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FROM MULTI-PRIME TO SUBSET LABELINGS OF GRAPHS

Bethel I. McGrew, Ph.D.

Western Michigan University, 2021

A graph labeling is an assignment of labels (elements of some set) to the vertices or edges
(or both) of a graph G. If only the vertices of G are labeled, then the resulting graph is a vertex-
labeled graph. If only the edges are labeled, the resulting graph is an edge-labeled graph. The
concept was first introduced in the 19" century when Arthur Cayley established Cayley’s Tree
Formula, which proved that there are n™2 distinct labeled trees of order n. Since then, it has

grown into a popular research area.

In this study, we first review several types of labelings, then turn to the particular
problem of multi-prime labelings, where products of distinct primes are assigned as labels that
are disjoint for adjacent vertices and intersecting for non-adjacent vertices. We express the
problem in the equivalent language of subset labelings, denoting elements in a label by their
indices 1, 2, ..., k. A graph’s subset index is the smallest number of elements k from which we

can assign a subset labeling f, considered as a function with domain V(G) and range Z7([K]) (i.e.,

the power set of [k] with the empty set omitted).

It turns out that the problem of determining the subset index for graph classes such as

paths and cycles is nontrivial. For paths of order n, we determine the index up to n = 24, and for



cycles of order n, we determine it up to n = 18. We also describe the connection between the
problem of determining the subset index of a graph and a combinatorics problem related to the
so-called Erdés-Ko-Rado Theorem, namely the problem of determining the largest possible
family of sets such that every set is disjoint from at most some fixed number of sets in the
collection. Our work on subset labelings of cycles in particular has resulted in the correction of a

significant research result in this area, reopening the problem for further research.

We also consider the problem of determining the subset index for other graph classes,
including prisms and grids, for which we present upper bounds in terms of the subset indices of

paths and cycles. We conclude by studying the problem for select graph unions.
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Chapter 1

Introduction

A graph labeling is an assignment of labels (elements of some set) to the vertices or the
edges (or both) of a graph G. If only the vertices of G are labeled, then the resulting graph
is a vertex-labeled graph. In the case of edges, the resulting graph is edge-labeled. Graph
labelings have been traced back to the 19th century, when the famous British mathematician
Arthur Cayley proved that there are n"~2 distinct labeled trees of order n. This resulted in
what is commonly called Cayley’s Tree Formula (see [2]). Over the past few decades, the
subject of graph labelings has grown into one of the most popular research areas of graph
theory. Gallian [7] has compiled a periodically updated survey of many kinds of labelings
and numerous results, obtained from well over a thousand referenced research articles. As
an introduction, we will briefly review three of the most-studied graph labelings, namely
graceful labelings, harmonious labelings, and prime labelings (see [2, 5, 18, 19] for more
details). In particular, prime labelings are closely related to the research topic of this work.
We refer to the books [2, 5] for graph theory notation and terminology not described in this

work.

1.1 Graceful Labelings

In 1966, Alexander Rosa presented a talk titled “On certain valuations of the vertices of
a graph” at the Theory of Graphs International Symposium in Rome. One such valuation
was the so-called S-valuation. For a graph G of size m, Rosa defined this vertex labeling as

an injective function
f:V(G)—={0,1,...,m}

for which the induced edge labeling
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' EG) = {1,2,...,m}

defined by f'(uv) = |f(u) — f(v)] is bijective. In 1972, Golomb [9] referred to a S-valuation
as a graceful labeling and a graph possessing a graceful labeling as a graceful graph. It is
this terminology that has become standard. The graph G of order 5 and size 6 in Figure 1.1

is an example of a graceful graph, shown with one possible graceful labeling.

Figure 1.1: A graceful graph

The determination of which graphs are graceful is the major problem in this area.

Among the results obtained on graceful graphs are the following (see [2, 7]):

* The cycle C), is graceful if and only if n =0 (mod 4) or n =3 (mod 4).
* The path P, is graceful for all positive integers n

The complete graph K, is graceful if and only if n < 4.

>*

*

The graph K is graceful for all positive integers s and ¢.

*

The n-cube @, is graceful for all positive integers n.
* Every caterpillar is graceful.

* Every tree of order at most 27 is graceful.

The three graphs shown in Figure 1.2 are the only connected graphs of order 5 that are not

graceful. In fact, it has been shown that almost all graphs are not graceful [6].
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Gi: Gy : Gs :

Figure 1.2: Three graphs that are not graceful

One of the best known conjectures dealing with graceful graphs involves trees and is

due to Kotzig and Ringel (see [7]).

The Graceful Tree Conjecture FEvery nontrivial tree is graceful.

1.2 Harmonious Labelings

In 1980, Ronald Graham and Neil Sloane [10] introduced another graph labeling called a
harmonious labeling. Let G be a connected graph of order n and size m. Then m > n — 1.
For m > n, a labeling ¢ of G is harmonious if £ : V(G) — Z,, is injective and the edge
labeling ¢’ : E(G) — Zy, defined by ¢ (uv) = (u) + £(v) is bijective. A graph that admits
a harmonious labeling is called a harmonious graph. For example, the complete graphs
K3 and K4 are harmonious. A harmonious labeling for each of K3 and K4 is shown in

Figure 1.3.

Ks:

Figure 1.3: Harmonious labelings of K3 and K4

For m = n — 1, the graph G is a tree and such a labeling is impossible. In this case,
some element of Z,, is assigned to two vertices of GG, while all other elements of Z,, are
used exactly once. Here, the labeling ¢ is not injective. Harmonious labelings of P, for

n =6,7,8,9 and the star K; g are shown in Figure 1.4.

Many classes of trees have been shown to be harmonious (see [2, 7]). For example, all

paths and stars are harmonious. In fact, Graham and Sloane made the following conjecture.

The Harmonious Tree Conjecture FEvery nontrivial tree is harmonious.
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Figure 1.4: Harmonious labelings of P, for n =6,7,8,9 and K¢
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In 2018, a related harmonious concept of trees was introduced in [2]. For a nontrivial
tree T' of size m, the harmonious number h(T') of T is the number of elements of Z,, that
can be repeated in some harmonious labeling of 7. Therefore, 0 < h(T) < m for every
tree T of size m. If the Harmonious Tree Conjecture is true, then 1 < A(T) < m. It was
observed in [2] that if T" is a tree of even size m and the Harmonious Tree Conjecture is
true, then h(T) is even and 2 < h(T') < m. Figure 1.5 shows three trees T' € {P3, Py, K 3}
of size m > 2 such that h(T) = m.

DLO® O O-D 5 ®
OXXOSSOR¥Q ?

N N

0 -2 ()2
D—0)—O

1 0
OO LEQERe) @ 0 @é

Figure 1.5: Trees T for which h(T) = |E(T)|

The following question appeared in [2]:
Does there exist a class of trees T' for which h(T) = 1%

We show that in fact, no such tree of size 2 or more exists. Indeed, more can be said.
Theorem 1.2.1 If T is a nontrivial harmonious tree of size m, then h(T) = m.
Proof. Since T is harmonious, there is a harmonious labeling ¢y : V(T') — Z,, of T such

that some element a € Z,, is assigned to exactly two vertices of 1" and all other elements of

Z, are used exactly once. We show that the labeling ¢1 : V(T') — Zj, of T defined by
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l1(v) = £y(v) + 1 for each vertex v of T

is also a harmonious labeling of T'. First, we show that ¢ assigns a—+1 to exactly two vertices
of T' and each of all other elements of Z,, to exactly one vertex of T'. If ¢1(u) = ¢1(v) in Zy,
where u,v € V(T), then fo(u) + 1 = lo(v) + 1 in Z,, and so fy(u) = ly(v) in Z,,. Since £

is harmonious, it follows that either
(i) u = or (ii) u # v and {y(u) = lo(v) = a.
This implies that if ¢1(u) = ¢1(v) in Z,,, then either
u=wvorl(u) =4 (v)=a+1.

Next, we show that ¢} : E(T) — Zy,, defined by ¢} (uv) = ¢1(u) + £1(v), is bijective. First,
observe that if e = uwv € E(T'), then

ti(e) =ti(u) + £1(v) = (bo(u) + 1) + (bo(v) + 1) = £5(e) + 2.

If ¢i(e) = ¢4(f) in Zy, where e, f € E(T), then £(e) + 2 = £,(f) + 2 in Z,,, and so
ty(e) = £y(f) in Zy,. Since £ is injective, e = f and ¢} is injective. Furthermore, |E(T)| =
|Zm| = m, and so ¢} is bijective. Therefore, ¢ is a harmonious labeling of 7. In ¢;, the
element a + 1 is assigned to exactly two vertices of T" and all other elements of Z,, are
used exactly once. By a finite induction, it follows that for each element = € Z,, there is a

harmonious labeling of T" in which z is repeated. Therefore, h(T") = m. [

1.3 Prime Labelings

Around 1980, Roger Entringer (see [7]) introduced another graph labeling called a prime
labeling. For a graph G of order n, a prime labeling of G is a vertex labeling of G with
the distinct integers in the set [n] = {1,2,...,n} such that the labels of every two adjacent
vertices of G are relatively prime. That is, a prime labeling is a bijective function f :
V(G) — [n] such that ged(f(u), f(v)) = 1 for each pair u,v of adjacent vertices of G. If
there exists a prime labeling of GG, then G is called a prime graph. For example, the graph
Q@3 of the cube is a prime graph. A prime labeling of this graph is shown in Figure 1.6.
While adjacent vertices must have relatively prime labels, nonadjacent vertices may have

relatively prime labels as well.

Determining which graphs are prime is a major research problem. Results obtained

include the following (see [2, 7]):
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TN

Figure 1.6: A prime graph Qs

*

Every cycle is a prime graph.

*

For each integer ¢ > 2, the complete bipartite graph K ; is prime.

>*

For each integer r > 3, the graph K, , is not prime.

x While K34, K35, and K3¢ are prime, K3 is not prime for ¢ > 7.

%

All paths and stars are prime.

*

All trees of order at most 50 are prime.

*

All caterpillars with maximum degree at most 5 are prime.

In fact, Entringer (see [7, 16]) made the following conjecture in the 1980s.
The Prime Tree Conjecture Fvery nontrivial tree is prime.

In 2011, Haxell, Pikhurko, and Taraz [12] proved that all trees having a sufficiently large

order are prime. The Prime Tree Conjecture remains open, however.

Over the past few decades, numerous types of graph labelings have been introduced and

studied. Our work here is closely related to prime labelings of graphs.

1.4 Graph Colorings

The topic of graph colorings is an area of graph theory that is closely related to graph

labelings. This section reviews some basic terms and definitions.

A vertex k-coloring of a graph G is a function ¢ : V(G) — [k] = {1,2,...,k} where k is a
positive integer. The minimum k for which a proper (vertex) k-coloring of a graph G exists
is the chromatic number of G and is denoted by x(G). The following are some well-known

results about the chromatic number of a graph.
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Proposition 1.4.1 If H is a subgraph of a graph G, then x(H) < x(G).

The cliqgue number w(G) of a graph G is the maximum order of a complete subgraph
of G. In particular, w(K,) = n and w(G) = 2 for every nonempty bipartite graph G. Let
A(G) denote the maximum degree of G.

Theorem 1.4.2 For every graph G, w(G) < x(G) < A(G) + 1.

For each odd integer n > 3, the connected graphs C,, and K, have the property that
x(Cn) =3 =A(C,) + 1 and x(K,) = n = A(K,) + 1. Brooks [1] showed that these two
classes of graphs are the only connected graphs with this property.

Theorem 1.4.3 If G is a connected graph that is neither an odd cycle nor a complete
graph, then x(G) < A(G).

A k-edge coloring of a graph G is a function ¢ : E(G) — [k] where k is a positive integer.
If no two adjacent edges in G are colored the same, then c is referred to as a proper edge
coloring. The minimum positive integer k£ for which G has a proper k-edge coloring is its
chromatic indez, denoted by x'(G). By the definition of the chromatic index x/'(G) of a
nonempty graph G, it follows that x/(G) > A(G). The most famous theorem dealing with

chromatic index was obtained by Vizing in [17].
Theorem 1.4.4 For every nonempty graph G, x'(G) < A(G) + 1.

As a result of Vizing’s theorem, the chromatic index of a nonempty graph G is one of
two numbers, namely either A(G) or A(G) + 1. A graph G with x'(G) = A(G) is called a
class one graph while a graph G with x/(G) = A(G) 4 1 is called a class two graph.

1.5 Kneser Graphs
Listed below is a sequence of eight nonempty subsets of the set [6] = {1,2,...,6}:

{1,2,3},{4,5},{1,6},{2,5},{3,4,6},{1,5},{2,4,6},{1,3,5}

For simplicity, we will refer to the subsets as 123, 45, 16, and so on.

There are two properties of this sequence that are of interest. First, every two consecu-

tive terms in the sequence are disjoint. Second, no two non-consecutive terms are disjoint.
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There is nothing especially unique about these two properties as far as the set [6] is con-
cerned. For example, if we were to add the integer 7 to any of the subsets that are not
consecutive, then the resulting sequence still possesses the two properties mentioned above.

We can continue doing this with the integers 8, 9, and so on. Consequently, the sequence
1237, 458, 1679, 25, 3468, 159, 246, 1359

consisting of eight nonempty subsets of the set [9] also has the properties. While we can
construct such a sequence of nonempty subsets of [n] for every integer n > 6, can this be

accomplished if n < 67 We’ll return to this question soon.

This sequence of eight nonempty subsets of the set [6] has the same two properties

mentioned above, but the first and last subsets in the sequence are disjoint:
12, 456, 13, 256, 14, 236, 15, 346

As before, we can accomplish the same two properties by replacing [6] by any set [n],
when n > 6. But could we accomplish these properties by replacing the set [6] by some set

[n] where n < 67

These sequences and the two properties they possess suggest a problem that can be
expressed in terms of graphs. A graph (GG can be associated with the first sequence when
V(G1) = {v1,va,...,vs} such that the vertex v; corresponds to the ith term in the sequence
and v;v; € E(G1) if the ith and jth subsets are disjoint. Hence, G1 = Ps. Defining G from
the second sequence in a similar manner results in Go = Cg. Consequently, the vertices
of Pg can be labeled with nonempty subsets of [6] such that only adjacent vertices have
disjoint labels. The vertices of Cg can be so labeled as well. For Pg and Cj, is [6] the
smallest set with these properties? This question need not be restricted to Py and Cs. A

similar question can be asked of any graph, which suggests a labeling problem for graphs.

These questions are reminiscent of a famous class of graphs, namely the Kneser graphs.
Let k£ and n be the two positive integers with n > 2k. It is possible to partition the (Z)
k-element subsets of [n] into n — 2k + 2 classes so that no pair of disjoint k-element subsets
belong to the same class. The Kneser graph KG,, ;, has its vertex set consisting of the k-
element subsets [n], where two vertices are adjacent if these subsets are disjoint. The graph
K G5 9 is the Petersen graph. While the observation above states that x (K G, ) < n—2k+2,
Kneser believed that x(K G, ) = n — 2k + 2. This was verified by Lovész. In the case of

Kneser graphs, one begins with a collection of subsets of the same size, and from this, a
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graph is constructed. In our case, we begin with a graph G and assign each vertex of G a
nonempty subset of a fixed set where the subsets can have any size, but any two vertices
are assigned disjoint labels if and only if they are adjacent. While this can always be done,
we are primarily concerned to determine the size of the smallest universal set that can

accomplish this.



Chapter 2

Multi-Prime Labelings of Graphs

2.1 Introduction

As mentioned in Chapter 1, a prime labeling of a graph G of order n is a vertex labeling
of G with distinct integers in the set [n] = {1,2,...,n} such that the labels of every two
adjacent vertices of G are relatively prime. That is, a prime labeling is a bijective function
f: V(G) — [n] such that ged(f(u), f(v)) = 1 for each pair u,v of adjacent vertices of G.
If there exists a prime labeling of G, then G is called a prime graph. Clearly, some graphs
do not have prime labelings. For example, the complete graph K, of order 4 is not prime.
Regardless of how the vertices of K4 are labeled with distinct elements of [4], the two
vertices labeled 2 and 4 cannot be be adjacent. Similarly, for each integer n > 4, the
complete graph K, is not prime. This concept has been studied extensively by many since

Entringer introduced it in 1980 (see [2, 7], for example).

A related vertex labeling concept was introduced and studied in [2]. A vertex labeling f
of a nontrivial connected graph G is a multi-prime labeling if f : V(G) — [2,00) has the
property that ged(f(u), f(v)) = 1 if and only if uv € E(G). By the definition, we can

assume that the label f(v) of each vertex v of G is the product of distinct primes.

For example, a multi-prime labeling is shown in Figure 2.1 for each of the three graphs K3,
Cy = Ko and Cs. In general, a multi-prime labeling of the complete graph K, of or-
der n > 3 can be obtained by assigning distinct primes to distinct vertices, while a multi-
prime labeling of a complete multipartite graph G can be obtained by assigning the same

prime to two vertices of GG if and only if these two vertices belong to the same partite set.

We list some of the major differences between a multi-prime labeling and a prime label-

ing.

10
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Figure 2.1: Multi-prime labelings of K3, C4y = K22 and Cjs

(1) In a prime labeling, the vertex labels come from the set [n] for some positive integer n;

while in a multi-prime labeling, the vertex labels come from the set [2, 00).

(2) A prime labeling is bijective; while a multi-prime labeling is not required to be injec-

tive. Thus, distinct vertices may be labeled the same in a multi-prime labeling.

(3) In a prime labeling f, it is required that ged(f(u), f(v)) = 1 for each pair u,v of
adjacent vertices of G. However, it is also possible that ged(f(x), f(y)) = 1 when z
and y are nonadjacent vertices of G. In a multi-prime labeling, adjacent vertices are

the only pairs of vertices whose labels are relatively prime.

Consequently, in a multi-prime labeling, 1 is not the label of any vertex, and so every vertex
label is divisible by at least one prime. Furthermore, if u and v are two nonadjacent vertices,
then their labels are not relatively prime, thus there is at least one prime that divides both
labels. There is no requirement in a multi-prime labeling of a graph that distinct vertices
must be assigned distinct labels. If two vertices are labeled the same, however, then these

vertices cannot be adjacent.

A nontrivial connected graph G is a multi-prime graph if G has a multi-prime labeling.
It was shown in [2] that every nontrivial connected graph has a multi-prime labeling. For

completeness, we include a proof of this result here (see [2]).
Theorem 2.1.1 Fvery nontrivial connected graph has a multi-prime labeling.

Proof. We proceed by induction on the order n of a connected graph. The result is
immediate for small values of n, say n = 2,3,4. Assume that the statement is true for all
connected graphs of order n for an integer n > 4. Let G be a connected graph of order n+1,
let v be a non-cut-vertex of G, and let G’ = G —v. Since G’ is a connected graph of order n,
it follows by the induction hypothesis that G’ has a multi-prime labeling. Let such a labeling
/" of G’ be given using k primes, say p1,pa, ..., pk. Suppose that V(G') = {u1,ug,...,uy},
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where N(v) = {uq,u2,...,u,}, 1 <r <n. Define a vertex labeling f of G by
Pivkf (ug) ifr=ufor1<i<n
flx) =

k+n . -
Pkt [ Limpyrp Pi ifz =0,

Since zy € E(G) if and only if ged(f(x), f(y)) = 1, it follows that f is a multi-prime labeling
of G. [

The following observation is therefore a consequence of Theorem 2.1.1.
Observation 2.1.2 Fvery nontrivial connected graph is a multi-prime graph.

Observation 2.1.2 suggests a parameter dealing with multi-prime labelings, which was
introduced and studied in [2]. Let G be a nontrivial connected graph. For a multi-prime
labeling f of G, the multi-prime index p(f) of f is the number of primes p such that
p | f(x) for at least one vertex x of G. The multi-prime index p(G) of the graph G itself
is the minimum multi-prime index among all multi-prime labelings of G. The multi-prime

indices of the cycles C),, 3 < n <5, are stated next (see [2]).
Example 2.1.3 p(C3) =3, p(Cy) =2, and p(Cs) = 5.

As an illustration, we include an argument which shows that p(C5) = 5. In the multi-
prime labeling fp of C5 in Figure 2.1, each label is divisible by at least one of the five
primes 2,3,5,7,11 and so p(fy) = 5. Hence, p(C5) < 5. It remains to show that p(Cs) > 5.
That is, we show that p(f) > 5 for every multi-prime labeling f of C5. First, we observe
that no label in a multi-prime labeling of C5 can be a single prime ¢, for otherwise, the
labels of the two vertices not adjacent to a vertex having ¢ as a label are both divisible by gq.
However, these two vertices are adjacent in C5 and their labels are not relatively prime,

which is impossible.

Thus, every label must be divisible by at least two distinct primes, and the labels of two
adjacent vertices must be divisible by a total of at least four distinct primes, say 2,3,5,7.
No vertex label can be divisible by three of these primes, for otherwise, the label of each
neighbor of this vertex is divisible by a single prime, which we have seen is impossible.
Therefore, in the cycle C5 = (v1,v2,v3,v4,v5,v1), each vertex label is divisible by exactly
two primes, say f(vi) =2-3 and f(v2) = 5-7. We may assume that 2 | f(v3) and 3 | f(va).
Also, we may assume that 5 | f(v4) and 7 | f(vs). However, then, 2 | f(vs), which is
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impossible since v; and vy are adjacent and 2 | f(v1). Therefore, every multi-prime labeling
of C5 requires the use of at least five primes. Thus, five primes is the smallest number of

primes that can be used in a multi-prime labeling of C5. Hence, p(C5) = 5, as desired.

The following two observations will be useful to us (see [2]).
Observation 2.1.4 If G is a nontrivial connected graph, then p(G) > 2.

Observation 2.1.5 If H is an induced subgraph of a graph G, then p(H) < p(G).

2.2 A Different View of Multi-Prime Labelings

As described in [2], multi-prime labelings of a nontrivial connected graph can be looked at
in another way and can be considered as another type of vertex labeling of a graph. In

order to describe this, we first introduce some additional definitions and notation.

For a positive integer 7, let P([r]) denote the power set of [r], while P*([r]) = P([r])—{0}
denotes the set of nonempty subsets of [r]. Consequently, |P*([r])| = 2" — 1. Let G be a
nontrivial connected graph. For a positive integer r, a vertex labeling f : V(G) — P*([r])
of G is a subset labeling provided f(u) N f(v) = 0 if and only if wv € E(G). The minimum
positive integer r for which G has such a subset labeling is the subset index of G. To
illustrate these concepts, we consider the famous Petersen graph P of order 10. Figure 2.2
shows a 5-subset labeling of P. (For simplicity, we write the set {a} as a, {a,b} as ab,
{a,b,c} as abc, and so on.) In fact, the subset index of the Petersen graph P is 5, as we

will soon see.

Figure 2.2: A 5-subset labeling of the Petersen graph P

We now return to multi-prime labelings of nontrivial connected graphs. Let f be a

multi-prime labeling of a nontrivial connected graph G. As before, let
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p1:2, p2:37 p3:57 P4:77 p5:117 p6:137

be the sequence of all primes such that p; < p;+1 for each positive integer . If u and v are

two vertices of G, then u and v are assigned labels

f(uw) = pipiy *piy, and f(v) = Pj1Pjs ** " Pjy>
where p;,, iy, - .., i, are distinct primes and pj,, pj,, ..., pj, are distinct primes.

* If uwv € E(G), then all k + ¢ primes p;,, Diys - - - s Dig» Pj1s Pjor - - - » Pj, are distinct and so
{i17i2) .. aq’k} N {j17j2) CIEa aje} = @
*x If uv ¢ E(Q), then at least one of the primes p;, , piy, - - - , Di,, is the same as one of the

primes pj,, Djs, - - -, Pj,» that is, {1,492, ..., 4k} N {j1, 72, ..., Je} # 0.

This observation gives rise to a different view of multi-prime labelings of graphs. That
is, multi-prime labelings can be considered as subset labelings. To see this, let f be a

multi-prime labeling of G. Then f can be considered as a function
f:V(G) — P*([r]) for some integer r > 2

such that f(u)N f(v) =0 if and only if wv € E(G). Thus, rather than assigning the integer
f(u) = pi,pi, - - - pij, to a vertex u of G, we can assign the subset f(u) = {i1,92,...,ix} of [r]
to u. Hence, the concepts of multi-prime labeling and subset labeling are essentially the
same concept. Consequently, the subset index of G and the multi-prime index p(G) of G

are the same parameter. For this reason, we use p(G) for the subset index of G as well.

For a positive integer k, an integer is called a k-prime integer if it is the product of k
distinct primes, and a k-element set is called a k-set. Thus, in a multi-prime labeling of a
graph, the label of each vertex is a k-prime integer for some positive integer k; while in a

subset labeling, the label of each vertex is a k-set for some positive integer k.

To illustrate these concepts, we return to the Petersen graph P. Since P has the
subset labeling shown in Figure 2.2, it follows that p(P) < 5. Since P contains the 5-cycle
as an induced subgraph and p(Cs) = 5 by Example 2.1.3, it follows that p(P) > 5 by

Observation 2.1.5. Hence, p(P) = 5, as we mentioned earlier.

2.3 Preliminary Results

In this section, we present several preliminary results dealing with multi-prime labelings

of graphs using the terminology of subset labelings. In fact, henceforth we will only be
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discussing this topic in terms of subset labelings. Again, for simplicity, we write the set {a}

as a, {a,b} as ab, {a,b,c} as abe, and so on.

The following observation is useful in determining the subset index of a graph.

Observation 2.3.1 If a graph G has a subset labeling f : V(G) — P*([k]) for some
integer k > 2, then G has a subset labeling g : V(G) — P*([{]) for each integer £ > k.

According to Observation 2.3.1, establishing p(G) = k > 3 for a graph G requires
showing that there exists a subset labeling of G using integers from the set P*([k]) but no
subset labeling of G using integers from the set P*([k — 1]).

For a vertex v of a graph G, let Ng(v) or N(v) (if the graph G is understood) denote
the neighborhood of v.

Proposition 2.3.2 Let f be a subset labeling of a nontrivial connected graph G. If u,v €
V(G) such that N(u) # N(v), then f(u) # f(v).

Proof. Assume, to the contrary, that there are vertices x and y in G such that N(z) #
N(y) but f(z) = f(y). Since f(x) = f(y), it follows that xy ¢ E(G). Since N(x) # N(y),
we may assume that there exists z € N(z) — N(y). Thus, zz € E(G) and yz ¢ E(G)
This implies that f(z) N f(z) = 0 and f(y) N f(z) # 0. However, then, § = f(z)N f(z) =
f(y) N f(z) # 0, which is impossible. n

The converse of Proposition 2.3.2 is false. If GG is a nontrivial connected graph with
p(G) =k and f: V(G) — P*([k]) is a subset labeling of G, it is possible that there exist
vertices u and v of G such that f(u) # f(v) but N(u) = N(v). For example, consider the
three graphs G1,Go,G3 of Figure 2.3, where a subset labeling is given for each of these
graphs. Thus, p(G1) <5 and p(G;) < 6 for i = 2, 3. In [2], it was shown that p(Ps) = 5 and
p(Pg) = 6. Since Pg is an induced subgraph of G, it follows that p(G1) = 5. For i = 2,3,
since Py is an induced subgraph of G;, it follows that p(G;) = 6. In the subset labeling of
G; (1 = 1,2,3) shown in Figure 2.3, the two solid vertices have different labels, but they

have the same neighborhood.
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Figure 2.3: Showing that the converse of Proposition 2.3.2 is false

The distance d(u,v) between vertices u and v in a nontrivial connected graph G is the
minimum length of a u — v path in G. A u — v path of length d(u,v) is a u — v geodesic
in G. The eccentricity e(v) = max{d(v,w) : w € V(G)} of a vertex v of G is the distance

between v and a vertex farthest from v in G. The diameter
diam(G) = max{e(v) : v € V(G)}

of GG is thus the largest eccentricity among the vertices of G, and the radius
rad(G) = min{e(v) : v € V(G)}

is the smallest eccentricity among the vertices of G. Therefore, the diameter of G is the
greatest distance between any two vertices of G. A vertex v with e(v) = rad(G) is called a
central vertex of G and a vertex v with e(v) = diam(G) is called a peripheral vertex of G.
Two vertices u and v of G with d(u,v) = diam(G) are antipodal vertices of G. Necessarily,

if v and v are antipodal vertices in GG, then both u and v are peripheral vertices.

Proposition 2.3.3 Let f be a subset labeling of a nontrivial connected graph G. If u €
V(G) such that e(u) > 3, then |f(u)| > 2. Consequently, if rad(G) > 3, then |f(u)| > 2 for

every vertex u of G.

Proof. Assume, to the contrary, that there exists © € V(G) such that e(x) > 3 but
f(z) = {a} is a singleton subset. Since e(z) > 3, there exists a vertex y in G such that
d(xz,y) = 3. Let (x,u,v,y) be an x — y geodesic. Then v,y ¢ N(z), which implies that
f@)Nnfv) #0and f(x)N f(y) # 0. Since f(x) = {a}, it follows that a € f(v)N f(y). But
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this is impossible, since vy € E(G). Furthermore, if rad(G) > 3, then e(u) > 3 for every

vertex u of GG, and the result follows. =

We now illustrate these results by determining the subset index of the 3-cube Q3.
Example 2.3.4 p(Q3) = 6.

Proof. Let Q3 = Cy O Ky, where (u,ug,us, ug,u1) and (vy,ve,vs,v4,v1) are the two
4-cycles of Q3 and w;v; € E(Q3) for 1 <1 < 4. The subset labeling f : V(Q3) — P*([6]) is
defined by

f(ul) = 237 f(u2) = 167 f(U3> = 247 f(U4) = 157

f(vl) = 147 f(UQ) = 257 f(U3) = 137 f(?_}4) = 267

as shown in Figure 2.4. Thus, p(Q3) < 6. It remains to show that p(Qs3) > 6.

(29
D )

Figure 2.4: A subset labeling of Q3

By Observation 2.3.1, it suffices to show that there is no subset labeling of Q3 using
the nonempty subsets of [5]. Assume, to the contrary, that there is a subset labeling f :
V(G) — P*([5]). Since N(u) # N(v) for every pair u,v of distinct vertices of Q3, it follows
that f(u) # f(v) by Proposition 2.3.2. Furthermore, because e(v) = 3 for every vertex v of
@3, it follows by Proposition 2.3.3 that |f(v)| > 2. If |f(z)| = 3 for some vertex x of Q3,
say f(xz) = 123, then f(y) = 45 for each of the three neighbors y of x, which is impossible.
Thus, the label of every vertex of @3 is a 2-set label. We may assume that f(uy) = 12.
This implies that each of f(u2), f(v1), and f(ua) is a 2-element subset of {3,4,5}. We may
assume that f(u2) = 34 and f(v1) = 35. However, then, f(v2) = 12 = f(u1), which is a
contradiction. Therefore, p(Q3) = 6. ]
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We saw for the subset labeling f of Cs in Example 2.1.3 that |f(v)| > 2 for every
vertex v of C5 even though rad(Cs) = 2. Therefore, the converse of Proposition 2.3.3 is
false. However, for each vertex x of Cs, there is an induced path P, with initial vertex x

in Cs. In fact, the proof of Proposition 2.3.3 gives the following observation.

Let f be a subset labeling of a nontrivial connected graph G. If uw € V(G) such
that w is the initial vertex of an induced path of length 3, then |f(u)| > 2.

The following observation will be used repeatedly in subsequent sections.

Proposition 2.3.5 The Subset Lemma. Let f be a subset labeling of a nontrivial
connected graph G. If u,v € V(G) such that N(u) — N(v) # 0, then f(v) € f(u).

Proof. Assume, to the contrary, that there exist 2,y € V(G) such that N(z) — N(y) # 0
but f(y) C f(z). Let z € N(x) —N(y). Then zz € E(G) but yz ¢ E(G). Since f(y) C f(x)
and f(z)N f(y) # 0, it follows that f(2)N f(y) C f(z)N f(x), and so f(z)N f(x) # O, which

is impossible since zz € E(G). ]

The contrapositive of the Subset Lemma can be stated as follows.

Let f be a subset labeling of a nontrivial connected graph G. If u,v € V(G) such
that f(v) C f(u), then N(u) C N(v).

The converse of the Subset Lemma is false. For example, consider the subset labeling f :
V(Ps) — P*([6]) of Ps shown in Figure 2.5. We have seen that p(Ps) = 6. For the two
vertices u and v of P, it follows that N(u) C N(v), but f(v) = {2,3,6} Z {2,3,5} = f(u).

v u
O O O O O [ O [ )
136 245 13 246 15 236 14 235

Figure 2.5: Showing that the converse of the Subset Lemma is false

The following observation is a useful consequence of the Subset Lemma.

Proposition 2.3.6 If p(G) = r, then for any two adjacent vertices u,v € V(G) such that
N(u) = N(v) # 0 and N(v) — N(u) # 0, it is impossible to have |f(u) U f(v)| =r.

Proof. Suppose, to the contrary, that there exist adjacent vertices u and v with either

N(u) — N(v) # 0 or N(v) — N(u) # 0 such that |f(u) U f(v)] = r. Say that there exists
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some vertex w € N(v) — N(u). If [f(w)] = |f(u)|, then f(w) = f(u). If |f(w)| < |f(w)],
then f(w) C f(u). Either way, we contradict the Subset Lemma. ]

The clique number w(G) of a graph G is the maximum order of a complete subgraph of G.
A graph without triangles is called triangle-free. The girth g(G) of a graph G with cycles
is the length of a smallest cycle in G. Consequently, if g(G) > 4, then G is triangle-free. If
G is a connected graph of order at least 3 with w(G) = w, g(G) = g > 3, and diam(G) = d,
then G contains an induced complete graph K, of order w, an induced cycle Cy of order g,
and an induced path P; of order d + 1. It was shown in [2] that p(K,) = w. Thus, as an
immediate consequence of Proposition 2.1.5, we have a lower bound for the subset index of

a connected graph that is related to its clique number, its girth and its diameter.

Proposition 2.3.7 If G is a connected graph of order at least 3 having clique number

w(G) =w, girth g(G) = g > 3, and diameter diam(G) = d, then

p(G) = max{w(G), p(Cy), p(Pay1)}-

There is another related distance concept involving induced paths in a connected graph
that provides an improved lower bound for the subset index of the graph. For two vertices u
and v in a connected graph G, the induced detour distance between u and v is the length of
a longest induced u — v path in G, which is denoted by d*(u,v). An induced u — v path of
length d*(u,v) is called an induced u—v detour. The induced detour diameter of G, denoted
by diam*(G), is the length of a longest induced path in G. This concept was introduced
by Chartrand, Johns, and Tian in [4]. Thus, for every connected graph G and every two

vertices u and v of G, it follows that
d*(u,v) > d(u,v) and diam*(G) > diam(G).

A graph G is called a detour graph if d(u,v) = d*(u,v) for every two vertices u and v of G.
Hence, if G is a detour graph, then diam(G) = diam™(G). For example, every tree is a
detour graph. A characterization of detour graphs has been established in [4]. Again, the
following lower bound for the subset index of a connected graph is an immediate consequence

of Proposition 2.1.5.

Proposition 2.3.8 If G is a connected graph having induced detour diameter d*, then

p(G) = p(Pyes).
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Although there are many connected graphs G having induced detour diameter d* such
that p(G) = p(Py+1), the inequalities in Propositions 2.3.7 and 2.3.8 can be strict, which
we will discuss in Chapters 3 and 4. By Propositions 2.3.7 and 2.3.8, it will be useful to
study the subset indices of paths and cycles, which are the topics of Chapters 3 and 4.



Chapter 3

Subset Labelings of Paths

3.1 Introduction

In Proposition 2.3.7, we saw that if GG is a connected graph of order at least 3 having girth

9(G) = g and diameter d, then
p(G) = p(Cy) and p(G) = p(Pat1).

Therefore, it is of interest to study the subset indices of paths and cycles. Figure 3.1 shows

subset labelings of P, for n =4,5,6. In fact, p(P,) =n —1ifn=4,5,6.

12 3 1 23
P4 . O O O

12 34 1 23 14
P5 : O O ) o) o

12 34 15 23 14 235
P6 : O O O 'e) o) o)

Figure 3.1: Subset labelings of Py, P5 and Pj

The subset indices (multi-prime indices) of paths was a topic discussed in [2], where the

following result was stated.

Theorem 3.1.1 Ifn >3, then p(P,) < p(Pn+t1) < p(Pn) + 1. Furthermore,

lim p(P,) = oco.

n—0o0

Consequently, for each integer r > 3, there exists an integer n, (possibly many such

integers) for which p(P,,) = r. However, the problem of determining the exact value of the

21
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subset index of a given path in general remains open. In fact, the values of p(P,) were only

stated for 3 < n <11 in [2], namely:

* if 3 <n <6, then p(P,) =n—1;
* p(Pr) =5;

* if 8 <n < 11, then p(P,) = 6.

In particular, the subset index of P2 was not given. We now investigate p(P,) for some
integers n > 12. It is convenient to introduce some additional terminology and notation
before proceeding further. Let P, = (v1,va,...,v,) be a path of order n > 3 and let f be

a vertex labeling of P,. The label sequence of f is defined as

Sy(Prn) = (f(v1), f(v2), -, f(wn)).

3.2 Preliminary Results on Paths

We first present several preliminary results on the subset labelings of paths in general. If u
and v are two distinct vertices of the path P, of order n > 3, then N(u) # N(v). Hence,

the following result is an immediate consequence of Proposition 2.3.2.

Proposition 3.2.1 If f is a subset labeling of the path P, of order n > 3, then f(u) # f(v)

for every two distinct vertices u and v of P,.

Consequently, if p(P,) = k for an integer n > 3, then k is the minimum positive integer
for which there exists a sequence S of n distinct nonempty subsets of [k] such that every
two consecutive terms in S are disjoint and every two nonconsecutive terms in S are not
disjoint.

For each positive integer n, the radius of P, is rad(FP,) = L%J, therefore, if n > 6, then
e(u) > 3 for every vertex u of P,. Thus, the following result is an immediate consequence

of Proposition 2.3.3.

Proposition 3.2.2 If f is a subset labeling of P, of order n > 6, then |f(u)| > 2 for every

verter u of P,.

We also have the following consequence of the Subset Lemma.
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Proposition 3.2.3 Let P, = (v1,v2,...,v,) be a path of order n > 4 and let f be a
subset labeling of P,. Suppose that v; and v; are two vertices of P, where 1 <1i,57 < n. If
degv; =2 or d(vi,v;) > 3, then f(v;)  f(v;).

Proof. Suppose that v; and v; are two vertices of P,, 1 < 4,7 < n, such that degv; = 2
or d(vij,vj) > 3. First, suppose that degv; = 2. Then either v;_; € N(vj) — N(v;) or
vj+1 € N(vj) — N(v;). In either case, N(vj) — N(v;) # 0. Next, suppose that d(v;,v;) > 3.
If j <, then vj1; € N(v;) — N(v;); while if ¢ < j, then v;—1 € N(vj) — N(v;). In either
case, N(vj) — N(v;) # 0. Thus, f(v;) € f(v;) by the Subset Lemma. ]

Proposition 3.2.4 Let P, = (v1,v2,...,v,) be a path of order n > 4 and let f be a subset
labeling of P,,. Suppose that v; € V(P,) where 1 <i < n such that f(v;) = {a,b}.

* If i + 2k + 1 € [n] for some positive integer k, then

{f (izar) N f(vi), f(vigors1) N f(vi)} = {{a}, {b}}.

Furthermore, if f(vit2) N f(v;) = {a}, then

f(ivor) N f(v) ={a} and f(vitog+1) N f(vi) = {b} for each positive integer k.

* If i — 2k — 1 € [n] for some positive integer k, then

{f (icar) 0 f(vi), fvimok—1) N f(vi)} = {{a}, {b}}.

Furthermore, if f(vi—2) N f(vi) = {a}, then

f(i—ak) N f(v) ={a} and f(vi—ox—1) N f(v;) = {b} for each positive integer k.

Proof. We may assume, without loss of generality, that 1 < i < L%J and 7 # 3. Since

fuise) 0 f(vi) # 0, f(vigs) N f(vi) # 0, and f(vit2) N f(vigs) = 0, we may assume,
without loss of generality, that f(vit2) N f(v;) = {a} and f(vit3) N f(vi) = {b}. Similarly,
Jigor) 0 f(vi) # 0, fvigors1) N f(vi) # 0, and f(vigor) N f(vigors1) = 0. Because
f(vig2) N f(vi) = {a} and f(vits) N f(vi) = {b}, it follows that f(vitor) N f(vi) = {a} and
f(Wisor+1) N f(v;) = {b} for each positive integer k when i + 2k + 1 € [n].

Using a similar argument to the above, we see that if f(v;_2)N f(v;) = {a} and f(vi—3)N
f(v;) = {b} (if i — 3 € [n]), then f(vi—ok) N f(v;) = {a} and f(vi—ox—1) N f(vi) = {b} for

each positive integer k when ¢ — 2k — 1 € [n]. ]
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Proposition 3.2.5 Let P, = (v1,v2,...,v,) be a path of order n > 4 and let f be a subset
labeling of the path P,. If v; and v; are vertices of P, such that d(v;,v;) > 5 and d(v;, v;)
is odd, then either |f(v;)| # 2 or | f(vj)| # 2.

Proof. Assume, to the contrary, that there are vertices v; and v; of P, such that d(v;, vj) >
5 is odd but |f(v;)| = |f(vj)| = 2. We may assume, without loss of generality, that i < j.
Since d(v;,vj) = j—1i > 5 is odd, it follows that ¢ and j are of opposite parity and v; and v;
are not adjacent. Hence, f(v;)N f(v;) # 0. We may assume that f(v;) = ab and f(v;) = ac,
where then b # ¢ by Proposition 3.2.1.

First, we apply Proposition 3.2.4 to f(v;) = ab. Since f(v;) = ac, it follows that
a ¢ f(vj—1). By Proposition 3.2.4 then, f(v;) N f(v:) = {b} for each integer t € {j — 1,7 —
3,...,1+2}. In particular, a ¢ f(viy2). Next, we apply Proposition 3.2.4 to f(v;) = ac.
Since f(v;) = ab, it follows that a ¢ f(vi11). By Proposition 3.2.4 then, f(v;)N f(vy) = {c}
for each integer t € {i +1,i+3,...,7 — 2}. In particular, ¢ € f(v;y1), and so ¢ ¢ f(vit2).
Consequently, f(vit2) N f(vj) = 0.

On the other hand, d(v;,v;) = j —i > 5, and so v;42 is not adjacent to v;. Hence,

f(vig2) N f(vj) # 0, producing a contradiction. n

To illustrate these properties, Figure 3.2 shows a subset labeling of P, for each integer

n=71738,9.

345 12 34 15 23 14 235
P, © o o) o 0 O
U1 V2 U3 V4 Vs Ve vy
3456 12 346 15 236 14 235 16
PS : O o) O O o) O o) 'e)
U1 U2 U3 V4 Vs Vg U7 Vg
3456 127 346 157 236 147 235 16 37
PQ . O O O O O O O O O
U1 () U3 on Vs V6 v7 Ug V9

Figure 3.2: Subset labelings of P, forn =7,8,9

3.3 Paths of Order 12 through 22

For each integer n with 12 < n < 22, we present a subset labeling f : V(P,) — P*([7]) by

means of the label sequence of f as follows (where, as before, a set {a, b, ¢} is written as abc
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and {a,b,c,d} as abed):

Sp(Piy) = (1234,567,123,457,126,347,156, 237, 146, 235, 167, 2345)
Sp(Pi3) = (1234,567,123,457,126,347, 156, 237, 146, 235, 167, 245, 1367)
Sp(Pu) = (1234,567,123,457,126,347,156, 237, 146, 235, 167, 245, 137, 2456)
Sp(Pis) = (1234,567,123,457,126, 347,156,237, 146, 235, 167, 245, 137, 246, 1357)
Sp(Pig) = (1234,567,123,457,126,347, 156,237, 146, 235, 167, 245, 137, 246, 135, 2467)
Sp(Pi7) = (1234,567,123,457,126,347,156, 237, 146, 235, 167, 245, 137, 246, 135, 267, 1345)
Sp(Pig) = (4567,123,567,124,367, 125,347,126, 345, 267, 135, 247, 136, 257, 146,
235, 147, 2356)
Sp(Pig) = (4567,123,567,124,367, 125,347,126, 345, 267, 135, 247, 136, 257, 146,

235,147, 236, 1457)

Sp(Pa) = (4567,123,567,124,367,125,347, 126,345, 267, 135,247, 136, 257, 146,
235,147, 236, 157, 2346)

Sp(Pa) = (2457,136,245,367,125,347,156, 234, 567, 123, 456, 127, 345, 267,
135,246, 357, 146, 235, 147, 236),

Sp(Py) = (2457,136,245,367,125,347,156,234, 567, 123, 456, 127, 345, 267,
135, 246, 357, 146, 235, 147, 236, 1457)

In fact, for 12 < n < 21, a subset labeling f : V(P,) — P*([7]) of P, can be obtained from
a subset labeling g : V(P,4+1) — P*([7]) of P,+1 by deleting g(vn4+1) and replacing g(v,,) by
[7] — g(vn—1). That is, f(v;) = g(v;) for 1 <i <n—1and f(v,) = [7] — g(vp—1). Since each
of these labelings was done with seven integers, it follows that p(P,) < 7 for 12 < n < 22.
In fact, p(P,) =7 for 12 < n < 22, as we show next.

Theorem 3.3.1 If12 <n <22, then p(P,) =T.

Proof. Since p(Pi2) < p(Pi3) < --- < p(P2) by Theorem 3.1.1, it suffices to show that
p(P12) > 7 and p(Pa) < 7. We have shown that there is a subset labeling f : V(Pa2) —
P*([7]) defined by

Sp(Py) = (2457,136,245,367,125,347, 156,234, 567, 123, 456, 127, 345, 267,
135, 246, 357, 146, 235, 147, 236, 1457),

and so p(Py2) < 7.
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Next, we show that p(Pj2) > 7. Since p(P12) > p(P11) = 6, we need only show that
p(Pi2) # 6. Assume, to the contrary, that p(Pi2) = 6. Then there exists a subset labeling f :
V(P12) — P*([6]) of Pi2. By Proposition 3.2.2, no vertex of Pja can have a 1-set label.

First, we verify the following four facts about the interior vertices of Pjo:

Fact 1: No interior vertex of Pio9 can have a 4-set label.
Fact 2: No two adjacent interior vertices can have 3-set labels.
Fact 3: Of every two adjacent interior vertices, at least one has a 2-set label.

Fact 4: No element in [6] can belong to five 2-set labels of interior vertices.

Proof of Fact 1: Assume, to the contrary, that there is an interior vertex v; such that
f(v;) of P2 is a 4-set. We may assume, without loss of generality, that 2 < ¢ < 6 and
that f(v;) = {1,2,3,4}. Since f(vi—1) N f(v;)) = f(v;) N f(vir1) = 0, it follows that
f(vi—1) € {5,6} and f(vi+1) € {5,6}. Since, by Proposition 3.2.2, |f(v)| > 2 for every
vertex v of Pja, it follows that f(v;—1) = {5,6} = f(vi+1). By Proposition 3.2.1, this is

impossible. Therefore, Fact 1 is true.

Proof of Fact 2: Assume, to the contrary, that there are adjacent interior vertices v; and
vi+1 such that f(v;) and f(v;y1) are both 3-set labels. Then |f(v;) U f(vit1)| = 6. We may
assume, without loss of generality, that 2 < ¢ < 6. Then, since N(v;) — N(v;4+1) # 0 and
N (vit1) — N(v;) # 0, by Proposition 2.3.6 we cannot have |f(v;) U f(vi41)| = 6. This is a

contradiction. Therefore, Fact 2 is true.
Fact 3 is then a consequence of Facts 1 and 2.

Proof of Fact 4: Assume, to the contrary, there is an element in [6], say 1, that belongs
to five 2-set labels of interior vertices of Pjs. Since Pjo has ten interior vertices, it follows
by Fact 3 that at least five of these ten interior vertices of P9 have 2-set labels. Of course,
no element of [6] can belong to two adjacent vertices of Pja. Thus, we may assume, without
loss of generality, that 1 belongs to the labels of five interior vertices of Pis no two of which
are adjacent. Since no two vertices have identical labels by Proposition 3.2.1, and since
at least one of every two adjacent interior vertices has a 2-set label, we may assume that
f(vs) =12, f(vs) = 13, f(v7) = 14, f(vg) = 15, f(v11) = 16. Then, since f(v2) N f(v;) # 0
for j € {5,7,9,11} but {1,2} Z f(ve), it follows that f(ve) = 3456, which contradicts
Fact 1. Therefore, Fact 4 is true.
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By Fact 3, at least one of every two adjacent interior vertices has a 2-set label. Thus,
we may assume that (1) one of f(vg) and f(v11) is a 2-set label or (2) one of f(v3) and

f(v1p) is a 2-set label. We consider these two cases.

Case 1. FEither f(ve) or f(vi1) is a 2-set label, say f(va) = 12 is a 2-set label. Since
d(vg,v11) = 9 is odd, it follows by Proposition 3.2.5 that f(v11) is a 3-set label. We may
assume that 1 € f(v;) for each i € {4,6,8,10,12} and 2 € f(v;) for each i € {5,7,9,11}.
Since d(ve,v7) = 5, d(va,v9) = 7, and d(ve,v11) = 9 are odd and |f(v2)| = 2, it follows
by Proposition 3.2.5 that |f(v7)| = |f(vg)| = |f(v11)| = 3. It then follows by Fact 3 that
|f(ve)| = |f(vs)| = | f(vio)] = 2. Since d(vs,v19) = 7 and d(vs,v19) = 5 are odd, it follows
by Proposition 3.2.5 that |f(v3)| = |f(vs)| = 3. This implies that |f(vs)| = 2. Thus, 1
belongs to five 2-set labels of interior vertices of Pjo, namely 1 € f(v;) for i = 2,4,6,8,10,
which is impossible by Fact 4.

Case 2. f(v3) or f(vig) is a 2-set label, say f(vs) = 12 is a 2-set label. Since d(vs,v1g) =
7 is odd, it follows by Proposition 3.2.5 that f(v1g) is a 3-set label, which implies that f(v11)

is a 2-set label. Then the argument in Case 1 (replacing vo by v11) produces a contradiction.

Hence, there is no subset labeling f : V(Pi2) — P*([6]) of P2, and so we conclude that
p(P12) > 7. Therefore, p(P13) = 7. ]

There are many subset labelings f : V(Py) — P*([7]) in which |f(v)| = 3 for every

vertex v of Poy. Three of these labelings are listed below.

Sp(Pa) = (136,245,367,125,347, 156,234, 567, 123, 456, 127, 345, 267,
135,246, 357, 146, 235, 147, 236)

Sp(Pa) = (247,136,257,146,235, 147,236, 157, 246, 137, 456, 123, 567,
124,367,125, 347, 126, 345, 167)

Sp(Py) = (237,456,123,567,124,367,125, 347,126, 345, 167, 235, 147,
236,157, 246, 135, 247, 136, 257).

3.4 The Path of Order 23

We saw in Theorem 3.3.1 that p(P,) = 7 for 12 < n < 22. The path P9 is the path of
largest order whose subset index is 7. In this section, we show that p(P3) = 8. To establish

this fact, we first present several preliminary results.
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Proposition 3.4.1 Let P, = (v1,v2,...,v,) be a path of order n > 4 and let f be a
subset labeling of P,. Suppose that v; and v; are two distinct vertices of P, such that

|f(vi)| = |f(vj)| =2 and i and j are of the same parity.

* If i and j are both odd, then f(v;) N f(v;) C f(vp) for each odd integer p.

* If i and j are both even, then f(v;) N f(vj) C f(vp) for each even integer p.

Proof. Since d(v;,vj) = |i —j| > 2, it follows that v; and v; are not adjacent in P,. Thus,
f(vi) N f(vj) # 0. Assume, without loss of generality, that ¢ < j and 1 < i < |%]. Let
f(vi) = ab and f(vj) = ac. Then b # ¢ by Proposition 3.2.1 and so f(v;) N f(v;) = {a}.
Since i and j are of the same parity, it follows that j = ¢ + 2t for some positive integer t.
Because a € f(v;) and a € f(vitat), the argument used in the proof of Proposition 3.2.4
shows that a € f(v;yor) for each integer k for which i + 2k € [n]. Since ¢ and i + 2k are of

the same parity, the result follows. u

To simplify the terminology in the proofs, we refer to the subscript of a vertex as the
index of the vertex. We say that a vertex v; is even-indexed if its subscript 7 is even and is

odd-indexed otherwise.

Proposition 3.4.2 There is no subset labeling f : V(Pa3) — P*([7]) of Pa3 such that three

or more vertices of Pag have 2-set labels.

Proof. Assume, to the contrary, that there exists a subset labeling f : V(Pa3) — P*([7])
of P»3 such that at least three vertices of P»3 have a 2-set label. Let v;,v;, v be the first
three vertices of P»3 such that |f(v;)| = |f(v;)| = |f(vk)| = 2 (that is, i, j, k are the smallest
distinct subscripts such that |f(v;)| = |f(v;)| = |f(vk)| = 2). We may assume, without loss
of generality, that 1 <i < j < k <23 and j < 12. We consider three cases, according to

the locations of the vertices v;,vj, and vy on Pa3.

Case 1. The three vertices v;,v;, vy, are consecutive on Pp3. Thus, {i,j,k} = {i,i +
1,74+ 2}. We may assume, without loss of generality, that f(v;) = 12, f(v;4+1) = 45, and
f(viz2) = 13. Here, i can either be odd or even. We will only consider the situation
when i is odd, since the argument is similar when i is even. By Proposition 3.4.1, it follows
that f(v;) N f(ve) = {1} for all odd integers ¢ and {2,3} C f(v,) for all even integers ¢,
¢ #1i— 1,1+ 3. By Proposition 3.2.4, we may further assume, without loss of generality,
that f(vit1) N f(ve) = {4} for all even integers ¢ > ¢ + 3. Thus, {2,3,4} C f(vy) for all
even integers £ > i + 3. In particular, since j =i+ 1 < 12, it follows that {2,3,4} C f(v)
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for each ¢ € {14,16,18,20,22}. However, there are only three distinct labels (namely
{2,3,4},{2,3,4,6},{2,3,4,7}) that are available for these vertices, which is a contradiction
by Proposition 3.2.1.

Case 2. FEzactly two of vi,vj,vy are consecutive on P>3. We may assume, without
loss of generality, that v; and v; are adjacent while v; and v; are not adjacent. Thus,
{i,j,k} = {i,i+1,k}, where k > i4+3. We may further assume that f(v;) = 12, f(vi41) = 34,
and f(vg) = 13. Here, i can be odd or even. We will only consider the situation when i is
odd, since the argument is similar when i is even. Since either d(v;, vx) is odd or d(viy1,vg)
is odd, it follows by Proposition 3.2.5 that k =i+ 3 or kK = ¢ + 4. We consider these two

subcases.

Subcase 2.1. k = i+3. In this subcase, i+1 and i+3 are both even. By Proposition 3.4.1,
this forces f(vit1) N f(ve) = {3} for all vy, £ even and {1,4} C f(vy) for all vy, £ odd such
that vy € N(vi+1) U N(vit3). Furthermore, we observe by Proposition 3.2.4 that for each
even integer ¢ € [i + 5,22], it follows that f(v;) N f(ve) = {1}, and for each odd integer
e [i+6,21], f(v;) N f(ve) = {2}. So for all odd integers £ € [i + 6,21], {2,4} C f(ve),
and for all even integers ¢ € [i +5,22], {1,3} C f(v¢). But, by Propositions 3.2.1 and 3.2.3,
this is impossible since f(vy) = 13 and there is at least one interior vertex vy, ¢ N(v).
Indeed, since j < 12, we have that vgo is an interior even-indexed vertex. Hence, we have

f(vg) € f(vg42), which is impossible.

Subcase 2.2. k = i+ 4. In this subcase, ¢ and i + 4 are both odd. Again, by Propo-
sition 3.4.1, this forces f(v;) N f(vg) = 1 for all odd integers ¢ and {2,3} C f(v;), while
1 ¢ f(ve) for all vy ¢ N(v;) U N(vitq) such that £ is even. On the other hand, we observe
by Proposition 3.2.4 that for odd integers £ € [i +6,22], f(vit1) N f(ve) = {3}. So 3 € f(vy)
for all odd ¢ € [i + 6,22]. But this is impossible, since we just showed that 3 € f(v,) for all

even ¢ € [i + 6,22], which is a contradiction.
Case 3. None of v;,vj, vy are consecutive on Pr3. We consider two subcases.

Subcase 3.1. All three vertex indices have the same parity. By Proposition 3.4.1, all of
f(vi), f(vj), f(vg) must share the same element. Without loss of generality, let i,j,k be
odd, and let f(v;) = 12, f(v;) = 13, and f(vy) = 14. Then all even-indexed vertices not
in N(v;) U N(vj) U N(vi) must include the subset {2,3,4} and exclude the element {1}.
Since |N(v;) UN(vj) UN(vg)| < 6, there remain at least five even-indexed vertices to label.
No vertex label can have cardinality at least 5, and only three 4-sets and a triple satisfy

this condition, namely 2345, 2346, 2347, and 234. By Proposition 3.2.1, no label can be
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duplicated. Thus, there are more even-indexed vertices than possible labels, which is a

contradiction.

Subcase 3.2. Two vertex indices are even and one vertex index is odd or two vertex
indices are odd and one verter index is even. Without loss of generality, we may assume
that ¢ and k are both odd and j is even. By Proposition 3.2.5, we cannot have d(v;, vj) > 5
or d(vj,v;) > 5. Hence, we must have d(v;,v;) = 3 = d(vj,vg), so that j = i+ 3 and
k =144 6. Since i 4+ 3 and i 4 6 are of opposite parity, it follows by Proposition 3.2.4 that if
f(v;) = ab and f(v;) N f(viys) = {a}, then we must have f(v;) N f(vits) = {b}. Thus, it’s
impossible that all three vertex labels should share the same element. So if f(viy3) = ac,
then we must have f(v;y¢) = bc. Without loss of generality, let f(v;) = 12, f(vi13) = 13,
and f(vite) = 23.

Since we assumed that j < 12, it follows that i + 8 < 7 4+ 8 < 22, and so v;yg is an
interior vertex. By Proposition 3.2.3, we cannot have f(viy¢) C f(vitg). Since f(viys) N
f(viye) = {3}, it follows that 1 € f(vi+7). Therefore, since f(v;) N f(vitg) # 0 and
f(vigs) N f(vigs) # 0, it follows that {2,3} C f(vi+s). However, then f(viis) C f(vits),

which, as we just noted, is impossible.

By Cases 1-3, the proof is complete. [

Proposition 3.4.3 There is no subset labeling f : V(Pas) — P*([7]) of Pas such that for

some integer ¢ with 3 < i < 21, the vertex v; has a 4-set label.

Proof. Assume, to the contrary, that f(v;) = 4567 for some integer ¢ with 3 < i < 21.
We may further assume that i is odd since the argument is similar when ¢ is even. Because
the complement of 4567 is 123, it follows by Propositions 3.2.1 and 3.2.3 that |f(v;—1)| =
2 = |f(vit1)]. Without loss of generality, suppose that f(v;—1) = 12 and f(v;41) = 13. By
Proposition 3.2.4, all labels of even-indexed vertices contain the element 1, while all labels
of odd-indexed vertices that are not adjacent to v;_; or v;41 include the subset {2,3} and
exclude the element 1. By Proposition 3.4.2, we must have |f(v;)| > 3 for all integers j
with j # ¢ — 1,4 + 1. Furthermore, no other vertex can have a 4-set label, for otherwise,
this would result in at least three 2-set labels. Hence, we conclude that |f(v;)| = 3 for all
integers j with j # 4 —1,4,7 4 1. However, there are only four triples containing the subset
{2,3} (namely 234, 235, 236, 237), but there are at least eight odd-indexed vertices whose

vertex labels contain {2, 3}, which is a contradiction. (]
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Proposition 3.4.4 There is no subset labeling f : V(Pa3) — P*([7]) of Pas such that

exactly two vertices of Pss have 2-set labels.

Proof. Suppose, to the contrary, that there exist exactly two vertices v; and v; such that
|f(vi)| = |f(vj)| = 2. We may assume, without loss of generality, that 1 <1i < j <23 and
i < 11. Thus, |f(vk)| > 3 for each integer k € [23] — {i,7}. By Proposition 3.4.3, at most
two interior vertices, namely vy and v92, can have 4-set labels. Hence, at least seventeen
interior vertices have 3-set labels. We consider two cases, depending on the adjacency of v;

and v;.

Case 1. The two vertices v; and vj are adjacent. Thus, j = i + 1. Suppose, without
loss of generality, that f(v;) = 12 and f(v;+1) = 34. By Proposition 3.2.3, we may further
assume that if & # i — 1,7+ 2, then f(vg) must include exactly one element from f(v;) and
exactly one element from f(v;41). There are twelve total triples satisfying these conditions,

namely
{135,136, 137,235, 236,237, 145, 146, 147, 245, 246, 247}.

However, by the reasoning above, at least seventeen interior vertices of Po3 must be labeled

with triples, which is a contradiction.

Case 2. The two vertices v; and v; are not adjacent. Suppose, without loss of generality,
that f(v;) =12 and f(vj) = 13. By Proposition 3.2.5, either d(v;,v;) = 3, or d(v;,v;) > 2
is even. We consider these two subcases. We consider only the case when ¢ is odd, since

the proof is similar when i is even.

Subcase 2.1. d(v;,vj) = 3 and so j = i+3. By Proposition 3.2.4, if k € [j+2,22] and k is
even, then f(v;)N f(vg) = {1}; while if & € [j+3,21] and k is odd, then f(v;) N f(vg) = {2}.
This implies that f(vit3) N f(vg) = {3} for all odd integers k € [j + 3,21]. Thus, {2,3} C
f(vg) for all odd integers k € [j + 3,21] but 1 ¢ f(v) for all odd integers k € [j + 3,21].
Similarly, if k& € [3,7 — 2] is odd, then f(vit3) N f(vg) = {1}; while if k& € [2,7 — 1] is even,
then f(viys) N f(vx) = {3}. This implies that f(v;) N f(vr) = {2} for all even integers
k € [2,i—3]. Thus, {2,3} C f(vg) for all even integers k € [2,7 — 3] but 1 ¢ f(vx) for all
even integers k € [2,7 — 3]. Thus, there are at least five integers k € [2,i — 3] U [j + 3, 21]
such that |f(vg)| = 3 and {2,3} C f(vk). On the other hand, there are only four triples
containing the subset {2, 3}, namely 234, 235,236, 237. This is a contradiction.

Subcase 2.2. d(v;,v;) is even. Since i and j are odd in this case, it follows by Proposi-

tion 3.4.1 that 1 € f(vy) for all odd integers k and {2,3} C f(vy) for all even integers k such
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that vy, ¢ N(v;) UN(v;). Then there are at least fifteen interior vertices vy, ¢ N(v;) UN (vj)
to label in the case that v; and v; have disjoint neighborhoods contained in the interior of
P»3. By Proposition 3.4.3, at least thirteen of these vertices must be labeled with triples.
Since we have shown that |f(v;)| < 4 for i ¢ {2,22}, it follows that we must label at least
eight odd-indexed vertices and five even-indexed vertices with triples. But there are only
four triples containing {2, 3} without the element 1, namely 234, 235, 236, and 237. Thus,
the five vertices with even index whose labels must be triples containing {2,3} but not 1
cannot all be labeled with triples. This is a contradiction. (Note that had we chosen i and
7 to be even integers instead, we would have needed to label at least seven even-indexed

and six odd-indexed interior vertices with triples.)

By Cases 1 and 2, we conclude that |f(v;)] = 2 for at most one vertex in a subset

labeling f : V(Pa3) — P*([7]) of Pas. =

Proposition 3.4.5 There is no subset labeling f : V(Pa3) — P*([7]) of P23 such that vo

or v has a 4-set label.

Proof. Assume, to the contrary, that f(ve) = 4567 say. Since the complement of 4567 is
the triple 123, and since duplicate labels are disallowed, this forces |f(v3)| = 2 and either
f(vz) =12 or f(v3) = 13. We now claim that f(vq) = 123 is forced. If this were not the

case, then either

(1) |f(v1)] =2 =|f(v3)|, which is impossible by Proposition 3.4.4, or

(2) f(vs) =123 and f(v1) C f(vs), which is impossible by Proposition 3.2.3.

From this, it follows that |f(va22)| < 4, for otherwise, it would force |f(va1)| = 2. Thus,
|f(vg)| = 3 for all 4 < k < 22. Without loss of generality, let f(v4) = 345. Suppose further,
without loss of generality, that 1 € f(vg) for all odd integers k € [5,21] and 2 € f(vy) for
all even integers k € [6,22]. This then forces f(vs) = 167. For all remaining odd integers
k € [7,21], there are (g) — 1 =9 choices of triples for f(vy), namely

{134, 135, 136, 137, 145, 146, 147, 156, 157}.

Since the triple 267 was eliminated by choosing f(vs) = 345 and f(vs) = 167, it follows for

even integers k € [6,22] that there are also (g) — 1 =9 choices of triples for f(vy), namely

{234, 235, 236, 237, 245, 246, 247, 256, 257}



3.4. THE PATH OF ORDER 23 33

In particular, f(vg) € {234,235,245}. Whichever triple is chosen, the other two will be
eliminated from consideration for the labels of f(vx) where k € [8,22]. Then there are
sixteen remaining interior vertices to label, including eight even-indexed vertices. But the
set {267,234,235,245} of triples has been eliminated, leaving only six choices. This is a

contradiction.

This completes the proof that |f(v;)| # 4 for i = 2,22 in a subset labeling f : V(Pa3) —
P*([7]) of P23. ]

We are now prepared to present the following result.

Theorem 3.4.6 If f : V(Pa3) — P*([7]) is a subset labeling of Pas, then |f(v)| # 2 for

every verter v of Pss.

Proof. Assume, to the contrary, that there exists a subset labeling f : V(Py3) — P*([7])
such that |f(v;)] = 2 for some vertex v; of Pa3. Thus, v; is the only vertex of Po3 having
a 2-set label by Propositions 3.4.2 and 3.4.4. We may assume that f(v;) = 12 is a 2-set
label for exactly one integer ¢ with 1 <4 < 12. Observe that there are precisely 20 triples

from P*([7]) containing exactly one of 1 and 2, namely

{134, 135, 136, 137, 145, 146, 147, 156, 157, 167, 234, 235, 236, 237, 245, 246, 247, 256,
257, 267}.

We consider three cases, according to whether ¢ =1, ¢ =2, or 3 <1 < 12.

Case 1. i = 1. Without loss of generality, let f(v1) = 12. Then by Proposition 3.2.4, for
i =3,4,...,23, we may assume that f(vi) N f(v;) = {1} for all odd integers j > 3, while
f(vi)N f(vj) = {2} for all even integers j > 4. Now, as we have shown in Propositions 3.4.3,
3.4.4, and 3.4.5, it must be the case that |f(v;)| = 3 for j € [3,22]. There are precisely
ten triples from [7] containing 1 and excluding 2 and vice versa, all of which must be
used for the twenty interior vertices. Without loss of generality, assume that f(vs) = 134.
Then f(vs) € {135,136,137,145,146,147}. The choice of f(vs) will then force the choice
of f(vy), which will eliminate a third additional unused triple consisting of elements from
f(v3) U f(vs). Thus, sixteen possible label choices will remain to label seventeen interior

vertices. This is a contradiction.

Case 2. i = 2. Without loss of generality, let f(vy) = 12. Again, by Proposi-
tion 3.2.4, assume that f(v2) N f(v;) = {1} for all odd integers j ¢ N(v;), while f(v2) N

f(v;) = {2} for all even integers j. Then we must label the nineteen vertices vy, vs, ..., v22
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with triples. Similarly to Case 1, we may label f(v4) = 134 and note that f(vg) €
{135,136, 137,145, 146, 147}. Again, we note that any of these choices will force f(vs), which
in turn will eliminate yet a third unused triple of elements containing 1 from f(v4) U f(vg).
Furthermore, f(vg) will eliminate all triples of elements in its complement from the choices
for f(vg), k > 8, including the other two triples whose intersection with f(v2) equals 2. Then
exactly three triples whose intersection with f(vy) equals 1 and three triples whose inter-
section with f(v2) equals 2 have been eliminated, or six triples in total. Thus, only fourteen

triples remain to label the remaining fifteen interior vertices. This is a contradiction.

Case 3. i € [3,12]. Recall that there are two lists of triples whose intersection with

f(v;) equals 1 or 2, respectively, namely

{134, 135, 136, 137, 145, 146, 147, 156, 157, 167}
and

{234, 235, 236, 237, 245, 246, 247, 256, 257, 267}.

If ¢ is even, then it remains to label ten even-indexed interior vertices with all ten triples
from one list and eight odd-indexed interior vertices with eight triples from the other list. If
i is odd, it remains to label nine even-indexed interior vertices and nine odd-indexed interior
vertices with nine triples from each of the two lists above. Either way, one of 1 or 2 is in f(v;)
for at least nine interior vertices v;. Since the proof is similar if 7 is even, we will assume that
i is odd and that f(v;)N f(v;) = {1} for all odd-indexed vertices v;. Now, notice for any two
odd-indexed vertex labels that share a pair that there is exactly one triple from the list of ten
containing the element 2 that may be drawn from the complements for both labels. Indeed,
given a set {a1, ag,...,ar}, if the elements of f(v;) are {a1, az, as} and the elements of f(vy)
are {a1,a2,a4}, then the complements are {aq4,as,ags, a7} and {as,as, ag, az}, respectively.
There are four possible triples of elements from each complementary set. Exactly one
triple is shared, namely {as, ag,a7}. For example, if i € [5,19] and f(v;—2) = 137 while
f(viy2) = 157, then the complement of 137 is 2456 and includes triples 245, 246, and 256.
The complement of 157 is 2346 and includes the triples 234, 236 and 246. Precisely one
triple, namely 246, is shared.

Notice further that for any two odd-indexed vertex labels that share only one element, no
triples from the list of ten containing 2 are shared between their complements. Again, given
the set {a1,ag,...,ar}, if the elements of f(v;) are {a1, a2, a3} and the elements of f(vy)
are {a1, a4, a5}, then the complements are {aq4,as, ag, a7} and {ag,as, ag, azr}, respectively.

Each complementary set yields a list of four possible triples. No triples are shared. For
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example, if f(v;12) = 146 rather than f(v;y2) = 157, then its complement includes the
triples 257, 235, and 237, which has no overlap with the list of triples 245, 246, and 256
from the complement of f(v;_2) = 137,

Since more triples are thus eliminated from consideration by two vertices v; and vy, such
that |f(v;) N f(vr)| = 1 than by two vertices such that |f(v;) N f(vg)| = 2, it suffices to
obtain a contradiction in the case that every two odd-indexed vertex labels share a pair
of elements. Without loss of generality, consider two vertices v; and vy where j,k are odd
integers in [5, 19]. We may assume that {f(v;), f(vg)} = {137,157}. Then, whichever triple
is selected for f(vj_1) and f(vg41) respectively, the other two triples in {245,246, 256} and
{234,236, 246} will be eliminated. Thus, a total of at most thirteen triples from our original

list of twenty remain to label fourteen interior vertices, which is a contradiction.

By Cases 1-3, we conclude that |f(v;)| > 2 for all integers ¢ in any subset labeling
f : V(ng) — ’P*(['?]) of Pss. ]

Theorem 3.4.7 There is no subset labeling f : V(Pa3) — P*([7]) of Pas such that at least
one of the two end-vertices of Pag has a 4-set label and all interior vertices of Psg have 3-set
labels.

Proof. Let Py3 = (v1,v9,...,v23). Assume, to the contrary, that there exists a subset
labeling f : V(Pa3) — P*([7]) of Pa3 such that one of the end-vertices of Ps3 has a 4-set
label and every interior vertex has a 3-set label. We may assume that |f(vi)] = 4 and
|f(vi)] = 3 for 2 < i < 22. Since there are 35 3-element subsets of [7] and P»3 has 21
interior vertices, it follows that exactly 21 of these 3-element subsets are used by f for the
interior vertices of P»3 and exactly 14 of them are not used by f for the interior vertices
of Py3. To simplify the notation, we once again refer to a 3-set {a,b,c} as the triple abe.
We show that at least 15 triples in [7] cannot be used as the labels of the interior vertices

of P»3 by f, producing a contradiction.

We may assume that f(vy) = 4567, f(ve) = 123, and f(v3) = 456. Hence, f(v) ¢
{457,467,567} for every vertex v of Pp3 (and so 457, 467, 567 are eliminated). We may
assume that f(vq) = 127, eliminating 137 and 237. We may assume that f(vs) = 345,
eliminating 346 and 356. So far, the seven triples in the set

{457,467,567,137,237, 346, 356 }

are eliminated. Thus, f(vg) € {126,167,267}. Since each of these three triples contains 6,
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and 167 and 267 are equivalent, we may assume that f(vg) = 126 or f(vg) = 167. We

consider these two cases.

Case 1. f(ve) = 126 while 167,267 are eliminated as possible labels. Thus, the nine

triples in the set
{457, 467, 567, 137, 237, 346, 356, 167, 267}

are eliminated. Now, f(v7) € {347,357,457}. Since 457 is eliminated while 347 and
357 are equivalent, we may assume that f(v;) = 347 and eliminate 357. Next, f(vs) €
{125,156,256}. Since 156 and 256 are equivalent, we may assume that f(vg) = 125 or

f(vg) = 156. There are two subcases.

Subcase 1.1. f(vg) = 125 and 156,256 are eliminated as possible labels. So far, the 12

triples in the set
{457, 467, 567, 137, 237, 346, 356, 167, 267, 357, 156, 256}
are eliminated and f(v;) is defined for 1 < i < 8 as follows:
f(v1) = 4567, 123, 456, 127, 345, 126, 347, f(vs) = 125.

Since f(vg) € {346,367,467} and 346, 347 are eliminated, f(vg) = 367. Thus, f(vi) €
{124,145,245}. Since 145 and 245 are equivalent, we may assume that f(vi9) = 124 or

f(vig) = 145.

Subcase 1.1.1. f(v1p) = 124 and 145,245 are eliminated as possible labels. Now f(v;) is
defined for 1 < ¢ < 10 as follows:

f(vy) = 4567, 123, 456, 127, 345, 126, 347, 125, 367, 124 = f(v10).

However, then, there is no triple for f(vi1). Thus, Subcase 1.1.1 cannot occur.

Subcase 1.1.2. f(vig) = 145 and 124,245 are eliminated as possible labels. So far, the
14 triples in the set

{457, 467, 567, 137, 237, 346, 356, 167, 267, 357, 156, 256, 124, 245}
are eliminated and f(v;) is defined for 1 <14 < 10 as follows:

f(v1) = 4567, 123, 456, 127, 345, 126, 347, 125, 367, 145 = f(vio).
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The only choice for f(vy1) is 236. Thus, we have
f(v1) = 4567, 123, 456, 127, 345, 126, 347, 125, 367, 145, 236 = f(v11).

Hence, f(vi2) € {147,157}. Whichever of 147 and 157 is selected for f(vi2), the other
is eliminated, giving 15 triples eliminated in total, which is a contradiction. Thus, Sub-

case 1.1.2 cannot occur. Consequently, Subcase 1.1 cannot occur.

Subcase 1.2. f(vg) = 156 and 125,256 are eliminated as possible labels. So far, the 12

triples in the set
{457, 467, 567, 137, 237, 346, 356, 167, 267, 357, 125, 256}
are eliminated and the labels f(v;) are defined for 1 < i < 8 as follows:
F(v1) = 4567, 123, 456, 127, 345, 126, 347, 156 = f(vs).

Since 237 is eliminated, it follows that f(vg) = 234 or f(vg) = 247. We consider these two

subcases.

Subcase 1.2.1.  f(vg) = 234 while 247 is eliminated as a possible label. So far, the 13

triples in the set
(457, 467, 567, 137, 237, 346, 356, 167, 267, 357, 125, 256, 247}
are eliminated and f(v;) is defined for 1 < i <9 as follows:
F(v1) = 4567, 123, 456, 127, 345, 126, 347, 156, 234 = f(vg).
Thus, 157 is the only choice for f(vig). Thus, the labels f(v;) are defined for 1 < ¢ < 10:
F(uor) = 4567, 123, 456, 127, 345, 126, 347, 156, 234, 157 = f(v10).
Hence, f(vi1) =236 or f(v11) = 246.

* If f(v11) = 236, then 246 is eliminated and so 14 triples are eliminated in total. Now,
f(v;) is defined for 1 <4 < 11:

F(v1) = 4567, 123, 456, 127, 345, 126, 347, 156, 234, 157, 236 = f(v11).
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Hence, f(v12) € {145,147}. Whichever of 145 and 147 is selected for f(vi2), the other

is eliminated, giving 15 triples eliminated in total.

If f(v11) = 246, then 236 is eliminated and so 14 triples are eliminated in total. Now,
f(v;) is defined for 1 <1 < 11 as follows:

fvy) = 4567, 123, 456, 127, 345, 126, 347, 156, 234, 157, 246 = f(v11).

The only choice for f(v12) is 135. However, then, there is no triple available for f(v13).

Thus, Subcase 1.2.1 cannot occur.

Subcase 1.2.2.  f(vg) = 247 while 234 is eliminated as a possible label. So far, the 13

triples in the set

{457, 467, 567, 137, 237, 346, 356, 167, 267, 357, 125, 256, 234}

are eliminated and f(v;) is defined for 1 < i <9 as follows:

fvy) = 4567, 123, 456, 127, 345, 126, 347, 156, 247 = f(vy).

Hence, f(vi9) € {135,136}.

If f(vip) = 135, then 136 is eliminated and so 14 triples are eliminated in total.
This forces f(vi1) = 246, f(vi2) = 157, f(viz) = 236, and f(vi4) € {145,147},
Whichever of 145 and 147 is selected for f(v14), the other is eliminated, giving 15

triples eliminated in total.

If f(v10) = 136, then 135 is eliminated and so 14 triples are eliminated in total. Then
f(v11) € {245,257}. Whichever of 245 and 257 is selected for f(v11), the other is

eliminated, giving 15 triples eliminated in total.

Thus, Subcase 1.2.2. (and so Subcase 1.2) cannot occur, completing the proof of Case 1.

Case 2. f(vg) = 167 while 126,267 are eliminated as possible labels. Thus, the 9 triples

in the set

{457, 467, 567, 137, 237, 346, 356, 126, 267}

are eliminated and f(v;) is defined for 1 < i < 6 as follows:
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f(v1) = 4567, 123, 456, 127, 345, 167 = f(vg).

Now, f(v7) € {234,235,245}. We consider three subcases.

Subcase 2.1. f(vy) = 234 while 235,245 are eliminated as possible labels. Thus, the 11

triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245}
are eliminated and f(v;) is defined for 1 < i < 7 as follows:
F(v1) = 4567, 123, 456, 127, 345, 167, 234 = f(v7).

Hence, f(vg) =156 or f(vg) = 157. We consider two subcases.

Subcase 2.1.1. f(vg) = 156 while 157 is eliminated as a possible label. Thus, the 12

triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245, 157}
are eliminated and f(v;) is defined for 1 < ¢ < 8 as follows:
F(v1) = 4567, 123, 456, 127, 345, 167, 234, 156 = f(vs).
Hence, f(vg) € {247,347}.
* If f(vg) = 247, then 347 is eliminated. Thus, the 13 triples in the set
(457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245, 157, 347}
are eliminated and f(v;) is defined for 1 <1 < 9 as follows:
F(v1) = 4567, 123, 456, 127, 345, 167, 234, 156, 247 = f(vy).

Hence, f(vi9) = 135 or f(vig) = 136.

o If f(v1p) = 135, then 136 is eliminated and so the 14 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245, 157, 347, 136}

are eliminated and f(v;) is defined for 1 <14 < 10 as follows:
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fvy) = 4567, 123, 456, 127, 345, 167, 234, 156, 247, 135 = f(v10).

This forces f(vi1) = 246, f(vi2) = 357, and f(vi3) € {124,146}. Whichever of 124
and 146 is selected for f(vi3), the other is eliminated, giving 15 triples eliminated in
total.

o If f(v19) = 136, then 135 is eliminated and so the 14 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245, 157, 347, 135}
are eliminated and f(v;) is defined for 1 < i < 10 as follows:
f(v1) = 4567, 123, 456, 127, 345, 167, 234, 156, 247, 136 = f(v1o).

This forces f(v11) = 257 and f(vi2) € {134,146,346}. Whichever of 134,146,346 is

selected for f(v12), the other two are eliminated, giving 16 triples eliminated in total.

If f(vg) = 347, then 247 is eliminated. Thus, the 13 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245, 157, 247}
are eliminated and f(v;) is defined for 1 <1 < 9 as follows:
f(v1) = 4567, 123, 456, 127, 345, 167, 234, 156, 347 = f(v9).

Hence, f(vig) = 125 or f(vig) = 256.

o If f(v19) = 125, then 256 is eliminated and so the 14 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245, 157, 247, 256}
are eliminated and f(v;) is defined for 1 <i < 10 as follows:
f(v1) = 4567, 123, 456, 127, 345, 167, 234, 156, 347, 125 = f(v1o).

Then f(vi1) € {346,367}. Whichever of 346,367 is selected for f(v11), the other is

eliminated, giving 15 triples eliminated in total.

o If f(vip) = 256, then 125 is eliminated and so the 14 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245, 157, 247, 125}

are eliminated and f(v;) is defined for 1 <14 < 10 as follows:
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fvy) = 4567, 123, 456, 127, 345, 167, 234, 156, 347, 256 = f(v10).

Then f(vi1) € {134,147}. Whichever of 134,147 is selected for f(v11), the other is

eliminated, giving 15 triples eliminated in total.

Thus, Subcase 2.1.1 cannot occur.

Subcase 2.1.2. f(vg) = 157 and 156 is eliminated. Thus, the 12 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 235, 245, 156}
are eliminated and f(v;) is defined for 1 < i < 8 as follows:
F(v1) = 4567, 123, 456, 127, 345, 167, 234, 157 = f(vs).

Hence, f(vg) € {236,246,346}. Whichever of 236,246, 346 is selected for f(vg), the other

two are eliminated, giving 14 triples eliminated in total.

* If f(vg) = 236, then 246,346 are eliminated and f(vig) € {145,147}. Whichever
of 145,147 is selected for f(vig), the other is eliminated, giving 15 triples eliminated

in total.

* If f(vg) = 246, then 236,346 are eliminated and f(vio) € {135,357}. Whichever
of 135,357 is selected for f(v1g), the other is eliminated, giving 15 triples eliminated

in total.

* If f(vg) = 346, then 236,246 are eliminated and f(vig) € {125,127,257}. Whichever
of 125,127,257 is selected for f(v1p), the other two are eliminated, giving 16 triples

eliminated in total.

Thus, Subcase 2.1 cannot occur.

Subcase 2.2. f(v7) = 235 and 234,245 are eliminated. Thus, the 11 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 245}
are eliminated and f(v;) is defined for 1 < ¢ < 7 as follows:

f(v1) = 4567, 123, 456, 127, 345, 167, 235 = f(v7).
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Hence, f(vg) = 146 or f(vsg) = 147. We consider these two subcases.

Subcase 2.2.1. f(vg) = 146 and 147 is eliminated. Thus, the 12 triples in the set
(457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 245, 147}
are eliminated and f(v;) is defined for 1 < i < 8 as follows:
F(v1) = 4567, 123, 456, 127, 345, 167, 235, 146 = f(vs).
Hence, f(vg) € {257,357}.

* If f(vg) = 257, then 357 is eliminated, giving 13 triples eliminated. Then f(vig) €
{134,136}

o If f(v1g) = 134, then 136 is eliminated, giving 14 triples eliminated. This forces
f(vi1) = 256, f(vi2) = 347, and f(vi3) € {125,156}. Whichever of 125, 156 is selected

for f(v13), the other is eliminated, giving 15 triples eliminated in total.

o If f(vig) = 136, then 134 is eliminated, giving 14 triples eliminated. This forces
f(v11) = 247 and f(vi2) € {135,156}. Whichever of 135,156 is selected for f(v12),

the other is eliminated, giving 15 triples eliminated in total.

* If f(vg) = 357, then 257 is eliminated, giving 13 triples eliminated. Then f(vig) €
{124, 246}

o If f(vip) = 124, then 246 is eliminated, giving 14 triples eliminated. This forces
f(vi1) = 367 and f(vi2) € {125,145}. Whichever of 125,145 is selected for f(vi2),

the other is eliminated, giving 15 triples eliminated in total.

o If f(v19) = 246, then 124 is eliminated, giving 14 triples eliminated. Then f(v11) €
{135,157}. Whichever of 135, 157 is selected for f(vi1), the other is eliminated, giving

15 triples eliminated in total.

Thus, Subcase 2.2.1 is impossible.

Subcase 2.2.2. f(vg) = 147 and 146 is eliminated. Thus, the 12 triples in the set
(457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 245, 1461
are eliminated and f(v;) is defined for 1 < i < 8 as follows:

Fvy) = 4567, 123, 456, 127, 345, 167, 235, 147 = f(vs).
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Hence, f(vg) € {236,256}.
*x If f(vg) = 236, then 256 is eliminated, giving 13 triples eliminated. Then f(vig) €

{145,157},

o If f(vip) = 145, then 157 is eliminated, giving 14 triples eliminated. This forces
f(vi1) = 367 and f(vi2) € {124,125}. Whichever of 124,125 is selected for f(vi2),

the other is eliminated, giving 15 triples eliminated in total.

o If f(v1g) = 157, then 145 is eliminated, giving 14 triples eliminated. This forces
f(vi1) = 246 and f(vi2) € {135,357}. Whichever of 135,357 is selected for f(vi2),

the other is eliminated, giving 15 triples eliminated in total.

* If f(vg) = 256, then 236 is eliminated, giving 13 triples eliminated. Then f(vig) €
{134, 347).

o If f(v1g) = 134, then 347 is eliminated, giving 14 triples eliminated. This forces
f(v11) = 257 and f(vi2) € {136,146}. Whichever of 136,146 is selected for f(vi2),

the other is eliminated, giving 15 triples eliminated in total.

o If f(v19) = 347, then 134 is eliminated, giving 14 triples eliminated. Then f(v11) €
{125,156}. Whichever of 125,156 is selected for f(v11), the other is eliminated, giving

15 triples eliminated in total.

Thus, Subcase 2.2.2 is impossible. Consequently, Subcase 2.2 cannot occur.

Subcase 2.3. f(v7) = 245 and 234,235 are eliminated. Thus, the 11 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 235}
are eliminated and f(v;) is defined for 1 < ¢ < 7 as follows:
f(v1) = 4567, 123, 456, 127, 345, 167, 245 = f(vr).

Hence, f(vg) = 136 or f(vg) = 367. We consider these two subcases.

Subcase 2.3.1. f(vg) = 136 and 367 is eliminated. Thus, the 12 triples in the set
(457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 235, 367}
are eliminated and f(v;) is defined for 1 < i < 8 as follows:

F(v1) = 4567, 123, 456, 127, 345, 167, 245, 136 = f(vs).
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Hence, f(vg) € {247,257}.
*x If f(vg) = 247, then 257 is eliminated, giving 13 triples eliminated. Then f(vig) €

{135,156}

o If f(v19) = 135, then 156 is eliminated, giving 14 triples eliminated. This forces
f(v11) = 246 and f(vi2) € {157,357}. Whichever of 157,357 is selected for f(vi2),

the other is eliminated, giving 15 triples eliminated in total.

e If f(vig) = 156, then 135 is eliminated, giving 14 triples eliminated. This forces
f(v11) = 347 and f(v12) € {125,256}. Whichever of 125,256 is selected for f(vi2),

the other is eliminated, giving 15 triples eliminated in total.

*x If f(vg) = 257, then 247 is eliminated, giving 13 triples eliminated. Then f(vig) €
{134,146}

o If f(v1g) = 134, then 146 is eliminated, giving 14 triples eliminated. This forces
f(v11) = 256 and f(vi2) € {147,347}. Whichever of 147,347 is selected for f(vi2),

the other is eliminated, giving 15 triples eliminated in total.

o If f(vig) = 146, then 134 is eliminated, giving 14 triples eliminated. This forces
f(v11) = 357 and f(vi2) € {124,246}. Whichever of 124,246 is selected for f(v12),

the other is eliminated, giving 15 triples eliminated in total.

Thus, Subcase 2.3.1 cannot occur.

Subcase 2.3.2. f(vg) = 367 and 136 is eliminated. Thus, the 12 triples in the set
(457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 235, 136}
are eliminated and f(v;) is defined for 1 < i < 8 as follows:
F(v1) = 4567, 123, 456, 127, 345, 167, 245, 367 = f(vs).

Hence, f(vg) € {124,125,145}.

* If f(vg) = 124, then 125,145 are eliminated. Thus, the 14 triples in the set

{457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 235, 136, 125, 145}
are eliminated and f(v;) is defined for 1 <1 <9 as follows:

F(v1) = 4567, 123, 456, 127, 345, 167, 245, 367, 124 = f(vy).
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This forces f(vi9) = 357 and f(v11) € {146,246}. Whichever of 146, 246 is selected

for f(vi1), the other is eliminated, giving 15 triples eliminated in total.

* If f(vg) = 125, then 124,145 are eliminated. Thus, the 14 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 235, 136, 124, 145}
are eliminated and f(v;) is defined for 1 < i <9 as follows:
f(v1) = 4567, 123, 456, 127, 345, 167, 245, 367, 125 = f(vg).

This forces f(vig) = 347 and f(v11) € {156,256}. Whichever of 156,256 is selected

for f(vi1), the other is eliminated, giving 15 triples eliminated in total.

* If f(vg) = 145, then 124,125 are eliminated. Thus, the 14 triples in the set
{457, 467, 567, 137, 237, 346, 356, 126, 267, 234, 235, 136, 124, 125}
are eliminated and f(v;) is defined for 1 < i <9 as follows:
F(v1) = 4567, 123, 456, 127, 345, 167, 245, 367, 145 = f(vg).

This forces f(vig) = 236 and f(v11) € {147,157}. Whichever of 147,157 is selected

for f(v11), the other is eliminated, giving 15 triples eliminated in total.

Thus, Subcase 2.3.2 (and so Subcase 2.3) cannot occur. Consequently, the proof of Case 2

is completed. [

We are now prepared to present the following result.
Theorem 3.4.8 p(FPa3) = 8.

Proof. Let Pys = (v1,v2,...,v23). Since there is a subset labeling of P»3 using labels in
the set P*([8]) defined by

S¢(Pe3) = (2457,136,245,367,125,347,156,234,567,123,456,127, 345, 267,
135,246, 357,146,235, 1478, 236, 1457, 2368),

it follows that p(Pa3) < 8. Since p(Pa3) > 7, it remains to show that p(Py3) # 7. By
Proposition 3.2.2, no vertex of P»3 can have a 1-set label, and by Proposition 3.2.1, we have
f(u) # f(v) for any subset labeling f for every two distinct vertices of P»3. We now assume,
to the contrary, that there exists a subset labeling f : V(Py3) — P*([7]) of Pag. First, we

present the following facts:
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Fact 1: No vertex of P»3 can have a 2-set label by Theorem 3.4.6.
Fact 2: No vertex of P»3 can have a 5-set label.

Fact 3: No interior vertex of P,3 can have a 4-set label.

Fact 4: It is impossible that (1) |f(v1)| = 4 or (2) |f(ve3)| = 4 and |f(v;)] = 3 for
2 <4 <22 by Theorem 3.4.7.

Proof of Fact 2: Suppose that |f(v;)| = 5 for some integer ¢ with 1 < ¢ < n. We may
assume that 1 < < L%J and f(v;) = [5]. However, then, f(v;+1) = 67, which is impossible
by Fact 1.

Proof of Fact 3: Suppose that |f(v;)| = 4 for some integer i with 2 < i < n — 1.
We may assume that 2 < i < || and f(v;) = [4]. Since every two 4-element subsets
of [7] have at least one element in common, it follows that |f(v;—1)| # 4 and |f(vi+1)| # 4.
Furthermore, by Fact 1, |f(v;—1)| # 2 and | f(vi+1)| # 2. Hence, |f(vi—1)| = | f(vi+1)| = 3.

However, then, f(v;—1) = 567 = f(v;11), which is a contradiction by Proposition 3.2.1.

By Proposition 3.2.2 and Facts 1 and 2, it follows that |f(v)| ¢ {1,2,5} for every
vertex v of P3. By Facts 3 and 4, it follows that | f(v)| = 3 for each vertex v of Py3. We may
assume that f(v1) = 123 and f(vg) = 456. Since f is a subset labeling of P3, it follows that
f(v1) N f(vi) # 0 for 3 < i < 23. However, then, the subset labeling g : V/(Pa3) — P*([7])
of Pa3 defined by g(vi) = f(v1) U {7} and g(v;) = f(v;) for 2 < i < 23 is also a subset
labeling, which contradicts Fact 4.

We conclude that p(Pa3) > 8. Consequently, p(Pa3) = 8. ]

Finally, we present a subset labeling f : V(Pay) — P*([8]):

Sy(Pas) = (1234,567, 123,458, 2367, 158, 2467, 358, 1467, 235, 1678, 245,
1378,256, 3478, 125, 3468, 257, 1346, 278, 1345, 268, 1357, 2468)

We now summarize the values of p(P,) for 3 < n < 23 as follows:

n—1 if3<n<6

5 ifn="7

6 if8 <n <11
7 if 12 <n < 22
8 if n = 23,24.
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We have seen that p(P,,11) < p(P,,)+1 for n > 3 by Theorem 3.1.1. Therefore, the following

is a consequence of Theorems 3.1.1 and 3.4.8.

Corollary 3.4.9 Ifn > 23, then 8 < p(P,) <n — 15.

It remains to establish sharp lower and upper bounds for the subset index of paths.



Chapter 4

Subset Labelings of Cycles

4.1 Introduction

In this chapter, we turn our attention to subset labelings of cycles. For each integer n > 3,
the path P,_1 of order n — 1 is an induced subgraph of the cycle C),, of order n. By
Observation 2.1.5, it follows that

p(Cp) > p(P,_1) for every integer n > 3.
Since p(Py,) < p(Pnt1) < p(Pn) + 1 by Theorem 3.1.1, it follows that
p(Cr) > p(P,) — 1 for every integer n > 3.

Consequently, there is a (probably expected) connection between subset labelings of cycles

and paths. The following is a consequence of Theorem 3.1.1 (see [2]).

Proposition 4.1.1 lim p(C,) = occ.

n—o0

Since C3 = K3 is the complete graph of order 3, C4y = K> is the complete bipartite
graph of order 4, and the subset indices of these two classes of graphs are known, we consider

cycles of order 5 or more. Exact values of p(C),) have been determined in [2] for n = 5,6, 7.
Proposition 4.1.2 p(Cs) = p(Cs) =5 and p(C7) =T.

Figure 4.1 shows a subset labeling of C, of order n for each integer n = 5,6, 7.

While lim p(C,) = oo by Proposition 4.1.1, it follows by Proposition 4.1.2 that there
n—oo

is no result for cycles corresponding to Theorem 3.1.1 for paths, namely,

48



4.1. INTRODUCTION 49

@

Figure 4.1: Subset labelings of C5, Cg and C%
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p(Ppn) < p(Pnt1) < p(Pp) + 1 for each integer n > 3.

Perhaps surprisingly, {p(Cy)}24 is not even a monotone sequence. For example, even
though 5 = p(Cs) < p(C7) = 7 by Proposition 4.1.2, it turns out that p(Cs) = 6, which we
will show. This implies that {p(C},)}:24 fails to be a monotone sequence. In general, when
defining our labels we continue to refer to subset {a} as a, subset {a, b} as ab, subset {a, b, c}
as abc, and so forth. Also, as a preliminary observation, we note that since the eccentricity
of every vertex of C,, is at least 4 for n > 8, by Proposition 2.3.3 we have |f(v)| > 2 for
every v € C(n), n > 8.

Proposition 4.1.3 p(Cg) = 6.

Proof. Let Cg = (v1,v2,...,v8,v1). Since the labeling f : V(Cg) — P*([6]) defined by
(f(v1), F(v2), ..., fvs)) = (12,456,13, 256, 14, 236, 15, 346)

is a subset labeling of Cg, it follows that p(Cg) < 6. It remains to show that p(Cs) > 6.
Assume, to the contrary, that there is a subset labeling f : V(Cs) — P*([5]). Since
N(u) # N(v) for every two distinct vertices u and v and diam(Cg) = 4 > 3, it follows that
f(u) # f(v) and | f(z)| € {2, 3} for every vertex x of Cg. If | f(z)| = 3 for some vertex x of Csg,
then the two neighbors of x have the same label, which is impossible. Thus, |f(x)] = 2

for every vertex x of Cs. We may assume, without loss of generality, that f(vg) = 35,
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f(v1) =12, f(v2) = 34, and f(v3) = 15. Since f(v4) N f(vs) =0 and f(vg) N f(vs) # 0, this
forces f(vq) = 23. Similarly, since f(vs) N f(vs) =0 and f(vs) N f(v;) # O for i = 1,8, this
forces f(vs) = 15 = f(v3), which is impossible. Thus, p(Cs) > 6. We conclude p(Cs) = 6. m

We now proceed to investigate p(C),) for integers n > 9. As with P,, we introduce
the notation of a label sequence for cycle C,. Let C,, = (v1,v2,...,v,,v1) be a cycle of
order n > 3, and let f be a vertex labeling of C),. Then the label sequence of f is defined

as

Sf(Cn) = <f(v1)7 f(UQ)7 . '7f(U’fl))'

4.2 Preliminary Results

We begin with some preliminary observations on subset labelings of cycles in general. First,
we note that for all integers n > 5 and for any two vertices u and v in V(C,,), we have
both N(u) — N(v) # 0 and N(v) — N(u) # 0. Thus, if f is a subset labeling of a cycle C,,
of order n > 5, it follows by the Subset Lemma that neither f(v) C f(u) nor f(u) C f(v).

The following three results discuss some properties that a subset labeling f of a cycle C,

may possess for n sufficiently large when f(v) is a 2-element set for some v € V(C),).

Proposition 4.2.1 Let C,, = (v1,v2,...,0y,,v1) be an odd cycle of order n > 5 and let f
be a subset labeling of Cy,. If f(vi) = ab for some integer i with 1 < i < n, then either

* (f(ve) N f(vi))z;iL2 = (a,b,a,b,...,a,b) or

* (f(vf) N f(vl))z;3+2 = (bv a,b,a,...,b, a)7

where the subscript of each vertex of Cy, is expressed as one of 1,2,...,n.

Proof. Suppose, without loss of generality, that f(v1) = ab. By the Subset Lemma,
no vertex label can be duplicated and no other vertex label can include the subset {a,b}.
Furthermore, f(vi)N f(vs) = {a} or f(vi)N f(vs) = {b}. We will only consider the situation
when f(v1) N f(vs) = {a}, since the argument is similar if f(vy) N f(v3) = {b}. Since
f(v1) N f(vs) = {a}, this forces f(v1) N f(va) = {b}, which in turn forces f(v1) N f(vs) =
{a}, and so on. If n is even, then we will eventually obtain f(v1) N f(v,—2) = {b} and
f(v1) N f(op—1) = {a}. If n is odd, then we will eventually obtain f(v1) N f(v,—2) = {a}
and f(v1) N f(vp—1) = {b}. L]
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Proposition 4.2.2 Let C,, = (v1,v2,...,0,,v1) be an even cycle of order n > 6 and let f

be a subset labeling of Cy,. If f(v) = ab for some vertex v of C,, then either

*x f(vi) N f(v) = {a} for every vertex v; of Cy, such that d(v;,v) > 2 and i is odd and

f)n f(w) = {b} for every neighbor w of v; that is not a neighbor of v, or

*x f(v;) N f(v) ={b} for every vertex v; of Cy, such that d(v;,v) > 2 and i is odd and

f(v) N f(w) = {a} for every neighbor w of v; that is not a neighbor of v.

Proof. Suppose, without loss of generality, that f(vq) = ab. By the Subset Lemma,
no vertex label can be duplicated and no other vertex label can include the subset {a,b}.
Furthermore, f(vi)Nf(vs) = {a} or f(v1)N f(vs) = {b}. First, suppose that f(v1)Nf(vs) =
{a}. This forces f(v1) N f(v4) = {b}, which in turn forces f(v1) N f(vs) = {a}, and so on.
Since n is even, we will eventually obtain f(vi) N f(vp—2) = {b} and f(v1) N f(vn—1) = {a}.
Thus, we obtain f(v1) N f(vi) = {a} for all odd integers i and f(v1) N f(v;) = {b} for all
even integers i # 2. Next, suppose that f(v1) N f(v3) = {b}. Using a similar argument, we
obtain that f(vi) N f(v;) = {b} for all even integers i # 2, and f(v1) N f(v;) = {a} for all

odd integers 1. =

Proposition 4.2.3 Let C, be a cycle of order n > 8 and let f be a subset labeling of C,,.

(¢) If n > 9 is odd, then there do not exist two vertices u and v with d(u,v) = 2 or

d(u,v) >4 such that |f(u)] =2 =|f(v)|.

(13) If n > 8 is even, then there do not exist two vertices u and v for which d(u,v) is odd

and | f(u)| =2 =|f(v)].

Proof. We first verify (i). Let n > 9 be an odd integer. Suppose, to the contrary, that
there exist two vertices v and v with d(u,v) = 2 or d(u,v) > 4 such that |f(u)| =2 = |f(v)].
Thus, f(u)N f(v) # 0. Let f(u) = ab and f(v) = ac. Since n is odd, there is a u —v path P
of odd length and a u — v path P’ of even length on C,. By assumption, the length of P
is at least 5. We may assume that P = (u = vy,v2,v3,...,05_1,v; = v) for some even
integer k > 6. Since f(v1) = ab and f(ve) N f(vk) # 0, it follows that ¢ € f(v2). Similarly,
since f(vr) = ac and f(vg—1) N f(v1) # 0, it follows that b € f(vg—_1). This implies that
¢ € f(v;) for each even integer ¢ with 2 <i < k—2 and b € f(v;) for each odd integer 7 with
3<i<k—1. Since f(vg) N f(v1) # 0, but b € f(vs) N f(vs), we have a € f(v4) forced,
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so that {a,c} C f(v4). However, then, a,c ¢ f(v3), and so f(v3) N f(vg) = 0, which is a

contradiction.

Next, we verify (ii). Let n > 8 be an even integer. Suppose, to the contrary, that there
exist two vertices w and v for which d(u,v) is odd and |f(u)| =2 = |f(v)|. Since d(u,v) is
odd, the two u — v paths on C), are both odd, and at least one of these two u — v paths has
length 5 or more. An argument similar to that employed in (i) produces a contradiction

here as well. m

4.3 Cycles of Order 9 through 12

In this section, we determine the subset indices of the cycles C,, for 9 < n < 12. Let

Cpn = (V1,V2, ..., U, Upt1 = V1)

be a cycle of order n > 3.

We first investigate p(C),) for n € {9,10,12}. We will see soon that p(C11) is a special

case.
Proposition 4.3.1 p(Cy) =7, p(C19) =6, and 6 < p(Cy2) < 7.

Proof. Since p(P,) =6 for 8 < n < 11, it follows that p(C,) > p(Pg) = 6 for n = 9,10, 12.
For n = 9,10, 12, there is a subset labeling f : V/(C,) — P*([k]), where k =7 if n = 9,12
and k = 6 if n = 10, defined by
S¢(Cy) = (123,456, 137,246, 135,247, 356, 124, 567)
Sp(Cro) = (12,345,16,234, 15,246, 13, 256, 14, 356)
Sp(Cra) = (123,456,237,156,347, 125,367, 245, 136,257, 134, 567).

Thus, p(C10) = 6 and 6 < p(Cy,) <7 for n = 9,12.

Next, we show that p(Cy) = 7. Since p(Cy) € {6, 7}, it remains to show that p(Cy) # 6.
Let Cy = (v1,v9,...,v9,v1). Assume, to the contrary, that there exists a subset labeling
f:V(Cy) — P*([6]) of Cy. Then |f(v)| > 2 for every vertex v of Cy. First, we make three

observations.

(1) No vertex label can be a 4-set.

If (1) is false, then we may assume that f(v;) = 1234. However, then, f(vy) = 56 =
f(vg), which is impossible by the Subset Lemma.
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(2) No two consecutive vertex labels can be 3-sets.

This is an immediate consequence of Proposition 2.3.6.

(3) No two consecutive vertex labels can be 2-sets.

If (3) is false, then we may assume that f(v;) = 12 and f(v2) = 34. By Proposi-
tion 4.2.1, we may further assume that 1 € f(v;) for each (odd) integer i € {3,5,7}
and 2 € f(v;) for each (even) integer i € {4,6,8}. Similarly, we may assume that
4 € f(v;) for each (odd) integer ¢ € {5,7,9} and 3 € f(v;) for each (even) integer
i € {4,6,8}. This implies that {2,3} C f(v;) for i € {4,6,8} and {1,4} C f(v;) for
i € {5,7}. By the Subset Lemma, no two vertices can have the same label, and no
vertex label can be a subset of another vertex label. Thus, each of f(v4), f(vs), and
f(vg) is a 3-set label containing the subset {2, 3}. Since {1,4} is a subset of f(vs) and
f(v7), it follows that 5 and 6 are the only possibilities for the third element of f(vy4),
f(ve), and f(vg). However, then, at least two of f(v4), f(vs), and f(vs) are the same,

which, again, is impossible by the Subset Lemma.

By (1)-(3), we conclude that the vertex labels of Cy alternate between 2-sets and 3-sets
along the cycle Cy. Since Cy is an odd cycle, this is impossible. Therefore, p(Co) =7. =

By Proposition 4.3.1, it follows that p(Cy) = 7, p(Cip) = 6, and 6 < p(C12) < 7. We
will return to p(Ci2) later. Before this, however, we show that p(C11) = 8, which again
illustrates that {p(Cy)}:24 is not a monotone sequence. In order to show that p(Ci1) = 8,

we first present some preliminary results on subset labelings of C1;.

Proposition 4.3.2 If f : V(Ci1) — P*([7]) is a subset labeling of Ci1, then |f(v)| # 4 for

every vertex v of C11.

Proof. Let Ci; = (v1,v2,...,v11,v1) and suppose, to the contrary, that |f(v)| = 4 for
some vertex v of C1;. We may assume that f(vq) = 1234. Thus, each of f(ve) and f(v11)
is a subset of {5,6,7}. By the Subset Lemma, f(va) € f(v11) and f(vi1) € f(v2). Thus,
each of f(v9) and f(v11) is a 2-set label. However, since n = 11 is odd and d(ve,v11) = 2,

this is impossible by Proposition 4.2.3. n

Theorem 4.3.3 If f : V(C11) — P*([7]) is a subset labeling of Ci1, then at most one

vertex of C11 has a 2-set label.
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Proof. Let Ci; = (v1,v9,...,v11,v1). Suppose, to the contrary, that there are at least
two vertices w and v such that |f(u)| = |f(v)| = 2. By Proposition 4.2.3, either d(u,v) =1
or d(u,v) = 3, and u and v are the only two vertices of C,, with 2-set labels. We consider

two cases, according to whether d(u,v) =1 or d(u,v) = 3.

Case 1. d(u,v) = 1. Without loss of generality, let f(v;) = 12 and f(v2) = 34. We
may further assume that 1 € f(vs3), which forces 2 € f(v4). Similarly, we may assume that
3 € f(va). Thus, {2,3} C f(v4), and so {1,4} C f(vs). Furthermore, {2,3} C f(v;) for
i =6,8,10. There are two subcases, depending on whether |f(v4)| =3 or |f(v4)| = 2.

Subcase 1.1. |f(v4)| = 3. By Proposition 4.3.2, | f(v;)| = 3 for ¢ € [5,11]. We thus have
a total of four 3-set labels containing the subset {2, 3}, but since the third element must be

drawn from {5, 6,7}, there are only three possible labels. This is a contradiction.

Subcase 1.2. |f(vg)] = 2. In this case, f(v4) = 23, which excludes the triples 145, 146
from consideration for f(v7) and f(vg), leaving only the possibility of 147. This is a con-

tradiction.

Case 2. d(u,v) = 3. Without loss of generality, let f(v1) = 12 and f(vs4) = 13. This
implies that 3 € f(v2) and 2 € f(v3). We may assume that f(vy) = 345 and f(vs3) = 267.
By Proposition 4.3.2, |f(v;)] = 3 for i € [5,11]. We have (f(v;) N (f(v1) U f(va))}ls =
({2},{1},{2,3},{1},{2,3},{1},{3}). The triple 167 is excluded because f(vs) = 345, and
the triple 145 is excluded because f(v3) = 267. This means that we cannot assign the
labels 234 and 235 to the vertices v7 and vg (or vice versa), for otherwise this would force
f(vg) = 167. Similarly, we cannot assign the labels 236 and 237 to v7 and vy (or vice versa),

for otherwise this would force f(vs) = 145. This leaves four possible subcases.

Subcase 2.1. f(v7) = 236 and f(vg) = 234. This forces f(vg) = 157. Then |f(vg) N
f(vi0)] = 2 and 167 is excluded, so f(vig) = 156 is forced. Then f(v11) = 347 is forced.
Similarly, |f(vs) N f(ve)| = 2 and 145 is excluded, so 147 is forced for f(vg). Then f(vs) =
256 is forced. However, then, f(vs) N f(v11) = 0. This is a contradiction.

Subcase 2.2. f(vy) = 237 and f(vg) = 234. This forces f(vg) = 156. Then |f(vs) N
f(vi0)] = 2, but 167 is excluded, so f(vig) = 157 is forced. Then f(v11) = 346 is forced.
Similarly, |f(vs) N f(ve)| = 2, but 145 is excluded, so 146 is forced for f(vg). Then f(vs) =
257 is forced. However, then, f(vs) N f(v11) = (0. This is a contradiction.

Subcase 2.3. f(v7) = 237 and f(vg) = 235. This forces f(vg) = 146. Then |f(vs) N
f(vi0)] = 2, but 167 is excluded, so f(vig) = 147 is forced. Then f(v11) = 356 is forced.
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Similarly, | f(vs) N f(ve)| = 2, but 145 is excluded, so 156 is forced for f(vg). Then f(vs) =
247 is forced. However, then, f(vs) N f(vi1) = (. This is a contradiction.

Subcase 2.4. f(v7) = 236 and f(vg) = 235. This forces f(vg) = 147. Then |f(vs) N
f(vi0)] = 2, but 167 is excluded, so f(vig) = 146 is forced. Then f(v11) = 357 is forced.
Similarly, | f(vs) N f(ve)| = 2, but 145 is excluded, so 157 is forced for f(vg). Then f(vs) =
246 is forced. However, then, f(vs) N f(vi1) = (. This is a contradiction.

Consequently, at most one vertex of C1; can have a 2-set label. [

Proposition 4.3.4 If f : V(C11) — P*([7]) is a subset labeling of Ch1, then |f(v)| # 2 for

every verter v of C11.

Proof. Let Ci1 = (v1,v2,...,v11,v1). Assume, to the contrary, that there is a vertex v
with a 2-set label, say f(v1) = 12. By Proposition 4.3.3, we have |f(v;)| = 3 for all i # 1,

say
f(v2) = 345, f(vs) = 167, f(v4) = 234, f(vs) = 156, and f(vg) = 247.

This implies that 1 € f(v;) for ¢ € {7,9} and 2 € f(v;) for i € {8,10}. Among the triples

containing either 1 or 2, notice that in addition to the labels used, we have excluded the set
{127, 157, 267, 235, 245, 237}.

There are two possibilities for f(v7), that is f(v7) = 135 or f(v7) = 136. We consider these

two cases.

Case 1. f(v7) = 135. This forces f(vg) = 246, since the elements of f(vg) must come
from {2,4, 6,7}, but 267 and 247 are excluded. Then the elements of f(vg) must come from
{1,3,5,7}, but 157 and 135 have been excluded, so 137 is forced. Then the elements of
f(v10) must come from {2,4,5,6}, but 245 and 246 have been excluded, so 256 is forced.
This then forces f(v11) = 347. However, then, f(vi1) N f(vs) = 0, which is a contradiction.

Case 2. f(v7) = 136. This forces f(vg) = 257, since the elements of f(vg) must come
from {2,4,5,7}, but 245 and 247 are excluded. Then the elements of f(vg) must come from
{1,3,4,6}. There are two possible subcases.

Subcase 2.1. f(vg) = 134. This forces f(vi9) = 256, since the elements must come from
{2,5,6,7}, but 257 and 267 are excluded. This then forces f(vi1) = 347. However, then,
f(v11) N f(vs) = 0, which is a contradiction.
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Subcase 2.2. f(vg) = 146. The elements of f(vi9) must then be drawn from {2,3,5,7};
yet all three triples 235, 237, and 257 have been excluded, which is a contradiction.

By Cases 1 and 2, we conclude that |f(v)| # 2 for every vertex v of C,. ]

We are now prepared to show that p(Ci1) = 8.

Theorem 4.3.5 p(Cy1) =8

Proof. The subset labeling g : V(Ci1) — P*([8]) defined by
S,(C11) = (123,456,1278, 345, 167, 245, 367, 145, 236, 147, 568)

shows that p(C71) < 8. Next, we show that p(Ci1) > 8. Assume, to the contrary, that there
is a subset labeling f : V/(C11) — P*([7]) of C11. First, we present the following three facts:

Fact 1: No vertex of C1; can have a 6-set label or a 5-set label. The neighboring
vertices of a vertex with a 6-set label would be labeled with a singleton (indeed, the
same singleton), which is impossible. The neighboring vertices of a vertex with a 5-set

label would be labeled with duplicate 2-sets, which is also impossible.

Fact 2: No vertex of C71 can have a 2-set label. This follows from Propositions 4.3.3

and 4.3.4.

Fact 3: No vertex of (11 can have a 4-set label. This follows from Proposition 4.3.2.

By Facts 1-3, every vertex has a 3-set label. We make the useful observation that this
forces |f(vi) N f(viye)| = 2 for all i, else if we had |f(v;) N f(vig2)| = 1 for some 4, this
would mean |f(v;) U f(vit2)| = 5, forcing |f(viy1)| = 2 which contradicts Fact 2. It
follows immediately that we cannot have |f(v;) N f(vi+3)] = 2, else then we would have

| f(vig1) N f(vigs)| = 1 forced. Now, say
flvy) =123, f(va) =567, f(vs) =124 and f(vyg) = 356.

This implies that 4 € f(v11) and 7 € f(vs). Then f(vs) € {127,147,247}. Since 147 and

247 are equivalent, we consider only the cases 127 and 147.

Case 1. f(vs) = 127. This forces {4,7} C f(v11) and {3,4} C f(vg). Since 345 and 346
are equivalent triples, say f(vg) = 345. This forces 6 € f(v7). Then f(v7) € {126,267,167}.
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Since 167 and 267 are equivalent, it suffices to consider the two cases f(v7) = 126 and
flvr) = 267.

Subcase 1.1. f(vy) = 126. This forces f(vs) = 347, which forces 5 € f(vg). We then
have f(vg) € {125,156,256}. But this would force either f(vi9) = 36, f(vig) = 23, or
f(v1g) = 13, respectively, which contradicts Fact 2 in all cases. Thus, this case cannot

occur.
Subcase 1.2. f(v7) = 267. This forces {1,5} C f(vs). Then f(vs) € {135, 145}.

Subcase 1.2.1. f(vg) = 135. This forces f(vg) = 246, which in turn forces f(vio) = 135.

This contradicts the Subset Lemma.

Subcase 1.2.2. f(vg) = 145. This forces {2,3} C f(vg), which in turn forces f(vig) = 156,
which in turn forces f(vi1) = 47. Then f(v11) N f(v4) = 0, since f(vg) = 356. This is a

contradiction.
By Subcases 1.2.1-1.2.2, Case 1.2 cannot occur. By Cases 1.1-1.2, Case 1 cannot occur.

Case 2. f(vs) = 147. Observing further that f(vi1) € {456,457,467}, and observing
that 457 and 467 are equivalent, we consider the two subcases f(v11) = 456 and f(v11) =
457.

Subcase 2.1. f(v11) = 456. Recall that f(v2) = 567, f(vs) = 124, and f(v4) = 356. Since
5,6 ¢ f(vi0) and f(v2)Nf(v1p) # 0, this forces 7 € f(vig). Similarly, since f(va)Nf(v10) # 0,
this forces 3 € f(v19). Thus, {3,7} C f(vig). Further, since 1,4 ¢ f(vg) and f(vg) N f(v3) #
(), this forces 2 € f(vg). Since f(vs) N f(v7) € {{4,7},{1,7},{1,4}}, we consider these three

subcases.

Subcase 2.1.1. f(vs) N f(vr7) = {4,7}. Since vertex labels cannot be duplicated, f(v7) #
147. Because 2 € f(vg), it follows that f(v7) # 247. Since f(v1) = 123 and f(v7)Nf(v1) # 0,
this forces f(v7) = 347. But then |f(vig) N f(v7)| = 2, which contradicts the observation
made in the paragraph following Fact 3.

Subcase 2.1.2. f(vs) N f(v7) = {1,7}. Since f(vs) = 147 and f(vs) N f(vs) # 0, this
forces 4 € f(vg). This in turn forces {5,6} C f(vg), since |f(vi1) N f(vg)| = 2. However,
then, this forces f(vg) = 234, so that f(vg) N f(ve) = 0. This is a contradiction.

Subcase 2.1.3. f(vs) N f(v7) = {1,4}. Since f(v7) N f(vs) = 0, we know 1,4 ¢ f(vg).
But since f(vs) = 147 and f(vs) N f(vs) # 0, we have 7 € f(vs). Further, since f(v3) = 124
and f(vg) N f(vs) # 0, we have 2 € f(vg). Now, since f(v11) = 456 and f(vi1) N f(vs) # 0,
we have f(vg) € {257,267}. Since these are equivalent, let f(vg) = 257. Then this forces
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f(vg) =146 = f(v7), which is a contradiction.

By Subcases 2.1.1-2.1.3, it is impossible that f(v11) = 456, and so Subcase 2.1 cannot

occur.

Subcase 2.2. f(v11) = 457. Recalling that f(v2) = 567, this forces 6 € f(vi9). Further,
since f(vs) = 147, this forces 2 € f(vg)N f(v3) and 5 € f(vg)N f(v11), so that {2,5} C f(vg).
Further, this forces 1 € f(vip). Thus, {1,6} C f(vip). We now consider three subcases for
fvs) N0 f(v7).

Subcase 2.2.1. f(vs)Nf(v7) = {4,7}. This forces f(vg)Nf(v11) = {5} and f(vs)Nf(vs) =
{1},s0{1,5} C f(vs). Since |f(vi1)Nf(vg)| = 2, this in turn forces {4, 7} C f(vy). Recalling
that f(v4) = 356, this further forces 3 € f(vg). Thus, f(vg9) = 347, which in turn forces
3 € f(uvs), so f(vg) = 235. Recalling that f(vs) = 356, we then have 6 € f(vr) forced,
so f(v7) = 467. But then, since f(v;) = 123, we have f(v7) N f(v1) = 0, which is a

contradiction.

Subcase 2.2.2. f(vs)Nf(v7) = {1,7}. This forces 4 € f(vg). Then, since | f(v11)Nf(ve)| =
2, we must have {5,7} C f(vg). Recalling f(v3) = 124, since f(vg) N f(v3) # (), we have
2 € f(vg) forced, so f(vg) = 257. This in turn forces f(vs) = 346. But then this together
with {2,5} C f(vg) forces f(v7) = 17, which contradicts Fact 2.

Subcase 2.2.3. f(vs) N f(v7) = {1,4}. This forces {2,7} C f(vs), which in turn forces
f(vg) = 345. But then this forces f(vg) = 267, which together with {2,5} C f(vg) forces
f(v7) = 134. But then recalling that f(vy) = 567, we have f(v7) N f(v2) = 0, which is a

contradiction.

By Subcases 2.2.1-2.2.3, we conclude it is impossible to have f(v11) = 457, and so Case

2.2 cannot occur.

By Cases 2.1-2.2, we conclude that f(vi1) ¢ {456,457}, and so Case 2 cannot occur.
Thus, by Cases 1-2, there is no subset labeling f : V(Ci1) — P*([7]) such that all vertex
labels are triples. Consequently, p(C1) = 8. [

We now determine the value of p(C12).

Proposition 4.3.6 p(Ci2) =7.

Proof. We have seen that p(Ci2) € {6,7}. Thus, it remains to show that p(Ci2) # 6.

Let C12 = (v1,v9,...,v12,v1). Assume, to the contrary, that there exists a subset labeling
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f: V(Ci2) — P*([6]) of Ci2. Then |f(v)| > 2 for every vertex v of Ci2. First, we make

three observations.

(1)

No vertex label can be a 4-set.

If (1) is false, and | f(v)| = 4 for some v, then we have |f(u)| = 2 forced for u € N(v),

which contradicts Proposition 2.3.6.

No two consecutive vertex labels can be 3-sets.

This is also an immediate consequence of Proposition 2.3.6.

No two consecutive vertex labels can be 2-sets.

If (3) is false, then we may assume that f(v1) = 12 and f(v2) = 34. By Proposi-
tion 4.2.1, we may further assume that 1 € f(v;) for each (odd) integer ¢ € {3,5,7,9,11}
and 2 € f(v;) for each (even) integer i € {4,6,8,10}. Similarly, we may assume that
4 € f(v;) for each (odd) integer i € {5,7,9,11} and 3 € f(v;) for each (even) in-
teger ¢ € {4,6,8,10,12}. This implies that {2,3} C f(v;) for i € {4,6,8,10} and
{1,4} C f(v;) fori € {5,7,9,11}. By the Subset Lemma, we must have | f(v;)| = 3 for
i € {4,6,8,10} with no duplicates. Now, since {1,4} is a subset of f(vs), f(v7), f(vg),
and f(v11), it follows that 5 and 6 are the only possibilities for the third element of
the four labels f(v;) for i € {4,6,8,10}. However, then, at least two of f(v4), f(vs),

f(vs), and f(v19) are duplicates, which is a contradiction.

By (1)-(3), we conclude that the vertex labels of C}2 alternate between 2-sets and 3-sets

along the cycle Co. Thus, we may assume that

|f(v;)] = 2 for each (odd) integer i € {1,3,5,7,9,11}
|f(vi)] = 3 for each (even) integer i € {2,4,6,8,10,12}.

We may further assume that f(v1) = 12, f(v2) = 345, and f(vi2) = 346. By Proposi-
tion 4.2.1, we may also assume that 1 € f(v;) for each (odd) integer i € {3,5,7,9,11} and
2 € f(v;) for each (even) integer i € {4,6,8,10}. This forces f(v3) = 16 and f(v11) = 15.
Since f(v3) = 16, we have 6 € f(v;) for i = {6,8,10} forced. Since f(v11) = 15, we have
5 € f(v) for i = {4,6,8} forced. However, then, f(vg) = 256 = f(vs), which contradicts
the Subset Lemma. We conclude that p(Ci2) = 7. ]
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In summary, the values of p(C),) for n € {9,10, 11,12} are listed below.

7 ifn=9
6 ifn=10
POI=N 5 stn—11
7 ifn=12

4.4 Cycles of Order 13 through 18

In this section, we now determine the exact value of p(C),) for 13 < n < 18. We begin with

p(Cy) for n € {13,15,16,17,18}. The number p(C14) will be determined afterward.
Proposition 4.4.1 Ifn € {13,15,16,17,18}, then p(Cy) = T.
Proof. If n > 13, then Pjs is an induced subgraph of C,,, and so p(C,) > p(P12) = 7.

Thus, if n € {13,14,15,16,17,18}, then p(C,) > p(P12) = 7. For n = 13,15,16,17,18,
there is a subset labeling f : V(C,,) — P*([7]) defined by

Sp(Cr3) = (123,456,127, 345,167,245, 367, 145, 236, 147, 256, 134, 567)
S;(Ci5) = (123,456,127,345, 167,234, 156,247, 136, 257, 146, 357, 246,
= 135,467)

S;(Ce) = (123,456,137,245, 167,235, 146, 257, 346, 125, 347, 156, 247,
356,124, 567)

S;(Cry) = (123,456,127,345,167, 245, 136, 247, 135, 246, 157, 236, 147,
256,347,125, 467)

S;(Cig) = (456,127,345,126,347,125,367, 145, 236, 147, 235, 146, 257,
136,247, 135, 246, 137).

Hence, p(C,) = 7 for n = 13,15,16, 17, 18. n

Note that p(C4) > p(P12) = 7. However, it turns out that p(Ci4) = 8. In order to

establish this fact, we first present some preliminary results.

Theorem 4.4.2 If f : V(Cia) — P*([7]) is a subset labeling of Cia, then at most one

vertex of C14 has a 2-set label.
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Proof. Let Ci4 = (v1,v9,...,v14,v1). Suppose, to the contrary, that there are at least
two vertices v and v such that |f(u)| = |f(v)| = 2. By Proposition 4.2.3, it follows that
d(u,v) = 2k for some positive integer k. We first prove that u and v are the only two
vertices of C,, with 2-set labels. Suppose, to the contrary, that there is a third vertex w
such that f(w) is a 2-set label. Note that since any two of these vertices are separated by
an even distance, all three of their indices will have the same parity. We consider three

cases:

Case 1. d(u,v) = 2 = d(v,w). Without loss of generality, say f(v1) = 12, f(v3) = 13,
and f(vs) = 14. Then we have 1 € f(v7) N f(vg) N f(v11) N f(v13) and {2,3,4} C f(vs) N
f(vi0)Nf(vi2). By the Subset Lemma, each of f(vg), f(vi9) and f(vi2) must have cardinality
at least 4. No label can be a 5-set label, since then its neighbors would have duplicate 2-
set labels, which would contradict the Subset Lemma. Without loss of generality, suppose
f(vg) = 2345, f(v1p) = 2346, and f(v12) = 2347. As a consequence of Proposition 2.3.6, we
must have |f(v;)| < 2 for any v; in the neighborhood of a vertex with a 4-set label. Since
singletons are not allowed, we conclude |f(v;)| = 2 for ¢ € {7,9,11,13}. But there are only
six possible 2-set labels from [7] containing the element 1. Since 1 € f(v;) for all seven

odd-indexed vertices v;, this produces a contradiction.

Case 2. d(u,v) = 4,d(v,w) = 2. Without loss of generality, suppose f(v1) =12, f(v5) =
13, and f(v7) = 14. Then we have 1 € f(v;) for all odd ¢, {2,3,4} C f(vio) N f(v12),
{2,3} C f(vs), and {3,4} C f(v2) N f(v14). By the Subset Lemma, we must have |f(vio)| =
4 = |f(vi2)|. Without loss of generality, say f(vip) = 2345, f(vi2) = 2346. This then
forces f(vi1) = 17 and f(vi3) = 15, which in turn forces f(vg) = 2357, which in turn
forces f(vg) = 16. But then we have {3,4,6,7} C f(v2) N f(v14) forced, which leads to a
contradiction of the Subset Lemma.

Case 3. d(u,v) = 4 = d(v,w). Without loss of generality, suppose that f(vi) =
12, f(vs) = 13, and f(vg) = 14. Then we have 1 € f(v;) for all ¢ odd, {2,3,4} C f(v12),
{2,3} C f(vs) N f(vi0), {2,4} C f(va) N f(vs), and {3,4} C f(v2) N f(vi4). By the Subset
Lemma, we must have both |f(v2)| and |f(v14)| at least 3. Suppose we have 5 € f(vy) and
6 € f(v14). Then this forces 6 € f(vs) and 5 € f(vi3). We now consider two subcases.

Subcase 3.1. f(v3) = 16. This forces f(vi1) = 2346, which in turn forces f(v14) = 3467
by the Subset Lemma. This then forces f(v13) = 15, which forces {2,3,5,6} C f(vg)Nf(v10).

Then, similarly to Case 2, this leads to a contradiction.
Subcase 3.2. f(vs) = 167. We consider two subcases for f(v;3).

Subcase 3.2.1. f(v13) = 15. This forces {2,3,5} C f(vg)N f(v1p). By the Subset Lemma,
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without loss of generality this then forces f(vg) = 2356, f(v19) = 2357. This in turn forces
f(v7) = 17. But then we have f(v7) C f(vs), which contradicts the Subset Lemma.

Subcase 3.2.2. f(v13) = 157. Notice now that since we have {2,4} C f(vg) and {2,3} C
f(vs), and since we must have f(v7) N f(vi2) # 0, this forces |f(vi2)] = 4. But this

contradicts Proposition 2.3.6, since then we have |f(v13) U f(v14)| = 7.

By Subcases 3.2.1 and 3.2.2, Subcase 3.2 cannot occur. By Subcases 3.1 and 3.2, Case

3 cannot occur.

Hence, we conclude that at most two vertices v and v can have 2-set labels. We now

consider three cases for d(u,v):

Case 1. d(u,v) = 2. Say f(vi) = 12 and f(v3) = 13. Then we have 1 € f(v;) for
all ¢ odd and {2,3} C f(v;) for i € {6,8,10,12}. Without loss of generality, suppose
f(ve) = 234, f(vs) = 235, f(vi0) = 236, f(v12) = 237. This forces f(vs) = 1567, which in
turn forces f(v4) = 24 and f(ve) = 23, which contradicts Proposition 4.2.3.

Case 2. d(u,v) = 4. Say f(v1) = 12 and f(vs) = 13. Then we have 1 € f(v;) for all 4
odd and {2,3} C f(v;) for all i even such that v; is not adjacent to v; or vs. Without loss of
generality, suppose f(vg) = 234, f(vio) = 235, f(v12) = 236. This would force f(v3) = 1456,
which would then force f(vy) =37 and f(v4) = 27, which contradicts Proposition 4.2.3.

Case 3. d(u,v) = 6. Say f(vi) = 12 and f(v;) = 13. Then we have 1 € f(v;)
for all ¢ odd and {2,3} C f(v;) for all i even such that v; is not adjacent to v; or vr.
Without loss of generality, say f(vq) = 234, f(vig) = 235, f(v12) = 236. Then this forces
{1,5,6} C f(v3) N f(vs). Since we are unable to assign distinct 4-set labels to f(vs) and
f(vs), this contradicts the Subset Lemma.

By Cases 1-3, we conclude that no more than one vertex can have a 2-set label. This

concludes the proof. =

Proposition 4.4.3 If f : V(Ci4) — P*([7]) is a subset labeling of Ch4, then |f(v)| # 4 for

every verter v of Ci4.

Proof. Let Ciy = (v1,v2,...,v14,v1) and suppose, to the contrary, that |f(v)| = 4 for
some vertex v of C14. We may assume that f(v1) = 1234. Thus, each of f(v9) and f(v14)
is a subset of {5,6,7}. Since we have f(v2) € f(via) and f(via) € f(v2) by the Subset
Lemma, it follows that each of f(ve) and f(v14) is a 2-set label. This is impossible by
Theorem 4.4.2. =
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Proposition 4.4.4 If f : V(C14) — P*([7]) is a subset labeling of Ch4, then |f(v)| # 2 for

every verter v of Cl4.

Proof. Let Ci4 = (v1,v2,...,v14,v1). Assume, to the contrary, that there is a vertex v
with a 2-set label, say f(v;) = 12. By Proposition 4.4.3 and Theorem 4.4.2, every other

vertex label is a 3-set label. We may assume that
f(v2) =345, f(vg) = 167, f(va) = 234, f(vs) = 156, and f(vg) = 247.

This implies that 1 € f(v;) for i € {7,9,11,13} and 2 € f(v;) for i € {8,10,12}. Among the
triples containing either 1 or 2, notice that in addition to the labels used, we have excluded

the set
{127, 157, 267, 235, 245, 237, 347}

We now have either f(v7) =135 or f(v7) = 136 forced. We consider these two cases.

Case 1. f(vy) = 135. This forces (f(vs), f(vg), f(v10), f(v11)) = (246,137,256, 347).

Since 347 has been eliminated, this is a contradiction.

Case 2. f(v7) = 136. This forces f(vg) = 257, since the elements of f(vg) must come
from {2,4,5, 7}, but 245 and 247 are excluded. Then the elements of f(vg) must come from
{1,3,4,6}. There are two possible subcases.

Subcase 2.1. f(vg) = 134. This forces f(v19) = 256, since the elements must come from
{2,5,6,7}, but 257 and 267 are excluded. This then forces f(vi1) = 347. However, then,
f(vi1) N f(vs) = 0, which is a contradiction.

Subcase 2.2. f(vg) = 146. The elements of f(v19) must then be drawn from {2,3,5,7},
yet all three triples 235, 237, and 257 have been excluded, which is a contradiction.

By Cases 1 and 2, we conclude that |f(v)| # 2 for every vertex v of C,. ]

We will now show that p(C14) = 8.

Theorem 4.4.5 p(Cy4) =8

Proof. The subset labeling g : V(Ci4) — P*([8]) defined by

S,(Cra) = (123,456, 1278, 345, 167, 245, 367, 148, 256, 347, 156, 247, 135, 468)
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shows that p(C14) < 8. Next, we show that p(C14) > 8. Assume, to the contrary, that there
is a subset labeling f : V(C14) — P*([7]). First, we observe the following three facts:

Fact 1: No vertex of C'14 can have a 5-set label or a 6-set label.
Fact 2: No vertex of C14 can have a 4-set label. This follows from Proposition 4.4.3.

Fact 3: No vertex of C14 can have a 2-set label. This follows from Proposition 4.4.4.

By Facts 1-3, every vertex has a 3-set label. We may assume

Fvr) =123, f(v9) = 456, f(vs) = 127, f(vy) = 345.

This further eliminates the triples 137,237,346, 356 and forces 7 € f(vi4) and 6 € f(vs).
We note that f(vs) € {267,167,126}, but 167 and 267 are equivalent. Thus, without loss
of generality, we may consider only the cases f(vs) = 267 and f(v5) = 126.

Case 1. f(vs) = 267. Then f(v;) is defined for 1 <14 <5 as follows:
F(v1) = 123,456,127, 345, 267 = f(vs).

with eliminated triples 137,237,346, 356,126,167. We note that f(vg) € {134,135,145}.
Since the cases f(vs) = 134 and f(vg) = 135 are equivalent, it suffices to consider the two

non-equivalent subcases f(vg) = 134 and f(vg) = 145.

Subcase 1.1. f(vg) = 134. The label 567 has been eliminated for f(v7), so f(v7) €
{256,257}. Since the labels 256 and 257 are equivalent, we may consider only the case
f(v7) = 257. Since 136 and 346 have been eliminated for f(vg), we see that f(vg) = 146.
Then f(v;) is defined for 1 < i < 8 as follows:

F(v1) = 123,456,127, 345, 267, 134, 257, 146 = f(vs).
The following triples have been eliminated thus far for (f(vg), f(v10), ..., f(v14)):

{137,237, 346, 356, 126, 167, 135, 145, 256, 567, 136, 346 }

We have {3,5} C f(vg) forced, which in turn forces 4 € f(vig). Further, notice that
f(v1a) € {457,467}. We consider these two subcases.
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Subcase 1.1.1. f(v14) = 457. This forces f(v13) = 236, which forces {1,7} C f(vi2).
The third element must be either 5 or 4. If f(v12) = 157, then this forces f(vi1) = 236,
which has already been used for f(viz). This is a contradiction. Hence, we must have
f(v12) = 147, which forces f(v11) = 235. But this has been eliminated by f(vg) = 146, so

this also leads to a contradiction.

Subcase 1.1.2. f(v14) = 467. This forces 7 € f(vg), so that f(vg) = 357. This then forces
{2,4} C f(v10), where the third element must be either 1 or 6. If we choose f(v19) = 124,
this forces f(v11) = 356, which has been eliminated. This is a contradiction. If we choose
f(vip) = 246, this forces f(v11) = 135, which has also been eliminated. This is also a

contradiction.

By Subcases 1.1.1-1.1.2, we conclude that f(vg) = 134 is not possible.

Subcase 1.2. f(vg) = 145. Then f(v;) is defined for 1 <i < 6:

f(v1) = 123,456,127, 345, 267,145 = f(vg)

and the triples eliminated for f(vr), f(vs),..., f(via) are

{137,237,346, 356, 126, 167, 134, 135}.

We consider the two possible cases f(vr7) € {236,367}.

Subcase 1.2.1. f(v7) = 236. This choice further eliminates the triple 457 from consider-
ation for f(vi4), leaving only the choices 467 and 567. Since these choices are equivalent,

we will consider only the case f(v14) = 467. There are two non-equivalent choices for f(vg),
namely 147 and 157.

Subcase 1.2.1.1. f(vg) = 147. We now have f(v;) defined as follows for : = 14,1,2,...,8:

flvig) = 467,123, 456,127, 345, 267, 145, 236, 147 = f(vs).

Since f(vig) = 125 is forced, as is f(vg) = 256, this forces f(vi12) = 467. Since this label

has already been used, a contradiction is produced.

Subcase 1.2.1.2. f(vg) = 157. We now have f(v;) defined as follows for i = 14,1,2,...,8:

F(via) = 467,123,456, 127, 345, 267, 145, 236, 147 = f(uvs).
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This forces {2,4} C f(vg). We now consider the two options for f(v13), namely 125 and 235.
If we choose f(v13) = 125, this forces f(vi2) = 347, which forces {5,6} C f(v11), which, in
turn, forces {5,6} C f(vig). Together with {2,4} C f(vg), this forces f(v1p) = 137, which
has been eliminated. This is a contradiction. If, instead, f(v13) = 235, this forces f(v12) =
146, which forces f(v11) = 257. Together with {2,4} C f(vg), this forces f(vip) = 136. But

now there is no possibility for the third element of f(vg). This is a contradiction.

Subcase 1.2.2. f(v7) = 367. We consider the two non-equivalent cases for f(v14), namely

457 and 467.

Subcase 1.2.2.1. f(v14) = 457. We now have f(v;) defined as follows for i = 14,1,2,...,7:

F(vg) = 457,123,456, 127, 345, 267, 145, 367 = f(v7).

If f(vg) = 245, then f(vg) = 1367, which is impossible since no label can be a 4-set. Since the
case when f(vg) = 124 is equivalent to that of f(vg) = 125, we consider only f(vg) = 124.
This choice forces (f(vg), f(vio), f(v11)) = (357,246,157), which forces 3 € f(vi2). But
f(via) = 457 forces 3 € f(v13). This is a contradiction.

Subcase 1.2.2.2. f(v14) = 467. This forces {2,4} C f(vs). We now have f(v;) defined as
follows for ¢ = 14,1,2,...,7:

F(vig) = 467,123,456, 127,345, 267, 145, 367 = f(v7).

This forces f(viz) = 235, {1,4} C f(vi2), and 5 € f(v11). We consider the two choices
147, 146 for f(via. If f(v12) = 147, this forces f(v11) = 256, which forces f(vig) = 347.
Together with {2,4} C f(vs), this forces f(vg) = 156. But now no choices remain for the
third element of f(vg), which is a contradiction. If, instead, f(vi2) = 146, then this forces
{5,7} C f(v11). The two options for f(v11) are 257 and 357. If f(v11) = 257, this forces
f(vip) = 136, which together with {2,4} C f(vs) makes it impossible to label f(vg). This
is a contradiction. If f(v11) = 357, this forces f(vs) = 245, which forces f(vg) = 136. But

this makes it impossible to label f(v1g). This is a contradiction.

Hence, we have f(v12) # 147,146, which implies that f(v14) # 467.

By Subcases 1.2.1-1.2.2, we conclude that f(vg) # 145 and by Subcases 1.1-1.2; we
conclude that f(vs) # 267.
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Case 2. f(vs) = 126. We note that the label 457 has been eliminated for f(vg), so
f(ve) € {347,357}. These two subcases are equivalent. Hence, without loss of generality,
we consider only the case f(vg) = 347. We now have f(v;) defined for 1 < i < 6 as follows:

f(v1) = 123,456,127, 345,126, 347 = f(ve).

We note that f(vy) € {125,156,256}. The cases 156 and 256 are equivalent. Thus, it

suffices to consider only the non-equivalent cases f(v7) = 156 and f(v;) = 125.

Subcase 2.1. f(v7) = 156. We now have f(v;) defined as follows for 1 <i < 7:

Flvy) = 123,456,127, 345,126, 347, 156 = f(v7).

We now consider each of the non-equivalent subcases f(vi4) € {457,467,567}.

Subcase 2.1.1. f(v14) = 457. Now, the only choices for f(vg) are 234 and 247, which are
equivalent. Hence, we consider f(vg) = 234 only. We now have f(v;) defined as follows for

i=14,1,2,...,8:

Fvig) = 457,123,456, 127, 345, 126, 347, 156,234 = f(vg).

This labeling forces (f(v9), f(vi0), f(v11), f(vi2)) = (157,246, 135,247). Since 247 has been

eliminated, this is a contradiction.

Subcase 2.1.2. f(v14) = 467. This forces {3,5} C f(vi3). If we choose f(vi3) = 135, this
forces f(vi2) = 246, which has been eliminated. Hence, f(vi3) = 235 is forced, which forces
{1,4} C f(v12). In this subcase, the choices 234 and 247 for f(vg) are not equivalent. If
f(vg) = 247, this forces f(vg) = 136, which forces {2,5} C f(v19). The label f(v11) = 367
is now forced, but this eliminates all choices for f(v;2), which is a contradiction. If instead
f(vs) = 234, this forces f(vg) = 157, which forces {2,6} C f(v10), which, in turn, forces
1 € f(v11). But this is a contradiction since 1 € f(v12). We conclude that f(v14) # 467.

Subcase 2.1.3. f(vi4) = 567. This forces f(vg) = 147, which forces {2,3} C f(vg), which
forces 1 € f(v1p). This choice of f(v14) also forces {1,4} C f(v13). The two choices for f(v13)
are 124 and 134. If f(vi3) = 124, this forces f(vi2) = 367, which forces {4,5} C f(v11). We
now have f(v19) = 167 forced, which has been eliminated. This is a contradiction. If instead
f(v13) = 134, this forces f(v12) = 257. Together with 1 € f(v19), this forces f(v11) = 346,

which has been eliminated. This is a contradiction.
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By Subcases 2.1.1-2.1.3, we conclude that f(v;) # 156.

Subcase 2.2. f(v7) = 125. As the choices 457 and 467 have been eliminated for f(v14),
the remaining case is f(v14) = 567. Further, since the choices 346 and 467 have been
eliminated for f(vg), the only remaining case is f(vs) = 367. Thus, we have defined f(v;)
for i =14,1,2,...,8 as follows:

f(v1a) = 567,123, 456,127, 345,126, 347,125,367 = f(vg)

Beginning from f(vs), we have {4,5} C f(vg),{3,6} C f(v10), and 7 € f(v11). Beginning
from f(v14), we have {3,4} C f(v13) and {5,7} C f(vi2). But this is a contradiction, since
we cannot have 7 € f(v11) N f(v12).

By Subcases 2.1-2.2, we conclude that f(vg) # 347. Hence, f(vs) # 126.

By Cases 1-2, we conclude that p(C14) > 8. Thus, p(C14) = 8. n

In summary:

7 ifn=13
p(Ch)=¢ 8 ifn=14
7 if15<n<18.

We summarize the values of p(C),) for 3 < n < 18 below:

3 ifn=3

2 ifn=4

5 ifn=5,6

7 ifn=7

6 ifn=38
p(Cr)=< 7 ifn=9

6 ifn=10

8 ifn=11

7 ifn=12,13

8 ifn=14

7 if15<n<18.

We have seen that p(P,) = 7 for 12 < n < 22, thus p(Cy) > p(Pi2) = 7 for n > 13. By
Theorem 3.4.8, it follows that if n > 24, then p(C,) > p(Pa23) = 8. In fact, we have the

following conjecture:
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Conjecture 4.4.6 Ifn > 19, then p(C),) > 8.

We conclude this chapter with a connection between the subset labeling problem and a
closely related problem in combinatorics, showing how our work on cycles in particular has

led to the reopening of a highly nontrivial question for further research.

4.5 Subset Labelings and Almost Intersecting Set Families

Given any positive integer r, an intersecting family F of sets in P([r]) is a collection of sets
such that for any two sets A, B € F, A and B have nonempty intersection. In 1961, Erdés,

Ko, and Rado proved the following theorem on intersecting set families:

The Erdés-Ko-Rado Theorem. Let n and k be positive integers with n > 2k. If F
is a family of distinct k-element subset of [n]| such that each pair of subsets has nonempty

intersection, then the number of sets in F is at most (Zj)

In [8], co-authors Déaniel Gerbner, Nathan Lemons, Cory Palmer, Baldzs Patkds, and
Vajk Szécsi introduced the related concept of an “almost” intersecting set family. A family
F is defined as £-almost intersecting if for any set F € F, there are exactly ¢ other sets
in F disjoint from F. A family is defined as < f-almost intersecting if for any set F' € F,
there are at most ¢ other sets in F disjoint from F. They then introduced the problem of
establishing analogous results to the Erdés-Ko-Rado Theorem for almost intersecting set

families.

We can relate this problem to the subset labeling problem by noting that if £ = A(G)
for a graph G, then the list of labels in any subset labeling of the graph will constitute a
< ¢-almost intersecting set family (since deg v < A(G) for any v, and the label assigned to
v must be disjoint from the labels assigned to the neighbors of v). In particular, for any
path P,, the list of labels in a subset labeling is a < 2-almost intersecting set family, since
each end-vertex label is disjoint from exactly one other vertex label, while each interior
vertex label is disjoint from exactly two other vertex labels. Further, for a cycle C,, the
list of labels in a subset labeling constitutes a 2-almost intersecting set family, since each
vertex label is disjoint from exactly two other vertex labels. Since the empty set cannot be
included in a nontrivial -almost intersecting family, we will use the notation P*([r]) for a

positive integer r.

For each positive integer r, a “tight” upper bound (i.e., upper bound with attainment)

for the size of a 1-almost intersecting set family from P*([r]) was established in [8]. The
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authors also claimed to have done the same for the size of a 2-almost intersecting family
from P*([r]), presenting what was believed to be the best (largest) possible construction
for such a family. It turns out that their calculations were in error, as we will show. The
problem of establishing a best possible construction thus remains open for further research
and is connected to the problem of establishing a general formula for the subset index of a

cycle C, as a function of n.

We say a set family F is Sperner if no set A € F contains another set B € F. For
example, F = {12,34,25,13,45} is Sperner. Observe that when the sets in this particular
collection F are assigned as vertex labels to the cycle C5 in the order above, they constitute
a subset labeling f : V(C5) — P*([5]). Indeed, by the Subset Lemma, we can assert in
general that for n > 5, the list of labels in a subset labeling of a cycle C, is a 2-almost
intersecting Sperner family. As we will see, the construction for a 2-almost intersecting
family in P*([r]) described in [8] is non-Sperner. But our counterexamples in the case
r = 7 were obtained while generating subset labelings f : V(C,) — P*([7]) for n = 17,18.
As observed, these constituted necessarily Sperner families. This suggests that the true
best possible construction for a 2-almost intersecting family may be Sperner, although a

systematic process for producing such a family in general is still unknown.

It was claimed in [8] that for any integer r > 3, the best possible upper bound for the
size | F| of a 2-almost intersecting family F in P*([r]) is given by:

2(’:3) if r is even
4( r3 ) if 7 is odd
In [8], a family attaining this bound was constructed in the following way: If r = 2k + 2,

then let Fi, Fo be a partition of the (2kk) k-element sets in [2k] such that A € F; if and only
if A € F». Then the following family possesses the required properties and has size 2(2:):

f:flU{AU{Qk—I—l}:Aéfl}UfQU{AU{Qk—I—Q}:AEfQ}

Similarly, if » = 2k 4 1, the following family possesses the required properties and has

size 4(2kk:22): Let /1 = {A € ([2,5:11]) ra€ A}, o ={A¢€ ([%k_l]) ta ¢ A} for some fixed

a € [r], and define

f:f1U{AU{2k}:AE.Fl}U.FQU{AU{2]€+1}:AEJ:Q}.
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To illustrate this for an even r, say r = 6. Then k = 2, and the following family of size

12 is generated by this construction:

Fi = {12,13,23}, F» = {34,24,14}
F = F1U{125,135,235} | F» U {346, 246, 146}

To illustrate this for an odd r, suppose r = 7. Then k = 3, and the following family of

size 16 is generated by this construction, where we have chosen to fix a = 1:

Fi = {12,13,14,15}, F, = {234, 235, 245, 345}
F = F; U{126,136, 146,156} | F» U {2347, 2357, 2457, 3457}

In justifying their claim that this construction is best possible, the authors establish
the following additional notation: Let F C P*([r]) be a 2-almost intersecting family. Let
F§ denote the subfamily of sets in F which contain some other set in F, let ¥ denote
the subfamily of sets in F which are contained in some other set in F, and let F; =
F — (FY UFE). Then we may write F = F; U FY U FL. The authors then define a good

2-almost intersecting set family F as a family satisfying the following two properties:

x A € F§ implies A € FY.

*x For any Ay, As € F with A} C Ag, we have |4y — A;| = 1.
The families constructed above satisfy these conditions. When r = 6, we have

FY = {125,135, 235, 346, 246, 146}
Fy ={12,13,23,34,24, 14}

When r = 7, we have

FY = {126,136, 146, 156, 2347, 2357, 2457, 3457}

FE={12,13,14,15,234, 235,245, 345}

However, in the case of a Sperner family F, we have F; = F, since by definition there
are no subset relations among the sets in the collection. Yet any nontrivial Sperner family

F is trivially “good,” since the statement “If A € FY, then A € FY” is not false. Similarly,
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even though there are no two sets Ay, Ay € F such that A; C As, it is not false to say that

if F contained two such sets, then we would have |As — 41| = 1.

We now consider the upper bound the authors obtain in the course of their proof attempt,
which, it turns out, is not equivalent to the bound in the theorem statement. The bound
in the proof is established in terms of the following quantities ax and by, which are derived
from an inequality the authors separately prove for “good” intersecting families. We omit

the full details of the derivation here:

2k (r—k)!'—2k!(r—k—1)!
0y = 2Rk
bk‘_ 2k (r—k)+2(k+ 1) (r—k—1)!—2k! (r—k—1)!—k!(r—k—2)!— (k+ 1) (r—k—2)!— k! (r—k—1)!+-k! (r—k—2)!
- r!

The authors claim that if m = min{ak,% :1 <k <n-—1}, then |F| < L. They

m
then prove separately that as k varies from 1 to n — 1, the quantities ax and by are each
bir/2)

minimized when k = |7/2], then obtain by substitution that a|,/o) > —“5=. From this,
they conclude that % =3 2_
Lr/2]

Here, the authors make the erroneous final conclusion that the size of the families in
their proposed best possible construction is exactly ﬁ, which would make the statement
|F| < % equivalent to the statement of the theorem. In fact, these expressions are not
equivalent in general for r odd, as we show by example in the case r = 7. Substitution into

1 L. Then we have & = i, som = %3, and we

as yields 2T and substitution into b3 yields 15. 3
3

have |F| < == = 24. On the other hand, substitution into 4(LT;2_J?’—2) yields 16.

1

In fact, it is false that the proposed construction is best possible in general, as we
show by counterexample for r = 7. Indeed, we have already produced 2-almost intersecting
Sperner families of size 18 and 17 in P*([7]), namely, the lists of labels in the subset labelings
f:V(Cig) — P*([7]) and f : V(Ci7) — P*([7]):

S;(Cig) = (456,127, 345,126, 347,125, 367, 145, 236, 147, 235, 146, 257,
136,247, 135, 246, 137)
S;(Ch7) = (123,456,127, 345, 167, 245, 136, 247, 135, 246, 157, 236, 147, 256, 347, 125, 467)

In general, it is clear that the largest n such that p(C,,) = r is bounded above by the
size of the largest possible 2-almost intersecting Sperner family in P*([r]). These problems

thus suggest themselves for further research:
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Problem 4.5.1 Given any integer r, is the best possible construction for a 2-almost inter-

secting family of sets in P*([r]) a Sperner family?

Problem 4.5.2 Given any integer r, is the size of the best possible construction for a 2-

almost intersecting Sperner family of sets in P*([r]) equal to or greater than the largest n

such that p(Cy) =r?



Chapter 5

Subset Labelings of Prisms and
Grids

5.1 Introduction

The Cartesian product G O H of two graphs G and H has vertex set V(G O H) = V(G) x
V(H). Two distinct vertices (u,v) and (z,y) of G O H are adjacent if either (1) u = = and
vy € E(H) or (2) v =y and ux € E(G). In this chapter, we explore the subset indices of
the prism C,, O K3 and the grid P, [ P, in the special case where ¢ = 2. We establish

bounds for these indices in terms of the subset indices of cycles and paths, respectively.

We begin with a couple of preliminary results.

Proposition 5.1.1 Let G be a graph containing a clique K, and let f be a subset labeling
of G. If v € V(Q) such that v is not adjacent to any vertex of K,, then |f(v)| > r.

Proof. Suppose, to the contrary, that there exists some vertex v € V(G) such that
v is not adjacent to any vertex of K, and |f(v)| < r. Then, by the Pigeonhole Principle,
there must be some element a € f(v) such that a € f(u;) N f(u;) for some two vertices
ui,u; € V(K;). Yet, since K, is a clique, we have f(u;) N f(u;) = 0 for any two vertices

uj, uj € V(K,). This is a contradiction. ]

Theorem 5.1.2 Let G = K,, O Ky. Forn >2, p(G) =n(n—1).

Proof. To prove p(G) > n(n — 1), suppose, to the contrary, that there exists a subset
labeling f : V(G) — P*([n(n — 1) — 1]). Denote the two copies of K, in the product as
K, and K. Let V(K,) = {uy,us, ..., u,} and V(K,,) = {v1,va,...,v,}, and let E(G) —

74
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E(K,) - E(K,) = {u;v;}?_,. By the Pigeonhole Principle, without loss of generality, there
exists some vertex z € V(K,) such that [f(z)| < n—1. Yet |V(G) — N[z]| = n — 1,
and the vertices of V(G) — Nlz] form the sub-clique K|, ,. Hence |f(z)| > n — 1. By
Proposition 5.1.1, this is a contradiction. Thus, p(K,, O K3) > n(n — 1).

To prove p(G) < n(n — 1), we present the following labeling f : V(G) — P*([n(n —1)]),
displayed here in the form of an n x n — 1 matrix A. For 1 < i < n, f(u;) is the set of
elements in the ith row of A, consisting of the integers in the set [(i —1)(n—1)+1,i(n—1)].
For 1 < j < n—1, f(v;) is the set of elements in the jth column of A except for that

element in the jth row. Finally, f(v,) = [n(n — 1)] — UrZ! f(vs).

1 2 3 n—2 n—1
n n+1 n+2 2n—3 2(n—1)
2(n—1)+1 2(n—1)+2 2(n—=1)43 ... 2(n—-1)+(n—2) 3(n—-1)
+(n—2)  4(n—1)

A= 3(n—1)+1 3(n—1)+2 3(n—1)4+3 .. 3(n—
(n—1)(n—1)+1 (n—1)(n—1)+2 (n—1)(n—1)+3 ... (n—1)(n—1)+(n—2) n(n—1)

We claim this labeling is a subset labeling. To begin with, it is clear by construction that
f(ui) N f(u;) = O for any two 4,7, and similarly f(v;) N f(v;) = 0 for any two i,j. In
particular, note that f(v,) consists precisely of the n — 1 elements deleted from the lists for
each of f(v1), f(va),..., f(vp—1). Further, for 1 <i <mn — 1, each f(v;) selects exactly the
Jjth element from each of f(u;) except for f(u;), thus ensuring both that f(v;) N f(u;) =0
and that f(v;) N f(u;) # 0 for all j # i. Finally, note that f(v,) selects the first element
from f(u1), the second element from f(usz), the third element from f(us), and so on up
to element number n — 1 from f(u,—1). Hence, by construction, it clearly has nonempty

intersection with each of f(u;) for i # n. This concludes the proof. ]

For n = 5, we give the matrix A together with the corresponding labeling.
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1 2 3 4
5 6 7 8
A=19 10 11 12
13 14 15 16
17 18 19 20

flur) ={1,2,3,4}, f(u2) = {5,6,7,8}, f(u3) = {9,10,11,12}
Flug) = {13,14,15,16}, f(us) = {17,18,19, 20}

f(v1) = {5,9,13,17}, f(va) = {2,10,14,18}, f(v3) = {3,7, 15,19}
flvg) = {4,8,12,20}, f(vs) = {1,6,11,16}

5.2 Subset Labelings of Prisms

We now turn to prisms in general, beginning with p(C,, O K3) for integers n > 3. In the
following results, we will consistently return to the labeling notation of ab = {a, b}, abc =
{a, b, c}, etc. Since C3 O Ky = K3 O Ko, it follows by Theorem 5.1.2 that p(Cs O K3) = 6.
As an illustration, we present a subset labeling f : V(C5 O K3) — P*([6]) of C5 O Ko,

shown in Figure 5.1. Thus, for smallest values of n where n = 3,4,5,

6 ifn=34

Since p(Cs) = 3, p(Cy) = 2, and p(Cs) = 5, it follows that p(Cs5 O Ka) = p(C3) + 3 and
p(C, O Ky) = p(Cy)+4 for n = 4,5. The 5-cycle Cj is not an induced subgraph of C3 O K,
while Cy42 is an induced subgraph of C,, 1 K for each integer n > 4.

Next, we present upper and lower bounds for the subset index of p(C,, O K>) in terms

of p(Cr+2) and p(Cy,) for each integer n > 4.

Theorem 5.2.1 For each integer n > 4,
p(CnJrQ) < p(Cn 0 K2) < ,O(Cn) +4.

Proof. For an integer n > 4, let G = (), OO K. Since C), 42 is an induced subgraph of G,
it follows that p(Cpi2) < p(G). Therefore, it remains to show that p(G) < p(C),) + 4.
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Figure 5.1: A subset labeling f of C35 O Ko

Suppose that p(Cy) = k. Then C,, has a subset labeling g : V/(C,,) — P*([k]). The subset

labeling g gives rise to another subset labeling
h:V(Cy) — P*([5, k +4])
of C), defined by
h(z) ={i+4: i€ g(x)} for each vertex x of C,,.

Write n = 4g+r for some integers ¢ and r, where ¢ > 1 and r € {0,1,2,3}. Next, we define
a subset labeling f : V(G) — P*([k + 4]) of G by considering four cases, according to the

value of r. In what follows, let G be constructed from two copies of the n-cycle
C = (ug,ug,...,up,Upy1 = up) and C" = (v, V2. .., Vp, Vpt1 = V1)

by adding the edges u;v;+1 for 1 < i < n, where the subscript of a vertex is expressed as a
positive integer modulo n.
Case 0. r =0 and n = 4q. We define the labeling f : V(G) — P*([k + 4]) of G by

N h(u;) U{4} ifi=0 (mod 4)
flui) = h(u;) U{a} ifi=a (mod4) wherea=1,2,3and1<i<n

Fg) = h(u;) U {4} if i =3 (mod 4) and 1 < i < n.
vi) = h(u;))U{a+1} ifi=a (mod 4) where a =0,1,2 and 1 <i < n.

This is illustrated in Figure 5.2 for n = 4. It remains to show that f is a subset labeling
of G. Let x and y be two vertices of G. If x,y € V(C) or x,y € V(C’), say the former,
then f(x)N f(y) = 0 if and only if h(z) N h(y) = 0. Hence, f(z)N f(y) = 0 if and only if
xy € E(C). Thus, we may assume that x € V(C) and y € V(C’). By the symmetry of G
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" @ M @ “
v2
U1 v4

Figure 5.2: The labeling f in Case 0

and the definition of f, we may further assume that + = u; and y = v; for some integer ¢

with 1 <7 <n.

* If y = v9, then 2y = ujvy € E(G). Since f(u1) = h(u1) U{1} and f(v2) = h(uz) U{3}
and h(u1) N h(ug) =0, it follows that f(u1) N f(ve) = 0.

*x If y = vy, then zy ¢ F(G). Since 1 € f(u1) N f(vy), it follows that f(u1) N f(vy,) # 0.

*x If y = v; where ¢ € [n] — {2,n}, then xy ¢ E(G). Since h(u1) N h(u;) # O for
i € [n]—{2,n} and h(u1) C f(u1), it follows that f(u1)N f(v;) # 0 for i € [n]—{2,n}.

Therefore, f is a subset labeling of G, and so p(G) < k+ 4 when n =0 (mod 4).

Case 1. r =1, son = 4g+ 1. Since p(Cs O K2) = 9 and p(Cs) = 5, it follows
that p(Cs O K3) = p(C5) + 4. Thus, we may assume that n > 9. We define a labeling
f:V(G) = P*([k +4]) of G as follows. For each i € [4¢q] = [n — 1], we define f(u;) as in
Case 0, and for each i € [4¢ — 1JU {n} = [n — 2] U {n}, we define f(v;) as in Case 0.

For the remaining ten vertices of G (namely w; for i € [n—4,n| and v; for i € [n—5,n—1]),

we define

flun—s) = h(un—s) U{2}
flun—3) = h(up—3) U{1}
flun—2) = h(up—2) U{3}
flun—1) = h(up—1) U{2}
flun) = h(un) U{4}
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and
flon—s) = h(un—s5)U{2}
f(on—a) = h(un—s) U{1}
f(on—3) = h(un—s)U {3}
fon2) = h(un—2)U {2}
flon—1) = h(up—1) U {4}

It remains to show that f is a subset labeling of G. Let z and y be two vertices of G.
If 2,y € V(C) or z,y € V(C'), say the former, then f(z) N f(y) = 0 if and only if
h(z) N h(y) = 0. Hence, f(z) N f(y) = 0 if and only if xy € E(C). Thus, we may assume
that z € V(C) and y € V(C'). If x = u; for i € [n—7] and y = v; for i € [n], then the proof

is similar to that in Case 0. Hence, we may assume that
x =u; wherei € [n—6,n]={n—-6,n—5n—4,n—-3,n—2,n—1,n}
and y =v; for 1 <i <n.

* If x = up—¢ and y = v,—5, then 2y = up_gvp—5 € E(G). Since f(up—g) = h(unp—g) U
{3}, f(vns) = h(un—s) U {2}, and h(u,_g) N h(up_5) = 0, it follows that f(u,_g) N
f(vn—s) = 0.

* If 2 = up_5 and y = vy,_4, then 2y = up_sv,—4 € E(G). Since f(up—5) = h(up—5) U
{4}, f(vn—a) = h(up—qa) U {1}, and A(un—5) N h(up—q) = 0, it follows that f(u,—5) N
f(vnle) = 0.

*x If © = u; where i € {n —4,n — 3,n — 2} and y = v; 41, then xy = u;v;11 € E(G). By
the definition of f, we have f(u;) = h(u;) U {a} while f(vit1) = h(ui+1) U {a + 1}.
Since h(u;) N h(uir1) = 0, it follows that f(u;) N f(uir1) = 0.

* If £ = up—1 and y = vy, then zy = up_1v, € E(G). Since f(up—1) = h(up—1) U {2},
f(vn) = h(u,) U{1}, and h(up—1) N h(u,) = 0, it follows that f(u,—1) N f(vn) = 0.

* If £ = u, and y = vy, then zy = uyv; € E(G). Since f(u,) = h(u,) U {4}, f(v1) =
h(uy) U{2}, and h(u,) N h(uy) = 0, it follows that f(u,) N f(v1) = 0.

* If © = u; where i € [n —6,n| and y = v;_1, then zy ¢ E(G). By the definition of f,
we have

(f (ui) N f(vie1))in— = ({3}, {4}, {2}, {1}, {3}, {2}, {4}).
Hence, f(u;) N f(vi—1) # 0.
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* If © = u; where i € [n—6,n] and y = v; where j # i —1,i+1, then 2y ¢ E(G). Since
h(u;) € f(ui), h(u;) C f(u;), and h(u;) Nh(u;) # 0, it follows that f(u;) N f(uj) # 0.

Therefore, f is a subset labeling of G, and so p(G) < k+ 4 when n =1 (mod 4).

Case 2. r = 2 and n = 4q + 2. We define the labeling f : V(G) — P*([k + 4])
of G as follows. For each i € [4¢] = [n — 2], we define f(u;) as in Case 0, and for each
i €[4qg—1]U{n} = [n — 3] U {n}, we define f(v;) as in Case 0. For the remaining four

vertices of G (namely, u; for ¢ € {n — 1,n} and v; for i € {n — 2,n — 1}), we define

flun—1) = h(up—1) U{2}
flun) = h(un) U{3}
fon2) = h(un—)U{2}
flon-1) = hlup—1) U{3}.

It remains to show that f is a subset labeling of G. Let z and y be two vertices of G.
If 2,y € V(C) or z,y € V(C'), say the former, then f(z) N f(y) = 0 if and only if
h(z) N h(y) = 0. Hence, f(z) N f(y) = 0 if and only if xy € E(C). Thus, we may assume
that z € V(C) and y € V(C'). f . = u; for 1 <i<n—4and y = v; for 1 <14 < n, then

the proof is similar to that in Case 0. Thus, we may assume that
r=u; wherei € [n—3,n]={n—-3,n—2,n—1,n}

and y = v; for some integer ¢ with 1 < ¢ < n. By the definition of f, we may further assume

that U; = Up—3.
* If Y = Un-2, then TY = Up—3Un—2 € E(G) Since f(un—3) - h(un—3) U {3}7 f(vn—2> =
h(un—2) U{2}, and h(up—3) N h(up—2) = 0, it follows that f(u,—3) N f(vp—2) = 0.

*x If y = vy, then xy ¢ E(G). Since 4 € f(up—3) N f(vn—4), it follows that f(up—3) N
flon—a) # 0.

*x If y = v; where i € [n] —{n—2,n—4}, then zy ¢ E(G). Since h(up—3) Nh(u;) # 0 for
i€n]—{n—2,n—4} and h(up—3) C f(un—3), it follows that f(un—3) N f(vi) # 0.
Therefore, f is a subset labeling of G, and so p(G) < k + 4 when n = 2 (mod 4).

Case 3. r =3 and n = 4q + 3. A labeling f : V(G) — P*([k + 4]) of G is defined as
follows. For each i € [n], we define f(u;) as in Case 0, and for each i € [4g — 1] U {n} =
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[n — 4] U{n}, we define f(v;) as in Case 0. For the remaining three vertices of G (namely,

v; for i € {n —3,n — 2,n — 1}), we define

f(on-3) = h(un—3) U{1}

flon—2) = h(un—2) U{2}

f(on—1) = h(up—1)U{3}.
It remains to show that f is a subset labeling of G. Let x and y be two vertices of G.
If z,y € V(C) or z,y € V(C'), say the former, then f(z) N f(y) = 0 if and only if
h(z) N h(y) = 0. Hence, f(z) N f(y) = 0 if and only if zy € E(C). Thus, we may assume
that x € V(C) and y € V(C”). By the symmetry of G and the definition of f, if 2 = u; for

1 < ¢ < n — 5, then the proof is similar to the one in Case 0. Therefore, we assume that

x=u;fori e {n—4,n—3,n—2,n—1,n} and y = v; for some integer i with 1 <i < n.

* If x = up—yg and y = v,,_3, then xy = uy_gv,—3 € E(G). Since f(up—4q) = h(tup—q) U
{3} and f(vn—3) = h(un—3)U{2} and h(up—4a) NVh(un—3) = 0, it follows that f(u,—qa)N
f(vn—3) =0.

* If £ = up_3 and y = v,_2, then zy = uy_3v,_2 € E(G). Since f(up—3) = h(up—3) U
{4} and f(vp—2) = h(up—2)U{2}, and h(up—3)Nh(up—2) = 0, it follows that f(un—3)N
f(vn—2) = 0.

* If x = up—o and y = vy,—1, then xy = uy_9v,—1 € E(G). Since f(up—2) = h(up—2) U
{1} and f(vp—1) = h(up—1) U {3}, and h(up—2) N h(up—1) = 0, we have f(up—2) N
f(vnfl) = (.

* If © = u,—1 and y = vy, then zy = u,_1v, € E(G). Since f(up—1) = h(up—1) U {2}
and f(vy) = h(u,) U {1}, and h(up—1) Nh(u,) = 0, we have f(u,—1) N f(u,) = 0.

*x If x = u, and y = vq, then zy = u,v1 € E(G). Because f(u,) = h(un) U {3} and
f(v1) = h(ur) U{2}, and h(u,) Nh(ui) = 0, it follows that f(u,) N f(vy) = 0.

* If © = u; where i € [n —4,n| and y = v;_1, then zy ¢ E(G). By the definition of f,

we have
(f (i) N fvie1))imn—g = ({3}, {4}, {1}, {2}, {3}, {1}).

Hence, f(u:) N f(vi_1) # 0.

*x If © = w; for i € [n—4,n| and y = v; where j #i—1,i+1, then zy ¢ E(G). Because
h(ui) C f(ui), h(uj) € f(u;), and h(u;) NVh(uj) # 0, it follows that f(w;) N f(u;) # 0.
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Therefore, f is a subset labeling of G, and so p(G) < k + 4 when n = 3 (mod 4). ]

There are integers n > 6 such that p(Cpi2) < p(C, O K2) < p(Cy) + 4. In fact, if
n >3 and n =0 (mod 3), then the upper bound for p(C,, O K3) in Theorem 5.2.1 can be

improved, as we show next.

Theorem 5.2.2 For each integer n > 3 and n =0 (mod 3),
p(Co O ) < p(Cr) +3.

Proof. Since p(C3 O K3) = 6 = p(C3) + 3, we may assume that n > 6. Let G = C,, O K>

be constructed from two copies of the n-cycle
!
C = (u1,u2,...,Un, Up+1 = u1) and C" = (v1,va...,Vp, Vpt1 = V1)

by adding the edges w;v;y1 for 1 < i < n, where the subscript of a vertex is expressed
as a positive integer modulo n. Suppose that p(C,,) = k. Then C,, has a subset labeling
g : V(Cy) — P*([k]). The subset labeling g gives rise to another subset labeling

h:V(Cy) — P[4,k +3])

of Cy, defined by h(xz) = {i +3: i € g(x)} for each vertex x of C,,. With the aid of the
labeling h, we now define the labeling f : V(G) — P*([k + 3]) of G by

N h(u;) U{3} ifi=0 (mod 3)
G { h(u;)) U{a} ifi=a (mod 3) wherea=1,2and 1<i<n

Fo) = h(u;) U {3} if i =2 (mod 3) and 1 <i < n.
v = h(u;)U{a+1} ifi=a (mod 3) where a =0,1 and 1 <i < n.

This labeling is shown in Figure 5.3 for n = 6.

It remains to show that f is a subset labeling of G. Let x and y be two vertices
of G. If z,y € V(C) or z,y € V(C'), say the former, then f(x) N f(y) = 0 if and only if
h(z) N h(y) = 0. Hence, f(z)N f(y) = 0 if and only if zy € E(C). Thus, we may assume
that z € V(C) and y € V(C’). By the symmetry of G and the definition of f, we may

further assume that = u; and y = v; for some integer ¢ with 1 <i <mn.

*x If y = v, then zy = ujvy € E(G). Since f(u1) = h(u;) U {1} and f(v2) = h(uz) U{3}
and h(u1) N h(ug) =0, it follows that f(u1) N f(ve) = 0.
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Figure 5.3: The labeling f for Cs O K3 in the proof of Theorem 5.2.2

x If y = vy, then zy ¢ E(G). Since 1 € f(uy) N f(vy), it follows that f(u1) N f(vy,) # 0.
* If y = v; where ¢ € [n] — {2,n}, then zy ¢ E(G). Since h(u1) N h(u;) # O for
i € [n]—{2,n} and h(u1) C f(uy), it follows that f(u1)N f(v;) # 0 for ¢ € [n]—{2,n}.

Therefore, f is a subset labeling of G, and so p(G) < k+ 4 when n =0 (mod 3). (]

We saw that p(C3 O K3) = 6 = p(C3) + 3. As another illustration, we show that
p(Ce O Kg) = p(C@) +3=8.

Proposition 5.2.3 p(Cs O K3) = 8.

Proof. Since p(Cs) = 5 and p(Cs O K3) < p(Cs) + 3 = 8 by Theorem 5.2.2, it suffices
to show that p(Cs O Ks) > 8. Let G = Cs O Ks. Assume, to the contrary, that G has a
subset labeling f : V(G) — P*([7]). Suppose that G is constructed from two copies of the
6-cycle

C = (u1,ug,...,ug,ur = u1) and C' = (v1,v2...,v6,v7 = V1)

by adding the edges u;v; for 1 < ¢ < 6. Since the eccentricity of every vertex of G
is 4, it follows that |f(u)| > 2 for every vertex u of G. If u,v € V(G) and u # v, then
N(u) — N(v) # 0, and so f(v) € f(u) by the Subset Lemma. Consequently, |f(u)| <5 for

every vertex u of G and f(u) # f(v) for every two distinct vertices v and v of G.

First, we verify the following three facts:

Fact 1: There exists some vertex u € V(G) such that |f(u)| > 3.

Fact 2: No vertex of G can have a 4-set label.
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Fact 3: No two adjacent vertices of G can have 3-set labels.

Proof of Fact 1: Suppose, to the contrary, that |f(u)| = 2 for every vertex u of G.
We may assume, without loss of generality, that f(u1) = 12, f(u2) = 34, f(us) = 15,
flug) =23, f(us) = 14, and f(ug) = 35. However, then, this forces {3,4,5} C f(v1), which

is a contradiction. Thus, Fact 1 holds.

Proof of Fact 2: Suppose, to the contrary, some vertex label of G is a 4-set. We may
assume, without loss of generality, that f(u;) = 1234. We claim that |f(v)| = 2 for each
v € N(u1) = {ua,v1,us}; for otherwise, we may assume that f(ug) = 567 or f(v1) = 567,
say f(ug) = 567. However, then, f(v1) C f(us) and f(uz2) C f(ug), which is impossible
by the Subset Lemma. Thus, as claimed, |f(v)] = 2 for each v € N(uy) = {ua,v1,us}.
Suppose, without loss of generality, that f(ug) = 56, f(ug) = 57, and f(v1) = 67. This
again forces f(vy) C f(u1), which again is impossible by the Subset Lemma. Thus, Fact 2
holds.

Proof of Fact 3: Suppose, to the contrary, that there are two adjacent vertices u
and v such that |f(u)| = |f(v)| = 3. We may assume that (1) v = u; and f(u;) = 123 and
(2) v € {uz,v1} and f(v) = 456. First, suppose that f(uz) = 456. Since f(va) Z f(u1)
by the Subset Lemma, this forces 7 € f(vs). Because f(ui) = 123 and 7 € f(v2), this
forces f(v1) C f(u2), which again is impossible by the Subset Lemma. Next, suppose that
f(v1) = 456. Similarly, this forces 7 € f(vz). The fact that f(u;) = 123 and 7 € f(v2)
forces f(uz) C f(v1), which is impossible. Thus, Fact 3 holds.

By Facts 1 and 2, we may assume that f(u;) = 123. It then follows by Facts 2 and 3
that |f(v)| = 2 for each v € N(u1) = {ug,v1,up}. Suppose, without loss of generality, that
f(ug) = 57 and f(ug) = 56. Then 6 ¢ f(v1) and 7 ¢ f(v1); for otherwise, say 6 € f(v1).
However, then, f(va) N f(ug) = @, which is impossible. This forces f(v1) = 45, which in
turn forces 4 € f(ug) N f(vy) and 5 € f(uyg). Since f(vg) N fuz) # 0 and f(vg) N f(ug) # 0,
it follows that 6,7 € f(v4). Thus, f(v4) = 467. However, then, f(vs) N f(u1) = 0, which is

a contradiction.

Therefore, p(G) > 8, and so p(G) = 8. ]

We now investigate the lower bound p(C),+2) for the subset index p(C,, O Ks) of C,, 0 K>
in Theorem 5.2.1. We have seen for each integer n with 3 < n < 6 that p(C,, O K3) #

p(Chri2). In fact, this is also true for n = 7,8, as we show next. Since

p(C7) = p(Cy) = T and p(Cs) = p(C1o) = 6,
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it follows by Theorem 5.2.1 that
7§(C7DK2)§11 and6§(08DK2)§10.

We now show that p(C,, O K3) > 8 for n =7, 8.

Proposition 5.2.4 Ifn =7,8, then p(C,, O Ks) > 8.

Proof. We will only consider the case when n = 7, since the proof for the case when n = 8
is similar. Let G = C7 O Ks. Assume, to the contrary, that G has a subset labeling
f:V(G) = P*([7]). Suppose that G is constructed from two copies of the 7-cycle

C = (u1,ug,...,ur,ug = u1) and C’' = (v1,v2...,v7,v8 = V1)

by adding the edges w;v; for 1 < i < 7. By the Subset Lemma and 5.1.1, |f(u)| > 2
for every vertex u of G and f(u) € f(v) for every two distinct vertices v and v of G.

Furthermore, |f(u)| <5 for every vertex u of G. First, we verify the following three facts:

Fact 1: There exists some vertex v € V(G) such that |f(u)| > 3.
Fact 2: No vertex of G can have a 4-set label.

Fact 3: No two adjacent vertices of G can have 3-set labels.

Proof of Fact 1: Suppose, to the contrary, that |f(u)| = 2 for every vertex u of G.
We may assume, without loss of generality, that f(uy) = 12, f(u2) = 34, f(us) = 15,
flug) = 23, and f(us) = 14. However, then, this forces {2,3,5} C f(ug), which is a
contradiction. Thus, Fact 1 holds.

Proof of Fact 2: Suppose, to the contrary, some vertex label of G is a 4-set. We may
assume, without loss of generality, that f(u;) = 1234. By the Subset Lemma, it follows
that |f(v)| = 2 for each v € N(uj) = {ua,vi,ur}. Suppose, without loss of generality,
that f(u2) = 56, f(u7) = 57, and f(vy) = 67. This again forces f(v2) C f(u1), which is
impossible. Thus, Fact 2 holds.

Proof of Fact 3: Suppose, to the contrary, that there are two adjacent vertices u and v
such that |f(u)| = |f(v)] = 3. We may assume that (1) v = u; and f(u;) = 123 and (2)
v € {ug,v1} and f(v) = 456. First, suppose that f(ug) = 456. Since f(v2) € f(u1) by
the Subset Lemma, this forces 7 € f(ve). Because f(u1) = 123 and 7 € f(v2), this forces
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f(v1) C f(ugz), which is impossible. Next, suppose that f(v;) = 456. Similarly, this forces
7 € f(v2). The fact that f(u;) =123 and 7 € f(v2) forces f(uz2) C f(v1), which again is a
contradiction. Thus, Fact 3 holds.

By Facts 1 and 2, we may assume that f(u;) = 123. It then follows by Facts 2 and 3
that |f(v)| = 2 for each v € N(u1) = {ug,v1,ur}. Suppose, without loss of generality, that
f(ug) = 57 and f(u7) = 56. Then 6 ¢ f(v1) and 7 ¢ f(v1); for otherwise, say 6 € f(v1).
However, then, f(v2) N f(u7) = (), which is impossible. This forces f(v;) = 45, which in

turn forces 4 € f(ug) N f(vg) and 5 € f(uy). Since f(vg) N f(uz) # 0 and f(ve) N f(u7) # 0,
it follows that 6,7 € f(v4). Thus, f(v4) = 467. However, then, f(vs) N f(u1) = 0, which is
a contradiction. Therefore, p(G) > 8. (]

By (5.1) and Propositions 5.2.3 and 5.2.4, we have the following:
If3 <n <38, then p(cn 0 K2) 7& p(Cn—i-Q)'
The following question remains open.

Problem 5.2.5 Does there exist n > 9 such that p(Cy, O K2) = p(Cpi2)?

5.3 Subset Labelings of Grids

We now investigate the subset labelings of grids P, [J K» for integers n > 2. Since
p(P, O K3) = p(Cy) =2,

we may assume that n > 3. Since P,yo and P,_1 [J K5 are induced subgraphs of P, [J K>

and P, [0 K3 is an induced subgraph of P,,1 [ Ko, we have the following useful observation.

Observation 5.3.1 For each integer n > 3,
max{p(Fni2), p(Pn-1 O K2)} < p(P, U K3) < p(Poy1 O K).

First, we determine p(P; O K3) for 3 < n < 6. By Observation 5.3.1, it is useful to

recall the following known values of p(P,):

n—1 if3<n<6

5 ifn="7

6 if8<n<11
7 if 12 <n <22
8 if n = 23.
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Example 5.3.2 p(P; O Kj) = 4.

Proof. Let G = P3 O Kj. By Observation 5.3.1, p(G) > p(Ps) = 4. Figure 5.4 shows a
subset labeling f : V(G) — P*([4]) of G, and so p(G) < 4. Thus, p(G) = 4. L]

23 Jl\ 24

Figure 5.4: A subset labeling of P3 [0 Ky

Example 5.3.3 p(Py O K3) = p(Ps O K3) = 6.

Proof. By Observation 5.3.1, it suffices to show that

p(P4 O KQ) > 6 and p(P5 O KQ) < 6.

Let G = P, O Ks be constructed from two copies (uq,ug,us,us) and (vi,ve,vs,vs) of the
4-path P; by adding the edges w;v; for 1 < i < 4. Assume, to the contrary, that G has
a subset labeling f : V(G) — P*([5]). By the Subset Lemma and 5.1.1, it follows that
|f(u)| > 2 for every vertex u of G and f(u) # f(v) for every two distinct vertices u and
v of G. This implies that |f(u)| = 2 for every vertex u of G. Thus, we may assume that
flur) = 12, f(uz) = 34, and f(vi) = 35. We may further assume that 1 € f(x) where
x € {us,vq,v2} and 2 € f(x) where x € {u4,vs}. This forces 5 € f(x) where x € {us,v4}.
However, then, f(us) = f(vq4) = 15, which is impossible. Thus, p(Py O K2) > 6.

Next, we show that p(Ps O Kj3) < 6. Let P; 0 Ko be constructed from two copies
(u1,ug,us,us) and (vy, vy, vs,vs) of the 5-path by adding the edges w;v; for 1 <1i < 5. We
define a subset labeling f : V(P; O K2) — P*([6]) by

f(u1) =356, f(ug) =12, f(us) = 34, f(us) = 15, f(us) = 236,

f(v1) =124, f(v2) =35, f(vs) =16, f(va) = 23, f(vs) = 145.

Thus, 6 < p(Py O K3) < p(Ps O K3) < 6, giving the desired result. ]

Example 5.3.4 p(Ps O K3) = 7.
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Proof. First, we show that p(Ps O K3) > 7. Let G = Py OO K3 be constructed from
two copies (ug,ug,...,us) and (vi,ve,...,ve) of the 6-path by adding the edges w;v; for
1 <4 < 6. Assume, to the contrary, that G has a subset labeling f : V(G) — P*([6]). By
the Subset Lemma and 5.1.1, it follows that 2 < |f(u)| < 3 for every vertex u of G and
f(u) # f(v) for every two distinct vertices u and v of G. We claim that | f(u;)| = | f(vi)| = 2
for 2 < ¢ < 5. If this is not the case, then we may assume f(uz) = 123 or f(uz) = 123. If
f(u;) =123 for i = 2,3, then f(ui+1)U f(v;) = 456. This forces f(viy1) C {1,2,3} = f(u;),
which is impossible by the Subset Lemma. Thus, |f(u;)| = |f(v;)| = 2 for 2 < i < 5. We
may assume that f(uz) = 12, f(ug) = 34, and f(v2) = 35. We may further assume that
1 € f(x) where z € {u4,ug,v3,v5} and 2 € f(x) where z € {us,vs,vs4}. This forces 5 € f(z)
where x € {u4,ug,vs}. However, then, f(us) = f(vs) = 15, which is impossible. Thus,
p(G) = T.

To show that p(G) < 7, we define a subset labeling f : VG) — P*([7]) by

flur) =126, f(ug) = 347, f(us) = 15, f(ug) = 236, f(us) = 14, f(ug) = 2357

f(v1) = 2457, f(vz) = 12, f(vs) = 346, f(vs) = 17, f(vs) = 235, f(vg) = 146.

Thus, p(Ps O K3) <7 and so p(Ps 0 Ka) = T. =

Next, we establish lower and upper bounds for p(P,, O K3) for n > 3 in terms of p(P,42)
and p(P,) in general.

Theorem 5.3.5 For each integer n > 3,
p(Pri2) < p(Pn O K2) < p(Fp) + 3.

Proof. Let G = P, 0 K,. By Observation 5.3.1, it remains to verify that p(G) < p(P,)+3.
Since this is true for 3 < n < 6 by Examples 5.3.2, 5.3.3 and 5.3.4, we may assume that
n > 7. Let G = P, O K5 be constructed from two copies of the path of order n, namely

P = (u1,uz,...,u,) and P’ = (v1,v2,...,0p),

by adding the edges u;v; for 1 < i < n. Suppose that p(P,) = k. Then P, has a subset
labeling g : V(P,) — P*([k]). This subset labeling g gives rise to a subset labeling h :
V(P,) — P*([4,k + 3]) of P, defined by

h(z) ={i+3: i€ g(z)} for each vertex z of P,.
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We define the labeling f : V(G) — P*([k + 3]) of G by

h(u;) if i € {1,2}
flu) = h(u;) U {3} if i =2 (mod 3)
h(u;) U{a+1} ifi=a (mod 3) wherea=0,1and1<i<n
h(uiy1) U {3} ifi=0 (mod 3)and 1 <i<n-—2.
h(uit1) U{a} ifi=a (mod 3) wherea=1,2and 1 <i<n—2.
f(’()) _ h(uH_l) ifi=n-—1.
! h(ui—1)U{2,3} ifi=nand n=0 (mod 3).
h(ui—1)U{1,3} ifi=nandn=1 (mod 3).
h(u;—1)U{1,2} ifi=nandn=2 (mod 3).

It remains to show that f is a subset labeling of G. Let x and y be two vertices of G. If
xz,y € V(P) or x,y € V(P') and {z,y} # {vn—3,vn}, then f(z) N f(y) = 0 if and only if
h(z) N h(y) = 0. Next, assume that {z,y} = {v,_3,v,}.

e If n=0 (mod 3), then 3 € f(v,_3) and 3 € f(vy,).
e If n=1 (mod 3), then 1 € f(v,—3) and 1 € f(vy,).

o If n =2 (mod 3), then 2 € f(v,—3) and 2 € f(vy,).
Hence, f(v,—3) N f(vyn) # 0. Thus, we may assume that € V(P) and y € V(P').

*x If x = w; and y = vy, then zy = wyv1 € E(G). Since f(ui) = h(ui) and f(v1) =
h(ug) U{1} and h(u1) N h(uz) = 0, it follows that f(ui) N f(v1) = 0.

*x If © = ug and y = ve, then x = ugvy € E(G). Since f(uz) = h(uz) and f(vy) =
h(ug) U{2} and h(uz) N h(us) = 0, it follows that f(uz) N f(v2) = 0.

x If x = uy and y = v; for 2 < i < n, then zy ¢ E(G). Since h(ui) N h(u;) # 0 for
2 < i <, it follows that f(uy) N f(v;) # 0 for 2 <i < n.

x If x = up and y = v; for 3 < i < n, then zy ¢ E(G). Since h(uz) N h(u;) # 0 for
3 <i < n, it follows that f(uz) N f(v;) # 0 for 3 <i < n.

* If ¢ = uz and y = v, then zy = wugvs € E(G). Since f(uz) = h(us) U {1} and
f(v3) = h(ug) U {3} and h(us) N h(ug) = 0, it follows that f(us) N f(vs) = 0. By
the symmetry of the graph structure and the definition of the labeling f, the same

reasoning holds in general for the adjacent vertices u; and v; when 3 <i <n — 1.
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*x If © = ug and y = vy, then zy = ugv; ¢ E(G). Since f(uz) = h(uz) U {1} and
f(v1) = h(uz) U{1}, it follows that f(ug) N f(v1) # 0. By the symmetry of the graph
structure and the definition of the labeling f, the same reasoning holds in general for

the nonadjacent vertices u; and v;_o when 3 < i < n.

*x If v = ug and y = v; for i ¢ {1,3}, then ugv; ¢ E(G). Since h(uz) C f(us) and
h(uiy1) € f(vi), and h(uz) N h(uip1) # 0, it follows that f(us) N f(v;) # 0. By
the symmetry of the graph structure and the definition of the labeling f, the same

reasoning holds in general for the nonadjacent vertices u; and v; where j ¢ {i — 2,i}.
* If x = up, and y = vy, then zy € E(G). We consider three possibilities.

e If n =0 (mod 3), then f(uy,) = h(u,)U{1} and f(v,) = h(un—1) U{2,3}.
e If n=1 (mod 3), then f(u,) = h(u,) U{2} and f(v,) = h(up—1) U {1,3}.
o If n =2 (mod 3), then f(uyn) = h(u,)U{3} and f(v,) = h(un—1) U{1,2}.

Since h(uy) N h(up—1) = 0 in all cases, it follows that f(uy) N f(vy,) = 0.

*x If £ = up—o and y = vy, then u,_ov, ¢ E(G). We consider three possibilities.

e If n =0 (mod3) or n —2 =1 (mod 3), then f(up—2) = h(up—2) U {2} and

mod 3) or n —2 = 2 (mod 3), then f(up—2) = h(up—2) U {3} and

mod 3) or n —2 = 0 (mod 3), then f(up—2) = h(up—2) U {1} and

Hence, f(un—2) N f(vy) # 0 in all cases.

Therefore, f is a subset labeling of G, and so p(G) < k + 3. n

The subset labelings of P, [1 K5 are shown in Figure 5.5 for n = 7,8, 9.

Both the lower and upper bounds for p(P, O K3) described in Theorem 5.3.5 can be
attained. Furthermore, strict inequalities in Theorem 5.3.5 are also possible. For 3 < n < 6,

the values of p(P, O K3) are listed as follows:

4 n=3
p(P,OKy)=¢ 6 n=4,5
7 n=0~0.
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Figure 5.5: Illustrating the subset labelings of P, [ Ko
for n = 7,8,9 described in the proof of Theorem 5.3.5

Consequently,
p(Ps O K3) = p(Ps) = 4,
p(P1 O K3) = p(P4) +3 =6,
5= p(Pr) < p(Ps O Ks) = 6 < p(Ps) + 3 =17, and

6= p(Ps) < p(Ps O K) =7 < p(Ps) +3=8.

With the aid of Observation 5.3.1, Example 5.3.4 and Theorem 5.3.5, we next show that
p(P; O K3) =8, and so p(P7 O Ka) = p(Pr) + 3.

Proposition 5.3.6 p(P; O K3) = 8.

Proof. By Observation 5.3.1, Example 5.3.4 and Theorem 5.3.5, it follows that p(P; O K3) =
7 or p(P; O K3) = 8. Thus, it suffices to show that p(P; O K2) # 7. Let G = P; O K>

be constructed from two copies (uy,ug,...,u7) and (vi,vs,...,v7) of the 7-path by adding
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the edges u;v; for 1 < i < 7. Assume, to the contrary, that G has a subset labeling
f:V(G) — P*([7]). By the Subset Lemma and 5.1.1, it follows that 2 < |f(u)| < 4 for
every vertex u of G and f(u) # f(v) for every two distinct vertices u and v of G. First, we

verify the following three facts:

Fact 1: No vertex of degree 3 in G can have a 4-set label.

Fact 2: There exists an integer ¢ with 3 < ¢ < 5 such that at least one of u; and v;

has a 3-set label.

Fact 3: No two adjacent vertices of degree 3 in G can have 3-set labels.

Proof of Fact 1: Assume, to the contrary, that |f(u)| = 4 for some vertex u of degree 3
in G. We may assume that u = u; where 2 < i < n—1. We will consider only the case when
u = ug and f(ug) = 1234, since the arguments for other cases are similar. By the Subset
Lemma, we have |f(z)| = 2 for each x € N(u2) = {u1,v2,us}. Without loss of generality,
we may assume that f(u1) = 56, f(us) = 57, and f(vy) = 67. Since f(us)Uf(v2) = {5,6,7},
it follows that f(v3) C f(u2), which contradicts the Subset Lemma. Thus, Fact 1 holds.

Proof of Fact 2: By Fact 1, if deggou = 3, then 2 < |f(u)| < 3. Assume, to the
contrary, that |f(x)| = 2 if z € {u;,v;} for 3 < i < 5. Without loss of generality, we may
assume that f(uz) = 12, f(ua) = 34, f(us) = 15, f(vs) = 23, f(va) = 16, and f(v3) = 35.
This, however, forces {2,3} C f(ug), and so f(vs) C f(ug), which contradicts the Subset
Lemma. Thus, Fact 2 holds.

Proof of Fact 3: Assume, to the contrary, that there are two adjacent vertices u
and v of degree 3 such that |[f(u)| = |f(v)] = 3. Then either {u,v} = {u;,uit1} for
2<i<n-—2or {u,v} ={u;v} for 2 <i<n—1. We will consider the situations when
{u,v} = {ug,us} and {u,v} = {ug,ve} since the arguments for other cases are similar.
First, suppose that {u,v} = {ug,us} where say f(uz2) = 123 and f(u3) = 456. This forces
7 € f(vs), for otherwise, f(v3) C f(us2), which is impossible by the Subset Lemma. However,
then, f(u2) U f(vs) = {1,2,3,7}, which forces f(va) C f(us). Again, this is impossible by
the Subset Lemma. Next, suppose that {u,v} = {ug,v2}, where say f(uz) = 123 and
f(v2) = 456. This forces 7 € f(v3), for otherwise, f(v3) C f(uz2), which is impossible by
the Subset Lemma. Here again, f(u2)U f(vs) = {1,2, 3,7}, which forces f(u3) C f(v2), a

contradiction by the Subset Lemma.

By Fact 2, we may assume that f(us) = 123 or f(u4) = 123. We consider two cases.
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Case 1. f(uz) = 123. By Fact 3, |f(z)| = 2 for each = € {ug,v3,v4}. We may
suppose, without loss of generality, that f(us) =45 and f(v3) = 46. Since f(uz) N f(vy) #
0, it follows that f(u2) # 56. Furthermore, f(uz) U f(vs) # {4,5,6,7}; for otherwise,
f(v2) C f(us), which is impossible by the Subset Lemma. Therefore, f(u2) cannot be any
of 45,46, 56, 57,67, which forces f(u2) = 47. This, in turn, forces 6 € f(us) and 4 € f(ug),
which forces {5,6,7} C f(vs). Since |f(vs)| < 3 by Fact 1, it follows that f(vs) = 567.

However, then, f(vg) N f(us) = 0, a contradiction.

Case 2. f(ug) = 123. By the argument used in Case 1, we may assume, without loss of
generality, that f(us) = 45, f(v4) = 46, and f(u3) = 47 and conclude that {5,6,7} C f(v7)
and {5,6,7} C f(v1). Since f(v7)Nf(ug) and f(v1)Nf(ug) # 0, it follows that f(v1) = t1567
and f(v1) = t2567, where t; # to and t1,to € {1,2,3}. We can further assume that
f(v1) = 1567 and f(v7) = 2567. This forces 2 € f(u1) N f(vy) and 1 € f(u7) N f(vg). Uz €
{u1,v2,u7,v6}, then 7 ¢ f(z) and f(x) N f(uz) # 0, which forces 4 € f(x). Consequently,
{2,4} C f(u1) N f(ve) and {1,4} C f(uy) N f(ve). Since f(ui) € f(ve) by the Subset
Lemma, this forces f(u1) = 234. Thus, f(u1)U f(us) ={2,3,4,7}, and so f(u2) C {1,5,6}.
On the other hand, f(vs) U f(us) U f(ve) C {1,4,5,6}, and so f(vs) C {2,3,7}. However,
then, ugvs ¢ E(G) and f(uz2) N f(vs) = 0, a contradiction.

Therefore, we conclude that p(G) = 8. ]

We have seen that if n > 3, then p(P,) < p(Pn+1) < p(P,) + 1. Consequently,
0 < p(Ppt1) — p(Pp) <1 for each integer n > 3.

This, however, is not the case for p(P, O K3). For example, we saw that p(Ps O K3) = 4 in
Example 5.3.2 and p(P; O K3) = 6 in Example 5.3.3. Thus, p(P; O K3) — p(P; O Ka) = 2.
In fact, p(P,4+1 O K3) cannot exceed p(P, OO K3) by more than 2, as we show next.

Theorem 5.3.7 For each integer n > 3,

p(Pn O K3) < p(Poy1 O K) < p(P, O K3) + 2.

Proof. Since p(P, O K3) < p(P,4+1 O K3) by Observation 5.3.1, it remains to verify the
upper bound. Let F' = P, [0 K5 be constructed from the two n-paths (uy,us, ..., u,) and
(v1,v2,...,v,) by adding the edges u;v; for 1 < i <n,andlet G = P,4+1 O K3 be constructed
from the two (n + 1)-paths (ui,ug, ..., Un,upt1) and (v1,v2,..., U, upt1) by adding the
edges u;v; for 1 < i < n+ 1. Suppose that p(P, O Ks) = k. Let g : V(F) — P*([k]) be a
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subset labeling of F'. This labeling gives rise to a subset labeling h : V(F) — P*([3,k + 2])
defined by

h(z) ={i+2: i€ g(zx)} for each vertex = of F.

We now define the labeling f : V(G) — P*([k + 2]) of G by

h(u;) ifl<i<nmn—3andi=n
N h(u;) U {1} ifi=n-—2
Fw) =3 hw)uf2y  ifimn-—1
h(up—1)U{1} ifi=n+1

h(v;) fl<i<n-—-3andi=n
_ h(v;) U {2} ifi=n-2
F) = hw)ufly  ifien-—1
h(va—1)U{2} ifi=n-+1.

It remains to show that f is a subset labeling of G. Let x and y be two vertices of G. If
x,y € V(F), then f(x)N f(y) = 0 if and only if h(z) Nh(y) = 0. If {z,y} = {unt1, vni1},
say & = Upy1 and y = vp41, then f(z) = h(up—1) U {1} and f(y) = h(vn—1) U {2}.
Since h(up—1) N h(v,—1) = 0, it follows that f(x) N f(y) = 0. Next, we assume that

x € {Upt1,vnt1} and y € V(F). By the definition of f, we may assume that © = u,1.
Hence, f(2) = f(un+1) = h(un—1) U{1}.

x If y = u; where 1 < ¢ < n — 3, then xy ¢ E(G). Since h(u;) N h(up—1) # 0,
f(x) = h(up—1) U{1} and f(u;) = h(w;), it follows that f(z) N f(y) # 0.

* If y = up_9, then 1 € f(x) N f(y). Thus, zy ¢ E(G) and f(z) N f(y) # 0.
* If y = up—1, then h(u,—1) C f(z) N f(y). Hence, zy ¢ E(G) and f(z) N f(y) # 0.

* If y = uy, then zy € E(G). Since h(up—1) N h(uy) = 0 and 1 ¢ h(u,), it follows that
f@)n fly) =0.

* If y = v; where 1 < i <n—2ori=n, then zy ¢ E(G). Since h(v;) N h(up—1) # 0,
f(x) = h(up—1) U {1}, and f(v;) = h(v;), it follows that f(x) N f(y) # 0.

* If y =v,_1, then 1 € f(z)N f(y). Thus, zy ¢ E(G) and f(x)N f(y) # 0.

Hence, f is a subset labeling of G, and so p(G) < k + 2 = p(F) + 2. ]
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For an integer n > 2, the graph P, O K5 is often referred to as the ladder graph and
therefore is denoted by L,. With this notation, the following corollary is a consequence of

Theorems 5.3.5 and 5.3.7:

Corollary 5.3.8 For each integer n > 2,
max{p(Pnt3), p(Ln)} < p(Lnt1) <2+ min{p(Pri1) +1, p(Ln)}
For n =8 and k = p(Lg), Figure 5.6 illustrates the subset labeling
f:V(Lg) = P*([k+2]) of Ly

that is constructed from a subset labeling g : V(Lg) — P*([k]) of Ls, as described in the
proof of Theorem 5.3.7.

1 2 1
h(ur)  h(uz)  h(us) h(ug)  h(us) hiug) h(ug) h(us) h(uz)
O O @) O O O O L
ul uz us Ug us ug U7 us ug
Jm va J U3 Jm vs J vg Jw J’US J g
h(vy)  hivz)  h(vs) h(va) h(vs) h(ve) h(vy) Dh(vs)  hivr)

Figure 5.6: Constructing a subset labeling of L,
as described in the proof of Theorem 5.3.7



Chapter 6

Subset Labelings of Graph Unions

A wunion of graphs G1,Go,...,G,, also called the sum G1 + G + -+ + Gy, is the graph
whose vertex set is the disjoint union of the vertex sets of G1, G, ..., G, and whose edge set
is the disjoint union of the edge sets of G1,Go, ..., G,. We give a few preliminary results,

then focus on the subset index problem for unions of complete graphs and unions of cycles.

6.1 Preliminary Results on Graph Unions

We first present an upper bound for the subset index of the union of two graphs.
Theorem 6.1.1 For two graphs Gy and Ga, p(G1 + G2) < p(G1)p(G2).

Proof. Let V(G1) = {ui,ua,...,up} and V(G2) = {vi,va,...,v4}. Let p(G1) =
r1, p(G2) = ry. Define subset labelings f1 : V(G1) — P*([r1]) and f2 : V(G2) — P*([r2]).
We define a subset labeling f : V(G1 + G2) — P*([rir2]) by the r1 X r2 matrix A below
(denoting the ith row as R;, 1 < i < r; and the jth column as Cj, 1 < j < rp) in the
following way: Let R; C f(u) if and only if i € fi(u) for some vertex u € V(G1), and let
Cj C f(v) if and only if j € fa(v) for some vertex v € V(Ga).

1 2 3 9
ro +1 ro + 2 ro+ 3 . 219
2r9 + 1 2r9 + 242 2r9 + 3 ... 3re
A=
_(?”1 —1)7"2+1 (7“1 —1)T2+2 (7“1 —1)T2+3 e T2

96
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By construction, for z,y € V(G1) or z,y € V(G3), we have f(x)N f(y) = 0 if and
only if fi(z)N fily) = 0 = fa(z) N fa(y), while for 2 € V(Gy) and y € V(Gy), we have
f(z) N fy) # 0. Hence, p(G1 + G2) < p(G1)p(G2). =

We illustrate this with the example Ps + C7, recalling that p(Ps) = 4 and p(C7) = 7.
Let Ps = (u1,u2,u3,uq) and C7 = (vy,v2,vs,...,v7,v1), and define f; : V(P5) — P*([4])
and fo : V(Cr7) — P*([7]) as follows:

S5, (Ps) = (12,34,1,23,14)

S, (Cr) = (123,456,127, 345, 167, 234, 567)

Then, referring to the matrix A below, we may define f : V(P5 + C7) — P*(]28]) as
follows, where for convenience we write the union of the collections of elements in rows R;,
and R;, as R;, R;,. Similarly, we denote the union of the collections of elements in columns

Cj, and Cj, as C},C},, and so on for unions of three or more rows/columns.

(f(u1), f(u2),..., f(us)) =
(Ri1R2, R3R4, R1, RoR3, R1 Ry)

(f(vl)v f(’l)g), f(?./3), s ,f(’U7)) =
(C1C2C3,C4C5Cq, C1C2C7, C3C4Cs, C1CCr, C2C3Cy, C5CsCr)

1 2 3 ... 7
4|8 9 10 ... 14
15 16 17 ... 21
22 23 24 ... 28

This bound is sharp, attained by the class of complete graph unions K, + K.

Corollary 6.1.2 p(K, + K;) = p(K,)p(K,)

Proof. By Proposition 6.1.1, it suffices to show that p(K, + K,) > p(K,)p(K,). Ob-
serve that for any subset labeling f of K, + K,, we must have |f(x)| > ¢ for all z € V(K,),
since every two vertices of K, are adjacent, while |f(y)| > p for all y € V(K,), since every

two vertices of K, are adjacent. We conclude that p(K, + K;) > pq. [
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6.2 Subset Index of kK,

We now consider the special case of kK5, kK > 2. The following conjecture for the index
of such graphs was made independently by Chartrand and McGrew, first formulated by

Chartrand as follows:

Conjecture 6.2.1 Let k and s be integers where k > 2 and s > 3.
() If (71 <k < (), then p(kKs) = 2s + 1.
(ii) If (%) +1 <k < (*), then p(kK>) = 2s + 2.

That is, if ((k)) is the minimum integer t such that k < (Lg ), then p(kK2) = ((k)).
2

It turns out that this conjecture is true. In fact, the problem is equivalent to one of the
almost intersecting family problems introduced in [8]. We observe that the labels in a subset
labeling f : V(kK2) — P*([r]) form a 1-almost intersecting family of size 2k. That is, each
label is disjoint from exactly one other label in the collection. Since there are no other
constraints imposed by the structure of the graph, we observe that the size of the largest
1-almost intersecting family F with sets from P*([r]) for a given r equals twice the largest
k such that p(kK3) = r for a given r. In [8], the authors state and prove the following,

using theorems of Sperner and Bollobas:

( ;2) if r is even
Fl <<
Fl< {Z(Lr;ﬂll) if r is odd

For example, if » = 6, then |F| < (6?2) = 20. In terms of the notation in our conjecture,

6 = ((10)). If r = 7, then |F| < 2(S) = 30, or in our notation, 7 = ((15)).

We give subset labelings f : V(10K2) — P*([6]) and f : V(15K32) — P*([7]), which also
constitute best-possible constructions for |F| as proven in the result from [8]. In general,
we denote the set of vertices from one side of the k copies of K5 as u1,us, ..., ur and the set
from the other side as v1, va,...,vx. We define a subset labeling f : V(10K2) — P*([6]) as

follows:

(F(u1), fug), ..., fluw)) = (123,124,125,126, 134, 135, 136, 145, 146, 156)
(f(v1), f(va), ..., fvio)) = (456, 356, 346, 345, 256, 246, 245, 236, 235, 234)

We define a subset labeling f : V(15K3) — P*([7]) as follows:
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(f(ur), f(u2),..., fuis)) =
(123, 124,125,126,127,134, 135,136,137, 145, 146, 147, 156, 157, 167)

(f(’l)l), f(?}?)v s ,f('l)15>) =
(4567, 3567, 3467, 3457, 3456, 2567, 2467, 2457, 2456, 2367, 2357, 2356, 2347, 2346, 2345)

We can make a further connection to the index of the friendship graph F}, which is the
graph of order 2k + 1 and size 3k constructed by identifying k copies of '3 with a common
vertex. We show that if p(kK3) = r, then p(F)) = r + 1. To show p(F}) > r + 1, suppose,
to the contrary, that there exists a subset labeling f : V(Fy) — P*([r]). Then this would
force the label for the common vertex u to have nonempty intersection with the label for
some vertex in kKs, a contradiction. To show p(Fy) < r + 1, suppose we have a subset
labeling g : V(kK2) — P*([r]). Define a subset labeling f : V(F)) — P*([r + 1]) by letting
f(v) = g(v) for each vertex v of kK> and letting f(u) = r+ 1 for the common vertex u. We
conclude that p(Fy) =r + 1.

The problem of finding the index of kK, for n > 3 remains unsolved.

6.3 Subset Labelings of Cycle Unions
We begin with the following observation for the union kCy = k(Ko O Ko):
Proposition 6.3.1 Let k > 1. Then p(kCy) = p(kK3).

Proof. Letr = p(kK3). Since kK3 is an induced subgraph of kC4, we have p(kC4) > 7.
To show that p(kCy) < r, let g : V(kK2) — P*([r]) be a subset labeling of kK. For
1 <1<k, let C’f) denote the ith of the k 4-cycles, where Cf) = (vy),vg),véi),vfﬁ),vgi)).
Then we may define f : V(kCy) — P*([r]) in the following way: For each Cf), let the k
subgraphs Ky formed by (vgi), vff)) be labeled according to g, then let f(v:(;)) = f(vgi)) and
f(vii)) = f(’uéi)). Then we have (f(’uy)) U f(véz))) N (f(vg)) U f(vii))) = () for each i. Since
g is a subset labeling, f(z) N f(y) # 0 for z € Cy) and y € C’ij), i # j. Hence, p(kCy) <.
And so, p(kCy) = 1. ]

From Proposition 6.1.1, p(G1 + G2) < p(G1)p(Ge) for every two graphs G; and Gs.
However, when G and G are cycles Cp, and Cy, p < g, we can establish much closer upper

bounds for p(Cp, + Cy) in terms of the larger cycle. We begin with the special case p = q.
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Theorem 6.3.2 Let G = 2C,, p > 5.

* If pis odd, p(G) < p(Cp) + 3.

* If p is even, p(G) < p(Cp) + 2.

Proof. Denote the two copies of C}, as C, and C;D. Let Cp = (u1,u2,...,up,u1) and

C, = (v1,va,...,9p,v1), and let p(Cp) = r. Suppose h : V(Cp) — P*([r]) is a subset
labeling of C,.

To prove the first statement, consider the labeling f : V/(G) — P*([r + 3]) defined by:

h(u;) U{r+ 3} ifi=1

h(u;) U {r+1} ifiiseven, i #p—1
flu) = h(u;) U {r+2} if i is odd, ¢ ¢ {1, 3}

h(u;)) U{r+2,r+3} ifi=3

h(u)) U{r+1,r+3} ifi=p—1

( h(ui+1)U{T+3} ifi e {l,p—l}
B h(uit1) U{r+ 1} ifieven,i #£p—1

FW) =9 hu) U fr +2) if i odd, i ¢ {1,p}

h(uip) U{r+1,r+2} ifi=p

We show that f is a subset labeling. If vertices x = u; and y = uy, are both in V(C)),
then we have f(z) N f(y) = 0 if and only if A(u;—1) N h(ug—1) = 0. If vertices z = v; and
y = v, are both in V(CII)), then f(x)Nf(y) = 0 if and only if h(u;)Nh(uy) = 0. Furthermore,
ife =u; € V(Cp) and y = v; € V(Czl,), where j ¢ {i — 2,1}, then f(x) N f(y) # 0, since

h(u;) M h(uj) # 0. It remains to consider the following cases:

* If v =w;, y=v;, i even and ¢ # p — 1, then zy ¢ E(G). Since r + 1 € f(w;) N f(vy),
we have f(z) N f(y) # 0.

* If £ =up_1 and y = vp_1, then zy ¢ E(G). Since r + 3 € f(up—1) N f(vp—1), we have
f@)n fly) #0.

*x If v =w;, y =v;, 7 0dd, i # 1, then zy ¢ E(G). Since r + 2 € f(u;) N f(v;), we have
f@) 0 fly) #0.

* If z = wuy, y = vy, thenxy ¢ E(G). Since r+3 € f(u1)Nf(v1), we have f(z)Nf(y) # 0.
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*x If & = w;, y =v;_9,40dd, ¢ ¢ {1,3}, then zy ¢ E(G). Since r +2 € f(u;) N f(vi—1),
we have f(z) N f(y) # 0.

* If 2 = w, y = vp_q1, then zy ¢ E(G). Since r +3 € f(u1) N f(vp—1), we have
f@)n fly) #0.

*x If x = ug, y = v1, then zy ¢ E(G). Since r+3 € f(u3)Nf(v1), we have f(x)Nf(y) # 0.

* If © = w;, y = vj_9, @ even, then zy ¢ E(G). Since r + 1 € f(u;) N f(vi—2), we have
fl@)n fly) # 0.

We conclude that f is a subset labeling. Hence, p(2C,) < p(Cp) + 3 for p odd.

To prove the second statement, consider the labeling f : V(G) — P*([r +2]) defined by:

B h(u;)) U{r+1} ifiis odd
flu) = { h(u;) U{r+2} ifiis even

fl) = h(uit1) U{r+1} if 7 is odd
v = h(uiy1) U{r+2} ifiis even

We show that f is a subset labeling. If vertices x = u; and y = u;, are both in V(C)),
then we have f(z) N f(y) = 0 if and only if A(u;) N h(u,) = 0. If vertices © = v; and
y = v are both in V(CI;), then f(z) N f(y) = 0 if and only if h(ujy1) N A(ukyr) = 0.
Furthermore, if z = u; € V(C}) and y = v; € V(CI/)), Jj ¢ {i—2,i}, then f(z)N f(y) # 0,

since h(u;) N h(u;) # 0. It remains to consider the following cases:

* f o =,y =wvy, j € {i —2,i}, i odd, then zy ¢ E(G). Since r + 1 € f(u;) N f(vy),
we have f(z) N f(y) # 0.

* f x =w;,y =vj, j € {i—2,i}, i even, then zy ¢ E(G). Since r +2 € f(u;) N f(v;),
we have f(z) N f(y) # 0.

We conclude that f is a subset labeling. Hence, p(2C,) < p(C)p) + 2 for p even. ]

These upper bounds are attained for p =5 and p = 6.

Observation 6.3.3 Let G = Cs + C,, where ¢ > 5 is odd. Then p(G) > 8.



102 CHAPTER 6. SUBSET LABELINGS OF GRAPH UNIONS

Proof. Let Cs; = (u1,us9,us, uq, us,uy). Assume, to the contrary, that there exists a
subset labeling f : V(G) — P*([7]). First, we observe that |f(u;)| > 3 for all u; € V(C5).
Otherwise, if say f(ug) = 12, then, without loss of generality, we must have 1 € f(v;) for
i odd and 2 € f(v;) for i even. But then this would mean 1 € f(v1) N f(v,), which is
a contradiction. Thus, without loss of generality, say f(u1) = 123, f(u2) = 456, f(u3) =
127, f(u4) = 345. This forces f(us) = 67, which is a contradiction. Hence, p(G) > 8. L]

In particular, p(2C5) > 8. We give a subset labeling f : V(2C5) — P*([8]):

(f(ur), flug), f(us), f(ua), f(us)) = (123,456, 178,236, 458)
(f(v1)7 f(02>7 f(’l)g), f(U4), f(’l}5)> = (1257 3487 1567 2477 368)

We conclude that p(2C5) = p(Cs) + 3 = 8.
Proposition 6.3.4 Let G = 2Cs. Then p(G) =T.

Proof. Let Cs = (u1,uz,us, uq, us, ug, u1) and C’é = (v1,v2,v3, 04,05, v6,v1). To show
that p(G) < 7, we give a subset labeling f : V(G) — P*([7]):

(f(ur), flus), f(ug), f(ua), f(us), f(ue)) = (135,246, 157,234, 156, 247)
(f(vl)v f(’Ug), f(v3)v f('U4)7 f(U5)> f(vﬁ)) = (1237 456,127, 345, 126, 457)

It remains to show that p(G) > 7. Assume, to the contrary, that there exists a subset
labeling f : V(G) — P*([6]). We must have |f(z)| < 4 for all x € V(G), otherwise we
would have f(y) C f(z) for y,z € N(z), which contradicts the Subset Lemma. Further,
by Proposition 2.3.6, we cannot have |f(z)| = 3 = |f(y)| for any two adjacent vertices
x,y € V(G). Hence, we must have |f(z)| = 2 for at least three vertices x € V(C4) and at
least three vertices y € V(Cé). For our vertices from V(C’é), suppose we choose v; where
either all i are odd or all i are even, say without loss of generality f(vi) = 12, f(v3) =
14, f(vs) = 16. Then this forces f(u;) = 246 = f(uy) for some two vertices u;, ur € V(Cs),
which contradicts the Subset Lemma. Hence, without loss of generality, we must choose
two vertices v; even and one odd. Say f(vi1) = 12, f(v2) = 34, and f(v4) = 13. Then,
without loss of generality, we have {1,4} C f(u;) for all i odd and {2,3} C f(u;) for all i
even. Since at least three of these labels must be 2-sets, we have at least two equal, which

contradicts the Subset Lemma. Thus, p(G) > 7. We conclude that p(G) = 7. L]

Since C) is an induced subgraph of G, we have p(C,) < p(G) in general. This lower
bound is attained in the case p = 7. Letting C7; = (ul,UQ,U3,U4,U5,UG,U7,’U,1),C; =

(v1,v2, V3,4, U5, Vg, U7, V1), We give a subset labeling f : V(2C7) — P*([7]):
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(f(ul)a f(u2)a f(u3)a f(U4), f(U5), f(UG)v f(U7)) = (1357 2467 357a 1467 2573 1367 247)

(f(v1), f(v2), f(v3), f(va), f(vs), f(vs), f(v7)) = (123,456,127, 345,167, 234, 567)
For even p, we make a conjecture for the index of the general union kC),.
Conjecture 6.3.5 p(kC},) < p(Cp) + k for even p > 4.
We now present an upper bound for p(Cp, + C;;) when p < gq.
Theorem 6.3.6 Let G = C, + Cy, p < q. Then p(G) < p(Cy) + 3.

Proof. Let Cp, = (u1,ua,...,up,u1) and Cy = (v1,v2,...,vg,v1). We consider four
cases.

Case 1. p odd, g even. Let p(Cy) =r, and let h : V(Cy) — P*([r]) be a subset labeling
of Cy. Let a € h(vs) N h(vy). We claim the following labeling f : V(G) — P*([r + 3]) is a
subset labeling:

{r+1,r+2} ifi=1
h(vi—1) U{a,r+3} ifi=2
h(vi—1) U{r + 2} if ¢ even, i # 2
[ A(vi—1) U{r+3} ifi=p
( h(v;))U{r+1} ifiodd, i ¢ {p—2,p,q — 1}
flo) = h(v;) U {r + 2} if i even, i # 2
Yo h(v)) U{r+2,r+3} ifi=2
L h(v))U{r+1,7+3} ifie{p—2p,q—1}

If vertices z and y are both in V(Cy), then f(z)N f(y) = 0 if and only if h(z)Nh(y) = 0.
If x = uj and y = uy, are both in V(C,), where j, k # 1, then we have f(z)N f(y) = 0 if and
only if h(vj—1) Nh(vg—1) = 0. Furthermore, if z = u; and y = vj, i # 1, j ¢ {i — 2,4}, then
f(x)n f(y) # 0, since h(vi—1) Nh(v;) # 0. It remains to consider the following possibilities

for x and y:

* If © = u; and y = ug, then xy € E(G). Since r + 1,7 +2 ¢ f(uz2) and r +3 ¢ f(u1),
we have f(z) N f(y) = 0.
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*x If x = u; and y = up, then zy € E(G). Since r + 1,7 +2 ¢ f(up) and r +3 ¢ f(u1),
we have f(z) N f(y) = 0.

* If 2 =w; and y = w;, @ ¢ {2,p}, then zy ¢ E(G). Since r + 1 € f(u;) for i odd and
r+2 € f(u;) for i even, we have f(x)N f(y) # 0.

*x If x = uy and y = v;, then xy ¢ E(G). Since r+1 € f(v;) for ¢ odd and r +2 € f(v;)
for i even, we have f(x) N f(y) # 0.

* If x = ug and y = ve, then zy ¢ E(G). Since r + 3 € f(uz2) N f(v2), we have
f@)n fly) #0.

*x If x = up and y = vy, then xy ¢ E(G). Sincea € f(u2)Nf(vq), we have f(z)Nf(y) # 0.

*x If © = u; and y € {v;,vi—2}, @ even, i # 2, then xy ¢ E(G). Since r +2 € f(u;) N
f(vi) N f(viza), we have f(x) N f(y) # 0.

x If x = w; and y € {v;,vi—2}, i odd, i ¢ {1,p}, then xy ¢ E(G). Since r +1 €
f(ui) N f(vi) N fvim2), we have f(x) N f(y) # 0.

*x If 2 = u, and y € {v,_2,v,}, then zy ¢ E(G). Since 7+ 3 € f(up) N f(vp—2) N f(vp),
we have f(z) N f(y) # 0.

We conclude that f is a subset labeling.

Case 2. p even, q odd. Let p(Cy) = r, and suppose h : V(Cy) — P*([r]) is a subset
labeling of Cj. Since ¢ > p+ 1, we observe that there exists some a such that a € h(vp—2)N
h(vg). We claim the following labeling f : V/(G) — P*([r + 3]) is a subset labeling:

h(vi)U{r+3} ifie{l,p—1}

B h(vi)U{r+1} ifieven,i#p

FW) = Y hu)U{r+2} ifiodd i¢ {1,p—1}
{r+1,r+2,a} ifi=p

h(vi) U{r + 1} if i odd, i # ¢
_ h(vi)U{r+2,r+3} ifie{2,p—2,p}
o) = h(vi) U {r + 2} if i is even, i ¢ {2,p — 2,p}
h(vi) U {r + 3} ifi=gq

If vertices  and y are both in V' (Cy), then f(z)N f(y) = 0 if and only if h(z)Nh(y) = 0.
If  and y are both in V(C)), where x,y # up, then if h(vj) C f(z) and h(vg) C f(y), we
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have f(z) N f(y) = 0 if and only if h(v;) N h(vg) = 0. Furthermore, if z = u; and y = v,
i#p,j¢{i—1,i+1}, then f(x)N f(y) # 0, since h(v;) Nh(vj) # 0. It remains to consider

the following possibilities for x and y:

* If © = up and y € {u1,up—1}, then zy € E(G). We observe r + 3 ¢ f(u,) and
r+1,r+2¢ f(u1) U f(up—1). Further, since a € h(vp—2) N h(vy), it follows that
a ¢ h(v1) Uh(vp—1). Thus, we have f(z) N f(y) = 0.

* fx =wupand y € u;,7 ¢ {1,p—1}, then 2y ¢ E(G). Since r+1 € f(u;) for all i even,
while 4+ 2 € f(u;) for all ¢ odd, i ¢ {1,p — 1}, we have f(z)N f(y) # 0.

* If x =w, and y € v;, @ # q, then zy ¢ E(G). Since r + 1 € f(v;) for all i odd, i # g,
while r + 2 € f(v;) for all i even, we have f(x)N f(y) # 0.

*x If v = up and y = vy, then xy ¢ E(G). Sincea € f(up)Nf(vq), we have f(z)Nf(y) # 0.

* If  =wuy and y € {v2,v,}, then zy ¢ E(G). Since r + 3 € f(u1) N f(v2) N f(vg), we
have f(z) 0 () # 0.

*x Ifx = wup—q1andy € {vp—2,vp}, then zy ¢ E(G). Since r+3 € f(up—1)Nf(vp—2)Nf(vp),
we have f(z) N f(y) # 0.

* If v = w; and y € {vi—1,vi41}, 7 odd, i ¢ {1,p — 1}, then zy ¢ E(G). Since r + 2 €
fus) O f(vie1) N f(vig1), we have f(z) 0 f(y) # 0.

* If v = u; and y € {vj_1,vi41}, @ even, i # p, then zy ¢ FE(G). Since r + 1 €
f(ui) N f(vie1) N f(vis1), we have f(z) N f(y) # 0.

We conclude that f is a subset labeling.

Case 3. pand g odd. Let p(Cy) = r, and suppose h : V(Cy) — P*([r]) is a subset labeling
of Cy. Since ¢ > p+ 2, we observe that there exists some a such that a € h(v,) Nh(vy). We
claim the following labeling f : V(G) — P*([r + 3]) is a subset labeling:
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h(vi))U{r+3} ifie{l,p—1}

B h(vi)U{r+1} ifieven,i#p—1
F) = 9 b Ufr+2} ifiodd, ¢ {l.p)
{r+1,r+2,a} ifi=p

h(vi) U{r + 1} if i odd, i ¢ {p—2,p,q}
h(vi)U{r+1,r+3} ifie{p—2p}
flv) = h(v;) U {r + 3} ifi=gq
h(v) U{r+2,r+3} ifi=2
h(vi) U {r + 2} if i even, i # 2

If vertices  and y are both in V(Cy), then f(z)N f(y) = 0 if and only if h(z)Nh(y) = 0.
If x and y are both in V(C)}), where z,y # u,, then if h(v;) C f(z) and h(vg) C f(y), we
have f(z) N f(y) = 0 if and only if h(v;) N h(vg) = 0. Furthermore, if z = u; and y = v,
i#p,j¢{i—1,i+1}, then f(x)N f(y) # 0, since h(v;) Nh(vj) # 0. It remains to consider

the following possibilities for x and y:
* If £ = up and y = uy, then zy € E(G). Since r+1,r +2 ¢ f(u1), and since a € h(vg)
implies a ¢ h(v1), we have f(z)N f(y) = 0.

* If = u, and y = up_1, then 2y € E(G). Since r+1,r +2 ¢ f(up—1), and since
a € h(vp) implies a ¢ h(vp—1), we have f(z)N f(y) = 0.

* If x = up and y = vy, then xy ¢ E(G). Since a € f(up)Nf(vq), we have f(z)Nf(y) # 0.

* If © =wup, and y = v;,7 # ¢, then 2y ¢ E(G). Since r +1 € f(v;) for i odd, i # ¢ and
r+2 € f(v;) for i even, we have f(z)N f(y) # 0.

* If © = u; and y = vy, then zy ¢ E(G). Since 7+ 3 € f(u1) N f(vq), we have
f@)n fly) #0.

* If x = u; and y = vo, then zy ¢ E(G). Since r +3 € f(u1) N f(v2), we have
f@)n fly) #0.

* Ifz =wup_1 andy € {vp—2,vp}, thenzy ¢ E(G). Since r+3 € f(up—1)Nf(vp—2)Nf(vp),
we have f(z) N f(y) # 0.

*x If x = w; and y € {vj_1,v;41} for even i # p — 1, then zy ¢ E(G). Since r + 1 €
f(ui) O f(vima) N f(vigr), we have f(2) N f(y) # 0.
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x If 2 = u; and y € {v;—1,v;41} for odd @ ¢ {1,p}, then zy ¢ E(G). Since r + 2 €
f(ui) N f(vie1) N f(vig1), we have f(z) N f(y) # 0.

We conclude that f is a subset labeling.

Case 4. p and q even. Let p(Cy) = r, and suppose h : V(Cy) — P*([r]) is a subset
labeling of Cy. Since p > 3, we observe that there exists some a such that a € h(vi)Nh(vp—1).
We claim the following labeling f : V(G) — P*([r + 3]) is a subset labeling:

h(vi) U {r +1} if i is odd, i # p — 1
{r+1,r+2,a} ifi=p—1
flu) = h(vi) U{r + 2} if i is even, i ¢ {2,p — 2,p}
' h(v) U{r+2,r+3} ifi=2
h(vi) U {r + 3} ifi=p—2
h(”Q)U{T+3} ifi=p
h(vi) U {r + 3} ifi=1
flo) = h(vi) U {r + 1} if 4 is even
i h(v)U{r+2,r+3} ifie{p—3,p—1,q—1}
h(v;) U {r + 2} ifiisodd,i¢ {l,p—3,p—1,q—1}

If vertices z and y are both in V(Cy), then f(z)N f(y) = 0 if and only if h(z)Nh(y) = 0.
If z and y are both in V(C)), where x,y # up_1, then if h(v;) C f(x) and h(vj) C f(y), we
have f(z) N f(y) = 0 if and only if h(v;) N h(v;) = 0. Furthermore, if x = u; and y = v,
i#p—1,75¢{i—1,i+1}, then f(x)N f(y) # 0, since h(v;) N h(v;) # 0. It remains to

consider the following possibilities for x and y:

* If o =up—1 and y € {up—2,up}, then zy € E(G). We observe that a € h(vi) Nh(vp—1)
implies a ¢ h(vy)Uh(vp—2). Further, r+3 ¢ f(up—1), and r+1,r+2 ¢ f(up—2)U f(up).
Hence, we have f(x) N f(y) = 0.

* f v =wupq and y = u;, ¢ ¢ {p — 2,p}, then zy ¢ E(G). Since r+ 1 € f(u;) for all
odd i and 7+ 2 € f(u;) for all even i ¢ {p — 2,p}, we have f(x)N f(y) # 0.

* If © = up—1 and y = v;, then zy ¢ E(G). Since a € h(v1), r+1 € f(v;) for all even 1,
and r + 2 € f(v;) for all odd i # 1, we have f(z) N f(y) # 0.

*x If © = up and y = vy, then zy ¢ E(G). Since r +3 € f(u2) N f(v1), we have
@) fly) # 0.
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* If £ =wup_o and y € {vp—3,vp_1}, then xy ¢ E(G). Since r+3 € f(up—2) N f(vp—3) N
F(tp1), we have f(z) N [(y) £ 0.

* If . =wp and y € {v1,v4-1}, then 2y ¢ E(G). Since r + 3 € f(up) N f(v1) N f(vg—1),
we have f(z) N f(y) # 0.

* If © = w; and y € {vi_1,viq1}, ¢ odd, i # p — 1, then zy ¢ E(G). Since r + 1 €
fui) N f(viea) O f(vigr), we have f(z) N f(y) # 0.

* If x = w; and y € {vi_1,vir1}, @ even, i ¢ {p — 2,p}, then zy ¢ E(G). Since
7 +2€ f(u) N f(vi-1) N f(vit1), we have f(z) N f(y) # 0.

We conclude that f is a subset labeling. By the four cases above, we conclude that
p(Cp + Cy) < p(Cy) + 3 for any two integers p, g with p < q. n
It remains an open question whether there exist integers p and ¢ such that 5 < p < g and
p(Cp + Cy) = p(Cy) + 3. In some cases, the index may attain its lower bound of p(Cy). For
example, recalling that p(C11) = 8, we give a subset labeling f : V/(C7+Cy1) — P*([8)), let-

ting C7 = (u1, u2, u3, ug, us, ug, uz, u1) and C1 = (v1,v2, v3, V4, Vs, Vg, U7, U, V9, V10, V11, V1):

(f(ul)a f(UZ)v f(U3), f(u4)a f(u5)7 f(u6)a f(’LL7)) = (1367 2477 356& 1477 2687 1347 2578)

(f(v1), f(v2), f(v3), f(va), f(vs), f(ve), f(vr), f(vs), f(ve), f(vio), f(vi1)) =
(123, 4567, 128, 3456, 178, 2456, 378, 1256, 348, 1257, 468)

The general problem of finding bounds for a union C),, +C), +Cp, +-- -+ C),, of cycles,

n > 3, remains open for further research.
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