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CHAPTER I

INTRODUCTION AND HISTORICAL REVIEW 

1 I n t r o d u c t i o n

S i n c e  1919,  when work on t h e  p ro b le m  b e g a n ,  s e v e r a l  t h e o r i e s  

have  b e e n  d e v e l o p e d  t o  g i v e  t h e  e l e c t r i c  f i e l d  d i s t r i b u t i o n ,  P ( E ) , 

a t  a p o i n t  i n  a  c o m p l e t e l y  i o n i z e d  g a s .  (Here P(E) i s  t h e  

p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  f o r  f i n d i n g  a n  e l e c t r i c  f i e l d  E 

a t  t h e  p o i n t  i n  q u e s t i o n .  Chandrasekhar '* '  shows t h a t  such  a 

d i s t r i b u t i o n  c a n  a l s o  be  d e r i v e d  f o r  t h e  m a g n i tu d e  o f  t h e  g r a v i t a 

t i o n a l  f i e l d  i n ,  s a y ,  a  s t e l l a r  s y s t e m ,  s i n c e  t h e  i n t e r a c t i o n  

i s  j u s t  e q u a l  t o  c r - ^ i n  b o t h  t h e  e l e c t r i c a l  and  g r a v i t a t i o n a l  

c a s e s . )  The knowledge  o f  t h i s  d i s t r i b u t i o n  i s  p r e r e q u i s i t e  t o

u n d e r s t a n d i n g  t h e  phenomenon o f  t h e  b r o a d e n i n g  o f  s p e c t r a l  l i n e s

2
f rom atoms i n  a n  i o n i z e d  g a s ,  a n d ,  u s i n g  t h e  g r a v i t a t i o n a l  

d i s t r i b u t i o n ,  t h e  dynamics  o f  s t e l l a r  systems. '* '  P(E) may a l s o  

be  u s e d  t o  c a l c u l a t e  < E>  - 5  E^P(E)dE,  w h ich  g i v e s  t h e  mean
3

e l e c t r i c  e n e r g y ,  U£ , o f  a  p l a s m a .

The o r i g i n a l  a t t e m p t  a t  f i n d i n g  P(E)  was made by H o l t s m a r k ,  and 

we s h a l l  f o l l o w  C h a n d r a s e k h a r ' s  t r e a t m e n t  o f  t h e  t h e o r y .  I n  t h e s e  

c a l c u l a t i o n s  t h e  Bo l t zm ann  f a c t o r ,  U ( r ^ , . . . r ^ ) / k  T,  was i g n o r e d ,  

s i n c e  t h i s  p e r m i t s  a  g r e a t  s i m p l i c a t i o n  i n  t h e  t h e o r y ,  and  g i v e s  

a n  e x a c t  s o l u t i o n  o f  t h e  p r o b le m  w i t h o u t  f u r t h e r  a p p r o x i m a t i o n .

T h i s  t h e o r y  i s  a c c u r a t e ,  t h e n ,  i n  t h e  r a n g e  o f  low d e n s i t y ,

1
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h i g h  t e m p e r a t u r e  p la sm a s  w he re  p a r t i c l e  i n t e r a c t i o n s  c a n  be

d i s r e g a r d e d .  However,  f o r  more d e n s e ,  a n d / o r  c o o l e r  p l a s m a s ,

i n  w h i c h  t h e  i n t e r a c t i o n  b e tw e e n  i n d i v i d u a l  c h a r g e d  p a r t i c l e s  i s

s i g n i f i c a n t ,  t h e  H o l t s m a rk  t h e o r y  i s  no l o n g e r  v a l i d .  The p r o b le m

o f  i n c l u d i n g  i n t e r a c t i o n  e f f e c t s  h a s  b e e n  c o n s i d e r e d  by s e v e r a l  

2 -13a u t h o r s ,  and  we s h a l l  b r i e f l y  m e n t i o n  t h e  more i m p o r t a n t  o f

t h e s e  l a t e r  on.

I n  t h i s  f i r s t  c h a p t e r ,  t h e n ,  we s h a l l  g i v e  t h e  r e s u l t s  o f  

t h e  H o l t s m a r k  t h e o r y ,  l e a v i n g  t h e  d e r i v a t i o n  f o r  a n  a p p e n d i x .

L a t e r  we s h a l l  o u t l i n e  t h e  m a j o r  a t t e m p t s  a t  im p r o v in g  upon 

H o l t s m a r k ' s  r e s u l t s ,  c o n c l u d i n g  w i t h  a  d i s c u s s i o n  o f  one p a r t i c u l a r  

t h e o r y  w h ic h  we s h a l l  u s e  a s  t h e  b a s i s  f o r  our  own work .

2 The H o l t s m a r k  D i s t r i b u t i o n

A c o m p l e t e  d e r i v a t i o n  o f  t h e  H o l t s m a rk  t h e o r y  i s  g i v e n  i n  

A ppe nd ix  A o f  t h i s  p a p e r ,  and  o n l y  t h e  e s s e n t i a l  r e s u l t s  a r e  

p r e s e n t e d  h e r e .

We b e g i n  by n o t i n g  t h a t  H o l t s m a r k ' s  t h e o r y  assum es  a  c l a s s i c a l  

s y s t e m  o f  c h a r g e d  p a r t i c l e s .  I t  i s  f u r t h e r  assumed  t h a t  p a r t i c l e  

i n t e r a c t i o n s  a r e  n o n e x i s t e n t ,  w h ic h  i m p l i e s  t h a t  t h e  p a r t i c l e  

d i s t r i b u t i o n  i n  s p a c e  i s  c o m p l e t e l y  random. Now t h e  a c t u a l  

p a r t i c l e  d i s t r i b u t i o n  i n  s p a c e  i s  g i v e n  by  t h e  c l a s s i c a l  

M a xw e l l -B o l tz m a nn  e q u a t i o n

D , _  e - K p E - a w - W K . r l ________________

v"  r “  S” S t 7c p E y w , — W k . T l J s ? — J f i  '  < 2 1 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where  U ( r - ^ , . . . r ^ )  i s  t h e  p o t e n t i a l  e n e r g y  o f  t h e  s y s te m  o f  N

p a r t i c l e s  a t  p o s i t i o n s  f ^ , . . . r  i n  s p a c e ,  k Q i s  t h e  Bo l t zm ann

c o n s t a n t ,  and  T i s  t h e  a b s o l u t e  t e m p e r a t u r e  o f  t h e  s y s te m .

The a s s u m p t i o n  t h a t  p a r t i c l e  i n t e r a c t i o n s  c a n  be  i g n o r e d  i s

— — - TT/fr Te q u i v a l e n t  t o  s e t t i n g  U ( r ^ , . . . r N) =  0 .  Thus e ' °  = 1 ,  a n d ,  s i n c e

^ d f j  = V ( th e  t o t a l  volume o f  t h e  s y s t e m ) ,  we may w r i t e

P C ^ , —  ? n )  =  1 /  V N .  ( 2 . 2 )

Now t h e  g e n e r a l  e x p r e s s i o n  f o r  t h e  e l e c t r i c  f i e l d  d i s t r i b u t i o n  

can  be w r i t t e n  a s

P(e)= I - j F b f .—v,) S (e - iF<)  d*T— > (2-3)
where  I  ( E - j ^ E - )  i s  t h e  D i r a c  d e l t a  f u n c t i o n ,  E j i s  t h e  e l e c t r i c  

g i=l J
f i e l d  i n t e n s i t y  a t  t h e  f i e l d  p o i n t  due t o  a  c h a r g e d  p a r t i c l e  a t  ? j

( w i t h  r e s p e c t  t o  t h e  f i e l d  p o i n t ) ,  and E i s  t h e  t o t a l  e l e c t r i c

f i e l d  i n t e n s i t y  a t  t h e  f i e l d  p o i n t .  Thus we may w r i t e

P ( E ' ) = ' v *  d s *  )

w h ic h  i s  a n  e x a c t  e x p r e s s i o n  f o r  P(E)  w i t h  t h e  a s s u m p t i o n  o f  

no s p a t i a l  co r “" ions  among t h e  p a r t i c l e s .  T h i s  e q u a t i o n ,  

how ever ,  i s  v e r y  d i f f i c u l t  t o  s o l v e  i n  t h i s  form,  so  H o l t s m a r k  

t u r n e d  t o  i t s  F o u r i e r  t r a n s f o r m ,  w h ic h  i s  w r i t t e n

F(k) = j Pc§)e*xp(//<-EfjcIe >
and  g i v e s ,  when t h e  p r o p e r  s u b s t i t u t i o n s  a r e  made,

F(R) = yN £ ^Je'xp(i)T'E) *
The s o l u t i o n  t o  E q . ( 2 . 5 )  i s  g i v e n  i n  Append ix  A, and  we s im p l y

( 2 . 4 )

( 2 . 5 )
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n o t e  h e r e  t h a t  i t  i s  e x a c t  when N and  V-» 00 , s u c h  t h a t  n  = N/V i s  

f i n i t e  a nd  c o n s t a n t ,  and  t h a t  i t  i s  w r i t t e n

e k  \Va
F ( .k ) =  C.'X?bVl ( - ? ? )  { r ^ y \ i T r f > ( 2 . 6)

( 2 . 7 )

where  e i s  t h e  c h a r g e  on a  s i n g l y  i o n i z e d  a tom ,  and  i s  t h e  

so  c a l l e d  p e r m i t t i v i t y  o f  f r e e  s p a c e .

S i n c e  P(E) and  F ( k )  a r e  F o u r i e r  t r a n s f o r m  p a i r s  we have

P(.i)= 0w F  S$ iF c k )  C'Xf(-ik-E)Jk >
and  t h i s  e q u a t i o n  c a n  be  s o l v e d  i n  t e rm s  o f  t h e  t a b u l a t e d  f u n c t i o n  

« 09

H ( p ) x  j r f  ^ ®  u p t ( ^ )  J ^  ° l x  )

where

Xe kE , d x =  EJk ,

/ U  T O  W f e ) ' *  M M  •
Thus t h e  f i n a l  r e s u l t  i s

P ( e ) =  H - T T E1 PCe) = H(?) A ’ X/i >
s i n c e  P(E) i s  i s o t r o p i c ,  w h e re  P ' ( E )  i s  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  

f u n c t i o n  f o r  f i n d i n g  a n  e l e c t r i c  f i e l d  o f  m a g n i tu d e  E= J e | a t  t h e  

f i e l d  p o i n t .

L e t  us  n o t e  t h e  f o l l o w i n g  c h a r a c t e r i s t i c s  o f  H o l t s m a r k ' s  

s o l u t i o n .  F i r s t ,  i t  i s  a n  e x a c t  f o r m u la  f o r  P ' ( E )  ( i n  t e rm s  o f  

t h e  f u n c t i o n  H ) w h ic h  i s  t a b u l a t e d  i n  Append ix  A) f o r  a  random 

d i s t r i b u t i o n  o f  c h a r g e d  p a r t i c l e s  i n  a  p lasma . ' ' '  Second ,  t h e  

H o l t s m a r k  d i s t r i b u t i o n  i s  v a l i d  o n l y  f o r  v e r y  low p a r t i c l e  

d e n s i t i e s  (n = N/V s m a l l ) ,  v e r y  h i g h  t e m p e r a t u r e s ,  and  s m a l l  

f i e l d  s t r e n g t h s ,  a l l  o f  w h ic h  a r e  e a s i l y  u n d e r s t o o d  s i n c e  p a r t i c l e

(2 . 8)
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i n t e r a c t i o n s  a r e  assum ed  t o  be  i g n o r a b l e . ^  F i n a l l y ,  s i n c e  

U ( r ^ , . . . r ^ )  i s  e q u a l  t o  z e r o  i n  t h e  t h e o r y ,  t h e  d i s t r i b u t i o n  

a t  a p o i n t  i s  t h e  same w h e t h e r  t h a t  p o i n t  i s  e l e c t r i c a l l y  n e u t r a l  

o r  c h a r g e d .  T h i s  i s  b e c a u s e  t h e  p r e s e n c e  o f  an  i o n  o r  e l e c t r o n  

a t  t h e  f i e l d  p o i n t ,  o r  i n d e e d  a t  any  p o i n t ,  can have  no e f f e c t  on 

t h e  d i s t r i b u t i o n  (assumed  t o  be  c o m p l e t e l y  random) o f  t h e  r e m a i n i n g  

p a r t i c l e s .

3 Improvements  on t h e  H o l t s m a rk  D i s t r i b u t i o n

S i n c e  t h e  o b v i o u s  p ro b le m  w i t h  t h e  H o l t s m a r k  d i s t r i b u t i o n  

i s  t h a t  i t  i s  i n v a l i d  w heneve r  p a r t i c l e  i n t e r a c t i o n s  must  be 

c o n s i d e r e d ,  one wou ld  l i k e  t o  be a b l e  t o  d e v e lo p  a  t h e o r y  w h ich  

wou ld i n c l u d e  t h e s e  i n t e r a c t i o n s ,  a n d ,  a t  t h e  same t i m e ,  y i e l d  

t h e  H o l t sm a rk  d i s t r i b u t i o n  i n  t h e  h i g h  t e m p e r a t u r e ,  low d e n s i t y  

l i m i t .  S e v e r a l  a t t e m p t s  a t  such  a  t h e o r y  ha ve  b e e n  made,  as  

a l r e a d y  p o i n t e d  o u t ,  a nd  i n  t h i s  s e c t i o n  we s h a l l  b r i e f l y  m e n t io n  

t h e  two m a jo r  methods  o f  a p p r o a c h  u s e d .

One method f o r  i n c l u d i n g  p a r t i c l e  i n t e r a c t i o n s  i n  t h e  

d e r i v a t i o n  o f  P(E)  f o l l o w s  t h e  " c o l l e c t i v e  c o o r d i n a t e "  t e c h n i q u e  

o f  P i n e s  and B o h m . ^  T h i s  a p p r o a c h  was u s e d  by A.A. B r o y l e s ^  

and  G.F.  H ooper ,  Jr. . '*'® B r o y l e s '  work  u s e s  t h e  c o l l e c t i v e  

c o o r d i n a t e  f o r m a l i s m  i n  t h r e e  w ays ,  e a c h  o f  w h ich  has  some

s h o r t c o m i n g .  The f i r s t  two o f  h i s  d e r i v a t i o n s  g i v e  v a l u e s  f o r

—  2 
P(E) w h i c h  a r e  t o o  h i g h  and  t o o  low r e s p e c t i v e l y  ( f o r  l a r g e  E ) ,

and  t h e  t h i r d  does  n o t  r e d u c e  t o  t h e  H o l t sm a rk  d i s t r i b u t i o n

2 10 a s  T-+oo and n-frO. H o o p e r ' s  T h e o r y ,  on t h e  o t h e r  ha n d ,
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does  g i v e  t h e  H o l t s m a r k  f o r m u la  f o r  l a r g e  t e m p e r a t u r e ,  a n d ,  

a l t h o u g h  i t  i s  a n  e x t e n s i o n  o f  B r o y l e s '  work ,  i t  i s  v a l i d  a t  

a n  i o n  o r  a t  a  n e u t r a l  p o i n t  ( B r o y l e s '  work i s  v a l i d  f o r  a n  i o n  

p o i n t  o n l y ) .  Bo th  t h e o r i e s  assume a n  i o n  gas  w i t h  p o i n t  c h a r g e s ,  

Coulomb i n t e r a c t i o n s ,  and  a s m e a r e d - o u t  n e u t r a l i z i n g  b a c k g r o u n d .  

The s y s te m s  a r e  a l s o  assum ed  t o  be c l a s s i c a l ,  and i n  thermodynami 

e q u i l i b r i u m  a t  t e m p e r a t u r e  T. I t  s h o u l d  be n o t e d  t h a t  t h e  

c o l l e c t i v e  c o o r d i n a t e  t h e o r i e s  a r e  n o t  e x a c t ,  s i n c e ,  a s  i s  shown 

i n  t h e  r e f e r e n c e s  g i v e n ,  t h e y  e a c h  i n v o l v e  s e v e r a l  a p p r o x i m a t i o n s

The o t h e r  m a j o r  t h e o r e t i c a l  a p p r o a c h  t o  t h e  e l e c t r i c

11 12 3 13m i c r o f i e l d  p r o b le m  i s  t h a t  u s e d  by Mozer 3 and Ke lbg .  ’

B o th  b e g i n  by  e x p a n d in g  E q . ( 2 . 4 )  i n  a  s e r i e s  i n v o l v i n g  h i g h e r

o r d e r  c o r r e l a t i o n  f u n c t i o n s ,  gn , d e f i n e d  by'*'-’

However ,  Mozer makes c e r t a i n  a p p r o x i m a t i o n s  i n  h i s  expansion'*''*'

3
w h ich  Kelbg does  n o t ,  a l t h o u g h  b o t h  end up i g n o r i n g  e v e r y  t e rm  

beyond  t h e  two p a r t i c l e  c o r r e l a t i o n  t e rm  (n = 2 ) .  Mozer ,  t h e n ,  

w r i t e s  f o r  h i s  s e c o n d  c o r r e l a t i o n  f u n c t i o n ,  g2 ( ^ i a  ^ 3 ) ,  t h e  

e q u a t i o n

e x p £ -  $ 0 , * ) / k . T ]  > (3

w h ic h  comes from t h e  Debye-Hucke l  t h e o r y ,  t h e r e b y  a d d i n g  y e t

11 12 16 1a n o t h e r  a p p r o x i m a t i o n .  3 3 Note  t h a t  d> ( 1 , 2 )  i s  t h e  e l e c t r o 

s t a t i c  p o t e n t i a l  e n e r g y  b e tw e e n  p a r t i c l e s  1 and  2 , a t  r ^  and  ^  

r e s p e c t i v e l y .
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At t h i s  p o i n t  Mozer d i v i d e s  t h e  f i e l d  i n t o  two co m p o n e n t s ,  

j u s t  a s  B r o y l e s  and  Hooper  do. The e l e c t r o n  c l o u d  b e i n g  t r e a t e d  

l i k e  a s y s t e m  o f  p o i n t  c h a r g e s  w i t h  Coulomb i n t e r a c t i o n s  a n d  a 

u n i f o r m ,  s m e a r e d - o u t ,  n e u t r a l i z i n g  b a c k g ro u n d  o f  i o n s ,  w h i l e  

t h e  i o n s  a r e  n o t  t r e a t e d  w i t h  Coulomb i n t e r a c t i o n s ,  b u t  a r e  

a ssumed t o  be  s h i e l d e d  by a n  e l e c t r o n  c lo u d  w i t h  one e l e c t r o n  

f o r  e a c h  i o n .  The Debye-Hucke l  t h e o r y  i s  a g a i n  employed  t o  

d e r i v e  t h e  s h i e l d i n g  w h i l e  t h e  i o n - i o n  i n t e r a c t i o n s  a r e  

n e g l e c t e d .  M o z e r ' s  r e s u l t s  l i k e  H o o p e r ' s  and  B r o y l e s '  a r e  g i v e n  

s e p a r a t e l y  f o r  t h e  e l e c t r o n  and i o n  f i e l d s ,  a n d ,  l i k e  H o o p e r ' s ,  

f o r  n e u t r a l  p o i n t s  a nd  c h a r g e d  ( i o n )  p o i n t s ,  a s  w e l l  a s  f o r  

v a r i o u s  v a l u e s  o f  t h e  t e m p e r a t u r e  and  p a r t i c l e  d e n s i t y .

T h i s  c o n c l u d e s ,  w i t h  one e x c e p t i o n ,  our  d e s c r i p t i o n  o f  some 

o f  t h e  a p p r o a c h e s  t o  t h e  s o l u t i o n  o f  t h e  m i c r o f i e l d  p r o b le m .

So f a r  o n l y  t h e  H o l t s m a r k  t h e o r y  h a s  b e e n  p r e s e n t e d  w i t h  any  

c o m p l e t e n e s s ,  s i n c e  i t  i s  t h e  l i m i t i n g  c a s e  o f  a l l  r e s u l t s .

The o t h e r  methods  w e re  m e n t i o n e d  h e r e  o n l y  t o  a c q u a i n t  t h e  

r e a d e r  i n  a  g e n e r a l  way w i t h  w h a t  h a s  b e e n  done t o  i n c l u d e  

p a r t i c l e  i n t e r a c t i o n s .

4 The Ke lbg  Theory

As b e f o r e  we s h a l l  l e a v e  t h e  f o r m a l  d e v e lo p m e n t  o f  t h e  t h e o r y

f o r  a n  a p p e n d i x ,  and  p r e s e n t  h e r e  o n l y  t h e  e s s e n t i a l  r e s u l t s .

3 13Kelbg  ’ b e g i n s  w i t h  E q s . ( 2 . 3 ) - ( 2 . 4 ) ,  b u t  does  n o t  a l l o w  

U ( r ^ , . . . r ^ )  t o  go t o  z e r o .  Hence ,  a s  i s  shown i n  A p p e n d ix  B,
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E q . ( 2 . 4 )  becomes 

N
r  i « -  # #• A . a . "i

. ( 4 . 1 )F ; r )  =  7 T o / 4- j j  + 1 ‘v t  2 , - 1) i . j  oiF, j«3 +  •••_ i

whe re  ^  -     _  and  i .  _ ,
A ; ,  =  t r p t f  h • f y ]  u ?  A - i 1 V ^  ‘

N o t i c e  t h a t  V S  Volume o f  t h e  s y s t e m ,  N H t h e  number o f  p a r t i c l e s  

i n  t h e  s y s te m ,  g j j  =  S 2 ^ i >  and  g j  = g l ^ j ^ 5 a s  d e f i n e d

i n  s e c t i o n  3 o f  t h i s  p a p e r . ^
N

At t h i s  p o i n t  K e lbg  shows ( s e e  Append ix  B) t h a t  t h e  t e r m  W u f ;
j= i

i s  j u s t  t h e  H o l t s m a r k  e x p r e s s i o n  and  he w r i t e s  i t  i n  t h e  form

S
f ' ~  A (4>2)f " ( E ) = C K p [ 7  y t r $ ( i V - 0■r*.

l e a v i n g

i f ®  a I j + m *  J $ £  ~  0 + “ •]■<«• 3)
Now, i n  E q . ( 4 . 2 ) ,  QT l a b e l s  t h e  d i f f e r e n t  t y p e s  o f  p a r t i c l e s ,  

and n j .  t h e i r  number d e n s i t i e s .  Thus f o r  a  two component  s y s t e m ,

z  becomes /  ,
G~= I <r= i

and  i f  t h e r e  a r e  t h e  same number o f  p a r t i c l e s  o f  e a c h  t y p e ,  t h e n
-CL

n l  =  n 2 ‘ N ° t e  a l s o  t h a t  i n  o r d e r  t o  w r i t e  jj <x/: i n  t h e  form 

o f  E q . ( 4 . 2 )  i t  i s  a s sum ed  t h a t  Ng» ( t h e  number o f  p a r t i c l e s  o f  

e a c h  t y p e )  a p p r o a c h e s  i n f i n i t y  a l o n g  w i t h  V, l e a v i n g  n^ .  = Ng»/V 

c o n s t a n t  and f i n i t e .  T hus ,  s i n c e  t h e  H o l t s m a r k  t e r m  i s  a l r e a d y  

t a b u l a t e d ,  o n l y  F-^(k) i s  l e f t  t o  be found  b e f o r e  F ( k )  c a n  be 

c o m p l e t e l y  known. Of c o u r s e ,  once  t h i s  i s  known, f o r  v a l u e s  

o f  k  f rom z e r o  t o  i n f i n i t y ,  one i s  i n  a  p o s i t i o n  t o  f i n d  P ( E ) ,
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u s i n g  t h e  e q u a t i o n

c r c t v  r-\ • t . ? \  j  it
( 4 . 4 )P ^ )=  ■e.x^-i'R-E) ofk .

I t  i s ,  t h e n ,  a t  t h i s  p o i n t  t h a t  Kelbg makes h i s  o n l y
3

a p p r o x i m a t i o n .  He w r i t e s  E q . ( 4 . 3 )  i n  t h e  form

F ^ ( k )  =  C * X p  j j Z .  Z  J I C w r « < V ~ 0 ^
> ( 4 .5 )

t h e r e b y  a s su m in g  t h a t  a l l  t e rm s  o f  h i g h e r  o r d e r  t h a n  t h e  two 

p a r t i c l e  i n t e r a c t i o n  t e rm  a r e  s m a l l .  T h i s  makes p h y s i c a l  s e n s e  

f o r  low d e n s i t i e s  where  t h e  c h a n c e  o f  i n t e r a c t i o n s  i n v o l v i n g  

t h r e e  and  more p a r t i c l e s  i s  s m a l l .  For  h i g h e r  d e n s i t i e s ,  however ,  

t h e  h i g h e r  o r d e r  t e rm s  would  p r e s u m a b ly  c o n t r i b u t e  s u b s t a n t i a l l y ,  

a l t h o u g h  t h e s e  t e rm s  would  be  v e r y  d i f f i c u l t  t o  c a l c u l a t e .

Thus s i n c e  t h i s  t h e o r y  does  c o n s i d e r  two body c o r r e l a t i o n s  i t  

s h o u l d  be  v a l i d  f o r  h i g h e r  d e n s i t i e s  t h a n  t h e  H o l t s m a r k  t h e o r y ,  

b u t  t h e r e  w i l l  s t i l l  be  a  l i m i t i n g  d e n s i t y  above  w h ic h  K e l b g ' s  

e q u a t i o n s  t o o  a r e  v a l i d .

I n  summary,  t h e n ,  we have  g i v e n  a n  i n t r o d u c t i o n  t o  t h e  

p r o b le m  o f  f i n d i n g  P ( E ) , t h e  e l e c t r i c  m i c r o f i e l d  d i s t r i b u t i o n ,  

h a v i n g  m e n t io n e d  some a p p r o a c h e s  t o  i t s  s o l u t i o n .  We have  

c o n c l u d e d  w i t h  t h e  Kelbg t h e o r y ,  and  have  s t a t e d  t h a t  i f  E q . ( 4 . 5 )  

c a n  be  s o l v e d  f o r  a l l  v a l u e s  o f  k ,  t h e n  P(E) can  be  fo u n d .  I n  t h e  

n e x t  c h a p t e r  we s h a l l  p u t  t h i s  e q u a t i o n  i n  a  form w h i c h  i s  

" s o l u b l e "  v i a  n u m e r i c a l  m e t h o d s ,  a n d ,  a t  t h e  same t i m e ,  i n t r o d u c e  

th e  t e m p e r a t u r e  and  th e  d e n s i t y  p a r a m e t e r s  upon which  i t s  s o l u t i o n  

w i l l  depend .
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CHAPTER I I

THE KELBG THEORY FOR A TWO COMPONENT SYSTEM 

5 The Two Component  Model

The p u r p o s e  o f  t h i s  t h e s i s  i s  t o  b r i n g  t o g e t h e r  t h e  e l e c t r i c  

m i c r o f i e l d  t h e o r y  o f  K e lb g ,  and t h e  r e c e n t l y  c a l c u l a t e d  two 

component  r a d i a l  d i s t r i b u t i o n  f u n c t i o n s  o f  D.D. C a r l e y , ^  i n  

a  new t h e o r y  f o r  t h e  c a l c u l a t i o n  o f  P ( E ) . I n  p a r t i c u l a r  

we s h a l l  f i n d  a  way o f  e v a l u a t i n g  E q . ( 4 . 5 )  f o r  a l l  v a l u e s  o f  k 

f o r  a p a r t i c u l a r  p h y s i c a l  s y s te m .

The s y s t e m ,  o r  m o d e l ,  we c h o o s e  mus t  be  i d e n t i c a l  t o  t h a t  

u s e d  by C a r l e y  i n  c a l c u l a t i n g  g^ .  I t  i s  n o t ,  how e ve r ,  our  

p u r p o s e  t o  e v a l u a t e  o r  i n t e r p r e t  g 2 , a l t h o u g h  t h e  i n t e r e s t e d  

r e a d e r  may r e f e r  t o  T .L .  H i l l , ^  i n  a d d i t i o n  t o  C a r l e y ' s  p a p e r ,  

t o  g e t  t h i s  i n f o r m a t i o n .  For  ou r  work g^ i s  s im p ly  a  t a b u l a t e d ,  

two p a r t i c l e  c o r r e l a t i o n  f u n c t i o n  w h ich  mus t  be  p l u g g e d  i n t o  

E q . ( 4 . 5 )  t o  g i v e  F ^ ( k ) ,  and we c h o o s e  t o  u s e  t h e s e  p a r t i c u l a r  

g^ f u n c t i o n s .  Note  t h a t  t h e  t e c h n i q u e s  f o r  e v a l u a t i n g  E q . ( 4 . 5 )  

w i l l  n o t  depend  on wha t  g ' s  a r e  u s e d .  Hence we a r e  n o t  l i m i t e d  

t o  t h e  model  g i v e n  h e r e ,  a nd  i f  a  b e t t e r  method f o r  c a l c u l a t i n g  

g i s  f o u n d ,  i t s  r e s u l t s  may e a s i l y  be  u s e d  w i t h  ou r  e q u a t i o n s .

Our model  t h e n  i s  a  c l a s s i c a l  s y s t e m  o f  N h a r d  s p h e r e s ,  h a l f  

o f  w h i c h  a r e  p o s i t i v e l y  c h a r g e d  and  h a l f  n e g a t i v e l y  c h a r g e d .  These 

s p h e r e s  a r e  assumed t o  be  e n c l o s e d  i n  a  volume V, i n  thermodynamic

10
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e q u i l i b r i u m  a t  t e m p e r a t u r e  T. The number d e n s i t y  o f  t h e  p o s i t i v e  

an d  n e g a t i v e  p a r t i c l e s  i s  g i v e n  by  n  = N/2V, a n d  i s  a ssumed  t o  

r e m a i n  c o n s t a n t  a s  N an d  V go t o  i n f i n i t y .

A p p l y i n g  t h i s  model  t o  E q . ( 4 . 2 ) ,  an d  r e f e r r i n g  t o  A pp e n d ix  A, 

we h a v e

£ C k ) =  e * p

=  e - x p ^ Y i j O - a 5 **) 3 ^ )  < l^ ]  [ - n j O -

T h i s  e q u a t i o n  r e s u l t s  b e c a u s e  = -E g ,  e n a b l i n g  us  t o  w r i t e  

e v e r y t h i n g  i n  t e rm s  o f  E^ ,  a s  i n d i c a t e d  a t  t h e  end  o f  A ppe n d ix  A.

N ote  a l s o  t h a t  t h e  f u n c t i o n a l  fo rm  o f  g ^ ( r ^ )  i s  t h e  same a s  g ^ ( r g ) .

Thus f o r  t h e  model  u s e d  h e r e

k G 0 « e ^ P ( f r ) (k ^ C n r )* 4] > c s . d
+e

w he re  n = N/2V, k = k ,  and  c = —— r r -. C l e a r l y  F (k) dependsAn:

on t h e  number d e n s i t y  f o r  a  g i v e n  k ,  w i t h  t h e  s i n g l y  c h a r g e d  

p a r t i c l e s  a ssum ed  h e r e ,  an d  d i f f e r e n t  v a l u e s  o f  n  may be  u s e d  

d e p e n d i n g  on t h e  p h y s i c a l  s y s t e m .

T u r n i n g  now t o  E q . ( 4 . 5 )  we w r i t e  t h e  two component  c o r r e c t i o n  

t e r m  a s

ft*) = 4 YVY'r SS(sis* ~0
Now n ^ .  = n ^  = N/2V a s  we h a v e  a l r e a d y  s t a t e d .  A l s o  n o t e  t h a t
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J -
V

LJ< r = [  exp(i k'F,.) P, (,*>) d v

=  -3 ^  ^

=  y ' J  e t p ( i k ' E ( r )  >

s i n c e  g - ^ r ^ * )  = 1 a t  a  n e u t r a l  p o i n t .  Hence

W i r = v ' i  C e ^  + 0  d v j .

-  S 0 - e ‘ ^ ‘

-  v " [ y -  W  U T T ) t K c ) ^ ^ ) ' 4 ]

T h i s  comes from E q . ( A . 9 )  i n  A ppe nd ix  A, a n d ,  s i n c e  we a r e  a s su m in g  

t h a t  N a nd  V go t o  i n f i n i t y ,  t h e n  ( j j q *  = 1 f o r  n e u t r a l  p o i n t  

c a l c u l a t i o n s .  Thus we c a n  w r i t e

Fj*(k) =  S ’X p ] j r Y \ ^  $ $ CAu 0  ^  J

j j C A i  A x “" °^vo i

O A i  • f i ' A x  ■*“ ))

«0 lOx -  l) S O  d ^ ( )
( 5 . 2 )

where  t h e  A s u b s c r i p t s  r e f e r  t o  p o s i t i v e l y  c h a r g e d  p a r t i c l e s ,
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and t h e  B s u b s c r i p t s  t o  n e g a t i v e l y  c h a r g e d  p a r t i c l e s .  The

1 and  2 s u b s c r i p t s  r e f e r  t o  t h e  p a r t i c u l a r  p a r t i c l e s  i n  t h e

i n t e g r a l s .  Hence  r ^  i s  t h e  p o s i t i o n  v e c t o r  o f  p a r t i c l e  o n e ,  

w h i l e  = e ^  EA1 i n d i c a t e s  t h a t  p a r t i c l e  one i s  a  p o s i t i v e l y

c h a r g e d  p a r t i c l e ,  s i n c e
r r  e  v*
E ,,, -  H i r e .  *

Now

-^Ml *&02. “  ^  p [  1 ^  ° ^ 7T£a ra*)}  5
b u t  t h i s  has  t h e  same f u n c t i o n a l  form a s

- f t - s i  A s x  s  e * P  ~  m l * * ? ) }  *
e x c e p t  f o r  a  minus s i g n .  Note a l s o  t h a t  g 2 (r A i J  ^B2^ = §2 ^r B l ’ ^A2^ 5 

f rom t h e  d e f i n i t i o n  o f  gn g i v e n  on pa ge  6 o f  t h i s  p a p e r .  Hence 

t h e  second  and  t h i r d  i n t e g r a l s  i n  t h e  e x p o n e n t  i n  E q . ( 5 . 2 )  a r e  

i d e n t i c a l  i f  we j u s t  s w i t c h  t h e  p a r t i c l e  i n d e x e s  (1 a nd  2 s u b s c r i p t s )  

i n  one o f  them. T h i s  we c a n  do s i n c e  t h e  s w i t c h  does  no t  e f f e c t  

t h e  f u n c t i o n a l  form o f  t h e  i n t e g r a n d ,  and  t h e  two i n t e g r a l s  can  

t h e r e b y  be  combined i n t o  one .  The same a rg u m e n t  may a l s o  be 

a p p l i e d  t o  t h e  f i r s t  and f o r t h  i n t e g r a l s  i n  E q . ( 5 . 2 )  r e s u l t i n g  

i n  t h e  much more compact  e x p r e s s i o n

Etk) = CXp [£y!*]3 KAa.A,h + Ao, A ,!

+  '  <5- 3>

Note t h a t  r 2) ^  § A B ^ 1 ’ ^  ’ s i n c e  t1le d i s t r i b u t i o n  o f

l i k e  c h a r g e s  a b o u t  e a c h  o t h e r  i s  n o t  e q u a l  t o  t h a t  o f  u n l i k e  

c h a r g e s ,  and  t h a t  g 2 (?A 1 , ^A2  ̂ = § 2 r̂ B l ’ f B2) f o r  t h i s  m o d e l ,
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17a l t h o u g h  t h e  l a t t e r  i s  n o t  t r u e  i n  g e n e r a l .

At  t h i s  p o i n t  we s h a l l  make a s u b s t i t u t i o n  w h ic h  w i l l  make 

i t  more c o n v e n i e n t  t o  e v a l u a t e  E q . ( 5 . 3 )  n u m e r i c a l l y .  L e t  g 2 ( ^ A l ’ 

be  e q u a l  t o  GA ( r 1> r 2) + 1 , and  g 2 (?A 1, r  ) = G ^ r - ^  r 2) + 1 . 

Thus our  e q u a t i o n  t a k e s  t h e  form

f o r  e i t h e r  t h e  "AA" o r  t h e  "AB" c a s e  i n  E q . ( 5 . 3 ) .  Note t h a t  t h i s  

i s  j u s t  a n  i d e n t i t y ,  and we s h a l l  u s e  t h e  f u n c t i o n s  GCr^r^)  

i n  ou r  n u m e r i c a l  c a l c u l a t i o n s  l a t e r  on.

One f i n a l  change  w i l l  b e  made i n  E q . ( 5 . 3 ) ,  and  a g a i n  we s h a l l  

u s e  o n l y  a l g e b r a i c  a nd  t r i g o n o m e t r i c  i d e n t i t i e s .  Hence we w r i t e

=  e ‘K P L £ k '  ( T a i +

— CoS * EA)] +1 SiVi(Ci*' 4̂ ] ’

-  j j  CiC't.'TDdpoln - ( J e l ' n c i n

( 5 . 4 )

where and
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by  E u l e r ' s Theorum. Bu t

Cos (A * 13) -  CosA Co* B + s/v, A S.'w B ,

and

SiY)(yt±o) = S/v,y? CosB ± c.os* s.V Q ,
by  t r i g o n o m e t r i c  i d e n t i t y .  Note  a l s o  t h a t

C o s  OM) = c .os  A )
w h i l e

S 1 v i  ( * d )  =  -  S , y  A  .

And f i n a l l y  n o t e  t h a t  E = -E , i . e .  i f  p a r t i c l e  one i s  n e g a t i v e ,
A1  Hi

i t s  e l e c t r i c  f i e l d  v e c t o r  Eg-^ c a n  be  r e p l a c e d  by  - ea i  w i t h o u t  

c h a n g i n g  a n y t h i n g .  P u t t i n g  t h i s  a l l  t o g e t h e r ,  t h e n ,  g i v e s  us

=  ^ A t )  *“ ^  ^  C^‘ f y i )

•h i  S 1 Vi(F“ EAt) Cos(j<' E ^ l) 'V ( F  BA7)  CoS Oc*' ^ , )  ,
so

■ ^ B l  ^ * 0 1  +  ^ A \ ^ A i =  ^J^CosCST* ^ h . )

“ Siv» (k* EAi) $•'•** (>• E4a>)]

4- L F Coi (F' F j J  4  Coi (JT-F^,)

and
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=  e x p | y  F  -  E j ]  * e.Tf ]£■ (iiL- f j ]

—  C d s ( R *  E y i ^ C o s ^ ' ^ J  +  S * ' ^ ( k ' F 4 , )  S>’v , ( | c ' E Ajt)

+  G o s (£ «  ^ 2 .)  c ° s { f '  Em ) + S C^'  f/» l)  s  )

+  4 S.N^TT-E*,) Co s ( j T § A2)  -  /.‘c o s ( k '  EAi )  g .\n(r* EAi )

■f i  S » v v ( ,H ,,E /42>) C © s ( k * E ^ i )  k  C o $ ( ^ *  E 42, ) ^ ^ * ^ i )

J j
( 5 . 5 )

<1

“ X .  C*oS  [ k  * C “ *
C l e a r l y ,  t h e n ,  upon s u b s t i t u t i o n  o f  E q s . ( 5 . 4 )  and  ( 5 . 5 )  i n t o  

E q . ( 5 . 3 )  we g e t

FI” ( I )  =  e * p [ Y f  [ ^ ( e . « D K ? A, + f n ) )  -

+  i i ( o o s ^ - C f Al- f j ]  - l ) G BCP*.rw ) i ? j | j  ) (5 .6 )

w h ic h  i s  t h e  form o f  t h e  two component  c o r r e c t i o n  t e r m  t h a t  we 

s h a l l  work  w i t h .

Upon com bin ing  E q . ( 5 . 1 )  and  E q . ( 5 . 6 )  we c a n  f i n a l l y  w r i t e  

down F ( k )  i n  a  form w h ic h  r e f l e c t s  ou r  two component  m o d e l ,  and 

i s  e a s y  t o  work  w i t h .  Thus ,

F w - f r e i f w
= e-xpj^v* $ f )  ( k c) *■ (s.tt)11]  

x exp f r i t t e r { e > ,  * f«U - 1 ) ,rt) oln J
+• ! ) a 0 ^ . n ) d p e l n j 3  >

n
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where

v ie  N /  % V >
e

c  s  h i t  t o  )

E A i =  o n / » i !  »

^ A B ^ * 1 "  ®l AAjC^i i '*4 ) I )
) ' J AB

N «£ t o t a l  number o f  p a r t i c l e s  i n  t h e  s y s t e m ,

V S |  t o t a l  volume o f  t h e  s y s t e m ,  

and e s  t h e  c h a r g e  on t h e  p o s i t i v e l y  c h a r g e d  p a r t i c l e s ,

6 The T e m p e r a t u r e - D e n s i t y  P a r a m e t e r

As was shown i n  t h e  l a s t  s e c t i o n  FQ(k)  depends  on n 

f o r  a g i v e n  k (e i s  assumed t o  e q u a l  t h e  p o s i t i v e  e l e c t r o n i c  

c h a r g e ,  t h r o u g h o u t  t h i s  p a p e r . ) -  I t  i s  a l s o  e a s y  t o  s e e  t h a t

F ^ (k )  depends  on n f o r  a  g i v e n  k ,  i f  G ( r ^ ,  r 2) depends  on n.

17 - -C a r l e y  shows,  i n  f a c t ,  t h a t  G ( r ^ ,  x ^ )  depends  on two p a r a m e t e r s ,

i r , and  Here  <r i s  t h e  p a r t i c l e  d i a m e t e r ,  and

K . T  eg.

e l ' (6-
where  k Q i s  t h e  Bo l t zm ann  c o n s t a n t ,  T i s  t h e  a b s o l u t e  t e m p e r a t u r e ,

and  a i s  a u n i t  o f  l e n g t h .  We d e f i n e  t h i s  u n i t  by

‘/ 3

■ f c 47T VI > (6‘
so i t  i s  e q u a l  t o  t h e  r a d i u s  o f  a  s p h e r e ,  i n  ou r  s y s t e m ,  w h ic h  

c o n t a i n s ,  on t h e  a v e r a g e ,  one p o s i t i v e  p a r t i c l e .  Hence G ( r ^ ,  x ^ )
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i s  a  f u n c t i o n  o f  n  a n d / o r  T (a g i v e n ~®~ d e f i n i n g  a  whole  r a n g e  o f  

c o u p le d  n and T v a l u e s ) ,  and  i s  e q u a l  t o  z e r o  i f  j ^  (T" >

c o r r e s p o n d i n g  t o  ou r  r e q u i r e m e n t  t h a t  t h e  p a r t i c l e s  be h a r d  s p h e r e s  

o f  r a d i u s  0 * / 2 .

I t  i s  c l e a r ,  t h e n ,  t h a t  F ( k )  depends  n o t  o n l y  on t h e  v a r i a b l e  

k ,  b u t  a l s o  upon a  c e r t a i n  t e m p e r a t u r e - d e n s i t y  p a r a m e t e r - ® - .

Thus we w i s h  t o  i n c l u d e  i n  o u r  e q u a t i o n s ,  and  t o  do so  we w r i t e

-  X -T«. e>- ’
« .  H M - l 1/5

L h t t m j

and

_ £  « -

K.T =- ' (6-3)
Now E q . ( 6 . 3 )  s im p l y  d e f i n e s  a  new e l e c t r i c  f i e l d  v e c t o r  a s  a 

c o n s t a n t  m u l t i p l e  o f  t h e  o l d  o n e ,  so  £  may be  i n s e r t e d  i n  ou r  

e q u a t i o n s ,  i n  p l a c e  o f  E, f rom t h e  b e g i n n i n g  w i t h o u t  c h a n g in g  

a n y t h i n g .  L e t  us  a l s o  d e f i n e

v  _ X .
A  -  <%.

t o  be  a  l e n g t h  i n  u n i t s  o f  a .  We may now w r i t e  

—  e < *»
£  E  k . T

( i n  G a u s s i a n  u n i t s )
© f t

k.T

( 6 . 4 )

U s ing  £  i n s t e a d  o f  E,  we h a v e  c = ( e ^ a ^ ) / (kQT a ) , g i v i n g

X / | X |
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Fo(E)= e ic p [-iv ,(It ) (c k)v «-

a M r £ f  > <6-5)
and

*SS(“ ‘ K ' ( i l r . - A . » - |) G'‘J U 5* ll '
( 6 . 6)

S i n c e  t h e  t e r m  k/ -9>  k e e p s  o c c u r r i n g  i n  E q . ( 6 . 5 )  and  E q . ( 6 . 6) ,  we 

make one f i n a l  c h a n g e ,  w r i t i n g

/ h J t >
t h e r e b y  g i v i n g  us  t h e  f i n a l  r e s u l t

F U )  = F . t f )  F U )

=  e * p [ -  - j -  J ? K  U t tV a ]

*  J J *  . < 6 . 7 )
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Note  t h a t  E q . ( 6 . 7 )  i s  j u s t  t h e  same a s  E q . ( 4 . 5 ) ,  e x c e p t

f o r  t h e  f a c t  t h a t  we w i l l  now c a l c u l a t e  P ( £  ) i n s t e a d  o f  P (E ) .
_  ea

T h i s  m e r e l y  amounts  t o  m u l t i p l y i n g  E by  t h e  c o n s t a n t  , * , soKq i

t h e r e  i s  no f u n d a m e n ta l  d i f f e r e n c e  b e tw e e n  E q . ( 4 . 5 )  and  E q . ( 6 . 7 ) .

\
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CHAPTER I I I

EVALUATION OF THE KELBG INTEGRALS

7 The Monte C a r l o  Method

We have  now p r o g r e s s e d  t o  t h e  p o i n t  w here  t h e  e v a l u a t i o n  

o f  P ( g ) depends  on ou r  a b i l i t y  t o  s o l v e  i n t e g r a l s  o f  t h e  fo rm

w hich  o c c u r  i n

P C f )  =  e x p [ - ^ - \ a T r ) ,/» j e i t p ® |r ( l A ' f I a l > ( 7 . 2 )

w here  T7 T7

S i n c e  G(X^, i s  a  t a b u l a t e d  f u n c t i o n ,  t h e  a n a l y t i c a l  fo rm  of

w h ic h  we do n o t  k n o w , ^  i t  w ould  be  v e r y  d i f f i c u l t  f o r  us  t o  

e v a l u a t e  E q . ( 7 . 1 )  a n a l y t i c a l l y .  We t h e r e f o r e  t u r n  t o  t h e  n u m e r i c a l  

method o u t l i n e d  i n  A p p e n d ix  C. T h i s  t e c h n i q u e ,  c a l l e d  t h e

18-21
"Monte C a r l o  M e th o d , "  h a s  b e e n  e x p l o r e d  by  s e v e r a l  a u t h o r s ,  s o ,

a s  i n  A ppe nd ix  C, we s h a l l  d i s c u s s  i t  h e r e  o n l y  i n  o p e r a t i o n a l  

t e rm s  a s  i t  a f f e c t s  t h e  e v a l u a t i o n  o f  E q . ( 7 . 1 ) .

To a p p l y  t h i s  m ethod  t o  t h e  s i x  d i m e n s i o n a l  i n t e g r a l s  a t  

hand  we s i m p l y  n o t e  t h a t  E q . ( 7 . 1 )  i s  i n  t h e  form

X = H r o i)6(><1>xo^ x1
w hich  i s  a  s i x  d i m e n s i o n a l  a n a l o g u e  o f  E q . ( C . l ) .  T hus ,  f o l l o w i n g  

t h e  p r o c e d u r e  o u t l i n e d  i n  A ppe nd ix  C, we d e f i n e  a  p r o b a b i l i t y

21
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d i s t r i b u t i o n  P(X^,  X2) a s

p / 7   E tXn l O  - ( 7 . 3 )

and w r i t e

X u -)  =  { i - i F c x ( 1 X i ) J ] < ; j X t } H  P ( x „ x d  

—  { $ • " . $  F C x „ K 1) d X , d ^ 3  ( G C X n R i ) )

Now i f  P(X^,  X2 ) i s  a  p r o p e r l y  n o r m a l i z e d  p r o b a b i l i t y  f u n c t i o n ,

22i t  i s  r e q u i r e d  t h a t

o  ^  P a , x o  >
and

P ( x , .  X i l d X . d X i  =  |  *

Thus F ( X p  X2) m us t  a lw a y s  be g r e a t e r  t h a n  z e r o .  A l s o  . . ^ F  dX-L dX2 

mus t  be  a  r e a l ,  f i n i t e ,  p o s i t i v e  number ,  and  n a t u r a l l y  t h i s  i n t e g r a l  

must  be  " s o l v a b l e " .  To m ee t  t h e s e  c o n d i t i o n s  we n o t e  t h a t  F(X^,_X2 ) 

c a n n o t  be w r i t t e n  a s  c o s ( B ) -  1 ( s e e  E q . ( 7 . 1 ) ) ,  s i n c e  t h i s  c a n  be 

n e g a t i v e .  We t h e r e f o r e  r e w r i t e  E q . ( 7 . 1 )  i n  t h e  form

1 ^ ( 2 )  =  -  W ( | - c o s ( . q ) ) G a d x -, d x

r e s u l t i n g  i n

F(X,,X») — ) - c.«S(q) . (7.5)
I f  we a t t e m p t  t o  n o r m a l i z e  E q . ( 7 . 5 ) ,  a s  i n  E q . ( 7 . 3 ) ,  t h e  

n o r m a l i z i n g  c o n s t a n t ,

J F*(#/1 x 1) d Xj J xa j
i s  n o t  f i n i t e ,  s i n c e  t h e  i n t e g r a l  d i v e r g e s .  Thus i f  we wan t

a > <7 -4 >
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t o  p u t  ou r  e q u a t i o n s  i n  a fo rm f o r  a  Monte C a r l o  c a l c u l a t i o n ,

F(X-p X2 ) m us t  b e  m o d i f i e d .  I t  may b e ,  f o r  e x a m p le ,  t h a t  we 

c o u l d  f i n d  a  f u n c t i o n ,  H(X^, X2 ) , such  t h a t  H(X^, X2) F(X;[, X2) 

w ou ld  go t o  z e r o  r a p i d l y ,  i f  |X-jJ o r  JX2I g o t  l a r g e .  T h i s  n o t  

o n l y  wou ld g i v e  us  t h e  c o n v e r g e n c e  we r e q u i r e ,  b u t  i t  m ig h t  

a l s o  e f f e c t i v e l y  r e d u c e  t h e  s p a c e  o v e r  w h i c h  we m us t  i n t e g r a t e ,  

t h e r e b y  a l l o w i n g  us  t o  e v a l u a t e  t h e  i n t e g r a l s  w i t h  f ew er  p o i n t s .

Our p ro b le m  i n  t h i s  r e g a r d  i s  compounded by t h e  f a c t  t h a t  i f  we 

m o d i f y  F(X-^, X2) we w i l l  a l s o  have  t o  m o d i f y  G(X^, Xg) , a s  shown 

i n  A ppe nd ix  C. And,  a s  was a l s o  i n d i c a t e d  t h e r e ,  t h e  m o d i f i e d  

t e r m ,  H“ ^(X^,  X2) G(X-^, X2 ) , s h o u l d  be  a s  s l o w l y  v a r y i n g  a s  

p o s s i b l e ,  so  t h a t  we need  u s e  a s  few p o i n t s  a s  p o s s i b l e  i n  t h e  

e v a l u a t i o n  o f  t h e  i n t e g r a l .  Thus any  f u n c t i o n  H(X^, X2 ) t h a t  

we u s e  t o  m o d i fy  E q . ( 7 . 5 )  m us t  be  c a r e f u l l y  c h o s e n  i f  a l l  o f  t h e  

above  c o n d i t i o n s  a r e  t o  b e  m e t .

8 The F u n c t i o n  e x p ( -  }Xi | 2 - | x 2| 2)

The c h o i c e  o f  a n  H i s  a  d i f f i c u l t  one s i n c e  we do n o t  know 

t h e  f u n c t i o n a l  fo rm  o f  G. However ,  one o b v i o u s  way t o  make P,  

E q . ( 7 . 3 ) ,  go t o  z e r o  i f  e i t h e r  l x i l  o r  g e t s  l a r g e  i s  t o  w r i t e

F * ( x , ,  x  j ) = e  -y  p  O’ I 1 x  J  *] D  ~ 0 0 5  < • <8 - :

ThUS r . -
P U , ,  x * ) -  e - J x « i l Q _ c . os ( B) ] J X , j X i
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and

g i v i n g

1 * =  [ H f U . x J J xJ x , ]  ( G ' C x , , * , ) )

Now t h e  i n t e g r a l

S— i  F'(x,, Xi) «1 X, d X i

(8 . 2)

c a n  be  e v a l u a t e d  a s

I T 1 -  ( Y l *  ^ U )  > (8- 3)
where

t&U) = } Sr‘t e  'r’s  iv,[— J Jx~.
23E q . ( 8 . 4 )  i s  s o l v e d  v i a  a  S im p s o n ' s  r u l e  c a l c u l a t i o n  on t h e

( 8 . 4 )

IBM 1620 c o m p u t e r ,  t h e  d e t a i l s  o f  w h i c h  a r e  g i v e n  i n  Appendix  D. 

C l e a r l y ,  t h e n ,  P,  a s  d e f i n e d  i n  t h i s  s e c t i o n ,  s a t i s f i e s  a l l  o f  

t h e  r e q u i r e m e n t s  o f  a  p r o b a b i l i t y  d i s t r i b u t i o n .  T h e r e f o r e  we 

c a n  u s e  i t  t o  c a l c u l a t e  < g 'a> f o r  a  p a r t i c u l a r  v a l u e  o f  t h e  

p a r a m e t e r  . (See  A p p e n d ix  E f o r  a n  e x p l a n a t i o n  o f  t h e  computer  

p rogram  u s e d  h e r e . )

T a b l e s  I - I I I  l i s t  t h e  r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  f o r  

t h e  two s t e p  l e n g t h s  a nd  s t a r t i n g  p o i n t s  u s e d  a s  i n d i c a t e d  

( s e e  Append ix  C ) . A l s o  g i v e n  a r e  t h e  numbers  o f  t im e s  t h e  p a r t i c l e s  

f a i l e d  t o  move, a s  e x p l a i n e d  i n  A ppe nd ix  C, a nd  t h i s  shows c l e a r l y  

t h e  e f f e c t  o f  c h a n g in g  t h e  s t e p  l e n g t h .

T h i s  d a t a  i s  p r e s e n t e d  g r a p h i c a l l y  i n  F i g u r e  1 ,  i n  w h ic h  

c u r v e  I  c o r r e s p o n d s  t o  T a b l e  I ,  e t c .  Note t h a t  c u r v e s  I  and  I I
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T a b l e  I .  Monte C a r l o  c a l c u l a t i o n  o f  < G ' ( X 1 , X2) )  , where

^  Cx , »  5(a )  s  c x p j V j S T j ^ + l 7*1  J  Xm  ^ a )  *
S te p  L e n g t h :  0 . 3 a .  S t a r t i n g  P o i n t :  x]_ = . 7 3 0 2 6 0 ,  x 2 = . 4 5 3186 ,  
Yl  = .4 4 5 6 1 7 ,  y 2 = - . 0 8 0 3 3 3 ,  z 1 = .4 2 3 1 9 3 ,  z 2 = .251065 .

Number o f  P o i n t s  Number o f  Times G' ( X^,  X2)
i n  U n i t s  o f  100 P a r t i c l e s  F a i l e d

t o  Move

1 54 - . 8 5 6 0 6 9
2 101 - . 7 1 8 5 2 3
3 137 - 1 .0 2 7 2 4 2
4 194 - . 9 0 8 5 8 6
5 240 -1-. 341609
6 298 - 1 .1 6 1 3 7 5
7 358 - 1 .0 4 9 8 0 8
8 418 - . 9 7 1 1 3 9
9 477 - .9 0 2 5 4 9

10 523 - .8 4 3 6 7 1
11 579 - . 8 0 8 5 3 4
12 634 - . 8 0 1 7 4 3
13 695 - .7 6 4 9 3 2
14 751 - . 7 5 3 4 5 4
15 800 - .7 5 6 0 8 7
16 854 - . 7 4 7 4 5 5
17 915 - .7 2 1 3 6 9
18 967 - . 7 1 1 4 8 8
19 1013 - . 6 9 3 2 4 5
20 1062 - . 6 7 8 1 4 7
21 1121 - . 6 6 0 2 9 3
22 1168 - .6 4 8 7 8 2
23 1213 - . 6 4 4 5 3 7
24 1264 - . 6 3 9 8 1 6
25 1316 - . 6 2 9 1 3 3
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Table II. Monte Carlo calculation of '(X1’ x2̂  } ’ where
G' (  7, =  e - x  p j + / x , r  + i X i l ’O (.7, ,  70 .

S te p  L e n g th :  0 . 3 a .  S t a r t i n g  P o i n t :  x-  ̂ = .2 3 3 3 2 4 ,  x 2 = .2 8 3 2 9 6 ,  
y i  = .0 6 3 2 0 9 ,  y 2 = - .0 8 9 0 8 5 ,  z x = .4 5 2 9 1 3 ,  z 2 = .4 4 6 2 2 6 .

Number o f  P o i n t s  Number o f  Times G ' ( X X2)
I n  U n i t s  o f  100 P a r t i c l e s  F a i l e d

t o  Move

1 63 - .4 6 0 8 0 5
2 113 - .3 7 8 5 1 4
3 171 - .3 5 4 1 2 0
4 230 - .3 3 6 6 3 8
5 279 - .3 6 4 6 4 9
6 342 - .3 5 0 8 4 9
7 405 - .3 3 9 1 2 5
8 466 - .3 3 6 2 0 8
9 525 - .3 4 5 7 2 0

10 570 - .3 7 8 8 7 9
11 633 - .3 8 1 8 1 1
12 680 - .3 9 5 4 1 2
13 722 - .3 9 0 1 8 5
14 783 - .3 9 1 4 9 1
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Table III. Monte Carlo calculation of < G ' ( X X, X2 ) > ,  where

G'CiT/.X,) = e-xpD t̂fihJ .
S te p  L e n g th :  0 . 5 a .  S t a r t i n g  P o i n t :  x^ = .2 3 3 3 2 4 ,  X2 = .2 8 3 2 9 6 ,  
Y l  = .0 6 3 2 0 9 ,  y 2 = - . 0 8 9 0 8 5 ,  z x = .4 5 2 9 1 3 ,  z 2 = .4 4 6 2 2 6 .

Number o f  P o i n t s  Number o f  Times G1 (X-^, X2)
i n  U n i t s  o f  100 P a r t i c l e s  F a i l e d

t o  Move —

1 69 - .3 9 8 4 6 6
2 144 - .8 3 7 3 5 8
3 217 - .7 1 0 7 2 2
4 294 - .6 3 2 0 6 7
5 362 - .6 1 7 9 5 3
6 433 - .6 4 3 3 6 8
7 517 - .6 3 6 3 5 3
8 588 - .6 0 3 3 6 4
9 674 - .5 6 7 4 2 0

10 746 - .5 5 7 4 1 1
11 816 - .5 4 4 3 1 7
12 901 - .5 2 4 3 8 4
13 976 - .5 1 0 3 9 3
14 1047 - .5 0 8 6 2 6
15 1121 - .5 0 5 3 7 4
16 1195 - .5 1 3 9 9 4
17 1274 - .5 0 1 1 8 2
18 1344 - .4 9 7 1 1 6
19 1414 - .5 0 9 8 0 3
20 1488 - .5 1 4 2 4 1
21 1560 - .5 1 4 5 5 0
22 1626 - .5 2 5 5 1 9
23 1694 - .5 1 9 8 7 5
24 1767 - .5 2 3 3 6 8
25 1829 - .5 2 6 0 2 6
26 1911 - .5 1 9 4 5 5
27 1985 - .5 1 4 5 1 5
28 2055 - .5 1 5 9 6 8
29 2126 - .5 2 1 4 5 0
30 2198 - .5 2 8 5 6 5
31 2279 - .5 2 0 4 9 6
32 2345 - .5 1 7 6 4 8
33 2413 - .5 2 0 6 2 5
34 2473 - .5 2 9 7 3 2
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h a v e  t h e  same s t e p  l e n g t h ,  b u t  t h e  s t a r t i n g  p o i n t  f o r  c u r v e  I I  

i s  t h e  f i n i s h i n g  p o i n t  o f  c u rv e  I .  Thus c u rv e  I I  i s  r e a l l y  j u s t  

a n  e x t e n s i o n  o f  c u rv e  I ,  and  i f  we had  a l lo w e d  c u r v e  I  t o  s im p ly  

c o n t i n u e ,  i n s t e a d  o f  s t o p p i n g  an d  s t a r t i n g  o v e r  w i t h  i t s  t e r m i n a l  

p o i n t  a s  t h e  new s t a r t i n g  p o i n t ,  i t  w ou ld  h a v e  a p p ro a c h e d  c u rv e  I I I .  

I t  se em s ,  t h e n ,  t h a t  t h e r e  a r e  a t  l e a s t  two r e g i o n s  i n  t h e  s p a c e  

w h ic h  g i v e  q u i t e  d i f f e r e n t  v a l u e s  f o r  G ' .  One o f  t h e s e  seems 

t o  be a t  G ' 0 . 3 9 ,  w i t h  a n o t h e r  a t  G' l a r g e r  t h a n  0 . 8 .  The

e v a l u a t i o n  p o i n t s  jump b a c k  and  f o r t h  b e tw e e n  t h e s e  r e g i o n s ,  and  

< G'>  w ould  e v e n t u a l l y  a p p ro a c h  t h e  p r o p e r  v a l u e .

Now i n  c u rv e  I I I  we s e e  a  r a t h e r  c o n s i s t e n t  b e h a v i o r ,  com pared 

w i t h  c u r v e  I .  N ote  a l s o  t h a t  t h e  Monte C a r lo  e v a l u a t i o n  w h ich  l e d  

t o  c u rv e  I I I  had  t h e  same s t a r t i n g  p o i n t  a s  t h a t  w h ic h  l e d  t o  

c u rv e  I I ,  a l t h o u g h  t h e  s t e p  l e n g t h  was l e n g t h e n e d  f o r  c u rv e  I I I .

Thus i t  i s  n o t  s u r p r i s i n g  t h a t  c u rv e s  I I  and  I I I  s t a r t ,  a f t e r  

one h u n d re d  p o i n t s ,  w i t h  s i m i l a r  v a l u e s  f o r  ^ G ' ^  . The im p o r t a n t  

t h i n g ,  h ow ever ,  i s  t h e  f a c t  t h a t  c u rv e  I I I  i s ,  a f t e r  some i n i t i a l  

f l u c t u a t i o n ,  q u i t e  c o n s t a n t .  T h is  may be  t h e  r e s u l t  o f  t a k i n g  a 

l o n g e r  s t e p  l e n g t h ,  t h e r e b y  a l l o w i n g  th e  v a r i o u s  r e g i o n s  i n  s p a c e  

t o  b e  sam pled  m ore c o n s i s t e n t l y .  W ith  t h e  lo n g e r  s t e p  l e n g t h ,  

h o w e v e r ,  t h e  e v a l u a t i o n  p o i n t s  move o n ly  a b o u t  25% o f  t h e  t im e ,  

w h i l e  t h e y  move 48% o f  t h e  t im e  w i t h  t h e  s h o r t e r  s t e p  l e n g t h .

B i i s  may o r  may n o t  b e  i m p o r t a n t ,  b u t  we a r e  i n c l i n e d  t o  t h i n k  

t h a t  i t  i s  n o t ,  s i n c e  t h e  f i r s t  two c u r v e s  a p p ro a c h  th e  t h i r d  

anyw ay .
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I n  t h i s  s e c t i o n  we have  shown one s o l u t i o n  f o r  E q . ( 7 . 1 ) .  

The v a lu e  o f  t h e  p a r a m e t e r s  u s e d  h e r e  a r e  t h o s e  t h a t  s h a l l  be  

u s e d  t h r o u g h o u t  t h e  r e m a in d e r  o f  t h i s  w o rk .  They a r e

0  s  X  ,
) Q  }

- O -  —  4 , 0  <8 - 5>

and

0“ = o . r  •
N ote  t h a t  we w o u ld  h a v e  t o  make s i m i l a r  r u n s  f o r  e v e r y  v a l u e  o f  , 

and  we w o u ld  a l s o  h a v e  t o  e v a l u a t e  I g C J j ) ,  a s  i n d i c a t e d  i n  E q . ( 7 . 1 ) ,

f o r  a l l  p o i n t s  i n  A - s p a c e , b e f o r e  P ( £ )  c o u ld  f i n a l l y  be c a l c u l a t e d

f o r  t h e  "O*, an d  (J-  g i v e n  ab o v e .  N ote  a l s o  t h a t  our  Monte C a r lo  

e v a l u a t i o n  h a s  o n ly  g i v e n  u s  < G '>  , an d  t h a t  we m ust  a l s o  e v a l u a t e  

E q . ( 8 . 3 )  b e f o r e  we know I A ( $ ) .  T h is  h a s  b e e n  done f o r  J l  = i t / 1 0 ,  

an d  t h u s ,  i f  we c h o o s e  <G’>  = - . 5 2  a s  t h e  b e s t  c h o ic e  from  t h e

M onte C a r lo  e v a l u a t i o n ,  we may w r i t e

r A ( - & ) =  [ 7 T 1 -

s r  - 2 * 4 4  ) ( 8 , 6 )

w here  G^Crt/10) = .1 2 8 3  from  A ppend ix  D.

9 The F u n c t io n  c o s  < f i  - - f a )

I f  one c o u ld  e l i m i n a t e  a l l  o f  t h e  " o s c i l l a t i o n s "  t h a t  

g o e s  th r o u g h  i n  F i g u r e  1 , th e  amount o f  com puter  t im e  needed  

t o  e v a l u a t e  I a n d  t h e r e b y  F ( j £ ) ,  w ou ld  b e  r e d u c e d .  For
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exam ple  we c a n  s e e  t h a t  i n  c u rv e  I I I ,  o f  F i g u r e  1 ,  f u l l y  1300 

p o i n t s  h ad  to  b e  t a k e n  b e f o r e  t h e  f u n c t i o n  " s e t t l e d  dow n ,"  and 

e v e n  a f t e r  t h a t  one m ig h t  a r g u e  t h a t  t h e  r a t h e r  s t a b l e  b e h a v io r  o f  

t h e  c u r v e  c o u ld  b r e a k  down a t  any  t i m e ,  t h e r e b y  e r o d i n g  c o n f i d e n c e  

i n  t h e  f i n a l  v a l u e ,  o f  < c >  = - . 5 2 ,  t a k e n  f rom  F i g u r e  1.

To a t t a c k  t h i s  p ro b le m  we f i r s t  n o t e  t h a t  t h e  f l u c t u a t i o n s  

a r e  p r o b a b l y  c a u s e d  by  th e  n a t u r e  o f  t h e  f u n c t i o n  G^ = g^ -  1 .

A g r a p h  o f  G^ i s  g i v e n  i n  F i g u r e  2 ,  a s  a  f u n c t i o n  o f  t h e  p a r t i c l e  

s e p a r a t i o n ,  i n  u n i t s  o f  o u r  l e n g t h  p a r a m e te r  a ,  and  we s e e  t h a t  

a t  a p a r t i c l e  s e p a r a t i o n  o f  0 . 4 a  t h e r e  i s  a  s h a rp  d i s c o n t i n u i t y  i n  

G^, c a u s e d  by  t h e  h a r d  s p h e r e  a s s u m p t i o n . ^  T h is  d i s c o n t i n u i t y  p r o 

b a b ly  c o n t r i b u t e s  g r e a t l y  t o  t h e  fo rm  o f  F i g u r e  1 ,  and  we s h a l l  

t r y  t h e n  t o  e l i m i n a t e  i t s  e f f e c t  a s  mush a s  p o s s i b l e .

I n  o r d e r  t o  a c c o m p l i s h  t h i s  we s h a l l  l o o k  f o r  f u n c t i o n s  

w h ic h  w i l l  be  a  minimum when t h e  p a r t i c l e  s e p a r a t i o n  becomes s m a l l ,  

and  t h e  f i r s t  ones  we s h a l l  t r y  i n v o l v e  t h e  te rm  cos < t |  “ f » > *

When t h e  p a r t i c l e  s e p a r a t i o n ,  J -  X2 I ,  i s  s m a l l  t h e  c h a n c e s  a r e  

good t h a t  ^ 5  and  cos  ("f, -  1 . When J - X2 | i s  l a r g e ,

h o w e v e r ,  ^  may o r  may n o t  be c l o s e  t o  5 b u t  t h i s  i s  n o t  so 

i m p o r t a n t  s i n c e  t h e  p ro b le m  i s  o n ly  a t  s m a l l  p a r t i c l e  s e p a r a t i o n s .  

Thus i f  we w r i t e

r ' t v  v\= ^Cx-.xPcypDiUSlxJ1] ta t x , , Xtj -

w here
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and  i f  we c h o o se  N = 10 to  keep  (N - —) p o s i t i v e ,  t h e n  G1 w i l l  be  

r e d u c e d  when cos  ) a p p ro a c h e s  i t s  maximum v a l u e ,  i . e .  when

f , - >  f .  , t h e r e b y  sm o o th in g  o u t  t h e  s t e p  a t  0 . 4 a .

U sing  t h i s  f u n c t i o n  we h av e

F  U , X») = [n - ■N‘]t*p[-li,ll-lKll5[/- coj(aj] >
w here  a g a i n  we d e f i n e

Jxil5 ' | X s.P

F t X , ,  X , )  J x . d X i

B  = ^ -  J 7 & 5  + - r l V , ]

Thus

w i t h

d ? ( 5 e )  =  {  T r 4 d " . ' v [ w ] J t - " ]
x

0 ( 9 . 1 )

Now E q . ( 9 . 1 )  i s  s o lv e d  by  a  S im p s o n 's  r u l e  c a l c u l a t i o n  j u s t  a s  

E q . ( 8 . 4 )  w a s ,  and  f o r  £  -  r t /10  we h av e  < $ ' ( i t /1 0 )  = .2 0 5 8 .  W ith  

t h i s  we c a n  w r i t e  down th e  e q u a t i o n

XA(3?)=¥r.77N (G'Cxi.x,)) > (9.2)
and  t u r n  t o  th e  s o l u t i o n  o f  ( o 'O q ,  x2) )  .

T h is  s o l u t i o n  i s  a c c o m p l i s h e d  i n  t h e  same m anner a s  b e f o r e ,  

and  th e  r e s u l t s  a r e  g i v e n  i n  T a b le  IV, and  a r e  p l o t t e d  i n  F i g u r e  3 . 

We s e e  t h a t  t h e  c u rv e  i s  s lo w ly  v a r y i n g  i n  c o m p a r is o n  w i t h  t h o s e  

o f  F i g u r e  1. Thus we m ig h t  hope  t h a t  o u r  o b j e c t i v e  i n  t h i s  r e g a r d  

h a s  b e e n  a c c o m p l i s h e d .  However we h av e  o n ly  made a  Monte C a r lo
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Table IV. Monte Carlo calculation of ^G'(X^, X2 )^ , where

S te p  L e n g th :  0 . 3 a .  S t a r t i n g  P o i n t :  x^ = .2 3 3 3 2 4 ,  X2 = .2 8 3296 , 
y i  = .0 6 3 2 0 9 ,  y 2 = - .0 8 9 0 8 5 ,  z 1 = .4 5 2 9 1 3 ,  z 2 = .446226 .

Number o f  P o i n t s  Number o f  Times G'CX^, X2 )
i n  U n i t s  o f  100 P a r t i c l e s  F a i l e d

t o  Move

1 63 - .0 4 6 5 2 5
2 113 - .0 3 8 2 1 3
3 158 - .0 3 7 0 8 3
4 213 - - .0 3 5 7 3 3
5 277 - .0 3 8 2 1 3
6 344 - .0 3 8 4 9 5
7 400 - .0 3 8 7 6 1
8 461 - .0 3 9 4 8 4
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Monte C a r lo  c a l c u l a t i o n  o f  , w here

G CKjjXj,)- -  -jzj-J
- 0 . 0 2

' “Te - 0 .0 3
I X

Jx
v /
v J
"> / - 0 .0 4

-0 .0 5

2 4
S te p s  i n  U n i t s  o f  100

F ig u r e  3
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r u n  o f  800 p o i n t s  b e c a u s e  t h i s  new f u n c t i o n  t a k e s  t h r e e  t im e s  

a s  much com pute r  t im e  t o  e v a l u a t e  a s  does  t h e  f u n c t i o n  i n  s e c t i o n  8 . 

I t  c o u ld  b e ,  t h e n ,  t h a t  i f  we had  r u n  f o r  a  l o n g e r  w h i l e  some 

o s c i l l a t i o n  w ou ld  h a v e  o c c u r r e d .  Hence t h i s  new f u n c t i o n  does  n o t  

l e a v e  u s  f e e l i n g  to o  c o n f i d e n t ,  s i n c e  we h a v e  n o t  r e a l l y  e x p lo r e d  

i t  a s  t h o r o u g h ly  a s  we have  th e  o t h e r s .  However we c a n  compare 

t h i s  r e s u l t  w i t h  t h a t  o f  E q . ( 8 . 6 ) by  c o m p le t in g  E q . ( 9 . 2 ) ,  g i v i n g

T h is  v a lu e  o f  I ^ ( n / 1 0 )  i s  25% h i g h e r  t h a n  t h a t  o b t a i n e d  i n  s e c t i o n  8 , 

so we s e e  t h a t  t h e s e  two m ethods  a r e  c l o s e  t o  a g r e e m e n t ,  and  

p re s u m a b ly  i f  we c o u ld  h av e  r u n  a  l i t t l e  l o n g e r  w i t h  b o t h  o f  

them t h e  a g re e m e n t  o u ld  have  g o t t e n  e v en  b e t t e r .  Thus ou r  

c o n f i d e n c e ,  a t  l e a s t  i n  t h e  c o n s i s t a n c y  o f  o u r  m e th o d s ,  i s  s t r e n g t h e n 

e d ,  a n d  we a r e  e n c o u ra g e d  t o  t r y  y e t  a n o t h e r  m o d i f i c a t i o n  o f  E q . ( 8 . 1 ) .

T h is  t im e  we s h a l l  a l s o  u s e  a  f u n c t i o n  i n v o l v i n g  c o s (  ^  ^  »

b u t  i n  a  s im p le r  e x p r e s s i o n  w h ic h ,  h o p e f u l l y ,  w i l l  n o t  t a k e  up 

so much com pute r  t im e .  Our new f u n c t i o n  i s  s im p ly  1 +  cos  ( ) ,

( 9 . 3 )

w here  we have  c h o s e n  a s  t h e  v a lu e  f o r

g i v i n g

Hence

F ^ l ) x O = l i  +  c o i ( f 1- f O ] e x p j j l x ^ l i ( 8 r ] [ l - c o s ( lj ) j -

HFcVnJUd X, <J = ir’-
j u s t  a s  i n  E q . ( 8 . 3 ) ,  and
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e y p Q g l ^ l & f ]  

D  c o j C - f . - f i Q
( 9 .4 )

Thus we have

( 9 .5 )

w here  G' i s  now d e f i n e d  by E q . ( 9 . 4 ) ,  an d  P(X-[, X2) i n  t h e  i n t e g r a l ,  

E q . ( 7 . 3 ) ,  i n v o lv e s  t h e  f u n c t i o n s  d e f i n e d  a b o v e .

The r e s u l t s  o f  t h e  Monte C a r lo  e v a l u a t i o n  o f  ^ G ' ( X ^ ,  X2> ^  a r e

g i v e n  i n  T a b le s  V -V II ,  and  i n  F i g u r e  4 ,  f o r  t h e  v a r i o u s  s t e p  l e n g t h s  

an d  s t a r t i n g  p o i n t s  i n d i c a t e d  i n  t h e  T a b l e s .  We s e e  t h a t  t h e

i m p o s s ib l e  from  F i g u r e  4 t o  t e l l  w ha t  t h e  a v e r a g e  v a l u e  o f  t h e  

f u n c t i o n  r e a l l y  i s ,  s i n c e  we d i d  n o t  t a k e  enough p o i n t s .  I f  we

w h ic h  i s  a b o u t  25% an d  44% low er  t h a n  t h e  o t h e r  two v a l u e s  f o r  

I ^ ( r t / 10) r e s p e c t i v e l y .

F o r  t h e  f i r s t  and  t h i r d  e v a l u a t i o n s  o f  I ^ ( n / 1 0 ) ,  t h e  

Monte C a r lo  r u n s  to o k  a b o u t  e i g h t  m in u te s  f o r  e v e r y  h u n d re d

r e q u i r e d  a b o u t  tw e n ty - tw o  m in u te s  p e r  h u n d re d  p o i n t s .  Thus t h i s  

t h i r d  f u n c t i o n  h a s  im proved  t h e  t im e  f a c t o r ,  o v e r  t h e  s e c o n d ,  b u t  

i t  h a s  f a i l e d  t o  im prove  upon th e  c o n s i s t e n c y  o f  t h e  f i r s t  f u n c t i o n ,  

and  i n  f a c t  may b e  e v e n  more w i l d l y  v a r y i n g .  The r e a s o n  may be 

b e c a u s e  t h e  d e n o m in a to r  o f  G' c a n  go t o  z e r o ,  t h e r e b y  c a u s i n g  G' to

a r e  s t i l l  w i t h  u s ,  an d  i t  i s  a lm o s t

s e l e c t  ^ G ' ( X q ,  X2)^ = - 0 . 6 9 ,  from  c u r v e  V, t h e n  E q . ( 9 . 5 )  g i v e s  us

( 9 .6 )

p o i n t s  t a k e n .  The se c o n d  e v a l u a t i o n ,  u s in g  th e  f u n c t i o n

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table V. Monte Carlo calculation of ^G'CX^, X2)^, where

a '(S T ,, X i) =  e i ;  pOx. I V  | x j 1]  ( if , , X:) /  D + Ci . -  f O]
S te p  L e n g th :  0 . 3 a .  S t a r t i n g  P o i n t :  = .2 3 3 3 3 2 4 ,  x 2 = .2 8 3 2 9 6 ,
y x = .0 6 3 2 0 9 ,  y 2 = - .0 8 9 0 8 5 ,  z \  = .4 5 2 9 1 3 ,  z 2 = .4 4 6 2 2 6 .

Number o f  P o i n t s  Number o f  Times G’ (X i,  X2 )
i n  U n i t s  o f  100 P a r t i c l e s  F a i l e d

t o  Move

1 63 - .3 9 1 3 6 4
2 120 - .4 4 1 9 5 4
3 182 - .4 3 4 7 6 7
4 249 - .4 2 0 8 1 2
5 290 - .4 9 5 4 8 7
6 345 - .5 0 0 7 8 0
7 395 - .5 8 7 4 1 3
8 438 - .6 3 2 5 0 7
9 485 - .6 1 1 2 1 4

10 549 - .6 0 4 2 7 8
11 601 - .6 4 8 1 2 0
12 653 -1 .0 7 3 0 6 9
13 709 -1 .0 7 3 6 2 0
14 775 -1 .0 2 6 5 0 3
15 837 - .9 8 3 1 0 8
16 894 - .9 5 4 0 5 6
17 963 - .9 2 6 7 1 6
18 1038 - .8 8 4 7 3 6
19 1093 - .8 6 4 0 9 5
20 1158 - .8 4 0 7 3 3
21 1223 - .8 1 5 9 1 1
22 1278 - .7 9 9 7 4 2
23 1339 - .7 8 7 9 4 6
24 1393 - .7 7 3 3 6 3
25 1447 - .7 7 2 5 1 5
26 1500 - .7 6 0 6 8 6
27 1556 - .7 5 1 1 4 4
28 1608 - .7 6 3 7 8 9
29 1669 - .7 6 2 7 8 2
30 1725 - .7 5 3 2 3 4
31 1768 - .7 4 9 2 1 8
32 1833 - .7 3 5 7 8 3
33 1906 - .7 2 4 1 2 3
34 1960 - .7 1 2 4 2 8
35 2009 - .7 0 8 9 1 5
36 2066 - .7 1 7 2 6 1
37 2132 - .7 1 0 3 4 1
38 2194 - .7 0 1 9 2 4
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T a b le  V. C o n t in u e d

39
40
41
42

2267 - .6 9 0 3 3 3
2320 - .6 9 7 4 8 2
2380 - .6 8 8 8 4 0
2433 - .6 8 1 8 2 0
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Table VI. Monte Carlo calculation of <G’(X1, X2)> , where
G'(iT„Sh)= c -xpftx.r+l XJ*] a ) ]  •

S te p  L e n g th :  0 . 3 a .  S t a r t i n g  P o i n t :  = .5 3 3 9 4 6 ,  X 2  = - .0 0 9 0 7 4 ,
y x = - .0 4 2 7 7 7 ,  y 2 = - . 3 5 8 9 6 3 ,  z x = .5 4 6 5 3 8 ,  z 2 = .40 6 0 5 2 .

Number o f  P o i n t s  Number o f  Times G' (X-^, X2)
i n  U n i t s  o f  100 P a r t i c l e s  F a i l e d

t o  Move

1 61 - .3 5 1 5 3 7
2 137 - .3 7 8 5 8 6
3 209 - .7 6 6 4 6 3
4 282 -1 .0 0 2 5 5 9
5 338 - .8 6 4 0 4 2
6 393 - .8 0 5 5 7 0
7 444 - .7 8 7 3 5 9
8 492 - .7 6 7 9 3 3
9 555 - .7 1 9 9 8 4

10 622 - .6 8 2 1 6 9
11 670 - .6 8 7 0 6 9
12 727 - .7 2 9 2 6 2
13 802 - .7 0 1 5 5 3
14 862 - .6 8 1 2 2 4
15 906 - .7 6 3 5 9 0
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Table VII. Monte Carlo calculations of ^G’(X-̂ , X2 ^  , where
0 ' ( . x „ x i ) =  a x p D x , r + l x t T ] G / x n x , ) / £ i + c < . i ( - f , - f j ] .

S te p  L e n g th :  0 . 4 a .  S t a r t i n g  P o i n t :  x^ = .5 3 3 9 4 6 ,  x 2 = - . 0 0 9 0 7 4 ,  
y 1 = - . 0 4 2 7 7 7 ,  y 2 = - . 3 5 8 9 6 3 ,  z 1 = .5 4 6 5 3 8 ,  z 2 = .4 0 6 0 5 2 .

Number o f  P o i n t s  Number o f  Times G’ (X^, X2)
i n  U n i t s  o f  100 P a r t i c l e s  F a i l e d

t o  Move

1 79 - .5 8 5 7 3 4
2 148 - .4 1 6 9 1 0
3 194 -1 .2 0 5 5 0 9
4 264 -1 .0 2 5 9 9 3
5 334 - .8 8 9 0 8 5
6 416 - .8 1 2 8 4 2
7 484 - .7 4 7 0 9 0
8 544 - .7 2 4 5 7 1
9 607 - .8 2 1 3 1 8

10 669 - .7 9 0 4 6 3
11 734 - .7 6 0 6 2 7
12 802 - .7 4 1 7 5 3
13 862 - .7 3 6 5 6 6
14 920 - .8 9 9 1 6 9
15 980 -1 .0 3 7 1 7 2
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become e x t r e m e ly  l a r g e .  T h is  i n t r o d u c e s  t h e  v e ry  k in d  o f  l a r g e  

f l u c t u a t i o n  we had  hoped  t o  e l i m i n a t e .

10 The F u n c t io n  exp L - l %  - % I 2J

The r e a s o n  f o r  u s in g  th e  f u n c t i o n  c o s (  f , - V  i n  t h e  l a s t  

s e c t i o n  was so  t h a t  th e  e f f e c t  o f  th e  d i s c o n t i n u i t y  i n  on < G’>  

c o u ld  be  m in im iz e d .  B u t t h e  r e s u l t s  w ere  p o o r ,  so  i n  t h i s  s e c t i o n  

we t u r n  t o  a n o t h e r  f u n c t i o n ,  t h a t  b e in g

H t x , , X z ) =  |S 'X p [ - /X l/ 1 - | X ill t] c X p [ - J X , - X 2r ] -
T h is  f u n c t i o n  w i l l  g iv e

G,'(y„ Xi) = C7 p[l?-I',+J?.r+I x^-xd^G^.xJ)
w hich  s h o u ld  n o t  b e  n e a r l y  so  w i l d l y  v a r y i n g  a s  b e f o r e ,  s i n c e  f o r  

s m a l l  p a r t i c l e  s e p a r a t i o n s ,  w here  jumps t o  - 1 , exp j j  - X2 }^

w i l l  g e t  v e ry  s m a l l .  T h is  i s  b e c a u s e  J X-̂  -  x 2 ) 2 i s  t h e  s q u a re

o f  t h e  p a r t i c l e  s e p a r a t i o n  i t s e l f .  Thus i n s t e a d  o f  i n v o lv i n g  

o n ly  two c o o r d i n a t e s  i n  t h e  s e p a r a t i o n  c o r r e l a t i o n  o f  G’ , we 

h av e  i n c l u d e d  th e  e n t i r e  p a r t i c l e  s e p a r a t i o n  f u n c t i o n .

Now we f i r s t  w r i t e

r ' ( x 11Xt) =  e7cp[-jX1P-IX!I H  x , -  S i r J B - c s W ] ,
w here  B i s  a s  d e f i n e d  e a r l i e r .  But t h e  i n t e g r a l

F ' ( x , , X i )  c l x ,  J x ,

i s  v e ry  d i f f i c u l t  t o  s o l v e  a n a l y t i c a l l y ,  so  we a r e  l e d  t o  make a  

c h a n g e .  L e t  u s  w r i t e ,  t h e n ,
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g ' C X u ^ z.) =  D - C ' O s c a Q  e * p D £ i x + IS J * + l* r* > l* J )
and

F l x , > X s )  -  e * p k ) x () M * at M x , - x ar i I  .
N ote t h a t  t h i s  im m e d ia te ly  g i v e s  u s  a n  u n e x p e c t e d  b o n u s ,  b e c a u s e

F C X n X a ^ X i  (10. i)

a n d ,  t h e r e f o r e  P(X;[, X2) , i s  in d e p e n d e n t  o f  t h e  p a r a m e te r  $  .

T h a t  means we need  o n ly  make one Monte C a r lo  r u n  f o r  a l l  o f  th e  

i n t e g r a l s  IA ( j g ) , w h ic h  i n  i t s e l f  i s  a  g r e a t  s a v i n g s .  Thus we 

n o te  t h a t  E q . ( l O . l )  i s  e q u a l  t o

S~Je'0 ‘-'it‘IM’:-,ur t j s .  r .n .
Now we have

I 4 ( x )  =  ( x , ,  Xa > (io.2)

and  th e  r e s u l t s  o f  t h e  Monte C a r lo  c a l c u l a t i o n ,  f o r  ^  = ( r t /1 0 ) ,  

a r e  g i v e n  i n  T a b le  V I I I  and  F i g u r e  5.

The o s c i l l a t i o n s  a r e  s t i l l  v e r y  much w i t h  u s ,  a l t h o u g h  a 

lo n g e r  s t e p  l e n g t h  i n  th e  Monte C a r lo  c a l c u l a t o n  m ig h t  b e  c u t  down 

on them j u s t  a s  i t  d i d  i n  c u rv e  I I I  o f  F i g u r e  1 .  N ote  t h a t  f o r  

-  ( j t / 1 0 ) ,  i f  we assum e ^ G '( X ^ ,  X2 , ( i t /1 0 ) )  ^  = - 0 .6 5 5 ,  we have

! * ( £ ) - - 3 - < 1 0 - 3 )

w hich  i s  a b o u t  37%, 53%, and  17% low er  t h a n  t h e  o t h e r  c a l c u l a t e d  

v a lu e s  r e s p e c t i v e l y .  N ote  a l s o  t h a t  w i t h  a  l o n g e r  r u n ,

< G '( X 1 , X2 , (jt/ 1 0 ) ) >  m ig h t  h av e  g o t t e n  s m a l l e r ,  ( s e e  F i g u r e  5 ) ,  

a l t h o u g h  t h i s  i s  n o t  c e r t a i n .  B u t  i f  i t  h a d ,  t h e  a g re e m e n t  w i t h  

t h e  o t h e r  v a lu e s  w ou ld  h av e  b e e n  im proved .
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T a b le  V I I I .  Monte C a r lo  c a l c u l a t i o n  o f  X2) ^  , w here

G t 'C S T , , ? , . )  =  e x p [ l ) ( , r + l x 1f > l  G,a(J„X i ) .
S te p  L e n g th :  0 . 4 a .  S t a r t i n g  P o i n t :  x-  ̂ = .1 1 1 0 9 0 ,  x 2 = .6 2 3 0 7 9 ,  
y x  = - . 6 5 4 1 6 7 ,  y 2 = - . 9 8 5 4 0 9 ,  z 1 = - . 0 2 4 3 8 5 ,  z 2 = .2 9 0 2 6 8 .

Number o f  P o i n t s  Number o f  Times G '(X ^ ,  X2)
i n  U n i t s  o f  100 P a r t i c l e s  F a i l e d

t o  Move

1 37 - .2 2 0 3 6 9
2 68 - .3 2 5 1 8 4
3 114 - .3 5 9 6 2 9
4 160 - .3 5 1 5 3 1
5 198 - .4 0 6 7 6 2
6 240 - .4 2 2 5 1 2
7 286 - .4 2 3 2 5 0
8 333 - .4 1 5 0 4 7
9 367 - .4 0 1 5 3 7

10 411 - .4 4 8 4 4 9
11 452 - .4 3 3 3 2 0
12. 497 - .4 1 2 9 1 2
13 545 - .4 2 7 3 1 3
14 589 - .4 1 8 4 6 1
15 635 - .4 0 9 1 4 1
16 684 - .4 0 0 3 5 9
17 720 - .3 9 6 6 6 3
18 770 - .3 9 8 2 7 0
19 806 - .4 0 5 8 8 4
20 854 - .3 9 5 4 6 2
21 897 - .4 4 9 6 4 6
22 939 - .4 7 1 6 0 6
23 982 - .5 0 5 2 9 0
24 1018 - .5 0 5 5 3 2
25 1065 - .4 9 9 0 6 4
26 1112 - .4 9 3 5 1 8
27 1143 - .5 2 5 5 5 3
28 1180 - .5 1 7 7 0 3
29 1217 - .5 1 3 8 6 7
30 1264 - .5 0 1 9 3 9
31 1308 - .4 9 4 6 5 1
32 1363 - .4 9 9 7 6 1
33 1415 - .4 9 1 7 7 8
34 1456 - .5 2 2 1 0 1
35 1500 - .5 1 6 0 1 3
36 1544 - .5 0 9 8 5 2
37 1595 - .5 0 2 8 1 0
38 1641 - .5 0 1 3 0 8
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T a b le  V I I I .  C o n t in u e d

39 1681 - .5 0 0 7 0 0
40 1718 - .4 9 5 7 0 2
41 1759 - .4 8 7 6 1 2
42 1803 - .4 9 3 4 3 7
43 1842 - .4 8 6 6 3 1
44 1885 - .4 7 9 0 3 1
45 1927 - .4 8 4 7 9 6
46 1969 - .4 8 3 7 2 3
47 2014 - .4 7 9 3 3 3
48 2047 - .8 8 7 1 1 8
49 2088 - .8 7 8 8 1 7
50 2132 - .8 6 8 9 8 6
51 2182 - .8 6 7 6 9 9
52 2215 - .8 5 8 6 7 8
53 2249 - .8 5 6 5 3 0
54 2295 - .8 4 5 4 1 0
55 2337 - .8 3 5 6 9 1
56 2383 - .8 2 8 5 4 0
57 2428 - .8 2 0 3 3 9
58 2471 - .8 1 4 2 2 8
59 2511 - .8 1 2 9 9 6
60 2555 - .8 0 5 2 7 7
61 2591 - .7 9 8 5 7 9
62 2624 - .7 9 4 2 7 3
63 2669 - .8 0 4 3 8 2
64 2706 - .7 9 9 2 7 0
65 2746 - .7 8 8 6 9 8
66 2786 - .7 8 0 6 6 5
67 2833 - .7 7 5 0 8 5
68 2871 - .7 6 6 1 3 2
69 2907 - .7 6 1 2 3 9
70 2943 - .7 5 4 4 7 7
71 2992 - .7 5 0 4 2 3
72 3031 - .7 4 2 5 8 7
73 3071 - .7 3 8 5 3 6
74 3112 - .7 3 4 2 1 8
75 3155 - .7 3 2 6 6 9
76 3191 - .7 2 5 7 0 0
77 3237 - .7 2 8 5 0 8
78 3285 - .7 2 6 8 5 8
79 3325 - .7 2 4 9 2 0
80 3356 - .7 2 0 8 6 3
81 3396 - .7 1 7 1 7 7
82 3437 - .7 1 5 7 3 5
83 3473 - .7 1 0 0 1 1
84 3510 - .7 0 4 8 1 5
85 3559 - .6 9 9 2 7 9
86 3602 - .6 9 6 7 4 1
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Table VIII. Continued

87
88
89
90
91
92
93
94
95
96
97
98
99 

100 
101 
102
103
104
105

- .6 9 5 0 5 2
- .6 9 1 5 7 0
- .6 8 9 2 3 9
- .6 8 4 9 5 7
- .6 8 2 2 0 3
- .6 7 7 7 0 2
- .6 7 6 1 0 4
- .6 7 4 0 7 1
- .6 6 9 9 1 4
- .6 6 6 8 8 1
- .6 6 2 6 7 6
- .6 5 7 6 2 9
- .6 5 6 2 8 4
- .6 5 2 2 2 3
- .6 5 0 4 4 1
- .6 4 7 9 9 4
- .6 4 6 3 9 0
- .6 4 5 1 5 3
- .6 4 4 3 9 0

3642
3683
3707
3747
3788
3837
3883
3926
3967
4018
4054
4083
4234
4173
4217
4260
4296
4334
4377

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

I X

I xv_/

VJ

OJ
uQJ
£

s
I

I X
9

i x

-&•
cff

^  . ®* l x  I X
h e  " X "  
^  -+  
i j  tL—  
V  [>7
<wo
do*H
4J
cd1—i 
0 
O
r*H
cdo
oi—i
cda

Q -
?<
<D
n

Sx
*%

IX

m
o

o
<y\

in

in

oon

o

<N00 o
r-4ooo

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

St
ep

s 
in 

U
ni

ts
 

of 
10

0



CHAPTER IV

CONCLUSION 

11 E v a l u a t i o n  o f  R e s u l t s

The f i r s t  t h i n g  we m ust  n o t e  i n  t h i s  c h a p t e r  i s  t h a t  e a c h  

o f  t h e  f o u r  a t t e m p t s  a t  e v a l u a t i n g  I ^ ( i t / 10) made i n  t h e  l a s t  

c h a p t e r  w ou ld  in d e e d  g i v e  t h e  c o r r e c t  v a lu e  i f  enough com pu te r  

t im e  w ere  u s e d ,  t h e r e b y  a l l o w i n g  enough  p o i n t s  t o  be t a k e n .

I n  p r i n c i p l e ,  t h e n ,  we h a v e  s o lv e d  t h e  p ro b le m  f o u r  t im e s  o v e r ,  

s i n c e  we n e e d  a l l o w  o n ly  a n  i n f i n i t e  am ount o f  t im e  f o r  e a c h  

M onte C a r lo  p r o c e s s ,  i n  an y  o f  th e  " s o l u t i o n s "  g i v e n ,  t o  o b t a i n  

t h e  c o r r e c t  r e s u l t .  I t  i s  c l e a r ,  h o w e v e r ,  t h a t  t h i s  a p p ro a c h  

i s  q u i t e  i m p r a c t i c a l ,  an d  t h a t  we m ust  be more c r i t i c a l  i n  ou r  

e v a l u a t i o n .

The f o u r  s o l u t i o n s  o b t a i n e d  i n  t h e  l a s t  c h a p t e r ,

( lA ( ic /1 0 )  = - 2 . 4 4 ,  - 1 . 8 2 ,  - 3 . 2 3 ,  - 3 . 8 9 ) ,  a r e  o f  t h e  same o r d e r  

o f  m a g n i tu d e .  One m ig h t  e v e n  sa y  t h a t  t h e y  a r e  q u i t e  c l o s e  

t o g e t h e r ,  o r  a t  l e a s t  t h a t  t h e y  a r e  a l l  u n i f o r m l y  i n c o n c l u s i v e .

How t h e n  c a n  we s a y  t h a t  one i s  b e t t e r  t h a n  a n o t h e r ,  o r  t h a t  

we c h o o s e  t h i s  a p p r o a c h  o r  t h a t  a s  t h e  one b e s t  s u i t e d  f o r  f u r t h e r  

u s e ,  s u c h  a s  t h e  c a l c u l a t i o n  o f  P ( £ ) ?  The a n sw e r  i s  r e a l l y  

q u i t e  s i m p l e ,  a n d  we h a v e ,  i n d e e d ,  a l r e a d y  a l l u d e d  to  i t .

The b e s t  f u n c t i o n  fo u n d  i s  one u s e d  i n  s e c t i o n  10. The 

r e a s o n ,  a s  we m e n t io n e d  i n  t h a t  s e c t i o n ,  i s  s im p ly  t h a t  b o t h
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^ “ *5 F ' ^ X1 ’ X2  ̂ dXl  dX2 ’ and  X2  ̂ a r e  in d e p e n d e n t  o f  t h e

p a r a m e t e r ^  , u n l i k e  t h e  o t h e r  s o l u t i o n s  c o n s i d e r e d .  Thus we 

c a n  g e n e r a t e  s o l u t i o n s  f o r  f ° r  n i l  v a lu e s  o f  a t  o n c e ,

w i t h  j u s t  one lo n g  Monte C a r lo  r u n ,  g e n e r a t i n g  j u s t  one lo n g  

s e r i e s  o f  s t e p s  f o r  a l l  ^ G 'C X ^ , X2 , JL . W ith  t h e  o t h e r  f u n c 

t i o n s  u s e d  we w ould  have  h a d  t o  c a l c u l a t e  e a c h  1^  s e p a r a t e l y ,  

an d  e a c h  o f  t h e s e  c a l c u l a t i o n s  w ou ld  h av e  had  t o  have  b e e n  a s  

lo n g  a s  th e  one c a l c u l a t i o n  s u g g e s t e d  a b o v e .  I n  a d d i t i o n  we 

w ould  have  had  t o  r e p e a t  t h e  p r o c e s s  f o r  e a c h  Ig  ( £ ) ,  Eq. ( 7 . 2 ) ,  

b e f o r e  F ( j | ) ,  and  th u s  P ( £ ) ,  c o u ld  be known f o r  a l l  v a lu e s  o f  A  . 

W ith  t h e  f u n c t i o n s  u s e d  i n  s e c t i o n  10 , h o w e v e r ,  n e i t h e r  th e  

c o n f i g u r a t i o n  o f  p o i n t s ,  n o r  t h e  n o r m a l i z in g  c o n s t a n t  o f  P(Xj_, X2 ) , 

depend  on A  . Hence o n ly  two c a l c u l a t i o n s  a r e  n e e d ed  t o  g e n e r a t e  

a l l  o f  t h e  a n d Ig  <i>, and  t h e s e  c a l c u l a t i o n s  c a n  be  made

v e ry  lo n g  and  t h e r e f o r e  v e r y  a c c u r a t e ,  w h i l e  s t i l l  a f f o r d i n g  

a g r e a t  s a v in g s  i n  t im e  o v e r  t h e  o t h e r  f u n c t i o n s  c o n s i d e r e d .  I t  

s h o u ld  a l s o  b e  n o te d  t h a t  t h e  IBM 1620 com pu te r  r e q u i r e d  o n ly  a b o u t  

s e v e n  m in u te s  p e r  h u n d re d  p o i n t s ,  w i t h  t h e  f u n c t i o n  o f  s e c t i o n  1 0 , 

a s  opp o sed  t o  e i g h t  m in u te s  f o r  t h e  f a s t e s t  o f  t h e  o t h e r  f u n c t i o n s ,  

t h e r e b y  g i v i n g  i t  y e t  a n o t h e r  a d v a n ta g e .

We f e e l ,  t h e n ,  t h a t  t h e  r e l a t i v e  c o n s i s t e n c y  o f  th e  f o u r  

s o l u t i o n s  t o  I .  (tc/  10) g i v e n  a l l o w s  u s  t o  have  some c o n f id e n c e  

t h a t  e a c h  o f  t h e  m ethods  w ou ld  g i v e  t h e  c o r r e c t  r e s u l t s .  Hence 

we t u r n  to  t h e  p ro b lem  o f  a c t u a l l y  c a l c u l a t i n g  P ( £ ) .
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12 S u g g e s t io n s  f o r  F u r t h e r  S tu d y

The u l t i m a t e  o b j e c t i v e  o f  r e s e a r c h  on t h i s  p ro b le m  i s  t h e  

c a l c u l a t i o n  o f  P ( £  ) f o r  s e v e r a l  v a l u e s  o f  t h e  t e m p e r a t u r e - d e n s i t y  

p a r a m e t e r , *©•, and  t h e  p a r t i c l e  s i z e , ( T “ , v i a  t h e  K elbg  t h e o r y .

By c o m p a r is o n  w i t h  t h e  P ( £ )  c a l c u l a t e d  from  t h e  H o l t sm a rk  t h e o r y ,  

one c o u ld  t h e n  d e te r m in e  a t  w h ich  v a l u e s  o f  an d  C* t h e  a s s u m p t io n  

t h a t  U ( r - ^ , . . . r ^ )  = 0 b r e a k s  down. Thus one c o u ld  s a y  t h a t  a t  a 

c e r t a i n  d e n s i t y  a n d / o r  t e m p e r a t u r e  t h e  two com ponent i n t e r a c t i o n  

te rm  m ust  b e  c o n s i d e r e d  i n  t h e  c a l c u l a t i o n s .

One c o u ld  t h e n  make a d i r e c t  Monte C a r lo  c a l c u l a t i o n  o f  E q . ( 2 . 3 ) ,

P(E)= {--■$ 8(.E-£E.Od'T—
w h e re  P ( r q , . .  . r j j )  i s  d e f i n e d  by E q . ( 2 . 1 ) ,  a n d ,  s i n c e  t h i s  w ould  

p re s u m a b ly  i n c l u d e  a l l  o r d e r s  o f  p a r t i c l e  i n t e r a c t i o n ,  one c o u ld  

t e l l  a t  w ha t  d e n s i t y  t h e  i n t e r a c t i o n s ,  h i g h e r  t h a n  t h e  se co n d  

o r d e r ,  become i m p o r t a n t .

A l l  o f  t h i s  c a n  be  a c c o m p l i s h e d  by  e v a l u a t i n g  F ( j £ )  f o r ,  

p e rh a p s  t e n  o r  tw e n ty  p a r t i c u l a r  v a l u e s  o f  , an d  t h e s e  v a lu e s  

c a n  be  d e te r m in e d  by d o in g  a  F o u r i e r  a n a l y s i s  o f  t h e  p ro b le m .

We f e e l  t h a t  m ethods  o u t l i n e d  i n  t h i s  t h e s i s ,  u s in g  th e  f u n c t i o n s  

g i v e n  i n  s e c t i o n  10 w i l l  make t h e  c a l c u l a t i o n s  q u i t e  e a sy  t o  d o ,  

g i v e n  a  f a s t  enough c o m p u te r .  The IBM 1620 , w h ic h  was u s e d  i n  

o u r  w o rk ,  i s  s im p ly  to o  s lo w  f o r  t h i s  t a s k .  F o r  exam ple  t h e  r u n  

w h ic h  gave  t h e  v a lu e s  i n  T a b le  V I I I  to o k  o v e r  750 m i n u t e s ,  and  

good c o n v e rg e n c e  o f  t h e  f u n c t i o n  i s  s t i l l  n o t  o b t a i n e d .  W ith
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t h e  IBM S ystem /360  c o m p u te r ,  h o w e v e r ,  t h i s  t im e  w i l l  b e  c u t  by 

l e a s t  a  f a c t o r  o f  t e n ,  t h e r e b y  m aking  th e  c a l c u l a t i o n s  q u i t e  

p r a c t i c a l .
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Appendix A

The H o l tsm a rk  D i s t r i b u t i o n

The p r o b a b i l i t y  d i s t r i b u t i o n  f o r  f i n d i n g  a n  e l e c t r i c  f i e l d  

o f  m a g n i tu d e  E a t  a  g i v e n  p o i n t  i n  a  c l a s s i c a l  s y s te m  o f  N c h a rg e d  

p a r t i c l e s  i n  therm odynam ic  e q u i l i b r i u m  w i t h  a b s o l u t e  t e m p e r a t u r e  T, 

i s  g i v e n  by

PCe) = *+FEl PC?)

=  • • • ? , )  S ( i - £  )  <A-i:i
4=/  4 “ I

w here

H ere  ^  i s  t h e  D i r a c  d e l t a  f u n c t i o n ,  t h e  e l e c t r i c  f i e l d  

i n t e n s i t y  from  p a r t i c l e  i  a t  t h e  p o i n t  i n  q u e s t i o n ,  E t h e  t o t a l  

e l e c t r i c  f i e l d  i n t e n s i t y  a t  t h a t  p o i n t ,  k Q i s  B o l tz m a n n ’ s c o n s t a n t ,  

an d  U ( f - ^ . . . r ^ )  i s  t h e  t o t a l  e l e c t r o s t a t i c  p o t e n t i a l  e n e rg y  o f  t h e  

sy s te m .  Now t h e  a s s u m p t io n  made i n  t h e  H o l tsm a rk  th e o ry ^ - i s  

t h a t  t h e r e  a r e  no e l e c t r o s t a t i c  p a r t i c l e  i n t e r a c t i o n s .  Thus 

U ( r ^ . . . r - ^ )  = 0 ,  and we have

P ( e )  • • •  < J F n )  ( a .3)
48 I

s i n c e  E q . ( A .2 )  becomes

^  _  S i
P<*~r„)= = V H

Now P(E) i s  s im p ly  a  f u n c t i o n  o f  E, so  we may w r i t e  i t s  F o u r i e r
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t r a n s f o r m  a s

F 0 0  -  P ( e )  k " '  E )  d  E  ,  ( a . 4)

s o t h a  t

P ( e ) =  j j ( r C F )  e . * x p ( - i  k ' E )  d r  - ( a . 5)

The r e a s o n  f o r  d o in g  t h i s  i s  t h a t  E q . ( A .4 )  c a n  be  e v a l u a t e d  more 

e a s i l y  t h a n  E q . ( A . 3 ) ,  and  once  F (k )  i s  known f o r  a l l  v a l u e s  o f  k ,  

E q . ( A .5 )  c a n  be  s o lv e d  f o r  P (E ) .

To a c c o m p l i s h  t h i s  we f i r s t  w r i t e  E q . ( A .4 )  as

F u < )  =  “ n c I e  > <A- 6>

and  t h e n  we i n t e g r a t e  ove r  dE t o  g e t

F c k )  =  ”yN e*)Cp^A k * i l  )  F

=  v * T  i  £ ■ )  ^

=  ^ S ^ p C c F - E ) d x = ] N .  < * •»

T h is  l a s t  fo rm  r e s u l t s  s i n c e  t h e  N i n t e g r a l s  a r e  i d e n t i c a l ,  

and  h e n c e  th e  s u b s c r i p t s  a r e  n o t  n e e d e d .  We a r e  now i n  a p o s i t i o n  

to  go th ro u g h  a  s e r i e s  o f  s t e p s  t o  e v a l u a t e  t h i s  i n t e g r a l  i n  

e x a c t  fo rm , s t a r t i n g  w i t h
|  «a| ^

F L k )  =  y *  [ ^(eTCp ( t  k  ■■ B )  + 1 -  l )

~  B ' t H ' v ' )  H | _  e * p C * ^
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Now i f  N i s  l a r g e ,  and  we s h a l l  assum e t h a t  i t  i s ,  we u s e  th e  

i d e n t i t y

L . i v . f j - £ r =  e *

t o  g iv e

F(J)= e * p [ —  

=  d t p - v "  i  C J - e - x p C i l T • -p -, c . ) )  d f j  > <* .s )
c r  s  tw here  E = —=■ , and  c S  ---------  . Hence ou r  p ro b le m  i s  t o  s o l v e
r 3  - 4 *  £ *

th e  i n t e g r a l

X l l T )  =  i  0 -  £ * p ( . T &  • (A-9)
To do t h i s  we c h o o se  k = ke*z , i . e .  k p o i n t s  a lo n g  th e  z - a x i s .

T h is  g i v e s
TT c®

I r o =  $  j
O © o

"IT*

=  2.TT 5 5 0 “  « * p [ i ^ L £ ^ - ] ' r - 1- s . w ® e l W e ,

© ©

and i f  we l e t  U =  Cos @ , we have  dU = - S i n ©  d©  , r e s u l t i n g  i n
— I e o

X C k )  “  ~ 2 T T  \  ^ C l ^ e *)(p f A‘ J p r ' J ) ^ u - y - ^ y -

I o
, i
I V-1" r> Ue U i v

Y“  (A. 1 0 ’ )= aTT  ̂(of- T̂ Te-'Xpfc jvrL]|)v-'d'
© -f  - 1

7  . ;JS£. Ji*= * r j  (1 + 1- KT7(e ^ ))W r 
©

= i-rrj’( 2 . -  - s r  s .M (*&)) v - N v - .
ft
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and  t*»e© a s  r - ^ 0 ,  th u s

( A . 1 1 )

1(E) =. -r ir

= vrr(kc)Vx $Lt~s,*tjt /xdt *
©

The i n t e g r a l  i n  E q . ( A . l l )  c a n  be s o lv e d  e x a c t l y  i n  th e  f o l l o w i n g  way:

<#0=) =  i 0-t~^x4±  -

N ote  t h a t

©

00_  00

t e )  5  £ *  c d & ir j i : s  -is— — c © i i  | +  r̂ T* d t
v  '  © V )M  £  >v h  «g

^  | (8& AnMOQ

(3) S t“ 4&eit Jt = S .f'^  S.Vfcdi = if- '
Thus we have  ( f o r  A ( - 2 / 3 ) t - 3 / 2 ?  j

< 0 C t)  =  A  + - 5 S T  s ^ t C - 5 w  d t

* B +,7T7nTS c .o str+ 5 3 5 Jr>  S.* Vts<v,± d t

V i + B + C

W O 0 / * )

/ i - V a ' i i )  i  C W ' O

/a- + (■§■) +■ (7f)i /le.t>s±
,00

Now we c a n  w r i t e

*  i f f .
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=  L v . U ( - f ' Vl) + M -  £ ' V  0  * VW )
£,•*$0

- i t e V e ) ]  4 - X j x 1 

=  ^ ' [ ( ' s '  ~  r " ~  T r -)  c  / l  +• t e . » « W )  ^

+• fcovss't.m'h) £  +  • • + i g* # 1
Thus th e  above e q u a t i o n  f i n a l l y  becomes

=  j £ " f £  • (A12)

S u b s t i t u t i n g  E q .(A .1 2 )  i n t o  E q . ( A . l l )  g iv e s

l O O  *  2 .T  ( K c)’A  >
and s u b s t i t u t i n g  t h i s  r e s u l t  i n t o  E q .( A .8 )  y i e l d s

F ( k ) =  C x p [ ~  ~  ( l < c f A  ( z t t ) ' a  • ( A . i 3 )

T h is  i s  an  e x a c t  s o l u t i o n  to  E q . ( A .4 ) ,  and i t  may now be  s u b s t i t u t e d  

i n t o  E q .( A .5 )  to  g iv e

P ( i )  =  o k ’ 5 fxpErA K,/i]c-xp (t F f )  <j F>
N 8 rt  Q/o I / ?

w here  A «*» ~  —  c ' (2it) . U sing  s p h e r i c a l  c o o r d i n a t e s  we have

P i n *  < s r
© 0  0

*  .. i  lV«-

( a r ) 2*
n

fc " A M '* "  ,  , .
<3. 6 .  k  @ d  f c d ©

0  ©
Now l e t  U = C o s©  , so  dU = - S i n ®  d ©  , t h e r e b y  g i v in g  th e  

same r e s u l t  a s  i n  E q . ( A .1 0 ) ,  i . e .
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P d f )  =  J w l 6  S , ' w ( k E )  k l  J f c

I f  X a KE. then  dK = — dx. e i v i n a

=• ( , ^ £  i  e-?cp£-^ |<Vs-] k  s , v ( k 5 )  e l k .

De f  i n e  p H  E / 4 V> ,  s° A / E v, - = I / p ’A- >

H ere we have  d e f i n e d  H(& ) a s

H f c )  h  I  e * p [ -  l £ ) V t ]  *  > (a

0  1
and t h i s  f u n c t i o n  h a s  b e e n  t a b u l a t e d  by S. C h a n d ra se k h a r  whose

v a l u e s  a r e  g i v e n  i n  o u r  T a b le  ( A - l ) .

We have  th u s  a r r i v e d  a t  th e  f i n a l  r e s u l t  f o r  t h e  m i c r o f i e l d  

d i s t r i b u t i o n  a s su m in g  no p a r t i c l e  i n t e r a c t i o n s ,  and  we w r i t e  

i t  a s

and  t h e r p f n r p  t o p  h a v p

(A. 14)

b u t

so >
( A .16)
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w h ere  A s  - f l  o m ) ' A .  ,  (A’ 17)

C 5 £/<iTT£0 . <A-18>
N o t i c e  t h a t  th e  H o l t s m a rk  d i s t r i b u t i o n  i s  in d e p e n d e n t  o f  t h e

c h a rg e  o f  t h e  p a r t i c l e s  o f  th e  s y s te m .  I f  t h e y  a r e  a l l  n e g a t i v e

- e  - —
t h e n  c = ^  ■ , b u t  F (k )  and  P (E ) a r e  u n c h a n g e d ,  s in c e  a

«■ Q
n e g a t i v e  c c a n  be“ p u t  i n t o  E q . ( A . l O ' )  g i v i n g  t

! ( ) < ) =  2 T t ! ^ - k^ 7 ^ p D
© ** I
e© • k© • fee.

~  I T T  j  D  *   ̂ *  T m T * 'r ‘‘-  £  v - tp  v - ’S l v -  
©

e©

©
C l e a r l y  E q . ( A .1 9 )  i s  th e  same a s  E q . ( A .1 0 ) ,  so no m a t t e r  w hat

th e  s i g n  o f  th e  c h a r g e s  i n  t h e  s y s te m ,  F (k )  i s  a s  g iv e n  by
+e

E q . ( A .1 3 ) ,  w i t h  c =
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Z 00 V
T a b le  A - l .  The F u n c t io n  H ( £  ) =  S e  *  P £  ( p") t ] x  S*'h X J* *

p H ( p ) H ( p )

0 .0 0 .0 0 0 0 0 0 5 .0 0 .0 4 3 1 0
0 .1 0 .0 0 4 2 2 5 5 .2 0 .0 3 7 9 0
0 .2 - 0 ,0 1 6 6 6 6 5 .4 0 .0 3357
0 .3 0 .0 3 6 6 4 3 5. 6 0 .0 2 9 9 3
0 .4 0 .0 6 3 0 8 4 5 .8 0 .0 2 6 8 3
0. 5 0 .0 94601 6 .0 0 .0 2 4 1 7
0 .6 0 .1 2 9 5 9 8 6 .2 0 .0 2 1 8 8
0 .7 0 .1 6 6 3 8 0 6 .4 0 .0 1 9 8 8
0 .8 0 .2 0 3 2 7 0 6 .6 0 .0 1 8 1 4
0 .9 0 .2 38704 6 .8 0 .0 1 6 6 0
1 .0 0 .2 71322 7 .0 0 .0 1 5 2 5
1 .1 0 .3 0 0 0 3 7 .2 0 .0 1 4 0 5
1 .2 0 .3 2 4 0 2 7 .4 0 .0 1 2 9 7
1 .3 0 .3 4 2 8 1 7 .6 0 .0 1 2 0 1
1 .4 0 .3 5 6 2 0 7 .8 0 .0 1 1 1 5
1 .5 0 .3 6 4 2 6 8 .0 0 .0 1 0 3 8
1 .6 0 .3 6 7 2 6 8 .2 0 .0 0 9 6 7
1 .7 0 .3 6 5 6 6 8 .4 0 .0 0 0 0 3
1 .8 0 .3 6 0 0 4 8 .6 0 .0 0 8 4 6
1 .9 0 .3 5 1 0 1 8 .8 0 .0 0 7 9 3
2 .0 0 .3 3 9 1 8 9 .0 0 .0 0 7 4 5
2 .1 0 .3 2 5 1 9 9 .2 0 .0 0 7 0 1
2 .2 0 .3 0 9 5 1 9 .4 0 .0 0 6 6 0
2 .3 0 .2 9 2 6 6 9 .6 0 .0 0 6 2 2
2 .4 0 .2 7 4 8 5 9 .8 0 .0 0 5 8 8
2 .5 0 .2 5 6 6 7 1 0 .0 0 .0 0 5 5 6
2 .6 0 .2 3 8 1 5 .0 0 .0 0 1 8 8
2 .7 0 .2 2 2 2 0 .0 0 .00089
2 .8 0 .2 0 6 2 5 .0 0 .0 0 0 5 0
2 .9 0 .1 9 0 3 0 .0 0 .0 0031
3 .0 0 .1 7 6 3 5 .0 0 .0 0021
3 .2 0 .1 5 0 4 0 .0 0 .0 0 0 1 5
3 .4 0 .1 2 8 4 5 .0 0 .0 0011
3 .6 5 0 .0 0 .0 0009
3 .8 T hese  v a lu e s  a r e  n o t 6 0 .0 0 .0 0 0 0 5
4 .0 g i v e n  by C h a n d r a s e k h a r . 7 0 .0 0 .0 0 0 0 4
4 .2 8 0 .0 0 .0 0 0 0 3
4 .4 0 .0 6 7 3 4 9 0 .0 0 .0 0002
4 .6 0 .0 5 7 3 2 1 0 0 .0 0 .0 0 0 0 2
4 .8 0 .0 4 9 4 4
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APPENDIX B

The K elbg  Theory  

As i n  A ppend ix  A we w r i t e  th e  e l e c t r i c  d i s t r i b u t i o n  i n  t h e  form

PCE)= £ ( ? - £ £ / )  7T</<5 , (b. i )
*  J  l - 1  4a I

w here

B K  / / < * T 3

P c .'n  , — v ^ )  =  J  e-x p k t/c n . ) / ^ t ]  f f  i  (B' 2)
“* i s  /

3 13However, i n  th e  K elbg  t h e o r y  ’ one does  n o t  assum e t h a t  

U ( r ^ . . . r ^ )  = 0 ,  i . e .  p a r t i c l e  i n t e r a c t i o n s  a r e  n o t  i g n o r e d .  T h u s ,  

i n  o r d e r  to  s o lv e  E q . ( B . l ) ,  we a g a in  w r i t e  th e  F o u r i e r  t r a n s f o r m  

o f  P ( E ) , g i v i n g

R k ) =  M P C E ) e * p ( * ' k - E ) d  F

Now we i n t e g r a t e  o v e r  dE. Hence

F ( E )  =  £-•$ P C ? ; ," -•%) J  e*y(i]c.FA-)clv7 . (b.3)
D e fin e

and

Note t h a t

J L } =  £ X f  ( i 7 -  £ > )  j

_ e  ° ^ ’r  c l  5  ■—  J  ^  ^

1 *̂2̂  $'""i ... J;r
Now w r i t e  th e  i d e n t i t y
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)

and s u b s t i t u t e  t h i s  i n t o  E q . ( B .3 ) .  T h is  g i v e s

F (J)=  P C ^ .- ^ .T r  i l i
6 «■ e

Now

(B .4 )

j T “ ;  E » ( w  -  > )]=  " ■  • • • “ ■ f r  B  *  C 4 f  -  i ) J
4  =  J 6 S I

t k p  * £ ( # - < )
6 S  |  L i  4 * 1  K j - |  J

J t C - f L i  { l C  A j l
4«A* U* | I ) . - - ]

i =  i  L

Thus E q . ( B .4 )  becomes

*7 * (B .5 )
F ( R ) = H l : t n > - ^ ) l 7" K n  + £ ( & ; - < ) * - J d

i * /  *

Now th e  se c o n d  te rm  i n  t h e  sum above w i l l  v a n i s h  a s  we s h a l l  

now show. To do t h i s  we w r i t e

5*”i  P c ^ . - - -  0
-  S - i  £ u/l<;r( 4 f  - i)  d vr- -  d —

S ' - * 5  e “ u A * r

1-5 e u/|t°T(-£f-) d?f---cin;

S—5 e ' a /K*T d>r— J ' n

u 7  P, C ^ ) d > =  -  K
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Thus Eq.(B.5) becomes

f c f i £  h  r v - s j  -  0  d i r - ^ q -
i s i  L .  4 « J

T h is  l a s t  e q u a t i o n  r e s u l t s  s i n c e  th e  U J ^  a r e  n o t  f u n c t i o n s  o f  th e

r ^ ,  and

P C ^ , = |

Hence we may d i v i d e  F (k )  i n t o  two com ponents

F t i < )  =  E  C F )  F ( k ) >

w here

E ( R ) S
a s /

l

an d  F ^ (k )  e q u a l s  t h e  r e m a in in g  s e r i e s  o f  t e r m s .  N o te  t h a t  so 

f a r  t h e  d e r i v a t i o n  h a s  b e e n  e x a c t ,  and  t h a t  we have  s im p ly  u se d  

d e f i n i t i o n s  and  i d e n t i t i e s  t o  change  th e  form  o f  t h e  o r i g i n a l  

fo rm  o f  t h e  e q u a t i o n ,  E q . ( B . 3 ) ,  i n t o  t h a t  o f  E q . ( B .6 ) .

I t  c a n  now b e  shown t h a t  F (k) a s  d e f i n e d  above  i s  s im p ly  

t h e  H o l t s m a rk  t e r m .  Hence we w r i t e

/ F t E )  - J T ^ i  =  H ~  R t n )  J v F
t = l  i z j

N

- IT Rtni
i * l
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V - S e ' x K t E ’F ^ e . T t p l - U / l t . T )  c k - -
N

—  I T "  X ."J l  g  E ' C t J C . n r C K / * « »  y • , , - P - ^ l 
V * * i  C y p ( r U l k ' T )  d v *  “ " d ^

J - f
H

_~fr~ si S-••SexpC-u/k.f) e-y.p(t £?,.■) J'g cb.?)
i ” ^ f i - X p ( - U / ) e . T )  i - r N

A t t h i s  p o i n t  we make th e  r e q u i r e m e n t  t h a t  t h e  f i e l d  p o i n t  a t

w h ic h  P (E ) i s  t o  be  c a l c u l a t e d  i s  a  n e u t r a l  p o i n t .  Note a l s o  

t h a t  we may w r i t e  i n  te rm s  o f  t h e  c o r r e l a t i o n  f u n c t i o n  g-^,

a s  shown e a r l i e r ,  r e s u l t i n g  i n

S - 5 e - K f ( - U / K . T ) T T _
N ,  _

(B .8 )

*1 ' 6 I  £*•*$ e r ? ( r U / k , T )

B u t ,  a t  a  n e u t r a l  p o i n t ,  t h e  f u n c t i o n s  gqC r^ )  a r e  e q u a l  t o  u n i t y  

so  t h e  t e rm  i n  t h e  b r a c k e t  m ust  e q u a l  1 /V , and E q . ( B .7 )  becomes

F \ U F >  =  I t "  S e . * x p ( ^ i k - F r )

L  S  e - x p C *  k - E )

l ~  I

-  L  S  e - j c p C i k - E )  d ^ \ ]  * (B .9)

T h is  i s  i d e n t i c a l  t o  E q . ( A .7 )  w h ic h  i s  t h e  F o u r i e r  t r a n s f o r m  o f  

t h e  H o l t s m a rk  d i s t r i b u t i o n .  Thus we have  shown t h a t  F (k )  i n  th e  

K elbg  t h e o r y  i s  j u s t  th e  H o l t sm a rk  d i s t r i b u t i o n  m u l t i p l i e d  by a  

s e r i e s  o f  c o r r e c t i o n  te rm s  o f  i n c r e a s i n g  p a r t i c l e  c o r r e l a t i o n .  

C l e a r l y  t h e n  we may w r i t e  FQ(k )  a s

Î CiT) -  e."xpJrv SO-«-xpC*k - c ) ) (B.io)
by f o l l o w i n g  t h e  same s t e p s  w h ic h  to o k  us from  E q .(A .7 )  t o  E q . ( A .8 ) ,  

Now K elbg  s im p ly  g e n e r a l i z e s  E q . ( B . lO )  f o r  t h e  c a s e  o f  a  sy s te m  

o f  "S" d i f f e r e n t  t y p e s  o f  p a r t i c l e s ,  each  h a v in g  a  number d e n s i t y
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g i v e n  by  n .̂ = N^./V, w here  t h e r e  a r e  RL p a r t i c l e s  o f  ty p e  " j "  i n  

th e  sy s te m . Hence E q . ( B . lO )  becomes

( F )  =  ) (B -11 )

w here  (f* l a b e l s  th e  ty p e  o f  p a r t i c l e s  i n  t h i s - s - c o m p o n e n t  sy s te m .

We now t u r n  to  F -^(k) , and  i t  i s  h e r e  t h a t  K elbg  makes h i s  

one a p p r o x im a t io n .  By a ssu m in g  t h a t  t h e  s y s te m  i s  s u f f i c i e n t l y  

t e n u o u s ,  one c o u ld  a r g u e  t h a t  t h e  t h r e e - b o d y ,  and  h i g h e r  c o r r e l a t i o n  

te r m s ,  a r e  v e r y  s m a l l ,  s i n c e  t h e  c h a n c e s  o f  t h r e e ,  o r  more 

p a r t i c l e s  " g e t t i n g  t o g e t h e r "  a r e  s i m i l a r l y  s m a l l .  By m aking t h i s  

a s s u m p t io n ,  t h e n ,  one c a n  t e r m i n a t e  th e  s e r i e s  i n  E q . ( B .6 )  a f t e r  

th e  se co n d  te rm .  We may t h i n k  o f  t h i s  t r u n c a t e d  s e r i e s  a s  th e  

" l i n e a r i z e d "  e x p o n e n t i a l  s e r i e s ,

Q . s , | + *X + K }  + • - -

|  4* *X ( f o r  s m a l l  x) ,

t h e r e b y  a l l o w i n g  us  t o  w r i t e

f f ( F O s D  +■ * mmmJ
 ̂ ~ l

i < j a /  J

»  e % p p 4 v r ^ -  (B12>
A g a in  we c a n  g e n e r a l i z e  E q . ( B .1 2 )  f o r  a n  S-com ponent s y s te m , 

b u t  now we a r e  c o n c e rn e d  w i t h  t w o - p a r t i c l e  i n t e r a c t i o n s ,  so
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t h e  g e n e r a l i z a t i o n  m ust  i n c l u d e  sum m ations o v e r  a l l  p o s s i b l e  

c o m b in a t io n s .  T h i s ,  t h e n ,  r e s u l t s  i n

) ( B . 1 3 )

w here  n and  n ^ ,  a r e  t h e  p a r t i c l e  d e n s i t i e s  o f  th e  two ty p e s  

o f  p a r t i c l e s  c o n s i d e r e d  a t  any  one t im e .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX C

The Monte C a r lo  Method 

18-21The "Monte Carlo" technique ” for evaluating integrals

n u m e r i c a l l y  w i l l  be  e x p l a i n e d  i n  t h i s  a p p e n d ix .  P r e s e n t i n g  a

r i g o r o u s  p r o o f  o f  i t s  v a l i d i t y  i s  n o t  o u r  g o a l ,  b u t  t h e  i n t e r e s t e d

r e a d e r  may r e f e r  t o  t h e  r e f e r e n c e s  g iv e n  f o r  su c h  a  p r o o f .  We

s h a l l  i n s t e a d  p r e s e n t  a n  " o p e r a t i o n a l "  d e s c r i p t i o n  o f  th e  m eth o d ,

a lo n g  w i t h  a n  e x a m p le ,  u s in g  an  i n t e g r a l  w h ich  c a n  be s o lv e d

a n a l y t i c a l l y ,  f o r  v e r i f i c a t i o n .

We may w r i t e  a  g e n e r a l  i n t e g r a l ,  t h e n ,  a s  

f0

1 = 4  Fix) G(x) d X ) (c.D
A

w here  F (x )  G(x) c a n  b e  any  c o m b in a t io n  o f  s p e c i f i c  f u n c t i o n s ,
_

s a y  e * cos  x .  The n e x t  s t e p  i s  t o  n o r m a l iz e  one o f  t h e s e  

f u n c t i o n s ,  s a y  F ( x ) , by w r i t i n g

F  (-X) .
P ( y )

4 ?  ^  W  j  X
so  t h a t

P(*) d X = I 9
Now we have

r  =  {  $ V l * ) d x ]  i V x )  « ( x )
^ A A

=  F C x ) d x  > (c-2)
w here  i s  t h e  w e ig h te d  a v e r a g e  v a lu e  o f  G(x) i n  th e

r a n g e  A |,  x  s i n c e  P (x )  h as  become a  n o r m a l iz e d  p r o b a b i l i t y

68
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d i s t r i b u t i o n  o f  p o i n t s  w i t h i n  t h i s  r a n g e .  Note t h a t  I ( x )  i s  

unch an g ed  by  a l l  o f  t h i s ,  s i n c e  we have  m e re ly  m u l t i p l i e d  and  

d i v i d e d  E q . ( C . l ) b y  a  c o n s t a n t ,  \  F (x )  dx.

As a n  exam ple  l e t  us  w r i t e  
   . .
2 7  ~  j

A

e  c e s x

Now t h i s  c a n  b e  s o lv e d  a n a l y t i c a l l y  a s  f o l l o w s :

= 2. } e cos x dx  

—  — ■ e T ^ C - c c s y  - t - s - ’m-?c> I =  | )
7L d

w hich  w i l l  s e r v e  a s  a  c h e c k  on o u r  r e s u l t s .  I f  we l e t  F ( x ) s  e

and G(x) §§ c o s  x ,  w i t h  A = -80 and  B = +<®, we have

=  I  « ' U I  d *
^  '■89

=  2 . t e ‘ * e l x

• 2  £  '*  I

iG® 

• 6

X  .
Hence

and

J .  - - I x l
X  ^P ( X )  :

T =  2 .  5  ( ■ i r * ' 1* 1)  c . o s  ■x h (C.

T h is  exam ple  p o i n t s  o u t  one v e ry  im p o r t a n t  p ro b lem . T h a t  i s ,

o u r  a b i l i t y  t o  w r i t e  E q . ( C .2 )  depends  on o u r  a b i l i t y  t o  e v a l u a t e  
<• B
V F (x )  dx. C l e a r l y  t h i s  may n o t  a lw ays  be  p o s s i b l e ,  f o r  we m ig h t  
JA
h av e  some F ( x )  w h ic h  i s  i t s e l f  j u s t  a s  d i f f i c u l t  t o  i n t e g r a t e  a s  

was F (x )  G (x ) .  Thus we a r e  f a c e d  w i t h  th e  p o s s i b i l i t y  t h a t  th e
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f u n c t i o n s  may have  b e e n  a l t e r e d ,  s a y  by s u b s t i t u t i n g  F ' ( x )  = H(x) F ( x ) ,  

and  G1(x )  = H- ^ (x )  G ( x ) , w here  H(x) H~^(x) = 1 , i n  th e  i n t e g r a l .

We t h e n  w ould  have

X s  ^( HCtc} H ~ l ( -x) GC’x) d'X
A 0

s  FU) d'X ] GCx)}
i n  a c c o r d a n c e  w i t h  t h e  s u b s t i t u t i o n s  made.

I f  th e  i n t e g r a l  c a n  be  p u t  i n  th e  form  o f  E q . ( C . 2 ) ,  w i t h

f S\  F( x) dx e v a l u a t e d ,  t h e n  i t  c a n  be  s o lv e d  u s i n g  a c o m p u te r .
JA

The m ethod i s  s i m i l a r  to  an y  o t h e r  q u a d r a t u r e  t e c h n i q u e  

( S im p s o n 's  R u le ,  e t c . ) ,  e x c e p t  t h a t  th e  p o i n t s  a t  w h ich  G(x) i s  

e v a l u a t e d  a r e  p i c k e d  u n d e r  c o n t r o l  o f  th e  p r o b a b i l i t y  f u n c t i o n  

P ( x ) . Hence more p o i n t s  a r e  c o n c e n t r a t e d  i n  t h o s e  r e g i o n s  o f  

sp a c e  w here  t h e  i n t e g r a n d  i s  l a r g e  t h a n  i n  t h o s e  w here  t h e  

i n t e g r a n d  i s  s m a l l .  T h is  e n a b le s  one t o  u s e  a  g i v e n  number o f  

p o i n t s  more e f f i c i e n t l y  t h a n  i s  p o s s i b l e  w i t h  t h e  o t h e r  q u a d r a t u r e  

m e th o d s .

The p o i n t s  a t  w h ic h  G(x) i s  to  be  e v a l u a t e d  a r e  c h o s e n  by 

s e l e c t i n g  an  a r b i t r a r y  s t a r t i n g  p o i n t  ( i n  t h i s  c a s e  any  p o i n t  on

th e  x - a x i s ) . A se co n d  p o i n t  i s  c h o s e n  by a d d in g  a  random  number

b e tw e en  -1  and  + 1 , m u l t i p l i e d  by a  f i x e d  " s t e p  l e n g t h " ,  t o  th e  

o r i g i n a l  c o o r d i n a t e  p o s i t i o n .  Then P ^ (x )  and  P 2 ( x ) ,  (w here P-^(x) 

i s  j u s t  P (x )  a t  t h e  o r i g i n a l  p o i n t  w h i l e  a t  t 'ae

new p o i n t )  a r e  com pared . I f  P 2 i s  g r e a t e r  t h a n  P-  ̂ t h e n  G(x) i s

e v a l u a t e d  a t  t h e  new p o i n t .  I f  P 2 i s  l e s s  t h a n  P t h e n  P 2/P ^
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i s  com pared  w i t h  a  random  number b e tw e e n  0 and  1 .  I f  

i s  g r e a t e r  t h a n  a  random  number t h e n  G(x) i s  e v a l u a t e d  a t  t h e  

new p o i n t ;  i f ,  h o w e v e r ,  f ^ / P l  ^e s s  t h a n  a  random  number t h e n  

G(x) i s  e v a l u a t e d  a t  t h e  o ld  p o i n t .  Once G(x) i s  e v a l u a t e d ,  i t

c a l c u l a t e d  a f t e r  a  s u f f i c i e n t  number o f  s t e p s  h a v e  b e e n  t a k e n .

The p r o c e s s  i s  t h e n  r e p e a t e d  a s  many t im e s  a s  d e s i r e d  w i t h  t h e  

new s t a r t i n g  p o s i t i o n  b e in g  e i t h e r  t h e  p r e v i o u s  o ld  o r  new p o s i t i o n  

d e p e n d in g  upon w h e th e r  G(x) was e v a l u a t e d  a t  t h e  o ld  o r  new p o i n t .  

F i g u r e  ( C . l )  g i v e s  a  b l o c k  d ia g ra m  o f  t h i s  p r o c e s s ,  and  T a b le  ( C . I )  

g i v e s  t h e  co m p u te r  p rog ram  u s e d  to  e v a l u a t e

F i g u r e  (C .2 )  g i v e s  th e  r e s u l t s  o f  t h i s  c a l c u l a t i o n  f o r  i n c r e a s i n g  

num bers o f  p o i n t s , and  t h e s e  v a l u e s  s h o u ld  be  com pared  w i t h  

t h e  a n a l y t i c a l  an sw er  I ( x )  = 1 .

N o t i c e  t h a t  i n  a p p l y i n g  t h i s  m ethod  t h e r e  a r e  a  few a d j u s t a b l e  

p a r a m e t e r s  w h ic h  t h e  i n v e s t i g a t o r  m ust  cope  w i t h .  Among t h e s e  i s  

t h e  " s t e p  l e n g t h " ,  L, u s e d  t o  move t o  a  new p o i n t .  I n  m aking  

t h e s e  random  moves we w r i t e

w h e re  t h e  random  number i s  g e n e r a t e d  by  t h e  IBM-1620 RANDF f u n c t i o n  

an d  i s  b e tw e e n  0 and  1 . Thus Xnew i s  e q u a l  t o  X ^ ^  p l u s  a  random  

number b e tw e e n  -1  and  +1 m u l t i p l i e d  by L. I f  L i s  to o  s m a l l  

n o t  enough  o f  t h e  s p a c e  w i l l  be  e x p lo r e d  w i t h  a  g i v e n  number 

o f  m oves ,  and  i f  L i s  to o  l a r g e  P2 (x) s m a l l e r  t h a n  P ^ ( x )

i s  added  t o  a  s t o r a g e  a r e a  so  t h a t may b e  f i n a l l y

“ O©

v»e.w»
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B lo c k  Diagram  o f  t h e  c o m p u te r  p ro g ram  
u s e d  t o  make a  Monte C a r lo  c a l c u l a t i o n
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I n i t i a l
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A s s ig n  New 
|P o s i t i o n  I
x n=x0+ 2 L ( rn - .5 ) j
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T a b le  C . I .  F o r t r a n  IV p rog ram  f o r  th e  
Monte C a r lo  e v a l u a t i o n  o f  t h e  i n t e g r a l  

*

-  00

1 FORMAT(FlO.6 , 4X F10.6,4X12) 
XOSIN=0.0000000 
X 0=0.0000000 
DO 100 1=1 ,20  
DO 101 J = 1 ,50 
RN=RANDF( .3 3 7 )  
DEL=(RN-.5)*2.
XN=X0 + . 5*DEL 
PR0B0=EXPF(-ABSF(X0)) 
PROBN=EXPF(-ABSF(XN))
I F ( PROBN-PR0B0) 1 1 ,1 0 ,1 0

11 RN=RANDF( .3 3 7 )
IF(PROBN/PR0B0-RN) 1 2 ,1 0 ,1 0  

10 X=XN 
GO TO 13

12 X=X0
13 XOSIN=XOSIN+COSF(X)

101 XO=X
XI=I
VALUE=(XOSIN/XI*50. ) ) * 2 .

100 PUNCH 1 ,  VALUE,XO, I  
CALL EXIT 
END
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to o  many t i m e s ,  t h e r e b y  p r e v e n t i n g  o u r  e v a l u a t i o n  p o i n t  from  

m oving en o u g h ,  w h ic h  a l s o  p r e v e n t s  o u r  e x p l o r i n g  enough o f  th e  

s p a c e .

A n o th e r  a d j u s t a b l e  p a ra m e te r  i s  t h e  s t a r t i n g  p o i n t ,  w h ic h  

i f  p o o r l y  c h o s e n  c o u ld  p u t  t h e  e v a l u a t i o n  p o i n t  i n  su ch  a  r e g i o n  

a s  to  make e x p l o r a t i o n  o f  t h e  e n t i r e  s p a c e  m ore tim e consum ing  

t h a n  n e e d  b e .

F i n a l l y  n o t e  t h a t  i f  we have  a  G(x) t h a t  i s  s lo w ly  v a r y i n g  

t h e  n u m e r i c a l  e v a l u a t i o n  o f  ^ G ( x ) ^  w i l l  be  much e a s i e r  t h a n  i f  

G(x) i s  w i l d l y  v a r y i n g .  Thus f o r  a  p a r t i c u l a r  "bad"  G(x) th e  

s u b s t i t u t i o n s

F~ ‘(x) = H (x) FCx) >
G ,'W  = C ( x )

may h a v e  t o  b e  made so t h a t  G '( x )  i s  a s  s lo w ly  v a r y i n g  a s  p o s s i b l e ,

r sw h i l e  \ F‘l (x) dx i s  s t i l l  s o l v a b l e .
JA

In  t h i s  a p p e n d ix  we h a v e  c o n s i d e r e d  o n ly  o n e - d im e n s io n a l  

i n t e g r a l s .  C l e a r l y  t h e  Monte C a r lo  m ethod  i s  n o t  l i m i t e d  to  

t h i s  c a s e .  I n  f a c t  i t  i s  a t  i t s  b e s t  when a p p l i e d  t o  m u l t i - d i m e n 

s i o n a l  i n t e g r a l s ,  su ch  a s  th o s e  e n c o u n te r e d  i n  t h i s  t h e s i s .
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Appendix D

The Simpson's Rule Calculation

The s o - c a l l e d  S im p s o n 's  r u l e  f o r  e v a l u a t i n g  a n  i n t e g r a l ,

23i s  g i v e n  by

f  hj  fC*) d-x »  T  (  Ye + ^Yi + 2 y». + <fy3ft.
+ -  + vy„, + y„)-

Here t h e  i n t e r v a l  a  < x < b i s  d i v i d e d  i n t o  a n  e v e n  number o f  

s u b i n t e r v a l s , n ,  o f  l e n g t h  h = ( a - b ) / n .  Then y Q = f ( a ) ,  

y i  = f(aH-h), . . . y n _ i  = f ( b - h ) ,  y n = f ( b ) .

The i n t e g r a l  we c o n s i d e r  h e r e  i s  g i v e n  by E q . ( 8 . 4 ) ,  and  

we w r i t e  i t  h e r e

c~'r%' s , * [ . £ ]  d r- .
Q

The i n t e g r a n d  becomes v e r y  s m a l l  f o r  r  g r e a t e r  t h a n  f i v e ,  f o r  

a t  r  = 5

y. 4  c > x s  * a.s" * \ o ° 1 * i o ~ l

= hOS’ & lo“ 7

Thus we i n t e g r a t e d  o v e r  t h e  i n t e r v a l  0 . 0 1 ^  5 .7 1  i n  570 s t e p s

o f  l e n g t h  0 .0 1 .  The co m p u te r  p ro g ra m , and  i t s  r e s u l t ,  f o r  

M. = ( i t /1 0 )  , a r e  l i s t e d  i n  T a b le  (D. I ) .  The p ro g ra m  i s  w r i t t e n  

i n  t h e  F o r t r a n  IV l a n g u a g e  f o r  t h e  IBM 1620 c o m p u te r .  The r u n  

t im e  f o r  t h i s  p rogram  was a b o u t  e i g h t  m in u t e s .
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7 7

T a b le  D . I .  F o r t r a n  IV p rog ram  f o r  t h e  
S im p so n 's  R u le  e v a l u a t i o n  o f

f o r  J l  = r t /1 0 .

2 FORMAT (F 1 0 .7 )
XL=3.1415926 /10 .
X=0.01
ADD=(X**4)*EXPF(-X*#2)*SINF(XL/(X**2)) 
RE SULT=( . 0 1*ADD)/ 3 .
DO 101 J = l ,2 4 8  
X=X+.01
ADD=(X**4)*EXPF(-X**2)*SINF(XL/(X**2) )  
RESULT=RESULT+(( . 04*ADD)/3. )
X=X+.01
ADD=(X**4)*EXPF(-X**2)*SINF(XL/(X**2) ) 

101 RESULT=RESULT+((.02*ADD)/3.)
X=X+.01
ADD=(X**4)*EXPF(-X**2)*SINF(XL/(X**2)) 
RESULT=RESULT+(( . 04*ADD)/3. )
X=X+.01
ADD=(X**4)*EXPF(-X**2)*SINF(XL/(X**2)) 
RESULT=RESULT+( ( . 0 1*ADD)/ 3 . )
PUNCH 2 ,  RESULT 
CALL EXIT 
END

RESULT = 0 .1 2 8 3
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An i d e n t i c a l  p ro g ra m , f o r  t h e  e v a l u a t i o n  o f  E q . ( 9 . 1 )  was 

a l s o  w r i t t e n .  The o n ly  change  from  t h a t  g i v e n  i n  T a b le  ( D . I )  was 

t h a t  t h e  r a n g e  e x te n d e d  t o  7 .0 3  i n s t e a d  o f  5 .7 1 ,  a n d ,  o f  c o u r s e ,  

a n  r ^  r e p l a c e d  t h e  r ^  o f  E q . ( 8 . 4 ) .
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Appendix E

The Monte Carlo Computer Program for the Kelbg Integrals

I n  t h i s  a p p e n d ix  we g i v e  a  l i s t i n g  o f  t h e  F o r t r a n  IV com pu te r  

p ro g ra m  u s e d  i n  e v a l u a t i n g  <  G '(X l9 X2 , ( * / 1 0 ) ) >  i n  s e c t i o n  10 o f  

t h i s  t h e s i s .  T h is  p ro g ra m  i s  i d e n t i c a l  t o  t h o s e  u s e d  i n  a l l  o f  

t h e  w ork p r e s e n t e d  i n  C h a p te r  I I I ,  e x c e p t  f o r  th e  c h an g es  i n  

P (X ^ , X2) and  G’ (X^, X2 ) i n d i c a t e d  i n  t h a t  c h a p t e r .

A b l o c k  d ia g ra m  o f  t h e  p rog ram  i s  g i v e n  i n  F i g u r e  ( E . l ) ,  and  

t h e  p ro g ra m  i s  l i s t e d  i n  T a b le  ( E . l ) ,  w h e re  th e  num bered s e c t i o n s  

c o r r e s p o n d  t o  t h e  b l o c k s  i n  th e  b l o c k  d ia g r a m .  Note t h a t  t h e  

b l o c k  d ia g ra m  i n c l u d e s  o n ly  t h e  m a jo r  s t e p s  i n  t h e  p r o c e s s ,  

w h i l e  t h e  p ro g ra m  i t s e l f  h a s  many d e t a i l s  n o t  i n d i c a t e d  i n  

F i g u r e  ( E . l ) ,  some o f  w h ic h  we s h a l l  now d i s c u s s .

F i r s t  n o t e  t h a t  t h e  p ro g ram  b e g i n s  by  r e a d i n g  i n  a  t a b l e  

o f  v a l u e s  o f  g^  f o r  p a r t i c l e  s e p a r a t i o n s  from  .0 5 a  t o  7 . 4 a ,  i n  t h e  

i n t e r v a l s  o f  . 0 5 a .  T hese  v a lu e s  a r e  c a l l e d  by th e  s u b s c r i p t e d  

v a r i a b l e  G (I )  i n  th e  p ro g ra m . Note a l s o  t h a t  i n  s t e p  160 we 

w r i t e  GV ( d e f i n e d  a s  g^  - 1) e q u a l s  0 .0  i f  t h e  p a r t i c l e  s e p a r a t i o n  

i s  g r e a t e r  t h a n  7 . 4 a .  T h is  i s  b e c a u s e  g^  -  1 a p p ro a c h e s  z e r o  

v e r y  r a p i d l y  f o r  p a r t i c l e  s e p a r a t i o n s  a s  s m a l l  a s  2 . 0 ,  w h ic h  c a n  

be  s e e n  i n  F i g u r e  2 o f  t h i s  t h e s i s .  F i n a l l y  o b s e rv e  t h a t  i n  t h e  

F o r t r a n  s t a t e m e n t  im m e d ia te ly  p r o c e d i n g  s t a t e m e n t  number 16, 

we h a v e  c a l c u l a t e d  GV by  a  l i n e a r  i n t e r p o l a t i o n  o f  th e  t a b u l a t e d  

v a l u e s  w heneve r  th e  p a r t i c l e  s e p a r a t i o n  (SEP) f a l l s  b e tw e e n  two
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t a b u l a t e d  v a l u e s .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



B lo c k  Diagram  o f  t h e  com pu te r  p rogram  
u s e d  t o  make a Monte C a r lo  c a l c u l a t i o n
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T a b le  E . l .  F o r t r a n  IV p ro g ram  f o r  t h e  Monte C a r lo  e v a l u a t i o n  o f  t h e  
i n t e g r a l

^ ^  D - c o s e s )]^k e d X ,  x  ̂ *

DIMENSION G(200)
1 FORMAT(F10.6 ,1 X 1 4 ,1XF10.6 ,F 1 0 . 6 , F 1 0 . 6 , F 1 0 . 6 ,F 1 0 . 6 , F 1 0 . 6)
2 FORMAT(14,2X 14)
3 FORMAT(4(1XE14.8 ) )
4 FORMAT(F9.8)

READ 4 ,  XL
10 READ 3 , ( 6 ( 1 ) , 1 = 1 , 1 4 8 )

X l = .533946
X 2 = - .009074 
Y I = - . 654167 
Y 2 = - .985409 
Z l = - . 024385

 Z 2 = .406052
VALUE=0.0000000
NOMOV=0000
DO 100 , 1=1,9999

 DO 101 , J = l ,1 0 0
X1N=X1+(RANDF( . 1 5 9 ) - . 5 ) * . 8  
X2N=X2+(RANDF( . 1 5 9 ) - . 5 ) * . 8  
YlN=Yl+(RANDF(.1 5 9 ) - . 5 ) * . 8  
Y2N=Y2+(RANDF(. 1 5 9 ) - . 5 ) * . 8  
Z1N=Z1+ (RANDF( . 1 5 9 ) - . 5 ) * . 8

 Z2N=Z2+(RANDF( . 1 5 9 ) - . 5 ) * . 8
PO=EXPF( - 2 . *(X1**2+Y1**2+Z1**2+X2**2+Y2**2+Z2**2 

-X1*X2- Y1*Y2- Z1*Z 2 ) )
PN=EXPF ( - 2. *  (X1N**2+Y1N**2+Z lN*-*2+X2N**2+Y2N**2

  +Z2N**2-X1N*X2N-Y1N*Y2N-Z1N*Z2N))
IF(PN-PO) 1 1 ,1 2 ,1 2

11 IF(PN/PO-RANDF(.159))  2 2 ,1 2 ,1 2
22 N0M0V=N0M0V+1

GO TO 13
12 X1=X1N 

X2=X2N 
Y1=Y1N 
Y2=Y2N 
Z1=Z1N

 Z2=Z2N
13 SEP=SQRTF((Xl-X2)-3f*2+(Yl-Y2)**2+(Zl-Z2)**2)

IF (S E P - 7 .4 )  1 5 0 ,1 6 0 ,1 6 0
150 I F ( S E P - .4) 1 7 0 ,1 5 1 ,1 5 1  
160 GV=0.0  

GO TO 101
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Table E.l continued

170 GV=-1 .0  
GO TO 16 

151 X K =(SEP/.05)
K=XK+1.
XK=K
G V = G (K -l)+ ((SE P -. 0 5 * ( X K - 1 . ) )* ( G ( K ) - G ( K - l ) ) / . 0 5 ) - l .

16 A=Z1/((X1**2+Y1**2+Z1**2)*SQRTF(X1**2+Y1**2+Z1**2)) 
B=Z2/((X2**2+Y2**2+Z2**2)*SQRTF(X2**2+Y2**2+Z2**2)) 
COA=XL*(A+B)
EO=EXPF( 2 . * (Xl**2+Yl**2+Zl**2+X2^*2+Y2**2+Z2**2-Xl*X2 

-Y l* Y 2 -Z l* Z 2 ))
_____________ VALUE=VALUE+( 1 . -COSF(COA)) *EO*GV

6. 101 CONTINUE
X I=I
RESULT=VALUE/(XI*100.)
PUNCH 1 ,  RESU LT,I,X 1,X 2,Y 1,Y 2,Z1,Z2

_____________ PUNCH 2 ,  NOMOV,I
100 CONTINUE 

CALL EXIT 
END
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