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GLOBAL OPTIM ALITY CONDITIONS IN MATHEMATICAL
PROGRAMMING AND OPTIMAL CONTROL

Pariwat Pacheenburawana, Ph.D.

Western Michigan University, 2005

We derive new first-order necessary and sufficient optim ality conditions 

characterizing global minimizers in m athem atical programming and optim al con­

trol problems. These conditions are based on level sets of an objective functional 

and they do not assume special structure of a problem (convexity, linearity, etc.). 

For a m athem atical programming problem of minimization of a smooth func­

tional on some compact convex set with equality nonlinear constraints, we derive 

first-order optim ality conditions in the form of a generalized Lagrange multiplier 

rule. This rule should hold for any point from the level set of the objective func­

tional corresponding to a global minimizer. We dem onstrate th a t these necessary 

conditions become sufficient ones for optim ality under additional assumption of 

non-degeneracy of the Lagrange multiplier rule.

We also study global optim ality conditions for free tim e optim al control 

problem which includes the classical minimum-time problem. We derive necessary 

conditions for global optimality of relaxed controls in terms of Pontryagin mini­

mum principle for any relaxed control from the level set of the objective functional. 

It is shown th a t these optim ality conditions are sufficient for global optim ality if 

the minimum principle is non-degenerated at least a t one point on a time interval. 

In particular, we derive th a t if some relaxed control satisfies non-degenerated Pon-
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tryagin minimum principle and there is no other relaxed controls w ith the same 

value of the objective functional, then this relaxed control is globally optimal.

Finally, we dem onstrate th a t for some generic class of free tim e optimal 

control problems for almost all initial points there exists a unique optim al control 

satisfying the non-degenerated minimum principle. This implies th a t for such 

problems our sufficient global optim ality conditions can be applied for almost all 

initial points.
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Chapter 1 

Introduction

The problem of finding global maximum or minimum is one of the most difficult 
problems in m athem atical programming and optimal control.

Traditional optim ality conditions are based on classical Lagrange multiplier 
rules in m athem atical programming or Pontryagin maximum principle in optimal 
control, each of which characterizes only local optimal solutions.

These conditions become sufficient conditions for global optim ality under some 
additional assumptions on a structure of optimization problems. Namely, under 
an assumption of linear-convex data  of optimization problems, classical local op­
tim ality conditions become sufficient conditions for global optimality.

Another approach to global optimality conditions is related to the idea of con­
sidering all admissible points of the level set of the objective functional which 
corresponds to the point x°-& candidate for a global optimal solution.

Obviously, all points from such level set are also global minimum (maximum) 
if the point x° is a global minimum (maximum). Thus, any such point satisfies 
local necessary optim ality conditions. This implies th a t necessary conditions for 
global minimum at x° are essentially a collection of local necessary conditions for 
global optim ality for each point of the level set corresponding to x°.

The im portant fact is th a t under some additional assumption of nondegeneracy 
of such local optim ality condition, these necessary conditions for global optimality 
become sufficient ones.

In this work we obtain global necessary and sufficient conditions for some 
m athem atical programming problems with nonlinear constraints and general free 
time optimal control problems. These conditions are based on use of level sets of 
the objective functional mentioned before. Namely, the following new results are 
obtained:

1. New necessary and sufficient conditions for global optim ality in m athem at­
ical programming problems with nonlinear constraints.

2. Exact penalization method for free time optimal control problems.

1
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3. Necessary and sufficient conditions for global optim ality in free time optimal 
control problems.

4. Results on generic existence and uniqueness of optim al trajectories for some 
generic class of free time optimal control problems.

Our approach is based on the method of exact penalization in m athem atical pro­
gramming and optim al control. Let us first consider a fundam ental problem in 
nonlinear programming

Minimize f i x )  M
Problem ( T V )  : subject tQ g{x) <  0_ h(x) =  (1.1)

where / ,  g and h are functions from Rn into R, R fcl, and R fc2 respectively. A point 
i G l "  satisfying the constraints g(x) < 0, h(x)  =  0 is called feasible. A feasible 
point x° such th a t f ( x° )  < f ( x )  for all feasible x ^  x° in some neighborhood 
N(x°)  of x° is called a local solution of (1.1). If f ( x° )  < / ( x)  then x° is called a 
strict local solution of (1 .1 ).

A number of methods are available to solve the above problem. One im portant 
analytical and algorithmic technique in nonlinear programming involves the use of 
penalty functions, whereby the equality and inequality constraints are discarded 
and are replaced by additional terms in the objective function th a t penalize their 
violation. In 1943, Courant [21] was the first one who proposed an exterior penalty 
for equality constraints. For the mixed equality and inequality constraint problem 
(1 .1 ) this m ethod becomes

Minimize F(x,  c) =  f ( x )  + |  ( Y \ h i ( x ) \ 2 +  ^ ( ^ + ( x ) ) 2

\j= i j =i

where c is a positive penalty param eter and

gj+(x) = max{0,  gj(x)}.  (1.3)

We may expect th a t by minimizing F(x,  ck) for a sequence {ck} of penalty 
param eters with ck —> oo, we shall obtain in the limit a solution of the original 
problem. Indeed, convergence of this type can generically be shown, and it turns 
out th a t typically a Lagrange multiplier vector can also be simultaneously obtained 
(assuming such a vector exists).

The quadratic penalty function (1.2) is not exact in the sense th a t a local 
minimum x° of the constrained minimization problem is typically not a local 
minimum of F(x,  c) for any value of c. Included in this class of penalty functions 
is the classical exact penalty function

/  k2 fci \

Fi{x,c)  =  f {x )  + c M x)l + Y 9^ x >̂ J ' M
Vi=i j =i /

2

( 1 .2 )
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Eremin [29] and Zangwill [81] introduced a notion of exact penalization for use 
in the development of algorithms for nonlinear constrained optimization. Most 
of the literature on exact penalty functions is generally devoted to the penalty 
function in (1.4) [24, 40, 56, 64, 77, 81] and is mainly concerned with conditions 
tha t Fi (x, c)  has a local (global) minimum at a local (global) minimum of (1.1) 
for all sufficiently large but finite values of c. The best known among these con­
ditions is probably the one due to Pietrzykowski [64] which requires the linear 
independence of the gradients of all the equality constraints and of the active in­
equality constraints, th a t is those inequalities satisfied as equalities a t the point 
being considered.

From a geometric point of view, the violation of the constraint is most natu­
rally measured in term s of distance

dc (y) =  min{||£ -  y\\ : x  € C}  (1.5)

of the point y to the closed set C.  The following result of Clarke shows th a t the 
distance function dc  is indeed an appropriate tool for exact penalization.

Definition 1.1. A function /  : S  —> E  is said to be Lipschitz of rank K  on S  if
1/0*0 -  f ( y ) I < K \\x -  y || for all x ,y  e  S.

Theorem  1.2 (Exact Penalization). [14, P-51] Let x  e  S  C l "  and let C  C S
be nonempty and closed. Suppose f  : S  —>■ R is Lipschitz of rank K  on S  and let
K  > K . Then x° is a global minimum of f  over C  if  and only i f  x° is a global 
minimum of the function f  + K d c  over S.

Essentially, under appropriate constraint qualification conditions the existence 
of exact penalty functions follows from this basic exact penalization result and 
metric regularity of constraints.

Exact penalization methods for optimal control problems of fixed duration 
have been developed and used by D. Q. Mayne and E. Polak [59, 60, 61]. In 
[51], Ledyaev and Mishchenko developed exact penalization methods for differen­
tial games. In particular, exact penalty functions in minimal time problems have 
been obtained in [49].

In our work, we develop exact penalization m ethod for free time optimal con­
trol problem

Prnhlpm (V  1 ■ Minimize J(x(-))Problem ( ^ )  . gubject tQ ^  £ ^

on trajectories of a control system

x(t) = f (x( t ) , u( t ) ) ,  x(0) =  x 0,

3
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where the objective functional is defined as follows

J(x(-))  =  min a(r , x ( r ) ) ,
’ r  e i ( x ( - ) )

x(t) € Rn, u(t) is a control with values in some compact set U C Rm, the set 
I{x(-)) consists of all moments r  such th a t x(r)  lies on a closed set S  C l "

I(x(-)) = { r >  0 : x(r)  G 5},

and
'Wdm =  {«(•) : /(z (-)) ^  0 }.

We dem onstrate th a t under some local controllability assumption near a set 
S  this problem is equivalent to the optimization of the more regular functional

, Minimize Jk(x(-))
Problem (V2)t  : tQ x(  ) £ -

where
Jk(x(-)) =  min[cj(r, x{r))  +  kG+(x(r))],

T >  0

X  is the set of all trajectories x {-\xq,/j)  where /i is a relaxed control and

G+(x) =  max{0, <j(a:)},

where
G(x) = max {{a ,g{x)} +  (P,h(x))},

(a,0)€A

and
A  =  {(a,/3) G R kl X R fc2 : ||a || +  <  l ,P j  > 0}.

This approach is based on some results from [49].
Returning to global optimality conditions in terms of level sets, we should 

mention th a t they were suggested by Strekalovskii [76]. These ideas have been 
developed by H iriart-U rruty and Ledyaev [39]. Global optim ality conditions for 
fixed time optim al control problem in terms of level sets have been obtained by 
Clarke, H iriart-U rruty and Ledyaev [15]. More detailed discussion can be found 
in Chapter 2.

This thesis is organized as follows. Chapter 2 contains global optim ality results 
for m athem atical programming problems with nonlinear constraints. Chapter 3 
contains results on existence of exact penalty function for free tim e optimal control 
problem and derivation of local necessary optimality condition in the form of 
Pontryagin minimum principle. Chapter 4 contains results on global optimality 
conditions. It is shown th a t necessary conditions for global optim ality in terms of 
level sets of objective functional become sufficient conditions for global optimality

4
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under additional assumption of nondegeneracy of Pontryagin minimum principle. 
Chapter 5 contains results on some local uniform exact penalization and generic 
existence and uniqueness of optimal control. Namely, we dem onstrate tha t for 
a generic class of optim al control problems uniqueness of an optim al trajectory 
is equivalent to the differentiability of an optimal value function. These results 
imply th a t global optim ality conditions from Chapter 4 can be used for almost all 
initial points xq.

5
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Chapter 2

Exact Penalization in 
M athem atical Program m ing and 
Global O ptim ality

2.1 Introduction
In this chapter, we derive necessary and sufficient conditions for global optimality 
of a solution of the following m athem atical programming problem

n  ui \ Minimize f i x )Problem (Pi) : . . , , „subject to F(x)  =  0 , x  € C

where f  : X  R, F  : X  —> F  are C 1 functions, X  and Y  are Banach spaces and 
C  is a compact convex subset of X .

2.1.1 Global Optimality Conditions and Level Sets
Our work is based on the work of Strekalovskii [76]. He studied the problem of

Maximize f ( x )  
subject to x  G C  C M"

where the function /  is convex (not concave) on Rn, differentiable and finite in an 
arbitrary set C  contained in the interior of the domain of /  (int dom / ) .  He. gave 
a necessary and sufficient condition for x° being a global maximum as shown in 
the following theorem.

Theorem  2.1. Let x® £ CL such that —oo ^ inf /  < f ( x° ) .  Then x° is a global 
maximum of f  on C  if  and only if

( f ' ( x ), x  — x) < 0 Vx e W 1 such that f ( x )  = f ( x ° ) , Vx  £ C. (2 .1 )

6
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The above formulation requires to consider normal cones to C  at points x 
which do not necessarily lie in C.  Hiriart-Urruty and Ledyaev [39] improved 
Strekalovskii’s result by showing th a t a global maximum x° of a convex function 
/  on C  is still characterized by (2 .1 ) restricted to those x  in C  at the same level 
as x° which is summarized in the following theorem.

Theorem  2.2. Let C  be a nonempty dosed convex set contained in the interior
of the domain of f .  Consider a point x° G C such that —oo <  inf /  < f (x°) .

c
Then x° is a global maximum of f  on C  if and only if

( f ( x ) , x  — x) < 0 V x in C  satisfying f ( x )  — f (x°) , Mx  G C.

Moreover, they extended Theorem 2.2 to (global) maximization problems with 
possibly non-convex objective functions th a t can be expressed in the theorem 
below.

Theorem  2.3. Let f  € C 1 and assume the following qualification condition holds 
at x° € C  : (Q C )Xo For all x  G C such that f ( x )  = f {x°) ,  there is cx G C such 
that ( f ' (x) ,  cx — x) < 0. Then x° is a global maximum of f  on C  if  and only if

( f ' (x) ,  x  — x) < 0 V x in C  satisfying f ( x )  = f (x°) , Mx  G C.

2.1.2 Optimization Problem (Pi): Definitions and Lagrange 
Multiplier Rule

In the problem (P ^ , we first note th a t a function f ( x )  is called an objective func­
tion and a point x  is said to be admissible if x  G C  and F( x)  =  0.

Now let us give basic definitions of a local minimum point and a global mini­
mum point, respectively.

Definition 2.4. A point x° G C  is said to be a local minimum  point of /  on C  if 
f ( x °) < f [ x )  for all admissible points x  in a neighborhood of x ° . A point x° G C 
is said to be a global minimum  point of /  on C  if f ( x° )  < f ( x )  for all admissible 
points x  G C.

Remark 2.5. A local (global) minimum  point is also called a local (global) mini- 
mizer.

It is well-known th a t a necessary condition for x° being a local minimum of 
(Pi) is described in the form of Lagrange Multiplier Rule as stated  in the following 
theorem.

Theorem  2.6 (Lagrange Multiplier Rule). I f  f  and F  are C 1 functions and f  
has a local m inimum at x ° , then there exist A0 > 0, A G Y* with |Ao| + ||A|| ^ 0 
such that

(X0f ' ( x 0) +  F'*(x°)X,y -  x°) > 0 My G C  (2.2)

7
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or, equivalently

-  (A0 f ’(x°) +  F'*(x°)A) 6  N c (x°). (2.3)

Moreover, if  the following constraint qualification condition holds, then we can 
assume that Ao =  1.

Constraint Qualification Condition (CQC). For any X ^  0

m in(F !* (x°)X, y — x°) < 0. (2.4)
y e c

If A0 =  0, then from the condition (2.2) we have

min(F'*(x°)X,y — x°) > 0,
y&C

which is contradictory to (2.4). Thus, under (CQC), we must have A0  /  0. But 
A0 > 0 ; hence A0 >  0 . Therefore, w ithout loss of generality, we can normalize Ao 
to get A0 =  1.

Then a question arises: when is the condition (2.2) sufficient for global mini­
mum? A well-known answer for this question is th a t /  is convex and F  is linear.

Theorem  2.7. Let (CQC) hold and f  be a convex function over a convex subset
of a Banach space X  and F(x)  =  A x  — b. Then the condition (2.2) is a sufficient
condition for global minimum.

Proof. Let x° be a feasible point satisfying (2.2). We define

L( y , X0,X) = X0f ( y )  + (X,F(y)) .

Since (CQC) holds, we can assume A0 =  1, and hence

H v , l , X )  =  f ( v )  +  {X, F(y) ) -
Therefore, we obtain

L ( y , l , X ) ~ L ( x ° , l , X )
= [ f ( y ) - f ( x ° ) }  + ( X , F ( y ) - F ( x °)>
>  ( f ' {x°) , y  — x°) + (A, Ay — Ax°)  ( /  is convex and F(x)  = A x  — b)
= ( f l(x0) , y - x 0) + ( X , A ( y - x 0))
= (f ' {x°),  y - x ° )  + (A*X, y -  x °)
=  (f ' ( x °) +  A*X, y — a;0)
>  0 . (by (2 .2 ))
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Thus, L(y,  1, A) — L(x°,  1, A) > 0  Vy G C,  i.e.

f ( y )  -  f (x° )  +  (A, F(y)  -  F { x 0)) > 0 ,  Vy G C. (2.5)

Now for a feasible point y G C,  we have F(y) =  0. Since x° is a feasible point, 
F(x°) = 0. Consequently, for all feasible points y £ C  we have from (2.5) tha t

f ( v )  -  /(*“) > o,
which gives rr° a global minimum. □

2.2 Problem  (P i) :  Main Assum ptions and Defi­
nitions

Unless stated otherwise, we use the following notations throughout our exposition.

N otation

B
CF

||F(:r)||

L k{x)

Cf (x°)
Ap(x)

*!
diam(C)

_p*

X* 
N c (x) 

DF(x;  v )

f+(x )
R +

a unit ball in X  
{x  G C  : F(x)  =  0} 
max (A, F(x) )
||A ||<1X

f ( x )  +  A:||F(a;)||
{x  G Cp  : f ( x )  =  f ( x 0)}
{A G By-  : (X,F(x))  =  ||F(x)||} 
a Lipschitz constant of /  

max{||y — x\\ : y , x  G C}
the adjoint operator of the linear operator F  : X  —» F  
defined by the equation (F* y , x } =  ( y , Fx )  
the dual space of the Banach space X  

{p G X* : (p , y — x)  < 0, Vy G (7} — normal cone to C at x  
the directional derivative of F  at x in the direction of v 

max{ 0 , f ( x ) }
{x  G R : x > 0}

N ote. (•, •) denotes the inner product(dual bilinear form) when X  is a Hilbert 
space(general Banach space).

We consider the problem (Pi). We shall give necessary and sufficient conditions 
for x° being a global minimum of (Pi). Since /  is not necessarily convex over C  and
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a set {x £ C  : F(x)  = 0 }  is in general not convex, we cannot apply the previous 
results. We shall formulate these conditions in term s of level sets. We base our 
approach on the exact penalization method which we discuss below with respect to 
the problem (Pi). This method reduces a constrained minimization problem (Px) 
into an unconstrained minimization problem (P2 )a, with a non-smooth function as 
follows:

Problem (P2)„ : Ml.nim‘“  / M + V M I I
v '  subject to x  £ C

where k is some fixed positive integer.
We shall show th a t with the constraint qualification condition: Assumption 

2.10, the problem (Px) and (P2)fc are equivalent. In other words, for k large 
enough, the penalties are forced to zero such th a t the constraints are satisfied. 
The term  /c||F(a:)|| is non-smooth and referred to as a penalty function since it 
assigns a specific cost to violations of the constraints.

D efinition 2.8. Problems (Px) and (P2)/c are said to be equivalent if a solution 
of (Px) is also a solution of (P2)/c and vice versa.

In the next section, we establish the equivalence of problems (Px) and (P2)fc 
under the following assumptions.

A ssum ption 2.9. The set C  is a compact convex subset of a Banach space X ,  
F  and f  are C 1 functions.

A ssum ption 2.10. There exist Ax >  0, 5i >  0 such that for any x  £ C
satisfying 0 < ||F(a;)|| < <5x and for any X £ Ap(x)

min { (F'*(x)A, y — x) + A x ||y — x||}  <  0. (2.6)
2/ec

We should mention th a t Assumption 2.10 is analogous to some extent to the 
(C Q C ) from (2.4). We shall use the next assumption as an additional constraint 
qualification condition later in our derivation of a new sufficient condition for 
global optimality.

A ssum ption 2.11. There exist A 2 > 0, S2 > 0 such that for any x  £ C  
satisfying 0  < ||f(a ;) || < 52

max max (F'*(x)X, y — x) > A 2. (2.7)
y£C AgAi?(x)

2.3 Exact Penalization and Necessary Conditions 
for Global Optimality

To investigate a global minimum of the problem (Px), we use the method of exact 
penalization to convert (Px) into an unconstrained minimization problem (P2 )fc,

10
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for some positive integer k, by defining a new objective function which includes a 
penalty, A;||F(:r)||, for violating the constraint.

In this section we obtain the following results:

1. For all k large enough, we have

min f ( x )  =  min [ /(x) +  fc||F(z)||]. (2 .8 )xECp x£C

2. Problems (Pi) and (P2 )& are equivalent in the sense of Definition 2.8.

3. Necessary conditions for global optimality.

We should emphasize th a t necessary conditions for global optim ality exploit the 
simple observation th a t for a global minimizer x° in the problem (Pi) any point 
x  from the corresponding level set

£ f ( x °) =  {x  '■ f (x) =  f ( x ° ) , F (x ) = 0 ,x e  C}  (2.9)

is also a global minimizer. Thus, necessary conditions for global optim ality of x° 
are, essentially, local optim ality conditions for any point x  from jC,f(x°).

Now let us state  and prove our first result.

Lemma 2.12. Under Assumptions 2.9 and 2.10 there exists a positive integer ko 
such that for any k > k0 the relation (2 .8) holds.

Proof of Lemma 2.12. First we note th a t /  is Lipschitz on C  with some constant 
i f  := m a x \\f'(x)\\. We define L k(x) := f ( x )  +  /c||F(a;)||. We also note th a t forXGzC
x  6  Cf we have Lk{x)  = f ( x )  and hence

min Lkix)  =  min f ( x ) .
x£Cp x&Cp

Since C Cf , we have

m in Lk{x) < min Lk(x)  =  min f ( x ) .  (2 .1 0 )
x € C  x &C p x £ C f

Suppose the lemma is false for all positive integer k. Then for any positive
integers k we obtain due to (2 .1 0 ) th a t

min f ( x )  > mmLk( x ) .  (2 -1 1 )x£Cp x£C

We fix some kn such th a t

, m i  + mo i f  , /n s
ko > m ax{  ----- , 7 ^ } ,  (2 .1 2 )Ox A 1

11
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where

and

mi  = min f ( x ) .  (2.13)
x e c F

—m 2 =  mi n f ( x ) .  (2-14)
x£C

Let us choose arbitrary  k > k0 and define Xk € C  be a minimizer of L k on C,  i.e.

L k(xk) =  m i n L k(x). (2.15)

Expressions (2.11), (2.13) and (2.15) imply

L k{xk) =  m in L k(x) < mi .  (2.16)
x e c

Therefore, we have
f ( x k) +  k\ \F(xk)\\ < mi .  (2.17)

From (2.14) and (2.17) we have

- m 2 +  k\ \F(xk)\\ < f ( x k) +  k\ \F(xk)\\ < m u

or
0 < ||F („ ) || < < ft. (2.18)

It is clear th a t ||jP(rcA)|| ^  0. Otherwise, we have

f ( x k) = L k(xk) =  m in ,Lk(x) < min f ( x )  < f ( x k),
x£C xECf

which is a contradiction. In order tha t L k{x) have a minimum at a point x k, it
is necessary th a t the directional derivative of L k at x k in the direction y — x k is
always greater than  or equal zero, th a t is

D L k(xk] y -  x k) > 0 for all y € C.  (2.19)

We consider the following:

D L k(xk; y — x k)
_  lim f  f{%k + t{y -  x k)) +  k\ \F(xk +  t (y -  x k))\\ -  f { x k) -  A;||F(a:fc)|| \

o+ \  t J

= d m  f f fa + tjy-x*)) -  ffa) i hWF(xk + t(y- s * ) ) l l  -  1 1 ^ 0 ^ ) 1 1 1
t-> 0 + \  t t J

_  lim [  f ( x k +  t (y -  rrfc)) -  f ( x k) 
t-> o+ \  t

max (A, F{ x k +  t{y -  a*))) -  max (A, F { x k)) ' 
+ k  .

12
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Using the formula for the directional derivative of a maximum-like function in the 
right-hand side of (2.20), we have for all y G C

D L k(xk- , y -  x k)
= ( f M ,  y - x k) + k max (A, F' ( xk)(y -  x k))

AeAf (z f c )

=  ( f ' ( x k) , y  -  x k) + k max {F'*(xk)X,y -  x k). (2.21)
X e A F (xk)

From (2.19) and (2.21) we have

0 <  ( f ' ( x k) , y  -  x k) + k max (F1*(xk)X,y -  x k) for all y € C.  (2.22)
AeA F (xk)

But
( f ( x k) , y  -  x k) < ef \\y -  x k \\. (2.23)

Inequalities (2.22) and (2.23) imply

0 <  i f \ \y — x k\\ +  k max (F'*(xk)X, y — x k) for all y  £ C,  (2.24)
AeA F {xk)

or

0 <  max {£f\\y — x k \\ + k(F'*(xk)X,y — x k) \  for all y € C.  (2.25)
\ e A F (xk)

Inequality (2.25) implies tha t

0 <  min max {£f\\y — x k\\ + k(F'*(xk)X,y — x k) \ . (2.26)
y e c  X e A F (xk)

By using Minimax theorem we obtain from (2.26) th a t

0 <  max min {l f \ \y -  x k\\ + k(F' *(xk)X,y  -  x k) \
>^eAF (xk) y e c

=  max min {A; [(F'*(xk)X,y -  x k) +  A i\\y  -  arfc||]
X e A F (xk) y e c  »• l  .

+£f\\y -  x k \\ -  kA i\ \y  -  x k \\} . (2.27)

But {If — klXi)  ||y — x k \\ < 0. Therefore, we have from (2.27) th a t 

0 <  max m in k  {{F'*{xk)X,y -  x k) + A i\ \y  -  x k \\]
X e A F ( xk) y e c

=  k max min {{F'*{xk)X,y -  x k) + A i||y  -  ^ H }  . (2.28)
X&AF {xk) y e c

By Assumption 2.10, we have

min {{F'*(xk)X, y — x k) +  A i||y  -  xfc||} < 0. (2.29)
y € C

Expressions (2.28) and (2.29) lead to a contradiction. We complete the proof of 
the lemma. □

13
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Next we show th a t under some appropriate conditions the problems (Pi) and 
(P2)* are equivalent.

Proposition 2.13. Under Assumptions 2.9 and 2.10, problems (Pi) and (P2)* 
are equivalent for all k large enough.

Proof. Let x° be a solution of (Pi). Then by Lemma 2.12, we have th a t for any 
integer k large enough

min f ( x )  = f ( x°)  =  f ( x° )  +  /c||T(a;0)|| =  min[/(a;) +  A:||F(a;)||].xECp xtC

This implies th a t x° is also a solution of (P2)&.
Now we fix some kQ as in the proof of Lemma 2.12 and suppose tha t x k is a 

solution of (P2 )fc. We want to show th a t x k is a solution of (Pi). If ||F(x*)|| =  0 , 
then

f ( xk)  = f ( x k) +  A:||F(a:A.)|| =  m in[/(x) +  fc||F(a;)||] =  min f ( x) ,
xGC x€Cf

which implies th a t x k is a solution of (Pi). Therefore w ithout loss of generality 
we can assume th a t H -F^)!! 7  ̂ 0 . Since x k is a minimizer of L k = f  +  &||F(|, it is 
necessary tha t

D L k(xk', y — x k) > 0 for all y G C. (2.30)

Using the formula for the directional derivative of a maximum-like function in the 
left-hand side of (2.30), we obtain

D L k(xk; y -  x k)
= { f ( x k) , y - x k) +  k max (A, F' ( xk)(y -  x k))

\£AF(xk)
=  { f ' ( xk) , y  -  x k) + k max (F'*(xk)X,y -  x k). (2.31)

A e A  F(xk)

From (2.30) and (2.31) we have

0 < ( f ' ( x k) , y  -  x k) +  k max (F'*(xk)X, y -  x k). (2.32)
\eAF(xk)

But
( f { x k) , y  -  x k) < £f \\y -  x k \\. (2.33)

Inequalities (2.32) and (2.33) imply

0 < £f\\y — x k \\ + k max (F'*(xk)X, y — x k) for all y G C. (2.34)
A e A  F(xk)

or

0 <  max {i f \ \y  -  x k\\ + k(F'*(xk)X, y -  x k) \  for all y  € C. (2.35)
A € A  F(xk)

14
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Expression (2.35) implies

0  <  min max {i f \ \y -  x k \\ +  k(F'*(xk)X, y -  x k}} . (2.36)
y e c  xeAF(xk)

By using the Minimax theorem, the fact th a t ( i f  — k A i )  \\y — xk\\ < 0, and 
Assumption 2.10, we obtain from (2.36) th a t

0 <  max min { i f \\y -  x k\\ + k(F'*(xk)X,y -  x k)}
A e A F(xk) y e c

=  max min {k  [(F1*(xk)X,y -  x k) + A ^ l y  -  x k\\]
XeAF(xk) y e c

+£f\ \y  -  Zfcll -  kAi \ \ y  -  a ;* | |}
< max m in k  {(F'*(xk)X,y -  x k) +  A i||y  -  rcfc||}

XeAF(xk) y e c

= k max  min {(F'*(xk)X,y -  x k) + A i \ \y  -  x k \\}
\ e A F(xk) y e c

< 0 ,

which is a contradiction. □

W ith above results we now state and prove a necessary condition for global 
optimality satisfied by a global minimizer x°.

Theorem  2.14 (Necessary condition for global optim ality). Let Assumptions 2.9 
and 2.10 hold. Suppose that x Q is a global minimizer of the problem (Pi). Then 
the following condition (G l) holds:
(G l): There exists k0 such that for any k > ko and for all x  G £f ( x° )  there exists 
X G Ap(x)  such that

m in ( f ' (x)  +  kF'*(x)X,  y — x)  > 0. (2.37)
y e c

Remark 2.15. Inequality (2.37) includes the well-known minimum principle, tha t 
is if re is a minimizer on C  then there exists a Lagrange multiplier A such tha t

( f ' (x)  +  kF'*(x)  A, x) — m in ( //(x) +  kF'*(x)  A, y). (2.38)
y e c

Proof. First we choose k > k0, where k0 was stated in the proof of Lemma 2.12. 
Since x° is a global minimizer of / ,  problems (Px) and (P2 )*: are equivalent, £° is 
also a global minimizer of L k. In order th a t x° be a global minimizer of L k, it is 
necessary th a t

D L k(x° ; y — x°) >  0 for all y G C. (2.39)

Similarly to what we did in Proposition 2.13, computing the left-hand side of 
(2.39), we obtain

max ( f i x 0) +  kF'*(x°)  A, y — x°) > 0 for all y  G C. (2.40)
xe AF(x°)

15
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Inequality (2.40) implies th a t

min max (f ' (x°)  +  kF'*(x°)X, y — x°) > 0. (2-41)
2/EC AgÂ (x°)

By the Minimax theorem, we have

min max ( f ' ( x 0) + kF'*(x°)X,y — x°) — max m i n ( f ( x ° )  + kF'*(x°)X,y — x°).
y(zC A e A f (x°) A e A i ? ( i ° )  y(zC

Expressions (2.41) and (2.42) imply
(2.42)

max m in( f ( x  ) +  kF'  (x )X,y  — x ) > 0, (2.43)
A e A F(x°) y e c

which implies th a t there exists A G A/?(^°) such th a t

m in (/'(:r0) +  kF'* (x°)X,y  — x°) > 0. (2.44)
y&c

For all x  G Cf(x°),  we have

f ( x )  =  f ( x ° )  = min f ( x ) .xecF

Thus, x  is also a global minimizer of / .  Using the same argum ent as given earlier 
in the proof, we can conclude th a t there exists A G Ap{x)  such th a t

m in ( //(x) +  kF'*(x)X,y  — x) > 0.j/ec

We complete the proof of this theorem. □

2.4 Sufficient Condition for Global Optimality
In this section we state  and prove a sufficient condition for global optimality of
an admissible point x° G C. Our main result dem onstrates th a t the necessary
condition (G l)  for global optimality of x° becomes the sufficient one if we assume 
th a t they are non-degenerate in the following sense:
(G2): For any x  G £f{x°)

max ( f ' ( x )  + kF'*(x)A, y — x) > 0, (2.45)
yec

where X is the same as that in (2.37) o / ( G l) .

Remark 2.16. Expressions (2.38) and (2.45) imply tha t

m ax (/'(x ) +  kF'*{x)A, y) > m in ( /;(x) +  kF'*{x)A, y). (2.46)yec yec

16
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Theorem  2.17 (Sufficient condition for global optim ality). Let Assumptions 2.9- 
2.11 hold and the point x° £ Cp satisfy the necessary condition (G l) for global 
optimality from Theorem 2.14 and the additional condition (G2). Then x Q is a 
global minimizer of  (Pi).

Proof. Let ko be as stated in the proof of Lemma 2.12. We then choose k such 
tha t

k > ^  k > k > k J ± p l c \
03 A 2

where S3 =  min{<5i, CJ2 }. To prove th a t x°  is a global minimizer of the problem 
(Pi), it is enough to prove th a t x° is a global minimizer of (P2 )*;. We suppose to 
the contrary th a t there exists x  €  C  such tha t L k(x) < Lk(x°).
Define D {x  €  C : L k(x° )  —  L k(x) < 0}. We then consider the following 
optimization problem:

„  I ,  / a \ Minimize ip(x) — 4 llrr — x\\2Problem (w4x) • -* . 7-vv '  subject to x £ D.

By W eierstrass’s theorem, there exists x* £ D  such th a t

<p(x*) =  min</?(x).
x£D

Lemma 2.18. Lk{x*)  =  Lk(x°).

Proof of Lemma 2.18. Since x* £ D,  we have Lk(x*) > Lk(x°).  Suppose Lk(x*) > 
Lk(x°).  Let x t = (l  — t )x*+tx ,  t £ [0,1]. We compute the following: for t £ (0,1),

T(x t) = \ \ \ x t ~ x \\2

= ^||(1 -  t)x* + tx  — x\\2 

=  1̂1(1 - t ) ( x *  - £ ) | | 2

=  -  t fW** -  x \\2

= (1 - t ) 2<p(x*) <<p(x*).

We choose any t > 0 small enough. Therefore, x t £ C  and L k(xt) is close to 
L k(x*).  Thus, L k(xt) > L k(x°).  Hence, we have x t £ D  and <p(xt) < <p(x*), which 
is a contradiction. Consequently, we have L k(x*) =  L k(x°).  □

Next we consider the following auxiliary problem:

Problem ( A  ) • M i n i m i z e  9 (x ) =  max{^?(x) -  <p(x*), L k (x°) -  L k(x)}
2 ' subject to x  £  C.

17
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L em m a 2.19. x* is a solution to the problem {A?).

Proof of Lemma 2.19. First, we have g(x*) = max{0, L k(x°) — L k(x*)}. Since x* 
is a solution to (All), x* € D  and hence L k(x°) — L k(x*) < 0. Thus, g(x*) =  0. 
For any x  € C, we consider the following:
Case 1 : x  6  D.

We have L k(x°) — Lk(x)  < 0. But ip(x) — (p(x*) > 0. Therefore, g(x) > 0 =  
g(x*).
Case 2: x  G C \ D .

In this case we have L k(x°) — L k(x) > 0. Hence g(x) > 0 =  g(x*). 
Consequently, we obtain g(x*) < g(x) for any x  G C. □

We now consider a representation

g(x) =  max{^)(r) -  ip(x*), L k(x°) -  L k(x)}
=  max \a(Lk(x°) -  L k(x)) +  (1 -  a)(<p(x) -  y{x*)j\

a6 [0 ,l]
=  max \ - a ( L k(x) -  L k(x0)) +  (1 -  a)(ip(x) -  ¥>(£*))] • (2.47)

ae[o,i]

In order th a t g(x) have a minimum on C aX x*, it is necessary th a t

m m D g{x* \y  — x*) > 0. (2.48)yec

From a representation of g{x) in (2.47), we use the formula for the directional 
derivative of a maximum-like function to compute the left-hand side of (2.48). 
Therefore, we obtain

0 <  min max [—a D L k(x*\ y — x*) +  (1 — a)D<p(x*; y — rr*)],
yec a6 [0 ,l]

0 < m i n m a x ( —a( max f ' (x*)  +  kF'*(x*)X) + (1 — a)(x* — x),  y — x*),
y€C ae[0,l] AgAj?(a:*)

0 <  min min max (—a ( f ( x * )  + kF'*(x*)X) +  (1 — a)(x* — x),  y — x*),
AeAf(x*) yeC a€[0,l]

0 <  min max m in(—a(f '(x*)  +  kF'*(x*)X) + (1 — a)hr* — x), y  — x*). (2.49)
AeA^O*) ae[0 ,l] yec

We make an appropriate choice of A as follows: if x* is such th a t F(x*) ^  0, 
then we choose A G A F(x*) as a maximizing A in (2.7). If F(x*) =  0, then we 
choose A as in (2.37) and (2.45). Under this choice of A, we obtain from (2.49) 
tha t there exists a maximizing a € [0 , 1 ] such th a t

0 <  m in(—a(f '(x*) + kF'*(x*)X) +  (1 — a)(x* — x ) , y  — x*). (2.50)
y e c

L em m a 2.20. For a in (2.50) we have a ^  1.

18
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Proof of Lemma 2.20. Suppose a =  1 . Then we have from (2.50) th a t

0 <  m in(—{ f (x* )  + kF'*(x*)X), y — x*), (2.51)
y e c

or

0 >  m ax(/'(x*) +  kF'*(x*)X, y — x*). (2.52)
y€C

Now we show th a t F(x*) = 0. If not, then by Assumption 2.11 there exist 
A € A f (x *) and y E C  such th a t

(F'*(x*)X, y — x*} > A 2 for some A 2 >  0 . (2.53)

Taking into account the choice of A in (2.50), we obtain from (2.52) and (2.53) 
tha t

0 > { f { x * ) , y - x * )  + k A 2. (2.54)

But
( f ( x * ) , y ~ x * )  > - \ \ f(x*) \\ \ \y  -  x*\\ > —£f  ■ diam (C). (2.55) 

From (2.54) and (2.55) we have

0 >  —i f  ■ diam(C) +  k A 2 > 0,

which is a contradiction. Therefore, we have F(x*) =  0. Because L k{x*) =  L k(x°) 
by Lemma 2.18, we then have

f (x*)  =  L k(x*) =  L k(x°) = f (x°) .

This implies th a t x* G Cf(x°). Now due to the choice of A and the condition 
(2.45) we obtain

m ax (/'(r* ) +  kF'*(x*)A, y — x*) > 0, (2.56)
y e c

which contradicts to (2.52). Thus, we have a ^  1, as required. □

From (2.50), we have

+ kF'*(x*)X),y -  x*) < ((1 -  a)(x* -  x), y -  x*), (2.57)

Y ~— (f' (x*) + kF'*(x*)X,y — x*) < (x* — x , y  — x*). (2.58)

Substituting y  =  x  in (2.58), we obtain

0 <  — (f'{x*) +  kF'*(x*)X, x  — x*)
J. CJ

< (x* — X, X — X*)
  11 ̂  ^  j 12

<  0,

which is a contradiction. Main theorem is proven. □
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Chapter 3

Exact Penalization in an Optimal 
Control Problem  w ith a Terminal 
Set

3.1 Introduction
We consider the control system

x(t) =  f ( x ( t ) ,u ( t ) ) ,  x ( Q ) = x 0, (3.1)

where u : [0, T] —» U is a bounded measurable function and is called the admissible 
control, U C Rm is a compact set; /  : Rn x Rm —>• Rn is a continuous mapping, and 
x  : [0,T] —> Rn is a continuous function and is called a trajectory corresponding 
to the control u. The set of all admissible controls flu will be called the class of 
admissible control. Any pair (x,u)  satisfying (3.1) is called an admissible pair.

The following assumptions provide the existence and uniqueness of an ab­
solutely continuous solution x  of (3.1) for any control u.

A ssum ption 3.1.
A :  The function f ( x , u ) and its partial derivative f x (x ,u) are continuous on 

R" x U.
B :  There exists a constant a > 0 such that for any (x, u) €  Rn x U,

( x , f ( x , u ) )  < a( 1 +  ||x||2).

Definition 3.2. An absolutely continuous function x : [0, T] —> Rn is called a 
solution of the equation (3.1) for the initial condition x(0) =  xo and control u if 
it satisfies the equation (3.1) for almost all (a.a.) t E [0, T]. The solution of the 
equation (3.1) is denoted by x(t' ,x0,u).
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In general, we can replace Assumption 3.1(B) by assuming th a t there exists a 
continuous function p : R+ x R+ —y R+ such th a t for any x 0 £ Rn and admissible 
control u

lk(^;^o,w)|| < p{T, \\x0\\) for all f e [ 0 ,T].

Remark 3.3. W ithout loss of generality we can assume th a t the function p is 
monotone increasing with respect to each of its variables.

The set X t (x 0) consists of all trajectories x(--,x0,u).  Note th a t XT(x0), or 
simply X ( x 0), is a subset of the space which is defined as the real Banach 
space of all continuous functions x : [0, T] —» Rn equipped with the norm of x 
given by

llxll =  max ||a:(f)||. 
te[o,r]

We also define C(HJ) the space of continuous function 0 : U —> R  with the norm

11<t>\ |c(u) =  max |</>(u)\.tiGU

In general, X T {xo) is not compact in Cj>- But due to the growth Assumption 
3.1(B) the set X t (xo) is bounded namely, for any t  £ [0,T]

||x (t;xo ,u )|| <  [e2aT(l +  H^oll2) -  l ] 1 / 2  .

This result is proven in the Appendix. Note th a t w ithout compactness of XT (x0) 
we cannot guarantee the existence of optimal control of the following basic prob­
lem.

B asic  ProblemfB-pl • Minimize the functionalB as ic  P r o b le m ^ / j . =

where a  : Rn —> R is a continuous function.
To alleviate this difficulty we use the concept of a relaxed (generalized) control.

3.2 Relaxed Controls
Let U C Rm be a compact set. We denote frm(U) the linear space of Radon 
measures p  on U, i.e. finite regular Borel measures on U. The weak norm || • ||w 
in frm(U) is defined as

= E
1

2 i (i +  m \ c )
4>i{u)p{du)

I V
(3.2)

where { ^ } ^ 1 is a dense countable subset of C(U). A Radon probability measure 
p  on Borel sets of U is a regular positive measure such th a t p{U) =  1. The set of 
all Radon probability measures is denoted by rpm(HJ). The set M  — rpm(U) is 
convex and compact in the space (frm(U), || • H^).
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Definition 3.4. A measurable function p  : [0,+oo) —> M  is called a relaxed 
control.

It was shown (for example, see Warga [80]) th a t 

Theorem  3.5. \i : [0, +oo) —» M  is measurable i f  and only i f  the function

t - >  <p(u)p(t\du)
J u

is measurable for any <fi G C ( U ) .

Let the mapping t G [0, +oo) -* g(t,-) G C(U) be measurable with respect 
to Lebesque measure and \\g(t, u)||c(u) 5- k(t) for some integrable function k(t). 
Then for any relaxed control p(t)

g(t, u)p{t\du)

is also measurable.
It is also known th a t (see Krasovskii and Subbotin [47], W arga [80])

Theorem  3.6. The set A4u of all relaxed controls is convex and sequentially 
weakly* compact.

We recall th a t weak* convergence of the sequence of relaxed controls /q(-) to 
the relaxed control p(-) means

poo p  poo p

lim /  dt <t>(t, u)nii t\du) — /  dt u)n(t\du)
i->°° Jo j Jo J  u

for any function (p(t,u) such th a t the mapping t G [0,+oo) —>■ G C(U) is
measurable and \\<f>(t, u)||c(u) <  k(t) where k(t) is an integrable function.

Relaxed controls give rise to the relaxed dynamics: under Assumption 3.1, for 
an arbitrary  relaxed control fi there exists a unique solution x  of the following 
system

x(t)  =  f (x( t ) , f i ( t ) ) ,  x(0) =  x Q, (3.3)

where /  : Rn x M  —> E n and f ( x ,  fa) = f v f ( x ,  u)fi(du).
The solution x ^ of (3.3) corresponding to the relaxed control fx has the im­

portant property of its continuous dependence upon ft in the topology of weak* 
convergence on M y .  Since the set of relaxed controls A4u is weakly* compact, 
this implies th a t the set of all trajectories corresponding to relaxed controls is 
compact in Of. Therefore, we always obtain the existence of optim al solution for 
the basic problem (BV)  in the sense of relaxed controls.

The original control problem with ordinary controls and the control problem
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in the sense of relaxed controls are both related in the following sense: any tra ­
jectory Xfj, of the control system (3.3) can be approximated in C? by trajectories 
x u of (3.1), i.e. for any g  G Adu and e > 0 there exists a control u such tha t

\Xjj, Xu \\ 6 .

Definition 3.7. A Dirac measure 5Uo(du) in Ad is a unit, positive measure con­
centrated at a point u 0 having the property

f  cj)(u)5Uo(du) = 4>(uo) V</> G C ( U ) .
J K m

An admissible control u(t) G flu can be considered as a relaxed control g(t) =  
8u(t) th a t depends on t G [0, +oo). We fix t, then for each u(t)  there corresponds 
the unit, positive measure 8u(t) which is concentrated at a point u(t) G U  with an 
action on an arbitrary  continuous function g( t , u ) obeying the formula

/  g(t ,u)6uW(du) = g (t,u (t)).
J Em

Since the function u{t) G flu is measurable, then the function

/  g(t, u)8u{t)(du) =  g(t, u(t))
Jr™

is measurable for any continuous function g(t, u), i.e. the family of measures 5u(t) 
is measurable. Therefore for any admissible control u(t) G flu, the corresponding 
family of Dirac measures 5u(t) is finite and measurable.

Conversely, suppose we have an arbitrary finite and measurable family of Dirac 
measures 8v(t) concentrated at a point v(t) G U at time t. Since U is compact, 
the set {v(t) : t  G [0, +oo)} is bounded. Setting g : [0, +oo) x Rm —> Rm where 
g( t , u ) =  u, we have the measurable function

/ g(t ,u( t ))8v{t)(du) = / u(t)Sv(t)(du) = v(t) G U,
JM.m Jmm

where u(-) is measurable.
Therefore we have established a natural correspondence between sets of ordi­

nary controls flu and relaxed controls M v -  Thus, we can naturally embed flu in 
M\j .  Note th a t this means th a t flu C Adu- We also have the following property.

Lemma 3.8. A set { f ( x , g )  : g, G Adu} is convex.
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3.3 Statem ent of the Problem
Consider the control system (3.1), a continuous function a  : 1  x  R" - )  E, and a 
closed set S  C l " .  For a trajectory x ( - )  o f  (3.1), we define

I(x(-))  =  ( r  >  0 : x ( t )  G S'},

and
'Fadm(^o) =  { z ( 0  : 0 },

or simply T adm.
We shall study the following problem

Problem  t o ) -  Minimize
' s u b j e c t  t o  x(-) G T adm

where JYxF)) =  min a(T,x(r)) .
T6l(x(-))

Remark 3.9. Note th a t when <t(t,x) — r ,  the problem (fPi) is the minimal time 
problem since J(x(-))  =  m in{r : x(r)  G S}.

The minimal tim e problem (in the sense of ordinary controls) is formulated as 
follow: given the control system

x  =  f ( x , u ) ,  x(0) =  Xq.

For a closed set 5  C  l n , w e  need to find an admissible control u G fiu such tha t 
the differential equation

x  =  f { x ,u )

has a solution x(t)  defined on the interval [0,T] and satisfying x(T)  G S and such 
tha t the time to transfer from xq to S  is minimal:

T  —x m in .

3.3.1 Main Assumptions and Definitions
In this subsection we give main assumptions and definitions. We start with an 
assumption on the function a(-, x(-)) which guarantees the lower semicontinuity of 
the function J(x(-)).  Note th a t <T(x0) denotes the set of all trajectories x(-] xo, £t).

A ssu m p tio n  3.10. For all trajectories x(-) E A(xo),

lim a( r , x ( r ) )  =  +oo uniformly with respect to x(-) G X(xq),T —tOC
where x(-) is the solution to the system  (3.3).
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Next two assumptions concern a target set S.

A ssu m p tio n  3 .11. A set S  C Rn is defined as

S  = {x  G Rn : 9 i{x) — 0 for  1 <  % <  k\ and h j ( x ) <  0 for  1 <  j  < A^}, 

where g : Rn —> R fcl and h : R n —» R ^ 2 are continuous functions.

We define the following:

G(x)  =  max {(a,  g(x)) + (fS, h(x))},
(a,P)eA

where
A  =  {(o,/3) € Rfcl x R fc2 : ||q || +  < 1 ,^- >  0},

and
A(x)  = {(a,P)  G A : G(x) = (a,g(x))  + (P,h(x))}  

is  t h e  s e t  o f  a l l  m a x i m i z i n g  ( a ,  P) G A.

A ssu m p tio n  3 .12. There exist A i > 0 and > 0 such that for  any x  satisfying 
0 < G + (x) <  Si there exists u G A lu such that

max (g'*(x)a + h'*(x)P, f i x ,  u)) < — A i.
(a,P)eA( x)

Now we should mention some properties of the sets A , A( x ) ,  and S,  respec­
tively.

L em m a  3.13. A  is convex.

Since A  is convex and (a, ft) -> (a,g(x)}  +  (P,h(x))  is linear, we have the 
following lemma.

L em m a  3.14. A{x) is convex.

It is easy to see th a t

L em m a  3.15. S  = {x  : G(x) < 0}.

We consider the following definition of the lower semicontinuity of functionals 
defined on a space X  with sequential convergence.

Definition 3.16. A functional /  : X  —> R, where A  is a space, is called sequen­
tially lower semicontinuous if for any Xk G X  such th a t lim Xk — x,

k—>oo

lim inf f ( x k) > f ( x ) .
k-too
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The example of such space is provided by the set X ( x 0) of trajectories defined 
on [0 , + 0 0 ).

D efinition 3.17. A sequence of trajectories x k(-) —>• x(-) if for any T  > 0, the 
sequence x k(-) converges uniformly to x(-) on [0, T].

Lemma 3.18. Let Assumptions 3.1 and 3.10 hold. Then there exists a constant 
Co such that <j(t ,x(t))  > Co for all r  > 0  and x(-) £ X(xo).

Proof of  Lemma 3.18. Let C\  be given. Then, by Assumption 3.10 there exists
a corresponding T  > 0 such th a t a(r , x ( r ) )  > C\  for all r  >  T  and for all
x(-) £ X(xo).  Under Assumption 3.1(B), we have th a t there exists a constant 
p = p(T,  ||xo||) such th a t ||x (r) || <  p(T,  ||x0||) for all r  £ [0,T] and x(-) £ X ( x 0). 
Let

Co ■= min a(r ,x(r ) ) .
0 < t < T  

M t ) \ \ < p ( T , \ \ x 0 )\)

Now we choose C 0 =  min{C^Cb}- Thus, we obtain for r  >  0 and x(-) £ X ( x 0)

a( r , x ( r ) )  > Co as required, □

Theorem  3.19. Under Assumptions 3.1 and 3.10, the functional J(x(-)) is lower
semicontinuous on X ( xq).

Proof. Let x k (-) = x{-\pk)  converge to x(-) =  x(-\p).  The statem ent is obvious 
when lim inf J(xk(-))  =  + 0 0 . Thus, we assume th a t lim inf J(xk(-)) < C  for some

fc-> 0 0  k—>00

constant C.  Due to Assumption 3.10 there exists T  such th a t a(r , x{r) )  > C  
for all r  > T .  Then for any rk £ I ( x k(-)) and such th a t J ( x k(-)) =  <j(Tk, Xk(rk))
we have < T.  Then we can choose a convergent subsequence rki —> r 0. We
consider the following

-  x ( t 0)\\ =  \\xki(rki) -  x(rki) +  x(rki) -  x ( t 0 )\ \

< \\x ki(rki) ~  x(rki)|| +  ||x(rki) -  a;(r0)||,

which implies th a t lim x ki(rki) = x(r0). Since S  is closed, x ( t 0 ) £ S,  tha t isi—>00

r 0 £ I(x( ' ) ) .  Therefore, we obtain

J(x(-)) <  a(ro,x(To)) = lim J ( x ki(')) = lim a(rki, x ki(rki)).I—>00 I—>O0

Hence, we have
J ( x o(0) ^  lim inf J ( x k(-)). □k-¥ 00
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3.3.2 Existence of Optimal Relaxed Controls
It was mentioned previously th a t in general the set of all admissible trajectories 
A’adm(zo) corresponding to ordinary controls is not compact. So the existence of an 
optimal solution of ('Pi) with the ordinary controls is not guaranteed. But in the 
case of relaxed controls if the set of all admissible trajectories X 3.&rn{%o) ^  0 , 
we can prove the existence of an optimal relaxed control.

Proposition 3.20. Let Assumptions 3.1 and 3.10 hold. Then for Xq such that 
Xadm{xo) /  0 ? there exists an optimal relaxed control.

Proof. Assume Aadm(xo) ^  0. Then by Lemma 3.18 (with some minor modifica­
tion in the sense of relaxed controls) there exists a constant C ( x 0) such tha t

cr(r, x(r))  > C (x o) for all r  > 0.

Therefore, J ( x ( •)) =  inf cr(r,x(r))  > C (x0); th a t is J(x(-))  is bounded from

below. For each k > 0, there exists x k(-) G T adm(^o) such th a t

J ( x k(-) )<  inf J(z(-)) +  ^ .
A'ATidm^o)

Since X adm(x o) is compact, there is a subsequence x ki{-) —> x*(-) G X adm(xo) where 
the convergence is defined in the sense of Definition 3.17. Then we obtain

< 1™ J{x ki(-)) ( J  is 1.s.c. by Theorem 3.19)
i —yoo

< lim inf +  r -
l-^°°a;(-)eTadm(xo) ki

= inf
x(-)eTadm(*o)

which implies th a t J(x*(-)) — inf J(x( ' )) .  □
x(')G*adm(x°)

3.4 Exact Penalty Function for Free Time Prob­
lem

To obtain local optim ality conditions for the problem (P i) over the set of relaxed 
controls and the set of admissible trajectories T adm, we use the method of exact 
penalization to transform  this problem into a problem (P 2 )/t and show tha t under 
some appropriate assumptions these problems are equivalent. Let us begin with
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the problem {V2 )k-

\ Minimize Jdx( - ) )
Problem {V2)k ■ , .  . . K  j  psubject to x(-) e X

where
Jk(x(-)) = m in[a(r,a:(r)) + kG+{x{r))\

T >  0

and
G+(x) = max{0, G(a;)}.

We further define the set

h(x( - ) )  :=  { r > 0 : <t (t , x (t )) +  kG+(x(r))  =  Jk(x(-))} 

of minimizing values of r  > 0 .

D efinition 3.21. Optimization problems (P i) and (P 2 )k are said to be equivalent 
if a solution of (P i) is also a solution of (P 2)/c and vice versa.

To show th a t ("Pi) and (P 2)k are equivalent, we need the following.

Lemma 3.22. For any k > 0, min J{x(-)) > min^Jk(x(-)).
x L ) ^ a d m  x ( - ) e x

Proof of Lemma 3.22. For all x{-) € X adm, we have

Jk(x(-)) =  min[cr(r, x (t )) +  k G+(x(r))]
T >  0

< min fcrfr, x (t )) + kG+(x(T))}~ r€/(x(-))
=  min <t ( t , x ( t ) )

re/(*(-))
=  J ( x ( ' ) ) -

Thus, min J(x(-))  >  min Jk(x(-)) > min^ Jk(x(-)).  □
zOe^adm x ( - ) ^ d m  A ' P *

Lemma 3.23. Let Xk(-) be an optimal solution o / ( P 2 )fc. Assume that

min J(x(-)) > min^Jk(x(-)).
x (')e X adm x( - )SX

Then I k(xk(-)) fl I ( x k(-)) =  0.
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Proof of Lemma 3.23. Suppose the contrary. Then there exists rk E h { x k{xk)) C 
I {x k{Tk))- Since rk £ h { x k ( n ) ) ,  we have

a(Tk, x k(Tk)) + k G+(xk(Tk)) = Jk(xk (-)). (3.4)

We also have th a t

Tk E I ( x k(rk)) =A x k(rk) E s
=» G(xk{rk)) < 0
=> G+{xk(Tk)) =  0. (3.5)

Combining (3.4) and (3.5) we have

m in^JJfc(a:(-)) =  Jk(xk (-))
x(-)€X

=  cr{rk , x k {Tk))

> min a(r , x ( r ) )
-  t € / ( x (-))

=  J ( x ( - ) )

> min J(x(-)),

which is a contradiction. □

P ro p o s it io n  3.24. Let Assumptions 3.1, 3.10, and 3.12 hold. Then for any k 
large enough

min^ Jk(x(-)) = min J(x(-)). (3.6)
W)eT x(-)exadm

Proof. By Lemma 3.22, we have

min J (x ( - ) ) >  min.^Jk(x(-)).
(̂■)ê Vadm x(-)£X

To prove (3.6), it is enough to show that

min J(x(-))  < min^ Jk(x(-)). (3.7)
x(')eTadm x{-)ex

To show (3.7), we suppose the contrary, i.e.

min J(x(-)) > min^ Jk(x(-)). (3.8)
x(’)eTadm x(-)ex

Let x k(-) be the optim al solution of ('P2)fc■ We choose Tk E Lk(xk(-)). Then, by
Lemma 3.23, I k(xk{-)) C I ( x k(-)) =  0. Since Tk E I k(xk(-)),Tk <£ I ( x k(-)), i.e.
x k(Tk) <£ S.
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We define

Pk(t), t < T k
v, t E [Tk, Tk +  A],

where v satisfies Assumption 3.12, A E [0,1], and x k (t) =  x(t,  It is clear tha t 
x k(t) = x k ( t ) , t  E [0, Tk).

By optim ality of x k(-), we have Jk(xk (-)) >  Jk(x k('))- Therefore we obtain

Jk(xk{')) Jk{x k('))
A

< l i m m f l A W L A A l H )
Ato A

' a{Tk +  A, x xk (Tk +  A)) -  a(Tk, x xk (Tk) ) \

0  < lim inf
AJ.0

< lim sup i -------------------------    i
AtO V ^  /

+k  lim inf
Ato

G + ( 4 ( n  +  A ) ) - G + (x>(rt )) 
A

< lim Su p d T A + ll^ ( r t + ' A )~ ^ ( r '‘)lAto v l  A

+k  lim inf | ' g + ( ^ W )  +  W t P U ,  0  +  0 (A)) -  G +(xl (Tt ) ) }  ( 3  g)
AtO A V

Next we consider the following estimate 

h k ( Tk +  A) -  x xk {Tk)\\ =

dt

/*A+A ^

T k
fTk+A ^

< /  f ( x k {t),fik(t))
J T h 

r T k +  A
<  JT m a x | | / ( ^ ( t ) , u ) | | d t

Now we show th a t there exists a constant m  such th a t

||/( i ;) ( f ) ,i i) || <  ro for any k, t € \Tt ,Tk +  1), A e  (0 , 1 ).

(3.10)

(3.11)

By the growth Assumption 3.1(B) and Assumption 3.10, there exists a constant 
p — p{Tk +  1, \\x0\\) such th a t

IkfcWII <  p(Tk + 1, bo ll) for t E [0,Tk +  1]. (3.12)
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Now we want to show th a t there exists T* not depending on k such th a t

H f̂cWII <  p(T* +  1, H^oll) for t £ [0,T* +  1]. (3.13)

Let J°  =  min J(x(-)).  Then by (3.8) and since Tk £ I k(xk(-)), we have
A'A^adm

Jk(xk{-)) = &{Tk, x k(Tk)) < J°. (3.14)

By Assumption 3.10, we have th a t for any C  there exists Tc  such th a t for all
t > Tc , cr(t,x(t)) > C.  Choose C  =  J°.  Then we obtain th a t there exists T*
such th a t for all t > T*,

cr(t,xk(t)) > J°. (3.15)

The expressions (3.14) and (3.15) imply Tk £ [0, T*), i.e. Tk < T* as required. 
This implies th a t the relation (3.13) holds. Hence, if we define m  as follows:

m =  max \ \ f (x,u)\ \ ,
u(~ U

\ \x\ \<p(T*+l , \ \x0\\)

then the relation (3.11) holds. Note th a t there exists a constant i a such tha t 
t —> a( t , x( t ) )  is Lipschitz on the interval [0, T* +  1] where

£a := max{\aT(t, x(t)) \ +  \ax ( t ,x( t ) ) \m : 0 <  t < T* +  1 , ||x|| <  p(T* +  1, ||x0||)}.

From (3.9) and (3.10), we have

G + { x j ( T k ) +  \ } ( x l { T t ) , v )  +  o(A)) -  G +( x i ( T k) ) \  

(3.16)
Using Danskin-Pshenichnyi’ formula for computing the directional derivative of 
the second term  on the right-hand side of (3.16), we obtain

0 <  £a(l + m) + k max (g'*(xk (Tk))a  +  h'*(xk (Tk))/3, f ' (x^(Tk), v ) )
( a , / 3)€A( x*(Tk ))

< 4 (1  + m) + k ( —A i )  (by Assumption 3.12 and x^(Tk) S )

<  0,

which is a contradiction when k > □Ai

W ith the above assertions, we now show th a t

T h e o re m  3.25. Let Assumptions 3,1, 3.10, and 3.12 hold. Then there exists ko 
such that for any k > k0, problems (Vi) and (V2 )k are equivalent.
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Proof. Suppose x*(-) is a solution of ('Pi). We choose k0 > ; where m
was previously defined in Proposition 3.24. Therefore under same hypotheses in 
accordance with this proposition we have tha t

J(x*(-)) =  min J(x(-))
X(')^xndm

= min Jk(x(-)) (by Proposition 3.24)
x(-)ex

. <  J k (x*(-))
< J(x*(-)) (by Lemma 3.22).

Thus,

It follows th a t x*(-) is a solution of (V2 )*•
Suppose x k(-) is a solution of (V2 )k with k > ko. We show th a t x k(-) is also a 
solution of (Pi).  We first have

Jk(xk(-)) =  min.^Jk(x(-))
x(.)ex

< min J(x(-))  (by Lemma 3.22).

Now we show th a t
h(xk(-) )  n  i ( x k(-)) #  0.

We choose Tk E h ( x k(-))- By way of contradiction, we suppose I k(xk(•)) Ll 
I ( x k(-)) =  0- Since Tk E I k(xk(-)), we have Tk I ( x k(-)), th a t is x k(Tk) £ S.  We 
define

_  /  Pk(t), t < T k
^  \ u ,  t e ( T k,Tk + A],

where v satisfies Assumption 3.12, A E [0,1], and x k (t) =  x(t,/j,k). Note tha t 
x k (t) =  x k(t) for t G [0,7*].

By optim ality of x k(-), we have Jk(xk (-)) > Jk(xk(-)). Therefore, with parallel 
argument as in the proof of Proposition 3.24, we have

0  <  lim inf
A4 0  A

< £a( 1 +  m)  +  k ( —A i)

<  0,

which is a contradiction. It follows th a t there exists rk G I k(xk(-)) PI I ( x k(-)). 
Then we have

<?(Tk, x k(Tk)) =  Jk(xk(-)) >  min a (T , xk(r)) = J ( x k(-)),
T € l ( x k (-))

32

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



th a t is,
J ( x k{-)) <  Jk{xk{-)). (3.17)

Thus, we obtain x k{-) €  T adm(:ro) and

J(xk(-)) > Jk(xk (-)) (by Lemma 3.22)
>  J ( x k{-)) (by (3.17))

which implies th a t
Jk(x k('))  =  J ( x  *,(■))•

Now let us consider

J ( x k ( ' ) )  J k ( x k ( - ) )
=  min Jk{x{-)) 

x(-)6X

=  min J(x(-)). (by Proposition 3.24)

This means th a t x k(-) is a solution of ("Pi) as desired. □

3.5 The Minimum Principle
We should first mention th a t when considering the problem (P i), we mean (Pi) 
over the set of relaxed controls and the set of admissible trajectories In this
section, we consider necessary conditions th a t an optimal solution (x°(-),g°{-)) of 
the problem (P^)* must satisfy. Before doing so, we give the following definitions.

D efinition 3.26. The set / min(^(-)) defined by

( ' ,»)) = { t  e  I(x(-)) : <j (t , x ( t ,  / l ) )  =  J ( x ( t ,  //))}.

D efinition 3.27. The level set of the functional a  at g° denoted by Ca{gQ) is 
defined by

A r(p°) =  {/i : J{x( ' , t i ))  = J{x{-, /jP))}- 

For the pair (x, g),  we define a solution p of the adjoint equation

p(r) =  —H x ( p ( r ) ,  x ( t ) ,  g (r)), (3.18)

p(r*) = ctx(x *(t *)) + kg'* (x* (r*))a* +  kh'*{x*(r*))/3*, (3.19)

where r* e  g*)), g* e  Ca(g°), and

H{p, x, g) =  (p, f {x ,  g)).  (3.20)

Note th a t p(r) — p ( r ; a, f3) is determined by (a, j3) in the initial condition (3.19).
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T h e o re m  3.28 (The Minimum Principle). Let Assumption 3.12 hold. I f  a pair 
(x°(■),/jP(•)) is globally optimal for (fP\) and r°  G then the following
condition (C l)  holds:
(C l) :  There exists k0 such that for any k > k0 and any p* G Ca(p;°) and r *  G 
Imm(x(', A*)) there exists {a*, /?*) G Rfcl x R fc2 such that

(i) 0j*hj(x*{T*)) =  0 Vj =  1, • • • , k 2

(ii) =  m i n H ( p (t ) , x *(t ) , u) a.a. r
u £ V

(iii) aT(r*, x*(r*)) +  m in H(p(r*),  x *(t *), u) — 0
ueu

where p(r)  =  p(r;a*,/3*) is a solution of the adjoint equation (3.18) with the 
condition (3.19); and H (p , x , u )  — (p , f ( x , u )).

Remark 3.29. The condition (i) is known as a complementary slackness condition.

Remark 3.30. In case of a minimal time problem, i.e. a( r , x ( r ) )  =  r , we have 
(a*, (3*) 7  ̂ (0 , 0 ) because if we had (a*,/3*) =  (0 , 0 ), we would have had p(r*) =  0

and hence m in H ( p (t *),x *(t *),u) =  0. Thus, the condition (iii) would imply that
«eu

1 =  0  which is a contradiction.

Proof. Let //(•) be an arbitrary  relaxed control. Set

h X(t) = (1 -  X)p°(t) + X/a(t), A G [0,1],

and
r A =  r°  +  7 A, 7  G [-1 ,1 ].

Due to convexity of M-v  the function pA is a relaxed control and the trajectory 
x x of the system (3.3) corresponding to this relaxed control satisfies the following 
equation

I I A(0 ) = X 0-
(3.21)

Recall th a t Jk(x{-)) =  min [a(r, x(r))  +  kG+(x(T))]. Then we have
T >  0

= o-(t ° , x °(t 0)) +  k G +(x°(T°))

and

M xX(-)) =  min \ a ( r , xx (T)) +  fcG+ (a;A(T))]

< a ( r x , x x (TX)) + k G +(xx (rx)).
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By optim ality of :r0(-), we have

Jk(xx ( - ) ) - j k(x°(-))
0  <  lim

A4.0 A
y  cf( t x , x x ( t x ) )  + k G+(xx (rx)) — (<j ( t ° , x ° ( t 0 ) )  + k G +(x0(r0))) 

~  A4-0 A

< lim 
A4.0

cr(rA, x x (rx)) — a(r°,  x ° ( t 0 ) )

+k

We also have th a t

A
G+(x x(t x) ) - G +(x °(t 0))

A

x x{t) =  x°(t) +  A +  o(A, t)

(3.22)

<9A

where \ ^ ^ ~  \ —> 0 as A —» 0 on [0, T],

d x ( r x^

Therefore we obtain

x x (rx) = x ° ( t x ) + A +  o(A, t )
dX

x ° ( t ° )  +  f  +7 i / V « . / « ) < « +  9X(Ti)
JT° dX

X +  o(A, t). (3.23)

We denote
dx(t)

dX
(3.24)

A= 0

Differentiating (3.21) with respect to A and set A =  0, we have

d x x(t)
dX

dx(t)
+

a= o dX A= 0
f ( x x (t), fx(t)) -  f ( x x (t), n°(t))

A—0
=  fx{xX{t),n°{t) )

A= 0

which implies tha t

Z(t)  = f x {xa( t ) ,nQ{t ) )Z{ t )+ f ( x ° ( t ) , i , ( t ) ) - f ( x 0(t),ix0(t))

with the initial condition Z(0)  =  0 since xA(0) =  x°(0).
We also note tha t

/>t°+7 A
Z ( t x) = Z(r°)  +  /  Z(t)dt .  (3.25)

From (3.23), (3.24), (3.25), we have

P T ° +  7 A ^

x x(t x) =  x°(r°) +  /  f (x°( t ) , f i °( t ) )dt  + X
J r °

+o(A, t )

Z(r°)  +  /  Z(t)dt  
Jr°
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P T  +7A

/>T°+ 7 A

-(-A I Z( t )dt  +  o(A, t).
J T°

(3.26)

It is shown in the Appendix th a t ||^ ( t) || is bounded by some constant, say K.  
Therefore we have

p t °+■yX

A /  Z(t )dt
p T 0 j r  7 A

< A /  \\Z(t)\\dt < X2^ K  = o(A).
J T°

(3.27)

Expressions (3.26), and (3.27) imply

/’T°+7A
X \ T X ) =  X  ( t  )

= x°(r°) + X 

+o(A, t ).

If r°  were a Lebesgue point of

f ( x  (t) , n  (t))dt +  AZ ( r  ) + o(A, t)

1 / > t ° + 7 A

t  -> f(x°(t),fJL°(t)) 

then from (3.28) we would have a representation for xA( r A) as

xA( r A) =  x ° ( r0) +  A Z ( r ° ) + 7 /(a ;0( r 0) ,/ i0( r 0)) +  o(A,f).

(3.28)

(3.29)

(3.30)

But this is not true in general. However, we would like to have a similar repre­
sentation for x x (rx) as indicated in (3.30) even though r°  is not a Lebesgue point 
of (3.29). This will succeed by establishing the following lemma.

L em m a  3.31. There exist f 0 € Rn and X] > 0, X] I  0 such that 

1 rT°+7 A7 ^
lim T7 /  f ( x °(t ) , T0(t))dt = '7fo V7  G [—1,1].*-700 JT0

To prove Lemma 3.31, we need a series of following lemmas.

L em m a  3.32. Let  A* —> 0. I f  lim — /  f (x°( t ) ,  /j,°(t))dt exists, then
i->oo Ai j T 0

r*T°-(-Ai

lim
'•T°+A ;

i—>00 Aj JTo
f ( x \ r 0),fa°(t))dt.
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P roof o f  L e m m a  3.32. We consider

/(® 0( t ) ^ ° ( t ) ) - / ( a : 0( r 0) , / ( t ) )

f  [ f (x°( t ) ,u( t ))  -  f (x°(r°) ,u( t ) )]  fi°(t\du) 
I u

< [  \ \ f (x °(t) ,u(t)) -  f (x°(T°),u(t))\ \  fi°(t\du) 
J u

<  [  ef \\x0(t) -  x 0(r0)\\fi°(t\du).
J u

But

(3.31)

| x  ( i )  — x  ( t  ) | |  =

< / ( s ° ( f U ° ( t ) )

<  K \ \ t  —  T ° \ ,

dt

(3.32)

for some constant K\  since 
(3.32) imply th a t

f  (x°(t) , n°(t)) is bounded. Inequalities (3.31) and

f{x°(t), fj ,°(t)) -  f ( x 0(T°),fj,°(t)) < £/Ki \ t  -  t °\ < i fK^Xi] .  (3.33)

Letting \  —> 0, we get the desired result. □

L em m a  3.33. Let f ( t )  — f  (x°(r° ) , n°(t ) ) . Assume f  : R. —> E n is integrable and 
for some constant K 2, | |/ ( t ) || < K 2 a.a. t, and f ( t  +  r°) =  f ( —t  +  r°) for t > 0. 
Then there exists f Q E Mn, and \  > 0, A* 4- 0 such that

 ̂ rT°+"fXi
lim  T  /  =  7 /0  for all 7  €  { - 1 , + 1}.Xi J T 0

Proof of Lemma 3.33. Set 7  =  1. Then for any A >  0 we have

^  p r ° + 7 A

A J T 0

Then there exist Aj f  0 and /o € Rn such th a t

lim
i ->  00 Ai JT0

f { t )d t  = f 0.
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We consider the following

i r° - A i - ilim — / f ( t )d t  = lim —  /  f ( - s  + r ) d s  (by setting s =  —t + r°)
*->°° Aj JTo i->oo Aj Jo

=  lim - p  /  / ( s  +  r°)ds ( / ( t  +  r°) = / ( - t  +  r 0))
i-)-oo Aj j 0

 ^  / 'T °  +  Aj

=  lim —  /  f ( t )d t  (by setting t — s +  r°) 
i-roo  Aj J To

=  ~/o-

This implies th a t there exist a sequence Aj > 0, Aj -I 0 and /o G R™ such tha t

i rr°+ 'yXi
l i m — /  f ( t )d t  = j f 0 for all 7  € { - 1, + 1 }.

Aj J To

We complete the proof of this lemma. □

L em m a  3.34. I f  we define

h ° ( t )
/ A t ) ,  t  <  T 0

/ i ° ( r ° -  ( t - r ° ) ) ,  t  >  t ° 

with a corresponding trajectory

x°(t),  t  <  r°
^  1 x(t; x°(r°), ju°), t > r° ,

then (x°(t), p°(t)) is an optimal pair.

Proof of  Lemma 3.34. We have the following

— ct(t 0 , x 0 (t 0)) + k G+(x°(T°))

=  x ° (r0)) +  k G+(x0(r0))

> Jk{x\ - ) ) .  □

Combining Lemmas 3.33 and 3.34, we conclude the following lemma. 

L em m a  3.35. There exist / 0 € Rn and Aj >  0, Aj 4- 0 such that

i rr0+^\i ^  _

lim WT /  f(x°{t) , i i °( t ))dt  = /o V7  g {—l, + l} -i^oo 7Aj </ ro

W ith aid of Lemma 3.35, we can now prove Lemma 3.31.
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Proof of Lemma 3.31. For any 7 6  ( -1 ,1 ) , 7 ^ 0 , there exists X J  =  Aj-. Then we 
have

1 r r ° + l \ ]  _  _  _  ^  / * r ° + A i______ ________

lim /  f (x° ( t ) ,n°( t ) )d t  =  l i m— / f(x°(t), / j .°(t))dt
A / J t o »->oo A j J To

7 1 lim  r  /\  A j , / To

=  7/o-

We complete the proof of Lemma 3.31. □

Now we continue proving Theorem 3.28. From Eq/(3.28) and Lemma 3.31, we 
have

x *  (rA7  =  z V )  +  A  P A ”) +  7 / 0] +  o ( \ l  t). (3.34)
For simplicity, we shall use A for X J .  Therefore we have from Eq.(3.34) th a t

XX(TX) = * V )  +  A [Z(r°) +  7 / 0 ] +  o(A, t). (3.35)

By (3.22), (3.35), Lipschitzness of a and G+, we obtain

0  < lim
AJ.0

=  lim
A4.0

+k

a ( r x, x x (rx)) — ct( t ° ,  x ° (r0)) ^ f  G +(xx (rx)) — G +(x°( t0))
+  K

A J  \  A
a(r°  +  7 A,:t0 ( t 0) +  A[Z(t °) +  7 / 0 ] +  o(A, t)) -  cr(r0, x ° (r0))

A
G+(t ° +  7 A, x°(r°) +  A[Z(r°) +  7 / 0 ] +  o(A, i)) -  G+(a;0 ( r 0)) V

A

which implies

0 <  (ctx ( t 0, x ° ( t 0 ) ) ,  Z ( t ° )  +  7 / 0 )  +  (<j t ( t ° , x ° ( t 0 ) ) ,  7 )

+/T V ( r°))a + h'*(x°(T°))f], Z ( r ° )  + 7/°).(Q , /3 )e A (x 0 (T0 ))

Hence, we obtain

0  -  *7 ? r , [ M r 0, x ° ( t ° ) )  +kg '*(x0(r0))a
m(') (a,/3)eA(x°(r0))

76[-l,l]
+kt i*(x°(T°)) f l ,Z(T0)) +  (<j t ( t ° , x ° ( t 0 ) )  +  (ax (r°, x ° ( r0)) 
+kg'*(x°(T°))a +  kh'*(x°( t0))(3, / 0)) 7 ] . (3.36)

For our convenience, we use the following notations:

cr° : =  <j x ( t ° ,  x ° ( t 0 ) )

: g'(x°(T0))
: Z ( r ° )

= ar(T°,X°(T0)).
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Then an inequality (3.36) becomes

0 <  min max [(<7 ° +  kg'0* a  +  kh'°*/3, Z°))
/,(■) (a,p)€A(xO(r°)) L' *

+  (a° +  (a° +  kg'0*a + kh'°*/3, /„)) 7 ] • (3-37)

Now we let

T (/i,q , a , f3) =  (a°x +  kg10*a +  kh'°*/3, Z°)  +  (<7 ° +  (cr° +  kg'0*a +  kh'°*(3, / 0)) 7 .
(3.38)

It is easy to see th a t (a, (3) -» T(/i, 7 , a,/3) is linear. Recall th a t

z (t) = {  $ (* )$ - 1 (s) [/(:r 0 (s),/i(s)) -  /( : r 0 (s ) ,/i0 (s))l ds,
Jo L J

where <£(£) is the fundamental m atrix solution of a linear equation

Z{t)  =  f x (x°(t), g°(t))Z(t) .

For a +  6  =  1, we have

f ( x ° , a g 1 + bg2) =  f  f ( x ° , u ) ( a g 1 + bg2)(t\du)
J u

/(x ° , n )a/u1 (t|dw) +  f  f ( x ° , u ) b g 2(t\du)

/(x ° , u)/7 1 (t|c?u) +  6  f  f  (x°, u )g2(t\du)
J u

VU

a
./u

a7(x °, d 1) + b f ( x ° , g 2).

Therefore we obtain Z(t; a /i1 +  6 /i2) =  aZ(t;  /i1) +  6 Z(t; /j,2).
Next we consider the following:

^ (a / i 1 +  6 /i2, a q 1 4 - 6 q 2, a , /?)
(a” +  kg'0*a +  kh'°*/3, Z°(t °; a /i1 +  6 /i2))

+  (<7 ° +  (cr° +  kg'0*a +  kh'°*(3, / 0)) (aq 1 +  6 q2)
=  (cr° +  kg'0*a +  kh'°*/3, aZ° ( r0; /i1) +  62,°(r°; /i2))

+ a  (<7 ° +  (cr° +  kg'0*a +  kh'°*/3, f 0)) j 1+b (cr° +  (cr° +  kg'0*a +  kh'°* j3, / 0)) q 2 

=  a(a° +  kg'0*a +  kh'°*/3, Z ° ( r °; /i1)) +  6 (cr° +  kg'0*a + kh'°*/3, Z°(r°; g 2))
+ a  (cr° +  (cr° +  kg'0*a  +  kh'°*(3, f 0)) 7 ^ 6  (<7 ° +  (a° +  kg'0*a  +  kh'°*f3, / 0)) q 2 

= a {(cr° +  /cg'°*a + kh'°*f3, Z°(r°; /i1)) + (a° +  (a° +  fc</'°*a +  kti°*/3, / 0)) 7 1} 
+ 6  {((7° +  kg'0*a +  A;/i'0*/?, Z°(r°; /i2)) +  (a° +  (<7 ° +  Au/'^a +  A;h'0*/?, / 0)) q2} 

=  oS^{g3, 7 1, a , /3) +  6 T (/i2, q2, a , /3).
Then for fixed (a , /3) a map (g, q) —)• T (/i, q, a , /?) is convex. By Minimax theorem,
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we have from (3.37) th a t

0 <  max min \(a° + kg a  + kh P , Z ) )
( a , p ) e A ( x < > ( T ° ) )  M(.)

+  ( CTr  +  ( a x  +  kg'0*a +  kh'°* p,  / 0)) 7 ] . (3.39)

Inequality (3.39) implies th a t there exists (a*, ft*) G yl(a;0 ( r 0)) such tha t

0 <  min Ua° +  kg'0*a* +  kh'°* P*, Z °))
MO

7G[-1.1]

+  (° t  +  +  kg'0 a* +  A;h/0  /3*, /o)) 7 ] . (3.40)

Setting 7  =  0 in (3.40), we have

(a°x + kg'0*a* +  kh'°*p*, Z °)) > 0. (3.41)

If fi = gP then (3.40) becomes

min (a° +  (a° +  kg'0*a* +  kh'°*P*, / 0)) 7  >  0. (3.42)
7 e [—1,1]

From (3.41) we have

0 <  ( ^  +  k g « ' a ' + khn ' f l \  /  4.(r°)<I.^(s) / ( i ° ( s ) , / J(s)) -  f ( A s ) , A m  & )
* 0

0 < /  (ff«0  +  % '0 a -  +  fc/i'0 , /?-,4>(r0 ) « - 1 (s) f ( x 0(s) , ^(s) )  -  / i > 0(s ) , ,.»(»)) )ds
Jo 1 J

0 <  I "  m T ° ) < p - l (s ))‘ ( o ° + k g n ’a ’ + k h « - p ' ) J ( x ° ( s ) , » ( s ) ) - f ( x \ s ) , A s ) ) ) d s  
Jo

(3.43)
We let

p(s)  =  ( ^ ( t 0) # - 1^ ) ) * ^  +  V ’V  +  ^h '0*/?*). (3.44)

Then p(r°) = a° +  kg10*a* +  kh’°* P*. Expressions (3.43) and (3.44) imply

0 <  /  ( p ( s ) , f { x ( s ) , p ( s ) ) - f { x ° ( s ) , p ° { s ) ) ) d s .  (3.45)
Jo

We then choose /i(s) =  5fi(s), where u(s) is such th a t

H(p(s ) , x°(s ) , u(s)) =  nun H(p(s ) , x°(s ) , u ) . (3.46)
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Therefore from (3.45) and (3.46) we obtain

0 <  /  f{x°(s) , f jp(s ) ) )ds  <  0,
J 0

which implies th a t the integrand is equal zero for a.a. s. Thus, we have 

( ) ) )  =  min JT(p(s), x°(s),u), i .e.u€ U
H(p(s) , x°(s ) , f j ° ( s )) =  m in tf(p (s ) ,:r 0 (s),u ).

From (3.42), since 7  can be positive or negative, we have

o°T +  (cr° +  kg10*a* +  kh'°*P*, f 0) — 0 , i.e.

But

°r + (p(T ) J 0 ) =  0 .

( p( r° ) , f0) = l i m y /  (p(T0) , f ( x 0(s),ix°(s))ds)l—>00 A J T 0

lim \  [  ( p ( s ) , f ( x0(s),/j,0(s)))ds
i->oo A JT 0

1 />t°+A /  \
lim — / m in if (p (s ) , 2 ;0 (s),M) ) ds
i - > 0 0  A JrO  \ « e u  y

=  m in i/(p ( r  ) ,x  (r  ) , m).ueu

Eqs.(3.48) and (3.49) imply

a T(r°, x ° (r0)) +  min i?(p (r°), £°(t°), u ) =  0 .ueu

We complete the proof of the minimum principle.
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Chapt er 4 

Global O ptim ality for a Free 
Tim e Optim al Control Problem

4.1 Introduction
In this chapter we consider an optimal control problem of minimizing

min a ( r , x ( T , f j ) )  (4.1)
r e l (x ( - ,n ) )

and provide necessary and sufficient conditions for global optim ality of the pair 
(r°, /i°); th a t is

cr(r°, x(r°,  / / ) )  =  min min a(r, x(r,  ju)). (4.2)
W)e*adm

As an application of these global optimality conditions, we consider minimal time 
control problem; th a t is the problem of minimizing

min { r : x(r)  € S}  (4.3)

which is a particular case of (4.1).
We show th a t if for any relaxed control //(•)> there is no other relaxed control 

//(•) such th a t

min { t  : x (t , a) e  S \  = min { r : x ( t ,  uP) G S]

and /jP satisfies the minimum principle which is non-degenerated in the sense tha t 

m a ^  min H(p(r) ,  x(r,  fj,0), u),

then / i °  is globally optimal.
Our main theorem contains more general optimality conditions for more gen­

eral problems. If the pair (r°,//°) is globally optimal then any (r, jj) such tha t
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p  G Ca(fj,°) and r  € Imm(x(-, p)) is also globally optimal. This implies th a t (r°, p°) 
and any such pair (r, p) satisfy the necessary conditions for optim ality in the form 
of Pontryagin minimum principle.

Under some additional condition of non-degeneracy of such minimum princi­
ple, these necessary conditions become sufficient conditions for global optimality.

4.2 Sufficient Condition for Global Optimality
Before proving the main theorem we need the following assumption.

A ssu m p tio n  4.1 . There exist A 2 > 0, <f2 > 0 such that for  any x  satisfying 
0 <  G(x) < 52

max max (g'*(x)a + h'*(x)/3, f ( x ,  u)) > A 2.
(a,g)eA(x)

We need this assumption for proving sufficient conditions for global optimality 
in the next theorem.

T h e o re m  4.2 . Let Assumpt ion 3.12 hold. I f  a pair (x°(•), fi°(•)) is globally opti­
mal for ifP\) and r°  G Tnin(r0(-)); then the following condition (C l)  holds:
(C l) :  There exists ko such that for any k > ko and any p* G C^fJ,0) and 
t* G I mm{x (',A*)) there exists (a*, ft*) G Rfcl x R ^ 2 such that

(i) fij*hj(x*{T*)) =  0 V) =  1, • ■ • , k 2

(ii) H ( p (t ) , x *( t ) , / j,*(t )) =  min H ( p (t ) , x *(t ) , u ) a.a. r

(iii) aT(r*, x *(t *)) +  min H ( p (t * ) , x *(t * ) , u ) =  0

where p(r) = p(r;a*,/3*) is a solution of the adjoint equation previously defined 
in (3.18) with the condition (3.19).

The condition (C l)  is sufficient for global optimality of  a pair (x° (■), pP(■)) if  in 
addition the Assumption f . l  and the following condition (C 2 ) of non-degeneracy 
of the minimum principle (ii) hold:
(C 2); For any (x*(■), p*(■)) with p* G Ca(p°), and t* G Imm(x (',F*)) ,°ne has 
that necessary conditions from (C l)  are nondegenerate in the sense that

m ax H(p(r) ,  x *(t ), u ) ^  min H(p(r) ,  x*(r), u)  o n  [0, T].

Proof. Let (x ° , p° ) be globally optimal. Then any p* G Ca{p°) is also a global 
minimizer. In the exact penalization theorem 3.25, p* provides a minimum to the 
functional

Jk(x(-)) =  mm{a(T,x{r))  + k G +{x{r))\
T >  0

44

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



on all trajectories x(-) G X  for all k > k0 where k0 is a known constant from 
Theorem 3.25. Therefore, we can apply Theorem 3.28 for the pair (r*,y ;*) to 
obtain the condition (C l)  as desired. Now we shall prove the sufficient part. 
First, we have the original problem

Minimize cr (r, x ( r , y))
(P i) : subject to G ( x (t , y))  < 0

y  G A 4 u ,  t  >  0.

Under Assumption 3.12 and Lipschitzness of cr, we have th a t the problem (P i) is 
equivalent to the following problem (P 2 )k

Assume th a t (x°,y°)  is not a global minimum of (P i). Then (x°,y°)  is not a 
global minimum of (V 2 )k• Therefore, there exists (x ,y)  such th a t

Minimize <j(t, x(r,  y))  +  k G+(x(r,  y))  
subject to y  G Adu, t  >  0 .

a ( r , x ( f , y ) )  +  k G+( x ( f , y ) )  < a(r° , x (t ° , y 0)) + k G +(x(T°, y 0)), (4.4)
G (x ( f , y ) )  < 0

y  G A4u-

Consider an auxiliary problem (*4 .1 )

Minimize 0 ( r ,  y) = \\y -r yW^  + |r  — r |
over all admissible pairs (x , y ) where x (t ) =  x(r,  y(-)) such tha t 
o-(t, x (t , y))  +  k G +(x(r , y)) > cr(r°, x(r°,  y 0)) +  k G+(x(r° , y 0)) =: J 0 

and y  G M v -

where is a countable dense subset of C(U).
Since a functional

is convex lower semicontinuous on a compact set A4u and a function

is continuous on a compact set [0,T], the functional
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is lower semicontinuous on the compact set [0 , T] x A4u- Also, <t(t, x ( t , /i)) +  
&G+ (x (t,/r)) depends continuously upon r  and p. Therefore, by W eierstrass’s 
theorem there exists an optimal solution to problem (Mi). We denote the optimal 
solution for this problem by (r* ,/r*).

Let’s denote 0* := Q(r*,p*).  We then consider the second auxiliary problem
(M2)

Minimize J ( r ,  p) =  max{ J 0 — cr(r, x(r,  p)) — k G +(x(r,  /j,)), 0 ( t ,  p) — 0*} 
w :  n e M v .

L em m a 4.3 . (r*,p*) is a solution to the problem (M2 ).

Proof of Lemma 4.3. First, we have

J ( r * ,p*) =  max{ J 0 — cr(r*, x(r*, p*)) — k G +(x(r*, p*)), 0}.

Since (r*,p*) is an optim al solution to (Mi), we have

<t ( t * , x (t *, p*)) +  k G+(x(r*, / / ) )  >  J 0;

th a t is J 0 — a(r* , x ( r* , p*)) — k G+(x(r*, p*)) < 0. Hence, J(r*,p*) = 0. For any 
pair (r, p) with G(x (t , p)) < 0, and p £ A4u, we consider following two cases:
C ase  1 : a(r,  x (t , p ) )  +  k G +(x(r, p ) )  <  J 0.

We have J 0 — a(r , x ( r ,  p)) — k G+(x(r, p)) > 0. Then J ( r , p )  >  0 =  J(r*,p*).  
C ase  2 : (t (t , x ( t , p)) + k G+(x(r, p)) > J 0.

In this case we have J 0—a(r,  x(r,  p)) — kG+(x(r, p)) < 0 .  But 0 ( r ,  p) — 0* > 0 . 
Thus, J ( t , p) > 0 =  J ( t *, p*).

Consequently, we have established J(r*,p*) < J ( r ,p )  for any ( r ,p). □

L em m a  4 .4 . Under the condition ( 4 . 4 ) ,  the pair (r * , p*) satisfies the following 
relations

a(r*,x(r*,p*))  + kG+(x(r*,  p*)) =  J 0,

and
e / A n(x ( - ,^ ) ) ,

where f£ ia(x(-, p*)) =  { r : cr(r, a;(r, /T)) +  kG +(x(r, p*)) =  min[cr(r, z ( t ,  A**))
t > 0

+/cG'+ (x(r, //) )]} .

Proof of Lemma 4-4- F irst we want to show th a t

m in[o(r,x( j ,p*))  + k G+(x(r, p*))] =  J 0.

Let us assume th a t

m in[a(r, x ( t , p * ) )  +  k G+(x(r , p* ) ) }  >  J 0, ( 4 . 5 )
T > 0

4 6
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and choose the following variation

lix (t) =  (1 — A)/i*(t) +  A£i(t), A £ [0,1].

Since the trajectory x x corresponding to the relaxed control fix continuously de­
pends upon A, it follows from (4.5) th a t for A 6  (0,1] small enough

m in[a(r, x(r,  /ix)) +  k G+(x(r, fix))} > J 0.
T >  0

We then have th a t a pair (t *,/i x) satisfies the constraint of (All). But because of 
the relation

0 (r* ,/iA) =  ||/iA -  p\\Lx + \t * -  f \

=  ||(1 -  A )// +  A/i -  AlUx +  \t * ~  t \

= ( l - A ) | | / i * - / } | |Ll +  | r * - f |

<  I I h *  -  A i k  +  \t* - f  |  =  0 ( r * ,  / i * ) ,

we conclude th a t (r*, /T) is not an optimal solution of the optim al control problem
(Ali). This contradiction implies tha t

min[cj(r, x (t , /j,*)) + k G+(x(r,  / /) ) ]  =  J 0.
T >  0

Next we want to show that

a ( r* , x ( t * , i i*))  +  k G+(x(r*, fj,*)) =  J 0,th a t is T* £ Imin(X('>M*))- 

Suppose to the contrary th a t r* is not optimal, i.e.

a (r* ,x (r* ,/i* )) +  kG+ (x(r*, / / ) )  >  J 0.

We then choose the following variation

r A =  r* +  7 A, 7  £ { - 1 ,1 } ,  7  =  -s ig n (r*  -  r ) .

For A £ (0,1] small enough, we have

<x(tx,x ( t x, //*)) +  kG+ (x (rx,/x*)) >  Jo- 

This implies th a t ( r A,/i*) satisfies the constraint of (.4i). But 

0 ( r x,/i*) =  \\/i* -  fi\\Ll +  | r A -  t |

=  Ilk  ~  A ik  +  \T* ~  f  +  7^1
< ||/i* -  fi\\Ll +  |r* -  t \
< B(r*,/i*);

we have a contradiction since (r*,/i*) is optimal. Thus, we must have

ct(t*,  x(r*, i i*))  +  kG+(x(r*, f i*))  =  J 0 , 

and r* £ Imin(x( ■, /x*)), as required. □
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Now we write an optimality condition characterizing an optimal pair ( r *,//*) 
in the problem (.A2).

First we need some auxiliary results. Consider the following variations

/ ( * )

and

v ,  t  e  [r*, t *  +  7 A]
(1  -  X)fi*{t) + t  ^  [r*, t *  +  7 A]

r A =  t * +  7 A,

where u G Afu and 7  G [0,1].
Note th a t we use the following notations:

x x(t ) := x {t , hx) 
x *(t ) :=

Before we write this optimality condition, we need the following representation 
of xx(t * +  7 A) stated in the next lemma.

Lemma 4.5. x x (r* +  7 A) =  x *(t *) +  7 Af(x*(r*),  u) +  AZ( t*)  +  o(A).

Proof of  Lemma 4-5. We have

P T * +  7 A  ^

x x{r* +  7 A) =  x x(t *) +  /  f ( x x ( t) ,v)dt

pr*+  7 A ^

xA(r* )+  /  f (x*(r*) ,v)dt
J T*

t*+7 A
A /+ f ( x  (t) ,u)  -  f (x*{r*) ,v) dt.

» T * +  7 A

Let’s denote i? := f ( x x{t),u) -  f (x*(r*) ,u) d t .  Then we have

(4.6)

|B|  <  max | J / ( i A(i) , 0  -  / ( i ' ( r ‘), v)|| • 7A.
£ G [t* ,t* - |-7 A]

But

l l / ( ^ ) w )  -  /(x*(V *)w )|| < m a x \\ f ( x x (t), u) -  f {x*(r*) ,u)u&U

< max
ueu L

(4.7)

| | / ( x A(t) ,» ) -  / ( xj (t *)>“ )II

+  l l / (xA(x*),ti) -  / ( x * ( r " ) ,u ) | |

< el \ \ x X(t) ~  *V)|| + 7 | | * V )  -  x*(r-)||.

(4.8)
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For t G [0, r*], we have

x x = f ( x x , /ix)

= f ( x x , (1 -  A )// +  A/i)

=  f { x X,V*) + ^ ( f ( x X,v)  -  f ( x X,H*)^) ,

and x* =  f(x*,n*).

Therefore we obtain

||xA(t) -  x*(f)|| <  J  | | | / ( x \ / T )  -  f(x*,fj,*) || +  A||f ( x x ,/x) -  f ( x x , v*) ||} dt.

Since f ( x , u ) is bounded, say ||/(a :,u ) || < rrif, and

||f ( x x ,fj,*) -  f (x*, f j .*)|| < i f \\xx{t) -  rr*(t)||,

we have

||a;A(f) — :c*(f)|| < f  (£f\\xx (t) — x*(t)\\ + 2rrifX) dt
J o

< f  £f\\xx (t) — x*(t)\\dt +  2 r*?7 i/A.
J o

By Gronwall’s inequality, we obtain th a t for t G [0, r*}

||xA(f) — x*(t)|| <  2r*m/A • exp ( f  £fdt)
J o

< 2r*m/A • exp (IfT*). (4.9)

Expressions (4.7), (4.8), and (4.9) imply

|£?| <  4£fT*/yrrif • exp (£fr*)A2, i.e.

B  =  0 ( X 2) =  o(A). (4.10)

From (4.6) and, (4.10), we have

/T*+ 7A
/(z * (r* ),z ;)d f+  o(A). (4.11)

But
xa (t*) =  x *(t *) +  A Z(r*)  +  o( A); (4.12)

therefore we have from (4.11) and (4.12) th a t
PT*+ 7A ^

xA(r* +  7 A) =  x * ( t * )  + XZ(r*) + /  f (x*(r*) ,u)dt  + o(X)
J  T*

= x*{r*) + ^/XJ{x*{t*), v )  +  XZ(r*) + o(A), (4.13)

which completes the proof of this lemma. □
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Lemma 4.6.

lim inf ^   ̂ (r  ■ — < max max min — a[aT(r*, x *(t *))j
A4 0  A oe[o,i] P(-)en (a,p)eA(x*(r*))

£e[-i,i]
+ {crx { T * , x * ( r * ) )  +  kg'*(x*(T*))a +kh'*(x*(T*))p,

pT 00
7 f(x*(r*),  v) +  Z(r*))] +  ( 1  -  a)

r _ - 
/

-7 0  i=i

-  / 0 j(u)/i(i|du) ) dt  +  2 7  +  £ 7  

u iu  /

Proof of Lemma 4-6. We consider the following:

J ( t ,  yu) =  m ax{J 0 -  ct(t , x (t , p,)) -  kG+(x(r,  / i ) ) ,0 ( r ,  //) -  0*}
=  max{ J 0 -  <r(r, x (t , p)) -  kG+(x(r, p)),  ||p -  p\\Ll + \r -  t | -  0*}
=  max [a (J 0 — <j(t ,  x ( t ,  /j l ) )  — k G+(x(r,  //)))

0 < a < l

+ ( 1  -  a) (||/j -  Aili, +  | t  -  f  I -  ©»)].
(4.14)

Note tha t

IIMO -  A(*)IUi =  [  \\p(t) -  Mt)\\«>dt
Jo

p T  00

' 0  4=1

max /
p(-)£K Jo

CAJ /J /I

r*T 00 /  n

T s iPi (t) ( / ^ ( u ) / i ( i | d t t )
i=i VJu

0i(tt)/i(t|ciri) ) dt ,

dt

(4.15)

where

and

^  =  (p (') =  {a(-)}*>i : ft(-) € Loo(0, 0 0 ) ,  P i ( - )  : [0, 0 0 )  - > [ - 1 , 1] } .  

There exists a maximizing sequence p(-) — { /O i( - )} i> i  in (4-15) and

P i ( t )  =  sign ( / ^ (u )/r(t |d u ) -  / (fo(u)/i(i|cfoi) 
\ J u  Ju

a.a. t.
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We also let £ be such th a t — 1 <  £ <  1  and |r  — f |  =  £ (r — f) . Therefore from 
(4.14) we obtain

J (r , p )  =  max max [a (J 0 -  cr(r, x ( t , p)) -  kG+(x(r, /j , ) ) )

+ (1 -  a) ^  ^  <̂(w)At(t|du) -  J  0i(w)/i(i|du)^ dt

+ £ (r  -  f )  -  0 ,
(4.16)

We denote

Q(r,p,a,uj )  = - a ( a ( r , x ( r , p ) )  + kG+{x(r,p)) -  J0) + (1 -  a) I /  <*./£><(*)
r T  oo 

'0 i= l

/ U
^(u)/i(f|du) -  j  <fii(u)jj,(t\du)J dt + £ (r  -  f )  -  0 * ) ,

(4.17)

where u> =  ({/o*(•)}*>i> £) £ 77 x [—1,1] =: fh Then we have

Q (rA,/iA,a ,w ) Q{r*,p*,a,uj)  -  a [(ct(ta , a;(rA, / i A ) )  -  a(r* , x(r*,  //*))) 

+£; (G+ (x (rA, yuA) ) - G + (a :(W ,^)))]

+  ( 1  — a)
T oc

<^(u)pA(t|du)

- j  (f)i(u) p* (t\du)J dt + £ ( t a  -  r*)

: Q(r*, p*,a,ui) -  a (a(r* + 7 A, x*{r*) +  A(7 f (x*(r*),  v) 

+ Z { t *)) +  o(A)) -  <r(r*, x*{r*))) +  k (G+(x *(t *)) 

+A(7 / (W ( t* ) ,!/) +  Z(r*)) +  o(A)) -  G+(x *(t *)
/» OO

+  ( 1  -  a) /  y~ l^P i(f)
y [ 0 ,r]\[T*,r*+7A] i=1

( /  -  X)p* +  Xp)(t\du) -  j  4>i{u)p * (t\du) ) dt

/
r*+7 A °° /  /•

^2SiPi ( t )  y j  <t>i{u)v(du)

j  <t)i(u)p*(t\du)j dt +  £7 A
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Q(r*,p*,a,uj) -  a (a (r*  + 7 A,x*(r*) +  A( 7 f ( x * ( r * ) , u )  

+ Z ( t *)) +  o ( A)) -  <j ( t * , x* ( t * ) ) )  +  k ( G + ( x * ( t * ) )

+ A +  Z ( t *)) +  o(A)) -  G+(x *(t *)

+  ( 1    d) -A

/u

J [ 0 , T ] \ [ r * , r * + 7 A] i = 1

\  /'T* +  7A 00  ̂ /  n
4>i(ru )  p{t\du) j  dt  +  I  E  ^y 4>i(u)u(du)

<j>i(u) p* (t\du) ) dt +  fy/A

=  A cTT(r* ,2 :*(r*))7 +  (<7 x(r*, a;*(r*)), 7 /(a:*(r*), 1/) +  Z ( r* ) ) ) +o(A),

,/U
For sufficiently small A, we have

a(T* +  7 A, x * ( t * )  +  A( 7 f(x*{r*),  v) +  Z(r*))  +  o(A)) -  a{r*, x *(t *))

and

G + ( x * ( 0  +  A ( T / ( i - ( r - ) ,  k )  +  Z ( t*)) +  o ( A ) )  -  G + ( V ( r * ) )

=  h  , , S s ’’ (x' (T' ) )a +  t i ' ( x ' [ T ' ) ) P , 1 S{x' (T, ) , v )  +  Z(T’ ) ) + 0 ( \ ) .
(Q‘)P)€:A{x ( r  J)

We now consider the following:

A
'[0 ,T ]\[t* ,t*+7A ] i= 1  

rT 00

X ^ P , ( t )  {^J  4>i(u)/J,* (t\du) ~  I  <j)i{u)p(t\du)^j

A f  ' y ' 5 ipi (t) f  f  4>i(u)iJ,*(t\du) -  [  <pi(u)p(t\du) \ dt
Jo i=l \ J  u J u J

/ r * +  7A 00 /  p  /> \
(J  <f>i(u)p*(t\du) -  J  <f>i(u)fj,(t\du)Jdt.

dt

But
r>T* + 7 A  00

A ^ jb i P i ( t )  i ^ J  <fri(u) p* (t\du) -  J  (f)i{u)p(t\du)^j dt 

V 'h i  /  (f>i(u)p*(t\du) -  /  ^(u)//(f|dw )
j=l •'U "/U

j = l  
,’r*+7A 00

/ t*+7A 00

E *
*= 1

< 2 7 A2 =  o(A).

t*+7A /  00
'illcdf — 2 I IX] FI

dt

'i\C
—j' 2 l (l +  1 1 0 , 11c)

dt

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



T hus, we o b ta in

x ! J 2 5iP ^  -  j f  4>i(u)pL^ldu)^ dt

A I £ * * ( « )  ( /  ^i(u )tJL*(t l^u ) ~  /  <i>i(u)n{t\du) j dt  -  o(A).

'  [0 ,T ]\[t* ,t* + 7 A ] 

r T  oo

L
/o i=1 \ J  u ./u /

Sim ilarly, we also have

f  <f>i(u)v(du) -  J  (f}i(u)ix*(t\du)^ dt

n r * +  7 A 00

/ r* E s‘
i=i

dt

i= 1 ^  \1ri/ 2l(i + Il<̂ i||c) y
< 2 7 A.

Hence we have

- A  f  yy]5iPi(t) ( f  4>i(u)fi*(t\du) -  [  4>i(u)p(t\du)\ dt
[°>TI\['r*>'r* + 7 ^] i —1 \ J V  J u  /

+ J  '^2$iPi(t) i^J 4>i(u)v(du) — J  4>i{u)p*{tldu ĵ dt

-  fQ (^J 4>i(u ) P* (t\du) -  J  4)i{u)iJi(t\du)^ dt +  27A +  o(A).

C onsequently , we have

Q ( r \ v \ a , w )  <  0 ( r * , f 1, , a , u )  +  A { - o [ f f T( r * , :c ' ( r , ) ) 7 +(CTI (T’ , i , (T*)),

7  h x ‘ { r ' ) , V) +  Z ( T-)) +  k max ( j '* (x - ( r* ) )«
(a,0)€A(x*(T*))

+ti*(x*(T*))/3,1 f ( X*(T*),v) +  Z(T*))}

+ ( l - a ) [ -  f  V'SipiCt)  ( [  <f>i(u)fjL*(t\du)
Jo ,:=1 \ J v

- J  4>i(u) p,(t\du)j dt +  27 +  £7]} +  o(A).

53

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Next we let

T(a, 0 7 /7 7 ) =  —a[<jr (r*, x *( t * ) ) j  +  (ax{r*, x *{t * ) ) ^ J ( x *{ t * ) , u ) +  Z(r*))

+ k  m a x  ( g ' * ( x*{ T*) ) a  +  h ' * { x * ( T * ) ) P , ' y f { x * ( T * ) , v )  
( a ,/3 ) 6 A ( i * ( r * ) )

r»T 00V/' cxj ✓ «

+Z (r* ) ) ]  +  ( 1 - a ) [ -  /  $ > * ( * )  ( /
./o i = 1  V u

-  J  (/>i(u)fj,(t\du)J dt +  2 7  +  £7 ].

Then we obtain

Q( r x , p x ,a,oo) < Q(T*,jj*,a,co) +  AT(a, 0 7  p, 7 ) +  o(A).

Hence we have

l im in f  A ^ T P T ‘ , .e*)
a; o A

max [Q(r*, p*, a, w) + AT(a, w, p, 7 ) +  o(A)l — max Q(r*, //*, a, cu) 
ae[0,l] ae[0,l]

< lim in f ----------------------------------------------r---------------------------------------------- .
A4.0 A

(4.18)

In order to apply Pshenichnyi-Danskin theorem we need to show th a t the set 
fl is sequentially compact and (a, uj) —> T (a,a ;,/r, 7 ) is continuous.

By defining convergence of a sequence pn(-) —>■ p(-) in 7Z as follows: /?” (•) —> 
p(-) if and only if for every i > 1 pf(-) Pi(-) as n  -> 0 0 ; we have th a t Q is
sequentially compact and T  is also continuous as required. Therefore, we obtain

lim i n f J ( TA ^ ) - J ( r % M - ) <  m a x  ^  )t
A4-0 a  ~  aG[0 ,l]

wen

where a, a; are such tha t

Q ( r \ p * , a , u j ) =  J ( r * , / / ) ,

Q(r*,p*) = {u e  f2 : Q(t *, p*, a, to) =  J ( r * , //*)}, 

and {pi(-)}i>i satisfies the relation

Pi( t )  ( /  <j>i(u)p*(t\du)  -  /  0i(u)/i(t|du) ) =
'u J u dm/u jo

The lemma is proven. □
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L em m a 4.7 . For a n y  ( a ,  /?) G A(x*(r*)) a n d  v  E M y  t he r e  exi s t  a  E [0,1], 
oj =  (/?(’)) 0  £  ^ ( T * , h*)  s u °h t ha t

0 < -a[crT(r*, x*(r*))'y +  (cTx(r*, x*(r*)) +  kg'* (x* (r*))a +  kh'*( x * ( t * ) ) / 3 ,

^  /*T °° /  n
+  Z(r*))\  +  (1 -  a ) [ -  /  ^ 8ipi(t) I /  ( / ,( « ) / / (f|du)

7° i = 1  \ J u

- J  dt  + 2 7  + {7 ], (4.19)

/o r any 7  G [0,1] and /i(-) G A4u.

Proof of Lemma f . l .  Recall from Lemma 4.6 th a t

^ ( a ,w , / i , 7 ) =  min ^ ( a ,  (3, a, w, /q 7 , 1/),
(a,j0)eA(x*(r*))

where Hr is the expression in the right-hand side of the inequality (4.19). Since 
(t*,//*) is an optim al pair of the problem ( ^ 2 ), we have

A40 A

Therefore, we have in accordance with Lemma 4.6 th a t for any (a , j3) G A( x *(t *))

0 <  min max max ^fAa,  B .a .u ,  u, 7 , v). (4.20)
”  #i.7,«'a€[0)l]weft(r*1Ai*) ^

Again, we fix some (a,/3) G A(x*(r*)).
We fix a; then we have a map

(fj,, 7 ) ->•

is convex on a compact convex set M u  x [0,1], Hence we obtain

(u, 7 ) —> max Ti
wen(r* ,/i*)

is also convex.
If we fix 7  and /r, then a map

a —> Hr

is linear; hence concave. Therefore, a map

a —> max T x
o j & Q ( t * , / i * )
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is concave. Then by Minimax theorem (See Borwein and Zhuang [8]) we have

0 <  max min max 4A. (4.21)
ae[0,l] M , ”  u e f l ( r *  , n * )

For fixed a, p, and 7 , we have a map

to - >  T i

is concave, and for fixed a,u ,  a map

Or 7 ) ->•

is convex. Using Minimax theorem, we have

0 <  max max m in T i. (4.22)
o6[0,l] w60(r*,fi*) p a , ”

An inequality (4.22) implies th a t there exist a G [0, l],cu G Q,(r*,p*) such tha t 
the following relation holds:

0 <  m in T i. (4.23)
7.*'

This implies th a t for any 7  € [0,1], and p(-) 6  M u

0 < T i ,  as required. (4.24)

We complete the proof of Lemma 4.7 □

Now we choose (a, (3) G A(x*(r*))  in the following way: if p* G F a(p°) and
t* G I mm(x*(')) then we choose (a, (3) such th a t //*(•) satisfies the minimum prin­
ciple with p(t) — p( t ; a , (3) in accordance with the condition (C l)  in Theorem 4.2. 
We can do this because x*(r*) G S  and any (a,/3) satisfying a complementary 
slackness condition (*) in (C l)  also satisfies the inclusion (cr, f3) G A(x*(t*)).

Note th a t if we assume tha t t* G /(£*(•)) then due to  Lemma 4.4 we obtain 
tha t p* G Ca(p°) and t* G Now we should assume th a t r* $  I(x*(-))
which implies th a t x (t *) 0  S.  Then we choose an arbitrary  (a , f3) G A{x*(r*)) 
and u0 G U such th a t

(.g'*(x*(r*))a +  h'*(x*(r*))P, f  (x*(t *), u0))
=  m ax(g!*(x*(r*))a + h'*(x*(t*))P, f ( x * ( t * ) , u ) )  > A 2 , (4.25)

U & J

in accordance with Assumption 4.1 and choose u =  <5„0.

L em m a  4.8 . For previous choice of  (a, j3), we have 1.
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Proof of Lemma f .8.  We first mention th a t due to Assumption 3.10 there exists 
To such tha t

<t(t, x (t )) > J 0  +  1 for all r  >  T0. (4-26)

This implies th a t for any r  such th a t

cr(r, x(r))  +  k G+(x{r)) < J0 (4.27)

we have th a t r  < T0  for any k > 0. We define the following constants

C3 = max{ | crT(r, a;) | +  \ax(T,x)\ \ \ f (x,u)\ \},  (4.28)

and
C4  =  max{|cr(r, a;)|}, (4.29)

where 0 < r  <  T0, ||x|| <  p(T0 +  1, ||a;0||), and u G U. We have frorm(4.27) and 
(4.29) th a t

—C4 +  k G+(x(r )) <  cr(r, x(r))  + k G+(x(r)) < J0, (4.30)

or

C + ( i ( r »  <  <  S 2 . ( 4 . 3 1 )

We choose k > k0 where k0 is in the conditions (C l)  and (C2) so th a t

k A 2 -  C3 >  0, (4.32)

and

*  >  ( 4 . 3 3 )
0 2

Note th a t we have from Lemma 4.4 tha t

a(r*,x*(r*))  +  kG+(x*(r*)) = J 0. (4.34)

By way of contradiction, we suppose th a t a — 1. Then by the condition (4.19)
in Lemma 4.7 with our choice of /a =  /r* and 7  =  1, we obtain

0  < a T( r * ,  x *( t *))  +  {(j x (t * , x *( t *) ) ,  f (x*(r*),  8Uo)) +  k{g'*{x*{ r * ) ) a  

+ti*(x*(T*))P,f(x*(T*),SU0))] . (4.35)

We show G(x *(t *)) < 0, th a t is x*(r*) G S  and hence r* € I(x*(-)).
If not, i.e. G(x*(r*)) > 0, then by our previous choice of (a,/3) € A(x*(r*))  we 
have

(g'*(x*(r*))a +  ti*(x*(r*))(3, f (x*(r*),  5Uo))
=  m ax(g'*(x*(r*))a + h'*(x*(T*))(3, f (x*(T*),u))  >  A 2 >  0. (4.36)
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We rewrite (4.35) as

0  >  o t {t \ x *{ t *))  +  ( a x (r*,  x * { t * ) ) ,  f ( x * { r * ) ,  Suo)) +  k { g '  (x * ( t *)) a

+ A 'V (t* ) ) /5 , / (x * ( i - )A 0)). (4.37)

From (4.28), (4.36), and (4.37), we have

0  >  - C 3 +  k A 2 > 0 , (4.38)

which gives a contradiction. Therefore, we have G(x*(r*)) <  0. But G +(x*(r*)) =
0. Thus, from (4.34) we obtain

c j( t * , x * ( t * ) )  =  J 0- (4.39)

Since for any r  G I(x*(-)), a(r ,x*(r) )  > Jq. It follows th a t

min cx(t , x*(t )) =  J 0. (4.40)

This implies th a t / /  G Ca(gP) and r* G fmm(x*(-)).
Now with o =  l  and 7  =  0, we have from (4.19) in Lemma 4.7 th a t

0 <  -  [ ( < j x ( t * , x * ( t * ) ) , Z ( t * ) )  +  k{g'*(x*(r*))a +  t i*(x*(t*))(3, Z(t*))] ,

or
0 >  (<7x(t *, x*(t *)) +  kg'*(x*{r*))a +  kh’*(x*(T*))/3, Z ( t *)). (4.41)

Since p* G Ca(p°), we obtain by the necessary conditions of the theorem due to
our choice of (cx,j3) G A(x*(r*)) tha t

H { p ( t ) , x * ( t ) , / j , * ( t ) )  = m in  H( p( r ) , x*(r) , u ) . (4.42)

We also have

Z ( r * ) = [  $ ( r* )$  x(s) [/(a;*(s),/i(s)) -  f (x*(s) ,p*(s))]  ds, (4.43)
Jo 1 J

and
p(r*) — ax (r*, x*(r*)) +  kg' (x*(r*))a + kh'  ( x * ( t * ) ) / 3 , (4.44)

where

p(s) -  ($ (r* )$  x(s))* (ax (r*, x*(t *)) +  kg'*(x*{r*))a + kh'*{x*(t *))ft) 

=  (<F (r* )$ _ 1 (s))*p(r*).
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From (4.41), (4.43), and (4.44) we have

0 >  {p(r*),  f  ^(T*)^>~1( s ) \ f ( x* ( s ) , n ( s ) )  -  f (x*(s) , f j , *(s))]ds)  
J o L J

> [  ( p { T* ) , ^ ( T * ) ^ 1( s ) \ f { x%s ) , p ( s ) ) - f { x * ( s ) , i J , * ( s ) ) ] ) d s
'0 
rT*

But

>  / (($ (r* )$  (s)) p(r*)J(x*(s ) , i i ( s ) )  -  f(x*(s),fM*(s)))ds
Jo

> [  (p(s) , f (x*(s) ,  /i(s)) -  f(x*(s) ,  fi*(s)))ds 
Jo

> {{p(s) , f{x*(s) , f i (s)))  -  (p(s) , f (x*{s) ,p*(s)) )^ ds. 

(p(s) , f{x*(s) ,n*(s)))  =  H(p(s),x*(s), f i*(s))
=  min H(p(s) ,x*(s) ,u) .  

ue  u

Expressions (4.45) and (4.46) imply

° - J q (^P(S) J ( X*(S) ^ ( S))) -™ .n tf(p (s ) ,a ;* (s ) ,u )^  ds.

Now we choose p(-) = 8Û  so tha t

{p{s) , f (x*(s) ,n(s)))  = max  H(p( s ) , x*(s), u ) .
ue  U

Therefore, we have from (4.47) and (4.48) th a t

0 >  /  max H  (p(s), x* (s) , u) -  minH(p(s ) ,  x*(s), u) ds. 
J o \  u e v  u e u  J

But by the nondegeneracy condition we have

max H(p( s ) , x* (s), u) ^  min H(p( s ) , x* (s), u ) .ueu ueu

Consequently, due to continuity of

s —»■ m ax H(p(s),  x*(s), u),
u e  u

and

s -> min H(p(s) ,x*(s) ,u) ,  
ue  u
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we have

0 >  /  ( max H(p(s),  x* (s),u)  — min H  (p(s), x* (s) ,u)  I ds >  0,
ue  u

which is a coptradiction. We complete the proof of this lemma. □
We continue the proof of sufficiency. We first set 7  =  0 in the condition (4.19) 

of Lemma 4.7; hence we have

0 < - a [ ( a x ( T * , x * ( T * ) )  +  kg'*(x*(T*))a +  kti*(x*(r*))/3, Z ( t *))\

0 0  /  r
^TSip i i t )  I J  (f>i(u)fj,*(t\du)

(4.51)

or

+ ( 1  — ct)
l

1

' l
M

8

-  /  & i ( u )p(t\du)  )
J u /

P T *  /
a J  \^H(p{s),x*(s

ueu

+  (1 -  a )
p T  00 /  r

-  /  I /  (f>i(u)fi*(t\du)
Jo \ J u

'U
4>i(u) p{t\du) I dt (4.52)

We rewrite (4.52) to obtain

p T  00

i=l

<

Y^ti iPii t)  [ J  (f>i{u)ii*(t\du) -  J  <f>i(u)ii{t\du)j dt

1 —  a
H(p(s),  x*(s), p(s))  — min H(p(s ) , x* (s) , u) I ds. (4.53)ueu

Choosing p(-) =  /}(•) and using the fact th a t (p(-),£) € f2(r*,/x*), we have 

0  <  [  | | / / ( i )  -  p,(t)\\wdt
'0
fT 00

f 0 i= l

<

J J d ip i( t )  \ ^ J  4>i{u)p*(t\du) -  J  <f>i(u)p,(t\du)J dt

H (p(s), x*(s), p,(s)) — min H(p(s) , x*(s) ,u)  ) ds—  /1 -  a  J 0 ueu
< 0,

which is a contradiction. This completes the proof of the sufficiency of the main 
theorem. □
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4.3 Application
One application to Theorem 4.2 is th a t to the minimal tim e problem stated in the 
following corollary.

C o ro lla ry  4 .9 . Let Assumptions 3.12 and 4-1 hold. Define — m in{r :
x (t , / j)  € S}.  I f  (x° (•), f i ° (■)) satisfies

1. necessary conditions of Theorem 4-2

for any /z(-) ^  /i°(-)

3. max H(p(r)  y x° ( r ) , u) ^  min H(p(r) ,  x°(r),  u)«eu ueu

then fx° is globally optimal.
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Chapter 5

Generic Uniqueness and 
Existence o f Optimal Trajectories 
of Free Tim e Control Problem s

5.1 Introduction
In this chapter we consider a class of free-time problem which includes minimal­
time problem. We dem onstrate th a t under assumption of sufficient smoothness 
of the boundary of a velocity set of control system for almost all (in Lebesgue 
measure sense) initial positions there exists a unique optimal trajectory.

These results dem onstrate th a t global optim ality conditions from Chapter 4 
can be applied for almost all initial conditions for some generic class of free time 
optimal control problems.

We consider the following free time problem of minimization of the functional

min a(r , x{r ) )  (5.1)
r € l ( x ( - ) )

on trajectories of a control system

x(t)  =  f (x ( t ) ,u( t ) ) ,  x(0) = x, (5.2)

where x(t)  e  Rn , u(t) is a control with values in some compact set HJ C Mm and 
the set consists of all moments r  such th a t x(r)  lies on a closed set S  C R"

I(x(-))  := { r > 0  : x (t ) 6  S}.  (5.3)

The admissible control set U consists of all measurable functions u : [0, +oo] —>• 
U with values in some compact set U C Mm. Vector x  G Rn is a state  vector and 
x(t) =  x(t; x, u) denotes a trajectory (solution) of the control system correspond­
ing to the admissible control u and initial condition rr(0 ) =  x.
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Remark 5.1. Note th a t in the case

aft,  x) = t (5.4)

the problem of minimization of the functional (5.1) becomes a classical minimal 
time problem of optim al control [6 6 , 78].

It is well known (see [78] for the modern general exposition) th a t an opti­
mal control/trajectory  pair (u(t) ,x(t))  (if it exists) should satisfy the following 
Pontryagin maximum condition for almost all (a.a.) t  G [0,T]

H(x{t ) ,p( t ) ,u( t ) )  = m a x H ( x ( t ) , p ( t ) , u )  (5.5)u€U

where
H{x , p , u )  := (p , f ( x , u ))

is Pontryagin pseudo-Hamiltonian (in Clarke’s terminology [13, 14]) and the pair 
(x(t) ,p(t))  satisfies the following adjoint system

x(t) =  Hp(x(t) ,p(t ) ,u(t )) ,  (5.6)
p(t) = - H x(x(t) ,p(t ) ,u(t )) .  (5.7)

However, the problem of existence of an optimal pair is not a trivial one. Tradi­
tionally it is related to assumption of closedness of the set of all trajectories of
the control system (5.2) which is provided, for example, under classical Filippov 
condition of the convexity of the velocity set

f ( x , V ) .  (5.8)

In this chapter we dispense with such convexity assumption and demonstrate 
th a t for the free time problem (5.1)-(5.2) under assumptions of the smoothness of 
the boundary of the velocity set (5.8) for almost all (a.a.) in Lebesgue measure 
sense initial points i g K "  there exists a unique optimal pair (u(-),x(-)).

We should note th a t any control system can be approximated by one which 
satisfies such smoothness assumption [1 ].

Our approach is based on a study of differentiability properties of the following 
optimal value function for relaxed controls p

v(x)  := inf J(x(-]x,  p)).
tieM

The optim al function v is a particular example of an inf-envelope function

f i x )  :=  inf /(:r , 7 ) (5.9)■yeT

for the param etric family of functions /(• , 7 ) with 7  G T.
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It is obvious th a t such inf-envelopes are not in general differentiable at some 
points even if functions /(• , 7 ) are smooth for each 7 . Nevertheless, the inf- 
envelope function /  can be differentiable (or, has a proximal subgradient [19]) on 
a sufficiently large (in some sense) subset of R” . Differentiability properties of inf- 
envelope functions were studied beginning with classical results by Danskin and 
Pshenichnyi [22, 23, 67, 6 8 ] on directional derivatives of inf-envelopes in the case 
of compact T, by Ekeland and Lebourg on generic Frechet differentiability of inf- 
envelopes for the case of smooth /(• , 7 ) [28]. General representation formulas for 
subgradient of inf-envelope in the general case of lower semicontinuous functions 
/(• , 7 ) have been obtained in [52] by using multidirectional mean-value inequal­
ities; the first author used the same technique in [50] to obtain a representation 
formula for gradient of inf-envelope in the case of a non-compact set T.

The interest to the (sub-) differentiability of inf-envelopes is related to the fact 
tha t a variety of results in functional analysis and optim ization such as generic 
existence of unique metric projections on closed sets in Hilbert space, variational 
principles of Borwein-Preiss [20] and Stegall [75], generic existence and uniqueness 
of geodesics on infinite manifolds [26, 27] (see also [10, 74]), generic uniqueness of 
optimizers in calculus of variations and optimal control can be explained in the 
framework of some unified approach. This approach was initiated (to our knowl­
edge) in [27, 28] and is based on differential or subdifferential properties of the 
some optimal value (inf-envelope) functions (see [50] and [52] for an explanation 
of this framework).

This chapter is closely related to [50] where generic existence and uniqueness 
results have been obtained for a class of smooth optimal control problems of fixed 
duration. However, for optimal control problems with free time methods of [50] 
cannot be applied directly without significant modifications. Our new approach 
used here (and which is based on the use of optimal value function v) exploits 
multidirectional mean value inequality from nonsmooth analysis [19].

We should mention here another approach to generic existence and uniqueness 
of Lagrange and Bolza type optimal control problems in [82] (see also [45]). These 
results establish th a t for almost any integrand (in Baire category sense) there 
exists a unique optim al solution.

In this chapter we dem onstrate tha t for a special class of control problems 
optimal solutions exist and are unique for almost any initial condition in the 
sense of Lebesgue measure.

This chapter is organized as follows. The next Section 2 contains assumptions 
and statem ent of main result which establishes an equivalence of existence and 
uniqueness of the optim al control for a given initial point x  G Rn in the free time 
problem and differentiability of an optimal value function v at x.  The proof of the 
main theorem is based on Clarke-Ledyaev m ultidirectional mean-value inequalities 
[19] for nonsmooth function whose statem ent and few related results can be found 
in Section 3.
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We place additional assumptions on control system (5.2), standard estimates 
for solutions of the adjoint system (5.6)-(5.7) and convergence lemma for solutions 
of perturbed system in Section 3. Section 4 contains an exact penalization result 
for free time problem under local controllability condition near a term inal set (see 
also [51] ) which provides a local Lipschitzness of the optimal value function v.

Section 5 contains a statem ent and proof of the Main Theorem on generic 
uniqueness and existence for the case of compact set U.

We use notation (•, •) for the inner product in R" and ||-|| for the corresponding 
norm. The closed unit ball in Rn is denoted B; for a set Y  and a function /  we 
use f ( Y )  to denote the set

f ( Y )  ■■= U ( y )  ■■ y e  Y}-

The set of all nonnegative numbers is denoted R + .
Function /  : Rn —» Rm is said to be C 1+ if its derivative / '  is locally Lipschitz.

Function (p : (0 ,1 ] —>• R+ is said to be from To function if lim ^(A) =  0.
Xio

For the set S  C Rn, we use ds (x) inf ||a; — z\\ to denote the distance from x
z £ S

to S  and the set

proj5 (x) := {y e  S  : ||a; -  j/|| =  ds (a;)} 

denotes the set of the closest point in S  to x.

5.2 Main Assum ptions and Statem ents of Main 
Results

Before stating assumptions we briefly review the concept of relaxed control [47, 
79, 80] which will be used intensively in this chapter.

Let U C Rm be a compact set, then /rm (U) denotes the linear space of Radon 
measures g  on U; th a t is, f r m ( U) is the set of all finite regular Borel measures 
on U. The weak norm || • in f rm(U) is defined as follows

OO ^

ML =
i=i

gi(u)m(du)

where { g i } ^ i  is a set °f continuous functions g : U —> R which are dense in the
space C(U) of continuous functions on U with the norm ||g,||c  =  m ax |p(u)|. The

«eu
set M  =  rpm (U) of Radon probability measures is convex and compact in the 
space /rm (U ) with the norm || • .

Measurable mapping g  : [0,T] —> M is called a relaxed control. It is well 
known th a t the set M.  of all relaxed control is convex and weakly sequentially 
compact [47, 80].
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and consider a solution x(t)  =  x(t; x, p) of the differential equation

x(t) =  f (x ( t ) ,p ( t ) ) ,  x ( 0 ) = x  (5.11)

corresponding to the relaxed control /i G M  and the initial condition a:(0) =  x.

5.2.1 Main Assumptions
We start with the following assumptions which implies the smoothness of the 
boundary of the velocity set (5.8) such th a t the convex hull co f ( x ,  U) is a strongly 
convex set. As we mentioned before any control system can be approximated by 
one which satisfies such assumption. The approximation is measured in terms of 
the Hausdorff distance between trajectory sets of two systems.

We assume th a t the boundary of the velocity set f ( x ,  U) is smooth and cor­
responding solution of the adjoint system is unique and, consequently, depends 
continuously upon initial conditions.

A ssum ption 5.2.
A l  For any x  G Rn and p G Rn such th a t p ^  0 there exists a unique vector 

u (x ,p ) G U satisfying

A2 For any x 0 and po ^  0 there exists a unique solution of the following system

x  =  Hp(x ,p ,u (x ,p )) ,  x(0) = x 0 (5 13)
p =  - H x(x ,p ,u (x ,p )) ,  p(0) =  pq.

Note th a t the function u (x ,p ) is continuous at any (x,p)  such th a t p ^  0.
The next group of assumptions on the control system (5.2) implies existence 

of such solutions on the entire interval [0, + 0 0 ). This also implies th a t a solution 
of the adjoint system (5.13) can be prolongated on [0 ,+ 0 0 ). Here we also have 
assumptions on function a  which imply existence of an optim al relaxed control.

A ssum ption 5.3.
B1 Functions a : E + x Rn -» E, /  : K" x U —»• Rn are C 1+.
B2 (Growth Condition) There exists a continuous function p : R+ x R+ —>• R+ 

such th a t for any relaxed control p  G M  and any i G i "

H ( x , p , u(x,p))  =  max H ( x , p ,  u). (5.12)

x(t ;x ,  p)|| <  p(t, | |l | |)  V t  € (0,+oo) (5.14)
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B3 For all (t, x)
at( t , x ) > 0  (5.15)

B 4  (Coercivity Condition)

lim a(t, x(t; x, p)) = + oo (5.16)
£->+00

uniformly with respect to relaxed controls p  G M .

Note th a t in the case of a minimal time problem the function a( t ,x )  = t 
satisfies B 3 and B 4  in the Assumption 5.3.

The last group of assumptions concerns with a local controllability condition 
of the control system (5.2) near a terminal set S  and with a solvability of the 
optimal control problem of minimization of the functional (5.1) on the set of 
relaxed controls.

A ssu m p tio n  5.4.
C l  For any r > 0 there exist 5 = S(r) > 0  and A =  A (r) > 0  such tha t

min min((x — y, f ( x , u ) )  + A\\x — y\\) < 0 V x  G r B  n  (S  + 5B ) \S .  (5.17)
3/eprojs (i) ueu

C2 There exists an open set G c i "  such th a t for any x  G G

v (x ) := inf J(x(-;x,  p)) <  Too. (5.18)

It is easy to see th a t Assumption 5.4 (C2) implies th a t for any initial point 
x  G G there exists p  G M  such th a t I ( x f ;  x, p)) is nonempty. In combination with 
Assumption 5.3 (B4) it will imply th a t there exists an optim al relaxed control p  
at which the infimum in (5.18) is attained.

5.2.2 Main Theorems Statements
In this chapter we will use the optimal value function (5.18). We show tha t it 
is locally Lipschitz on G under Assumption 5.4 of local controllability of (5.2)
near S  by using the next exact penalization result. Note th a t its main feature
is tha t for any i 0 G G  there exists a neighborhood of x 0 such th a t for any point 
in it there exists an exact penalty function with the same penalty parameter. In 
this sense we can consider the following result as a result on local uniform exact 
penalization.

T h e o re m  5.5 . Under Assumptions 5.2-5.4 for any point xo G G there exist posi­
tive r0, T  and K  such that for any x  G + tqB  the optimal value function (5.18) 
can be represented as follows

v{x) =  m in{Jx(t, x, h) '■ t  G [0,T], p  G M }  (5.19)

where
x, /i) aft,  x(t; x, p,)) +  K d s ( x ( t ; x, p)). (5.20)
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It is easy to see local Lipschitzness of v follows immediately from the fact 
th a t the mapping x  —* x(t-,x,/j,) is locally Lipschitz uniformly with respect to 
t  € [0 ,T],yU e  M .

Due to Rademacher theorem we obtain for Lipschitz v th a t it is differentiable 
at a.a. x  € G. Then generic existence and uniqueness of the optimal control on 
G follows from the next theorem.

T h e o re m  5.6. Under Assumptions 5.2-5.4 the optimal value function (5.18) is 
differentiable at x  € G if  and only i f  for the initial point x  there exists a unique 
optimal control u0 such that

v(x) = J (x ( - ; x ,u 0)).

5.3 M ultidirectional Mean-Value Inequality
In this section we discuss briefly a concept of proximal subgradient, sum rule for 
subgradients and mutidirectional mean value inequality [17, 18] which are used 
in the proof of our main theorem. Detailed exposition of proximal subgradient 
calculus can be found in [19].

Let function /  : Rn —> (—oo, +oo] be lower semicontinuous and dom f  := {x  : 
f ( x )  < + 0 0 } ^  0. Vector £ € Rn is called a proximal subgradient of /  at x  if 
there exists constants a  > 0  and 5 > 0  such th a t

f ( y )  -  f ( x ) > (C,y -  x ) -  °\\y -  ^ll2 v y e  x  +  S B .

We denote the set of all proximal subgradients of /  at x  as d p f (x ) .  It is known 
th a t d p f ( x )  is nonempty for all x  from some dense subset of dom / .

It is easy to show th a t if /  is differentiable at x  then d p f ( x )  = { f ' (x )} .
We have the following fuzzy sum rule for proximal subgradients. Let / ,  g be 

two lower semicontinuous functions and £ e  d p { f  +  g){x) then for any e > 0  there 
are points x ' ,x" ,  subgradients £' 6  dp f i x ' )  and £" e  dpg(x") such th a t

\\x' — x|| < £, \\x" — x\\ < S 
If(x') -  f ( x )| < e, |g(x") -  g(x)\ < e

and
£ € £' +  £" +  eB.

We also use a multidirectional mean-value inequality in this chapter. The 
classical mean value theorem relates values of a differentiable function /  : Rn —>■ R 
at points y and x  to the value of its gradient at some point z  in the interval [x, y\

f ( y ) - f ( x )  = ( f ' ( z ) , y - x ) .  (5.21)
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Multidirectional generalizations of this theorem in which points y and /or x  can 
be replaced by convex sets Y  and X , respectively, appeared in [16, 17, 18]. One 
of them, for the case of a differentiable function /  : Rn —» E, can be stated as 
follows: let Y  C l n be a convex closed bounded set then there exists a point 
z £ [x,Y] such th a t

where [x, Y) :=  co (Y  U {a;}) replaces the interval [x, y } and f ( Y )  :=  { f ( y )  : y £

For lower semicontinuous function /  we have the following variant of the mul­
tidirectional mean-value inequality.

T h e o re m  5.7. For a lower semicontinuous f  : Rn —> (—oo,+oo], x £ dom f ,  a 
convex compact F c K 8  and for any r such that

for an e > 0 there exists point z £ [x, Y] +  eB  and (  £ d p f ( z )  such that

5.4 Local Uniform Exact Penalization for Free 
Time Optimal Control Problem

In this section we provide a proof of the Theorem 5.5 on existence of the exact 
penalty function for the free time problem.

Proof. Fix x 0 £ G, since Assumption 5.4 (C2) holds v (x 0) <  +oo, then due
to Assumption 5.3 (B4) there exists To >  0  such th a t

a ( t ,x ( t ] x ,  p)) > v (x 0) +  1 Vt >  T0, x £ x 0 +  B, p  £ M .  (5.22)

To prove existence of the optimal relaxed control /r0 such th a t

min f ( Y )  -  f ( x )  < ( f ' ( z ) , y - x )  \ / y £ Y

Y} .

r < min f ( Y )  -  f ( x )

r < ( C , y - x )  V y £ Y.

(5.23)

we define the set

I<t(x (-)) '■= { t  : r  £  I ( x {-)),<j (t , x (t ))  = J(x(-))}, (5.24)

then for a sequence p k £ M  such tha t

J (x ( - ;x0,fjLk)) < v (x0) +  ^
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we have due to (5.22) tha t

I a(x(-;x0,/j,k)) C [0,T0). (5.25)

This implies th a t the sequence rk £ I a(x(-]x0, jj,k)) lies in [0,T0). W ithout loss 
of generality we can assume th a t (fik, r k) converges to ([J,q, t0) which implies tha t 
r 0 € I a(x(-;x0, /x0)) and (5.23) holds.

Now we define T  2T$ and constants

R q

m 0

L

=  p(T, Uxoll +  1), cr0 := min{cr(t,x) : t e [ 0 , T ] ,  ||x|| <  R 0},
=  m ax{||/(m , ii)|| +  | | / x(a;,u)|| : u £ U, ||ic|| < R 0}, (5.26)
= max{\at (t ,x)\  + \\ax (t ,x)\\( l + m 0) : t £ [ 0 , T ] ,  ||z || <  i?0}.

Note th a t any solution x(t; x, /i), /i £ M ,  satisfies the inequality ||x(f; x, /r)|| <  Ro 
on the interval [0, T].

Choose an arbitrary  constant K  such tha t

Ty- / v(x0) +  1  - c r Q l a \  (KK >  m a x j   --------- , —  ̂ (5.27)

where positive constants 8 and A from Assumption 5.4 (C l)  correspond to the 
choice of r =  R q.

We now consider a problem of minimization of the functional J k  in (5.20) 
on the set [0,T] x M .  We demonstrate th a t this problem is equivalent to the 
problem of minimization of the functional J  (5.1) on A4, namely, a minimizer in 
one problem is also a minimizer in another one. In one direction this equivalence 
will follow from the following equality for x = x 0

min min Jx( t ,  x, u) =  v(x).  (5.28)
neMte[o,T]

We start with establishing (5.28) for the initial point x = xq.
Let (ix',r') e  M  x  [0,T] be a minimizing pair for the functional J k  in (5.28) 

for x = x q . We assume th a t (5.28) does not hold. It is clear th a t it implies

') < v (x0). (5.29)

Then we have x(r'; x 0, / / )  £ S  and it follows from the definition of JK and (5.26),
(5.27) th a t

n  ^ J  I t  / i \ \  ^  V ( X 0 )  +  1 ~ a 0  „  s0 < ds {x(r ; x 0, n ) )  < --------^   < 8.

Let x' denote x(r'; x q , /i'). In accordance with Assumption 5.4 (C l)  there exists
y £ projs (x') and u' £ U such tha t

' X‘ ~ y it f ( x ' ,  « ' ) > < -  A.
\x' -  y II:
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Now we define the relaxed control jl as follows

H t)  = [ m  f o r i < r -
for t > t '

where 8U denotes the Dirac measure concentrated on the vector u.
We have th a t

lim sup d s ^ T' +  A; x °’ ^  ~  ds (x (T>> x o> V')) <
A| 0  A ~

lim sup HJ (r/ +  A; x°’ ®  ~  ~  WX(T' ; x°’ ^  ~  y ll <
A4.0 A —

Ip -  y II

This implies th a t for all positive A small enough we have due to the definition of 
K  (5.27)

J k (t ' +  A, X q ,  j2) ~  Jk {t '] X q ,  / /)  < (la -  ATA)A +  o(A) <  0

which contradicts to the optimality of ( r ', / / ) .  Thus, we obtained th a t r '  € 
I (x(- -xq, h')) and the equality (5.28) holds for x  =  x 0. This also means tha t 
n' is a minimizer of the functional J  (5.1).

Of course, the equality (5.19) also implies th a t the minimizer no ° f the func­
tional J  is also a minimizer of the functional

a  — » min J x i t ,  x q , u ) .
t€[0,T]

It follows from Assumption 5.3 (B l)  and (B2) th a t there exists a constant lx 
such th a t for any x  £ x 0 +  B  and fj, £ M

||^(t; X, /i) -  x(t\ Xq, n) II <  lx \\x -  x 0\\ Vt € [0, T].

Define positive t q  such th a t

t q  < 1 / ( 1  +  l a l x  + K l x )',

then we have for any x  £ x 0 + r0B  and t £ [0, T]

J k (t,^r,p.) J k , x o,p.) A ( â̂ x T  )j|^r ^o|| ^  1 *

This inequality implies tha t

min min JfT t, x, u) < min min J x i t ,  xq, u) +  1 =  v (x 0) +  1 
MeM t e [ o , T ] '  u , eM te [o ,T } x x '
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due to (5.28).
Thus, we obtain th a t for any x  € x 0 +  r0B  the pair ( // , r ') minimizing the 

functional J ^ ( f ,x , / i )  satisfies

x, ^ ') < n(x0) +  1. (5.30)

Note that, due to (5.22) we have th a t r' < T.  If we assume th a t x ( r ';x , / / )  S',
then using an estim ate (5.30) and the same argument as before for the initial 
point Xq we obtain a contradiction which implies th a t r'  € I(x(-; x,  / /) ) . But then 
we have th a t

v(x) < J(x(-; x, n'))  =  x, fi') < v(xo)  +  1. (5.31)

Again we use (5.22) to obtain th a t I(x(-; x, n k) C (0, T0) for any sequence p k G M  
such tha t

v(x)  =  lim J(x( - ;x , f i k).
k-^> oo

But this implies th a t

J k (t ' , x, u') =  min min JK ( t , x ,a )  < v(x).  
neMte[o,T]

By comparing this inequality with (5.31) we deduce th a t (5.28) holds and / /  is 
also a minimizer of the functional J.  Theorem 5.5 is proven. □

It is easy to see th a t for any x , x '  £ x 0 + r0B  we have

| JK (t;x ,n )  -  JK( t]x ' ,n )| <  L\\x -  Xq||

where L  :=  lalx +  K l x .
This implies due to (5.28) tha t

\v(x) — v{x')\ < L\\x — x'\\.

Thus, we have the following.

C o ro lla ry  5.8. Under Assumptions 5.2-5.4 the optimal value function (5.18) is 
locally Lipschitz on G.

5.5 Differentiability of Optimal Value Function 
and Uniqueness of Minimizers

In this section we provide a proof of Theorem 5.6 by using the representation
(5.28) for the optimal value function v from Theorem 5.5. We should mention 
tha t the fact th a t existence of the unique optimal control for initial point x  implies
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differentiability of the optimal value function at x  is well known in optimal control 
theory (see [47] for its proof in the more general context of differential games). 
Thus, we need only prove here tha t differentiability of v implies existence of the 
unique optim al control.

Proof. Let Xq E G be the point of the differentiability of v which means tha t 
there exists function ip(A) such tha t lim ip(A) =  0 and for all A E (0, Ao)

A-j-0

(v '(x0) ,y  -  x 0) -  (p{X)\\y -  x 0\\ < v(y) -  v (x0) V y E x 0 + XB  (5.32)

where A0 < 1 is some positive constant.
Note th a t due to Theorem 5.5 there exists r0, T  and K  such th a t the optimal 

value function v (5.18) can be represented in terms of the penalized functional J k  
(5.20).

It is obvious th a t

n(x0) =  min min JK ( t , x 0,u)  =  inf min JK ( t , x 0, Uu), (5.33)
H £ M t € [ 0 , T ]  u e U t € [ 0 , T ]

where the relaxed control j iu E M  is defined by the control u  E l i  in terms of the 
Dirac measure Su as follows

fj,u(t)(du) := 8u(t){du) for a.a. t.

Choose an arb itrary  e E (0, Aq) and an e-optimal control u 6 from the set

Ue : =  < u E U  : min JK (t, x 0, [iu) < v(x0) + £ > ■ ( 5 . 34)
( J

Consider the relaxed control fxe := n Ue and the moment r e such th a t

JK{re,XQ,Pe) =  min JK ( t , xQ, fi£). 
t e [o ,r ]

It follows from ( 5 . 22)  th a t w ithout loss of generality we can assume tha t

re < T  -  1.

Let us fix a probabilistic measure u E M and choose an arbitrary  relaxed control 
/r E M ,  q E Q :=  [0,1], e E B.  For A E [0, A0] we define the following relaxed 
control

, [ ( i - A K W  +  A ^ t) , t < re
t  >  r£

Then we obtain from (5.33) th a t

v (x0 +  Ae) -  v(x0) < J k ipe +  Xq, x 0 +  Ae, / r A) -  JK (re, x 0, jjLe) +  e. ( 5 .35)

73

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We have the following representation

x ( t £ +  q X ; x 0 +  Ae, / rA) =  x { r e \xq ,  g e) +  A($ £(t£, 0)e +  2; +  wq) +  ae(A) 

where $ £(i, s) is the fundamental m atrix solution for the linear system

V  =  f x { x ( t \ x 0 , f j L e ) , f i e ) y ,

limMMl = 0 (5 .3 6 )
A4 .0  A

uniformly with respect to any fx£ E M  and /i E M ,  q E [0 ,1], e E B, e < 1.
In this representation wq q f ( x ( r £; x 0, /i£), u) and 2  is the element of a convex 

compact set Z e which is defined as follows

f  $ £(Te, t ) ( f ( x ( t \ x 0, /ie),/i) -  f { x { t \ x Q,He),iie))dt : f j ,  E . (5.37)

We use (5.36) to obtain th a t for arbitrary sufficiently small e > 0 we can 
choose A =  y/e such th a t for some function ipi E C0

| | a e (A ) | |  <  ^ i ( e ) A .

For such choice of A it follows from local Lipschitzness of a, ds and (5.32), (5.35) 
tha t there exists a function ip2 E Cq such tha t

-<p2 (e) A <  min g ( e , q , z ) - g (  0 ,0 ,0 ) (5.38)
(■e,q,z)£BxQxZe

where the function g(e, q, 2 ) is defined as follows

(~v'(xo),  Ae) +  cr(r£ +  qX, x £ +  A(<f>ee +  2  +  uiq)) +  K d s(xe 4 - A($£e +  2  +  wq))

and := <F£( t£, 0 ), x £ x (r£; x 0, /j£).
We use the multidirectional mean-value inequality from Theorem 5.7 to obtain 

from (5.38) th a t there exists points x'e, x £ E x e +  2yfeB  and t £ E (r£ — 2\ f e , r £ +  
2 V^)» ° t -  °t{t£,x'e), a £x =  ax(t£,x'£) and e  dPds(x”)

-(p 2 (e) <  ( -v '(xo)  +  (ax +  ££), e) +  (cr£ +  ££, 2 ) +
(5.39)

(°f +  +  r , / ( ^ w ) ) ) g  Ve E B , q  E Q, z E Z e.

Let us consider the vector function

pe(t) := - $ ^ ( r e,t)(<7®+ ^e). (5.40)
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It is easy to check th a t p£ satisfies the differential equation

pe(t) =  - H x(pe( t ) ,xe( t ) ,ue(t)) (5.41)

where we use notation x e(t) := x ( t ‘, x 0,u £).
It follows from (5.39) and the definition of of the set Z £ th a t p£(0) is close to

v ' ( x 0)

ljp£( 0 ) +  v '(x0)ll < p 2 (e); (5.42)

the g-optimal control u£ satisfies the approximate integral maximum principle in 
the following form

f  max H ( p e( t ) , x e(t) ,u) -  H(p£( t ) ,xe( t ) ,ue(t)) dt < <p2{s) (5.43)
J o  l “ eU J

and tha t
(Pe(re) J { x £, v ) )  < - a £t +  <p2(e). (5.44)

It follows from the last inequality and Assumption 5.3 (B3) th a t there exists
some positive constant p0 which does not depend upon e for all e small enough
such th a t

l be ( i ) | | >Po  V t e [ 0 , T ] .

It follows th a t there exists a compact set 9  C  M" x I "  such th a t (x, 0) D 
for all x  and

(x£(t) ,p£(t)) e  Cl V t e [ 0 ,T],

It was mentioned before th a t due to Assumption 5.2 (A l) a function u(x,p)  
defined in (5.12) is uniformly continuous on 0 .

Consider the multifuntion

Us(x,p) {u G U : H(p, x, u(x ,p))  — 5 < H(p, x, u)}.

It is clear th a t Us is an upper semicontinuous multifunction on O which values 
are compact sets.

Define

7 (5 ) :=  max{||u(a;,p) — u\\ : u € Us(x,p), (x,p) £  D}.

It is easy to check th a t lim 7 (<5 ) =  0, which means th a t 7  G £ 0-
54.0

Now we consider the set E e C [0, T] consisting of all t  G [0, T] such tha t 

H (p£( t ) , x£{ t) ,u (x£(t) ,p£(t))) -  H(p£( t ) ,x£( t ) ,u£(t)) > y /w ie ) .

Due to (5.43) we have the bound on the Lebesgue measure of this set

meas(iA) <  (5.45)
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Then we obtain from this bound and the definition of the function 7  th a t

[ ||u(xe(t) ,pe(t)) -  ue(t)\\dt <  7 (y / tp^e))T  +  diam(HJ)meas(.Ee). (5.46) 
Jo

It is easy to see th a t the pair (xe(t) ,pe(t)) is a solution of the perturbed system

x ~  Hp( x , p , u ( x , p ) ) + w ex(t), x ( 0 ) = x 0 
p = - H x(x ,p ,u (x ,p ) )  + w£p(t), p ( 0 ) = p e(0)

where due to (5.45), (5.46) the perturbation functions w^,wp satisfy

lim [  ( IKH +  \\wep\\)dt = 0. (5.48)
<4° Jo

W ithout loss of generality we may assume th a t re converges to some r 0  G [0,T].
Since due to (5.42) we have ps(0) —> —v'(x0) as e 4- 0 and (5.48) holds, it 

follows from the standard results on convergence of solutions of ordinary differen­
tial equations [36] th a t (xe(t) ,p£(t)) converges uniformly on [0 ,r0] to the solution 
(xo(t),po(t)) of the system (5.13) with p0 =  —v'(x0).

We determine a control u0 on [0, T] as follows

uo(t) := u(x0(t),po(t)).

Now we use the uniform continuity of the function u(x ,p)  on 12 to obtain from 
(5.45) and (5.46) th a t

pro
lim /  H'Uo(̂ ) ~  ue(t)\\dt =  0. (5.49)
<4 °  Jo

This implies, th a t

J (x ( - ;x0,u 0)) =  J k (to, x q, U o) =  w(ar0).

Thus, uo is the optim al control and its uniqueness follows from the fact tha t any 
e-optimal control converges to u0 in accordance with (5.49). Theorem is proven.

□
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A ppendix A
In this Appendix we put an exposition of some results which are used in the proofs.

A .l Boundedness of Solution Sets
L em m a A .I .  Under the growth assumption 3.1(B), there exists a constant p(T, ||ru0 1|) 
such that ||a;(t)|| <  p(T,  ||^o||) f or M  t G [0,T]. In other words, the set X T (xo) is 
bounded.

Proof of Lemma A.I .  We first note tha t x(t) =  f ( x ( t ) ,u ( t ) )  and ||x|| =  (x ,a;)1/,2. 
Then we consider

| ( i  + INI>) = | ( i + <«..»
=  2(x,x)
=  2  ( x , f ( x , u ) )
< 2 a ( l  +  ||:r||2).

Let v — 1 +  ||^ ||2- Therefore, we have

^ < 2  av, n(0 ) =  1  +  |Jm0||2.

Integrating the last inequality and using the initial condition, we obtain

v(t) < v(0)e2at, 

or l  + \ \ x ( t ) f < ( l  + \\x0\\2)e2at.

Thus, for t G [0,T], ||:r(f)|| <  [(1 +  ||a;o||2 )e2aT — l ] ^ 2. So a required constant
p(T,M)= [(l + ii^n v^ -i]1'2. □

Next we prove the fact th a t ||Z (t)|| is bounded for t G [0,T], where 

Z{t)  =  f x (x°(t),p,°(t))Z(t)  +  f{x°( t ) ,p ( t ) )  -  f (x°{ t ) ,p°( t ) )  , Z ( 0) =  0.

This fact was used in Theorem 3.28.
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L em m a A .2. For t £ [Q,T],\\Z(t)\\ is bounded.

Proof of Lemma A . 2. We first have

Z{t)  =  f x (x°, fj?)Z(t) +  f ( x ° ,  //) -  f (x ° ,  n°)

Let
A f  =  ~ f{x°,iu°).

Then from (A .l) and (A.2) we have

r t
Z(t) f x (x (s),fj,°(s))Z(s) + A f ( s ) ds.

Now we estim ate the following quantities.

\ m \ f ( x u,d) -  f{x°,P°)

-  2  I M I =:  R l >

and

f x i x 0, ^ max
IMI<i

max
IHI<i

max
IMI<i

Tx(x°, ia°)v

[  f x {x°(t) ,u(t))n(t \du)v
I V

(x°(t), u(t))v) /i(t\du)

<  max [  \\fx (x°(t),u(t))v\\ij,(t\du)  
dl<iJu

-  /  \\fx{x°(t),u(t))v\\fi( t\du)
Ju  IMI< 1

< f  \\fx(x0(t),u(t))v\\/a(t\du)
Jv

-  L^  \\fx(x°(t)’u(t))v\\p(t\du)
I V

max \ \ f x (x ° ,u ) \ \ - .  R 2.
l l ® ° l l < p ( r , | | x o | | )

uGV

From (A.3), (A.4), and (A.5) we have

\\Z(t)\\ <  /  (R2\\Z(s )\\ p R ^ d s

=  R i t +  R 2\\Z(s)\\ds. 
Jo
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By Generalized Gronwall inequality (see the next section), we have for t  G [0, T] 

| |Z (t) | |  <  R i t  +  f  R i R ^ s  ■ e x p ( f  R 2 < ir ) d s
Jo Js

< R R  + R i R 2 /  s • exp (i?2(£ — s))ds
Jo

< R \ T  4- R 1R 2 j  s • exp (R 2 (T — s))ds
Jo

< R \ T  +  R 1R 2 [  (  max s ■ exp (R2 (T — s)) ) ds
Jo /

< R i T  + R 1R 2 (  max s ■ exp (R2(T — s ) ) )  T  =: R 3. (A.7)
\se[o,T] " )

Therefore is bounded. Consequently, from (A.l), (A.4), (A.5), and (A.7)
we obtain

| |Z(f)| |  <  | | / , (x» . ,< “) | j | |Z(t) | |  +  | |A / | |

=  R 2 R 3  + R \  as desired. □

A .2 Gronwall Inequality, Ky Fan’s M inimax The­
orem, and Directional Derivative

A.2.1 Gronwall Inequality
L em m a A .3. I f  a  is a real constant, f3{t) > 0, and <f>(t) are continuous real 
functions for  a < t < b satisfying

cf)(t) < a  + f  /3(s)4>(s)ds, a < t < b,
J a

then for a < t < b

(fit) < a  I exp / f3{s)ds

Proof of Lemma A . 3. See, for example, [9], [34], [73]. □

L em m a  A .4 (Generalized Gronwall inequality). I f  <p,a are real valued and con­
tinuous for a < t < b, /3(t) > 0  is integrable on [a, b} and

4>{t) < a(t)  +  f  P(s)4>(s)ds, a < t  < b,
J a
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Proof o f  L e m m a  A . 4' See [34]. □

A.2.2 Ky Fan’s Minimax Theorem
D efin itio n  A .5. A function /  : X  x Y  —>• R is said to be convex-concave like on 
A  x Y  if , for 0 <  A <  1 ,

1 . for Xi, X2 € X  there exists x 3 G X  with

f ( x 3,y) < X f ( x u y) + (1 -  A) f ( x 2,y)  for a l ly  e  F ;a n d

2. for y \ , y 2 G Y  there exists y3 & Y  with

f ( x ,  2 / 3) >  Af ( x ,  yi) +  (1 -  A) f ( x ,  y2) for all x  € X.

T h e o re m  A . 6 . Suppose that X  and Y  are nonempty sets with f  convex-concave 
like on X  x Y . Suppose that X  is compact and / (•,  y) is lower semicontinuous on 
X  for each y in Y .  Then

min sup f ( x ,  y) =  sup min f ( x ,  y).
X y  y  X

Remark  A.7. If Y  is compact and f ( x ,  •) is upper semicontinuous on Y  for each 
x  in X ,  then “sup” may be replaced by “max” .

Proof. See [8 ]. □

A.2.3 Directional Derivative
D efin itio n  A . 8 . Let F  : V  C Rn —> K. The directional derivative of F  at Xq in 
the direction of g is given by

D F { Xo-.g) = Hm +
A- > 0  A

provided th a t the limit exists. If the limit exists for each g € V,  then F  is said to 
be Gateaux differentiable at X q .

Remark  A.9. It is common to use notations §^F{xo), D F g(xo), F'(xom,g), 
6F(x0;g) for D F ( x 0\g).

or

80

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Remark  A. 10. The Gateaux differential of /  : X  —> K, if it exists, is

D f { x ; g ) = 4 r f ( x  +  X9) for each fixed x  G X  and for g € X.
A=0

T h e o re m  A .11. Let the real-valued functional f  have a Gateaux differential on 
a vector space X .  A necessary condition for f  to have an extremum at Xq G X  is 
that D f ( x o; g) — 0 for all g 6  X .

The following theorems are well-known for finding the formula of the direc­
tional derivative of a maximum functional.

T h e o re m  A .12. Let  f a (x) be a functional which is continuously differentiable in 
a neighborhood of xq where a  e  Z  (Z is a compact topological space). Then the 
maximum functional

<p(x) = max f a(x)
a £ Z

is differentiable at xq in any direction g, ||g|| =  1, and

T h e o re m  A . 13. In order that <p(x) =  max f a(x) have a minimum at xq, it is
a £ Z

necessary that

In the next theorem, we state and prove another form of the formula of 
the directional derivative of a maximum functional. This theorem was used in 
Lemma 4.6.

T h e o re m  A . 14. Let n(x)  =  m a x ^ (r ,w ) where (p(x,ui) is a real-valued functional

on a normed space X  which is continuous in x  and cv where x  G X  and uo G Ll 
(LI is a sequentially compact topological space). Moreover, let a map A —» x x is 
continuous and

Proof. See [55]. □

D p ( x o; g) = max (f'a (x0), g)
a £ Z ( x  o)

where Z ( x 0) — {a  6  Z  : f a {xo) =  <^(xo)}.

Proof. See [23]. □

inf m ax {f'a (xQ),g) > 0
||fl|| = l aez{xo)

Proof. See [23]. □

(p(xx, ui) — (p(x°, oj) + Aq(x°,oo) + o(A, tu),

where q(x°,oo) is continuous and AXA  o uniformly in oj as A 4- 0. Then the 
following limit exists

max q(x°,oo)
iP.OftfO'l
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Proof. We choose Cj  G Q , ( x ° ) .  Then we have

P ( x ° )  =  < f i { x ° , u ) ,  
/i(rcA) >  ip(xx ,uj).

Therefore,

iim i n f ^ ) - ^ ° )  >  Uminf^ V 0 ^ ( £ ! G )
A4.0 A A4.0 A

=  ,im i11f ^ ( x ° , a )  +  o(A,a)
a ; o A

=  ?(®0 ,w).

Thus, we have th a t for all u  G Q(x°)

r . t p ( x x) -  fj,(x°) / 0 \l im in l------——  ----  >  max q(x ,ui).
A4.0 A wen(z°)

Now choose cuA G 0 (x A). Then we have

/x(x°) > tp(x°,ujx), 
f i(xX) =  (f(xX,LOX).

We then obtain

U,(xX) — U,(x°) .. (p(xX,L0X) — (p(x°,UJX)
lim s u p  — --------- < lim s u p ------------ — --------------

a ; o A  a j ,o A

Xq(x°,  w A) +  o ( \ , c u x )
=  lim s u p --------------  .

A4.0 A

But
l i m s u p  -  „ ( * “ )  =  l i m  „ ( * > ■ )  -  M ( * ° )

a ; o A  A 4 0  A j

for some convergent subsequence { A , } ,  \  —» 0 . Hence,

u ( x x ) — u(x°)  , (p(xXi,CJXi) — lx(x°,UJXi)
lim sup — — 1  <  lim --------------- -----------------

A4.0 A  A 4 0  A j

=  l i m  Xjq(x°, u>Xi) +  o ( A j ,  u Xi)
AjJ'O  A j

=  l img(x 0 ,a;Ai),
A j 4-0
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where coXi G Q(xAi) C  Cl. Since Cl is sequentially compact, w ithout loss of gen­
erality we can assume th a t coXi converges to some Co G Cl. It is easy to see tha t 
Co G and hence

l i in sup ^ ) ; ^ 0) <  l i m ^ . o A )
AfO a Â O

=  Q{x°,Q)
< max q(x°,u>). (A.9)

uen(x°)

From (A.8 ) and (A.9) we have

. .  f l(xX) —  fi(x°)  /  n \
l im   ---------- =  max q(x ,u )  as desired. □
AJ.0 A a)Gn(xO)
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