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CHAPTER 0 
INTRODUCTION

!

This paper i s  p r im a r i ly  a s tu d y  o f  th e  Lommel fu n c tio n s  which 

a re  s o lu t io n s  o f  th e  d i f f e r e n t i a l  eq u a tio n

(E) z2y" + zy* + (z 2 -  i^ 2)y  = ;k z ^ '+'*' , '  = d /d z ,

where z i s  a complex v a r ia b le  and L', k , -and-f-L a re  c o n s ta n ts .

Two o b se rv a tio n s  should  be made h e re .  One i s  t h a t  th e  a s s o c ia te d  

homogeneous e q u a tio n  o f (E) i s  th e  B esse l e q u a tio n  w ith  param eter 

P.  Hence th e  B esse l fu n c tio n s  a re  im p o rtan t in  th e  s tudy  o f  the  

Lommel fu n c tio n s . The second o b se rv a tio n  i s  t h a t  th e  only  s in g u la r  

p o in ts  o f  (E) a re  a re g u la r  s in g u la r  p o in t  a t  z = 0 and an i r r e g u 

l a r  one a t  z = a  . Thus fo r  a s tu d y  o f  s o lu t io n s  o f  (E) fo r  a l l  z ,  

th e  power s e r i e s  s o lu t io n  o f  (E) i n  powers o f  z and th e  asym pto tic  

! expansion  o f  a s o lu t io n  o f (E) fo r  la rg e  izl a re  needed.

An i n t e r e s t  i n  th e  asym pto tic  b eh av io r o f  th e  Lommel fu n c tio n s  

and th e  B esse l fu n c tio n s  i s  ev idenced  by papers p u b lish ed  du ring  

th e  p a s t  few y e a r s .  I t  has been shown th a t  th e  Lommel fu n c tio n s  

a re  o f  im portance in  th e  s o lu t io n  o f  c e r t a in  d i f f e r e n t i a l  eq u a tio n s  

a r i s in g  from p h y s ic a l problem s in v o lv in g  th in  to r o id a l  s h e l l s . ( e . g .  

see  [ 3 ] , 1 7 H t and [ 8 1 ) .

The f i r s t  c h ap te r  i s  a  b r i e f  d is c u s s io n  o f  nonhomogeneous 

d i f f e r e n t i a l  e q u a tio n s . I t  in c lu d e s  an  o u t l in e  o f  two methods fo r  

so lv in g  d i f f e r e n t i a l  e q u a tio n s , namely th e  F roben ius method and 

th e  method o f  v a r ia t io n  o f  p a ram e te rs . These two methods w i l l  be

1
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used i n  l a t e r  c h a p te rs .  The second ch ap te r  i s  a d is c u s s io n  o f the  

B esse l fu n c tio n s , s o lu tio n s  o f  th e  B esse l e q u a tio n . The p ro p e r t ie s  

o f  th e  B esse l fu n c tio n s  d iscu ssed  i n  t h i s  c h ap te r  a r e  th o se  r e l a t e d
i

to  th e  d e ta i le d  developm ent o f  th e  Lommel fu n c tio n s  made i n  c h ap te r 

th r e e .  Of s p e c ia l  im portance in  c h a p te r  two i s  a d is c u s s io n  on th e  

asym pto tic  b eh av io r o f  th e  B essel fu n c tio n  which in c lu d e s  an o u t

l in e  o f an e lem entary  method developed by F. B rauer C 2 ] fo r  d e te r 

m ining th e  f i r s t  term  o f th e  asy m p to tic  expansion o f  a B esse l func

t io n . i
The th i r d  c h ap te r  i s  devoted to  th e  developm ent o f th e  Lommel 

fu n c tio n s . F i r s t  th e  power s e r ie s  s o lu t io n  o f (E) in  powers o f  z 

i s  developed by two m ethods, th e  F robenius method, and th e  method 

o f v a r ia t io n  o f  p a ram e te rs . Then a second s o lu t io n  i s  developed 

by th e  F robenius m ethod. For t h i s  s o lu t io n  an  asym pto tic  expansion  

i s  developed fo r  la rg e  izl. ; and th rough  th e  use o f  B ra u e r 's  te ch 

n ique a method i s  p re sen te d  fo r  f in d in g  th e  f i r s t  term  o f th i s  

asym pto tic  expansion .
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CHAPTER I  
NONHOMOGENEOUS LINEAR DIFFERENTIAL 

EQUATIONS OF THE SECOND ORDER

1 . The S o lu tio n

The g e n e ra l nonhomogeneous o rd in a ry  l in e a r  d i f f e r e n t i a l  equa

t io n  o f  the  second o rder can be w r i t t e n  in  th e  form

(1 .1 ) a Q(z )y "  + a1 (z)y* + a 2 (z )y  = f (z )

where a^(z) (k  = 0 ,1 ,2 ) and f (z )  a re  d e fin e d  i n  a domain D i n  th e

z -p lan e  and a^ f  0 in  D. The a s s o c ia te d  homogeneous e q u a tio n  i s

(1 .2 ) ao (z )y "  + a1 (z)y* + a 2 (z )y  = 0. j

The com plete s o lu tio n  o f eq u a tio n  (1 .2 )  can be w r i t t e n  i n  th e  form

(1 .3 ) yh = ci ui ^ z  ̂ + c 9n 2 ^

where c^ and c2 a re  a r b i t r a r y  c o n s ta n ts  and u^ and u2 a re  l i n e a r ly

independen t s o lu tio n s  o f eq u a tio n  (1 .2 ) in  D. F in a l ly  th e  com plete

s o lu t io n  o f (1 .1 ) can be w r i t t e n  as

(l.*0 y(z) = yh(z) + yp(z)

where y  (z) i s  any p a r t i c u la r  s o lu t io n  o f e q u a tio n  ( 1 .1 ) .  We n o te

h e re  th a t  i f  a  i s  n o t 0 and a. (k = 1 ,2 ) a re  continuous i n  D, th eno k 7

a n ecessa ry  and s u f f i c i e n t  c o n d itio n  th a t  u^ and u2 be l i n e a r ly  

independent i n  D i s  t h a t  th e i r  W ronskian,

3
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k

(1 .5 ) w =
u„

u ,V  un

i s  d i f f e r e n t  from zero  fo r  a l l  z in  D.
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2. The Frobenius Method

I f  (1 .2 )  i s  w r i t t e n  i n  th e  form

(2 .1 )  y" + P1 ( z ) y ' + P2(z )y  = 0 ,

th e  b eh av io r o f  th e  so lu tio n s  near a p o in t z = zq depends on the  

a n a l y t i c i t y  o f  p-^(z) and P2 (z ) a t  z = zq . I f  p^(z) and P 2 ( z )  a re  

b o th  holom orphic in  a domain co n ta in in g  zq , then  th e  p o in t zq i s  

s a id  to  be an o rd in a ry  p o in t .  O therw ise i t  i s  s a id  to  be a s in g u 

l a r  p o in t .  I f  zq i s  a s in g u la r  p o in t and th e  p roducts  ( z - Z Q) p ^ ( z )

and (z -z  ) p_(z) a re  holom orphic in  a neighborhood o f  z , th en  z
O C 0 0

is said to be a regular singular point. Otherwise z q is called an 

irregular singular point.

The Froben ius method i s  a method f re q u e n tly  used  fo r  f in d in g

a s e r i e s  s o lu t io n  o f a d i f f e r e n t i a l  eq u a tio n  a t  a r e g u la r  s in g u la r

p o in t .  This m eth o d .ap p lied  to  (2 .1 ) c o n s is ts  o f th e  fo llow ing  

s te p s .  F i r s t  we l e t

where s i s  a c o n s ta n t ,  r e a l  or complex, to  be determ ined . Then we 

s u b s t i t u te  (2 .2 )  and i t s  f i r s t  two d e r iv a tiv e s  i n  ( 2 .1 ) .  S ince 

th e  r ig h t-h a n d  s id e  i s  z e ro , th e  c o e f f ic ie n t  o f each power o f  z -z o
i s  eq u a l to  z e ro . When we s e t  th e  c o e f f ic ie n t  o f th e  lo w est such

5

QD

(2 . 2 ) y = (z —z ) S }  A .(z -z  ) ]

k=0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6i
power eq u al to  z e ro , we g e t  an eq u a tio n  in  s which i s  c a l le d  the  

i n d i c i a l  e q u a tio n . From t h i s  e q u a tio n  we g e t  v a lu es  fo r  s which 

may or may n o t g ive  us l in e a r  independen t s o lu t io n s  o f ( 2 .1 ) .  

S e t t in g  th e  c o e f f ic ie n ts  o f  th e  h ig h e r degrees o f  z- zq eq u a l to  

z e ro , we o b ta in  r e la t io n s h ip s  between the  A ^ 's  in  ( 2 .2 ) .  Thus we 

g e t  one or two independen t s o lu tio n s  o f (2 .1 )  in  th e  form o f ( 2 .2 ) ,  

v a l id  in  t h e i r  re g io n s  o f convergence. I f  th e  i n d i c i a l  e q u a tio n  

m entioned above g iv es  us two d i s t i n c t  ro o ts  which do n o t d i f f e r  by 

an  in te g e r ,  th en  (2 .2 )  w i l l  y ie ld  two l in e a r ly  in d e p en d e n t1 so lu 

tio n s  and th u s  the  com plete s o lu t io n  o f ( 2 .1 ) .  However, i f  th e  

ro o ts  o f th e  i n d i c i a l  e q u a tio n  a re  equal o r d i f f e r  by an  in t e g e r ,  

th e re  may e x i s t  s o lu tio n s  o f  (2 .1 )  n o t in  th e  form o f ( 2 .2 ) .

I f  th e  i n d i c i a l  e q u a tio n  g iv es  two l ik e  r o o t s ,  s^ = s ^ ,  the  

second s o lu t io n  i s  g iv en  by

(2 .3 )  y2 ^  =
' 3 ys (z ) '

0 s s=si

where

CD

( 2 A )  y s ( z ) = (Z- ZC>)S Âk ( s ) ( z - z o) k .

k=0

When s^  d i f f e r s  from s^ by an in te g e r  and say  s^ > s ^ t the  second 

s o lu t io n  i s  g iv en  by

i
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To app ly  th e  Frobenius method to  th e  type nonhomogeneous 

d i f f e r e n t i a l  eq u a tio n  o f  i n t e r e s t  to  u s ,  namely

(2 .6 ) y "  +  P 1 ( z ) y '  +  p 2 ( z ) y  = cz”1 ,

we proceed as  b e fo re  to  f in d  the  s o lu tio n  o f th e  a s s o c ia te d  homoge

neous e q u a tio n . Then to  f in d  a p a r t i c u la r  s o lu t io n  o f  ( 2 .6 ) ,  we 

a l t e r  th e  p rocedure s l i g h t l y  by l e t t i n g  s = m+2. This causes th e

l e a s t  degree o f z -z  on th e  le f t - h a n d  s id e  o f  (2 .6 ) to  be m whicho

allow s us to  s e t  i t s  c o e f f ic ie n t  equal to  c .  The c o e f f ic ie n ts  o f 

th e  h ig h e r powers o f a re  r e s p e c t iv e ly  equal to  z e ro . Hence

we g e t  a p a r t i c u la r  s o lu t io n  in  th e  form ( 2 .2 ) .
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3 . The Method o f  V a ria tio n  o f  Param eters

A method fo r  f in d in g  a p a r t i c u la r  s o lu t io n  o f  a nonhomogeneous 

d i f f e r e n t i a l  eq u a tio n  when th e  com plete s o lu t io n  o f  i t s  a s s o c ia te d  

homogeneous eq u a tio n  i s  known, i s  th e  v a r ia t io n  o f  param eters 

method. To i l l u s t r a t e  t h i s  m ethod, we f i r s t  c o n s id e r th e  homogene

ous eq u a tio n  (1 .2 )  and i t s  com plete s o lu t io n  ( 1 .3 ) .  Then we assume 1
a p a r t i c u la r  s o lu tio n  o f ( l . l )  i n  term s o f th e  two l i n e a r l y  in d e 

pendent s o lu t io n s  o f  ( 1 .2 ) ,  u^ and u ^ , namely

(3 .1 ) yp = V l  + V*2 '

where v^ and Vg a re  fu n c tio n s  o f z .  S ince u^ and Ug a re  known, 

we have two unknowns, v^ and V£, to  d e te rm in e . T h ere fo re  we need 

two co n d itio n s  such th a t  we can so lv e  fo r  th e se  unknowns. One 

c o n d itio h , t h a t  (3 .1 )  i s  a s o lu t io n  o f  ( 1 .1 ) ,  i s  f ix e d .  We o b ta in  

the  o th e r c o n d itio n  by tak in g  the  f i r s t  d e r iv a t iv e  o f  ( 3 .1 ) ,

(3 .2 )  yp ’ = Vj Uj ' + v2u2 - + + v2 'u 2 ,

and s e t t in g

(3 .3 )  vl ' ul  + vz ' nz ~ 0 *

When we s u b s t i tu te  y  and i t s  f i r s t  two d e r iv a t iv e s  in  (1 .1 )  to  

s a t i s f y  our fixeci c o n d itio n , we use our c o n d itio n  (3 .3 )  and the  

f a c t  th a t  u^ and Ug s a t i s f y  ( 1 .2 ) ,  to  s im p lify  th e  f ix e d  c o n d itio n  

to

8
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(3Ji) W  + V2 V  = f(z) •
Next we no te  t h a t  th e  c o e f f ic ie n t  d e te rm in an t o f  our system  o f  two 

e q u a tio n s , (3*3) and ( 3 .6 ) ,  i s

(3 .5 ) w =
u.,

U-,

u,.

u„

which i s  th e  W ronskian o f  our two l i n e a r l y  independen t s o lu t io n s  o f

( 1 .2 ) .  S ince u^ and u2 a re  l i n e a r ly  independen t s o lu t io n s  o f (1 .2 ) , 

we know th a t  W does n o t v a n ish . C ram er's ru le  th en  a ssu re s  us o f a 

s o lu t io n  fo r  v ^ ' and Having th e se  s o lu t io n s ,  in te g r a t io n

g iv es  us th e  v^ and v2 n e ce ssa ry  to  s u b s t i tu te  i n  ( 3 .1 ) .  As we a re  

in te r e s t e d  in  a p a r t ic u la r  s o lu t io n ,  th e  c o n s ta n ts  o f  in te g r a t io n  

a re  im m a te ria l.

I
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CHAPTER I I  
BESSEL FUNCTIONS

4 . The B esse l Functions o f  th e  F i r s t  Kind 

The B esse l fu n c tio n s  a re  s o lu tio n s  o f th e  B esse l e q u a tio n ,

(4 .1 )  z2y" + z y ' + (z2- i ^ 2)y  = 0 ,

I
or

( 4 .1 ) '  y" + | ' +  (1  -  )y  = 0 ,
z

I
where V  i s  a c o n s ta n t. From (4 .1)*  we see  th a t  th e  B esse l equa

t io n  has a r e g u la r  s in g u la r  p o in t a t  z=0. Applying the  Frobenius 

method to  (4*1) a t  th e  p o in t  z=0, we g e t  an i n d i c i a l  eq u a tio n  w ith  

th e  ro o ts  -  V  . The r o o t  V  y ie ld s  th e  s o lu t io n

OP

(4.2) y = V  C-P'fr/g)*
/  i r !  F  (l^+r+1)
r=0

I
where A i s  an a r b i t r a r y  c o n s ta n t. The i n f i n i t e  s e r ie s  in  (4 .2 ) 

converges un ifo rm ly  in  every  c i r c l e  \z\ -  R , fo r  any p o s i t iv e  R.

The B esse l fu n c tio n s  o f  th e  f i r s t  k ind o f  o rd e r 1/ a re  d e fin ed

to  be

oo

(4 .3 )  (a) = ( z / z f  ' S '  l - 3£ W 2) 2r ,
Z.  i r  I F  ( V  + r+ l)
r=0

10
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I

11

IJ  I
where (z /2 )  = e x p (y  lo g (z /2 ) )  w ith  lo g (z /2 )  having i t s  p r in c ip a l

v a lu e . Thus ( z / 2 ) " ^  Jjy (z ) i s  holom orphic over th e  f i n i t e  p lan e .

In  a s im ila r  manner - y  y ie ld s  a second s o lu t io n

00

(* .4 )  J  ( , )  . ( . / a - * /  y I r i f e / a f L
Z _ i  r :  r ( - i / 4 r + l )
r=0

which i s  n o t n e c e s s a r i ly  independent o f J ^ ( z ) .  The W ronskian o f 

Jjy  (z) and ( z ) ,

(4 . 5) w ( j . , ( z )  , j  . (z) ) 0  f
y  TTz

shows us th a t  th e  two s o lu tio n s  a re  l i n e a r ly  independen t i f  and 

on ly  i f  jy i s  n o t an  in te g e r .  Thus i f  y  i s  n o t an i n te g e r ,  the  

com plete s o lu t io n  o f (1 .2 )  i s

I
(4 .6 ) y  = A J ^ ( z )  + B J _ ^ (z )  ,

when A and B a re  a r b i t r a r y  c o n s ta n ts .
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5 . The R ecurrence Formulas

Four re c u rre n c e  form ulas which a re  u s e fu l  in  w orking w ith  

B esse l fu n c tio n s  can be d e riv e d  from th e  d e f in i t io n  o f  J ^ , ( z ) .

The l a s t  two o f th e se  fo rm ulas a re  o b ta in ed  by f in d in g  r e s p e c t iv e ly  

th e  sum and th e  d if f e r e n c e  o f  th e  f i r s t  two. The form ulas a re

( 5 a )  V  - i ( z )  + J i / + i ( z )  = 2" T  j „  ( z )  5

(5 .2 ) J iy _ i( z ) -  = 2 J Iy '( z ) »

(5.3) J^ (z )  + J^'Cz) = J^_ i ( z )>

( 5 . «  T  J l/<z) '  V < z> = W a ) -

12
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6. B esse l F unctions o f  th e  Second and T h ird  Kinds

As shown in  s e c t io n  4 ,  J ^ ( z )  and J  ^ ( z )  a re  l i n e a r ly  in d e 

pendent i f  and only  i f  'U i s  n o t an in te g e r .  We s h a l l  o u t l in e  a 

method fo r  producing  a second s o lu t io n  o f (4 .1 ) which i s  l i n e a r ly  

independen t o f  (z) fo r  a l l  ] / .

B e s s e l 's  i n t e g r a l ,

(6 .1 ) J n ( z ) = ~  J 3 o s (n $  -  z s in  6 )d(9» (n  an i n t e g e r ) ,

can be developed from the d e f in it io n  o f  J j^ (z) given in  ( 4 .3 ) ,  

a fte r  applying Hankel's formula [ 5  3 »

m

(6 .2 )      = - i — f e t t ” /̂/”r "*1d t ,
V (l/ +r+l) 27Ti J

-00

where the path o f in teg r a tio n  i s  taken along the lower edge o f  a 

cu t in  the z-p lane from -  oo to  0 , around zero in  the p o s it iv e  

sen se , and back to -  co along the upper edge o f  the c u t, ( i . e .

I a rg  t  I -7 f ) .  From (6 .1 )  i t  can be shown t h a t

7Ti

(6 .3 ) J (z ) = ——  j e ? sdnk ^ ” n td t , (n an in t e g e r ) .
n 27Ti J

-IT i

13
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The equation (6 .3 )  w i l l  be used to  fin d  the B esse l fu nctions o f
i

the th ird  kind.

F i r s t  i t  i s  assumed th a t  th e re  e x is t s  a s o lu t io n  o f (4 .1 ) o f 

th e  form

b

(6 .4 ) y

b

_ / z s in h  t  -  1 / t , .  . .n-  I e d t ,  (i/a  co n stan t)

S u b s t i tu t io n  o f  (6 .4 )  and i t s  f i r s t  two d e r iv a t iv e s  in  (4 .1 ) le ad s  

to  th e  fu n c tio n s

® - { IT  + CL ) i

(6 .5 ) , J  e a s in h  1 - ^ ‘ d t ,

-  OD + d  i

od +(7T-  CL ) i

'(6.6) f  ez slnh 1

- od + a  i

which a re  s o lu tio n s  o f ( 4 .1 ) ,  v a l id  when z l i e s  in  th e  s e c to r  

- 7 T /2  + C L + S  -  a rg  z -  TTj 2 + Cl -  §  , where GL i s  a r e a l  

c o n s ta n t and §  i s  an a r b i t r a r y  p o s i t iv e  number. The B esse l func-- 

t io n s  o f  th e  t h i r d  k ind  o f  o rd er V  , a lso  c a l le d  Hankel fu n c tio n s  

o f  o rder 1/ , a re  d e fin ed  to  be

qd *  TTi

//• r,\ r j( l)  / \ _ 1 I z s in h  t  -  1/ t , .(6 .7 ) H' (z) = ----- I e d t ,
TTi J

-  oo
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® -  7T i

(6 .8 )  h [2 ) ( z ) = —  f  eZ Slrfl 1 ^  |a rg  z | < 7T/2 .
^  7 T i J

-  CD

These fu n c tio n s  a re  o b ta in ed  from (6 .6 ) Toy l e t t i n g  CL = 0 and thus 

a re  s o lu t io n s  o f ( 4 .1 ) ,  v a l id  fo r  g e n e ra l V  . The Hankel func

t io n s  can be co n tin u e4  a n a ly t i c a l ly  over th e  z -p lan e  through th e  

use o f  (6 .6 ) by s p e c ia l iz in g  CL .

The Hankel and B esse l fu n c tio n s  can be shown to  be r e l a t e d  by 

th e  eq u a tio n s

(6 .9 ) 2 J i / (z) = H ^ ( z )  + H ^ ( z )  ,

(6 .10 ) 2 J _ ^ ( z )  = e2 /7 r iH(i) ) (z) + e " 2/7r:LH ^ ( z )  ,

p rov ided  th a t  |a rg  z | <  7T. F in a lly  i t  i s  e a s i ly  seen from th e  

W ronskian o f  th e  Hankel fu n c tio n s ,

(6 .1 1 ) W( H ^ z )  , H( 2 ) (z) ) = ,
^  ^  TTiz

I

th a t  th e  Hankel fu n c tio n s  a re  l in e a r ly  in d ep en d en t, and thus

(6 .12) y  = A H ^ ( z )  + BH^2 ) ( z )

i s  a com plete s o lu t io n  o f ( 4 .1 ) .  However we w ish to  r e t a i n  J^ , (z)
!

as  a b a s ic  B esse l fu n c tio n  because o f i t s  sim ple behav io r near the  

o r ig in .  T herefo re  we d e fin e  the  B essel fu n c tio n  o f th e  second kind
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to  be

H ^ ( z )  -  H ^ ( a ) >

Comparing (6 .1 3 ) w ith  ( 6 .9 ) ,  we see t h a t  J ^ ( z )  and Y ^ ( z )  a re  

l i n e a r ly  ind ep en d en t fo r  g e n e ra l 1/ . Thus we have a g e n e ra l 

s o lu t io n  fo r  (4 .1 )  ,

(6 .1 4 ) y  = A J ^ ( z )  + B Y ^(z) ,

i

which c o n ta in s  J ^ ( z )  as  one o f  th e  in d ep en d en t s o lu t io n s .

(6 .13 ) V z) =2 i
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7 . The A sym ptotic Expansion o f  th e  B esse l F unctions

S ec tio n  6 p rov ided  an o u t l in e  fo r  th e  developm ent o f  the  

com plete s o lu t io n  o f B e s s e l 's  e q u a tio n  i n  term s o f s e r ie s  which 

converge fo r  a l l  |z | < od . However th e se  s e r ie s  converge so slow ly  

fo r  la rg e  |z  I t h a t  th e  i n i t i a l  term s o f th e  s e r ie s  g iv e  l i t t l e  

in fo rm a tio n  re g a rd in g  i t s  sum. T herefo re  we w ish to  o u tl in e  a 

developm ent o f a s e r ie s  which i s  asym pto tic  to  th e  B esse l fu n c tio n s  

fo r  la rg e  | z | .

In  o rder to  f in d  th e  asym pto tic  expansion  of th e  B esse l func

t io n s  we s h a l l  use  the  fo llo w in g  lemma o f  Watson [10] I

Lemma. L e t us suppose t h a t  f ( t )  i s  a  holom orphic fu n c tio n * save

p o ss ib ly  fo r  a b ra n c h -p o in t a t  th e  o r ig i n * when | t I  £ a + § ,

where a and §  a re  p o s i t iv e  * and l e t

oo

f ( t )

m=l

when | t |  -  a ,  r  be ing  p o s i t i v e . L e t us suppose f u r th e r  * t h a t ,  

when t  i s  p o s i t iv e  and t  -  a ,

| f ( t ) l  <  Keb t

where K and b a re  p o s i t iv e  numbers independen t o f t .  Then

17
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03 CD

F(z) = j e”Z^ f ( t ) d t  -— 1 r ( m /r )z ~ m̂ r

0 m=l

77"when | z | i£ large and | arg z | - ~  - A  » where A  is an
arbitrary positive number.

To use th i s  lemma fo r  our p u rp o ses, we need an in te g r a l  th a t  

i s  th e  s o lu t io n  o f (4 .1 ) and has the  p ro p e r t ie s  l i s t e d  above. We 

s h a l l  use a form o f  H ankel's  fu n c tio n , c . f . ( 6 . 6 ) ,

cr + (7T-Ct)i

(7.1) f  Sil,h ^ d t ,

-  a? + CL i
V  TTi

where largCze”^ 1 ) I <  TT/2.

Since (7 .1 ) i s  n o t in  th e  form we need , we proceed to  p u t i t  

in  the  d e s ire d  form . To do th i s  we use a method developed by 

Debye I 4 ] , c a l le d  th e  method o f s te e p e s t  d e sc e n ts . F i r s t  we f in d  

a zero  o f d /d t  (s in h  t ) , which l i e s  on th e  con tour o f  ( 7 .1 ) ,  to  be 

t  = . This i s  a s a d d le -p o in t in  th e  su rfa c e  d e fin ed  by the

equation

i

(7 .2 ) u (x ,y ) = P.l s in h (x  + iy )

in  a space i n  which (x ,y ,u )  a re  C a r te s ia n  c o o rd in a te s . We w ish to
. j p ̂

beg in  our con tour a t  t  = . Making th e  s u b s t i tu t io n s

(7 .3 )  t = ^ i  + w,  z = £ e a i , / 3 = C L  + - ~  ,
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i n  (7 .1 )  we g e t 1

(7 .4 )  T T ie^ 2' ' 77’1! ! ^  ( £  e011)

od + ( 7 T - # ) i

= 2 expJ ^  e '^ '  cosh wt cosh iA* dws |a rg ^ |< 7 f /2

0 L ^

where w = 0 i s  th e  p o in t a t  which our p a th  o f  s te e p e s t  d e scen t i s

to  b e g in . Keeping th e  im aginary  p a r t  o f e c o s h  w c o n s ta n t ,  we

g e t th e  pa th  o f s te e p e s t  d e sc e n t from our s a d d le -p o in t . T herefore  

s in ce

(7 .5 ) e ^ 5- cosh w = e '^ "  , w = 0 ,
i

we have th e  fo llo w in g  e q u a tio n  fo r  our s te e p e s t  pa th s I

(7 .6 ) e c o s h  w = e ^ ^  -  T  , ( T  i s  r e a l ) .

We n ex t so lv e  (7 .6 ) and f in d  t h a t  the  p a th  o f  s te e p e s t  d escen t 

occurs when T  i s  p o s i t iv e .  M oreover, when T -+ + oo one p a th  o f

w moves i n  th e  d i r e c t io n  o f  w -* qd + ( 7 T w h i c h  c o in c id e s  w ith

th e  d i r e c t io n  o f th e  con tour i n  ( 7 .4 ) .  Thus w ith o u t changing th e  

v a lu e  o f th e  i n t e g r a l  i n  (7 .4 ) we g e t

(7 .7 ) T f i e ^ 77"1! ^  ( £ e a i )
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2 exp( £  e ^ 1)

00

1/
d s in h  , -pe o  ----------------- £ t .

d T

Now we have (7-7) which i s  i n  th e  form needed fo r  W atson 's lemma. 

S ince th e  fu n c tio n  d s in h  l / v r /d T  s a t i s f i e s  th e  c o n d itio n s  in  

W atson 's  lemma, we can  ap p ly  th e  lemma to  (7 .7 ) to  g e t

(7.8) h £ }(z )
, x.

_ L  2
TTz exp [ i C . j p  . - , ] X

00

X 1 + ( - l ) r ( ^ » r)
(2 iz ) r

r= l

where

( „ r) = (^^2- l 2)(^-^2-32) ••• (4zX -(2r-l)2)
22 rr !

Using th e  r e l a t i o n

(7 .9 ) r(2) l?TTiu(l) / T V  i>
H ^ ( z )  = - e  " X  ( ze ) »

( ? )we determ ine th e  a sy m p to tic  expansion  o f 11 ( z ) . Then u sin g

(6 .9 ) and (6 .1 3 ) we g e t

(7 .1 0 ) ■ J  (-a) ■ _2 
|7 T  Z:

1
T

£cos(z - V 1 T  7 T , y—  - ) X
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ODn \T,
X /  4 ! ^ >2r) - ^  - g  )X

r=0
(2z)2i* 2 k

OD

V V  ( - l ) r ( ^ . 2 r + l )  I
X Z  (2 z )2l>+1 J

r=0

(7.11) _ V z)~ " j^ )s )X

OD

x Y  * o c s ( ,  - - H J -  J T ) X
Z _ I  (2z) 2 4
r=0

OD—1
V \  (-1 ) ( ^  «2r+l) l

(2 ,) 2r+1 J ’
r=0

which h o ld  fo r  la rg e  v a lu es  o f |z |  p rov ided  t h a t  |a rg  z | < j f .
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8 . An E lem entary Method fo r  C a lcu la tin g  
the  F i r s t  Term o f th e  Asym ptotic Expansion o f  J^, (x)

F . B rauer L 2 ] developed an e lem en tary  method fo r  e v a lu a tin g  

th e  f i r s t  term  o f th e  asym pto tic  expansion  o f J^Cx) where n i s  a 

p o s i t iv e  in te g e r  and x i s  r e a l .  In  t h i s  s e c t io n  we s h a l l  g ive  an 

o u tl in e  o f  h is  p ro ced u re .

F i r s t  we s u b s t i tu te  v = yVxT in

x^y" + x y ' + (x^ -  n^)y  = 0

and g e t

(8.1) v" + 1 +
X 1-

Then by l e t t i n g  v^ = v and v^ = v^ *, we g e t th e  system  o f  eq u a tio n s

( 8 . 2) V1 =  v 2 ’

By l e t t i n g

(8 .3 )

a (x ) =
/ 0

\ - l  0

; b (x) =

0
X

v.
v(x) =

'2

we g e t  th e  v e c to r  eq u a tio n

22
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(8 .4 ) v ' = Ea(x) + b(x)] v

Next we compare (8 .4 ) w ith  th e  v e c to r  eq u a tio n

(8 .5 ) u* = a (x )u

which has a fundam ental m a tr ix  s o lu tio n

(8 .6 ) <4>(x)
I cos x  s in  x

- s i n  x  cos x

T herefore any s o lu t io n  o f  (8 .5 ) i s  o f  th e  form

(8 .7 ) u (x) = <$>(x)c
I

where c i s  a c o n s ta n t v e c to r .  Now we assume a s o lu t io n  o f (8 .4 ) 

to  be o f th e  form

(8 .8 )  v (x ) = <$>(x)w(x)
I

(Note here  th a t  i f  w(x) were a c o n s ta n t th en  v(x) = u(x) ) .  Next 

we s u b s t i tu te  (8t 8)- i n  (8 .4 )  and see t h a t  (8 .8 )  i s  a s o lu t io n  i f  

and only i f  -  '

(8 .9 )  w '(x )  = <J)"1 (x)b(x)4> (x)w (x)

A pplying lemmas 1 and 2 [ 1  ] , to  (8 .9 )  we see  th a t  w(x) -» w ( qd) ,  a 

c o n s ta n t , as  x -» oo and f i i r th e r  t h a t

( 8 . 1 0 )  I w(x) -  w (cd)I  -  K/x
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where K i s  a c o n s ta n t and x  i s  l a r g e .  Now comparing (8 ,7 ) and

(8 .8 )  we g e t

(8 .1 1 ) I v (x) -  u (x ) I = |c£>(x)w(x) -  <$>(x)w(a>) | -  M/x ,
i

where M i s  a c o n s ta n t and x  i s  l a r g e .  This t e l l s  us t h a t  th e  d i f -
—► —> . —2. \

fe re n ce  betw een v  and u i s  0 (x  ) and th u s  enab les us to  express

th e  fu n c tio n  J  (x) i n  th e  formsn

J n (x) = A^x 2 co s(x  -  S ) + 0(x  2) ,
(8 .12)

J n '( x )  = -Anx 2 s in ( x  -  Sn) + O (x ^ ) .

Using (8 .1 2 ) and th e  re c u rre n c e  form ulas in  S e c tio n  5» we f in d  

t h a t  A^ and can  be ex p ressed  as  follow s^

(8 .1 3 ) An = Ao >  ^ n = ^ o  + T [ ’ n = 0 , l , 2 , ’ “  .

Next by comparing

(8 .1 4 ) x h  (x) /o

w ith  (8 .1 2 ) ,  we g e t  Aq

(8 .1 3 ) th a tI

( 8 .15) An = ( 2 / t t ) *  5 S n  = (2n + 1) 7T/4, n = 0,1,2,*'**Y

F in a l ly  when we s u b s t i tu te  (8 .15 ) in  (8 .1 2 ) we g e t

( 2 / t t ) 2 c o s ( x  -  7T/4) , x -* <x>

1 o(2/'7r)"r and = 7f/4. It follows from
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JL
(8 .1 6 ) Jn (x) = cos [x -  (2n+l) - ^ J  + 0 (x " ^ ) ,  n = 0,1 ,2 ,*  *'

Thus we have th e  f i r s t  term  of th e  asym pto tic  expansion o f  J^(x) 

S im ila r ly  we can g e t

s in jx  -  ( 2n+l) ~ ^ ] +  0(x  ^ ),n  -  0 ,1 ,2 ,
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CHAPTER I I I  
THE LOMMEL FUNCTIONS

9. The F u nction  s

In  t h i s  ch ap te r  we s h a l l  s tu d y  th e  p a r t i c u la r  s o lu t io n s  o f the  

d i f f e r e n t i a l  e q u a tio n

where z i s  an independen t complex v a r ia b le  and jLi, I ' ' ,  and k a re  

c o n s ta n ts ,  or

which i s  eq u a tio n  (E) m entioned i n  th e  in tr o d u c t io n .  S ince th e  

on ly  s in g u la r i t i e s  o f th e  a s s o c ia te d  homogeneous e q u a tio n  a re  

z = 0  which i s  r e g u la r ,  and z = c d  which i s  i r r e g u l a r ,  we s h a l l  

f in d  two d i f f e r e n t  types o f s e r ie s  s o lu tio n s  co rrespond ing  to  each 

o f  th e se  s i n g u l a r i t i e s .

F i r s t  we s h a l l  use  th e  F robenius method to  f in d  a s e r ie s  so lu 

t io n  in  powers o f  z .  C onsidering  (9 .1 )  and th e  e x p la n a tio n  g iven  

i n  th e  l a s t  paragraph  o f  S ec tio n  2 , we beg in  by assum ing a so lu -

2
(9lD y" + i y ’ + ( l - ^ ) y  = kzM-"1 ;

z dz

( 9 .1 ) ’ z2y" + z y ’ + (z 2 -  i / 2)y  = k z ^ +^

t io n  o f ( 9 .1 ) ’ to  be

CD

(9 .2 ) y

r=0

26
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S u b s t i tu t in g  (9 .2 )  and i t s  f i r s t  two d e r iv a t iv e s  i n  ( 9 .1 ) ’ we g e t  

the  i d e n t i t y

QD CD

(9 .3 ) V '  [(H-/J.+1)2 -  l / 2] a rZr+ /A+1 + V

r=0 r=0

= kz

S e tt in g  c o e f f ic ie n ts  o f l ik e  powers o f z eq u a l we g e t

(!) ao [(/X+l)2 - V 2} =

( 9 A )  ( i i )  ax [( /J+ 2 )2 -  z /_ = 0

( i i i )
-a

a - r -2

{r+j-L+1) -  IS
r =  2 ,3 ,4 ,  .

I f  n e i th e r  jJL + IS nor f± -  V  i s  a n e g a tiv e  i n te g e r ,  th e  eq u a tio n s  

( i i )  and ( i i i )  show us t h a t  a^ = 0 , r  = 1 ,3 ,5 ,  * '* . S u b s t i tu t in g  

(9-4) i n  (9 .2 ) we g e t

(9 .5 ) y  = k
./.L+l

_ (/i.+ l)2-  V Z £(l~L+l) 2-  J '2 ]  [(/X+3)2-  2^2

^ k z ^ 1

( jM+ls+l)  ( f l+ V + 3 ) ( f l - V  +1) ( / ! - * /  +3) +  * • *
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2 2 2

(g/2)

t h e r e f o r e ,

OD

( 9 .5 ) '  7 = kz^1 - 1
( - l ) r ( Z/2 ) 2r+2

r=0 f ^ - - - Z *
r

L J r+ 1 c c r + l

CD

r=0

( - D r [g ;2 ) 2 r t2  + - r  * k + l - f +

r ( 4  + - I  + r  + | ) r ( 4  -  - r + r  + 1)

where

( a ) r + l ( a ) ( a  + i )  •' ( a  + r ) = + + i )  .
f ( a )

For th e  sake o f co n cisen ess  we l e t

(9. «  v  „  w  -
Z__jF(^-+ —g +vr + i) F  ( M ;---5- + r +2 2

This i s  our f i r s t  Lomrael fu n c tio n . I t  i s  n o t d e fin ed  f o r  j~L -  U 

= an  odd n eg a tiv e  in te g e r  s in c e  F ( - n ) ,  n = 0 ,1 ,2 ,  ’ ** a re  n o t
•j*

d e f in e d . Thus fo r  f-L -  V  n o t eq u a l to  - n ,  n = 1 , 3, 5 , *** we see
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t h a t  th e  com plete s o lu t io n  o f (9 .1 )  i s
i

(9 .7 ) y  = A J^ (z )  + (z ) + k s ^  y  ( z ) ,  2/ ^  an  in te g e r

( 9 .7 ) '  y  = A J^ (z) + E l y  (z) + ( z )» ^  a c o n s ta n t .

In  o rd er to  g e t  an i n t e g r a l  re p re s e n ta t io n  o f s . ,  ( z ) , wefj. f l/

use th e  method o f v a r ia t io n  o f  param eters to  f in d  a s o lu t io n  o f

( 9 .1 ) .  For n o t an i n t e g e r ,  J y  (z) and J y  (z) a re  l i n e a r ly  

independen t and we assume a s o lu t io n  o f (9 .1 ) to  be

(9 .8 ) y = A (z )J ^  (z) + B (z )J  ( z ) ,  IS f  an in te g e r .

Then our two co n d itio n s  a re

( i )  A (z)' J y  (z) + B(z)' J _ y  (z) = 0

(9 .9 )
( i i )  A(z)' J  (z ) ' + B(z)' J (z)/ = kz^"-1  .

Solv ing  fo r  A(z)' we g e t

(9 .10 ) A (z)' =

0.

t a ^ - 1

j „  (2) J  (z)

Ji ) w
T 1

J-u  w

N oting th a t  th e  denom inator i n  (9 .10) i s  th e  W ronskian o f  J  (z) 

and J  (z) , we use ( ^ ,5) to  g e t
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(9 .11) A'OO =.kBlX: \ y M  TTl'

k'TTzH' J ^ ' C z )  

2 s in  {V IT)

And f i n a l ly  a f t e r  in te g r a t in g  we g e t

(9 .12)

z

= 2 s in  Tv TTl

In  a s im ila r  manner B(z) i s  found to  be

(9 .13)
-k IT ,F .

B M  = 2 s in  It/ TT| ■

T herefore

30

kTT
t9*1^  7 2 sin [V TfJ J i /  I z ^L j - v  ^ dz

2j

i f  1/ i s  n o t an in te g e r .  In  a s im ila r  manner we can g e t an ex p res

s io n  v a l id  fo r  a l l  o f  th e  form

(9.1*0* y  = Y^ (z) / z ^ J ^  (z )d z  -  (z) j z ^ Y ^  (z )d z

In  (9.1*0 and (9 .1 * 0 '»  i f^ b o th  th e  numbers f - L - U  + 1  have
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p o s i t iv e  r e a l  p a r t s ,  th e  low er l im i t s  may be tak en  to  be z e ro .

W ith th e  above r e s t r i c t i o n s  on j~L t  y  we have t h e i r  sums and d i f 

fe re n ce s  n o t eq u a l to  an  odd n e g a tiv e  in te g e r .  Upon expanding 

(9.1*0 a s  a s e r ie s  i n  ascend ing  powers o f  z ,  we see  t h a t  th e  powers 

o f z a re  |_L+ 1 ,  f. i  + 3» f l + 5» “ * > th e  same powers as  th o se  in

(9 .5 )  • F u r th e r  we see t h a t  th e  c o e f f i c i e n t  o f  z ^ +^ i n  each case  

i s  th e  same. T herefo re  we have

(9 .15 )
I 1 ( * )  =

77~
2 sin"(l/ IT) | z ^ J ^  (z )d z

-  I z ^ -J v (z)dz , y  ^  an  i n t e g e r .

S im ila r ly  i t  can be shown th a t

(9 .16 ) S I ± , U M
TT
2 j z / J ' J l y ( z ) d z

-  (z) / (z )dz

0

fo r  g e n e ra l I / .
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10. The Lommel F u n c tio n  S .,  7, (z)f-Lfiy

In  S e c tio n  9 we developed a s o lu t io n  o f  (9 .1 )*  co rresponding  

to  the  r e g u la r  s in g u la r  p o in t z = 0. In  th i s  s e c t io n  we s h a l l  

develops a s o lu t io n  co rresp o n d in g  to  th e  i r r e g u la r  s in g u la r  p o in t 

z = cd . For th e  a s s o c ia te d  homogeneous eq u a tio n  a s  shown in  

Ince  [ 6  ] , th e  s o lu t io n  can be ex p ressed  i n  th e  form

(10.1) y  = e f c ^ u ( z )

where cj> , th e  d e term in ing  f a c to r ,  i s  a polynom ial in  z ;  and u i s  

a n  i n f i n i t e  s e r ie s  i n  l / z  w hich , though d iv e rg e n t ,  i s  a sy m p to tic . 

However, as we a re  i n t e r e s t e d  i n  g e t t in g  a p a r t i c u la r  s o lu t io n  we 

do n o t need th e  d e term in ing  f a c to r  (p  . We s h a l l  develope a  fo rm al 

s o lu t io n  fo r  (9 .1 ) which i s  a  -d iv e rg en t s e r ie s  e x ce p t when i t  

te rm in a te s . This s e r ie s  w i l l  te rm in a te  fo r  c e r ta in  v a lu e s (o f  th e  

param eters [L and 1/ . For th e se  v a lu es  we s h a l l  develope th e  

fu n c tio n  S . ( z ) . In  a l a t e r  s e c t io n  we s h a l l  show th a t\-LylS

S/j ij ( z ) , th rough  a l im i t in g  p ro c e s s , can be d e fin e d  when 
h - r

+s ^  jy (z) i s  n o t d e fin e d  ( i . e .  when /-I -  U i s  a n e g a tiv e  in t e g e r ) .  
r~*

We b eg in  th e  developm ent o f  S (z) by assum ing a s o lu t io n
r~ *

o f  ( 9 .1 ) ' to  be

00

(1 0 .1 ) ’ y  =  ̂a^z0 ~ r

r=0

32
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Form ally d i f f e r e n t ia t in g  and s u b s t i tu t in g  (1 0 .1 ).' and i t s  f i r s t  

two d e r iv a t iv e s  i n  ( 9 .1 ) 1 we g e t

OD

(10.2) 2 ^ r _ 2 [(c + 2 -  r ) 2 -  i / 2 ]  zc + 2 “ r  +

r=2

CD

4. \  c + 2 -  r  _ , /-!+1 + y  a^z = lcz“

r=0

L e ttin g

(10 .3 ) c + 2 = f l +  1

we g e t

(10 .4) c = f l  -  1

and th e  s u b s t i tu t io n  o f (10.4) i n  (10 .2) g iv es  us

CD

(10.5)

r=2

CD

, r _ 2  [ ( M + l . r ) 2 .  „ * ]  ^ + 1 - *  +

CD

+ y  v ^ + i - r  =

r=0

w hich, when we co n s id e r th e  c o e f f ic ie n ts  o f  th e  d i f f e r e n t  powers o f
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z ,  g ives

( i )  a = ko

(1 0 .5 ) ' ( i i )  a1 = 0

( i i i )  ar  = -a r _ 2 [( j j ,+ 1 -  r ) 2-  » 2 ]  , r  = 2 ,3 ,4 ,  .

From ( i i )  and ( i i i )  above we see  t h a t  ap = 0 , r  = 1 ,3 ,5 ,  *** .

T herefore  th e  fo rm al s o lu t io n  o f  (9 .1 )*  may be w r i t te n  i n  th e  form

(10 .6 ) y  - i  -  ^ - v z2-  S  +
z

C(LL-l)2- l/2! L(U-3)2- ls2J
4 ~

F ac to rin g  th e  num erators o f term s a f t e r  th e  f i r s t  we see t h a t  the
-f 1

f a c to r s  a re  o f th e  form fJL -  1/ -  (2p + 1 ) ,  p = 0 ,1 ,2 ,  *** .

Thus the  s e r ie s  te rm in a te s  when j_L -  V  or + U i s  an odd p o s i

t iv e  in te g e r .  O therw ise the  s e r ie s  d iv e rg e s . T herefore  (10 .4 ) i s  

a s o lu t io n  o f  ( 9 .1 ) ’ i f  and only i f  th e  s e r ie s  te rm in a te s . In  t h i s

case we denote th e  r ig h t-h a n d  s id e  o f (10 .6 ) by kS,,  . ( z ) , andfJ- fly

S f l  y  (z) i s  c a l le d  th e  second Lommel fu n c tio n .

Next we w ish to  ex p ress  ^  (z) i n  term s o f s ^  ^  (z) and

B essel fu n c tio n s . L e tt in g  -  2p + 1 we have
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( 1 0 .6 ) ' (z ) = z ^ ”1 ( - 1 )”  v
2m S 'z

1 +

m=l

• "  [/X-Z^-C2 m - l ] x

P

1 + ( - l ) m X
m=l

- 2 X - 1 I j l+lx  -H-2iri 
2

zL  I
m=0

X -
r  I f  -  t  _  m + 1) r  (£■ * X--r, * !'

2 2

P

_ U - l= 7. ^

rrFO

( - D mr ( p + D  r ( p + ^ - n )
( z / 2 ) ^ ra P(p-m+1) P(p+iX -m +l)

Next we re p la c e  m by p -  m and g e t
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s u iXz> = '(-i)pẑ L“1'^ n Xp+i) r j j^ y  +1)
f X i F(m +l) F(m+I/ +1)

m=0

_ <D

m-0
F(m +l) F(m +l/ +1)

X F(p+i ) FCp+î +i) - ■(-i)pz^ '-1X

QD

y V  ( - D m( z /2 ) 2m- 2i:’ r(p< -i) r t c H - m )

/  i F(m+l) TCm+̂ +l)
m=p+l i

= - X + |) + -jr + |)X

X ^ ( 0  -  ( -1 )P ZA A -1 X

v V  ( - i ) m tp f l( g /2) 2°rf2 r  i f  ~  f  *  I  r f  * f + §

/ - . j  r  ( ^ r  ~  -jjr + m + ^ ^  + ' 2” + ra + f )
m=0

X V (z) + s/jl , i/ (z)

= -2/-1 - 1  rc ^  -  -f- + |) F(^- + -jr + |)X
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X s i n  [-(p  + 1 ) ^ ]  (a) + (a)

= -2^i - 1 p ( ^ , - ^ .  + | )  p ( ^ .  + | l  + | ) X

COS i  (  l ±  + l / ) - j f

X  s i n  |2> 7T )  V  +  s f l 9l / ^

where V  i s  n o t an  in te g e r .  T herefore  when V  i s  n o t an in te g e r  

and — V  i s  an odd p o s i t iv e  in te g e r  we have

g / l - l  p /jU  — !dj+i.)p(i=L +Jd+ iL ) 
rm  n\ 1 a r \ -  r \ a. * 2 2 2 ^  2 2 2;w

S/ l , ^  (2) S|jL, 2̂  s in ( ^ 7 T | X

X[cos 7 * Xjy ^  " cos I- (M-+i/ )7r* (z)] »

s in ce  cos x  (Li-Z^)TT v an ish es  under th e se  c o n d itio n s . S (z) 

i s  an  even fu n c tio n  o f 2 /, thus

( l 0 -8) S/J . , I d (z) = S|_L,-2y(z) »

and th e  requ irem en t th a t  fJ. -  2/ be an odd p o s i t iv e  in te g e r  be

comes e q u iv a le n t to  th e  req u irem en t t h a t  fJL -  ( - U ) be an odd pos

i t i v e  in te g e r .  T herefore  S .,  , , (z) i s  d e fin e d  a s  a te rm in a tin g  

s e r ie s  i f  e i th e r  f l  + 1 /  or j J L - l S  i s  an odd p o s i t iv e  in te g e r  and 

i f  V  i s  n o t an  in te g e r .  When V  i s  an  in te g e r  we use  th e  equ iva

l e n t  form
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(10.9) sh>u (.) - (,) + 2^-1 r ( f  -  f  + |)X

X F ( f + 7  + |) [sin |  ( f i - l ' ) T T  • (a) -

-  cos |  ( ^L- U) ' Tf  i Y ^ ( z ) ]

We adop t (10 .7 ) and (10 .9) a s  th e  g e n e ra l d e f in i t io n s  o f  the

second Lommel fu n c tio n  S . ( z ) .
fJ-

I

I

I

I
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11. The R ecurrence Formulas

In  t h i s  s e c t io n  we s h a l l  develope re c u rre n c e  form ulas fo r
I

b o th  th e  fu n c tio n s  s . ,  , ,  (z ) and S .. . ( z ) .  F i r s t  we observe th a t  

by u s in g  (9 .5 )  we g e t

(11.1) s fl+2,2^ (z ) =
,P-+3

(/J.+3)2 -  V 2

M + 5

[(/J.+3)2 -  V 2 1 UfJL+5)2 -  U 2 1

From ( l l . l )  we see th a t

(11.2)
, U +1

(/_L+1)2 -  I s } ( / l + l )  2 -  V  2 v ^ (z)

We may w r i te  (1 1 .2 ) as

(11.2) (z) = z ^ + 1 -  [ ( | l + l ) 2 . p 2 ] s ^ j J y (2 , 2 z)

Next we w ish to  co n sid e r

(z)

From (9 .5 )  we see t h a t

M + i l
(fJL+1 ) 2 -  i^2

39
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1U-+2)
,fJL+2

( +1)2 -  2 ( +3)2 -  2

We a ls o  have

(11 .5 ) = zU U z /J*

(f-L+l)2 -  V 2

jl+Z

C(/LI+1)2 - U 2 1 L ( / j +3 ) Z -

Combining (11 .4 ) and (1 1 .5 ) we f in d  th e  r ig h t-h a n d  s id e  o f (11 .3 ) 

to  be

(11.6) (z) + z ^ s . , , ,  ' (z)\ ± , V

-  J /

Thus we have

(11.6)

and s im ila r ly  

( 1 1 .7 ) ’ s , , w ' (z) -  ~  s i / j /  ( z )f l , i / z /_L,
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Adding and s u b tra c tin g  (11 .6 ) and (11 .7 ) we g e t

( 1 1 .8 ) 1 (a) = +

(1 1 .9 ) -  V  ° i x , v  W  =

Next we show th a t  th e  re c u rre n c e  form ulas fo r  S ^  ^  (z) can 

be o b ta in ed  from th e  above form ulas by re p la c in g  fu n c tio n s  o f  th e  

type S/J_ ^  (z) by fu n c tio n s  o f  th e  type  S ^  ^  ( z ) . From (10 .7) 

we have

(11 .10) • S ^ ^ U )  = ^ +1 .  [ ( ^ l+ l ) 2 . ! ^ 2 ] s ^ (

-  [(fi+i)2-  v 2] zH- ' 1  X

[z) -

r ^ - ^  + l )  n ^ - + ■£ + £)
s in  {l/TTl

X / * N 2 2 2'  1 N 2 2 2 V
A  IVri TTTtFI “  / A

X [ c°s \  -  cos |  ( jJL+V)'TT'Jl /  (z)J

= ^ + 1 -  ( , )  .

We co n s id e r
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■l' ( z )  = s i ± , v '  ( z )  +

2M--1 P(jdL „  1L + I )  P ( i^ .  + J d  + i v
1 2 2 2 2 2 2 \ y

san ■ F ttT

F -

2 î.-l ----kl + p  (fL + id. + I)
■‘■ 2 2 2' 1 2 2; sx

s in  (p t t ) / \

X

-  cos ~  (/-/.+]> )'7T [  -  •— (z) + ^ ( z )

2 ^ - W  „  + i )  p (^ i i+ i - i  + | ) | ( ^ ^ 1 ) n /

_ s in  ( i> _-i)rr ^

X COS

u_
Z (z)
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Now we proceed  as  we d id  fo r  ^  (z) to  §e t  th e  re c u rre n c e  f o r 

mulas ,

(11.12)' • (z) + ( V /z) ^  (z) = ( / J .+ l / - l ) S ^ _ 1 ^ _ 1 (z)

(1 1 .1 3 ) ' («) -  t l s / z ) S ^ u (z )  = ( /_L-i/- 1 ) ^  +1(z)

(11.14) * (22y/z)S^i j i / (z) = ( f i + l ^ - D s ^ j ^ ^ z )  -

-  ( | _ L - +1(z) ,

(11 . 15) '  2 S ^  ^  (z ) = (/_ L + l'- l)S ^ L_1 ^ _ 1 (z) +
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12. Lommel's F unction  When 
i s  an  Odd N egative In te g e r

We have seen  th a t  k s ^  ^  (z) and k S ^  ^  (z) a re  so lu tio n s  o f

(4 .1 )  when f JL t lS  i s  n o t an odd n e g a tiv e  in te g e r .  Now we s h a l l

use S, i ,y  (z) to  develope a s o lu tio n  when L L t l S  i s  an odd nega-

t iv e  in te g e r .  S ince S , iy ( z ) i s  an  even fu n c tio n  o f V ,  i t  w i l l

s u f f ic e  to  co n sid e r th e  case when i s  a n eg a tiv e  odd in te g e r .

F i r s t  we s h a l l  exp ress  S ^  2 p - l  V  ^  *,erras ^£y 1 ]y » ^or

any p o s i t iv e  in te g e r  p . Using th e  re c u rre n ce  form ula (1 1 .1 0 ) ' we

see t h a t  i f  n e i th e r  ( l  -  jy ) nor p v a n ish , then
P

"S orri-l Jy 7^ ~ 2P
(12 .1 ) S ,,  _ . , ,  (z) = P*1 ^  + S

]y -2 p - l ,2 /  ^ _ ^ 2 _ >2y2 ( j y . 2 p ) 2 - ^ ' 2

z ^ - 2 p

T-2p)(2Z^-2p)

2^-2p+2 s / v

" (-2p) (22^’ -2p) (-2p+2) (2 ̂  -2p+2) 

z jy -2p

22 (-p ) (iy -p)

2^-2p+2z x

22+2(-p ) (-p+1) (i^ '-p) (jy-p+1)

+ i ~ ^ s K = a r t ^ (z )
22+2( - p) 2( ^ - p) 2

V t
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r\ T

(■ I)” ^ - 2^ 2”  <--VP s v . i . y M

- 0 22+2m' - > W ^ V i + 22p( - r f P^ ’- p ) Pm-u

P-1 -2r>2m

22+2” ( - p )m+1( ^ - p ) r t l
m-u

22p( - p ) ( - p + l ) , - "  ( - l ) ( ! 2 _ p )  " •  (12-1)

P" 1 ( - i)m g 12-2pt2m ( - D PS v . l j t / ( ^

22+2" ( - p ) m tl( V - p ) m+1 + 22pp : ( l - ! 2 )
m-0 ^

T herefo re  i f  th e  above c o n d itio n s  on and p h o ld , we know th a t

fo r  any S ^  ^  (z) fo r  which f x - U  i s  an odd n e g a tiv e  i n t e g e r ,  we 

can w r i te  an e q u iv a le n t e x p re ss io n  i n  term s o f ^ ^  ( z ) . Next 

we co n s id e r ^ ^  ( z ) . Using (1 1 .1 0 ) ' we see t h a t

z ^ +1-S (z) ,
(12 .2 ) = (^ J ,_ i /+ l) ( j j !+ ^ + l)  ’ j±= V  -  1

i s  in d e te rm in a te . However, s in ce  th e  e q u a tio n  (10 .7 ) i s  h o lo -  

morphic in  j~L, jy ( z ) i s  a holom orphic fu n c tio n  o f  jj. near

jLi- = 2> -  1 . T herefo re  we d e fin e  S ^  (z) i n  th e  fo llow ing
T *

manner I
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(1 2 .3 ) S .. , (z) = lim
u - 1 ’1'  f-i-1 U - l

z ^ S M

and use  L 'H o s p i ta l ’s theorem  to  g e t

( 1 2 A )  S V - 1 , V M  =

z ^ + 1 l o g  a  - - S t j  ( S m + 2 >  ( z )  j  

2 l_L+ 2 V  -1

1 
2 1/ P 2 l0« z - -§n!'s M  >] " -13 A A+2

From (10 .9 ) we see t h a t  S _ (z) can be ex p ressed  as  th e  sum o f
tlS

th re e  te rm s. D if fe re n tia t i j jg e a c h  o f th e se  w ith  r e s p e c t  to  _̂L we 

g e t

(12 .5 ) d
a  a Sl± + 2 , l /  ^

A = i / - i

_ a _

3A
z^+1 X

QD m, »„\2m+2V " 1 (-1 ) ( r / 2 )

x Z i F T q r ¥
m=0

+ J '  + 2 ]
2 2 m+l m+l - 1 /X= iz _ l

CD

T m+l) ! ( 1/ +1) • • • ( ]y +m+l)
m=0

+ z

qp.
1/  V (-l)m(a/21251+2 -X

m+l
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m=0

+ z 1/ (-i)cW2i2m+2n m K /
(m+l) i p  ( +m+2j ~  ^

m=0

_ ,  rc# -  4 r  + 5 + n  + D r #  + -^ + J + b + « 
X  —  -•-■ -■■■  x p  + | )

1 '  2 2 2'

X 3
3 ^

n #  - t  +1 +lin+1) rc-^+ t* + ? +m+i)
,- i- i

2 2 2

r # - T  + | > n f  + ^  + 2)

V

CD

m=0

X|-°g z - 3
dH-
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+ lo g  r (•££- + - ^ - + | - + m  + l )  -  log r (■}— ----2" + 2^

-  log  n ( f  + + 2^
/ !=  I ' -  1

Mow by th e  use o f  th e  n o ta t io n

we have

(12. 6) a
a ^ S j±+2,U  ^ ( z / z f  r c ^ + D X

fJ L = V -l

OD
,m -l/ /„\2mV \  (-1 ) ^ ( 2/ 2);

'  x /  m !p  (i/' + m+l) 2 log  z + Y (2 ^ + l)  + ^ ( 1 )

m=l

-  Y ( ^  + m +l) -  ^ ( m  + 1)

Next we need

(12 .7 )
a

a a
2 'u + 1 r ( #

X  00s 2 ( f l -  ^ +2) TT • Y^. (z)
/1~ ia -1

= 2^  r c i ^ + D  Y ^ ( z )

= 2 ^ _1 r ( Z ^ + l ) Y ^ ( z )
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and

(12 . 8) J L
d l1

Xsin ? (u-u+zyr • j (z)
^  [1= V  -1

= ^ 2 ^  r  ( I '+ l)  lo g  2 + 2 ^  P  { f ~  -  ~  + | )  X

X  r e f  + f  + 1) x

X ini f p f  -  t  * |) r e f + f  •f l ).
P(^L _ + )̂ p (/x. + _H + 2)
1 2 2 ' 1 v“r2 2 2

Jy C z )

l±= V -1

OD

= X  r . i v + i . )  X

m=0

X [ l o g 2  + | Y ( l )  + |Y ( V + 1 ) ]  .

P u tt in g  (1 2 .6 ) ,  (1 2 .7 ) ,  and (12 .8) in to  (12 .4) we g e t

(12 .9 ) S , , , . ( z )  = 1 z U  lo g  z -  £  z ^ T ^ + D - XL 2

OD

X ^ ^ r f r ^ ? ^  (z lo* 2 + x(« + w  +u -
m=l

I
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- - ^ ( ^ + * 1 + D  _ ^ ( m+ D  ) + 2 / / ’ 1 ( z/ 2 r  P ( ^ + d X

50

i / - l ,  /oJ /

oo v rn- , /„■> 2m
X )  f e '" r  (2 log  2 + Y ( l )  + ^ 1-1) ) +

m-0

+ 2^ " 1 7 r r d /+ i) r ^ (z ) ]

= X 2 V k z + f a j  ^ n n X

CD_
,m/ /0\2m

1
m=0

''J'r(i/ + m+i) ) - ijp- 2 log z _ 22y_1 X

1 >  _____
4 1 v ml p

m=0

OD

ni/_ 2m

a_ ( 2  l o g  ( * / 2 ) -

-  X U  + 1) -  X ( ^  + m +l) ) -  2 ^ - 2 '7 r r ,(4 ')Y l /  ( z ) .

This form ula h o ld s  when Is i s  n e i th e r  zero  nor a n e g a tiv e  i n t e g e r . 

We n o te  t h a t  S , w (z )  i s  an  even fu n c tio n , and use  (1 2 .9 ) to  g e t
i *

(12.10) S . J ^ W  * S . ^ ^ W
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CD

_ 1 - V  
-  4 S

rr \  C-Dm(z/2)2in i z_
r ( - l ^ )  > m! r ( i l / + r a + l ) ^  log  2

in=0

- ^ ( m + l ) _  ^ ( - i /  + m +l) ) -  2” ^ " 2 7 r p ( - iy ) Y _ ^  (z)

Thus i f  1/ i s  p o s i t iv e  we use (12 .9 ) and i f  1/ i s  n eg a tiv e  we use 

(12 . 10) .
I

F in a l ly  we lo o k  a t  th e  case where V  -  0. From (12 .3 ) we
I

have

(12.11) S _ n(z) = lira
-1 » °  /jL - .1

' ° m - S U +2 . o M

( f l+ 1 )2

i  3 2

5 a f

zfi+1 s (ẑ 
/_L+2 , 0  ̂ 7

f1 = “1

By a procedure s im ila r  to  t h a t  used  in  th e  developm ent o f (12 .9 ) 

we g e t

OD

(12.12) 3__l j 0 (z)
m, 2m

= 1 \  (-1 ) (z /2)

(m«y
(lo g  § - ^ ( m + l )  ) '

m=0

-  -  ' ' p ' (m +1) +
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I

13. The Asym ptotic Expansion o f ^  (z)

1

We s h a l l  f in d  the  asym pto tic  expansion  o f  S ..  . (z) as izlp .fly

tends to  co in  an a p p ro p r ia te  s e c to r  o f the  z -p lan e  u sin g  S a m e 's  

method. F i r s t  we s h a l l  co n sid e r

(13 .1 )
LL-1

i(.) » X

OD i - p  +  2

X
2s

2 2 2
r ( I  _  t L  + Jd) p ( I  _  jtd _  Jd \ s in  fc 7T.) , 
1 2 2 2 - 2 2 2 7 <“ 1

ds

-as i-p  + ;

w ith  p chosen a la rg e  enough in te g e r  such th a t  th e  on ly  p o les  to  

th e  l e f t  o f th e  con tour a re  ones in v o lv in g  s in  [s X . We s h a l l  

show th a t

(13.2) I ( z )  = O C z^-2?)

and th a t

(13 .3 ) I ( z )  = z= * M.-1 1 „ i U r J r l l ^ y 2 + . . .  +

+ ( H(hi-1) 2 -  ^ 2 J ; - [ [  n - (2p-3)1 2 -X]
K } 2 (p - l)

~ s p , X z ) »

5 2
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th u s  showing th a t  th e  d if f e r e n c e  betw een S^  y  (z) and the  sum o f 

th e  f i r s t  m term s o f th e  s e r ie s

(13 A )  z M -1 !  _  ( f-L-1) - V  + C(|M—1) -  1-3) - i / ]  _ . .
z^

11 2in
( fo r  m ^  p) i s  0 (z r“ “ ) w hereas th e  l e a s t  degree o f th e se  f i r s t

, . pL -2m+lm term s i s  z-

tt • l t l 1 1 , ^ .  ^ 1 J A  ^  -  uFor convenience we l e t  ? ~  2 ~2 a a ? ~  2-------2—

Under th i s  s u b s t i tu t io n  our in te g ra n d  becomes

0  Ra -  s )  r ( b  -  s j  T T ( z / 2) 2 s

( l 3 -5)  f ( k )  r W  --------

Next we co n sid e r th e  o rder o f  th e  in te g ra n d  as  Is I becomes l a r g e .  

We l e t

(13 .6 ) s = Ri -  p + -  ;

and-we l e t  R tend  to  od or - go depending on which i s  a p p l ic a b le .  

S ince 1

i ( R i - p  +  | ) T T  - i ( R i - p  +  | ) 7 r  ^ R 7 r  r 7 ?

(13 .7) I s in  (s'U) I = 2 -----------------------< ® -----

we have

(13 . 7) '  I s in  (sIT)I = 0 (exp(7T |R l) )

A lso
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(1 3 .8 ) l ( z /2 ) 2 s l =  l ( z /2 )2Ri~2p+1

= } e (2 R i-2 p + l ) (lo g  |z /2 l + i  a rg (z )  ) |

_ ( -2p  +1) lo g  |z /2 | -  2R a rg (z )

g iv e s

54

( 1 3 .8 ) ' I ( z / 2 ) 2s t = 0(exp(-2R  a rg (z )  ) )

Using th e  d e f in i t io n ( s e e  W hittaker and Watson [ i l l  ) ,

(1 3 .9 ) I r ( c  + s ) I  = exp ( s  +  c  -  ( l o g  | s i  +  i  a r g ( s )  )

w h e r e  c i s  a  c o n s t a n t ;  | a r g ( s )  I ^  I T -  S , S  > 0; a n d  | s |  t e n d s  

t o  o d  ;  w e  g e t  ,

(13 . 10) I F ( a - s ) l  = {2‘TT)Z |e x p j^ (-s+ a -  ^ ) ( lo g |- s l  + i  a rg ( - s ) ) + s

= ( 2 TT)Z |exp£(-R i + p + a - l) ( lo g \/R 2+ jp -  ijr) + 

+ i  a r g ( - s ) )  + Ri -  p + -  J |

T herefo re
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|r(a-s)| -  o exp ((p + a - l ) lo g  V R2+ (p  •”  § )  +

+ R a rg ( - s )  -  P + 2/J

= o [  |R |P + a “1 exp(R a rg ( - s )  )

Thus we have

(13.11) I T (a - s )  r(b-s)"H~(z/2) 2s 
[ p ( a )  p (b )  sin(sTT) = 0 1RI

2p + a + b -2 X

)x^exp(-2R a rg (z )  -  TT |Rl + 2R a rg ( - s )  )]

where th e  l a s t  two term s in  th e  exponent a re  n eg a tiv e  fo r  la rg e

s I.

Now we s h a l l  show t h a t ,  i f  |a rg (z ) | < TT, then

(13.12) ]~(a-s) j ( b - s ) 7 r ( z /2 ) 2s 
f '" '(a ) 'p (b )  s in  (2 TT)

1
I r F IRt < R

where Rq i s  a p o s i t iv e  number. F i r s t  we co n sid e r th e  o rd er o f

(13.11) as R tends to  cd , We l e t  s = R ^ e ^  . Then we no te  th a t
-jp

as R ten d s to  . <x> , R^ tends to  qd and Q  tends to  . When R
77”tends to  - cb ,  R^ tends to  cb . and 0  tends to  — . C onsidering

the  term  2R a r g ( - s ) ,  we see th a t  i f  R tends to  cb ,  a rg ( - s )  tends
7p

to  — and 2R a r g ( - s )  ten d s to  -TTR. I f  R tends to  - c b  ,  th en  

2R a r g ( - s )  tends to  -TTR. On th e  o th e r hand, i f  we maximize 

-2R a rg (z )  , we g e t  2 |Rl.(TT_o) where b  i s  a f ix e d  p o s i t iv e
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number. The above im p lie s  th a t

(13.13)
F(a-s) F (b -s )T T (z /2 )2s 

P  (a) p  (b) s in  (sTfl = 0 [ |R| 2p 4* a + b-2 exp(-2  |RI§ )]

fo r  la rg e  |R I. Prom (13.13) we see t h a t  fo r  la rg e  IRI we have

(1 3 .1 2 ) . But th e  f a c t  th a t

CD

R

converges im p lie s  t h a t  our in t e g r a l  converges un ifo rm ly  by th e  

M -te s t.

S ince I ( z )  converges un ifo rm ly  fo r  |a rg  zK 'Rj we have

(13.14) l l ( z ) l  S - z J J L -1

E i-p  + |  
r

lira 
R-*od J

F(a-s) F(b-s) 'TT 
p(.a) p(b) sin"[s'tt]

-R i-p  + |

X e (2 R i-2 p + l)(lo g  |(z /2 )| + i  a rg (z ) )  L

c z ^ 1 z
27T 2

- 2 p + l
X

R i-P  + •

X lim
R-*cd

F(a-s) P(b-s)7T -2R(7T-S) 
"p(a) p(b) sin (sTT) e ds

-R i-p  + 1-
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where th e  l i m i t  f a c to r  con v erg es . T herefo re  we have

(13.15) I ( z )  = 0 (zM-"2P)

Next we w ish to  e v a lu a te  I ( z )  u s in g  th e  R esidue theorem .

F i r s t  we no te  t h a t  we have a f i n i t e  number o f  p o le s  in  each u n i t  

in t e r v a l  to  th e  r i g h t  o f  our con tou r and t h a t  th e  p o les  in  each 

in te r v a l  a re  r e s p e c t iv e ly  one u n i t  d is ta n c e  from th e  ones i n  th e  

p reced ing  i n t e r v a l .  T herefo re  we choose a r a d iu s  R and c e n te r  

-p  + ^  such t h a t  a s e m ic irc le  drawn to  th e  r i g h t  o f  our co n to u r 

p asses through  no po le  o f th e  in te g ra n d . We l e t  R ten d  to  ® by 

in c re a s in g  i t  one u n i t  a t  a tim e . We n e x t c o n s id e r the  i n t e g r a l  

around th e  c lo se d  con tour as  R ten d s to  od and l e t  c ^  r e p r e s e n t  the  

p ath  a long th e  s e m ic irc le  from -p  + \  — Ri to  -p  + j  + R i . Then

i s  equal to  th e  sum o f th e  r e s id u e s  o f th e  p o les  o f  th e  in te g ra n d  

in s id e  th e  c lo se d  c o n to u r. We s h a l l  show th a t  th e  i n t e g r a l  over 

th e  s e m ic irc le  c o n tr ib u te s  n o th ing  to  th e  i n te g r a l  over th e  c lo se d  

p a th  when R ten d s to  oo .

In  o rd e r to  do t h i s ,  we s h a l l  in v e s t ig a te  th e  o rd er o f  th e  

in te g ra n d  on th e  s e m ic irc le  when

/ f ( a ) f ' ( b )

c.’R
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( i )  s =

(13.17)

( i i ) £  + 7H

and

(13.18) z = ke1 ¥

Using (1 3 .1 7 )( i )  we have

(13.19) Isin  s TT\ =

iR ^(cos Q + i  s in  0  )T T  liR ^ (co s  0  + i  s i n 0  )7T
-e

2 i

<
-R, 'TT s in  0  R- TT s in  0  

} + e

T herefore

(1 3 .1 9 ) ’ |s in  sTTl -  0(exp(R^Tf) )

When we co n s id e r |(z /2 )  | , we use (13 .17) ( i i )  and (13.18) to  g e t

(13 . 20) | ( z /2 ) 2s I -  |exp(2 0 +  2 i7 ))  ( lo g  lk/2 I + i  arg(z) )|

>*
21-= .0( | k / 2 | S  ex p (-2 77 Y )  )

and we use (13 . 17) and (13 . 18) to  g e t

(13 . 21) | r ( a —s ) | -  (2TT) 2 ex p [( -  0  - i T )  + a -  | )  ( lo g  R̂  ̂ +
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+ i  a rg ( - s )  ) + £  + 7) i j

= 0 R. exp( r j  a rg ( - s )  + £) , |a rg (-s ) | < 9T.

T herefore  th e  o rder o f th e  in te g ra n d  on th e  s e m ic ir c le ,  ex cep t where 

ia rg (-s)l = TT, i s

(13. 22) F(a-s) r(b-s)lr(z/2) 2s
f ( a ) f  (b) s in  (s 7T)

= o [R '2 f + a +  h - 1 |k /2 j2f  e 2 > exp( 2 'f) a rg ( - s )  

-  2T7%F -  IL7T) ]

As R tends to  a> , R^ tends to  ao and we have th re e  cases  \

(13.23)

(i) (F tends to ax, |7]| is finite,

(ii) \Tj\ tends to ao , t̂ i^s

(iii) IF I tends to ao , ĵ -jtends to ao

Now we s h a l l  examine (13.23) case  by c a se . In  case  ( i )  sincel!)! 

i s  f i n i t e  and l<̂ i i s  i n f i n i t e  we have

(13.24) I""(a-s) F  (b-s)'T7~(z/2)2s 
F  (a) T(b) sin (sTT)

= 0 (M)'~
2 f + b

£

(R-l)
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where in te n d s  to  ® , £  tends to  od ,  c = a + b -1 , and M =
2

( |k / 2 |e )  . In  case  ( i i ) ‘ where |7) I i s  i n f i n i t e  and I £  I i s  f i n i t e  

we have

(13.25) (a-s) F(b~s)TT(z/2) 2s
p(a) p(b) sin (sTT) 

“ 2 77 -  RjTT) ,

= 0(R^ exp(2 7) a rg ( - s )

+ a + b-1

S ince R^ < 2 7 )  and 7) <  R^ we have

(13.26) T(a-s) P(b-s)7T(z/2)2s 
p(a) p(b) s in  (s' 77")

- 27) \[7 - IT  17) |) )

1= 0(7) exp(2 7) a rg ( - s )  -

S ince 7) and a rg ( - s )  alw ays have o p p o s ite  s ig n ,  the  term

2 7) a rg ( - s )  i s  always n e g a tiv e . As R tends to  ao , th e  minimum
TT

v a lu e  o f |a rg ( - s ) | tends to  —  . T herefo re  th e  maximum v a lu e  o f 

2 7) a rg ( - s )  ten d s  to  -  71 17) I as R ten d s to  cd . S ince |arg(z)|<7T  

we have th e  max v a lu e  o f  -2 7 ) '\p =  2 |7 ) |(7 T -S )»  S  >0. T herefore

(1 3 -27) -r r(° )ffe 5̂ i » ^ r  = 0 ( 7 7 Cl expC"2 |7 ] l8 > )

'1 ,_ 2  17) lb-  0( 7) / e “ ' ) , 7) ten d s  to  od

In  case  ( i i i )  when bo th  £  and IT) I a re  i n f i n i t e  we co n sid e r cases 

( i )  and ( i i )  and g e t
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f-H 28) Ra-s) F(b-s) TT(z /2 ) 
H a )  r(b) sin t'TT)

2s
= o ■ J i —

+c 7 W

where M ,c ,c ^ ,3 ,  a re  c o n s ta n ts ;  and <£ , |T ^ |, R^ a l l  ten d  to  o d  .  

Next we co n s id e r th e  i n t e g r a l

(13.29)
f(a-s) r(b-s)7T(z/2)2s

(a) p(b) sin fs TT) s
'R

6 7TR(max 
s € c.R

Ra-s) f ( b - s ) 7 r ( 2 / 2 ) 2£ 
f  '(a) F(b) sin (sir)

But th e  r ig h t-h a n d  s id e  o f  (13.28) ten d s  to  zero  as  R ten d s to  c b  , 

T herefo re  we have shown t h a t  th e  i n t e g r a l  over th e  s e m ic irc le  con

t r i b u te s  n o th in g  to  th e  i n t e g r a l  over th e  c lo se d  p a th  when R tends 

"to GD eXCept p O S S X u ly  J_n S. neighborhood. o f  th e  p o iilt  T/ih 8 x*e th e  

|a rg ( - s ) | = TT. S ince th e  con to u r does n o t pass th rough a p o le , we 

can bound th e  in te g ra n d  i n  a neighborhood o f s = R^ ,

7-,~ ~n\ i (a-s) F(b-s) ̂ ( 2 / 2 )
R 3 .3 ° )  - y - ^ Y ( b )  sinisVi

2s
<  M

fo r  any g iv en  r a d iu s .  Then we have

(13.31)
F(a-s) F(b-s)Tr(z/2)^S 
p(a) p(b) sinjs TT) ds

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where A s  tends to  zero . Therefore we prove th a t the in te g r a l over

the sem ic irc le  tends to  zero when R tends to  ao,

Since the in te g r a l con trib u tes nothing on the se m ic ir c le , we

know th at l ( z )  i s  equal to  the sum o f the resid u es o f

(13 32) z 11' 1z f  ( a ) f  (b) s in  (sTT)

2s

a t  the poles

(13.33)

0 , - 1 ,  • • •  , - ( p - l )

1 , 2 , 3 , • • •

a , a + 1 ,  a i + 2 ,  •*'

b,  b + 1 ,  b + 2,

Since we in teg r a te  in  the p o s it iv e  sen se , we consider

, 1
a o i-p  + 2

, , . T/ \ _ -1  f "1-1 -1  F ( a - s )  F (b -s)T T (z /2 )
(13.31-) 27Ti J z f  (a) f  (b) s in  (s JrJ

• 4-  1- o d  a-p  + g

2s
ds

27Ti

4 .  1-cd a-p  + j

, 1 
CD a - p  +  2

F(s) ds

which i s  equal to  the sum o f the resid u es o f F(s)  a t  the po les above* 

where F(s)  i s  the integrand o f (13*31-). In the f i r s t  s e t  o f (13*33)
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we have sim ple po les -m where m = 0 , 1 , • • • ,  ( p - l ) .  T herefore

(13.35) Res

p - l

(13.36) y  Res (F (s),-m ) = z

m=0

1 _ r(a+D r (b+D +
( z /2 ) 2 F ( a )  f ( b )

. . .  + ( > l ) p_1- J -t o -.1.!  ^ (6 + P- l)  
( z /2 ) 2p- 2 r ( a ) r ( b )

= + . . .  + ( - 1 ) P - l X
. ( a / 2) 2

\ / ( ab) *** ( (a+p-2)(b+p-2) ) 

A  ( z /2 ) 2p- 2

_ jLi-1-  'i:

+ ( I ) ? - 1 C( f l - 1 ) 2 - •• •  [(L L -(2 p -3 ))2 -  2/  ~3
2p-2z A

For th e  second s e t  o f p o le s , m = 1 , 2 , 3 } •♦ • , we have

CD CD

(13 .37) )  Res (F (s),m )

m=l

• F --1 \  - m), f  (b-m) ,TT(z /2 ) 2m
y" F  (a) P  (b) TT cos(mTT)

m=l

Using f ( p )  F ( l - p )  = TTcsc TT p we g e t
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6k

od od „  2m
v - 1 v - 1 (~)

(13 .38) y  Res (F (s),m ) = z ^ " ”1 y  —---- ,X
• Z j  Z j  ( - l ) m

rti=l m=l -

s /  r ( §  ~  %  *  T  -  a )  r ( 2 ~  ^  ~  T  -  m)

m=l

-X

r<| + f  + £>
x ^ rr(!  + ^ ' + 'z r  + ” )

s in ce1 ■

f n  oqs TT esc [(a-m)TTr] TT esc [(b-m)'7! ] _ ..
u -?*-w  TT csc'CaTT) "TT esc (b7T) 1

Then re p la c in g  m by m + 1  we g e t

OD OD
1 -------------------------------------------------- V------1

m=l m=0

V  u 1V  (-15 <f> ref + k  -  t >
(13 .40) > R e s  (F (s),m ) = - s X " 1 )  ;----- — 2 .-----  S. 2------ 2 -V

Z _ j Z -j  r ( |  + ^ - - f  + n) ^

P ( I  + + Jd)
\ y 1 2 2 2

T ( |  + + -p- + m)

I
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The siun o f  th e  re s id u e s  a t  th e  p o le s ,  a + m, m = 0 ,1 ,2 , , , *} i s  

g iv en  by-

CD

(13 .^1) y  Res (F(s),a+m )

m=0

CD

—  y>  li™ 

m=0

I1 - 1 \  i i m .(s-(a tm )) f ( a - s )  f  ( b - s ) y  ( z /2 ) 2s 
s_ A+m f  (a) f  (b) s in  ( s i r )

CD

_ _jJL-l \  . (s-(a+ m )) F ((a + m + l)-s )  r(b -s )"T r ( z / 2 ) 2 s

m=0, 1

CD

= _ g \  _T(1) ______________  y

m=0

y  7T(z/2) l-/l+Z^+2m

sm(̂  ~~ ĵir + \ ") ^  * cos(mTT)

- 2 ^ - 1  7T f  ~  ^

r< | - - ir> os°(| - I r + f-)7r- sin(l  -  + r )7r

CD

X

m:
m=0
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p  ( i  — U l  — J £ )  /  ml' p  (1 + 1 2 -hn) si'n(-2X 7r) cos(-m  TT )

2 2 2 n=0

X j,
r ( | " # - - r )  s i n t ^ T T )  U

In  th e  same manner we 'could show th a t

CD
-2  ̂ l"17r p  (- + •!=■ + — )

(13.̂ 2) > Ros (F(=),’o-*n) =  s--- p---T-—----- — X j ,,(z)
f t !  ~  %■ + 4 r) sinCiRTT) ->•''"2 2 2 m-0

Adding (13 .^1) and (13 .^2) and fa c to r in g

_2 n - i r ^ - f  + | ) r ( #  + #  + i )

sxn TTTttT

o u t i o f  each term  we g e t

(1 3.W   2— — n a/-#) ■ X

x J  ( ^ T f

JlX z>7r
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_2 H-i rcf - f +1 r (f  + f+j> x
sin TPrry

X TT TT

Ti n (2^7f) X

X <h (z) cos (|(jl-1̂ )77") - (7,) cos(j(.f±+]s)'

But th e  sum o f - s ^  ^  (z) and (13*43) i s  ^  (s) and th u s  we

have

■2

+ L i j J - D 2 - ^ 2) ( ( f i - 3 ) 2 -  iX )
4

fo r  la rg e  |zl when |a rg (z )  l< 'TT-.
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1 4 . A Method fo r  D eterm ining th e  F i r s t  
Term o f  th e  A sym ptotic Expansion o f S ̂  ^  (z)

The method developed i n  th i s  s e c t io n  i s  based i n  p a r t  on 

B ra u e r 's  method which was o u tl in e d  in  S e c tio n  8 . F i r s t  we make th e  

s u b s t i t u t io n  v = y V z ” in

(4 .1 ) 

and g e t

(14 .1)

z2y" + z y ' + (z 2 -  I/ 2)y  = kz

v" + [ l  + ( i  -  l ^ 2) / z 2] v  = k z ^ ” 2

Next we l e t

(14 .2) V " V1 ; V S V2

which g iv es  us th e  system  o f  eq u a tio n s

(14 .3 )

( i )

( i i )

v.

v^ [-1-+ ( V 2 - ) / z e v^ + kz

I f  we l e t

0 1 0 0
(14 .4 ) a (z )  =

-1  0
, b (z ) =

/> .2 1\ / 2 -zj;)/z o
»

68
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6 9

v (z ) -  

we g e t  th e  eq u a tio n
i

(1 4 .5 ) v ' (z) = (a (z )  + b (z ) ) v (z )  + c (z )  ,

Using (7 .1 0 ) and (7 .11) from Chapter I I  on B esse l fu n c t io n s ,  we g e t 

a fundam ental s o lu t io n  Cp(z) o f

(1 4 .6 ) v 1 (z) = (a (z )  + b (z ) ) v (z)

nam ely,

+ 0 (z -1 ) i y ~  s in ( z - ( 2 l /+ l ) - ^ )  + 0 (z _1)

+ OU"1) - ^ —  c o s (z - (2  l/+ l)-^ -) + o (z ’*1)

where  th e  f i r s t  l i n e  c o n s is ts  o f  th e  r e s p e c tiv e  f i r s t  term s o f  the

asy m p to tic  expansions o f  J jy (z )  and Y ,, ( z ) . S ince ^ ( z )  i s  a
1

fundam ental s o lu t io n  o f (1 4 .6 ) ,  i t  has th e  p ro p e rty

(1 4 .8 ) <£> ' (z) = (a (z ) + b (z ) ) c£> (z)

Next we c o n s id e r th e  s o lu t io n  o f  (14 .5 ) to  be

(1 4 .7 ) Cp  (z)

 ̂- J j f '  c°s (z -  (2 2y +1) -j~) 

sin (z -(2 2 > + l)-^ -)

V1 u

, c(z) =
. M-’ i ikz
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(14 .9) v (z) = <£>(z)
P 4> (t)

- 1
c ( t )  d t  ,

CD

-where th e  p a th  o f in te g r a t io n  i s  tak en  along  'th e  ra y  emerging from 

th e  o r ig in  and p ass in g  through z . S ince

(14.10) |£ (z ) | = c o s 2 ( z - ( 2 ^ ' + 1 ) ^ )  +

+ s in 2(z - (2  i/'+l)-^-) + OCz”1)

~  + OCz"1)

which i s  d i f f e r e n t  from zero  in  a neighborhood o f z = ao,, c]p (z)
i ' ;

has an in v e rse  in  t h a t  neighborhood. Using p ro p e r t ie s  o f  asym pto tic  

expansion  ( e .g .  see Wasow [ 9 3 ) > we g e t

(14.11) ( cfc(z) )-1  _

 ̂ c o s ( z - ( 2^+1)-£-) +0(z”1) s i n ( z - ( 2 ^ + l ) ~ )  + 0 (z“1) \

s i n ( z - ( 2 ^ + l ) ^ )  -k K z " 1 )  -v/~ .  c o s ( z - ( 2 t '+ l ) ^ - )  + 0 ( z - 1 )  J
2 + -^ (z”1)TT
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^ V l "  Cos(z - ( 2 ^ +1)'^") + 0(z-1 ) " V lT  s in ( z - ( 2 i> + l ) ^ )  + o (z “1)^

i

\ V t  s i n ( z - ( 2 J / + l ) ^ )  +0(z“1) V —  e o s ( z - ( 2 I / + l ) ^ )  + OCz”1) /

Next we no te  t h a t  (14 .9 ) i s  a s o lu t io n  o f  (1 4 .5 ) .  When we s u b s t i 

tu te  v (z) o f (14 .9 ) in to  th e  le f t -h a n d  s id e  o f  (1 4 .5 ) ,  we g e t
fr

Z
- i

(14.12) £<£>(z) * I [<i?(t)J c ( t ) d t  + c (z )

CD

&

(a (z ) + b (z) ) <£>(z) J  ^ > (t)J  c ( t ) d t  + c (z )

CD

(a (z ) + b (z) ) Vp(z) + c (z )

( i . e .  Vp(z) s a t i s f i e s  (14 .5) ) .  I f  we l e t

(J14.13) f  (z) = z - ( 2 i ^ + l ) ^

we have

(14.14) v  (z)=
x'

c o s ( f ( z ) )  -K^z-1 ) T s in ( f ( z ) )  -KHz" 1) ^

X

^  s in ( f ( z ) )  +0(z”1) J I -  c o s ( f ( z ) ) +0(z“1) /
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o o s ( f ( t ) )  + 0 ( t_1) - _ p ~  s i n ( f ( t ) )  + 0 (t_1)\ / 0 \

Xl
s i n ( f ( t ) )  +0(t"1  ̂ c o s ( f ( t ) )  +0(t"1)/ I

d t

/ cos ( f ( z ) )  +0(z~1) ^ s i n ( f ( Z))  +Q(z“1) ^

s in ( f ( z ) )  +0(z”J") c o s ( f (z )  ) +0(z"i ) j
-1

X

X
05

dt

In te g ra t in g  by p a r ts  we g e t

(14.15) v  (z)

/ - #  cosC f(z)) +0(z_1) -.y^r s in ( f ( z ) )  + 0(z’ 1)\

+0(z-1 ) -s/^r o o s ( f (z ) )  + 0(z“1)/

X

r -  ,, 1 3
, r -~  2 J-4”  ? \

- W i t  ) c o s ( f ( z ) )  + o(z  ) \

X

 ̂ kVir ^ 2)sin(f(z) ) + °(z{ 2) ^
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Since

(14.16) v (z) =
P

\ Tp ! ( z ) /

we have

j-L p p LL p p
(14.17) v (z) = kz cos ( f ( z ) )  + kz s in  ( f ( z ) )  + 0(z

ir

_ f1" 2 r f1”  i-  kz + 0(z )

But

(14.18) vp(z) = z y p(z)

im p lies th a t

(14 .19) y  (z) = k z ^ ~ \  0 (z^ '“2)

Thus we obtain  the f i r s t  term o f ( 1 3 . 4 ) .  ,.We note here th a t by- 

carrying one more term in  each o f the e n tr ie s  in  the m atrix <$5(z) 

we could g e t the more accurate formula

(14.20) y  (z) = kzM'"’1 Cl + 0 (z“2) 1
Jr
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