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LIQUID-TO-LIQUID LOW GRADE WASTE HEAT RECOVERY USING A TWOCHANNEL LOOP
Waleed Farwana, M.S.E.
Western Michigan University, 2018
The use of thermoelectric generators (TEGs) for producing electric energy from low
grade “waste heat” has been theorized to provide a sustainable and low-cost energy source for
electric power plants. The purpose of this study is to model and experimentally validate a TEG
device that takes advantage of low grade waste heat (approximately 100-150 degrees Celsius) in
liquid form in order to generate power that can be used for various applications in the
surrounding environment. This research aims to demonstrate that optimized TEG designs bear
the potential to compete with other methods of low grade waste heat energy harvesting in both
output and efficiency, while taking advantage of the comparatively low maintenance and
environmental costs of thermoelectric devices. The TEG is modeled in MathCAD with a test
setup consisting of a two-channel loop heat exchanger where a 50/50 mixture of ethylene glycol
flowing through two separate loops is used to establish a heat gradient between the hot (110o C)
and cold (10o C) sides of a bismuth telluride TEG. A TEG device is tested experimentally in a
laboratory setting and the results of the mathematical model and experimental device are
compared.
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NOMENCLATURE
𝐴(𝑠,𝑐)

total fin surface area of the cold side heat sink (mm2)

𝐴𝑒
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total fin surface area of the hot side heat sink (mm2)
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specific heat (J/kg.K)
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hydraulic diameter

f

Fanning friction factor
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thermoelement geometric ratio

h

fluid convection coefficient (W/m2K)

I

current (A)

k

thermal conductivity of thermoelement (W/m K), k = k_p + k_n

K

thermal conductance (W/K), K=kA_e/L_e

L

fin length

𝐿𝑒

length of thermoelement (mm)

𝑚̇ℎ

mass flow rate for hot side (g/s)

𝑚𝑐

mass flow rate for cold side (g/s)

𝑁𝑢𝐷

Nusselt Number

n

number of thermoelements

Pwet

Wetted Perimeter

Pr

Prandtl Number

qx

the rate of heat transfer around the differential element

𝑄̇

the rate of heat transfer

𝑄𝑐̇

heat out of TEG system (W)
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internal resistance
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load resistance
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thickness of the aluminum block

𝑇ℎ

hot junction temperature (°C)

𝑇𝑐

cold junction temperature (°C)

𝑇(∞,c)

cold fluid temperature (°C)
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cold fluid volume flow rate (CFM)

𝑉𝑜𝑙ℎ

hot fluid volume flow rate (CFM)
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direction along the length of the element

z

fin spacing

Z

the figure of merit (1/K) =α^2/ρk

Greek Symbols
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Seebeck coefficient (V/K), α=α_p-α_n

η

efficiency

ρ

electrical resistivity

Subscripts
Al

aluminum

f

fin
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cold

h

hot

in

inlet

max

maximum

mc

maximum conversion

mp

maximum power

n

n-type element

out

outlet

p

n-type element

s

heat sink

th

thermal

total

total
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CHAPTER I
INTRODUCTION
The capture of low grade (100°C to 150°C) waste heat has been of great interest to
engineers seeking to maximize the operational efficiency of industrial energy-producing
processes due to it being a large source of potential energy. Industrial processes, particularly
electric power plants, produce vast amounts of liquid-stored waste heat that could be harnessed
to power other processes within or outside of a plant, leading to savings on operational costs.
Thermoelectric generators (TEGs) possess a set of desirable attributes that make them beneficial
for waste heat recovery: they have no moving parts, so require relatively little maintenance. They
produce no vibrations that might cause disturbances to the greater operating environment.
Furthermore, they are nonpolluting and thus environmentally sustainable—an attribute of
increasing importance globally [1]. Even the intrinsically undesirable attributes of TEGs, namely
their low conversion efficiency of about 5% at a low grade waste heat temperature range, are not
of great concern [2] due to the fact that the energy input is essentially free by virtue of the fact
that it is waste heat. Given these advantages, research has ensued in a bid to maximize the
application of TEGs towards the end of low grade waste heat recovery. This study analytically
and experimentally examines a test section built to simulate the capture of low grade waste heat
to generate power.
Figure 1.1 depicts the schematic of a low grade waste heat recovery setup that was used
as the basis for the following study. Pictured are two flow loops—one hot, one cold. Each flow
loop emanates from its respective hot or cold circulating bath. In this case, the hot circulating
bath is a liquid containing waste heat, while the cold circulating bath could be air, water, or some
other common environmental liquid that is cooler in temperature than its hot counterpart. The
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liquids pass through their respective sides of the test section and are subsequently released into
some exhaust reservoir or dump which effectively characterizes the circuit as an open loop
system. The test section consists of the hot and cold passages and, sandwiched between them, a
section lined with TEGs arranged in series. It is this heat gradient established by the hot and cold
loops that enables the TEG to produce power.
The primary objective of thermoelectric power generation is to utilize some heat gradient
in order to drive an electromotive force. In the case of a thermoelectric generator (TEG), an
electric current is generated when one end of a circuit consisting of two junctions comprised of
dissimilar wires is heated [3]. The presence of load resistance in the circuit through which the
current passes generates power. Conversely, a thermoelectric cooler (TEC) consists of two
dissimilar wires through which a current is passed through, and it is the presence of this current
that leads to heating or cooling at either junction.

Exhaust Reservoir

Exhaust Reservoir

Figure 1.1. Schematic of Low-Grade Waste Heat Recovery TEG Test Section
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1.1 The Thermoelectric Effect
The thermoelectric effect consists of a series of scientific discoveries in relation to the
existence of a heat gradient across a current-carrying circuit consisting of two dissimilar wires.
The thermoelectric effect consists of the Seebeck, Peltier, and Thomson effects. The Seebeck
effect was discovered in 1821 by a German physicist named Thomas Johann Seebeck, who
observed that heating one junction of a circuit consisting of dissimilar metals created an
electromotive force or potential difference at their two junctions. In 1834, the French physicist
Jean Peltier discovered that a heating or cooling effect could be created at opposite junctions of
two dissimilar metallic wires when a current was passed them. William Thomson, an English
physicist, discovered what would be called the Thomson Effect in 1854 when he observed that
heat is liberated or absorbed by the existence of a temperature difference between two junctions
in an electric circuit in a fashion perpendicular to the existing heat gradient.
1.1.1 Seebeck Effect
When one side of a circuit consisting of two dissimilar metals, or semiconductors in
modern applications, constituent to a thermoelectric circuit is heated, electrons move from the
heated surface to the cooler surface. A potential difference is thus produced between the two
junctions connecting the components of the circuit, and this is known as the Seebeck Effect. The
Seebeck Effect can be represented by
V = α∆T

(1.1)
𝑉

Where 𝑉, measured in Volts, is the voltage, α (measured in 𝐾) is known as the Seebeck
coefficient, and ∆T (K) is the temperature difference between the junctions. The Seebeck
coefficient is a material property that has some variation with temperature, but the temperature
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dependence of the Seebeck and other material properties of the TEG material are often discarded
in analysis. Thus, it is evident that the larger the temperature difference between the two sides of
a thermoelectric circuit, the larger the voltage.
1.1.2 Peltier Effect
When the scenario that generates the Seebeck effect is reversed, where a current is passed
through a circuit consisting of two dissimilar metals, a heat gradient is formed. One side of the
circuit will release heat, becoming colder, while the other side will absorb heat. This is known as
the Peltier Effect. The current is proportional to the heat generated and this relationship can be
represented by
QPeltier = πAB I

(1.2)

where πAB is the Peltier coefficient, I is the passing current and QPeltier is the magnitude of the
heat absorbed or liberated.
1.1.3 Thomson Effect
The Thomson Effect is a phenomenon that describes the absorption or liberation of heat in
a thermoelectric system through which a current passes and a heat gradient already exists. The
absorption or liberation of hear occurs in a fashion perpendicular to the existing heat gradient.
The Thomson effect is expressed by
QThomson = τ I ΔT

(1.3)

Where 𝑄𝑇ℎ𝑜𝑚𝑠𝑜𝑛 is the Thomson Heat (W), τ is the Thomson coefficient, I (A) is the current
and ΔT (K) is the temperature difference. The Thomson Effect is often discarded in calculations
or treated as a form of “noise” in data, as it is relatively insignificant. [3]
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1.2 The Figure of Merit
To quantify the performance of a thermoelectric device, an equation called The Figure of
Merit is often used. The figure of merit is represented by

Z=

α2
α2 σ
=
ρk
k

(1.4)

𝑉

where α is the Seebeck coefficient (𝐾), ρ is electrical resistivity (Ωm), k represents thermal
𝑚𝐾

1

conductivity (W/mK), and σ is electrical conductivity ( 𝑊 ). The unit for the figure of merit is 𝐾.
The Figure of Merit is often modified [3] by multiplication of 𝑍 by the average temperature
between two junctions to give the Dimensionless Figure of Merit, written as 𝑍𝑇̅, where 𝑇̅ is
1

average temperature, defined as 2 ∗ (𝑇𝐻 + 𝑇𝐶 ), with all of the other factors of the Figure of Merit
also evaluated at 𝑇̅. A larger 𝑍𝑇̅ value translates to a larger conversion of energy, implying that it
is also more effective. In first generation thermoelectric materials, the value of 𝑍𝑇̅ was said to be
around 1.0, which offered around 5% for conversion efficiency. However, second-generation
advances in thermoelectric material manufacturing, particularly by using nanoscale technologies
to limit lattice conductivity, have enabled researchers to produce thermoelectric materials with
𝑍𝑇̅ values of between 1.3 to 1.7. This translated to efficiencies of between 11-15%, which is a
tripling of efficiency over first generation thermoelectric materials [4].
The increase in 𝑍𝑇̅ can be approached from two different ways. The first method is by
using nanofabrication techniques to increase α2 σ, which is a value termed the power factor. This
involves increasing the Seebeck coefficient and limiting the increase in σ. However, because
both of these values are proportionally related to temperature, increasing α2 implies decreasing
the value of σ, which creates a unique challenge in the design of thermoelectric materials.

5

The second method for increasing 𝑍𝑇̅ is to decrease thermal conductivity, 𝑘, which can be
represented by the combination 𝑘𝑒 + 𝑘𝑙 which is the electronic thermal conductivity plus the
lattice thermal conductivity. However, electrical conductivity and 𝑘𝑒 are related to one another
by the following
𝑘𝑒 𝜌
𝑇

= 𝐿𝑧 = 2.44 ∗ 10−8 𝑊𝛺𝐾 −2

(1.5)

Where 𝐿𝑧 is a constant known as the Lorenz Number. Given the above equation, a
decrease in 𝑘𝑒 results in an increase of 𝜌. Increasing 𝜌 causes a decrease in the overall value of
𝑍𝑇̅. Therefore, the parameter that researchers have focused on decreasing is 𝑘𝑙 , as decreasing it
does not affect any of the other variables in the Figure of Merit. Decreases in lattice conductivity
have been achieved through the use of nanofabrication techniques [5].
Figure 1.2 depicts various thermoelectric materials with their respective 𝑍𝑇̅ values versus
temperature. It is evident from the graph that different thermoelectric materials have variable
levels of 𝑍𝑇̅ and, thus, effectiveness depending on the temperature of their environment. For
example, Bismuth telluride is most useful at ranges between 350K to 400K, while a material like
Silicon germanium will be more useful at temperatures beyond 1000K. Because low grade waste
heat is typically between 110 to 200 degrees Celsius, Bismuth telluride is a good candidate
material for use toward low grade waste heat recovery.
1.3 Thermoelectric Ideal (Standard) Equations
The following section derives the ideal equations in thermoelectrics. These equations
model the rate of energy going into the thermoelectric system, as well as the heat going out. With
these two parameters, the power generation and, subsequently, the efficiency can be calculated.
To begin the discussion, consider a scenario where a current is passing through material, as is
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always observed in a thermoelectric device. The constant current flux, ⃑j, along a non-uniformly
heated thermoelectric material with isotropic material properties can be represented as
⃑⃑⃑⃑
∇ ∙ ⃑j = 0

(1.6)

where ⃑⃑⃑⃑
∇ represents the differential operator with respect to length.

Figure 1.2. Performances of TEG Materials at Various
Temperatures [3]

⃑⃑ is dependent on ⃑j and the temperature
Building from equation 1.6, the electric field E
gradient ⃑∇⃑T. Furthermore, the electric field is related to both Ohm’s law and the Seebeck effect.
By differentiating Eq. 1.1 with respect to length, the electric field can be represented as
⃑⃑⃑⃑
⃑⃑T
E = ⃑j ρ + α ∇
The heat flow density vector (heat flux) is represented by
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(1.7)

⃑⃑ = α T ⃑j − k ⃑∇⃑ T
q

(1.8)

Where α T ⃑j represents the Peltier heat contribution, 𝑇 represents temperature at the boundary
where heat flux occurs, and k ⃑∇⃑ T represents the heat transfer contribution from Fourier’s Law of
Conduction. General heat diffusion is mathematically represented as a function of time by
− ⃑∇⃑ ∙ q
⃑⃑ + q̇ = 𝜌𝑚 cp

∂T
∂t

(1.9)

Where q̇ is heat generated per unit volume, 𝜌𝑚 is the material’s mass density, cp is specific heat
and

∂T
∂t

is the rate of change of temperature with respect to time. In the steady state case where

∂T
∂t

is zero, equation 1.9 is
q̇ = ⃑∇⃑ ∙ q
⃑⃑

(1.10)

where q̇ can be further broken down to be represented as
⃑⃑ ∙ ⃑j = J 2 ρ + ⃑j ∙ α∇
⃑⃑T
q̇ = E

(1.11)

Equations 1.8 and 1.11 can be substituted into equation 1.10 then rearranged to yield
⃑⃑ ∙ (k∇
⃑⃑T) + J 2 ρ − T
∇

dα
⃑J ∙ ∇
⃑⃑T = 0
dT

(1.12)

⃑⃑ ∙ (k∇
⃑⃑T) is the thermal conduction, J 2 ρ is Joule heating that appears as a current
where ∇
dα

encounters electrical resistance through the material it passes though, and T dT is the Thomson
coefficient, which can be represented as τ. As mentioned previously in section 1 of this study, the
impact of the Thomson coefficient as a function of temperature is negligible, hence, the
dα

Thomson coefficient is assumed to be T dT = 0.
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1.3.1 Assumptions of Thermoelectric Ideal (Standard) Equations
In deriving the thermoelectric ideal equations, the following assumptions are made:
1) The Thomson effect has a negligible effect on output.
2) The thermal and electrical resistances between the ceramic plates and adjoined
thermoelectric elements of the thermoelectric device are negligible.
3) Convection and radiation losses are negligible.
4) Material properties are independent of temperature.
1.4 Thermocouple Equations
A thermocouple in modern thermoelectric applications consists of two semiconducting
elements connected to each other and a load resistance (as in TEGs) or a power source (as in
TECs). Each of the thermoelectric elements is a “leg,” and can be either positively (p-type) or
negatively (n-type) charged. The charge in the thermoelement legs is achieved through a process
called “doping.” Adjoining a p-type and n-type legs creates a thermoelectric couple and this
configuration of materials is used as the basis for the governing equations of thermoelectric
devices. A thermocouple is illustrated in Figure 1.3a.
Thermoelements are doped in order to free their charge carriers (electrons and holes), and
to allow them to be more reactive to environmental disturbances, like heat, which helps the
thermoelement to behave more effectively and efficiently. In the case of a TEG, perturbation of
carriers in response to heat will cause free electrons and holes to move in opposite directions.
Furthermore, the current moves in the opposite direction of the flow of electrons, but in the same
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direction as the holes. These moving electrons and holes carry thermal energy with them, which
allows for heat transfer to occur.

Figure 1.3. (a) Longitudinal Cross-Section of a Thermocouple;
(b) Differential Element [3]

Figure 1.3a depicts a thermoelectric element with material properties α, ρ, and 𝑘, as well
as geometric parameters 𝐿 and 𝐴, which refer to the longitudinal length of the thermoelement
and its cross-sectional area, respectively.
Figure 1.3a also depicts the thermoelectric circuit, with 𝑇1 and 𝑇2 (junction temperatures)
at opposite ends of the circuit, uniform heat flux occurring across the thermoelements, and
current, I, which is constant throughout the entirety of the circuit. 𝑄1 and 𝑄2 are the heat transfer
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rates at each junction represented by 𝑇1 and 𝑇2 , respectively. The steady state heat balance at T1
can be represented by
Q̇1 = q p + q n

(1.13)

where q p and q n are heat flows for the p-type and n-type thermoelements. These heat flows can
also be defined in terms of the Peltier heat and Fourier’s law of conduction as

q p = αp T1 I + (−k p Ap

dT
| )
dx x=0

(1.14)

q n = −αn T1 I + (−k n An

dT
| )
dx x=0

(1.15)

Where q n is negative because of its negative charge. Applying a heat balance on the differential
element shown in Figure 1.3(b) then gives
I2 ρp
dq x
q x − (q x +
) dx +
dx = 0
⏟
dx
⏟Ap
heat transfer across
elemental surface

(1.16)

Joule heating

Differentiating equation 1.14 with respect to x yields
dq p
d dT
= −k p Ap ( )
dx
dx dx

(1.17)

Inserting Eq. 1.17 into Eq. 1.16 yields

−

I2 ρp
d
dT
(−k p Ap ) +
=0
dx
dx
Ap

Which is then rewritten as
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(1.18)

−I2 ρ𝑝
d dT
k p Ap ( ) =
dx dx
Ap

(1.19)

Integrating both sides of equation 1.19 yields

k p Ap ∫ d (

I2 ρ𝑝
I2 ρ𝑝
dT
dT
)=−
∫ dx →
=−
x + C1
dx
Ap
dx
k p A2p

(1.20)

With boundary conditions of T1 at x = 0 and T2 at x = L, Eq. 1.20 can be integrated from 0 to L
T2

∫ dT = −
T1

L
I2 ρ𝑝 L
∫
x
+
∫
x C1 → (T2 − T1 )
k p A2p 0
0

=−

(1.21)

I2 ρ𝑝 2
L + C1 Lp
2k p A2p

Solving for C1

C1 =

I2 ρ𝑝
T2 − T1
Lp + (
)
2
2k p Ap
Lp

(1.22)

Substituting Eq. 1.22 into Eq. 1.20 at x = 0 yields
(T1 − T2 )
I2 ρ𝑝
dT
|
=−
Lp −
2
dx x=0
2k p Ap
Lp

(1.23)

And substituting Eq. 1.23 into Eq. 1.14 yields
1 ρp Lp k p Ap
(T1 − T2 )
q p = αp T1 I − I2
+
2
Ap
Lp

(1.24)

Thus, equation 1.24 represents the heat transfer calculation for the p-type leg and, by pursuing
the identical process outlined above for the n-type leg, 𝑞𝑛 is obtained
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1 ρn Ln k n An
(T1 − T2 )
q n = −αn T1 I − I2
+
2
An
Ln

(1.25)

Per Eq. 1.13 the heat transfer rate into the thermocouple is
ρp Lp ρn Ln
1
Q̇1 = (αp − αn )T1 I − I2 (
+
)
2
Ap
An

(1.26)

k p Ap k n An
+(
+
) (T1 − T2 )
Lp
Ln
And Q̇ 2 at the system exit,
ρp Lp ρn Ln
1
Q̇2 = (αp − αn )T2 I + I2 (
+
)
2
Ap
An

(1.27)

k p Ap k n An
+(
+
) (T1 − T2 )
Lp
Ln
The material properties can be consolidated to the following terms for convenience
α = αp −αn

(1.28)

R=

ρp Lp ρn Ln
+
Ap
An

(1.29)

K=

k p Ap k n An
+
Lp
Ln

(1.30)

where α, R, and K are the total Seebeck coefficient, total electrical resistance, and total thermal
conductance of the thermocouple, respectively. Rewriting equations 1.26 and 1.27 using these
consolidated terms therefore yields
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1
Q̇1 = αT1 I − I2 R + K(T1 − T2 )
2

(1.31)

1
Q̇2 = αT2 I + I2 R + K(T1 − T2 )
2

(1.32)

Equations 1.31 and 1.32 are known as the ideal thermoelectric equations. The first term
1

αT1 I is a reversible term. The second term, 2 I2 R , represents the irreversible Joule heating
discussed earlier, where heat is lost as a result of material resistance as the electrical current
passes. The final term, K(T1 − T2 ), is thermal conductance and is also irreversible.
1.5 Thermoelectric Generator Equations
A thermoelectric generator is a solid-state device that harnesses an extant heat gradient to
generate electric current, shown in Figure 1.4. Note that the output power in Figure 1.4 is
connected to an external load resistance in order to generate power.
Utilizing Th for the hot side temperature and Tc for the cold side temperature instead of
T1 and T2 respectively, in Eqns. 1.31 and 1.32, they can be rewritten as
1
Q̇h = αTh I − I2 R + K(Th − Tc )
2

(1.33)

1
Q̇c = αTc I + I2 R + K(Th − Tc )
2

(1.34)

Applying the first law of thermodynamics, which states that the sum of all energies
entering and exiting a system must be accounted for in an energy balance, as illustrated in Figure
1.5, the electrical output can be represented as
Ẇ = Q̇h − Q̇ c
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(1.35)

and
Ẇ = αI(Th − Tc ) − I2 R

Figure 1.4. P-Type and n-Type Legs of a Thermoelectric Generator
Attached to a Load Resistance [6]

Figure 1.5. The Energy Balance for Thermoelectric Generator
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(1.36)

Furthermore, as depicted in Figure 1.4, power output can be represented in terms of load
resistance, R L
Ẇ = I2 R L

(1.37)

V = IR L = α(Th − Tc ) − IR

(1.38)

And, when applying Ohm’s Law

Thus, the current in the thermoelectric circuit can be written as

I=

α(Th − Tc )
RL + R

(1.39)

The efficiency of a TEG is the ratio between the output power and the heat energy input

ηth =

Ẇ
Q̇h

(1.40)

I2 R L

(1.41)

or
ηth =

1
αTh I − 2 I2 R + K(Th − Tc )

Furthermore, the output power and efficiency can be represented in terms of resistance
ratio

RL
R

as
−1

Ẇ =

T
α2 Tc2 [(Tc )
h

2

R
− 1] ( RL )
R 2
R (1 + RL )
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(1.42)

ηth =

T R
(1 − Tc ) ( RL )

(1.43)

h

R
1
T
1
R 2
T
(1 − RL ) − 2 (1 − Tc ) + ̅ (1 − RL ) (1 + Tc )
2ZT
h
h

The maximum parameters of a TEG are divided into maximum power output and the
maximum conversion efficiency. The maximum conversion efficiency is the maximum possible
efficiency of a TEG or TEC system. This relation can be obtained by differentiating η with
respect to

RL
R

and setting the resultant to zero. The output from this operation yields
RL
R

̅0.5
= √1 + ZT

(1.44)

Thus, the current, power output, and efficiency at maximum conversion efficiency are
represented as

Imc =

αΔT
̅ + 1)
R(√1 + ZT

Ẇmc =

ηmc

(1.45)

̅
α2 ΔT 2 √1 + ZT

(1.46)

̅+1
√1 + ZT

̅−1
Tc √1 + ZT
= (1 − )
Th √1 + ZT
̅ + Tc
Th

(1.47)

Similarly, maximum power output is obtained by differentiating output power with
respect to
output as

RL
R
RL
R

and setting the resultant equal to zero. This output yields the maximum power
= 1. Thus, the current, power output, and efficiency are represented as
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αΔT
2R

(1.48)

α2 ΔT 2
4R

(1.49)

Imp =

Ẇmax =

ηmp

T
(1 − Tc )
h
=
1
Tc
2
T
2 − 2 (1 − T ) + ̅ (1 + Tc )
ZT
h
h

(1.50)

The maximum voltage occurs in an open circuit, and is represented by
Vmax = nαΔT

(1.51)

Eqns. 1.37, 1.38, 1.39, and 1.41 can then be divided by 1.48 through 1.51 to yield
normalized power output, current, and voltage
R
4 L
Ẇ
R
=
2
̇
Wmax
RL
( R + 1)
I
Imax

V
Vmax

=

=
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(1.52)

1
RL
R +1

(1.53)

RL
R

(1.54)

RL
+1
R

η

(1.55)

ηmax
RL √
̅ Tc
R [ 1 + ZT + Th ]
=
2
RL
1
Tc
1 RL
T
̅ − 1)
[( R + 1) − 2 (1 − T ) + ̅ ( R + 1) (1 + Tc )] (√1 + ZT
2ZT
h
h

Cold junction temperature is usually the system constraint in a TEG [7], as the function
of the TEG module is usually dependent on how cold this side of the system can be kept, as the
warming of the cold side leads to the degradation and eventual elimination of the heat gradient
and, thus, the TEG’s function. The four normalized parameters in equations 1.52 through 1.55
can be plotted against the resistance ratio, as shown in Figure 1.6. This resistance ratio,

RL
R

, is a

variable parameter and can be controlled.
The maximum power output and maximum conversion efficiency assume similar
behavior in Figure 1.6. The maximum power output occurs where
conversion efficiency occurs where

RL
R

RL
R

= 1, while the maximum

̅.
= √1 + ZT

Figure 1.7 depicts a thermoelectric device as would be seen in a typical application,
where multiple leg lengths are connected and the option to connect multiple TEGs in series
exists. TEGs, if there are multiples, are connected in series and thermally in parallel. The
analysis that will follow will assume that multiple thermoelements (legs) are present. In order to
obtain equations to characterize the output and characteristics of an entire device, the previous
equations are multiplied by the number of thermoelements in the TEG as in
(Ẇ)m = nẆ

(1.56)

(Q̇ h )m = nQ̇h

(1.57)
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(Q̇c )m = nQ̇c

(1.58)

(R)m = nR

(1.59)

(R)m = nR

(1.60)

(R L )m = nR L

(1.61)

(V)m = nV

(1.62)

(K)m = nK

(1.63)

(I)m = I

(1.64)

(ηth )m =

(Ẇ)m
= ηth
(Q̇ h )
m

Figure 1.6. Normalized Chart for Thermoelectric Generators
𝑇
with 𝑇𝑐 = 0.7 and ZT ̅=1
ℎ
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(1.65)

Figure 1.7. Cutaway of a Typical Thermoelectric Module
[3]

1.6 Contact Resistances for TEG
The following section adds thermal and electrical contact resistances to the ideal
equations that have been derived so far. Previously, these were not considered, however they
must be considered in calculations that yield equations for power output and efficiency, as there
are a number of small micro-defects and parasitic phenomena that manifest themselves in
thermoelectric materials during their manufacture that contribute to the emergence of thermal
and contact resistances [8]. In Figure 1.7, the thermocouples are connected in a series with a high
conducting metallic strip, and they are between low conducting ceramic plates, which are usually
aluminum based. In Figure 1.8, ρc is the electrical contact resistivity, k c is the thermal contact
conductivity which includes the thermal conductivity of the ceramic plates and points of thermal
contact, (T1c and T2c ) are the junction temperatures of the elements which are different than
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junction temperatures of the ceramic plate T1 and T2 . For a single thermocouple the heat balance
equations can be represented by
Q̇1 =

Ak c
(T1 − T1c )
lc

(1.66)

1
Ak
(T − T1c )
Q̇1 = αIT1c − I2 R −
2
lo 2c

(1.67)

1
Ak
(T − T1c )
Q̇2 = αIT2c + I2 R −
2
lo 2c

(1.68)

Q̇ 2 =

I=

Ak c
(T2c − T2 )
lc

(1.69)

α(T1c − T2c )
RL + R

(1.70)

where α = αp + αn and k = k p + k n . The electrical resistance considers the resistance of the
thermocouple material and electrical resistance as the current passes through the device itself

R = Ro + Rc =

ρlo ρc
+
A
A

(1.71)

And,
R=

ρlo
s
(1 + )
A
lo

(1.72)

Eqns. 1.66 to 1.69 can be equated then rearranged to solve for

I=

α(T1 − T2 )𝐴
s
l
2ρlo (1 + ) (1 + 3r c )
lo
lo
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(1.73)

k

with r = k .
c

Using equation 1.73 then setting Wn = I2 R, power output can be represented as

Wn =

Aα2 (T1 − T2 )2

(1.74)
2

s
l
4ρlo (1 + ) (1 + 3r c )
lo
lo

or, power output per unit area can be represented as
−1
2
̅ (1 + T2 ) (1 − T2 )
ZT
Wn
kT1
T1
T1
=( )
A
lo
s
l 2
4 (1 + ) (1 + 3r c )
lo
lo

(1.75)

Voltage and conversion efficiency are, respectively, represented as

Vn =

(1 −
ηcr =

α(T1 − T2 )
l
2 (1 + 3r c )
lo
T2
)
T1

(1.76)

(1.77)

2
T2
s
lc
lc
1
T2
̅ (1 + T1 ) (1 + lo ) (1 + 3r lo ) + 2 (1 + 3r lo ) ξTEG − 2 (1 − T1 )
ZT

where,

ξTEG

−1
2
l
T
̅ (1 + T2 ) (1 − T2 )
r c (1 − T2 )
ZT
1 lc
T1
T1
lo
1
1 + 4r
−
lo
lc
s
lc 2
(1 + 3r )
(1 + ) (1 + 3r )
lo
T1c
lo
lo
=
=
−1
T1
̅ (1 + T2 ) (1 − T2 )
ZT
l
T1
T1
1+r c
lo
s
l
(1 + ) (1 + 3r c )
lo
lo
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(1.78)

Figure 1.8. Basic Configuration of One Couple Including Thermal and
Electrical Contact Resistances

1.7 Thermoelectric Generator System
In typical application, TEGs are connected to heat sinks which help to improve the
amount of heat absorption into the system. Figure 1.9 shows a TEG with two heat sinks attached
to the hot and cold sides. The ideal equations, including equations for heat sinks, are defined in
equations 1.79 to 1.83.
Assuming that the TEG with the heat sinks in Figure 1.9 are subjected to steady state heat
transfer that is typified by a respective T∞ flowing through their fins, and also assuming that
previous assumptions of negligible contact resistance, independence of material properties from
temperature, and perfect insulation, a TEG can be defined by
Q̇1 = η1 h1 A1 (T∞1 − T1 )
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(1.79)

1
Ae k
Q̇1 = n [αIT1 − I2 R +
(T − T2 )]
2
Le 1

(1.80)

1
Ae k
(T − T2 )]
Q̇ 2 = n [αIT2 + I2 R +
2
Le 1

(1.81)

Q̇ 2 = η2 h2 A2 (T2 − T∞2 )

(1.82)

I=

α(T1 − T2 )
RL + R

(1.83)

Thermal resistances in heat sinks in thermoelectrics are represented by the reciprocal of
the convection conductance as η1 h1 A1 , where η1 is the fin efficiency, h1 is the convection
coefficient derived earlier, and A1 is the total surface area of the heat sink. As in previous to this
point equations, T1 and T2 represent the thermoelectric junctions temperatures

Figure 1.9. Thermoelectric Generator Module
Attached to Two Heat Sinks [3]
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CHAPTER II
LITERATURE REVIEW
Applying thermoelectric generators toward the goal of recovering waste heat is a
relatively novel strategy and so there is not a broad library to pull from in conducting a literature
review on the topic. Rather, the discussion that follows describes the few useful studies found by
the author and seeks to demonstrate understanding and an evaluate of the theory,
experimentation, and outputs of past researchers. The studies that follow serve as standard of
comparison with the theoretical and experimental models devised and tested in the current study.
To the knowledge of the researcher, there has only been one study [7] that has employed
a liquid-to-liquid two-channel loop in tandem with parallel plate heat exchangers to power a
TEG device. The researchers performed both an analytical and experimental study using this
setup. The analytical study used water as a working fluid and a combination of different
temperatures to measure the power output across the chosen temperature range. A total of 6,222
thermocouples were used in order to generate a maximum of 85W of power at a 5% efficiency
rate when the hot and cold sides were 100 and 30 degrees Celsius, respectively. The researchers
did not specify the dimensions of their heat sink, and used a general approximation for the
Fanning friction coefficient.
The experimental study [9] to validate the analytical model [7] used a 60/40 glycol/water
mixture. The hot side of the system was set by the researchers to 150 degrees Celsius while the
cold side was 30 degrees Celsius. The researchers examined load resistances between 20 and 120
ohms. A total of 56 TEG modules, each with 129 thermoelements, were utilized and the device
they built yielded a maximum power output of 149.5W and 4.4% efficiency when a temperature
difference of 120 degrees Celsius was used. Overall this study was very informative and
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provided a solid outline and reference point for the current study. However, the current study
uses the same working fluid in both the analytical and experimental models.
Other researchers have focused on the economics of TEG systems. Economics are one of
the primary considerations when choosing to deploy any system, and low grade waste heat
recovery should be no exception. According to [10], one of the primary impedances to the
adoption of TEGs in the field of low grade waste heat recovery is the high up-front cost. Many
researchers have found that the price per watt (PPW) for a thermoelectric generator device used
for low grade waste heat recovery purposes is $20 USD per Watt generated. The vast majority of
this price is seen in the up-front costs as, to date, large level thermoelectric generator devices
have not been commonly deployed in environments of interest. However, the price drops
precipitously with time. This is due to the fact that TEG’s have the unique attribute that they
require very little maintenance. [2] states that operating expenses, when extrapolated for 10 years
or more, can lead to TEG devices generating power output at about $2.60 USD per Watt, which
makes them highly competitive with other processes like the Organic Rankine Cycle and Kalina
Cycle.
[2] also designed and built a thermoelectric device in order to validate their assertions and
theoretical model. The device also used a liquid-to-liquid two-channel loop with heated or cooled
liquid baths connected to pumps driving fluid throughout their respective loops. The researchers
utilized a hot side temperature of 97°C and a cold side temperature of 14°C with a total of 36
TEG modules used in the experiment. Their output was 95W with an unknown efficiency rating.
Their study encourages the idea that TEGs are feasible for low grade waste heat recovery on an
economic basis by virtue of the fact that they require relatively little maintenance when
compared with their competitors. The low maintenance cost is an effect of there being no moving
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parts necessary to generate power, as well as there being no environmental costs due to the fact
that they produce no pollution. However, the researchers did not actually test their devices
longitudinally to determine the PPW, therefore their analysis can only be considered
theoretically. Also, they did not specify the heat sinks they used.
While many studies have examined the use of cycling common working fluids, like
glycol/water mixtures, [10] published a study meant to examine the use of liquid metal as a
working fluid in tandem with air. The reason for using liquid metal was that the high
conductivity of the metal would make it an excellent conduit for transporting waste heat from a
natural or manmade process into a TEG system. The researchers found that, using liquid metal as
a hot side working fluid, they could transport energy over long distances, which implies that
more TEGs can be arranged in the system, which leads to a significant increase in power output
per system. The potential for liquid metal as an alternative to more common mixtures like
water/glycol is interesting, although it carries the downside of being more expensive to utilize.
Another liquid-to-air study [11] utilized water on the hot side while convecting heat from
the system on the cold side using air. The researchers focused on the use of heat exchangers in
their design as a method for reducing price point, as they were aware of the fact that the short
term economic considerations make TEGs high-risk investments. Their liquid-to-air model
utilized multiple tubes for the hot side working fluid to pass through, with TEG modules
arranged along the route of the tubes. The researchers analytically experimented with the spacing
of these tubes, spacing of the fins of the heat exchanger, as well as the geometric ratio of the
thermoelement legs to determine which setup would create the most economical TEG device.
Ultimately they were able to create an optimized model that could generate 1.1W per $10 dollars
invested, which cuts the current price of $20 per Watt in half.
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Aside from heat sink optimization, another approach for maximizing power output and
thus increasing the economic feasibility of thermoelectric generator deployment for low grade
waste heat recovery has been reducing the leg length of each thermoelement. [3] demonstrated
analytically that decreasing leg length could lead to a power output increase quintuple the output
seen in standard thermoelectric generators, as the leg lengths of thermoelements are often
unoptimized. A leg length between 0.2 and 0.5mm creates a parabolic increase in total power
output when coupled with a special aluminum ceramic. A fivefold increase in power output
would decrease the price of $20 per Watt to $4 per Watt in many of today’s applications.
Furthermore, because the quality of thermoelectric materials is continuing to increase [4],
with ZT values becoming closer to 3 with advances in quantum technology, as well as heat sink
optimization becoming far more refined [12], [13], [14], the total upfront costs of TEG
deployment for low grade waste heat recovery could potentially rival that of alternative methods.
Currently, the experimental study of reduced leg lengths to 0.5mm in size is a topic of interest.
However, the manufacturing of leg lengths this small is a great challenge, as it requires
specialized tooling and the smaller leg lengths may make the TEG devices more vulnerable to
damage.
The Organic Rankine Cycle (ORC) is a process that uses water and ammonia to transport
low grade waste heat, usually from power plants, through a process where the waste heat can be
recovered for electric power via the Rankine cycle process [15]. Ammonia/water mixtures are
used due to the fact that that they possess boiling points below what is typically seen in low
grade waste heat, and thus when heat energy from a low grade waste heat reservoir is conducted
into the mixture, the subsequent boiling creates steam that drives a turbine. The spinning of the
turbine creates power output. Typically, this process has a cost of $2 per Watt, produces an
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average of 2,500 kW per annum and has an efficiency of about 5% at 110 degrees Celsius, which
is currently both cheaper and more efficient than thermoelectric generators. Another cycle, the
Kalina Cycle (KC), is a derivative of the ORC and operates in a very similar nature by using an
ammonia-based compound to drive a turbine. The KC produces an average of 3,300 kW per
annum on industrial scales. The efficiency in the Kalina Cycle is about 6.6%. Similar to the
ORC, the KC typically runs at operating temperatures of 110 degrees Celsius, and does not rise
above this temperature [16].
The drawbacks of the two Cycles described above are that they require constant
monitoring, have many moving parts, and require minor ongoing as well as major maintenance
in two year cycles. Given these realities, they require constant monetary investment despite their
relatively high power generation.
2.1 Summary of Literature Review
Table 2.1 presents the summary of the literature that was reviewed as a part on gathering
background on the topic of low grade waste heat recovery using TEGs and its rival methods:

Table 2.1 Summary of Literature Review
Author Configuration Type of
Work
Rowe Liquid to
Experimental
Liquid
Crane Liquid to Air Experimental
, Analytical

Niu

Liquid to
Liquid

Temperature(°C) TE Modules

Comment

Hot= 97
Cold=14
Hot = 90,
Cold = 25

36

Power
output= 95W
1.1W/$10
invested

Experimental Hot =150,
Cold = 30

56
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N/A

Power
output =146.5
W
Efficiency
4.4%

Table 2.1 Continued
Yu
and
Zhao
Dai

Liquid to
Liquid

Analytical

Hot = 100,
Cold = 32.2

Liquid to Air

Analytical

N/A

6,222
Max Power =
thermocouples 85W
5% efficiency
N/A
Study
performed to
determine
advantages of
liquid metal.
Assessed to
be highly
useful

2.2 Objective
Following the review of the past literature on low grade waste heat recovery using TEGs,
the objective of this study is to create an analytical thermoelectric model and validate it using an
experimental model with a liquid-to-liquid two channel loop that utilizes a 50/50 ethylene
glycol/water working fluid and parallel plate heat exchangers. This study will focus on
analytically optimizing the TEG by varying the volumetric flow rates of the hot side working
fluid and the TEG modules’ thermoelement leg lengths in order to determine their contribution to
total power output and efficiency. In Chapter III, an analytical model will present the liquid-toliquid low grade waste heat recovery device in mathematical detail. It will examine cases of
maximum power output where no heat sinks are used, as well as a realistic model using heat
sinks. The heat sink model will be further divided into models that utilize aluminum blocks and a
model that does not, due to the fact that only the experimental model requires the implementation
of aluminum blocks to determine junction temperatures and heat flux, while real applications do
not. Chapter IV will describe the setup of the experimental model that is meant to validate the
analytical model. Chapter V is a discussion that synthesizes the literature, analytical model
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results, and experimental results to offer a recommendation about how future studies should
proceed with the topic thermoelectric generators used for low grade waste heat recovery. Finally,
Chapter VI will synthesize the lessons learned in this study and offer closing remarks.
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CHAPTER III
ANALYTICAL MODEL

The following models mathematically describe a single unit cell of a TEG system and are
categorized into three distinct cases: maximum possible (no heat sink), with aluminum block and
heat sink, and with no aluminum block and heat sink. The analysis to follow assumes that the
flows in the two-channel loop occur in parallel. The experimental model has four unit cells
connected in series, however, the outputs of one upstream unit cell, i.e. the hot and cold outlet
temperatures, are considered the inputs to the downstream unit cell. From here, the individual
outputs of each unit cell are added together to give a total power output. The physical
construction of the experimental model will be discussed in Chapter IV.
3.1 Model of a Single Unit Cell
The following analysis assumes that there is one dimensional flow of heat through the
system. Furthermore, it also assumes that there is an enthalpy flow applied across the parallel
plate heat sink so that the heat that goes into the heat sink and subsequently into the TEG is
assumed to be the temperature drop across the heat sink from inlet to outlet. Furthermore, all the
heat that is lost across the heat sink is assumed to go into the TEG module. Thus the heat rate
into the TEG system, 𝑄ℎ , can be estimated by the temperature drop and is modeled as
𝑄ℎ = 𝑚̇ ℎ 𝑐𝑝,ℎ (𝑇∞ℎ,𝑖𝑛 − 𝑇∞ℎ,𝑜𝑢𝑡 )

(3.1)

The heat that flows into the system is also represented by
𝑄ℎ = 𝜂𝑠,ℎ ℎℎ 𝐴𝑠,ℎ (

𝑇∞ℎ,𝑖𝑛 −𝑇∞ℎ,𝑜𝑢𝑡
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2

− 𝑇ℎ )

(3.2)

Where 𝜂𝑠,ℎ is the efficiency [3] on the hot side of the heat sink, ℎℎ is the convection
coefficient on the hot side of the heat sink, and 𝐴𝑠,ℎ is the total surface area that is available for
heat transfer across the heat sink. Another TEG ideal equation 1.80 can be converted toward the
purpose of representing 𝑄ℎ , which is
1

𝑄ℎ = 𝑛[𝛼𝑇ℎ 𝐼 − 2 𝐼 2 𝑅 + 𝐾(𝑇ℎ − 𝑇𝑐 )

(3.3)

The cold side heat flow, which is effectively the heat out, can be represented similarly as
𝑄𝑐 = 𝑚̇ 𝑐 𝑐𝑝,𝑐 (𝑇∞𝑐,𝑜𝑢𝑡 − 𝑇∞𝑐,𝑖𝑛 )
𝑄𝑐 = 𝜂𝑠,𝑐 ℎ𝑐 𝐴𝑠,𝑐 (𝑇𝑐 −

𝑇∞𝑐,𝑖𝑛 −𝑇∞𝑐,𝑜𝑢𝑡
2

(3.4)
)

1

𝑄𝑐 = 𝑛[𝛼𝑇𝑐 𝐼 + 2 𝐼 2 𝑅 + 𝐾(𝑇ℎ − 𝑇𝑐 )]

(3.5)

(3.6)

Finally, from Equation 1.83, the equation for current, 𝐼, can be represented as
𝐼=

𝛼(𝑇ℎ −𝑇𝑣 )
𝑅𝐿 𝜌𝐿𝑒
+
𝑛
𝐴𝑒

(3.7)

These seven equations are derived from the ideal equations that were represented in
Section 1.7. The purpose of these equations is to solve for seven unknowns that help to define a
system, 𝑄ℎ , 𝑄𝑐 , 𝑇ℎ , 𝑇𝑐 , 𝑇∞ℎ,𝑜𝑢𝑡 , 𝑇∞𝑐,𝑜𝑢𝑡 , 𝑎𝑛𝑑 𝐼. For the purpose of this analysis, the researcher sets
the equations as functions of hot side volumetric flow rate (𝑉𝑜𝑙ℎ ), external load resistance (𝑅𝐿 ),
hot inlet temperature (𝑇∞ℎ,𝑖𝑛 ), thermoelement cross-sectional area (𝐴𝑒 ), and thermoelement leg
length (𝐿𝑒 ).
In the equations above, internal resistance within the TEG is represented as R, while the
thermal conductance of the TEG is represented as K where,
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𝑅=

𝜌𝐿𝑒

(3.8)

𝐴𝑒

𝑘𝐴𝑒

𝐾=

(3.9)

𝐿𝑒

Where 𝑚̇ℎ and 𝑚̇𝑐 are hot and cold side mass flow rates, respectively, and 𝑐𝑝,ℎ and 𝑐𝑝,𝑐
are the specific heats of the working fluid, respectively. 𝛼, 𝜌, and k are properties of the TEG
discussed in Chapter I, and 𝑛 is the total number of thermoelements in a TEG.
Power, 𝑊𝑛 , and efficiency, 𝜂, are respectively calculated by
𝑊𝑛 = 𝑄ℎ − 𝑄𝑐
𝜂=

𝑊𝑛

(3.10)
(3.11)

𝑄ℎ

3.2 Convection Heat Transfer Coefficient, Overall Efficiency, and Combined Heat Transfer
Area of Heat Sinks
As the working fluid is carrying heat, and is thus the source of heat transfer to the heat
sink, the flow characteristics of hot and cold side flows are very important due to the fact that its
speed and laminar or otherwise turbulent nature affects the degree with which heat is transferred.
Reynold’s number is given by
𝑉𝐷ℎ

𝑅𝑒𝐷 =

𝜐

(3.12)

Where 𝜐 is the kinematic viscosity of the fluid, 𝑉 is the velocity, and 𝐷ℎ is the hydraulic
diameter, which is further represented by
4𝐴𝑐

𝐷ℎ = 𝑃

𝑤𝑒𝑡
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(3.13)

Where 𝐴𝑐 and 𝑃𝑤𝑒𝑡 are the flow’s cross sectional area and wetted perimeter, respectively.
These are both characteristics of the heat sink itself and which can be further broken down into
terms
𝐴𝑐 = 𝑏𝑧

(3.14)

𝑃𝑤𝑒𝑡 = 2(𝑏 + 𝑧)

(3.15)

Where 𝑏 is the profile length of a heat sink and 𝑧 is the spacing between the heat sink
fins. Note, for Reynold’s numbers over 2,300, the flow is described as turbulent. Otherwise, the
flow is laminar. In order to calculate the convection coefficient, h, the Nusselt number must be
calculated using Reynold’s number, which is represented by
𝑓

𝑁𝑢𝐷 =

(2)(𝑅𝑒𝐷 −1000)𝑃𝑟

1
2
𝑓 2
1+12.7(2) (𝑃𝑟 3 −1)

(3.16)

Where 𝑓 is the Fanning friction factor represented by
𝑓 = (1.58 ln(𝑅𝑒𝐷 ) − 3.28)−2

(3.17)

Next, the convection coefficient, ℎ, can be represented by
ℎ=

𝑁𝑢𝐷 𝑘
𝐷ℎ

(3.18)

Further, the combined heat transfer area is represented by
𝐴𝑠 = 𝑛𝑓 (2(𝐿 + 𝑡)𝑏 + 𝐿𝑧)
Where 𝑛𝑓 is the number of fins, 𝑡 is the thickness of the fins, and L is the length of the fins.
Single fin efficiency is represented by
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(3.19)

𝜂𝑓 =

tanh(𝑚𝑏)

(3.20)

𝑚𝑏

And

𝑚𝑏 = [

2ℎ(𝑡+𝐿) 1/2
]
𝑘𝑡𝐿

∗𝑏

(3.21)

Single fin surface area is represented by
𝐴𝑓 = 2(𝐿 + 𝑡)𝑏

(3.22)

The total heat sink efficiency is represented by
𝜂𝑠 = 1 − 𝑛𝑓

𝐴𝑓
𝐴𝑡

(1 − 𝜂𝑓 )

(3.23)

The equations are part of the convection conductance which is used to calculate the terms in the
equations above. Having calculated ℎ, 𝐴𝑠 , 𝑎𝑛𝑑 𝜂𝑠 using the equations just described, they can be
used in order to calculate equations 3.2 and 3.5.
3.3 Aluminum Block and Thermal Resistance Calculation
The presence of the aluminum block in the experimental model requires the researcher to
account for the changes it creates in terms of junction temperatures, thermal resistances, and thus
efficiency. The thermal resistance of the heat sink with an aluminum block added is
∑ 𝑅𝑡 = 𝑅𝑡,𝑠 + 𝑅𝑡,𝐴𝑙

(3.24)

Where 𝑅𝑡,𝑠 is the thermal resistance of the heat sink and 𝑅𝑡,𝐴𝑙 is the thermal resistance of the
aluminum block. Thus, the sum of resistances can also be expressed by
1
𝜂𝑠 ℎ𝐴𝑠

=

1
𝜂𝑜 ℎ𝐴𝑠
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+

𝑡𝐴𝑙
𝑘𝐴𝑙 𝐴𝐴𝑙

(3.25)

Thus, the heat sink efficiency with the aluminum block added can be expressed by

𝜂𝑠,𝐴𝑙 = (

1
𝜂𝑜

+

ℎ𝐴𝑠 𝑡𝐴𝑙 −1
𝑘𝐴𝑙 𝐴𝐴𝑙

)

(3.26)

In equations 3.2 and 3.5, 𝜂𝑠,𝐴𝑙 would replace 𝜂𝑠 in equation 3.23. Which has the added
term of the aluminum block’s thermal resistance present. It is evident that the addition of the
aluminum block necessarily leads to a decrease in overall efficiency, thus it is expected that a
TEG unit experimentally tested with an aluminum block will have lower power output and
efficiency than a unit without it.
3.4 Maximum Possible Output and Efficiency
In order to find the maximum possible output and efficiency for the TEG model, Equations
1.49 and 1.50 are modified
Wn =

nα2 (T∞h,in −T∞c,in )2

(3.27)

𝐿
4ρ 𝑒

𝐴𝑒

T

ηmp = (1 − T∞c,in )(
∞h,in

√1+𝑍𝑇̅ −1
T
√1+𝑍𝑇̅ + ∞c,in

)

(3.28)

T∞h,in

These values are evaluated at the maximum load resistance where

𝑅𝐿
𝑅

= 1. With these

values, the outputs from the two cases with the heat sinks can be compared to some maximum
theoretical value. This value is useful as it provides insights into a potential future of TEG
technology where energy can be transferred at its most efficient rate from a medium, like a fluid,
directly to the TEG without losses due to the presence of heat sinks. Hence, these are termed the
maximum possible parameters of a TEG.
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3.5 Effective Material Properties
Typically, the 𝛼, 𝜌, 𝑎𝑛𝑑 𝑘 values of a thermoelectric generator are proprietary
information and are not supplied by manufacturers of thermoelectric devices. Suppliers do,
however, offer information about the maximum performance of their respective devices. A
method for calculating the effective material properties (EMP) is provided here that algebraically
solves for the material properties of a TEG device with the use of the maximum performance
curves supplied by the manufacturer [8]. Furthermore, another advantage of using EMP
calculation is that it provides material properties that reflect the realistic behavior of the
thermoelectric device in response to defects in the material, parasitical losses to radiation or
convection, and contact resistances. Thus, the ideal equations that have been presented in the
previous chapters become accurate models of real world thermoelectric devices when they are
used with the EMP’s. The EMP’s can be modeled as
4𝑊𝑚𝑎𝑥

𝛼 ∗ = 𝑛𝐼

𝑚𝑎𝑥 (𝑇ℎ𝑖𝑔ℎ −𝑇𝑐,𝑔𝑖𝑣𝑒𝑛 )

𝜌∗ =

𝑍∗ =

𝑘∗ =

4𝐺𝑒 𝑊𝑚𝑎𝑥
2
𝑛𝐼𝑚𝑎𝑥

𝑇𝑐,𝑔𝑖𝑣𝑒𝑛
2
)
̅ (1+ 𝑇
𝑇
ℎ𝑖𝑔ℎ
1
1
+ )−2
𝜂𝑚𝑝 2

𝜂𝑐 (

(𝛼∗ )2
𝜌∗ 𝑍 ∗

(3.29)

(3.30)

(3.31)

(3.32)

Where 𝑊𝑚𝑎𝑥 , 𝐼𝑚𝑎𝑥 , and 𝜂𝑚𝑝 , 𝑇ℎ𝑖𝑔ℎ , and 𝑇𝑐,𝑔𝑖𝑣𝑒𝑛 are all maximum performance parameters
supplied by the manufacturer With 𝑇̅ denoting the average temperature of 𝑇ℎ𝑖𝑔ℎ , and 𝑇𝑐,𝑔𝑖𝑣𝑒𝑛
and 𝜂𝑐 denoting Carnot efficiency

39

𝜂𝑐 = 1 −

𝑇𝑐,𝑔𝑖𝑣𝑒𝑛
𝑇ℎ𝑖𝑔ℎ

(3.33)

Furthermore, 𝐺𝑒 defines the geometric ratio, which is
𝐺𝑒 =

𝐴𝑒

(3.34)

𝐿𝑒

3.6 Modeling a System with Four Unit Cells
Note that, when connected in series
𝑄ℎ,𝑡𝑜𝑡𝑎𝑙 = ∑4𝑖=1 𝑄ℎ𝑖

(3.35)

𝑄𝑐,𝑡𝑜𝑡𝑎𝑙 = ∑4𝑖=1 𝑄𝑐𝑖

(3.36)

𝑊𝑛,𝑡𝑜𝑡𝑎𝑙 = 𝑄ℎ,𝑡𝑜𝑡𝑎𝑙 − 𝑄𝑐,𝑡𝑜𝑡𝑎𝑙

(3.37)

And

And, further

𝜂𝑡𝑜𝑡𝑎𝑙 =

𝑊𝑛,𝑡𝑜𝑡𝑎𝑙
𝑄ℎ,𝑡𝑜𝑡𝑎𝑙

(3.38)

Essentially, what is implied is that 𝑄ℎ,𝑡𝑜𝑡𝑎𝑙 and 𝑄𝑐,𝑡𝑜𝑡𝑎𝑙 characterize a complete TEG system
using multiple TEGs, and are good for representing the total power output. However, there are
other aspects of the TEG system whose analytical modeling will need to be considered in future
systems, such as the representation of a multi-TEG system with respect to load resistance when
combining the Effective Material Properties.
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CHAPTER IV
EXPERIMENTAL WORK

The experimental work was performed as a check for the analytical work described in
chapters I and III. In order to determine the efficacy of the model, a prototype TEG was built
using four separate modules arranged in series, with a hot and cold channel. In order to
determine the junction temperature, aluminum blocks were arranged between the hot and cold
side channels and the TEGs. This was because measuring the temperature directly is very
difficult. Instead, two thermocouples are embedded within aluminum blocks and junction
temperature (temperature at the face of the TEG ceramic) is interpolated. A schematic of the
experimental system is shown in Figure 4.1

Figure 4.1. Experimental System Schematic

41

An illustration of the TEG system is presented below. The TEGs are each between two
aluminum blocks and two heat exchangers. Wooden blocks are placed between each unit cell in
order to prevent the axial conduction of heat energy between the TEGs which might alter the
desired one dimensional nature of heat flux. All of the material is commercially available, with
the TEGs being Kryotherm TGM-199-1.4-0.8 modules. These modules have 199
thermoelements each with a total ceramic surface area of 40mmx40mm. The leg lengths are
0.8mm and the cross sectional area across the device is 1.96mm2. The thermoelectric properties
of these modules are calculated via the methods described in [8].
The heat sinks are also commercially obtained and have the dimensions listed in table
4.1. Each heat sink is a parallel plate heat exchanger and made of aluminum. They stretch for the
expanse of each respective channel. Each channel was fabricated out of aluminum plates which
are bound together with a liquid silicone compound that can withstand a temperature range
between -250 to 360 degrees Celsius so as to not freeze or melt while the device is in operation.
Furthermore, the silicone sealant prevents leaks.

Table 4.1 Heat Sink Dimensions
Fin profile length (mm)

16.6

Fin thickness (mm)

2.3

Width (mm)

3.4

Length (mm)

196

Height (mm)

20

Spacing (mm)

3.4

Base Thickness (mm)

3.6
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(a)

(b)
Figure 4.2. (a) Test Section of TEG System with 4 Unit Cells; (b)
Test Section of TEG with 1 Unit Cell
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The aluminum blocks used are each 40mmx40mmx19.1mm and have had 20mm holes
drilled into them in order to accommodate the placement of thermocouples. The thermocouples
are each K-type thermocouples. The wooden pieces that are between each of the unit cells are
6mmx19.1mmx40mm and they minimize the axial heat flux and overall heat losses within each
unit cell.
The channels each emanate from two separate heated or cooled liquid baths. The cold
flow loop emanates from a Thermo NESLAB RTE7 chiller bath that has a variable pump range
of 1 to 5gpm and a temperature range from -10 to 150 degrees Celsius. The hot side bath is a
Haake D-8L liquid bath that has a fixed pump range of 1.4gpm and also a temperature range
from -10 to 150 degrees Celsius. However, the particular unit in possession of the researcher
recorded a maximum temperature of only 110 degrees Celsius during trials.
Connecting the liquid baths to the TEG system were silicone tubing that have the same
temperature-resistant attributes as the sealant holding together the aluminum blocks. This tubing
is flexible, with an 8mm inner diameter and 12mm outer diameter [18]. The tubing was sealed
with tube clamps at entry and exit nozzles on each respective temperature controlled liquid bath
machine.
LabVIEW 15 was used in order to program a method for data acquisition. The block
diagram of the program can be viewed below. Data was also recorded via LabVIEW 15 which
collected the output into .csv files. The necessary information related to hot inlet temperature,
cold inlet temperature, aluminum block temperatures, and voltage were recorded. This data was
then used to interpolate junction temperature, power output, current, and temperature drop across
the device.

44

Figure 4.3. LabVIEW 15 Block Diagram

In order to vary external load resistance, a variable resistor with a turn-knob up to
10ohms was used. Table 4.2 shows the complete list of items used as a part of this experiment.

Table 4.2 List of Materials
Equipment

Function
4 TEG modules fabricated by Kryotherm
(40 mm × 40 mm × 3.2 mm)
Leg length ( 0.8 mm)
Leg Area (1.4 × 1.4 mm2 )
Aluminum heat sink for the hot side.
(16.6 mm × 40 mm × 20 mm)
Fin spacing (3.4 mm)
Fin thickness (2.33 mm)
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Table 4.2 Continued
Haake D8-L used as the hot side liquid bath
circulator

Aluminum channel for the hot and cold
sides
(140 mm × 40 mm × 20mm)

Neslab

RTE7

Circulating

Bath

Temperature Controller

Eight aluminum blocks were used in order
to measure the junction temperatures.
(40 mm × 40 mm × 19.1 mm)
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Table 4.2 Continued
Silicon tubing used to connect liquid
temperature bath controllers to the TEG
device

K-type thermocouples for measuring the
temperatures.

A variable resistor was used to adjust load
resistance

A thermal paste was used to eliminate
spaces and gaps from the interface points
of the construction materials

A data acquisition device was used to
collect data and interpreted with LabVIEW
15.
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4.1 Obtaining Junction Temperatures
Most of the data that is collected in this experiment is from the sixteen thermocouples
that are embedded in each of the eight aluminum blocks in the system. As mentioned, these
thermocouples exist because the junction temperature of each side of the four TEG modules
cannot be measured directly. Experimentally, the junction temperatures must be interpolated
using the temperatures at two different points in the aluminum blocks that have the
thermocouples embedded in them. The Figures in 4.2a and 4.2 b show a schematic as well as the
location of two different thermocouples, represented as black dots, that are spaced 5mm apart
from one another and the closest thermocouple to the ceramic of the TEG also being 5mm away.
Thus, the junction temperatures in the experimental model can be calculated as
𝑇ℎ = 2𝑇ℎ1 − 𝑇ℎ2

(4.1)

𝑇𝑐 = 2𝑇𝑐1 − 𝑇𝑐2

(4.2)

4.2 Effective Material Properties Calculations
The effective material properties for the Kryotherm TGM-199-1.4-0.8 modules were
calculated and assumed to be the same across each unit. The properties could be calculated using
the maximum parameters given by the manufacturer (Appendix A). Because the four TEGs were
connected in series, characteristics of the system were extrapolated, as will be discussed in
Chapter V. The effective material properties in Table 4.3 were calculated using the equations
from section 3.3 and can be seen in Table 4.3.
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Table 4.3 Effective Material Properties
Symbols
Description
Number of thermocouples

Manufacturers’ maximum
parameters

Measured geometry of
thermoelement
Dimensions of TEG module
(W×L×H)
Effective material
properties (calculated using
𝐖𝐦𝐚𝐱 , Imax, and 𝛈𝐦𝐚𝐱 )

TEG Module (Bismuth Telluride)
TGM199-1.4-0.8
𝐓𝐜 = 𝟑𝟎℃
𝐓𝐡 = 𝟐𝟎𝟎℃
n

199

Wmax (W)
Imax (A)

11.4
5.6

ηmp (%)
Vmax (V)
R n (Ω)
A (mm2 )

4.3
9
1.46
1.96

L (mm)
G = A/L (cm)
mm

0.8
2.45
40 × 40 ×3.2

α∗ (μV/K)

240.7

ρ∗ (Ωcm)

1.79 × 10-3

k ∗ (W/cmK)

0.019

ZTavr

0.501
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CHAPTER V
RESULTS AND DISCUSSION

In this chapter, the results obtained from the TEG analytical model and experiment will
be presented. In addition, the results from the analytical and experimental models will be
compared to one another and to the literature, focusing mostly on the experiment performed by
[9]. The models created by the researcher assume a parallel flow between the two flow channels,
with the hot and cold sides both flowing at 1.4 gallons per minute (gpm). The effective material
properties, calculated by the researcher in Table 4.3, are used in the analytical model in order to
validate the experimental model. Following the presentation of the analytical and experimental
results, a discussion will ensue regarding whether the former validates the latter.
5.1 Results of Liquid to Liquid Unit Cell Modeling
The analytical model assumed a two channel loop and proceeded with the analysis of a
single unit cell that would receive a certain amount of heat 𝑄ℎ passing through the fins by the
working fluid that was moving at a rate of 1.4gpm and, on the other side, heat leaving the system
at a certain rate, 𝑄𝑐 , by convection and conduction through a heat gradient and cold working
fluid also moving at 1.4gpm. The working fluid used was a 50/50 ethylene glycol/water
compound. The reason for selecting this fluid was because it is common, commercially available,
and can handle the specified temperature range required for modeling low grade waste heat
recovery on both the hot and cold sides, which is usually between 0 and 150C.
The thermodynamic properties of the fluid were obtained [17] and, along with knowledge
of the heat sink dimensions and flow rate, the Reynold’s number could thus be calculated. The
results are presented in Table 5.1
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Table 5.1 Thermodynamic Properties of Working Fluid
Cold

Hot

1077

1032

3230

3560

0.349

0.435

6.5*10-6

60.0*10-6

Prandtl Number

66.3

7.02

Volumetric Flow Rate

1.4

1.4

𝒌𝒈

𝒌𝒈

Density (𝒎𝟑 ) Density (𝒎𝟑)
𝑱

Specific Heat (𝒌𝒈∗𝑲)
𝑾

Thermal Conductivity (𝒎𝑲)
Kinematic Viscosity (

𝒎𝟐
𝒔

)

(𝒈𝒑𝒎)

From the Reynold’s number, the convection coefficient of both hot and cold sides could
be calculated. This allowed for the calculation of the fin efficiencies, heat sink efficiencies, and
the thermal resistances through the heat sinks and the aluminum blocks of each respective side.
Results of these calculations are presented in Table 5.2.

Table 5.2 Dynamic Properties of Working Fluid Through Heat Sinks
Cold

Hot

Reynold’s Number

6.933

70.1

Nusselt Number

10.93

12.755

Convection Coefficient

953.685

1387

0.068

0.091

𝑾

(𝒎𝟐 𝑲)
Mass Flow Rate

𝒌𝒈
𝒔

The material properties provided by the manufacturer were used in order to derive the
effective material properties of the heat sink. These effective material properties would serve as a
basis for solving Equations 3.1-3.7 for the previously specified seven unknowns so that an output
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could be obtained via the MathCAD program. As mentioned in Chapter III, these effective
material properties are necessary because they account for uncertainties in design, namely the
parasitic losses due to convection and radiation, the Thomson effect, and contact resistances.
It is important to note that, from these effective material properties, matched load power
can be inferred. Because the maximum output for a TEG occurs when the external and internal
loads are equal to one another, the experimental model should have a maximum power output at
a point where the load resistance is equal to the calculated internal resistance of the TEG,
calculated via the effective material properties. Furthermore, because
𝑅𝐿 = 𝑛𝑅𝑒

(5.1)

Where 𝑅𝐿 is the load resistance, and

𝑅𝑒 =

𝜌𝐿𝑒
𝐴𝑒

(5.2)

Where 𝑅𝑒 is the internal resistance, 𝐿𝑒 is the thermoelement leg length, and 𝐴𝑒 is the
cross sectional area of an individual thermoelement, and because a maximum power output
occurs at the location where
𝑅𝐿
𝑛𝑅𝑒

=1

(5.3)

When four thermoelectric generator units are connected in series, it would be expected
that the maximum power output would occur at a load resistance value equal to 4𝑛𝑅𝑒 . Indeed,
this is observed experimentally and is shown in Figure 5.1.
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Load Resistance vs. Measured Power Output

Measured Power Output (W)

5

4

3

2

1

0

0

2

4

6

8

10

Load Resistance (ohms)

Figure 5.1. Measured Power Output Versus Load Resistance

Furthermore, other aspects of the analytical model can be validated from the results of the
experiment. Figure 5.2 shows the experimentally determined versus the analytically derived
results for junction temperatures 𝑇ℎ and 𝑇𝑐 .

Junction Temperature (°C)

10 0

80

60

40

20

0

0

2

4

6

Load Resistance Ratio

Figure 5.2. Junction Temperature Versus Load Resistance Ratio for Unit Cell 1
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Electrical Current (A)
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Figure 5.3. Load Resistance Versus Measured
Electrical Current

Where it is apparent that there is good agreement between the experimental results and
the analytically derived results, with some of the losses being due to radiation, convection, and
contact resistances that could not be accounted for.
5.2 Unit Cell Derived Outputs
As there were four unit cells used, it was important to know the individual contribution of
each of these unit cells to the overall output and efficiency of the system. Knowing the outlet
temperature of one unit cell, the inlet temperature of the other unit cell could be calculated, and
the other variable, flow rate, is assumed to remain constant throughout operation. Table 5.3
displays the results for each unit cell.
Further, Figures 5.4-5.6 show the outputs for each unit cell.
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Table 5.3 Unit Cell Derived Outputs
Unit

𝑾𝒏 (W) 𝜼 (%)

𝑰 (A)

𝑻𝒉,𝒐𝒖𝒕𝒍𝒆𝒕 𝑻𝒄,𝒐𝒖𝒕𝒍𝒆𝒕
(C)

(C)

𝑽 (V)

𝑻𝒉 (C)

𝑻𝒄 (C)

1

1.175

1.772

0.889

99.796

10.297

13.07

83.185

28.579

2

1.162

1.763

0.894

99.592

10.562

1.3

83.24

58.834

3

1.149

1.753

0.889

99.39

10.886

1.293

83.294

29.07

4

1.137

1.743

0.884

99.189

11.178

1.286

83.349

29.304

1.8

1.3

1.2

1.7

Efficiency (%)

Power Output (W)

1.4

1.1

Calculated Power Output
Calculated Efficiency
1

0

1

2

3

4

1.6
5

Unit Cell Number

Figure 5.4. Power Output Versus Unit Cell Number

From these calculations, the researcher expects for there to be a total power output within
the range of 4.623 Watts, as this is the quantity obtained when the individual unit cells are added
up. Furthermore, there should be a slight hot junction temperature drop across the length of the
system with each subsequent unit cell seeing a slightly cooler hot temperature input, while the
cold junction temperatures will increase at a faster pace. Finally, it is expected that the overall
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temperature drop across the hot side channel will be about 0.607 degrees Celsius, and the
temperature gain on the cold side will be 0.881 degrees Celsius.
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Calculated Hot Junction Temperature
Calculated Cold Junction Temperature
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Cold Fluid Temperature Outlet (C)

Hot Fluid Temperature Outlet (C)

Figure 5.5. Hot Junction Temperature Versus Unit Cell Number
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Figure 5.6. Hot Ethylene Glycol/Water Working Fluid Versus Unit Cell
Number
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Figure 5.7. (a) Output Power Versus Leg Length with Aluminum Block; (b) Output Power
Versus Leg Length Without Aluminum Block; (c) Efficiency Versus Leg Length with
Aluminum Block; (d) Efficiency Versus Leg Length Without Aluminum Block

As can be seen in figures 5.7 a-d, the aluminum block has a significant impact on the
power output and efficiency when the leg length is considered as a variable in power output
calculations. This block must be added in the experimental model in order to calculate the
junction temperature and heat flux. However, in a real-world application, this block would be
absent. Thus, it is only useful to consider the case where the aluminum block is not present in the
analysis to follow.
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External Resistance vs. Power Output
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Figure 5.8. External Resistance Versus Power Output

Figure 5.8 above shows the three cases where there is no heat sink (maximum possible
power and efficiency outputs), aluminum block not present (heat sink present), and aluminum
block (heat sink present) present in a single unit cell TEG system. As can be seen, the maximum
possible case gives a power output of about 3.2, while the more realistic cases where the heat
sinks are present are between 1 and 2 Watts in the maximum cases. Note that the maximum case
for a single unit cell occurs at 1.8 ohms.
Also, Figure 5.9 depicts the effect of hot inlet temperature on power output. As expected,
hotter fluid implies greater total energy present, which implies more energy available for capture
by heat sinks. Furthermore, as expected, the model without an aluminum block has a higher total
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power output than the model with the aluminum block, but less for the “ideal” case where there
is a perfect heat sink, otherwise defined as a scenario with no heat energy losses.
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Figure 5.9. Power Output Versus Input Temperature

5.1 Total Power Output, Effects of Volumetric Flow Rate, and Effects of Leg Length
Figure 5.10 shows a single unit cell of the system and the expected power output as load
resistance varies. As expected, the maximum output should be when the load resistance is equal
to the internal resistance, or 1.454 ohms. At this value, there is a maximum of about 1.2 Watts
expected, as calculated in the individual unit cell measurements. As mentioned in Section 5.1,
combining four modules in series multiplies the value for the matched load resistance, where one
would expect to see the maximum power output, by four. This is why the experimental results
show that the total output of the TEG system is close to a multiple of four times a single unit cell
output, while also having a maximum around 5.8 ohms.
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From Figure 5.11, it is apparent that there is a rapid rise in power output at the outset of
the curve as flow rate is varied. [7] believe this is due to effects of the Reynold’s number exiting
laminar and going into turbulent flow for some fluids. This has significant implications,
however. The character of this curve suggests that close to the maximum power output when
flow rate is varied can be achieved at relatively low volumetric flow rates. Thus, it can be
assumed that a larger channel, like what would be pumped through in an electric power plant
discarding its low grade waste heat, could be broken up into smaller streams and tributaries with
slower flow rates, and thus the surface area available to cover with TEGs could be maximized to
some optimal level.
Furthermore, the character of this curve suggests that the pumping power from a facility
does not need to be as strong due to the fact that relatively slow moving streams would suffice to
generate power from the heat contained within it. Because pumps require energy to operate, the
overall system could become more efficient as a result of there not needing to be as much force
moving the fluid through the system. Also, because more power consumes more energy, it makes
the TEG method even more economical and lowers the PPW compared to its competitors.
From Figure 5.12, it is also evident that decreasing the leg lengths of each thermoelement
has resounding effects for power output. There is almost a doubling in power output when leg
length is optimized for each unit cell, with the power output rising from about 1.12W to around
2.5W in the optimal case. Experimentation into decreasing leg length size is still ongoing, with
the expectation that, for some thermoelectric modules, the optimization of leg length could lead
to up to a fivefold increase in total power output. This implication from the analysis could have
another significant impact: doubling, tripling, or quintupling the total output of a TEG also cuts
the costs associated with power output by roughly this amount. Of course, aspects of
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manufacturing feasibility will have to be considered. However, the price of manufacturing on
other associated technologies will likely go down over time as technological improvements
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continue to be made in the field of thermoelectrics.
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Figure 5.12. Leg Length Versus Power Output

With current literature defining the upfront costs of TEG applications to low grade waste
heat recovery around $20/W, compared to $2/W and $1.60/W for the ORC and KC, respectively,
it is apparent great improvements must be made in order to bring the costs of the TEG method
for low grade waste heat recovery down to a level where it can be competitive with competing
methods. While the time-longitudinal application of TEGs for low grade waste heat recovery has
shown promise theoretically, simply waiting for a TEG system to pay off may not be an optimal
strategy due to the fact that the competing technologies are also likely to improve over time and
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the time cost of investment must be considered. Thus, it should be a priority to lower the total
upfront costs of a TEG system in order to make them most competitive. With the optimization
techniques delineated in this chapter with the help of the analytical model results, the upfront
costs in TEGs, holding other aspects of the system equal, could decrease by more than five times
in future applications.
5.2 Experimental Model Validation
From Figures 5.1 through 5.3, it can be seen that there are some aspects of the
experimental model that may be said to be validated by the analytical model, however not all
aspects of the analytical model validated the experimental model. Primarily there is some
agreement between the predicted output current and the measured output current. Also, there is
some agreement between the hot and cold junction temperatures for unit cells with respect to
load resistance. Lastly, the output power follows the assumption that a maximum power output
occurs at a location where the load resistance is equal the internal resistance, which is about 5.8
ohms as predicted by the effective material properties. At least this aspect of the system could be
validated, however, there is not a complete analytical model that can accurately predict the
power output with variation of load resistance. This will have to be the focus of a future study.
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CHAPTER VI
CONCLUSION
This work aimed to validate an analytical thermoelectric system using four TEGs
connected in series with a two channel loop in order to establish the heat gradient. It partially
achieved this aim with the experimental results. What is lacking is a comprehensive model that
can model four TEGs in series as load resistance is varied, and this will need to be the focus of
some future study.
However, valuable insights from analytical modeling of a single unit cell were obtained.
Namely, the rapid increase in power output with volumetric flow rate was highlighted as a
powerful effect with the ability to have a profound impact on low grade waste heat recovery, as
new strategies for capturing waste heat with existing technologies could be organized around this
principle. Of course, future research should test the variation of hot side flow rate with
temperature while keeping the temperatures and other aspects of the system equal.
Furthermore, the analytical model was able to provide insights into how a variation of leg
length could lead to a dramatic increase in power output with existing materials. While the
science of this aspect of thermoelectric generator production is still in an experimental stage, the
future hold promise for the science of electric generation using the thermoelectric effect and low
grade waste heat. As prices of materials continue to decrease, and nanotechnologies open new
frontiers for the production of thermoelectric semiconducting materials, combined with new
strategies centered around the ever-developing science of thermoelectrics in general, it is likely
that the process could become very competitive with existing processes. In the future, strategies
for maximizing TEG output with varying flow rate could provide immediate, up front impacts to
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the attractiveness of TEG technology and its use in environments that produce low grade waste
heat, like power plants.
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Appendix B
Temperature Controlled Liquid Baths
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