
Western Michigan University Western Michigan University 

ScholarWorks at WMU ScholarWorks at WMU 

Dissertations Graduate College 

12-2003 

Determination of Spatial Strata for Environmental Regulatory Determination of Spatial Strata for Environmental Regulatory 

Purposes Purposes 

John Edward Daniels 
Western Michigan University 

Follow this and additional works at: https://scholarworks.wmich.edu/dissertations 

 Part of the Statistics and Probability Commons 

Recommended Citation Recommended Citation 
Daniels, John Edward, "Determination of Spatial Strata for Environmental Regulatory Purposes" (2003). 
Dissertations. 1091. 
https://scholarworks.wmich.edu/dissertations/1091 

This Dissertation-Open Access is brought to you for free 
and open access by the Graduate College at 
ScholarWorks at WMU. It has been accepted for inclusion 
in Dissertations by an authorized administrator of 
ScholarWorks at WMU. For more information, please 
contact wmu-scholarworks@wmich.edu. 

http://scholarworks.wmich.edu/
http://scholarworks.wmich.edu/
https://scholarworks.wmich.edu/
https://scholarworks.wmich.edu/dissertations
https://scholarworks.wmich.edu/grad
https://scholarworks.wmich.edu/dissertations?utm_source=scholarworks.wmich.edu%2Fdissertations%2F1091&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/208?utm_source=scholarworks.wmich.edu%2Fdissertations%2F1091&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarworks.wmich.edu/dissertations/1091?utm_source=scholarworks.wmich.edu%2Fdissertations%2F1091&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:wmu-scholarworks@wmich.edu
http://scholarworks.wmich.edu/
http://scholarworks.wmich.edu/


DETERMINATION OF SPATIAL STRATA FOR ENVIRONMENTAL
REGULATORY PURPOSES

by

John Edward Daniels

A Dissertation
Submitted to the

Faculty of The Graduate College
in partial fulfillment of the

requirements for the
Degree of Doctor of Philosophy

Department of Statistics

Western Michigan University
Kalamazoo, Michigan

December 2003



DETERMINATION OF SPATIAL STRATA FOR ENVIRONMENTAL
REGULATORY PURPOSES

John Edward Daniels, Ph.D.

Western Michigan University, 2003

This dissertation introduces spatial strata modelling, a methodology that

combines spatial statistics, cluster analysis, and geographic information sys-

tem theories to analyze the background level of naturally occurring contam-

inants of concern (COCs). The objective of spatial strata modelling is to

divide a geographic area of interest into mutually exclusive geographic zones

(spatial strata); with each stratum representing a different level of COC

concentration. An estimate of each stratum’s COC concentration level, rep-

resenting an upper regulatory limit, will also be provided. Data provided by

the Michigan Department of Environmental Quality describing the spatial

location and arsenic concentrations of 211 Michigan sites (arsenic data) is

analyzed using the spatial strata modelling method introduced here. In ad-

dition, various infill sampling strategies will be investigated using the arsenic

data as an example. An optimal infill sampling algorithm is recommended

in order to improve the accuracy of the spatial strata modelling method.
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CHAPTER I

BACKGROUND

1.1 U.S. Environmental Regulatory Agencies and Hazardous Waste

Management

Environmental regulatory agencies exist at both the federal (United States

Environmental Protection Agency) and state (Michigan Department of Environ-

mental Quality) levels of government. A primary goal of these environmental

regulatory agencies is to ensure that risks to human health and the environment

are reduced to a minimal level. These environmental risks are regulated in sev-

eral media including: soil, air, ground water, surface water, etc. A complete

review of the responsibilities and activities of these agencies is beyond the scope

of this dissertation. However, the topic of hazardous waste management will be

discussed.

The State of Michigan (Michigan 1994) defines hazardous waste as:

... a combination of waste and other discarded material including

solid, liquid, semisolid, or contained gaseous material that because of

its quantity, quality, concentration, or physical, chemical, or infectious

characteristics may cause or significantly contribute to an increase in

1
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mortality or an increase in serious irreversible illness or serious inca-

pacitating but reversible illness, or may pose a substantial present or

potential hazard to human health or the environment if improperly

treated, stored, transported, disposed of, or otherwise managed.

Hazardous waste can contain some compounds that are also a naturally occur-

ring substance (arsenic, lead, mercury, etc.) in addition to man-made substances

(PCBs, dioxin, etc.). Hazardous waste may be found in the soil, air, or water

media. The list of known hazardous wastes is exhaustive. However, the United

States Environmental Protection Agency (USEPA, 1995) provides a good sum-

mary of known substances that above a certain concentration are considered to

be hazardous to human health and the environment. In the soil media, these

concentrations are typically expressed in parts per million (ppm), which is one

milligram of contaminant per kilogram of soil.

In managing these hazardous wastes, environmental regulatory agencies

have two primary responsibilities:

1. Working with business and industry to maintain compliance with existing

statutes that regulate the treatment, storage, or disposal of hazardous wastes.

2. Investigating potentially hazardous waste sites where improper past practices

may have created environmental contamination.
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1.2 Contaminants of Concern, Closure, and Testing Procedures

Substances that are found in soil, but not yet determined to be hazardous

wastes, will be collectively described as “Contaminants of Concern” (COCs). In

order to assess if a COC may be considered a health or environmental risk, it is

necessary to develop regulatory testing procedures for analyzing the concentra-

tion of COCs at a geographic area of interest (GAI). The overall goal of these

regulatory testing procedures is to determine whether or not “closure” should

be granted to the GAI by the environmental regulatory agency. Closure, in the

world of environmental regulation, is an important concept and requires further

explanation.

Closure is granted when a GAI is tested and determined to be suitable for a

particular use. A closure document specifies the use and any limitations. Closure

may be specific to a facility, a property, a regulated unit, or a specific area within

a property. Closure does not necessarily mean that the area in closure status is

free from risk to human health and the environment with regard to any possible

COC. Rather, closure is limited to the specific COCs addressed during the GAI

investigation and testing procedure. If certain contaminants, geographical areas,

or environmental media were not specifically evaluated under this process, closure

will not apply to them.

The procedure for closure evaluation is as follows: (1) determine the default

standard for the COC, (2) identify the GAI, (3) collect the sample data from the
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GAI, and (4) perform the statistical comparison between the GAI data and the

default standard.

A default standard is defined as an upper regulatory limit of a COC’s con-

centration level. This default standard is used throughout a regulatory agency’s

jurisdiction. A default standard may be categorized as either risk-based (based

on the toxicity of the COC to humans), technology-based (based on the limit of

remediation), or background-based (based upon the natural level of the COC).

This dissertation will focus on background based default standards.

When making a comparison between the GAI data and the default stan-

dard, statistical methods are usually utilized. This is because there is a need to

make decisions regarding whether or not closure should be granted in the face

of uncertainty. This uncertainty occurs because investigators are limited to an-

alyzing only a sample of all surface soil at GAI. However, any conclusions made

regarding closure must be made for the GAI (the population), not just for the

sample. Statistical methods are designed to facilitate these conclusions by mak-

ing inferences about a population characteristic (COC concentration level) using

only the sample data.
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1.3 MDEQ: Guidelines and Testing Procedures

1.3.1 Determination of a Single Statewide Default Standard

In the state of Michigan, soil background based default standards for some

naturally occurring COCs were established by the Michigan Department of En-

vironmental Quality (MDEQ 1993). This document calculated the default back-

ground standard for 17 different COCs by analyzing data from 70 locations in

Michigan (WMD 1991) . These locations are shown in Figure 1. Some of these 70

Figure 1. Michigan Background Soil Survey Locations

locations were sampled more than once. When more than one sample was taken

from a location, the mean of the samples was used to represent the COC con-

centration level for that specific location. For each COC analyzed, the mean and

standard deviation from the 70 sample locations were determined. The MDEQ

default background standard is defined as the mean plus one standard deviation.

For arsenic, the mean (3.0 ppm) plus one standard deviation (2.8 ppm) equals
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a default background standard of 5.8 ppm. Partial results from the Michigan

Background Soil Survey are provided in Table 1.

Table 1. Michigan Soil Default Background Standards

COC Default Standard (ppm)

Arsenic 5.8

Copper 32.0

Lead 21.0

Mercury .13

1.3.2 Testing of Site Data

To evaluate a closure plan, the MDEQ (2002) discusses the use of a confi-

dence interval procedure as follows:

The 95% upper confidence limit (UCL) of the mean is calculated for

each constituent [contaminant] of concern and compared to the regu-

latory threshold (RT)[default standard].

The 95% UCL is calculated as:

95% UCL = x + t(.95,n−1) × s/
√

n (1.1)

where:

x is the sample mean, n is the sample size, s =
∑

(xi − x)2
/
(n − 1) is the sam-
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ple standard deviation, and t(.95,n−1) is the upper critical value of Student’s t-

distribution with (n − 1) degrees of freedom for an area of α = .05 in the upper

tail.

For example, assume that a GAI in Michigan is sampled to evaluate closure

for arsenic. If the 95% UCL of this arsenic sample exceeds 5.8 ppm (from Table 1),

one of two alternatives may be chosen: (1) a default standard specific only to the

GAI is determined and used or (2) a variety of remediation (cleanup) techniques

may be utilized.

With regards to a GAI specific default standard, the MDEQ states in

Operational Memorandum #15 (MDEQ, 1993):

It is acceptable to establish site-specific background concentration

higher than the default values. Such sampling should be conducted

according to requirements in existence before the issuance of this mem-

orandum. Comparison of site values is made against the mean plus

three standard deviations calculated from background samples as pro-

vided for in existing ERD guidance regarding verification of soil reme-

diation.

If all concentration levels sampled from the GAI are less than the GAI

specific default standard (mean plus three standard deviations), closure may be

granted. If closure is still not granted, a remediation technique may be considered.

These techniques include, but are not limited to (1) chemical modification of
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the soil, (2) removal of contaminants from the soil, (3) soil incineration, (4) soil

removal, and (5) site capping. The intent of these remediation techniques is to

restore the level of the COC concentration to a level at or below the site specific

default standard or to prevent exposure. After remediation, the GAI may be

retested.

1.3.3 Arsenic in Michigan Soil

Arsenic is an element that is widely distributed in the earth’s crust and

cannot be destroyed in the environment. Arsenic can only change its form (inor-

ganic or organic) by reacting with oxygen or other molecules present in air, water,

or soil, or by the action of bacteria that live in soil or sediment. Jacobs et al.,

(1970) determined that the ability of soil to sorb arsenic is related to the free

iron oxide content, with arsenic sorption increasing as the free iron oxide content

increased, but that the amount of organic matter contributes little to arsenic sorp-

tion. Hounslow (1980) reported that inorganic arsenic (AsO3)
−3 is 60 times more

toxic to humans than organic arsenic (AsO4)
−3 and the National Research Coun-

cil has determined that inorganic arsenic is a carcinogen (NRC, 1999). Analytical

methods used by scientists to determine the levels of arsenic in the environment

generally do not determine the specific form of arsenic present. Therefore, it is

not always known the form of arsenic a person may be exposed to. Similarly, it is

often not known what forms of arsenic are present at hazardous waste sites. The
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concentration of arsenic in soil varies widely, generally ranging from about 1 to

40 parts of arsenic to a million parts of soil (ppm) with an average level of 5 ppm

(ATSDR, 2000). However soils in the vicinity of arsenic-rich geological deposits

some mining and smelting sites, or agricultural areas where arsenic pesticides had

been applied in the past may contain much higher levels of arsenic (USGS 1999).

This potential for a wide variation in arsenic concentration is demonstrated

by Figure 2. Using data provided by the Michigan Department of Environmental

Quality, Figure 2 is an estimate (for illustration purposes only) of the naturally

occurring arsenic concentration in Michigan’s soil. As shown in Figure 2, the

naturally occurring arsenic concentration levels are indicated by the elevation

of the surface across the longitude (X) and latitude (Y) of Michigan. This plot

was produced by linearly interpolating between actual observations and displaying

these estimates over a grid. The plot does not indicate the boundaries of the state,

but the direction arrows provide a reference for the spatial trend that exists in the

naturally occurring arsenic concentrations in soil within the state of Michigan.

Recall the default background standard for arsenic (5.8 ppm) was deter-

mined from the Michigan Background Soil Survey (WMD 1991) to be the sum

of mean (3.0 ppm) and standard deviation (2.8 ppm) Clearly there are areas in

Figure 2, particularly in the lower right corner of the box (southeastern lower

peninsula), where the arsenic concentration levels appear to be much higher than

the default background standard. The MDEQ has provided the following state-
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Figure 2. Surface Plot of Soil Arsenic in Michigan
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ment with regards to arsenic concentration in soil:

Staff of the MDEQ responsible for background soil data compiled and

developed the arsenic information in response to numerous inquiries

regarding naturally occurring levels of arsenic in soils. Background

is defined in Part 201 of Act 451 as “The concentration or level of a

hazardous substance which exists in the environment at or regionally

proximate to a site that is not attributable to any Release at or re-

gionally proximate to the site”. Many instances have occurred where

the site-specific background concentration of arsenic was found to be

greater than the default background level of 5.8 mg/kg (MERA Op.

Memo #15) and the Part 201 Direct Contact criteria of 7.6 mg/kg.
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The default background levels for metals are used only to determine if

a facility meets a background concentration that is acceptable to the

DEQ anywhere in Michigan. If below the default background value,

there is no need to take site-specific background samples. In terms

of actual cleanup levels, the background concentrations, if properly

obtained and approved by the DEQ, become the Part 201 cleanup cri-

teria when they are greater than the corresponding risk-based criteria.

A majority of the interest is focused on the thumb region of Michigan,

in relation to remediation and dredging projects. Therefore, the in-

quiries have centered on whether or not soils from the southeast part of

Michigan may have slightly higher concentrations of naturally occur-

ring arsenic. In the case of arsenic, it is very important for the DEQ

to determine if there are major spatial variations in metals concentra-

tions across the state. Staff of the DEQ need to know if a proposed

“background” concentration is indeed legitimate, particularly when it

exceeds the current risk-based criteria. In the case of arsenic, it is pos-

sible that the natural concentrations in soil in some parts of Michigan

are higher than the residential direct contact criteria found in Part 201

of Act 451. Knowing an area’s true natural background soil values is

important for ensuring thorough cleanups, yet not excessively remedi-

ating soil beyond what is natural. In the case of arsenic, and possible
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area associated with a higher concentration, the direct contact criteria

(which is very low for this particular metal) is another level of concern

to deal with regarding this possible natural variation. The DEQ ob-

viously needs to be certain that this is indeed a true natural variation

in concentration associated with specific geographic areas.

By stating, “Therefore, the inquiries have centered on whether or not soils

from the southeast part of Michigan may have slightly higher concentrations of

naturally occurring arsenic”, the MDEQ supports the idea that spatial location

may influence higher arsenic concentration levels. In addition, Figure 2 supports

this MDEQ statement by providing evidence that spatial location may play a role

in the level of arsenic concentration in Michigan soil. In contrast, section 1.3.1

discusses the MDEQ procedure used in determining a single statewide default

background standard for arsenic. This procedure does not allow spatial location

to be considered as a predictor of an arsenic default background standard. Further,

by stating “... yet not excessively remediating soil beyond what is natural”, the

MDEQ infers that excessive remediation of soil beyond the natural background

level should be avoided.

Given this frame of reference, the estimation of several default background

standards, as opposed to a single default background standard, is proposed as a

research topic. This research would include the development of a new analysis

methodology. This methodology would recognize spatial location as a significant
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predictor of default background standards. Such a methodology may be able to

identify two or more geographic zones of arsenic default background standards

in Michigan soil. Each of these zones would be defined by its spatial boundaries

and each would have its own estimate of an arsenic default background standard.

For example, assume the methodology indicates that southeastern Michigan has

a higher arsenic default background standard than the rest of the state. Further

assume the methodology indicates that there are two zones of arsenic default

background standards; one zone in southeastern Michigan and one zone in the

rest of the state. The methodology should estimate the spatial boundaries and an

estimate of default background standard for each of these two zones. By including

spatial location in this methodology, incidents of excessive soil remediation may

be reduced. This reduction would occur since the default background standard for

southeastern Michigan would be probably be greater than the present statewide

default background standard of 5.8 ppm.

1.4 Spatial Analysis of COCs

If a naturally occurring phenomena (COCs) exhibit characteristics of spa-

tial correlation, then this spatial information should be considered for improved

statistical modelling and decision making. As Isaaks and Srivastava (1989) state:

Unfortunately, most classical statistical methods make no use of the

spatial information in earth science data sets. Geostatistics offers a
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way of describing the spatial continuity that is an essential feature of

many natural phenomena and provides adaptations of classical regres-

sion techniques to take advantage of this continuity.

Recall that the MDEQ single statewide default background standard for

arsenic, 5.8 ppm, was determined by taking samples of soil from the state of

Michigan, determining the arsenic concentration for each sample, then adding the

mean and standard deviation of the sample. The spatial location of the data was

not used in the determination of the arsenic default background standard.

However, within the realm of environmental statistics, past research has

employed various techniques to analyze the concentration level of a COC. For ex-

ample, the Ontario Ministry of the Environment (OME 2001) used contour plots

to estimate the spatial distribution of several COCs at the site of a closed re-

finery. The spatial distributions depicted contained estimates of the mean, but

not of the variance of the estimation error. Utilizing geographic information sys-

tems (GIS) and Voronoi diagrams, Burmaster and Thompson (1997) estimated a

spatially-averaged mean concentration for a COC on a hypothetical property. GIS

is a collection of computer software tools that facilitate, through georeferencing,

the integrations of spatial, non-spatial, qualitative, and quantitative data into a

database that can be managed under a one system environment (e.g., Burrough,

1986) In this dissertation, the software package Arc/Info c© is used for all GIS ap-

plications. Voronoi diagrams, also known as Delauney triangles, divide the GAI



15

into a subsets of points. Let the GAI contain the locations of the sampled data si.

A Delauney triangle Di is a subset of the GAI. Within the GAI, let Di contain all

points that are physically closer to sample data point si than to any other sample

data point in the GAI.

This use of a Voronoi diagram also introduced an important new concept;

spatially defining subsets of similar COC concentrations. However, this research

appears to be more focused on assessing existing contamination issues, not on the

evaluation of default background standards.

1.5 Consideration of Multiple Default Background Standards

If spatial location is indeed a significant predictor of arsenic concentra-

tion, then default background standards may be based on spatial location. This

idea gives rise to a methodology that can consider multiple default background

standards, rather than a single default background standard for an entity such as

the state of Michigan. Specifically, the entity is divided into two or more non-

overlapping zones such that the zones encompass the entire GAI. Each zone within

the state will have its own default background standard. The division of the GAI

into separate zones is based on spatial considerations.

To develop this methodology, it is proposed to combine and then extend

the research of Burmaster and Thompson (1997) and OME (2001). Let a GAI be

broken up into a grid of b contiguous, but non-overlapping spatial “blocks” Bi for
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i=1 to b. In this dissertation, a square block B is to be considered a homogeneous

experimental unit. It is assumed that the same concentration level of arsenic

concentration exists throughout B. Let the Bi units be the basic building units

of a zone that contains similar default background standards.

By analyzing spatial modelling estimates of the mean and the variance/covariance

of the estimation error for these blocks, the methodology should be able to clus-

ter the Bi based on a chosen criterion (statistically similar COC concentrations).

Hence, the blocks are grouped into clusters that become spatial subsets of the GAI.

The proposed methodology should also be able to estimate a COC default back-

ground standard for each of these clusters. Such a methodology would then allow

for the determination and estimation of multiple default background standards,

rather than calculating just a single statewide default background standard.

If multiple default background standards are to be determined from a GAI,

it is necessary that the proposed methodology answer the following questions:

(1) How many unique spatial subsets are there with statistically similar COC

concentrations?, (2) What are the spatial boundaries for each spatial subset?,

and (3) What is the estimate of default background standard within each unique

spatial subset?

In this dissertation, the proposed methodology (known as spatial strata

modelling or SSM) to accomplish these topics will be discussed. To illustrate the

SSM method, this dissertation will analyze arsenic in Michigan residential surface
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soil. The MDEQ has provided a total of 219 arsenic concentrations from spatial

locations throughout the state. This data, which will henceforth be called the

“arsenic data”, has three variables. Let x = the “easting location” or longitude

location (in Michigan GeoRef coordinates). Let y = the “northing location” or

the latitude location (in Michigan GeoRef coordinates). Let z(s) = the arsenic

concentration at the (x, y) ∈ s location (in ppm).

1.6 Dissertation Outline

A cluster with an estimate of default background standard will be known

as a stratum. SSM attempts to determine the quantity, spatial boundaries, and

an estimate of the default background standard for the strata within the GAI.

The COCs analyzed by SSM will be naturally occurring substances.

Chapter II of this dissertation begins with a review of spatial statistic the-

ory and methods relevant to SSM. Let z(s) = g(s)+ε(s) : s ∈ G be the realization

of a random process where z(s) may be considered a COC concentration level at

spatial location (x, y) ∈ s, g(s) is a smooth deterministic function describing any

spatial trend in the data, ε(s) is a zero-mean intrinsically stationary random pro-

cess, and G may be considered as the GAI. Under the assumption that z(s) (or

ε(s)) is stationary over G, spatial modelling and prediction may be carried out.

Briefly, a stationary random process has a constant mean µ, a positive definite

covariance function, and a covariance function that depends only on the spatial
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distance between two observations and not on the direction between them. Chap-

ter II will contain a discussion of the statistical concepts of stationary random

processes and the modelling of such processes.

Assuming z(s) is a stationary random process, the spatial modelling of

z(s) begins with the estimation of the empirical semivariogram function γ̂(h).

For purposes of this dissertation, the empirical semivariogram function will be

estimated as:

γ̂(h) =
1

2[N(h)]

∑

(εi,εj)∈S(h)

(εi − εj)
2 (1.2)

where:

γ̂(h) is the variogram value at separation distance h,

εi ∈ (xi, yi) and εj ∈ (xj, yj) represent the residuals at the respective spatial

locations and are separated by distance h,

h is a vector and

hij =
√

(xi − xj)2 + (yi − yj)2 (1.3)

which is the euclidean distance between two observations,

εi and εj at spatial locations (xi, yi) and (xj, yj),

S(h)= the set of all pairwise (xi, yi), (xj, yj) spatial locations separated by h, and

N(h)=the number of distinct pairs in S(h).

These residuals exist after fitting g(s) with a function to model any spatial

data trends. It should be noted that in the absence of trend, g(s) = 0 and ei and

ej revert to zi and zj (COC concentrations) respectively.
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The variogram has a wide variety of uses in spatial modelling. These uses

will be described in more detail in Chapter II but are briefly mentioned here. The

variogram is used to estimate the key spatial model parameters: the nugget, sill,

and range. The nugget represents the microscale variation of the random process,

or the variogram value at h=0. The sill plus nugget is an estimate of the variance

of the random process and is the variogram value at which the variogram function

reaches a plateau. The range is the distance h at which this plateau is reached

and the random variables are no longer considered to be spatially correlated. In

addition, the variogram is used to verify that any estimated trend function g(s)

has been properly specified; hence to indicate that ε(s) is indeed a stationary

random process. The variogram may also verify that ε(s) is isotropic, which is

a requirement of stationarity and means that ε(s) changes only with distance h

and not with the direction of vector h. The variogram may also be analyzed for

outliers (via the variogram cloud) that may strongly influence the estimation of

the spatial model parameters; namely the nugget, sill, and range.

The nugget, sill, and range of the variogram function are estimated by

an optimization technique, typically some form of nonlinear model-fitting like

weighted least squares. Once these three parameters have been estimated, the

process of kriging may be used to predict unknown z(s) at known spatial locations

s ∈ (x, y).

Kriging (Matheron, 1963) is a linear interpolation method that can be
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considered as a B.L.U.E. (best linear unbiased estimator). When an estimation is

made over a square area, comprised of contiguous points, rather than estimating

at a single location, kriging becomes “block kriging”. Block kriging provides an

estimate of block mean (ẑB) and the variance of the estimation error (σ̂2
B) for any

block within the GAI. A more detailed discussion of kriging and block kriging,

including the incorporation of trend into the spatial model, is contained in Chapter

II.

After block kriging has been performed, the spatial model should be ver-

ified for adequacy of the model fit. Cross-validation is a tool used in this model

adequacy determination process. Cross-validation is a technique in which an ob-

served random variable point is removed from the data set for one spatial location.

The spatial model then predicts the removed random variable using the remain-

ing data. Let this predicted value be ẑ(s). This procedure is done for all z(s)

one at a time. All residuals εi = z(si) − ẑ(si) resulting from the cross-validation

procedure are then analyzed. This analysis is done using various methods that

will be discussed in more detail in Section 2.1.11 of Chapter II. Cross-validation

cannot prove the spatial model is correct, but it can indicate model mispecifica-

tion. Chapter II will provide a more detailed discussion of the interpretation of

cross-validation results.

Chapter II also contains a discussion of infill sampling theory as it pertains

to SSM. An infill sample will supplement the original data. Using the spatial
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model, this is accomplished by first identifying locations within the GAI with the

highest levels of
√

σ̂2
B, the standard error of the block kriging estimate. An infill

sampling strategy then recommends the combination of spatial locations at which

additional samples should be taken. These additional samples will serve to lower

√
σ̂2

B within the GAI; some blocks will have their
√

σ̂2
B lowered more than other

blocks. The intent is to select the combination of additional samples in order to

“most effectively” decrease those blocks with the highest
√

σ̂2
B. This dissertation’s

definition and use of the phrase “most effectively” will be discussed in further

detail in Chapter II. In order to eliminate an exhaustive sampling process, which

would evaluate all possible combinations of infill samples, Chapter II contains

a discussion of the greedy/sequential exchange algorithm. This algorithm was

introduced by Aspie and Barnes (1990) and is designed to replace an exhaustive

sampling process with a more time efficient procedure.

The block kriging procedure will produce an estimate of block mean ẑB and

an estimate of variance of the block estimation error σ̂2
B for each spatial block in

the GAI. Because these blocks are spatially correlated, caution must be exercised

by avoiding any parametric or non-parametric statistical testing or estimation pro-

cedure that requires independence among the random variables measured across

the blocks. Hence, a measurement that can quantify the statistical distance be-

tween the spatial blocks must be determined. Chapter II contains a discussion of

dissimilarity coefficients (DCs) which will be used for this purpose.



22

Using these DCs, SSM will employ cluster analysis to group the spatial

blocks with similar COC concentrations. Before beginning SSM, the actual num-

ber of clusters was not known. Chapter II contains a discussion of the issues

pertaining to the selection of an appropriate clustering technique. These issues

include the selection of: (1) a partitioning or hierarchical clustering method, (2) an

agglomerative or divisive clustering method, and (3) a linkage method for defining

the distance between two clusters.

A partitioning cluster method assumes the number of clusters is known

before the cluster analysis is performed. A hierarchical cluster method has no

apriori knowledge as to the number of clusters in the data. Let there be n objects

(blocks) to be analyzed.

An agglomerative method starts with each block as its own cluster. Hence

there are n clusters. The algorithm then combines the most similar blocks in

a sequential fashion. This process continues until all blocks belong to the same

cluster with n objects in this cluster.

A divisive cluster method takes the opposite approach. All blocks start in

the same cluster. The divisive clustering method then splits off the most dissimilar

blocks until there are finally n clusters. Each cluster contains only one block.

A linkage method defines the distance between two clusters. Let cluster A

and cluster B be considered as two arbitrary clusters. The distance between cluster

A and cluster B may be defined by the minimum dissimilarity between cluster A



23

and cluster B. This is determined by selecting the block belonging to cluster

A and the block belonging to cluster B that provides the smallest dissimilarity

between all possible combinations. This linkage method is known as single linkage.

Similarly, linkage may defined by other commonly used methods such as complete

linkage (maximum dissimilarity), centroid method (Sokal and Michener, 1958),

and weighted average linkage (Sokal and Sneath, 1963), etc.

Chapter II also contains a review of theory pertaining to the estimation

of the 95th percentile for lognormally distributed and the 95% upper prediction

limit for normally distributed and non-parametrically distributed random vari-

ables. These statistics will later serve as the basis for estimating multiple default

background standards.

Chapter III contains a discussion of the development of SSM by first es-

tablishing the size and orientation of the spatial blocks that will be overlayed on

the GAI. These blocks will define the spatial boundaries for each cluster. Issues to

be explored include: (1) a justification for the use of spatial blocks (as opposed to

points), and (2) the determination of the physical size of the spatial blocks, and

(3), the orientation of the spatial blocks of the GAI. Using the selected spatial

model, each spatial block will have an estimate of block mean ẑB and variance of

the block estimation error σ̂2
B determined.

Chapter III contains a discussion of four new infill sampling algorithms

(MinMean, MinMed, MinMax, MinVar) that will use the results of the spatial
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model. For a given infill sample size (n), the MinMean algorithm determines the

spatial locations of the n samples that will minimize the mean of all
√

σ̂2
B. Sim-

ilarly, the MinMed, MinMax, and MinVar algorithms will determine the spatial

locations of the n infill samples that will minimize the median, maximum, and

variance respectively of all
√

σ̂2
B. A ranking based evaluation method will be

introduced in Chapter III. This method will be used to compare and rank each

algorithm against its three competing algorithms based on minimizing the mean,

median, maximum and variance of all
√

σ̂2
B. The infill sample sizes evaluated will

be n = 10, n = 20, and n = 30. For each of these sample sizes, the algorithm with

the lowest total rank will be chosen as the “most effective” algorithm.

Two new statistics are proposed in Chapter III. The first statistic is an

estimate of the covariance of the block estimation error γ̂(Bi, Bj) for two arbi-

trary spatial blocks Bi and Bj. γ̂(Bi, Bj) will account for the spatial correlation

that exists between two arbitrary blocks Bi and Bj and is a component in the

second new statistic: the spatial dissimilarity coefficient dij. The proposed SSM

algorithm utilizes this spatial dissimilarity coefficient dij for all pairwise spatial

blocks Bi and Bj as follows:

dij = 0 for i = j

dij =
∣∣∣(ẑBi

− ẑBj
)
∣∣∣
/√

σ̂2
Bi

+ σ̂2
Bj
− 2γ̂(Bi, Bj) for i 6= j (1.4)

where:



25

ẑBi
, ẑBj

are the estimates of block mean for block Bi and block Bj.

σ̂2
Bi

, σ̂2
Bj

are the variance of the block estimation error for block Bi and block Bj.

γ̂(Bi, Bj) is the covariance of the block estimation error for block Bi and block Bj.

The need to include γ̂(Bi, Bj) in dij can be illustrated as follows.

Figure 3. Four Spatial Blocks

Block 2

Block 3

Block 1

Block 4

2 2

10

2

20

1020

2

Let Figure 3 depict four spatial blocks (Block 1, Block 2, Block 3, and

Block 4). The top value in each block is the spatial model’s estimate of mean COC

concentration level (ẑB). The bottom value in the block is (σ̂2
B) resulting from the

spatial model. Chapter III will discuss γ̂(Bi, Bj) in more detail and show that as

the distance between two blocks increases, γ̂(Bi, Bj) will monotonically decrease

until the distance between the blocks is equal to or greater than the range. At this

point the blocks are considered statistically independent and γ̂(Bi, Bj) = 0. For
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illustration purposes let Block 3 and Block 4 be separated at a distance greater

than the range so that γ̂(B3, B4) = 0. Let γ̂(B1, B2) = 1.

Without including the expression γ̂(Bi, Bj) in the dissimilarity coefficient:

d12 = d34 = |20− 10|
/√

2 + 2 = 5

However, when γ̂(Bi, Bj) is included:

d12 = |20− 10|
/√

2 + 2− 1 = 7.5

d34 = |20− 10|
/√

2 + 2− 0 = 5

As stated by Stephan (1934):

Data of geographic units are tied together, like bunches of grapes, not

separate, like balls in an urn.

Hence, blocks that are closer together in space should be more similar than blocks

that are spatially far apart. As shown in Figure 3, Block 1 and Block 2 are closer

together in space and should be less dissimilar than Block 3 and Block 4. How-

ever, in this example ẑB1 − ẑB2 = ẑB3 − ẑB4 and σ̂2
B1

= σ̂2
B2

= σ̂2
B3

= σ̂2
B4

. The

blocks that are closer together (Block 1 and Block 2) are not more similar than

the blocks that are farther apart (Block 3 and Block 4). Thus, the dissimilarity

coefficient includes the covariance of the block estimation error γ̂(Bi, Bj) in or-

der to account for the spatial distance between the blocks when calculating the

dissimilarity measurement. Without including γ̂(Bi, Bj), potentially important

spatial information is ignored in the estimation of the dij.
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Using a cluster analysis method, Chapter III continues discussion of the

SSM method, by describing how the dij will be grouped together in order to

identify blocks of similar COC concentration. Each individual block then belongs

to one of an undetermined number of clusters. The spatial boundaries for each

cluster are defined by its block membership. Because there is no apriori knowledge

of the correct number of clusters, a discussion of the criterion proposed by Calinski

and Harabaz (1974) will be included in Chapter III. This criterion seeks to identify

the correct number of clusters by attempting to maximize the following:

C =
(
B/(g − 1)

)/(
W/(b− g)

)
(1.5)

in which:

B =
∑g

i=1 ai(ẑBi.
− ẑB..)

2 = sum of squares between clusters in which ẑBi.

represents the average of the block estimates (ẑBj
) for all blocks Bj ∈ Cluster Ci,

ẑB.. represents the average of the block estimates over the entire GAI, ai represents

the total number of blocks Bj ∈ Cluster Ci, and

W =
∑g

i=1

∑ai

j=1(ẑBij
− ẑBi.

)2 = sum of squares within clusters in which ẑBij

represents the individual blocks Bj ∈ Cluster Ci, g = total number of clusters,

and b = the total number of blocks.

Once the correct number of clusters has been determined, the block membership

of each cluster will define that cluster’s spatial boundaries.

In the next step, using GIS methods (Arc/Info c©), the total area of each

cluster may be determined. In addition, using GIS the percent contribution of
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each member block to its total cluster area may also be determined. This percent

contribution will be assigned to each block and be known as a spatial weight.

These spatial weights will then be used to estimate the mean and variance of

the estimation error of the COC concentration level within each cluster. Once a

cluster has been assigned an estimate of mean and variance of estimation error,

the cluster becomes a stratum.

To complete the creation of a stratum, it is also necessary to estimate

each stratum’s default background standard. Depending upon the distribution of

the observed data, estimates of the 95th percentile or 95% upper prediction limit

are determined for each stratum. These statistics will be used to represent the

estimates of multiple default background standards within the GAI.

Chapter IV contains an illustration of the SSM method applied to the

Michigan residential surface soil arsenic data. This data set specifically con-

tains 219 spatial locations (x,y) and the corresponding arsenic concentration levels

(ppm) which are currently utilized by the MDEQ for regulatory purposes.

Using the SSM method, four different configurations describing spatial

boundaries of the arsenic strata within the state of Michigan are described. Es-

timates of default background standards for each strata configuration are also

presented.

Chapter IV also contains details describing the execution of the competing

infill sampling algorithms MinMean, MinMed, MinMax, and MinVar using the
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arsenic data. Each algorithm is evaluated using the method described in Chapter

III. These four infill methods are then compared utilizing the arsenic data. Using

the recommended infill strategy, infill sample locations for n = 10, n = 20, and

n = 30 additional samples in Michigan will be given for the arsenic data.

Chapter V includes a summary of the SSM method. The results obtained

by performing SSM on the arsenic data are also discussed. Chapter V also includes

a discussion of additional new research topics that could potentially enhance the

existing SSM method. These ideas include: (1) estimation of an upper confi-

dence limit of the mean (UCL) using spatial estimates, (2) sequential testing of

spatial blocks, (3) a discussion of additional infill sampling algorithms, and (4)

development of a polygon kriging procedure for the SSM method.



CHAPTER II

Existing Theory Relevant to Spatial Strata Modelling

2.1 Review of Spatial Statistical Theory and Methods

2.1.1 Stationary Random Processes

Let Z(s) represent the realization of a random process in two dimensional

space with spatial location (x, y) ∈ s. In order to accurately model spatially

correlated data, the random process Z(s) must be considered a stationary random

process. A stationary random process has three main properties (stationarity,

positive definite covariance structure, and isotropy). These properties are outlined

by Cressie (1993) and Isaaks and Srivastava (1989) and are repeated here:

The first property is that Z(s) must be at least second order stationary. (2.1)

Let Z(s) : s ∈ G represent the realization of a random process where G represents

a geographic area of interest (GAI). Let (xi, yi) ∈ si and let (xj, yj) ∈ sj. Let hij

represent the separation distance between si and sj such that

hij =
√

(xi − xj)2 + (yi − yj)2. Then Z(s) is second order stationary over G if

(1) E[Z(s)] = µ, for all s ∈ G, meaning that the mean is constant over G and

(2) E[Z(si)−µ][Z(sj)−µ] = Cov(h) = C(h), meaning that the covariance function

C(h) depends only on h, the distance between the two spatial locations as defined

30
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by (1.3).

The second property is that the covariance function of Z(s) must be positive definite.

(2.2)

Let C(h) = C(si−sj), the covariance function between two spatial points (xi, yi) ∈

si and (xj, yj) ∈ sj separated by h as defined by (1.3). As stated by Cressie (1993),

to be considered a positive definite function:

m∑
i=1

m∑
j=1

aiajC(si − sj) ≥ 0 (2.3)

for any finite number of spatial locations (xi, yi) ∈ si : {i = 1, ..., m} and any set

of m real numbers ai : {i = 1, ...m}.

The third property is that the covariance function of Z(s) must be isotropic.

(2.4)

If C(h) is a function of distance h only and not the direction between (xi, yi) ∈ si

and (xj, yj) ∈ sj then C(h) may be considered an isotropic covariance function.

2.1.2 The Variogram

To determine if the properties necessary for a stationary random process

are satisfied, the spatial correlation of Z(s) will be examined as a function of h, a

vector describing distance and direction between points (xi, yi) and (xj, yj). This
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dissertation will estimate and model the empirical omnidirectional semivariogram,

γ(h), a function which describes how the observed data z(s) are correlated with

vector h.

If (1.3) represents the euclidean distance between locations (xi, yi) and

(xj, yj) the estimated empirical semivariogram function γ̂(h), originally defined

by Matheron (1962), is half the average of the squared difference between all

observations separated by a distance h. Let

γ̂(h) =
1

2[N(h)]

∑

S(h)

(zi − zj)
2 (2.5)

where:

γ̂(h) = variogram value at distance h.

S(h) = the set of all pairwise (xi, yi), (xj, yj) spatial locations separated by dis-

tance h.

N(h) = the number of distinct pairs in S(h)

zi, zj = observed random variables measured at spatial locations (xi, yi)and (xj, yj)

respectively separated by distance h.

By (2.1), a stationary random process has a covariance that remains con-

stant at a given distance h. The covariance of a random variable with itself is

the variance. Thus, a stationary random process has a constant variance at which

Var
(
z(s)

)
= σ2. Assuming the random process is second order stationary, the
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expected value of (2.5) can be written as:

E[γ̂(h)] = E

[
1

2N(h)

∑

S(h)

(zi − zj)
2

]

= σ2 −
∑

S(h)

1

N(h)
[Cov(zi, zj)] (2.6)

For comparison purposes, let zi and zj be spatially correlated random vari-

ables from a second order stationary random process separated by h. By examin-

ing the equation 1
2

Var(zi − zj):

1

2
Var(zi − zj) =

1

2
[Var(zi) + Var(zj)− 2Cov(zi, zj)]

= σ2 − Cov(zi, zj), (2.7)

it can seen that the expectation of the semi-variogram is the mean of one half the

variance of the difference between two spatially correlated random variables in a

second order stationary random process separated by h.

Because of (2.1), σ2 is nonstochastic and a constant. Hence, there exists

a one-to-one relationship between the variogram estimate γ̂(h) and Cov(zi, zj)

where:

Cov(zi, zj) = σ2 − γ̂(h) (2.8)

Thus, the covariance between two random variables may be determined from the

variogram function.

The semi-variogram graph describes the relationship between the difference

in sample values zi and zj versus their separated distance h. This is, effectively,
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an approximation to the distance function based on the sample data. The prefix

semi comes from the 1
2

in the equation. However, it has become common to refer

to the semivariogram simply as the variogram. Throughout this dissertation, the

term variogram will be used even though the term is theoretically incorrect.

2.1.3 EDA - Data Transformation and Trend Removal

Exploratory Data Analysis (EDA) of the random process Z(s) usually be-

gins with the empirical variogram function as given in (2.5). If the variogram is

an increasing function, this may be an indication of a random process that is not

second order stationary. If this situation occurs, a transformation of the observed

data, a removal of any spatial trend from the data, or a combination of both may

be considered.

With regards to a transformation of the observed data z(s), contaminants

of concern (COCs) are often observed to have a positively skewed distribution

(Gilbert 1987). It is not necessary to transform positively skewed data before

analyzing the variogram. However, if the z(s) are positively skewed (whether or

not the data follow a lognormal distribution), taking the natural logarithm (loge)

of the sample data tends to provide a more stable variogram. As stated by Clark

and Harper (2000):

By at least approximately normalising the data, the calculation of

‘semi-variance’ [sic: variogram] becomes a lot more sensible and more
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stable.

To continue EDA, the z(s), transformed or untransformed, should be ex-

amined for any spatial trends in the data that may contribute to an increasing

variogram function. With regards to spatial trends, let the observed random

variable of interest z(s) be considered as:

z(s) = g(s) + ε(s) (2.9)

in which g(s) is a smooth deterministic function describing the systematic aspect

of the process, called the trend, or drift, and ε(s) is the residual after fitting g(s).

In this situation, the requirement for second order stationarity falls on ε(s). The

three mathematical requirements for second order stationary from Section 2.1.1

are the same for ε(s) as was for z(s), with the exception being that E[ε(s)] = 0

instead of E[z(s)] = µ.

If z(s) = g(s) + ε(s) is the chosen model, the residuals ε(s) of the fitted

trend model will be used in the variogram function. Now modify (2.5) such that:

γ̂(h) =
[ 1

2N(h)

∑

S(h)

(εi − εj)
2
]

(2.10)

The focus is then on selecting a trend model that provides residuals that are

non-increasing when analyzed via the empirical variogram.

The selection of an appropriate trend model is subjective. Some options

include, but are not limited to, ordinary or generalized least squares regression,

generalized additive models, local regression models (loess), etc. The trend model
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should be selected with parsimony in mind. Select the simplest model that pro-

vides residuals that satisfy the necessary variogram requirements (nonincreasing,

isotropic, etc.)

Because the residuals are not independent, the usual regression diagnostics

(residual plots, etc.) will not provide valid information. However, residual plots

versus each component defining spatial location (x and y) should still be examined

to verify that any apparent spatial trend has been removed from the model. In

addition, Kaluzny, etc. (1998) recommend including a loess smoothing curve to

the residual plot to assist in the trend identification.

The loess method, which stands for locally weighted regression scatter plot

smoothing, was developed by Cleveland (1979). The loess smoothing curve is

obtained by fitting successive linear regression functions in local neighborhoods.

The method is similar to the moving average and running median methods in

that it uses a neighborhood around each X value to obtain a smoothed Y value

corresponding to that X value. If a trend model is fit and the smoothing curve

indicates a spatial trend, then this suggests that perhaps a higher order regression

model or data transformation may be necessary.

2.1.4 The Variogram Cloud

The variogram cloud (Gandin, 1963) is a diagnostic tool that can be used

to look for potential outliers and to assess random process variability with increas-
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ing distance h. The variogram cloud plots the function (zi − zj)
2 on the y-axis

versus the separation distance h between all observations zi and zj. Cressie (1993)

demonstrates the usefulness of considering the square-root-differences cloud as an

x-y plot with
√|zi − zj| on the y-axis and distance h on the horizontal axis. In-

tuitively, observations that are physically close might be expected to have similar

values, but this is not always the case. Typically, the variogram cloud can identify

observations that are spatially close but have a large differences in the random

variable values.

2.1.5 Anisotropy

Anisotropy is present when the spatial correlation of the random process

changes with both magnitude and direction of vector h. Clearly, this situation is a

violation of the requirements for stationarity as stated by (2.4). Anisotropy is an

indication of the correlation of the random process evolving differently in different

directions in space. This phenomena can be detected by comparing variogram

functions over different spatial directions. Typically, the directions examined are

0 degrees - north/south, 45 degrees - northeast/southwest, 90 degrees - east/west,

and 135 degrees southeast/northwest. However, smaller increments of direction

may be used depending upon the context of the data.

One type of anisotropy, zonal anisotropy, exists when the variance of the

random process changes with direction. This situation may be corrected by de-
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trending the data. Another type of anisotropy, geometric anisotropy, occurs when

the separation distance h at which the z(s) are no longer correlated changes with

direction. Geometric anisotropy is generally corrected by a linear transformation

of the separation distance h to an equivalent isotropic model. Detailed discussions

of anisotropy are beyond the scope of this dissertation. The reader is referred to

Isaaks and Srivastava (1989) and Kaluzny et al (1998) for a more detailed discus-

sion of anisotropy and adjustments necessary to build an isotropic model.

2.1.6 Variogram Parameters and Models

To build the spatial model, it is necessary to estimate the type of variogram

function and to estimate three variogram parameters (nugget, range, and sill).

These three parameters will further define the variogram function and together

with the variogram function will define the covariance structure of the data.

Nugget

At distance h = 0, the value of the variogram γ(h) is theoretically γ(0) = 0.

However, several factors, including measurement error etc., may interfere with this

relationship. These factors may cause sample values separated by extremely small

distances to be quite dissimilar. This situation would contribute to discontinuity

at the origin of the variogram. In order to address this situation, the nugget co is

included as a variogram parameter. The nugget is estimated from the variogram
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function as the value:

c0 = γ̂(h), h = 0, (2.11)

where γ̂(h) is the variogram of a second order stationary random process.

Sill

The sill cs is part of γ̂(h) when the variogram reaches a plateau. This

plateau may be expressed as:

lim
h→∞

γ̂(h) = co + cs = σ2 (2.12)

where co is the nugget, cs is the sill, and σ2 = Var[z(s)] is the variance of the

random process.

Range

The range a is the distance at which the variogram estimate reaches its

plateau such that γ̂(a) = co + cs = σ2. Using (2.8), at h = a, Cov(zi, zj) =

σ2 − σ2 = 0. Hence, the range is the distance h = a at which Cov(zi, zj) = 0 and

the data are no longer considered correlated.

There are three variogram models commonly used to define a variogram

function. These models (spherical, exponential, and gaussian) are shown in Fig-

ure 4 with the spherical variogram illustrating the nugget, range, and sill param-

eters.
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Figure 4. Theoretical Variogram Models
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These three variogram models, along with other variogram models, are

discussed in Cressie (1993) and in Isaaks and Srivastava (1989) and are defined

as follows:

Spherical Variogram Model:

γ(h; θ) =





c0, h = 0

c0 + cs

(
(1.5)(h/a)− .5(h/a)3

)
, h ≤ a

c0 + cs, h ≥ a,

(2.13)
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Exponential Model:

γ(h; θ) =





c0, h = 0

c0 + cs

(
1− exp (−3h/a)

)
, h 6= 0,

(2.14)

Gaussian Model:

γ(h; θ) =





c0, h = 0

c0 + cs

(
1− exp (−3h2/a2)

)
, h 6= 0.

(2.15)

where c0 is the nugget, cs is the sill, and a is the range.

The separation distance h is a continuous variable with an infinite number

of possible measurements. As stated by Kaluzny et al (1998), the construction

of the variogram requires consideration of an appropriate lag increment for h,

a tolerance for the lag increment, and the number of lags (L) over which the

variogram will be calculated. The lag increment defines the distances at which

the variogram is calculated. The tolerance establishes distance bins for the lag

increments, to accommodate unevenly spaced observations. The number of lags

in conjunction with the size of the lag increment will define the total distance

over which a variogram is calculated. There are two practical rules (Journel and

Huijbregts, 1978) that should be considered when choosing the lag increment and

number of lags. One rule is that the experimental variogram should only be

considered for separation distances h in which the number of pairs is greater than

30. The second rule is that the maximum distance for an experimental variogram

should not exceed D/2, where D is the maximum distance h over the field of data.
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Each of the three variogram models shown in Figure 4 satisfy the positive

definiteness requirement (2.2) for the covariance function of the random process

Z(s). It should be noted that other variogram models (linear, power, hole effect,

etc.) exist but are not strictly positive definite. Within these models, there are

combinations of nugget, range, and sill that could produce a non-positive definite

covariance matrix. This condition does not exclude these variogram functions

from consideration, but caution should be exercised when any of these variogram

models are being considered.

2.1.7 Estimation of the Variogram Function

A variogram function can be modelled by an optimization technique, typi-

cally some form of nonlinear model fitting. Cressie (1985) describes weighted least

squares and generalized least squares approaches for variogram fitting. Zimmer-

man and Zimmerman (1991) compare several estimation methods and conclude

that some form of weighted nonlinear least squares or ordinary nonlinear least

squares is usually as good as many of the more complicated and computationally

intensive methods.

In addition, it should be noted that because γ̂(h) is a mean, γ̂(h) is sensitive

to outliers (Cressie, 1993). Robust variogram estimators have also been proposed

by Cressie and Hawkins (1980), Dowd (1982), and Armstrong and Delfiner (1980).

The use of these robust estimators is a matter of personal preference and are not
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utilized in this dissertation.

The process of modeling a variogram, particularly in regards to detecting

anisotropy, relies greatly on visual interpretation of the variogram, rather than

on any procedural methods. It is difficult to construct statistical tests in geo-

statistics because of the spatial dependence between observations. The points of

the sample variogram are correlated, as noted by Jowett (1955). Switzer (1984)

proposes a few tests and confidence limits for variogram parameters. The idea is

to linearly transform the data to uncorrelated quantities of constant variance and

then consider certain rank orderings. For example, to test for the range, select a

subset of data points whose interpoint distances all exceed the range; then test

for randomness based on the rank correlation between |z(s1)− z(s2)| and |s1− s2|

based on the Spearman rank correlation statistic.

Cressie (1993) states that at a given distance h, [zi − zj]
2
/

2γ∗(h) follows

a χ2 distribution with 1 degree of freedom where γ∗(h) is value obtained from the

fitted variogram model.

When evaluating the fit of the variogram model, there are several compet-

ing goodness-of-fit tests. The residual sum of squares (SSR) sums the differences

between the empirical variogram value and the fitted variogram model:

L∑
i=1

(
γ̂(h)i − γ∗(h)i

)2

(2.16)

where L is the number of discrete distance lags over which the variogram will

be calculated, γ̂(h)i is a value from (2.5) at distance lag “i” and γ̂∗(h)i is the
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variogram value from the fitted variogram model at distance lag “i”.

Cressie (1989) recommends the following function:

Nk

∑((γ̂(h)− γ∗(h))2

γ∗(h)

)
(2.17)

where Nk is the number of pairs used for each variogram distance h.

Clark and Harper (2000) support Cressie’s function, but as a weighted

average where each component is divided by the total number of pairs N used in

computing the entire empirical variogram:

Nk

/
N

[ ∑(
(γ̂(h)− γ∗(h))2

/
γ∗(h)

)]
(2.18)

2.1.8 Ordinary Kriging

Kriging (Matheron, 1963) is a linear interpolation method that allows pre-

diction of the random variable zk : k = n + 1 and its estimation error at an

un-sampled new spatial location (xk, yk) : k = n + 1. The linear estimate ẑk of zk

is determined by weighting the existing data zj : j = 1 to n at the observed known

spatial locations (xj, yj) : j = 1 to n, respectively. For example, to determine the

estimated value ẑk at the new known location (xk, yk), the linear kriging estimate

of zk would be:

ẑk =
n∑

j=1

wkjzj (2.19)

where zj are the observed random variables and wkj are the kriging weights. The

wkj weights are the solution to the kriging equations which will be shown later in
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this section. As stated by Isaaks and Srivastava (1989), kriging can be consid-

ered a B.L.U.E. (best linear unbiased estimator) by meeting the following three

requirements.

The first requirement is that kriging must be a linear estimator. Since

the estimate ẑk =
∑

wkjzj is a weighted linear combination of the available data,

kriging is a linear estimator.

The second requirement is that kriging must produce unbiased estimates.

To be an unbiased estimator, the expected value of the estimation error E[zk− ẑk]

must equal 0. As shown by Isaaks and Srivastava (1989):

n∑
j=1

wkj = 1 (2.20)

is a necessary condition in order for kriging to be considered an unbiased estimator

of the random variable zk.

The third requirement is that kriging must minimize Var (zk − ẑk), the

variance of the estimation errors. In satisfying this requirement and to estimate a

single point zk, Isaaks and Srivstava (1989) showed the ordinary kriging equations

in matrix form as follows:

CO × wO = DO


Cov(z1, z1) . . . Cov(z1, zn) 1

...
. . .

...
...

Cov(zn, z1) . . . Cov(zn, zn) 1

1 . . . 1 0




×




wk1

...

wkn

λ0




=




Cov(zk, z1)

...

Cov(zk, zn)

1




(2.21)
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where:

CO is an (n+1) x (n+1) matrix in which Cov(zi, zj) represents the covariance

between the existing zi, zj observations as defined by (2.8).

wO is a (n+1) x 1 matrix in which (wk1, ...wkn) represent the kriging weights

and λ0 represents a LaGrange parameter, which follows from the linear condition

(2.20).

DO is a (n+1) x 1 matrix in which Cov(zk, zj) represents the covariance between

the point to be estimated (zk) and the n existing observations (zj : j = 1 to n),

as defined by (2.8).

As indicated by the matrix subscript “O” , this type of kriging is known

as ordinary kriging. Ordinary kriging is performed when the random process does

not require any trend removal as described in Section 2.1.3. The kriging weights

may be determined by solving for matrix wO such that:

wO = C−1
O ×DO (2.22)

allows for both the estimate of ẑk and the variance of the estimation error σ̂2
k to

be determined. In developing these kriging equations, Isaaks and Srivstata (1989)

also showed that the variance of the estimation error is:

σ̂2
k = Var(zk − ẑk) = Var(zk) + Var(ẑk)− 2 Cov(zk, ẑk) (2.23)
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The first term to the right of the equal sign in (2.23) Var(zk) is the variance of the

random process (σ2), which is estimated by the nugget and sill of the variogram

as defined in (2.12). The second term is the variance of ẑk. Since ẑk =
∑

j wkjzj

is a linear combination of random variables, the variance can be expressed as

∑
i

∑
j wkiwkj Cov(zi, zj) where Cov (zi, zj) is defined by (2.8) using the distance

hij between the observed data zi and zj. The third term is the covariance between

the point to be estimated zk and its estimate ẑk =
∑

j wkjzj and can be expressed

as
∑

j wkjCov(zk, zj) where Cov(zk, zj) is defined by (2.8) using the distance hkj

between zk, the location to be estimated, and zj, the observed data. By summing

these terms, the kriging variance of the estimation error σ̂2
k may be expressed as:

σ̂2
k = Var(zk − ẑk) = σ2 +

n∑
i=1

n∑
j=1

wkiwkjCov(zi, zj)− 2
n∑

j=1

wkjCov(zk, zj) (2.24)

2.1.9 Universal Kriging

Recall in Section 2.1.3 in which an increasing variogram function may be an

indication of a non-stationary random process. An increasing variogram function

may be modified by the elimination of any spatial trend present in the random

process. Spatial trends can be modelled by a variety of regression models. For

many spatial trends, the linear, quadratic, cubic, or other higher order polynomials

may be used with the x and y location parameters as independent variables.

This type of kriging, in which the residuals from a trend model are used

to estimate the variogram function, is called universal kriging. Universal kriging
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without the trend component will reduce to ordinary kriging, which was described

in Section 2.1.8. When performing universal kriging, the estimate of the trend

parameters must also be unbiased. This inclusion of unbiased trend parameters

in the universal kriging equations will now be discussed. Here, the focus is on

two of the possible spatial trend models: linear and quadratic. The rationale for

discussing the linear and quadratic spatial models is that it is desirable to use the

simplest models, if possible. Details for the cubic and higher order models can be

easily deduced from those presented here for the linear and quadratic models.

Linear Spatial Model

Let the random process Z(s) have a spatial trend which can be fit by a

first order linear regression model. Let the trend model be zj = β0 + β1xj + β2yj,

where zj is the observed random variable of interest at spatial location (xj, yj).

Similarly, the estimate at an un-sampled location ẑk : k = n+1 at spatial location

(xk, yk) may also be considered as ẑk = β̂0 + β̂1xk + β̂2yk + ε̂k. As shown by Clark

and Harper (2000), the spatial estimates may be expressed as:

E[ẑk] = E
[ n∑

j=1

wkjzj

]

E[β̂0 + β̂1xk + β̂2yk + ε̂k] = E
[ n∑

j=1

wkj(β0 + β1xj + β2yj)
]

(2.25)
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By combining like terms, it can be seen that in order to provide an unbiased

estimator of zk:

E[β̂0] = E
[ n∑

j=1

wkjβ0

]

β0 =
n∑

j=1

wkjβ0

n∑
j=1

wkj = 1. (2.26)

Similarly:

n∑
j=1

wkjxj = xk (2.27)

n∑
j=1

wkjyj = yk. (2.28)

To solve for the kriging weights with a linear spatial trend, the ordinary kriging

matrices in (2.21) may be appended as follows:

CUL × wUL = DUL




Cov(z1, z1) . . . Cov(z1, zn) 1 x1 y1

...
. . .

...
...

...
...

Cov(zn, z1) . . . Cov(zn, zn) 1 xn yn

1 . . . 1 0 0 0

x1 . . . xn
...

...
...

y1 . . . yn 0 0 0




×




wk1

...

wkn

λ0

λ1

λ2




=




Cov(zk, z1)

...

Cov(zk, zn)

1

xk

yk




(2.29)
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where:

CUL is a (n+3) x (n+3) matrix in which Cov(zi, zj) represent the covariance be-

tween existing zi, zj observations as defined by (2.8). In addition,
(
(x1, y1), ...(xn, yn)

)

represent the spatial locations for known observations (z1, ...zn).

wUL is a (n+3) x 1 matrix in which (wk1, ...wkn) represent the kriging weights and

λ0, λ1, and λ2 represent LaGrange parameters associated with constraints (2.26),

(2.27), and (2.28).

DUL is a (n+3) x 1 matrix in which Cov(zk, zj) : k = n+1, j = 1 to n represent the

covariance between the point to be estimated (zk) and the existing observations

(zj : j = 1 to n), as defined by (2.8). In addition, (xk, yk) ∈ zk represent the

spatial location of the point to be estimated for k = n + 1.

As indicated by the matrix subscript “UL” , this type of kriging is known

as universal kriging with a linear trend. The universal kriging weights may be

determined by solving for matrix wUL such that:

wUL = C−1
UL ×DUL (2.30)
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Quadratic Spatial Model

Assume now that a quadratic spatial trend model is fit. Let the trend

model for the observed data (zj) be: zj = β0 +β1xj +β2yj +β3x
2
j +β4y

2
j +β5xjyj.

In addition, the estimate at an un-sampled location ẑk : k = n + 1 at spatial

location (xk, yk) may also be considered as ẑk = β̂0 + β̂1xk + β̂2yk + β̂3x
2
k + β̂4y

2
k +

β̂5xkyk+ ε̂k. Taking expectations as was done in (2.25), the three conditions shown

to maintain unbiased linear trend parameter estimates (2.26), (2.27), and (2.28)

may be duplicated and included here. In addition, three conditions resulting from

modeling a quadratic trend are as follows:

n∑
j=1

wkjx
2
j = x2

k (2.31)

n∑
j=1

wkjy
2
j = y2

k (2.32)

n∑
j=1

wkjxjyj = xkyk (2.33)

For modeling a quadratic spatial trend, all six of these conditions must

be incorporated into the universal kriging matrices. Using matrix (2.29) as a

guide, the universal kriging matrices with a quadratic trend can be represented

as follows:
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CUQ × wUQ = DUQ




Cov(z1, z1) . . . Cov(z1, zn) 1 x1 y1 x2
1 y2

1 x1y1

...
. . .

...
...

...
...

...
...

...

Cov(zn, z1) . . . Cov(zn, zn) 1 xn yn x2
n y2

n xnyn

1 . . . 1 0 0 0 0 0 0

x1 . . . xn
...

...
...

...
...

...

y1 . . . yn
...

...
...

...
...

...

x2
1 . . . x2

n

...
...

...
...

...
...

y2
1 . . . y2

n

...
...

...
...

...
...

x1y1 . . . xnyn 0 0 0 0 0 0




×




wk1

...

wkn

λ0

λ1

λ2

λ3

λ4

λ5




=




Cov(zk, z1)

...

Cov(zk, zn)

1

xk

yk

x2
k

y2
k

xkyk




(2.34)

where:

CUQ is a (n+6) x (n+6) matrix in which Cov(zi, zj) represent the covariance be-

tween existing zi, zj observations as defined by (2.8). In addition,
(
(x1, y1), ...(xn, yn)

)

represent the spatial locations for known observations (z1, ...zn).

wUQ is a (n+6) x 1 matrix in which (wk1, ...wkn) represent the kriging weights and

λ0, λ1, and λ2 represent LaGrange parameters associated with (2.26), (2.27), and

(2.28) respectively. In addition, λ3, λ4, and λ5 represent LaGrange parameters

associated with constraints (2.31), (2.32), and (2.33), respectively.

DUQ is a (n+6) x 1 matrix in which Cov(zk, zj) : k = n+1 represent the covariance

between the point to be estimated (zk) and the existing observations (zj : j =
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1 to n) as defined by (2.8). In addition, (xk, yk) represents the spatial location of

the point to be estimated.

As indicated by the matrix subscript “UQ” , this type of kriging is known as

universal kriging with a quadratic trend. The universal kriging weights may be

determined by solving for matrix wUQ such that:

wUQ = C−1
UQ ×DUQ (2.35)

2.1.10 Block Kriging

Up until this section, the topic of kriging has been concerned with estima-

tion of the random variable zk at a single new un-sampled point (xk, yk) : k = n+1.

In this dissertation, it is desirable to obtain an estimate of the mean of z for a

prescribed local area within the GAI. If a square block is chosen as this local area,

then block kriging may be used to obtain this mean estimate ẑB. Block kriging

determines an estimate of mean that represents the entire square block. In this

dissertation, such a block B is a subset of the GAI and has a kriged linear estimate

expressed as:

ẑB =
n∑

j=1

wBjzj (2.36)

where wBj represents the Block B kriging weight ”j” for the observed random

variables zj : j = 1 to n.

The estimate of block mean ẑB may also be considered as the average
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value of an infinite number points contained within the block. One method for

obtaining ẑB is to discretize the square block B into a finite number of points

ẑBk : (k = 1 to m) and then take the average of these point estimates ẑBk.

Though conceptually simple, this procedure may be computationally inefficient

depending on the number of points chosen to represent the block B. Isaaks and

Srivasatava (1989) suggest that a 4x4 grid of symmetrically placed points (m=16)

is sufficiently accurate to estimate ẑB. Figure 5 depicts this type of block kriging

from a graphical perspective.

Figure 5. Block Kriging Estimate with m=16 points
Block B

Z

Block Estimate: Z

^
Bk

^
B

To investigate the statistical properties of the block kriging estimates,

Isaaks and Srivastava (1989) demonstrate that the true block mean zB, and its

corresponding estimate ẑB may indeed be determined by taking the average of the

points that are contained within the block. Hence zB may be expressed as:

zB =
1

m

m∑

k=1

zBk zBk ∈ B (2.37)

where zB is the block mean, m is the number of points selected within the block,
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and zBk is a random variable at the kth point contained within block B, for

k = 1, ...m.

Similarly, ẑB may be represented as:

ẑB =
1

m

m∑

k=1

ẑBk ẑBk ∈ B (2.38)

where ẑB is an estimate block mean, m is the number of points selected within

the block, and ẑBk is an estimate of the random variable at the kth point zBk

contained within block B, for k = 1, ...m. Because of the stationarity conditions

discussed in Section 2.1.1,

E[ẑB] = E[zB] = µ (2.39)

and hence is an unbiased estimator.

Recall the three matrix systems (2.21), (2.29), and (2.34) given for ordinary

and the two cases of universal kriging. Looking at these matrix systems, only

the D-type matrices (DO, DUL, DUQ) contain any information about un-sampled

points zk, which may now be considered as components of block B given in (2.37)

and (2.38).

To perform block kriging, it is necessary to modify the D-type matrices

given in (2.21), (2.29), and (2.34) from a point estimation formulation to a block

estimation formulation. The point covariance expressions Cov(zk, zj) : j = 1 to n

in these D-type matrices will be replaced by Cov(zB, zj) : j = 1 to n for use in the

block kriging equations, where for convenience, zB is defined by (2.37). A further
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examination of Cov(zB, zj) shows that:

Cov(zB, zj) = E[zBzj]− E[zB]E[zj]

= E

[
1

m

m∑

k=1

zBkzj

]
− E

[
1

m

m∑

k=1

zBk

]
E[zj]

=
1

m

m∑

k=1

(
E[zBkzj]− E[zBk]E[zj]

)

=
1

m

m∑

k=1

Cov(zBk, zj)

= Cov(zBk, zj). (2.40)

Equation 2.40 is the average of the covariances between the zBk ∈ B and zj, which

are the observed random variables.

To estimate zB, the matrix system given for ordinary kriging (2.21), may

now be modified as follows:

CB × wB = DB




Cov(z1, z1) . . . Cov(z1, zn) 1

...
. . .

...
...

Cov(zn, z1) . . . Cov(zn, zn) 1

1 . . . 1 0




×




wB1

...

wBn

λ0




=




Cov(zB, z1)

...

Cov(zB, zn)

1




(2.41)

where:

CB is an (n+1) x (n+1) matrix in which Cov(zi, zj) represents the covariance



57

between the existing zi, zj observations as defined by (2.8).

wB is a (n+1) x 1 matrix in which (wB1, ...wBn) represent the block kriging weights

and λ0 represents a LaGrange parameter, which follows from the linear condition

(2.20).

DB is a (n+1) x 1 matrix in which Cov(zB, zj) represents the covariance between

the block to be estimated (zB) and the n existing observations (zj : j = 1 to n),

as defined by (2.40).

As indicated by the matrix subscript “B” , this type of kriging is known as

block kriging. The block kriging weights may be obtained by solving for matrix

wB such that:

wB = C−1
B ×DB (2.42)

If a spatial trend is present in the data, universal block kriging may also

be performed. Similar to universal kriging for points (Section 2.1.9), unbiased

estimates of the trend parameters must also be converted from a point kriging

formulation to a block kriging formulation. This inclusion of unbiased trend pa-

rameters in the universal kriging equations will now be examined. As previously

discussed, the focus is on two of the possible spatial trend models: linear and

quadratic. The rationale for discussing the linear and quadratic spatial models is

again that it is desirable to use the simplest models, if possible. Details for the

cubic and higher order models can be easily deduced from those presented here
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for the linear and quadratic models.

Block Kriging With Linear Trend

Let the random process Z(s) have a spatial trend which can be fit by a

linear regression model. Let the trend model be zj = β0 + β1xj + β2yj, where zj

is the observed random variable of interest at spatial location (xj, yj). Similarly,

the estimate at an un-sampled block location zBk : k = 1, ...,m at spatial location

(xBk, yBk) may also be considered as:

ẑBk = β̂0 + β̂1xBk + β̂2yBk (2.43)

Using (2.36), (2.38), and (2.43), an unbiased spatial estimate for zB using block

kriging with a linear trend may be expressed as:

ẑB =
1

m

m∑

k=1

ẑBk

[ n∑
j=1

wBjzj

]
=

[ 1

m

m∑

k=1

(β̂0 + β̂1xBk + β̂2yBk)
]

[ n∑
j=1

wBj(β0 + β1xj + β2yj + εj)
]

=
[ 1

m

m∑

k=1

(β̂0 + β̂1xBk + β̂2yBk)
]
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By combining like terms and taking expectations, it can be seen that:

E
[ n∑

j=1

wBjβ0

]
= E

[ 1

m

m∑

k=1

β̂0

]

β0

n∑
j=1

wBj =
1

m

m∑

k=1

β0

n∑
j=1

wBj = 1 (2.44)

Similarly, it can be shown that:

n∑
j=1

wBjxj =
1

m

m∑

k=1

xBk = xB (2.45)

where xB represents the average of the “x” spatial locations for points xBk ∈ B.

In addition,

n∑
j=1

wBjyj = yB (2.46)

where yB represents the average of the “y” spatial locations for points yBk ∈ B.

To estimate zB using universal block kriging with a linear spatial trend,

the universal kriging matrices in (2.29) may be appended as follows:
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CBL × wBL = DBL


Cov(z1, z1) . . . Cov(z1, zn) 1 x1 y1

...
. . .

...
...

...
...

Cov(zn, z1) . . . Cov(zn, zn) 1 xn yn

1 . . . 1 0 0 0

x1 . . . xn
...

...
...

y1 . . . yn 0 0 0




×




wB1

...

wBn

λ0

λ1

λ2




=




Cov(zB, z1)

...

Cov(zB, zn)

1

xB

yB




(2.47)

where:

CBL is a (n+3) x (n+3) matrix in which Cov(zi, zj) represent the covariance be-

tween existing i, j observations as defined by (2.8). In addition,
(
(x1, y1), ...(xn, yn)

)

represent the spatial locations for known observations (z1, ...zn).

wBL is a (n+3) x 1 matrix in which (wB1, ..., wBn) represent the kriging weights

and λ0, λ1, and λ2 represent LaGrange parameters associated with constraints

(2.44), (2.45), and (2.46).

DBL is a (n+3) x 1 matrix in which Cov(zB, zj) is defined by (2.40) and represents

the average of zBk ∈ B with the observed data zj (j=1 to n) and xB represents

the average x value of the points contained within block B etc.

As indicated by the matrix subscript “BL”, this kriging is block kriging

with a linear trend. The block kriging weights may be obtained by solving for

matrix wBL such that:

wBL = C−1
BL ×DBL (2.48)
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Block Kriging With Quadratic Trend

Let the random process Z(s) have a spatial trend which can be fit by a

quadratic regression model. Let the trend model be zj = β0 + β1xj + β2yj +

β3x
2
k + β4y

2
k + β5xkyk, where zj is the observed random variable of interest at

spatial location (xj, yj). Similarly, the estimate at an un-sampled block location

zBk : k = 1, ...,m at spatial location (xBk, yBk) may also be considered as:

ẑBk = β̂0 + β̂1xBk + β̂2yBk + β̂3x
2
Bk + β̂4y

2
Bk + β̂5xBkyBk (2.49)

Using (2.36), (2.38), and (2.49), unbiased spatial estimates for block kriging with

a quadratic trend may be expressed as:

ẑB =
1

m

m∑

k=1

ẑBk

[ n∑
j=1

wBjzj

]
=

1

m

m∑

k=1

ẑBk

[ n∑
j=1

wBj(β0 + β1xj + β2yj + β3x
2
j + β4y

2
j + β5xjyj + εj)

]
=

[ 1

m

m∑

k=1

(β̂0 + β̂1xBk + β̂2yBk

+ β̂3x
2
Bk + β̂4y

2
Bk + β̂5xBkyBk)

]

By combining like terms and taking expectations, it can be seen that in addition

to (2.44), (2.45), and (2.46) that:

n∑
j=1

wBjx
2
j =

1

m

m∑

k=1

x2
Bk = x2

B (2.50)
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where x2
B represents the average of the “x2” spatial locations for points xBk ∈ B.

In addition,

n∑
j=1

wBjy
2
j = y2

B (2.51)

where y2
B represents the average of the “y2” spatial locations for points yBk ∈ B,

and

n∑
j=1

wBjxjyj = xByB (2.52)

where xByB represents the average of the “xy” interaction spatial locations for

points xBk ∈ B and yBk ∈ B.

To estimate zB using universal block kriging with a quadratic spatial trend,

the universal kriging matrices in (2.34) may be appended as follows:
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CBQ × wBQ = DBQ




Cov(z1, z1) . . . Cov(z1, zn) 1 x1 y1 x2
1 y2

1 x1y1

...
. . .

...
...

...
...

...
...

...

Cov(zn, z1) . . . Cov(zn, zn) 1 xn yn x2
n y2

n xnyn

1 . . . 1 0 0 0 0 0 0

x1 . . . xn
...

...
...

...
...

...

y1 . . . yn
...

...
...

...
...

...

x2
1 . . . x2

n

...
...

...
...

...
...

y2
1 . . . y2

n

...
...

...
...

...
...

x1y1 . . . xnyn 0 0 0 0 0 0




×




wB1

...

wBn

λ0

λ1

λ2

λ3

λ4

λ5




=




Cov(zB, z1)

...

Cov(zB, zn)

1

xB

yB

x2
B

y2
B

xByB




(2.53)

where:

CBQ is a (n+6) x (n+6) matrix in which Cov(zi, zj) represent the covariance be-

tween existing i, j observations as defined by (2.8). In addition,
(
(x1, y1), ...(xn, yn)

)

represent the spatial locations for known observations (z1, ...zn).

wBQ is a (n+6) x 1 matrix in which (wB1, ..., wBn) represent the kriging weights

and λ0, λ1, λ2, λ3, λ4, and λ5 represent LaGrange parameters associated with

constraints (2.44), (2.45), (2.46), (2.50), (2.51), and (2.52), respectively.

DBQ is a (n+6) x 1 matrix in which Cov(zB, zj) is defined by (2.40) and represents

the average of zBk ∈ B with the observed data zj (j=1 to n) and xB represents

the average x value of the points contained within block B etc.
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As indicated by the matrix subscript “BQ”, this type of kriging is block kriging

with a quadratic trend. The block kriging weights may be obtained by solving for

matrix wBQ such that:

wBQ = C−1
BQ ×DBQ (2.54)

The variance of the block kriging estimation error was discussed by Isaaks

and Srivstava (1989) and were shown to be:

σ̂2
B = E[zB − ẑB]2

=
1

m2

m∑

k=1

m∑

l=1

Cov(zBk, zBl)− 2

m

m∑

k=1

n∑
j=1

wBj Cov(zBk, zj) +
n∑

i=1

n∑
j=1

wBiwBjCov(zi, zj)

(2.55)

The first term, containing Cov(zBk, zBl) terms, represents the average of all covari-

ances between the m points contained within block B as defined by the variogram

function. The second term, containing Cov(zBk, zj) terms, represents the weighted

average of the covariance between each point within block B (zBk ∈ B), and the

observed random variable of interest (zj) as defined by the variogram function.

The third term, containing Cov(zi, zj) terms, represents the weighted covariances

between all observed random variables as defined by the variogram function .

2.1.11 Cross-Validation

Cross-validation (Stone, 1974) is a technique used to evaluate the accuracy

of a spatial model. Cross-validation cannot prove that the selected spatial model
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is correct, but it can provide indication of model mispecification. Cross-validation

may also be used to compare competing spatial models (Isaaks and Srivastava,

1989). The process of cross-validation is as follows: starting with the sample

data set, one of the observed random variables zj is removed from the data set.

Then, using the selected spatial model, the removed variable is predicted at this

vacated sample location as ẑ−j. The difference between the observed value and

the estimate is defined as the estimation error: e−j = (zj − ẑ−j). In addition, let

the standardized estimation error be defined as

E−j = e−j/σ̂−j (2.56)

in which σ̂2
−j is the kriging variance of the estimation error for ẑ−j and may be

determined using equation 2.24 and considering zj as zk, σ̂2
−j as σ̂2

k, and ẑ−j as ẑk

respectively.

Although these estimation errors are not independent, Chiles and Delfiner

(1999) recommend the estimation errors be inspected for indications of bias, out-

liers, and model mispecification using (1) a scatterplot of e−j versus spatial loca-

tion x, (2) a scatterplot of e−j versus spatial location y, (3) a histogram of the

standardized errors E−j, (4)a q-q plot of E−j, (5) a scatterplot of ê−j versus ẑ−j,

and (6) a scatterplot of ẑ−j versus zj.

Additional research has recommended other applications using these diag-

nostics. Cressie (1993) states (2.56) should have a mean of 0 with the root-mean-

square approximately 1. Meyers (1997) recommends that the e−j should follow a
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symmetric distribution.

2.2 Infill Sampling

Infill sampling is defined as adding additional observations to the existing

data set in an attempt to improve the accuracy of the spatial model. The addition

of n observations to the data set will be made from a pool of N predetermined

infill candidates. It should be noted that the infill research performed thus far has

been in reference to a point kriging formulation (Gao, Wang, Zhao (1996)). The

infill sampling strategy explored in this dissertation will be in reference to a block

kriging formulation.

To establish an infill sampling strategy, it is important to recognize how

the inclusion of these additional observations into the data set influences the

kriging estimates of block mean ẑB and variance of the block estimation errors

σ̂2
B. As stated by Kacewicz (1991), the kriging estimates of mean will be updated

and the variances of the block estimation errors will decrease when additional

samples are incorporated into the kriging system. As discussed in Aspie and

Barnes (1990), updated estimates of the σ̂2
B can be calculated without knowing

the actual measurement of the random variable of interest. This is because the

σ̂2
B depend only on the location of the additional observations and the variogram,

which are known, and not on any measurements of the observed random variables.

Hence, it is unnecessary to predict the random variable of interest at any location
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within the GAI. Given a desired infill sample size (n), different combinations of

these n infill candidates will be added to the data and the standard error of the

block estimation error
√

σ̂2
B will evaluated over the GAI. The ẑB for all blocks

will remain unchanged because the variogram used to predict the block means has

not been modified. However, the standard error of the block estimate
√

σ̂2
B will

decrease in varying degrees based on the chosen combination of infill candidates.

The selection of an optimal infill sample can be a time consuming and

computationally exhausting process. For example, if there is a pool of N = 100

infill candidates and n= 10 infill samples are desired, there are 1.73 × 1013 (100

choose 10) possible infill sample combinations. Hence, an exhaustive search is not

practical and a shorter search algorithm is required.

As an alternative to exhaustive sampling, the Greedy/Sequential Exchange

Algorithm (Aspie and Barnes, 1990) will be used in this dissertation. This al-

gorithm is designed to find a reasonable, if not optimal, solution when time and

computer memory do not allow for an exhaustive search. Consider a situation

where n additional samples are needed and there are N available candidate lo-

cations. Let n < N . The greedy algorithm searches for n locations one at a

time. The algorithm first searches for the one sample location that best meets

the decision criterion. Then, the location that makes the best pair with the first

one is chosen. Next, the sample location that makes the best trio with the first

two is chosen. The greedy algorithm continues in this manner until all n sample



68

locations have been selected. While this algorithm does not guarantee an optimal

solution from the set of N candidate locations, it does provide a good starting

point.

The sequential exchange algorithm searches through k∗n∗N combinations

where k is a small integer. This algorithm starts with the results of the greedy

algorithm. The sequential algorithm proceeds by sequentially optimizing each

of the n candidates while the other n − 1 are fixed at their current locations.

In other words, all (N + 1) − n remaining candidate locations are considered as

the first sample while the 2nd through nth samples are held constant. The first

sample is then set to the location that is found to be optimal in combination with

the current settings for the 2nd through nth samples. Next, the second sample

runs through the (N + 1)− n remaining possible locations while the 1st and 3rd

through n samples are held constant. The second sample is then set to its new

optimal location. This procedure is performed for each of the n samples. After

the sequential algorithm has checked each of the N samples for an improvement,

the new set of optimal locations now becomes the current solution and the process

begins again. In this way, the solution iteratively converges to an answer. After

k iterations, the solution will not be improved upon. The last solution is then

the final answer. The last solution is not necessarily optimal, but it is often quite

close, and is much more efficient than an exhaustive search. If the results of the

greedy algorithm are reasonable, k should be less than 5.
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2.3 Dissimilarity Coefficient

Regardless of the underlying distribution of a data set, the estimates of

two or more block means resulting from the block kriging procedure may not be

considered as independent statistics.

The assumed spatial correlation that exists within the random variables

z(s) violates the statistical independence assumption that is an important re-

quirement for many statistical testing procedures. Hence, before the number and

spatial boundaries of the strata can be determined, it is necessary to develop a

measurement that can quantify the statistical distance and account for the spatial

correlation between the blocks.

Dissimilarities are defined as nonnegative numbers d(i, j) that are small

(close to 0) when objects i and j are “near” to each other and become large

when objects i and j are very “distant”. As discussed by Seber (1984) the most

common dissimilarity measure for measuring the distance between two objects

(dij) is a metric that maps multi-dimensional information onto the real number

line (Rd×Rd: R1) and satisfies the following axioms: (1) d(i, j) ≥ 0, (2) d(i, j) = 0

if and only if i=j, (3) d(i, j) = d(j, i) for all i, j, and (4) d(i, j) ≤ d(i, k) + d(k, j),

for all i, j, and k.

To be considered as a metric, axioms (1) and (2) imply that the dissimi-

larity function is positive definite, axiom (3) implies symmetry, and axiom (4) is

the triangle inequality.
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Jading and Sibson (1971) first used the term “dissimilarity coefficient”

(DC) to describe a dissimilarity function that does not satisfy axioms (2) and (4).

Sibson (1972) states:

A DC thus looks rather like a distance function, or metric. It does

not necessarily have the property that d(x, y) = 0 =⇒ x = y. This

is simply a reflection of the fact that two differently labelled objects

might coincide in their descriptions. The other omission is a much

more significant one: d(x, z) + d(z, y) ≥ d(x, y).

2.4 Cluster Analysis

In order to select an appropriate clustering technique, it is necessary to

first examine the types of available clustering methods within the context of the

data being analyzed. In this dissertation, a clustering method will be selected by

answering three questions.

The first question examined is determining whether a partitioning or hier-

archical clustering method more appropriate for the data. A partitioning method

is used when the number of clusters has been predetermined. In contrast, a hierar-

chical method does not predetermine the number of clusters. Rather, the data is

examined at a varying number of clusters and the “best” clustering arrangement

is selected from all available clusters. The use of cluster diagnostics to select the

“best” clustering arrangement is used. Such cluster diagnostics will be discussed
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later in this dissertation.

The second question examined is a determination of whether an agglom-

erative or divisive method is more appropriate for the data. Within hierarchical

clustering models, there are two basic types: agglomerative and divisive. An ag-

glomerative clustering method starts with each of n objects (blocks) in its own

cluster. Hence, the algorithm begins with n clusters. The algorithm then groups

together the most similar pair of blocks. There are now n − 1 clusters. This

grouping process repeats itself until all clusters are grouped into one large cluster.

In contrast, a divisive method starts with one large cluster of all available objects

(blocks). The most dissimilar cluster is then split off so that there are now two

clusters. This splitting process continues until every object is in its own separate

cluster. Hence, the algorithm ends with n clusters.

The third question examined is determining what type of linkage method

would be most appropriate for the data. Linkage defines the distance between

two clusters that is used in either the grouping or splitting process previously

described. When clusters are split (or grouped), it is the linkage method that

relates these two cluster to each other. For example, a commonly used clustering

method involves a technique known as single linkage (nearest neighbor). If C1

and C2 are two clusters, then the distance between them is defined to the smallest

dissimilarity between a member of C1 and a member of C2 (Sneath [1957], Sokal

and Sneath [1963], Johnson [1967]), namely,
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d(C1)(C2) = min(dij) : Bi ∈ C1, Bj ∈ C2 (2.57)

In addition to single linkage, other commonly used linkage methods such

as group average (average dissimilarity between two clusters), complete linkage

(maximum dissimilarity between two clusters) can be classified as either space

conserving or space distorting.

Some clustering algorithms do not have any options when choosing the

linkage method. Others algorithms have several linkage methods to choose from.

As previously stated, an important issue is to select a linkage method based upon

the context of the data being analyzed. This issue will be examined in more detail

in Section 3.5 of this dissertation.

2.5 Upper Prediction Limits/Upper Percentiles of Kriging Estimates

The 95% upper confidence limit for the mean (UCL) is a statistic that

is commonly used by environmental regulatory agencies (MDEQ 2002). How-

ever, present research has not yet provided a theoretically complete estimation

of a UCL based upon kriging statistics. Instead, an estimate of the 95% up-

per prediction limit will be provided in this dissertation for normally distributed

and non-parametric random variables. An estimate of the 95th percentile will be

provided for lognormally distributed random variables.
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2.5.1 Normally Distributed Random Variables

Let the observed second order stationary random variables zj : j = 1 to n

have a multivariate normal distribution Z where µ is an (n x 1) vector of identical

means and Σ is an (n x n) variance/covariance matrix described as follows:



Cov(z1, z1) . . . Cov(z1, zn)

...
. . .

...

Cov(zn, z1) . . . Cov(zn, zn)




(2.58)

where Σ is symmetric and Cov(zi, zj) represent the covariance between existing

zi, zj observations as defined by (2.8).

Recall from (2.36) that the block kriging estimate of a block mean ẑB =

∑n
j=1 wBjzj is a linear function of the n random variables in the vector Z′ =

(z1, ..., zn), where Z has a multivariate normal distribution. Hence, an estimate

of the block mean w′
BZ =

∑
wBjzj, is normally distributed with mean w′

B µ and

variance w′
BΣwB, where w′

B = (wB1 , ..., wBn).

Assuming the observed data are normally distributed, Cressie (1993, p.

122) discusses the estimation of the 95% upper prediction limit based on kriging

estimates. Using this discussion, the 95% upper prediction limit for zB, the block

mean under the assumption of normality, may be written as:

UPBN = ẑB + 1.645
√

σ̂2
B (2.59)

where ẑB is the estimate of block mean as defined by (2.36) and σ̂2
B is the variance

of the estimation error as defined by (2.55).
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2.5.2 Lognormally Distributed Random Variables

Recall in Section 2.1.3 that zj : j = 1 to n may follow a lognormal dis-

tribution and a loge transformation of zj may be a necessary step in the spatial

modelling process. If a loge transform of the zj is taken, estimates of mean pro-

vided by the ordinary, universal, or block kriging procedures will be based on

loge units, not on original units. This type of estimation procedure is known as

lognormal kriging. As stated by Vann and Guibel (1998):

If the data are truly lognormal, then it is possible, by taking the log,

and assuming that the resulting values are multigaussian, to perform

a lognormal kriging.

Hence, by taking a loge transform of zj : j = 1 to n the data may be

assumed to be multivariate normally distributed and the properties discussed in

Section 2.5.1 are repeated here. Let Z∗ = logeZ such that Z∗ is multivariate

normally distributed with mean µ∗ and variance/covariance matrix Σ∗ as defined

in Section 2.5.1.

Thus, an estimate of block mean w′
BZ∗ =

∑
wBjz

∗
j , is normally distributed

with mean w′
B µ∗ and variance w′

BΣ∗wB, where w′
B = (wB1 , ..., wBn).

In order to express the lognormal kriging block estimates in original units,

a back-transformation of these (loge) based kriging estimates is necessary. A

95% upper prediction limit for zB, the block mean, under the assumption of
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lognormality may be written as:

UPBL = exp
(
ẑ∗B + 1.645

√
σ̂2∗

B

)
(2.60)

where ẑ∗B is the estimate of block mean as defined by (2.36) resulting from the

lognormal kriging procedure and σ̂2∗
B is the variance of the estimation error as

defined by (2.55) resulting from the lognormal kriging procedure.

2.5.3 Non-Parametric Random Variables

If the observed second order stationary data zj do not follow either a normal

or lognormal distribution, a non-parametric prediction interval may be considered.

Helsel and Hirsch (1993) describe a one-sided 100(1− α)% nonparametric

upper prediction interval:

UPNP = Z(
[1−α]×(n+1)

) (2.61)

which is calculated from the ordered array (Z1, ..., Zn) of the observed data Z,

where α represents the error risk, and n is the sample size.



CHAPTER III

Spatial Strata Modelling Method

3.1 Block Design

The first step in the Spatial Strata Modelling (SSM) method is to construct

a square grid that will overlay the Geographic Area of Interest (GAI). In some

cases, the GAI may be irregularly shaped. The grid must be of sufficient size to

completely cover the GAI. The grid will consist of non-overlapping blocks square

(B) of uniform size (L× L).

The decision to use blocks in SSM, rather than individual points, is based

on considering the context of the data. In most situations, it is not practical to

assume the data being analyzed will come from a preconceived sampling plan. For

this reason, SSM is designed to be used on observational study data. Such data

may not be from an apriori sampling plan.

Chiles and Delfiner (1999) demonstrate that among a gridded, stratified,

or random sample plan that σ2
grid ≤ σ2

strat ≤ σ2
rand where σ2 refers to the variance

of the estimation error resulting from a spatial model. The subscripts respectively

refer to: (1) a gridded sampling plan in which the samples are taken at the nodes

of a regular grid with square cells, (2) a stratified sampling plan in which the GAI

is divided into N similar disjoint zones of influence. Within each zone of influence,

76
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a sample is selected at random, and (3) a random sampling pattern over the GAI.

Given that a random sample may result from observational study data,

other alternatives are considered to lower a spatial model’s variance of estimation

error. The use of block averages, rather than individual points, has been demon-

strated to provide lower error variances and is verifiable from models discussed

by Whittle (1962) and Modjeska and Rawlings (1983). Further, the development

of an infill sampling design, as discussed in Section 3.2, may be considered as a

method for lowering the model’s variance of estimation error.

The determination of a block size (L × L) is a non-trivial problem. For

example, the default prediction grid used by the software S-Plus c© is the range of

the spatial locations (xmax − xmin) and (ymax − ymin) divided across 30 evenly

spaced points in both x and y directions. In the case of a designed experiment,

the size and spacing of the prediction grid could be determined apriori based

on the context of the investigation (Chiles and Delfiner, 1999, Channel Tunnel).

However, in the case of an observational study, the literature tends to ignore the

issue of grid spacing for estimation purposes.

In order for SSM to be a repeatable methodology, a criterion to deter-

mine block size (L) is necessary. The block width L may be considered like a

histogram bin width, since all of the square blocks (B) are of uniform size and

non-overlapping. A data set that is to be spatially modelled will contain the spa-

tial location of the samples (x,y)∈ s and the value of the random variable z(s) for
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that specific spatial location. Since this spatial location is two dimensional and

the blocks are two dimensional and square, two estimates of histogram bin width

(Freedman and Diaconis, 1981) are calculated as follows:

Lx = 2Rxn
−1/3

Ly = 2Ryn
−1/3

In which Rx and Ry are the interquartile ranges of x and y respectively and n is

the sample size of the data set. The minimum of Lx and Ly will be selected as

the block width L.

L = min(Lx, Ly) (3.1)

3.2 Infill Sampling Strategy

Let N be considered as all possible infill points (candidates) within the

GAI. Let n be the number of infill samples chosen from the N candidates. In

order to recommend an in-fill sampling strategy, it is necessary to choose an

evaluation method to compare the MinMean, MinMed, MinMax, and MinVar

sampling algorithms.

Recall that by using the spatial model and original data set, the variance of

the block estimation error (
√

σ̂2
B) was determined for each block in the GAI. Four

summary statistics (mean, median, maximum, variance) for all σ̂2
B are determined.

Further recall that
√

σ̂2
B will decrease when additional samples are incorporated

into the spatial model. The amount of decrease in
√

σ̂2
B is specific to each block,
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depending upon the spatial locations of the additional infill samples. Using the

greedy sequential exchange algorithm, four different combinations of n infill sam-

ples will be chosen. Each of these four infill samples will be chosen based on one

of the following criteria: (1) minimize the mean of all
√

σ̂2
B(MinMean algorithm),

(2) minimize the median of all
√

σ̂2
B (MinMed algorithm), (3) minimize the max-

imum of all the
√

σ̂2
B (MinMax algorithm), and (4) minimize the variance of all

√
σ̂2

B (MinVar algorithm).

Using each algorithm, the infill samples will be added to the original data

and updated summary statistics (mean, median, maximum, variance) for all
√

σ̂2
B

will be calculated. Each of these revised summary statistics will be ranked against

the same summary statistic obtained by the other algorithms. The ranking will

range from 1 (lowest) to 4 (highest) for each summary statistic.

For example, let n additional observations to be added to the original data

set from a candidate pool of N . Using a chosen spatial model, the n additional

sample locations that provide the smallest mean of all the
√

σ̂2
B will be added to

the original data. The updated mean of the
√

σ̂2
B is determined, as well as the

median, maximum, and variance of the updated
√

σ̂2
B. Returning these n samples

to the original data set, the MinMed algorithm is performed and the n additional

sample locations that provide the smallest median of
√

σ̂2
B will be added to the

original data. The updated mean of
√

σ̂2
B is determined, as well as the median,

maximum, and variance of the updated
√

σ̂2
B. The MinMax and MinVar algo-
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rithms are also similarly executed with the updated summary statistics of
√

σ̂2
B

recorded. The results of four decision algorithms, each with four summary statis-

tics of the updated
√

σ̂2
B are now compared to each other. The algorithms will

be ranked 1 (lowest) through 4 (highest) for each of the four summary statistics.

The algorithm with the lowest total rank will be chosen as the optimal decision

algorithm for n infill samples. An example of this ranking procedure is given in

Table 2. The results in Table 2 show the mean algorithm (MinMean) as having

Table 2. Algorithm Ranking Example

Algorithm
√

σ̂2
B

√
σ̂2

B

√
σ̂2

B

√
σ̂2

B Rank

↓ Mean Rank Med. Rank Max. Rank Var. Rank Total

MinMean 10 1 10 2 20 2 2 2 7

MinMed 12 2 8 1 40 4 3 3 10

MinMax 15 3 15 4 10 1 10 4 12

MinVar 20 4 12 3 30 3 1 1 11

the lowest mean, the second lowest median, the second lowest maximum, and the

second lowest variance. With a rank total of 7, the MinMean algorithm would

be selected as the optimal decision algorithm for this particular sample size. The

MinMed algorithm, with a total rank of 10 would be next. The MinVar algorithm

would be third best, followed by the MinMax algorithm.

Using the Greedy/Sequential Exchange Algorithm, the MinMean, Min-
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Med, MinMax, and MinVar infill algorithms will be repeated over different infill

sample sizes. For each sample size, the infill algorithm with the lowest rank total

will be chosen as the optimal algorithm. In this dissertation, approximately 5%,

10%, and 15% of the original data points will be added to determine not only the

optimal decision algorithm, but to determine if a universally optimal algorithm

exists. A universally optimally decision algorithm would be one that is optimal

for all evaluated infill sample sizes.

3.3 Block Covariance

Using techniques outlined in Section 2.1.10, the weights necessary to esti-

mate the block means ẑB and estimation of the variance of the block estimation

error σ̂2
B are determined. An additional statistic that will be used in calculating

the SSM dissimilarity coefficient (Section 3.4) is an estimation of the covariance of

the block estimation error γ̂(zBi
, zBj

). Since the covariance of a random variable

with itself is the variance, the derivation of γ̂(zBi
, zBj

) is a generalized version of

σ̂2
B. However, the literature does not derive this statistic so γ̂(zBi

, zBj
) will be

introduced in this dissertation.

Theorem 3.3.1. Under the conditions of a stationary random process as stated

in (2.1), (2.2), and (2.4), the estimated covariance of a block B1 estimation error

with any other distinct arbitrary block B2 estimation error is:
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γ̂(zB1 , zB2) =
1

m1m2

m1∑

k=1

m2∑
j=1

Cov(zB1k
, zB2j

)− 1

m1

m1∑

k=1

n∑
i=1

wB1i
Cov(zB1k

, zi)

− 1

m2

m2∑
j=1

n∑
i=1

wB2i
Cov(zB2j

, zi) +
n∑

i=1

n∑

l=1

wB1i
wB2l

Cov(zi, zl) (3.2)

where zB1k
: k = 1, ..., m1 and zB2j

: j = 1, ..., m2 refer to the m1 and m2 points

contained within Blocks B1 and B2 respectively, and Cov(zB1k
, zB2j

) is the covari-

ance between the point zB1k
in Block B1 and the point zB2j

in Block B2 as defined

by the variogram function. The weights wB1i
and wB2i

refer to the block kriging

weights assigned to observed data point zi in order to estimate zB1 and zB2 , re-

spectively. Cov(zB1k
, zi) and Cov(zB2j

, zi) are the covariances between observed

data points zi and the point zB1k
in Block B1 and zB2j

in Block B2 respectively,

as defined by (2.40). Cov(zi, zl) is the covariance between the observed data zi

and zl as defined by the variogram function.

Proof:

The covariance of the block estimation error with any other block estimation error

for a second order stationary random process can be written as:

γ̂(zB1 , zB2) = E[zB1 − ẑB1 ][zB2 − ẑB2 ]

= E[zB1zB2 ]− E[zB1 ẑB2 ]− E[zB2 ẑB1 ] + E[ẑB1 ẑB2 ]

= Cov(zB1 , zB2) + E[zB1 ]E[zB2 ]− Cov(zB1 , ẑB2)− E[zB1 ]E[ẑB2 ]

− Cov(zB2 , ẑB1)− E[zB2 ]E[ẑB1 ] + Cov(ẑB1 , ẑB2) + E[ẑB1 ]E[ẑB2 ]

(3.3)
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By (2.39), E[zB1 ] = E[ẑB1 ] = E[zB2 ] = E[ẑB2 ] = µ. Hence,

γ̂(zB1 , zB2) = Cov(zB1 , zB2) + µ2 − Cov(zB1 , ẑB2)− µ2

− Cov(zB2 , ẑB1)− µ2 + Cov(ẑB1 , ẑB2) + µ2

= Cov(zB1 , zB2)− Cov(zB1 , ẑB2)− Cov(zB2 , ẑB1) + Cov(ẑB1 , ẑB2)

(3.4)

Using (2.37), the first term of (3.4) can be written as:

Cov(zB1 , zB2) = Cov

[
1

m1

m1∑

k=1

zB1k
,

1

m2

m2∑
j=1

zB2j

]

= E

[
1

m1

m1∑

k=1

zB1k

1

m2

m2∑
j=1

zB2j

]
− E

[
1

m1

m1∑

k=1

zB1k

]
E

[
1

m2

m2∑
j=1

zB2j

]

=
1

m1m2

m1∑

k=1

m2∑
j=1

(
E[zB1k

zB2j
]− E[zB1k

]E[zB2j
]

)

=
1

m1m2

m1∑

k=1

m2∑
j=1

Cov(zB1k
, zB2j

) (3.5)

which is the average of all covariances between the points zB1k
∈ Block B1 and

zB2j
∈ Block B2 as defined by the variogram.

Using (2.36) and (2.37) the second term of (3.4) can be written as:

Cov(zB1 , ẑB2) = Cov

[
1

m1

m1∑

k=1

zB1k
,

n∑
i=1

wB2i
zi

]

= E

[
1

m1

m1∑

k=1

zB1k

n∑
i=1

wB2i
zi

]
− E

[
1

m1

m1∑

k=1

zB1k

]
E

[
n∑

i=1

wB2i
zi

]

=
1

m1

m1∑

k=1

n∑
i=1

wB2i

(
E[zB1k

zk]− E[zB1k
]E[zi]

)

=
1

m1

m1∑

k=1

n∑
i=1

wB2i
Cov(zB1k

, zi) (3.6)
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which is the average of the weighted covariances between the m1 points zB1k
∈ B1

and the observed data values zi.

The third term of (3.4) is identical to the second term, except for the notation,

and can be written as:

Cov(zB2j
, ẑB1) =

1

m2

m2∑
j=1

n∑
i=1

wB1i
Cov(zB2j

, zi) (3.7)

which is the average of the weighted covariances between the m2 points zB2j
∈ B2

and the known values zi.

Finally, using (2.36), the fourth term of (3.4) can be written as:

Cov(ẑB1 , ẑB2) = Cov

[
n∑

i=1

wB1i
zi,

n∑

l=1

wB2l
zl

]

= E

[
n∑

i=1

wB1i
zi

n∑

l=1

wB2l
zl

]
− E

[
n∑

i=1

wB1i
zi

]
E

[
n∑

l=1

wB2l
zl

]

=
n∑

i=1

n∑

l=1

wB1i
wB2l

(
E[zizl]− E[zi]E[zl]

)

=
n∑

i=1

n∑

l=1

wB1i
wB2l

Cov(zi, zl) (3.8)

which is the sum of the n2 weighted covariances between the existing observed

data points zi and zl.

Combining all four terms, the expression for the estimate of the covariance

of the block estimation error given in (3.2) is:

1

m1m2

m1∑

k=1

m2∑
j=1

Cov(zB1k
, zB2j

)− 1

m1

m1∑

k=1

n∑
i=1

wB1i
Cov(zB1k

, zi)

− 1

m2

m2∑
j=1

n∑
i=1

wB2i
Cov(zB2j

, zi) +
n∑

i=1

n∑

l=1

wB1i
wB2l

Cov(zi, zl)
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3.4 Dissimilarity Coefficient

A dissimilarity coefficient (DC) comparing the statistical distance between

two spatially estimated blocks selected from the GAI is defined as follows:

Definition 3.4.1. dij is a dissimilarity coefficient (DC) between Blocks Bi and Bj

and is expressed as:

for i = j : dij = 0

for i 6= j : dij =
∣∣∣(ẑBi

− ẑBj
)
∣∣∣
/√

σ̂2
Bi

+ σ̂2
Bj
− 2γ̂(zBi

, zBj
) (3.9)

Recall from (2.36) that ẑB =
∑

wBj
zj is the estimate of block mean and that the

estimate of block error variance σ̂2
B may be determined using (2.55). In addition,

γ̂(zBi
, zBj

) may be determined using (3.2).

A review of the mathematical properties of dij will now be considered.

Recall the axioms stated in Section 2.3 of this dissertation.

Axiom 1: dij ≥ 0, all i, j in Rd.

By definition, dij will always be greater than or equal to 0.

Axiom 1 is satisfied.

Axiom 2: dij = 0 if and only if i = j.

Let two different blocks (i 6= j) have the same estimated mean. Thus,

ẑBi
= ẑBj

and dij = 0. Since dij = 0 when i 6= j the axiom is violated.
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Axiom 2 is not satisfied

Axiom 3: dij = dji, all i, j in Rd.

Recall that an isotropic variogram function is used to determine the com-

ponents of dij. Further recall than an isotropic variogram function depends

only on the separation distance h and not on the direction of h. Hence, an

interchange of i and j does not change the separation distance h and thus

will have no effect on dij

Axiom 3 is satisfied.

Axiom 4: dij ≤ dik + dkj, all i, j, k

In order to contradict dij ≤ dik + dkj it must be shown that conditions

may exist in which dij > dik + dkj. In other words, the maximum distance

measurement between two blocks is greater than the sum of the two smaller

distances measurements. Recall from the investigation of infill strategy that

Aspie and Barnes (1990) discussed that kriging standard error is determined

only by the sample locations and the variogram, which are known, and not

on the random variables z(s). Recall the dissimilarity coefficient:

for i = j : dij = 0

for i 6= j : dij =
∣∣∣(ẑBi

− ẑBj
)
∣∣∣
/√

σ2
Bi

+ σ2
Bj
− 2γ̂(zBi

, zBj
)
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which contains an estimate of block mean (ẑB =
∑

wBj
zj) in the numerator

and a function of the estimation of error variance σ2
B in the denominator.

It can be demonstrated that a kriging model exists in which the triangle

equality is violated using the dissimilarity coefficient definition given in (3.9).

This violation is illustrated in the following example:

Kriging Model Example: Violation of Triangle Inequality for dij

Let Figure 6 depict Z(s) : s ∈ V1 ⊂ R2, the realization of a random process

observed on a plot of land V1 that is being evaluated. Let (B1, B2, B3) be

three blocks of interest. To simplify things, let there be only three data

points z(s) : (z1, z2, z3) that are shown on Figure 6 with spatial location

(x, y) and COC concentration z(s) as indicated in Table 3. Let the variogram

for V1 be chosen to be an exponential model with a range of 3, a sill of 1,

and a nugget of 0. Clearly, all of these conditions are possible.

Figure 6. Data Points and Blocks of Interest

B

B

B

0 21

3

6

111

2

5

4

1 20

B

B

B

3

ZZ Z

3

B1

B

B

3

0 21

4

5

2

111

6

3

1 20

2B

B

B

1 2 3



88

Table 3. Data Points - Spatial Location and COC Concentration

Point Location COC Concentration

(x, y) z(s)

z1 (.5,1.5) 5

z2 (2,1.5) 2

z3 (3.5,1.5) 1

The estimate of block means (ẑB1 , ẑB2 , ẑB3) are given in Table 4. The vari-

Table 4. Block Means

Block ẑB

1 3.00

2 1.76

3 2.85

ance/covariance matrix of the estimation errors for all three blocks is shown

in Table 5. From these tables, it can be shown that:

Table 5. Block Covariances

Block 1 2 3

1 .121 -.110 -.0898

2 .121 -.0697

3 1.26
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d12 = 1.82, d13 = .120, and d23 = .869. Clearly d12 > d13 + d23 and the

triangle equality is violated.

Axiom 4 is not satisfied for this model.

In summary, for the dissimilarity coefficient dij defined in (3.9) axiom (1) and

axiom (3) are satisfied; axiom (2) and axiom (4) are not satisfied. Hence, dij is not

a metric and must be given a different classification. Jading and Sibson (1972) first

used the term “dissimilarity coefficient” (DC) to describe a dissimilarity function

that does not satisfy axioms (2) and (4). Sibson (1972) states:

A DC thus looks rather like a distance function, or metric. It does not

necessarily have the property that

d(x, y) = 0 =⇒ x = y;

this is simply a reflection of the fact that two differently labelled ob-

jects might coincide in their descriptions. The other omission is a

much more significant one:

d(x, z) + d(z, y) ≥ d(x, y).

Sibson (1972) further argues that the triangle inequality forces consideration of

adding DC values, and it may not be possible to do that. Sibson points out that

just because a DC is a number, there is no reason to assume that all operations
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performed on any set of numbers may be performed on the DC. Hence, Sibson

states that the triangle inequality is not an essential requirement. For these rea-

sons, the term dissimilarity coefficient (DC) was created and the dij dissimilarity

coefficient given in (3.9)will be considered as such.

3.5 Cluster Analysis

Let dij = [D] , a b × b matrix containing the dij between all pairwise

“b” blocks defined in Section 3.4. It is necessary to determine the number and

boundaries of similar levels of COC concentrations within the GAI. This will be

accomplished by choosing an appropriate clustering technique on [D] and grouping

the blocks into one of n ≥ 1 cluster(s).

In order to select an appropriate clustering technique, the types of available

clustering methods should be considered within the context of the data. Recall

the questions posed in Section 2.4:

1. Is a partitioning or hierarchical clustering method more appropriate for the

data?

Examining this question in the context of the data, there is clearly no apriori

knowledge of the number of clusters in the arsenic data. From Figure 1.3.3

the southeast area of Michigan has arsenic levels that are higher than the

other areas, but determining how many unique clusters exist is an important

issue of this dissertation. Hence, a hierarchical model will be chosen.
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2. Is an agglomerative or divisive method more appropriate for the data?

In examining this question within the context of the data, recall Section 2.1.2.

It was stated that Z(s) : s ∈ G(arsenic data) represents the realization of

a random process observed at a GAI. Further recall Section 2.1.3 in which

COCs often follow a lognormal distribution. Intuitively, it might be con-

cluded that since the random variables come from the same distribution

that a divisive method might be more appropriate. The random variables

are not being grouped in order to create a distribution, the distribution al-

ready exists and the random variables from this particular distribution are

being partitioned into groups. If a parametric distribution were partitioned

based on its quantiles (Min − Q1, Q1 − Q2, Q2 − Q3, Q3 − Max), a type

of divisive method would be utilized since an existing distribution is being

considered.

3. What type of linkage method would be most appropriate for the data?

Again, within the context of the arsenic data, the concept of a block should

be considered. It has already been determined that dij is a function of

the kriging estimates of block mean and variance/covariance of the block

estimation errors for block Bi and Bj. Recall that a block is made up of an

infinite number of points, but that m = 16 points were chosen to represent

a block. As shown in (2.38), the average of the individual points within a

block were used to determine the estimate of block mean. Similarly, (2.40)
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shows that the average of the covariances between all zk ∈ B and zj, was

used to represent the covariance between block B and the observed random

variables zj. Further recall in Section 3.1, in which a method was introduced

to determine the block size L. The method is reasonable, but still arbitrary.

As shown in Figure 7, if block size L were increased, the 4 blocks shown could

Figure 7. Increase in Block Size

4 Blocks 1 Block

be theoretically transformed into the larger block shown. Thus, the spatial

model could be reconfigured to calculate ẑB as the average of all points

contained in this single larger block. Hence, it seems reasonable that using

an average to represent a cluster’s dissimilarity is consistent with utilizing

a block to model the random process.

In summary, the appropriate clustering method should meet the following

requirements: (1) the clustering method should analyze the dissimilarity between

objects, since dij, as defined in (3.9), is a measurement of dissimilarity, (2) the

clustering method should be a hierarchical clustering method, since the number
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of clusters is not known apriori, (3) the clustering method should use a divisive

technique, since the random process Z(s) will very often follow a lognormal dis-

tribution, and (4) the clustering method should use an average linkage method,

since a block is represented as an average of its individual points.

Kaufman and Rousseeuw (1990) have provided numerous modern tech-

niques for cluster analysis. These stand-alone Fortran programs were collectively

known as the library CLUSFIND. Struyf, Hubert, and Rousseeuw (1997) have

incorporated these programs into the software S-Plus c© as executable functions.

Of these S-Plus functions, the clustering algorithm Diana appears to meet all four

of the stated requirements.

As discussed in Struyf, Hubert, and Rousseeuw (1997), Diana is a divisive

hierarchical method. The initial clustering (at step 0) consists of one large cluster

containing all n objects. In each subsequent step, the cluster C with largest di-

ameter (defined as diam(C) := maxi,j∈C d(i, j)) is split into two smaller clusters.

The method is further described in Struyf, Hubert, and Rousseeuw (1997) and

consists of the following five steps:

1. Split up cluster C into two clusters A and B. At first cluster A := C and

cluster B := ∅.

2. For each object i ∈ A, calculate a(i), the average dissimilarity to all other

objects of A. The block B of A for which a(B) is the largest is moved to B:
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3. Calculate a(i) for all i ∈ A, and the average dissimilarity of i to all objects

of B, denoted as d(i, B). Select the object h ∈ A that a(h) − d(h,B) =

maxi∈A(a(i)− d(i, B)).

4. If a(h) − d(h,B) > 0 → move h from A to B and repeat step 2. In other

words, the object moved from A to B is more dissimilar to A than to B.

5. If a(h)− d(h,B) ≤ 0 → the process stops. Keep A and B as they are now.

To assist in the evaluation of different cluster sizes, Diana provides a clus-

tering tree and a clustering banner. A clustering tree defines the cluster mem-

bership at g : g = 1 to n clusters. A clustering banner provides the divisive

coefficient (Rousseeuw 1986), which measures the cluster structure of the data

set. For each object i, denote by d(i) the average dissimilarity of the last cluster

to which it belongs (before being split off as a single object) divided by the average

dissimilarity of the whole data set. The divisive coefficient is then defined as the

average of all d(i) or the average amount of coverage (blackness) on the banner

plot. A very pronounced structure implies that the diameter of the entire data

set is much larger than the diameters of the individual clusters, leading to a wide

banner. Since the width of the banner reflects the strength of the clustering, a

higher divisive coefficient indicates better clustering structure.

Since neither the tree diagram nor clustering banner provides the “best”

number of clusters, this issue must be explored further. A criterion proposed by

Calinski and Harabasz [1974] seeks to compare the between cluster sum of squares
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versus the within cluster sum of squares as follows:

C =
(
B/(g − 1)

)/(
W/(b− g)

)
(3.10)

in which:

B =
∑g

i=1 ai(ẑBi.
− ẑB..)

2 = sum of squares between clusters in which ẑBi. repre-

sents the average of the block estimates (ẑBj
) for all blocks Bj ∈ Cluster Ci, ẑB..

represents the average of the block estimates over the entire GAI, ai represents

the total number of blocks Bj ∈ Cluster Ci, and

W =
∑g

i=1

∑ai

j=1(ẑBij
− ẑBi.

)2 = sum of squares within clusters in which ẑBij

represents the individual blocks Bj ∈ Cluster Ci, g = total number of clusters,

and b = the total number of blocks.

A value of C increasing monotonically with g suggests no cluster struc-

ture, whereas C decreasing monotonically with g suggests a hierarchical structure.

When C rises to a maximum at g this suggests the presence of g clusters.

3.6 Strata - Spatially Weighted Clusters

Recall that the grid discussed in Section 3.1 is being overlayed on an ir-

regularly shaped GAI. Hence, if a cluster contains blocks that are not 100% filled

with GAI area, those blocks must be spatially weighted by their contribution to

their cluster’s total land area.
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Utilizing Arc/Info c©, a GIS software package, the quantity of geographic

area contained in each block may be calculated. Knowing the block membership

of each cluster allows a determination of the percent contribution by each block

contained in a particular cluster. This percentage will define a spatial weight vi.

Definition 3.6.1. A spatial weight vi for Block i may be expressed as:

vi = A[Bi]

/
b∑

i=1

A[Bi] : Bi ∈ C (3.11)

such that
b∑

i=1

vi = 1.

The spatial weight vi is the percent contribution of each Block i’s area to that

block’s total cluster area. In addition, A[Bi] = the area of block Bi, b is the

number of blocks contained in Cluster C, and
∑b

i=1 A[Bi] = the total area of

cluster C.

Definition 3.6.2. A stratum S is a cluster (C) resulting from a second order sta-

tionary random process with spatially weighted estimates of mean and variance.

The spatial weights are defined by Definition 3.6.1. The geographic boundaries of

the stratum are defined by the cluster’s member blocks (Bi ∈ C ≡ S).

Definition 3.6.3. A stratum mean (zS) is expressed as

zS =
b∑

i=1

vizBi
: Bi ∈ C ≡ S

in which the block spatial weights vi are defined by Definition 3.6.1 and cluster

(C) member blocks Bi are defined by (2.38).
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Definition 3.6.4. An estimate of stratum mean (ẑS) is expressed as

zS =
b∑

i=1

viẑBi
=

b∑
i=1

n∑
j=1

viwBij
zj : Bi ∈ C ≡ S

in which spatial weights vi are defined by Definition 3.6.1, ẑBi
is defined by (2.39),

wBij
are the block kriging weights for observed data point zj used to estimate

Block i.

Theorem 3.6.1. Under the conditions of a stationary random process as stated

in Section 2.1.1, the expected value of a stratum E[zS] = µ

Proof:

E[zS] = E
[ b∑

i=1

vizBi

]

It has already been shown by (2.39) that E[zB = µ]. Thus:

E[zS] =
b∑

i=1

viµ .

Since by Definition 3.6.1

b∑
i=1

vi = 1,

it follows that:

E[zS] = µ.
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Theorem 3.6.2. Under the conditions of a stationary random process as stated

in Section 2.1.1, the estimate of stratum mean ẑS is an unbiased estimator of zS,

the stratum mean.

Proof:

E
[
ẑS

]
= E

[ b∑
i=1

viẑBi

]

= E
[ b∑

i=1

vi

n∑
j=1

wBij
zj

]

where vi is the spatial weight for Block i and wBij
are the block kriging weights

for observed data point zj used to estimate Block i. Hence,

E
[
ẑS

]
=

b∑
i=1

vi

n∑
j=1

wijE[zj]

Because of stationarity (2.1), E[zj] = µ. Thus:

=
b∑

i=1

vi

n∑
j=1

wBij
µ

Since by Definition 3.6.1 and (2.44),
∑

vi =
∑

wBij
= 1,

E
[
ẑS

]
= µ (3.12)

Using these definitions and theorems, it is now possible to derive the esti-

mate of the variance of the stratum estimation error.
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Theorem 3.6.3. Under the conditions of a stationary random process as stated

in Section 2.1.1, the variance of a stratum’s estimation error σ̂2
S is defined as:

Var(ẑS) =
b∑

i=1

b∑
j=1

vivjCov(zBi
, zBj

)− 2
b∑

i=1

b∑
j=1

vivjCov(zBi
, ẑBj

) +
b∑

i=1

b∑
j=1

vivjCov(ẑBi
, ẑBj

)

(3.13)

where b is the number of blocks used to represent a stratum, Cov(zBi
, zBj

) is

shown as (3.5), Cov(zBi
, ẑBj

) is shown as (3.6), and Cov (ẑBi
, ẑBj

) is shown as

(3.8).

Proof:

Let σ̂2
S = E(zS − ẑS)2 where zS is the true stratum mean as given by Defini-

tion 3.6.3 and ẑS is an unbiased estimate of zS as defined by (3.6.4). It can then

be shown that:

σ̂2
S = E[zS − ẑS]2

= E[zS]2 − 2E[zS ẑS] + E[ẑS]2

= Var(zS) + E[zS]2 − 2Cov(zS, ẑS)− 2E[zs]E[ẑS] + Var(ẑS) + E[ẑS]2

= Var(zS) + µ2 − 2Cov(zS, ẑS)− 2µ2 + Var(ẑS) + µ2

= Var(zS)− 2Cov(zS, ẑS) + Var(ẑS) (3.14)
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The first term to the right of the equal sign in (3.14) is the variance of zS.

Var(zS) = Var
∑

vizBi

Var(zS) =
b∑

i=1

b∑
j=1

vivjCov(zBi
, zBj

)

where Cov(zBi
, zBj

) can be evaluated using (3.5) for blocks Bi and Bj.

The second term to the right of the equal sign in (3.14) is the covariance

between stratum zS and its estimate ẑS. Using the stated Definitions (3.6.3) and

(3.6.4), it can be shown that:

Cov(zS, ẑS) = Cov
( ∑

vizBi
,
∑

viẑBi

)

=
b∑

i=1

b∑
j=1

vivjCov(zBi
, ẑBj

)

(3.15)

where vi and vj are the spatial weights assigned to the blocks. The expression

Cov(zBi
, ẑBj

) can be evaluated using (3.6) for blocks Bi and Bj.

The third term to the right of the equal sign in (3.14) is the variance of ẑs.

Using Definition 3.6.4, it can be shown that:

Var(ẑS) = Var
( ∑

viẑBi

)

=
b∑

i=1

b∑
j=1

vivjCov(ẑBi
, ẑBj

)

(3.16)

where Cov (ẑBi
, ẑBj

) can be evaluated using (3.8) for blocks Bi and Bj, replacing

blocks B1 and B2.
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Combining these three terms, the variance of a stratum’s estimation error

can be expressed as given in (3.13) as:

Var(ẑS) =
b∑

i=1

b∑
j=1

vivjCov(zBi
, zBj

)− 2
b∑

i=1

b∑
j=1

vivjCov(zBi
, ẑBj

) +
b∑

i=1

b∑
j=1

vivjCov(ẑBi
, ẑBj

)

3.7 Default Standards of Stratum Estimates

Within the context of this dissertation, there are three types of observed

data that may be evaluated by SSM: (1) normally distributed random variables,

(2) lognormally distributed random variables, and (3) non-parametric: random

variables determined to be neither normally nor lognormally distributed. Using

the results of SSM, each of these three types of data will now be examined in

order to provide estimates of a stratum’s upper default standard.

3.7.1 Normally Distributed Random Variables

Let the observed data zj follow a multivariate normal distribution as de-

scribed in Section 2.5.1. Recall in this section that it was shown that an estimate

of block mean ẑB = w′
BZ =

∑
wBjzj, is normally distributed with mean w′

Bµ

and variance w′
BΣwB.

Using Definition 3.6.4, an estimate of a stratum mean

zS =
b∑

i=1

viẑBi
=

b∑
i=1

n∑
j=1

viwBij
zj : Bi ∈ C ≡ S

where vi is the spatial weight for Block i and wBij
are the block kriging weights for

observed data point zj used to estimate Block i in the stratum. Definition 3.6.4
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may also be considered in matrix form as (v′W′)Z where v is a (b x 1) vector of

spatial weights, W is a (n x b) matrix of all b block kriging weights assigned to

each of the n observed random variables, and Z is a (n x 1) vector of the observed

random variables. Hence the stratum estimate ẑS = (v′W′)Z is a weighted linear

combination of the observed random variables and will be normally distributed

with with mean (v′W′) µ and variance (v′W′)Σ(v′W′)′.

Using (2.59), it follows then that an estimate of the 95% upper prediction

limit for a stratum, under the assumption of normality, may be expressed as:

ÛP SN = ẑS + 1.645
√

σ̂2
S (3.17)

where ẑS the estimate of stratum mean and is defined by Definition 3.6.4, and

(σ̂2
S) is the variance of the stratum estimation error defined by (3.13).

3.7.2 Lognormally Distributed Random Variables

For lognormally distributed data, the estimate of the 95th percentile of a

lognormally distributed stratum is expressed as:

ÛP SLN = exp
(
ẑ∗S + 1.645

√
σ̂2∗

S

)
(3.18)

where ÛP SLN is the back-transformed estimate of the 95th percentile from a log-

normally distributed stratum, ẑ∗S is the estimate of loge transformed stratum mean

defined by theorem 3.6.2 resulting from the lognormal kriging procedure and σ̂2∗
S )

is the variance of the stratum estimation error defined by (3.13), substituting loge
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transformed random variables σ̂∗2S for σ2
S, etc. resulting from the lognormal kriging

procedure

3.7.3 Non-Parametric Default Standard

Let the observed random variables zj follow neither a normal nor a lognor-

mal distribution. The results of the cluster analysis discussed in Section 3.5 will

identify the block membership for each cluster. By knowing the block member-

ship for each cluster, by definition 3.6.2, the spatial boundaries for each stratum

are determined. In order to estimate a non-parametric default standard for each

stratum, the existing data inside each individual stratum will be analyzed. Us-

ing (2.61), a one-sided 95% upper prediction interval for each stratum may be

expressed as:

ÛP SNP = Z.95×(n+1) (3.19)

where UPSNP is the non-parametric estimate of the 95% upper prediction interval

from an ordered array (Z1, ..., Zn) of the stratum data, Z represents the observed

data for a particular stratum, and n represents the sample size for that particular

stratum.

If the calculated value (.95 x (n+1)) from the ordered array is not an inte-

ger, then linear interpolation between the nearest two integers from the ordered

array should be used.



CHAPTER IV

Spatial Strata Modelling of Arsenic Data

4.1 Block Width

Recall that the first step in the Spatial Strata Modelling (SSM) method is

to construct a square grid that will overlay the geographic area of interest (GAI).

A review of the arsenic data provides the following summary statistics for the

x (easting) and y (northing) spatial locations in Michigan GeoRef coordinates:

Table 6. Summary Statistics of Spatial Locations: Arsenic Data

Statistic X (Easting) Y (Northing)

Minimum 192,986 151,975.2

Q1 570,835.1 241,437

Median 633,240 324,095

Q3 714,588.5 472,212.5

Maximum 780,108.3 844,974

Sample Size (n) 219 219

Using the summary statistics in Table 6 and (3.1), the block widths for the

arsenic data may be determined as follows:

L = min [2 Rxn
−1/3, 2 Ryn

−1/3]

104



105

L = min [2 (Q3 −Q1)x n−1/3, 2 (Q3 −Q1)y n−1/3]

L = min [2 (714588.5− 570835.1) 219−1/3, 2 (472212.5− 241437) 219−1/3]

L = min [47698, 76572]

L = 47698

L will be rounded up to 48000 (meters), which is approximately 29 miles.

4.2 Grid Construction

Utilizing Arc/Info 8.1 c©, a GIS software tool, a grid containing a total

of B = n × m Blocks that are each 48000 by 48000 meters will be created,

overlayed, and centered on the State of Michigan. Once completed, the grid will

contain “n” blocks along the horizontal axis, ”m” blocks along the vertical axis,

and completely cover the state. For example, to calculate n and m, Arc/Info 8.1 c©

(describe command) provides the following spatial boundaries for the entire State

of Michigan (in Michigan GeoRef coordinates).

Table 7. Michigan Spatial Boundaries

Boundary Michigan GeoRef Coordinate

Xmin 161,257.906

Xmax 791,764.375

Ymin 128,017.859

Ymax 851,605.688
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The calculation of n is as follows:

n = (Xmax −Xmin)
/

L

n = (791764.375− 161257.906)
/

48000

n = 630506.469
/

48000

n = 13.14 or n = 14 to ensure complete coverage.

Similarly, m = 15.07 or m = 16 to ensure complete coverage.

In order to center the grid, it is necessary to determine the total amount

of grid overlap for each axis (Ox, Oy) and divide by 2. Doing this ensures that

the grid is centered because the east/west and north/south sides of the Michigan

map will then have equal amounts of overlap.

For example:

Ox =
(
(n× L)− (Xmax −Xmin)

)/
2

Ox =
(
(14× 48000)− (791764.375− 161257.906)

)/
2

Ox = 20747.7655

The left side of the first column of blocks will be located at (Xmin − Ox) or at

140508.1405 Michigan GeoRef coordinates. Each of the 14 blocks will be 48000

meters wide until the right hand side of the last column of blocks is located

at (Xmax + Ox) or at 812511.1405 Michigan GeoRef coordinates. Performing this

same procedure for each row of blocks will center the grid in the vertical direction.

As shown in Figure 8, there are total of B = n×m = 14×16 = 224 blocks

that are centered over the State of Michigan. Each of these blocks is L = 48000
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by L = 48000 meters in size.

Figure 8. State of Michigan Overlayed with Grid of 224 Blocks

L
L B

Block B of Size L x L

4.3 Data Transformation and Trends

Before the arsenic data variogram is estimated, exploratory data analysis

(EDA) is necessary to investigate the arsenic data with respect to the presence of

any skewness and/or trends in the data. With a mean of 4.25 ppm, a median of

3.1 ppm, and a skewness (g) of 2.34, the arsenic data appears to be right skewed,

so z∗(s) = loge[z(s)] may be an appropriate transformation.

Figure 9 shows Q-Q plots for the raw z(s) data (left plot) and for loge[z(s)]

(right plot). The p-values given in Figure 9 are from the Shapiro-Francia (1972)
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goodness of fit test for normality and for lognormality.

Figure 9. Q-Q plots of Raw and Transformed Arsenic Concentration
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From Figure 9, it is clear that z(s) follows a lognormal distribution more

closely than a normal distribution. The tails for the lognormal distribution (right

plot), particularly the lower tail, appear to be a bit heavy. But since the p-value

(.1517) for the Shapiro-Francia goodness-of-fit test is not significant at α = .05,

sufficient evidence exists to conclude that the arsenic data follows a lognormal

distribution. Figure 10 contains scatter plots of loge[z(s)] versus the easting loca-

tion x and loge[z(s)] versus the northing location y. The solid line is a smoothing

curve using the loess fitting method (S-Plus c© scatter.smooth command) to assist

in the identification of any trends in the data. The lower dotted line is a reference

line.

From Figure 10 it is apparent that loge[z(s)] is trending higher as x in-



109

Figure 10. Scatter Plots
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creases and y decreases. The order (quadratic, cubic, etc.) of the trend function

cannot be determined from this plot, but clearly some trend modeling is required

for the arsenic data.

Since a trend in both x and y directions is shown in Figure 10, an attempt

will be made to model this trend and analyze the residuals via the variogram.

First, the residuals from a linear model (model L) will be examined. A least

squares model loge[z(s)] = β0 + β1x + β2y is fit and residual plots versus both x

and y are shown in Figure 11.
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Figure 11. Linear Trend Model - Residual Plots
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In Figure 11 the trend line of the model L residuals, which is a smoothing

curve using a loess fitting method, indicates that a trend still exists in both x and

y directions. A quadratic least squares model (model Q) loge[z(s)] = β0 + β1x +

β2x
2 + β3y + β4y

2 + β5xy is fit and the residual plots are examined in Figure 12.

Figure 12. Quadratic Trend Model - Residual Plots
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As shown in Figure 12, it appears that model Q removes the trend better
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than model L. Model Q, the quadratic trend model, will be selected: loge[z(s)] =

β̂0 + β̂1x + β̂2x
2 + β̂3y + β̂4y

2 + β̂5xy + ε̂.

Now that the trend has apparently been removed from the data, a vari-

ogram of the residuals ε(s) will be examined via the empirical variogram.

Since the residuals of the trend model are being used, the variogram func-

tion (2.10): γ̂(h) = 1
2[#N(h)]

∑
(εi−εj)

2 is utilized. The residuals εi and εj represent

the residuals from the quadratic trend model.

Figure 13 is a variogram of the residuals on Model Q. This variogram of

the ε(s) appears to be a non-increasing function, indicating that any trend or

factors contributing to a nonstationary process have been removed. After a check

Figure 13. Variogram of Residuals
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for outliers (Section 4.4) and a check for anisotropy (Section 4.5), the variogram

parameters will be estimated.
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4.4 The Variogram Cloud

To continue with the analysis of the arsenic variogram, a variogram cloud

will be used to analyze the residuals from the second order trend model to identify

any outliers.

Figure 14. Variogram Cloud of Trend Residuals (ε)
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Figure 14 shows a variogram cloud on the left and a boxplot of this var-

iogram cloud on the right of the residuals from the second order trend model

(model Q). This variogram cloud reveals the individual (εi − εj)
2 that are used

for each distance bin in the variogram shown on the left plot of Figure 13. The

variogram cloud indicates several potential outliers, particularly at the shorter dis-

tances. Some of these potential outliers have been labelled on the boxplot shown

on the right.

The points that are labelled on the boxplot all have the same data point
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in common: data point #189. A review of the arsenic data set indicates data

point #189 is a very low arsenic concentration level (z=.42 ppm) in an area of

very high arsenic concentration levels. (the four points identified with point #189

range from 17.8-23.8 ppm). A discussion with MDEQ concluded that there is not

sufficient evidence to remove point #189 from the model. However, this outlier

may indicate that factors in addition to spatial location may be influencing arsenic

concentration levels in Michigan.

4.5 Anisotropy

To detect the presence of anisotropy, it is necessary to create directional

variograms. These directional variograms are subsets of the variograms shown

in Figure 13. For comparison purposes, the plots on the left of Figure 15 are

directional variograms of ε, the residuals of the “detrended” data. The plots on

the right are directional variograms of the original data loge[z(s)]. Both variogram

plots in Figure 13 are partitioned and shown in Figure 15 by viewing the data

in the north/south (0 degree), northeast/southwest (45 degree), east/west (90

degree). Each of these directions will include a tolerance of plus or minus 22.5

degrees, so that all data in similar directions are examined.

Examining the left plot of Figure 15, it appears that all four directions

show similar nugget (γ(h) ≈ .4) and sills (γ(h) ≈ .5). There does not appear to

be a significant difference between the range (approximately 100000 meters) of
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these four directional variograms.

Figure 15. Directional Variograms
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The right plot in Figure 15 suggests that there are distinct differences

among the four directions. The 0 degree (north/south) and 90 degree (east/west)

variograms are generally increasing functions, which could be caused by the pres-

ence of trend and/or anisotropy, or some other form of nonstationarity. The 45

degree (northeast/southwest) and 135 degree (northwest/southeast) variograms

appear to be non-increasing, indicating that the process is stationary along these

axises.

In addition, compare the right plot (original data) with the left plot (de-

trended data) of Figure 15. The 0 and 90 degree variograms on the left plot are no

longer increasing functions indicating that the removal trend in these directions

was the source of non-stationarity.
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4.6 Estimation of Variogram Parameters

As discussed in section 2.1.7 of this dissertation, weighted least squares

may be used to estimate the three variogram parameters (nugget, range, and sill)

However, prior to this estimation the variogram model must be selected. To assist

in this process, three commonly used variogram models (exponential, spherical,

and gaussian) will be evaluated. Each model will have its respective parameters

estimated with weighted least squares and evaluated. The three goodness-of-fit

tests discussed in section 2.1.7 will be used to evaluate each model. The results

of these tests, along with the parameters chosen by weighted least squares, are

shown in Table 8.

It should be noted that all three goodness-of-fit (SSR, Cressie, and Clark

& Harper) tests discussed in Section 2.1.7 are in agreement with the selection of

the gaussian variogram model (nugget=.4417, range=48762.45, sill=.08739). This

model is shown in Figure 16.

Now that the covariance structure of the arsenic data has been defined,

block kriging will be performed to provide an estimate of mean and variance of

estimation error for the blocks overlayed on the state of Michigan.

4.7 Block Kriging of Arsenic Data

Using the spatial model outlined in the previous section, universal block

kriging with quadratic spatial trend was performed using the loge transformed
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Table 8. Comparison of Variogram Models

Goodness-of-Fit Tests

Variogram Model Parameters SSR Cressie Clark & Harper

Exponential nugget=.4946 .03897 .0259 .00424

range=189,850.5

sill=.0520

Spherical nugget=.474 .0234 .0259 .004159

range=189,850.6

sill=.0597

Gaussian nugget=.442 .00464 .0236 .00407

range=48,767.9

sill=.0874

arsenic concentrations. For reference, Figure 17 depicts the GAI (Michigan) with

corresponding block numbers.

The S-Plus c© kriging program is capable of performing the block kriging

portion of SSM, but the program provides ẑB and
√

σ̂2
B only, not estimates of the

actual kriging weights. In order to determine the dissimilarity coefficient dij, the

kriging weights must be known. Hence, in order to perform SSM, an alternative

kriging program was written using the S-Plus c© programming language to obtain

the estimated kriging weights for the universal block kriging with quadratic spatial
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Figure 16. Chosen Gaussian Variogram Model
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trend model discussed in Section (2.1.10).

This program, known as the dissertation program, creates the CBQ and

DBQ matrices, used in (2.35), by inputting the results from the Gaussian vari-

ogram function discussed in Section 4.6. Using (2.35), the inverse of CBQ is deter-

mined and multiplied by DBQ to obtain the block kriging weights. These weights

are then used to complete the SSM method. Except for the infill sampling al-

gorithms (MinMean, MinMed, MinMax, and MinVar) previously discussed, SSM

uses the dissertation program throughout the SSM process.

For comparison purposes, Figure 18 is a scatter plot comparing the disser-

tation program estimates of block mean ẑB versus the S-Plus c© kriging program

estimates of ẑB. The straight line, used for reference purposes, has a slope of 1

and an intercept of 0, which would indicate an exact fit between both programs’

estimates. It can be seen from Figure 18 that there appears to be a linear rela-
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Figure 17. Block Map
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tionship between the two kriging programs. The correlation coefficient between

the dissertation program block estimate of mean and the S-Plus c© program block

estimate of mean was calculated to be .9502. The slope of the least squares re-

gression line fit to Figure 18 is 1.0036, indicating that the dissertation program

slightly overestimates zB when compared to S-Plus c©. However, the 95% confi-

dence for this slope estimate is (.938, 1.07). Hence, a slope of 1 is significant

and their appears to be a strong similarity between the estimates provided by the

dissertation and S-Plus c© programs.

Figure 19 displays comparison boxplots for the S-Plus c© estimates of
√

σ̂2
B

versus the dissertation program estimates of
√

σ̂2
B. It can be seen from Figure 19

that there is a tendency for the dissertation program to calculate
√

σ̂2
B at a higher

level than the S-Plus c© program. It is suspected that the S-Plus c© program uses

a higher degree of precision when estimating C−1
UQ, the inverse of the covariance
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Figure 18. Comparison of ẑB Between Dissertation and S-Plus c© Kriging Pro-

grams
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matrix between the existing data. However, the correlation coefficient between

the estimates provided by the two models is .9453, indicating that the programs

are highly correlated in their respective calculation of
√

σ̂2
B.

4.8 Cross Validation of Arsenic Data

Recall in Section 2.1.11 that the estimation error e−j = (zj − ẑ−j) and

the standardized estimation error E−j = e−j/σ̂−j, were defined, where σ̂−j is

the estimate of error variance. In addition to examining the mean and variance

of the standardized estimation errors, the following plots will be examined to

verify the spatial model has not been misspecified: (1) scatterplot of e−j versus

spatial location (x), (2) scatterplot e−j versus spatial location (y), (3) histogram

of the standardized estimation errors E−j, (4) q-q Plot of E−j, (5) scatterplot
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Figure 19. Comparison Boxplots of
√

σ̂2
B
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of standardized estimation errors (e−j) versus the fitted values (ẑ−j), and (6)

scatterplot of fitted values (ẑ−j) versus the actual observed values (zj).

Figure 20 contains these six plots that will be used to validate the spatial

model for the arsenic data. The dotted lines on these plots is a smoothing curve

using localized regression (loess) to detect trends or patterns in the plots. Overall,

these plots indicate that the spatial model has not been grossly misspecified.

The standardized errors versus spatial locations show no evidence of estimation

bias based upon location. The histogram of the standardized errors indicate a

symmetric distribution that appears normal. In fact, the mean (-.00882) and

variance of (1.07) of the standardized errors compare favorably to the expected

mean and variance of 0 and 1 respectively. The plots of fitted values versus actual

values again support the belief that the model is not biased. Finally, the plot

fitted values versus standardized errors illustrate the smoothing characteristics of
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kriging. There is a tendency for the low COC values to be overestimated while

the high COC values have a tendency to be underestimated.

Figure 20. Cross-Validation Plots
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4.9 Infill Sampling of Arsenic Data

As with most observational studies, the arsenic data does not uniformly

represent the state of Michigan. As shown in Figure 21, the original 219 arsenic

data sampling locations are not equally distributed across the state of Michigan.

A majority of the arsenic samples are located in the southeastern lower peninsula

Figure 21. Arsenic Data Sample Locations
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(expected since the DEQ’s attention would be focused around the high arsenic

levels), with sparse sampling in the northern lower peninsula, southern border,

and upper peninsula areas. Because there are blocks in areas of both dense and

sparse sampling, the standard error of the 98 block estimation errors
√

σ̂2
B will

not be equal. To demonstrate this fact, a histogram of the 98
√

σ̂2
B, along with

four summary statistics of interest, is shown in Figure 22.

It is important to note that in this section, a more efficient kriging algo-
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Figure 22. Histogram of
√

σ̂2
B
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rithm than the one described in Section 2.1.10 was employed. Due to the long

computation times required to perform these simulations, the S-Plus c© kriging al-

gorithm was used in the infill simulations. Hence, the
√

σ̂2
B summary statistics

given in Figure 22 will be different from the summary statistics resulting from

the SSM procedure. Since this infill simulation in no way effects the results of

SSM, it was decided to use the Fortran based S-Plus c© algorithm to expedite the

simulation. Regardless of the kriging algorithm used, the results here are relative

and should remain consistent.

Each of the 98 Michigan blocks contains 16 evenly spaced points in a 4x4

grid. By eliminating those points outside the state boundary, there are N = 1, 062

candidates available for infill selection and are shown in Figure 23.
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Figure 23. Candidates for Infill Sampling

In Section 3.2, the procedure used to evaluate the four infill sampling al-

gorithms (MinMean, MinMed, MinMax, and MinVar) was discussed. This pro-

cedure will now be briefly reviewed.

First, a predetermined number of infill sample points n is chosen. For the

MinMean algorithm, the combination of n additional sample points, chosen from

the candidates, that minimizes the mean of the
√

σ̂2
B is determined. In addition,

the other updated summary statistics of the
√

σ̂2
B (median, maximum, variance)

resulting from the MinMean algorithm are recorded. The n additional sample

points resulting from the MinMean algorithm are then removed from the existing

data set and returned to the remaining candidates. Then, the remaining three

algorithms are each performed in similar fashion.

Once all four algorithms have been completed, each of the four
√

σ̂2
B sum-
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mary statistics will have four different values; one from each algorithm. For ex-

ample, the mean of
√

σ̂2
B will have a value representing MinMean, a value repre-

senting MinMed, a value representing MinMax, and a value representing MinVar.

These four means will then be ranked against each other. The ranking will range

from 1 (lowest) to 4 (highest). This ranking is done for each summary statistic.

Thus, each algorithm has four ranks; one for each summary statistic. The ranks

are totaled, and the algorithm with the lowest total rank is declared the optimal

algorithm for the infill sample size n used.

In Table 9, results of n = 10 infill samples for the arsenic data are shown.

As can be seen, MinVar algorithm has a rank total of 7 and is optimal for n = 10.

The MinMean algorithm, with a rank of 9, was next. The MinMax algorithm had

the third lowest total rank of 11. Finally, the MinMed algorithm, with a rank of

13, was the worst.

Table 9.
√

σ̂2
B Statistics and Algorithm Ranking for n=10

Algorithm
√

σ̂2
B

√
σ̂2

B

√
σ̂2

B

√
σ̂2

B Rank

↓ Mean Rank Med. Rank Max. Rank Var. Rank Total

MinMean .2190 1 .2262 3 .2624 3 .0009672 2 9

MinMed .2203 4 .2160 1 .2695 4 .001141 4 13

MinMax .2195 3 .2263 4 .2552 1 .0009997 3 11

MinVar .2192 2 .2260 2 .2591 2 .0009547 1 7
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In Table 10, results of n = 20 infill samples for the arsenic data are shown.

As can be seen, MinVar algorithm now has a higher rank total of 8, but is still op-

timal for n = 20. This change in total rank was caused by ranking the performance

for the median. In ranking the median, the MinMean algorithm outperformed the

MinMed algorithm causing an exchange of rank. However, the performance of the

MinVar, MinMean, MinMax, and MinMean algorithms remains unchanged.

Table 10.
√

σ̂2
B Statistics and Algorithm Ranking for n=20

Algorithm
√

σ̂2
B

√
σ̂2

B

√
σ̂2

B

√
σ̂2

B Rank

y Mean Rank Med. Rank Max. Rank Var. Rank Total

MinMean .2154 1 .2242 2 .2591 3 .0008337 3 9

MinMed .2176 4 .2084 1 .2678 4 .001113 4 13

MinMax .2160 3 .2249 4 .2479 1 .000815 2 10

MinVar .2158 2 .2251 3 .2545 2 .000805 1 8

In Table 11, the results of n = 30 infill samples for the arsenic data are

shown. The results are identical to those described for n = 20 infill samples.

The performance of the algorithms (MinVar, MinMean, MinMax, and MinMean

remains unchanged.
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Table 11.
√

σ̂2
B Statistics and Algorithm Ranking for n=30

Algorithm
√

σ̂2
B

√
σ̂2

B

√
σ̂2

B

√
σ̂2

B Rank

y Mean Rank Med. Rank Max. Rank Var. Rank Total

MinMean .2123 1 .2192 2 .2542 3 .0007359 3 9

MinMed .2149 4 .2027 1 .2667 4 .00110 4 13

MinMax .2132 3 .2229 4 .2394 1 .0007144 2 10

MinVar .2126 2 .2221 3 .2419 2 .0006908 1 8

In summary, the MinVar Algorithm has the lowest rank total for all three

selected sample sizes and becomes the recommended in-fill sampling strategy al-

gorithm. The MinMean algorithm is next, followed by the MinMax algorithm.

The MinMed algorithm performed the worst in all three trials.

Figure 31 shows the MinVar infill sampling locations for all three sample

sizes analyzed (n = 10, 20, 30) compared to the original sampling arrangement.

Note that the three areas originally identified in this section as sparsely sampled

have been primarily selected by the MinVar procedure. It appears that the north-

western lower peninsula, southern border, and upper peninsula areas have all been

recommended for additional samples. Looking at the smallest infill sampling size

(n = 10), there is a tendency to sample at the edges (state borders) of these

sparsely sampled areas. As the infill sampling size increases, there is a tendency
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Figure 24. Infill Sampling Points and Original Sampling Plan
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to either move back into the interior of the state and sample at areas that may

be under-represented but were not identified as sparsely sampled.

4.10 Dissimilarity Coefficient

In Section 3.4, the dissimilarity coefficient dij was defined as:

dij = 0 for i = j

dij =
∣∣∣(zBi

− zBj
)
∣∣∣
/√

σ2
Bi

+ σ2
Bj
− 2γ̂(zBi

, zBj
) for i 6= j (4.1)

Figure 17 shows Michigan divided into 98 blocks. Let [D] be defined as a 98

x 98 symmetric matrix containing all dij, in which the diagonal elements of [D]=0

and the off diagonal elements are the dij. The off diagonal elements represent the

pairwise DCs between all 98 blocks containing Michigan land area. A program

was written in S-Plus c© to calculate [D] using the results obtain from the universal
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block kriging procedure performed on the arsenic data in Section 4.7.

4.11 Cluster Analysis

Using S-Plus c©, a tree diagram and banner plot from performing the Diana

clustering algorithm on [D] are shown in Figure 25.

Figure 25. Cluster Analysis Results Using Diana
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Recall Section 3.5 in which a higher divisive coefficient indicates better

clustering structure. Looking at Figure 25, the results of the cluster analysis show

a divisive coefficient of 0.98 out of a maximum of 1.0, which indicates [D] has

a very strong clustering structure. The tree diagram on the left indicates the

sequence of splits that create anywhere from 1 to 98 clusters.
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To assist in selecting the “correct” number of a cluster contained in the

arsenic data, recall the criterion (3.10) proposed in Section 3.5 by Calinski and

Harabasz [1974]:

C =
(
B/(g − 1)

)/(
W/(b− g)

)
. (4.2)

Figure 26 shows the value of C for a range of two through five clusters. Recall

Figure 26. Number of Clusters

2 3 4 5 6

g

250

300

350

400

450

C

Section 3.5, in which it was suggested that a value of C increasing monotonically

with g suggests no cluster structure, whereas C decreasing monotonically with g

suggests a hierarchical structure. When C rises to a maximum at g this suggests

the presence of g clusters. Looking at Figure 26, it appears that four clusters

best describe the arsenic data since the Calinski and Harabasz statistic reaches

its maximum at this point.



131

In addition, the between and within cluster sum of squares for two through

five clusters are shown in Table 12.

Table 12. Sum of Squares for Cluster Configurations

Number of Clusters 2 3 4 5

Sum of Squares

Between Cluster 29.28 33.7 37.58 38.11

Within Cluster 10.86 6.44 2.56 2.03

Total 40.14 40.14 40.14 40.14

With reference to Figure 17, Table 13 gives the block membership for each

of the two clusters.

Table 13. Two Cluster Membership

Cluster Blocks Contained in Cluster

1 2,3,4,5,6,9,10,11,12,13,16,17,18,19,20,24

25,26,27,32,33,34,35,41,42,43,78,89,96,97,98

2 1,7,8,14,15,21,22,23,28,29,30,31,36,37,38,39,40,44

45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,61,62

63,64,65,66,67,68,69,70,71,72,73,74,75,76,77,79,80

81,82,83,84,85,86,87,88,90,91,92,93,94,95

The spatial boundaries of each cluster are given in Figure 27
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Figure 27. Spatial Boundaries of Two Strata

Stratum 2

Stratum 1

Stratum 2

Stratum 1

A review of Figure 27 shows that both the southeastern lower peninsula and north-

west corner of the upper peninsula are in a cluster of higher arsenic concentration.

With reference to Figure 17, Table 14 gives the block membership for each

of three clusters. Using three clusters to represent the arsenic data, the spatial

boundaries for each cluster are given in Figure 28.

When three clusters are used instead of two, Figure 28 shows that the high arsenic

concentration area in the southeastern part of the lower peninsula is split into

another cluster. This cluster is the intermediate arsenic level; lower than the

remaining southeastern lower peninsula and northwest upper peninsula, but higher

than the remainder of the state.

With reference to Figure 17, Table 15 gives the block membership for

each of four clusters. Using four clusters to represent the arsenic data, the spatial
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Table 14. Three Cluster Membership

Cluster Blocks Contained in Cluster

1 5,6,12,13,18,19,20,26,27,35,43

2 2,3,4,9,10,11,16,17,24,25,32

33,34,41,42,78,89,96,97,98

3 1,7,8,14,15,21,22,23,28,29,30,31,36,37,38,39,40,44

45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,61,62

63,64,65,66,67,68,69,70,71,72,73,74,75,76,77,79,80

81,82,83,84,85,86,87,88,90,91,92,93,94,95

Figure 28. Spatial Boundaries of Three Strata

Stratum 3

Stratum 1

Stratum 2

Stratum 3

Stratum 2

boundaries of each cluster are given in Figure 29. When adding the fourth cluster,

the cluster with the lowest arsenic concentration is split into two clusters. The

other two clusters remain unchanged.
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Table 15. Four Cluster Membership

Cluster Blocks Contained in Cluster

1 5,6,12,13,18,19,20,26,27,35,43

2 2,3,4,9,10,11,16,17,24,25,32,33,34,41,42,78,89,96,97,98

3 1,7,8,14,15,21,22,23,30,31,39,40,47,48,49,53,54,61,68,79,80,81,90,91,94,95

4 28,29,36,37,38,44,45,46,50,51,52,55,56,57,58,59,60,62,63,64,65,66,67,69,70

71,72,73,74,75,76,77,82,83,84,85,86,87,88,92,93

Figure 29. Spatial Boundaries of Four Strata
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Stratum 2

Stratum 1

Stratum 4

Stratum 2

Stratum 3

With reference to Figure 17, Table 16 gives the block membership for each

of five clusters.

Using five clusters to represent the arsenic data, the spatial boundaries of

each cluster are given in Figure 30. When adding the fifth cluster, the cluster
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Table 16. Five Cluster Membership

Cluster Blocks Contained in Cluster

1 13,20,26,27

2 5,6,12,18,19,35,43

3 2,3,4,9,10,11,16,17,24,25,32,33,34,41,42,78,89,96,97,98

4 1,7,8,14,15,21,22,23,30,31,39,40,47,48,49,53,54,61,68,79,80,81,90,91,94,95

5 28,29,36,37,38,44,45,46,50,51,52,55,56,57,58,59,60,62,63,64,65,66,67,69,70

71,72,73,74,75,76,77,82,83,8485,85,87,88,92,93

Figure 30. Spatial Boundaries of Five Strata
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Stratum 3

Stratum 1
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with the highest arsenic concentration is split into two clusters. The remaining

three clusters remain unchanged.

4.12 Strata - Spatially Weighted Clusters

Using Arc/Info, a map of a particular spatial feature can be thought of as

a layer of data describing a geographic area. In Arc/Info, such a layer is called a

coverage. By combining the grid of blocks with the map of Michigan, a coverage

is created where the amount of Michigan land area contained each block may be

determined. When a strata membership for each block is determined, it is pos-

sible to determine the total land area for each strata and the contribution from

each member block. Utilizing Arc/Info, a coverage of each of the four stratum

was defined. Within each polygon coverage, the total land area of each stratum

was calculated. The percent land contribution (vi) of each block (Bi) belonging

to a particular stratum was then determined. An estimate of stratum mean and

variance was then determined by weighting each block by this percent land con-

tribution and summing the terms. As previously discussed, since
∑

vi = 1, the

estimates of stratum mean and variance will be unbiased.

4.13 Default Standards of Strata

Recall Section 4.3, in which it was concluded that the arsenic data most

closely followed a lognormal distribution. Using equation 3.18 from Section 3.7.2,
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default standards for each strata, which are represent here as the 95th percentile

of a lognormally distributed random variable is presented here. Each of the strata

configurations (Two Strata, Three Strata, Four Strata, and Five Strata) are ex-

amined. In addition, for comparison purposes, the non-parametric estimate from

equation 3.19 and the Michigan Background Soil Survey (MBSS) default standard

(mean plus one standard deviation) described in Section 1.3.1 is included for each

strata.

Table 17. Default Standards (in ppm) For Two Arsenic Strata

Default Standard

Stratum Number Sample SSM SSM

Number of Blocks Size Lognormal Non-Parametric MBSS

1 31 133 5.14 17.75 10.33

2 67 86 1.72 4.67 3.43
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Table 18. Default Standards (in ppm) For Three Arsenic Strata

Default Standard

Stratum Number Sample SSM SSM

Number of Blocks Size Lognormal Non-Parametric MBSS

1 11 35 9.05 22.56 13.57

2 20 98 4.21 12.65 8.82

3 67 86 1.72 4.67 3.43

Table 19. Default Standards (in ppm) For Four Arsenic Strata

Default Standard

Stratum Number Sample SSM SSM

Number of Blocks Size Lognormal Non-Parametric MBSS

1 11 35 9.05 22.56 13.57

2 20 98 4.21 12.65 8.82

3 26 47 1.94 5.69 3.75

4 41 39 1.22 4.40 3.00
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Table 20. Default Standards (in ppm) For Five Arsenic Strata

Default Standard

Stratum Number Sample SSM SSM

Number of Blocks Size Lognormal Non-Parametric MBSS

1 4 17 14.32 23.80 15.95

2 7 18 8.24 20.8 10.86

3 20 98 4.21 12.65 8.82

4 26 47 1.94 5.69 3.75

5 41 39 1.22 4.40 3.00



CHAPTER V

SUMMARY OF SSM, CONCLUSIONS, AND ADDITIONAL RESEARCH

5.1 Summary of SSM

This dissertation introduces the concept of Spatial Strata Modelling (SSM).

SSM eliminates reliance on a single default background standard, derived from a

random sample, and instead promotes the investigation of multiple default stan-

dards for naturally occurring COCs. Each of these multiple default standards ex-

ist within the spatial boundaries of a non-overlapping and unique stratum. Each

stratum is then defined by its spatial boundary and an estimate of an upper limit

of COC concentration level (default standard). SSM does not require a random

sample and utilizes the fact that the data may be spatially correlated.

Using the spatial locations of the data, a grid of square blocks is sized,

overlayed, and centered on the geographic area of interest (GAI). Employing geo-

statistic theory, the empirical variogram based on the observational data is es-

timated. The variogram function and parameters (range, nugget, and sill) are

estimated using weighted non-linear least squares. Using the estimated variogram

model, block kriging estimates of mean (ẑB), variance of the estimation error (σ̂2
B),

and covariance of the estimation error [γ̂(Bi, Bj)] are determined. Using these es-

timates, SSM defines a dissimilarity coefficient dij between all pairwise blocks Bi

140
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and Bj within the GAI in which:

dij = 0 for i = j

dij =
∣∣∣(zBi

− zBj
)
∣∣∣
/√

σ2
Bi

+ σ2
Bj
− 2γ̂(zBi

, zBj
) for i 6= j

An S-Plus c© clustering analysis algorithm (in this dissertation, Diana) is

performed on the dij to determine the number and block membership of clusters

containing similar COC concentration levels. In order to estimate the correct

number of cluster(s), a criterion proposed by Calinski and Harabasz [1974] is

utilized. The proposed function seeks to compare the between cluster sum of

squares versus the within cluster sum of squares. The cluster size that maximizes

this function is chosen as the estimated cluster size. The blocks contained in each

of the clusters define the spatial boundaries for that particular cluster.

Spatial weights vi, which are based on the percent of total cluster land area

contained in a member block, are assigned using Arc/Info 8.1 c©, a GIS software

system. Within each cluster, the estimate of stratum mean (Definition 3.6.4)

(ẑS =
∑

viẑBi
) and variance of the stratum estimation error (3.13)

Var(ẑS) =
b∑

i=1

b∑
j=1

vivjCov(zBi
, zBj

)− 2
b∑

i=1

b∑
j=1

vivjCov(zBi
, ẑBj

) +
b∑

i=1

b∑
j=1

vivjCov(ẑBi
, ẑBj

)

are determined.

For comparison purposes, maps describing the spatial boundaries of the

strata are shown in Figures 27, 28, 29, and 30. Tables 13, 14, 15,and 16 provide

the mean, standard deviaiton, ÛP s, and ÛCLs for GAI with two, three, four, and
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five strata for the arsenic data.

In Tables 13, 14, 15,and 16, estimates of the upper 95th percentile (log-

normally distributed) and 95% upper prediction limit (normally distributed, and

non-parametric) are provided.

Four in-fill sampling strategies were also discussed and evaluated. The al-

gorithms, MinMean, MinMed, MinMax, and MinVar were analyzed to investigate

the existence of a universally optimal algorithm.

5.2 Conclusions

Recall the questions posed in Section 1.5 of this dissertation:

1. How many unique spatial subsets are there with statistically similar COC

concentrations?

2 What are the spatial boundaries for each spatial subsets?

3 What is the estimate of default standard within each unique spatial subset?

The results of performing SSM on the arsenic data in Michigan for two,

three, four, and five strata are given in Figures (27), (28), (29), and (30) respec-

tively.

The estimates of the 95th upper percentile, both for lognormal and non-

parametric distributions, for each of the various stratum configurations are pro-

vided in Tables (17), (18), (19), and (20) respectively. In addition, the estimation
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technique used in the Michigan Background Soil Survey (MMSS) (x+s) is included

on each stratum for comparison purposes.

To improve the accuracy of SSM, the development of an infill sampling

strategy was discussed. Infill sampling is choosing the optimal combination from

a pool of infill candidates to most effectively minimize the estimates of the variance

of the (
√

σ̂2
B).

It was determined that minimizing the variance of the
√

σ̂2
B (MinVar al-

gorithm) appears to be the optimal choice for determining the location of the

additional infill samples. A map showing the location of the recommended infill

sample sizes for n = 10, n = 20, and n = 30 using the MinVar algorithm has been

included in Figure 31 and is repeated here.

Figure 31. Infill Sampling Points and Original Sampling Plan
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The SSM methodology as described in this dissertation is unique and re-

peatable. In addition, SSM is invariant to geographic scale. Whether the GAI is
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a small plot of land or an entire planet, this methodology may be utilized as long

as the spatial characteristics of the random process are adequately represented by

the sample data.

It is anticipated that both federal and state environmental regulatory agen-

cies would consider the SSM method as an alternative to random sampling based

procedures. If the spatial distribution of a COC can be accurately modelled and

used to define multiple default standards, rather than a single default standard,

excessive testing and/or unneeded remediation may be significantly reduced or

eliminated. The potential to save both time and money should provide some

incentive for fiscally challenged regulatory agencies to explore SSM as a viable

alternative in the environmental regulatory process.

5.3 Additional Research

There are several research topics resulting from this dissertation that have

the potential to enhance the SSM methodology. These topics are briefly discussed

below:

1. Estimation of a UCL for the mean.

It should be noted that an estimate of the UCL for the kriging estimate of

a lognormally distributed random variable was proposed by Clark & Harper

(2000). Using Sichel’s (1966) maximum likelihood estimate of the mean

from the lognormal distribution, Clark states the upper confidence limit of
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the mean (UCLp) can be expressed as:

UCLp = t×Ψp (5.1)

in which:

t= Sichel’s (1966) t-estimator in which:

t = exp(y)γn(V )

where y is the mean of the log transformed data and γn(V ) is the sample size

bias correction factor. γn(V ) may be read from Sichel’s tables (see Clark

1987) using sample size n and V = 1
n

∑n
i=1(yi − y)2.

The bias correction factor, γn(V ), is the result of a Taylor Expansion Series

for the maximum likelihood estimate of the mean of the lognormal distribu-

tion for various samples of size n and is shown by Clark (1987) as:

γn(V ) = 1 +
∞∑

r=1

(n− 1)r V r

2r!(n− 1)(n + 1)...(n + 2r − 3)
(5.2)

where:

n is the sample size and V = 1
n

∑n
i=1(yi − y)2.

In addition,

Ψp = exp
(1

2
σ2

k + Npσk

)
(5.3)

where:

Ψp= Sichel’s (1966) psi factor for the pth percentile (see Clark 1987),

σ2
k= variance of either the ordinary or universal kriging estimation error,
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and

Np= the value corresponding to an area of (1-p)/2 from the center of a

standardized normal distribution N(0,1).

It should also be noted that the exact construction of a confidence limit for

the mean of a lognormally distributed random variable was also developed

by Land (1975). In the realm of environmental statistics, Land’s Tables are

used extensively and are referenced to in a wide variety of environmental

regulatory guidance documents. Using Land’s Tables, the 100(1−α)% upper

confidence limit for the mean of a lognormally distributed random variable

is:

UCLα = exp

(
y +

s2
y

2
+

sy × (H1−α,n)√
n− 1

)
(5.4)

where:

y = the mean of the log transformed data.

sy =
√

(
∑

yi−y)2

(n−1)
, the standard deviation of the log transformed data

H1−α,n = the value from Land’s Tables using sy and n.

n = the sample size of the data.

Although some similarities between Sichel’s and Land’s equations are noted,

present research deriving the UCL from kriging results has focused on Sichel’s

theories, but is not complete at this time. In either case, the use of Land’s

tables or Sichel’s theories to express the UCL from kriging estimates requires
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further research.

2. Sequential Testing of Blocks

The decision to use cluster analysis, rather than a parametric or nonparamet-

ric statistical testing, was not an arbitrary decision. The within and between

block correlations that exist in the block kriging estimates
(
ẑB, σ̂2

B, Cov(Bi, Bj)
)

restrict the testing procedures to those designed for use on correlated data.

Quimby (1986) has developed the correlated two-sample t-test from the the-

ory of generalized linear models. Borgman (1988) discusses the two-sample

geostatistical wilcoxon test for correlated samples using the null hypothesis:

Ho : Z = Bi −Bj has multivariate symmetry about zero.

where Bi and Bj are the blocks of interest.

These two-sample testing procedures, while useful, do not go far enough

to allow for a determination of a stratum. It would be necessary to con-

duct sequential hypothesis testing of an unknown number of blocks such

as Ho : Bi = Bj = Bk = ..., Bn. Without a multiple sequential testing

procedure, it is not possible to build a stratum of more than two blocks

without continuously redefining the blocks. In addition, one must consider

a non-subjective procedure for choosing what order to test the blocks. These

issues need to be researched before a sequential testing procedure may be

developed.
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3. Additional In-Fill Sampling Algorithms

With regards to in-fill sampling strategies, the MinVar procedure, minimiz-

ing the variance of the σ2
B was recommended. The MinVar had the best

overall ranking of minimizing the mean, median, maximum, and variance

of the σ̂2
B. Additional statistics, such as the median of the pairwise block

kriging variance averages (Hodges-Lehmann estimator), trimmed and Win-

sorized means, qth quantiles, etc. should be investigated and compared to

the MinVar algorithm.

4. Polygon Kriging

In this dissertation, a block kriging procedure was employed. By definition,

block kriging provides estimates over a square area of interest, with block

dimensions fixed in all directions. However, it is also possible to perform

polygon kriging. Polygon kriging is kriging over an irregular shape. Such

a procedure may have useful applications for irregularly shaped GAIs. The

SSM procedure weighted the block kriging estimates by the percent of land

area contained within the block. However, using polygon kriging, the esti-

mation process assumes the polygon is 100% filled with land area and does

not need to be weighted. Polygon kriging estimates are based on the geom-

etry of the polygon and does not assume each block is of homogeneous size

and shape.

However, the theoretical problems with an SSM procedure based upon poly-
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gon kriging will occur after the estimates have been obtained. The dissimi-

larity coefficient, as presently defined by 3.9, assumes each block is of equal

size and shape. In general, it has been shown by Clark & Harper (2000)

that as the size of a geographic area increases, the variance of the block esti-

mation error σ̂2
B will decrease. At present, SSM compares blocks of uniform

size and shape. Clearly, an irregularly shaped geographic area would not

produce uniformly sized polygons, particularly at the edges of the GAI. The

estimates of σ̂2
B and γ̂(Bi, Bj), which are used in the calculation of the dj

(equation 3.9) may depend as much on the size and shape of the polygon

as on the spatial model. Hence the components of the dij function must

be weighted to reflect difference in polygon size and shape. This weighting

would be somewhat analogous to performing a two sample t-test with differ-

ent sample sizes. Clearly, there are some unexplored issues here and further

research into polygon kriging is required.
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