+ 1 that do not contain
K, — e as a subgraph such that rcg(F},) = n — 3 for some integer k where 2 < k < ¢ and
£ is the length of a longest path in F},. To see this, let F5 = C5 4+ e and for n > 6, let
F,, be constructed from the graph Cs + e and P,_5 = (v1,vg,...,v,—5) by joining v; to
a vertex of degree 2 in C5 + e. Since diam(F,,) = n — 3, it follows by Lemma 3.1.2 and
Theorem 4.3.5 that rci(F,) =n—3 for k€ {n —3,n—2,n— 1}.

4.4 Diametric-Rainbow Colorings in Graphs

We have seen in Lemma 3.1.2 that if G is a nontrivial connected graph of diameter d, then
rcqg(G) > d. By Corollary 4.1.2, if G is a nontrivial tree of order n, then rcy(G) =n—1

and so rcy(G)—diam(G) can be arbitrarily large. This gives rise to the following question:

If G is not a tree, how large can rcg(G) — diam(G) be?
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For a nontrivial connected graph G of diameter d, a d-rainbow coloring of G is also
referred to as a diametric-rainbow coloring of G. Thus, a diametric-rainbow coloring of
a connected graph G with diam(G) = d is an edge coloring of G such that every pair of
distinct vertices of G are connected by a d-rainbow path in G. By Theorem 4.2.6, if G

is a connected graph of order n > 3 and diameter d > 2 that is not tree, then
d<rcy(G) <n-—2.

In fact, if d, v, n are integers with 2 < d < v < n—2, then there exists a connected graph
G of order n that is not a tree such that diam(G) = d and rcy(G) = . We begin with
case where 2 < d<k=n-—2.

Theorem 4.4.1 For every triple (d,k,n) of integers with 2 < d < k and n = k + 2,

there exists a connected graph G of order n that is not a tree such that
diam(G) = d and rcg(G) = k.

Proof. First, suppose that k = d. Let G4 be the graph of order d + 2 constructed from
the graph K3 = (u,v) and the path Py = (w1, ws,...,wy) of order d by joining u and v
to wy (see Figure 4.6). We saw, in the proof of Proposition 4.2.7, that diam(G4) = d and
rcqg(Gy) = d. Next, suppose that & > d. We consider two cases, according to whether
k=d+1lork>d+2.

Case 1. k = d+ 1. Let G be the graph of order £ + 2 = d + 3 obtained from
G4 by adding a new vertex z and joining = to wg—;. Then diam(G) = d. We claim
that rcy(G) = d + 1. First, we show that rcy(G) < d + 1. Define the edge coloring
c¢: E(G) — [d+ 1] of G defined by

1 if e € {uv,vwy,vw }
cle)=4q i+1 ife=wmwiforl <i<d-—1

d+1 ife=wgx.

This coloring is shown in Figure 4.9. Since every two vertices are connected by a rainbow
path, it follows that c is a d-rainbow (d + 1)-coloring of G. Hence, rcy(G) < d + 1.
Next, we show that rcg(G) > d + 1. Assume, to the contrary, that rcy(G) < d. It
then follows by Lemma 3.1.2 that rcy(G) = d. Let there be given a d-rainbow d-coloring
c¢: E(G) — [d] of G. We may assume, without loss of generality, that c¢(uw;) = 1 and

the color 1 is also assigned to another edge e of H. First, suppose that c(e) = 1 for some
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u 1 d+1
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1 O O ©)
w1 w2 w3 Wq—1 wq
v 1

Figure 4.9: A graph G with diam(G) = d in Case 1

e € E(H) — {zwg_1,wqg_1wgq}. Since k > d and only d colors are used by ¢, it follows
that a k-rainbow u —wy_1 path must be a rainbow path. There are exactly two u — wq_1

paths in GG, namely
Q1 = (u,wi,wa, ..., wg—1) and Q2 = (u, v, w1, Wwa, ..., W4—_1).

Since (1 is not a rainbow path, it follows that Q2 must be a rainbow path. Thus,
{c(uv), c(vwy) }= {2, 3}, say c(uv) = 2 and ¢(vwy) = 3. This implies that c(f) ¢ {2,3}
for each f € E(H) — {zwg—1, wg—1wq} and so {c(zwg—1),c(wi—1wq)} = {2,3}, say
c(rwg—1) = 2 and ¢(wg_1wy) = 3. However then, there is no rainbow v — wy path in G,
which is a contradiction. Therefore, rcg(G) > d+ 1 and so rcy(G) = d + 1.

Case 2. k > d+ 2. Let GG be the graph of order k£ + 2 obtained from G4 by adding
k — d+ 1 new vertices x1,x2,...,Tk_q+1 and joining z; to wg—q1 for 1 <i < k —d+ 1.
Then diam(G) = d. It remains to show that rcy(G) = k. The subgraph G — {u,v} is a
tree of size k. For every pair x,y of distinct vertices of H, there is a unique x — y path
in G. Hence, every d-rainbow coloring must assign k distinct colors to the k edges of H,
implying that rcg(G) > k. Next, define the edge coloring ¢ : E(G) — [k] by

* assigning the colors 1,2, 3 to the three edges uv, uwq, vwn,
namely {c(uv), c(uw), c(vwr)} = {1,2,3},
* assigning the colors 1,2, 3 to the three edges wy_q1x; for i =1, 2, 3,

namely {c(wg-171, c(wq-172, c(wg—173} = {1,2,3},
* assigning the k — 3 colors in {4,5,...,k} to the remaining k — 3 edges of G.

We may assume that the coloring c is the one as shown in Figure 4.10.

Since H is a rainbow tree in G, every two vertices of H are connected by a rainbow
path. In fact, every two vertices of GG are connected by a rainbow path. For example, the
vertices u and x9 are connected by the rainbow u — x9 path (u,v,w1,...,wg—_1,x2) in G.
Thus, ¢ is a rainbow coloring of G and so ¢ is a d-rainbow k-coloring of G. Therefore,
rcqg(G) < k and so req(G) = k. (]
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Figure 4.10: A graph G with diam(G) = d in Case 2

Theorem 4.4.2 For every triple (d,k,n) of integers with 2 < d < k < n — 3, there

exists a connected graph G of order n that is not a tree such that
diam(G) = d and rcy(G) = k.

Proof. First, suppose that 2 < d = k < n — 3. Let G be the graph obtained from
the path P; = (uy,ug,...,uq) of order d and the complete graph K, _4 by joining ug to
each vertex of K, _;. Then the order of G is n and diameter of G is d. We show that
rcqg(G) = d. Since rcg(G) > d, it remains to show that G has a d-rainbow d-coloring.
Define the edge coloring ¢ : E(G) — [d] by

1 ifee E(K,_g)
cle)=< i fe=wuuyfor1 <i<d-—1

d if e = ugx for each z € V(K,_4).

Then ¢ is a d-rainbow d-coloring and so rcg(G) = d.

Next, suppose that 2 < d < k<n—3. Thenn >k+3>6and k—d+1> 2.
We begin with the tree T of order k + 1 and diameter d > 2 obtained from the path
P; = (u1,ug,...,uq) of order d and the k—d+1 > 2 vertices v1,vo, ..., Vk_g+1 by joining
the end-vertex ug of Py to each vertex v; for 1 <i <k —d+ 1. Let e¢p : E(T) — [k]| be
a k-rainbow coloring of T" defined by

(4.3)

) if e=wuujypp for 1 <i<d-—1
cr(e) =

d+i—1 fe=uguforl1 <i<k—d-+1.

The tree T and the coloring ¢p of T' are shown in Figure 4.11. Next, we construct a
graph G of order n that is not a tree such that diam(G) = d and rcq(G) = k. There are

two cases, according to whether n and k are of opposite parity or of the same parity.
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® Vi_d+1
ul ug u3 Ud—1 Ud

Figure 4.11: A k-rainbow coloring cr of the tree T’

Case 1. n and k are of opposite parity. Write n — k = 2p + 1 > 3 for some positive
integer p. Let F' = pKy, where

V(F) = {wy, w},ws,w), ... ,wp,w;}

such that wiwg € E(F) for 1 <i < p. Now, let G be the graph obtained from the tree
T and the graph F' by joining the vertex ug of T' to each vertex of F'. Then the order
of Gisk+ 14 (n—k—1)=n and diam(G) = d. Since every d-rainbow coloring of G
must assign k distinct colors to the k edges of T', it follows that rcy(G) > k. Next, we
show that G has a d-rainbow k-coloring. Let ¢r be the coloring of T' described in (4.3).
Define the edge coloring ¢ : E(G) — [k] of G by

cr(e) ifee E(T)
1 if e = w;w, for 1 <i<p
c(e) = . :
d if e=wuqw; for 1 <i<p
d+1 ife=ugquw,forl<i<p.
The graph G and the coloring ¢ of G are shown in Figure 4.12. We show that ¢ is a

d-rainbow coloring of G.

Figure 4.12: A k-rainbow coloring ¢ of the graph G in Case 1

Let x and y be two nonadjacent vertices of G. Since T is a rainbow subgraph of G,

every two vertices of T' are connected by a rainbow path in 7" and so in G. Thus, we
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may assume that one of x and y is not a vertex of T, say y ¢ V(7). By symmetry, we

may assume that y = w;. Thus, x ¢ N(wy) = {ug, w}}.
* If x = u; where 1 <i <d—1, then (u;, ujt1,-..,uq,w1) is a rainbow x — y path.
* If x = vy, then (v1,ug, w],wy) is a rainbow x — y path.
*x If £ = v; where 2 <i <k —d+ 1, then (v;, uq, w1) is a rainbow x — y path.

*x If © = w; or x = w} where 2 <4 < p, then, since (w;, w}, uq,w;1) is a rainbow path,

there is a rainbow x — y path.

Thus, ¢ is a d-rainbow coloring of G and so rcg(G) < k. Hence, rcg(G) = k.

Case 2. n and k are of the same parity. Write n —k = 2p > 4 for some integer p > 2.
For p = 2, let F = P3 = (w1, w,w}) and for p > 3, let F = P35+ (p — 2)K>, where
Py = (w1, w,w]) and wi1wj; € E(F) for 1 <4 <p—2. The graph G is obtained from
the tree T and the graph F' by joining the vertex ug of T to each vertex of F'. The order
of Gisk+ 14 (n—k—1)=n and diam(G) = d. Since every d-rainbow coloring of G
must assign k distinct colors to the k edges of T', it follows that rcy(G) > k. Next, we
show that G has a d-rainbow k-coloring. Let c¢r be the coloring of T' described in (4.3).
Define the edge coloring ¢ : E(G) — [k] of G by

cr(e) ifee E(T)
1 if e=wjwor e =ww, for2<i<p—-2ifp>3
2 if e = ww)

d—1 ife=uqw
d ife=uqw; for 1 <i<p-—2ifp>3

d+1 ife=uquw,forl <i<p-2ifp>3.

The graph G and the coloring ¢ of G are shown in Figure 4.13. We show that c is a
d-rainbow coloring of G.

Let x and y be two nonadjacent vertices of G. Since T is a rainbow subgraph of G,
every two vertices of T' are connected by a rainbow path in 7" and so in G. Thus, we
may assume that one of x and y is not a vertex of T, say y ¢ V(T'). By symmetry, it
suffices to consider y = w; or y = w. First, suppose that y = w;. Since (w1, w,w}) is a

rainbow path, we may assume that = ¢ N(w;) U{w]}.
*x If £ = u; where 1 <i <d—1, then (u;, uit1,...,uq,w1) is a rainbow x — y path.
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Figure 4.13: A k-rainbow coloring ¢ of the graph G in Case 2

* If & = vy, then (v, ug, w], w,wy) is a rainbow = — y path.
*x If x = v; where 2 <i <k —d+ 1, then (v;, ug, w1) is a rainbow = — y path.

* If = w; or x = w] where 2 < i < p — 2, then, since (w;, w}, ug, wy) is a rainbow

path, there is a rainbow x — y path.

Next, suppose that y = w. Thus, z ¢ N(w).

* If x = u; where 1 < i < d—1, then (u;, uit1,...,uq, wi,w) is a d-rainbow = — y
path.

*x If = v; where 1 <i <k —d+ 1, then (v, uq, w) is a rainbow x — y path.

*x If # = w; or x = w, where 2 < i < p— 2, then, since (w;, w}, u4, w) is a rainbow

path, there is a rainbow x — y path.

Thus, ¢ is a d-rainbow coloring of G and so rcy(G) < k. Hence, rcy(G) = k. n

Combining Theorems 4.4.1 and 4.4.2, we have the following characterization of all
triples (d, k,n) of integers with 2 < d < k < n—1 that can be realizable as the diameter,

d-rainbow connection number and order, respectively, of some connected graph.

Theorem 4.4.3 Let (d,k,n) be a triple of integers with 2 < d < k < n —1. Then
there exists a connected graph G of order n that is not a tree such that diam(G) = d and
rcq(G) =k if and only if k #n — 1.
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Chapter 5

k-Rainbow Hamiltonian-
Connected Graphs

In this dissertation, we introduce the concept of k-rainbow Hamiltonian paths in Hamiltonian-
connected graphs and investigate k-rainbow Hamiltonian-path colorings in two well-
known classes of Hamiltonian-connected graphs, namely the join G V K; of a Hamilto-
nian graph G and the trivial graph K; and the prism G [0 K5 where G is a Hamiltonian

graph of odd order. Other results and open questions are also presented.

5.1 Introduction

First, we review some definitions and results on Hamiltonian graphs and Hamiltonian-
connected graphs. A Hamiltonian cycle in a graph G is a cycle containing every vertex of
G and a graph having a Hamiltonian cycle is a Hamiltonian graph. A Hamiltonian path in
a graph G is a path containing every vertex of G. A graph G is Hamiltonian-connected if
G contains a Hamiltonian u — v path for every pair u, v of distinct vertices of G. Observe
that every Hamiltonian-connected graph is Hamiltonian. However, the converse is not
true. For example, for n > 4, C, is Hamiltonian but not Hamiltonian-connected.

For a nontrivial graph G, recall that §(G) and A(G) denote the minimum and max-

imum degree of GG, respectively, and
02(G) = min{degu + degv : uv ¢ E(G)}

where degw is the degree of a vertex w in G. Ore [31] proved the following results
in 1963.

Theorem 5.1.1 If G is a graph of order n > 4 such that o2(G) > n + 1, then G is

Hamiltonian-connected.
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Corollary 5.1.2 If G is a graph of order n > 4 such that 6(G) > (n+1)/2, then G is

Hamiltonian-connected.

In both a rainbow coloring and a proper-path coloring of a connected graph G, every
two vertices v and v of G are connected by a u — v path, the colors of whose edges
satisfy some specified required property; however, there is no condition on the length
of such a path. For certain graphs G, though, it is natural to require the existence of
such an edge coloring of G for which every two vertices of G are connected by a path
of some prescribed length. For a Hamiltonian-connected graph G, an edge coloring c is
called a Hamiltonian-connected rainbow coloring if every two vertices of G are connected
by a rainbow Hamiltonian path in G. The minimum number of colors needed in a
Hamiltonian-connected rainbow coloring of G is the rainbow Hamiltonian-connection
number of G and is denoted by hre(G). If G is a Hamiltonian-connected graph of order

n > 4 and size m, then
max{rc(G),n — 1} < hre(G) < m. (5.1)

For a Hamiltonian-connected graph G, an edge coloring ¢ is a proper Hamiltonian-
path coloring if every two vertices of G are connected by a proper Hamiltonian path in G.
The minimum number of colors needed in a proper Hamiltonian-path coloring of G is
the proper Hamiltonian-connection number of G and is denoted by hpc(G). Since every
proper edge coloring of a Hamiltonian-connected graph G of order at least 3 is a proper
Hamiltonian-path coloring of G and there is no proper Hamiltonian-path 1-coloring of G,
it follows that

2 < hpe(G) < X(G). (5.2)

These concepts were introduced and studied by Bi et al. in [2, 3, 4]. Inspired by proper
Hamiltonian-path colorings, k-rainbow colorings and Hamiltonian-connected rainbow
colorings, we study the concept of k-rainbow Hamiltonian-path colorings of Hamiltonian-
connected graphs.

Let G be an edge-colored Hamiltonian-connected graph, where adjacent edges may
be colored the same. For an integer k£ > 2, a Hamiltonian path P in G is a k-rainbow
Hamiltonian path if every subpath of P having length at most k is a rainbow path. An
edge coloring ¢ of G is a k-rainbow Hamiltonian-path coloring if every two vertices of G
are connected by a k-rainbow Hamiltonian path in G. If j colors are used in a k-rainbow
Hamiltonian-path coloring ¢ of G, then c is referred to as a k-rainbow Hamiltonian-
path j-edge coloring (or simply a k-rainbow Hamiltonian-path j-coloring). The minimum

number of colors required of a k-rainbow Hamiltonian-path coloring of G is the k-rainbow
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Hamiltonian-connection number of G and is denoted by hrcy(G). As expected, k-rainbow
Hamiltonian-path colorings are intermediate to Hamiltonian-connected rainbow colorings
and proper Hamiltonian-path colorings. In particular, if G is a Hamiltonian-connected

graph of order n > 4 and size m, then
2 < hpe(G) = hrea(G) < hres(G) < --- < hrep,—1(G) = hre(G) < m. (5.3)

If H is a Hamiltonian-connected spanning subgraph of a graph G and c is a k-
rainbow Hamiltonian-path coloring of H for some integer k > 2, then the coloring ¢ can
be extended to a k-rainbow Hamiltonian-path coloring of G by assigning any color used
by ¢ to each edge in F(G) — E(H). Thus, we have the following observation.

Observation 5.1.3 If H is a Hamiltonian-connected spanning subgraph of a graph G,
then k < hreg(G) < hreg(H) for every integer k with 2 < k <n — 1.

5.2 k-Rainbow Hamiltonian-Path Colorings of Wheels

For two vertex-disjoint graphs F' and H, let F'V H denote the join of F and H. In
particular, the join G V K7 of a graph G and the trivial graph K7 is obtained by joining
the vertex of K to each vertex of G. If GG is a Hamiltonian graph of order n > 3, then
G V K; is a Hamiltonian-connected graph of order n + 1 and so the length of a longest
path in GV K7 is n. Since the wheel W,, = C}, V K7 is a spanning Hamiltonian-connected
subgraph of G V Kj, it follows by Observation 5.1.3 that hrciy(G V Kj) < hreg(W,).
This suggests investigating k-rainbow Hamiltonian-path colorings of the wheels W,, since
hrcg (W,) is an upper bound for hrex (G V K1) for every Hamiltonian graph G of order n.
We have seen in Chapters 2 and 3 that rca(W3) = rc(W3) = 1 and for integers k and n
with 3 < k <n and n > 4,

reo(Wy,) = pc(W,) =2,

2 f4<n<6
rer(Wa) = {3 ifn>7.

The rainbow Hamiltonian-connection number hrc(W,,) has been determined for each

integer n > 3.
Theorem 5.2.1 [2] For each integer n > 3, hre(W,,) = n.

By Theorem 5.2.1 then, hre, (W, ) = n. We now investigate the following problem:
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What can be said about the value of hreg(W,,) for integers k and n with
2<k<n-17¢

It is known (see [2, 3, 4]) that
(i) hpe(K3) = 3 and hpe(K,) = 2 for n > 4 and
(ii) hre(K,)=mn—1for n > 4.

Since W3 = Ky, it follows that hpc(K4) = hreo(Ky) = 2 and hre(Ky) = hreg(Ws) = 3.
Thus, we now assume that n > 4. In order to present a lower bound for hrcg(W,,), we

first present a lemma.

Lemma 5.2.2 Let k and n be integers with 2 < k < n — 2. If ¢ is a k-rainbow
Hamiltonian-path coloring of W, = C,, V K1, then every path of length k in C) is a

rainbow path. In particular, the restriction of ¢ to Cy is a proper edge coloring of C,.

Proof. For an integer n > 3, let W,, = C,, V K1 where C,,=(uy, ua, ..., Up, Upt1 = U1)
and V(K;) = {up}. For each integer ¢ with 1 < i < n, there are exactly two u; — ug

Hamiltonian paths in W,,, namely
-Pi,() = (u’iaui+17'")unuuluuzu"'7u’i—17u0)
Qi,() = (u’iaui—17"')unuun—lvun—27"'7ui+17u0)

where all subscripts are expressed as positive integers modulo n. Assume, to the contrary,
there is a path of length k in C), that is not a rainbow path, say P = (u1,usg, ..., uxt1) is
not a rainbow path. Since P is a subpath of the two w42 — 1o Hamiltonian paths Py
and Qr42,0 in Wy, there is no k-rainbow Hamiltonian w9 — uo path in Wp,, which is a

contradiction. Consequently, the restriction of ¢ to C,, is a proper edge coloring of C,,. m

Theorem 5.2.3 If k and n are integers with 2 < k <n —1 and n > 4, then
her(Wn) > k+1.

In particular, hpe(W,) > 3.

Proof. For an integer n > 4, let W, = C,, V Ky where C,,=(uq, ug, ..., Un, Upt1 = 1)
and V(K1) = {uo}. By Lemma 5.2.2, it follows that hrcg(W,,) > k. We now show that
hre,(W,) # k. Assume, to the contrary, that there is a k-rainbow Hamiltonian-path
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k-coloring ¢ : E(W,) — [k] of W,. As we saw in the proof of Lemma 5.2.2, for each

integer ¢ with 1 < ¢ < n, there are exactly two u; — ug Hamiltonian paths in W,,, namely

1DZ'70 = (ui, Ui4-1y e ey Up, UL, U2y« o oy Uj—1, U())

Qio = (Ui Wi1y-- -, Un, Up—1,Up—2, .., Uit1,U0)

where all subscripts are expressed as the integers 1,2,...n modulo n. Since c¢ is a k-
rainbow Hamiltonian-path coloring of W,,, at least one of P; g and Q19 is a k-rainbow
Hamiltonian path. By the symmetry of W,,, we may assume that P g = (u1,u2,. .., Un, o)
is a k-rainbow Hamiltonian path and c(unug) = k. Let n = kg + r for some integers ¢
and 7 where ¢ > 1 and 0 <r < k—1and let Cp, , = (c(uiu2), c(ugus), ..., c(usug)). By
Lemma 5.2.2, we may assume, without loss of generality, that
{(1,2,...,k,***,l,Q,...,k) ifr=0
Cpo= ) (5.4)
(1,2, kyxxx, 1,2 00 k1,2 00 ) if1<r<k-—1

where * % % represents repeating the next k-tuple as the preceding k-tuple. We consider

two cases, according to whether r =0or 1 <r <k —1.
Case 1. r = 0. There are exactly two Hamiltonian u; — u,_1 paths in W,,, namely,

Pl,nfl — (ula Unp, Uy, U2, U3, . . . 7“7171)

Ql,nfl — (ula U2, ..oy Up—2,UQ, Un, unfl)-
Since c(uiuy,) = c(uyug) = k, it follows that Py ,_1 is not a k-rainbow Hamiltonian path.
Because ¢(up—_gtn—k+1) = c(uouy,) = k, the path
(un—kv Un—k+15 - - - Un—2, U0, un)

of length k in ()1,,—1 is not a rainbow path and so Q1 ,—1 is not a k-rainbow Hamiltonian
path. Thus, u; and u,_; are not connected by any k-rainbow Hamiltonian path in W,

a contradiction.

Case 2. 1 < r < k —1. Consider the path P = (un,u;,ug,...,u) of length k on
the cycle Cy,. By (5.4) then, ¢(P — uy,) = {1,2,...,k — 1} and c(upu1) = r. Since
1 <r < k-1, it follows that u,u; has the same color as one of the edges on P — u,, and

so P is not a rainbow path, which contradicts Lemma 5.2.2. [

Next, we present an upper bound for hreg(W,,) where 2 < k <n—1 and n > 4.
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Theorem 5.2.4 For integers k and n with 2 <k <n—-1andn >4, letn=kq+r
where 0 < r < k. Ifn is even and n > 2k + 2r or n is odd and n > 2k + 2r + 1, then

hre,(Wy) < k+7+ [%].

Proof. Let W,, = C, V K; where C,=(u1, ua, ..., Up, upt+1 = ui) and V(K7) = {up}.
It suffices to show that there is a k-rainbow Hamiltonian-path coloring ¢ of W), using
k+r+ [%1 colors. First, we assign the k 4 r colors 1,2,...,k + r to the edges of C},,
where

c(Cn)=(1,2,... k,xxx, 1,2, ... k,k+1,k+2,....k+71),

where * * x represents repeating the next k-tuple as the preceding k-tuple. Next, we
assign {%] new colors to the spokes of W,,. We consider two cases, according to whether

n is even or n is odd.

Case 1. n is even and n > 2k + 2r. Then we define
c(uouge—1) = c(uougs) = k+r+tfor 1 <t < 3.

Thus, we obtain an edge coloring of W, with k +r + & colors. Since n > 2k + 2r, it
follows that k +r + 5 < n.

Case 2. n is odd and n > 2k + 2r + 1. Then we define
c(uguas—1) = c(ugugr) = k+r+1 for 1 <t < 251
n+1

cluouy) =k +r+ 5

Thus, we obtain an edge coloring of W,, with k 4+ r + ”TH colors. Since n > 2k + 2r + 1,
it follows that k& 4+ r + "TH <n.

It remains to show that c is a k-rainbow Hamiltonian-path coloring of W,,. In what
follows, all subscripts are expressed as the integers 1,2,...,n modulo n. For every two
distinct vertices u; and u; of W,,, we show that there is a k-rainbow Hamiltonian u; —u;

path P; ; in W, as follows:

*x For 1 <i<mn, Po= (U, Uit1,Uit2, .-, Un, UL, U2, ..., Ui—1, Up).

*x For i #n, P;it1 = (Wi, Wim1,UWi—2,s -, UL, U0, U, Un—1, Un—2 - - -, Uit 1)-

*x Fori=mn, P,1 = (un, Un—1, U0, Up—2, Un—3, ..., U2, u1) if n is even and
Pp1 = (un, uo, Un—1,Un—2,Un—3, ..., u,u1) if n is odd.
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* For 1 <4, <mnandj>i+ 2,
Pm = (ui,ui+1,ui+2, e ,uj_l,uo,ui_l,ui_Q, vy Up,Un—1y.-- ,uj).

Therefore, ¢ is a k-rainbow Hamiltonian-path (k + r + [%] )-coloring of W,, and so
hrey (W) < k+r+ [2]. (]

The upper bound for hrcg(W;,) in Theorem 5.2.4 can be improved. As an example,
we consider the case when k = 2. By Theorem 5.2.4, hpc(W,,) <2+ [§] if n > 4 is
even and hpc(W,) < 3+ [5] if n > 3 is odd. For each integer n € {4,5,6}, a proper
Hamiltonian-path coloring of W,, using the colors 1,2,3 is shown in Figure 5.1 and so
hpc(W,) = 3 by Theorem 5.2.3. Therefore, hpc(W,,) = [5] for n = 5,6. In general, [ 5]

is an upper bound for hpc(W,,) for all n > 5, as we show next.

Figure 5.1: Proper Hamiltonian-path colorings of W, for n =4,5,6

Theorem 5.2.5 For each integer n > 5, hpe(W,) < [5].
Proof. For an integer n > 5, let W), = C,, V Ky where C,,=(uq, ug, ..., Un, Upt1 = 1)
and V(K1) = {up}. We consider two cases, according to whether n is even or n is odd.

Case 1. n > 6 is even. Let n = 2t for some integer ¢ > 2. Define an edge coloring
c: E(W,) — [t] of W, by

( | i ifl<i<t
Cl\U; U5 =
B i—t ift+1<i<n
2 ifi=1,2
c(ujug) = 1 ifi=3,4

p ifi=2p—1,2pand 3<p<t.

It remains to show that c is a proper Hamiltonian-path coloring of W,,. In what follows,
all subscripts are expressed as the integers 1,2,...,n modulo n. For every two distinct
vertices u; and u; of W,,, we show that there is a proper Hamiltonian u; — u; path P ;

in W, as follows:
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* For 1 <1< n, PZ}O = (ui,ui+1,ui+2, ey Up, UL, U, - . . ,ui_l,uo).
* For ¢ 75 n, Pi,i+1 = (’LLZ', Uj—1,Ui—2y e« ., UL, U, Up,y, Up—1,Up—2 -« ., qu).
* For i =n, Pp1 = (Un, Un—1, U0, Up—2, Up—3, - . . , U2, U] ).
* For 1 <i4,7<mnandj>i+2,
.PZ'J' = (ui,ui+17ui+2, . ,uj_l,uo,ui_l,ui_g, ey UpyUp—1y - - ,Uj).
Therefore, c is a proper Hamiltonian ¢-coloring and so hpc(W,,) <t = 7.

Case 2. n > 5 is odd. Let n = 2t + 1 for some integer ¢ > 2. Define an edge coloring
c: E(W,) = [t + 1] of W, by

( | i if1<i<t+1
c(UiUi41) =
s i—(t+1) ift+2<i<n
2 iti=1,2
(uig) = 1 ifi=3,4
c(ugug) = p ifi=2p—1,2pand3<p<t
t+1 ifi=n.

It remains to show that ¢ is a proper Hamiltonian-path coloring of W,,. As before, all
subscripts are expressed as the integers 1,2,...,n modulo n. For every two distinct
vertices u; and u; of W,,, we show that there is a proper Hamiltonian u; — u; path P ;

in W, as follows:

* For 1 <1 < n, Pi,O = (ui,ui+1,ui+2, ey Up, UL, U, . . . ,ui_l,uo).
* For i 7é n, -[Di,i-i-l = (uiaui—hui—Qv <o UL, UQ, Uy Un—1, Un—2 - - '7ui+1)'
x For i = n, Pn,l = (un7u07un71aun727un*3a s 7“27“1)-

* For1<i¢,7<mnandj>1i+2,
Pi’j = (ui,ui+1,ui+2, e ,Uj_l,'LLo,ui_l,ui_g, ey Up,Un—1y.-- ,uj).

Therefore, this coloring ¢ is a proper Hamiltonian (¢ + 1)-coloring and so hpc(W,,) <

t+1=1T[%]. n

The following is a consequence of Theorems 5.2.3 and 5.2.5
Corollary 5.2.6 Ifn > 5, then 3 < hpc(W,) < [].

By Corollary 5.2.6 then, hpc(W7) = 3 or hpe(W7) = 4. In fact, our conjecture is that
hpc(Wr) = 4.
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5.3 k-Rainbow Hamiltonian-Path Colorings in Prisms

For a graph G, let G O Ky denote the Cartesian product of G and K. It is known
that if G is a Hamiltonian graph of odd order n > 3, then G 0 K5 is a Hamiltonian-
connected graph of order 2n and so the length of a longest path in G 0 K5 is 2n — 1.
Since the prism C,, [0 K> is a spanning Hamiltonian-connected subgraph of G [0 Ko, it
follows by Observation 5.1.3 that hre, (G O K3) < hreg(C,, O K3) for each integer k with
2 < k <2n—1. This leads us to a study of the k-rainbow Hamiltonian-path colorings of
the prisms C,, [0 K5 for odd integers n > 3. As we saw in Theorem 3.4.3, the k-rainbow
connection numbers rcg(C,, [0 K2) have been determined for all integers k and n with
2 <k <2n—1, namely

reg(Cp, O Ka) = min{k, {gJ + 1}.

Recall that C,, [ Ks is Hamiltonian-connected if and only if n > 3 is odd. The
proper and rainbow Hamiltonian-connection numbers hpc(C,, O K3) and hre(C, O K»)

have been determined for each integer n > 3.
Theorem 5.3.1 [3] For each odd integer n > 3, hpce(C,, O K3) = 3.

Theorem 5.3.2 [2] For each odd integer n > 3, hre(Cs O K9) = 7 and hre(Cy, O Ko) =
3n forn > 5.

This leads us to the following problem:

Investigate hreg(C,, O Ka) for integers k and n where 3 < k < 2n — 2 and
n > 3 s odd.

It is often quite challenging to determine the exact value of hrcg(G) for a given graph
G even when the order of G is relatively small. Next, we determine the value of
hreg(C3 O Ka) for 2 < k < 5.

Theorem 5.3.3 If G = C3 O Ky, then hrea(G) = 3 and hreg(G) =7 for k = 3,4,5.

Proof. By Theorems 5.3.1 and 5.3.2, hreo(Cs O K3) = 3 and hres(Cs O Ko) = 7. It
remains therefore to determine hreg(Cs O K3) for k = 3,4. Let G = C3 O Ky where
the vertices and the edges of G are labeled as shown in Figure 5.2. Since hre(G) = 7,
it follows that hrcg(G) < 7 for k = 3,4. By (5.3), it suffices to show that there is no

3-rainbow Hamiltonian-path coloring of C'5 [J K5 using at most six colors.
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Figure 5.2: The graph C5 O K>

Assume, to the contrary, that there is a 3-rainbow Hamiltonian-path coloring ¢ of

Cs O Ky using at most six colors. For each of the (g) = 15 pairs z,y of vertices of

At least one of these two paths

is necessarily a 3-rainbow Hamiltonian path. These 2(2) = 30 Hamiltonian paths are

G, there are exactly two Hamiltonian x — y paths.

shown below.

1. uy —ug paths: (hq, f1, fa, hs, e2), (es, hs, f3, f1, h2)
2. wy —ug paths: (e, ha, f1, f3,h3), (ha, f3, f2, ha, €2)
3. wuy — vy paths: (e1,es, hs, fo, f1), (e3,e2, ho, fa, f3)
4. wuy — vy paths: (hy, f3, ha, ez, ha), (e1, €2, b3, f3, f1)
5. wuy —vs paths: (hy, f1, he, ez, h3), (es, e, ho, f1, f3)
6. wug — ug paths: (e1, h1, f1, f2, h3), (he, fo, f3,h1,€3)
7. ug —wv paths: (e1,es, hs, fa, f1), (he, fo, hs,es, h1)
8. wug — vy paths: (e1,es, hs, f3, f1), (€2, €3, h1, f3, f2)
9. wup —wg paths: (hg, f1,h1,e3,h3), (e2,e3, h1, f1, f2)
10. w3 — vy paths: (hs, fa, ho,e1, h1), (es, e1, ha, fa, f3)
11. wug — vy paths: (hs, f3,h1,e1,h2), (e2,e1,h1, f3, fa)
12. w3 —wvs paths: (es,e1, ha, f1, f3), (e2, €1, h1, f1, f2)
13. vy —ve paths: (hy,e1,e2, hs, f2), (fs, hs,e3,e1,ha)
14. vy —vg paths: (f1, he, €1, €3, h3), (h1,es3,ea, ha, fa)
15. wvp — w3 paths: (ho,e2,es3,h1, f3), (f1,h1,e€1,€2,h3)

If e and f are two distinct edges of G belonging to a 4-subpath (a subpath of order 4)
in both Hamiltonian w — z paths of G for some pair w, z of distinct vertices of G, then e
and f cannot be assigned the same color by c. For example, since fi; and h3 belong to a
4-subpath in each of the two Hamiltonian u; —usg paths of G, it follows that ¢(f1) # c(hs).
As another example, since (es, hs, f2) is a subpath in each of the two Hamiltonian ug — vy
paths of G, it follows that |{c(e3), c(hs3),c(f2)}] = 3.
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We now construct a graph G* with V(G*) = E(G) such that two vertices = and
y of G*, that is, two edges = and y of G, are adjacent in G* if ¢(x) # c(y). Thus, if
the edges z and y of G belong to a 4-subpath for every Hamiltonian w — z path of G
for some pair w, z of distinct vertices of G, then c(z) # c(y) and so zy € E(G*). For
example, fihs,eshs, hsfa, e3fo € E(G*). It can be shown that the graph G* contains the
complete tripartite graph K333 as a subgraph whose partite sets are Vi = {e1, ez, e3},
Vo = {f1, f2, f3} and V3 = {hq, ho, hg}. This verifies the following claim.

Claim 1. Ifz € Vi andy € Vj, where 1 < 4,5 < 3 and i # j, then
c(x) # c(y).

For i = 1,2,3, let F* = G*[V;] be the subgraph of G* induced by the set V; and let
(Vi) = {c(x) : x € Vi}.

Claim 2. Fori=1,2,3, F = G*[Vj] is not empty and so |c(V;)| > 2.

* For F}' = G*[{e1, e2, e3}], since (e1, e2) is a 3-subpath in one of the two Hamiltonian
u; — vy paths and (es,e2) is a 3-subpath in the other Hamiltonian u; — vy path,
it follows that either c(e1) # c(e2) or c(es) # c(e2). Thus, either ejea € E(FY) or
eges € E(FY).

* For Fiy = G*[{ f1, f2, f3}], since (f1, f2) is a 3-subpath in one of the two Hamiltonian
uy — ug paths and (f3, f1) is a 3-subpath in the other Hamiltonian u; — ug path,
it follows that either ¢(f1) # c(f2) or ¢(f3) # ¢(f1). Thus, either f;fo € E(Fy) or
fifs € E(F3).

* For Fy = G*[{h1, he, h3}], assume, to the contrary, that Fy is empty or c¢(hi) =

C(h2) = C(h3)' Then (61, €2, h37 f37 fl) (ln 4)7 (63, €2, h27 f17 f3) (Hl 5)7 (617 €3, h37 f27 fl)
(in 7.) and (es, e1, ha, f2, f3) (in 10.) are 3-rainbow paths. This implies that

[{c(e1), clea), cles) }| = 3 and [{c(f1), e(f2), e(f3)}] = 3.
However then, c uses at least 7 colors, a contradiction. Thus, F3 is nonempty.

Thus, Claim 2 holds. By Claims 1 and 2 then, ¢ uses exactly six colors and |c¢(V;)| = 2
fori=1,2,3.

* If C(h]_) — C(hZ)a then (62563ah17f1)f2)7 (637617h2)f27f3) and (627 €1, h’lv f3a f2)
(in 9., 10., 11.) are 3-rainbow paths and so |¢(V1)| = 3, which implies that ¢ uses

at least 7 colors, a contradiction.
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*x If ¢(h1) = c(hs), then (e1,es, hs, f3, f1) (in 4.), (e1,es,hs, f2, f1) (in 7.) and
(e2,e3,h1, f1, f2) (in 9.) are 3-rainbow paths and so |c(V1)| = 3, which implies

that c uses at least 7 colors, a contradiction.

* If c(ha) = c(hs), then (e1,e2,hs, f3, f1) (in 4.), (es, e, ho, f1,f3) (in 5.) and
(e1,es,hs, fo, f1) (in 7.) are 3-rainbow paths and so |c(V1)| = 3, which implies

that c uses at least 7 colors, a contradiction. [

Next, we establish an upper bound for hreg (C), O K3) in terms of k and the remainder
when n is divided by k. In order to do this, we introduce an additional definition. For
two sets S and T in a connected graph G, the distance between S and T is defined as
d(S,T) = min{d(u,v) : uwe S,v e T}. For two edges e = uv and f = zy in a connected
graph G, the distance d(e, f) is defined as the distance between the sets {u, v} and {z, y}.

Theorem 5.3.4 Let k and n be integers where 2 < k < n and n > 5 is odd. If
n = gk 4+ r for some integers q and v with ¢ > 1 and 0 <r < k — 1, then

hreg (C, O Ko) < 3(k + 7).

Proof. For an integer n > 3, let G = C,, 0 K3 be obtained from two copies C' and C’
of the n-cycle Cy,, where C' = (uy, ug, ..., Un, upt1 = u1) and C' = (v1,v2, ..., Up, U1 =
v1), by adding the n edges u;v; for 1 <i < n. We define a k-rainbow Hamiltonian-path
coloring ¢ : E(G) — [3(k + )] as follows. Let Sy, S, and Sy, denote the color sequences
of the edges of C, C' and the edges between C and C’; that is,

Su = (C(UIUQ)a C(Ung), cee ,C(unU1))
Sy = (c(viva),c(vavs),. .., c(vpv1))
Sw = (c(urvy), c(ugva), ..., c(upvy))

* If r =0, then

Su = (L,2,... kxxx1,2,....k)
Sy = (k+1,k+2,...2k,xxx,k+1,k+2,...,2k)
Sw = (2k+1,2k+2,...,3k,x*xx,2k+ 1,2k +2,...,3k),

where * % x represents repeating the next k-tuple as the preceding k-tuple.
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* If 1 <r <k, then

Sy = (L2, k*xxx1,2...0k k+1,...0k+7)

Sy = (k+r+1Lk4+r+2,...,2k+r xxx%,
k+r+1Lk+r+2,...,2k+r,
2k+r+1,...,2k + 2r)

Sw = (2k+2r+1,2k+2r +2,...,3k + 21, * * x,
U+ 2+ 1,2k +2r +2,...,3k +1,
3k+2r+1,...,3k+3r),

again, where * * * represents repeating the next k-tuple as the preceding k-tuple.

Such a 4-rainbow Hamiltonian-path coloring of Cg [0 K is illustrated in Figure 5.3.

Figure 5.3: A 4-rainbow Hamiltonian-path coloring of Cy [ K for k =4

It remains to show that c¢ is a k-rainbow Hamiltonian-path coloring. First, we show
that if e and f are two edges of G such that c(e) = ¢(f), then d(e, f) > k — 1. Since
c(e) = c(f), it follows that

(ie,f € E(C)ore, feEC)or(ii) e, f € {uw;: 1 <i<n}.

If (i) occurs, say e, f € E(C), then d(e, f) = k — 1; while if (ii) occurs, then d(e, f) = k.
This implies that for every two vertices x and y in G, any x —y path in G is a k-rainbow
path in G. Since G is Hamiltonian-connected, it follows that every two vertices are
connected by a k-rainbow Hamiltonian path in G. Thus, ¢ is a k-rainbow Hamiltonian-
path coloring of G and so hreg(Cy, O K3) < 3(k+ ). =

For k = 3, it follows by Theorem 5.3.4 that
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9 ifn=0 (mod 3)
hre3(Cp, O K2) << 12 ifn=1 (mod 3)
15 if n=2 (mod 3)

In particular, hres(Cs O Ka) < 15, hreg(C7 O Ka) < 12 and hres(Co O Ko) < 9. If G is
a Hamiltonian graph of odd order n > 3, then G [0 K5 is Hamiltonian-connected. Thus,

the following is a consequence of Observation 5.1.3 and Theorem 5.3.4.

Corollary 5.3.5 Let G be a Hamiltonian graph of odd order n > 3 and k an integer
with 2 < k <n. If n =qk +r for some integers q and r with ¢ > 1 and 0 <r <k —1,
then

hreg(G O Ky) < 3(k + 7).

In [2], it is shown that if H is a Hamiltonian-connected graph H of order n > 4, then
the number hrc(H OO0 K3) — 2hre(H) cannot be much larger than 1.

Theorem 5.3.6 [2] If H is a Hamiltonian-connected graph of order n > 4, then

hre(H O Ks) < 2hrce(H) + 2.
Theorem 5.3.6 can be extended to the k-rainbow Hamiltonian-connection numbers.

Theorem 5.3.7 If H is a Hamiltonian-connected graph of order n > 4 and k is an
integer with 2 < k < 2n — 1, then

hrep(H O Ka) < 2hreg(H) + 2.

Proof. Suppose that hrcg(H) = s. Let G = H [0 Ky be obtained from two copies
F and F’ of the graph H of order n > 4, where V(F) = {u1,ug,...,u,} and V(F') =
{v1,v2,...,v,}, by adding the n edges u;v; for 1 < i < n. Since hrcx(H) = s, it follows

that H has a k-rainbow Hamiltonian-path s-coloring. Let
cp:V(F)—{1,2,...;s}and cpr : V(F') = {s+1,s+2,...,2s}

be a k-rainbow Hamiltonian-path s-coloring of F' and F’, respectively. Define the (2s+2)-
edge coloring ¢ : F(G) — [2s + 2] by

cr(e) ifee E(F)
CF/(e) 1f€ c E(F/)
c(e) = 2s+1 ife=wuv;and 1 <@ < L%J

25 +2 if e = u;v; and L%J+1§i§n.
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We show that c¢ is a k-rainbow Hamiltonian-path coloring of G; that is, we show that
every two vertices z and y of G are connected by a k-rainbow Hamiltonian path in G.
First, suppose that * = u; and y = v; where 1 < 4,5 <n. Let t € [n] — {4,j}. Let P
be a k-rainbow Hamiltonian u; — u; path in ' and let P’ be a k-rainbow Hamiltonian
vy — v path in F’. Then the path (P, P’) is a k-rainbow Hamiltonian u; — v; path in G.
Next, suppose that z,y € V(F) or x,y € V(F'), say the former. Suppose that = = u;
and y = u; where 1 <4,5 < n and 7 # j. Let Q be a k-rainbow Hamiltonian u; — u;
path in F, say Q = (u; = x1,22,...,2, = uj). Thus, there is t € [n — 1] such that
c(xr}) # c(xip12),,), where x and x},; are the corresponding vertices of z; and xs41
in F’, respectively. Let Q1 be the x1 — x; subpath of Q and let Q2 be the z;41 —
subpath of Q. Now, let Q' be a k-rainbow Hamiltonian 2} — x; , path in F’. Then the
path (Q1,Q’, Q2) is a k-rainbow Hamiltonian u; — u; in G. Therefore, ¢ is a k-rainbow

Hamiltonian-path coloring of G' and so hrecg(G) < 2s + 2. =
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Chapter 6

Rainbow Disconnection in Graphs

The object of this chapter is to introduce the rainbow disconnection number rd(G) of a
graph G, which is somewhat reverse to rainbow connection and to present some results
dealing with this new concept. While rainbow connection concerns connecting each pair
of vertices by a rainbow set of edges, the concept we describe here concerns disconnecting

each pair of vertices by a rainbow set of edges.

6.1 Introduction

An edge-cut of a nontrivial connected graph G is a set R of edges of G such that G— R is
disconnected. The minimum number of edges in an edge-cut of G is its edge-connectivity
A(G). We then have the well-known inequality A(G) < 6(G). For two distinct vertices u
and v of G, let A\(u,v) denote the minimum number of edges in an edge-cut R of G such

that v and v lie in different components of G — R. Thus,
AMG) = min{A(u,v) : u,v € V(G)}.

The following result of Elias, Feinstein and Shannon [18] and Ford and Fulkerson [21]

presents an alternate interpretation of A\(u,v).

Theorem 6.1.1 For every two vertices u and v in a graph G, A\(u,v) is the mazimum

number of pairwise edge-disjoint u — v paths in G.
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The upper edge-connectivity AT (G) is defined by
AH(GQ) = max{\(u,v) : u,v e V(G)}.

Consider, for example, the graph K, + v obtained from the complete graph K,, one
vertex of which is attached to a single leaf v. For this graph, A(K, + v) = 1 while
AT (K, +v) = n — 1. Thus, \(G) denotes the global minimum edge-connectivity of a
graph, while A*(G) denotes the local maximum edge-connectivity of a graph.

A set R of edges in a connected edge-colored graph G is a rainbow set if no two edges
in R are colored the same. A set R of edges in a nontrivial connected, edge-colored graph
G is a rainbow cut of G if R is both a rainbow set and an edge-cut. A rainbow cut R is
said to separate two vertices u and v of G if w and v belong to different components of
G — R. Any such rainbow cut in G is called a u — v rainbow cut in G. An edge-coloring
of G is a rainbow disconnection coloring if for every two distinct vertices u and v of G,
there exists a u — v rainbow cut in G. The rainbow disconnection number rd(G) of G
is the minimum number of colors required of a rainbow disconnection coloring of G. A
rainbow disconnection coloring with rd(G) colors is called an rd-coloring of G. We now

present bounds for the rainbow disconnection number of a graph.

Proposition 6.1.2 If G is a nontrivial connected graph, then
AMG) < AT(G) <1d(G) < X(G) < A(G) + 1.

Proof. First, by Vizing’s theorem (Theorem 1.5.6), x'(G) < A(G) + 1. Now, let there
be given a proper edge-coloring of G using x'(G) colors. Then, for each vertex x of G,
the set E, of edges incident with x is a rainbow set and |E;| = degz < A(G) < X/(G).
Furthermore, E, is a rainbow cut in G and so rd(G) < X/(G).

Next, let there be given an rd-coloring of G. Let v and v be two vertices of G
such that A*(G) = A(u,v) and let R be a u — v rainbow cut with |R| = A(u,v). Then
|R| < rd(G). Thus, A\(G) < AT (G) = |R| < rd(G). L]

We now present examples of two classes of connected graphs G for which A(G) =
rd(G), namely cycles and wheels.

Proposition 6.1.3 If C,, is a cycle of order n > 3, then rd(C),) = 2.

Proof. Since \(C),) = 2, it follows by Proposition 6.1.2 that rd(C,,) > 2. To show that
rd(Cy,) < 2, let ¢ be an edge-coloring of C), that assigns the color 1 to exactly n—1 edges
of C,, and the color 2 to the remaining edge e of C),. Let u and v be two vertices of C),.

There are two u — v paths P and @ in C),, exactly one of which contains the edge e, say
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e € E(P). Then any set {e, f}, where f € E(Q), is a u — v rainbow cut. Thus, ¢ is a

rainbow disconnection coloring of C), using two colors. Hence, rd(C),) = 2. [

Proposition 6.1.4 IfW, = C,V K, is the wheel of order n+1 > 4, then rd(W,,) = 3.

Proof. Since \(W,,) = 3, it follows by Proposition 6.1.2 that rd(W,,) > 3. It remains
to show that there is a rainbow disconnection coloring of W,, using only the colors 1, 2, 3.
Suppose that C,, = (v1,v2,...,v,,v1) and that v is the center of W,,. Define an edge-
coloring ¢ : E(W,) — {1,2,3} of W, as follows. First, let ¢ be a proper edge-coloring of
C,, using the colors 1,2 when n is even and the colors 1,2,3 when n is odd. For each

integer ¢ with 1 < i <mn, let
a; € {1, 2, 3} — {C(Uiflvi), C(/Ui’UiJrl)}

where each subscript is expressed as an integer 1,2, ...,n modulo n, and let c(vv;) = a;.

This coloring is illustrated for each of Wi and W7 in Figure 6.1.

Figure 6.1: Rainbow disconnection colorings of Wg and W

Thus, the set E),, of the three edges incident with v; is a rainbow set for 1 < ¢ < n.
Let z and y be two distinct vertices of W,,. Then at least one of x and y belongs to C,,,
say z € V(C,,). Since E, separates x and vy, it follows that ¢ is a rainbow disconnection

coloring of W), using three colors. Hence, rd(W,,) = 3. ]

Since x'(Cy) = 3 when n > 3 is odd and x/(W,,) = n for each integer n > 3, it follows
that rd(G) < x/(G) if G is an odd cycle or if G is a wheel of order at least 4. Wheels
therefore illustrate that there are graphs G for which x'(G) — rd(G) can be arbitrarily
large. We now give an example of a graph G for which A*(GQ) < rd(G) = ¥/(G).

Proposition 6.1.5 The rainbow disconnection number of the Petersen graph is 4.
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Proof. Let P denote the Petersen graph where V(P) = {vy, va,...,v10}. Since A(P) =
3 and \/(P) = 4, it follows by Proposition 6.1.2 that rd(P) = 3 or rd(P) = 4. Assume, to
the contrary, that rd(P) = 3 and let there be given a rainbow disconnection 3-coloring of
P. Now, let v and v be two vertices of P and let R be a u—v rainbow cut. Hence, |R| < 3
and P — R is disconnected, where u and v belong to different components of P — R. Let
U be the vertex set of the component of P — R containing u, where |U| = k. We may
assume that 1 < k < 5. First, suppose that 1 < k < 4. Since the girth of P is 5, the
subgraph P[U] induced by U contains k—1 edges. Therefore, |R| = 3k— (2k—2) = k+2,
where then 3 < k42 < 6. If £ = 5, then P[U] contains at most five edges and so |R| > 5,
which is impossible. Since rd(P) = 3, it follows that |R| < 3 and so k = 1. Hence, the
only possible © — v rainbow cut is the set consisting of the three edges incident with u
(or with v).

Let the colors assigned to the edges of P be red, blue and green. Since x/(P) = 4,
there is at least one vertex of P that is incident with two edges of the same color. We
claim, in fact, that there are at least two such vertices. Let Er, EFg and Eg denote
the sets of edges of P colored red, blue and green, respectively, and let Pr, Pp and Pg
be the spanning subgraphs of P with edge sets Fr, Fp and Eg. We may assume that
|Eg| > |Ep| > |Eg| and so |Eg| > 5. If |Eg| > 7, then 3,2, degp, v; > 14. Since
deg Prli <3 for each 7 with 1 < i < 10, at least two vertices are incident with two red
edges, verifying the claim. If |Eg| = 6, then Y12, degp, v; = 12. Then either (i) at least
two vertices are incident with two red edges or (ii) there is a vertex, say vig, incident
with three red edges and each of vy, ve, ..., vg is incident with exactly one red edge. If (ii)
occurs, then either |Eg| =6 or |Eg| =5 and so 3.5, degp, v; > 10, which implies that
at least one of the vertices vy, vo, ..., vg is incident with two blue edges, again verifying
the claim.

The only remaining possibility is therefore |Eg| = |Eg| = |Eg| = 5. If Ei is an
independent set of five edges, then P — Eg is a 2-regular graph. Since the girth of P is 5
and P is not Hamiltonian, it follows that P — E'r consists of two vertex-disjoint 5-cycles.
Thus, there is a vertex of P in each cycle incident with two blue edges or with two green
edges, verifying the claim. Hence, none of Er, Fp or Eg is an independent set. This
implies that for each of these colors, there is a vertex of P incident with two edges of
this color, verifying the claim in general.

Thus, P contains two vertices u and v, each of which is incident with two edges of
the same color. Since the only v — v rainbow cut is the set of edges incident with w or

v, this is a contradiction. [

The following two results are useful.
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Proposition 6.1.6 If H is a connected subgraph of a graph G, then rd(H) < rd(G).

Proof. Let ¢ be an rd-coloring of G and let u and v are two vertices of G. Suppose
that R is a u — v rainbow cut. Then RN E(H) is a u — v rainbow cut in H. Hence, ¢

restricted to H is a rainbow disconnection coloring of H. Thus, rd(H) < rd(G). (]

A block of a graph is a maximal connected graph of G containing no cut-vertices.
The block decomposition of G is the set of blocks of G.

Proposition 6.1.7 Let G be a nontrivial connected graph, and let B be a block of G
such that rd(B) is mazimum among all blocks of G. Then rd(G) = rd(B).

Proof. Let G be a nontrivial connected graph. Let {Bj, Bs, ..., B;} be a block decom-
position of G, and let k = max{rd(B;) |1 <i < t}. If G has no cut-vertex, then G = By
and the result follows. Hence, we may assume that G has at least one cut-vertex. By
Proposition 6.1.6, k < rd(G).

Let ¢; be an rd-coloring of B;. We define the edge-coloring ¢ : E(G) — [k] of G by
c(e) =ci(e) if e € E(B;).

Let z,y € V(G). If there exists a block, say B;, that contains both x and y, then
any x — y rainbow cut in B; is an x — y rainbow cut in G. Hence, we can assume that
no block of G' contains both « and y, and that € B; and y € B;, where ¢ # j. Now
every x — y path contains a cut-vertex, say v, of G in B; and a cut-vertex, say w, of G
in B;. Note that v could equal w. If  # v, then any x — v rainbow cut of B; is an x —y
rainbow cut in G. Similarly, if y # w, then any y — w rainbow cut of B; is an z — y
rainbow cut in G. Thus, we may assume that z = v and y = w. It follows that v # w.
Consider the z —y path P = (x = v, v2,...,v, = y). Since x and y are cut-vertices in
different blocks and no block contains both x and y, P contains a cut-vertex z of G in
B, that is, z = vy, for some k (2 < k < p—1). Then any z — z rainbow cut of B; is an
x — y rainbow cut of G. Hence, rd(G) < k, and so rd(G) = k. [

As a consequence of Proposition 6.1.7, the study of rainbow disconnection numbers
can be restricted to 2-connected graphs. We now present several corollaries of Proposi-
tion 6.1.7.

Corollary 6.1.8 Let G and H be any two nontrivial connected graphs, and let GoH be
a graph formed by identifying a vertex in G with a vertex in H. Then

rd(GvH) = max{rd(G),rd(H)}.
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Corollary 6.1.9 Let G and H be any two nontrivial connected graphs, and let GuvH
be a graph formed by adding an edge between any verter u in G and any vertex v in H.
Then

rd(GuvH) = max{rd(G),rd(H)}.

Corollary 6.1.10 Let G be a nontrivial connected graph and G’ the graph obtained by
attaching a pendant edge uv to some vertex u of G. Then rd(G') = rd(G).

The corona G o K7 is the graph obtained from G by attaching a leaf to each vertex
of G. Thus, if G has order n, then the corona G o K; has order 2n and has precisely n

leaves.
Corollary 6.1.11 If G is a nontrivial connected graph, then rd(G o K1) = rd(G).

Corollary 6.1.12 Let G be a nontrivial connected graph, let T be a nontrivial tree and
let w and v be vertices of G and T, respectively. If H is the graph obtained from G and
T by identifying u and v, then rd(H) = rd(G).

Corollary 6.1.13 If G is a unicyclic graph G, then rd(G) = 2.

6.2 Graphs with Prescribed Rainbow Disconnection Num-
ber

In this section, we characterize all those nontrivial connected graphs of order n with
rainbow disconnection number k for each k € {1,2,n — 1}. The result for graphs having

rainbow disconnection number 1 follows directly from Propositions 6.1.6 and 6.1.7.

Proposition 6.2.1 Let G be a nontrivial connected graph. Then rd(G) = 1 if and only
if G is a tree.

Next, we characterize all nontrivial connected graphs of order n having rainbow
disconnection number 2. By Proposition 6.2.1, such a graph must contain a cycle. An
ear of a graph G is a maximal path whose internal vertices have degree 2 in G. An ear
decomposition of a graph is a decomposition Hy, H1, ..., H such that Hy is a cycle in G
and H; is an ear of the subgraph of G with edge set F(Hy) U E(Hy) U ...U E(H;) for
each integer ¢ with 1 <4 < k. Whitney [35] proved the following result in 1932.

Theorem 6.2.2 A graph G is 2-connected if and only if G has an ear decomposition.

Furthermore, every cycle is the initial cycle in some ear decomposition of G.
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The following is a consequence of Theorem 6.2.2.

Lemma 6.2.3 A 2-connected graph G is a cycle if and only if for every two vertices u

and v of G, there are exactly two internally disjoint u — v paths in G.

Also, by Theorem 6.2.2, if G is a 2-connected, non-Hamiltonian graph, then G con-
tains a theta subgraph (a subgraph consisting of two vertices connected by three inter-

nally disjoint paths of length 2 or more).

Theorem 6.2.4 Let G be a nontrivial connected graph. Then rd(G) = 2 if and only if
each block of G is either Ko or a cycle and at least one block of G is a cycle.

Proof. If G a nontrivial connected graph, each block of which is either K» or a cycle
and at least one block of G is a cycle, then Propositions 6.1.3 and 6.1.7 imply that
rd(G) = 2.

We now verify the converse. Assume, to the contrary, that there is a connected graph
G with rd(G) = 2 that does not have the property that each block of G is either K5 or a
cycle and at least one block of GG is a cycle. First, not all blocks can be K5, for otherwise,
G is a tree and so rd(G) = 1 by Proposition 6.2.1. Hence, G contains a block that is
neither Ks nor a cycle. By Lemma 6.2.3, there exist two distinct vertices v and v of G
for which G contains at least three internally disjoint © — v paths Py, P> and P5. Thus,
any u — v rainbow cut R must contain at least one edge from each of P;, P» and Ps and

so |R| > 3, which is impossible. =

We now consider those graphs that are, in a sense, opposite to trees.
Proposition 6.2.5 For each integer n > 4, rd(K,) =n — 1.

Proof. Suppose first that n > 4 is even. Then A\(K,,) = x'(K,) = n—1. It then follows
by Proposition 6.1.2 that rd(K,,) = n — 1. Next, suppose that n > 5 is odd. Then

n—1=\NK,) <rd(K,) <X (K, =n

by Proposition 6.1.2. To show that rd(K,) = n — 1, it remains to show that there
is a rainbow disconnection coloring of K, using n — 1 colors. Let x € V(K,). Then
K, — 2 = K,_1. Since n — 1 is even, it follows that x'(K,—1) = n — 2. Thus, there is
a proper edge-coloring cg of K,,_1 using the colors 1,2,...,n — 2. We now extend ¢y to
an edge-coloring ¢ of K, by assigning the color n — 1 to each edge of K,, that is incident
with . We show that ¢ is a rainbow disconnection coloring of K. Let u and v be two

vertices of K, where say u # x. Then the set F, of edges incident with v is a u — v
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rainbow cut. Thus, ¢ is a rainbow disconnection coloring of K,, and so rd(K,) <n —1
and so rd(K,,) =n — 1. ]

By Propositions 6.1.2, 6.1.6 and 6.2.5, if GG is a nontrivial connected graph of order
n, then
1<rd(G)<n-1. (6.1)

Furthermore, rd(G) = 1 if and only if G is a tree by Proposition 6.2.1. We have seen that
the complete graphs K, of order n > 2 have rainbow disconnection number n — 1. We
now characterize all nontrivial connected graphs of order n having rainbow disconnection

number n — 1.

Theorem 6.2.6 Let G be a nontrivial connected graph of order n. Then rd(G) =n—1

if and only if G contains at least two vertices of degree n — 1.

Proof. First, suppose that G is a nontrivial connected graph of order n containing at
least two vertices of degree n — 1. Since rd(G) < n — 1 by (6.1), it remains to show that
rd(G) > n—1. Let u,v € V(G) such that degu = degv = n—1. Among all sets of edges
that separate u and v in G, let S be one of minimum size. We show that |S| > n — 1.
Let U be a component of G — S that contains v and let W = V(G) — U. Thus, v € W
and S = [U, W] consists of those edges in G — S joining a vertex of U and a vertex of
W. Suppose that |U| = k for some integer k with 1 <k <n — 1 and then |W|=n — k.
The vertex u is adjacent to each of the n — k vertices of W and each of the remaining

k — 1 vertices in U is adjacent to at least one vertex in W. Hence,
IS|>n—k+(k—1)=n-—1.

This implies that every u — v rainbow cut contains at least n — 1 edges of G and so

rd(G) > n — 1.

For the converse, suppose that G is a nontrivial connected graph of order n having

at most one vertex of degree n — 1. We show that rd(G) < n—2. We consider two cases.
Case 1. FEzxactly one vertex v of G has degree n — 1. Let H = G — v. Thus,
A(H) <n— 3. Since
V(H) < AH) +1=n -2,
there is a proper edge-coloring of H using n — 2 colors. We now define an edge-coloring
c: E(G) — [n — 2] of G. First, let ¢ be a proper (n — 2)-edge-coloring of H. For each

vertex x € V(H), since degy © < n — 3, there is a, € [n — 2| such that a, is not assigned

to any edge incident with z. Define c(vz) = a,. Thus, the set E, of edges incident with
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x is a rainbow set for each x € V/(H). Let u and w be two distinct vertices of G. Then at
least one of u and w belongs to H, say u € V(H). Since E, separates u and w, it follows

that ¢ is a rainbow disconnection coloring of G using n — 2 colors. Hence, rd(G) < n—2.

Case 2. No vertex of G has degree n — 1. Therefore A(G) < n —2. If A(G) <
n — 3, then rd(G) < x'(G) < n — 2 by Proposition 6.1.2. Thus, we may assume that
A(G) = n — 2. Suppose first that G is not (n — 2)-regular. We claim that G is a
connected spanning subgraph of some graph G* of order n having exactly one vertex of
degree n — 1. Let u be a vertex of degree k < n —3 in G. Let N(u) be the neighborhood
of w and W = V(G) — N[u], where N[u] = N(u) U {u} is the closed neighborhood of w.
Then |N(u)| = k and [W| =n—k —1> 2. If W contains a vertex v of degree n — 2
in G, then v is the only vertex of degree n — 1 in G* = G + wv. If no vertex in W has
degree n — 2 in G, then let G* be the graph obtained from G by joining u to each vertex
in W. In this case, u is the only vertex of degree n — 1 in G*. It then follows by Case 1
that rd(G*) < n — 2. Since G is a connected spanning subgraph of G*, it follows by
Proposition 6.1.6 that

rd(G) <rd(G*) <n—2.

Finally, suppose that G is (n — 2)-regular. Thus, G is 1-factorable and so x'(G) =
A(G) = n — 2. Therefore, rd(G) < x'(G) = n — 2 by Proposition 6.1.2. L]

6.3 Rainbow Disconnection in Grids and Prisms

We now determine the rainbow disconnection numbers of graphs belonging to one of two
well-known classes formed by Cartesian products.

The Cartesian product G 1 H of two vertex-disjoint graphs G and H is the graph
with vertex set V(G) x V(H), where (u,v) is adjacent to (w,z) in G OO H if and only if
either u = w and vo € E(H) or uw € E(G) and v = 2. We consider the m x n grid graph
Gmn = P U P, which consists of m horizontal paths P, and n vertical paths P,.

Theorem 6.3.1 The rainbow disconnection numbers of the grid graphs G,, are as

follows:
(7) for alln > 2, rd(Gy,p) =rd(P,) = 1.
(i7) for alln > 3, rd(Gapn) = 3.

(t3i) for alln >4, rd(G3,) = 3.
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(i) for all4 <m <n, rd(Gmn) = 4.

Proof. (i) That rd(G1,,) =1d(P,) =1 for n > 2 is a consequence of Proposition 6.2.1.
For the remainder of the proof, the vertices of G, , are considered as the entries of
a matrix, where z;; denotes the vertex in row ¢ and column j, where 1 < i < m and
1<j<n.
(ii) For the graph Ga,, n > 3, A(G2,) = 3. First, we define an edge-coloring ¢ of
Gop. It is convenient to use the elements of the set Zs of integer modulo 3 as colors

here. Define the edge-coloring ¢ : E(G2,,) — Z3 by

* c(x;jzijp) =i+j+1for 1 <i<2and1l < j <n—1 (where addition takes
place in Z3);

* c(xyjwo ) =g for 1 <j<mn.

This is illustrated in Figure 6.3 for Ga 7.

T1,1 1,2 1,3 T1,4 1,5 1,6 1,7
~ Ia) le) e}
0 1 2 0 1 2
1 2 0 1 2 0 1
1 2 0 1 2 0
A ) o
21 2,2 2,3 T2 4 2,5 2,6 2,7

Figure 6.2: A rainbow disconnection coloring of G 7

Next, we show that c is a rainbow disconnection coloring of G ,,. Let v and v be any
two vertices of Ga,,. If u and v belong to two different columns, then there exist two
parallel edges joining vertices in the same two columns whose removal separates u and v.
Each such set of two edges is a u — v rainbow cut. Next, suppose that u and v belong to
the same column. We may assume that u belongs to the first row and v belongs to the
second row. Then either v and v both have degree 2 or both have degree 3. Therefore,
the edges incident with u form a rainbow cut, and so, rd(G2,,) < 3.

Observe that A\(u,v) = 2 if v and v are two vertices of Gz, (1) belonging to the same
row, (2) belonging to different rows and columns or (3) of degree 2 belonging to the same
column; while A\(u,v) = 3 if u and v are (adjacent) vertices of degree 3 belonging to the
same column. It then follows by Proposition 6.1.2 that 3 = AT (G2,,) < rd(G2,,), and so
rd(Ga,) = 3.

(iii) As with Gy, we first define an edge-coloring ¢ of G3,. Once again, we use
the elements of the set Zs of integers modulo 3 as colors. Define the edge-coloring
c: E(Gsy) — Z3 by
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*x c(x; i) =i+j+1for 1 <i<3and1<j<n-—1;
* c(xyjxe;) =jfor 1 <j<m
* C(CUQ,J'J::}’]') =j+2forl1<j<n.

This is illustrated in Figure 6.3 for G 7.

1,2 1,3 1,4 1,5 1,6
T (@) @)
1,1 0 ) 1 O 5 0 D 1 O B Ox1,7
1 2 0 1 2 0 1
1 2 0 1 2 0
2,1 O D D ) D O O 2,7
2.2 x2,3 x2,4 x2,5 z2,6
0 1 2 0 1 2 0
2 0 1 2 0 1
3,1 O O O O O C O x3,7
3,2 3,3 3,4 3.5 3,6

Figure 6.3: A rainbow disconnection coloring of G3 7

Next, we show that c is a rainbow disconnection coloring of G3,. Let u and v be
any two vertices of G3,,. If u and v belong to two different columns, then there exist
three parallel edges joining vertices in the same two columns whose removal separates u
and v. Each such set of three edges is a u — v rainbow cut. Next, suppose that u and v
belong to the same column. Then at least one of v and v belongs to the top or bottom
row, say u is such a vertex, which has degree 2 or 3. Then the edges incident with u is
a u — v rainbow cut. Thus, rd(Gs,) < 3.

It remains to show that rd(Gs,) > 3. Let uw and v be two adjacent vertices of
degree 4 in G3,, (necessarily in the middle row). Then A(u,v) = AT(Gs,) = 3. By
Proposition 6.1.2, 3 < AT(G3,) < rd(Gs,) < 3 and so rd(Gs,,) = 3.

(iv) Finally, we consider Gy, for 4 < m < n. For every two vertices u and v of
degree 4, there are four pairwise edge-disjoint v — v paths in G, . By Theorem 6.1.1,
A(u,v) = 4. For any other pair u, v of vertices of Gy, n, A(u,v) < 3. By Proposition 6.1.2
then, 4 = A" (Gy,n) <1d(Gpip). On the other hand, since Gy, is bipartite, X'(Gm.n) =
A(Gmn) = 4. Again, by Proposition 6.1.2, rd(Gp,n) < 4 and so rd(Ga,) = 4. ]

Next we determine the rainbow disconnection number of prisms, namely those graphs

of the type G 0 K> for some graph G.

Proposition 6.3.2 IfG is a nontrivial connected graph, then the rainbow disconnection

number of the prism G O Ky is
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rd(G O Ky) = AG) + 1.

Proof. Let G and G’ be the two copies of G in the prism G O K», and for each
v € V(QG), let v' be its corresponding vertex in G’. We first show that G OJ K3 has a
proper edge coloring using A(G O K3) = A(G)+1 colors, that is, x'(G O K2) = A(G)+1.
Let C be a proper edge coloring of G using x’(G) colors. Color the edges of G and G’
using C, that is, G and G’ have an identical edge coloring C. By Vizing’s Theorem,
A(G) < X'(G) < A(G) + 1. First assume that x'(G) = A(G). Then assigning the color
A(G) + 1 to each edge v’ for every v € V(G) gives a proper edge-coloring of G O Ky
with A(G) + 1 colors. Next assume that x'(G) = A(G) + 1. Then for each v € V(G), at
least one of the A(G)+1 colors is missing from the colors of the edges incident to v. Let
¢, be one such missing color. Note that ¢, is also missing from the colors of the edges
incident to v' in G’ because G and G’ have the identical colorings. Hence, assigning ¢, to
v’ for each v € V(@) yields a proper edge-coloring of G 0 K3 having A(G) + 1 colors.
By Proposition 6.1.2, it follows that rd(G O K2) < A(G) + 1.

To establish the lower bound, let u be a vertex of G with degu = A(G) = A. In
G O K, there exist A + 1 edge-disjoint u — u' paths, one of which is the edge uu’
and the remaining A of which have the form (u,w,w’,u’), where w € Ng(u) and w’
is the corresponding vertex of w in G’. Thus, A(u,u’) = A + 1. It again follows by
Proposition 6.1.2 that rd(G O K3) > AT (G O K3) > A(G) + 1. "

We now determine the rainbow disconnection numbers of the cylinder graphs P,, O C,

for all integers m > 2 and n > 3.

Proposition 6.3.3 For integers m and n with m > 2 and n > 3,

3 ifm=2

rd(PmDC”):{ 4 ifm>3.

Proof. Ifm =2, then P, C, = Ko OC, isaprism. Sincerd(P, 0 C),) = A(Cy)+1 =
3 by Proposition 6.3.2, we may assume that m > 3. Let G = P,,, 1 C),. For each integer
i with 1 <i <m, let F; = (v;1,0i2,...,Vin,Vint1 = Vi,1) be a copy of the cycle C, of

order n in G. For each integer j with 1 < j < n, let H; = (v1,v24,...,VUm ) is a copy
of the path P, of order m in G. First, we show that A*(G) > 4. Consider the vertices
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vg2 and va 3 of G. Since the four vo 2 — v2 3 paths

Q1 = (v22,v23)

Q2 = (v2,2,v32,V33,123)

Qs = (v22,v12,v13,v23)

Qs = (v2,2,V21,V2,0,V2n—1,.--,V24,V23)

are pairwise edge-disjoint in G, it follows by Theorem 6.1.1 that A(vg2,v23) > 4. Hence,
A1 (G) > 4. By Proposition 6.1.2 then, rd(G) > 4.

Next, we show that rd(G) < 4. Again, by Proposition 6.1.2, it suffices to show that
X'(G) = 4. If n > 4 is even, then G is a bipartite graph and so x'(G) = A(G) = 4. Thus,
we may assume that n > 3 is odd. Define the edge coloring ¢ : E(G) — {1,2,3,4} as

follows.

* For each integer ¢ with 1 <+ < m, color the edges of the n-cycle F; by

1 iftisoddand1<t<n-—2
c(vivig41) = 2 iftisevenand2<t<n—1
3 ift=n.

* Color the edges of the m-path H; by

( ) = 2 ifsisoddand1<s<m-1
CWs1Us+1,1) = 1 4 if siseven and 2 < s <m — 1.

* For each integer j with 2 < j <n — 1, color the edges of the m-path H; by

c(vs jVss11) = 3 ifsisoddand 1 <s<m-—1
SITHLI) T 4 ifsisevenand 2< s < m — 1.

* Color the edges of the m-path H,, by

(Vg )= 1 ifsisoddand 1<s<m-—1
snisHLn) T 4 ifsisevenand 2< s < m — 1.

This 4-edge coloring is shown in Figure 6.4 for the graph Ps O C7. Since c¢ is a proper
edge coloring of G using four colors, it follows that x'(G) < 4. Therefore, rd(G) = 4 by
Proposition 6.1.2. ]
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Figure 6.4: A proper 4-edge coloring of Ps [ C

Complementary products were introduced in [22] as a generalization of Cartesian
products. We consider a subfamily of complementary products, namely, complementary
prisms. For a graph G = (V, E), the complementary prism, denoted GG, is formed from
the disjoint union of G and its complement G by adding a perfect matching between
corresponding vertices of G' and G. For each v € V(G), let ¥ denote the vertex in G
corresponding to v. Formally, the graph GG is formed from G U G by adding the edge
v for every v € V(G). We note that complementary prisms are a generalization of the
Petersen graph. In particular, the Petersen graph is the complementary prism C5Cs. For
another example of a complementary prism, the corona K, o K7 is the complementary
prism K, K,.

We refer to the complementary prism GG as a copy of G and a copy of G with a
perfect matching between corresponding vertices. For a set S C V(G), let S denote the
corresponding set of vertices in V(G). We note that GG is isomorphic to GG.

Since A(GG) = max{A(G), A(G)} + 1, Proposition 6.1.2 implies that rd(GG) <
max{A(G), A(G)} + 2. This bound is sharp for the Petersen graph P = C5Cj5 since by
Proposition 6.1.5, rd(P) = 4 = A(C5) + 2. On the other hand, for the complementary
prisms K, K, Corollary 6.1.11 and Proposition 6.2.5 imply that rd(K,K,) = rd(K,) =
n—1=A(K,) < max{A(K,), A(K,}+2 = n+1. Our next result shows that for graphs
G with sufficiently large girth, rd(GG) is strictly greater than the maximum degree of G.

Proposition 6.3.4 If G is a graph of order n, mazimum degree A(G) < n — 1, and
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girth at least 5, then

A(G) + 1 < 1d(GG).

Proof. Consider a vertex u in G such that degou = A(G). Let A = Ng(u) and
B =V — Ng[u]. Thus, in GG, N(u) = BU{u}. Note that since n —1 > A(G), it follows
that B # ().

We claim there are A(G) + 1 edge-disjoint u-b paths, where b € B. To see this note
that one such path is (u,%,b). Next consider the u-b paths containing a vertex a € A.
If a is not adjacent to b in G, then @ is adjacent to b in G and (u,a,a,b) is a u-b path.
If ab € E(G), then (u,a,b,b) is a u-b path. Moreover, since g(G) > 5, at most one
vertex in A is adjacent to b, else a 4-cycle is formed. In any case, the collection of these
|A] + 1= A(G) + 1 paths are edge-disjoint. Hence, by Proposition 6.1.2, it follows that
rd(GG) > AT (GG) > A(G) + 1. "

For an example of a complementary prism attaining the lower bound, let G be the
graph formed from a 5-cycle by attaching a leaf x to a vertex v of the cycle. Then,
A(G) = 3. We show that rd(GG) = 4. First note that the Petersen graph P is a
proper subgraph of GG, and by Propositions 6.1.5 and 6.1.6, rd(GG) > rd(P) = 4.
Furthermore, there is a proper edge-coloring ¢ of P using four colors such that three
colors are used to color C5 and C5 and the fourth color is used on the matching edges.
Thus, we may assume, without loss of generality, that v is incident to the edges colored
1 and 2 in G and that v is assigned color 4. We extend ¢ to a rainbow disconnection
coloring of GG as follows: let c(vz) = 3, ¢(2Z) = 4, and ¢(Tu) be the color missing from
the edges incident to @ for each u adjacent to T in G. Consider two arbitrary vertices of
GG. At least one of the vertices, say u, is not Z. Thus, the edges incident with u are a
rainbow cut separating the two vertices. Since every such vertex v has degree at most 4,
it follows that rd(GG) < 4 and so 1d(GG) = 4.

6.4 Extremal Problems

In this section, we investigate the following problem:

For a given pair k, n of positive integers with £ < n—1, what are the minimum
possible size and maximum possible size of a connected graph G of order n

such that the rainbow disconnection number of G is k?

We have seen in Proposition 6.2.1 that the only connected graphs of order n having

rainbow disconnection number 1 are the trees of order n. That is, the connected graphs
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of order n having rainbow disconnection number 1 have size n — 1. We have also seen
in Theorem 6.2.4 that the minimum size of a connected graph of order n > 3 having
rainbow disconnection number 2 is n. Furthermore, we have seen in Theorem 6.2.6 that
the minimum size of a connected graph of order n > 2 having rainbow disconnection
number n — 1 is 2n — 3. In fact, these are special cases of a more general result. In order

to show this, we first present a lemma.

Lemma 6.4.1 Let H be a connected graph of order n that is not complete and let x
and y be two nonadjacent vertices of H. Then rd(H + zy) < rd(H) + 1.

Proof. Suppose that rd(H) = k for some positive integer k and let ¢y be a rainbow
disconnection coloring of H using the colors 1,2,...,k. Extend the coloring ¢y to the
edge-coloring ¢ of H 4+ zy by assigning the color k + 1 to the edge xy. Let w and v be
two vertices of H and let R be a u — v rainbow cut in H. Then RU {xy} is a u — v
rainbow cut in H + xy. Hence, ¢ is a rainbow disconnection (k + 1)-coloring of H + zy.
Therefore, rd(H + 2y) < k+1=rd(H) + 1. ]

Theorem 6.4.2 For integers k and n with 1 < k < n — 1, the minimum size of a

connected graph of order n having rainbow disconnection number k is n+ k — 2.

Proof. By Theorem 6.2.6, the result is true for £ = n — 1. Hence, we may assume
that 1 <k < n — 2. First, we show that if the size of a connected graph G of order n is
n+k — 2, then rd(G) < k. We proceed by induction on k. We have seen that the result
is true for k = 1,2 by Proposition 6.2.1 and Theorem 6.2.4. Suppose that if the size of a
connected graph H of order n is n + k — 2 for some integer k with 2 < k < n — 3, then
rd(H) < k. Let G be a connected graph of order n and size n+ (k+1) —2=n+k— 1.
We show that rd(G) < k4 1. Since G is not a tree, there is an edge e such that
H = G — e is a connected spanning subgraph of GG. Since the size of H is n + k — 2, it
follows by induction hypothesis that rd(H) < k. Hence, rd(G) =rd(H +¢) < k+ 1 by
Lemma 6.4.1. Therefore, the minimum possible size for a connected graph G of order n
to have rd(G) = k is n+ k — 2. [Note that if F' is a connected graph of order n and size
m < n+k—2, then m = n+k — a for some integer a > 3. Since m =n+ (k—a+2)—2,
it follows that rd(F) <k —a+2 <k —1.]

It remains to show that for each pair k,n of integers with 1 < k < n — 1 there is
a connected graph G of order n and size n + k — 2 such that rd(G) = k. Since this
is true for £ = 1,2,n — 1, we now assume that 3 < k < n — 2. Let H = Ky with
partite set U = {u1,us} and W = {wy,wa, ..., wi}. Now, let G be the graph of order n
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and size n + k — 2 obtained from H by subdividing the edge ujw; a total of n — k — 2
times, producing the path P = (u1,v1,v9,...,0,_k_2,w1) in G. Since x/'(H) = k, there
is a proper edge-coloring cy of H using the colors 1,2,...,k. We may assume that
c(uiwy) = 1 and c(ugwi) = 2. Next, we extend the coloring ¢y to a proper edge-coloring
cg of G using the colors 1,2,...,k by defining cg(ujv1) = 1 and alternating the colors
of the edges of P with 3 and 1 thereafter. Hence, x'(G) = k and so rd(G) < X'(G) = k
by Proposition 6.1.2. Furthermore, since A(uj,u2) = k and A(x,y) = 2 for all other
pairs x,y of vertices of G, it follows that A*(G) = k. Again, by Proposition 6.1.2,
rd(G) > AT (G) = k and so rd(G) = k. "

For given integers k and n with 1 < k <n — 1, we’ve determined the minimum size
of a connected graph G of order n with rd(G) = k. So, this brings up the question of
determining the maximum size of a connected graph G of order n with rd(G) = k. Of
course, we know this size when k = 1; it’s n — 1. Also, we know this size when k =n —1;

it’s (g) For odd integers n, we have the following conjecture.

Conjecture 6.4.3 Let k and n be integers with 1 < k <n—1 andn > 5 is odd. Then
— ks (k+1)(n—1)'

the mazimum size of a connected graph G of order n with rd(G) >
Notice that when k& = 1, then % =n—1and when k = n—1, then Uf“éﬁ =

(g) Also, when k = 2, then (k+1)2(n—1) = 3"2_3. This is the size of the so-called friendship

graph ( %) K3V K of order n (every two vertices has a unique friend). Since each block

of a friendship graph is a triangle, it follows by Theorem 6.2.4 that each such graph has
rainbow disconnection number 2.

For given integers k£ and n with 1 < kK < n—1and n > 5 is odd, let H; be a
(k — 1)-regular graph of order n — 1. Since n — 1 is even, such graphs Hj, exist. Now,
let G, = Hyp VvV Kj be the join of Hy and K. Thus, G is a connected graph of order
n having one vertex of degree n — 1 and n — 1 vertices of degree k. The size m of Gy

satisfies the equation:
2m=n—-1)+n—-Dk=(k+1)(n—-1)

m = W The graph Hj can be selected so that it is 1-factorable and so

and so
X' (Hg) = k—1. If a proper (k—1)-edge-coloring of Hy, is given using the colors 1,2, ... k—
1, and every edge incident with the vertex of G of degree n — 1 is assigned the color k,
then the edges incident with each vertex of degree k are properly colored with k colors.
For any two vertices u and v of G, at least one of v and v has degree k in Gy, say

degg, u = k. Then the set of edges incident with w is a u — v rainbow cut in H.
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Since this is a rainbow disconnection k-coloring of G, it follows that rd(Gg) < k. It is
reasonable to conjecture that rd(Gy) = k.

We would still be left with the question of whether every graph H of order n and
size %2("_1) + 1 must have rd(H) > k. Certainly, every such graph H must contain

at least two vertices whose degrees exceed k.
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Chapter 7

Topics for Further Study

In this chapter, we describe some open questions and concepts resulting from this work.

We also discuss some related topics for further study.

7.1 Problems on 3-Rainbow Connection

1. 2-Connected Graphs

In [8], it was shown that rce(G) < 3 if G is 2-connected and there is a 2-connected
graph H with rco(H) = 3. This graph H is shown in Figure 7.1. In fact, rcg(H) = 3
as well and a 3-rainbow coloring using three colors is shown shown in Figure 7.1.

2

/_0_3
O O
/ 1 3
1

1
3
Q
/N
1

1

w

LS
2
o—F " 5
Figure 7.1: A 2-connected graph H with rco(H) =rc3(H) =3
There is reason to believe that for a 2-connected graph, the following is also true.

Conjecture 7.1.1 If G is a 2-connected graph, then rc3(G) < 3.

For connected graphs G with cut-vertices, there is a lower bound for the 3-rainbow

connection number rc3(G) in terms of the number of components in the sub-
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graph of G that results when a cut-vertex is removed. For each cut-vertex v
of G, let 7, be the number of components in G — v and let 7(G) = max{7, :

v is a cut-vertex of G}.
Proposition 7.1.2 If G is connected graph with cut-vertices, thenrcs(G) > 7(G).

Proof. Let v € V(G) such that 7, = 7(G) = 7 and let G1,Ga,...,G; be the
components of G —v. For each i with 1 < i < 7, let v; € V(G;). Since every
3-rainbow coloring of G must assign distinct colors to the 7 edges vvy, vva, ..., v,
of G, it follows that rc3(G) > 7(G). ]

If G = K, is a star of order 7 + 1 > 3, then 7(G) = 7 and rc3(G) = 7(G).
Next, let G = 2P V Kj, where P is the Petersen graph. Then G has a unique
cut-vertex and 7(G) = 2. Since rc3(G) = 3, it follows that rcg(G) > 7(G). Thus,
it is possible that rc3(G) = 7(G) or rc3(G) < 7(G). These two examples also show
that the 3-rainbow connection number of a connected graph of diameter 2 can be
arbitrarily large. However, in each case, the graph under study is not 2-connected.

. Realizable Triples

If G is a nontrivial connected graph with pc(G) = a, rc3(G) = b and rc(G) = ¢,
then 1 < a < b < c¢. This suggests the following question.

Problem 7.1.3 For which triples a,b,c, does there exist a nontrivial connected
graph such that pc(G) = a, rc3(G) = b and rc(G) = ¢?
. Unique 3-Rainbow Paths

A tree T has the property that there exists a 3-rainbow coloring of T' such that
every two vertices u and v of T are connected by a unique 3-rainbow u — v path
inT.

Conjecture 7.1.4 If G is a connected graph with a 3-rainbow coloring such that
every two vertices u and v of G are connected by a unique 3-rainbow u — v path in

G, then each block of G is a complete graph.

. Subgraphs of Diameter 3

For a connected graph G of diameter 3 or more, let
p3 = max{rcs(H): H C G and diam(H) = 3}.
What is the relationship between p3 and rc3(G)?
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7.2 Rainbow Sequences

If G is a nontrivial connected graph and ¢ is the length of a longest path in G, then
pe(G) = rea(G) < re3(G) < -+ <reg(G) = re(G) and that the sequence

pc(G),rc3(G),rea(G), - - -, 1e(Q)

is referred to as the rainbow sequence of G, denoted by S,(G).
A nondecreasing sequence of positive integers is a rainbow sequence if it is the rainbow

sequence of some connected graph G.
Problem 7.2.1 Which sequences of positive integers are rainbow sequences?
1. There exist connected graphs GG whose longest path has length ¢ for which
rci(G) = rc;—1(G) for each integer ¢ with 2 < i < £. (7.1)

In particular, this is true for all connected graphs G with rcg(G) = rc(G). For
example, let W,, = C,, V K1 be the wheel of order n + 1 > 5, where n is the length
of a longest path. If n and k are integers with 2 < k < n and n > 4, then

1 ifn=3
reg(Wy) =4 2 if4<n<6
3 ifn>7.

Which connected graphs G with rc3(G) < rc(G) have the property described in (7.1)7?
2. There exist connected graphs G whose longest path has length ¢ for which
rci(G) —rc;—1(G) = 1 for each integer @ with 2 < i < /. (7.2)

For integers k and ¢ with 2 < k < ¢—1, rc(P;) = k. Thus, if G = Py is the path of
order ¢ > 3, it follows that rc;(G) —rc;—1(G) = 1 for each integer ¢ with 2 < i < £.

Which other graphs have the property described in (7.2)7

3. Ifrci(G) = rci+1(G) for some integer i, does rc;(G) =rc;(G) for all j > i?

7.3 k-Rainbow Connectivity

Let G be a graph with connectivity £ > 1 and let £ > 3. The following concepts can be
studied.
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1.

The k-rainbow connectivity of G is the minimum number of colors needed in an
edge-coloring of GG such that every two distinct vertices v and v of G are connected

by ¢ internally vertex-disjoint k-rainbow u — v paths.

. The k-rainbow edge connectivity of G is the minimum number of colors needed

in an edge-coloring of G such that every two distinct vertices v and v of G are

connected by ¢ edge-disjoint k-rainbow u — v paths.

. The 2-mized connectivity of G is the minimum number of colors needed in an edge-

coloring of G such that every two distinct vertices v and v of G are connected
by both a rainbow u — v path and a non-rainbow proper u — v path or by both a

rainbow u — v path and a non-rainbow k-rainbow u — v path.

7.4 Color Disconnection in Graphs

There are several open questions dealing with rainbow disconnection in edge-colored

graphs. We list some of them below.

1.

2.

D.

Are there classes of graphs G for which rd(G) = A(G) + 17

Does there exist a prism which does not have a proper rd-coloring?

. Do 3-by-n grid graphs, for n > 3, have proper rd-colorings?

. Does there exist a graph G for which A\™(G) < rd(G)? Can this gap be arbitrarily

large?

Does there exist a graph G for which A™(G) < rd(G) < x(G)?

There is a related disconnection concept that is closely related to rainbow discon-

nection in edge-colored graphs. A set R of edges in an edge-colored graph G is called

a proper set if no two adjacent edges in R are colored the same. A set R of edges is a

proper cut of G if R is both a proper set and an edge-cut. A proper cut R is said to

separate two vertices u and v of G if u and v belong to different components of G — R.

Any such proper cut in G is called a u — v proper cut in G. An edge coloring of G is a

proper disconnection coloring if for every two distinct vertices u and v of G, there exists

a u — v proper cut in G. The proper disconnection number pd(G) of G is the minimum

number of colors required of a proper disconnection coloring of G. A proper disconnec-

tion coloring with pd(G) colors is called an pd-coloring of G. Since every rainbow-cut

is a proper cut, it follows that pd(G) < rd(G) for every graph G. We plan to study this

concept.
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