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A PROCEDURE FOR G-MATRIX CALCULATION FROM 

A MOMENTUM SPACE POTENTIAL 

Zhaohui Gao Busche, M.A.

Western Michigan University, 1994 

In this work a numerical procedure was found to cal­

culate the G-matrix in momentum space with a momentum 

space potential. The integral equation for the G-matrix 

was solved by conversion to a matrix equation. Two nu­

merical integral methods, three-point Simpson method and 

Gaussian integral method, were employed in this process 

to determine the more efficient method. 

The resulting G-matrix in momentum space was Fourier 

transformed into coordinate space. This was•compared 

with the results of the G-matrix calculated from coordi­

nate space directly as well as the results from solving 

the Bethe-Goldstone equation. A 2% accuracy was achieved 

with both the three-point Simpson and Gaussian methods, 

but the Gaussian method proved to be three times more ef­

ficient. 
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CHAPTER I 

INTRODUCTION 

A principal objective of nuclèar physics has been to 

understand the interaction between nucleons (N). With 

the discovery of additional baryons, this objective has 

been extended to understanding the interaction between 

baryons in general. A great deal of research has, for 

example, been performed on the lambda-nucleon (AN) in­

teraction. 

Theoretical and phenomenological models have been 

developed to represent these interactions. The parame­

ters of these models are fixed by fits to_baryon-nucleon 

scattering data. Here baryon can be a nucleon, a hy­

peron, etc. The off-shell behavior of these models is 

tested by comparing the calculated properties of a nu­

cleus containing the baryon to experimental values for 

the same system. Hypernuclei, created by adding a 

strange baryon to a nucleus, are examples of such system. 

The properties of a nucleus containing a baryon are 

determined by calcu'lating an effective baryon-nucleon 

interaction. Early forms of the baryon-nucleon potential 

were given in coordinate space, and procedures were 

developed to calculate the effective interaction from 

1 



these potentials. More recent versions are given in 

momentum space. The purpose of this present work is to 

test a procedure by which one can calculate the effective 

baryon-nucleon interaction for finite nuclei with a 

momentum space potential. 

There are several approaches which can be used to 

calculate the effective baryon-nucleon interaction. The 

Green's function method of statistical mechanics, in­

vented by Martin and Schwinger, has been applied by Puff 

(1961). Lee and Yang's theory of quantum statistics has 

been developed and applied by Mohling (1962) to numerous 

problems. There is also Jastrow's method of correlated 

basis functions, a variational method, in which the trial 

wave function is taken to be a Slater determinant multi­

plied by a product of two-particle correl�tion functions 

--one correlation function for each pair of particles. 

The modified Jastrow's method has been developed by 

Feenberg, Clark, et al. (Washington University, St. 

Louis) (1966). Further development of this method has 

recently been done by Pandharipanda Smith and Lomnitz­

Adler(1981). The method employed in this work is the 

Brueckner-Goldstone expansion (Day, 1967). 

The G-matrix is the basic quantity in Brueckner­

Goldstone theory. It represents the effective interac­

tion described above. It satisfies, 
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Q Q Q 
G = u-u-u+ u-u-u- + ....... . 

e e e 
( 1.1) 

or the equivalent integral equation, 

G =u-u QG. 
e 

(1.2) 

Here U is the realistic baryon-nucleon interaction which 

fits scattering data. The two-particle operators, Q and 

e, are defined by the equations, 

Qlrs) ={ 

elrs) = 

lrs) if k,>kr i 

otherwise 

( E
r 
+E

s 
-W) 1 rs) 

and ks > kr (1.3a) 

( 1. 3b) 

( 1. 4) 

where: 

tion. 

2. <l>,s is the unperturbed two-particle wave func-

3. �,,$s are the unperturbed one-particle wave func-

tions. 

4. kr is the Fermi momentum.

5. k,, ks are the momenta of the states r and s.

6. W is the starting energy of the two particles.
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7. Er , Es are the energies of the states r and s 

respectively. 

When one calculates G-rnatrix elernents for nuclear 

rnatter, the unperturbed one-particle wave functions are 

plane wave functions. For the calculation of G-rnatrix 

elernents in finite nuclei, the unperturbed one-particle 

wave functions are usually taken to be harrnonic­

oscillator wave functions. The Pauli operator Q annihi­

lates a two-particle state unless both particles are 

above the Fermi sea, and e gives the energy difference 

between the two-particle state and the starting energy. 

G always operates on two-particle wave function cl>rs · It 

is not only a function of the two states r and s, but 

also a function of the starting energy W. 

When the interaction, u, is provided· in coordinate 

space, the G-matrix elements can be calculated by defin­

ing a correlated wave function and solving the resulting 

differential equation. However, when U is only given in 

momentum space, it is not always possible to obtain a 

convenient analytic form in coordinate space. Therefore 

a different procedure to calculate the G-matrix in momen­

turn space directly is required. The procedure employed 

in this work is due to Brown, Jackson and Kuo (1969) and 

was developed for solving the Lipmann Schwinger equation. 
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First, this procedure is employed to calculate G­

matrix elements in momentum space directly with a simple 

momentum space potential. Then the G-matrix is trans­

formed from the momentum space into the coordinate space. 

Finally, to determine whether the method is correct, the 

Fourier transform of this simple potential is used to 

calculate the G-matrix elements in the coordinate space. 

If same results are achieved, then the procedure to 

calculate the G-matrix in momentum space is correct. 

The simple baryon-nucleon interaction, used in this 

work, is in the form, 

-uiexp(-r/r0)
U=-----.

r/ro 
{ 1. 5) 

Although this is not a realistic potentia�, its Fourier 

transform is easy to calculate. Two integration methods, 

the three-point Simpson and the Gaussian integral method, 

are used to calculate the mornenturn integration. For 

different potential ranges {r0), the range and step-size 

for u-rnatrix elements calculation, and the range and 

step-size for the rnornenturn space integral are tested. 

5 



·CHAPTER II

G-MATRIX ELEMENTS IN COORDINATE SPACE

In section one, the differenti�l G-matrix equation 

which is used for the calculation in coordinate space is 

derived. In section two, the form of the test simple 

potential is defined; and the numerical method used for 

the G-matrix calculation is reviewed. 

The G-matrix Formalism for Finite Nuclei 
In Coordinate Space 

The G-matrix has been defined above, 

A matrix element of above equation gives, 

( 2 .1) 

( 2. 2) 

<l>pq and <l>rs are the unperturbed two-particle wave func­

tions, and 

(2. 3a) 

(2. 3b) 
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where �P' �q' �r and �s are the unperturbed one-particle

wave functions. 

For finite nuclei the unperturbed one-particle wave 

functions are harmonic-oscillator wave functions(HOWFs) 

(Baranger 1962), lniI 1) and lni1 1). HOWFs are known to be 

good approximations to radial wave functions, especially 

in light nuclei. Of course, the tails of the wave func­

tions are not well represented by HOWFs, but the tails 

are not important for many nuclear properties. All of 

the recent sophisticated Brueckner calculations of finite 

nuclei with modern two-particle potentials have utilized 

HOWFs. 

For finite nuclei, the solutions for the G-matrix 

elements in equation (2.2) are carried out in the refer­

ence spectrum approximation (Bethe, Brandow, Petschek, 

1963). Therefore the Pauli operator Q ts replaced by 1, 

however, the unperturbed one-particle Hamiltonian H
0 

taken 

to be the harmonic-oscillator Hamiltonian, 

(2. 4) 

The two-particle Hamiltonian H can be separated 

neatly into a center-of-mass part and a relative part, 

H = Hc.m. + Hr ( 2. 5) 

Specifically, 
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(2. 6) 

Then it can be identified by, 

H
c
.m. =p2 /2M+l/2MfiR2' ( 2. 7) 

and, 

( 2. 8) 

where, 

P
= ..( P1 _RLJ, 

'Ill t II12 

( 2. 9) 

Here Pis the total momentum, pis relative momentum, R 

is the center-of-mass coordinate, ris relative coordi­

nate, Mis the total mass, µ is the reduced mass. 

Since the two-particle potential is independent of 

the center-of-mass variables, H�m' in the denominator of 

equation (2.1), commutes with everything and can be 

considered as just a number. If one defines, 

( 2 .10) 
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then equation (2.1) can be rewritten as 

1 
G =u-u-G 

r e 
r 

1 =u-u--G
H-W

1 
=u-u---Gr. 

Hr-Wr 
(2 .11) 

Here Gr means the G-matrix with reference spectrum ap­

proximation. 

The unperturbed two-particle state for finite nuclei 

can be expanded in terms of products of a function of 

the center-of-rnass coordinate and a function of the 

relative coordinate. Here the well known Talmi(1952)­

Moshinsky(1959) transformation is used, 

(2 .12) 

in which Àµ are the total orbital angular momentum quan-

tum numbers. The Moshinsky brackets MÀ have been thor-

oughly studied and tabulated (Body, Moshinsky 1960; 

Baranger, Davies, 1966; Kumar, 1966). Hence (pqlG
r 
(W

r
)lrs) 

is reduced to a linear combination of matrix elements of 

the type, 
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< NLnl,Â.;ST;JJGr(Wr)jN'L'n' 1',Â';ST;J >, ( 2 .13) 

where Jis the total angular rnomentum of the relative 

motion, obtained by adding the total orbital angular 

momentum À and the total spin S. The angular mornenta can 

be recoupled to the form, 

(NLnl;ST;JJ;JIG/Wr)IN'L'n'l';ST;JJ;J) ( 2 .14) 

where JJ is the total angular rnomentum of the relative 

motion, obtained by adding 1 and S. Then J is obtained 

by adding L and JJ . 

Since Gr (Wr) commutes with Hc.m., the matrix ele­

ments will be diagonal in N and L, so that: 

(NLnl;ST;JJ;JIGr(Wr )IN'L'n'l';ST;JJ;J) 

= ÔNN'ÔIL'ÔJJ'(nl;ST;JJIGr(Wr )I n'l';ST;JJ) ( 2 .15) 

Similarly, matrix elements of the operators in equation 

(2.11) becomes 

(nll Gr (Wr)I n'l') 

= (nlju-u/ (Hr-Wr)Gr (Wr)ln'l') (2.16) 

Thus the problem is reduced to the calculation of Gr(Wr) 

between relative wave functions. 

The equation(2.16) can be rewritten as: 

10 



[1-u l ]Gr=U
Wr -Hr 

Gr =[1-u l J
1
u

Wr-Hr 

where: 

(2.17) 

(2 .18) 

(2 .19) 

Equation (2.18) rnay be considered a rnatrix equation 

which, if the matrix elernents of U are finite, may be 

solved for the G-matrix elernents. 

In order to compare the results from this rnethod 

with the mornenturn calculation, it is necessary to use the 

kinetic energy T=p2 / 2 µ, instead of total energy Hr - Such 

a substitution is, in fact, cornrnon. A justification is 

developed in the Appendix A. The substitution gives a 

new G-matrix 

' u '

Gr=U-
T 

Gr
-Wr 

( 2. 2 0) 
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It is G�, which is cornpared by using two different 

rnethods. Equation (2.20) is used to salve G-rnatrix ele­

rnents in coordinate space. More clearly, equation (2.20) 

can be written as 

( 2. 21) 

The technique to salve this equation is introduced in 

next section. 

Procedure for Nurnerical Calculation 

When H, = (h/2n)2 /2µV\+1/2µ!l2r3 operates on the har-

rnonic-oscillator function lnl), it gives 

(nll H,I n'l') = ô00 •ô11· (h / 21t)�2n + l + 3 / 2) 

If only kinetic energy is considered, then 

(nll'IÎ n'l') 

= Ônn·ôwCh / 2n)�2n + l + 3 / 2)-(nlll / 2µ!l2r2ln'l') 

Frorn Bertsch (1972), one has 

(nllr2lnl) = 1 / v(2n + 1 + 3 / 2), and 

(nllr2ln +11) = -1 / v[(n +l)(n + l + 3 / 2)]
1

'
2 

(2. 22) 

(2. 23) 

(2. 24) 

( 2. 2 5) 
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where, V = µQ/(h/21t). 

Then, 

and 

(nlll / 2µ02r2 I nl) = 1 / 2(h / 2n)0(2n + 1 + 3 / 2) 

(nlll/2µ02r2 I n +11) = -1 / 2(h / 21t)üi(n +1)(2ri + 1 + 3 / 2)]112

(nl Ili n'l') 

1 /2(h /21t)0(2n + 1 + 3 / 2) if n = n' 

" { 
1 / 2(h / 21t)üi(n + l)(n + 1 + 3 / 2)]

112 if n'= n+l 

( 2. 2 6) 

(2. 27) 

(2.28) 

(2.29) 

Now equation (2.21) can be treated as a rnatrix 

equation in a harmonie oscillator basis, and the u-rnatrix 

is given by, 

(nll� n'l'). ( 2. 30) 

The operator Dis defined as W
r
-T and its rnatrix elements 

are 

(2.31) 

which can be calculated by using the results of equation 

( 2. 2 8) and ( 2. 2 9) . So, 

13 



(2. 32) 

Equation (2.32) is used to calculate the G-matrix in the 

harmonic-oscillator basis. Here u, the coordinate inter­

action, is 

u = U:iexp(-r / ro) / (r / ro). ( 2. 33) 

Even though this interaction is not realistic in that it 

does not have the spin dependence or radial flexibility 

necessary to fit the baryon-nucleon phase shifts, it is 

easy to test the method by using a simple interaction. 

14 



CHAPTER III 

G-MATRIX ELEMENTS IN MOMENTUM SPACE

In section one of this chapter, the appropriate G­

matrix equation in nuclear matter is developed. Since 

nuclear matter calculations employ the plane-wave basis, 

which has conserved total linear momentum, then the G­

matrix derivation in momentum space is the same as in 

nuclear matter. Also, the derivation in nuclear matter 

is simpler and easier to understand. In section two, the 

U-matrix and the G-matrix in rnomentum space are defined.

Then the G-matrix equation obtained frorn section one is 

further derived so that the G-matrix numerical calcula-

tion in mornentum space can be accornplished. In section 

three, the G-rnatrix in rnornentum space is transforrned into 

coordinate space. In section four, a numerical rnethod to 

solve the differential G-matrix equation in rnomenturn 

space is reviewed. 

The G-rnatrix Forrnalisrn for Nuclear Matter 

The unperturbed two-particle wave function for 

turbed one-particle wave functions, are plane wave 

15 



functions. This means that the two-particle wave func­

tion depends only trivially on the center-of-mass coordi­

nate of the two interacting particles. This trivial 

dependence on the center-of-mass coordinate can be sepa­

rated from the more important dependence of the relative 

position vector. So the unperturbed two-particle wave 

function can be written as, 

Where 

m1r1+m2r2 R=-----,
m1+m2 

M = m1+m2, 

Krs = kr +ks , 

(
kr ks

) krs=µ---,
m1 m2 

m1m2 
µ-- . 

m1+m2 

( 3 .1} 

( 3. 2} 

Here n is the volume, Ris the center-of-mass coordinate 

of the two interacting particles, r is the relative 

position vector, Krs is the total momentum, kffi is the 

relative rnomentum, kr
, ks are the individual momentum 

vectors, µ is the reduced mass, Mis the total mass. 

In terms of the total and relative momenta, the 

16 



operators e and Q can be written as 

elrs) = [E(kr) + E(ks) - W]rs) 

= e(krs ,Krs)I rs), ( 3. 3) 

lrs) If kr >kc and ks >kc 

Qlrs)={

otherwise 

= Q(krs ,K rs)lrs). (3. 4) 

Equation (2.2) for nuclear matter can be solved in the 

reference spectrum approximation by setting Q=l, and the 

single particle Hamiltonian taken as p2 /2m plus a con­

stant. Then only the energy denominator, e, depends of 

Krs, and e is diagonal in this variable. The center-of-

mass dependence can be integrated out and one obtains the 

relative G-matrix equation, 

Introducing the unit operator 

1 = "ln)(nl __
 l_J -ik-r -ik-r'd3k 

� 
- (27t)3 e e , 

equation (3.5) can also be written as 

( 3. 5) 

(3. 6) 
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equation (3.7) is used to determine the G-matrix in 

momentum space in the following section. 

( 3. 7) 

Differential G-matrix Equation in Momentum Space 

The G-matrix equation (3.7) is obtained in nuclear 

matter, and it can be used in momentum space. One re­

writes equation (3.7) as, 

(3. 8) 

This equation must be solved for the simple potential in 

equation (2.33). One begins with Fourier transformation 

for the u-rnatrix, 

f exp(-ik ·r)u(r)exp(-ik' ·r)d3r

xI,(47t) .ii,(k' r) Y�·m·(k') Yrm•(r) i1'd3r 
l'm' 

18 



= (16n2)IJ i(k
° 

r) i(kr)u(r)r2 drY1m(k)Y�(k)i21

= (l61t2)l.[Y1(k) · Y1(k)]J ik'r) 1(kr)'\X:r)i21r2 dr ( 3 . 9) 
1 

where the spherical harmonies are used to satisfy, 

J Y�(r) Y1·m· (r )d O.. = è>i-1 Ôm'm ( 3 .10) 

l.Y1(k) · Y1(k) = 2. Y1m(k) Y�(k). ( 3 .11) 
1 lm 

Then the u-matrix in momentum space is defined by, 

(3 .12) 

Substitution of Fourier transformations into equation 

(3.8) gives, 

(16n2)L[Y1(k) · Y1(k)]G1(k,k) 

= (16n2)l.[Y1(k) · Y1(k)]u(k,k) 

--1-
3 

J d 3q l x[(16n2)l. Y 1•(k) · Yr(q)-u,(k,q)]
(27t) e(q,K) l' 

= (16n2)I.[Y1(k). Y1(k)]u(k,k ) 

19 



2f 2 1 [ 2"" . 
·] 

-- q dq--x (l61t )"'-' Yr(k) · Yr(k)U•(k,q)G,,(q ,k) 
7t e(q,K) ,. 

Equation (3.13) can be simplified as, 

. . 2 f 2 . 1 
G1(k,k)=u(k,k)-- q dqu(k,q)G,(q ,k) 

( K) 
1 

7t e g:, 

where, 

f LYrm•(k) Y�·m•(q) LY1"m"(q) y�"m"(k)d!lq 
l'm' l"m" 

= ôrr·Ôm 'm" LYrm{k) Y�·m•(k) 
l'm' 

( 3 .13) 

( 3 .14) 

( 3 .15) 

has been used. The reference spectrum approximation is 

applied, and only the kinetic energy is employed in the 

energy denominator. This means that. 

Thus, 

q
2 

e(q,K) =--Wr , 
2µ 

G�(k,k)= u(k,k)- 3- )q'dqu(k,q)G;,(q,k) ½ l
7t q 

2µ-Wr 

(3 .16) 

(3.17) 

Here G�1 (k,k) represents the G-matrix element in momentum 

space with reference spectrum approximation and a kinetic 

20 



energy denominator. This is the equation used for the G­

matrix calculations in momentum space. The specific 

numerical method is introduced in section four. 

Transformation of G-matrix From Plane Wave 
to Harmonic-oscillator Basis 

To compare the results from this method and the 

method introduced in Chapter II, G�1 (k,k) must be trans­

formed into a harmonic-oscillator basis. The required 

transformation is, 

G�1 (n,n) =f d3.r Cl>i'n1 (r) G�1 (n,n' ,r)<l>n ·1 (r) 

where: 

1 J,T,. • • • =--3 -rn1(k)exp(1k·r)Gr1 (n,n ,r) 
(27t) 

2 J • . . . 2 •2 • 
=- 'l'n1(k)Gr1Ck,k)'l'n·1(k)k k dkdk, 

7t 
( 3 .18) 

(3 .19) 
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'I'nt , 'I'n ·t are harmonic-oscillator wave functions in momen-

tum space; 'l'n,, 'Vn ·t are radial part of harmonic-oscillator 

wave functions in momentum space. \j/
01

satisfies, 

\j/01(k)=(-i)1
(-t<l>n,(l/a,k). (3.20) 

Here q>�(l/a,k) is radial part of the harmonic-oscillator 

wave function in coordinate space with k replacing r and 

1/a replacing a. 

Procedure for Numerical Calculations 

For numerical calculations of the integral in equa­

tion (3.17) is replaced by a sum. Equation (3.17) 

yields, 

' ' ' 2
'C' 

2 • ' ' 1 
Gr1 (k,k) = u (k,k)- -�qiro(1)u (k,q)Gr1(qpk) 2 / 2 1t , qi µ-Wr 

(3. 21) 

where q
1 

and W(i) are points and weights appropriate to 

the integration. Then 2 /1tq�w(i) / (q� /2µ-Wr) can be treated 

as a diagonal matrix D such that, 

(3.22) 

Equation (3.21) can be treated as a matrix equation and 

written as: 
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qll q,2 qlk' q,, q,2 qlk' 

G�1 
q21 q22 q2k' q21 q22 q2k' 

=u 

qkl qk2 qk.k' qkl qk2 qk.k' 

q,, q,2 qln Du 

q21 q22 q2n D22 
X 

qkl qk2 qkn Dnn 

(3. 23) 

So, 

(3.24) 

( 3. 25) 

(3. 26) 

Equation (3.26) can be used to solve for the G-matrix in 

momentum space. Then by putting the results back into 

equation (3.26), the G-matrix elements in the harmonie 

oscillator basis can be obtained. 

Equation (3.26) is solved by first calculating the u­

matrix with equation (3.12). Then the following two 

23 



different techniques are used to do the.momentum integra­

tion for equation (3.17) or calculation of the D-matrix: 

(1) three-point Simpson(TPS), and (2) Gaussian integral

method. The integration is done by using the three-point 

Simpson method first. The range and step-size for the 

momentum integral are tested. Then the Gaussian integral 

method is used. Since it is determined from the TPS 

method that the contribution from the integrand is mainly 

from a region less than q=Rq, the following transforma­

tion is used to calculate the D-matrix elements: 

( 3. 27) 

( 3. 28) 

Here w
i
, x

i 
are standard tabulated Gaussian integral 

weights and points; the COï and q are the weights and 
i 

points for the momentum integral for the matrix equation 

( 3. 21) 
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CHAPTER IV 

RESULTS 

The G-matrix obtained either by using equation 

(2.32), or equation (3.18) and (3.26), is dependent on 

(a) the starting energy, Wr, (b) the oscillator parameter

a, or (h/2n).Q , (c) the reduced mass µ, (d) the 

strength(U
0
) of the simple potential, and the range (r

0
)

of the simple potential. In this work parameters, Wr, a., 

µ and u
0 

are all fixed at typical values for light hyper­

nuclei. The values are: 

Wr = -10 Mev 

(h/27t).Q = [(h/21t)c]
2

/[µc2 ]*a.
2, a. =  0.5 fm,

µ = 509.7 Mev/c2, which is the reduced mass of a 

nucleon and a lambda, and 

u = -40 Mev.
0 

Because convergence of the integrals may depend on the 

range of the test potential, two different ranges, r = 
0 

1.0 fm and r = 0.5 fm are used to calculate G-matrix 

elements in both coordinate space and momentum space. 
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In order to calculate G-rnatrix elernents in an har­

rnonic-oscillator basis frorn a plane wave function basis, 

the following steps aré used: 

1. The u-rnatrix elernents are calculated in the

plane wave basis frorn equation (3.12). 

2. The D-matrix is calculated from equation (3.22).

3. The G-matrix in momenturn space is obtained from

equation (3.26). 

4. Equation (3.18) is used to transform G-rnatrix

elernents from a plane wave function basis into an har­

monic-oscillator basis. 

In step 1, all the ranges and step-sizes for the u­

matrix element calculation are tested for r
0
=l.O frn and 

The resul ts for u ( k=O .1 fm-1
, k' =0 .1 frn-1

) and 
l • 

u
1
(k=5 frn-1

, k
1

=5 fm- 1
) (here lcan be either O or 1) are 

shown in Tables 1-4. The results of this work, which 

employs a five-point Simpson algorithm, are checked by 

comparing to the trapezoid integral program which is 

available from the software package Speakeasy (Speakeasy 

Corp. 1978). The conclusion is that for this work a 

range of 15 fm and step-size of 0.1 fm for the u-matrix 

elements integral are accurate to 0.01% for either r
0
=l.O 

fm, or r
0
=0.5 fm; and for either 1 =0, or 1 =l. 
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Range(fm) 

15 

15 

15 

15 

20 

20 

20 

10 

Table 1 

The Range and Step-size Test for u-matrix 
Elements Integral at r

0
=l.0 fm for 1 =0 

Trapezoid Method* 

Step-Size(fm) u
o 
( 0 . 1 , 0 . 1 ) 

0.1 39.19 

0.05 39.21 

0.01 39.22 

0.005 39.22 

0.1 39.19 

0.05 39.21 

0.01 39.22 

Five Point Simpson Method** 

0.1 39.22 

* Calculated with Speakeasy IV software.

U0 ( 5 , 5 ) 

1. 812

1. 838

1. 846

1. 846

1. 812

1.'838 

1. 846

1. 846

** Calculated by the FORTRAN program written in this master's thesis.

N 

-..J 



Range(fm) 

15 

15 

15 

20 

20 

20 

15 

Table 2 

The Range and Step-size Test for u-matrix 
Elements Integral at r

0
=l.0 fm for 1 =1 

Trapezoid Method* 

Step-Size(fm) U. ( 0 . 1 , 0 . 1 )
-

0.1 0.2563 

0.05 0.2563 

0.01 0.2563 

0.1 0.2564 

0.05 0.2564 

0.01 0.2564 

Five Point Simpson Method** 

0.1 0.2563 

* Calculated with Speakeasy IV software.
** Calculated by the FORTRAN program written in this master's thesis.

u: ( 5, 5) 

1. 083 

1. 083 

1. 083 

1. 083 

1. 083

1. 083 

1. 083

1\) 

0) 



Range(fm) 

10 

10 

10 

15 

15 

15 

10 

Table 3 

The Range and Step-size Test for u-rnatrix 
Elements Integral at r

0
=0.5 frn for 1=0 

Trapezoid Method* 

Step-Size(fm) u
o 
( 0 . 1 , 0 . 1 ) 

0.1 4.959 

0.05 4.971 

0.01 4.975 

0.1 4.959 

0.05 4.971 

0.01 4.975 

Five Point Simpson Method** 

0.1 4.975 

* Calculated with Speakeasy IV software.
** Calculated by the FORTRAN program written in this master's thesis.

uo ( 5, 5) 

0.6349 

0.6475 

0.6515 

0.6495 

0.6475 

0.6415 

0.6516 

1\.) 

� 



Range(fm) 

10 

10 

15 

10 

Table 4 

The Range and Step-size Test for u-matrix 
Elements Integral at r

0
=0.5 fm for l=l 

Trapezoid Method* 

Step-Size(fm) 

0.1 

0.05 

0.1 

\)_ ( 0 . 1 , 0 . 1 ) 

0.008251 

0.008251 

0.008251 

Five Point Simpson Method** 

0.1 0.008251 

* Calculated with Speakeasy IV software .

u. ( 5, 5)

0.3038 

0.3038 

0.3038 

0.3038 

** Calculated by the FORTRAN program written in this master's thesis.

w 

0 



In step 2, the D-matrix is constructed using the 

three-point Simpson method. Results for G�Ul) at differ­

ent r and different lare calculated and compared by 
0 

using different ranges and step-sizes for the momentum 

integration of equation (3.17). Here G�Ul) is the G­

matrix element in the harmonic-oscillator basis with n=l, 

1 

n =1. Results are shown in Table 5. It is found that an 

integral range of 10 fm-1 and step-size of 0 .1 fm- 1 gives 

at least 0.5% accuracy for the momentum integral for both 

values of r and 1 . 

Next, the D-matrix is calculated by using a Gaussian 

integral method. Then the following transformation is 

made, 

Here w
i
, x

1 
are tabulated Gaussian integral weights and 

points; Rq is momentum integral range found from the 

Three Point Simpson method and is 10 fm-1
; the ro. and q 

l l 

are the weights and points for the momentum integral for 

the matrix equation (3.21). The number of points re­

quired for the momentum integral of equation (3.17) are 

tested and results are shown in Table 5. It is very 
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( fm-:) ( fm-:) 
Range Points 

5 25 

5 50 

5 100 

10 50 

10 100 

10 200 

15 150 

10 48 
10 32 

Table 5 

The Range And Step-size Test for 
The Momentum Integral 

Three Point Simpson Method 

r
0
=l. 0 fm 

G�o(l,1) G�1(l,l) 

8.15 1. 72

8.16 1. 71

8.15 1. 71

8.20 1. 72

8.22 1. 71

8.22 1. 71

8.22 1. 71

Gaussian Integral Method 

8.22 1. 71
8.22 1. 71

r
0
=0. 5 

G�o(l,1) 

1.18 

1.18 

1.18 

1.18 

1.18 

1.18 

1.18 

1.18 
1.18 

fm 
G�1(l,l) 

0.157 

0.157 

0.157 

0.157 

0.157 

0.157 

0.157 

0.157 
0.157 

w 

1\.) 



clear that the Gaussian integral method is more efficient 

in that it only needs 32 points to do the momentum inte­

gral instead of the 100 points required by the three­

point Simpson method. 

Finally results of G-matrix element G�Ul) at differ­

ent potential ranges r and different quantum numbers 1 
0 

are compared in Table 6 by using four different methods, 

that results in a 2% accuracy: 

1. The procedure employed in this work with using

the three-point Simpson method to do the momentum inte­

gral. 

2. The procedure employed in this work with using

the Gaussian integral method to do the momentum integral. 

3. Calculating G-matrix elements in ooordinate space

directly. 

4. Solving Bethe-Goldstone equation directly as

described in Appendix B. (Only values for G�0 (ll) and 

G�1 (ll) at r
0
=l. 0 fm are provided in this case.) 
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( fm-:)
Range 

10 

10 

I 

I 

Tablei 6 

The Comparison of The Results From Four Methods 

Three Point Simpson Method 

( fm-:) r
0
=l. 0 fm r

o
=0. 5

Points G�oCl.l) G�10,1) G�o(l,1) 

100 8.22 1. 71 1.18 

Gaussian Integral Method 

32 8.22 1. 71 1.18 

Coordinate Space Method 

I 8.07 
t 

1. 71 1.17 

Bethe-Goldstone Equation Method 

I 8.18 1. 72 I 

fm 
G�1 (1,1) 

0.157 

0.157 

0.157 

I 

w 

,i:,. 



CHAPTER V 

CONCLUSION 

This work has demonstrated a procedure to calculate 

G-matrix elements of harmonie oscillator wave functions

from a simple baryon-nucleon potential given in momentum 

space. Two numerical integration methods are employed to 

solve the integral equation, the three-point Simpson 

method and the Gaussian integral method. The range and 

step-size of the integration are tested. The Gaussian 

integral method is determined to be more efficient than 

the three-point Simpson method, in that it requires fewer 

than one-half the integration points for the same accu­

racy. 

The results of G�Ul), the G-matrix element in the 

harmonic-oscillator basis with reference spectrum ap­

proximation applied and only a kinetic energy denomina­

tor, are compared by using four different methods: 

1. The momentum space procedure employed in this

work using the three-point Simpson method to do the 

momentum integral. 

2. The procedure employed in this work using the

Gaussian integral method to do the momentum integral. 
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3. Calculating G-matrix elements in coordinate space

directly. 

4. Direct integration of the Bethe-Goldstone equa­

tion. 

Now that this work has demonstrated a method for 

calculating the baryon-baryon G-matrix for a model poten­

tial in momentum space, the method can be applied to 

realistic potentials. Future research should employ 

potentials such as the Bonn models A and B (Machleidt, 

Holinde, and Elster 1987). The resulting G-matrix ele­

ments in the harmonie oscillator basis can then be used 

to predict the properties of hypernuclei. 
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Appendix A 

A Justification for Using Tin the 
G-matrix Equation Instead of H
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The main concern of this work is to test the method 

of calculating G-matrix elements in momenttlm space. The 

use of kinentic T instead of the total energy Hr does not 

influence this purpose. In fact it is reasonable to do 

this in binding energy calculations for finite nuclei. 

The Bethe-Goldstone theory is based on the Goldstone 

expansion(Brandow 1967), which is a linked-cluster per-

turbation series for the ground-state energy of a many 

body system. For a system of a certain number A of 

particles, which can be nucleons, or baryons, the Hamil-

tonian is the sum of the kinetic energies.of all the 

particles plus the sum of the two-body interactions 

between them, i.e., 

A A 

H = LTï+Luj = Ho+H,. (A.1) 
i=l i<j 

Equation (A.1) splits H into two parts. The unperturbed 

Hamiltonian is, 

Ho = I(Tï + UJ. (A. 2) 

The perturbation is, 
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A A 

H1 = I.�j- I.ui. (A. 3 l 
i<j i=I 

Here U is .the single-particle potential. The introduc­

tion of U is intended to rnake nurnerical calculations 

easier. The final result should be independent of U. 

When the equation (1.1), or (1.2) is derived, the influ­

ence of U is not considered. Actually the consequence of 

U is srnall. However to be more accurate, the graph 

(Figure 1) of the second terrn of equation (1.1) should be 

replaced by a series of graphs (Figure 2) that include -U 

insertions. Then Q/e is replaced by the series, 

QQ QQ Q Q ---(-U)-+-(-U)-(-U)--+ .....
e e e e e e

= Q[l-(-U) Q +(-U) Q(-U) Q-+ ...... ]
e e e e 

Q e [1 + (-U)Q/e]

Q
= (e-eUQ/e) (A. 4) 

After using the reference spectrurn approximation, equa­

tion(A.4) becornes, 
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0
-
-------

o a m 1 b

---------

Figure 1. The Second Term of Equation ( 1.1) Wi thout 

Considering -U Interaction 

+ 

+ 

------- ( 
a o��-----lJ-rx -u

a (�J
-
:----

-
:o�b-x -u

---X -U 
a 

---------

+ . . .  ' . .

Figure 2. The Second Term of Equation(l.1) With 

Considering -U Interaction 
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1 

e-U

1 

T+U-W-U 

T-W
(A. 5) 

So the second term of equation(l.1) can be replaced by, 

1 
-'\)--'\). 

T-W

The same is true for the third term, fourth term, etc., 

except the graphs become more complicated. After using 

equation(A.5) to replace Q/e, one can write equation(l.1) 

as, 

1 1 1 
G r = ( u- U) -u--u+ u,--u.---u. 

T-W T-W T-W

Of course there are some terms like, 

Q Q Q 
u-u-u-u-u+-..... . 

e e e 

(A. 6) 

(A. 7) 

The sum of this series is small, and will not be consid­

ered (Baranger 1962). U term in equation(A.6) does not 

influence the form of the integral equation(2.1) and 
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' 1 ' 
Gr = U-U>---Gr, 

T-Wr 

(A. 8) 

where G� now include the effect of diagonal -u inser­

tions. It is the G-matrix with reference spectrum ap­

proximation and now includes only a kinetic energy term 

in the energy denominator. 
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Appendix B 

The Derivation of Bethe-Goldstone Equation 
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The results of G�1 (1,1) by solving the Bethe-Goldstone 

equation directly are used to compare to the results frorn 

coordinate space rnethod and rnomenturn space method. In 

this appendix the Bethe-Goldstone equation is derived 

frorn equation (2.1) by define a correlated wave function, 

V, such that Gq>=uv. With setting Q=l, equation (2.1) 

becomes, 

1 
Gq> = uq>-u-Gq>, or 

e 

. 1 
uv= uq>-u-uv. 

e 

(B. 1) 

(B. 2) 

Operating with ü1 , one obtains the Bethe-Goldstone equa-

tion, 

1 
v=<1>--uv. 

e 
(B. 3) 

This is a differential equation for V which can be solved 

by standard numerical methods. The G-matrix can then be 

calculated by, 

(B. 4) 
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