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OPTIMIZATION OF ANALYTICAL INVERSE HEAT TRANSFER RECOVERY
SOLUTION
Nathan Paul Schick, M.S.E
Western Michigan University, 2018

This thesis describes the different methods used when trying to solve inverse heat transfer
problems, particularly those involving recovering heat flux. There are currently several
techniques to measure the temperature history in an object subjected to heat transfer using
various temperature sensors, however these types of sensors are gradually being replaced by
Temperature Sensitive Paints (TSP), a technique that is more accurate and provides a better
spatial resolution. TSP is a polymer that is applied on a base object. Changes in temperature in
the polymer result in variations of the luminescence intensity in the paint. These variations can
be captured by a monochrome Coupled Charged Device (CCD) camera, with a grayscale.
Knowing the temperature history at the surface of an object will allow for the recovery of the
heat flux provided that the inverse problem can be solved.
Liu, along with others, have studied, created, and tested solutions that would allow the
heat flux to be recovered analytically considering a semi-infinite base (Liu 2010) as well as a
finite base (Liu 2017). A numerical solution to recover the heat flux history using a finite base
for TSP data was presented by Cai (Cai 2017). However, depending on the size of the image
used to measure the temperature history of an object and the number of images, both solutions
might require a significant amount of time, sometimes days, to recover the heat flux of the
object. Using MATLAB the method created by Liu was optimized so that the time required to
recover the heat flux history has been significantly reduced from about 2 days to 30-60 seconds.
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NOMENCLATURE

Nomenclature
a
c
hc
k
L
q”
qs
Re
t
T
Tin
̅
𝑊
x

Greek symbols
δ
angle of contour segment
ε
√𝑘𝑝 𝜌𝑝 𝑐𝑝 /𝑘𝑏 𝜌𝑏 𝑐𝑏
𝜀̅
( 1 – ε ) / ( 1 + ε)
θ
temperature change from initial
temperature
ρ
density
φ
jet impingement angle

thermal diffusivity
specific heat
convective heat transfer coefficient
thermal conductivity
thickness
heat flux
surface heat flux
real part of complex function
time
temperature
initial temperature
effects of polymer, base thickness
and heat transfer at backside
surface coordinate

Subscripts
b
base
p
polymer
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INTRODUCTION

History of Inverse Heat Transfer Problems
“If the heat flux or temperature histories at the surface of a solid are known as functions
of time, then the temperature distribution can be found. This is termed a direct problem. In many
dynamic heat transfer situations, the surface heat flux and temperature histories of a solid must
be determined from transient temperature measurements at one or more interior locations; this is
an inverse problem.” (Beck 1985)
In order to present a brief history of inverse heat transfer problems the following
summary from Beck (Beck 1985) is presented in the next four paragraphs.
Solving a direct problem is, in principle, less difficult than solving an inverse problem.
For example, a 3D transient direct problem can be solved only numerically, there is no analytical
solution to this problem. A direct problem consists of a governing equation representing the
phenomenon to be studied and sufficient number of boundary conditions (and an initial
condition, if the phenomenon occurs under non-steady state conditions), then using this
information to solve for the parameter(s) that the governing equation models. For example,
consider a solid object subjected to a known heat flux at one of its surfaces and perfectly
insulated everywhere else, assuming steady-state conditions, the temperature distribution for the
interior of the solid can be determined using a numerical or analytical approach. This is a direct
heat conduction problem, because the parameter modeled by the governing equation can be
determined using the boundary conditions. On the other hand, an inverse problem involves
having governing equations along with the answers, then using this information to solve for the
1

boundary conditions. For example, when given a temperature distribution at the surface of a solid
the heat flux can be solved for as an inverse heat conduction problem
Experimentally, both direct and inverse heat conduction problems present significant
challenges. When conducting an experiment as a direct problem, the surface temperature is
needed. However, when collecting the surface temperature, the sensor used may disrupt the
accuracy of the measurements resulting in faulty surface temperature measurements. For
example, if the temperature on the surface were required for an object that is subjected to a heat
flux from an impinging jet, the sensor used to collect the data for the heat transfer would be in
the path of the jet modifying the nature of the flow and thus causing errors in the data. When
conducting an experiment as an inverse problem, the temperature history at an interior location
or insulated surface is measured which is often much more accurate than gathering the surface
temperature. In this case the difficulty arises when the temperature history throughout the object
needs to be determined due to the challenging nature of solving an inverse heat transfer problem.
A number of inverse heat transfer problems have been studied. Stolz was one of the
earliest to address the calculation of heat transfer rates during quenching of bodies in simple
finite shapes in 1960. Mirsepassi claimed that prior to 1960 he had used similar techniques that
Stolz had used both numerically and graphically. Beck also studied inverse heat transfer
problems and was able to develop concepts that permitted much smaller timesteps than the
method developed by Stolz. Due to the importance of solving inverse heat conduction problems
for both space and nuclear applications, a significant number of books and papers have been
published.
There are many approaches to solving inverse heat conduction problems, for example
linear problems can be addressed using Duhamel’s theorem or Laplace transforms. To solve non2

linear problems numerical methods such as finite differences and finite elements are usually
employed. Exact techniques that have limited use for realistic problems include Burggraf, Imber
and Khan, Langford, and others. (Beck 1985)
Temperature Data Collection
A summary of the work presented by Liu (Liu 2005) is presented in the following four
paragraphs.
Quantitative measurements of temperature in wind tunnels and flight testing are
necessary in understanding the heat transfer characteristics of flight vehicles. Temperature
measurements can provide important information on various flow phenomena like shock, flow
separation and boundary-layer transition. Additionally, temperature data is important for the
validation and verification of computational fluid dynamics (CFD) codes.
Traditionally, temperature measurements are obtained using sensors such as
thermocouples and resistance thermometers distributed at discrete locations. However, since the
1980s, new optical sensors for measuring surface temperature have been developed based on the
quenching mechanisms of luminescence. The luminescent molecule sensor is called Temperature
Sensitive Paint (TSP). This technique offers the capability for non-contact, full-field
measurements of temperature on a complex aerodynamic model with much higher spatial
resolution and a lower cost compared to the more traditional methods.
TSP works by dissolving the luminophore and polymer binder in a solvent; the resulting
paint can then be applied onto the aerodynamic model’s surface. Once the solvent evaporates, a
solid polymer coating in which the luminescent molecules are immobilized remains on the
surface. Finally, once the TSP has been calibrated, the temperature field can be recorded by
detecting luminescent emissions (i.e. changes in gray scale).
3

A family of TSP’s has been developed covering a temperature range of -196°C to 200°C
typically with an accuracy of 0.2-0.8°C. When using TSP in low speed wind tunnels, generally it
is best to heat and cool the surface to notice an increased temperature difference. When using
TSP in high speed wind tunnels, there is enough friction to cause a temperature difference. In
hypersonic wind tunnels, TSP allows the visualization of flow transition patterns and provide
quantitative heat transfer data calculated based on quasi-steady and transient heat transfer
models. Additionally, TSP is effective for highlighting the boundary-layer transition from
laminar to turbulent flow because of the significant difference in convection heat transfer
between laminar and turbulent flow regimes. (Liu 2005)
The conventional method of using local gauges in hypersonic wind tunnels has been
described by Schultz and Jones to recover heat transfer measurements. However, with the
development of TSP, the conventional methods are no longer applicable because the of added
polymer layer that changes measurement results. (Liu 2010)

Methods Using TSP to Solve Inverse Heat Transfer Experiments
Discrete Fourier law is one of the approaches used to solve an inverse heat conduction
problem, provided that the temperature history of the object studied is obtained using TSP. This
method is widely used because of its simplicity and reasonable high accuracy for highconductive bases. Another widely used method is based on the transient solution of a onedimensional (1-D) time-dependent heat conduction equation. Merski used an analytical solution
for 1-D semi-infinite bodies by assuming heat flux is proportional to the enthalpy difference
between adiabatic and real model walls, this allowed for a step change of heat flux. Generally,
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the method used by Merski in which a temperature field is used to calculate the heat flux is
referred to as an inverse heat conduction problem. (Liu 2010)
To solve the inverse heat conduction problem, first an exact solution for the thermal
properties is given by applying an inverse Laplace transform. Next, the discrete form of the
solution, a generalization of the Cook-Felderman method is used to calculate the heat flux based
on surface temperature field history. To include the effect of lateral heat conduction a Fourier
transform, and Laplace transform are considered. This analytical method developed by Liu
allows for the calculation of heat flux using TSP for semi-infinite bases (Liu 2010) and finite
bases (Liu 2017) in a 3-D setting. A numerical solution was also developed by Cai for finite
bases (Cai 2017). These methods have been tested and proved to give accurate results. The
purpose of this paper is optimizing the analytical solutions developed by Liu.

5

DIRECT PROBLEM CALCULATION OF TEMPERATURE HISTORY

Direct Problem
To solve for the recovered heat flux, first there must be an accurate temperature history.
Using TSP, the temperature history will be given. However, in simulations the temperature
history must be solved using a direct problem. In the direct problem a known heat flux history
(q”) will be applied followed by the use of governing equations and sufficient boundary
conditions to solve for the temperature history. The accurate determination of the temperature
history is needed so the solution of the recovered heat flux in the inverse problem can be
validated.
Temperature Independent Properties
Using a known heat flux, along with the thermal conductivity (k), specific heat (c),
density (ρ), and thermal diffusivity (a) = k/(c*ρ) of each material, the temperature history at any
location can be calculated for a 1D and 2D case. Focusing only on the 1D case, the example used
is given in Figure 1,

6

Figure 1. Model Diagram
Using the governing equation given in Equation 1.A the temperature history can be
calculated for the polymer layer.
𝑑𝑇
𝑑2𝑇
= 𝑎𝑝 2 − −(1. 𝐴)
𝑑𝑡
𝑑𝑥
Implementing the first order forward difference method to get an expression for

𝑑𝑇
𝑑𝑡

and

𝑑2 𝑇

the second order central difference method at the next timestep to an expression for 𝑑𝑥 2 ,
Equation 1.A can be discretized into Equation 1.B.
𝑗+1

𝑇𝑖

𝑗

𝑗+1

𝑗+1

𝑗+1

− 𝑇𝑖
𝑇
− 2 ∗ 𝑇𝑖
+ 𝑇𝑖−1
= 𝑎𝑝 𝑖+1
− −(1. 𝐵)
2
∆𝑡
(∆𝑥𝑝 )

Finally, Equation 1.C simplifies Equation 1.B into a more useful equation with the lefthand side containing the temperatures known while the right-hand side contains the temperatures
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that need to be determined. This method is known as an implicit scheme and has the advantage
of being unconditionally stable as opposed to the explicit method.
𝑗

𝑗+1

𝑇𝑖 = 𝑇𝑖

∗ (1 +

2 ∗ 𝑎𝑝 ∗ ∆𝑡
(∆𝑥𝑝 )

2

𝑗+1

) − 𝑇𝑖+1 ∗ (

𝑎𝑝 ∗ ∆𝑡
(∆𝑥𝑝 )

𝑗+1 𝑎𝑝
2 ) − 𝑇𝑖−1 (

∗ ∆𝑡

(∆𝑥𝑝 )

2)

− −(1. 𝐶)

Figure 2 provides a model that will be used to explain the sub-indices in the discretized
equation.

Figure 2. Model Diagram Including Nodes
Although not shown in Figure 2, there are more nodes located between ‘Node 2’ and
‘Final Polymer Node’ all equally spaced, also there are more nodes located between ‘First
Material Node’ and ‘Final Node’ all equally spaced.
The boundary conditions for the polymer subjected to a heat flux are derived by means of
an energy balance at the surface, where the thermal properties are assumed to be constant,
(Equation 2.A). Using forward difference method for the next timestep to get an expression for
8

𝑑𝑇
𝑑𝑥

while also using forward difference method to get an expression for

𝑑𝑇
𝑑𝑡

which allows for the

discretization of Equation 2.A into Equation 2.B, simplifies the function so that it is useful in
solving for temperature history. Equation 2.C implements the implicit scheme on Equation 2.B
with the known values contained on the left-hand side while the values that must be solved for
are contained on the right-hand side. The subscripts denote the node location (starting at node 1)
for temperature while the remaining subscripts show the material being used. The superscripts
denote the time with j being the current time and j+1 being the following timestep.
𝑞" + 𝑘𝑝
𝑗+1

𝑞" + 𝑘𝑝

𝑗

𝑇1 +

𝑇2

𝑑𝑇 𝜌𝑝 ∗ ∆𝑥𝑝 ∗ 𝑐𝑝 𝑑𝑇
=
− −(2. 𝐴)
𝑑𝑥
2
𝑑𝑡
𝑗+1

− 𝑇1
∆𝑥𝑝

𝜌𝑝 ∗ ∆𝑥𝑝 ∗ 𝑐𝑝 (𝑇1𝑗+1 − 𝑇1𝑗 )
=
− −(2. 𝐵)
2
∆𝑡

2 ∗ 𝑘𝑝 ∗ ∆𝑡
2 ∗ 𝑘𝑝 ∗ ∆𝑡
2 ∗ 𝑞" ∗ ∆𝑡
𝑗+1
𝑗+1
= 𝑇1 ∗ (1 +
) − 𝑇2 ∗ (
) − −(2. 𝐶)
2
2
𝜌𝑝 ∗ ∆𝑥𝑝 ∗ 𝑐𝑝
𝜌𝑝 ∗ (∆𝑥𝑝 ) ∗ 𝑐𝑝
𝜌𝑝 ∗ (∆𝑥𝑝 ) ∗ 𝑐𝑝
The matching condition between the polymer layer and the base material is obtained also

from an energy balance at the interface. This relation provides the last equation, needed to solve
Equation 1.C and thus obtain the temperature history of the polymer layer, (Equation 3.A).
𝑘𝑝

𝑑𝑇
𝑑𝑇
= 𝑘𝑏
− −(3. 𝐴)
𝑑𝑥
𝑑𝑥
𝑑𝑇

Using forward difference method to get an expression for 𝑑𝑥 , Equation 3.A can be
discretized into Equation 3.B so that it is useful in solving for the temperature history.
𝑗+1

𝑘𝑝

𝑇𝑝

𝑗+1

− 𝑇𝑝−1

∆𝑥𝑝

𝑗+1

= 𝑘𝑏

𝑗+1

𝑇𝑝+2 − 𝑇𝑝+1
∆𝑥𝑏

− −(3. 𝐵)

Equation 3.C simplifies Equation 3.B so that the known values are on the left-hand side
(0 in this case) while the unknown values needed to be solved for are on the right-hand side.
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𝑗+1

𝑗+1

𝑇𝑝−1

𝑗+1

𝑗+1

𝑇𝑝+1
𝑇𝑝+2
𝑇𝑝
0 = −𝑘𝑝 ∗
+ 𝑘𝑝 ∗
+ 𝑘𝑏 ∗
− 𝑘𝑏 ∗
− −(3. 𝐶)
∆𝑥𝑝
∆𝑥𝑝
∆𝑥𝑏
∆𝑥𝑏
The governing equation for the base material is fundamentally the same as that of the
polymer film, (Equation 2.A-2.C) being only necessary to replace the thermal properties of the
polymer with those of the base material, thus resulting in Equation 4.A-4.C.
𝑑𝑇
𝑑2𝑇
= 𝑎𝑏 2 − −(4. 𝐴)
𝑑𝑡
𝑑𝑥
𝑗+1

𝑇𝑖

𝑗

𝑗+1

𝑇𝑖 = 𝑇𝑖

𝑗

𝑗+1

𝑗+1

𝑗+1

− 𝑇𝑖
𝑇
− 2 ∗ 𝑇𝑖
+ 𝑇𝑖−1
= 𝑎𝑏 𝑖+1
− −(4. 𝐵)
2
(∆𝑥𝑏 )
∆𝑡

∗ (1 +

2 ∗ 𝑎𝑏 ∗ ∆𝑡
𝑎𝑏 ∗ ∆𝑡
𝑗+1
𝑗+1 𝑎𝑏 ∗ ∆𝑡
) − 𝑇𝑖+1 ∗ (
) − 𝑇𝑖−1 (
) − −(4. 𝐶)
2
2
(∆𝑥𝑏 )
(∆𝑥𝑏 )
(∆𝑥𝑏 )2

Finally, it is assumed the material is insulated on the bottom end. Equation 5 provides the
discretized form of the last boundary condition needed.
𝑗+1

𝑗+1

𝑇𝑓𝑖𝑛𝑎𝑙 − 𝑇𝑓𝑖𝑛𝑎𝑙−1 = 0 − −(5)
Assuming that q” for each timestep (Δt), the thermal properties of the polymer (kp, ap, cp,
and ρp), the thermal properties of the material (kb, ab, cb, and ρb), the initial temperature at each
0
node (𝑇10 − 𝑇𝐹𝑖𝑛𝑎𝑙
), the distance between each node for the polymer (Δxp) and the material (Δxb)

are known, the temperature history can be calculated. This is known as a direct problem.
Equations 1-5 allow for a very accurate implicit approximation based on the number of
nodes used (increasing nodes increases accuracy) and size of Δt (decreasing Δt increases
accuracy). The accuracy increases because the implicit method, being unconditionally stable,
allows timesteps and separation between nodes as small as required, as opposed to the explicit
method that is easier to implement but is not unconditionally stable. The temperature determined
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using the implicit method for a given node is also a function of temperature on the surrounding
nodes.

Temperature Dependent Properties
Large temperature gradients or variations can affect the thermal properties of the
materials. To increase accuracy, temperature dependent properties can be used instead of if the
properties are kept constant. In general using temperature dependent properties will result in a
more accurate determination of the temperature history, however, when variations in temperature
are relatively small, the difference in temperature history computed using constant temperature
properties and temperature dependent properties is negligible. For example in the case of using
the polymer made of Mylar the temperature dependent properties equations are (Cai 2017):
𝑘𝑝 = 0.16 − 0.0004 ∗ (𝑇 − 293) − −(6. 𝐴)
𝑐𝑝 = 1540 + 4 ∗ (𝑇 − 293) − −(6. 𝐵)
𝑎𝑝 =

𝑘𝑝
0.16 − 0.0004 ∗ (𝑇 − 293)
=
− −(6. 𝐶)
𝑐𝑝 ∗ 𝜌𝑝 (1540 + 4 ∗ (𝑇 − 293)) ∗ 1300

Therefore, for a case of a change in temperature from 293 K to 294 K, you get
∆𝑘𝑝 = 0.0004
∆𝑐𝑝 = 4

𝑊
𝑚−𝐾

𝐽
𝑘𝑔 − 𝐾

∆𝑎𝑝 = 4.0633 ∗ 10−10

𝑚2
𝑠

Compared to a typical case at 293 K, the relative difference is:
𝑘𝑝 =

∆𝑘𝑝
0.0004
=
= 0.25%
𝑘𝑝
0.16 − 0.0004 ∗ (293 − 293)
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𝑐𝑝 =

𝑎𝑝 =

∆𝑐𝑝
4
=
= 0.2597%
𝑐𝑝
1540 + 4 ∗ (293 − 293)

∆𝑎𝑝
=
𝑎𝑝

4.0633 ∗ 10−10
0.16 − 0.0004 ∗ (293 − 293)
(
)
(1540 + 4 ∗ (293 − 293)) ∗ 1300

= 0.508%

However, as the magnitude of the heat flux increases, so will the error. If the heat flux is
large enough to need temperature dependent properties, then the temperature dependent
properties must be calculated at each timestep and inserted into Equations 1-5 to solve for the
temperature history. For example, solving for temperatures at the next timestep using
temperature dependent properties, first solve for the values of the properties at the current
temperature. Next, use those values into the Equations 1-5 to determine the temperature at the
next timestep and repeat this process until the temperature history is completely computed. The
use of temperature dependent properties can result in inaccuracies that cause significant errors
because of the difference in temperature is too large between timesteps. When using temperature
dependent properties, the properties used to calculate the next iterations temperatures are based
off of the current temperature. Therefore, when the difference in temperature increases so does
the inaccuracy of the calculations. This error generally occurs when the heat flux is too large (for
the given simulation this occurs when q” > 460,000 W/m2 resulting in oscillations between
extremely high and low temperatures)

12

CALCULATING RECOVERED HEAT FLUX DIRECT METHOD

Semi-Infinite Base
Once an accurate temperature history on the surface is determined either by using the
methods previously discussed, TSP, or other methods, it is possible to recover the heat flux. If
using temperature independent thermal properties, use the temperature history along with the
values used for the thermal properties. If using temperature dependent properties use the
temperature history with the values of the thermal properties being the values determined with
the temperatures at the previous timestep. Liu presents an exact solution for recovered heat flux
given in Equation 7.A (Liu 2010).

𝑞𝑠 (𝑡) =

𝑘𝑝 (1 − 𝜀̅2 )
√𝜋 ∗ 𝑎𝑝

𝑡

∫
0

̅ (𝑡 − 𝜏, 𝜀̅) 𝑑𝜃𝑝𝑠 (𝜏)
𝑊
𝑑𝜏 − −(7. 𝐴)
𝑑𝜏
√𝑡 − 𝜏

This expression can be written in discretized form as:
𝑞𝑠 (𝑡) ≅

𝑘𝑝 (1 − 𝜀̅2 )
√𝜋 ∗ 𝑎𝑝

𝑛

∑

𝜃𝑝𝑠 (𝑡𝑖 ) − 𝜃𝑝𝑠 (𝑡𝑖−1 )

√𝑡𝑛 − 𝑡𝑖 + √𝑡𝑛 − 𝑡𝑖−1
𝑖=1

̅ (𝑡𝑛 − 𝑡𝑖 ) + 𝑊
̅ (𝑡𝑛 − 𝑡𝑖−1 )] − −(7. 𝐵)
[𝑊

̅ (𝑡, 𝜀̅) being the effect of the polymer layer given below in Equation 8. The
With 𝑊
parameter 𝜀̅ = ( 1 – ε ) / ( 1 + ε) with ε = √𝑘𝑝 𝜌𝑝 𝑐𝑝 /𝑘𝑏 𝜌𝑏 𝑐𝑏 . The temperature change at the
polymer surface is 𝜃𝑝𝑠 (𝑡) = 𝑇(𝑡, 𝐿𝑝 ) − 𝑇𝑖𝑛 with Lp being the polymer thickness and Tin being the
initial temperature.
̅ (𝑡, 𝜀̅) =
𝑊

∞

exp(−𝜉 2 ) 𝑑𝜉
∫
− −(8)
2𝐿𝑝 𝜉
√𝜋
2
0 1 + 𝜀̅ − 2𝜀̅ cos (
)
√ 𝑎𝑝 ∗ 𝑡
2
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Using Equations 7.B and 8, it is possible to calculate the heat flux applied on the surface
of the plate.

Finite Base
Considering a finite thickness plate is a more realistic approach to model this problem.
Similarly, as a semi-infinite base, the temperature history must first be calculated. If using
temperature independent thermal properties, use the temperature history along with the values
used for the thermal properties. If using temperature dependent properties use the temperature
history with the values of the thermal properties being updated using the temperature computed
at the previous timestep. Liu provides an exact solution to calculate the heat flux given in
Equation 9.A on the plates surface (Liu 2017).

𝑞𝑠 (𝑡) =

𝑘𝑝

𝑡

∫

√𝜋 ∗ 𝑎𝑝 0

̅ (𝑡 − 𝜏) 𝑑𝜃𝑝𝑠 (𝜏)
𝑊
𝑑𝜏 − −(9. 𝐴)
𝑑𝜏
√𝑡 − 𝜏

The discretized form of the previous equation can be written as:
𝑞𝑠 (𝑡𝑛 ) ≅

𝑛

𝑘𝑝

𝜃𝑝𝑠 (𝑡𝑖 ) − 𝜃𝑝𝑠 (𝑡𝑖 )

∑

√𝜋 ∗ 𝑎𝑝 𝑖=1 √𝑡𝑛 − 𝑡𝑖 + √𝑡𝑛 − 𝑡𝑖−1

̅ (𝑡𝑛 − 𝑡𝑖 ) + 𝑊
̅ (𝑡𝑛 − 𝑡𝑖−1 )] − −(9. 𝐵)
[𝑊

̅ (𝑡, 𝜀̅) being the effect of the polymer layer given below in Equation 10.
With 𝑊
̅ (𝑡) =
𝑊

2
√𝜋

∞

𝑅𝑒 ∫
0

1 − 𝐴2 + 2𝐴𝑠𝑖𝑛(𝛽)𝑖
𝑖𝛿
exp (−𝜉 2 𝑒 −𝑖𝛿 − ) 𝑑𝜉 − −(10)
2
1 + 𝐴 − 2𝐴𝑠𝑖𝑛(𝛽)
2
𝐴 = |𝑚
̂ |𝐸 − −(11. 𝐴)
𝛽 = 𝛼 + 𝜙 − −(11. 𝐵)
𝜑 = arg(𝑚
̂ ) − −(11. 𝐶)
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𝑚
̂=

𝜀̅ − 𝑚
− −(11. 𝐷)
1 − 𝜀̅𝑚

𝑖𝛿 1

𝑚=

𝜉 + ℎ̅𝑐 𝑖𝑒 2 𝑡 2
𝜉−

1

exp (−𝜉𝑡 −2
1

𝑖𝛿
ℎ̅𝑐 𝑖𝑒 2 𝑡 2

1

𝐸 = exp (−𝜉𝑡 −2
1

𝛼 = −𝜉𝑡 −2

ℎ̅𝑐 =

2𝐿𝑝
√𝑎𝑝

2𝐿𝑝
√𝑎𝑝

𝑐𝑜𝑠 (

sin (

2𝐿𝑏
√𝑎𝑏

𝑖𝑒 −𝑖𝛿 ) − −(11. 𝐸)

𝜋−𝛿
)) − −(11. 𝐹)
2

𝜋−𝛿
) − −(11. 𝐺)
2

ℎ𝑐
√𝑘𝑏 𝜌𝑏 𝑐𝑏

− −(11. 𝐻)

Using Equations 9.B, 10, and 11.A-11.H the heat flux on a finite thickness plate with a polymer
layer can be calculated. With hc being the convective heat transfer coefficient on the backside of
the base, δ is a finite angle of the contour for the inversion of the Laplace transform, Re denotes
real values, and Lb being the length of the base layer. If the bottom of the plate is insulated then
hc = 0.
Semi-Infinite and Finite Base Simulations Results
Using four different applied heat flux simulations, the temperature history was
determined for both temperature independent and dependent properties. Then, in order to test the
solutions provided in Equations 7.B and 9.B, the heat flux was calculated using both semiinfinite and finite thickness plate solutions. Four simulations were performed with applied heat
fluxes values centered around 50,000 W/m2 for 3 seconds with a timestep of 0.1 seconds. The
first applied heat flux is a constant of 50,000 W/m2 (Figures 3 and 7). The second applied heat
flux is a triangle starting at 25,000 W/m2 with a linear increase up to reaching a value of 75,000
W/m2 at the midpoint followed by a linear decrease back to 25,000 W/m2 at the end (Figures 4
15

and 8). The third applied heat flux is a step function which is a constant 25,000 W/m2 until the
midpoint followed by a constant 75,000 W/m2 until the end (Figures 5 and 9). The fourth and
final applied heat flux is a constant 50,000 W/m2 until the midpoint then it becomes a sine wave
with an amplitude of 10,000 W/m2 until it reaches the end (Figures 6 and 10). The maximum
percent errors for each case are shown in Tables 1 and 2 (excluding any lagging data from steps
in heat flux) using the formula given in Equation 12.
𝑃𝑒𝑟𝑐𝑒𝑛𝑡 𝐸𝑟𝑟𝑜𝑟 =

(𝑞"𝑎𝑝𝑝𝑙𝑖𝑒𝑑 − 𝑞"𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑒𝑑 )
∗ 100% − −(12)
𝑞"𝑎𝑝𝑝𝑙𝑖𝑒𝑑
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Temperature Independent Simulations

Figure 3. Constant Applied Heat Flux
Figure 3 shows that the finite base thickness is very close to the constantly applied heat
flux while the semi-infinite thickness heat flux decreases in accuracy as time increases.
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Figure 4. Triangular Applied Heat Flux
Figure 4 shows that the finite base thickness is very close to the triangular geometry applied
heat flux while the semi-infinite thickness heat flux decreases in accuracy as time increases.
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Figure 5. Step Applied Heat Flux
Figure 5 shows that the finite base thickness is very close to the step function applied heat
flux while the semi-infinite thickness heat flux decreases in accuracy as time increases.
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Figure 6. Constant to Sine Wave Applied Heat Flux
Figure 6 shows that the finite base thickness is very close to the constant to sine wave
function applied heat flux while the semi-infinite thickness heat flux decreases in accuracy as
time increases.
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Table 1 Semi-Infinite and Finite Temperature Independent Simulation Results
Semi-Infinite

Finite

Constant

3.7824%

0.0603%

Triangular

7.3039%

0.1469%

Step

1.5376%

0.1661%

Constant to Sine Wave

3.1509%

0.3169%

Temperature Dependent Properties Simulations

Figure 7. Constant Applied Heat Flux
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Figure 7 shows that the finite base thickness is more accurate than the semi-infinite thickness
when compared to the constantly applied heat flux.

Figure 8. Triangular Applied Heat Flux
Figure 8 shows that the finite base thickness is more accurate than the semi-infinite thickness
when compared to the triangular geometry applied heat flux.

22

Figure 9. Step Applied Heat Flux
Figure 9 shows that the finite base thickness is more accurate than the semi-infinite thickness
when compared to the step function applied heat flux.
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Figure 10. Constant to Sine Wave Applied Heat Flux
Figure 10 shows that the solution for finite base thickness is more accurate than the solution
for the semi-infinite thickness when compared to a heat flux that starts at a constant 50,000
W/m2 until the midpoint then becomes a sine wave function.
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Table 2 Semi-Infinite and Finite Temperature Dependent Simulation Results
Semi-Infinite

Finite

Constant

4.7578%

1.0495%

Triangular

6.9581%

1.8892%

Step

4.2407%

2.7488%

Constant to Sine Wave

4.4164%

2.1853%

When comparing the maximum error of temperature independent to dependent properties
it is noticeable that the dependent properties have mostly larger errors for recovered heat flux.
The dependent properties give mostly larger errors because of the use of forward difference
method when calculating the temperature history. The use of too large a timestep or not enough
nodes can cause errors because in the forward difference method because it is an estimate for the
next values, based on the previous values. Therefore, when the difference in properties becomes
larger (high heat flux) the temperature history will decrease in accuracy. The centering of around
50,000 W/m2 is large enough to cause problems with the accuracy of the temperature history,
Figure 11 shows an example of using temperature dependent properties to increase the accuracy
when the heat flux is a constant of a 5,000 W/m2 reducing the effects of heat flux between steps.
The greatest percent error for a constant heat flux of 5,000 W/m2 is 0.0603% for temperature
independent properties (same as for the case of heat flux centered around 50,000 W/m2), while it
is 0.0387% for temperature dependent properties thus increasing the accuracy.
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Figure 11. Temperature Independent and Dependent Properties
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RECOVERED HEAT FLUX USING TSP RESULTS

Numerical and Analytical Results
Simulation
Experiment 2 uses a simulated heat flux on a finite thickness plate, then solving the
corresponding one-dimensional transient direct problem, the temperature history of the plate is
determined. After the direct problem has been solved, the surface temperature history of the plate
is used to recover the heat flux using the solutions for both temperature independent and
dependent properties, developed in this thesis and a modified analytical method which uses a
numerical method to correct the temperature independent solution (Liu 2018). For this
simulation, a high heat flux (~90,000 W/m2) was used, which results in significant temperature
variations on the plate thus making it necessary to consider the temperature variations in the
thermal properties of the plate. The total time of the simulation is 2.00 s. with timesteps of 0.01
s. Figures 12-15 shows the recovered heat flux for the entire plate at 0.5, 1.0, 1.5, and 2.0 s.
respectively comparing the previously mentioned solutions with that of the given heat flux.
Figure 16 shows the history of two pixels, in a high and medium section of input heat flux, for
recovered heat flux with the modified analytical method (Liu 2018), the analytical method with
temperature dependent properties, and the analytical method with temperature independent
properties.
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Figure 12. Recovered Heat Flux of Plate at t = 0.50 seconds
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Figure 13. Recovered Heat Flux of Plate at t = 1.00 seconds
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Figure 14. Recovered Heat Flux of Plate at t = 1.50 seconds
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Figure 15. Recovered Heat Flux of Plate at t = 2.00 seconds
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Figure 16. Recovered Heat Flux Comparison
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Figures 12-15 show that in general the heat flux across the entire plate is accurate using these
methods. It can be seen in Figure 16 that using temperature dependent properties increases the
accuracy of the recovered heat flux when heat flux is large compared to the temperature
independent properties with the modified analytical method resulting in the best results.

Experiment
TSP was used to determine the temperature history on the surface of a plate subjected to
heat removal by impinging jet that ran for 10 seconds with a timestep of 0.2 seconds. Next, the
amount of heat flux removed was determined using a numerical approach with temperature
independent properties and an analytical approach using both temperature independent and
dependent properties. Figure 17 shows how the numerical method with 15 iterations compares to
the analytical method for both temperature independent and dependent properties for a point on
the plate located as a location where the heat flux is one of the largest (125 x 300). Figures 18-21
show the recovered heat flux for the entire plate at 2.4, 5.0, 7.4 and 10 seconds respectively.
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Figure 17. Numerical and Analytical Experimental Results
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Figure 18. Recovered Heat Flux of Plate at t = 2.4 seconds
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Figure 19. Recovered Heat Flux of Plate at t = 5.0 seconds
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Figure 20. Recovered Heat Flux of Plate at t = 7.4 seconds
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Figure 21. Recovered Heat Flux of Plate at t = 10 seconds
The results from the numerical method match almost exactly with those of the analytical
solution. Figure 17 shows that for relatively low heat fluxes in experiments, temperature
independent and dependent properties result in very similar results. However, the numerical
method required about 1-2 days to run, temperature dependency requires about 2-3 hours, and
temperature independent only required about 30-60 seconds. Therefore, when the heat flux is
relatively low or the change in temperature is less than 20 K for the entire process, using the
analytical solution with temperature independent properties results in accurate results in
significantly less time. Figures 18-21 give a visualization of what the heat flux across the entire
plate looks like along with where the impinging jet is localized for the input heat flux.
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APPLICATIONS

Graphical User Interface Benefits
Once an accurate temperature history from the TSP is collected, the user can use a
graphical user interface (GUI) to easily have the data analyzed (Figure 22). The steps on how to
use the GUI are in the next section. The GUI allows the heat flux or temperature history of a
plate or pixel to be analyzed using finite thickness formulas for both temperature independent or
dependent properties. The GUI can also give a time-based image on the change in heat flux and
temperature for every pixel on the plate simultaneously.

Figure 22. MATLAB GUI
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How to Use GUI
Input Parameters Section
1. Choose polymer type from drop-down menu which include:
a. Mylar
b. PVC
2. Choose material type from drop-down menu which include:
a. Aluminum
b. Aluminum 6061
c. Nylon6
d. Stainless Steel
e. Steel
3. Input the time that the jet starts, the total time, timestep, and initial temperature into
corresponding areas.
4. Input core name of temperature history files into file name area. For example, if the
names of the temperature files are ‘dt_heated_50_1’,
‘dt_heated_50_2’,…,’dt_heated_50_60’ then the core file name would be
‘dt_heated_50_’ excluding the final number.
5. Input the name that the results will be saved to under the ‘Save Workspace As:’ area.
6. Check the box for temperature dependent properties or leave it unchecked for
temperature independent properties.
7. Click the ‘Run Program’ button to run the program to get the results.
Load File Section
1. Input the name of a previously run result to analyze that file.
44

Pixel Point Section
1. Choose from the drop down menu whether to display heat flux or temperature results.
2. Choose a vertical and horizontal pixel to analyze.
3. Click the ‘Pixel History’ button to plot the heat flux or temperature history for a chosen
pixel.
Image Plot Section
1. Input the plot speed, in seconds, that the plot will change images
2. Choose from the drop down menu whether to display heat flux or temperature results
3. Choose from the drop down menu whether to display dynamic or static results
a. If choosing static, input a time at which to freeze the image
4. Click the ‘Plate History’ button to get the requested image(s).
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CONCLUSION

With the use of TSP there has been extensive research, simulations, and experiments that
have assisted in the study of aerothermodynamics. Liu was able to create an accurate method for
recovering heat flux using a semi-infinite base (Liu 2010). Improving his work, Liu was also
able to create an accurate method for recovering heat flux using a finite base (Liu 2017). While
Cai also created a numerical method that accurately recovered heat flux using a finite base (Cai
2017). The work done by Liu and Cai were both shown to be accurate for recovering heat flux.
However, both require a significant amount of time to recover the heat flux, in particular when
the temperature history is determined using high resolution images such as those obtained using
TSP. The work presented in this paper provided an optimized approach to the analytical method
given by Liu (Liu 2017) maintaining the accuracy required but in a much more time efficient
procedure. Once the methods used in this paper were proved to be accurate, a GUI was created
that allows for recovered heat flux to readily be solved for.
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