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CHAPTER I

INTRODUCTION

Statement of the Problem

Over the past 15 years interest in teacher knowledge has increased (Ball, 19884,
1991; Even, 1993; Shulman, 1987). Recent calls for increasing students’ opportunities to
learn, and to enhance their proficiency, place a heavy demand on teachers’ expertise.
Reform efforts are calling for a change in the way teachers teach, with an emphasis
placed on teaching for understanding and meaning rather than developing isolated
procedures and skills (National Council of Teachers of Mathematics [NCTM], 1989,
1991, 2000; National Research Council [NRC], 1989). There is general consensus that, in
order to do so, teachers themselves need to have a solid knowledge of the subject of
mathematics. This need creates an interest in doing three key things: 1) defining and
analyzing what subject matter knowledge for teaching means, 2) understanding how
subject matter knowledge, in the form of mathematical content knowledge and

* pedagogical content knowledge, is applied in clasérooﬁl teaching, and 3) exploring
factors that contribute to the acquisition of subject matter knowiedge.

Many of the reform efforts in mathematics education are based on an image of
mathematics teaching that emphasizes student thinking as the springboard for
mathematical discourse and meaning (Ball, 1991; NCTM, 1991). It is argued that such an
approach requires teachers to understand well what they are teaching and be able to

connect students with the content. That is, such an approach requires teachers to have
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highly developed mathematical content knowledge and pedagogical content knowledge
(Barmnett, 1991; Fennema &vFranke, 1992). Knowing how to teach one’s subject matter
includes knowing what conéepts, ideas, and principles make up the content of the
discipline, knowing how the discourse within a discipline relates to the teaching of the
subject, and knowing how fundamental principles and ideas can be transformed into
appropriate and useful representations that make tﬁis knowledge comprehensible to
learners (Bémes, 1989; McDiarmid, Ball, & Anderson, 1989; Shulman, 1987).

Bolte (1995) argues that to be effective, a secondary mathematics teacher must
not only possess a body of knowledge on a subject, but that the knowledge also be well
integrated and organized. This integration and organization of knowledge aids a teacher
in transforming his or her content knowledge into a form that is usable within the
classroom. Expert-novice studies have indicated the importance of knowledge
organization in cognitively complex domains. Expert teachers displayed more
mathematical content and pedagogical content knowledge, but in addition, “their
conceptual system, or cognitive schemata, for organizing and storing this knowledge are
more elaborate, interconnected, and accessible than the novices’ schemata” (Brown &
Borko, 1992, p. 213).

There are a few kinds of experiénces that most teachers have in learning and
developing their knowledge. Courses and workshops offer teaéhers opportunities to
revisit and relearn the content of the school curriculum. A RAND study (2002) points out
the practical problem that lies herein: Because of weaknesses in the research base, these
initiatives have been designed and implemented with scant evidence about their

effectiveness. Despite some successful efforts to develop teachers’ mathematical
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knowledge through professional development (e.g., Lappen & Even, 1989; Schifter,
1993), participating teachers are not necessarily able to put new knowledge to use in their
classrooms. Even when they do gain important mathematical insights, they may be no
better able to understand their students’ ideas, to ask strategic questions, or to analyze the
mathematical tasks contained in their textbooks.'

Although common sense suggests that the best preparation for teaching
mathematics might be an undergraduate degree in mathematics, a few complications are
evident. First, the mathematics of the K-12 curriculum does not map well onto the
curriculum of an undergraduate mathematics degree (Conference Board of the
Mathematical Sciences [CBMS], 2001). That is, even if preservice teachers majored in
mathematics as undergradutes, they might not have studied the mathematics in the K-12
curriculum since they were K-12 students themselves. Second, there is wide variation
across institutions of higher education in what constitutes a major (e. g., at some colleges
and universities, one does not “major” at all, but fu}ﬁlls a “concentration”). There are
studies that 'investigated the relationship between teachers’ subjéct matter pfcparation and
‘'student achievement (e. g., Begle, 1979; Ferguson, 1991; Monk, 1994). In genéral the
studies reached a similar c_onclusionv—- the amount of rﬁathematics taken ‘by teachers was
not likely to produce significant effects on student performance. However, Begle (1979)
did find some positive correlations betweeﬁ mathematics methods course; and student
achievement. As in Begle’s analysis, Monk (1994) uncovered significant effects of
courses in undergréduate mathematics pedagogy. Together, these studies suggest

measures such as undergraduate degrees or number of courses taken in mathematics

! See, for example, Borko et al., 1993
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content may be poor indicators of what teachers actually know and how they can use that
knowledge in teaching.

Recently, some have suggested that school curriculum materials themselves can
provide another opportunity for teachers to learn and develop their knowledge (Ball &
Cohen, 1996; Collopy, 1999). They argue that curriculum materials can support the
development of teachers’ understanding of mathematical content. For example,
curriculum materials can provide a variety of ways of representing rate of change and its
relationships to other mathematical topics. Also curriculum materials can contribute to
the development of pedagogical content knowledge by suggesting ways to monitor
students’ understanding and providing examples of common ways students express
particular mathematical ideas. To explore possible contributions made by curriculum
materials to teacher learning, it is important to study teachers as they utilize particular
cun'iculuni materials. Because knowledge is open to change and development with
experience (Fennema & Franke, 1992), it is important to conduct research in classrooms
where teachers use their knowledge jn practice and have the opportunity to continue to
learn about mathematical ideas through their teaching.

To examine teachers’ subject matter knowledge and the role it. plays in classroom
teaching, a mathematical context is necessary. For instance, the importance of the
mathematics of change in all grade levels of school mathematics is well recognized
(NCTM, 1989, 2000; Stewart, 1990). Understanding change is fundamental to
understanding function, which plays a central role in mathematics, and to understanding
many ideas presented in the news (NCTM, 2000). Rate of change, with accumulation, is

one of two fundamental concepts of mathematical change (Noble, Nemirovsky, Wright,
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& Tierney, 2001). Rate of change can be used to describe many situations in the real
world, such as how fast a person runs down the street. It can be recognized in calculus
class as the derivative. In algebra classes it is concerned with the slopes of lines or the
consecutive differences or ratios in a table Qf numbefs, which can show change over time
for functions (Confrey & Smith, 1995). Rate of change can also be part of learning about
rational numbers in presecondary school mathematics (Behr, Lesh, Post, & Silver, 1983;
Harel & Confrey, 1994). Therefore, rate of change has the potential to tie together
subjects such as algebra and geometry, representations such as tables and graphs, and
contexts such as mathematical structure and mathematical modeling.

To benefit from the mathematical power of this concept, instead of just
manipulating symbols and developing isolated skills, current reforms recommend that
students be able to interpret real-world phenomena with a variety of contexts for
exploring rate of change, represent and analyze mathematical relationships in various
representational forms, traﬁslate between representational forms, and develop conceptual
understanding of the related procedures and the ideas about what rate of change is
(NCTM, 1989, 2000). All of these conceptual ideas are fundamental to doing
mathematics meaningfully. ‘

From the literatﬁre review, only few mathematical topics, such as fractions at the
elementary level and functions at the secondary level, have been studied in much depth
and many other mathematical topics remain unéxplored or need to be studied in more

| depth. Teachers’ knowledge of rate of change is one of those topics we know little about
and, at the same time, research indicates that this is not an area that stuaents typically

understand with much depth, even after taking calculus courses in which the idea is
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formalized (e. g., Smith, 2000). There exist a few studies on the knowledge in domains
related to rate of change. Some include Stump’s (1997) study interviewing preservice
secondary teachers on the concept of slope, and a two-serial study by Thompson and
Thompson (1994, 1996) investigating one middle school teachers’ knowledge of speed as
a rate. These studies have demonstrated that teachers’ knowledge is often weak and lacks

of connections among different aspects of slope and rate, respectively.

Purpose of the Study
The purposes of this study are 1) to provide an in-depth description of secondary
school teachers’ mathematical content and pedagogical content knowledge of rate of
change, and 2) to compare and contrast differences, if any, between teachers who are
experienced using a Standards-based curriculum versus those who are less experienced
using those same materials. The study focuses on the following research questions:

1. What characterizes teachers’ mathematical content knowledge and pedagogical
content knowledge of rate of change in the context of teaching Standards-based
curriculum materials?

2. What qualitative differences exist between experienced and less experienced teachers
using Staﬁdards—based curriculum materials with respect to their knowledge of rate of
change?

The concept map in Figure 1 elaborates the research question domain. Words in bold

reflect the primary aim of this study: to characterize teachers’ mathematical content

knowledge and pedagogical content knowlédge with respect to rate of change. Two-way
arrows indicate inter-relatibnships between ideas. Solid arrows represent influences that

are supported by the literature (though they are not restricted to the domain of rate of
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Figure 1. Concept map that displays the research domain
- Note. Adapted from Cognitively Guided Instruction (CGI) Research Model (Fennema, Carpenter, & Peterson, 1989, p. 204).



change) and dotted arrows represent influences that were probed by the investigation of

this study.

Significance of the Study
Currently there is a growing body of research concerning teacher knowledge, but
as inoted by Ball and her colleagues (2001), it is based overwhelmingly on studies of
preservice elementary teachers. This study contributes to the research base on teacher
knowledge in several ways. First, this study broadens the pictufe of mathematical content
and pedagogical content knowledge possessed by e*perienced teachers as well as
inexperienced teachers at secondary level. Research has shown that U. S. teachers’
knowledge is generally weaker than their counierparts in other natiéns such as China and
Japan (i.e., Ma, 1999). However, there has not been more recent research on teéchers in
the context of using reform curricula where content is developed differently. This
information may then have the potential to inform teacher education in terms of
characterizing more clearly teachers; knowledge of rate of chaﬁge.
| The second contribution of this study is a characterization of teachers’
conceptions of teaching and learning mathematics of rate of change. For example, it may
be useful to know what concept image of rate of change a teacher has when learning is
conceived as a mastery of procedureé. It will also be useful to know how a teacher makes
connections among mathematical ideas when teaching is perceived as decomposing a
complex problem into a sequence of basic skills. By examining teachers’ conceptionsvof
teaching and learning méthematics with respect to the concept of rate of change, this

study may provide useful information concerning teachers’ thinking about teaching and
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learning the concept of the rate of change and how it relates to their thinking about the
concept of rate of change within the secondary school curriculum.

The third contribution of this study comes from the contextual examination of
teachers’ mathematical content and pedagogical content knowledge base as manifested in
their teaching in the classroom. It is not typical to examine teachers’ content kno@ledge
by watching them teach and discussing their teaching with them afterwards. However,
Ball and her colleagues (2001) address the importance of looking at teaéhers’ teaching to
probe their knowledge, by sayingv that classrooms where teachers respond to students’
responses, explain a mathematical procedure whose meaning is buried, or consider
connections among ideas.create conditions where teachérs have to make explicit their
understanding of the mathematical ideas and procedures. An examination of teachers’
knowledge within the context of their classroom gives another tool to probe their
knowledge and cdmplements other data collection methods situated outside of the
classroom environment.

Lastly, the fourth contribution of this study relates to the context of using
Standards-based curriculum materials. Standards-based curricula such as the CPMP
materials provide a comprehensive high school mathehlatics curriculum with integrated
content strands. The CPMP curriculum introduces and develops mathematical concepts
including éhaﬁge/rate of change in a systemic way across grades levels 9 — 12. However,
studies that focus on the impact of Standards-based curricula, such as the CPMP
materials, in developing particular mathematical ideas are only beginning to emerge
(Huntley et al, 2000; Lloyd & Wilson, 1998; Senk & Thompson, 2003) and doéum_enting

teachers’ knowledge of the concept of rate of changevremains largely unexplored. This
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study will contribute to the growing body of knowledge about the impact of Standards-
based curricula on such topics. This may, in turn, be informative to curriculum
developers at all grade levels and help mathematics educators better design teacher

education programs and professional development programs.
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CHAPTER I

LITERATURE REVIEW

Teacher Knowledge

Recent reform efforts put an emphasis on teaching for understanding (Hiebert,
1992; NCTM, 1989, 2000). Hiebert (1992) defines understanding in terms of the way an
individual represents and structures information. A mathematical idea, procedure, or fact
is understood if its mental representation is part of an internal network of representations.
The degree or extent of understanding is determined by the number and the strength of
the connections. A fundamental assumption of cognitive psychology is that these
knowledge structures and mental representations of the world play a central role in an
individual’s perceptions, thought, and actions (Brown & Borko, 1992). In the case of
teaching, teachers’ thinking is directly influenced by their knowledge, both mathematical
and pedagogical, and their thinking, in turn, contributes to their instructional behavior. If
a main goal of teacher education programs is to help teachers implement programs of
instruction that develop student understanding of matﬁematics, it is reasonable to expect
that teachers must have, and continue to develop, a connected and extensive knowledge
base to bring to their mathematics teaching.

Categories of Teacher Knowledge

The knowledge that teachers bring to their teaching and interaction with students
to produce an effective learning environment encompasses a broad range of skills,

actions, and behaviors. Shulman’s (1987) conceptuélizatior_x of the domain of teachers’
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knowledge has served as a framework for much of the current research on teacher
knowledge (Ball, 1990a; Ball & McDiamid, 1990; Borko et al., 1992; Ebert, 1993). This
theoretical model allows one to examine teacher knowledge, the relatioﬁships among the
domains of knowledge identified with the theory, and its effects on classroom practices
and outcomes.

In the process of developing his model for outlining teacher knowledge, Shulman
and his colleagues carefully observed teachers as they moved from being teacher
education students to neophyte teachers.

Their development from students to teachers, from a state of expertise as learners

through a novitiate as teachers, exposes and highlights the complex bodies of

knowledge and skill needed to function effectively as a teacher. The result is that
error, success, and refinement—in a word, teacher-knowledge growth—are seen
in high profile and in slow motion. The neophyte’s stumble becomes the scholar’s

window. (Shulman, 1987, p. 4)

Comparing these accounts with obserlvations of highly successful veteran teachers shows
that the knowledge, understanding, and skill displayed haltingly among beginners are
often demonstrated with ease by those more experienced. In examinations of their cases,
Shulman and his colleagues repeatedly asked what teachers knew, or failed to know, that
permitted them to teach in the manner that they did.

Making some basic assumptions on the capacity to teach provides ‘(indirectly) the
categories of kﬁowledge that underlie the understanding necessary to promote
comprehension among students. Shulman holds that to be put in a position to teach, one
must believe that they comprehend critically a set of ideas both in content and purpose
and that they can transform understanding, performance skills, or desired attitudes or

values into pedagogical representations and actions. This transformation, “the process

wherein one moves from personal comprehension to preparing for the comprehension of
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others, is the essence of the act of pedagogical reasoning, of teaching as thinking, and of
planning the performance of teaching” (Shulman, 1987, p. 16).

Shulman outlines seven categories of knowledge that underlie the understanding
needed to promote comprehension among students: subject matter knowledge
(mathematical content knowledge), general pedagogical knowledge, curriculum
knowledge, pedagogical content knowledge, an understanding of learners and their
characteristics, knowledge of educational contexts, and knowledge of educational ends,
purposes, and values, and their philosophical and historical grounds. These categories
have been built upon and refined by other scholars (e.g., Ball, 1991; Grossman, 1990).
The two domains particularly relevant to this study are content knowledge and

pedagogical content knowledge.

Mathematical content knowledge. In Shulman’s view, the first domain,

mathematical content knowledge, consists of two types of understandings, substantive ,
knowledge and syntactic knowledge.? Substantive knowledge consists of the key facts,
concepts, principles, and explanatory frameworks in a discipline, whereas syntactic
knowledge consists of the rules of evidence and proof within that discipline. Ball (1988b)
also works from a conceptual framework that focuses ‘on these two aspects of subject
matter kndwledge——in her words, knowledge of mathematics and knowledge about
mathematics. One qualitative dimension Ball uses to analyze teachers’ substantive
knowledge is connectedness. The measure of connectedness addresses the need to ensure

integration and accessibility of knowledge. This is contrary to the tendency to

? The terms “substantive knowledge” and “syntactic knowledge” were originally described by Schwab
(1961/1978).
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compartmentalize school mathematics which reduces the discipline to one of applying
procedures and regurgitating truths.

Syntactic knowledge consists of knowledge of the rules of evidence and proof
accepted within the discipline. Balls’ knowledge about mathematics parallels Shulman’s
dimension of syntactic knowledge, and includes an understanding of the nature of
knowledge in the discipline. Teachers bring to their teaching a perspective of where
mathematics comes from, how it changes, how truth is established, and what it means to
know and do mathematics. To facilitate classroom discourse consistent with a vision of
conceptually-oriented mathematics instruction of mathematical ideas (e.f., NCTM, 1989,
2000) and to evaluate students’ mathematical arguments, teachers need to know about the
sources and development of mathematical knowledge, the standards for evidence,
argument, and proof.

Leinhardt and Smith (1985), in their exploration of the cognitive aspects of
teaching, also identified two core areas of knowledge, subject matter knowledge and
lesson structure. They would add to the description of subject matter domain by making
explicit the need for understanding of classes of student errors as they relate to the
structure of the discipline. Shulman (1987) separates out this strand of knowledge,
r@cogn’izing it as a special area of knéwledge unique to the needs of teachers. He calls
this pedagogical content knowledge.

Pedagogical content knowledge. Shulman’s second knowledge domain relevant to

this study, pedagogical content knowledge, identifies the blending of content and
pedagogy into an understanding of how particular topics, problems, or issues are

organized and adapted to the diverse interests and abilities of learners, and presented for
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| instruction. Shulman proposed that teachers possess knowledge beyond that of content
specialists. In addition to knowing the substantive and syntactic structures of a subject,
teachers must be able to convey content to students. Shulman (1986) labeled the “ways of
representing and formulating the subject that make it comprehensible to others” (p. 9) as
pedagogical content knowledge. Grossman (1990) elaborated on Shulman’s
conceptualization of pedagogical content knowledge by proposing four components. The
first component is the overarching purpose for teaching mathematics that guides the
planning and enactment of instruction. Second, topic specific knowledge of students’
common ‘preconceptions and misconceptions and of how students learn helps teachers
anticipate typical difficulties and monitor students’ developing understandings. Third,
teachers draw upon their knowledge of the organization of the mathematics curriculum
and available materials for teaching specific topics. Fourth, teachers use knowledge of
instructional stratégies and representations to foster students’ understanding of
-mathematical topics.

Research on Teacher Knowledge

As Shulmah and others have argued, teaéhers’ knowledge affects both the content
and the processes of their instruction, influencing botﬁ what and how they teach
(Carpenter, Fénnema, Peterson, Chiang & Loef, 1989). Thus, itv is important to know
whether teachers have sufficient subject matter knowledge and pedagogical

understanding of the subject matter they teach.

Existing studies associated with teacher knowledge provide evidence that both
subject matter knowledge and pedagogical content knowledge of teachers—elementary

and secondary, preservice and experienced—are often insufficient in quantity and
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unsaﬁsfactory in quality. Understandably, this is an essential reason why there have been
so many reports and documents calling for improving teachers’ knowledge (e.g., CBMS,
2001; NCTM, 1991, 2000). A review of some studies of teachers’ knowledge reveals that
an overwhelming majority of the studies have been conducted with preservice elementary
teachers (Ball, 1990a; Graeber, Tirosh, & Glover, 1989; Mayberry, 1983; Simon, 1993)
and only a few studies have focused on the knowledge of practicing teachers (e.g., Post,
Harel, Behr, & Lesh, 1991; Stein, Baxter, & Leinhardt, 1990; Wilson, 1994). Moreover,
most of the studies investigating teachers’ knowledge have been limited to some specific
domains of a particular subject topic, such as arithmetic operations and functions. Among
the studies cited above, most were conducted in the area of arithmetic operations with the
exception of Mayberry’s work on geometry and Post and his colleagues’ and Wilson’s
work on functions.

One of the reasons why research has focused on elementary teachers is possibly
explained by a continued assumption that content knowledge is not a problem for
secondary teachers, who, by virtue of specialized study in mathematics, “know their
subject” (Ball, 2001). However, research on secondary teachers repeatedly reveals the
fallacy of this assumption (e.g., Ball, 1988a, 1990b; Eveh, 1993; Wilson, 1994). Still the
preponderance of this work is on preservice teachers. Only a fe§v studies of practicing
secondary teachérs’ knowledge exist (Lee, 1994; Lloyd & Wilson, 1998; Norman, 1992;
Stump, 1997; Vinner & Dreyfus, 1989). Those studies mainly investigated the limit
concept (Lee, 1994) and functions (Lloyd & Wilsdn, 1998, Norrnan, 1992; Vinner &

Dreyfus, 1989) in regards to definitions, properties, and operation and translation
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between different representational forms. Thus, many mathematical topics, including rate

of change, have not been studied in any depth.

Teachers’ Acquisition of Knowledge
In addressing the need for teachers to learn the subject matter knowledge and
pedagogical content knowledge needed to guide conceptually-oriented teaching, it is
important that teachers have ongoing support to learn about and improve them. It is also
important to examine the effectiveness of the existing supports, and when those are found
lacking, consider other ways to improve the supports.

University Preservice Programs

One of the prominent ways in which teachers acquire their knowledge is as
students in university preservice programs. University preservice programs herein means
teachers’ educational experiences at their university before formally becoming school
teachers. There is no question that a main purpose of teacher preparation programs is to
provide preservice teachers with adequate knowledge and skiils needed for teaching.
However, the findings of studies investigating the extent to which university preservice
programs influence the development of teachers’ knowledge related to teaching for
understanding is limited. For instance, Begle (1979) conducted analyses across studies of
teacher effects, attempting to identify the trends in how teachers’ mathematics study
impacted their effectiveness with students. Begle’s analysis produced a surprise:
advanced mathematics course-taking produced po-sitive main effects on students’

achievement in only 10% of the cases, and —more startling—negative main effects in
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8%." His study produced another result, less-often reported, which is that the relationship
between the number of credits in mathematics methods courses and student performance
yielded the greatest positive main effects—23%. This result is notable, but still low.*

Consistent with Begle’s claims, McDiarmid (1990) argued that, if preservice
teachers did take college mathematics courses, the kinds of experiences they would
encounter would not promote either the subject matter knowledge or pedagogical content
knowledge that mathematics educators advocate. The university courses might be
successful at increasing specific content knowledge, but were disappointing with respect
to what teachers were able to do with the mathematics in their own practice.

Focusing on mathematics methods courses, McDiarmid examined a four-week
field experience of a group of preservice teachers paired with unconventional teachers.
The researcher noted that some students were willing to reconsider their understandings
and beliefs in a short amount of time, but the changes may have been superficial and
short-lived. Although admitting a 10-week mathematics methods course did have some
impact on preservice teachers, Ball (1989) also raised the same concern as McDiarmid
about the extent to which the impact would continue. Moreover, a broader question that
has been touched upon earlier but remains open is wh;cther‘ the effects of the experiences
at universities will be washed out by school teaching experiencés (Zeichner &

Tabachnick, 1981).

A poéitive main effect would mean that more credits of mathematics were associated with greater student
performance; a negative main effect meant that more credits of mathematics were associated with lower

levels of achievement.
* Monk (1994) found a similar conclusion to that reached by Begle—namely, that the number of

mathematics courses makes a difference, but only up to a point.
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Professional Development Programs

Professional development programs provide another avenue for practicing
teachers to explore and learn pedagogical content and subject matter knowledge needed
to enhance their conceptual teaching. However, many scholars (c.f., Little, 1993; Lord,
1994) note that most professional development is poorly suited to support teachers
acquiring or even expanding such knowledge, although the results of some programs
seem promising (e.g., Featherstone, Smith, Beasley, Corbin, & Shank, 1993; Lappan &
Even; 1989; Schifter, 1993; Simon & Schifter, 1991). A limitation, however, is that such
programs, while immensely helpful for participants and possibly for their colleagues, can
deal with only a tiny fraction o"f‘ teachers. In fact, the mathematical understandings that
teachers need to know are too varied, complex, and context-dependent to be anticipated
in one or even several courses, or once-in-a-while programs such as professional
development (Rus'sell, Schifter, Bastable, Yaffee, Lester, & Cohen, 1994).

In summary, a review of the literature on the effectiveness of teacher preparation
programs at the university and through professional development programs reveals that
these supports often fall short of their potential and are not sufficient to develop the
knowledge necessary to teach for understanding.

Textbook Use and Curriculum Materials

More recently, the role of curriculum materials themselves and their potential to
impact teacher learning has been a point of discussion (Ball & Cohen, 1996; Russell et al,

1994).

Traditional textbooks. As observed by Goodlad (1984), textbooks have been

typically conceived of as providing a scope and sequence of learning objectives for
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students with corresponding instructional and assessment activities. A heavy emphasis is
placed on mechanics in the topics covered by teachers and quizzes emphasize short
answers and recall of specific information. According to Goodlad, similar textbooks yield
similar teaching. He also noted that teachers select some topics to teach because they
have taught them traditionally and they quite often teach in the ways that they have been
taught. This suggests that the opportunities for teachers to change their teaching practice
are not cultivated in traditional textbooks with traditional approaches to mathematics and
are not supported in conventional school cultures.

Potential support of curriculum materials. The publication of Curriculum and

Evaludtion Standards for School Mathematics (NCTM, 1989) prompted scholars to start
thinking about how curriculum materials could help teachers continue to develop the
knowledge needed to teach mathematics in the vision of the Standards. Ball and Cohen
(1996) urged designers to consider including information that would support teacher
learning about student thinking, knowledge of mathematics, development of a classroom
community, mathematical content, and reasoning about instructional designs. They went
on to argue that such “educative” curriculum matérials could embed features that
contribute to successful learning opportunities for >teacAhers, along with the usual scope
and sequence of instructional activities for students.

The potential that curriculum materials have to be educative for teachers was also
addressed by Russell and her colleagues (1994). From their Study exploring the
development of teachers’ mathematical understanding while they teach, they argued that
the process of teacher learning can be bolstered by materials that are closely linked to

practice and offer ongoing support because curriculum materials are ubiquitous in
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classrooms. That is, curriculum materials can support teachers’ learning in ways that
contribute to establishing contexts where teacher learning takes place. They asserted that
curriculum materials seem well situated to contribute to teachers’ opportunities to learn

subject matter knowledge and pedagogical content knowledge.

Recent Reform in Mathematics Education

Recent recommendations by major mathematics educétion professional
organizations, such as the National Council of Teachers of Mathematics (NCTM), the
Mathematical Science Education Board (MSEB), and the National Research Council
(NRC), call for fundamental changes in school mathematics curricula, instruction, and
assessment (NCTM, 1989, 1991, 1995, 2000; MSEB and NRC, 1990). The proposed
changes include design of curricula with a common core of broadly useful mathematics
for all students, emphasis on student-centered instruction that engages students in
exploration of mathematical facts and priﬁciples through collaborative work on authentic
problems, and assessments of student learning through a variety of strategiés that are
embedded in regular classroom activity (Huntley, Rasmussen, Villarubi, Sangtong, &
Fey, 2000). |

In order to implement these recommended changes, teachers need to establish
mathematics classfooms in which students engage actively and cooperatively in
exploration and discussion, and use a variety of representations and technological tools to |
solve rich problems and reason mathematically (NCTM, 1991). In contrast with
traditional classroom activities that émphasize repetition, practice, and memorization of
skills and rules, reform-oriented instruction emphasizes student development of

understanding and connections among important concepts and procedures, both within
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mathematics and to the real world. Reform-oriented instruction can offer learning
opportunities that do not typically occur in traditional classrooms by encouraging
students to communicate their ideas and questions, agree and disagree among themselves,
and negotiate the development of rich joint theories and ideas (Lloyd & Behm, 2002).

Reform-Oriented Curriculum Materials

Specific reform recommendations have resulted in, among other things, a flourish
of curriculum development actively across grade levels (e.g., Investigations in Number,
Data, and Space; Connected Mathematics Project; Core-Plus Mathematics Project;
Mathematics in Context; etc. ¢.f. Senk & Thompson (2003)) during the decade since
publication of the 1989 NCTM Curriculum and Evaluation Standards for School
Mathematics. Although these materials have incorporated specific aspects of reform
recommendations in diverse ways (emphasizing different themes or activities), the
materials share certain qualities that distinguish them from traditional mathematics
textbooks in at least two important ways.

First, reform curricula explicitly incorporate reform ideas about mathematics and
pedagogy by emphasizing inquiry mathematics: student explorations of real-world
mathematical situations and discussions related to proBlem—centered activitiés.
Furthermore, the materials are formatted to support these mathématical and pedagogical
differences. Traditional mathematics textbooks are typically divided into chapters |
outlining self-contained daily lessons for the teacher to present (often composedy
primarily of definitions and examples of the lesson’s content focus) followed by
numerous practice exercises for the students. In contrast, most reform-oriented

curriculum materials have lessons which encourage students to investigate, experiment,

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and debate mathematics. Mathematical activities in lessons pose large-scale problems and
situations centered on particular mathematical themes and content areas.

A second substantive difference is that reform-oriented materials generally offer
more extensive information for teachers. In addition to providing correct answers to
problems, most of these new curriculum materials offer such things as details about
different representations of content, historical information about mathematical and
pedagogical ideas, examples of what students might believe or understand about
particular activities and content, and/or potentially fruitful questions for eliciting
discussion. The inclusion of these details has been motivated in part by the failure of the
“teacher-proof” curriculum materials written in the 1950s and 1960s to facilitate
substantial educational change (Lloyd & Behr, 2002). Such findings support the position
that it is teachers, and not texts alone, that determine how the innovations envisioned by
reformers and curriculum developers become implemented in classrooms.

The Curriculum of the Core-Plus Mathematics Proiect (CPMP)

One set of high school curriculum materials designed and developed to assist
teachers’ learning in the ways described above is the Core-Plus Mathematics Project. The
Core-Plus Mathematics Project (CPMP), now published as Con_temporary Mathematics
in Context: A Unified Approach (Coxtord, Fey, Hirsch, Schoen et al., 2003), was one of
five reform high school curriculum projects funded by the National Science Foundation
in 1992. As a response to the proposed reforms, the CPMP curriculum consists of a 3-
year integrated mathematics program for all students plus a 4th-year course continuing the
preparation of students for college mathematics. CPMP’s novel treatment of complex

subject matter enacts many components of the recommendations of the NCTM
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Curriculum and Evaluation Standards for School Mathematics, as well as research on
teaching and learning, and thus challenges traditional approaches to content (Hirsch,
2001). The curriculum, built upon the theme of mathematics as sense-making,
emphasizes the modeling of real-world situations as a way to explore mathematical
concepts and incorporates numerous features of graphics calculators. Each year of the
CPMP curriculﬁm features topics in algebra and functions, statistics and probability,
geometry and trigonometry, and discrete mathematics. The four major content strands are
unified by common themes such as data, symbolic reasoning, representation, shape, and
change; by common topics like graphical representations, curve fitting, and matrices; and
by habits of mind like visual thinking, recursive thinking, and reasoning with multiple
representations, and providing convincing argl'lme‘nts (Hirsch, Coxford, Fey, & Schoen,
1995).

In additiori to the efforts to provide successful opportunities for students to learn,
the curriculum materials embed opportunities to assist teachers’ learning. To support the
development of teachers’ understanding of mathematical concepts, procedures, and
representations, and the connections between them, the CPMP curriculum provides
discussions of ideas central to a mathematical topic, a‘variety of ways of representing a
mathematical topic and relationships to other mathematical topics. This information is
provided through unit overviews énd backgrounds of mathematical content. A teacher
éould draw on them as needed to prepare for and enact instruction during a unit involving
the mathematical ideas. Also, the curriculum materials support the dévelopment of
teachers’ k_nbwledge about the nature of mathematics as a discipline through discussions

and concrete illustrations of mathematical thinking and arguments by making explicit
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developers’ conceptions of the nature of mathematics as compared to conventional
beliefs about the nature of mathematics.

To provide opportunities for teachers to develop pedagogical content knowledge,
it is important to have teachers understand how to develop students’ conceptual
understanding of mathematics, in addition to developing procedural skills (NCTM,
1991). CPMP directly addresses the purpose or approach that underlies the design of the
materials and makes explicit arguments for the circumstances under which the
curriculum’s approach is beneficial and how its aims contrast with those of other
approaches. Also, the curriculum materiéls point out likely difficulties and
preconceptions that students bring to the study of particular topics as well as ideas and
strategies that commonly arise during instruction. Tangentially, the curriculum materials
suggest ways to monitor students’ understanding and provide examples of common ways
students express pax’[icular mathematical ideas.

Curriculum materials often provide information on the scope and sequence of
topics they cover at a given grade level and across grade levels. Sometimes, however,
they include more topics than can be covered in a school year (Freeman & Porter, 1989).
The CPMP curriculum provides information that suppbrts teachers’ decisions about what
topics to include and omit, including relationships between topics, and offers various
plans for content coverage Within and across grade levels.

Scholars suggest that curriculum materials can also support teacher learning by
offering guidahce on how to make use of the information they offer (Ball & Cohen, 1996;

Russell, 1994). While curriculum materials in general provide representations of content

embedded in activities and lesson plans, curriculum developers’ reasons for choosing
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representations or activities out of the universe of possibilities is rarely made explicit.
Information about the merits of alternative instructional strategies and representations,
which is what CPMP makes explicit, can support teachers’ reasoning about the potential

impact on their students.

Rate of Change

Mathematics educators have identified the mathematics of change as an important
strand of school mathematics (NCTM, 2000; Stewart, 1990), not only because of its
critical role historically and in present day mathematics, the sciences, and the social
sciences, but also because the concepts of the mathematics of change are rooted in
everyday experiences of people—young and old (Confrey & Smith, 1995; Kaput &
Nemirovsky, 1995).

Rate of change is one of the fundamental concepts of the mathematics of change
(Noble, Nemirovsky, Wright, & Tierney, 2001). It is also identified as a key concept to
the understanding of functions in mathematics and to the understanding of manyv ideas
related to everyday life [for example, when describing qualitative change (“ I grew taller
over the summer”) and quantitative change (“I grew two inches in the last year”)]
(NCTM, 2000). NCTM (2000) fécognizes it is an important goal in the development of
algebraic thinking to be able to analyze change in various contexts by understanding
relaﬁons and to model phénomena using appropriate tools. In particular, a concéptual
understanding of réte of change is especially crucial for the study of calculus.

‘Researchers claim that understanding of advanced topics such as calculus “develops from
basic intuitions that children construct in their daily experiences with physical and

symbolic change” and that calculus learning can be facilitated by earlier experienées that
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allow children to study and represent situations involving change (e.g., Nemirovsky,
1993). Rate of change can also be part of learning about rational numbers in
presecondary school mathematics (Behr, Lesh, Post, & Silver, 1983; Harel & Confrey,
1994). It can be recognized in algebra classes concerned with the slopes of lines or the
consecutive differences or ratios in a table of numbers, which can show change over time
for functions (vConfrey & Smith, 1995). And, rate of change can be recognized in calculus

class as the derivative.

Student Knowledge of Rate of Change

An important component of pedagogical content knowledge is knowing how
students think within a specific mathematical domain.- Within a given domain, teachers
must understand what makes the learning of a specific topic difficult and know
appropriate strategies to facilitate the remediation of students’ misconceptions. It is
important for teachers to understand what students know or don’t know about the subject
domain involving rate of change.

The concept of rate of change can be introduced to students from elementary
through high school in a variety of contexts; Distance traveled per second is an example
of a simple way to think about rate of change that maﬁy elementary students can grasp.
Traditionally the concept of rate of change is typically introduced via slope in first-year
algebra and it has been identified as aﬁifficult concept even for high school and college
students to understand.(Nemirovsky & Rubin, 1992; Monk, 1992). Several student |
misconceptions have been associated with the concept of slope. For example, when a
linear function is written in the form y = mx + b, it may be difficult for students to

consider the slope as a ratio if m is an integer. Another confusion often exists as to
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whether slope is computed as “x over y” or “y over x.” Furthermore, students sometimes
believe that the “order of the points” matters for computing slope ((y>— y1)/(x3 ~x,) or
(y1— y2)/(x1 —x2)) (Barr, 1980, 1981). There is also confusion between the roles of m and
b when a function is written in the form y = mx + b (Barr, 1980, 1981; Schoenfeld,
Smith, & Arcavi, 1993). Orton (1984) presented several tasks involving rate of change to
high school students and undergraduates. He identified several errors in students’
reasoning. In their responses to a word problem involving the speed of a car, students
were confused between éverage speed and constant speed. In a problem involving a
difference table, students exhibited confusion between the existence of a number pattern
in the table and the presence of a constant rate of change.

Several studies deal with knowledge of rate of change of precalculus students.
Researchers at TERC (Technical Education Research Centers) used a device with a car
moving on a track so that both the position and velocity of the caf at each moment in time
cold be graphed (Monk & Nermirovsky, 1994; Rubin & Nemirovsky, 1991). Students
were shown a velocity graph and asked to predict a corresponding position graph. The
main result from these sfudies was that students assumed that the position graph should
resemble the velocity graph. If the velocity graph incréased, these students believed the
position graph did too, and vice versa. For these students any change in the velocity
graph meant the same kind of change in the position graph. These studies also reported
students’ errors in interpreting the sign of the velocity. Some students in the studies
associated the sign of the velocity with the speed of the car—positive velocity means

going faster and negative velocity means going slower.
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A conceptual understanding of rate of change is especially crucial for the study of
calculus and physics. Calculus typically begins with the study of derivatives and rates of
change, using slopes of tangent lines to develop these concepts. Physics assumes the
ability of students to interpret slopes as a functional relationship between two quantities
(McDermott, Rosenquist, & van Zee, 1987). Thus, in order to help students acquire a
deep understanding of rate of change, it is important that secondary mathematics teachers
have a robust mathematical understanding of rate of change and be able to utilize that

knowledge when working with their students.

Teacher Knowledge of Rate of Change
Very few studies of teachers’ knowledge related to rate of change exist. Stump
(1997) examined both preservice and inservice secondary teachers’ repertoires of
representations of slope through paper-and-pencil surveys. This study showed that
geometric (steepnéss) representations of slope were included in all teachers’ responses
and algebraic (as a parameter of a linear equation) and physical representations were
mentioned more often that functional, trigonometric, or ratio representations. Differences
were found between preservice and inservice teachers—inservice teachers made mbre
references and had greater understanding of the trigoﬁometric representations of slope.
Thompson and Thompson (1994, 1996) examined how bne middle school
teacher’s mathematical knowledge was reflected in the language he used to teach the
concept of speed to one student. The researchers found that the teécher’s difficulty in
speaking conceptually about rates had an effect on the student’s understanding. While the
-student was oriented to how she was thinking about mathematical situations, the teacher

was oriented to the calculations she employed. The teacher’s use of calculational
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language interfered with his intention to facilitate the student’s conceptual grasp of a
situation. For example, in discussing the situation of trying to travel to an airport 120
miles away in 3.5 hours, the teacher said “We multiply 3.5 hours by his speed to go 120
miles,” instead of something more situationally attuned, such as “He’s going to go at
some constant speed for 3.5 hours, and at the end of 3.5 hours he should have traveled
120 miles.”

NCTM Standards Related to Rate of Change

Consistent with other scholars who identify change as being fundamental to
understanding mathematical ideas such as functions and how they relate to real-life
phenomena, PSSM (2000) also recognizes the importance of being able to analyze
change in various contexts by understanding relations and modeling phenomena using
appropriate tools. It is asserted that ideas of change should receive a more explicit focus
in the early grades and throughout all grade levels, and that high school students should
have a strong basis for understanding the idea so they can learn about the idea of slope as
representing a constant rate of change in linear functions.

Aspects of Knowledge of Rate of Change

Several approaches to the study of various aspects of teachers’ content-specific

and pedagogical knowledge related to rate of change are relevant to this study.

Concept images and definitions

Concept images and concept definitions are useful constructs for characterizing
teachers’ knowledge. A concept image is the total cognitive structure that is associated
with a given concept. A concept definition is a set of words used to specify a given

concept. Discussion of the concept image gives rise to an important distinction between
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the accepted formal mathematical definition for a concept and the way that an individual
thinks about that concept. Usually, when the concept name is seen or heard, what is
evoked is not the formal definition, but the concept image (Tall & Vinner, 1981). A
person can hold a concept image for slope that does not seem to correspond directly to a
formal mathematical definition, as found in the investigation of teachers’ understanding
of functions by Vinner and Dreyfus (1989). However, this study did not attempt to
distinguish between teachers’ concept images and concept definition of rate of change.
Rather, it considers concept images and concept definitions together as one component of
teachers’ knowledge.

Multiple representations and connections

Due to the complex nature and various uses of the idea of rate of change,
including slope, situations embedding change lend themselves to a variety of
representations such as equations, graphs, tables, and verbal descriptions. Multiple
representations have increasingly found their way into the school curriculum as new
technology facilitates more efficient constructions of them (PSSM, 2000). However, it
has been noted that, in traditional courses, students are not provided with enough
opportunities to develop different representations of mathematical ideas beyond those
based on symbolic representations (Porzio, 1997). Porzio studied the impact of the
instructional approaches used in three different differential calculus courses on students’
understanding of the relationship between slope, rate of change, and the first derivative.
The results indicated that whereas students in a traditional calculus emphasizing use of

symbolic representations to present concepts and solve problems were more likely to

 forma disjoint or weakly-connected network of knowledge related to the concept of
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slope (which may help explain their lack of understanding of the relationship between
slope, rate of change, and the first derivative), students in the course emphasizing use of
multiple representations were more likely to form strongly-connected knowledge related
to the concept of slope.

As such, a regard for the multitude of ways that the same relationship can be
represented is indispensable for teaching. A teacher whose concept image of slope
highlights the associations between different representations is empowered to make the
choice of which representations to employ (Dreyfus, 1991, p. 39). For teachers, the
ability and inclination to work with the concept of slope in a variety of formats is
necessary for providing students with opportunities to explore and construct connections
between alternative representations of situations embedding constant rate of change.
Depending on how a relationship is displayed, different interpretations can be made. For
example, a graph can provide insight into both global and local features (Leinhardt, .
Zaslavsky, & Stein, 1990), whereas a table of values may illuminate more local features.
When combined, the information gleaned from diverse representations contributes to a
deeper, more comprehensive understanding of the underlying situations of change. The
importance of mqltiple representations and connections among them is also compatible
with the viewpoint elaborated by Thompson (1994), who posited that

Our sense of “common referent” among tables, expressions, and graphs is just an

expression of our sense, developed over many experiences, that we can move

from one type of representational activity to another, keeping the current situation
somehow intact. Put another way, the core concept of “function” is not
represented by any of what are commonly called the multiple representations of

function, but instead by our making connections among representational
activities. (p. 39)
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Mathematical modeling

A sense of connection among representations for the concept of a mathematical
idea is enhanced through a variety of experiences with applied problem settings that
allow students to describe, explain, manipulate, and predict a wide range of problem
situations (Huntley, et al., 2000). The creation of a mathematical representation of a real-
world or non-mathematical situation is often referred to as modeling (Dreyfus, 1991).
Many current reform recommendations value the mathematical modeling of phenomena
as one of the most powerful uses of mathematics, and emphasize modeling and
contextualized problem-solving across the mathematics curriculum (NCTM, 1989, 2000).
However, research indicates that most school problems being posed to students do not
involve the students in creating, modifying or extending systems of representations for
meaningful problem situations (e.g., Doerr, 1998). Even in solving typical textbook
“word problems,” students generally try to make meaning out of questions that are often

simply a thin layer of words disguising an already carefully quantified situation.

In PSSM (2006) it is recommended that high school students should be able to
develop, identify and find the best fitting model for real-world data by drawing on their
own knowledge of ideas and methods that they have developed. They should also be able
to explain why that model seems reasonable. Because a teacher makes choices of which
problems to engage students in, a teacher’s capacity to use and appreciate the importance

of the concept in varying contexts is critical.

Summary

Since a major goal of this study is to characterize teachers’ knowledge of rate of

change, definitions of teachers’ knowledge, rate of change, and the associated research
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were included in the literature review. This study employs Shulman’s conceptualization
of teacher knowledge in terms of both content knowledge and pedagogical content
knowledge. It addresses important aspects of knowledge of rate of change and is analyzed
in terms of the following categories: a) concept definitions and images, b) multiple
representations, ¢) connections, and d) mathematical modeling. Studies of students’
knowledge of rate of change have noted some common misconceptions such as
understanding of slope and misinterpretation of graphs. Studies of teachers’ knowledge of

rate of change remain largely unexplored.

Another important component in this study is the exploration of how curriculum
materials effect teachers’ acquisition of knowledge. Thus, some ways in which teachers
acquire their knowledge and the nature of new Standards-based curricular were also

included in the literature review.
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CHAPTER HI

METHODOLOGY

Overview

This study investigated secondary school mathematics teachers’ knowledge of
rate of change as evidenced by a survey, their work on mathematics tasks and their
instructional practice while teaching rate of change. This included an investigation into
the differences among teachers with different levels of experiénces teaching a particular
set of Standards-based curriculum materials that emphasize change as a central theme.
The research questions upon which this study focused were:

1. What characterizes teachers’ mathematical content knowledge and pedagogical
content knowlédge of rate of change in the context of teaching Standards-based
curriculum materials?

2. What qualitative differences exist between experienced and less eXperiencsd teachers
using Standards-based curriculum materials with respect to their knowledge of rate of
change?

To gain a richgr despription of teacher knowledge in the context of teaching a
Standards-based curriculum, thirteen teachers at various levels of experience with the
curriculum were studied. These teachers were selected to provide a range of similar and
contrasting levels of experiences tol investigate. The selec,tio'nAof the teachers was based

on the teachers’ educational background and the number of years they had been teaching
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and using the Standards-based curriculum developed by the Core-Plus Mathematics
Project (CPMP). |

Because of the exploratory nature of the study, qualitative data collection and
analysis procedures were utilized. Data collection was divided into three phases. In ’phase
I, a pre-survey assessed teachers’ conceptions of teaching and learning rate of change.
Although teachers’ conceptions were not a primary focus of this study, the information
’gathcréd from this data helped gain additional insight into teachers’ mathematical content
and pedagogical content knowledge of rate of change. In phase II, teachers were
individually interviewed using a set of mathematics problems to assess primarily their
mathematical content knowledge of rate of change. In phase III, a subset of four teachers
from the group of 13 was observed while they taught units where the focus on rate of
change was central, to further investigate differences in their knowledge of rate of
change.

Data analysis was an ongoing process. As the data were gathered, emerging
themes and possible categdries were noted, guided by the framework designed for this
study. The analysis proceeded in two stages. Initially, individual teacher’s data were
examined and described. Then, a comparison was made among three groups of teachers
categorized by their experience teaching the CPMP curriculum.. In both stages,
triangulation between various data sources was conducted to confirm emerging patterns,
themes, and conclusionsf

This chapter first presents a guiding framework for interpreting secondary
mathematics teachers’ knowledge of rate of change, then discusses the research

procedures used in this investigation. Next, the teachers who participated in the
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investigation and instruments used to collect data related to the two research questions
are described. The final section describes the methods used to analyze the data.

A Guiding Framework for Secondary Mathematics
Teachers’ Knowledge of Rate of Change

A framework, consisting of a blocked list of questions, was designed to guide this
investigation of secondary mathematics teachers’ knowledge of the concept of rate of
change. Because rate of change ideas are closely related to the concept of function, this
framework was developed from a synthesis of various frameworks of teachers’
knowledge of functions (e.g., Even, 1990; Norman, 1992; Wilson, 1994), and in part
adapted from the framework used by Stump (1997) to investigate teachers’ knowledge of
slope. Also included in the synthesis were the recommendations outlined in the
Curriculum and Evaluation Standards for School Mathematics (INCTM, 1989) and
Principles and Standardsfor School Mathematics (NCTM, 2000). Because this study
also investigated some aspects of teachers’ pedagogical content knowledge of rate of
change, the guiding framework included aspects of this type of knowledge. (See

. Figure 2)

This framework included five major components designed to interpret teachers’
knowledge of rate of change: a) Concept image and conceptbde‘ﬁnition, b) Multiple
representations and connections, ¢) Linear connection, d) Mathematical modeling, and-
¢) Interpretation of rate of change for teaching students. Given that there is some natural
overlap to these components, the first four were designed to primarily assess

* mathematical content khowledge, and the last focused on pédagogical content

knbwledge. All five components of the framework were used to characterize participating
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2.
3.

Concept Image and Concept Definition

1.

What are the teachers’ concept images and concept definitions of rate of change? As an
algebraic concept? As a geometric concept? As a physical concept? As a trigonometric
concept? As a characteristic of function?

What examples do they use to illustrate their concept images and concept definitions?
What are relations between their concept images and concept definitions?

oW

Multiple Representations and Connections

I.

Can the teachers use their concept of rate of change to recognize patterns of change
between variables represented in tabular, graphic, symbolic, and verbal form?

Can they use tables, graphs, verbal descriptions, and symbolic rules to represent
relationship between two variables involving rate of change?

Can they translate from one representation of rate of change to another?

Can they construct situations in which a rate of change is an essential component?

Can they choose an appropriate representation to explore different contexts that exhibit
constant (or nearly constant) or non-constant rate of change?

Linear Connections

1. Can they discriminate between constant rate of change (linear) and non-constant rate of
change (nonlinear) in situations involving relationships between two variables?
2. Can they use their understanding of rate of change to help to make sense out of
situations involving change in which rate of change is not constant?
e Can they describe how the rate of change of a function at various points is shown
by the shape of the function’s graph?
e Can they estimate the rate of change of a function at any point on its graph?
Do they understand the similarities and differences in estimating the rate of change
for linear and nonlinear functions, and how those methods are related to finding the
slope of a line?
e Can they interpret the derivative function to predict the behav1or of its original
function?
Mathematical Modeling ‘
1. Can they apply their understanding of rate of change to model and solve problems in which

linear or nonlinear relationships exist between variables of interest? That is, can they analyze
data, represent key aspects of problems, interpret results, make predictions from data, and
generalize a method that can be used and adapted to find solutions to problems in a range of
contexts that exhibit linear (or nearly linear)or non-linear relationships?

vk W

Interpretation of Rate of Change for Teaching Students

1.
2.

How do teachers develop or plan to develop the concept of rate of change?

What contexts, problems, representations, analogies, illustrations, examples, explanations,
demonstrations do they use or plan to use in teaching the concept of rate of change?

What concepts do they identify as prerequisite for students’ understanding of rate of change"
(How) can they explain student difficulties with the concept of rate of change?

Do they emphasize concepts or procedures in teachmg about rate of change?

e

igure 2. Guiding framework for secondary teachers’ knowledge of rate of change
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teachers’ knowledge in response to the research questions of this study. The framework
was also used in comparing and contrasting the knowledge of the participating teachers
based on their experience in teaching the CPMP curriculum.

The guiding framework evolved as the investigation progressed. In its original
form, the framework was used to develop pilot questions for the research instruments and
to modify them. As the questions were modified, so was the framework. In order to
insure that key objectives were addressed, the framework was also reviewed by three
mathematics educators. Figure 2 shows the final version of the guiding framework used

in this study.

Researqh Procedures
This study investigated secondary school teachers” mathematical content
knowledge and pedagogical content knowledge of rate of change as evidenced by a self-
report survey, work on mathematical tasks and observation of instructional practice while
teachiﬁ g rate of change. This study also examined differences among teachers with
- different levels of experiences using the CPMP curriculum materials.
The process of participant selection began in July of 2003. This study required teachers
with various levels of téaching experience with the CPMP materials, so the categories
(shown in Figure 3) were used for selecfihg a potential pool of teachers. Initially, CPMP
project staff and Western Michigan University mathematics educators recommended
teachers for the study who they believed fell into the categories described in Figure 3.
These teachers were contacted and the nature of the research project was explained. In
addition to explaining the general intent of the study, the types of data to be collected and

 the time commitments were explained to the teachers. Seventeen teachers agreed to
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participate after this initial contact. However, by the time the study began, 13 of those

teachers, from seven different schools, agreed to participate: Two for category 1, three for

category 2, one for category 4, two for category 6, one for category 7, and four for

category 8. Although an attempt was made to include teachers from each category, no

teachers were selected for category 3 and 5.

Category 1:

Category 2:

Category 3:

Category 4:

Category 5:

Category 6:

Category 7:

Category 8:

Teachers who were just beginning to teach Course 1
(preferably with no other CPMP experience)

Teachers who had at least two years experience teaching Course 1
(preferably with no other CPMP experience)

- Teachers who had no more than one year (> 0) experience teaching Course 2

(preferably having also taught Course 1)

Teachers who had at least two years experience teaching Course 2
(preferably having also taught Course 1)

Teachers who had no more than one year (> 0) experience teaching Course 3
(preferably having also taught Course 1 and 2)

Teachers who had at least two years experience teaching Coufse 3
(preferably having also taught Course 1 and 2)

Teachers who had no more than one year (> 0) experience teaching Course 4
(preferably having also taught the other 3 courses)

Teachers who had at least two years experience teachin g Course 4
(preferably having also taught the other 3 courses)

Figure 3. The categories used in selecting the participénts

- All 13 teachers were given (via e-mail or in person) the survey at the beginning of

the study to be completed on their own time. They reported that it took them

approximately 30 minutes to complete the survey. The modes they used to return their

survey varied: via mail, e-mail or in person. In addition to the survey, all 13 teachers

were also individually interviewed in October through December of 2003 using a set of

mathematical problems designed to address their range of knowledge of rate of change.
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All of the interviews were conducted at the teachers’ schools, usually in their classrooms.
During the interviews, teachers were asked to think aloud as they completed the problems
and responses were audiotaped and later transcribed. The researcher did not deviate from
the problems, however, teachers were often asked to clarify the meaning of their
responses or probed more deeply about their understanding. The length of the interviews
varied from one hour to two hours. Written work done by the teachers during the
interview was collected for later analysis.

A subset of four teachers from the group of 13 was purposefully selected for
classroom observations and intervi;:ws, with the potential to provide the greatest contrast
in experience levels. The two least experienced teachers and the two most experienced
teachers in teachin g the CPMP curriculum were chosen. Observations focused on
particular CPMP lessons/investigations where rate of change was a central theme.
Because of the plabement of the units within the school year, for the most experienced
teachers was observed September through November of 2003. The least experienced
teachers were observed December of 2003Athr0ugh February of 2004. The same class was
observed from four to six times for each teacher, and in the case of teachers teaching

" ‘morg than one section of the course to be observed, thé classes were chosen on the basis
of timing. Teachers were asked to provide the researcher with éopies of supplemental
assignments, quizzes and tests given during the observation period. Classes were
audiotaped and later transcribed.

A semi-structured interview was conducted before and after eéch observation.

The pre- and post-observation interviews were audiotaped and transcribed.
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Participants

The thirteen teachers whé completed the survey and the mathematical task-based
interview were from six high schools and one middle school. The participants included 9
males and 4 females. All but two teachers had experience teaching the CPMP curriculum.
The two teachers (in category 1) were first-year teachers who were beginning to teach
Course 1. All but one teacher were currently teaching a CPMP course. The years of
teaching experience for these teachers ranged from half a year to thirty seven years
(including two first-year teachers), with an average of 12.4 years and a median of 9 years.
Nine of the teachers held bachelor degrees in mathematics. Four held bachelor degrees in
mathematics education. Four had received masters degrees in mathematics education and
one was completing a masters degree in mathematics education at the time of the study.
One had received a masters degree in mathematics. Six teachers had been exposed to the
CPMP curriculum before they started using it in their classroom and eight teachers had
been exposed to other reform-oriented curricula in their methods courses, conferences, or
both. Five teachers who had relatively little teaching experience started their first and also |
current teaching job with the CPMP curriculum. All but two teachers had participated in
some kinds of professional development programs reléted to the CPMP curriculum
materials. .

Background information for all 13 teachers iS provided in Table. 1 and more
detailed information on the teachers’ teaching experience relative to the CPMP
curriculum is presented in Table 2. A coding system was used for teachers’ names to

indicate three levels of teaching experience with the CPMP curriculum: 1) HE for the
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Table 1
Participant background information
Teacher Degree(s) & Major(s) Number | Number of Exposed to CPMP Exposed to | Participated | Experience
Identifications® Bachelor Master | Of years | years teaching | before the first other reform | in PD related | teaching
Major/Minor teaching | CPMP time teaching it curricula to CPMP calculus
LE | L1A* | Math Ed/English { None First year First yéar Yes Yes Yes No
L1A,* | Math/Psychology | None First year First year No No Yes No
L3A; Math Ed/ None 2.5 25 Yes Yes Yes No
Family consume '
ME | MIB | Math/Biology None 4 4 No No No® No
MIC® | Math Math 35 6 No Yes Yes No
M2C Math Math Ed 9 4 Yes Yes Yes No
M3C Math Math Ed° 20 6 Yes No Yes No
M3B Math Ed/ None 5 5 Yes No No* No
Earth science
M4F | Math/Physics None 13 5 No No Yes No
HE } HF . Math Math Ed 6 5 Yes Yes Yes No
~ HD* Math/French Math Ed 13.5 7 No No Yes No
HB Math : Math Ed 15 7 No Yes Yes Yes
HG* Math/Science None 37 10 No Yes Yes Yes

Note. *Keys for the teachers’ coded identifications: The first letter indicates the group category in which the teacher was classified.
The number in middle (used for LE and ME teachers) indicates the highest course in the CPMP course series that the teacher had
experience of teaching. The letter at the end indicates the teacher s school identification (i.e., teachers of which coded identifications
end in the same letter means they were : at the same school.) ® The teacher is a middle school teacher °The teacher was completing the

master degree at the time of the study.

colleague teachers on lesson planning or assessment). * Indicates classroom observation participant.

4The teacher indicated that he/she received interdepartmental development (f.g., working with
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Table 2
Participants’ experience levels teaching the CPMP curriculum

Teacher - Number of years teaching the particular CPMP The CPMP course(s) taught during the study
Identifications course(s) before participation in the study '
Course 1 Course 2 Course 3 Course 4 Course 1 Course 2 Course 3 Course 4
LE | L1A* First year X X
L1A,* First year X - X
L3A, 2 1 X X
ME | Mi1B 4 X
M1C 6 X
M2C 2 3 X X
M3C 6 4 X X
M3B 2 5 X X
M4F 3 2 1
HE | HF 3 3 3 2 X X
HD* 6 4 4 2 X X X
HB 4 5 6 4 X
HG* 4 6 6 4 X X X

Note. * Indicates classroom observation participant.




for highly experienced teachers who had taught all four CPMP courses each for at least
two years, 2) ME for teachers having a moderate amount of experience teaching the
CPMP curriculum—the teachers in this category had a mix of experience teaching the
first three CPMP courses (with one having taught Course 4 once, but not Course 3), and
3) LE for the least experienced teachers who had not taught any CPMP courses in the
past or those whose experience was limited mainly to Course 1 and 2 (with a single
exception of one teaching Course 3 once). Thus, for example, teacﬁers whose coded
names begin with the letter “H” are .HE teachers who had taught all four CPMP courses
each for at least two years.

Observation Participants

From the group of thirteen teachers, classroom observations (with pre- and post-
interviews) were conducted with four teachers. Selection of observation participants
focused on gener_ating cases where the teachers varied in level of teaching experience
with the CPMP curriculum, in order to gain additional insight into how teachers’
experience in teaching the CPMP curriculum might enhance their knowledge of rate of
change. To accomplish this, two LE teachers, L1A; and L1A,, and two HE teachers; HD
and HG, were selected. Cﬁteda used for selection of these four teachers were their
willingness to be observed in their classroom and their teaching assignment to either
Course 1 or Course 4 during the time of this study. |

Ideas of mathematical change and rate of change afe addressed in each course of
the CPMP curriculum. The disc;uSsion of “change” begins in Course 1 and revolves
around linear and exponential functions, Course 2 focuses on power functions and

periodic change, and Course 3 deals with families of functions and sequential change
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using recursion. In Course 4, the rate of change idea is more intensively discussed and
formalized in ways that underpin Calculus.

Investigating teachers with the largest contrast in experience with the CPMP
curriculum seemed to have the most potential for exploring possible differences in their -
knowledge. Therefore, the selected four teachers were those with the least (L1A; and
L1A;) and most (HD and HG) experience teaching the CPMP materials among the
thirteen. In addition, teachers HD and HG had taught all four CPMP courses. The two LE
teachers were first-year teachers and had no formal teaching experience using the CPMP
materials or any other curriculum materials. These four teaéhers’ background information
is presented in Tables 1 and 2. More detail on these teachers’ background information is

presented in Chapter I'V.

Instruments
The survey, the mathematical task-based interview and the classroom observation

| protocol were designed to probe teachers’ mathematical content and pedagogical content

knowledge of rate of change. Questions were selected to address the five components of

the guiding framework for secondary mathematics teachers’ knowledge of rate of change

devised for this study: concept image and concept definition, multiple representations and
- connections, linear connections, mathematical modeling and interpretation of rate of

change for teaching studénts. The complete forms of the survey, mathematical task-based

interview and observation protocol appear in the appendices. A description of each |

instrument and its relation to the research question is presented in the sections that

follow.
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Survey

The initial data collection phase of the study was by a pre-survey of each of the
participating teachers, administered for take-home complétion. This survey consisted of
three sections: Background information, Perceptions of teaching and learning rate of
change, and Perceptions of textbooks and the CPMP curriculum.

Background information

The first section of this survey contained items concerning information about the
educational and teaching history of each teacher and their teacher preparation program
and teaching experiences, such as courses taught and types of professional development
programs attended. Moreover, it also contained background on their school, such as how
CPMP is used, and the support (preparation) teachers received for teaching CPMP. This
particular section of the survey was taken from a survey designed and used by the Core-
Plus Mathematics Project. Information from this section was used to help characterize
individual teachers (presented in a previous section). See Appendix A: Background

Information for a listing of the corresponding survey items.

Conceptions of teaching and Iearning of rate of change

This section of the survey consisted of two opén—ended questions (Items 1 and 2)
and 14 Likert scale items (Items 3 — 16). In order to gain additional insight into teachers’
mathematical content and pedagogical content knowledge of rate of change, the two
open~e‘nded questions assessed teachers’ thoughts about learning goals and prerequisites
vfor students to understand rate of change. Teachers were asked to identify two or three of

the most important ideas they want students to learn about rate of change (in Item 1) and
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concepts students need to know in order to understand the idea of rate of change
(in Item 2).

Items 3 — 16 were designed to identify important beliefs the teachers have about
teaching and learning the idea of rate of change. Teachers were asked to indicate the
extent of their agreement with each belief statement using a five-point Likert scale (SD =
Strongly disagree (1), D = Disagree (2), N = Neutral (3), A = Agree (4), SA = Strongly
agree (5)). Although teacher beliefs were not the primary focus of this study, researchers
suggest that in order to understand teachers’ thinking about a mathematical idea, either in
planning for instruction or in teaching, it is important to understand their beliefs about the
mathematical idea or their teaching as well as their knowledge (Cooney & Wilson, 1992). .
Teacher beliefs have the potential to affect the way teachers learn mathematics (which, in
turn, affects what the teacher learns) and also the way that the teacher teaches
mathematics. Thus, information on this section of the survey helped provide a clearer
perspective on what characterized the teachers’ knowledge of rate of change. For
example, a teacher’s reliance on an algebraic representation for teaching slope (e.g., “m”
in an equation y = mx + b) may originate in her strong belief that students need to
demonstrate a procédural understanding of slope befofe doin g any investigation (éee item
13 in this section of the survey). Moreover, the teacher’s own procedural-based
uﬁderstanding of slope may contribilte to tﬁe'development of such a belief. And the
teacher’s undérstanding of slope may be restricted by the way the idea of slope is
presehted in the curriculum he/she uses.

The 14 Likert scale items were adai)ted ffdm a survey used in an evaluation study

of the NSF-funded TRUMPET (Targeting Reform of the Undergraduate Mathematics
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Preparation of Elementary/Middle School Teache‘rs) project (Ziebarth, 2002) to study the
conceptions of probability and statistics held by elementary preservice teachers. They
were altered to address the domain of rate of change. Items were pilot tested to ensure
that each item was clear, distinct from other questions, and meaningful for the goal of the
survey. See Appendix A: Conceptions of Teaching and Learning of Rate of Change for a
listing of the corresponding survey items.

Conceptions of textbooks and CPMP

The third section of the survey contained five open-ended questions (Items 1 - 3,
16 and 17) and 12 Likert scale items (Items 4 — 15). Questions 1-3, shown below, were
designed to assess teachers’ beliefs about textbooks (or other curriculum materials):

1. What is the purposé of textbooks (or other curriculum materials)?

2. What makes a “good” textbook for students who are learning mathematics?

3. What makes a “good” textbook for teachers 'of mathematics?

Items 4-15 were designed to identify teachers’ views about the CPMP curriculum
with respect to rate of change— how well CPMP materials support students to learn, and
teachers to teach and learn, rate of change. Response choices were indicated on a five-
point Likert scale (SD = Strongly disagree (1), D = Disagree (2), N=Neutral 3), A =
Agree (4), SA = Strongly agree (5)). For example, Item 8 asked teachers to indicate the
extent to which CPMP investigations involving rate of change challenge students to think
more deeply about those ideas. In Item 9, teachers Were asked to indicate a level of their
agreement with that same statement but with respect to themselves (i.e., the extent CPMP
investigations in\_/olving rate of change challenge you [as a teacher] to think more deeply

about ideas of slope and rate of change.). These Likert-scale items were developed from
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an instrument used by Lloyd et al. (2002) to examine elementary preservice teachers’
beliefs about textbooks. In addition, two open-ended questions (Items 16 and 17) asked
for teachers’ thoughts about the impact of the CPMP curriculum on their teaching and
mathematical learning.

Responses on the items in this section of the survey provided information to
explore possible contributions made by CPMP to enhancing teachers’ own learning of the
concept of rate of change. See Appendix A: Conceptions of Textbooks and CPMP for a
listing of the corresponding survey items.

Mathematical Task-Based Interview

This interview (see Appendix B) consisted of eight questions assessing various
aspects of mathematical understanding of rate of change as elaborated in four of the five
components of the guiding framework. Questions 1 and 2, shown below, directly related
to the first compohent of the framework. The questions were designed to assess teachers’
concept of rate of change as shown in their descriptions of concept images and concept

definitions of rate of change:

1. In the context of algebra and function, what does “rate of change” mean to
you? How would you illustrate this idea? '

2. How would you define rate of change? Can you give one or more examples to
illustrate?

The remaining questions were selected in relation to the second, third and fourth
components of the framework. Guided by the framework, 17 problems were originally
chosen as a sample pool from various reférences, including the Professional Standards
for School Mathematics (N CTM,_ZOOO), an instrument developed by a comparative study

to investigate effects of a Standards-based curriculum, in particular CPMP, on students’
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understanding (Huntley et al., 2000) and Harvard Consortium’s Calculus (Huges-Hallet
et al., 1998). To establish content validity, the 17 problems were initially reviewed by one
of the authors of CPMP and then reviewed by two other mathematics educators. In
response to 'reviewers’ comments on the richness of problems and the length of time for
their completion in an interview setting, some questions were modified, combined or
replaced as necessary.

Six problems (Problems 3 — 8) were then selected to examine the aspects of
mathemnatical understanding of rate of change, identified in the framework as: a) use and
interpretation of multiple representations and translation between representations, and
connections among representations (primarily assessed in Problems 3, 5 and 8), b)
connections between different types of rate of change (primarily assessed in Problems 6
and 7), and ¢) modeling of real world situations (primarily assessed in Problem 4). That
instrument, together with the other two questions related to concept images and
definitions, were pilot-tested with two high school teachers and three student teachers
doing internships at a high school and changes were made as a result.

The first purpose of the pilot interviews was to determine the clarity of the
questions and procedures. Some adjustments were made in how questions were displayed
and ordered in response to the experience in thé pilot interviews. The second purpose was
to determine how long the interview would last with the numbér of questions proposed.
Although there was some variation in time required to complete the interviéw, the results
of the sample interviews confirmed the interview could reasonably be conducted in about
1.5 hours. The third, ahd perhaps most critical, purpose of the pilot interviews was to

determine the potential of the rate of change questions to reflect differences in teachers’
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rate of change knowledge. In the process, the sample interviews also provided an
opportunity for the researcher to discover and anticipate possible approaches to the rate
of change items. For example, in Problem 5 (taken from CPMP Course 4) of the pilot
instrument, pilot-teachers were asked to use multiple representations to describe the rate
of change of an exponential function f(x) = ab™:

Problem 5. Suppose fis an exponential function of x with rule in the form
f(x) = ab”

(a) What is the rate of change of {?
(b) How is the rate of change of f shown in tables, graphs, and rules of the

- function?
(c) What rule gives the rate of change of f at any point x?

One teacher (who had the most experience teaching Course 4 where rate of
change ideas are intensively discussed) showed understanding of relating patterns in
numerical results to the shape of a graph and making connections between the derivative
function (which he mentioned as a general rule giving the rate of change of the given
function fat any point) and the rule for finding the slope of a straight line. Another
teacher (who has used CPMP for 7 years but not taught CPMP Course 4) was able to use
a table and graph that she drew to explain instantaneoys rate of change at various points,
but was unable to discover ways to use such information to find a general rule of rate of
change of the given function. She tried to remember its derivative function that she knew
would give the answer and finally gave up, commenting about how you lose things if you
don’t teach them. One student teacher (doing his internship when interviewed) said the
rate of change of f(x) = ab™ ié “b,” which is the multiplicative factor that appeared jn a
table that is multiplied by each previous term to get the successive term. During. the

interview, he created a table for x = 1, 2 and 3, and said;
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The rate of change [of f(x) = ab*] is b so it has the constant rate of change which

s the slope of the line...but I know exponential functions can’t be a line [drawing

a graph of an increasing exponential function] . . . I mean straight line. Maybe,

maybe it goes up by the same speed something.

This suggests that his understanding of rate of change is predominated by constant
rate of change. He misunderstood the change in the table of the given exponential
function f(x) és b which is a constant consistently multiplied to the next term. (He had to
subtract a previous term from its next terms to find a change.) His response also
highlights the misconception that “slope” is an equivalent term with “constant rate of
change,” rather than slope is one representation among many that could be used to
represent constant rate of change. Piloting this instrufnent, thus, showed that these itéms
certainly had the potential to uncovef teachers’ thinking and to highlight differences in
teachers’ rate of change knowledge. This problem was ultimately changed to a particular,
but simpler, fonction, f(x) = x2, for use in this study. Such decision was made because of
concerns that teachers’ levels of understanding of function may obstfuct the exploration
of rate of change (e.g., if they could not graph f(x) = ab”, it would be a limiting factor of

thinking about rate of change, perhaps causing more confusion.).

Classroom Observations

Since teachers’ instructional behavior also reflects what teachers know about the
mathematical domain being taught, it was reasonable to explore instructional tasks and
classroom discourse as another way to depici what they know. Observation of teaching
has not often been used in the past to capture teacher knowledge, because teaching using
traditional textbooks did not easily lend itself to such scrutiny. In that environment,
teachers typically present procédural exercises. Discourse is limited, usually from teacher

fo students. In such an environment, teachers’ knowledge is minimally explicated through
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the way they use their knowledge in practice. Thus, it was not realistic to expect to
capture, through observation of teaching practice, the aspects of the teachers’ knowledge
that couldn’t be captured by their work on a series of mathematics problems. Conversely,
the context of Standards-based mathematics curricula creates conditions where teachers
have to make explicit their understandings of mathematical ideas and procedures and use
their understanding to probe and push students’ thinking (Ball, et al, 2001). Thus,
classroom observation became an important tool in this study to understand the
mathematical understanding of teachers using Standards-based textbooks and to probe
possible contributions made by curriculum materials to their knowledge.

The four observation teachers were observed teaching units in which ideas of
mathemaﬁcal change are central. (Informatibn on the observed units is presented in the
section “Results of Classroom Observations” of Chapter I'V.) The classroom observation
protocol (see Appéndix D) was used to record field notes during observations to help
supplement the audio recordings and form the basis for post-observation interviews. The
observation protocol was developed based on the guiding framework devised for this

~ study and partly adapted from one developed by Mendez (1998). The classroom
obsewatidn protocol was designed to record observations in a systemic manner that was
appropriate for the setting and participants in this study and that facilitated analysis of the
observatiohs. The observation protocol included descriptions of the physical setting and
verbal portraits of the people involved, a summary of the lesson, and a record of the
nature and substance of the teacher’s actions and interactions with students or those

among students. Substantial actions and interactions were observed according to the

following aspects:
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a) repertoire of aspects of rate of change utilized during the lesson (e. g., algebraic,
geometric, or functional characteristic concept);

b) multiple representations (tabular, graphic, symbolic and verbal) and connections
among them utilized during the lesson;

¢) calculational and conceptual misunderstandings that surfaced during the lesson;

d) connections between different rates.of change and with different mathematical or real
world topics utilized during the lesson; ‘

e) procedural and conceptual generalization of an idea involving rate of change utilized
during the lesson, and;

f) important mathematical ideas about rate of change that are pursued or not pursued.

The representations that were utilized and elicited were noted, because they were

an important indication of teachers’ mathematical content and pedagogical content

knowledge. For ekample, a teacher’s ability to dis;:uss instantaneous rate of change of a

nonlinear function at one point by relating the derivative rule to the graph of the function

shows a depth of understanding that mere memorization of the symbolic rule misses.

Whether and how teachers made connections among répresentations of rate of change

were also noted: Connections can also be made betweén different mathematical ideas,

and the most vcomplex of connections is a generalization which vsorts‘ examples into

categories or recognizes patterns and gets at the structure of a broader theme within

mathematics. Also, instancesvof when teachers decided to pursue or not to pursue ideas

were recorded. For example, student confusions or student responses involving '

significant mathematical ideas that were or were not pursued in class were noted.
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Finally, the observation protocol notes included the researcher’s impressions and
initial interpretations. They were of an introspective nature as the researcher began to
reflect on what was happening in the classroom. None of the four teachers involved in the
classroom observations used written lesson plans (preventing the collection of such
artifacts), but student handouts, quizzes and exams were collected. These supporting
documents, along with field notes and audiotapes bf the classes, contributed to a
characterization of teacher knowledge and teacher conceptions of rate of change.

Pre- and Post-Observation Interviews

Before each observation period began, a semi-structured interview was conducted
to partly probe the participating teachers’ mathematical and pedagogical understanding of
the idea of rate of change with respect to the lesson being observed, as well as to form a
basis for what to focus on during classroom observations. Thus, information gained from
these pfe—observation interviews, in part, addressed Research Question 1. The teachers
were asked to indicate mathematical prerequisites required for students’ understanding
the idea of rate of change within the upcoming lesson, to tell what they wanted students
to know from the lesson, and to identify difficulties that students may have with the idea
discussed in the lesson.

As a follow-up to each observation, teachers were asked to reflect on the lesson
by indicating whether they thought goals were reached and providing reasons for making
any unplanned alterations. Some of the questions in this semi-structured interview
followed-up and built upon the data previously gathered for each teacher. In this respect,
the post-observation interview varied somewhat in ifs focus from teacher to teacher.

Discussions revolved around what the individual teacher had done in class, what other
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representations could have been incorpofated, what connections could have been made
and/or how these ideas could be generalized. Because it was assumed that behavior is
purposeful and expressive of deeper values and beliefs (Marshall & Rossman, 1999), the
rationale for teachers’ decisions in probing students’ thinking, noted during classroom
observations, were discussed to gain an understanding of why such decisions were made.
The rationale often explained what they understood about the mathematical ideas and
students’ thinking. Therefore, how the decisions were tiéd to their mathematical content
knowledge and pedagogical content knowledge regarding that idea was probed. (See
Appendices E and F for a listing of questions in the pre- and post-observation interview
protocols).

Observation and post-observation interview protocols were pilot tested with two
high school teachers and three preservice secondary teachers. For each of the high school
“pilot teachers, two classroom periods were observed and either audio- or video-taped.
During this time, the focus of both teachers’ classes (CPMP Course 1) was on studying
and making connections between numeric (constant rate of change), graphic (constant
slope), and symbolic (y = mx + b) characieristics of linear relatioﬁships.

During the time when the preservice teachers \;vere observed, they were teaching
small groups of students (Grade 8) in one middle school classrdom setting, as part of a
research project, MTEC.? They used a Standards-based middle school textbook,
Connected Mathematics Project (Variabies and Patterns), and the observed lessons were

centered on exploring three ways (vérbal description, table, and graph) of representing a

> MTEC (Mathematics Teacher Education Community) is a research project, directed by Van Zoest at
Western Michigan University, that aims to form various communities of mathematics teachers focusing on

improving teaching. :
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changing situation. Although the goal of this study is to investigate teachers’ knowledge
at the high school level, the mathematical content being discussed was relevant and the
students were completing their gt grade year.

Throughout the observation period, the researcher took field notes, using the
observation protocol developed for this study, to check the appropriateness of if the
predetermined categories for documenting complex actions and interactions, if there were
some themes to be added, and if using this protocol would not intrude excessively on the
ongoing flow of events. Also, it permitted the researcher to practice taking notes while
observing and become familiar with the format of the protocol. -

As a result of the pilot, the format was altered to make it more user-friendly.
Some questions were made less specific on the new version. For example, in its original
form, the representation question was specified in subcategories (unpacked, amplified,
énd single), but the three categories were combined in the final form, how many and what
representations would be discussed was not clear until the end of the lesson. The
predetermined big themes, described in the section on Classroom Oi)servation, remained
unchanged and no other themes were added.

During the pilot, interviews were conducted foﬂowing each observation using the
post-observation interview protocol developed for this study to Acheck if the
predetermined questions addressed all aspects outlined in the observation prdtocol. Asa
result of the pilot, some questions were made more>specific to avoid general responses.
For example, “What connection could be made?” in its original form was changed to

' ;‘What connections ;ould be made among the ideas discussed in class?, with different

rates of change?, with ‘different mathematical ideas?, or with real-world situations?”
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Some questions were expanded to a series of questions to push teachers to reflect on their
actions and interactions. For example, “Why did you decide to pursue that mathematical
idea?” was expanded to two questions in “Why did you decide to follow-up the students’

mathematical ideas? In what ways did the follow-up clarify your rationale?”

Data Analysis

The data gathered from the survey and the mathematical task-based interview
were used to provide an in-depth description of CPMP teachers’ mathematical content
and pedagogical content knowledge and their conceptions of rate of change with respect
to the CPMP curriculum. Responses were examined by participant, by question, and by
relevant aspects of the concept of rate of change, with an emphasis on distinguishing
generai patterns or trends within the participants’ responses individually and as a group.
The guiding framework for interpreting secondary mathematics teachers’ knowledge of
rate of change was used to analyze the extent and cohesiveness of their knowledge.
Because the purpose of the data collection was to provide a description of teachers’
knbwledge, and not to rank the extent or correctness of their knowledge, the analysis of
the data was predominately qualitative in nature. Thus, the analysis of the data‘ was an
ongoing and iterative process. The analysis process began as the data was being gathered
for each teacher. Initial insights about the data and speculative patterns were recorded in
the margins of the researcher’s journal. A quantitative measure, frequency, was used to

provide general insight into similarities and differences in teachers’ responses in terms of

the number of specific responses or approaches.
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The Survey Data

The results of the survey consisting of a mixture of Likert-scale items and open-
ended questions were aﬁélyzed item by item and then emerging patterns were identified
among all of the teachers as well as within the three groups of teachers (LE, ME and HE
teachers). In particular, analysis of open-ended questions involved repeated scans of
teachers’ written responses in order to identify emerging issues. In some cases, emerging
issues were related to categories originating from the guiding framework designed for
this study, but some other issues suggested by the data created new categories. A
tentative list of categories from the initial scan was revised and redefined during the
subsequent reviews of the data. Data were then coded according to those categories and

tabulated, as displayed in the tables in Chapter IV.

The Mathematical Task-Based Interview Data

The items of the mathematical task-based interview were classified based on the
four categories of the guidir}g framework: concept image and concept definition, multiple
representations and connections, the linear connection and mathematical modeling.
Within each of the categories, teachers’ responses were analyzed to identify response
patterns, major themes and levels of complexity. The .response; were grouAp‘cd according -
to the following: preference on a particular representation, such as numerical vs.
graphical representations; frequently demonstrated misconceptions, such as the signs of
velocity; and procedurally- vs. conceptually-based understanding. Approaches teachers

used to solve the problems, types of representations utilized, and errors (if any) were also

coded.
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The Observation and Follow-Up Interview Data

The results of the classroom observations and follow-up interviews were analyzed
by individual teacher and then looked at across the range of teachers (LE and HE
teachers) for patterns and themes. As mentioned earlier, the researcher’s journal was used
as a tool for clarifying assumptions and theoretical orientation. Ongoing speculation
about emerging patterns was used as the basis for questions during the interviews with
teachers and for generating themes to be followed up in subsequent observations. During
analyses, efforts were made to search for regularities in the data and find events that
represented distinct but substantial segments of data.

Data were coded initially using the existing categories of mathematical content
and pedagogical content knowledge in the guiding framework, but new or more specified
categories arising from the data, such as categoﬁes involving “graph as picture,”
_misconception, and understanding of second derivative, were developed as well. The
coding encompassed both single 'propositions and activity segments, and follow-up
interview transcripts were used to clarify and/or look for explanations for teachers’
instructional decisions in the coded propositions and activity segments. No attempt was
made to code every proposition, and some propositioris received more than one code.
Then significant themes within and across the two groups of teachers were determined.
At this level of analysis, the researcher referred to other d!ata sources of individual
teachers in an attempt to find consistencies and inconsistencies, permitting the researcher
to further analyze the findings for particular teachers. Finally, significant statements and

examples were incorporated into the report of findings for the purpose of comparison

between the two groups of teachers. Decisions about which lesson vignettes to include for
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support were determined by how representative the lesson was of what the teachers did
and did not know and how the information related to the research questions being

explored.

Summary

An overarching goal of this study is to characterize teachers’ content and
pedagogical content knowledge with respect to rate of change in the context of teaching
the CPMP curriculum. A framework was designed to provide a comprehensive guide for
analyzing different aspects of rate of change knowledge consisting of concept image and
definition, multiple representations'and connections, linear connection, mathematical
modeling, and interpretation of rate of change for teaching students. Thirteen teachers.
with a wide variety of teaching experience with the CPMP materials were selected to
provide a range of similar and contrasting levels of experiences to investigate. All
teachers completed a survey documenting perceptions of teaching and learning, and
individual interviews consisting of two questions (one relating concept image and the
other relating concept definition)- and a series of six mathematics tasks. Four teachers,
two with the least amount of experience teaching the CPMP curriculum and iwo with
extensive experience (having taught all CPMP courses), were selected for classroorﬁ
observations. Data collected from all sources were primarily analyzed qualitatively and

provided evidence to characterize teachers” knowledge of rate of change.
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CHAPTER 1V

RESULTS

This chapter presents results of this study of secondary school teachers’
knowledge of thé concept of rate of change. First, the results of the survey, completed by
all 13 participating teachers, are presented to illustrate their conceptions of teaching and
leamiﬁg rate of change and their thoughts about textbooks and the CPMP curriculum
materials. Next, the results of the mathematical task-based interview, conducted with
each participant, are presented in relation to the components of the guiding framework for
analy'z'iﬁg secondary teachers’ knowledge of rate of change devised for this study:
Concept Image and Concept Definition of Rate of Change, Multiple Representations and
Connections, The Linear Connection, and Mathematical Modeling. Finally, the results of
classroom observations and follow-up interviews for a subgroup of four teaéhe_rs are
reported to contrast the least and most experienced teachers using the CPMP vmat'erials.
Although data were collected from individual teachers, in reporting _the results, themes
related to the teachers’ knowledge base relative to rate bf change are reported for the
group rather than for individuals. \

These data provide a broad but in-depth characterization of secondary
mathematics teachers’ mathematical content knowledge and pedagogical content
knowledge of rate of change. This characterization also addresses the iséue of how

teachers’ experience in teaching the CPMP curriculum might enhance their knowledge of

rate of change.
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Results of the Survey
All 13 teachers completed the survey. The survey consisted of three sections:
background information, conceptions of teaching and learning rate of change, and
conceptions of textbooks and the CPMP curriculum. Since the participating teachers’
background information was reported earlier (see Chapter III), only results from the

remaining two survey sections are reported below.

Conceptions of Teaching and Lcaming Rate of Change

This section of the survey consisted of two open-ended questions (Questions 1
and 2) assessing teachers’ thoughts about learning goals and prerequisites for students to
understand rate of change, and 14 Likert scale items (Items 3 — 16) identifying important

beliefs that teachers had about teaching and learning rate of change.

Learning goals

With the intentioﬁ of gaining insight into teachers’ mathematical content
knowledge of rate of change, the first open-ended question asked teachers to ide;lﬁfy two
or three of the most important ideas they want students to learn about rate of change. A
wide variety of ideas were listed and many of the ideas were mentioned by more than one
teacher. (See Table 3) There were no teachers who fdcused solely on computational
procedures or formﬁlas. Most teachers (11 out of 13) listed a goal that students be able to
use and interpret multiple representations of rate of change. Of those eleven, nine of the

| teachers mentioned the ability to recognize patterns of change or rate of change shown in ~
different representations and two teachers mentioned the ability to use multiple
representations (e.g., tables, graphs and equations) to represent the relationship between

two variables involving rate of change. Of those nine teachers, two teachers referred to
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tables, graphs and equations (L1Aj, L1A;), and two teachers referred to only tables and
graphs (M3B, HD). The remaining five did not make reference to a particular
representation, but made a more general statement such as “describing rate of change
from various representations.”

Ideas about the process of approximating the rate of change of a curve were listed
by five teachers. The responses included “When a graph is curved, an estimate for rate of
change is really the linear ‘piece’. So it’s like finding the slope of the line segment”
(HD), and “How to find a rate of change at any given point as well as over an interval”
(M3C). All HE teachers, no LE teachers, and only one ME teacher considered the idea of
the linear connection as an important idea about rate of change. “Understanding of
derivatives” was mentioned by three teachers, with two HE teachers further elaborating
that it is “knowing derivative functions of different function families and graphing the
derivative functions.”

The impértance of understanding functions was identified by three ME teachers
as understanding of linear relationships, understanding of dependent and independent
variables, and understanding of function families (e.g., linear, quadratic, exponential and
trigonometric) (2, 1 and 1 incidents, respectively). Tw'o teachers included “developing
graphing calculator skills” as an important idea for students in ieaming rate of change.
Other ideas, such as ratio and applying real-life situations, each received a single
mention. Table 3 shows the ideas teachers‘ listed and response rates by teacher experience
category.

~ As illustrated in Table 3, differences wére found in the LE and HE teachers’

tesponses. While LE and HE teachers both considered the ability to recognize patterns of
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Table 3
Teacher responses identifying key ideas important for students’ learning rate of change

Identified ideas Number of responses Teacher
that include this idea identifications
HE ME LE
n=4) | (n=6){ (n=3)
Use and Interpretation of Multiple
Representations
1. Recognizing patterns of change 3 4 2 L1A,, L1A,;, M1B,
represented in multiple representations M2C, M3B, M4F,
. HB, HD, HG
2. Using tables, graphs and equations to 0 1 1 L3A;, MIC
represent rate of change
Linear Connection
3. Discriminating non-constant rate of 4 1 0 M3C, HB, HF,
change HD, HG
4. Knowing instantaneous vs. average 1 1 0 M3C, HF
rate of change
5. Estimating rate of change for 1 0 0 HD
nonlinear functions is similar to
finding the slope of a line
Derivative ;
6. Understanding of derivatives 2 1 0 M3C, HD, HG
(with no details)
7. Knowing derivative functions of 1 0 0 HD
different function families '
8. Graphing derivative functions 1 0 0 HG
Functions
9. Understanding of linear relationship 0 2 0 M1B, M2C
10. Knowledge of dependent and 0 1 0. |MiC
independent variables
11. Understanding of function families 0 1 0 Mi1C
Others : ‘
12. Developing graphing calculator skills 0 1 1 L3A5, MIC
13. Understanding the idea of ratio 0 1 0 M4F
14. Applying to real-world situations 0 0 1 L1A;

Note. The column total number of responses is greater than the number of teachers
responding since some teachers gave multiple responses. The row total number of
responses is the number of teachers including the corresponding idea in their response.
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change between two variables displayed in different representations to be one of the most
important ideas about rate of change, no LE teachers related that idea to “non-constant
rate of change,” which is the idea mentioned by all HE teachers. Other ideas that were
mentioned by LE teachers, but were not mentioned by any of the HE teachers, were using
multiple representational forms to represent rate of change, applying real-life situations
and graphing calculator use. All HE teachers, and some ME teachers, addressed ideas
concerning the linear connection, derivative and functions. No LE teachers responded in

these regards.

Prerequisites for students’ understanding of rate of change

Question 2 focused on aspects of pedagogical content knowledge. Teachers were
esked to identify concepts students need to know in order to understand the idea of rate of
change. The most common responses involved experience with graphs and knowledge of
dependent and independent variables (7 and 6 responses, respectively). “Experience with
graphs” includes being able to make and interpret graphs and using graphing calculators
as a way to make graphs. Knowledge of slope, solving equations, and function families
were mentioned less often (5, 3 and 2 responses, respectively). “Knowledge of slope”
includes being able to find the slope of a line (4 responses) and knowing that the slope
indicates the constant rate of change of the line (1 response). Tn/o LE teachers considered
being able to make and read tables as prerequisite concepts for students’ understanding as
well as make and read graphs (L1A;, L1Aj). Other concepts listed were arithmetic skills
such as subtraction and fractions (IL1A;) and ratios (M4F). One teacher did not Tist any

concept as a prerequisite, stating “not sure if there is any prerequisite concepts” (M3C).
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Table 4 presents the prerequisite concepts listed by teachers and response rates by teacher

experience category.

Table 4
Teacher responses identifying Key prerequisite concepts needed for students’ learning of

rate of change '

Identified Concepts Number of responses Teacher
that include this idea Identifications
HE ME LE
(n=4){(n=6) | (n=3)
1. Being able to make and interpret 2 3 2 LiA,, L1A,, M1C,
graphs M2C, M3B, HG, HF
2. Knowledge of variables 1 3 2 L1A4, L1A,, MIB,
MI1C, M3B, HB
3. Knowledge of slope ’ 2 1 1 L3A;, M2C, HD, HG,
HF
4. Solving equations 0 1 2 L1A;, L3A5, M1C
5. Being able to make and interpret 0 L1A, L1A,
tables
6. Knowledge of function families 2 0 0 HB, HD
7. Ratios 0 1 0 M4F
8. Arithmetic skills 0 0 1 L1A,
9. Use of graphing calculators 0 1 0 Mi1C
10. No concepts identified 0 1 0 M3C

Note. The column total number of responses is greater than the number of teachers
responding since some teachers gave multiple responses. The row total number of
responses is the number of teachers including the corresponding idea in their response.

Beliefs about teaching and learning of rate of change

Items 3 through 16 asked teachers to indicate the extent of their agreement with
each belief statement using a five-point Likert scale (SD = Strongly disagree (1), D =
Disagree (2), N = Neutral (3), A = Agree (4)‘, SA = Strongly agree (5)). For all teachers,
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rate of change was perceived’as an important mathematics topic. All teachers indicated
that basic ideas of rate of change and slope are not too difficult to learn. But two teachers
indicated agreement with the item “Introducing siope as a rate of change makes it more
difficult to understand.” (Teacher L3A; strongly agreed and teacher M1C agreed.)
However, they were not asked fo explicate what they considered “basic ideas,” so there
rﬁay have been variation in how they interpreted that statement. All teachers felt
confident with their ability to teach éoncepts of rate of change. They also believed that
they needed to be aware of how students learn mathematics and that it was important that
they be able to interpret what students -are doing as they work on mathematics problems.
A majority of téachers (12 of 13) agreed or strongly agreed that learning rate of change in
context and through different representations is important (with L3A3 choosing “neutral”
to‘ the item), and that students should learn mathematics by being actively engaged in
solving problems (with M4F choosing “neutral””). Also, most teachers (10 of 13) agreed
or strongly agreed that working cooperatively is an effective way to learn mathematics
(with L3As3, M2C and M4F choosing “neutral”). All but one teacher (L3A3) disagreed
with the statement “Students need to demonstrate procedural understanding of rate of
change before doing any investigation.” Five teachers felt neutral or agreed with the
statement “The best ways to teach how to solve complex problems is to decompose them
into a sequehce of basic skills.” Three teachers (M2C, M3B, M4F) chose “neutral” and
two teachers (L3A3, M1B) chose “agree.” |

While there did not seem to be large differences in response patterns with respect
to teachers’ level of experience in using thé CPMP curriculum, the response patterns of

one teacher varied significantly from those of her peers on specific items. This teacher,
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L.3A3, had a more procedural view of teaching and learning mathematics in general, and
‘concepts of rate of change in particular, by strongly agreeing that students need to
demonstrate procedural skills before doing any investigation. She also believed that
decomposing problems into a series of basic skills and teaching for mastery of the skills
is the best way of teaching. She saw “making sense” as important when doing
mathematics, yet gave “using context anci multiple representations in learning” less value
than all of her peers.

Conceptions of Textbooks and the CPMP Curriculum

This section of the su'rvey consisted of three open-ended questions (Questions
1 - 3) assessing teachers’ beliefs about textbooks (or other curriculum materials), 12
Likert scale items (Items 4 — 15) identifying teachers’ views about the CPMP curriculum .
with respect to rate of change, and two open-ended questions (Iterhs 16 and 17) asking
teachers’ thou ghtsy about the impact of the CPMP curriculum on their teaching and
mathematical learning.

Beliefs about textbooks

When asked about the purpose of using textbooks or other curriculum materials,
the most often mentioned responses included “acquiriﬁg— mathematics content to learn”
and “providing examples solved for students and problems to sél\-ze” (7 and 6 responses,r
respectively). The teachers made such comments as “[Textbooks provide materials] for
students to review what they learn” (M1C) and “[Textbooks allow] students to have a
common experience and common language to use in their discussions of the topics”
(HB) These responses suggest that the teachers may principally view textbooks as

materials that communicate information for students to learn, not necessarily for teachers.
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Three ME teachers who mentioned ideas related to both teachers and students
included a statement indicating that a purpose of textbooks is to present teachers
information on what to teach and how (M2C, M3B, M4F).

Questions 2Vand 3 asked teachers to state their thoughts about what makes a
“good” textbook for students and teachers of mathematics. A variety of ideas were listed.
Six ideas that were identified as key aspects needed for both étudents and teachers were
that they contain examples (solved for students), problems requiring deep-level thinking
but also focusing on skills, clear explanations of ideas, connections to different areas of
mathematics and real-world situations, and helpful visual materials (e.g., pictures,
diagrams).

Other textbook features considered to benefit students were “review/remedial
materials” (M1C), “easy to understand steps for solving problems” (L.3A3) and “being

colorful” (M3B).

Beneficial features for teachers included “resources for review/remediation”
(M1C, HD), “being written in an easy to understand way” (L.3A3), and “being formatted
in a way that is doable in class periods” (M3C). Three teachers (L1A;, M2C, M3B) also |
mentioned the importance of having teacher notes invblving the background or
development of content, suggestions for presenting ideas, and afeas where students may
havevdifvficulty and suggestions for how to address them. Table 5 réports textbook
features listed by teachers and response rates by teacher experience category.
As illustrated in Table 5, teachers’ statements about mathematics textbooks involved
ways in which textbooks presént mathematical topics. Many teachers believed that

textbooks display mathematical knowledge that students should acquire through
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examples, explanations, and visual aids. Moreover, the textbooks should display the
knowledge with clarity. About half of the teachers (including 3 of 4 HE teachers)
indicated “problems and/or questions requiring student thinking” as a key aspect that

Table 5
‘Teacher views about what mathematics textbooks should contain

Response Categories Number of responses that include this idea
Mathematics textbooks should For students For teachers
be/contain:

HE ME LE HE ME ~ LE

(n=4) | (m=6) | n=3)] (a=4) | (n=6) | (n=3)

1. Problems/questions 3 . 2 1 3 2 0
engaging student thinking

2. Problems connecting to real- 1 4 0 2 1 0
world situnations and '
different mathematical

topics
3. Clear explanations of the 2 S 2 1 1 2 1
topics
4. Problems focusing on skills 1 2 0 0 0 1
5. Example problems (solved) 1 1 1 1 1 0
6. Helpful visual materials 0 0 2 0 0 1
7. Review/remedial materials 0 1 0 1 1 0
8. Written in an easy to 0 0 1 0 0 1
understand ways
9. Formatted in a way that is 0 0 0 0 1 .0
doable in class periods
10. Teacher notes 0 0 0 0 2 1

Note. The column total number of responses is greater than the number of teachers
responding since some teachers gave multiple responses. The row total (in each section of
“For students” and “For teachers™) number of responses is the number of teachers
including the corresponding idea in their response.
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makes a textbook good for students (6 responses) and teachers (5 responses). Only one
LE teacher (L1A,) considered “problems and/or questions requiring student thinking” to
be beneficial for students and no LE teachers related it to teachers. The importance of
clear explanations of mathematical topics and example problems solved for students were
mentioned (5 and 3 responses in conjunction with students, and 4 and 2 responses in
conjunction with teachers).

Views about the CPMP curriculum

" In items 4 through 15 teachers were asked to focus specifically on the CPMP
curriculum and indicate their level of agreement with each statement using a five-point
Likert scale (SD = Strongly disagree (1), D = Disagree (2), N = Neutral (3), A = Agree
(4), SA = Strongly agree (5)). The CPMP curriculum was perceived by most (11 out of
13) teachers as focusing on student thinking in general. All but one LE teacher (I.3A3)
indicated that the materials challenge students to think more deeply about the idea of rate
of change. Of the 12 teachers who agreed with this statement, nine also felt that the
CPMP materials. challenge teachers themselves as well as students. There were three
teachers who viewed the materials as challenging for students but not for them as a
teacher (L3As, M2C, M4F). Teacher HG chose “peutral” as to whether it challenges |
students or teachers. On the items concerning the sloi;e Aid‘ea presentéd in the CPMP
materials, most teachers (11 out of 13) disagreed with the statement “introduciﬂg slope as
a rate of change makes it more difficult to understand.” Only teacher L3Aj strongly
agreed and M1C agreed. All teachers seemed to be comfortable with considering
explaining slope as a rate of change, but six teachers (no HE teachers) indicated that -

approaching the slope idea as rate of change may not be easy for students to understand.
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On the item concerning their perceptions about the problem-based nature of the CPMP
materials, 9 out of 13 teachers believed that students better retain what they have learned
through materials of this kind. The remaining four teachers chose “neutral”.

The response patterns of two teachers differed from their peers on specific items.
Teacher M1C felt more strongly than the others that introducing slope as a rate of change
makes it more difficult to understand, in particular for students. But fhat teacher seemed
to be comfortable with the approach of addressing slope in this way, agreeing that
CPMP’s explanations of slope as a rate of change are easy for teachers to follow.
Interestingly, he did not believe that CPMP materials challengéd him to think differently
about slope and rate of change. One LE teacher, L3As3, shared some of the same views as
teacher M1C regarding CPMP’s approach to the idea of slope. In addition, she did not
think the CPMP materials do a good job of helping students learn the concept of slope. It
is noteworthy that, in the survey section about teaching and learning rate of change, she
showed very procedural views of teaching and learning mathematics in general and
concepts of rate of change in particular, emphasizing learning procedural skills and
teaching for mastery of the skills. Two ME teachers (M2C, M4F) also valued
emphasizing procedural aspects in teaching and leamfng.

Influence of the CPMP curriculum

In the final two open-ended questions 16 and 17, teachers were asked to reflect on
the extent to which they felt using the CPMP curriculum has changed their teaching and
helped them expand their own mathematical understanding.

On teaching. When asked whether the CPMP curriculum has had an effect on

their teaching, all seven teachers who had used a traditional textbook before using the

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CPMP curriculum, answered “yes.” Five teachers (all LE teachers, M4F and HF)
indicated that this question was not applicable to them since they had begun their
teaching career with the CPMP curriculum. All of them stated that the way they appfoach
preparing for and teaching their class is different from the way they were taught. One
‘teacher (LL3A3) answered “no” to this question. She recognized CPMP’s distinct approach
to teaching and she somewhat und¢rstood why it utilized this approach. However, she
explained that she used aﬁ approach that was more comfortable to her. This was the same
teacher who also expressed a procedural view of how students should be taught.

When asked how their teaéhing has changed since they started using the CPMP
materials, nine teachers (all seven teachers who indicated the curriculum has changed
their teaching and two LE teachers who answered “not applicable”) responded. The
teachers who responded noticed various things that they now pay more attention to or
spend more time on as a result of using the CPMP materials. Their responses were
categorized in terms of instructional format, teacher role and teacher focus (1.e., nature of
teachers’ questions and comments). As shown in Table 6, while LE teachers noted
changes about instruétional fdrmat (such as, spénd more time on group work and less
time on lecture) the most, HE teachers noted changes ébbut a teacher’s role (such as, pay
more attention to listening to students’ ideas and monitoring grbup work) the most.

On their own learning of mathematics. All but one teacher (M4F) indicated that
there were times when using the CPMP materials that they had to review some
mathematics again for themselves. When asked to recall what mathematical ideas those
were in general or with respect to slope and rate of change, ﬁVe teachers had troublé

recalling and responded more generally. The following are some sample responses:
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Table 6
Teacher responses on what has changed about their teaching

Number of responses

Response categories . .
p g that include thlS idea

HE ME LE
=3 | (n=4" | (n=2Y

Instructional format

Spend more time on:

1. Whole class discussion to build some idea or try to 0 1 1
elicit opinions - not just “right answers”- from students ,

2. Presenting or sharing to have students communicate 0 2 0
their findings, solutions, or strategies to the whole class

3. Group work 1 0 2

Spend less time on:

4. Lecture/Demonstration to show how to solve a problem 1 2 2

Teacher role

Pay more attention to:

5. Posing questions and/or problems 2 2 1

6. Listening to students ideas, strategies, interpretations, 2 1 1
and reasoning

7. - Encouraging to consult with peers as they work 0 1 2

8. Monitoring group work 2 0

Teacher focus

Emphasize more:

9. Conceptual meaning of mathematical ideas and 2 1 0
mathematical processes such as reasoning, justifying
solutions

Emphasize less:

10. Procedures (algorithms) 8 i (1)

11. Correctness/accuracy

Note. The column total number of responses is greater than the number of teachers
responding since some teachers gave multiple responses. The row total number of
responses is the number of teachers including the corresponding idea in their response.
* Number of teachers who did not provide responses were subtracted from the total
number of teachers in each category.
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[1t] helped me think about a lot of the concepts in new and deeper ways. (L1A,)
I’'m constantly learning new ideas in math because of CPMP. (L1A)

I can safely say that I have confidence in my math skills as a result of teaching it
[the CPMP curriculum].” (M1C)

Ideas in the curriculum are sometimes presented in new and deeper ways from
what I’ve known. (M2C)

Connections between tables and graphs, connections to real world applications
have increased my understanding. (HB)

Even teacher L3A;, whose teaching style remained traditional, felt that using the CPMP
curriculum impacted her mathematical understanding, commenting that “New
connections are presented, often that had never been apparent to me before.”

Other teachers made reference to “use and connections of multiple
representations,” and “connections between different mathematical ideas and to real-
world situations” in their responses on how the curriculum helped them look differently
at slope and rate of change. For example: -

CPMP did require me to look at slope differently. I learned it simply as “rise over

run,” and learned it within the confines of the concept from a classroom

perspective. CPMP’s approach to slope uses real-life examples and a piecemeal
approach, which was both helpful for me and for the students. (M1B)

Learning it {slope] in problems that could happen in every day life alone shed new

light on the number that before was just a number to me. And derivative, when I

read through the text it felt like I completely re-learned about it, though I had

many calculus courses in college. (HD)
Summar

Rate of change was perceived by all teachers as an important and generally a not-

~ too-difficult-to-learn mathematical topic. Many teachers viewed use and interpretation of

multiple representations and the linear connection as key ideas in learning rate of change,

although no LE teachers mentioned ideas concerning the linear connection. The ability to
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make and interpret fepresentations was the most often identified prerequisite concept for
learning rate of change. Not surprisingly, almost all teachers felt that learning in context
and through different representations is important. Working cooperatively and being
engaged in solving problems were viewed as effective ways to learn mathematics. All
teachers indicated they were confident with their ability to teach concepts of rate of
change and slope, and most teachers (11 of 13) felt that approaching slope as a rate of
change did not make it more difficult to understand.

When asked about the role of textbooks, the most often mentioned responses were
“acquiring mathematics content to learn” and “providing examples solved for students
and problems to solve.” This indicates that the teachers may conceive textbooks mainly
as materials that communicate information for students, not necessarily for teachers.
“Problems engaging student thinking and connecting to other topics™ and “cleér
explanations of topics” were most frequently identified as features that can benefit both
students and teachers. However, features concerning the nature of problems/questions

were not considered by any LE teachers.

'With _respect to the CPMP curriculum, seventy percent of teachers felt that the
CPMP materials challenge teachers themselves, as well as students, to think more deeply
about the idea of rate of change and also that students better retéin what ‘they have learned
through problem-based materials such as CPMP. Almost all of the teachers indicated that
the way they approach preparin g for and teaching their classes is different from the way
they were taught. All the teachers who had taught prior to using the CPMP materials
noted changes in their teaching since they started using the CPMP materials, with regard

to instructional format, teacher role and teacher focus. Most teachers indicated that using
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the CPMP materials had an impact on their own learning of mathematical ideas to

varying degrees.

Results of the Mathematical Task-Based Interview

All 13 teachers were individually interviewed using the Mathematical Task-Based
Interview (shown in Appendix B). A total of eight interview items were designed to
aésess various aspects of mathematical understanding of rate of change as elaborated in
four of the five components of the guiding framework. Questions 1 and 2 directly related
to the first component of the framework, Concept Images and Definitions of Rate of
Change. The other three components (Multiple Representations and Connections, The
Linear Connection and Mathematical Modeling) were add_ressed in questions 3 through 8.
A summary of teachers’ responses to each problem precedes a discussion of general
trends that emerged during the analysis of the interview data.

Concept Images and Concept Definitions

The first two interview questions (see below) requeéted a statement of teachers’
concepts of rate of change and an illustration of their ideas that contributed to an

understanding of their concept image and concept definition of rate of change:

1) In the context of algebra and function, what does “rate of change” mean to

you? How would you illustrate this idea?

2) How would you define rate of change? Can you give one or more examples
to illustrate?

Concept images

In terms of the concept image, all but one teacher (M3C) stated and illustrated their

concept images of rate of change in more than one way and several themes were evident
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in teachers’ responses. Table 7 shows the distribution of teacher responses classified (in

the most specific category) by similar descriptions and mathematical content area (type).

Table 7
Teachers’ concept images of rate of change
Description of concept images of Type® # of Teachers Teacher
rate of change (n=13) identifications
1. Slope of aline = (y2 =y )/(x2 — X1) “Geometric 13 All
2. Rise over run Geometric 2 L1A,, L3A;
3. For the line y =mx + b, m is the Algebraic 4 1.3A;, M1B, M3B,
rate of change HG
4. Constant increase/addition | Algebraic 3 L1A,, M1B, M1C
5. How fast/much something Functional 3 L1A,, M2C, HF
changes over time '
6. Relationship between two Functional 4 MIC, M3B HB,
variables HD,
7. Derivative as the slope of the Functional 2 HB, HG
tangent line of the curve at a point
8. Derivative Procedural 3 L1A; M2C, M3B
9. Comparison, a ratio Ratio 1 MA4F

Note. The column total number of teachers is greater than the total number of
participating teachers since some teachers gave multiple responses. * Types were
identified through direct references mentioned by teachers or interpreted by the
interviewer (the researcher). ~

As illustrated ‘in Table 7, regardless of level of experience with the CPMP
materials, all of the 13 teachers mentioned “slope of a line” illustrated by
(y2 - y1)/(x2 — x1) as a way to conceptualize rate of change. Functional concepts were the
second most frequently mentioned type of concept image. Of the nine teachers who
mentioned a function concept, féur teachers stated their concept images as relatioriships

between two variables using the generic terms, one (or one variable) vs. the other (or the
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other variable), while three teachers referred specifically to time as a variable. For
example, one HE teacher (HF) said, “It’s how much something changes over time. How
much is water pouring out of a container over time, say per minute, or how much is a car
traveling per hour.” To illustrate this functional characteristic of their concept images
many teachers drew a rough sketch of the graph of a function. Some sample responses

wCere:

A linear graph of some sort. As time passes the amount of pay changes in a job. It
[the graph] will probably steadily increase. (L.1A;)

A linear function. For example, the amount of weight or force that’s applied and
that’s going to make a difference in a stretch or in a distance. (M1C)

If you are looking at population of a city over time and asking them [students], as
the years go by, what’s happening to the population in this picture. And most of
the time population is going to be an exponential growth. And so they’d see the
curve increasing and hopefully seeing it not increasing straight because it’s
increasing at an increasing rate. (M3B)

I usually see it [rate of change] as a curve. Maybe a ball going through the air. A
parabolic function where the rate of change is increasing. (HG)

The graphical examples that less experienced teachers used, however, were often
| festricted to those with a linear relationship.

A total of five teachers mentioned the term “derivative” to illustrate their image of
rate of change. However, they seemed to have different understandings of the idea of
derivative. In responding to a follow-up question that probed their view of the derivative
concept, three of these five teachers (L1A;, M2C, M3B) failed to provide a rationale for
their response. These teachers did not seem to understand the concept of derivative
beyond a procedural rule for calculating one. Thus their responses were classified as

“derivative” (in description) and “procedural” (in type) because they used terminology
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without much understanding. For example, two of the teachers commented in the

following manner:

Derivative means rate of change. That’s what I’ve heard from my calculus class in
college. I don’t remember it all but I do remember some easy ones. 2x is the
derivative of x*and x becomes 1. But this is it. This is all I remember about
derivative. [ know derivative means rate of change, but don’t know how I can use
it to tell you how I think about rate of change. Then I need to go back to the “rise

over run” thing. (L1A;)

In terms of rate of change, the first idea that comes to mind is actually the

derivative of a function, which is more of a calculus idea. Why I brought that up

is... well, I guess basically I was taught that rate of change is derivative, so 1

guess for me it was a fact that I remembered what I was taught in college. (M2C)

The remaining two teachers (HB, HG) demonstrated a more sophisticated
understanding by stating that the derivative is a function of a point and the slope of the
tangent line of the given function at that point. This suggests that their view of the
derivative concept in relation to the rate of éhange concept is functional in nature, as
compared to the other three teachers whose view of derivative was more procedural.

Algebraic typés of description, referring to “the parameters in the equation
y = mx + b” or “increment in a table of numerical data,” were mentioned by seven
teéchers including one HE teachers. To exhibit their ideas, those seven teachers all
deséribed a linear model in which the rate of chan ge is constant. Of all the teachers, one
(M4F) made reference to the idea of ratio by describing his concept image as “a
comparison, a ratio of two measurements.”

Other possible concepts that can be used to illustrate one’s image of the rate of
change idea are physical (e.g., the steepness of an incline such as pitch of a roof or grade

of a road) or trigonometric (the tangent of the angle of inclination). Neither physical nor

trigonometric concepts were mentioned by teachers in this study.
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As shown in Figure 4 and Table 8, while geometric concepts dominated LE and
ME teachers’ concept image of rate of change, every HE teacher made reference to a
characteristic of function as well as geometric concepts to illustrate their image of rate of

change. Algebraic concepts were used more often by LE and ME teachers than they were

by HE teachers.
100

g B HE teachers
{:(é 80§ [OME teachers
ﬁ 60 LEteachers
O 4ol P
@ ‘
o 20+ S %

Geometric Algebraic Functional Derivative  Ratio
as arule

Concept Types of Rate of Change

Figure 4. Percent of teachers who mentioned multiple approaches in describing the
concept of rate of change in their concept images

Table 8
Distribution of teachers using multiple concepts to describe rate of change in their
concept images

Types HE teachers ME'teachers LE teachers

(n=4) (n=6) (n=3)

Number (%) Number (%) Number (%)

Geometric 4 (100) 6 (100) 3 (100)
Algebraic 1 (25 3 (50) 2 (67)

Functional 4 (100) 3 (50) 1 (33)
Derivativeasarule | 0 (0) 2 (33) 1 (33)
Ratio 0 (0) 1 an 0 (0)

Note. The column total number of responses is greater than the number of teachers
responding since all but one ME teacher gave multiple responses.
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Concept definition

Unlike the variation in teachers’ concept image of rate of change, all but one
teacher (M4F) defined the concept as “how fast/how much something changes over
time,” which is a “functional” definition of rate of change, as shown in Table 9. Their
selection of this definition as their formal definition of rate of change may point to an
influence of using the CPMP curriculum (which introduces the term “rate of change” in
situations that exhibit a functional relationship). The teacher who did not use a functional
approach defined rate of change as a ratio of two measurements, which was also the

approach used to illustrate his concept image of rate of change.

Table 9

Teachers’ concept definitions of rate of change

Descriptions of concept definitions of Types® # of teachers Teacher
rate of change (n=13) identifications

1. How fast/how much something Functional 12 All except M4F

changes over time or over a
certain period

2. Aratio : Ratio - ‘ 1 MA4F

Note. * Types were identified through direct references mentioned by teachers or
interpreted by the interviewer (the researcher).

After giving a definition of rate of change, seven teachérs also indicated that they
may alter their definition slightly based on factors such as age of the students in their
classroom and class appropriateness, as well as the demands of the task at hand (saying,
for example, ‘fit depends on what the student already knows and whét problem they are
working on”). However, they did not provide specific examples of these alterations.
Some teachers seemed to defer to what was personally preferential. For example, teachers

L1A, and M1B indicated that they always try to do an algebraic approach first unless a
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graphical way seems more familiar or more applicable to the situation at hand. Teachers
HD and HF expressed a preference for using a graphical approach to think about rate of

change.

Multiple Representations and Connections

The other six interview problems (see Appendix C for a brief solution of each
problem), in full or in part, required teachers to demonstrate their ability to use and make
connections among various reprsentations (tables, graphs, symbolic rules, or verbal
descﬁptions), to represent relationships between two variables involving rate of change,
and interpret results from a given representational form. These questions were presented
both in contéxt and context-free situations, as well as in situations involving constant (or
nearly constant) and non-constant rate of change.

When asked about the role of the two parameters typically used to describe a
linear relationship between two variables involving a constant rate of change in different
representational forms (i.e., mathematically, the coefficient of x and the constant term in
a linear equation) (see Figure 5), all 13 teachers provided a correct response when

discussing the effects of the parameters on numeric and graphic patterns.

3) Movies-To-Go has a membership plan for its customers. It costs $20 per year to
become a member, and members pay $1.50 to rent any movie video. What is the
role of the numbers 20 and 1.50 in a table, a graph and an equation relating annual

- cost C and the number of videos rented V?

Figure 5. Question 3 in the mathematical task-based interview

Regardless of their level of experience with CPMP, teachers were able to

recognize patterns of change in the two variables of interest from the problem context and
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show how the recognized patterns appear in tables, graphs and equations. Figure 5 shows
a contextualized problem in which the rate of change is constant (Question 3).

The following two teacher responses were typical of the ways in which teachers

talked about their solutions:

In a table, the 20 would represent if you rent zero videos, then it would still cost
you $20.00 for that month. So you would see that in the table when V is zero and
C would be 20. In the graph you can find this [20] as the Y intercept. So when
V = zero, then the C value would be 20. That’s the starting point for both the
table and the graph. In the C-V equation, you would see C= $1.50V + 20. The
role of 1.50 is, so every time you...every time that the V column moves up by 1,
the C column moves up by 1.5. So for instance, we have zero videos gives you
$20. One video would give you a total cost of $21.50 and that continues in the
table, $1.50 more every video. In the graph every one more V that you move
right, the rise goes up another 1.5 and then in the equation that’s the...it was
C =3$1.50V + 20 so the $1.50 would be the rate of change. (HF)

20 is the constant amount, so in the equation it would be like $20 plus how much
it costs each video to rent. So 1.5 would be the rate of change because that’s how
much it costs to rent each video. $1.50 would be multiplied by the V, for the
number of videos. The graph would be a line and it would start at, since $20 is the
starting point on the Y axis, it would start at 20. The 1.50 is shown by how much
it goes up from one video to the next. In the table form...It would start at zero
videos like $20 and each time, it would go up $1.50 from one to the next. (L1A;)
These examples show that the teachers demonstrated an ability to move among
different representations in their responses. For example, teacher HF moved from
equation to table and graph to equation. This suggests~ that teachers seemed to be
confident in their ability to translate from one representation of a constant rate of change
to another.
The order in which teachers used various representations in their solutions varied.
That is, although the questions were written with a suggested order of table, graph and

eqliation, some teachers began with the graph while others began with the equation. One

teacher (M3B) began by commenting “... So in a table... well no, where do I want to
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start? I guess in a graph...” and then began to work with a graph. A-lso, teachers often
used their previous responses to answer the next part of the problem, rather than using the
information originally given in the problem. Many teachers based what they knew about
the role of the numbers 20 and 1.50 in a table to answer questions about what a graph
wquld show. For example, after creating a table, M1B said “Okay, now when we’re in a
graphy... um, I don’t need to go back [to the given problem]. I can use what I got here
[indicating his written work for,th'at part of thé table].”

Questions 5 and 8 emphasized interpretations of a graphical representation that
exhibits non-constant rate of change or a mixture of constant and non-constant rates of
change. These questions required teachers to recognize patterns of change representéd in
graphs and use the recognized patterns to construct another situation in which rate of
change is an eésential component. In question 5, shown in Figure 6, teachers were asked

to give a story that describes patterns shown in a (time, distance) graph and then create a

(time, velocity) graph matching the given graph.

5) Give a story for the following (time, distance) graph. Then sketch a (time, velocxty)
graph corresponding to the given graph.
S 2
8 8
2] o R
] >
ab c d e f ab c d e f
Time : Time

Figure 6. Question 5 in the mathematical task-based interview
Note. The velocity graph and letters a — f were added for the purpose of reporting results.
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Teachers had fewer problems in creating a story for the given graph. Twelve
teachers gave a reasonable story by recognizing changes in both rate and direction of
motion. The following is representative of the teachers’ stories:

I’m going to start my run from my house [indicating the origin in the graph] and

I’ve stretched out and everything and I'm feeling pretty good. So Ibegan by

going through a sprint. So my distance increases quite quickly because I'm

running fast, I'm accelerating at that point {at time a]. [Indicating the segment

(a, b)] so... as time goes by then my distance is increasing faster and faster and

faster so, then I get tired so I stop. [Indicating the segment (b, ¢)] give me time to

rest. [Indicating the segment (c, d)] when I feel refreshed, I turn around and I head
back towards my house. This time just doing a steady jog at a constant rate.

[Indicating the segment (d, )] and then I stop and 1 have my stop watch set and I

want to rest for the same amount of time that I rested on the other end [the

segment (b, ¢)} and I'm ready to go. [Explaining the segment (e, f)] And I'm

going to miraculously start at one speed and continue at that speed until I’'m

finished, which is going to be a faster speed. (M3C) '

Only one teacher, M1B, had difﬁéulty interpreting the segments showing decreasing
distance (segment (c, d)) and zero distance (segment (d, €) only). That teacher was able to
provide a correct ihterpretation of the segment (b, c) (which is another horizontal line
shown in the distance graph), saying that “ There’s no distance being covered. The object
- 1s just standing now. . . . ” He also demonstrated an understanding that horizontal
segments have zero velocity later when asked to predict a velocity-time graph
corresponding to the distance graph. However, “zero” distance did not seem to make
sense to the teacher. He looked puzzled and said “How can the distance be zero? You
walked some distance.” Here he needed to understand the change of the distance in terms
of direction of motion in reference to the origin from which the object started —
increasing distance means moving away from the origin and decreasing distance means

moving back towards the origin. In this context zero distance meant the object got to the

point where it started and stayed there for a period of time.
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When asked to sketch a (time, veldcity) graph, seven teachers completed a graph
coﬁectly. All 13 teachers recognized changes in velocity in the following segments:
from the origin to b (an increasing velocity), from b to ¢ (zero velocity) and fromd to e
(zero velocity). They also provided a proper sketch of those corresponding segments in
their (time, velocity) graph. However, some teachers made errors such as ignoring the
sign of the velocity for the segment (c, d) (5 incidences) and assuming that the velocity
graph resembles the distance graph (for some parts) (4 incidences). Of the five teachers
who were unable to indicate that velocity is negative when indicating an opposite
direction, three teachers (LIAZ, M1B, M3B) drew straight lines that went up to the right
for the last segment (e, f) showing an increasing velocity for the segment. They often said
something like, “they are walking or running faster,” which is what they said about the

| segment when giving a story for the (time, distance) graph. It may be that their incorrect
mental picture of the path of a peréon moving was distracting them from the

* distance/time information on the axes or that their use of the term “faster” caused them to
misinterpret it as an increasing rate.

Teacher M 1B was the only teacher who had difficulty interpreting the segment
(c,d) shoWing decreasing distance. This teacher prediéted the segment (c, d) in the
distance graph as yielding a positively decreasing velocity. Also, this teacher was unable
to interpret the segment (d, €) and léft the segment blank in his velocity graph. The
velocity graph that teacher M1B drew is presented in Figure 7. Of eight teachers who
considered the sign of the velocity, only one teacher (M2C) made an error in predicting
the segment (c, d) as yielding a negatively decreasing velocity. The velocity graph that

teacher M2C drew is also presented Figure 7.
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Velocity graph that M1B produced Velocity graph that M2C produced
=2 =
£ &

Q 0 R
O
> >

ab ¢ d e f ab c d e f

Time Time

Figure 7. Velocity graphs showing reported errors
Note. The dotted lines shown indicate the teachers’ misinterpretations of the given

distance graph. -

As shown in Table 10, no LE teachers were able to take into consideration the
directional characteristic of velbcity, but the fesponses of teachers LL1A; and L3A3 would
have been appropriate with respect to speed instead of velocity. In contrast, every HE
teacher gave a proper sketch of the (time, velocity) graphf Teacher HG provided two
different graphs with respect to velocity vs. speed. The approaches that teachers used are
summarized in Table 10.

Table 10 . :
Teachers’ approaches in sketching a (time, velocity) graph of Question 5

Approaches Teacher Identifications

Considered the directional characteristic of velocity
MI1C, M3C, M4F, HB, HD,
HG, HF

Made an error in predicting the segment (c, d) as | M2C
yielding a negatively decreasing velocity

Appropriate

Ignored the directional characteristic of velocity
Appropriate with respect to speed L1Ay, L3As
Made an error in predicting the segment (c,d)as | M1B

yielding a positively decreasing velocity ' .
Made an error in predicting the segment (e, f) as | L1A;, M1B, M3B
yielding a positively increasing velocity B
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Question 8 focused on evaluating a derivative function from a graph to describe
the behavior of the original function. Figure 8 shows the graph of the derivative function
f’(x). A rough sketch of a possible original function f(x) is added for discussion purposes.
It was not included on the interview question.

This problem appeared to be one of the most difficult items in the interview and
teachers’ responses varied. M1B was unable to provide a response to this item, saying “I
don’t have the wisdom to answer this problem and I have stayed far away from this stuff
for a long time.” The teache'r felt “everything” was difficult about rate of change with
respect to a nonlinear function. In fact, this teacher was not successful with any of the

questions involving non-constant rate of change associated with the idea of derivative.

8) What can you tell about the behavior of the original function f(x) from the
behavior of its derivative function f"(x) illustrated below? Be as complete as
possible in your response.

h

(x)

/)

S J S B S SR N

.,
L

£ 0D DY

o
.....

Figure 8. Question 8 in the mathematical task-based interview
Note. A sketch of a possible function f(x) were added for the purpose of reporting results.
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All of the 12 teachers who attempted to answer this problem stated that the
derivative function {'(x) gives the rate of change or the slope of f(x). Most teachers used
the terms derivative and slope interchangeably in their responses. Eleven of the 12
respondents were able to verbally describe how the rate of change in f changes by
checking to see whether the function values of f* were increasing or decreasing, and
positive or negative. One teacher who failed to give a verbal description of the changing
asp'ect. of the rate of change in f had difficulty thinking about the original function f from
its derivative f*. This teacher wrestled with ideas and finally gave up and did not
complete his response to this problem. He ended the problem by commenting:

This is an opposite way of thinking, which I’m not used to. It would not have

been too hard if it was f and asked for {". I used to learn it gives acceleration,

which must mean if I have time [for the x-axis]...[f" is a] time-speed graph. I

know derivative is rate of change of f, so it gives acceleration. I'm just thinking

back to all the things I've ever learned about a derivative. But I don’t remember
much. (L1A)

Additionally, all 12 teachers were able to explain their thinking about the
antiderivative of a quadratic function and referred to a “cubic function” to talk about the
behavior of the original function f. Six teachers (all LE teachers and 3 ME teachers)
began by inferring that the given graph was a quadratic function and the other six
teachers (all HE teachers and -2 ME feachers) indipated that the original function would
“act or look like” a cubic function, because the part of f shoWing looks like a quadratic
function and f” as a whole would be a higher powered function. Four teachers (M1C,
M2C, HD, HF) attempted to calculate an antiderivative for the given graph {” assuming
that f” or at least the part of f” showing was a quadratic function. Of the four teachers,

- M1C and M2C demonstrated their knowledge of the symbolic rule for finding an

antiderivative of a quadratic function, but used an improper equation for the graph f*(x).
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The two HE teachers, HD and HF, correctly computed a possible equation of f*(x) as
f(x) = 1/6 x* — 2/3 x, by approximating the location of the vertex point of {"(x) as
(2, -2/3). They then found a proper antiderivative of the quadratic equation in the form of
fx)=1/18 x>~ 13 x* +C. They both indicated that C could be any number. However,
while teacher HF used the letter C, not assigning any specific value for the constant,
teacher HD used zero for C to continue his work on the problem.

All 12 teachers, except one LE teacher (L1A,), attempted to represent the function
f(x) graphically, whether correct or incorrect. Of the other 11 teachers, seven teachers
began by examining the function values of f'(x) at various points along the x-axis and
drew imaginary tangent lines that had the slope corresponding to the function values they
tested. They then sketched a proper shape for f ignoring coordinates. The remaining four
teachers began by drawing a graph of a cubic function, but theﬁ somewhat modified it
based on their kndwledge about rate of change in f. Three teachers (L1A;, L3A3, M3B)
used a graph of a cdnstantly increasing cubic function (shown in part (a) of Figure 9) and
left their initial graphs unchanged———whicﬁh is an incorrect shape for the graph of f. The
fourth teacher (M3C) used a grai)h of a different cubic function (shown in part (b) of
Figure 9)—which is a correct shape for the graph of f.'

Only three teachers (M4F, HG, HF) correctly showed where the local maximum,
minimum, and inflection point-would appear on the graph of f(x) (i.e., at x =0,4and 2,
respectively). The most common error was made in positioning the inflection point at

x=2.
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(a) (b)

Figure 9. Shapes of cubic functions used to infer an original function f(x) from the given
function f"(x)

Linear Connection

Questions 6 and 7 (shown in Figure 10) focused on the idea of linear
approximation to find the rate of change in nonlinear functions. That is, finding a rate of
change depends on treating a curve as if it were a series of very short line segments
which approximate the curve. Making the segments as short as possible makes the

estimation process more accurate. This is the process which is taken to its logical limit in

6) Suppose that a laboratory experiment uses fruit flies that double in number every
five days. If the initial population contains 100 flies, the number at any time ¢ days
into the experiment will be modeled by the function with the rule P(t) = 100(2°%.

Use the function rule above to answer these questions as accurately possible.

(a) What is the average growth rate of the population (flies per day) from day O to
day 20? .

(b) What are estimated rates at which the fly population will be growing on day 10
and on day 207 '

(c) How are the growth rates calculated in parts (a) and (b) shown in the shape of
a (t, P(t)) graph? '

7) Supposefisa quédratic function of x with rule in the form f(x) = x 2,
(2) wa is the rate of change of f shown in tables, graphs, and rules of the

~ function?
(b) What rule gives the rate of change of f at any point x?

Figure 10. Questions 6 and 7 in the mathematical task-based interview
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finding derivative functions. Overall, all teachers were successful in discriminating
between constant rate of change (linear) and non-constant rate of change (nonlinear) in
situations involving relationships between two variables. However, many teachers had
difficulty making sense out of situations involving changes in which rate of change was
not constant.

Question 6 was a contextualized problem that investigated the exponéntial growth
of the fly population. . Among LE and ME teachers, five expressed some hesitancy and
uncertainty about responding to this question. Excerpts from teachers expressing
hesitancy included the following:

I’'m not famiiiar with this type of question. (L1A,, M1B)

Should I divide or subtract? (M1C)

In part (a) where teachers were asked to estimate the average rate of change, the
common strategy used by teacheré was to figure out or approximate the function values
(representing the fruit fly population) at each of the given days, subtract the two function

- values, and then divide by the difference in the days to find the avérage growth rate of the
populaﬁon of flies per day (i.¢., (P(20) - P(0)) / 20). Teachers L1A; and M1B forgot to
divide by the difference in the days, leaving the solution as the overall change in the
population over the period of time. Many teachers did not seem to understand
instantaneous rate of change could be estimated by an average rate of change for a time
period that is very small.

In part (b) where teachers were asked to estimate rates of the fly population at
particular points, day 10 and day 20, only six teachers (all four HE and two ME teachers)

provided an appropriate solution. These teachers used a similar method for finding the
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estimates in that they took two nearby points (or one nearby point and the particular
point) and divided the difference in their function values by the difference in their t-
values. For example, to estimate the rate of change at day 10, four teachers (HB, HD, HF
and M2C) used methods in the form of (P(10 + h) — P(10)) / h and two teachers (HG and
M3C) used (P(10 + h) — P(10 — h)) / 2h.

Of the remaining seven teachers who were unable to give an adequate answer,
four teachers (M4F, M3B, M1B and L1A,) indicated that the rate at day 20 would be
greater than .the rate at day 10, noting the pattern of change of the exponential growth of |
the fruit fly population. However, these teachers could not go beyond this ‘interpretation.
Teacher M3B said she could find an exact number for the estimates if she knew the
derivative of the function P(t), commenting ,“[The] rate at day 10 is the slope of the
tangent line. I need the equation of that line [to find the slope]. But I don’t remember
what’s the derivative of that function [P(t)].” Teachers M1B and L1A; showed difficulty
understanding what rate of change at particular point meant and said, “I need two points
to find rate of changﬁ at that point. Change is something occurring over an interval which
has two points. Do we know two points?” Two teachers (L3A3nd M1C) calculated the
function values (P(10) and P(20)) as the rate and did not realize that those values |
represented the population.

In éart (c) when asked how the estimated rates (calculated in part (a) and (b))
appeared in a graph of the function P(t), five of the six teachers (who gave appropriate
answers for both part (a) and (b)) provided adequate answers and demonstrated an
understanding of how the methods of estimating non-constant rate of change are relbated

to finding the slope of a line. These five teachers (HB, HD, HG, M3C and M2C) said the
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average growth rate in part (a) was the slope of the secant line over the interval [0, 20]
and each of the rates estimated in part (b) was the slope of the line over the inter\}al
containing the particular point. Teachers HF (who was one of those teachers who gave
adequate answers to both part (2) and (b)) and M4F (who was one of the teachers who did
not give an adequate answer to part (b)) were able to intérpret how the average growth
rate would be shown graphically but were unable to do so for the rates at particular
points. For the six remaining teachers who did not give an adequate answer to part (b),
two teachers (L1A; and M1C) could only verbally describe the pattern of change as
continuously increasing and four teachers (L1A,, L3A3, M1B and M3B) could not
provide an answer.

Question 7 was a context-free problem that addressed the same idea. Teachers
demonstrated whether or not they had a flexible understanding of a graphical
representation of rate of change in a nonlinear case by examining a simple nonlinear
quadratic functioﬁ {fx) = xz) and answering questions about how the rate of change of x?
is shown in tables, grai)hs, and rules. Less experienced teachérs (LE and ME teachers)
had more difficulty using graphs'than tables or equations, and compared to HE teachers,
to represent non-constant rate of change.

All 13 teachers were able to discbver a numerical pattern in thg table of (x, f(x))
and identified the rate of change of f in ways that showed how f(x) values changed when
x values changed. An x-increment of 1 was initially used‘ by all teachers. However, L1A,,
and M1B were unable to provide a graphical representation of the rate of change of the
function aﬂd eventually gave up. In addition, six other teachers gave unconvincing

responses to this question (L1A;, .L3A3, MA4F, M1C, M2C, M3B). Of the six teachers,
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three teachers (L1A,, L3A3, M3B) made sketches of a parabola representing f(x) = x* and
a straight line of {"(x) = 2x over the parabola, indicating that the stréight line represented
the rate of change of the function. However, they were unable to justify their responses
when asked how the line of f"(x) = 2x was related to the way they explained the rate of
change of f(x) = x?as shown in a table (changes in two consecutive y-values over -
changes in two consecutive x-values with the increment of 1). These three teachers drew
several secant lines over the intervals they used to show the rate of change in a table as
well as a straight line representing {'(x) = 2x. These teachers looked somewhat puzzled
and were unable to connect their intefpretations across two different representations for
the rate of change of f(x) = x* The following is representative of these teachers’

responses:

The rate of change is 2x and 2x is this line [indicating the line they sketched over
x°]. I mean.. . graphically. But these numbers [the values that were produced as
rates of change in different x-intervals] are the slope of the [secant] lines here
[indicating the drawing]. I’'m not making sense about how the 2x line comes into
play. (M4F)

Every HE teacher and one ME teacher (M3C) also mentioned both 2x and secant
lines to illustrate how the rate of change of f(x) = xz can be graphically represented. They
explained with confidence how the secant lines were related to f'(x) = 2x. In fact, most of
the LE and ME teachers had difficulty relating their interpretations of the numerical
pattern that they identified as the rate of change of f(x) = x to its derivative function
f'(x) = 2x, while three of the four HE teachers demonstrated a solid understanding of the

connection. ME teachers’ responses included the following:

It [The rate of change] is 2x + 1. 2x by itself is just the derivative of x squared
then you need to get into the calculus of it. (M2C) ,
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It {2x] is being doubled but it [2x +1] is not. I don’t know... The only thing I can
see 1 it’s the difference [second differences in y values] between my differences
[first differences in y values]... I think this [2x] is the right one [derivative
function of x ). The exponent goes to the front. (M3B)

These teachers’ comments indicate that they may possess a rule-based understanding of

the derivative concept that may be more procedural than conceptual. This seems to be

- consistent with their understanding of derivative as shown in their concept images. For
example, these teachers mentioned the term derivative as an illustrative example of rate

of change, but did not incorporate it into the explanations of their other examples.

Mathematical Modeling

This component of the guiding framework dealt with the ability to apply
understanding of rate of change to model and solve problems in which linear or non-
linear relationships exist between variables of interest. Question 4 in Figure 11 was a

contextualized problem that provided a situation involving a nearly linear rejationship

represented in a table.

4) The junior class at Centennial High School planned to make a class sweatshirt
with every student’s name on it. They tested several possible selling prices and got
the following data relating price P and probable sales S. What would the predicted
number of shirts sold be when the price per shirt is set at $57

Price per Shirt P in dollars 10 20 30 40 50
Number of Shirts Sold S 200 150 90 50 5

Figure 11. Question 4 in the mathematical task-based interview

This problem required teachers to analyze the data, interpret results and make
predictions from the given data to estimate a possible answer to the problem. The results

of teachers’ approaches to this problem are found in Table 11.
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Ten out of 13 teachers began by using the table to find patterns in éhange from the
table in the number of shirts sold (that is, 50, 60, 40, 45 as price per shirt increased) and
indicated that the rate of change was not constant. The remaining three teachers (M1C,
M3B, HG) started entering the data values into a graphing calculator to find a regression
line that best fit the given data and to find an equation. They did not numerically figure
out whether the relationship was a constant rate of change or non-constant rate of change.
(M1C and HG also searched for patterns in the table.) They showed their familiarity with
this kind of problem. For example, the following is an excerpt from the responses made
by one ME teacher who has taught Course 1 for six years:

This is a typical problem in Unif 3 of Course 1 where they [students] draw a

modeling line that they believe is a good fit for the trend in the data, or use their

graphing calculator to make a scatter plot of the sample data. I'll do a regression

and then [while entering the plots into his calculator] I don’t know what
regression I would do. I'll have a better idea once I see the plots. (M1C)

Table 11
Teachers’ approaches in responding guestion 4
Approaches that teachers started by: - Teacher Identifications
1. Find a regression model using graphing calculators | M1C, M3B, HG
, : | L1A, L1A,, L3As, MIB, M2C,
2. Find patterns of change in the table M3C, M4F, M1B, M2C, HB,
HD, HF
Approaches that teachers continued by: Teacher Identifications
1. Trace the graph on the calculator M3B
2. Find an average of the differences in the number of | L1A;, L1A,, L3As, M3C, M4F,
shirts sold o HB, HG, HD
3. Make a rough sketch using the ordered pairs M1B, MiC, M2C, HF
shown in the table ,
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All but one teacher (M3B, who traced the graph on the calculator) searched for
patterns in the table at some point. Of those teachers, eight maiﬁtained an algebraic
approach to continue the problem. That is, they found an average of all of the differences
by either estimating or actually figuring out the differences in the table. An estimated
average of 50 was the most often used (6 teachers) and 47 was used by one other teacher.
One teacher (IL3A5) calculatéd the exact average of the four numbers, which is 48.75, and
rounded it down to 48 in order to ease the calculation for finding half of the average.
Every LE teacher used this approach to solve the problem. The remaining four teachers
used a graph to explore the problem further. They created a rough scatter plot of the five
ordered pairs for the price per shirt and number of shirts sold. These teachers drew a line
of best fit over their plots and used their graphs to estimate the number of shirts when the
shirt price is $5.

Once these twelve teachers found the rate of change, their approaches to finding
the number of shirts differed. Nine teachers used proportional reasoning, two teachers
(L1A; and M4F) created an equation, and one teacher (HF) extended his graph to find the
number of shirts when the price was at $5. The teachers whq used proportional reasoning
figured that they would need to add half the rate of chaﬁge to determine the number of
‘shirts sold at $5. The teachers who created an equation used a p'afticular point (such as,
$10, 200 shirts) to deté:mine values of the parameters in their equation.

Two ME teachers (M1C and M3C) brought up the concern about the reality of the
situation. For example, teacher M3C, who figured an average rate of 50 and 225 (200 +

25) to be the number of shirts when the price goes down to $5, commented “I would take
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into consideration the fact that the cheaper price may get even more people who buy
shirts. And so it may be greater than 225.”
Summary
Teachers demonstrated a similar understanding in areas involving constant rate of
change (and nearly constant rate of changej and varied understanding in areas involving
non-constant rate of change. Teachers demonstrated a solid understanding of multiple
representations in contexts involving a linear relationship and a weak understanding in
contexts involving a nonlinear relationship. Teachers were successful in constructing
representations—tables, graphs, and equations—for a constant rate of change and talking
about the roles and effects of the pmaﬁeters (that are typically used to describe a linear
model) in tables, graphs and equations. They could move flexibly among different
- representations. In situations involving non-constant rates of change, teachers’ levels of
understanding of multiple representations differed. Most teachers showed ﬂexibili£y in
moving from graphs to words, whether in a context or not. Teachers used such words as
“same,” “increasing,” “decreasing,” “positive,” and “negative” to describe phenomena
involving 'change.r
Genefally, teachers were less flexible in moviﬁg from graphs of one phenomenon
to graphs involving a related .phenomenon and less experience'd teachers had more
difficulty than their peers. In particular, teachers showed less flexibility in moving from
graphs of rate of change to graphs of accumulation (such as, sketching a graph of an
original function from a graph of its derivative), but were more capable moving in the
opposite direction (such as, sketching a velocity/time graph from a distance/time vgraph).

Teachers often confused the slope of a tangent line of the derivative function with the rate

102

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of change of the original function at a particular point. Misconceptions, such as
interpreting graphs as a picture of an event and confusion about the sign of the velocity,
were demonstrated by some LE and ME teachers.

HE teachers showed strength in making the connections between the concepté of
average rate'of change and instantaneous rate of change in non-linear functions.
Generally, teachers were better able to discuss average rate of change and inétantaneous
rate of change as well as their connection when the problem was contextualized (such as
the fruit fly population situation).

Estimating a rate of change at a specific day (i.e., finding an instantaneous rate of
change) was difficult for LE teachers and some ME teachers. Some teachers understood
that the slope of a derivative function at a given point was a way to find instantaneous
rate of chaﬁge at the point, but they were unable to infer the symbolic rule for the
derivative nor connect it with the method for finding the slope of a line. This was mostly
evideni in a context-free problem where most teachers were unsuccessful in connecting a
numerical pattern of change in a quadratic function and the function values of its
derivative. However, teachers were able to indicate’that the function values Qf its
derivative would give an instzintaneous rate of change at various points.

Finally, teachers were able to use their understanding Qf fate of change to analyze
data showing a non-linear relationship (although nearly linear) to model and solve a
problem. While teachers’ approaches varied, there appeared to be no difference among

LE, ME and HE teachers’ understanding.
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Results of Classroom Observations

This section presents results of clasSroom observations and pre- and post-
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