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OPTIMAL COMBINERS FOR MULTIPLE CLASSIFIER SYSTEMS

Mohammed Falih Hassan, Ph.D.

Western Michigan University, 2017

A Multiple Classifier System (MCS) is designed to combine classification results of an
ensemble of different classifiers and consequently to produce the highest possible classification
output. MCS has recently drawn growing attention and has become a necessity, especially when
a problem involves a large class of noisy data or when using a single pattern classifier that has
serious drawbacks in its results. A wide range of pattern recognition applications have benefited
from the implementation of MCS, these include areas such as handwriting recognition,

incremental learning, data fusion, feature selection, and a large variety of medical applications.

To achieve optimal ensemble performance, two design components must be optimized
carefully which are diversity and the selection of combining rule. This dissertation is focused on
designing an ensemble decision combining rule which leads the MCS to deliver the highest
possible accuracy. Several models for decision combining rules, using an ensemble system of N
classifiers and M classes, are developed. The proposed system can be considered as a unifying
framework that works with any algebraic decision combining rule. While the results affirm that
there is no single decision combining rule that can outperform in every classification problem,
they clearly present the framework to design an optimum decision combining rule based on the
statistics of the classifiers. Based on the predication extracted from the theoretical models, a

novel algorithm that achieves optimal classification accuracy is presented in this study.



The proposed algorithm is tested on six datasets, the experimental results agree with the
trend predicted by theoretical derivations. Results based on the proposed algorithm show that the
performance of an ensemble always achieves at least the performance of the best performing
individual classifier and evades selecting the least performing classifier. In addition, the results
of the proposed algorithm show a comparable performance in classification accuracy compared
to the random forest with less computational operations which makes it a good candidate for real
time classification problems. Finally, the proposed model serves as an in-depth exploration into

the performance of MCS and brings to the forefront of classification research significant insights.
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CHAPTER |

INTRODUCTION

1.1. Background

The history of the works in Multiple Classifier Systems (MCS) goes back to the 1979 paper
by Dasarathy and Sheela [1]. In their work, the training space is partitioned into several combined
classifiers. In 1990, the work given by Hansen and Salamon [2] improved the generalization error
by combining several neural networks classifiers. The main contribution into ensemble systems is
done by Schapire [3]. In his work, a strong classifier is generated from combining several weak
classifiers using boosting. From there, research in ensemble systems grew rapidly under different
names. The short summary of names and algorithms that have described ensemble systems are a
combination of multiple classifiers [4] — [8], classifier fusion [9] — [11], classifiers ensembles
(ensemble systems) [12], [13], mixture of experts [14], [15] and many others. In addition, several
books have already been written that focus on topics that deal with the development of ensemble
systems such as [16], [17] and from 2000 until now there are series of annual workshops on
multiple classifier systems [18]. The purpose of these workshops is to organize and improve
progress in the area of combined classifier systems.

1.2. Advantages of Using Multiple Classifier Systems (MCS)

There are many advantages of using multiple classifiers over single classifier systems [19]:
Statistical Reasons: A single classifier system may perform perfectly on classification of training
data but perform poorly on test data. In this case, the resulting classifiers are said to have a high
generalization error. In comparison, training an ensemble of classifiers and then taking the average
of their outputs reduces the generalization error and improves the classification accuracy. Although
the ensemble performance may not be better than the best performance classifier, it aids in avoiding

the choice of a poor classifier.



Large volume of data: In cases of a large volume of data it is impractical to train a single classifier
on this data, instead the training data space is divided into several sectors or partitions. Combining
their outputs appropriately proved to be more effective compared to a single classifiers system.
Too little data: Ensemble systems are also proven to be an effective application on small training
data sizes. For example, resampling the original data to generate different copies, then training
different classifiers on these copies creates an ensemble that has proven to be very effective.
Divide and Conquer: In cases of a complex and highly nonlinear decision boundary, it is difficult
to train a single classifier. Instead if the training space divided into an appropriate number of
partitions and train different classifiers on these partitions, then the complex decision boundary
breaks into smaller pieces that can be handled by individual classifiers. In other words, the
individual classifiers that constitute an ensemble complete the complex decision boundary from
combining the smaller pieces.

Data fusion: Data fusion is a term that is used to describe data from different sources in order to
make a formal decision. Therefore, in cases of data training spaces that comes from different
sources, it is impractical to train a single classifier on such data. These types of features are called
heterogeneous features. A better solution to this issue is to partition the training data into subsets

in order to train different classifiers that are used to construct an ensemble.

1.3. Architecture of Ensemble Systems

Figure 1.1 shows a typical structure for an ensemble system. A collection of a group of
classifiers is called an ensemble and the fuser is a predefined rule that combines outputs of
classifiers. Two famous topologies which are used to construct an ensemble are serial and parallel
configuration figure 1.2 and figure 1.3 respectively. In both cases the classifiers group is called
an ensemble. In serial topology, the individual classifiers are connected in a cascade manner, and
the benefit of this structure is the feature’s spaces are classified sequentially. When a primary
classifier is uncertain about classifying a given instance then the data is fed to the next classifier
that specializes in certain difficult instances and the process continues. Using this approach, it
becomes possible to build a stronger ensemble system based on weak classifiers. Schapire [3]
showed that it can boost the weak classifiers into a strong one by focusing on the subsets that are

difficult to classify. On the other hand, the parallel structure is the most used and studied ensemble,



in this topology a feature vector is fed to all classifiers and each classifier makes its decision
independently, then the fuser combine the classifier’s outputs to give the final class label. In
addition, there are ensemble systems which are based on hybrid topology, i.e. a mixture of parallel

and serial configurations which are rarely used in practice.

Ensemble system

Classifier #1

Classifier #2

Feature Vector :> I:> Fuzer :> Final class
: label

Classifier #N

Figure 1.1. Structure of Ensemble Systems

Feat i
eatlre __ yl Classifier #1 Classifier #2 | ——————————— » Classifier #N |—» 12l class
Vector label

A 4

Figure 1.2. Serial Structure of Ensemble Systems



Classifier #1

Classifier #2

: :’> Final class
Feature Vector : Fuzer
H label

Classifier #N

Figure 1.3. Parallel Structure of Ensemble Systems

To get a better understanding of ensemble systems, figure 1.4 shows a comprehensive
picture, where the ensemble structure can be divided into four layers. The function of each layer
is described as follows:

1. Features generation: this layer is a preprocessing stage which is related to the raw data.
The purpose is to generate features that achieve high individual accuracy and diversity
among base classifiers.

2. Feature manipulation: during the training phase features manipulation is necessary in
order to achieve diversity among base classifiers. Diversity means all classifiers have
complementary information which is directly related to the improvement of classification
accuracy.

3. Classifiers: In this layer, there are many parameters that optimize the ensemble
performance such as how to determine the number of base classifiers that are used to build
an ensemble and which is the best method to train the base classifiers. It is better to train
them simultaneously or iteratively by adding and removing classifiers. In addition, the
chosen ensemble topology is very important. Mainly two topologies are used, and these
are parallel and serial. In addition, creating diversity among base classifiers is very
important, in which each individual classifier learns part of the training space. There are

many methods used to create diversity among base classifiers, for example:



a. Creating an ensemble that is based on a different classifier model.

b. Using different parameters in training individual classifiers.

c. Partitioning the training space into different sectors, so that each sector is used to
train a different base classifier.

d. Dividing classification labels among different classifiers, in order to ensure that
classifiers are trained on different classification tasks.

4. Combiner: a combination or fusion process is the last stage in the classifiers combination,
and it can be classified as follows:

a. A non-trainable combiner is a combiner that is not related to the training data

structure. An example of this is the simple arithmetic combiner such as the average

and majority vote.

Feature Generation Z> Level 1
\
Feature
Manipulation Z> Level 2
\
Classifier #1 Classifier #2 | .veveeeceens Classifier #N Z> Level 3
Combiner Z> Level 4

Figure 1.4. Design Stages for Ensemble Systems



b. A trainable combiner is the combiner that is generated using a special training
algorithm. An example of this are the weighted combining rules and the combining
rules that are based on classifier selection methods, in this case a single classifier is
authorized to classify data for a given feature vector.

c. A meta classifier utilize the output of individual classifiers as training inputs for a

new classifier. This approach is called stack generalization.

1.4. Literature Survey

For many theoretical and practical reasons, multiple classifier systems show improvements
in classification accuracy compared to a single pattern classifier [16], [17], [19], [20], [21], [22].
Improvements come mainly from combining several classifiers that have diverse characteristics.
For example, a single classifier system may give a high recognition rate on training data but
performs poorly on new data, especially when the trained data is noisy. Consequently, the resulting
classifier has poor generalization performance. It is better practice to design a classifier with good
generalization performance. Training an ensemble of classifiers creates individual classifiers with
different generalization errors, and taking the average performance of these classifiers minimizes

overall generalization errors [23], [24].

Multiple classifier systems that use parallel structures are composed mainly of three stages.
The first stage consists of a group of individual classifiers (base classifiers) that are already trained
to recognize new data. In the second stage, the outputs of these classifiers are combined using a
predefined combining rule. In the third stage, a class that has a maximum membership value among
others is chosen as a correct class. The first and second stages are considered as crucial parts in
the MCS design process. The major research areas in optimizing ensemble performance are
focusing on diversity among individual classifiers (stage one) and the method used to combine
their outputs (stage two). Combining multiple classifiers that have the same knowledge about
feature space would not improve classification accuracy, and some form of diversity is necessary
to minimize generalization errors [25], [26], [27], [28]. On the other hand, combining methods are
used to fuse outputs of classifiers, which have been under the spotlight, and several researchers

have presented different algorithms attempting to improve classification accuracy [16], [17], [18],



[29]. Combining rules are divided into three categories depending on the level of the outputs of
classifiers. The category levels are: abstract level, rank level, and continuous output level. The last
category is studied extensively since it contains more information about class as compared to the
others. Combining rules also may consider either simple (unweighted) or weighted rules. In simple
rules, all base classifiers in the ensemble are considered equally in the combination process since
all classifiers have equal strengths (classification accuracies). In practice, base classifiers may use
different classification algorithms or be trained by different data sectors leading to different
classification accuracies. Therefore, weighting the output of each classifier according to its
strength guarantees improvements in classification accuracy, and consequently, the weighted

combining rule is a natural solution to combine base classifiers.

Another issue related to the combination process is the assumption regarding the
correlation between outputs of classifiers. As the correlation coefficient increases among a group
of base classifiers, they become redundant and result in lower classification accuracy. Correlation
level among outputs of classifiers is used to model the diversity level among them [19]. The
literature has many practical and theoretical works focused on recognition rates under the
assumption of independent versus dependent classifiers and models that use simple versus
weighted combining rules as in [30], [31], [32], [33], [34], [35], [36], [37].

In [30], a theoretical and experimental work for combining classifiers is presented. They
assumed independence between classifiers and considered simple combining rules (product, sum,
max, min, median and majority vote). Their results show that the sum rule outperforms others. In
[31], analytical models are derived for six fusion rules. Derivations are based on assumptions that
outputs of classifiers produce an estimation of the class posterior probability, independent and
identically distributed for two class distributions: normal and uniform. Results showed that the
ensemble performance depends on class distribution. The work presented in [32] compares the
performance of the sum versus majority vote. They proposed a model based on error estimation
for each classifier. They assumed classifiers are equal in strengths and distribution of classifiers
outputs are normal, independent and identically distributed. Their results show that the sum always
outperforms majority vote except for long tail distribution in which majority vote gives

superior performance over the sum rule. In [33], a theoretical and experimental analysis is done



using simple average and weighted average rules. Their results show that the added error of the
ensemble depends on the performance of individual classifiers and the correlation level between

their outputs

1.5. Dissertation Purpose

This work is focused on optimizing performance of ensemble systems by managing
diversity among individual classifiers and the methods used to combine their outputs. Combining
multiple classifiers that have the same knowledge about features space would not improve the
classification accuracy, so some form of diversity is necessary to minimize generalization errors.
In practice, classifiers exhibiting a correlation among their outputs result in decreasing
classification accuracy. In addition, base classifiers exhibit different classification accuracies on
test data (each classifier has a different classification strength). To get a realistic model, it is
necessary to account for the correlation effect and classifiers” weights into the fusion process. As
shown in the survey of the previous studies, not all the conditions are considered in evaluating
ensemble performance. Therefore, theoretical models are needed in order to get a better
understanding of ensemble performance. One of the purposes of this study is to estimate the
performance of an MCS that uses weighted combining rules for correlated classifiers.

On the other hand, methods that are used to combine outputs of classifiers are an interesting
research area, and many experimental and theoretical studies have addressed this problem. The
evolution of combining rule performance using experimental studies did not explain clearly the
interrelated relationship among system parameters, and it is not leading to a deep understanding
of the system behavior. As a result, mathematical models are needed to help in investigating why
a specific combining rule works better than others for different classification problems. As shown
in the literature survey, each combining rule works under a specific ensemble condition. It is
uncleared which combining rule will work for a given classification problem. So, another purpose

of this study is to design an optimal combining rule for a given classification problem.

The final dissertation goal is to optimize ensemble systems by creating an ensemble with
maximum diversity and an optimal fusion rule. For the purpose of validation, the proposed

algorithm will be tested on challenging classification problems.



1.6. Dissertation Contribution

This work is divided into two parts. The first part is focused on theoretical derivations. By
assuming weighted and correlated classifiers, closed form expressions for probability of
classification errors are estimated for four weighted combining rules which are: geometric mean,
average, majority vote and harmonic mean. Theoretical results show there is no single combining
rules that work for all classification problems, i.e. each combining rule works under a specified
ensemble condition. In addition, results show that the ensemble performance (classification
accuracy) degraded exponentially as correlation coefficient increases among individual classifiers.
Based on the previous results, the derivation is generalized by estimating the classification error
for generalized mean (power mean) rule. Power mean includes a spectrum of averaging functions,
the results of theoretical derivations help to select an optimal fusion rule that minimized the

classification error.

In the second part and guided by the results of theoretical derivations, an algorithm for
combining classifiers is proposed. The algorithm is tested among six data sets. Experimental
results agree with predication of theoretical derivations and ensemble classification always provide
better classification accuracy of individual classifiers and allows for avoiding the worst
performance classifiers. In addition, the classification results of the proposed algorithm show
comparable classification results compared to the random forest over six data set under study.

1.7. Dissertation Overview

The rest of dissertation chapters are briefly described as follows: chapter 2 reviewed two
theoretical frameworks for estimating the performance of ensemble systems which are the
Kunchava [31] and Tumer-Ghosh [39] frameworks. In chapter 3, closed formulas for classification
error for majority votes and geometric mean rules are estimated under assumption of unweighted
classifiers. Chapter 4 extended the derivation presented in Chapter 3 to weighted and correlated
classifiers and for four weighted fusion rules; geometric mean, majority vote, average
and harmonic mean. Chapter 6 generalized the derivation for generalized mean rule under an

assumption of N classifiers and M classes. Also, a novel ensemble algorithm is proposed which



provided classification results comparable to the standard ensemble classification algorithm.

Finally, Chapter 6 presented a dissertation conclusion, contribution and future work.
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CHAPTER I

THEORETICAL FRAMEWORKS FOR MULTIPLE CLASSIFIER SYSTEMS

2.1. Architecture of Multiple Classifier Systems

Figure 2.1 shows a typical configuration for an ensemble of classifiers that consists
primarily of three stages. Stage one is related to the classification process on an individual classifier
level, where a feature vector x;, defined in R™ is fed to N parallel classifiers. These classifiers
may use the same training algorithm such as homogeneous classifiers or use different training
algorithms such as heterogeneous classifiers. Each classifier in the ensemble is trained to recognize
M classes. In case of continuous classifiers outputs and using an appropriate normalization, it can
be assumed that each one produces at its output an estimation of the posterior class probability
(d; ;) for M classes, i.e. d; ; € {0,1}, wherei = 1,2,...,Nand j = 1,2,.., M.

Classifier #1 Classifier2 | ..... Classifier #N

Combiner #1 Combiner #2 | ..... Combiner #M

F() F() F()

Pler /%) Ple, /%) Pleg, /)

Max

l

Final class label

Figure 2.1. A Typical Configuration for a Multiple Classifier System

11



Outputs of classifiers are best described in terms of decision profile matrix (Dp(x)) [11],
as in (2.1). The dimension of decision profile matrix is N x M, its columns represent the support
given from N classifiers to a single class. On the other hand, rows represent the support from a
single classifier to M classes. In this work, a parallel classifiers structure is considered, which is
the most widely used structure for combining ensembles of classifiers, other structures are also

used in practice such as serial or hybrid [38].

dia(x)  dip(x) . dypm(x)

dp1(x) dpa(X)

Dp(x) = 2.1)

dyi(x) dy2(¥) . dym (%)

From (2.1), it can define two correlation domains in the ensemble, one in the vertical
direction that is among different classifiers for the same class and another in the horizontal
direction which is among different classes for the same classifier. In the derivation, it assumed two
classes, thus the focused is on the correlation effect among different classifiers for the same class.

In stage two, a combining rule or fusion rule combines the output from each classifier (the

columns of Dp(x)), i.e.

p(w,/X)=F(d,,,d,, .. dy,), for j=12,,M, (2.2)

where p(w;/x) is the estimated class posterior probability for a given class w; and F(:) is the

fusion rule used to combine classifiers outputs. Finally, in stage three, the combiner’s output that

has a maximum membership to a specific class is chosen as the correct class label, which means

assign x> m, Iif

Pl /X)> Play /x) kI (2.3)

12



2.2. Review of Kuncheva Framework

Kuncheva [31] presented a framework for multiple classifiers systems that estimates the
classification accuracies of combining several classifiers. The fusion rules that are used in the
framework given in [31] are minimum, maximum, average, median, majority vote and oracle. In

the derivation, it was assumed the following:

e There are N classifiers that work in parallel.
e Each classifier produces at its output an estimation of the posterior class probability which

is denoted by d; ; € [0,1] where
d; ;(X) = p(e; I x) +71(x), (2.4)

where x € R™ is the feature vector and p;(w;/x) is the true class posterior probability and
n(x) is a random variable that could have any distribution, where i = 1,2,...,M and j =
1,2,..,N.

e To simplify derivation, it was assumed two classes {wq, w,}, then d,; + d, ; = 1 for j =
1,2,..,N.

e C(lassifiers outputs d; ; are independent and identically distributed.

In [31] two probability distributions are considered in the derivation which are normal and

uniform distributions. The probability of classification error is calculated as
0.5
p. = p(p, <05) = [ f, (y)dy, (2.5)
0

where ﬁl = F{dl,l , d1,2 ey dl,N ‘}, ﬁz = F{dz‘l , dz‘z ey dZ,N,} and fﬁl () is the prObablhty
density function of the random variable p,. For a single classifier the probability of classification

error for normal distribution is

13



pe:(D(O.S—mj’ 2.6)

o

and for uniform distribution is

e =0'5_2—E]+b, 2.7
where m, ¢ are the first and second moments of p; when its distribution is normal while m and b
are mean and period of p; when its distribution is uniform. Based on the previous assumptions,
Kuncheva derived and compared the classification errors for six fusion rules not including product
rule which do not fit easily into the model presented in [31]. In addition, the assumption of
independence between classifiers is unrealistic since in practice classifiers shows dependence
among each other and as a result it is expected to lower the classification accuracy. Therefore, it
can consider that the independence assumption provides an upper limit of the ensemble
performance (optimistic estimation). It is important to model the correlation between classifiers
since it’s directly connected to diversity. Highly correlated classifiers represent less diversity while
independence represents highly diverse classifiers. Diversity is considered as a cornerstone in the

ensemble design and model it contributes significantly to the theory of multiple classifiers.
2.3. Review of Tumer and Ghosh Framework

In the following, the framework given by [33] and [39] is briefly reviewed, in order to
simplify the derivation, it was assumed M = 2 but it can be extended to any number. The
probability density function of two classes are p(w4/x) and p(w,/x). In addition, the dimension
of a feature vector is considered as a scalar for the same reason as above and it can be extended to
k dimension. In practice, a trained classifier gives an estimate of the class probability density

function (fj(x)) that is deviated from true value by ¢; i.e.

f,()=pl@;/x)+¢&;(x), j=12, (2.8)
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where ¢; is the error related to the j¢h classifier’s output which is considered as a normal random
variable with mean m; (bias error) and variance ajz (variance error). Figure 2.2 shows the decision

boundary for a single classifier with two class examples, as shown the overall classification error
is broken down into two components. The gray area is regarded as a Bayes error while the dark
area is defined as the added error which is related to the imperfection in the training process, either
due to noisy data or an incomplete representation of the actual training data space. Due to the
inaccuracies of trained classifiers, the decision boundary deviated or shifted from the optimum
decision value (x,) by a value b (shift parameter) resulting in the expected added error estimated

as

plwy/x)

Figure 2.2. Definition of Bayes and
Added Errors for a Single Classifier
System and Two Class Problem

0 o X, +b
Eais = E[AD)]= [A®) fy(b)db= [ [[p(@y /%)~ p(e, /)]p() Ty (b)dxdb,  (2.9)

a

where A(b) is the added error region colored in a black as shown in figure 2.2, p(x) is the
probability distribution of the feature x and f},(b) is the probability density function of the random
variable b. Using linear approximations p(x) can be represented by a constant p(x,) and A(b) is

expressed as [33]

15



A(b) =¥bzs, (2.10)

where s = p(wq/x,) — P(w2/xy), and P(-) is the first derivative of p(-), then (2.9) is modified

nto

= =¥3E[bz]. (2.11)

Expression (2.11) suggests that the key idea in calculating E ;45 is estimating the

probability density function of b and its moments. From figure 2.2 and for a single classifier with

two classes, the random variable b is estimated as ([39])

b= £ (%) —&,(%,) .

(2.12)
S
Then the added error for a single classifier is defined as [33]
2, 2
Eogg = p();a)s (mZ + o), wheremg = 1(m1 —m,) and o2 =& +262 . (2.13)
S S

After the brief review of the framework defined in [39] and [33], the work is extended in
the next chapter to derive an expression for the added error for combined classifier systems. The
Tumer and Gosh framework is studied extensively for linear combining rules [34] but no studies
have been done in nonlinear combining rules. Chapter four is focused on derive a close form
expression for estimation error for the product rule based on Tumor and Gosh’s framework.
Kuncheva’s framework presents an excellent derivation to model combining classifiers and
attempts to estimate the error resulting from inherent interference among classes for given data,
while Tumer and Gosh’s framework attempts to model the bias and variance error that results from
poor and over training of base classifiers. The idea of combining both frameworks into a single

one 1s considered important toward unifying the theory of multiple classifier systems.
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CHAPTER IlI

ANALYSIS OF A MULTIPLE CLASSIFIER SYSTEM USING PRODUCT AND
MAJORITY VOTING RULES

In this chapter, the performance of product and majority voting rules is studied under

idealized ensemble conditions then the derivations are generalized in the next chapter.

3.1. Analysis of Product Rule Using Kuncheva Framework

One of the key factors in designing a successful multiple classifier system (MCS) is
choosing an appropriate combining rule. Many theoretical and experimental efforts have been
focused on estimating the probability of classification error for different combining rules. In this
work, assuming N classifiers and two independent and identically distributed classes, closed
formulas for product and modified product rules are derived for estimating classification error
probability under assumption of two class distributions, normal and uniform. The derivations are
validated with computer simulations. The performance results of product, modified product,
average, and majority vote rules are compared. The comparisons are done in term of probability
of classification error as a function of class variance and number of classifiers. Results show that
the modified product rule outperforms others while the product rule ranks last under the

assumption of combining classifiers with good classification properties.

3.1.1. Probability of Classification Error

In this section, a closed form expression is derived for classification error probability
using product and modified product rules. Assuming two class distributions (normal and
uniform), N base classifiers i=12..,N), and two classes j = 1,2,
then p;(w,/x) =1 —p;(w,/x). For simplifying expressions, it can set; p; =

pi(w,/x) and p; = pi(wz/x) - p;=1- p;.

17



A. Product Rule

The typical formula of product rule is defined as

p =1L 1, 3.1)

where p is the overall posterior class probability. The aim here is to estimate the probability
density function for p and its moments. By taking the natural logarithm of both sides of (3.1), the

multiplication process between random variables is converted into addition, that means

log(®) = XL, log(py). (3.2)

The purpose here is not estimating the probability density function of log(p;) but rather
in its first and second moments. From the statistic theory [40], if there is a function f(x) of a
random variable X provided that f(x) is differentiable and the moments of X are finite, then the

moments of f(x) is approximated as
~ f(mx) 2
E[fCO] ~ f(m,) + 12202, (3.3)

VAR[f(X)] ~ (f (my))?a2, (3.4)

where m, and o2 are the mean and variance of the random variable X. f(x) and f(x) are the
first and second derivatives of f(x) respectively. In the following, two formulas are derived for
classification error, one for normal distribution and another for uniform distribution. All random
variables (p;) are normal, independent and identically distributed, then from (3.3) and (3.4), the

moments of each one is approximated as

Ellog(p)] = log(mgy) — % (3.5)

2
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|q
QN

VAR[log(p)] =

m

QN

(3.6)

According to the central limit theorem, the probability density function of the sum of k

random variables approaches normal distribution as k become large. Then the resulting mean

and variance of the random variable (log(p;)) are

E[log ()] = N[log(my) — ;5]

VAR[log(p)] = E[(log(p) — E[log(p)])?] = “.

(3.7)

(3.8)

To find the distribution of p, take the exponent of both sides of (3.2). From the
probability theory, if X and Y are random variables where Y = log(X) and Y has a normal

distribution with mean m and variance o2 , then the random variable X has a lognormal

distribution with probability density function defined as

fo) = e [2 (22|

X o021 o

where 0 < x < oo, with

E[X] — em+02/2’

VAR[X] = e2™*9" (¢7° — 1).

The cumulative distribution is given by

Fa(x) = @ (252,

g

Then the probability of classification error is calculated as follows

19
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2
(o2
log(0.5)—N[log(mg)—ﬁ]
g

VNag

mg

p. =F(®<05) =

(3.13)

It is also assumed that the posterior classifier probabilities have uniform distribution with
mean (m,) and variance o2 = w?/3, where w is defined within a period of |m,-w, m,+w|
[31]. The rest of the previous assumptions and derivations also hold for uniform distribution with
minor changes. Then the probability of classification error for uniform distribution is can be

written as

W2
log(0.5)—N [log(mu)_—6m2]> (3.14)
dt 14

Pe =F(p<0.5)= cb( W)/ (Vama)

B. Modified Product Rule

A closer look at (3.7) and (3.8) reveals that the mean and variance of log(p;) grows
linearly with N. That means the performance of product rule degrades rapidly with increasing N.
If the right side of (3.2) is divided by N, this makes (3.7) independent on N as well as reduces
the variance as defined in (3.8) by a factor of 1/N . Therefore, the modified version of product

rule becomes

p= ([T, p) /v, (3.15)

Equation (3.15) is usually referenced as the geometric mean. In parallel steps of the

derivations from (3.2) to (3.8), it can get the following

E[log ()] = [log(my) ~ 2], (316)
VAR[log($)] = -2, (3.17)
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The results of derivations defined in (3.16) and (3.17) confirmed the conclusions in the

previous section. The probability of classification error for normal distribution is

o2
0g(0.5)~[10g(1mg) =3 ]

pe = q) O'g ] (318)
VN mg
and for the uniform distribution is
log(0.5)—[log(mu)—§
pe =@ TR : (3.19)

The formulas defined in (3.13), (3.14), (3.18) and (3.19) are very valuable since it helps
in predicting the performance of product and modified product rules versus class mean and class

variance as well as understanding the impact of varying the number of base classifiers.

3.1.2. Results and Discussion

To validate the derivations for estimating the probability density function (see (3.9)), a
computer program is generated that uses 10 classifiers, each classifier gives an estimate of the
posterior probability density ( p;). Each estimated p; is considered as a random variable with

normal distribution that has m, = 10 and o7=2. The product rule is implemented and estimated

the overall posterior probability (p) by multiplying the individual random variable
probabilities p; for each classifier and computed the pdf of the result. Figure 3.1 shows the two
density functions from the results of the simulation program and from the mathematical
derivations (3.9), the x-axis is normalized for the purpose of clarity. The similarity between the
empirical and theoretical results is clearly evident. There are noticeable small difference between
the two graphs as may be expected since equations (3.3) and (3.4) used in the derivation are an

approximation to exact values.

21



12 T ;
| |
| |

I\ —— Theoretical model
| == -Empirical model

o
N
e

o
e
T

Probability density function f(x)

i
A
RN

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized random variable X

)
by
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Another computer experiment is designed to verify the derivation of the probability of
classification error as defined in (3.13). The set up in this experiment is similar to the previous
one, except that there are 20 classifiers and each has a normal distribution with m,; = 1 and g, as
a variable. Figure 3.2 shows the probability of classification error as a function of ;. The figure
clearly shows that the computer simulation and theoretical model are in agreement. The small
difference between theoretical and practical results again is due to the approximations made in
(3.3) and (3.4) as well as the limited data distribution generated by a simulation program. Figure

3.3 displays a two-dimensional plot between m, and o, as a function of classification error for 9

classifiers.
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As shown the operating characteristic with low classification error probability is limited
to a small region { m; > 0.93 & g, < 0.1}. Also a careful investigation on the m axis, shows
that the abrupt change at m, =~ 0.93 exhibits a smooth change on the g, axis. It is now clear that
the behavior of the product rule is very sensitive to changes in m, and less to g, variations. This
is due to the fact that the probability density function of p (as shown in figure 3.1) is
concentrated into a small region; therefore, a small change in mg results in a large change in the
mean as well as in the variance of the random variable p (see (3.10) and (3.11)). Such a behavior

among variables can cause a significant abrupt degradation or improvement in the system

performance.

Figure 3.3. Probability of Classification Error of
Product Rule as a Function of o, , mg; and N=9

If the condition that all random variables have the same mean and variance is removed,
and assign different values to each one, then is expected to get a more robust performance.
Figure 3.4 shows a two-dimensional plot for probability of classification error using modified
product rule as a function of m, and o, for 9 classifiers. It is clear the modified product rule
exhibits better performance than the product rule since it displays a smoother behavior against
changes in m,; and o, as well as it is having a larger region with low classification error

compared to the product rule performance.
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Figure 3.4. Probability of Classification Error for Modified

Product Rule as a Function of o, , mg; and N=9

Figure 3.5 and figure 3.6 show the performance of the product, modified product, average
and majority vote rules in term of classification error as a function of g, and w respectively.
(Formulas for average and majority vote rules are taken from [31]), for my =m, = 1and N =
7. The comparison included two distributions, normal and uniform. As shown in figure 3.5 and
figure 3.6, the product rule exhibits poor performance for o values of 0.1 and higher, and its
overall performance ranked last among the other combining rules. As can be seen, the modified
product rule outperforms other rules, notably the uniform distribution. These results were
expected, since figure 3.3 suggested that the low classification error region of the product rule is

limitedto m > 0.93 and o < 0.1.
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Figure 3.5. Classification Error for Different Combining Rules as a
Function of o, for Gaussian Distribution, mg; = 1 and N=7
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Finally, figure 3.7 shows a comparison of the performance of modified product, average
and majority vote rules as a function of classifier numbers for my, = 0.8 and o, = 0.3. It is
clear that the modified product rule gives superior performance compared to others. The product
rule is not considered in the comparison because its performance degrades exponentially with the
increase in classifiers number. This behavior results from the fact that the total class variance of
product rule increases linearly with the increase of the number of classifiers causing exponential

performance degradation.
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Figure 3.7. Classification Error for Different Combining
Rules as a Function of Number of Classifiers for my = 1

and ¢,=0.3
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3.1.3. Section Conclusions

In this section, assuming N classifiers and two classes, a mathematical model is proposed
for estimating the classification error probability of ensemble of classifiers operating under
product and modified product rules. It was assumed the posterior class probability is
independent, identically distributed and for two class distributions, normal and uniform. The
derivations were verified using computer simulations. The system performance in terms of
classification error as a function of mean and variance of posterior class probabilities was
investigated. It also addressed the impact of posterior class variance and the number of classifiers
on the probability of classification error. Results show that product rule ranks last among other

combining rules, while the modified product rule outperforms them.

3.2. Analysis of Product Rule Using Tumor-Gush Framework

In order to improve classification accuracy, multiple classifier systems have provided
better pattern classification over single classifier systems in different applications. The
theoretical frameworks proposed in [33] and [39] present important tools for estimating and
minimizing the added error of linearly combined classifier systems. In this section, a theoretical
model is proposed that estimates the added error using the geometric mean rule which is a
nonlinear combining rule. In the derivation, it assumed assume classifier outputs are uncorrelated
and have identical distributions for a given class case. It was shown by setting the number of
classifiers to one (a single classifier system), the derived formula is modified and matches the
results given in [33]. Derivations are validated with computer simulations and compared with the
analytical results. Due to the nonlinearity of the geometric mean, theoretical results show that the
bias and variance errors are mixed together in their contribution to the added error. It was also
shown that the bias error dominated the contribution to the added error compared to the variance
error. It is possible to minimize the variance error by increasing the ensemble size (number of
classifiers) while the bias error is minimized under specific conditions. The proposed theoretical

work can help in investigating the added error for other nonlinear arithmetic combining rules.
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3.2.1. Estimation the Added Error for Geometric Mean Rule

In this section, a formula that estimated the added error for geometric mean rule is
derived. Due to the inaccuracy of the individual classifiers, the estimated decision boundary is
deviated from the ideal one. At the decision boundary of the combined classifier outputs, the

posterior probabilities of two classes are defined as
f,9(x, +by) = .0 (%, +hy). (3.20)

The subscript g refers to the geometric mean fusion process, £, (-) and £,7(-) are the
combined posterior probabilities for classes w; and w, respectively. Using the mathematical

principles defined in (2.12), the shift parameter is written as

_LP* (@1 /%) + 68 ()] —[P° (@21 %) + 88 ()] _ 1 —

b
P9 (/%) —p'® (@, ] X,) s?

, (3.21)

g

where p9(w;/x,) is the first derivative of p9(w;/x) for j = 1,2. Since the combination process
is averaged, then the slope of p9(w;/x,) is assumed not changed by combination which results
in s9 = s. In order to estimate the probability density function of b, the distribution of the term
n{ —n3 should be estimated. The Geometric Mean (GM) rule is defined as GM = [T, x;*/N

where x; is a real positive number, then it can represent nf’ as

1

N 1 N
79 =T 1(pi(@; /%) + & ;)N = [, where j=1,2. (3.22)
i=1

i=1

To simplify (3.22), the natural logarithm is applied to the both sides, as a result the
multiplication operations is converted into addition as defined below

N
10g(7%) =~ >log(, ;). j=12. (3.23)
N i=1
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To estimate the added error of the geometric mean rule, it should estimate the probability

density function of n}.g and its moments. Based on the previous assumptions the probability
density function of n; ; is a normal with mean and variance are My, ; and o,, respectively, then

the moments of log(n; ;) are written as

1075-m, ), . .
Eflog(r; )] = \/7 jlog(nlj)expL %]dmj,l =12,..Nand j=12  (3.24)
. |

i

1(77.J ,7..)
VARIlog(17; ;)] = Jﬁj Iog(nlj))zxexp{ ) (E[Iog(n.,)])z}

i=12..,Nand j=12. (3.25)

For a given class, the random variables 7, ; are assumed independent, then the moments

of log(n ) are expressed as follows

E[log(n?)]=%z Eflog(; )], (3.26)
i=1

VAR[Iog(n§ )] =~ > VARIlog(r; )] (3:27)

i=1

Since the term log(nf’) involves the addition of N random variables, then it can
approximate its distribution as a normal as N become large. In order to get the distribution of 77}?

taking the exponent of both sides of (3.23). From the probability theory if there are two random
variables X and Y and they are defined as X = exp(Y) and Y has a normal distribution then X

(which is this case n; 9Y has lognormal distribution with moments defined as follows
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E[r9]= exp[E[log(n DI+ Lvariog(yf )]j , (3.28)

VAR[7%] = exp(2E[log(n?)] + VAR[log(n % )]) (exp (VAR [log(19)])-1). (3.29)

There is no analytical solution for (3.28) and (3.29) but they can be solved numerically;
however, an analytical expression helps us understanding the interrelationship roles of the
ensemble parameters on the overall performance. Using Taylor series it is possible to

approximate the moments of log(n ).If the moments of ), ; are finite then (3.28) and (3.29) can

be rewritten as follows:

. i N L N UiZ,J'
Eln°] EXD(N é(log(p' (o; /Xa)+m.,1)‘ Z(Di (@, /Xa)+mi,j)2]

1 -
+ NZZ{ 0 (w /xa)+m ) D j=12, (3.30)

91 ~exg 23 . Al o} i . o]
VAR[U‘]~EXF{N E(Iog(p(w,/xa)+mj) 2(p(w; %) +m; F ) N? ;(p(a)jlxa)+mj)2
2 N 2 N 2
_ % L O <|exp L 9 1) j=12
Z(p(a)j/xa)+mj)2J N2 Z;‘(p(a)j/xa)+mj)zJ [ {N Z1“(p(a)j/xa)+mj)2J

(3.31)

In order to simplify the derivation, errors that corrupt the N classifiers for a specific class
are assumed identical, then m; ; = m; and o; = ¢/ for i = 1,2,...,N and j = 1,2, then (3.30)

and (3.31) evolve into

2
o

91 1 j (E_J _
E[79]~ expllog(p(e; /x,) +m; )+ 2w P J =12 (332
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2
o

VAR[7{ 1 = expllog(p(@; /%) +m, F+ (p(@ /XJ)+m )2(%_ ]J
i’ "a j

2
GJ .
X -1|, j=12. 3.33
I:exp[N(p(a)j/xa)—i-mj)zJ ] J ( )

If class w, and w, are assumed independent then based on the simulation test given in
section 3.2.2,_the distribution of the difference of two independent lognormal distributions (b,)
can be approximated as a normal distribution. Using (3.21) the moments of b, are defined as

follows

Elby 1= M = (EL721- En21), (3.34)

VAR[b,]= o, = Siz(\/AR[qlg 1+VAR[7Y]). (3.35)

Using (2.9) the added error (E7, ;) for geometric mean is defined as

X,)S ¢ 1 (b, —m,,)?
Eaia = ELA(b,)] =p(—a)2 0] exp(i% dby. (3.36)
2,2700%, " Oig

It is possible to approximate (3.36) if the moments of b, are finite. By using Taylor series

expansion for A(b,) around m,,, the added error is written as

A"(Myg )

S
Edi = E[A(b)]~ A(myg) + Oy, Where A(by,) = Ebg , (3.37)

where A’(b,) is the second derivative of A(b,). Using (3.36) and (3.37) the added error is

written as
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X, )S
E z—p(;) (Mpy +0y) (3.38)

The added error defined in (3.38) is decomposed into two components m,z,g and o,fg. Due
to the nonlinearity of the geometric mean, the bias (m;) and variance (ajz) errors are mixed

together in their contribution to the added error. It can be noted that as N increases, the variance

component (agg) of b, as defined in (3.33) and (3.35) is gradually diminished, and the only
limiting term is the bias component (m,g4) of by. As part of the validation of the previous

derivation, if the number of classifiers in (3.38) is set to 1, then the added error from (3.38)
should match the added error for a single classifier as expressed in (2.13). Substitute N = 1 into
(3.34) given that p(w,/x,) = p(w,/x,), then

Myg = %(exp(log( p(ey /%) +my)—exp(log(p(e, / x,) +m; )= %(ml —m,)=mp, (3.39)

and for (3.35)

1 ' Ser )
Obg = s2 {(p(a)llxa)+ml) l:exp((p(wllxa)_"ml)zj 1}

+(p(@, /) +m, ) x {exp[ o2 }—1}} (3.40)

(p(a)2 %)+ m2)2

In order to simplify (3.40) Maclaurin series expansion is used for exp(-), where

exp(x) = 1+ x,when x < 1, i.e. p(w;/x,) + m; > g; then (3.40) modifies to

ofg ~ S’iz(o]2 + 0'22): of. (3.41)
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From previous results (3.39) and (3.41), it is clear that the approximation in (3.32) is

valid over wide range of m; and o; values while the approximation in (3.33) is valid when
p(w;j/x,) + m; > ;. However, the exact calculation for E[n;‘.’] and VAR[n;‘.’] are obtained by

solving the numerical integrations given in (3.24) and (3.25).

3.2.2. Results and Discussion

The discussion in this section is divided into two parts. In the first part, the purpose is to
validate the derivations with computer simulations. In the second part, the performance analysis
of the geometric mean rule is studied in terms of ensemble parameters m,,m,,6,, o, and N.
Since p(x,) iIs a constant that scales the added error and for comparison, the value of the added
error is normalized by p(x,). To validate derivations, a computer simulation model is proposed.
The purpose is to estimate the probability density function of the shift parameter b,
experimentally and compare it with the predication of the theoretical model. In the simulation
model, the system behavior shown in figure 2.2 is simulated, in which the posterior probability
of two classes are approximated with linear lines that have slopes {1,-1}, each line is corrupted
with a normal random variable that represents class error (g;,j = 1,2). The mean and variance of
g; are m; and ajz respectively, the setting of other parameters are f;(x) =1 —x, fo(x) = x, s =
P(w1/xy) —p(wz/x5) =2, my =02, my =0.1, 0, =0, =0.1 and N = 10. The steps is
repeated for N = 10 classifiers, then the geometric mean combining rule is applied to combine

classifier outputs in order to get the final estimate of the final posterior probabilities fjg x), j=
1,2. The shift parameter b, is calculated when f,?(x,) = £, (x,), the previous algorithm is
repeated 100,000 times in order to get an accurate estimate of b,. In figure 3.8, an example

image of an iteration of the procedure is presented, showing the two posterior probabilities

deviating from the optimum decision boundary (x = 0.5) due to errors.
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Figure 3.8. Simulation of Posterior Probabilities of
the Combined Classifiers That Used Geometric
Mean Rule
The bias component of a class error shifts the posterior probabilities up and down
depending on the level of bias, while the variance component represents a random fluctuation
about the average value of f;(x). Figure 3.9 shows a comparison in terms of the probability
density functions of b, between the empirical and theoretical models for the geometric mean
rule. The parameters used in comparison are s = p(w4/x,) — (w3 /x,) =2, my = 0.2, m, =
0.1, 0, = 0, = 0.1 and N = 10, the figure is clearly shown the matching between both models.

Figure 3.10 shows the error components of EY , (o4 and my) are plotted as a function of N.

— theoretical model
----Emprical model 1

2 N B
N I )
T T T

Probability density function of b,

‘ [ L L i
-%.2 -0.1 0 0.1 0.2 0.3 0.4
bg

Figure 3.9. Probability Density Function of b, where
my; = 0.2, m, = 0.1, 8:2, g1 = 0y = 0.1 and N =10
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Figure 3.10. Added Error Components (g, and m,) as
a Function of N Where m; = 0.2, m, = 0.1, S=2,
and oy =0, = 0.1
As shown the variance component is minimized gradually as expanding the ensemble
size while the bias component remains unaffected. A Closer look at (3.32), (3.33) and (3.38)

reveals that as N — oo then lim E2.. = (s/2)m},, where oZ, = 0. The possible ways to

minimize mlz,g is either by generating classifiers with very low individual bias error or for a
given class, training classifiers that have nearly identical bias errors i.e. making m, ~ m, given
that m; > g;. The performance is tested as a function of the relative mean m; —m, and under
equal standard deviation error o, = 0,. The reason for this choice is because these definitions
match the expressions for the bias and variance errors defined in (2.13), (3.34) and (3.35). Figure
3.11 and figure 3.12 show the added error EJ,, plotted as a function of g; and (m; —my)
respectively. As shown, the performance degraded severely against the relative bias error while it

exhibited smoother change against variance error.
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Figure 3.11. Added Error as a Function Of ¢, = o, for Different
Relative Bias Values (m; — m,), Where s = 2,and N = 10
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Figure 3.13. Added Error as a Function of Relative
Bias Values (m; —m,) and g, = g,, Where s = 2
and N =10

The reason behind this behavior as defined in (3.32) and (3.33) the variance error is
scaled by the number of classifiers used in the ensemble while there is no control on the bias
error in the combination process. Another possible solution for minimizing the bias error is to
weigh each classifier before the fusion process. The weight should be directly related to the bias
level of each classifier since the variance error is already scaled by the number of classifiers. In
order to get a better vision of the system performance, figure 3.13 shows a two-dimensional plot
in terms of added error as a function of relative bias and variance errors. As shown the system

performance grows exponentially with the level of bias error. For the given system parameters
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s = 2 and N = 10, the region of low added error (< 0.01) is bounded by (m; —m,) < 0.1 and
g; < 0.5.

3.2.3. Section Conclusion

The purpose of combining several classifiers is to minimize the added error from each
one and improve the overall classification accuracy. In this work, a theoretical model is
developed for estimating the added error of combining N classifiers using a nonlinear geometric
mean rule. The assumptions used in the derivations are based on the framework given by [33]
and [39] where classifier outputs are considered as an estimation of posterior class probability
functions which behave as monotonic functions around the decision boundary. The imperfection
in the training process is modeled as a normal random variable superimposed on classifier
outputs whose first and second moments represent the bias and variance errors respectively. The
purpose of the combination process is to minimize the level of the error components. It was
shown that the variance error is minimized by increasing the ensemble size, while there is no
control on bias error. Yet, under certain conditions, the effect of bias error can be reduced if
classifiers are optimized to satisfy the condition of m,; ~ m, and m; > o;,j = 1,2. Also, the
results show that the bias error dominates the contribution into overall error compared to the
variance error. One possible solution for minimizing the effect of bias error is to weigh
classifiers according to the level of bias error before the fusion process. The developed
framework for the geometric mean rule gives more intuition into estimating the added error for

other nonlinear combining rules.

3.3. Performance Analysis of Majority Vote

Combining rules in Multiple Classifier Systems (MCS) play a central role in shaping
their performance. Many theoretical works are developed to predict the performance using
different combining rules. Some of the developed works assumed that classifier outputs are
independent; however, in practice an ensemble of classifiers shows dependent behavior between
each other. In this work, a theoretical model is derived for estimating the misclassification error

probability of MCS based on the majority vote combiner. In the derivation, it assumed each
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classifier produces at its output an estimation of the posterior class probability that has a normal
distribution. In addition, each classifier assumed to has two classes, and the outputs of classifiers
are dependent and identically distributed. The model is validated using computer simulations.
Results show that the ensemble performance is highly sensitive to class variance while exhibits a
smoother behavior against class mean. Also, results show that as the correlation among classifier
outputs increases, the probability of classification error decreases exponentially. The trend
continues until the performance reaches the behavior of a single classifier regardless of the
number of base classifiers used in the ensemble. The proposed model provides a better

understanding of the behavior of majority vote combiner in MCS.

3.3.1. Majority Vote Rule

The majority voting rule is considered one of the most commonly used rules in MCS
[16]. There are three types of majority voting based on a method used in decision making. The
first method called “Unanimous” voting selects a class that all classifiers are in agreement. The
second type is called simple majority, in this case, a class is chosen if it is at least one more than
half number of classifiers are agreed on that class. The third type is called “majority voting”, in
this type, the class received the heights number of votes will be chosen. The majority voting rule

is the most popular rule used. The class selection procedure is described as follows. A class w;

will be chosen if

N
>d; :rrj]glx_ZdU (3.42)

where N is the number of classifiers in the ensemble, M is the number of classes and d; ; € {0,1}

is the decision of the ith classifier for the jth class. Theoretical results shown that as N — oo the
probability of classification error approaches 0, when a single base classifier error probability is
less than 0.5 (p, < 0.5) and approaches 1 when p, > 0.5, [19].
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3.3.2. Probability of Classification Error for Majority Vote Combiner

In this section, a mathematical model is derived to estimate the performance of MCS
using majority vote rule for N correlated classifiers. It was considered two classes’ problem
(M = 2) [31], [32], [33], since it is presumed that more assumptions about system variables will
be needed for classification problems with M > 2 [31]. Also, it is assumed that classifiers’
outputs produce an estimation of the class posterior probability (d; ;) that have identical normal
distribution with mean m and variance a2. In order to simplify derivations, let p; = d;,, p; =
di, =1—p; fori=1,2,..,N. For details on these assumptions, one can refer to work done in
[31] and [41].

Additionally, correlation coefficients p,, between any pair of classifiers are assumed
identical, i.e. p,; = p for all k = I. Consequently, the covariance between each classifiers pair is

defined as
cov(py, Py) = py) 0k 0y = po’, for k=l (3.43)

According to the previous assumptions and from the probability theory, it is possible to

express the joint normal probability density function of classifiers’ outputs as follows

1 1 Te-1
f(P)= f(p, p,,..... = -—(P-Q P-Q .
(P)= f (P PyvenPy) (zﬂ)wm“p{ SP-) )} (3.44)

where P is a vector of random variables which representing classifiers’ outputs, € is the mean
vector of the random variable P, ()7is a matrix transpose operator and X is the covariance matrix

that should be symmetric and positive definite. P, Q and X are defined as follow
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P2 Elp,] m '00' ) po; o ZO-
c° o . . po
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To calculate the probability of classification error, it should count all events in which the

number of base classifiers in error which is equal or more than (N + 1/2), i.e.

2

N N
P = (kJF[a(k),b(k)]. (3.46)
kN+1
2

F[a, b] is the cumulative distribution function for jointly normal random variable vector
P. a=lay,azas,...,ay] and b = [by, by, bs,...,by] are defining the lower and upper

integration limits respectively, using (3.44), F[a, b] is written as follows

b, b,b; by

1 1
Flab|=——— . |exp-=(P-)"x? P—Q}d dp,dp; ...dpy - (3.47)
[a,b] (Zﬂ)N’Z\/ﬁa{a{a{ j p[ 5 (P—2)" 27 (P - ) (dp.dp,dp; ...dpy

To clarify how to use integral limits defined in (3.47). it was defined two domains; the
first one is related to the probability of misclassification that is calculated over {—o0, 0.5} and
the second is the probability of correct classification that is calculated over {0.5, o}. Using (3.44)
through (3.47), the derived formula for the probability of classification error is described as

follows

e S ()

k—terms (N-k)-terms
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X exp[— % P-Q)'z(P- Q)}dpldpzdp3 ..dpy (3.48)

where P, Q and X are defined in (3.46). The k terms defined in (3.48) stand for misclassification
probability and (N — k) terms correspond to the correct classification probability. The (N — k)
terms only exist when k + 1 < N otherwise their value are considered to be unity. Proposed
works in [42], [43], suggested algorithms for numerical computation of the multivariate normal
distribution function defined in (3.48). In order to investigate the effect of the correlation
parameter (p) on the classification error probability, expression (3.48) is expanded in terms of p

as follows

sty usglig

k—terms (N-k)-terms
1] S (p,-m (Py — m)(|O m)
s Kl;—(pﬂaz ) Z;[}Z;Z £ dpydp,dps ..dpy, - (3.49)
a#f

where |X|, k; and k, are defined by (3.50), (3.51) and (3.52) respectively

=0t p)" +Np(t-p)" 7] (3.50)

N1, N-2
_[@-p)" " +(N-T)p- ,0)1 ] (3.50)

[a-p)" +Np-p)N Y

_ —p-p)"?
2T ) e Np )] (352

40



It is worth noticing that using (3.49) the correlation coefficient can be decomposed into
two parts. The first part x; contributes to the independent random variable components of P
while the second part k, contributes to the joint components. For N > 1, k; and k, can

approximate as follows

~ 1 ~ -1
1-p N(1-p)
Substitute the values of k; and x, defined in (3.53) into (3.49) results in
1 N (Nj[k 05] N ©
Per 0 =
2NN ] k%l o\ I ,ﬂl 015
k—-terms (N-k)-terms
fl(p,-m? 22X (p, —m)(py —m)
X eXp —?1 ZM—WZZ > £ dp,dp,dp, ...dpy . (3.54)
PR a=1p-1 o
azf

The expression defined in (3.54) holds only for N > 1. Since the value of correlation
coefficient varies as 0 < |p| < 1, then as p increases, its value contributes exponentially into
(3.54). Therefore, it can anticipate that the performance of MCS based majority vote combiner
grows at an exponential rate as the correlation level between classifiers increases. For a special
case, when p = 0 (outputs of classifiers are uncorrelated) the covariance matrix (X£) become a

diagonal matrix with diagonal elements equal to ¢, i.e.

=01, (3.55)

where 1 is N X N identity matrix then

gi-t and |5/ =o". (3.56)

(o2
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Substituting (3.55) and (3.56) in (3.48) results in

gt S 00T (1)

i=k+1 0.5
2

k—terms (N-k)-terms

2 2 2
xexp{—%((pl_m) +AP2=m) +...+Mﬂdpldp2dp3...de (3.57)

2 2 2
o o o

It is also possible to get (3.57) by substituting p = 0 into (3.49). By making a little

arrangement in (3.57), results in

1 NN (08 1(p, -m)? N 1(p;-m)*
pe:—(zﬂ)’\”zg’\‘ %ﬂ(J[g J'exp(—a(po_zm) JdpiJLH J‘exp(—i_la2 _Jdpj},

j=k+1 05

k—terms (N-k)-terms

(3.58)

equation (3.58) describes the performance of MCS for p = 0, which is equivalent to the model
derived in reference [31] (eq. 25). The expression derived in (3.40) or (3.49) can be viewed as a
generalized version of the formula derived in reference [31]. When removing dependency
condition among the classifiers’ outputs, both models match in performance as presented in the
next section. Therefore, the model defined in (3.49) is considered as a tool that helps in the

analysis of MCS using majority voting combiner.

3.3.3. Results and Concluding Remarks

In this section, a model is verified in two stages and then discuss the results. In the first
stage, the model defined in (3.48) is compared with the model proposed in [31]. Since expression
defined in [31] is derived for uncorrelated classifiers, and for the comparison to be fair, the

correlation coefficient in (3.48) is set to zero (p = 0). Figure 3.14 shows two plots one for the
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expression defined in [31] and another is for the model defined in (3.48) by setting p = 0 where
N =9and m = 0.8. As shown, both models give identical behavior. In the second stage, the
derived model is needed to validate for different correlation values. To achieve this goal, a
computer simulation program is built that depicts the stochastic behavior of MCS based majority
voting combiner. N jointly normal random variables are generated, the level of dependence
between these random variables is controlled by the covariance matrix given in (3.45). Each
random variable is considered as an estimation of the posterior class probability, and each has
normal distribution with a mean m and variance o2. Then outputs of base classifiers are
combined using the majority voting rule. According to the voting rule, the ensemble outcome is
considered as misclassifying the class if the number of classifiers in error is equal or more
than (N + 1)/2. The probability of classification error is calculated as the ratio of the number of
times that ensemble is in error to the total number of trials. In order to get accurate results with
reasonable execution speed, the total number of iterations is chosen to be 100,000 times. Figure
3.14 shows a comparison between empirical and theoretical models. The comparison is done in
terms of classification error probability against class standard deviation (o) for p =
{0,0.25,0.5}, m=0.8,and N = 9. It is clear a match in performance between computer

simulation and the proposed theoretical model using three values of correlation coefficients.

In order to evaluate the performance of majority voting combiner, three plots are
generated in figures 3.15, 3.16 and 3.17. These figures show the classification error probability
as a function of the correlation coefficient for different m, o and N values. Careful inspection of
these figures, one can deduce that the performance of classifier ensemble degrades exponentially
as the correlation coefficient increases. These results are expected and agree with the prediction
given by (3.54). As the correlation among classifiers’ outputs increases, more classifiers share
the same information. As p — 1, and for a given mand o values the overall ensemble
performance approaches the performance of a single classifier regardless of the number of base
classifiers used in the ensemble (as shown in figure 3.17). Figures (figure 3.15, figure 3.16 and
figure 3.17) also show that the sensitivity of ensemble performance against m,o or N varies.
The ensemble is more sensitive to changes in o (figure 3.15), i.e. the performance degraded

exponentially with a linear increase in o while it exhibits smoother behavior versus m and N.
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Therefore, to get a low classification ensemble error, the value of o must be kept at low as

possible.
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Figure 3.14. A Comparison In Term of Probability of
Classification Error Between Model Derived in (3.48)
and Simulated Model for Three Correlation
Coefficient Values {0, 0.25, 0.5}, m=0.8 and N=9
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Figure 3.15. Probability ot Classification Error as a
Function of p , for ¢ = {0.1, 0.2, 0.3}, m=0.8 and N=9
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Figure 3.17. Probability of Classification Error as a
Function of p, For N={5, 7,9}, M=0.8and ¢ = 0.1

To provide a generalized judgment on the performance of MCS based majority voting
rule, figure 3.18 and figure 3.19 are generated which are two-dimensional plots of the ensemble
performance in terms of misclassification error against the class mean and class standard
deviation for two correlation values p = {0,0.5}. As shown in figure 3.19 (p = 0) a poor
ensemble performance for o > 0.2 region is obvious. It is also clear from figure 3.18 that the
ensemble shows sensitive performance against varying o while it exhibits a smoother behavior
with variations in m. Similarly, figure 3.19 shows the performance of the ensemble for p = 0.5.
In which it is evident that the effect of correlation between classifiers output increases the level
of the region of low classification error probability to higher values.
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Figure 3.18. Two Dimensional Plot of Probability of
Classification Error as a Function of ¢ and m for p=0
and N=9

Figure. 3.19. Two-Dimensional Plot of Probability of
Classification Error as a Function of ¢ and m for
p=0.5and N=9

3.3.4. Section Conclusion

Combining rules are considered as one of the crucial layers in the design process of a
multiple classifier system. The estimation of classification error probability has been proposed
through many models assuming independence among classifiers’ outputs. However, since
classifiers exhibit dependent behavior, a theoretical model is derived for estimating the
performance of MCS using majority voting as a combining rule. The derivation considered that

the classifiers’ outputs are dependent, normal and identically distributed and for two classes case.
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To validate the mathematical model, computer simulations is used and verifications result
confirmed the validity of the proposed model. It also has shown that the performance of the
classifier ensemble decreases exponentially as the correlation coefficient increases. To get the
benefit of using MCS in a correlated condition, many ensemble parameters should be optimized
properly. Values of p, 0 and m are the key factors in the ensemble design. For example, to get
acceptable classification accuracy (< 1073) in a highly correlated environment with p = 0.5.
The class mean should be more than 0.7 (m > 0.7), and the class standard deviation must be less
than 0.2 (¢ < 0.2). The proposed model serves as an investigation of the performance of MCS

using majority voting rule and brings significant insights.
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CHAPTER IV

AN ANALYTICAL FRAMEWORK FOR WEIGHTED FUSION RULES IN
COMBINED CLASSIFIER SYSTEMS

4.1. Introduction

Fusion rules in a Multiple Classifier System (MCS) are considered one of the major
design components in improving its classification accuracy. In this work, performance results of
four weighted combining rules are estimated and compared which are: geometric mean, majority
vote, average and harmonic mean. The derivations are based on assumptions adapted from
Kuncheva framework [31] that stated individual classifiers outputs are an estimation of their
individual posterior class probability, and they are correlated and normally distributed. Also, a
systematic way to estimate the weights of individual classifiers is developed based on their class
mean and variance. The results show that the ensemble performance degrades exponentially as
increases the correlation level among classifiers outputs. In fact, as the correlation coefficient
value approaches one, the ensemble reaches the performance of a single classifier, which is
shown mathematically. Upon comparing the ensemble performance against class mean, class
variance, correlation coefficient and number of classifiers, it found that the ensemble
performance agrees with the principle of the no-free-lunch theorem in which each combining
rule works for a given set of ensemble parameter. For a given ensemble condition, this study
allow us to better understand of the strengths and weaknesses of each rule and thus to choose an
appropriate rule that minimized the ensemble error. The proposed analytical models can be used

as tools for the analysis and prediction of the performance of multiple classifier systems.

4.2. Analytical Analysis

In this section, analytical expressions for estimating the probability of classification error
is developed using four weighted combining rules. It assumed that there are N classifiers that
work in parallel {C;, C,, ..., Cy}, each classifier classifies data into M classes and each classifier’s

output is considered as an estimation of the class posterior probability represented by d; ;(x) €

[0,1] with weight w; ; related directly to a classifier’s accuracy where i =1,2,..,N and
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j=1.2,..,M. In addition, it assumed that d; ;(x) has a normal distribution in which the class

mean is p(w;/x), and so we have

dij = pi(w;/x) +n;j(x). (4.1)

The term p;(w;/x) represents the true class posterior probability density function for a
given input feature vector in which x € R¥ and n; ;(x) is a normal random variable with zero
mean and o2 variance, the justifications for the previous assumptions are given in [31] and [41].
To simplify the derivations, it considered the case of two classes (M = 2), then (2) is reduced to
a column vector i.e. W = [wy, wy, ..., wy]", d;1(x) +d;,(x) = 1,fori = 1,2, ... N. It is possible
to extend derivations for M classes, but it requires including more assumptions about other
variables. Also let p; =d;;andp; =d;, =1—d;; =1—p;, and then the fused output for
class w; is Py =p(wi/x) = P{(p,w1), (P2,W2), .., (Pn,wy)} and P, = p(wz/x) =
Y{ (P, wi), (P2, W2), ..., (Pn,wy)} for w,. It also considered that classifiers outputs are
normally distributed since it is the most common distribution that arises in many stochastic
systems. However, the previous assumptions are applicable to any other distributions. In this

section, the study is focused on the effects of correlation among N classfiers.

To define a systematic way for incorporating classifiers’ weights into analytical models, it
assumed that the sum of the weights of the classifiers to be 1, i.e. ¥¥,w; = 1 and w;>0, then

the weight of individual classifier is defined as

N
Wi :Qi ZQk, fOI’ i=1,2, ,N y (42)
k=1

where Q,, is the probability of correct classifications for the kth classifier, thus Q, = 1 — P, P,

is the probability of classification error. For a normal posterior class distribution, the probability

of classification error for base classifier is defined as, [31]
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P =P(p; <O.5)=<I{Mj, wherei=12,...,N (4.3)
Oj

where m; and ¢/ are the mean and variance of the posterior class random variable p; and ®(-) is

the cumulative distribution function of p;. Using (4.3), it can rewrite (4.2) as

o0 )] S5 102wt i<z

The expression in (4.4) defines the weight of the ith classifiers based on its class variance
(6#) and mean (m;). In the following derivations, a formula for each combining rule and under
independent classifiers condition is proposed and then generalized the results for the correlated
classifiers outputs. analytical models for each rule is briefly described. In the subsequent
derivations SG, SM, SA and SH are referred to as Simple Geometric, Simple Majority vote,
Simple Average and Simple Harmonic mean respectively, while WG, WM, WA and WH are
referred to Weighted Geometric, Weighted Majority vote, Weighted Average and Weighted

Harmonic mean respectively.

4.3. Weighted Geometric Mean Rule (WG)

The work defined in [36], showed that the product rule exhibits poor performance
compared to the geometric mean. Therefore, it would not be included in the discussion. In order
to propose a suitable definition for WG, the weight is chosen to be the power of estimated class
posterior probability (p;). This definition means that the classifiers’ weights scale the
contribution of each classifier’s output to the overall performance according to their individual
accuracies. The rule used to define the weighted geometric mean for two classes is defined as

follows

N
=[In" . (4.5)
i=1
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In case of equal classifiers’ weights, i.e. w; = 1/N, the expression in (4.5) is modified to
pr = [T, p/~, which represents a simple geometric mean. In order to calculate the
classification error of the weighted geometric rule, the probability density function of p, should
be estimated. The problem of finding the probability density function of the product of N random
variables is extensively studied in different fields such as statistics and engineering [44], [45]. In
this work, an accurate probabilistic method is proposed that can handle the product of N
dependent random variables and estimate the resulting distribution. By taking the natural

logarithm of both sides of (4.5), results in

log(p) = > w log(p,) . (4.6)

i=1

The probability density function of log(p,) defined in (4.6) approaches a normal

distribution as N becomes larger, and the mean and variance of log(p;) are given by

Eflog(p)]= 2 wEllog(p,)], (4.7)
VAR[log(p,)]= 2 W VARIlog(p))] (4.8)
where
Eflog(p,)] =My, = [1og(p,) f (p)dp;, and (4.9)
VAR[log(p))]= o7, = j (log(p,))” £ (p,)dp, — My, (4.10)

where f(p) is the probability density of p;. There is no compact expression for mjqg;,) and
alzog(m) but they can be solved numerically. In order to get useful analytical expressions that

explain how ensemble’s parameters optimize its performance, the moments defined in (4.7) and

(4.8) are approximated using Taylor series expansion around m; as follows
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N N 2
E[log(p)] = Y WiMieg(p) = Zw{log(mi)—z"?] | (4.11)
i=1

i=1

2
2 O

N N
VAR[log(p,)] = ZWiZUf)g( 0~ ZWi m_lz (4.12)
= = i

The previous approximation in (4.11) is held over a wide range of values for m; and a;,

while (4.12) is valid when o; < m;, [36]. The exact value for m,g(,;) and aﬁ)g(pi) are given in
(4.9) and (4.10) respectively and the approximated values are myog(y,) = [log(m;) — o7 /2m{]
and gjpg(,) = of /mf. To find the distribution of 4,, take the exponent of both sides of (4.6). It

is known from probability theory that if X and Y are two random variables defined as Y =
log(X) and Y has a normal distribution, then X has lognormal distribution, and its cumulative

distribution is given by
F, () = @[Wj . (4.13)

Then using (4.7) — (4.13), the average probability of classification error for weighted

geometric mean is defined as

P, =P(p, <05) = CDHIog(O 5)— ZW m,og(p)}/ /ZW O-Iog(p)]
i-1
N o N o2
~ D Iog(0.5)—éw{log(mi)—2mi2J éwi m—lz . (4.14)

The previous derivation is based on the assumption that classifiers are uncorrelated, in the
case of correlated classifiers, the correlation coefficient among classifier outputs is defined as

pr, Where k =1,2,...,N and [ = 1,2, ..., N given that k = [. The mean of the random variable
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(log(p,)) remains the same as defined in (4.11) while the variance is calculated as follows

VAR[log(p,)]= EI(log(py) - ELlog(p)])*],

N N
=>" > ww;E[(log(p;) - E[log(p;)])x (log(p;) — E[log(p; D],

i=1l j=1

N N N
= kZsz Tiogp) + 2.0, WiWj i, {Tlog( p)Tlog(p,) - (4.15)
=1 i=1 j=1
i#]

Then the average classification error probability is

N
{Iog(0.5) - ZWi Migg( pi)}

P,=d - ,
Zwk%g( P +ZZ WiW;Pi,i%0y( p,)Plog( p;)
i=1l j=1
i#]
2
log(0.5) — Zw( - ]
~® - : . (4-16)
k + WWJpI [
k=1 i=1 j=1 m; m

i#]

The expression in (4.16) provides us with an estimate of the ensemble performance based
on weighted geometric mean and correlated classifiers. A closer look at (4.14) or (4.16) reveals
that the class mean is inversely related to the variance by a factor of 1/m?2. A key point in the
ensemble design is as follows: In classifier training phase, if there is no control over minimizing
the class variance, then it is better to construct an ensemble with classifiers that have as large a

class mean as possible. This strategy will reduce the overall ensemble error. Then, it expected the
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performance of geometric mean to improve as m; — 1, where the improvement rate is 1/m?. To

consider a special case when all base classifiers have equal strengths then w; = 1/N, m; =

my=m;..=my=m, of =05 =0} ..=0f=0% p;=p (where i=#j), then (20)
simplifies to
0_2
[Iog(O.S)—[Iog(m)— 5 }]
2m
P ~® : ey (4.17)
lo 1 o
L0 L A IN-Dp T
\/N me N (NP

Based on the assumption which stated that m > o and for fully correlated classifiers

(p = 1), it can rewrite (4.17) as follows

- @('09(]/ Zm)J | (4.18)

o/m

In order to simplify (4.18) more log(x = 1/2m) is expanded using Taylor series around
x =1 then log(x) = (x — 1) = (1/2)(x — 1)* + (1/3)(x — 1)* +--- . If the value of x is
chosen close to 1 i.e. m = 0.5 then log(x) = (x — 1) and (4.18) modified to

P ch(o-f"mj. (4.19)

This is an interesting result since (4.19) is identical to (4.3) which is the probability of
classification error for a single base classifier. The equation defined in (4.19) suggests that there
iS no benefit in creating an ensemble of identical classifiers because the overall ensemble

performance will be equivalent to a performance of a single classifier.
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4.4. Weighted Majority Voting Rule (WM)

In the majority voting rule, three existing algorithms are available. The first, called
unanimous voting, requires that all classifiers agree on a chosen class. The second, known as
simple majority, requires that at least one more than half of the number of classifiers agree. The
third, called majority voting, in which a class is chosen if it gets the largest number of votes.
Among these algorithms, majority voting is considered an optimal rule compared to the others.
In this section, it assumed classifiers have different accuracies, therefore a modified version of
SM is used called weighted majority voting. The formula for WM given the weight of each

classifier is w; is defined as follows
N M N
gwidi,j zr?alxgwidi'j . (420)

The probability of classification error for the simple voting rule which have equal
weights and independent classifiers is derived in [31]. In case of WM, the situation becomes
more complicated. For N base classifiers, W = [wy,w,, ....,wy]T and P = [P, P,, ..., Py],
where W is the weight vector of individual classifiers in an ensemble and P is the vector of
misclassification probability for each classifier as defined in (4.3). In order to estimate the
probability of classification error for an ensemble based on weighted majority vote, a formula
that generates a probability distribution for N classifiers is proposed. The following expression

achieves this goal

N
[k]_l l+k—1 l+N—
P(k,N)= {HP(@N)H Htlp(j(JBN)ﬂ)]a (4.21)

=0 \ i=l j=l+k

where P(k, N) is the sum of product of individual classifications’ accuracies for given values of
k and N and the symbol @ is a modulo N addition. The expression defined in (4.21) covers all
permutations of individual classifiers’ accuracies; k represents the number of individual

classifiers in the ensemble that are in error. Then using (4.3), and (4.21) to compute the
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probability of classification error for N classifiers when the number of base classifiers in error is

greater than or equal to a i.e.,

ﬂ+1 when N is even
o= : (4.22)
N+1 when N is odd

then the probability of classification error is written as
kel (0.5-m l+N 1 05-m;
P —ZP(k N) = Z [w]x I1 k%w}
—o| 1=0 | i=l GioN)+1 j=1+k O(i®N)+1

I+N-1 _ i
5 H [1_(1{0.5 m(J®N)+1B , (4.23)
=15k O(jeN)+1

The expression given in (4.23) is applicable to the simple majority vote in case of
different classifiers’ weights. It requires to modify (4.23) in order to be applicable to the
weighted majority vote rule. In order to clarify the idea, an example of three classifiers (N = 3)
is considered with a weight vector W = [0.6 0.3 0.1]7, and then from (4.23), the terms that

account for classification error are

Based on weighted majority rule, the term P,P;Q; should be excluded from the
summation in (4.24), since the weight of classifier#1 is 0.6 and the total weights of classifier#2
and classifier#3 is 0.4. Therefore, the majority decision goes to classifier#1, which represents the
correct classification. Therefore, it is necessary to include an extra function that identifies these

terms and removes them from the overall probability of classification error. This function is
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labeled as & ;(w) and defined as

. 1+N-1
0 if W(m@N)+l 2

3, (W) = m=T+k 2 \where I:0,1,2,...(t|]—1, (4.25)
1 elsewhere

Based on the previous discussion and using (4.22) and (4.25), the overall average
probability of classification error for the weighted majority vote under the condition of

uncorrelated classifiers is defined as

N [ B
55

I+k-1 05-—m,
H QD[ (|®N)+1j
k=a| 1=0 | =l O(ioN)+

« Iiﬂll{l— q{mﬁ% (w)” . (4.26)

j=1+k O(jeN)H

~ =

To derive an expression for the probability of classification error in case of correlated
classifiers, a different approach is followed because the previous method is not applicable to an
ensemble that used majority voting rule. For N correlated classifiers, the probability of

classification error can be written as

N
b
P=> F| Paon)+1 < 0.5 Paiieny+1 <0.5,..., Pask-1on)+1 < 0.5,

k=a I=

-1

N—

o

k -terms

XF| Paen)+1 <05 Puiaenys1 0.5, Paik-1en)+1 <05,

k -terms
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Paskan)+1 > 0-5 Pakrieny+1 > 0.5 -, Pusn—1eny+1 > 0.5 |0 (W), (4.27)
(N—k)-terms

where F(*) is the joint cumulative distributions for N classifiers outputs and &, ;(w) is defined
as in (4.25). If it is assumed that the classifiers outputs are normally distributed, then the joint

probability density function of N classifiers is defined as follows

exp(— %(P _A) K- A)]

(2”) N/2|K|]/2

f(P)=f(p1, P2 Pn) = (4.28)

where P is a vector of random variables that represents classifiers outputs, A is the mean vector

of P and K is the covariance matrix of P. P, A and K are defined in (4.29) and (4.30) respectively

Paen)+ i E[Pgen)l ] MeN)+1
PU1eN)+ E[Pgaen)l M eN)1
pol | A= | | (4.29)
P+k-1@N)+1 SRR M1 k10N)+1
| Paen-—1@eN)+1 | _E[p(|+N—1@N)+1]_ | M(+N-10N)+1 |

The dimension of the covariance matrix defined in (4.30) is N X N, as a result its size
expands excessively with N. For the purpose of implementing (4.27) efficiently a matrix for a
given k and [ values is generated then using modulo N property to get other matrices as k and [

values varies.

2
O(IloN)+1 PUoN)+L(1+18N)+10(1ON)+10(1+1@0N)+1  + + PU®ON)+L(1+N-1ON)+10(ION)+10(1+N-1®N)+1
2
PU+10ON)+1,(18N)+10(1+18N)+10 (1ON)+1 O(1+1&N)+1
Ky =
2
PU+N-10N)+L(1SN)+10 (1+N-10N)+10 (ION)-+1 . - O(1+N-1®N)+1 NxN
(4.30)
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Using (4.27) through (4.30), the average probability of the classification error for N

correlated classifiers is estimated as follows

N
1 N (k)_l 1 l+k-1 0.5 [+N-1 ©
P =
k—terms (N-k)-terms

i=l o

xexp[—%(P—A)T K.—%N(P—A)}ak,. (W)

X dPgeny1dPgs1en) s AP n 10N 15 (4.31)

where &, ;(w) , P, A and K, are defined in (4.25), (4.29) and (4.30) respectively. The k
integration terms in (4.31) represent the probability of classification error, and (N — k) terms
represent the probability of correct classification. (N — k) terms are considered to be in unity
when (I + k) > (I + N — 1). Many algorithms in the literature, such as in [42], [43], are used to
compute the integration of the multivariate normal function that was given in (4.31). For a

special case, when classifiers outputs are uncorrelated, then substituting p = 0 in (4.31) results in

ey (T

m=1 k—terms (N-k)-terms

2 2
< exp _% {(p(I®N)+1_m(I®N)+1)J J{(p(m@mu—m(|+1®N)+1)]

O(l@eN)+1 O(1+1®N)+1
( m )Y
+__.+( p(I+N—1@N)+l (1+N-1®N)+1 ]
O(+N-1@N)+1
X 5k,| (W) X dp(l@N)+1dp(|+l@N)+l "'dp(|+N—l@N)+1 . (4.32)
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Rewrite (4.32) results in

N
1 N[kj_l
Pe: N/2N kZIO
(27) ml
e e

=l o O (i®oN)+1

l+k-1 0.5 _ -m. 2
S {H J- exp[%[(p('@mm (|®N)+1)] }dp(i@m)ﬂ]

k—terms

I+N-1 2 . - . 2
X H jexp(l((p“@mﬂ m(J@N)+1)J \]dp(j@N)+1 X5k’|(W)- (433)

vk 05 2 O(jeN)u

(N-k)-terms

The expression defined in (4.33) is identical to (4.26) since both are derived for
uncorrelated classifiers, though they use different methodologies. In case of equal classifiers’
weights then w; = 1/N, m; = m, o = 0?2, , §,;(w) =1, and p; = p for i = 1,2, ..., N, then
(4.33) is modified to

1 NN (% 1(p-m)? ‘
Pe:mé(kj{iex"[??]dp

N
{J‘ exp(_%(p - r2n)2 JdpJ _ (4.39)

Equation (4.34) is identical to the formula (25) derived in reference [31] since both are

derived for equal strength and uncorrelated classifiers. As a result, (4.31) can be considered a
useful formula in analyzing the performance of a MCS based on weighted majority voting and
under the condition of correlated classifiers.
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4.5. Weighted Average Rule (WA)

SA rule is simply taking the average sum of classifiers outputs. The benefit of this
structure is to reduce the random fluctuations in classifiers outputs and to get an estimated value
that is close to the actual class posterior probability. This rule works when all classifiers have
equal strength. If classifiers have different weights, then the weighted average rule would be the
best choice for improving classification accuracy.

The weighted average rule for two classes’ problem is defined as

N
Py = Zwi Pi (4.35)

i=1

where p; is the estimated posterior probability for class w; and w; is the ith classifier weight.

The moments of p, for independent classifiers’ output are defined as follows

N
E[p]=D w;m; ,where E[p] =m;, (4.36)

i=1

VAR [p,]= Zw o, where VAR[p;]1=0?. (4.37)
i=1

The distribution of p; approaches a normal distribution as N become large, therefore the

probability of classification error is calculated as

P, CD[(O 5— ZW m, )/ ) WiZGiZJ. (4.38)
i1

To find a formula for classification error under correlated classifiers outputs, the variance

of p; is modified to
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N N N

VAR[p,1=> Woi +>.> ww,p, 0,0 (4.39)
k=1 i=1 j=1

i=]

Using (4.39), the average classification error probability is estimated for correlated

classifiers as

[O.S—iz::wimi]

(4.40)

i=1 j=1
i#]

N N N
szl:wfaf +Zz WW; 0, 0,0

In (4.40), a case study is considered in which all classifiers have equal strengths then
(4.40) is reduced to

P, =q{(0.5—m/w;az +;(N —1)paZB- (4.41)

If all classifiers assumed to be correlated with p = 1, then (4.41) simplifies as

p— CD(O-E" mj . (4.42)

The result given in (4.42) confirms the conclusion given in section 4-3 in which creating

an ensemble of identical classifiers will not improve the classification accuracy.

4.6. Weighted Harmonic Mean Rule (WH)

The harmonic mean is a member of the Pythagorean means family which also includes

the average mean and geometric mean. The SH is defined as follows [46]
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1&g )
ZLNZ_] (4.43)

Pi

If the value of p; is limited to positive real values, then it is possible to express the

harmonic mean in terms of average and geometric mean as follows [46]

SH=—=2—-= S . S . (4.44)
e IERILERILE
Z j=1 gAl =L i=1 =l
Pi mooP, P

As shown in (4.44) the harmonic mean is closely related to the SG and SA. For p; > 0
the averaging process of the harmonic mean rank always the last among others i.e. i < SH <

SG < SA < ppax- The weighted harmonic is defined as

N e )
pl{Z—'J . (4.45)

i1 Pi

Assuming the distribution of p; as normal, the moments of (1/p;) are derived as follows

1 1 m? + o
ELJ_J =My pi = _[ p_ f(p;)dp; = [T] (4.46)

—0 i

1 Tl 2
VAR{F} = 012/pi = I ) f (p; )dp; —m]?pi zJ—A’ (4.47)
i p m

—oo Mi i

where f(p;) is the probability density function of p;. The approximation in (4.46) and (4.47) is
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calculated using the Taylor series at m;, where m; and o7 are the first and second moments of p;.
The purpose of the approximations is to get more understanding about the behavior of WH as
m; and o7 varies. In order to find the distribution of ,, the distribution of the sum of (w;/p;) is
approximate as a normal random variable as N become larger with first and second moments

defined as

N

m, = E{Y = Zﬂ} = iwim]/pi , o =VAR{Y =iﬂ} ziwfaﬁpi (4.48)

i1 P -1 i1 P i=1

The random variable p, is inversely related to Y, then the event {Y < y} occurs when

Y1 < p; orp, =YL Thus, the cumulative distribution of p, is written as

Ff)l =P[Y > ﬁfl] =1- Fv(ﬁ{l) , (4.49)

and probability density function for p, is

fpl = f)l_z fY ( f)l_l) . (4-50)

Since the distribution of Y is normal, using (4.50) the probability density function of p, is

defined as follows

(4.51)

where m, and o, are defined in (4.48), using (4.49) and for independent classifiers, the

probability of classification error is calculated as follows
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In case of correlated classifiers (4.52) is modified as

P, =P[p, <0.5]=1-®

N N
2
Gl/Pk +zz Win,Di’jO']/piO']_/pj

i=1j=1
i#]

(4.52)

(4.53)

From (4.52) or (4.53), it can expect the performance of harmonic mean outperforms other

rules for combining classifiers with high class mean (m ~ 1) because the overall variance is

reduced at a rate of 1/m*, while the rule performs poorly for low class mean values (m = 0.5).

4.7. Results and Discussion

To provide a comprehensive assessment of the previous derivations the study is separated

into two parts. The first part dealt with simple (unweighted) and correlated classifiers, i.e. the

study is focused on the effects of correlation, class mean, class variance and number of base

classifiers on the different combining rules. In the second part, the performance of weighted and

correlated classifier conditions is evaluated. Regarding the first part, the un-weighted classifiers

implies that all classifiers have equal weights which result in w; = 1/N fori = 1,2,...,N. This

means that classifiers outputs are identical random variables with equal mean and variance i.e.
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of =05 =0f..=0y=0% m=my=m;..=my=m and p;; = p (Where i # j). For
comparison purposes the ensemble parameters (o, m, N, p) are chosen in a way that reflect the

distinguishing behavior among different rules under comparison.

Figure 4.1 shows the performance of the four-combining rule (SA, SH, SG and SM) as a
function of ¢ for m=0.7, p=0.1 and N =9. As shown, the role of getting the best
performance is changed over the range of ¢ values (o = [0.1, 0.5]). For low ¢ values (o < 0.1),
SH achieved the best performance followed by SG, SA and SM.

The situation is changed when ¢ increases (o > 0.3), where the SA outperforms all
others. Figure 4.2 shows the performance as a function of m for ¢ = 0.2, p =0.1 and N = 9.
As shown, the performance gets better as m improved. This occurs because the error region
between classes decreases. Again, a similar behavior for figure 4.1 appears in figure 4.2, where
the best performance role of different rules is changed as class mean improves. These results
agree with the predictions given in the previous sections in which the overall variance is reduced
by a factor of 1/m* and 1/m? for SH and SG respectively. From figure 4.3 it’s evidence that as
correlation coefficient increases, the performance degrades exponentially. This is because as
correlation coefficient increases, more classifiers share the same information about each other,
resulting in degradation of ensemble performance. This behavior continues until p = 1, at this
point all classifiers are similar to each other and overall performance mimics a single classifier

system. It also found these results are consistent with predictions given by (4.19) and (4.42).

8| r L L L L r L
0.1 0.15 0.2 0.25 03 0.35 0.4 0.45 0.5
a

Figure 4.1. Probability of Classification Error as
a Function of ¢ for SA, SH, SG and SM
wherem = 0.7,N =9and p = 0.1
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Figure 4.2. Probability of Classification Error as a
Function of m for SA, SH, SG and SM where ¢ =
0.2,N=9andp = 0.1
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Figure 4.3. Probability of Classification Error as a
Function of p for SA, SH, SG and SM where ¢ =
0.2,N =9andm = 0.8

1 2 3 4 5 6 7 8 9 10 11

N
Figure 4.4. Probability of Classification Error as a Function of
N for SA, SH, SG and SM where ¢ = 0.2, p=0.1and m =
0.8
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Figure 4.4 shows the performance against a number of classifiers, where the performance
improved as a function of N. This is because the total variance is reduced by a factor of 1/N.
However, the rate of improvement varies among combining rules which depends strictly on the
chosen ensemble parameters. Expanding the ensemble size does not always result in improving
performance, where other ensemble parameters (o, m,and p) have their effects on the
improving rate. The comprehensive study shown in the previous figures (figure 4.1, figure 4.2,
figure 4.3 and figure 4.4) helps in choosing the appropriate combining rule for a given set of
ensemble conditions. In the this section, the performance of SG, SM, SA and SH is investigated
in a three dimensional (3D) view. Four 3D plots are generated in terms of probability of
classification error as a function of o and m for p = 0.4 and N = 9. These plots are shown in
figure 4.5, figure 4.6, figure 4.7 and figure 4.8 for SG, SM, SA and SH respectively. As shown
from these figures, the performance behavior decreases exponentially against o while

maintaining approximately a smooth behavior against m.

Figure 4.5. Probability of Classification Error as a Function of o
and m for SG Where N =9andp = 0.4

Figure 4.6. Probability of Classification Error as a
Function of ¢ and m for SM Where N =9and p =
0.4
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Figure 4.7. Probability of Classification Error as a
Function of ¢ and m for SAWhere N =9 and p = 0.4
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Figure 4.8. Probability of Classification Error as a Function
of ¢ and m for SHWhere N =9 and p = 0.4

In addition, the region (in terms of o and m) of low classification error for SH is smaller
than others under the same ensemble condition, which means the SH rule gives limited options in
optimizing the ensemble performance as compared to others. SA and SM rules gives
approximately similar performances while the SG rule exhibits better performance as m — 1
with low class variance (o < 0.1). In the second part of this section, the ensemble performance
when classifiers’ strengths are unequal and correlated is studied. From (4.4), it is clear that
classifiers’ weights are directly related to the class mean and variance. To make the comparison

fair and based on average performance among different combining rules, it considered that both
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o; and m; are independent uniform random variables with periods [a;, b;] and [a,, b,] for g; and
m; respectively. This makes the probability of classification error as defined in (4.16), (4.31),
(4.40) and (4.53) random variables and thus, it is reasonable to get their average or expectation
values of P, (E[P,]) for comparison purposes. Figure 4.9 — figure 4.11 show the performance
comparison as a function of N for average, geometric mean and majority vote. Harmonic mean is
not considered in this comparison because the probability of low classification error is limited to
a small area (in terms of ¢ and m), so it will not fit appropriately into our comparison. Each
combining rule is studied for equal and different classifiers’ weights, with the purpose to find
how much improvements can be obtained from using a weighted combining rule compared to an
unweighted. The periods of class mean and standard deviation are chosen to be m = [0.7,1] and
o = [0.1,0.3] for average and geometric mean while the range is expanded to m = [0.5,1] and
o = [0.1,0.5] for majority vote. The range of values is chosen whenever improvements in
classification accuracy are visible. As shown, for all cases the improvement is negligible for
small classifier numbers and improve as the ensemble size increases. This happens because as N
increases, more individual classifiers with good properties are considered in the final decision

process.

The previous results provided comprehensive assessments of different combining rules
under study. For given ensemble parameters (g, m, N and p) and based on derived formulas
((4.16, (4.31), (4.40) and (4.53))) it is possible to choose the appropriate fusion rule that achieves

a minimum classification error.
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Figure 4.9. Probability of Classification Error as a
Function of N For WA, and SA where p =0.1, m =
[0.7,1] and o = [0.1,0.3]
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Figure 4.11. Probability of Classification Error as a
Function of N for WM, and SM where p = 0.1,m =
[0.5,1] and ¢ = [0.1,0.5].

4.8. Conclusion

In this chapter, an analytical framework for estimating the classification error of a MCS
using four weighted combining rules is presented. The rules that considered for study were
geometric mean, majority vote, average and harmonic mean. In the derivations, it assumed that
classifiers have different strengths and classifiers outputs are correlated and normally distributed.

A correlation assumption is used to model a diversity among classifiers. For large N and for
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Pythagorean mean rules, the derivations are held over wide range of class distributions other than
normal distribution. This is true since the distribution of averaging N random variables approach
a normal distribution as N become large. Results show that the ensemble performance degrades
exponentially as the correlation coefficient increases. It was expected from the theoretical results
that the ensemble performance improves as a function of the class mean (m) by reducing the
total variance by a factor of 1/m? for geometric mean and 1/m* for harmonic mean. Most
previous studies have shown that the average rule outperforms others. However, a comparable
study of different combining rules is investigated for different ensemble parameters
(o, m, N and p). Results show that the ensemble performance follows the principle of no free
lunch theorem in which of combining classifiers with a high individual classification accuracy,
harmonic mean gives the best classification accuracy, followed by geometric mean, average and
majority vote. On the other hand, in case of combining classifiers with a low individual
classification accuracy, average rule works best, followed by geometric mean, majority vote and
harmonic mean. If the condition of individual classifiers is unknown, then on average, the
geometric mean is the best candidate for combined classifier systems. Also, it shows that the
weighted combining rule always improved classification accuracy in comparison to the un-

weighted rule and that improvements get better with the expansion of the ensemble size.
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CHAPTER V

A NOVEL APPROACH FOR SELECTING AN OPTIMAL ALGEBRAIC
FUSION RULE FOR A MULTIPLE CLASSIFIER SYSTEM

5.1. Introduction

Multiple classifier or ensemble systems find wide applications due to the performance
limitations of single classifier systems. One of the key factors in creating a successful ensemble
is to design an optimal fusion rule that minimizes classification errors. Finding an optimal fusion
rule that maximizes ensemble performance is a challenge, due to the lack of a strong foundation
theory. It is obvious from literature that there is not a single combining rule that will work for all
classification problems. In this chapter, the problem of selecting an optimal fusion rule for a
given classification problem is studied. A mathematical model is proposed for estimating the
classification accuracy for an ensemble made up of N individual classifiers and M classes. The
performance trend that is predicted by the mathematical model is validated through six real
datasets. Results show that over all spectrums of algebraic combining rules, there is always a set
of fusion rules where the ensemble gives poor performance as the worst individual base
classifier, while other sets give superior performance as the best classifier in the ensemble. As a
result, performance is strictly dependent on individual classifier output statistics. Based on
theoretical predication a novel method is developed for constructing an ensemble that produces
classification accuracy equal or better than the best performing individual classifier. In addition,
ensemble design shows robust performance against the overfitting problem. Derivations results
presented in this chapter bring significant insights into the performance of combined classifier

systems.

5.2. Background

Much work done in modeling of Multiple Classifier Systems (MCS) tries to answer the
question of how to construct an ensemble that minimizes classification error [16], [17], [19],

[20]. To answer this question, some literature is focused on experimental implementation to
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optimize ensemble parameters that minimize classification error, however, a robust mathematical
theory can provide more insights. In an ensemble design the most crucial designing phases are
creating diversity among base classifiers and choosing an optimal fusion rule. The purpose of
diversity is to ensure that each classifier contains complementary information i.e. making base
classifiers independent. Independence means that base classifiers are uncorrelated with
maximum diversity while dependence means classifiers are fully correlated with minimum
diversity. One way to model the diversity among base classifiers is to calculate the correlation
coefficient among their outputs [19]. Another important phase in the ensemble design is to
choose an optimal combiner, and there are many developed works targeting this problem such as
[301, [31], [32], [33], [35], [36], [37], [39], and [47].

Kuncheva in [31] proposed a framework to evaluate the performance of combined
classifier systems. [31] presented estimation of the classification errors for six fusion rules which
are minimum, maximum, average, median and majority vote. Results show that there is no best
combiner rule and the performance varies and depends on the distribution of the posterior class
probability. In Tumer and Gosh’s work given in [39], a framework is developed which is based
on a decision boundary analysis of the posterior class probability. They modeled the inaccuracy
in training classifiers and decomposed it into bias and variance errors then quantified the error
and referenced it as the added error. The work presented in [33] takes the idea further and
extends the work given in [39] by including weighted combining rules under the condition of
correlated classifiers. They show that performance depends on correlation levels among base
classifiers. In [35], an extensive theoretical study on majority vote combiners is given for a
binary classification problem. The estimation given in [35] is for the lower and upper bounds of
an ensemble performance. A comparison between sum and majority rules are given in [32] based
on assumptions of independent and identically distributed classifiers outputs with a normal
distribution. It was shown that the sum rule always outperforms majority vote except under a
certain condition when majority vote outperforms sum. The work in [30] presented a theoretical
and experimental comparison for different fusion rules, their comparison shows that the sum rule
always outperforms others (product, max, min, median and majority vote). The work in [36] and
[37], presented a closed form expression for estimating classification error using product and

majority vote combiners. The work showed the modified product rule outperforms sum and
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majority under certain conditions when combining classifiers with good individual classification
accuracies. In the work shown in [47], the framework presented in [33] is extended for nonlinear

combiner rules such as product and geometric mean rules.

Based on the previous literature survey there is no guarantee that a given combiner rule
would always provide superior performance among others. The paper cited in [48] confirms the
fact that there is no perfect fusion algorithm that works for all classification problems. As a
result the combination of multiple classifiers is lacking a strong foundation theory in order get a
better understanding of how to optimize ensemble performance. All previous fusion rules
mentioned in the literature survey are included in what is called the generalized mean rule. Based
on assumptions given in [31] and [41] a general formula is derived for estimating the
classification error based on a generalized mean rule. The derivation results enable us to estimate
the classification error for a whole spectrum of algebraic combining rules and to choose the best

combiner for a given classification problem.
5.3. Configuration of Ensemble Systems

Figure 5.1 shows the block diagram of a multiple classifiers system, the input features
vector x defined in R™ space is fed to N parallel classifiers that already learned features statistics.
Each classifier produces at its output an estimation of the posterior class probabilities of M
classes, and inputs to the classifiers are multivariate feature vectors x with a posterior probability
density function of p(w;/x). If the output of a trained classifier is normalized appropriately
between {0,1}, then each individual classifier transforms the multidimensional feature vector
into a one-dimensional variable d; ;(x), where i = 1,2, ..., N and j = 1,2, ..., M. A compact way
to describe classifier outputs is in terms of a decision profile matrix (Dp(x)) which is defined as
follows [11]

di1(x) - dl,l\/{ (x)

. : ) (5.1)
dy (X)) - dyu(X)

Dp(x) =
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Figure 5.1. Structure of a Combined Classifier

Each column of the decision profile matrix is fed to the jth combiner that fuses classifier

outputs for the jth class as follows
dj(x) = F(dq;(x),d,j(X), ..., dy,j(X)),where j = 1,2,..., M, (5.2)

where d;(x) is the jth combiner output and F(-) is the fusion function. Finally, the max rule

chooses the class label that has the maximum membership among M combiners
j = argmax(d;(x)), forj=12,..,M. (5.3)
5.4. Generalized Geometric Mean Rule

Sometimes called power mean, the generalized geometric mean rule is a function that
aggregates a spectrum of arithmetic fusion operations that includes a variety of functions such as
arithmetic, geometric and harmonic means. For positive real numbers k4, k,, ..., ky and a real

number a, the generalized mean rule is defined as follows

1/a

N

1

5 kf‘) ,Where — 0 < a < oo, (5.4)
—

l

Ma(kll kz, vary kN) = <
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Some special cases for generalized mean are defined below for different a values

M_o(kq, ks, ..., ky) = minfky, ko, ..., ky}, minimum rule,

N -1
1 1
M_(ky, ky, oo ky) = (ﬁz k_> , harmonic mean rule,
i=1 '
N 1/N
1
My (kq, ko, . ky) = (ﬁnkl> , geometric mean rule,
i=1

N
1
M, (ki ky, o ky) = Nz k;,average rule,
i=1

Mo (ky, ky, ..., ky) = max{ky, ks, ..., ky}, maximum rule.
5.5. Estimation of Classification Error for Generalized Mean Rule

In this section, the classification error is estimated for the generalized mean rule by
changing the parameter a. This enables us to get different formulas for a whole spectrum of
aggregating functions. To proceed, it is necessary to set up assumptions to derive the final
formulas. Generalized the assumptions that are given in [31] to be more realistic by considering
different weight base classifiers and removing the condition of independence among them. By
introducing a parameter p, known as a correlation coefficient, which measures dependency
among classifiers. Modeling dependency among classifiers is crucial in ensemble systems
design since it is a direct measure of the ensemble diversity.

Each base classifier transforms a multidimensional posterior class probability into a single

dimensional probability defined as follows
p(w;/p) = 3(p(w;/x)) + €,;, for j =1,2,and i = 1,2, ...,N, (5.5)

where J(-) is the transform operator that is directly related to the classifier characteristics and
€;,; Is the error added by ith classifier for the jth class. For a single classifier based on two classes
of problems, equal prior classes probabilities (p(w;) = p(w,) = 1/2) and identical distribution

of the classifiers outputs, the probability of classification error is defined in [31] as
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P = (0'5 _ m), (5.6)

where m and o2 are the moments of the classifiers outputs. The study is started by assuming
there are N classifiers with a binary classification problem (M = 2), then extend the number of
classes to M. In this case d;; +d;, =1 ord;; =1—d;, where i =1,2,...,N. In order to

simplify derivation, the following is assumed
Di = di,l =1- di'z,fOT i = 1,2, ...,N,

p = F(P1, P2 -, P, (5.7)

where p; is the output of the ith individual classifier outputs and p is the combiner’s output. p; is

assumed to be a normal random variable. The generalized mean rule is written as

N
1
p= <NZ pia> _ (5.8)

After clearly defining the required assumptions, the statistic of the random variable,

should be estimated, i.e. its distribution and moments when « is changed over the range —oo <

a < o,

Case 1: whena > 0

The conditional mean and variance of the random variable p; are m,,,. and o2,
L pilw; pilwj

respectively. Using Taylor series expansion around m; [36], it can approximate the statistics of

pf as defined in (5.8) as follows

co

f(n) (mpilw-) n
Mpflw; = E[pi‘lwj] ~ Z n! —E [(p" _mpi|“’j) ]
n=0
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X £n)
=m%pjw; + Z ME [(pi B mpi|wj)n]' (5:9)
n=2

2
© )
0%, = VAR[pf|w;] ~ Z f(n#“’f) VAR [(pi ~ mpya,) |- (5.10)
n=1
n
Using binomial theorem, it can be approximated as E [(pi - mmlw,-) ] and VAR [(pi -

n
mmlw,-) ] as follows

(e mase) 1= 3 (2) (o) £l (1)

VAR [(pi - mPi"“i)n] =E [(pi B mpilwf)zn] —E [(pi - dewi)n]z’ (5.12)

where £ represents the nth derivative of function £ (-). A good approximation is achieved to the
moments of p;* with n =~ 10. The variables p;, i = 1,2,...,N are assumed independent and
identically distributed, that means Mpjw; = Mpylo; = = Mpylo; = Mo and ajlle =

2

= eee — 2 = 2
Tpalw; = Tpnlw; = Ow; , then

Mpw; = E [(ﬁ = %Zlivpﬁ |wj]’

o f ™ (M) n
= Mm%, + Z TJE [(pl- — mmwj) ], i=12, (5.13)
n=2
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G, = VR[5 =0 97) .

o n)
_ %z (f (m plIwJ ) VAR [( mplle) ]’ j=1.2 (5.14)

where Mg|w; and agle are conditional moments of the random variable 5. From (5.14) one

obvious advantage of combining N classifiers are the overall variance is reduced by a factor
(1/N). To finalize derivation, the distribution of p should be estimated, the distribution of the
random variable 8 approaches a normal distribution as N become large. The relation between p

and B is defined as p = /¢, then the conditional cumulative distribution of p can be written as

F(plw;) = Prp < p®] = G(p%|w)),j = 1.2, (5.15)

where F(-) and G(-) are cumulative functions for p and S respectively, using (5.13) the

probability density function of p is estimated as follows

f(play) = ap*tg(p®lwy).j = 1,2, (5.16)

where f(-) and g(-) are probability density functions for p and S respectively, since the

distribution of £ is normal then

exp| — —2 |, j=12,a=0, (5.17)

p
f(ploy) = a—=—==
’2710'[)?'&)],

then using (5.15) the probability of classification error is written as

o« — p(w,) [1 —® (!1—_%)] + P(w,)® (L%)a >0, (5.18)

O-Blwl O-ﬁ|0.)2
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where pu is the optimum decision value that minimized the overall classification error and Pe“+

refers to the classification error over the range a > 0.
Case 2: whena < 0

The derivation defined in (5.13) and (5.14) hold but (5.15) through (5.17) need to be

modified. So p = 7/ or B > p~“ that means
F(plwj) =Pr(B = p™*) =1-G(p™*|w)). (5.19)

The probability density function for the random variable p is defined as

—a—-1 (p_a _ mﬁle)z

p
Foloy) = a2 ep -
’2710'[%'%, Blw;

Then probability of classification error is defined as

,a < 0. (5.20)

PE = P(wy)d (M) + P(wy) I1 iy <M> La<0, (5.21)

0Blw, 0Blw,

where M|, and Op|w; are defined in (5.13) and (5.14) respectively and P& refers to the

classification error over the range a < 0. Using (5.13), (5.14), (5.18) and (5.21) the derived

formula for classification error for generalized mean rule is

pY — {Pe“+ whena = 0

- : 5.22
¢ PY whena <0 ( )

The subscript g refers to the generalized mean rule. The formulas defined in (5.22) are
the probability of the classification error for the whole spectrum of the aggregating functions

generated from the generalized mean rule. These results help in selecting an optimal fusion rule
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that minimize the classification error for a given ensemble condition. In order to calculate the

optimum threshold, the likelihood ratio test is used which is defined as

wq

P(w,|p) Z P(w,|p). (5.23)
w3

Expression (5.23) states that the class w; is chosen if P(w4|p) is greater than P(w,|p)

otherwise w,, is selected. Using Bayes theory equation (5.23) is modified to

P(ploy) T P(w2)
P(plwy) w- P(wy)’

(5.24)

Equation (5.24) suggests a decision should be based on measurements at the combiner’s
output. The decision test is based on a chosen class with maximum probability. Therefore, this
rule is called the maximum a posteriori criterion. It is also called minimum error criterion since,
on average, it minimizes the classification error. Using (5.24) it can be rewritten as the likelihood

ratio test

(5.25)

2 m2 2um P(wy)’
0B|w,€XP <— 20‘ﬂ > exp <_ _Zo_ﬁzlwz > exp <_202ﬁ|w2> @2
Blwz Blw; Blws

where u = p%, in order to simplify (5.25) assume og|,,, = g, = 0 then (5.25) rewritten as

2 2 2
U Mplw, HMB|w,
s (- ) ) o 22)
Plez 20—3@1 2O-ﬁ|001 2O-ﬁ’|w1 %1 P(wZ)
p)

2 P(w,) 2 2
(1)1 ZO'B ln (P((,l)l) +mﬁ|w1 —mmwz
pu=p*= =2 or (5.26)
Wy z(mﬁlwl - mﬂ|w2)
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P(w,)
a 2 _\2) 2 )
0;1 205 In (P(wl)) + Mg, — MB,
Ptn = < (5.27)
W, 2(Mg1, — Mpjw,)
If prior class probabilities are equal, then
w1
alm +m
Pon = = j e = VB (5.28)
W32
For a single classifier system (5.28) modified into
w1
my, +m
pen = 2 ——— (5.29)
o)

When op4,, # 0p|w,, the optimal threshold is deviated from estimated values in (5.27),

then using (5.25) the optimal threshold is calculated using

1 1 m m
< LI )Mz+2< flor _ f"”)u
OBlw,  9Blw, Blw;  9Blw,

2 2
4 Dbz TBler 51, (Uﬁlwl—w> =0, where py, = Y1 (5.30)

Ulzflwz 9Blwy O lwy P(w1)

When a = 1, expression (5.27) is converted to the arithmetic mean and the probability of
classification is defined as

pe = pY | _¢<0.5—m> (5.31)
e T e lg=1 O'/W ' '

The subscript a refers to the arithmetic mean. The expression defined in (5.31) is
identical to the formula (20) derived in reference [31].
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In the following, the derivation in (5.22) is generalized for correlated base classifiers with
different weights and M classes. Each classifier is assumed to have a weight w;, where i =

1,2, ..., N. The weight generalized mean is defined as

N 1/0(
p= (z wipf‘> ) (5.32)
i=1

The condition of independence is removed so the correlation coefficient among classifier
outputs is defined as p,; where k = 1,2,...,N and [ = 1,2, ..., N given that k # [. Using (5.13)

and (5.14) the moments of 8 = YN, w;p? are defined as follows

N N
My|w; = E [(0 = Z wipf’) |wj] = Z Wilpa) gy (5.33)
i=1 i=1

Using (5.33) and (5.34) the probability of classification error for N classifiers and M

T30, = VAR

classes is defined as

M-1
o (“—“‘") £ p(w) [cp (”f'fﬂ N m9|w1+1> +Q (”J’+1J+2 - mem,-ﬂ)]
J
9|0)1 = O'gle+1 O-ele+1

Mpm-1,m —

m
6|wM> whena > 0
08|wy

M-1
p((lJ )CD <|J—1,2 - m9|w1> + Z p(w ) [Q <HJ'J'+1 - m9|wj+1> Lo (p-j+1,j+2 - mgle+1>]
! j
09|w, = 00|wjs1 00)wj4q

Hv—1,M — MY |wy,

+p(wM)Q<

+p(wM)CD< > when a <0, (5.35)

09|wy
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where ®(x) = 1 — Q(x), expression defined in (5.35) is the generalized version of (5.22) and

the optimum threshold i ;, is defined as

2 P(w;)
(’;k ZO'B In (P( ) + mﬁlwk mﬁlwl

W, 2(Mgja;, — Mplw,)

U1 = Jk,1=12,...,M givenk #,l > k. (5.36)

The expression defined in (5.36) holds for each pair of classes if tails contributions from
M — 2 distributions are assumed negligible. For identical class distribution with equal priori

class probabilities (5.35) simplified to

j{Z(M _ 1) (M _agme whena = 0
LZ(MM_ D Q(u —G;ng) whena <0 | 437

For a special case when all classifiers have equal strengths, equal prior probabilities, @ =
IL,M=2,w;=1/Nmy=my=-=my=m,0f =05 =-=o0y=c>and p;; =p =1.

Then (5.37) simplify into

P, =d (0'5 _ m). (5.38)

The expression defined in (5.38) is identical to equation (8) derived in reference [31]
which represents the classification error for a single classifier. Therefore (38) suggested that
there is no benefit of combining identical classifiers with p = 1 since the ensemble performance
reaches the performance of a single one. So, creating diversity among classifiers is crucial to

improve the classification accuracy.
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5.6. Results and Discussions

a) Theoretical Results

In this section, theoretical results are discussed in terms of how to select the optimal
fusion rule for a given ensemble condition. Since the focus is on studying the effect of parameter
a on ensemble error. Classifiers assumed to have equal weights, independent and identically
distributed. Studying the effect of other parameters such as correlation and unequal classifier
strengths are considered in others works. For example, the study in [37] show a correlation
increases among classifiers outputs, the ensemble error increases exponentially, while the study
in [33] show the weighted combining rules achieve negligible improvement compared to the
unweighted one. Thus, expression (5.22) is considered for the comparison study. In all
comparison cases, the number of classifiers is chosen to be as large as 10. The reason behind this
choice is to satisfy the assumption made in the derivations in which the final distribution of

adding N classifiers is a normal distribution.

Since the Taylor series approximation defined in 5.10 is not very accurate for estimating
the class variance for higher a values (a > 1), so the derivation is simulated using MATLAB.
Figure 5.2, figure 5.3 and figure 5.4 shows the probability density function as a function
combiner outputs (p) for the following ensemble parameters (N = 10,m; = 0.4,m, = 0.6, M =
2). The purpose is to evaluate the effect of class statistics (o;, a,) on combining N classifiers. By
considering three cases (o, = 0, = 0.2), (6 = 0.1,0, = 0.3), (6, = 0.3, 0, = 0.1), the results
are shown in figure 5.2, figure 5.3 and figure 5.4 respectively. To study the effect of each
combining rule on minimizing classification error, three combining rule cases are considered;
a =10,a =1 and @ = —10. In the case of symmetrical class distribution (o; = g, = 0.2), the
average rule displays the best results as compared to others (¢ = 10 and @« = —10), because the
error is minimum. While in case of g; = 0.1, 0, = 0.3 (figure 5.3) the system improves as a —
oo and the behavior is reversed when o; = 0.3,0, = 0.1 (figure.5.4) where the performance

improves as @ — —co.
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These results are quite interesting since they confirmed that there is no a single
combining rule that work for all classification problems and every combining rule works under
specific conditions. The pervious results matched the principle of the no free lunch theorem
which states that there is not a single fusion rule which works for all classification problems and
there is always a worst scenario for each fusion rule when it gives poor performance. As shown,
each combing rule scales the resulting posterior class probability differently depend on their
statistics. When o; = o, the best improvements are achieved using linear combiner (a = 1)
while in the case of g, < g, the improvement is achieved as a« — o and for g, > o, the
improvement is in the direction of @ - —oo. So, the previous results help in the predication of
what is the best combiner rule based on classifiers outputs statistics. Figure. 5.5 shows
classification error as a function of a for different o; and o, values. As shown in the case of
symmetrical classes variance (o, = o, = 0.05) a minimum classification error is achieved
around a = 1. While in case (o; = 0.05, g; = 0.1) a minimum classification error occurs at a =
—5and for (o; = 0.1, g, = 0.05) at « = 5. It is clearly evident from these results that selecting
an optimal combining rule is strongly dependent on classifiers’ statistics. The next section

attempts to apply these results on real datasets.
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b) Experimental Results

In this section, the theoretical predications are verified using six datasets all from the UCI
repository except diabetes which is from National Institute of Diabetes, Digestive and Kidney
Diseases. The datasets that are considered for verification are breast cancer Wisconsin, magic
gamma telescope, defaults of credit card clients, diabetes, ionosphere and diabetic retinopathy
debrecen. Some features of the breast cancer dataset are extracted from a digital image of breast
mass, and the generated attributes describe the cell nuclei characteristics that are presented in the
image. The overall number of the generated attributes is 32, their values are real and the number
of instances is 569. Features are classified into two classes (M: malignant, B: Benign). Magic
gamma telescope dataset is generated for simulating the registration process of gamma particles
using imaging techniques in a ground-based atmospheric Cherenkov gamma telescope. The
dataset consists of 11 features in which their values are either integer or real valued and the total
number of instance is 19020. A data set of credit card default clients is created to classify clients
as credible or not credible for cases of customer default payments in Taiwan. The number of
attributes in the dataset are 24 which could be integer and real valued and the number of
instances are 30000. Diabetes consists from 8 features and 768 instances, the purpose of this
dataset is to classify whether a patient shows symptoms of debates or not. Diabetic retinopathy
debrecen data. The dataset contains 20 features and 1151 instances extracted from images to

predict whether a patient shows symptoms of diabetic retinopathy or not.
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lonosphere consists from 34 features and 351 instances, the purpose of this data is to

classify radar signals reflected from ionosphere to detect free electrons.

The purpose of the derivation is to predict the performance of an ensemble behavior as
the combining rule varies. It is not expected that derivations would predict the exact behavior of
the ensemble system trained on a real dataset, but rather it should estimate the performance
trend, because the derivation are based idealized assumptions to come up with closed form
expressions. The inaccuracies in the estimation results come from the following: assumptions of
the normal posterior class probability are violated in practice since classifiers produce arbitrary
distributions. Also, the derivations are based on an infinite train data size i.e. it was assumed the
actual dataset distribution is known while in real cases the available training data is limited in
size. The estimated error is based on the ratio of the number of times of an ensemble error to the
total number of trails. Therefore, the expected error rate is biased from the actual value due to
limited training data size. In addition, for simplification of the derivations it was assumed classes
have an identical distribution with equal prior class probabilities these assumptions are usually
violated in the actual dataset. However, the estimated model should predict the performance
trend as fusion rules change which allow us to predict the best combining rules for a given
dataset. The study is started by estimating the posterior class probabilities for the datasets under
study to get an idea on how actual posterior class probability looks for the real datasets. Figure
5.6 - figure 5.11 show posterior class probabilities for six datasets. The dataset statistics for

figure 5.6 - figure 5.11 are summarized in table (5.1)

Table 5.1: Statistics of Posterior Class Probabilities for Breast Cancer, Telescope, Credit
Card, Diabetes, Ionosphere and Diabetic Retinopathy Datasets.

breast cancer dataset telescope dataset credit card dataset
Class w, Class w, Class w; Class w, Class w; Class w,
mean | variance | mean | variance | mean | variance | mean | variance | mean | variance mean variance
0.2153 | 0.0078 | 0.7522 0.01 0.5435 | 0.0182 | 0.8388 | 0.0042 | 0.4989 | 0.0504 0.7782 0.0056
diabetes dataset ionosphere dataset Diabetic Retinopathy dataset
Class w; Class w, Class w; Class w; Class w, Class w;
0.3015 | 0.0434 | 0.7986 | 0.0146 | 0.2154 | 0.0197 | 0.8501 0.0100 | 0.2683 | 0.0251 0.5995 0.0182
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As shown, the posterior class probabilities show an arbitrary probability density
distribution for each dataset, the pdf of each class is plotted as a function of the normalized
classifiers outputs. The classifier used to generate these plots is the Support Vector Machine
(SVM) with a Gaussian radial basis as a kernel function. In each case, the whole dataset size is
used in generating these plots (figure 5.6 - figure 5.11), the amount of classification error is
indicated in the region of the intersection of the two class probabilities. As a result, these plots
give us an idea about the generalization performance for a given classification task. For example,
inspecting figure 5.8 shows that the performance is the worst compared to the others since
posterior class probabilities highly interfere with each other. The classification error comes from
two sources, the first source is from what is called the Bayes error which is inherent in the
training data. It can be minimized by the proper selection of features that reduce the interference
between the class probabilities. The other error source is the added error [39] which is made up
of two components; bias and variance errors. Bias error results from training a classifier on a
small training data size which results in a deviation in estimating the posterior class probability,
while variance error results from over-training. Ensemble learning tries to overcome this
problem by training a set of diverse classifiers by fusing their outputs. In the next section, an
ensemble system is trained to compare the predicted results with results obtained from real

datasets.

An ensemble of 10 SVM classifiers is created based on a Gaussian radial base as a kernel
function. The datasets are divided into two parts, the first part is the training set which is
comprised of 80% of the actual data size which leaves 20% for test purposes. To create diversity
among base classifiers, a subspace training method is used in which each classifier is trained on a
subset extracted from the available training set. The purpose of this method is to ensure that each
classifier has complementary information which results in a reduction of correlation and
increases the diversity among base classifiers. The classifiers outputs are fused using different
combiners from {-200, 200}. To classify the fuzzed outputs, a decision threshold (u) was set in
which, when a fused output is equal or more than u class w; is chosen, otherwise w, is selected.
The optimal threshold is estimated using an adaptive algorithm that first estimates prior and
posterior classes’ probabilities, then the optimal threshold is calculated by minimizing the

classification error using the following formula:
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P, = p(w)Fi(p, 1) + p(w2)F>(p, 1), (5.39)

where P, is the classification error, p(w;) is the classes prior probabilities, F;(p,u) is the
cumulative distribution function of class w;, p is the combiner output and u is the optimal
threshold. F;(p, ) is estimated using the histogram technique during training phase then the
calculated optimal threshold () is used to classify data in the test phase.

Assessments for ensemble classification are based on classification error estimation
which is calculated as a ratio of misclassification instances to the total number of instances in the
test set. Figure 5.12 - figure 5.17, show the ensemble performance in terms of ensemble error as
a function of the fusion rule parameter a. Figure 5.12 show that ensemble performance improves
as @ — o i.e as fusion rule moves toward maximum. this trend trends are predicted by
theoretical results shown in figure 5.3. The same conclusion can be applied to the telescope,
credit card, diabetes, ionosphere and diabetic retinopathy datasets in which the system
performance improves toward @ = —1 and ¢ = 1, a = —25, a = 25 and a = 50 respectively.
Tables (5.2) — table (5.7), show the ensemble performance as a function of a for 12 fusion rules
and for six datasets. For all six cases, the best fused ensemble shows a performance equal to the
best individual classifier in the ensemble. That means the optimal fused ensemble always
achieves minimum classification accuracy among individual classifiers and shows a robust

performance against the overfitting problem.
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It is clearly shown from tables 5.2 — 5.7 that selecting the appropriate fusion rules plays a
crucial role in optimizing the ensemble performance and avoiding the worst-case scenario for
selecting poor individual classifiers. For example, the worst classification accuracy was 76.76%,
81.49%, 79.08%, 64.94%, 65.71% and 53.18% while the best performance combining rule was
97.18%, 86.41%, 82.22%, 77.92%, 83.57% and 63.58% for breast cancer, telescope, credit card,
diabetes, ionosphere and diabetic retinopathy datasets respectively. The improvement achieved
over the six datasets are 20.42%, 4.92%, 3.14%, 17.86%, 13.43% and 10.4%. The improvement
is calculated as a difference between the best and the worst ensemble performance. The best
results achieved on the datasets are directly connected with the predication given in figure 5.6 -
figure 5.11. For example, the tail probabilities shown in figure 5.6 are slightly interfere which
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results in good classification accuracy (97.18%,) for the breast cancer dataset while in the case of
telescope data and credit card data, the pdf tails penetration results in lower classification
accuracy of 86.41% and 82.22% respectively. As a result, estimation of posterior class
probabilities provided an indication of how datasets perform on trained classifiers. Removing
features that causes these interferences among probability tails would improve the ensemble
performance significantly. This is an interesting research area by training a classifier on a whole
dataset then removing or transforming features that causes classification errors. These features
are considered as a main source of errors and to remove them improves classification accuracy

significantly.

Table 5.8 shows a classification results comparison between the proposed algorithm with
standard ensemble classification algorithm called random forest for six data sets under study;
breast cancer, telescope, credit card, diabetes, ionosphere and diabetic retinopathy. Random
forest is a standard ensemble classification algorithm in machine learning which was first
proposed by Ho in 1998 [49] and further improved by Leo Breiman [50]. The idea is based on
training a set of decision tree classifiers using random subspace method, the classifiers results are
combined using average combiner. The purpose of the algorithm is to minimize the variance of
the classification results by combining large number of classifiers. In this work, random forest is
choosing for comparison since its structure and the proposed algorithm are based on combining
multiple classifiers. However, the combining process in random forest is fixed by average rule
while the proposed algorithm is adaptive according to the base classifiers statistics. So, the
random forest relies on using large number of base classifiers for a fixed combining rule while

the proposed algorithm uses less base classifiers with flexible combining rule.

As shown the proposed algorithm achieved a comparable classification result with
random forest with ensemble size of 10 base classifiers compare to 100 base classifiers in case of
random forest. Since the proposed algorithm used less base classifiers, that results in faster
execution time as compared to random forest. These results show that ensemble performance is
strictly dependent on classifiers’ output statistics. Therefore, selecting an optimal fusion rule
plays an important role in optimized ensemble performance. Figure 5.18 summarized the

proposed algorithm that is used in generating results given in tables 5.2 - 5.8.
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Table 5.2: Ensemble Performance as a Function of a for Breast Cancer Dataset with Optimal
Threshold = 0.699.

a a a a a a a a
=200 | =-100 | =—75 | =—50 | =—25 | =—1 | @=L | @=25 | @=50 b a=751 _ 50 | =200

76.76% | 77.46% | 78.17% | 79.58% | 81.69% | 88.03% | 88.73% | 96.48% | 97.18% | 97.18% | 97.18% | 97.18%

Table 5.3: Ensemble Performance as a Function of a for Telescope Dataset with Optimal
Threshold = 0.5102.

a a a a a a a a
=200 | =-100 | =-75 | ==50 | =—25 | =—1 | ®=1 | @=25 1 @=50 1 a=T51 _ 50| Z200

81.49% | 81.70% | 82.12% | 82.60% | 83.33% | 86.41% | 86.38% | 84.07% | 83.12% | 82.65% | 82.54% | 82.23%

Table 5.4: Ensemble Performance as a Function of a for Credit Card Dataset with Optimal
Threshold = 0.6449.

a a a a a a a a
=200 | =-100 | =—75 | = =50 | =—25 | =—1 | ¥= 1 [@=25 | @=50 b a=75 _ 150 | =200

79.08% | 79.35% | 79.55% | 79.90% | 80.52% | 82.00% | 82.22% | 81.13% | 80.92% | 80.73% | 80.67% | 80.57%

Table 5.5: Ensemble Performance as a Function of a for Diabetes Dataset with Optimal
Threshold = 0.3394.

a a a a a a _ _ _ _ a a
=200 | =-100 | =—75 | =50 | =—25 | =—1 | ®=1 [@=25 | a=50 | a=75 | _ 455 | Z 0

74.03% | 75.32% | 75.32% | 75.97% | 77.92% | 72.73% | 67.53% | 64.94% | 64.94% | 64.94% | 64.94% | 64.94%

Table 5.6: Ensemble Performance as a Function of a for lonosphere Dataset with Optimal
Threshold = 0.6104.

a a a a a a _ _ _ _ a a
=200 | =-100 | =—75 | =—50 | =—25 | =—1 | ®=1 [@=25| a=50 | a=75 | _ 455 | Z 0

65.71% | 65.71% | 65.71% | 65.71% | 67.86% | 75.00% | 75.00% | 83.57% | 82.14% | 80.00% | 77.86% | 75.00%

Table 5.7: Ensemble Performance as a Function of a Diabetic Retinopathy Dataset with
Optimal Threshold = 0.7921.

a a a a a a _ _ _ _ a a
— 200 | =100 | = -75 | = —50 | = —25 -1 a=1 |a=25| a=50 | a=75 — 100 — 200

53.18% | 53.18% | 53.18% | 53.18% | 53.18% | 53.18% | 53.18% | 62.43% | 63.58% | 62.43% | 61.85% | 60.69%
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Table 5.8: Classification Results Comparison Between Proposed Algorithm and Random Forest
for Six Datasets; Breast Cancer, Telescope, Credit Card, Diabetes, lonosphere and Diabetic
Retinopathy datasets.

breast diabetic
Dataset telescope credit card Diabetes ionosphere
cancer retinopathy
Proposed algorithm 96.7 % 86.5 % 823 % 77.5% 82.0% 64.4%
Random Forest 95.9% 87.5% 81.6% 75.7% 64.9% 54.2%.

As shown from previous results, the proposed algorithm is not outperforming the random

forest in all datasets cases but it provides a comparable classification accuracy. As known from

machine learning different classifiers (such as svm, neural network, knn, etc.) exhibit different

classification accuracy for a given data set. The overall performance of the proposed algorithm is

dependent on ability of base classifiers to classify data which in this case svm. If these classifiers

generate unsatisfying results on a certain data set it may affect the overall algorithm

performance.

‘ Start ’

Prepare a dataset for 10
folds cross validation
test.

In each fold divide the
dataset in two parts;
training (80%) and
testing (20%) using
random sampling
without replacement.

In training phase creates
an ensemble of N SVM
classifiers trained using

subspace training
algorithm

In training phase choose
the best combiner rule
and calculate the optimal
decision threshold using
equation (5.39).

In test phase combine
classifiers outputs using
combining rule and
threshold defined above

Average classification
results over 10 folds
cross validation test

End

Figure 5.18. Flow Chart of the Proposed Algorithm
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CHAPTER VI

SUMMARY AND CONCLUSIONS

6.1. Summary

The idea of combining N classifiers is a promising technique to achieve better classification
performance and lower sensitivity to overfitting problems when compared to single classifier
systems. In this work, a mathematical model is proposed that estimates the classification error for
N classifiers and for M classes. A diversity among base classifiers is modeled using a correlation
operator. Theoretical results show there is not a single combining rule that works for all
classification problems. Theoretical predication on six real datasets is validated. Guided by
theoretical derivations, a novel algorithm is developed that achieved optimal classification
accuracy and avoided the scenario of choosing the worst performing classifiers. The proposed
algorithm was tested on an ensemble of 10 SVM classifiers that was trained using a subspace
training algorithm. Results show that the ensemble always gives a classification accuracy that is
equal to or better than the best individual classifiers in the ensemble. Also, it shows a robust
performance against the overfitting problem. The classification results of the proposed algorithm
show a comparable performance against random forest which is a standard algorithm in ensemble

classification.

6.2. Contributions

The dissertation purpose is to optimize the performance of ensemble systems by designing
an optimal combining rule for a given classification problem. The contribution is divided into two
parts; theoretical and experimental. In the theoretical part in chapter 3, analytical models are
proposed for product and majority vote rules. The results show that for equal weight classifiers
with a normal distribution, a modified product rule (geometric mean) outperforms sum, product
and majority vote rules under the condition of independent classifiers. Also results show as the
correlation among classifiers outputs increases, the probability of classification error degrades
exponentially. The trend continues until the performance reaches the behavior of a single classifier

regardless of the number of base classifiers used in the ensemble. In Chapter 4, four models are
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proposed; weighted geometric mean, weighted majority vote, weighted average and weighted
harmonic mean. Theoretical results show that there is not a single combining rule that works for

all classification problems.

Part of Chapter 5 focused on designing an optimal ensemble combining rule for a given
classification problem. A theoretical model is developed for estimating the performance of
ensemble systems for M classes and N classifiers based on a generalized mean rule. Results show
how to design an improved combining method based on classifier outputs statistics. The proposed
theoretical models in Chapter 3,4 and 5 provide a better understanding of the behavior of MCS

and bring significant insight.

In the experimental part in Chapter 5, a novel algorithm is proposed that predicts an optimal
combining rule for a given classification problem. Six datasets are used to test the classification
results of the proposed algorithm, which are breast cancer, telescope and credit card. Results show
a comparable performance with the random forest. The benefit of the proposed algorithm is to use
less base classifiers: 10 compared to 100 in the case of random forest which results in reducing the

computational operation and makes it more suitable in real time classification problems.

6.3. Future Directions

e Dissertation results quantify the Bayes error resulting from combining N classifers which
is directly related to the structure of the training data. The work given in [39] tried to
estimate what is called the added error which is directly related to the imperfections in a
classifier training process. The idea is to combine Bayes and added error into one formula
and test the ensemble against different combining rules. As shown in the previous
derivations in Chapter 4, different methodologies are applied to derive classification error
probability. The purpose is to present a unified framework that would work with any
combining rule. According to the current literature, there is no analytical solution which
can achieve such a framework. However, a semi analytical method may provide the desired
results. This would help in building a foundation theory for multiple classifier systems.

e By mathematical definition the generalized mean rule provides a limited search space for
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an optimal combining rule so it can maximize the searching space by solving the following
optimization problem. The key idea is to make an assumption about the joint probability
density function f(P) for N combined classifiers. The probability of classification error is
calculated for N joint cumulative distribution function (F(P)) subjected to the constraint

of the combining rule i.e,

F(p, <ki, P, <K;s.os Py <Ky)

subject to
Wk, Ky, ..., Ky ) <C (6.1)

where c and k; (i = 1,2, ... , N) are constants and W(+) is the fusion function. The previous
problem has N constraint integrals, solving (6.1) would help in finding an optimum
combining rule for a given ensemble condition. On the other hand, the problem can be seen
as an optimization puzzle, in which for any given distribution of the classifiers outputs, it

can search for a target function (combining rules) that minimizes the ensemble error

(F(P)).

6.4. Conclusion

In this work, the focused is on designing an optimal algebraic combining rule that
minimized the classification error. The proposed algorithm is compared with random forest which
shows a comparable classification accuracy with 10 base classifiers compared to 100 in random
forest, which reduces the computational calculations significantly. Random forest uses s fixed
average combining rule and relies on large number of classifiers. While, the proposed algorithm
uses less classifiers number and flexible combining rule. This provides additional advantage for
the proposed algorithm for finding the best combining rule that optimized the ensemble
performance. The proposed algorithm is best suited for applications that are critical in

classification time such as image processing, biometric applications and computer vision.
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