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GLOBAL OPTIMALITY CONDITIONS IN MATHEMATICAL
PROGRAMMING AND OPTIMAL CONTROL

Pariwat Pacheenburawana, Ph.D.

Western Michigan University, 2005

We derive new first-order necessary and sufficient optimality conditions
characterizing global minimizers in mathematical programming and optimal con-
trol problems. These conditions are based on level sets of an objective functional
and they do not assume special structure of a problem (convexity, linearity, etc.).
For a mathematical programming problem of minimization of a smooth func-
tional on some compact convex set with equality nonlinear constraints, we derive
first-order optimality conditions in the form of a generalized Lagrange multiplier
rule. This rule should hold for any point from the level set of the objective func-
tional corresponding to a global minimizer. We demonstrate that these necessary
conditions become sufficient ones for optimality under additional assumption of
non-degeneracy of the Lagrange multiplier rule.

We also study global optimality conditions for free time optimal control
problem which includes the classical minimum-time problem. We derive necessary
conditions for global optimality of relaxed controls in terms of Pontryagin mini-
mum principle for any relaxed control from the level set of the objective functional.
It is shown that these optimality conditions are sufficient for global optimality if
the minimum principle is non-degenerated at least at one point on a time interval.

In particular, we derive that if some relaxed control satisfies non-degenerated Pon-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



tryagin minimum principle and there is no other relaxed controls with the same
value of the objective functional, then this relaxed control is globally optimal.

| Finally, we demonstrate that for some generic class of free time optimal
control problems for almost all initial points there exists a unique optimal control
satisfying the non-degenerated minimum principle. This implies that for such
problems our sufficient global optimality conditions can be applied for almost all

initial points.
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Chapter 1

Introduction

The problem of finding global maximum or minimum is one of the most difficult
problems in mathematical programming and optimal control.

Traditional optimality conditions are based on classical Lagrange multiplier
rules in mathematical programming or Pontryagin maximum principle in optimal
control, each of which characterizes only local optimal solutions.

These conditions become sufficient conditions for global optimality under some
additional assumptions on a structure of optimization problems. Namely, under
an assumption of linear-convex data of optimization problems, classical local op-
timality conditions become sufficient conditions for global optimality.

Another approach to global optimality conditions is related to the idea of con-
sidering all admissible points of the level set of the objective functional which
corresponds to the point 2°-a candidate for a global optimal solution.

Obviously, all points from such level set are also global minimum (maximum)
if the point 2% is a global minimum (maximum). Thus, any such point satisfies
local necessary optimality conditions. This implies that necessary conditions for
global minimum at z° are essentially a collection of local necessary conditions for
global optimality for each point of the level set corresponding to z°.

The important fact is that under some additional assumption of nondegeneracy
of such local optimality condition, these necessary conditions for global optimality
become sufficient ones.

In this work we obtain global necessary and sufficient conditions for some
mathematical programming problems with nonlinear constraints and general free
time optimal control problems. These conditions are based on use of level sets of
the objective functional mentioned before. Namely, the following new results are
obtained:

1. New necessary and sufficient conditions for global optimality in mathemat-
ical programming problems with nonlinear constraints.

2. Exact penalization method for free time optimal control problems.
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3. Necessary and sufficient conditions for global optimality in free time optimal
control problems.

4. Results on generic existence and uniqueness of optimal trajectories for some
generic class of free time optimal control problems.

Our approach is based on the method of exact penalization in mathematical pro-
gramming and optimal control. Let us first consider a fundamental problem in
nonlinear programming

Minimize f(z)

Problem (FP) : subject to g(z) < 0, h(z) = 0, (1.1)

where f, g and h are functions from R” into R, R¥, and R*? respectively. A point
z € R" satisfying the constraints g(z) < 0, h(z) = 0 is called feasible. A feasible
point z° such that f(z°) < f(z) for all feasible z # z° in some neighborhood
N(z°) of 20 is called a local solution of (1.1). If f(z°) < f(z) then z° is called a
strict local solution of (1.1).

A number of methods are available to solve the above problem. One important
analytical and algorithmic technique in nonlinear programming involves the use of
penalty functions, whereby the equality and inequality constraints are discarded
and are replaced by additional terms in the objective function that penalize their
violation. In 1943, Courant [21] was the first one who proposed an exterior penalty
for equality constraints. For the mixed equality and inequality constraint problem
(1.1) this method becomes

k2 k1
Minimize F(z,c) = f(z) —I——g- <Z |hi(z)|? + Z(gj+(:t:))2> , (1.2)

where ¢ is a positive penalty parameter and

gj+(z) = max{0, g;(z)}. (1.3)

We may expect that by minimizing F(z,cF) for a sequence {c*} of penalty
parameters with ¢* — oo, we shall obtain in the limit a solution of the original
problem. Indeed, convergence of this type can generically be shown, and it turns
out that typically a Lagrange multiplier vector can also be simultaneously obtained
(assuming such a vector exists).

The quadratic penalty function (1.2) is not ezact in the sense that a local
minimum z° of the constrained minimization problem is typically not a local
minimum of F(z, ¢) for any value of ¢. Included in this class of penalty functions
is the classical ezact penalty function

Fia,c) = f(z) + ¢ <Z (@) + igj+<m>) . (14
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Eremin [29] and Zangwill [81] introduced a notion of exact penalization for use
in the development of algorithms for nonlinear constrained optimization. Most
of the literature on exact penalty functions is generally devoted to the penalty
function in (1.4) [24, 40, 56, 64, 77, 81] and is mainly concerned with conditions
that I (z,c) has a local (global) minimum at a local (global) minimum of (1.1)
for all sufficiently large but finite values of ¢. The best known among these con-
ditions is probably the one due to Pietrzykowski [64] which requires the linear
independence of the gradients of all the equality constraints and of the active in-
equality constraints, that is those inequalities satisfied as equalities at the point
being considered.

From a geometric point of view, the violation of the constraint is most natu-
rally measured in terms of distance

de(y) = minf{jlz — ¢l : z € C} (1.5)

of the point y to the closed set C. The following result of Clarke shows that the
distance function d¢ is indeed an appropriate tool for exact penalization.

Definition 1.1. A function f : S — R is said to be Lipschitz of rank K on S if
[f(z) = f(y)] < K|z —y| for all 7,y € 5.

Theorem 1.2 (Exact Penalization). [14, p.51] Let t € S C R" and let C C S
be nonempty and closed. Suppose f: S — R is Lipschitz of rank K on S and let
K > K. Then 2° is a global minimum of f over C if and only if z° is a global
minimum of the function f + Kd¢ over S.

Essentially, under appropriate constraint qualification conditions the existence
of exact penalty functions follows from this basic exact penalization result and
metric regularity of constraints.

Exact penalization methods for optimal control problems of fixed duration
have been developed and used by D. Q. Mayne and E. Polak [59, 60, 61]. In
[51], Ledyaev and Mishchenko developed exact penalization methods for differen-
tial games. In particular, exact penalty functions in minimal time problems have
been obtained in [49].

In our work, we develop exact penalization method for free time optimal con-
trol problem

Minimize J(z(-))

Problem (P1) : g piact to 2(-) € Xugm

on trajectories of a control system

#(t) = f(2(t),u(t), 2(0) = o,
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where the objective functional is defined as follows

J(z(:)) = min o(7,z(7)),

(@) = min, olra(r)

z(t) € R, u(t) is a control with values in some compact set U C R™, the set
I(z(-)) consists of all moments 7 such that x(7) lies on a closed set S C R”

Iz(:))={r>0:2(r) € S},

and
Aadm = {.’L’() : I(x()) 7é (D}
We demonstrate that under some local controllability assumption near a set
S this problem is equivalent to the optimization of the more regular functional

Minimize Jg(z(-))

. ')
Problem (Py); : subject to z(-) € X

where

Jo(a()) = minlo(r,2(r)) + kG4 (z(r))]
X is the set of all trajectories z(+; zo, u) where u is a relaxed control and
G4 (z) = max{0, G(z)},

where

G(z) = max {(a,g(z)) + (B, h(z))},

(o,8)eA

and
A={(a,f) € R® xR : [lof + 22,8, < 1,6 > 0}.

This approach is based on some results from [49].

Returning to global optimality conditions in terms of level sets, we should
mention that they were suggested by Strekalovskii [76]. These ideas have been
developed by Hiriart-Urruty and Ledyaev [39]. Global optimality conditions for
fixed time optimal control problem in terms of level sets have been obtained by
Clarke, Hiriart-Urruty and Ledyaev [15]. More detailed discussion can be found
in Chapter 2.

This thesis is organized as follows. Chapter 2 contains global optimality results
for mathematical programming problems with nonlinear constraints. Chapter 3
contains results on existence of exact penalty function for free time optimal control
problem and derivation of local necessary optimality condition in the form of
Pontryagin minimum principle. Chapter 4 contains results on global optimality
conditions. It is shown that necessary conditions for global optimality in terms of
level sets of objective functional become sufficient conditions for global optimality
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under additional assumption of nondegeneracy of Pontryagin minimum principle.
Chapter 5 contains results on some local uniform exact penalization and generic
existence and uniqueness of optimal control. Namely, we demonstrate that for
a generic class of optimal control problems uniqueness of an optimal trajectory
is equivalent to the differentiability of an optimal value function. These results
imply that global optimality conditions from Chapter 4 can be used for almost all
initial points .
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Chapter 2

Exact Penalization in
Mathematical Programming and
Global Optimality

2.1 Introduction

In this chapter, we derive necessary and sufficient conditions for global optimality
of a solution of the following mathematical programming problem

Minimize f(z)

Problem (Py) : subject to F(z) =0,2€C

where f: X - R, F: X — Y are C! functions, X and Y are Banach spaces and
C is a compact convex subset of X. '

2.1.1 Global Optimality Conditions and Level Sets
Our work is based on the work of Strekalovskii [76]. He studied the problem of

Maximize f(z)
subject to z &€ C CR"

where the function f is convex (not concave) on R", differentiable and finite in an
arbitrary set C' contained in the interior of the domain of f (int dom f). He gave
a necessary and sufficient condition for z° being a global maximum as shown in
the following theorem.

Theorem 2.1. Let 2° € C such that —oo < iﬂgnff < f(z°). Then 3° is a global
mazimum of f on C if and only of

(f'(#),z ) <0 VieR"such that f(Z) = f(a°),Vz € C. (2.1)
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The above formulation requires to consider normal cones to C' at points Z
which do not necessarily lie in C. Hiriart-Urruty and Ledyaev [39] improved
Strekalovskii’s result by showing that a global maximum z° of a convex function
f on C is still characterized by (2.1) restricted to those Z in C at the same level
as z° which is summarized in the following theorem.

Theorem 2.2. Let C be a nonempty closed conves set contained in the interior
of the domain of f. Consider a point z° € C such that —oo < igff < f(@9).

Then z° is a global mazimum of f on C if and only if
(f'(%),z — %) <0 V7 inC satisfying f(Z) = f(z°),Vz € C.

Moreover, they extended Theorem 2.2 to (global) maximization problems with
possibly non-convex objective functions that can be expressed in the theorem
below.

Theorem 2.3. Let f € C! and assume the following qualification condition holds
at 2% € C : (QC)p0 For all € C such that f(Z) = f(z°), there is ¢z € C such
that {f'(Z),c; — &) < 0. Then z° is a global mazimum of f on C if and only if

(f'(2),z — %) <0 VZinC satisfying f(z) = f(z°),Vz € C.

2.1.2 Optimization Problem (P;): Definitions and Lagrange
Multiplier Rule

In the problem (P;), we first note that a function f(z) is called an objective func-
tion and a point z is said to be admissible if z € C and F(x) = 0.

Now let us give basic definitions of a local minimum point and a global mini-
mum point, respectively.

Definition 2.4. A point z° € C is said to be a local minimum point of f on C if
f(z%) < f(z) for all admissible points x in a neighborhood of z°. A point z° € C
is said to be a global minimum point of f on C if f(2°) < f(z) for all admissible
points z € C.

Remark 2.5. A local (global) minimum point is also called a local (global) mini-
mizer.

It is well-known that a necessary condition for z° being a local minimum of
(P,) is described in the form of Lagrange Multiplier Rule as stated in the following
theorem.

Theorem 2.6 (Lagrange Multiplier Rule). If f and F are C' functions and f
has a local minimum at z°, then there exist Ay > 0, A € Y* with |Ao| + ||A|| # 0
such that

Pof' (%) + F* ()N y—2) >0 wyeC (2.2)
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or, equivalently

~ (Aof'(z°%) + F"(z°)\) € No(z). (2.3)

Moreover, if the following constraint qualification condition holds, then we can
assume that g = 1.

Constraint Qualification Condition (CQC). For any A # 0

min{F"™(z°)\,y — z°) < 0. (2.4)

yel
If \p = 0, then from the condition (2.2) we have

min{F"*(z°)\, y — 2°) > 0,

yeC

which is contradictory to (2.4). Thus, under (CQC), we must have Ay # 0. But
Ao 2> 0; hence Ay > 0. Therefore, without loss of generality, we can normalize A
to get Ao = 1.

Then a question arises: when is the condition (2.2) sufficient for global mini-
mum? A well-known answer for this question is that f is convex and F' is linear.

Theorem 2.7. Let (CQC) hold and f be a conver function over a convez subset
of a Banach space X and F(x) = Ax —b. Then the condition (2.2) is a sufficient
condition for global minimum.

Proof. Let z° be a feasible point satisfying (2.2). We define

Ly, Ao, A) = Xof () + (X, F(y)).

Since (CQC) holds, we can assume Ay = 1, and hence

L(y,1,A) = f(y) + (\ F(y))-

Therefore, we obtain

L(y,1,A) — L(z°% 1, ))
=[f(y) = F@)] + (A Fly) — F(z%))
> (f'(2%),y — 2% + (), Ay — Az") (f is convex and F(z) = Az — b)
= (f'(=°),y — 2 + (X, Ay — 2°))
= (f'(z°),y = 2°) + (A"A\,y — 2°)
= (f'(a") + A"\ y — 2°)
> 0. (by (2.2)
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Thus, L(y,1,\) — L(z°,1,)) >0 Vy e, ie.

fy) = f(z°) + (N Fly) = F(z) 20, VyeC. (2.5)

Now for a feasible point y € C, we have F(y) = 0. Since z° is a feasible point,
F(z%) = 0. Consequently, for all feasible points y € C we have from (2.5) that

fly) = f(@°) >0,

which gives 2% a global minimum. O
2.2 Problem (P,): Main Assumptions and Defi-
nitions

Unless stated otherwise, we use the following notations throughout our exposition.

Notation
B a unit ball in X
Cr {x € C: F(z) =0}
IF@| = max(h,F)
Ly(z) f(@) + k|| F(z)]]
Ly(2”) {z€Cr: fz)=f(=")}
Ar(z) {A € By-: (A, F(z)) = ||F ()|}
¢y a Lipschitz constant of f
diam(C) max{|ly — z|| : y,z € C}
F* the adjoint operator of the linear operator F': X — Y
defined by the equation (F*y,x) = (y, Fz)
X* the dual space of the Banach space X
Ne(z) {pe X" (p,y—z) <0,Vy € C} —normal cone to C at z
DF(z;v) the directional derivative of F' at z in the direction of v
fr(z) max{0, f(z)}
R, {reR:z>0}

Note. (-,-) denotes the inner product(dual bilinear form) when X is a Hilbert
space(general Banach space).

We consider the problem (Py). We shall give necessary and sufficient conditions
for 2° being a global minimum of (P). Since f is not necessarily convex over C and
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aset {z € C: F(z) = 0} is in general not convex, we cannot apply the previous
results. We shall formulate these conditions in terms of level sets. We base our
approach on the ezact penalization method which we discuss below with respect to
the problem (IP;). This method reduces a constrained minimization problem (IP;)
into an unconstrained minimization problem (), with a non-smooth function as
follows:

Minimize f(z) + k|| F(z)|]

Problem (Po)k = iect to z € C

where k is some fixed positive integer.

We shall show that with the constraint qualification condition: Assumption
2.10, the problem (P;) and (P;), are equivalent. In other words, for & large
enough, the penalties are forced to zero such that the constraints are satisfied.
The term k||F'(z)|| is non-smooth and referred to as a penalty function since it
assigns a specific cost to violations of the constraints.

Definition 2.8. Problems (P;) and (P;); are said to be equivalent if a solution
of (IP;) is also a solution of (Py); and vice versa.

In the next section, we establish the equivalence of problems (P;) and (P;)
under the following assumptions.

Assumption 2.9. The set C is a compact conver subset of a Banach space X,
F and f are C' functions.

Assumption 2.10. There exist Ay > 0, §; > 0 such that for any v € C
satisfying 0 < ||F(z)|| < §1 and for any X € Ap(z)

min {{F"(z)A,y = o) + Ailly - 2} <0. (2.6)

We should mention that Assumption 2.10 is analogous to some extent to the
(CQC) from (2.4). We shall use the next assumption as an additional constraint
qualification condition later in our derivation of a new sufficient condition for
global optimality.

Assumption 2.11. There exist Ny > 0, d9 > 0 such that for any x € C
satisfying 0 < ||F(x)]| < 2

Fr @)\ y —z) > Do 2.7
max max (F"(2)Ay —2) > O (2.7)

2.3 Exact Penalization and Necessary Conditions
for Global Optimality

To investigate a global minimum of the problem (P;), we use the method of exact
penalization to convert (P;) into an unconstrained minimization problem (Ps)y,

10
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for some positive integer k, by defining a new objective function which includes a
penalty, k|| F'(x)||, for violating the constraint.
In this section we obtain the following results:

1. For all k large enough, we have

min f(z) = min [f(z) + k|| F(2)]] (2.8)

zeCp

2. Problems (P;) and (Py), are equivalent in the sense of Definition 2.8.
3. Necessary conditions for global optimality.

We should emphasize that necessary conditions for global optimality exploit the
simple observation that for a global minimizer z° in the problem (P;) any point
z from the corresponding level set

Ly(a%) ={z: f(z) = f(2°), F(z) = 0,2 € C} (2.9)

is also a global minimizer. Thus, necessary conditions for global optimality of z°
are, essentially, local optimality conditions for any point z from £;(z?).
Now let us state and prove our first result.

Lemma 2.12. Under Assumptions 2.9 and 2.10 there exists a positive integer kqy
such that for any k > ko the relation (2.8) holds.

Proof of Lemma 2.12. First we note that f is Lipschitz on C' with some constant
by = meaécllf’(x)il. We define Ly(z) := f(z) + k||F(z)|. We also note that for

z € Cr we have Li(z) = f(x) and hence

min Ly(z) = min f(z).

Since C' O C'r, we have

i < mi = mi . .
min Ly(z) < min Ly() = min f(z) (2.10)

Suppose the lemma is false for all positive integer k. Then for any positive
integers k£ we obtain due to (2.10) that

;Ielgéf(z) > min Li(z). (2.11)
We fix some kg such that
my + Mo Ef
_ 2.12
ko > max{ 5 Al}, ( )
11
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where

my = gglcrllpf(a:) (2.13)
and
—mg = Eﬁrgg f(z). (2.14)

Let us choose arbitrary k > k¢ and define xx € C' be a minimizer of Ly on C| i.e.
zeC
Expressions (2.11), (2.13) and (2.15) imply
Lk(xk) = min Lk(ZE) < my. (216)
zeC

Therefore, we have
fzx) + K[| F ()] < ma. (2.17)

From (2.14) and (2.17) we have
—ma + k|| F(ze) || < f(zk) + Kl F(zh)]] < ma,

or

my -+ Mo < my + My
k T ko
It is clear that ||F'(xy)|| # 0. Otherwise, we have

f(zx) = Li(zx) = min Ly(z) < min f(@) < fla),

0 < ||F(zp)|l < < 4. (2.18)

which is a contradiction. In order that Ly(z) have a minimum at a point xy, it
is necessary that the directional derivative of Ly at x; in the direction y — zy is
always greater than or equal zero, that is

DLp(xg;y —xk) 20 forally € C. (2.19)
We consider the following:

DLy(z;y — zx)
~ lim {f(wlc +t(y — zp)) + k|| F(ze + t(y — zp)|| — f(zx) = k|| F(2)]| }

t—0+ t
o Jfaetly =) = flae) | 1 F (e +Hy = z))ll = |1 F (=)l
- tl—lgi“ { t : Tk t }
~ lim {f(ivk +t(y — xx)) — flaw)
t—0+ t
+k|mﬁ§>§<& Flzp+t(y — «':k)» - zfﬁf‘é(’\’ F(z)) } 220)
12
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Using the formula for the directional derivative of a maximum-like function in the
right-hand side of (2.20), we have for all y € C

DLy(zxsy — z)
= (f'(zx),y — zk) + k | max (A F'(2i) (v — 22))

GAF(:Ek)
= (f'(zx),y — z) + k_max (F"(zg)A,y — zx). (2.21)
AeAFR(zy)
From (2.19) and (2.21) we have

0 < (f'(zx),y — zp) + /ﬂ/\ max )(F’*(ask))\,y — ;) forally e C. (2.22)
e

Ap(zg
But
(f'(zx),y — z) < Lylly — ] (2.23)
Inequalities (2.22) and (2.23) imply
0 < llly —axl| + & max (F™(zp)A\,y—z) forallyeC, (2.24)
)\GAF((L‘k)
or
0< max {{lly — ol + k{F"(zx) A,y —zx)} forallyecC. (2.25)
AEA R (k)

Inequality (2.25) implies that

0 < mi 4 - E(F"™ Ay~ . 2.26
_rynelgl\erjr\lgék){fﬂy ol + E(F" (ze) Ny — k) } (2.26)

By using Minimax theorem we obtain from (2.26) that

0 < in {£7]ly — zell + K(F" (z1) A, y —
< Jnax min {€elly — zell + K(F" (20)A y ~ i)}

e min {k (P (@e)d,y = o) + Olly = ]

+4lly — zil| — Dy — [} - (2.27)
But (¢ — k&) ||y — @k|| < 0. Therefore, we have from (2.27) that

0 < ink {(F"™(z1)\,y — Ay —
< dnax mink {(F"(2x)Ay = 2e) + Aally — 2}
- k in {(F""(x )\, y — + N\|ly — : 2.28
,\eI/lef(}acck)ryrgg {< (xk) Y xk> 1Hy xk”} ( )

By Assumption 2.10, we have

min {(F™ ()N y — zx) + Dally — 2]} < 0. (2.29)

Expressions (2.28) and (2.29) lead to a contradiction. We complete the proof of

the lemma. (W]
13
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Next we show that under some appropriate conditions the problems (PP;) and
(P,)), are equivalent.

Proposition 2.13. Under Assumptions 2.9 and 2.10, problems (P1) and (Pg)
are equivalent for all k large enough.

Proof. Let z° be a solution of (P;). Then by Lemma 2.12, we have that for any
integer k£ large enough

min f(z) = f(2") = f(2°) + k[|F(z°)|| = min[f(z) + k|| F(2) ]

zeCp zeC
This implies that z° is also a solution of (Py)y.

Now we fix some kg as in the proof of Lemma 2.12 and suppose that xy is a
solution of (Pg),. We want to show that zj is a solution of (Py). If ||F(z)|| = 0,
then

f(@r) = flae) + Kl F(z4)l| = min[f(z) + k|| F(2)[]] = min f(z),
zeC z€Cp
which implies that zj is a solution of (P;). Therefore without loss of generality
we can assume that || F'(zy)|| # 0. Since zx is a minimizer of Ly = f + k|| F||, it is

necessary that
DLy(zg;y —xk) >0 forallyeC. (2.30)

Using the formula for the directional derivative of a maximume-like function in the
left-hand side of (2.30), we obtain

DLg(zk;y — zk)
= (f'(z),y — zx) + & _max (A F'(zi)(y — zx))

)\EAF(:L‘]C)
= (f'(zp),y — 2) +k max (F™(zp)\, vy~ zi). (2.31)
AGAF(‘T’@)
From (2.30) and (2.31) we have
0 < (f'(z),y —xx) +k max (F™(xp)\,y — zx). (2.32)
)\EAF(.’E;C)
But
(f'(@i),y — ax) < Lrlly — |- (2.33)
Inequalities (2.32) and (2.33) imply
0 < lylly — 2|l + k& max (F"(zp)\,y— i) forallye C. (2.34)
)\EAF((Ek)
or
0< max {{lly —zxl| + k(F"(zx)\,y — )} forallyeC. (2.35)
AeAp(zy)

14
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Expression (2.35) implies
0 < min max | {slly — mll + b{(F"™ (me) X,y — xx) } - (2.36)

yeC )\EAF(.’Ek
By using the Minimax theorem, the fact that ({5 — kA1) ||y — 2| < 0, and
Assumption 2.10, we obtain from (2.36) that

0 < in {¢7lly — zull + K(F" (z1) A,y —
< dnax min {{lly — zell + B(F" (@0)A y — )}

2t i =)+ Sl

Hoplly — zell = kD lly — ]|}

< ink {{(F"(zi)\, y — zx) + Dy —
<, k(P @)y = 20 + Sl = )

= k i F* Ay — A -
Aef/{l?(}fck)ggg“ ()N y — k) + Aly $k||}

< 0,
which is a contradiction. , O

With above results we now state and prove a necessary condition for global
optimality satisfied by a global minimizer z°.

Theorem 2.14 (Necessary condition for global optimality). Let Assumptions 2.9
and 2.10 hold. Suppose that 2° is a global minimizer of the problem (P,). Then
the following condition (G1) holds:
(G1): There exists ko such that for any k > ko and for all z € L;(z°) there exists
A € Ap(z) such that
rréig(f'(x) +kF""(z)\,y — z) > 0. (2.37)
y
Remark 2.15. Inequality (2.37) includes the well-known minimum principle, that
is if z is a minimizer on C then there exists a Lagrange multiplier A such that
(/(@) + K" (2)A, 2) = min{f'(z) + kF™ (), ). (2.38)
y
Proof. First we choose k > kg, where kg was stated in the proof of Lemma 2.12.
Since z° is a global minimizer of f, problems (P;) and (P,); are equivalent, z° is
also a global minimizer of L. In order that z° be a global minimizer of Ly, it is

necessary that
DLp(z%y—2°) >0 forallyeC. (2.39)

Similarly to what we did in Proposition 2.13, computing the left-hand side of
(2.39), we obtain

max (f'(z°) + kF"(2°)\,y —2°) >0 forally e C. (2.40)
)\EAF(.’EO)

15
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Inequality (2.40) implies that

i ") + kF"™ (22N, y — z°%) > 0. 2.41
%13A6T3é0)<f(w)+ (=) Ay —2°) > (2.41)

By the Minimax theorem, we have

min max (f'(z°) +kF"(2")\,y —2°) = max min(f'(2°) +kF"™(2")\, y - 2°).

yeC AeAp(z0) AeAp(z0) yel
(2.42)
Expressions (2.41) and (2.42) imply
' in(f'(2°) + kF™ 2%\, y ~ 2%) > 0 2.43
\nax, min(f(z7) + kF7(25)A,y = 27) 20, (243)
which implies that there exists A € Ap(z°) such that
min(f'(z°) + kF"™"(2°)\,y — 2°) > 0. (2.44)

yeC

For all z € L;(z°), we have

f(z) = f(2") = min f(z).

zeCp

Thus, z is also a global minimizer of f. Using the same argument as given earlier
in the proof, we can conclude that there exists A € Ap(z) such that

gneig(f'(x) + kF™(z)\,y — z) > 0.

We complete the proof of this theorem. a

2.4 Sufficient Condition for Global Optimality

In this section we state and prove a sufficient condition for global optimality of
an admissible point 2z° € C. Our main result demonstrates that the necessary
condition (G1) for global optimality of z° becomes the sufficient one if we assume
that they are non-degenerate in the following sense:

(G2): For any x € Ls(z°)

max(f'(z) + kF"™(z)\,y — z) > 0, (2.45)
yeC

where A is the same as that in (2.37) of (G1).

Remark 2.16. Expressions (2.38) and (2.45) imply that
max(f'(z) + kF"*(z)\,y) > min(f'(z) + kF"™(z)), ). (2.46)
yel yeC

16
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Theorem 2.17 (Sufficient condition for global optimality). Let Assumptions 2.9-
2.11 hold and the point z° € Cr satisfy the necessary condition (G1) for global
optimality from Theorem 2.14 and the additional condition (G2). Then z° is a
global minimizer of (Py). :

Proof. Let ko be as stated in the proof of Lemma 2.12. We then choose k such
that
my + mq S ¢y - diam(C)

3 JALS ’

where d;3 = min{d;,d,}. To prove that z° is a global minimizer of the problem
(P1), it is enough to prove that z° is a global minimizer of (P,);. We suppose to
the contrary that there exists & € C such that Lg(£) < Lg ().

Define D := {z € C : Ly(z°) — Lg(z) < 0}. We then consider the following
optimization problem:

k>ky, k> ,and &

Minimize ¢(z) = L[|z — 2|

Problem (A;) : subject to z € D.

By Weierstrass’s theorem, there exists z* € D such that

pla*) = min p(z).

Lemma 2.18. Li(z*) = Li(z°).

Proof of Lemma 2.18. Since z* € D, we have Li(z*) > Li(z°). Suppose Li(z*) >
L(z°). Let zx = (1 —t)z*+12, t € [0,1]. We compute the following: for ¢ € (0, 1),

plw) = gl

1 * - ~112
= —%—H(l—ﬂf)x +t& — ||
= sIQ-9@" -2)[°
= S0Pl 4l
= (1-t)p(z") < p(z*).

We choose any ¢t > 0 small enough. Therefore, z; € C and Li(z;) is close to
Li(z*). Thus, Lg(z;) > Li(z°). Hence, we have z; € D and ¢(z;) < @(z*), which
is a contradiction. Consequently, we have Li(z*) = Ly (z°). O

Next we consider the following auxiliary problem:

Minimize g¢(z) = max{p(z) — ©(z*), Lg(z°) — Li(z)}

Problem (A,) : subject to z € C.

17
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Lemma 2.19. z* is a solution to the problem (As).

Proof of Lemma 2.19. First, we have g(z*) = max{0, Ly(z°) — Ly(z*)}. Since z*
is a solution to (A;), z* € D and hence Lg(z°) — Li(z*) < 0. Thus, g(z*) = 0.
For any z € C, we consider the following:
Case 1: z € D.
We have Li(z°) — Lg(z) < 0. But ¢(z) — ¢(z*) > 0. Therefore, g(z) > 0 =
g(z").
Case 2: z € C\ D.
In this case we have Ly(z%) — Ly(z) > 0. Hence g(z) > 0 = g(z*).
Consequently, we obtain g(z*) < g(z) for any z € C. ' |

We now consider a representation

g9(z) = max{p(r) - w(z"), Li(z°) — Li(z)}

= max [a(Lu(z®) = Lu(@)) + (1 = )(o(z) = 9("))]

= max [~o(L(0) = L@ + (1 - ) (p(@) —p(a)] . (247)

In order that g(x) have a minimum on C at z*, it is necessary that

min Dg(z*;y — 2*) > 0. (2.48)
yeC

From a representation of g(z) in (2.47), we use the formula for the directional
derivative of a maximum-like function to compute the left-hand side of (2.48).
Therefore, we obtain

0 < min max [—aDLg(z*;y — z*) + (1 — a)Dp(z*;y — z¥)],

yeC a€l0,1]
0 < : _ ! * k,Fl* * )\ 1 _ * A , ¥ ,
< ryrggarg[g}f]< a(AEglgé*)f(x )+ EF"(2")A) + (1 —a)(z® — 2),y — ")

0< mi i —a(f'(z*) + kF"(z*)A) + (1 — a)(z* — &),y — z*
<\ Qhin | mig max(—a(f'(s") + kF"(2)A) + (1 - a)(z* —2),y —&"),

0< i in{—a(f'(z*) + kF™ () 1— *—2),y—z%). (2.49
—Aeﬁlp‘&qcf?[%?ﬁi%lg( a(f'(z*) + (")) + (1 —a)(z* — 1),y — z%). (2.49)

We make an appropriate choice of A as follows: if z* is such that F(z*) # 0,
then we choose A € Ap(z*) as a maximizing A in (2.7). If F(z*) = 0, then we
choose A as in (2.37) and (2.45). Under this choice of A, we obtain from (2.49)
that there exists a maximizing a € [0, 1] such that

0 < min(—a(f'(z*) + kF"(2*))) + (1 — a)(z* ~ 2),y — x*). (2.50)

yel

Lemma 2.20. For a in (2.50) we have a # 1.

18
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Proof of Lemma 2.20. Suppose a = 1. Then we have from (2.50) that

0 < I%lél(—-(f/(a?*) +kF"(z*)A),y — z*), (2.51)
or ‘
0 > max{(f'(z*) +kF"™(z*)\, y — =*). (2.52)
yel

Now we show that F(z*) = 0. If not, then by Assumption 2.11 there exist
A € Ap(z*) and § € C such that

(F™(z*)\, § — %) > Ay for some Ay > 0. (2.53)
Taking into account the choice of A in (2.50), we obtain from (2.52) and (2.53)
that
0> (f'(2*),5 — %) + ks, (2.54)
But
(f'(=*),9 =) 2 =l F'@)ll§ — 27| = —£ - diam(C). (2.55)

From (2.54) and (2.55) we have
0> —¢; - diam(C) + kA, > 0,

which is a contradiction. Therefore, we have F(z*) = 0. Because Ly (z*) = Li(z%)
by Lemma, 2.18, we then have

fla*) = Li(z*) = Li(2°) = f(2°).
This implies that z* € L£;(2z%). Now due to the choice of A and the condition
(2.45) we obtain
meatcg((f’(x*) +kF™(z*)\,y — %) > 0, (2.56)
y
which contradicts to (2.52). Thus, we have a # 1, as required. O
From (2.50), we have
(a(f'(z") + kF" (@) A),y — 27)

(/@) + kP (@) y = )

Substituting y = £ in (2.58), we obtain

0

IN

() + R ), - )
(z* — 2,8 — x*)

VAN

=z - 2|?

0,

A

which is a contradiction. Main theorem is proven. O
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Chapter 3

Exact Penalization in an Optimal
Control Problem with a Terminal
Set

‘3.1 Introduction

We consider the control system
z(t) = f(z(t),u(t)), =(0)= =, (3.1)

where u : [0,7] — U is a bounded measurable function and is called the admissible
control, U C R™ is a compact set; f : R* xR™ — R" is a continuous mapping, and
z :[0,7] — R™ is a continuous function and is called a trajectory corresponding
to the control u. The set of all admissible controls {2y will be called the class of
admissible control. Any pair (z,u) satisfying (3.1) is called an admissible pair.

The following assumptions provide the existence and uniqueness of an ab-
solutely continuous solution z of (3.1) for any control w.

Assumption 3.1.

A: The function f(z,u) and its partial derivative f,(x,u) are continuous on
R™ x U.

B: There ezists a constant a > 0 such that for any (z,u) € R" x U,

(, f(z,u)) < a(l +[|2]).

Definition 3.2. An absolutely continuous function z : [0,7] — R™ is called a .
solution of the equation (3.1) for the initial condition z(0) = z, and control v if
it satisfies the equation (3.1) for almost all (a.a.) ¢t € [0,7]. The solution of the
equation (3.1) is denoted by z(t; zo, u).

20
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In general, we can replace Assumption 3.1(B) by assuming that there exists a
continuous function p : Ry x Ry — R, such that for any z; € R"® and admissible
control u

lz(t; zo, w)|| < p(T, ||xo]]) for all ¢ e [0,T].

Remark 3.3. Without loss of generality we can assume that the function p is
monotone increasing with respect to each of its variables.

The set Xp(xg) consists of all trajectories z(+; o, u). Note that Xr(zg), or
simply X(zg), is a subset of the space C% which is defined as the real Banach
space of all continuous functions z : [0,7] — R" equipped with the norm of z
given by

ol = max o)

We also define C(U) the space of continuous function ¢ : U — R with the norm
I8l = max |6(w)]

In general, Xr(zy) is not compact in C%. But due to the growth Assumption
3.1(B) the set Xr(z) is bounded namely, for any ¢ € [0, T

(s 20, w)ll < [T (1 + [fzoll?) — 1)2

This result is proven in the Appendix. Note that without compactness of Xp(xg)
we cannot guarantee the existence of optimal control of the following basic prob-

lem.
Minimize the functional

J(2(-)) = o(z(T))
where 0 : R® — R is a continuous function.
To alleviate this difficulty we use the concept of a relaxed (generalized) control.

Basic Problem(B7P) :

3.2 Relaxed Controls

Let U C R™ be a compact set. We denote frm(U) the linear space of Radon
measures p on U, i.e. finite regular Borel measures on U. The weak norm || - ||,
in frm(U) is defined as

ST |,

where {¢;}%2, is a dense countable subset of C(U). A Radon probability measure
v on Borel sets of U is a regular positive measure such that p(U) = 1. The set of
all Radon probability measures is denoted by rpm(U). The set M = rpm(U) is
convex and compact in the space (frm(U), || - ||w)-

(3.2)
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Definition 3.4. A measurable function p : [0,+00) — M is called a relaxed
control.

It was shown (for example, see Warga [80]) that

Theorem 3.5. 4 : [0, +00) — M is measurable if and only if the function

t—+/¢ p(t|du)

is measurable for any ¢ € C(U).

Let the mapping ¢ € [0,+00) — (t, -) € C(U) be measurable with respect
to Lebesque measure and ||g(¢, u)||cuy < k(t) for some integrable function k(t).
Then for any relaxed control pu(¢)

¢~ [ gt wpttlda)
U
is also measurable.

It is also known that (see Krasovskii and Subbotin [47], Warga [80])

Theorem 3.6. The set My of all relazed controls is conver and sequentially
weakly* compact.

We recall that weak® convergence of the sequence of relaxed controls p;(-) to
the relaxed control p(-) means

i [at [ st upsttian) = [~ at [ o uputtian)

for any function ¢(¢,u) such that the mapping t € [0,+00) — ¢(t,-) € C(U) is
measurable and ||¢(¢, u)||cw) < k(t) where k() is an integrable function.

Relaxed controls give rise to the relaxed dynamics: under Assumption 3.1, for
an arbitrary relaxed control p there exists a unique solution z of the following
system

i(t) = fle(®), p®)), w(O) = o, (3.3)

where f : R”xM—%R”andfa:u Ju f( du).

The solution z, of (3.3) corresponding to the relaxed control p has the im-
portant property of its continuous dependence upon p in the topology of weak*
convergence on My. Since the set of relaxed controls My is weakly® compact,
this implies that the set of all trajectories corresponding to relaxed controls is
compact in C}. Therefore, we always obtain the existence of optimal solution for
the basic problem (BP) in the sense of relaxed controls.

The original control problem with ordinary controls and the control problem
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in the sense of relaxed controls are both related in the following sense: any tra-
jectory z,, of the control system (3.3) can be approximated in C} by trajectories
z, of (3.1), i.e. for any p € My and € > 0 there exists a control u such that

|z, — |l <e.

Definition 3.7. A Dirac measure J,,(du) in M is a unit, positive measure con-
centrated at a point uy having the property

P(u)dyy(du) = ¢(ug) VYo € C(U).
R™
An admissible control u(t) € Qy can be considered as a relaxed control u(t) =
du(r) that depends on ¢ € [0, +00). We fix ¢, then for each u(t) there corresponds
the unit, positive measure d,; which is concentrated at a point u(t) € U with an
action on an arbitrary continuous function g(¢,u) obeying the formula

[ st b (au) = g(t,u(t).

Since the function u(t) € Qy is measurable, then the function

[ sttt = gt u(e)

is measurable for any continuous function g(t,u), i.e. the family of measures 6,
is measurable. Therefore for any admissible control u(t) € Qu, the corresponding
family of Dirac measures du(t) is finite and measurable.

Conversely, -suppose we have an arbitrary finite and measurable family of Dirac
measures J,(; concentrated at a point v(t) € U at time t. Since U is compact,
the set {v(¢) : t € [0,400)} is bounded. Setting g : [0, +00) X R™ — R™ where
g(t,u) = u, we have the measurable function

| st utbudn) = [ utbuoldn) = v(e) €

where u(-) is measurable.

Therefore we have established a natural correspondence between sets of ordi-
nary controls 2y and relaxed controls My. Thus, we can naturally embed Qy in
My. Note that this means that Qy C My. We also have the following property.

o~

Lemma 3.8. A set {f(z,u) : p € My} is convez.
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3.3 Statement of the Problem

Consider the control system (3.1), a continuous function o : R x R® — R, and a
closed set S C R™. For a trajectory z(-) of (3.1), we define

I{z(-)) ={r 2 0:x(r) € 5},

and
Xoam (7o) = {z() : I(z(-)) # 0},
or simply X,qm-
We shall study the following problem

Minimize J(z(-))

Problem (P,) : subject to () € Xadm

where J(z(+)) = Terﬁi;(l.))g(T’m(T))'

Remark 3.9. Note that when o(7,z) = 7, the problem (P) is the minimal time
problem since J(z(-)) = min{r : z(r) € S}.

The minimal time problem (in the sense of ordinary controls) is formulated as
follow: given the control system

t = f(z,u), z(0) = xo.

For a closed set S ¢ R", we need to find an admissible control & € 0y such that
the differential equation

& = f(z,1)
has a solution Z(t) defined on the interval [0,T] and satisfying Z(7') € S and such
that the time to transfer from z¢y to .S is minimal:

T — min.

3.3.1 Main Assumptions and Definitions

In this subsection we give main assumptions and definitions. We start with an
assumption on the function o(-, z(-)) which guarantees the lower semicontinuity of

the function J(z(-)). Note that X () denotes the set of all trajectories z(-; zo, ).

o~

Assumption 3.10. For all trajectories z(-) € X (xy),

li_>m o(r, (7)) = +00 uniformly with respect to () € X (),
T—00

where z(-) is the solution to the system (3.3).
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Next two assumptions concern a target set S.

Assumption 3.11. A set S C R™ is defined as
S={zeR":g(z) =0 for 1 <i<k and h;(z) <0 for 1 <j<ks},
where g : R* — R¥ and h: R® = R* are continuous functions.

We define the following;:

G(z) = (;{};)lgA{W,g(m)) + (8, h(z))},

where
A={(e, ) €R" xR" : ||al| + =12, 8, < 1, 8; > 0},

and
A(z) = {(a,8) € A: G(z) = (@, 9(2)) + (B, h(z))}

is the set of all maximizing (o, 8) € A.

Assumption 3.12. There exist [Ny > 0 and §; > 0 such that for any x satisfying
0 < G4(z) < &1 there exists v € My such that

1% % iy _
epax (g7 (@)a+h(2)B, f(2,v)) < =D

Now we should mention some properties of the sets A, A(z), and S, respec-
tively.

Ler;rlma 3.13. A is conver.

Since A is convex and (a, ) — (o, g(z)) + (B, h{x)) is linear, we have the
following lemma.

Lemma 3.14. A(x) is convez.
It is easy to see that
Lemma 3.15. S = {z: G(z) < 0}.

We consider the following definition of the lower semicontinuity of functionals
defined on a space X with sequential convergence.

Definition 3.16. A functional f : X — R, where X is a space, is called sequen-
tially lower semicontinuous if for any x; € X such that klim Tk =X,
— 00

lim inf f(a4) > f(2)
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The example of such space is provided by the set X (zg) of trajectories defined
on [0, +00).

Definition 3.17. A sequence of trajectories zx(-) — z(-) if for any T > 0, the
sequence xzx(-) converges uniformly to z(-) on [0, 7.

Lemma 3.18. Let Assumptions 3.1 and .10 hold. Then there exists a constant
Co such that o(1,2(7)) > Co for all 7 > 0 and z(-) € X(zo).

Proof of Lemma 8.18. Let C; be given. Then, by Assumption 3.10 there exists
a corresponding T' > 0 such that o(r,z(7)) > C for all 7 > T and for all
z(-) € X(zy). Under Assumption 3.1(B), we have that there exists a constant
p = p(T, ||zo||) such that ||z(7)|| < o(T, |lzol)) for all 7 € [0,T] and () € X(zo).
Let

Cy = OglélT o(r,z(T)).
llz(D)lI<p(Tllzoll)

Now we choose Cy = min{C}y, C,}. Thus, we obtain for 7 > 0 and z(-) € X(zo)
o(r,z(1)) > Cy as required. O

Theorem 3.19. Under Assumptions 8.1 and 3.10, the functional J(z(-)) is lower
semicontinuous on X (xg).

Proof. Let z(-) = x(-; ux) converge to z(-) = z(-; ). The statement is obvious
when lign inf J(zx(-)) = +oo. Thus, we assume that lign inf J(zx(+)) < C for some
—00 —00

constant C. Due to Assumption 3.10 there exists T such that o(r,z(7)) > C
for all 7 > T. Then for any 7, € I(zx(-)) and such that J(zx(-)) = o (7%, k(7))
we have 7, < T. Then we can choose a convergent subsequence 73, — 7. We
consider the following

28 () = ()l = Mz (k) = 2(7:) + 2(70,) — 2(70)
< k() = ()l + Nl (k) — 2(10)]],
which implies that lim zy, (7x,) = x(7). Since S is closed, z(1y) € S, that is
1— 00

70 € I{x(-)). Therefore, we obtain

T(@()) < o7, 2(70)) = lim J(zx, () = lim o(r, 71, (7))

11— 00

Hence, we have
J(zo(+)) < lilgn inf J(zx(+))- O
—00
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3.3.2 Existence of Optimal Relaxed Controls

It was mentioned previously that in general the set of all admissible trajectories
Xadm (o) corresponding to ordinary controls is not compact. So the existence of an
optimal solution of (P;) with the ordinary controls is not guaranteed. But in the
case of relaxed controls My, if the set of all admissible trajectories .fadm(xg) # 0,
we can prove the existence of an optimal relaxed control.

Proposition 3.20. Let Assumptions 8.1 and 8.10 hold. Then for xy such that

o~

Xoam(x0) # 0, there exists an optimal relazed control.

Proof. Assume Xaqm(79) # 0. Then by Lemma 3.18 (with some minor modifica-
tion in the sense of relaxed controls) there exists a constant C(zg) such that

o(r,z(7)) > C(xg) forall7 > 0.
Therefore, J(z(-)) = inf o(r,z(7)) >

Tel(z("))
below. For each &k > 0, there exists xy(+)

C(zp); that is J(z(-)) is bounded from
€ /'?adm(:zzg) such that

J(zx(+)) < inf J(z(")) +

w(')E.)?adm(l'o)

| =

Since /'?adm(xg) is compact, there is a subsequence z, () — z*(*) € é?adm(xo) where
the convergence is defined in the sense of Definition 3.17. Then we obtain

J(z*(-)) < lim J(zk()) (Jis ls.c. by Theorem 3.19)

=00
< lim inf  J(z(:) + L
=00 3()e ¥, 4 (o) ks
= inf  J(z(-))
cc(')EXadm(mo)
which implies that J(z*(:)) = inf J(z(+)). O

JC(')e“’?amdrn(ﬂvo)
3.4 Exact Penalty Function for Free Time Prob-

lem

To obtain local optimality conditions for the problem (P;) over the set of relaxed
controls and the set of admissible trajectories fadm, we use the method of exact
penalization to transform this problem into a problem (P,); and show that under
some appropriate assumptions these problems are equivalent. Let us begin with
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the problem (Ps).

. Minimize Ji(z(-)) _
Problem (Py)s - subject to z(-) € X
where
Tu(a()) = minlo(r,2(r)) + kG4 (z(r))]
and

| G+ (z) = max{0,G(z)}.
We further define the set
Li(@(-)) =={7 2 0: o(7,2(7)) + kG (2(7)) = Jk(z("))}

of minimizing values of 7 > 0.

Definition 3.21. Optimization problems (P;) and (P;) are said to be equivalent
if a solution of (P;) is also a solution of (P;); and vice versa.

To show that (P;) and (Ps), are equivalent, we need the following.

Lemma 3.22. For any k>0, min J(z(:)) > min Ji(z(-)).
z(-)eXyam z(-)eX

Proof of Lemma 8.22. For all z(-) € Xuqm, we have

K@) = minlo(r,a(r)) + kG4 (x(r))]
< i, Plrale) + G o)
= i o(r,a(7)
= J(z()).
Thus, min J(z()) > min Ji(z()) > min Je(z(:)). O
z{-)E€EX3dm #()€EX3dm z()eX

Lemma 3.23. Let zx(-) be an optimal solution of (Pa)r. Assume that

min  J{z(-)) > min Jp(z(")).

()exadm z()eX
Then Iy(z(-)) N I(z(-) = 0.
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Proof of Lemma 3.23. Suppose the contrary. Then there exists 7 € Iy (xg(7%)) N
I(xk(7)). Since 73 € Ix(zx(71)), we have

o (Tk, 2k (Th)) + kG (2e(Th)) = Je(z (). (3.4)
We also have that

T € I(xk(Tk)) = Ik(Tk) e s
= G4(ze(mr)) = 0. (3.5)

Combining (3.4) and (3.5) we have

min_Ji(z(+))

z()eX

ll

Je(w ()

o (Tk, Tk (7))

min o(7, z(T
i, o(r,2(7))

J(z())

min  J(z(")),
a:(')EXadm

VAR

v

which is a contradiction. d

Proposition 3.24. Let Assumptions 8.1, 8.10, and 3.12 hold. Then for any k
large enough
min Ji(z(:)) = min J(z(")). (3.6)
z()eX ()X g dm
Proof. By Lemma 3.22, we have

min  J(z(-)) > min_ Jg(z(:)).
2()€Xadm z()eX

To prove (3.6), it is enough to show that
min  J(z(-)) < min_ Jg(z(+)). (3.7)

()€ Xydm x()eX
To show (3.7), we suppose the contrary, i.e.

min  J(z()) > min Ji(z(-)). (3.8)

2(")EXgm z()eX

Let zx(-) be the optimal solution of (Ps),. We choose Ty € Ij(zk(-)). Then, by
Lemma 3.23, Ii(z(-)) N I(zx(-)) = 0. Since Ty € Li(zx(})), T ¢ I(zk()), Le.
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We define

Ay = J (), t<Ty
pr(t) = { v, te [Tk,Tk +>\],
where v satisfies Assumption 3.12, A € [0,1], and z}(t) = z(¢, up). It is clear that
By optimality of z(-), we have Jy(z3()) > Jp(xx(-)). Therefore we obtain

0 < liminf T(@()) = Jelea()
A0 b\
< fiminf 220D — Je(i())
A0 )
<U(Tk + 2} (T + X)) = a(Tk,xg(Tk)))

< limsup

A0 A

<G+(xg(:rk + /\)A) -Gy <x2(Tk))>

imsup (£, {2z =T

- blim inf <G+<wz<m + M (@) (Ti), v) +0(Y)) - mwam») 59)

+klim inf
M0

IA

A0 A

Next we consider the following estimate

Tet+X .
2@ N -l = | [ Fade, ey

T

< [ Feiw, mop| «

Tk

Te+A N
< /T max || £(z(2), )| dt

< A <max“ f(x;(t),u)H) . (3.10)

u€U
Now we show that there exists a constant m such that
| f(za(®),w)|| <m forany k, te[TyTi+1),A€(0,1). (3.11)

By the growth Assumption 3.1(B) and Assumption 3.10, there exists a constant
p = p(Tp + 1, ||zo||) such that

Iz (@I < p(Tk + 1, llzoll)  for t € [0,T; +1]. (3.12)
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Now we want to show that there exists T, not depending on k such that
lzx @Ol < p(Te + 1, |lzol))  for ¢ € [0,T% +1). (3.13)

Let J= min J(z(-)). Then by (3.8) and since T, € Ix(zx(+)), we have
(- )€Xadm

Jk(SEk()) = O'(Tk,SEk(Tk)) < JO. (314)

By Assumption 3.10, we have that for any C there exists T such that for all
t > Tg, o(t,z(t)) > C. Choose C = J°. Then we obtain that there exists T,
such that for all t > T,

otz (t)) > J°. (3.15)
The expressions (3.14) and (3.15) imply T} € [0,7%), i.e. T < T. as required.
This implies that the relation (3.13) holds. Hence, if we define m as follows:

m= max /@l
izl <o(Tw+1,llzoll)

then the relation (3.11) holds. Note that there exists a constant ¢, such that
t — o(t,z(t)) is Lipschitz on the interval [0, T, + 1] where

Uy = max{|o.(t, z(t))| + Joa(t, z(t))|m : 0 <t < To + 1, l|z|| < p(T% + 1, |0l }-

From (3.9) and (3.10), we have

G+ (@} (Te) + M (@}(Te), v) + o(V) = G+ (@}(Ty))
A

0 < £,(1 +m) + klim inf (
20

(3.16)
Using Danskin-Pshenichnyi’ formula for computing the directional derivative of
the second term on the right-hand side of (3.16), we obtain

0 < L(1+m)+k max (2N (Te))a + K (22 (T)) B, Flz)(Te), v
s Lll+m) m@@@mﬁg<ﬂk» (@ (T) B, F @ (Te), v))

< Ly(14+m)+k(—=4,) (by Assumption 3.12 and z}(Ty) ¢ S)
< 0,

which is a contradiction when k& > fi’-%lﬂ). O
With the above assertions, we now show that

Theorem 3.25. Let Assumptions 8.1, 8.10, and 8.12 hold. Then there ezists kg
such that for any k > kg, problems (Py) and (Ps)y are equivalent.
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Proof. Suppose z*(-) is a solution of (P;). We choose ky > z,u%z’ where m
was previously defined in Proposition 3.24. Therefore under same hypotheses in
accordance with this proposition we have that

S () = min ()
= I(I;leri?Jk(x()) (by Proposition 3.24)
< ()
< J(z*(-)) (by Lemma 3.22).

Thus,
min_Ji(z(-)) = Je(z"(})) = J(z"(-)).

It follows that z*(-) is a solution of (Pz)y.
Suppose zx(-) is a solution of (P;) with k& > ko. We show that zx(:) is also a
solution of (P1). We first have

Ji(zx(-)) = min Ji(2())

z()eXx
< min J(z(-)) (by Lemma 3.22).
(- )€Xdm
Now we show that
Te(ze () N I (e ()) # 0.

We choose Ty € Ix(z(-)). By way of contradiction, we suppose Ij(zx(-)) N
I(zg () = 0. Since Ty € Ip(xk(:)), we have Ty ¢ I(x(-)), that is zx(Tx) ¢ S. We
define

aeny _ fom(t),  t< T
M’“(t)-{ v, t € [Tk, T + Al

where v satisfies Assumption 3.12, A € [0,1], and z}(¢t) = z(¢,u3). Note that
T (t) = 2 (¢) for ¢ € [0, Ty).
By optimality of zx(-), we have Ji(z3()) > Ji(zx(-)). Therefore, with parallel
argument as in the proof of Proposition 3.24, we have
0 < liminf

Ji(z2 () = Je(z2 ()
— X0

A
< Ao (L+m) +k(—D)
< 0,

which is a contradiction. It follows that there exists 7, € Ip(xk(:)) N I(zk(:)).
Then we have

ok 2x(7k)) = Ji(26()) 2 min o7, () = T (2 (),
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that is,
J(zx () < Jklzn())- (3.17)

Thus, we obtain zx(-) € P?adm(xo) and

J(zx(+)) > Jx(zx()) (by Lemma 3.22)
> J(@() (by (3.17))

which implies that

Now let us consider

J(@e()) = Jelze())

= min Jg(z())

z()EX
= min J(z(-)). (by Proposition 3.24)
(- )EXadm
This means that z,(+) is a solution of (P;) as desired. O

3.5 The Minimum Principle

We should first mention that when considering the problem (P;), we mean (P;)

over the set of relaxed controls and the set of admissible trajectories X,qm. In this
section, we consider necessary conditions that an optimal solution (z°(-), u%(-)) of
the problem (P;); must satisfy. Before doing so, we give the following definitions.

Definition 3.26. The set [,;,(z(:)) is defined by

Lmin(2(-, ) = {7 € I(2()) : o(7, 2(7, 1)) = J(2(7, 1)) }-

Definition 3.27. The level set of the functional o at u® denoted by L, (u°) is
defined by

Lo(u?) ={n: J(z(,m) = J((,p")}

For the pair (z, i), we define a solution p of the adjoint equation

B(r) = —H,(p(r), 2(7), (7)), (3.18)
p(r") = 0u(z™(17)) + kg™ (2" (7)™ + kR (27(77)) 87, (3.19)

where 7% € Iin(z(-, u*)), pu* € L,(u°), and
H(p,z,p) = (p, f(z, 1)). (3.20)

Note that p(7) = p(7; a, ) is determined by («, 8) in the initial condition (3.19).
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Theorem 3.28 (The Minimum Principle). Let Assumption 3.12 hold. If a pair
(z°(-), #°(-)) 1is globally optimal for (P1) and 7° € Iyin(2°(")), then the following
condition (C1) holds:

(C1): There exists ko such that for any k > ky and any p* € L,(u°) and 7 €
Lnin(z(-, pu*)) there exists (o*, %) € RF x R*2 such that

(i) Bi"hj(z*(7%)) =0 Vi=1,"- k

(ii) H(p(r),z* (), p*(r)) = min H(p(r),z*(r),u) a.a. T

uel

(iif) o, (7%, z*(7*)) + 15161{]1 Hp(r"),z*(7*),u) =0

where p(1) = p(7;a*, B*) is a solution of the adjoint equation (3.18) with the
condition (3.19), and H(p,z,u) = (p, f(z,u)).
Remark 3.29. The condition (i) is known as a complementary slackness condition.

Remark 3.30. In case of a minimal time problem, i.e. o(7,z(7)) = 7, we have
(a*, B*) # (0,0) because if we had (a*, 5*) = (0,0), we would have had p(7*) =0
and hence melurjl H(p(7"),z"*(t"),u) = 0. Thus, the condition (iii) would imply that

1 = 0 which is a contradiction.
Proof. Let u(-) be an arbitrary relaxed control. Set
prt) = (1= Nplt) + Au(t), Xrelo,1],
and
=704+ 9) ye[-1,1].

Due to convexity of My the function u? is a relaxed control and the trajectory
x> of the system (3.3) corresponding to this relaxed control satisfies the following
equation '

() = Flo 0, 1°1) + A [Fa* (0, 5) = Fa @), 00)], 22(0) = zo.
(3.21)
Recall that Ji(z(-)) = min [o(7, z(7)) + kG4 (z(7))]. Then we have

Je(@°() = o(7°,2°(r%)) + kG4 (2°(r°))
and

Jo(z*()) = min [0(7’, (1)) + kG_|_(£L')‘(7‘))]

< o M) + kG (N ().
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By optimality of 2°(-), we have

0 < i ) = D)

~ AL A
o ST RGP ~ (010,26 ) + KGL ()
~ A A
, o(m, 2N (7)) - o(79, 2%(79))
<1 ) )
AfA (.0
ik (G+($ (r ));G+($ (7 )))] _ (3.22)

We also have that

(1) = 2°(0) + 2291 1 o0,

where |°(’/\\—t)] —0as A—0on[0,7T].
Therefore we obtain

() = () + 6%(?) A+ o(A, 1)
= (%) + / :W Fla®(t), (1)) dt + axa(:\))\—i-o()\,t). (3.23)
We denote T
2() = 33(;) n (3.24)
Differentiating (3.21) with respect to A and set A = 0, we have
%&xﬂ:Mﬂwwwmi%?hjﬁwwmeYﬁmwmmm

which implies that

-~ o~ o~

2(t) = Fo(a* (@), () 2(1) + [Fla°(0), u8)) = (1), 102))]

with the initial condition Z(0) = 0 since 2*(0) = 2°(0).
We also note that

Z(™) = Z(r%) + /TOMA Z(t)dt. (3.25)

From (3.23), (3.24), (3.25), we have

TOHyA

70492 .
M) = xO(TO)—I-/ F(@ (), pP () dt + A Z(TO)+/ Z(t)dt

0 0

+o(A, t)
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04y
= 2+ [ ), s + 126

o}

04y
A / Z(@®)dt + o(\, ).

(3.26)

It is shown in the Appendix that | Z(t)|| is bounded by some constant, say K.

Therefore we have

7049 .
A / 2(8)dt

0

T0+’)’)\ .
< / 12(0)ldt < XK = o(N).
7—0

Expressions (3.26), and (3.27) imply

1) = x0(70)+/T . F0(), p° () dt + AZ (%) + o(M, )

0

1 049A

= 2% + A |:Z(7'O> + 7 (7—)\ /70 f(z°(), ,u%t))dt)}
+o(A, t).
If 70 were a Lebesgue point of

t = Fla(1), (1))

then from (3.28) we would have a representation for z*(7*) as

2 () = 20(7%) + A [Z(TO) + ’yf(a:o(TO), [1,0(7'0))] + o(\, t).

(3.27)

(3.28)

(3.29)

(3.30)

But this is not true in general. However, we would like to have a similar repre-
sentation for z*(7*) as indicated in (3.30) even though 7° is not a Lebesgue point

of (3.29). This will succeed by establishing the following lemma.
Lemma 3.31. There exist fo € R* and A} > 0, A] | 0 such that

1 TN
lim 7 [ FE @0 =fe ¥y [-L1L

- 00 )\Z 70

To prove Lemma 3.31, we need a series of following lemmas.

100 A; 0

704N N
Lemma 3.32. Let A\; — 0. If lim —/ f(2°(t), ub(t))dt exists, then

0 100 A4 0

04+ TO4 N ~
i £ [0 a0, 00 = Jim + [T P00
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Proof of Lemma 3.52. We consider
|Fa@,w®) - Fat @), @)

= || 10, ) = £, )] (e

< [ 10, ue) = £, 00| w(eldu)

< [ esla®e) = ") 1t (3:31)

But

-~

[Uu%m&mwn

[ [|Fa ) d
< Kit—1, (3.32)

12°() — 2°(7°)]

IN

o~

for some constant K7 since Hf(xo(t),,uo(t))“ is bounded. Inequalities (3.31) and
(3.32) imply that

-~

| Pl @) = Fla*r®), 00| < ke = < GEaNL (3.33)
Letting \; — 0, we get the desired result. O

Lemma 3.33. Let f(t) = f(2°(7°), u0(t)). Assume f: R — R" is integrable and
for some constant Ko, || f(t)|| < K3 a.a. t, and f(t +7°) = f(=t +7°) fort > 0.
Then there exists fo € R™, and \; > 0, A\; | 0 such that

1 704y
lim )\—/ fl)dt =~fo for ally € {-1,+1}.
i Jro

1—>00

Proof of Lemma 3.33. Set v = 1. Then for any A > 0 we have

7044
s s <

70 +yA
<3/, Il <K

0

Then there exist A; | 0 and f; € R™ such that
1 704N
T

1—00 i 0
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We consider the following

0-X\ A
7 __1 1
lim /\i/ f®)dt = lim — f(=s+71%ds (by setting s = —t + 7°)
i Jro

1—0Q0 1—00 /\z 0

= lim:l/oif($+T0)d8 (fE+7°) = f(-t+79)
-1

1—00
704N
= lim — f(t)dt (by setting t = s + 7°)
100 >\Z 70
= —fo.

This implies that there exist a sequence A; > 0, A; { 0 and f; € R" such that

1 704y
lim —/ f@)dt =~ fo for all v € {—1,+1}.

We complete the proof of this lemma. O
Lemma 3.34. If we define

then (z0(t), u0(t)) is an optimal pair.
Proof of Lemma 8.34. We have the following

JE() > Ja()
= o(r%,2°(1) + G+ (°(")
= 0(°, (")) + kG (2()
> J(@(),

Combining Lemmas 3.33 and 3.34, we conclude the following lemma.

Lemma 3.35. There exist fo € R™ and \; > 0, A; 1 0 such that

0

1 'r°-+—'y)\1/\~ -
lim == [ PO 0@ = fo ¥y e {-1,+1),

With aid of Lemma 3.35, we can now prove Lemma 3.31.
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Proof of Lemma 3.31. For any v € (—1,1), v # 0, there exists A\] = ’\;L Then we

have
1 049 _ ~y (RS DV _
T 0 0 — lim - 0 0
fmx [ f@ @Ry = fm L[ Faa, o
1 TO-I—/\i o~ -~
~ [ lim y/ F@0(), 2o (8)dt
= 7/
We complete the proof of Lemma 3.31. O
Now we continue proving Theorem 3.28. From Eq.(3.28) and Lemma 3.31, we
have
N (r) = 2%(r%) + A [Z(°) + o] + o(A], ). (3:34)
For simplicity, we shall use A for A]. Therefore we have from Eq.(3.34) that
gMr) = 2%(r%) + A [Z(7°) + 7 fo] +0(A,2). (3.35)

By (3.22), (3.35), Lipschitzness of ¢ and G, we obtain

0 < lim [(0(7’*7%\(7)\)) )_\ O(TO,:UO(TO))) +k (G+(LL‘)‘(T>‘)) ; G+($0(TO))):|
_ liin [(a(TO + A, 2°(7%) + A\ Z(79) +)\’ny] +o(\ b)) — o(79,2°(79)) )
AL0
ik <G+(T° ), 20(70) + )\[Z(TO);— vfol + o(.)\, £)) - G+(x°(T°))>J |

which implies

0 < (ou(r?,2%(7")), Z(7°) + v fo) + (o (7°,2°(7")), %)
+k  max  (¢"(@°("))a+ " (2°(7°)8, Z(°) + v fo).

(a,B)EA(z0(?))
Hence, we obtain
0 < min max [0, 2() + kg (())a
vE[-1,1]
+kB" (2°(79)) B, Z(7°)) + (0,(7°,2°(7%)) + (04 (7°, 2°(77))
+kg" (2% (r%))o + BB (2°(°)) B, fo)) 7] - (3.36)
For our convenience, we use the following notations:
o) = oy (r% 2°%(7?))
g° = g (@)
7% = Z(%
ad = o, (7% 20(rY).
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Then an inequality (3.36) becomes

0 < min max 00 + kg™ o+ ki B, 20
B E'I[L(% 1] (avﬁ)eA(xO(TO)) |:< z g B ))
yel—4

+ (o2 + (o0 + kg a + kR B, fo)) 7] - (3.37)
Now we let

U, 7, a, ) = (02 4+ kg a + kR B, 2% + (02 + (0% 4+ kg o + kR, fo)) v
(3.38)
It is easy to see that (o, 8) — ¥ (u,~, @, B) is linear. Recall that

o~

200 = [ 2007 [Fle"(6),1(6)) ~ Fa2(5),0°(5)] s,

For a + b =1, we have
fa apt +bp?) = /f(wo, u)(ap' + bu®)(t|du)
U
/ £(2°, uyape (tldu) + / £(2®, w)by? () du)
U U
_ / £(2°, )t (t]du) + b /U £(20, w2 (t]du)

= af(a® p') +bf(a°, 1?).

Therefore we obtain  Z(¢; ap' + bu?) = aZ(t; pt) + bZ (t; p?).
Next we consider the following:
U(ap' + bp?, ayt + 072, , B)
= (00 + kg o+ kR B, Z°(r% apt + bu ))
+ (02 + (0% + kg o + kR B, fo) ) ayt + b'y
= (0% + kg + kR B,aZO(T pt) +02°(r° ))
+a (a + (0% + kg o + kh* 5 f )) v +b (0 + o0 +kg’°*a+kh’° B, fo))72
= afog + kg a + kRS, Z°(1°% uh)) + b(og + kg"’*a+kh’°*ﬁ Z°(r% u))
+a (62 + (69 + kg o + kR ,8 f )’y +b (o2 + (02 + kg o + kR ﬁ fo)) 7
= a {{od + kg + k"B, Z°(7% u')) + (02 + (09 + kg o + kh°" B, fo)) ' }
+b {(02 + kg a + kR B, Z°(r% 1?)) + (02 + (02 + kg a + kR B, fo)) 7*}
=a¥(p', 7', @, B) + 6% (12, 7% a, B).
Then for fixed (o, ) a map (u, v) — ¥(u, ", e, ) is convex. By Minimax theorem,

il
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we have from (3.37) that

0 < max min 0_0 +k IO*O[ L k)h’o* ’ZO
yei—L

+ (02 + (00 + kg a + kW B, fo)) 7] - (3.39)
Inequality (3.39) implies that there exists (o*, 8*) € A(z%(7%)) such that

0 < min [(00+kg"a" + KRB, 2°)
76?—1,1]

+ (0% + (02 + kg " + KR B*, fo)) 7] - (3.40)
Setting v = 0 in (3.40), we have

(00 + kg a* + kh°" 8%, Z°)) > 0. (3.41)
If 4= 10 then (3.40) becomes

r?i?l] (02 + (o9 + kg™ o + K" B*, fo)) v > 0. (3.42)
vel-1,

From (3.41) we have

0 < (kg™ k8 [ 0r)8 ) [, us)) — Fla®(6), (6] o)
0< /T (00 4+ kg o + kR B*, B(r0)(s) [

0

o~

0< /OT (B(T0) 0 () (0%+kg™ o + kR 8), F(2°(s), u(s)) — F(z°(s), u%(5)))ds

(3.43)
We let
p(s) = (®(r°)71(5)) (02 + kg a* + kA'O" %). (3.44)

Then p(7°) = o2 + kg a* + kRO 8*. Expressions (3.43) and (3.44) imply

0

0 < / " (p(s), Fla(s), uls)) — Fla®(s), 10(s))) ds. (3.45)
We then choose pu(s) = dg(s), where 4(s) is such that
H(p(s),2°(s), (s)) = min H(p(s), a"(s), u). (3.46)
41
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Therefore from (3.45) and (3.46) we obtain

o}
-~

0< / (p(s), A($0(3)>(5a(s)) — f(2%(s), u°(s)))ds < 0,
0
which implies that the integrand is equal zero for a.a. s. Thus, we have

(p(s), F(@°(s), p°(5))) = min H(p(s), 2°(s),w), Le.

H(p(s),2°(s), p(s)) = min H(p(s),"(s), u). (3.47)
From (3.42), since 7 can be positive or negative, we have
ol + (o) + kg™ o + kKRB, fo) = 0, ie.
ol +(p(7%), fo) = 0. (3.48)

But

7042 .
W g = Jm g [0, (), 4 e)ds)
04N

= jm : (p(s), F(z°(s), 1°(5)))ds

70

T <minH(p(s),:1:0(s),u)) ds

i—soo A 70 u€lU
= IIleiqulH(p(TO),IO(TO),u). (3.49)

Eqs.(3.48) and (3.49) imply

o (7%, 2°(7%) + qulell[rjl H(p(r),2%(%),u) = 0.

We complete the proof of the minimum principle. O
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Chapter 4

Global Optimality for a Free
Time Optimal Control Problem

4.1 Introduction

In this chapter we consider an optimal control problem of minimizing

min _o(7, z(r, 1)) (4.1)

Tel(z(,n)
and provide necessary and sufficient conditions for global optimality of the pair
(7%, u®); that is

o(r%2(r% %)) = min  min o(r, z(7, p)). (4.2)
2()E Xy g TEL(@(m))

As an application of these global optimality conditions, we consider minimal time
control problem; that is the problem of minimizing

min ){T cz(r) € S} (4.3)

TEI(x(7/'L)

which is a particular case of (4.1).
We show that if for any relaxed control u°(-), there is no other relaxed control
p(+) such that

min {7:xz(r,u) €S} = min {r:z(r,u’) €S
TEI(m(',#)){ (1) } TEI(w(',uO)){ (.5 J

and p° satisfies the minimum principle which is non-degenerated in the sense that

max H (p(7), z(r, 1i°), u) # min H (p(7), 2(7, 1), w),

then 1 is globally optimal.
Our main theorem contains more general optimality conditions for more gen-
eral problems. If the pair (7%, u°) is globally optimal then any (7, ) such that
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p € Lo(1°) and 7 € Iyin(z (-, 1)) is also globally optimal. This implies that (7°, u°)
and any such pair (7, i) satisfy the necessary conditions for optimality in the form
of Pontryagin minimum principle.

Under some additional condition of non-degeneracy of such minimum princi-
ple, these necessary conditions become sufficient conditions for global optimality.

4.2 Suflicient Condition for Global Optimality

Before proving the main theorem we need the following assumption.

Assumption 4.1. There exist Ny > 0, 6o > 0 such that for any z satisfying
0 < G(z) < s

% 1%
max max x)a+ A" ()8, fz,u)) > D
nax max (9" (2)a+ ()8, f(z,0)) > b
We need this assumption for proving sufficient conditions for global optimality
in the next theorem.

Theorem 4.2. Let Assumption 8.12 hold. If a pair (2°(-), u°(+)) is globally opti-
mal for (P1) and 7° € Lin(2°(+)), then the following condition (C1) holds:
(C1): There exists ko such that for any k > ko and any p* € L,(p°) and
7* € Imin(z(-, 1¥)) there ezists (a*, B*) € R x R*2 such that

(i) ﬁj*h](.’ll*(’f*)) =0 V] = 1, ,kg

(i) H(p(r),2*(r), u* (7)) = min H(p(r),2*(7),u) a.a. 7

(iii) o (7*,2*(7*)) + rzfleli[rjl Hp(r*),z*(7"),u) =0

where p(1) = p(T;a*, 5*) is a solution of the adjoint equation previously defined
in (3.18) with the condition (3.19).

The condition (C1) is sufficient for global optimality of a pair (z°(-), p°(-)) if in
addition the Assumption 4.1 and the following condition (C2) of non-degeneracy
of the minimum principle (ii) hold:

(C2): For any (z*(-), u*()) with p* € L;(u°), and 7 € Imin(z(-, u*)) ,one has

that necessary conditions from (C1) are nondegenerate in the sense that
rlrblggH(p(T),x*(T),u) # I;ﬂeiuljl H(p(1),z*(1),u) on [0,T).

Proof. Let (2°,1°) be globally optimal. Then any u* € L,(u°) is also a global

minimizer. In the exact penalization theorem 3.25, u* provides a minimum to the

functional
Ji(z(-)) = minfo(7, 2(7)) + kG 4+ (z(7))]

720
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on all trajectories z(-) € X for all k > ko where ko is a known constant from
Theorem 3.25. Therefore, we can apply Theorem 3.28 for the pair (7%, u*) to
obtain the condition (C1) as desired. Now we shall prove the sufficient part.
First, we have the original problem

Minimize o(7,z(7, 1))
(P1) :  subject to G(z(r,u)) <0
©weE My, 72>0.

Under Assumption 3.12 and Lipschitzness of o, we have that the problem (P;) is
equivalent to the following problem (P;)g

Minimize o(7, z(T, 1)) + kG (z(T, 1))

(P2)i subject to p € My, 7 > 0.

Assume that (z°, %) is not a global minimum of (P;). Then (z° %) is not a
global minimum of (Py);. Therefore, there exists (Z, 1) such that

o(?,2(7, 1)) + kG (2(7, 1)) < o(7%,2(r° %)) + kG (x(7%, 1°)), (44)
Gla(r,i) < 0
i € My.
Minimize O(7,u) = || = fl|o, + |7 — 7|

Consider an agyer a]] admlss1b1e pairs (z,p) where a:(r) = z(7, u()) such that
Min® (7> 2(T 1)) + kG (2(r, 1) 2 o (7, 2(7°, 1)) + kG (2(7°, 1)) =2 Jo

(Al) . OVeIa(Illle C[élllllMylb PGAJ.J-D \-A/, ,J/} YY LICTL G ub\l } -_ .L/\I 9 ’Jl\ // ULl v
o(1,2(7, 1) + kG ((r, 1)) > o (7%, 2(r°, 1)) + kG (z(7°%, 1)) = Jo
and p € My.

T
Note that [lu — fillz, = / la(t) — A(8) ludt
0

N / Z 21 + nasznc

where {¢;}2, is a countable dense subset of C(U).

Since a functional
p() = fp() = 20)lL,

is convex lower semicontinuous on a compact set My and a function

/ i) (1 — ) (t] )|

T = |7 = 7|
is continuous on a compact set [0, T], the functional

(7 1) = M) = 2|y + 7 = 7
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is lower semicontinuous on the compact set [0,7] x My. Also, o(r,z(r, u)) +
kG, (z(T, 1)) depends continuously upon 7 and u. Therefore, by Weierstrass’s
theorem there exists an optimal solution to problem (A;). We denote the optimal
solution for this problem by (7%, 1*).

Let’s denote O, := ©O(7*, u*). We then consider the second auxiliary problem
(Ag)

(Ay) - Minimize J(r,u) = max{Jy — o (7, z(r, ) — kG (z(, 1)), O(r, 1) — O}
uE My.

Lemma 4.3. (7%, u*) is a solution to the problem (Aj).

Proof of Lemma 4.3. First, we have
J(r*, 1) = max{Jy — o(7*, (7", 1)) — kG, (z(r*, u*)), 0}.
Since (7%, 4*) is an optimal solution to (41), we have
o(T%,&(7%, 7)) + kG (2(77, 1)) = Jo;

that is Jy — (7%, z(7%, u*)) — kG4 (z(r*, u*)) < 0. Hence, J(7*, u*) = 0. For any
pair (7, u) with G(z(7, u)) <0, and p € My, we consider following two cases:
Case 1: o(7,z(1, 1)) + kG ((z(1, 1)) < Jo.

We have Jy — o (7, 2(7, ) — kG (z(r, ) > 0. Then J (7, u) > 0 = J(*, u*).
Case 2: o(r,z(1, 1)) + kG (z(r, 1)) > Jo.

In this case we have Jy—c (T,x( 1) —kG 4 (z(r, 1)) <0. But ©(r, u)—-0, > 0.
Thus, J(r, 1) > 0 = J(r*, u*).

~

Consequently, we have established J| (7, p*) < J(7, p) for any (7, pu). O
Lemma 4.4. Under the condition (4.4), the pair (7%, u*) satisfies the following
relations

o (T, 2 (", w7)) + kG (2(7*, 1)) = o,
and

T € Inin(2 (-, 1),
where I8, (o(, 1)) = {7 < o(r,2(r, 1)) + KG(x(, u*)) = minlo (. a(r, 4*))
+kG (z(7, 1))}
Proof of Lemma 4.4. First we want to show that

minlo (7, z(7, 4*)) + kG (z(r, u7))] = Jo.
Let us assume that
min[o (7, z(7, 4)) + kG (x(T, u*))] > Jo, (4.5)

720
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and choose the following variation
pA(E) = (1= 2 (t) + Aat), A€ 0,1].

Since the trajectory z* corresponding to the relaxed control u* continuously de-
pends upon A, it follows from (4.5) that for A € (0,1] small enough

mino (7, 2(r, 1)) + kG (2(r, )] > Jo.
We then have that a pair (7*, u*) satisfies the constraint of (A;). But because of
the relation
o, wt) = |Ip* = plle, + |7 = 7]
= @ =Xp"+ A0 — pllo, + |77 = 7
= (=M = alle, + 77 =7
< lw" = flle, + 177 = 7l = O(7%, 1),

we conclude that (7%, ©*) is not an optimal solution of the optimal control problem
(A;). This contradiction implies that

minlo (7, 2(7, u*)) + kG (2(7, 1*))] = Jo.
Next we want to show that
o(t*, z(7*, u")) + kG4 (z(1*, 1)) = Jo, that is 7* € I¥. (x(-, u*)).
Suppose to the contrary that 7* is not optimal, i.e.
o(r*,x(r*, 1)) + kG (z(7*, 1*)) > Jo.
We then choose the following variation
™ =714\, ye€{-1,1}, v= —sign(r* — 7).
For A € (0, 1] small enough, we have
o(r, a(r, 1%) + kG (z(74, 1)) > Jo.
This implies that (7%, u*) satisfies the constraint of (A;). But
o u) = lu* = hllz, + 7 = 7|
= |lw = dllo, + 17" =T+
< =iz, + |7 = 7
< O, p7);
we have a contradiction since (7%, u*) is optimal. Thus, we must have
o(m",5(r", 1w")) + kG (x(7", %)) = Jo,

and 7* € IF, (z(, u*)), as required. O
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Now we write an optimality condition characterizing an optimal pair (7%, u*)
in the problem (Aj).
First we need some auxiliary results. Consider the following variations

v | v, te [, 7" + )]
ph(t) = { (1= AN)p(t) + (), t&[r, T + A

and

A = TF 4,

where v € My and v € [0, 1].
Note that we use the following notations:

D) = o)
(1) = x(r,u").

Before we write this optimality condition, we need the following representation
of 2*(7* + v)) stated in the next lemma.

Lemma 4.5. (7% + yA) = 2*(7*) + YA F(@* (%), v) + AZ(1*) + o(A).
Proof of Lemma 4.5. We have

P ) = 2 () + / P (@), v)dt

T*

TN YA
= M) + / Pl (), v)dt (4.6)

T* A
Let’s denote B := /

T

[f(a:k(t), v) — A(:z:*(v'*), 1/)] dt. Then we have

o~ o~

Bl < max | [f@ 0.0 - Fer @)l (@7)

But
IF(@ ), v) = Fla* (7)) < max | Fla? (@), u) ~ Fla*(r), w)

< max |17 (®), w) = Fa* (),

+ 1 F@ ), w) = Fla' (), wl]
< lla*(0) = 2 )| + Glla () = 2 (7))
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For t € [0,7*], we have

2 = @)
= Fa*, (1= N + )
= @, un) + 2 (Fadm - F, )
and = flz*, ).

Therefore we obtain
0 - o0l < [ {IFw7) = Pl w0l + NIFa ) = Tt e
0

Since f(xz,u) is bounded, say ||f(z,u)|| < my, and

-~

(@, %) = Flat, 1)) < Glla () = 2" @)

we have
) - @) < / (65127 (t) — 2° (1)) + 2mg ) dt

< /0£f||x)‘(t)—x*(t)“dt—{—?,T*mf)\.

By Gronwall’s inequality, we obtain that for ¢t € [0, 7]

280 — 2" (@] < 2r'msA-exp (/tffdt)
< 27%my A - exp (Z;T*). ' (4.9)
Expressions (4.7), (4.8), and (4.9) imply
|B| < 4€;m*ymy - exp ({57*) A%, ie.
B = 0(\?) = o()). (4.10)
From (4.6) and (4.10), we have

TU YA
P+ N = 2 () + / Fla(7), v)dt + o). (4.11)
But
P(T7) = 2 (1) + AZ(r) + o(A); (4.12)

therefore we have from (4.11) and (4.12) that
T* 4y A

Pt N) = () A2+ [ Fa () v+ o)

T*

-~

= (%) + YA f(x*(77),v) + AZ(7*) + o(}), (4.13)
which completes the proof of this lemma. (]
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Lemma 4.6.

-~ o~

A AY J * *
lim inf T ) (", 1) < max max min —alo (7%, 2*(77))y
M0 A a€l0,1] p([-)ER] (a,8)€A(z* (7+))
ce[~1,1

+ (0 (7", 2" (77)) + kg (2" (")) + KR (@* (7)) B,

W@ @)+ 26N+ 1=a) |- [ S

(/ &i(uw)p* (t|du) — /qﬁl w(t]|du) > dt + 2’y+§7] .
U

Proof of Lemma 4.6. We consider the following:

j(Ta M) = maX{JO - U(T’ $(7-7 /J‘)) - /CG+($(T, M))? @(Ta /j’) - @*}
= max{Jy — o(7,2(r, ) = kG4 (z(r, w)), |0 — &llz, + |7 — 7| - ©.}
= max [a (Jo — o(7,z(7, u)) — kG (z(T, 1))

0<a<1

+(1—a) (I = fllz, + |7 = | = ©J)].
(4.14)

Note that

) = Ol = [ 1) = 0 ot
- [ ia / d(wlthd) = [ ouw)ittldn)| o
~max/T§j@pZ 0 ([ adwntan

/gbz t|du>

1
2(1+ ligille)’

(4.15)

where
61' =

and

R ={p(") = {pi(") }iz1 : pi() € Leo(0,00), ps(-) : [0,00) — [-1,1]}.

There exists a maximizing sequence p(-) = {p;(+) }i>1 in (4.15) and

) = sign (/ 5() (2] ) — /gbl t]du) aa.t.
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We also let £ be such that —1 < ¢ < 1 and |7 — 7| = (7 — 7). Therefore from
(4.14) we obtain

T = _ _
(7, 1) max pr(r[_l)g la (Jo = o(r,2(7, ) — kG (2(7, 1))
fe(—1,1

]
+41—@([féi&mw(Aywwummo~4ymwmwm0dt
0.)].

+E(r —7) —
(4.16)

We denote

Q7 1y a,w) = —a(o(7,5(r, p) + kG (2(7, 1) — Jo) + (1 — a) (/0 i&m(t)

</¢ u(t|du) — /@ t|du>dt+§(¢—%)—®*>,

(4.17)
where w = ({p;(*) }i>1,€) € R x [-1,1] =: Q. Then we have

QU 1 a,0) = QU 1, 0,w) — a [(o (™, 2(r, 1) = o7, (7", "))
+ (G (o, 1Y) = G (a(r, 1))

[/T;_"‘jazpz ([ s
/¢ tldu)dt-l—f(T —T)}

= Q" w,a,w) —a [ (o0 + 0,2 (1) + A Fla (7). v)
+2(r) + o(V) = o (7,27 (7)) + (G (+"(*))
A (7),0) + (7)) + o(V) = G (2 (7)) )|

(o9}

+U—@[AHWT+w;;MMﬂ
</¢z (1 = \)* + Ap) (¢] ) — /@ (t[du))dt
+/T*T+7’\°° bipi(t (/U@UV u)

/¢z t[du)dt%—&yk]
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= Q' 0,w) — a [ (o(r* + 90,0 (") + A f(a" (), )
+2(r) +0(N)) = o(r*, 2 (7)) + k (G (a7 (7))
FAF@ (7),0) + Z() + 0o(N) = Go (o7 (r))]

+(1—a) [—A/[OT]TTW;M </¢ p* (] du)
/ bi(uw)p(t)du) > dt + /T e f:é 0i(t (/tu di(u)v(du)
/¢Z *(¢]du) ) dt+§fy)\} .

For sufficiently small )\, we have
o(r* + A,z (7) + A1 (2" (77), ) + Z(77)) + o(N) = o (7", 2*(7%))
= (02,2 ()7 + (a2 (), 7Pl (7)) + Z(0)) + o),
and

G (@ (7") + A" (), v) + Z(77)) +0(N) = G (a"(+))
@ e+ B (@ () F " (7),0) + Z(7)) + o).

(o, ﬁ)eA<

We now consider the followmg

/\/ - W 5:pi(t (/ 5() 1 (t]cus) — /qs, t|du)
——)\/Tiépl (/qs (t|du) — /qﬁz t|du>
_)\/T Wi@pz </ () (t]dus) — /¢, t|du>

)\/T*T*M)\f:dipi(t) </ ¢i(u)p* (t|du) — /(/ﬁZ w(t]|du) )
= )\/T S /sz *(t|du) — /qﬁ p(tldu)| d

< )\/T ’ Za 2|I¢,Hcdt—2/T " (Z 1lllelllqcS “C)) dt

But

<29\ = 0(/\)
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Thus, we obtain

o 0 [0 s
—)\/Ti(sz </¢ *(t|du) — /qsz t|du>dt—o(/\).

Similarly, we also have

[ (o )
T i= 1
:/T Y /gb, v(du) — /qﬁz *(t|du)|d

o T E (bl
</, 2‘5 2oeds =2 [ (Z 1+u¢zuc>>dt

< 29A.

Hence we have

—)\/ TTWZM (/qﬁ *(t]du) — /qsz t[du)
-+~/T*T+7/\OO<5,0Z (/qbz v(du) — /qﬁz tldu)

T o0

Consequently, we have

QU it aw) < QUi a,w) + M—alor (7,27 (1)) y + (0u(r, 2 (7)),

ACE*T*,I/ +Z() +k a ™(x*(r*
V(@™ (), v) + Z(77)) (a,ﬁ)g(g(ﬂ))@ ("))

(o (7 ))ﬁ;v{:( (), v) + Z(77)]
+(1 —a)| /25/)1 (/¢z

/qﬁz p(t]duw) ) dt + 2y + &7]} + o(N).

*(t|du)
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Next we let

Vg, w,p7) = —alo(r", 2" (7)) + (ou (T, 2" (), v f(@" ("), v) + Z(7))

o~

‘f‘k (a7ﬁ)g‘%§(7*))<g'*(:E*('r*))a -+ h,*(.’l?*(’r*))ﬁ, ’)’f(ill'*(T*), I/)

+Z(T*)>]+(1~a)[—/0 Z(sz (/qﬁl “(¢]du)

/qﬁl (t|du) ) dt + 2 + &7].
Then we obtain

Hence we have

j(T/\v ,U,)‘) - j(T*a p‘*)

lim inf
20 A
a€l0,1] a€l0,1]
< liminf 4% wesd
20 A

(4.18)

In order to apply Pshenichnyi-Danskin theorem we need to show that the set
{2 is sequentially compact and (a,w) — ¥(a,w, i, y) is continuous.

By defining convergence of a sequence p"(-) — p(-) in R as follows: p"(-) —
p(+) if and only if for every i > 1 p?(-) — pi(-) as n — oco; we have that € is
sequentially compact and ¥ is also continuous as required. Therefore, we obtain

~ ~

S ) — (T )

liminf ‘ ! < \/

1rf\1&)n 3 < arél[%?li] (a,w,u, ’7),
WEQ(T*,p*)

where a,w are such that

o~

Q(T*7/'l'*7a7w) = J(T*’/"L*)?
Qr*, 1) = {w e Q: Q" ' a,w) = J(r*, )},

and {p;(-)}i>1 satisfies the relation

(/ () (¢ d) — /qﬁl (2| du) ) - I/U@( * (¢]d) — /@ i(t|du)

The lemma is proven. O
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Lemma 4.7. For any («,f) € A(z*(7*)) and v € My there ezist a € [0,1],
w=(p(:),&) € Q(r*, u*) such that

0< —a[ar(f*,m*(f*))%<Ux(”f*,w*(7'*))+kg’*(x*( "))+ kb (z*())8,

@ (7)) + 2] + (- a)[- / Zm (/ 4(u) s (2 )

/ bi(uw)p(t]|du) > dt + 2y + &7], (4.19)

for any v € [0, 1] and u(-) € My.
Proof of Lemma 4.7. Recall from Lemma 4.6 that

Y(a,w,u,v) = min vy (o, B, a,w, @, v, V),
(a,w, 1,7) pin (e, B 1y Y5 V)
where ¥, is the expression in the right-hand side of the inequality (4.19). Since
(7*, 11*) is an optimal pair of the problem (A,), we have
Tlad AN . Tl %
hm lnf '](T 7IU’ ) J(T ’IU/ )
AL0 A

> 0.

Therefore, we have in accordance with Lemma 4.6 that for any («, §) € A(z*(7*))

0 < min max max Vy(a,fB,a,w,u,y,v). (4.20)
1V GG[O,H WGQ(T*:“*)

Again, we fix some (o, §) € A(z*(7%)).
We fix a; then we have a map

(1, 7) = ¥
is convex on a compact convex set My x [0, 1]. Hence we obtain

- U
(1, 7) Jomax Uy

is also convex.
If we fix v and u, then a map

a — \Ill
is linear; hence concave. Therefore, a map

a— max ¥,
wEQ(T* ")
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is concave. Then by Minimax theorem (See Borwein and Zhuang [8]) we have

0 < max min max V. (4.21)
a€[0,1] 1,7,V weQ(T*,u*)

For fixed a, i, and 7y, we have a map
w — \Ill

is concave, and for fixed a,w, a map

(B, y) = ¥y

is convex. Using Minimax theorem, we have

0 < max max minV¥;. (4.22)

a€[0,1] weQ(r*,u*) 17,

An inequality (4.22) implies that there exist a € [0,1],w € Q(7*, u*) such that
the following relation holds:
0 < min ¥;. (4.23)

e
This implies that for any v € [0,1], and u(-) € My

0 < Wy, as required. (4.24)

We complete the proof of Lemma 4.7 O

Now we choose (a, 8) € A(z*(7*)) in the following way: if u* € L,(u’) and
7* € Imin(2*(+)) then we choose («, 8) such that u*(-) satisfies the minimum prin-
ciple with p(t) = p(t; , §) in accordance with the condition (C1) in Theorem 4.2.
We can do this because z*(7*) € S and any (¢, 8) satisfying a complementary
slackness condition (¢) in (C1) also satisfies the inclusion (a, 8) € A(z*(7*)).

Note that if we assume that 7* € I(z*(-)) then due to Lemma 4.4 we obtain
that p* € £,(p®) and 7* € Inin(z*(-)). Now we should assume that 7* ¢ I(z*(-))
which implies that z(7*) ¢ S. Then we choose an arbitrary (o, 5) € A(z*(7*))
and ug € U such that

(9" (@™ (7))o + R (2"(77)) B, f (2 (), wo))
= rggg(g’*(az*(T*))a-i— R (z* (7)) 8, f(z*(7%),u)) > A, (4.25)

in accordance with Assumption 4.1 and choose v = dy,.

Lemma 4.8. For previous choice of (e, B), we have a # 1.
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Proof of Lemma 4.8. We first mention that due to Assumption 3.10 there exists
Ty such that
o(r,z(r)) > Jo+1 forall T >T,. (4.26)

This implies that for any 7 such that
o(r,z(7)) + kG (z(1)) < Jo (4.27)

we have that 7 < Tj for any £ > 0. We define the following constants

Cy = max{|o, (7, 2)| + |ow (7, @) || f (=, W)}, (4.28)
and
Cy = max{|o(r, z)|}, (4.29)
where 0 < 7 < T, ||z|] < p(Th + 1, ||zo]), and v € U. We have from (4.27) and
(4.29) that
—Cy + kG4 (z(7)) < o(7,2(7)) + kG (z(7)) < Jo, (4.30)
or .
G la(r) < L * G oy, (4.31)

We choose k > ky where kg is in the conditions (C1) and (C2) so that

kg — Cy > 0, (4.32)
and I aC
> Dot (4.33)
9z

Note that we have from Lemma 4.4 that
o(r*,z*(7")) + kG (z*(77)) = Jo. (4.34)

By way of contradiction, we suppose that a = 1. Then by the condition (4.19)
in Lemma 4.7 with our choice of ;= p* and v = 1, we obtain

—~

0< = |on(r*, 2" () + (oa(r, " (7)), F(&* (1), u0)) + (g (2" (7))
R (@ ()8, Fa (1), 6u0))] (4.35)
We show G(z*(7*)) < 0, that is z*(7*) € S and hence 7* € I(z*(-)).

If not, i.e. G(z*(7*)) > 0, then by our previous choice of (a, 3) € A(z*(7*)) we
have

(9" (@ (7)) + 1" (2" (7))8, (2" (T7), 6uo))
= max(¢" (z*(7*))a + A" (z* (7)) 8, f(z*(7%),u)) > Dy > 0. (4.36)

u€elU
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We rewrite (4.35) as

-~

02 or (", 2"(7")) + {ou (7", " (r7)), (2" ("), 8u0)) + K{g" (" (7"))a

+h (2™ (1)) B, f (=" (7 ) uo)): (4.37)
From (4.28), (4.36), and (4.37), we have
0> —Cy+ kD >0, (4.38)

which gives a contradiction. Therefore, we have G(z*(7*)) < 0. But G4 (z*(7*)) =
0. Thus, from (4.34) we obtain

o(m*,z" (1)) = Jp. (4.39)
Since for any 7 € I{z*(-)), o(r,z*(7)) > Jo. It follows that

min o(7,2*(1)) = Jo. 4.40
min o(r,a" () = & (4.40)

This implies that u* € £,(p°) and 7% € Ly (z*(*)).
Now with a =1 and v = 0, we have from (4.19) in Lemma 4.7 that

0 < = [(oa(r,2*(7)), Z(7")) + k(g" (=" (7)) + K" (2" (7)) B, Z(7"))] ,
0> (ou(r", 2" (7)) + kg™ (z* (7*))a + kb (z* (%)) B, Z(7*)). (4.41)

Since p* € L,(u’), we obtain by the necessary conditions of the theorem due to
our choice of («, §) € A(z*(7*)) that

H(p(r), 2" (7), 1" (7)) = min H (p(r), 2" (7), w). (4.42)
We also have
9= [ 21070 [for 6.0 - et o) o] s (1)
and
p(r7) = 0a(r",27(7)) + kg (" (T)a + KR (2% ()8, (444)
where
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From (4.41), (4.43), and (4.44) we have

0 2 o), [ a8 6) [Flat(6), ) - Tl 61, ()] i)

> [ ot 000079 [T (06D ~ Fo (),
> [ 4@ 6 bl Fl 9,6 — o), )i
> [ 19060 Flt (9 (6D Fa ), o)
> [ (09 T 60 - p0o) F e ds. (409
But
0(), T () @) = A(s),2°(), 4(5))
— wmip H(p(s),2°(5),u) (4.46)

Expressions (4.45) and (4.46) imply

0z | ' (<p<s>,A(x*<s>,u<s>)>—minH(p(s),x*(s>,u>) ds.  (447)

Now we choose () = dy() so that

-~

<p(3)7 (x*(s)v N(S)» = maXH(p(S)> x*(s)v u) (448)

u€lU

Therefore, we have from (4.47) and (4.48) that

0> /OT* (max H(p(s),z*(s),u) — min H(p(s), z*(s), u)) ds. (4.49)

u€lU u€lU
But by the nondegeneracy condition we have

max H (p(s), 2*(s), u) # min H(p(s), 2°(s), v). (4.50)

Consequently, due to continuity of

s - max H(p(s),2"(s), ),

and
s — minH(p(s),2™(s), u),
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we have

0> / (maxH( (8),z*(s),u) — minH(p(s),x*(s),u)) ds > 0,
0 u€elU u€lU
which is a contradiction. We complete the proof of this lemma. O

We continue the proof of sufficiency. We first set v = 0 in the condition (4.19)
of Lemma 4.7; hence we have

0 < —a[{oo (7", 2"(7")) + kg (2" (7"))ex + KL (&* (7)) B, Z(7"))]

+(1-a) [‘ > dipi(t) (/U ¢ () " (¢ du)

0 =1

- [ ot ] (451)
or 0< —a/OT* <ﬁ(p(s),m*(s),u(s)) — min H(p(s),x*(s),u)> ds

0 4=

- [ otwntian) ). (452)

We rewrite (4.52) to obtain

/0 Zcﬂpz (/¢z *(t]du) — /¢z t|du>

- /0 (H(p(s),x*(s),u(s)) mlnH(()x*(s),u))ds. (4.53)

uclU

o

1—a
Choosing u(-) = i(-) and using the fact that (p(-), &) € Q(7*, u*), we have

0 < Hu*(t) )| wdt

I
\
Sl
p
7~
S—
§
%
=
\
§‘
%
£
\_/

a ~
< ~1_QA ( (p(5), 2°(5), i(s)) — min H(n(s) ()m)@
< 0,
which is a contradiction. This completes the proof of the sufficiency of the main
theorem. O
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4.3 Application

One application to Theorem 4.2 is that to the minimal time problem stated in the
following corollary.

Corollary 4.9. Let Assumptions 3.12 and 4.1 hold. Define T(u(-)) = min{7 :
z(r,p) € S} If (2°(:), 1°()) satisfies

1. necessary conditions of Theorem 4.2
2. T(u()) # T(u()) for any u(-) # 1°()

3. rggﬁ(H(p('r)»xo(T)?u) # rqfleiélH(p(T),xo(T),u)

then p° is globally optimal.
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Chapter 5

Generic Uniqueness and
Existence of Optimal Trajectories
of Free Time Control Problems

5.1 Introduction

In this chapter we consider a class of free-time problem which includes minimal-
time problem. We demonstrate that under assumption of sufficient smoothness
of the boundary of a velocity set of control system for almost all (in Lebesgue
measure sense) initial positions there exists a unique optimal trajectory.

These results demonstrate that global optimality conditions from Chapter 4
can be applied for almost all initial conditions for some generic class of free time
optimal control problems.

We consider the following free time problem of minimization of the functional

J(@() = Tef}l(g(l_))a(T,x(T)) (5.1)

on trajectories of a control system
©(t) = f(=(t),u(t), =(0) =gz, (5.2)

where z(t) € R", u(t) is a control with values in some compact set U C R™ and
the set I(z(-)) consists of all moments 7 such that z(7) lies on a closed set S C R®

I(z(:))={r>0: z(r) € S}. (5.3)

The admissible control set U consists of all measurable functions v : [0, +oo] —
U with values in some compact set U C R™. Vector z € R" is a state vector and
z(t) = z(t; z, u) denotes a trajectory (solution) of the control system correspond-
ing to the admissible control w and initial condition z(0) = z.
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Remark 5.1. Note that in the case
o(t,z) =t (5.4)

the problem of minimization of the functional (5.1) becomes a classical minimal
time problem of optimal control [66, 78].

It is well known (see [78] for the modern general exposition) that an opti-
mal control/trajectory pair (u(t),z(t)) (if it exists) should satisfy the following
Pontryagin maximum condition for almost all (a.a.) ¢t € [0, 7

H(x(t), p(t), u(t)) = max H((t), p(t), u) (5.5)

where
H(z,p,u) = (p, f(z,u))

is Pontryagin pseudo-Hamiltonian (in Clarke’s terminology [13, 14]) and the pair
(z(t),p(t)) satisfies the following adjoint system

£(t) = Hy(z(t), p(t), u(t)), (5.6)
p(t) = —Hz(z(t), p(t), u(t)). (5.7)
However, the problem of existence of an optimal pair is not a trivial one. Tradi-
tionally it is related to assumption of closedness of the set of all trajectories of

the control system (5.2) which is provided, for example, under classical Filippov
condition of the convexity of the velocity set

f(z,U). (5.8)

In this chapter we dispense with such convexity assumption and demonstrate
that for the free time problem (5.1)-(5.2) under assumptions of the smoothness of
the boundary of the velocity set (5.8) for almost all (a.a.) in Lebesgue measure
sense initial points x € R™ there exists a unique optimal pair (u(-), z(:)).

We should note that any control system can be approximated by one which
satisfies such smoothness assumption [1].

Our approach is based on a study of differentiability properties of the following
optimal value function for relaxed controls y

v(z) = inf J(z(;z .
(@) 1= inf J(o (2, 4)
The optimal function v is a particular example of an inf-envelope function

f(z) = irellﬁf(w, ) (5.9)

for the parametric family of functions f(-,v) with € T.
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It is obvious that such inf-envelopes are not in general differentiable at some
points even if functions f(-,7) are smooth for each v. Nevertheless, the inf-
envelope function f can be differentiable (or, has a proximal subgradient [19]) on
a sufficiently large (in some sense) subset of R™. Differentiability properties of inf-
envelope functions were studied beginning with classical results by Danskin and
Pshenichnyi [22, 23, 67, 68] on directional derivatives of inf-envelopes in the case
of compact I', by Ekeland and Lebourg on generic Frechét differentiability of inf-
envelopes for the case of smooth f(-,7) [28]. General representation formulas for
subgradient of inf-envelope in the general case of lower semicontinuous functions
f(-,7) have been obtained in [52] by using multidirectional mean-value inequal-
ities; the first author used the same technique in [50] to obtain a representation
formula for gradient of inf-envelope in the case of a non-compact set I'.

The interest to the (sub-) differentiability of inf-envelopes is related to the fact
that a variety of results in functional analysis and optimization such as generic
existence of unique metric projections on closed sets in Hilbert space, variational
principles of Borwein-Preiss [20] and Stegall [75], generic existence and uniqueness
of geodesics on infinite manifolds [26, 27] (see also [10, 74]), generic uniqueness of
optimizers in calculus of variations and optimal control can be explained in the
framework of some unified approach. This approach was initiated (to our knowl-
edge) in [27, 28] and is based on differential or subdifferential properties of the
some optimal value (inf-envelope) functions (see [50] and [52] for an explanation
of this framework).

This chapter is closely related to [50] where generic existence and uniqueness
results have been obtained for a class of smooth optimal control problems of fixed
duration. However, for optimal control problems with free time methods of [50]
cannot be applied directly without significant modifications. Our new approach
used here (and which is based on the use of optimal value function v) exploits
multidirectional mean value inequality from nonsmooth analysis [19].

We should mention here another approach to generic existence and uniqueness
of Lagrange and Bolza type optimal control problems in [82] (see also [45]). These
results establish that for almost any integrand (in Baire category sense) there
exists a unique optimal solution.

In this chapter we demonstrate that for a special class of control problems
optimal solutions exist and are unique for almost any initial condltlon in the
sense of Lebesgue measure.

This chapter is organized as follows. The next Section 2 contains assumptions
and statement of main result which establishes an equivalence of existence and
uniqueness of the optimal control for a given initial point £ € R” in the free time
problem and differentiability of an optimal value function v at . The proof of the
main theorem is based on Clarke-Ledyaev multidirectional mean-value inequalities
[19] for nonsmooth function whose statement and few related results can be found
in Section 3.
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We place additional assumptions on control system (5.2), standard estimates
for solutions of the adjoint system (5.6)-(5.7) and convergence lemma, for solutions
of perturbed system in Section 3. Section 4 contains an exact penalization result
for free time problem under local controllability condition near a terminal set (see
also [51] ) which provides a local Lipschitzness of the optimal value function v.

Section 5 contains a statement and proof of the Main Theorem on generic
uniqueness and existence for the case of compact set U.

We use notation (-, -) for the inner product in R™ and ||-|| for the corresponding
norm. The closed unit ball in R” is denoted B; for a set ¥ and a function f we
use f(Y) to denote the set

FY)={fly) - yeY}

The set of all nonnegative numbers is denoted R,.
Function f : R® — R™ is said to be C'* if its derivative f’ is locally Lipschitz.
Function ¢ : (0,1] — R, is said to be from £, function if 1)}&')1 ©(A) =0.
For the set S C R", we use ds(z) := in£||a: — z|| to denote the distance from z
2€
to S and the set

projs(z) :={y € § : [z -yl = ds(z)}

denotes the set of the closest point in S to x.

5.2 Main Assumptions and Statements of Main
Results

Before stating assumptions we briefly review the concept of relaxed control [47,
79, 80] which will be used intensively in this chapter.

Let U C R™ be a compact set, then frm(U) denotes the linear space of Radon
measures u on U; that is, frm(U) is the set of all finite regular Borel measures
on U. The weak norm || - ||, in frm(U) is defined as follows

> 1

Imlle = > o

=1

7

/U gi(w)m(du)

where {g;}32, is a set of continuous functions g : U — R which are dense in the
space C'(U) of continuous functions on U with the norm ||g|l¢c = max lg(u)|. The
u€

set M = rpm(U) of Radon probability measures is convex and compact in the
space frm(U) with the norm || - |, .

Measurable mapping u : [0,7] — M is called a relaxed control. It is well
known that the set M of all relaxed control is convex and weakly sequentially
compact [47, 80].
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Let

flz,p) = /Uf(x,u),u(du), u €M (5.10)
and consider a solution x(t) = z(t; z, i) of the differential equation
i(t) = f(a(t), u(t), =(0) == (5.11)

corresponding to the relaxed control ¢ € M and the initial condition z(0) = =.

5.2.1 Main Assumptions

We start with the following assumptions which implies the smoothness of the
boundary of the velocity set (5.8) such that the convex hull co f(z, U) is a strongly
convex set. As we mentioned before any control system can be approximated by
one which satisfies such assumption. The approximation is measured in terms of
the Hausdorff distance between trajectory sets of two systems.

We assume that the boundary of the velocity set f(z,U) is smooth and cor-
responding solution of the adjoint system is unique and, consequently, depends
continuously upon initial conditions.

Assumption 5.2.
Al For any z € R" and p € R” such that p # 0 there exists a unique vector
u(z,p) € U satisfying

H(z,p,u(z,p)) = mggH(m,p, ). (5.12)

A2 For any zy and pg # 0 there exists a unique solution of the following system

T = H:D(x)p7u($)p))7 .’E(O) =Ty

p=—Hy(z,p,u(z,p), p(0)=p,. (5.13)

Note that the function u(z,p) is continuous at any (z,p) such that p # 0.

The next group of assumptions on the control system (5.2) implies existence
of such solutions on the entire interval [0, +00). This also implies that a solution
of the adjoint system (5.13) can be prolongated on [0, +0cc). Here we also have
assumptions on function ¢ which imply existence of an optimal relaxed control.

Assumption 5.3.

Bl Functions o : R, x R* = R, f:R" x U — R" are C'*.

B2 (Growth Condition) There exists a continuous function p: R, xR, — R,
such that for any relaxed control x4 € M and any z € R"

l(t; 2, w)ll < pt, flz]]) V¢ € [0,+00) (5.14)
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B3 For all (t,z)
ot(t,z) >0 (5.15)

B4 (Coercivity Condition)
lim o(t,z(t;z, p)) = +o0 (5.16)

t—r 00

uniformly with respect to relaxed controls u € M.

Note that in the case of a minimal time problem the function o(t,z) = t
satisfies B3 and B4 in the Assumption 5.3.

The last group of assumptions concerns with a local controllability condition
of the control system (5.2) near a terminal set S and with a solvability of the
optimal control problem of minimization of the functional (5.1) on the set of
relaxed controls.

Assumption 5.4.
C1 For any r > 0 there exist 6 = 6(r) > 0 and A = A(r) > 0 such that
min  min((z — y, f(z,u)) + Allz —y|]) <0 VzerBn(S+4B)\S. (5.17)

yEprojs(x) ue€l
C2 There exists an open set G C R” such that for any z € G
v(z) = inf J(z(;z,pn)) < +oo. (5.18)
HEM

It is easy to see that Assumption 5.4 (C2) implies that for any initial point
z € G there exists 4 € M such that I(z(-; z, 1)) is nonempty. In combination with
Assumption 5.3 (B4) it will imply that there exists an optimal relaxed control u
at which the infimum in (5.18) is attained.

5.2.2 Main Theorems Statements

In this chapter we will use the optimal value function (5.18). We show that it
is locally Lipschitz on G under Assumption 5.4 of local controllability of (5.2)
near S by using the next exact penalization result. Note that its main feature
is that for any zy € G there exists a neighborhood of zy such that for any point
in it there exists an exact penalty function with the same penalty parameter. In
this sense we can consider the following result as a result on local uniform exact
penalization.

Theorem 5.5. Under Assumptions 5.2-5.4 for any point xog € G there exist posi-
tiverg, T and K such that for any x € xg+roB the optimal value function (5.18)
can be represented as follows

v(z) = min{Jg(t,z,pn) : t€[0,T),u € M} (5.19)
where
Jie(t, 2, 1) = o(t, 262, 1) + Kds(z(t; 2, 1)) (5.20)
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It is easy to see local Lipschitzness of v follows immediately from the fact
that the mapping ¢ — z(¢;z, 1) is locally Lipschitz uniformly with respect to
te0,T],pe M.

Due to Rademacher theorem we obtain for Lipschitz v that it is differentiable
at a.a. x € (G. Then generic existence and uniqueness of the optimal control on
G follows from the next theorem.

Theorem 5.6. Under Assumptions 5.2-5.4 the optimal value function (5.18) is
differentiable at x € G if and only if for the initial point x there exists a unique
optimal control ug such that

v(z) = J(z(;z,u0)).

5.3 Multidirectional Mean-Value Inequality

In this section we discuss briefly a concept of proximal subgradient, sum rule for
subgradients and mutidirectional mean value inequality [17, 18] which are used
in the proof of our main theorem. Detailed exposition of proximal subgradient
calculus can be found in [19].

Let function f : R" — (—o00, +00] be lower semicontinuous and dom f := {z :
f(z) < +oo} # 0. Vector { € R™ is called a proximal subgradient of f at z if
there exists constants ¢ > 0 and ¢ > 0 such that

f)—f@) > ((y—x)—olly—=z|* YVye€r+6B.

We denote the set of all proximal subgradients of f at z as Opf(z). It is known
that Op f(x) is nonempty for all z from some dense subset of dom f.

It is easy to show that if f is differentiable at = then 9pf(z) = {f'(z)}.

We have the following fuzzy sum rule for proximal subgradients. Let f,g be
two lower semicontinuous functions and ¢ € dp(f + ¢)(z) then for any € > 0 there
are points z', 2", subgradients ¢’ € dpf(2') and (" € Opg(z") such that

lz' —z|| <&, ||2" —z|| < ¢
(@) = f(z)] <e, |9(z") — g(z)| < e

and
cel +({"+e¢B.

We also use a multidirectional mean-value inequality in this chapter. The
classical mean value theorem relates values of a differentiable function f : R* — R
at points y and x to the value of its gradient at some point z in the interval [z, y]

fly) = f(a) = (f'(2),y — x). (5.21)
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Multidirectional generalizations of this theorem in which points y and/or z can
be replaced by convex sets Y and X, respectively, appeared in [16, 17, 18]. One
of them, for the case of a differentiable function f : R® — R, can be stated as
follows: let ¥ C R™ be a convex closed bounded set then there exists a point
z € [z,Y] such that

min f(Y) - f(z) < (f'(2),y —2z) VyeY
v;};ere [z,Y] := co (Y U {z}) replaces the interval [z,y] and f(Y):={f(y) : y €

For lower semicontinuous function f we have the following variant of the mul-
tidirectional mean-value inequality.

Theorem 5.7. For a lower semicontinuous f : R™ — (—o0,+0o0], z € dom f, a
convex compact Y C R™ and for any r such that

r < min f(Y) — f(z),
for an € > 0 there exists point z € [x,Y] +eB and ¢ € Opf(2) such that

r<{y—z) Vyev.

5.4 Local Uniform Exact Penalization for Free
Time Optimal Control Problem

In this section we provide a proof of the Theorem 5.5 on existence of the exact
penalty function for the free time problem.
Proof. Fix zy € G, since Assumption 5.4 (C2) holds v(zg) < 400, then due
to Assumption 5.3 (B4) there exists Ty > 0 such that
o(t,z(t;z, pw)) >v(xg) +1 VE>Ty, z €29+ B, upe M. (5.22)
To prove existence of the optimal relaxed control pg such that
J(llf(’;il'o,/lo)) = ’U(.’L‘o), (523)
we define the set

Io(z())) =Ar : 7€ l(x(),o(r,2(r)) = J(z()}, (5.24)

then for a sequence py; € M such that

J(@(; o, pix)) < v(zo) + %
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we have due to (5.22) that
I;(2( @0, ) C [0, Tp). (5.25)

This implies that the sequence 7, € I, (z(;zo, px)) lies in [0,Tp). Without loss
of generality we can assume that (ug, 7%) converges to (i, 7o) which implies that
10 € Iy (2(; zo, po)) and (5.23) holds.
Now we define T := 2T and constants
Ry := p(T, ||zo]| + 1), o9 :=min{o(t,z) : t €[0,T}, ||z|| < Ro},
mo 1= max{||f(z, W)l| + |fo(z W] : ue U, |zl < Ro}, (5.26)
Iy i= ma{[ou(t,2)| + loa(t, &)1 +m) : t€[0,T], [lall < Ro}.
Note that any solution z(¢; z, ), u € M, satisfies the inequality ||z(¢; z, p)|| < Ro

on the interval [0, T].
Choose an arbitrary constant K such that

:E0)+1—0'0 _l_?'_}

K > max { o (5.27)

) TA
where positive constants § and A from Assumption 5.4 (C1) correspond to the
choice of r = Ry.

We now consider a problem of minimization of the functional Jx in (5.20)
on the set [0,7] x M. We demonstrate that this problem is equivalent to the
problem of minimization of the functional J (5.1) on M, namely, a minimizer in
one problem is also a minimizer in another one. In one direction this equivalence
will follow from the following equality for x = xq

' in Jg(t = . 5.28
min min x(t 2, 1) = v(z) (5.28)
We start with establishing (5.28) for the initial point = = z.

Let (u/,7') € M x [0,T] be a minimizing pair for the functional Jx in (5.28)

for © = zy. We assume that (5.28) does not hold. It is clear that it implies

Jr (7', 2o, 1) < v(zy). (5.29)
Then we have z(7'; zg, 1) € S and it follows from the definition of Jx and (5.26),
(5.27) that
0 < ds(z(7'; 20, 1)) < v(wo) -;(1 — 70 <.

Let 2’ denote z(7’; 2o, ). In accordance with Assumption 5.4 (C1) there exists
y € projg(z') and u' € U such that

{

-y

A ! ! _A‘
EErTRAS
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Now we define the relaxed control i as follows

At = {u’(t) fort <71’

Oy fort > 7'

where 9§, denotes the Dirac measure concentrated on the vector wu.
We have that

ds(2(r' + A; 2o, ) — ds(2(7'; 20, 1))

lim su <

/ . ~N _ /. n _
e sup 120 X520, 7) = ] = o w0, vl _
AL0 A

-y
z — y]]

( (7 u)) < —A.

This implies that for all positive A small enough we have due to the definition of
K (5.27)
Jr (T + A 2o, ) — T (7520, 1) < (lo = KA)A +0(N) <0

which contradicts to the optimality of (7,4'). Thus, we obtained that 7' €
I{z(-; 2o, ') and the equality (5.28) holds for z = zy. This also means that
p' is a minimizer of the functional J (5.1).

Of course, the equality (5.19) also implies that the minimizer ug of the func-
tional J is also a minimizer of the functional

— min Jg(t .
H— min K (L, To, 1)

It follows from Assumption 5.3 (B1) and (B2) that there exists a constant I,
such that for any z € 2y + B and p € M

lz(t; z, 1) — 2(t; 20, p) || < lellz — 2ol Yt € [0,T].
Define positive ry such that
ro < 1/(1+ 1,0, + Kl);
then we have for any = € 2o+ r¢B and ¢t € [0, T]
Jr(t;z, p) — Jr(t; zo, p) < (loly + Kl ||z — zo| < 1.
This inequality implies that

in min J(t in min Jx(t 1= 1
min min K ( ,x,u)<l§r€1§gtr€r[gg] k(t, o, 1) + 1 =v(z0) +
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due to (5.28).
Thus, we obtain that for any x € zg + 7B the pair (4, 7') minimizing the
functional Jg(t,z, u) satisfies

Jr (T, 2, 1) < v(zo) + 1. (5.30)

Note that. due to (5.22) we have that 7" < T. If we assume that z(7';z,4') € S,
then using an estimate (5.30) and the same argument as before for the initial
point zy we obtain a contradiction which implies that ' € I(z(-; z, ¢')). But then
we have that

v(z) < J(z(z, 1) = Jr (', 2, 1) < v(zo) + 1. (5.31)

Again we use (5.22) to obtain that I(z(; z, ux) C (0,Tp) for any sequence u, € M
such that ,
v(z) = lUm J(z(;z, u).

k—+00

But this implies that

JK(TIMU,N/) = ;IJ.Iel,l/\r/lltIeI[I[)l,I’ll’] JK(t7m>/'L) < ’U(CU)

By comparing this inequality with (5.31) we deduce that (5.28) holds and p’ is
also a minimizer of the functional J. Theorem 5.5 is proven. g
It is easy to see that for any z, 2’ € xg + roB we have

|k (8 2, ) = Jre(t; 0", )| < Lz — 20|

where L :=[,1, + K.
This implies due to (5.28) that

[v(z) —v(z')| < Lljz — &'||.
Thus, we have the following.

Corollary 5.8. Under Assumptions 5.2-5.4 the optimal value function (5.18) is
locally Lipschitz on G.

5.5 Differentiability of Optimal Value Function
and Uniqueness of Minimizers

In this section we provide a proof of Theorem 5.6 by using the representation
(5.28) for the optimal value function v from Theorem 5.5. We should mention
that the fact that existence of the unique optimal control for initial point z implies
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differentiability of the optimal value function at x is well known in optimal control
theory (see [47] for its proof in the more general context of differential games).
Thus, we need only prove here that differentiability of v implies existence of the
unique optimal control.

Proof. Let o € G be the point of the differentiability of v which means that
there exists function () such that 1/\1%1 ©(A) = 0 and for all A € (0, Ap)

(v'(20),y = 7o) = p(W)lly = zol| S v(y) —v(z0) Vy€z+AB (5.32)

where Ay < 1 is some positive constant.

- Note that due to Theorem 5.5 there exists 79, T" and K such that the optimal
value function v (5.18) can be represented in terms of the penalized functional Jg
(5.20).

It is obvious that

v(xg) = min té?&%] Jr(t, o, pt) = gellfl tgﬂg&} Jr (t, To, tha), (5.33)

where the relaxed control u, € M is defined by the control v € U in terms of the
Dirac measure §,, as follows

s (2) (du) = byy(du) for a.a. t.

Choose an arbitrary ¢ € (0, A\2) and an g-optimal control u, from the set

U, = {u €U : min Jg(t, zo, ) < v(zo) +€}. (5.34)

t€[0,7]

Consider the relaxed control p. := u,, and the moment 7, such that

JK(TEa Xy, ,U/E) - tg[lon%] JK(t7 To, IU’E)

It follows from (5.22) that without loss of generality we can assume that
<T-—1.

Let us fix a probabilistic measure v € M and choose an arbitrary relaxed control
peEM,qgeQ:=][0,1,e € B. For A € [0, ] we define the following relaxed
control

) {(1 = Npe®) +Aput), b <7

v, t> 7

Then we obtain from (5.33) that

v(zg + Ae) — v(zo) < Ji(Te + Mg, 2o + Ae, 1) — Jx (T, To, ) + €. (5.35)
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We have the following representation
37(7-6 + q/\; Zo + )\e, /vb)\) - w(TE; Zg, Ma) + )\(q>6(7-57 0)6 + 2+ wq) + as()\)

where ®.(t, s) is the fundamental matrix solution for the linear system

~

y = fx(x(t> To, ME)? ME)@%

. Na(M)l
lim =5 = 0 (5.36)

uniformly with respect to any u. € M and p€ M, g€ [0,1],e€ B,e < 1.
In this representation wq := qf(x(7:; %o, tte), ¥) and z is the element of a convex
compact set Z, which is defined as follows

{/(;T6 @E(T€7t)(f(x(t;m0>u6)?u) - f(x(t;x07ﬂe)’ﬂs))dt CRE M} . (5.37)

We use (5.36) to obtain that for arbitrary sufficiently small & > 0 we can
choose A = /¢ such that for some function ¢; € L

llac (V)] < <P1(6))\.‘

For such choice of A it follows from local Lipschitzness of o, ds and (5.32), (5.35)
that there exists a function ¢y € Ly such that

— A i —¢(0,0,0 .
()X < (e,q,z)ren];ngzeg(e,q,Z) 9(0,0,0) (5.38)

where the function g(e, g, z) is defined as follows
(—v'(20), Ae) + o (Te + gA, Te + AM(Pee + 2 + wy)) + Kdg(ze + M Pee + 2 + wy))

and ®, := &.(7.,0), z. = z(7¢; xo, te)-

We use the multidirectional mean-value inequality from Theorem 5.7 to obtain
from (5.38) that there exists points z.,z” € z. + 24/eB and t. € (1. — 24/¢, 7. +
2V€), of = oy(te, 1), 05 = 0u(te, ) and €° € Opd;(z?)

—pa(e) < (—v'(mp) + DL (05 + £%),€) + (0% + &5, 2)+

. (5.39)
(0f + (o5 + & f(ze,v)))g Ve€ B,g€Q,z € Z.
Let us consider the vector function
pe(t) = —®T (1., t)(0f + £°). (5.40)
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It is easy to check that p. satisfies the differential equation

Pe(t) = —Ho(pe(t), < (t), ue(t)) (5.41)

where we use notation z.(t) := z(t; zg, ue).
It follows from (5.39) and the definition of of the set Z, that p.(0) is close to
v' (o) |
[1P:(0) + v'(zo)l| < w2(e); (5.42)

the e-optimal control u. satisfies the approximate integral maximum principle in
the following form

/OTE |:r1rtleaﬁ( H(pc“(t)v Le (t)v u) - H(pE(t)7 Le (t)7 uc’(t)) dt < @2-(5) (543)

and that

~

(Pe(7e), f(2e,v)) < —0F + @a(e). (5.44)

It follows from the last inequality and Assumption 5.3 (B3) that there exists
some positive constant py which does not depend upon e for all £ small enough
such that

Pl > po ¥Vt €l0,T].

It follows that there exists a compact set 2 C R™ x R™ such that (z,0) €
for all z and
(ze(t),p(t)) € 2Vt €0, T].

It was mentioned before that due to Assumption 5.2 (A1) a function u(z,p)
defined in (5.12) is uniformly continuous on 2.
Consider the multifuntion

Us(z,p) :={ueU : H(pz,ulz,p)) —6 < H(p,z,u)}.

It is clear that Us is an upper semicontinuous multifunction on € which values
are compact sets.
Define

v(6) := max{||u(z,p) — u|| : v € Us(z,p), (z,p) € Q}.
It is easy to check that l(ggl v(6) = 0, which means that v € Ly.
Now we consider the set E. C [0,T] consisting of all ¢ € [0,T] such that

H(pe(t), J?E(t), U(:L‘g(t),pg(t))) - H(ps(t)y .’L'E(t), ue(t)) Y, ‘;02(5)-

Due to (5.43) we have the bound on the Lebesgue measure of this set

meas(E;) < v/ pa(e). (5.45)
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Then we obtain from this bound and the definition of the function 7 that

/Ohllu(xe(t),pg(t)) — ue(t)||dt < v(v/p2(€))T + diam(U)meas(E;). (5.46)

It is easy to see that the pair (z.(t), p.(t)) is a solution of the perturbed system

= Hy(z,p,u(z,p)) +wi(t), =z(0) =z

. i N 5.47
b= —Ho(@,p,u@.p)) + us®), p(0) = pi(0) (o4

where due to (5.45), (5.46) the perturbation functions w, w; satisfy
i [ O + e = o (5.48)

Without loss of generality we may assume that 7. converges to some 7y € [0, 7).
Since due to (5.42) we have p.(0) — —v'(zg) as € | 0 and (5.48) holds, it
follows from the standard results on convergence of solutions of ordinary differen-
tial equations [36] that (z.(t), p.(t)) converges uniformly on [0, 7o) to the solution
(@o(t), po(t)) of the system (5.13) with pp = —v'(xo).
We determine a control ug on [0, 7] as follows

uo(t) = u(zo(t), po(t)).

Now we use the uniform continuity of the function u(z, p) on Q to obtain from
(5.45) and (5.46) that

70
ligl luo(t) — ue(¢)||dt = 0. (5.49)
€ 0
This implies, that

J(z(+; 20, w0)) = Jr (70, To, o) = v(Zo)-

Thus, g is the optimal control and its uniqueness follows from the fact that any
¢-optimal control converges to ug in accordance with (5.49). Theorem is proven.

O
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Appendix A

In this Appendix we put an exposition of some results which are used in the proofs.

A.1 Boundedness of Solution Sets

Lemma A.1. Under the growth assumption 8.1(B), there exists a constant p(T, ||x0||)
such that ||z(t)|] < p(T, ||zol|) for all t € [0,T]. In other words, the set Xr(zg) is
bounded.

Proof of Lemma A.1. We first note that &(t) = f(z(t),u(t)) and ||z|| = (z,z)¥/2
Then we consider

d 5 d
Tashe) = L0+ (a,0)
= 2(z, &)
= 2(z, f(z,u))
< 2a(l+||=]).

Let v = 1 + ||z||>. Therefore, we have

dv
5 S <2av, v(0) =1+ |z

Integrating the last inequality and using the initial condition, we obtain
v(t) < v(0)e*,
or 1+ [lz(®)f* < (1+ l|zol|*)e*".

Thus, for ¢t € [0,T],[|z(®)]] < [(1+ [lmol|?)e? T —1] Y2 S0 a required constant
p(T, llzall) = [(1+ [fzo|)e™ 1] O

Next we prove the fact that || Z(¢)|| is bounded for ¢ € [0, T], where

2(8) = L0, i W) Z(8) + |F°(0), u0)) = Fla* ), 1°1))], 2(0) = 0.

This fact was used in Theorem 3.28.

7
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Lemma A.2. Fort € [0,T),||Z(t)|| is bounded.
Proof of Lemma A.2. We first have

-~ -~

2(t) = Fola®, 1) 2(8) + [ Fa®, ) = Fla®, )]
Let

Af = fla 1) - Fla®, 1).
Then from (A.1) and (A.2) we have
26 = [ [Ea6)26)2() + 81()] ds

Now we estimate the following quantities.

1841 = |7 ) - Fa®, w0
s 2||x||<p<Tum b IF (@)l =: o,
and
ﬁ(xo,uo)” = max ﬁc(mo,uo)vll
= |, O Dt
=:ﬁ@‘4ummeWMMMM)
< ﬁﬂfﬁ/” (20(8), w(®))]| p(t|du)
< [ |26, u)w] uteld)
< AW“”’“ Yol u(tldu)

IN

/max”fw (2(8), u(t))o]] a(tldu)
B ||x°||<pTu g 1/=@ Il = Be
From (A.3), (A.4), and (A.5) we have

1201 < [ @lz6)l+ R

- R1t+/0 Ro||Z(s)|ds.
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By Generalized Gronwall inequality (see the next section), we have for t € [0, 7]

t t
Nz < R1t+/ Ry Rys - exp (/ Rydr)ds
0 s
t
S th -+ R1R2/ S exp (Rg(t - S))dS
Yo
< R\T+ R1R2/ s-exp (Ro(T — s))ds
0

T
< RT+ Rle/ (max s-exp (Ry(T — s))) ds
0

s€[0,T7

< RiT+ RiRy <mgLX s - exp (Ryo(T — s))) T=:R;. (A7)

s€[0,T]

Therefore || Z(¢)|| is bounded. Consequently, from (A.1), (A.4), (A.5), and (A.7)
we obtain

12l < | f@ w0 12w+ 1as]
= RyR;+ Ry as desired. O

A.2 Gronwall Inequality, Ky Fan’s Minimax The-
orem, and Directional Derivative

A.2.1 Gronwall Inequality

Lemma A.3. If o is a real constant, B(t) > 0, and ¢(t) are continuous real
functions for a <t < b satisfying

o) <t [ B(o)o(s)as, a i<t

wwSa(mpA%wmQ.

Proof of Lemma A.3. See, for example, [9], [34], [73]. O

then fora <t <b

Lemma A.4 (Generalized Gronwall inequality). If ¢, a are real valued and con-
tinuous for a <t < b, B(t) > 0 is integrable on [a,b] and

mwsmw+/%@mgmaStsa
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then fora <t <b

o) < at)+ [ 8(s)als) (e [ atrsar) as
Proof of Lemma A.4. See [34]. O

A.2.2 Ky Fan’s Minimax Theorem

Definition A.5. A function f: X x Y — R is said to be convex-concave like on
X xYif,for0 <\ <1,

1. for 1,29 € X there exists 3 € X with

f(@3,y) < Af(z,y) + (1= A)f(ze,y) forally € Y;and

2. for yi,y, € Y there exists y3 € Y with

flz,ys) = Af(z,y1) + (1= A) f(z,y2) forallz € X.

Theorem A.6. Suppose that X and Y are nonempty sets with f convex-concave
like on X x Y. Suppose that X is compact and f(-,y) is lower semicontinuous on
X foreachy inY. Then

minsup f(z,y) = sup min f(z,y).
X v y X

Remark A.7. If Y is compact and f(z,-) is upper semicontinuous on Y for each
x in X, then “sup” may be replaced by “max”.

Proof. See [8]. O

A.2.3 Directional Derivative

Definition A.8. Let F': V C R* — R. The directional derivative of F' at z( in
the direction of g is given by

. F(zo+Ag)—F
DF(ay;g) = lim T 0 £ 20) = Pl

provided that the limit exists. If the limit exists for each g € V, then F'is said to
be Gateaux differentiable at xg.

Remark A.9. It is common to use notations %F(xo), DF,(xy), F'(zo;9), or

§F (z¢; g) for DF(z0;9).
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Remark A.10. The Gateaux differential of f : X — R, if it exists, is

d
Df(xz;9) = a—)\-f(x-f—)\g) , for each fixed z € X and for g € X.
A=0
Theorem A.11. Let the real-valued functional f have a Gateauz differential on
a vector space X. A necessary condition for f to have an extremum at xo € X 1s

that Df(xg;9) =0 for all g € X.
Proof. See [55]. a

The following theorems are well-known for finding the formula of the direc-
tional derivative of a maximum functional.

Theorem A.12. Let f,(z) be a functional which is continuously differentiable in
a neighborhood of o where o € Z (Z is a compact topological space). Then the
mazimum functional

p(z) = max fo(z)

is differentiable at o in any direction g,||g|| = 1, and

Do(x0; g) = /
90(an g) aé%%i{o)<fa(x0)> g)a

where Z(zg) = {a € Z : fo(z0) = p(x0)}-
Proof. See [23]. O

. /
Theorem A.13. In ordqléﬂilag,lz%i{o)<f“(xo)’g> 2 O'have a minimum at xg, it s

e s
necessary that

inf max (f (zg),g) > 0.
nf max (fo(zo),g) 2

Proof. See [23]. O

In the next theorem, we state and prove another form of the formula of
the directional derivative of a maximum functional. This theorem was used in
Lemma 4.6.

Theorem A.14. Let pu(z) = max o(x,w) where p(z,w) is a real-valued functional

on a normed space X which is continuous in x and w where x € X and w €
(Q is a sequentially compact topological space). Moreover, let a map X — z* is
continuous and
o(x?, w) = (2 w) + Ag(2® w) + o\, w),
where q(z° w) is continuous and i)‘xﬂ — 0 uniformly in w as A | 0. Then the
following limit exists
(@) — p(=°)

lim ===~ —""7 — mg 0 w).
A0 A e (@, w)
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Proof. We choose @ € Q(z°). Then we have

=
8
=
v
S
8

Therefore, |

Thus, we have that for all w € Q(z°)

- p(et) — p(a) 0
_— > .
B -

Now choose w* € Q(z*). Then we have

p(z) > o w?),
pu(z = p(z",w?)

We then obtain

A — (10 AL Ay 0 A
o BN ) (et ) = e
AL0 A ALO A
0, A A
ALO A
But A 0 A 0
lim sup 28— AE) _ o, M) — ()
ALO A 2id0 i

for some convergent subsequence {);}, A; — 0. Hence,
0, A

Ay 0 Ai gAY i

AL0 A Aid0 i
) 0, . Y.
L gled ) + o)

Ail0 )\z

= | 0 Ai
A‘iﬂ%Q(x , W),

AN
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where w € Q(z) C Q. Since § is sequentially compact, without loss of gen-
erality we can assume that w? converges to some @ € €. It is easy to see that
@ € Q(z?), and hence

p(z?) — p(z?)

. < . 1] )\’L
hrr)usoup 3 < l\lﬁ% q(z”, w™)
= q(«° @)
< 0 w). A.
< wgla(tfo)q(m ,w) (A.9)
From (A.8) and (A.9) we have
Ay (0
limw = max q(z° w) as desired. O
A0 A weN(z9)
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