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Computersimulationprocedurediave becomea stapleof researchand
developmenin mary fields,including statistics.The generatiorof pseudo
randomnumbersequencess the core of computersimulationprocedures.
Validity of researchresultsoften dependon the underlyingvalidity of the
generatobeingused.

In this work we develop the machineryfor a classof testsof spatial
uniformity basedn a multi-dimensionaFouriertransformof theempirical
probability densityfunction. The testcanbe adaptedo specificrequire-
mentsand hasthe addedadwantagethat it hascomputationakcompleity

thatis relatively independenof the numberof datapointsbeinganalyzed.
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CHAPTER |

INTRODUCTION

This dissertatiorpresentghe theoryandapplicationof a powerful nev
family of tests,the Empirical SpectralTest(EST),for the "randomnessbf
arandomnumbersequenceThe EST detectsmary typesof multidimen-
sionalstructureandhasa wide choiceof optionswithin thefamily.

Pseudaandomnumbersequenceandrandomnumbersequencebave
mary importantapplications.They arecritical in protocolsandsystemsn
numerousareasjncludingcryptographyl 3], networking,andcommunica-
tions. Generatind'good" pseudarandomnumbersequencess alsoat the
coreof computersimulationprocedureswhich have becomea fundamen-
tal tool in mary fields, including Statistic§47, 48, 40], ComputerScience,
Physicqd26], Operation®ResearchQptimization[8], ComputationaChem-
istry, and EnvironmentalScienceamongothers.We will only briefly refer
to someof theseapplicationsn orderto shav how the EST canbe applied.

What follows is a summaryof the main pointsin the chaptersof this
work.

Chapter2, Backgroundwill provide backgroundnformationon ran-
domandpseudaandomsequencesnda few of their applicationsaswell
asreferencego someof the teststhat have beendevelopedfor thesese-
guences.This presentatiomwill not be complete but will provide whatwe

needto motivateour developmentof the EST.



Chapter3, The Empirical SpectralTest (EST), will presentthe EST
algorithm,which is basedon a multidimensionalFFT. The compleity of
the EST algorithmis discussedand a comparisonwith two well known
tests,the SpectralTestof Coveyou and MacPhersor[9] and Discrepanyg
testof Niederreitery 8] is given. Computercodefor the ESTis providedin
AppendixB.

Chapter4, The EST Distribution, will presenthe asymptoticdor the
distribution of the EST, whichis the basisfor usingthe EST asateststatis-
tic. Thisis themajorresultof this dissertation.

Chapters, Applying the EST, will discusthe implicationsof the three
parametersn the EST family of tests. Thoseparametersre: the number
of dimensiongk), cellsperdimension(b), andsamplesize(N). It will also
addressepeatinghetestwith multiple seedsusingtheteston specialsub-
sequencesf therandomnumberstreamandwhatit meansvhenarandom
numbergeneratofailsanESTtest.

Chapter6, A Comparisorof SomeRNGs,will presenthe resultsof a
numberof EST runson severalwell known pseudaandomnumbergener
ators(PRNGSs).A largerlisting of ESTrunsis includedin AppendixA. We
seeherethatthe ESTis a usefultest. It is very easyto make up a new test
for a randomnumberstream,but very hardto make up a new testthatis
usefulandpractical.

Chapter7, Summaryand Future Work, will end this text with a few
remarkson whatwe have achievedin this work andwhat shouldbe done

next.



CHAPTER Il

BACKGROUND

This chapterpresentdackgroundnformationon randomand pseudo
randomsequencesafew of theirapplicationsthemostcommongenerators
for them,desirablepropertieshey shouldhave, andsomeof the teststhat
have beendevelopedfor thesesequencesThis presentatiois notintended
to be exhaustve, but will provide sufficient information to motivate our
developmentbf the ESTandreferencesor thereadetto explorefurther

Of specialinterestwill be a well known exampleof a pseudorandom
numbergenerator(PRNG), RANDU. RANDU was a very widely used
PRNGthatwaseventuallyfoundto have a startlingnon-randorstructure.
This discovery leadto a major theoreticalbreakthroughn the understand-
ing of the entireclassof linearcongruentialgeneratorgLCGs). In chapter
6 we will shaw thatthe EST detectproblemswith RANDU. Thisindicates
thatEST canbe a usefultest,sinceRANDU easilypassesnary testsused
on PRNGs.

Two of the testsfor PRNGspresentedereare also of directinterest,
the SpectralTestof Coveyou andMacPhersor9] and Discrepang Tests
of Niederreiterf8]. Thesetestsareconsideredsomeof the mostpowerful
known, but they only apply to specific(but important)classesof PRNGs.

The EST can be expectedto testfor the samestructuresand more, that



thesetestsdetectandthe EST can be appliedto any PRNG. Becauseof

this,the EST shouldbewidely acceptedgsanew tool in RNG testing.

2.1. Usesof Random Numbers

In this sectionsomeof the commonusesfor randomnumberstreams
will be presentedFirstwe needto definewhatarandomnumbersequence
is. Thisis actuallyaveryhardandsubtlethingto do,andwe will have more

to sayaboutthisin section2.5.

DEFINITION 2.1.1 Let U be a uniform [0,1) randomvariable(this is
denotedas U[0,1)). A sequenceu,, us, us3, - .. Oof independentdentically

distributed(iid) samplesrom U[0,1) is calleda U[0,1) randomsequence.

Note thatafterthe samplingis donethereis nothingrandomaboutthe
sequencegachu; is a fixed known realnumber Hencea randomnumber
sequences not itself random,but simply a sequenceof samplesfrom a
randomprocessThis differenceis important.

A pseudorandomnumbergeneratolPRNG)is a deterministicalgo-
rithm, whichis usedto generatea pseudaandomsequenceWWhenwe use
PRNGs,we are not samplingfrom a randomprocessput from a process
which hasbeencarefully designedo provide sequencesf numberswith
theimportantpropertiesof randomsequences.

We have just toucheduponthe surfaceof whata randomsequences.

For morediscussiorseeKnuth[49] section3.5

2.1.1. Simulation Models. Computersimulationhascometo be used

in almostevery field. In mary caseghysicalphenomenare not directly



obsenable, suchasin astrophysicsor in the realmsof particle physics
wherehumanswill never be ableto go to or seeinto physicalprocesses.
For thesecasessimulationis usedto explore andvalidatephenomenahat
areunobserable. Evenwhenthe systembeingstudiedis obserable, it is
oftenlessexpensve to usesimulationthanto build instrumentsapableof
observingwith sufficient detail. In eithercase mary externalandinternal
factorscannot,either becauseof lack of knowledgeor excessve compu-
tational cost, be readily modeled. A standardapproachis to replacethe
detailedmodelwith a statisticalreplacementvhich will provide inputsor
behaior equivalentto apparentandomnessf therealworld.

In thesemodeling situations,uniformity of the underlying generator
mustbe assuredo preventinadequatecoverageof the input or behaior
spacebeing modeled. Independencén multiple dimensionsmust be as-
suredto preventhiddencorrelationsin the generatoffrom causingunreal-
istic correlationsn modelbehaior. Thesedifficulties becomemoretrou-
blesomeasmodelingextendsinto parallelcomputationaénvironmentsB5|.
Generareference$ierearenumeroushut agoodplaceto startwouldbean

introductoryOperationdResearcliext suchasHillier andLiebermanB8].

2.1.2. Statistical Techniques.

2.1.2.1. Distribution Samples.Thecoreof bothstatisticasamplingand
simulationsof stochastiqrocessess the generatiorof randomsequences
from varioustarget distributionssuchasthe Normal, GammaBeta, Bino-
mial, Poissorandothers.Thesetechniquesrediscussedriefly in section
2.2.1. A goodsourcefor methodsof generatingdifferentsampledistribu-

tionsfrom U[0,1) sourcesanbefoundin KennedyandGentlefd7].



If the underlyingU[0,1) generatorfails in either uniformity or inde-
pendencesamplingplanscanbe skewed, producingbiasedresults. When
simulating stochastigprocesse®r datasetsto test estimationand testing
schemesfailure of eitheruniformity or independencevill also causebi-
asedresults.

2.1.2.2. Resampling.Resamplings a statisticaltechniquefor estima-
tion of bias,varianceandothermeasuresf errorwhich canbe usedwhen
theoreticalderivation of thesequantitiesare impractical. The two major
techniquesn this classarethe Jackknifeandthe Bootstrap.

Thesetechniquesrebasedon the simpleideaof startingfrom a single
randomsample(or randomsequenceandgeneratinghew sequenceffom
this samplevia randomsampling.Thedesiredestimatas thenformedfrom
theanalysisof thesenew randomsequences.

Goodstartingpointsfor theinterestedeademvould be Efron[23] or the

collectioneditedby LePageandBillard[60] andKleijnen et. al.[48].

2.1.3. Monte Carlo Integration. Monte Carlo integration treatsnu-
mericalintegrationasa statisticalsamplingproblem,allowing a statistical
estimateof the value of the integral ratherthan a numericalapproxima-
tion. Thetechniquds mostoftenusedin high dimensionaintegralswhere
standardechniquesare too slow, or integralsover regionswith singular
ities which causenumericalproblems. In this classof problems,"spatial
uniformity" of n-tuplesis moreimportantthansomeothermeasuresr ran-

domnesssuchasindependencef adjacenn-tuples.Also herethecommon



lattice methodswhich are "too uniform" to be randomare actually an ad-
vantagein integration, resultingin a lower expectedintegrationerror. A

goodstartingpointfor furthermaterialwould be Niederreiter{ 78].

2.1.4. Optimization. Numericaloptimizationis a classof techniques
for findingtheminimumof amultidimensionabkurface.Many of theseaech-
niquesusea variationof gradientdescentandare not themselesrandom-
ized (evenif the underlyingsurfacemay be stochastic).Thereareseveral
areaf optimizationwhich userandomnumbers.

Oneareais simulatedannealingwhererandomsequenceare usedto
helpthealgorithmto pull out of local optima. This is analogougo the an-
nealingprocessaisedio producemaleablemetalsby heatingandthenslowly
cooling. A discussionof simulatedannealingcan be found in Numerical
Recipes], 50 amongothers.

A secondareais geneticalgorithms,which is usually appliedin situ-
ationswherethe underlyingsearchis over a discretespace. Randomized
recombination®f an underlyingkey or codeare performed searchingor
a maximumof somemeasureof the quality of the systemspecifiedby the
code. This is analogoudo how evolution is believedto progresshrough
therandomrecombinatiorof DNA strands.A recentdiscussiorof genetic
algorithmscanbefoundin [8, 31,5, 6].

In bothcasesbove, correlatedandomnumbersor insufficientvariation
in the randomizationcan causea degradationor completefailure of the

algorithmto achieveit’ s goals.

2.1.5. Cryptography and Security. Cryptographyand computerse-

curity make heary useof randomnumbergeneratorencludingapplications
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in streamciphers(commonlyusingLFGsfor speed)digital signaturesand
key exchange Theseapplicationsareprimarily concerneavith thetheabil-
ity (or preferablythelackthereof)to 'crack’ thecodebeingused.Onemea-
sureof thisis the Kolmogoror compleity whichis thelengthof the Turing
machinerequiredto generateéhe sequencer code.

A good sourceof additionalinformation for cryptographywould be
Schneier]3]. For more information on Kolmogorov compleity, seeli
andVitanyi[63]. A discussiorof a PRNGspecificallydesignedwith cryp-

tographicusein mind[Yarron-160]canbefoundin [46].

2.2. RNG, PRNG, TRNG (and What is a"T rue" Random Number)

Thedefinitiongivenfor arandomnumbersequencean section2.1,begs
thequestionof how sucha sequencés captured.Therearetwo approaches
to this problem.Thefirst approachs to generaterandomsequenceavith a
physicaldevice whichwe will call arandomnumbergeneratoRNG).

Thesecondapproachs to useadeterministialgorithm,calledapseudo
randomnumbergenerato(PRNG),to generatavhatis calledapseudaan-
domsequencén [0,1). The hopeis thatthe pseudarandomsequencgro-
videsthe sameusefulnesssarandomsequenceavould.

A randomnumbergenerato(RNG)is ameandor generatingarandom
numbersequence.Note that no computerprogramor other methodthat
produces predictableor reproduciblesequencef valuescanbeusedasan

RNG. Or asJohnvon Neumanrsaid,

"Anyone who considersusing arithmetical methodsof

producingrandomdigits is, of coursejn a stateof sin."



Only a suitablephysical device capableof "true" (sic) randombehaior
canbe usedasan RNG. Someauthorsreferto suchdevicesas"true" (sic)
randomnumbergenerator§ TRNGs). We will not usethe redundanterm
"true” with randomnumbersequencesand generators. This will be ex-
pandednin thenext section.

A pseudorandomnumbergeneratorPRNG) is a deterministicalgo-
rithm, which is usedto generatea pseudorandomsequence.Again, as
mentionedabove, a PRNG cannot generatea randomsequence.The ad-
vantagef a PRNG over an RNG are mary (speedreproducibility cost
etc...) andthesewill be discussedn the sectionon PRNGsthat follows.
Thequestionis "Doesthefactthatthe pseudaandomsequencés notran-

domad\erselyeffectits usein a specificapplication?"”

2.2.1. Other Distrib utions. Althoughthiswork concentratesnU[0,1)
randomand pseudorandomsequenceghis is not really a restrictionbe-
causeall thecommonlyrequiredrandomsequencewith distribution other
thenU][0,1) canbe effectively generatedrom U[0,1) sequencesSuchdis-
tributionsincludeZ[0,1], Z[0,n}, N(u 0?), P(\), etc. Many of the available
library PRNGsfor thesenon-uniformdistributionstake this approachNext
two simple,but very important,examplesof this follow.

As a first example, given a u[0,1) randomsequencey, us, . ... One
methodof producingauniformz[0,m)randomsequencestotake, b, bo, . . .,
whereb; = |mu;|. Here|z] is thefloor function, returningthe largestin-

tegernotgreaterthanits agument.



As anotherexample,if F~! is theinverseof the probability distribution
function ', thenthesequence, zo, . . ., where,z; = F*(u;), isarandom
sequencavith distribution F'.

When F~! cannot be explicitly expressedthe inversecansometimes
be computedsufiiciently well numericallyfor eachu;. This evenapplies
whenF is notmonotonicwith aproperinterpretatiorfor £—1.

Many moreinvolvedproceduresgxist for theefficientgeneratiorof spe-
cific non-uniformrandomsequencefom randomandpseudaandomuni-
form sequencedt is notour purposeo catalogthemhere for furtherstudy

thereaderis directedto KennedyandGentle 7] andKnuth[49)].

2.3. RNGs From Physical Devices

As alreadynoted,no algorithmcanbeusedasanRNG. Therearehow-
ever severalcommonphysicaldevicesthatareusedassourcedor random-
ness.We will mentiona few of themhereandthenpointoutthatevenwith

aphysicaldevice basedRNG, thereis still a needfor testingthe RNG.

2.3.1. Distilling Randomness.Thephysicalsystemsnentionedelov
all areusedassourcesof randomness$o constructRNGs. Thesephysical
systemsall mayhave non-uniformdistributions. TheusualRNG basedna
physicalsystemwill collectsinglerandombinarybitsin astreamb, by, . . .
thatwill be hopefully nearindependentbut may not be nearly uniformly
distributed. Thesenon-uniformbits will thenbe usedin an algorithmto
producea bit streamcy, c,, . .. that will have a uniform or nearuniform

distribution.

10



It will usuallyrequiremorethanonebit in thenon-uniformsequenceéo
produceonebit in the moreuniform sequenceSometypesof dependence
in abit sequenceanbereducedatthe costof extrabitsaswell. Two simple

examplesare:

ExAMPLE. Assume(d;) is binomial(iid), with anunknavn biase, that
is Pr[b; = 0] = 0.5—¢,with —0.5 < £ < 0.5. Now let¢; = by;_1 Abgy;Where
"A"istheXOR boolearoperator It is simpleto seethatthebiasin c; is now
2¢2. If four termswere XORedtogetherinsteadof two, the biaswould be
only 8*. If theb; wereiid, andthushadno correlationsthenthe ¢; would
alsobeiid.

Usingbits from (b;) cancompletelyeliminatebiasin the (¢;) (whenthe
biasis not0.50r -0.5) by applyingthefollowing:

j=1

for(i=1; ; i++) {

while (byj_1==by;) {
j=i+L
}

C; = sz—1;

}

Notethatthenumberof bitsrequiredto generat@ache; is non-deterministic,
but atleast2.

Thereare mary other methodsthat have beenproposedfor distilling
randomnessancluding reducingbiasandcorrelation.Someof thesemeth-

odsincludethe useof: transitionmappingscompressiomndthe FFT. You

11



canalsodesignanRNG thatcombineghe outputsof severalseparat@hys-
ical processesMany moremethodshave beenproposedhanis appropriate
to detail here. Thesewould be good startingpointsfor more information

[87, 21].

2.3.2. Some Physical Sources of Randomness.One sourceof ran-
domnessds radioactve decay Accordingto quantumtheory the time it
takesaradioactveisotopeto decayis arandomeventwith a negative expo-
nentialdistribution. So measuringhe time betweenhe decayof particles
or thenumberof decaysn afixedtime for aradioactve sampleis asource
of randomness.

Givenasampleof aradioisotopewith areasonablyong half life, if you
setatime of 1 minuteandobsere about600 decaysn eachminute,then
settingthe binary bit b; to 0 or 1 basedon whetherthe numberof decays
is evenor oddwill beareasonablehut not quite uniformly distributedbi-
nary sequencelf you only obsene about2 decaystherandomnessf the
sequencavill belesssatishctory

Commercialrandomnumbergeneratorchips using noise diodesare
available. An Intel Pentiumsupportchip setj42] includesnoisediodesand
machinelanguagenstructionsupportspecificallyfor randombit sequence
generationOtherforms of electronicnoisegeneratinglevicescanbe used
aswell. Sincethesedevicesuselow level electronicphenomendor ran-
domnessthey shouldbevery carefullyshielded sincethey canbesensitve

to externalEMFs.

12



Hardwarerelatedeventsin computersgespeciallywith humanor other
nondeterministicevent drivers, have often beenusedas a sourceof ran-
domness.Many computergamesusedto usethe low order bits of high
resolutiontiming betweerkeystrokesasa sourceof randomnessdardware
eventssuchascomputerdisk drive events[43] or systemevents,asusedin
theLinux operatingsystemgdev/randomfacility, arebecomingcommonly
available. Theserandomfacilities areneededo supportsecurecommuni-

cations.

2.3.3. The Needto TestRNGs. Althoughwehavelistedseveralsources
for randombits, andindicatedthat the randomnes®f a sequencean be
"improved”, it should be noted that designingand constructingreliable
RNGsis fraughtwith problems.We have to addressheinitial performance
of the RNG and, sinceit is basedon a physicalprocesghatwill at some
point breakdown, the RNG mustbe continuouslymonitored.

The EST presentederecanbe usedinitially to provide mary testsfor
non-randonbehaior for anRNG. In somecaseswhennon-randomnstruc-
tureis detectedanunderstandingf the FFT mayprovide thedesignemwith
cluesto methoddfor improving the RNG, with eitherredesignedhardware
or asuitablepostprocessingrocedurdor thebits collected.It is expected
thattheESTwill beeffectivein detectingshorttermcorrelationsandbiases
thatmaybe presenin RNGs.

The EST canalsobe usedto monitorthe performancef the RNG over
time, looking for changesn thespectrakignatureof thegeneratarThiscan

be more sensitve that simply testingthe generatoifor acceptabilityagain

13



at eachtime andhasthe potentialof predictingfailuresratherthansimply

detectinghemafterthey occur Thiswill bethesubjectof futurework.
The EST could be appliedto theinitial randombit sequencén several

ways,aswell asbeingappliedto the outputof an RNG (which may have

resultedirom distilling proceduresppliedto theinitial bit sequence).

2.4. PseudoRNGs (PRNG)s

Herewe presenta generaldescriptionof a PRNGandthendescribehe
two of the mostcommonPRNGs the linear congruentiabenerato(LCG)
andthelaggedFibonaccigenerato(LFG). Finally we mentiona common
methodfor combiningtwo generatorso producea new generatarFor afar
morecompletepresentatiomn theseandmary otherissuesof choosingand
testinggeneratorspnecannotgo wrongin startingwith Knuth[49].

Most PRNGsnow in usehave arelatively simplealgorithm,with very
carefullychoserconstantsThis is theresultalong history of complicated
looking algorithmsproducingvery non-randomooking pseudaandomse-
guencesA simplealgorithmthathasbeenstudiedandanalyzedsothatit’s
shortcomingsrethoughtto be known andacceptableshouldbe preferred
to onethathasnotbeenaswell analyzecandmayhave severehiddenprob-
lems. This falls backto the questionof "What is a randomsequencend
how canwe testfor one?" ,which we openin Section2.5.

Seriousnon-randomness a PRNG may be well hidden, until a se-
guencads usedin aspecificapplicationthatexposest. In effecteachappli-

cationthatusesaPRNGis atestfor thePRNG.SomeguantumMonte-Carlo

14



simulationcodeshave beenusedasPRNGtestsp1], for casesvhentheo-
reticalresultsfor the simulationareknown, beforetrying the simulationon
caseswheretheoreticaresultsarenot know.

While good, this approachshouldbe usedwith care. Thereis anim-
plicit assumptiorthat a casewhich a specificPRNGis acceptableanbe
extrapolatedto new cases. As with ary extrapolation,this is not always
true. Potentialserioushiddenproblemswith the randomnessf PRNGsis
the reasonthat whendoing simulationstudiesit is very prudentto repeat
the study a coupletimes using differenttypes of generatordor both the

theoreticallyjknown andunknowvn cases.

2.4.1. Anatomy of aPRNG. GenerallyaPRNGconsistof two func-
tions that canbe seenby the user get_urand(andinit_urand(),andfinite
spaceSEEDandSTATE, where:

e get _urandSTATE->STATE x [0,1)
e set urandSEED-> STATE
Theuserfirst usesset_urand()with somechoiceof seedto setaninternal

stateS,. Theneachu; is generatedyy successie callsto get_urand(gasin:

[* choosea seed*/
set_urand(seed) setSTATE S 0%/
for(i=1; i<=n; i++) {

u; = get_urand();
}
set_urand(seed);/* setSTATE S_0*/
for(i=1; i<=n; i++) {

15



u; = get_urand();

Notethatget urand(hasnoargumentsijt accessea"hidden"STATE vari-

ableimplicitly. Internally, get_urand(hastwo functions:

e state_to_realSTATE ->[0,1)
e next_state:STATE -> STATE

With theseget_urands simply
get_urand(
externalSTATE state;
real u;
u =state to_ real(state){* u; = state_to_real;) */
state= next_state(state);/* S;;; = next_statef;) */

return(u);

Most PRNGsactually producean integer from the statefirst, using
booleanandinteger operationsandthentransformthe integer to the real

to bereturned.Thiswould imply therearetwo functions,
e state_to_sintger()and
e sinteger_to_real(),

thatdecompos¢he functionstate_to_reaas:

state_to_real(F sinteger_to_real(state_to_simfer())
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This will be usedin presentinga combinationgeneratorshortly It is
alsotruethatusingstate to_sintger()in get_urand()insteacf state _to_real(),
would provide ageneratothatwould returnanintegerdirectly.

Therearesomeissuewith theabove description We have notindicated
how mary bitstherearein SEED,STATE orreal. In ary actualPRNG these
will beof specificsizes.

SinceSTATE is finite, thereis alimit to the numberof v, thatcanbe
generatetbeforeS; will repeatandof coursewvhenthe S; repeatshew; will
repeat.To formalizetherepeatingstructurewe usear asthe pointatwhich
therepetitionoccursin thesequencgivenaparticularinitial seedgiving us
a Sequencery, Ug, . . ., Up, Upit, - - - Upts, Ur, Ury1, - - - TTOM the generatar
If the PRNGis parameterizedppropriatelyeachpossibleS; will bevisited
exactly oncebeforethereis a repeat. For example,a PRNGwith a 32 bit
S could stepthrough23? unique statesbeforeit repeats. Thusa PRNG
couldhaver = 0 ands = 28, whereB is the numberof bitsin the PRNG
stateS, giving usuy, us, . .., Ug, U1, Usa, ..., Ug, U1, Usa, . . . . SOMECOMMON
generatorsuchasthe LCG andLFG (definedater)have s = 28 — 1.

NotethatsinceSTATE is mappedo u; andthe stategenerallyhasmore
bits thanu;. It is possiblefor u; to repeat,within w4, ..., u,, without S;
repeating. In fact, when S; hasa larger bit size thanu;, there mustbe
repeatdn the u;. This cycling andrepeatingclearly deviatesfrom atrue

randomsequence.
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Since SEED is finite, thereare a limited numberof separatestarting
pointsfor the sequencestarts. It may be very hardto insurethat choos-
ing two seedsand generatingwo sequencesf sizen will resultin non-
overlappingsequenceslhe useof overlappingsequencem anapplication
couldbearealproblem.Thiswill beaddresseth alatersectionon subse-
qguences.

All PRNGswill returnarealwith afinite numberof bits of precision.
Typically realsarerepresenteth 32 or 64 bit words,with 23 or 54 bits of
precisionrespectiely. Thismeanghata PRNGwith a 32 bit stategenerat-
ing a 32 bit floating point numberwill necessariljyooseprecision.Thisis
anotherdeviation from our definition of arandomsequenceSeeKennedy
andGentlef7] for furtherdiscussiorof floating pointrepresentations.

All PRNGSaredesignedo have the highestorderbits returnedappear
“random"”. Some,suchasmary LCGs, have very little apparentrandom-
ness"in the low orderbits. For example,the low orderbits of the UNIX

drand()generatoare0,1,0,1....

2.4.2. Linear Congruential Generators(LCGs). Themostthoroughly
studiedclassof generatorss the linear congruential.lt is a simplelinear

recursionwith anappliedmodulus.

DEFINITION 2.4.1 A linearcongruentiageneratois definedin terms

of thenext_stateandstate to_reakquations:

s=(as+c¢) mod m

u = float(s)/ float(m)
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wherethe aandc parameterarecarefully choserto producegoodproper

tiesin u.

Thesegeneratorbiave m statesandcanhave afull periodof m —1. This
periodis only achiezed whenthe parametersre carefully chosen. These
generatorasa classalsotendto fail therunstestsaswell astestsfor ran-
domnesf the low orderbits. Goodsourcedor further LCGstheoryand

analysisare[49, 84, 65, 13].

2.4.3. LaggedFibonacciGenerators(LFGs). Anothercommongen-

erator thatis thoroughlystudied,s thelaggedFibonacci.

DEFINITION 2.4.2 A laggedFibonaccigeneratordefinedin termsof

thenext_stateandstate_to_reatquations:,
Xn = Xp—o+ Xpn—p) mod m

u = float(X)/ float(m)

wherea < b < 7 with aandb chosenvery carefully Notethe stateS; =

{Xizpy..., Xi) }

This is just a variation of the Fibonaccisequence.This form hasthe
the advantageof eachsuccessie generatedependingon two of the pastb
elementof thesequencelf the X; are32 bit integers the stateis 5232 bits,
allowing very long periodwith a very simple and efficient computational

form. Furtherdiscussions availablein Knuth[49] andSchneier]3].

2.4.4. Combining PRNGs. Giventwo or morePRNGstherearemary
methodsof combiningthemto producea new PRNG[57, 55, 86, 47, 13].
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The designgoalsof sucha combinationgeneratousuallyareto overcome
shortcomingsn the original generatorsaand producea longer period. We
indicateonly onesimplebut importantcombinationrmethodhere.

First, considertwo RNGs (not PRNGs)that both returnintegersuni-
formly distributedin the range[0,m). We canthengeta randomsequence
dravn from each:

ai, G, . ..

by, by, ...

Considerthe newv combinationsequence:, ¢y, ... wWith ¢; = a; A b;
wherethe operator’ A" is the XOR (bitwise exclusive or) booleanoperator
appliedbitwiseto the binaryrepresentationf its aguments.

The sequence; is now alsoa randomuniform [0,m) sequencde.g .it
canbeformally treatedasdravn from auniform[0,m) distribution). An im-
portantobsenationis thatif sequence; is randomthentheresultstill holds
whetherthesequencé; is randomor not! In fact,someof the’random’data
providedwith Marsaglias DIEHARD[66] aretheresultof combiningboth
PRNGsequencewith non-randonsequencebk e bit mappedmages.

Now we will apply this to one methodfor combiningPRNGs. Given
two PRNGS:

e get _urand_1(ith set_urand_1(@nd

e get_urand_2(ith set_urand_2().
Without loss of generality assumahat SEED,; = SEFED,. Let the pe-
riods of the generatorde P, and P,. The generalform for this combined

generators:
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set_urand(SEEBeed)
set_urand_1(seed);/* setstate I*/

set_urand_2(seed);* setstate 2/

}

get_urand(
externalSTATE_1state 1;
externalSTATE_2state 2;
integeri_1,i_2;
realu;
i_1=state_to_sintger_1(state_1);
I_2 =state_to_sintger_2(state_2);
u=sintegger_to_real( 1"i_2);
state_1- next_state 1(state 1);
state_2 next_state 2(state_2);

return(u);

We assumeboth state_to_siniger_land state to_siniger 2produce
pseudaandomintegersin the samerange,[0,m). Thensinteger_to_real()
mightbeeithersinteger_to_real 1(dr sinteger_to_real_2().

If P, and P, arerelatively prime,thenthe periodof the combinedgen-
eratoris P, P,. Also, if thetwo generatorsare not of the sametype, saya
LCG andaLFG, thenwe would "hope"thatthey might maskeachothers

defects.

21



Combinationgeneratorsare the basisfor mary efficient PRNGsand
PRNGsthatprovide multiple streamswhich arediscussedn the next sec-
tion. Theuseof the XOR combinationtechniquen particularis attheheart

of anumberof cryptographicapplications.

2.4.5. Multiple Streamsof PRNGs. Multiple streamgor sequences)
of randomnumbersare usuallythoughtof in relationto parallelcomputa-
tion or computationinvolving spatialinformation. Oneneednot be doing
eitherof theseao beusingmultiple stream®f randornumbersall it takesis
for thereto betwo or morecalculationgn your codewhich usetherandom
numbergeneratoandyou're effectively usingmultiple streamsFor exam-
ple a statisticianwhich runsa seriesof simulationstudies gachsimulation
taking a sequenceof randomnumbersfrom the generatorin succession.
This is a block partitioning of the generatooutputto the successie runs,
like is usedin chapter6 for multiple runsof the EST againsta numberof
generators.

Many schemedgor generatinglistributionsotherthanuniform usemul-
tiple uniform generatesn combinationto obtainthe desireddistribution.
Thisis animplicit leapfrogpartitioningof the generatooutput.

2.4.5.1. Use of Different PRNGs.One approachis to usea different
generatorfor eachstreamof numbersneeded. This would clearly not be
easilyextendedo additionalprocesseandthe quality of the numbersggen-

eratedmaynot be consistenaicrossstreams.
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TABLE I1-1. LeapFrogPartitioning Example:k=2, n=5

| Generator |u0|u1|uz|U3|U4|U5|u6|u7|ug|uQ|
| Subsequence$ vgo | vo,1 | v10 | V1,1

V2,0 | V2,1 | v3,0 | V3,1 |’U4,o V4,1

2.4.5.2. Use of a 'Family’ of Geneators. Ratherthan actually using
differentgeneratorst’ s possibleto usedifferentparameterizationsf asin-
gle classof generator®r a’family’ of generatorsThe separatgparameter
izationsmustbe chosernwith careto be certainthateachstreamof random
numbersis of sufficient quality, but this is easierthangetting consisteng
betweerdifferentgeneratorsAn exampleof thisis the ACORNgenerators
which arediscussedn [103 107.

2.4.5.3. Trees. Fredricksonret. al. [27] presentsa dynamicallocation
schemefor usinga pair (left andright) of congruentialgeneratorgo pro-
ducearbitrarytreesof randomnumbers.Branchingoccursat ary pointin
aright sequencéy usingthe left generatotito transitionfrom the current
stateratherthantheright. If the two generatorsare chosencarefully, this
procesgroducedisjoint right sequencewithin the statespacedefinedby
thebit sizeof thegenerators.

2.4.5.4. LeapFrog. A leap frog streampartitioning is simply taking
successie vectorsfrom the original stream. To allocategeneratesrom
the generatotto k differentstreamsgvery k-th generates allocatedto a

particularstreamasis illustratedin Tablell-1 for k=2.

DEFINITION 2.4.3 A k streamleapfrog partitioningof a stream{u; }
into j streams{v; ;} is definedasv; ; = uy.;+; wherei = 0,...,n,... and

j=0,... k1.
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TABLE I1-2. Block Partitioning Example:k=2, n=5

|Generator |u0|u1|uz|U3|U4|U5|u6|u7|ug|uQ|
| Subsequences$ vo, | v1,0 | v20 | v3,0

V1,4

vig | v

V4,0 | V1,0 |U14

An exampleof a leap frog algorithmis presentedoy Aluru et.al.3]
for the generalizedeedbackshift registeralgorithm. This algorithmuses
streamdependentnitialization with no additionalcomputationalkostfor
generatiorof eachnumber Congruentiabeneratorganalsobeeasilyleap
froggedfor smallnumbersof streams.

2.4.5.5. Blodks. Block partitioningallocatesuccessie elementsn the
original sequencéo eachstreamasillustratedin Tablell-2 whereblocksof
size4 areallocatedto two streamgusually blockswill be muchlargerto

avoid streamverlapping).

DEFINITION 2.4.4 A k streamblock partitioningof a stream{u;} into
k streamsis definedaswv; ; = u.j+; Wwherewhere: = 0,...,n,... and

i=0,... k1.

TheRANLIB packagel?], whichis availablefrom statlib,usesa com-
binationof a pair of congruentialyenerator$o provide anadequatelyong
sequenceavhich is then partitionedinto 32 blocks of contiguousrandom
numbersvhich canbe allocatedo processeasnecessarySettingthegen-
eratorsto the beginning of the blocksis performedusingalgorithmsdevel-

opedby L'Ecuyer. Tablell-2 illustratesa block partitioningfor k=2.

2.4.6. Packagedor PRNGs. FindingaPRNGis neveraproblem.Ev-
ery modernoperatingsystemand mostsoftware packagesvhich expectto

do numericalcalculation(except maybefinancial packageswill include
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at leastoneandusuallya few. In addition,thesepackagewill generally
provide appropriatearansformationgrom the baseU|[0,1) generatotto ap-
propriatedistributionsfor the applicationareaof the software.

The GNU Scientific library[95] provides an extensve setof PRNGs.
SPRNGJ 3] providesPRNGsfor parallelcomputation. Sincewe will be
looking closeratthe generatorsn R in chapter6, we will give alittle more
detailhereonthefacilitiesit provides.

2.4.6.1. Brief Descriptionsof the Five Geneatorsin R. R is anopen
sourcestatisticalpackagepatternedafter the commercialpackageS-Plus.
It's developedand distributed underthe GNU Public License(GPL) and
is freely available for mostcommoncomputingplatforms. The baseuni-
form randomnumbergeneratoactually allows the userto choosefrom 6
generatorsthe lastbeinga usersuppliedgeneratar

Detailsandreferencegor thesegeneratoimplementationgomefrom
theR referencenanualfQ].

Marsaglia-Multicarryf9]. A multiply-with-carry RNG, recommended
by GeogeMarsaglia.lt hasaperiodof over25° andit hasreportedlypassed
all tests.Thisis thedefault generatofor R.

SuperDuper.Thisis essentialljthe sameasSuperabove. It is the orig-
inal versionwhich doesnot passthe MTUPLE testof the Diehardbattery
It hasaperiodof 4.6 x 10'® for mostinitial seedsTheseeds two integers
(all valuesallowedfor the first seed:the secondmustbe odd). R usesthe
implementatiorby Reedset.al. (1982). This generatoris reportedlynot

exactly thesameasthatin recentversionsof S-PLUS.
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Wichmann-Hill. The Wichmann-Hill generatorhas a cycle length of
6.9536e12seeApplied Statisticq1984)33,123which correctgheoriginal
article.

Mersenne-Wister.From MatsumotoandNishimura: Thisis atwisted
GeneralizedreedbackShift Register (GFSR)with period 29937 — 1 and
equidistritutionin 623 consecutre dimensiongover thewhole period).

Knuth-TAOCPHY9]. ThisisaGeneralizedreedbaclShift Register(GFSR)
generatousinglaggedFibonaccisequencewith subtraction.Thatis, the
recurrencausedis X [j] = (X[j — 100] — X[j — 37]) mod 23° andthe
'seed’is thesetof the 100lastnumbergactuallyrecordedas101 numbers,

thelastbeinga cyclic shift of the buffer). The periodis around2'??,

2.5. Desirable Propertiesof a RNG/PRNG

Niederreiterf8] classifiespseudorandomnumbergeneratofPRNG)
requirementsas structural, statistical, compleity-theoreticand computa-
tional. Knuth[49] goesfarther attemptingto carefully definea random
sequence.For our purposesve will concentratenere on the more con-
cretepropertiesandavoid delving into an almostphilosophicaldiscussion
thatensuesvhenattemptingto definearandomsequencasfully asKnuth
does.We will alsodiscusssomedesirablecomputationapropertieswhich

areuniqueto RNGs.

2.5.1. Structural and Statistical Properties of the Generated Se-
guences.We will lump thesetogetherratherthan attemptingto separate
themasNiederreiterdoes.Simplestructuralpropertiesncludethe genera-

tor period,resolution,range,etc. which aredirectly relatedto comparable
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statisticalproperties Uniformity andindependencaretheothertwo major
propertiedn this group. Uniformity is a majorconcerrwhenthe generator
is usedto drive Monte-Carlointegrationtechniqueswherethe structureof

thegeneratedatasetis critical to theaccurag of thenumericalintegration.
It is alsokey to independencerhenthe propertyis appliedto multidimen-
sionaldatasetsgatheredrom thegeneratar

The uniformity of the datain variousdimensiongs alsorelatedto the
single dimensionalpropertiesof shortandlong term correlations. These
propertiesarein factwhatthe spectrattestanddiscrepang which we dis-
cussin section2.7.5weredesignedo test,andwhatthe EST wasdesigned
to illuminate.

Notethatwhile uniformity is simpleto achieve, it is noteasyto achieve
simultaneousvith independenceThereis alsoa problemwith beingtoo
uniform, resultingin reducedvariationin the statistics.

Whenerer we usean RNG, we aretaking a subsequenciom the gen-
eratedrandomsequenceThis may be a contiguousor non-contiguouse-
guenceln eithercasethestructuralandstatisticalpropertieof theoriginal
sequencenustbe retainedto assurevalidity of the application. Of course
we cannotdemandhatall subsequences combinationof subsequences
of aPRNGhave thedesiredpropertiessincethe sequencearenot actually
randomandtherewill alwaysexist subsequencesmderwhichtheproperties
will fail. We shouldhowevertry to insurethatthesefailing subsequencdse
relatively pathologicalfor example requiringknowledgeof theunderlying

recursion).
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2.5.2. RNG & PRNG Implementation Properties. Propertie®f RNGs
which we mustconsiderfor implementationinclude the costof the hard-
ware,numberof bits providedin u;, physicalspacerequired,andreliabil-
ity. Hardware generatorgendto only producea few bits per secondof
randomdata, so the speedof datagenerations also anissue. Common
with PRNGs, hardware RNGsideally will be portableacrosscomputing
platforms.PRNGspecificimplementatiorpropertiesncludethe computa-
tional compleity of the generatoin termsof both memoryandexecution
time, portabilityto differenthardwareandsoftwareervironmentsandrepro-

ducibility of thesequenceSuitablereferencesre[49,47, 13,90, 92,76).

2.5.3. Complexity Theoretic Properties. Finally therearecompleity
theoreticconsideration$or generatorsvhich will beusedin cryptographic
or security applications. We will leave this for ourseles and readersto

investigatdater[13, 90, 76, 92].

2.6. RANDU and Other LCGs

2.6.1. History. RANDU (aLCG definedasX, odd; X, ;; = (65539X,)
mod 23!) is perhapsthe mostinfamousPRNG in existence. Hopefully
only existing todayin a statesimilar to certaindeadlyvirusesthatarekept
for researctpurposesfter having beeneradicatedrom the population.R
providesa relatively shortsequencérom RANDU storedasa datasetfor
study Theinfamy of RANDU is dueto the factthatit wasusedin mary
scientificcomputingfacilities for mary yearswithout researcherknowing

its problems.
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RANDU had passedll known testsof the day andwas consideredca
goodgeneratarup until the mid to late 60’s whena simulationwascarried
out which deviated far from theory This motivatedseveral yearsstudy
whichresultedn Marsaglias article’RandomNumberdFall Mainly onthe
Planes’g5] andthedevelopmenbf thespectratest[L9]. It wasatthis point
thathiddenstructurein randomsequencebecamewidely appreciated.

In Figurell-1 we have on the left panela matrix of orthogonalviews
of 10,000pointsfrom RANDU plottedin thethreedimensionahypercube.
This is effectively the view of the datataken by testsbeforethe existence
of the hyperplanesin RANDU (andall LCGs)wasdiscovered. Theright
panelshows the samedatarotatedfrom the orthogonalorientationto illus-
tratethe parallelplanesuponwhich all of the datalies. Thesehyperplanes
cannotbe seeneithervisually or mathematicallyby techniquedimited to
the orthogonalaxes of the spacelik e the chi-squaredr othertestsavail-
ableatthetime. The spectraltestwasthefirst techniquedevelopedwhich

allowedthis hiddenstructureto beilluminated.

2.6.2. All LCGs (SuchasUnix rand() ). SoareLCGslike RANDU
all banishedo oblivion? Not atall. All LCGswill have parallelequally
spacedyperplanes.Butif the planesarecloseenoughandnotatacritical
anglein 3-spacethe LCG may still be useable. A quick review of the
literaturetoday would find numerouscasesof LCGs in use. Indeed,not
all LCGs arethis badand even RANDU is still quite adequatdor mary
applications.However they arenot blindly trustedarnymore. Thereis now

a solid body of theory andtestsin sourcessuchas Knuth[49] andothers
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FIGURE I1-1. RANDU Hyperplanesn 3 Dimensions

[24, 25, 56,59, 70, 85 which allow the userto carefully chooseor reject

parameterizationsf LCGsfor their particularuse.
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2.7. TestingRNGs and PRNGs

Assuranceof statisticalquality of the generatorcan only come from
testingoutputsagainsttheoreticalresults. Thesecanbe eitherspecificre-
sultsfor theproblembeingstudied or moregenerakesultsfor thegenerator
itself. A goodstartingpoint for testingRNGsandPRNGswould be either
Knuth[49 or KennedyandGentle7].

2.7.1. Philosophy and Testinga RNG or PRNG. Therecanbe no
definitive finite testsuitefor RNGsor PRNGssincethe spaceof possible
failures(H, or alternatve hypothesesis of infinite dimension We will dis-
cussthis a little more later. This however doesnt preventus from doing
whatwe can. Therearethreebasictypesof RNG and PRNGtests: theo-
retical, empiricaland application. The first arefairly obviousandwill be
discussedn more detail belov. The last was actually alludedto already
in this dissertatiorandis a blendingof boththeoreticalandempiricaltests
tailoredto the specificapplicatiorwherethegeneratorsvill beused.Effec-
tively thesetestsrun the applicationunderconditionsfor which theoretical
resultsarealreadyknown andthentheresultsarecomparedvith theory

The EST combinesthe power of the strongesttheoreticaltests,spec-
tral anddiscrepang, andcanbe appliedto sequenceshorterthanfull pe-
riod, for any RNG or PRNG. It can also detectwide classesof multidi-
mensionaktructuresThis makesit goodcandidatdor broadapplicationto

non-applicatiorspecificgeneratotestingsituations.

2.7.2. Theoretical Tests. The availability of theoreticalproof of cor

rect statisticalpropertiesis the mostdesirablesituation. We arethen left

31



only with concernsaboutthe actualimplementatiorof the generatarMost
generatordave proof of the uniformity of the outputof the full sequence
andgenerallylimited subsetdbeforethey areareevenconsideredIf not, it
is probablynot worth even startingwith the generatar Pairedcorrelations
andlow orderindependencproofsarealsoavailablefor mary of the better
studiedgeneratorsOnly congruentiabeneratorandgeneratorsvith alat-
tice structurehave higherordertheoreticatestsavailablein theform of the

spectratestanddiscrepang testsrespectiely.

2.7.3. Empirical Tests. Thelimited availability of theoreticatestamalkes
empiricaltestsnecessaryRNGsalsomustbetestedempirically. Gooddis-
cussionof empiricaltestscanbe foundbothin Knuth[49] andin Kennedy
andGentle@7]. Thereis nolimit to the possibilitiesfor testinga sequence.
Effectively, every computationusingrandomnumbergeneratiorwith the-
oreticalresultsavailable is an empirical test. Knuth describedsn [49] 12
separateempirical tests. Someare commonstatisticaltestssuchasthe a
Chi-squaredr Kolmogoros-Smirnov testsfor uniformity. Otherssuchas
Serial,Runs,Gaps,Poker andBirthday spacingsarebasedon specificsce-
nariosaimedat detectingpatternsin the numbersgenerated.In eachcase
thetestshave associatediscreteprobabilitytheoryavailablefrom whichto

constructatestingframavork anddecisionrule.

2.7.4. Diehard. GeogeMarsagliasDIEHARD[66] suitedeseressep-
aratementionhere.Dr. Marsagliahasbeenworking with PRNGsfor over

40 years. During this long careerthe hasamassed@n incredibleamountof
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experience.He hascollectedthosetestswhich he feelsarethe mosteffec-
tive into a suitecalled DIEHARDI[66] which is availablefreely on thein-
ternetat [http://stat.fsu.edu/pub/diehardlongwith hundredof megabytes
of pseudaandomdatageneratedrom varioussourcesandwhich passthe

testsuite. The DIEHARD suiteincludes:

e Birthday SpacingsTest

Overlapping5-Permutatiormest

TheBitstreamTest

OverlappingPairs & QuadruplesSparseOccupanyg Tests

DNA testconsidersaanalphabebf 4 letters::C,G,A,T,

CountThe 1's Teston a streamof bytesandfor specificbytes

A ParkingLot Test

Minimum DistanceTest

3D Spheredest

Squeezeest

OverlappingSums

CrapsTest

2.7.5. Spectral Testand Discrepancy Perhapghe two mosttrusted
and stringentsingle testsavailable are the spectraltest of Coveyou and
MacPhersorjl19] andNeiderreiters [78] discrepang tests.Both aretheo-
reticaltestsdesignedo find specificstructuresn specificclasse®f PRNGs
(LCGsandlatticestructuregeneratorsespectiely) andareapplicableonly
to the PRNGswhich fall into thesetwo classes.They arealsotheoretical

testsappliedto full periodgenerators.
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The spectraltestanalyzesa linear congruentiagenerato(LCG) using
an FFT of the theoreticalPDF of the generatar This theoreticalPDF can
only bederivedfrom therecurrenceelationof the generatoandthenonly
whentheform is sufficiently tractable.This hasonly beenworked out and
codedinto softwarefor LCGs. For a perfectlyindependentiniform gen-
eratorthis FFT, whenappliedto the full periodof the generatarwill cor
respondexactly to 1 for all frequenciesqualto zeroand zerootherwise.
Deviation from thisindicatedack of uniformity. Knuth providesa geomet-
ric interpretationof this asthe separatiorbetweenparallel hyperplanes.
More detaileddiscussion®f thetestareavailablein [19,47,49.

Discrepanyg|[ 78] testslook for the supremunof the deviation from ex-
pectedflatness’over variousclasseof rectangulasubreyionsof the unit
hypercube.Thetestis aimedprimarily at determiningthe maximumdevi-
ation from uniformity over a lattice, which canthenbe directly relatedto
integrationerrorof aquasi-MonteCarlointegration. Thetestcriteriais then
statedn termsof a maximumboundon thediscrepang basedn theusers
criteria(usuallyanintegrationerror bound). Statisticalboundsfor discrep-
ang/ basedn asymptotichave beendevelopedby vanHamererg9].

A modificationof the spectrakestcalledthe weightedspectrakest[Di-
aphoty] wasdevelopedby HellekalekandNiederreiterB3]. Thistestis also
shavnto berelatedo discrepang[61] with equivalentboundsavailableand
is notlimited to generatorsvith alattice structure.Thereis alsosomework

ontheasymptotiadistribution availablefrom Leebj8].

2.7.6. Statistical DecisionFramework for RNG and PRNG Testing

In thissectionwewill exploretheuseof statisticakestingin acontext which
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is quite non-standard A statisticaltestis an apriori decisionrule derved
from someassumedor hypothesized¥tateof 'nature’ which statisticians
call Hy or the NULL hypothesis.Therule specifiesunderwhatconditions
the experimenteishouldrejectthis assumedtateof naturebaseduponthe
null hypothesisanda choserrisk level o representinghe probability of er-
roneouslyrejectingH,. Thisis usuallyexpressedn theusualTypel (erro-
neouslyrejectH,) andTypell (erroneouslyacceptH,) errorsfor the statis-
tical decisionframenork. Thenormalrisk structureusedin this framework
is predicatedntheideathatwe wouldlik eto berelatively certainwhenwe
make statementsvhich go 'againstnature’,or rejectthe null hypothesis.

Thereareacoupleof factorsvhichmake RNG andPRNGtestingsome-
whatdifferentthanthis standardramework. First we’re primarily looking
for understandingf the generatgrnot makinglife or deathdecisions.This
makesthe negative impactof a Type| errorrathersmall. Secondwe are
notlimited to thecurrentlyavailabledataset. New datato performextended
or additionalanalysisis readily available. Togetherthesefactorssuggest
someavhat differentview of statisticaltestingfor RNGsand PRNGsthan
thatusedin a standardstatisticalcontext.

2.7.6.1. WhatDoesit Meanto 'Fail’ a Test? In the caseof testingan
RNG or PRNG,thestateof nature’uponwhich we baseour selectionof
H, isthedesiredpropertief thegeneratarlf our statisticatestrejectsH,
thenwe have determinedhatthe assumedtateof natureis not true based
uponthe datawe are analyzing. Statingit anotherway, we have found
significantstructurein the batchof data. In a standardstatisticaldecision

framewnork we would thendeclarethat we have evidencethat the original
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stateof natureor H, is false,confidentthat thereis only a small chance
thatwe might be provenwrong (or worsein the caseof mary life critical
decisions).

Notethatin neithercasecanwe becertainthatthe stateof natureis not
true (or in our casethatthe generators not k-dimensionaliniform).

2.7.6.2. ThePowerof a Test. Theoppositesideof the Typel errorcoin
is the Type Il errorcondition. To getat this, we needto know something
aboutparticularalternatvesto H, andthe distribution of our teststatistic
underthesealternatves. Thepossibilitieshereareinfinite andwithoutsome
form of theoryaboutwhatthey mightbe,we cannotevenbegin thistypeof
development.In factthisis effectively whathasbeento datein developing
mMostRNG andPRNGtests.Thatis to first hypothesizenalternatve (apar
ticular structure)andthendesignatestfor this particularalternatve against
an H,, of uniformity or independencestc. It will be seenthatour proposed
test (EST) detectsvery broadrangeof structures. The natureof the type
of structurebeing detectedby the EST makesidentifying and developing
distribution theoryfor alternatvesa dauntingtaskat best.

A betterapproachto determiningthe power of a testlike this is em-
pirical evidence. The applicationof the testto a broadrangeof typesand
implementation®f RNGsand PRNGswill give usthe assurancéhatwe
cankeepour Typell errorslow. Chaptet6 will begin thiswork by applying
the ESTto over half adozengenerators.

2.7.6.3. What Shouldbe Done Whena Rejectionis Found? First, re-
membera notein the documentatiorwith Marsaglias DIEHARD suite:"p

happens".This is alludingto the factthatif you run atestenough,it will
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eventuallyreject Hy. And with any PRNG test, it will be run numerous
timesby its very nature. Marsagliaalsorecommendshat the normal sta-
tistical risk structurebe setasidefor PRNGtestingandthattheresearcher
demand valueswhich arezeroto numerouglacesheforerejectingagen-
erator We would go a bit fartherandsuggesthata generatoshouldnever
berejecteduntil the sourceof the detectedstructurenasbeenidentified.

We have chosena statisticaldecisionframeavork as the basisfor our
test. OtherstestingPRNGstake a differentapproachnot attemptingto use
astandardtatisticaldecisionframework, but ratherusingcalculatecbounds
onerrorswhichmightresultfrom thegeneratostructure. Underthisframe-
work therejectionclearlyimpliesahigh probabilityof errorgreatethanthe
usersdeclaredacceptabldéooundsandeitheranothergeneratoneedso be
usedor the subjectgeneratoneedso be modifiedto meetthe boundscri-
teria.

Thingsarenotthatsimplewhena statisticalframevork is utilized. First
we needto look at the strengthof the rejection. If p is moderatelylow
(this is intentionallyvague)we shouldraisea yellow flag. More testingis
indicated. If p is extremelysmall, say zeroto 3 or more decimalplaces,
raisearedflag. In eithercasefurther examinationof the generatomandthe
relationshipof thetestto thedesireduseis in order Additional runsshould
be made,usingthe sameteston othergeneratorgo seeif they all exhibit
thebehaior. Thetestshouldalsoberunondifferentsubsequencdsom the
samegeneratar If possibleothertestslike DIEHARD shouldbe applied.
Finally keepin mind thatthefailure doesnot tell uswhatthe sourceof the

problemis.
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In chapter6 we will presentatestingsequencéor our nev EST, which

appliessomeof theseideas.

2.8. Summary

We shouldalways userandomnumbergeneratorsith caution,espe-
cially when working in a complex computationalervironment. In [70]
Marsagliasuggestdhat whateser the generatorsthe usershouldtestthe
codewith anumberof differentgeneratorso helpvalidatetheresults.With
packagesik e R thatprovide a numberof generatorsvith a commoninter-
faceor Thomborsors mrandom[96], this is quite easy Ferrenbay, et.al.
[26] suggesthat the researchetestthe randomnumbergeneratorin the
softwarebeingdevelopedagainstheoreticaresults.Both approachearea
goodideawhentheresultsarecritical.

Thereis a strongneedfor a computationallynanageabl¢éestwith the
power of the spectraltestwhich canbe usedfor arny generatar This is the

emphasi®f our researchandthereasorfor developingthe EST.
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CHAPTER IlI

EMPIRICAL SPECTRAL TEST

This chapterwill introducethe Empirical SpectalTest(EST), discuss
briefly the software implementationand compareit to previous testsfor
RNGsandPRNGs. The ESTitself is relatively simpleandis presentedn
flowchartform in sectionl. Section2 will examiningthe computational
complity of the EST In section3 we will discussthe motivationfor the
EST, comparingt to previoustests.Finally sectiord will discusgheappli-

cability of the ESTto sequencesf randomintegers.

3.1. BasicEST

Our proposedestingschemeappliesa discreteFouriertransformto the
empirical PDF of the generatomoutputconstructedrom a pseudorandom
sequenc®f N pointsin k-dimensionalkpace wherefrom the randomse-
quenceuy, u1, . . . we form vectorsv; viav; = (Ugit1, Ukivo, - - - Ukitk)-
Thesevectorsareusedto accumulate k-dimensionamatrix of cell counts
over the unit hypercube andthendividing eachby N to get relative cell
frequencies. A k-dimensionalFFT is thenappliedto the relative frequen-
ciesandthe coeficientsarestatisticallyanalyzedor non-uniformstructure
usingthe asymptoticresultsof the next chapter

Thestatisticaltestsappliedto thek-dimensionaFouriercoeficientsin-

clude a FisherPLSD schemeusing aninitial testfor overall significance
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basedon the asymptoticChi-squaredlistribution of a quadraticform, fol-
lowed by individual elementtestsif overall significanceis determined.A
Bonferonnimultiple comparisonis also appliedif the overall testfails to

reject.

3.1.1. Testing Algorithm. Figurelll-1 shovs the EST algorithm. In
the software (presentedn Appendix B) this algorithmis not fully auto-
mated.Decisionson which intenvalsto applyto the individual coeficients

areleft to theuser

3.1.2. R Code. An exampletestwasimplementedn R to provide a
more familiar examplefor readersnot familiar with the C programming
languageandto obtain bettergraphicaloutputfor the C implementation.
This codeconsistf thefilestestRNG.Riview.R andmdftt.R.

An R functionis alsoprovidedto generateandomsequencefor the C

codeaswell asplot theresultingoutputs.Thisis in testRgen.R.

3.1.3. C Code. For efficiengy andgreatermemorycapacity the FFTs
andnumericalcomputation®f thetestswereimplementedn C. This code
outputsdatawhich canthenbeloadednto theR functionsfor plotting. This
C codeactuallywasthe first versionimplementedand containsa number
of older randomnumbergeneratorpackagednto a wrapperfunction for
easierinterfaceto the tests. The codefor thesegeneratorsandthe wrap-
per function areincludedshouldany onefind themuseful. In the testing
presentedn chapter6, only the RANDU, SUPERandRANLIB generators

from our implementatiorwasusedin theanalysis.
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FIGURE I11-1. TestingAlgorithm

All C code(in AppendixA) is writtenin ANSI C andcompiledwith gcc
(the Gnu ANSI C compiler)on an X86 Linux workstationandon a SUN
Sparcstation.Graphicsand 2 dimensionalexampleswere producedusing
R.

3.1.3.1. RandomNumberGeneators. Therearemary randomnumber
generatorsvailable. They all have differentinterfacerequirementsandre-
turn differenttypesandrangesof outputs.Thefirst purposeof the package

is to provide a shellaboutthesegeneratorsvhich allows the userto easily
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useary of the generatorsvithout changingmorethana constanin anini-
tialization call. The mrandompackageof Thomborsor{96] doesthis for a
collectionof serialgenerators.

It is alsodesirablgo be ableto usedifferentgeneratorsimultaneously
for testingor evenfor differentsituationswithin a single program.We do
this with randomstreams. A streamof randomnumberscan be selected
by makinga call to theinitialization routine. Numbersfrom the streamare
thenreturnedby calling a singleroutinewith the streamidentifier TheC
interfacespecificatiorfor theinitialization andgeneratoareshonvn below.

(1) RANLIB Algorithm. This algorithmis basedon PascalandFortran
versiongderivedfrom a paperby L’'Ecuyer, P. andCote,S.[55].

(2) RANDU Algorithm. TheRANDU is a purelinearcongruentiaben-
eratorknow to exhibit significantstructuralproblemsin 3 or moredimen-
sions(seesection2.6.1). This caneasilybe seenby rotatinga scattermplot
of thedatain 3-d appropriately

(3) SUPERAIgorithm. This is Marsaglias superduperalgorithmcon-
sisting of the exclusive-or of two good generatorsa Tausworthe (linear
feedbackshift register)anda goodlinearcongruentiageneratar

3.1.3.2. TransformAlgorithm. The FFTis computedusingthe Numer
ical Recipegoutine’fourn’, which computesa multidimensionatransform
usingrecursve applicationsof the FFT andreturningthe transformin the
inputarray Thisalgorithmis documentedh 'NumericalRecipesn C’[86].
It takesaninput vectorof complex numbersstoredsuchthatadjacenfloat
type cellscontaintherealandimaginarypartsof the numbersThesucces-

sive FFTsareappliedto the arraywithout copying elementdo a working
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aredfirst, thusminimizing datashufling andmemoryutilization. Inputand
outputarraysare storedin a vector suchthat the k-dimensionalarray in-
dicesareincrementedvith thelastindex changingfastestaindthefirst least
frequently Thebin identificationalgorithmbelow is designedo translatea
k-dimensionapointin the unit hypercubedirectly into this structure.

3.1.3.3. Bin Identification. The countsarestoredin a onedimensional
structureof binsindexedto matchthe requirement®f NumericalRecipes
fourn.c routine. Bins are identified by a k-vectord = (do,,...,dx 1)
where0 <= d; <= (B — 1) andB is the numberof bins/dimensionBin
(do, -.., dx_1) is storedat location! = Y, (d; * B%*~%). Taking adwantage
of thefactthatwe areworking with pointsin the unit hypercube,we know
that0 < z[i] < 1.0 = 0 < truncate(z[i] * B) < B. We canthentake
d; = truncate(z[i] x B).

3.1.3.4. Distribution Functions. We have usedcdflib from netlib for
both the chi-squaredistribution and normal distribution function evalua-
tions. Implementatiorin thetestcodewasverified by a spotcheckagainst

valuescalculatedvith R.

3.1.4. Plots of EST Coefficientsand Q-Q plots. To initially motivate
the potentialeffectivenesof our test,we examineda coupleof well known
generatorsisingthe FFT of the empirical PDF of a subsebf the generator
output. If the datais uniform, the coeficientsshouldbe exactly 1 for the
left most(all zerofrequeng) entry andzerootherwise.Early exploratory
work with histogramsof the coeficients suggest normaldistribution, so

normalQ-Q plotswerealsogenerated.
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FIGURE I11-2. RANDU Coeficients& Q-Q NormalPlots

Of the generatoreexamined,RANDU is know to be bad. The plots
ontheleft sideof Figurelll-2 shav Fouriercoeficientsgeneratedrom the
RANDU generatoin thefirst threedimensionsNotetheradicallydifferent
behaior in threedimensionaherethe parallelhyperplanedirst show up.

The right side of Figurelll-2 shovs Q-Q Normal plots of thesethree
datasetswith the first elementhaving the value 1.0 subtractedoff. We
will justify this in the next chapter It is clear from theseplots that the
generators relatively well behaedin thefirst two dimensionsbut changes

drasticallyin threeasexpected.
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FIGURE I11-3. SuperCoeficients& Q-Q NormalPlots

Figureslll-3 andlll-4 shav thesameplotsfor Marsaglias SuperDuper
generatorandfor the RANLIB generatar Both of which are know to be

muchbetterthanRANDU.

3.2. Complexity Analysis

Therearethreemajorcomponentso the ESTalgorithm. Thefirstis the
collectionof the cell counts. This operationrequiresk N operationsgach
requiringeithertwo differencer a singledivision andan integer trunca-
tion. Thuswe have 2k N floating point differencespr kN division andin-

tegertruncateoperationsThelateris how thecurrentcodeis implemented.
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FIGURE I11-4. RANLIB Coeficients& Q-Q NormalPlots

In eithercasewe have ano(kN) process.This stepcanbe reducedo in-
teger maskand shift operationswith no floating point if we eitherusean
integeroutputfrom the generataror arewilling to make the codespecific
to the particularfloating pointformatin theimplementation.
Thesecondperations the FFT andwill beaddressethst. Third is the

calculationof theteststatisticX. This operations

2bF —1

X=2N)> z-1
=0

(z; is the output of the FFT andis definedlater in chapter4) which is a

summationof 2bF elementsgxactly 2v* — 1 of themrequiring a floating
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point multiply. Sowe have a compleity hereof o(b*). This termwill be
easilydominatedoy eitherthe FFT or the cell countingoperations.

A discreteFouriertransformis definedin termsof eachof the b* com-
binationsof n = (n4,...,n;) Fourier frequencies.For eachfrequeng
combinationn the associatecoeficient is calculatedasa sumover the

obsenationbinsas:

b—1 b—1

(I”'l) fn = Z .« .. Z el%nlll .. el%ﬂklkyl

11=0 l,=0
wherel = (Iy,...,l;) denoteghevectorof summatiorindices.

This definitionshavsthatthe DFT canbe computedlirectly ast* sums
(onefor eachf,) of b* terms. Eachtermis the productof an exponential
and constantand the exponentialhasa coupleof productsin it. So the
compleity of this bruteforce methodis o(b*b*).

The k dimensionalFFT is known to be an O(b* log, b¥) compleity
processl, 86, 104 whenb is a power of 2. In the NumericalRecipes
codecurrentlybeingused,b mustbea power of 2.

For valuesof b thatarenot powersof 2, severalapproachesave been
developedfor recursvely building up the DFT. Thesehave compleities
thatusuallydependiirectly ontheprimefactorizatiorof b andfall between
thosefor the bruteforce methodandthe FFT. Generallyfor theserecursve
methodsa b with mary smallfactorsis muchbetterthanonewith a small
numberof large factors. An exampleof this canbe found in the FFTW

papershy Frigo[28, 29].
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This analysisassumes single processomrchitecture.Parallel imple-
mentationof the FFT exist andwould have markedly betterperformance.
Thefree FFTW packagdg 28] hasparalleloptions.

Most algorithmscancomputeReal FFTsin aboutl/2 thetime of com-
plex FFTswhenb is a power of 2. This advantagedisappearsvhenp is a
large prime, or a productof large primes.

Pullingthistogethemwe havethatthe ESTis o(k V) for thecell counting
processantbr theFFT andteststatisticcomputations (b¥6%), or O (b* log, b*)
whenb is apower of 2.

Memory requirementdor the EST as currently implementedconsists
primarily of a single 2b* floating point array which storesthe initial cell
counts,andis thenusedto computethe FFT in placeusingthe Numerical
RecipesFFT routines. Not all FFT algorithmscomputein placeandthe
memoryrequirementsan be as muchastwice this in someimplementa-
tions.

Note that even a brute force DFT implementatiorwith floating point
operationsn thecell countoperationsanhave anadwantageover previous
spectraltestswith a complexity of only o(kN) + o(b* log, b*), compared
to the weightedspectraltestwith compleity O(kN?), if we useoptimal

algorithmsandbin sizes.

3.3. Potential Effectivenessf the Test

3.3.1. StructuresDetectedby the EST. Effectively all of thetestsfor
RNGsandPRNGsarelooking for structureof somekind. The spectratest
is looking for the hyperplanesin an LCG. Discrepang is looking for the

greatesnon-flatnes®f the pdf, etc. Empirical testsare generallylooking
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in the generatooutputfor a specifictype of structurehypothesizedy the
testdeveloper In eachcase thetestis designedo look for a specifictype
of structurein the generatedsequence.The FFT is known to provide an
effective meansof extractingarbitrary structurefrom noisy ervironments.
ThustheESTdetectgheexistenceof andhelpsin theidentificationof mary

structuresn theempiricalpdf of thegeneratar

3.3.2. The EST Compared with a Chi-square Teston the Original
Cell Counts. The EST first gatherscell countsin a k dimensionahyper
cube,just asa chi-squareestfor uniformity would. In the chi-squareest
the asymptoticnormality of thesecell countsis usedto detectsignificant
deviation from the expectedcell countsin the data. However the form of
theteststatisticeffectively limits the chi-squareestto orthogonaliews of
the datasimilar to the left panelin Figurell-1. The FFTsapplicationof
combinationf frequenciesn k-dimensionsallows it to effectively rotate
its view of the dataautomaticallyallowing thedeterminatiorof structure(s)
not visible from orthogonalviews of the data. It alsowould allow the de-
tection of k-dimensionalstructuressuchas an embeddedspherein a 3d
analysis.This makesthe EST moresensitve to a wider classof structures

thanthe chi-squardest.

3.3.3. The EST Comparedto Spectraland DiscrepancyTests. This
approachhassimilaritiesto the spectraltestof Coveyou andMacPherson
[19] andKnuth[49], the weightedspectraltestor Diaphory of Hellekalek

and NiederreiterB3] anddiscrepanyg testsof Niederreiterf8]. However
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eachof theseapproachesareaimedat structurallimitations which areim-
portantfor Monte Carlo integrationtechniquesusingmeasure®sf theres-
olution of the point setasthe testcriteria. As such,they aregenerallynot
assensitve to statisticalpropertiesaswe would like for assurancef the
statisticalquality of simulations.

In thecaseof the CoveyouandMacPhersomndthe Knuth spectratests
thefull periodanalyticoutputof the generatois analyzedo ascertairthe
spacingbetweencovering setsof parallel hyperplanesby calculatingthe
minimum wavelengthat a given dimensionality This is a theoreticaltest
requiring the mathematicaform of the generatorand using computation
for calculationof the derved numericalrelationships.A notein Coveyou
& MacPhersorndicateghatthisis thediscreteequivalentof the Weyl the-
oremfor uniformity. Our testswerespecificallymotivatedby the desirefor
anempiricalequialentto this spectrakestwhich needseithertheform of
the generatormor necessitatefull period output. What we do goessome-
whatfartherthanthe original spectrakest,in thatit examinesnorethanthe
minimumwavelength.

Neiderrieters discrepang testlooks at the supremunof the discrepan-
ciesfrom expectedcell frequenciesover differing classeof subsetsn the
unit cubeusing the analyticalform of the generatar Thesecells consist
of rectangularsubreyions of k-dimensionalspace. This testis examining
statisticscloselyrelatedto the empirical PDFandsoit would appeamore
closelyrelatedto our work thanthe spectraltest. However discrepang is
examiningthe supremunof the discrepanciesver rectangulasubragions,

notthestructureof the discrepanciesver disjoint subreions.
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Hellekaleksweightedspectratest(or Diaphory), is perhapsheclosest
to our empiricalspectrakest. Unlike eitherthe spectrakestor discrepany,
this testis applieddirectly to the data,allowing applicationto non-lattice
structuregeneratorandto subsequencesd thegeneratooutput. Diaphory
is anumericalanalysisprocedureoriginally developedasananalogto dis-
crepanyg in specialquasi-MonteCarlo integrationmethods.The ideahere
is to useaweightedversionof the spectratest,emphasizingmallfrequen-
cieswhich the authorsstateare more importantindicatorsof uniformity.
This appeardo be a somavhat subjectve criteria. This weightedform of
thespectrakestscorrespondso Diaphory.

The FFT analysisof the empirical PDF provides not only a different
view of the uniformity of the generatediata,but alsohasthe benefitof all
of the specialpurposehardwareandsoftwaredevelopedduringthedecades
of useof FFTsfor otherpurposes.It canalsobe more easilytailoredto
the level of confidencethe userrequiresin the dataset, by adjustingthe
numberof cells the empirical PDF is collectedover. If high resolutionis
desired put computepower is limited, thetestcanbe appliedon areduced
grid (subset)of cellswith the desiredresolution. Eventhoughthe number
of generateghointsmustbehighin this casethemuchheavier computation
requiredfor theanalysigs limited to thechosersubsebdf cellsandthuscan
be tailoredto the available computepower of the testmachine. Thusour
testis configurableto allow examinationof the generatoin awide variety

of wayswith usercontrollablecomputationaloads.
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3.4. EST Applies Equally to Z[0, m] and Z[0, 1] Streams

In all of our discussiono this point we've beentalking abouttesting
U[0,1) generators.What aboutinteger or even binary streams?A closer
look atthe ESTwill revealthatwhatwe have doneis to reduceanarbitrary
sequencdo a lattice structureon the unit hypercube. Note alsothat one
meanf obtainingintegerstreamss to dervethemfrom aU[0,1) sequence
aswas discussedn the first exampleof section2.2.1. This is the same
methodusedto reducethe arbitraryU[0,1) sequence&own to a lattice for
applicationof the FFT. Hencefor Z[0, m|, m > 1 streamswve canapply
the ESTwith our bin size(b) setto m andtheremainderof thetestfollows

through.
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CHAPTER IV

THE EST DISTRIBUTION

Wewill now gointo theactualdistributionof the EST coeficientswhich
arethe basisof the test. Firstin sectionl we will lay the groundvork by
gettingthe matrix form of the multidimensionaDFT of anempirical PDF
derived from the randomsequence.ln section2 we will thenderive the
distribution of the coeficientsoutputby the DFT. Fromthis distributionwe
will developin sections3 and4 the overalltestandthe confidenceantervals

for examiningindividual coeficientsin the EST.

4.1. Multidimensional FFT of the Empirical PDF of a k-dim RNG

An empirical PDF canbe obtainedfrom a sampleof N pointsin & di-
mensiongrom a uniform [0, 1) randomnumbergeneratoiby producinga
grid of cellson the unit hypercubeandcountingthe occurrencesf points
within eachcell. Thesecell frequenciesarethendividedby N to produce
anempiricalPDE If theunderlyinggeneratoris truly independentiniform,
theresultingk-dimensionaPDFwill have equalprobabilityfor all cell fre-
guencies.The transformationof the empirical PDF is achieved usingthe
k-dimensionaldiscreteFourier transform(DFT) to the k-dimensionakem-
pirical PDF cell frequeng array If the underlyinggeneratogeneratesn-
dependenuniforms, the expectedtransformconsistsof the meanin the
(0,0,...,0) frequeny (transformedkell andzerosin all others.If not, the

structurewill shav up asfrequeng informationin oneor moredimensions.
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We first needsomemachineryto be able to readily work with a k-
dimensionatransformof theempiricalPDFE Sincewe know thatthe Fourier
transformis linear, we would lik e to be ableto usestandardineartheory
As will be shawvn, the transformcanbe viewed asa comple linear func-
tion of theform f = A y. Thiswill allow usto dealwith the arbitrary

dimensionalityandresolutionof thetestin agenerafashion.

NOTE. We denotevectorsby bold lowercasda ), matricesbold upper

case(A ), andscalarsvith standardont (a).

4.1.1. Construction of the Empirical PDF. We start by first con-
structingtheempiricalPDFona x - - - x 3 or (%)kresolutiongrid of hyper
cubes.Thedimensionof the spacewe areworking with will be denotedk.
Thatis, wearegeneratingointsin R * distributeduniformly ontheunit hy-
percubd0, 1); x [0, 1)s x- - -x [0, 1),. Usingaleap-frogpartitioningscheme
we will take disjoint k-tuplesfrom the generatormsour vectorsin R *. Let
u; = thej™univariategeneratdrom a uniform randomnumbergeneratar
If we sequentiallyassigntheseunivariategenerates$o the elementsof a k-
dimensionakectoru suchthatthesequencef k generatesor thel!* gen-
eratedvectoris theu;.s with j = { Bl kl+1 - kl+k—1 } giving
Uy = (Ukpy Ukpsty ooy Ukiak-1), L =0, ..., N — 1.

Partition the unit hypercubento equivolume hypercubegcells) using
b binsin eachdimension,producing?” = b* equivolumecells. Eachcell
is thena (%)'C hypercubewithin which we will be countingpoints. Let
t = (t1,tq,...,t), wherecell membershigs determinedby taking the
largestinteger < w;b designatedast; = |u;b|,[t; = 0...b — 1]. This

schemerovidesthebasisfor analgorithmto quickly allocatepointsto cells
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asthey aregenerateavith only asinglemultiply andanintegertruncationas
well asthe meando roll outa k-dimensionalyrid into a vectorfor simpler
notationlateron.

Thecellsarerolled outin row order(columnor rightmostindex chang-
ing fastest)nto asinglevector Eachof theT" cellsarethennumberedising
themappingfunction

j=l.k

wherecy € 0. T — 1. Fork=2,b=8,theT = 8 = 64 cellsareshovn in
FigurelV-1,

NoTE. Whenusingthecell numbers:; asindiceswewill denotethem

byt toreducehecompleity of ournotation.So X g = {X}t =X4¢.

TheempiricalPDF of a k-dimensionalfandomnumbergeneratousing
countsof pointsfalling into the ¥ equalvolumek dimensionaktellsis aT

elementvectorfunctionwith eachelementfy (¢ ) definedas:

(IV-2) In(t) = Iy (uy),
wherethefunction ! is anindicatorfunctiononthe hypercubecells

1 'U,let
It (u) =
0 else
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FIGURE IV-1. Two DimensionalGrid
ThereareT of thesevalues,onefor eachvalueof ¢ . We will work
with themasavectory = {fn(t)}. Thetransformwill be appliedto this

vector

4.1.2. DiscreteFourier Transform (DFT) of the Empirical PDF. We
now turn to the transformof the empirical PDF IV-2. The discreteFourier
transform(DFT) of thek-dimensionaémpiricalPDFis anorthogonatrans-
formation which mapsspatialinformation in the unit hypercubein R *

to frequeng informationin C *. If welets = (Snys - - -, Sn, ) denotethe
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Fourierfrequenciess,,, = @,nj =0...b—1,7=1...k, thenthevec-
tor s consistof asetof “crossed’orthogonafrequenciesn k£ dimensions,
allowing usto extract“waves” of length1l down to Iength% in thedatafrom

ary direction,notjustalongasingleaxisaswith a singledimensionFFT.

DEFINITION 4.1.1 The discreteFourier transformis definedin terms
of eachof the T combinationsof n = (ng, ..., n,) Fourier frequencies.
For eachfrequeng combinatiorn theassociatedoeficientis calculated

asasumovertheobsenrationbinsas:

b—1 b—1
(IV-3) fn = Z PR Z 6Z2T7rnll1 . ezzTﬂnklkyl
l1:0 lk:O
wherel = (14,...,1;) denoteghevectorof summatiorindices.

NOTE. It is usefulfor computatiorandconceptualizatiomf the multi-
dimensionaltransformprocessto formulate this as a recursve DFT by

pulling theexponentialghroughtheiteratedsums.

(IV-4) fn = Zei%”h"l [ . [Z €%tk .yl”
I Ui

The following theoremprovidesus with a compactform for the multi-
dimensionakransform. A similar matrix formulationcanbe foundin sec-

tion 14.40f Gag[30].
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THEOREM 4.1.2 TheFourier transformof theempirical PDF with res-
olution (%)'C of a k-dimensionaindependentiniform pseudaandomnum-

ber genertor expressedasa comple linear transformations
(IV-5) f=Ay

whee
f isab® x 1 comple vectorFourier coeficients,
y isab® x 1 realvectorof relativecell frequenciesind
A is a bk x bv*¥ complex matrix of Fourier multipliers with each row

correspondingo a singlefrequency

PROOF. EquationlV-3 canbe rewritten in termsof inner productsof
the frequeny andsummationindex vectorsn andl by first reoiganizing
theexponentsn the productof exponentialgsnsidethe summatiorandthen

recognizingthis summatiorasaninner product.

(IV-6)
b—1 b—1 b—1

In = Z s bii 6i27ﬂ[l1n1+l2n2+'"+lknk] Yl = Z ce Z eZQTWl ‘n Y

=0  1;,=0 11=0 ;=0
Thismakesit clearthatfor eachcombinationof Fourierfrequenciesve
areworking with a b* or T' elementsummationof complex exponentials
which are functionsof the inner productof the frequenyg vectorandthe
cell locationvector We now defineaT' elementvectorof Fourier multi-
pliersan ={an}; = ¢%1 '™ which containsall of the multipliersin

theT' elementsummationin (IV-6). If we now usethe cell identification
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function (IV-1) to do a changeof summationvariableswith associatear-
deringof a n, to go from the iteratedsummationover eachof the /;’s to
a singlesummationover the cell identifiers,we canwrite the equationfor
eachcoeficient (frequeny combination)asaninnerproductof a complex

vectorandtherealdatavector;thatis,

(IV-7) fn =any

From this form we cannow build a matrix A with the a 5, 's form-
ing therows. Eachrow correspondso the k-iteratedsummationfor each
coeficient for a particularfrequeng combination.Columnscorrespondo
individual relative cell frequenciesacrossthe combinationsof frequencies
in thetransform.

Thisthengivesustheentirek-dimensionaFouriertransformexpressed

asacomple lineartransformation.

with thedesiredproperties. O

4.1.3. Structure of the A Matrix. The A matrixis critical to further
work, so we shouldtake a closerlook at it. First we needto make the
notationclearerby pulling the exponentialoutsidethe matrix. We do this
by expressingasillustratedin EquationlV-8) anarbitrarysizedmatrix of

exponentialsasan exponentialraisedto a matrix power wherethe original
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matrix of exponentialsandthe matrix power of e arethe samesize.

eMoo oMo, eMo,k

eMio oM . M
(IV-8) —e

eMJ',O eMJ k

Using this, we have A expressedas (ei%”) M . Sincethe rows of
A areformedfrom the iteratedsumswhich generatethe coeficients of
the Fouriertransform,eachelementof M is a dot productof a frequeng
vectorandasummatiorindex vector}M; ; = n ;I jwherethevalueof n ; is
constantacrosseachof the rows andthe valueof I ; rangesthroughall T'
possiblecombinationsof the summationindices. Corverselythe columns
area specificcombinationof summationindicesl ; acrossthe T' possible
combinationsof frequenciesn ;. As long as we remainconsistentwith
the orderingof our cell frequeng vector we canroll theseout from the
summationsn ary orderwe like. Sincewe have alreadyrolled out the cell
frequeny vectorusingarelationshipbetweena k-vectorof integervalues
in therangel . ..b— 1 definedin EquationlV-1, we will usethatto roll out
the columnsof this matrix. The orderingof therows s arbitrary sowe will
usethe samerelationshipto orderthemaswe do the columns. Sincethe
vectorcomponentsire the samesize andrangeover the samevalues,we

will have asymmetricmatrix.

a. Thefirstrow hasall n ; = 0 andthefirst columnis all 7 ; = 0.
b. Fori > 1 we selectthen ; andfor thecolumnselectthe corre-
spondind ;.
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M-matrixk=2,b=4

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 00 00O OO OO OO OO OO OO OO OO OO OO OO 00O 00 00
2 00 01 02 03 0O 01 02 03 0O 01 02 03 00O 01 02 O3
3 00 02 04 06 00 02 04 06 00O 02 04 06 00 02 04 O6
4 00 03 06 09 0O 03 06 09 OO 03 06 09 00 03 06 09
5 00 00 00 00O 01 01 01 01 02 02 02 02 03 03 03 03
6 00 01 02 03 01 02 03 04 02 03 04 05 03 04 05 06
7 00 02 04 06 01 03 05 O7 02 04 O6 08 03 05 O7 09
8 00 03 06 09 01 04 O7 10 02 05 08 11 03 06 09 12
9 00 00O 00 00 02 02 02 02 04 04 04 04 06 06 06 06
10 00 01 02 03 02 03 04 05 04 05 06 0O7 O6 07 08 09
11 00 02 04 06 02 04 06 08 04 06 08 10 O6 08 10 12
12 00 03 06 09 02 05 08 11 04 O7 10 13 06 09 12 15
13 00 0O 00O OO 03 03 03 03 06 06 06 06 09 09 09 09
14 00 01 02 03 03 04 05 06 06 O7 08 09 09 10 11 12
15 00 02 04 06 03 05 O7 09 06 08 10 12 09 11 13 15
16 00 03 06 09 03 06 09 12 06 09 12 15 09 12 15 18

TABLE 1V-1. ExampleM-matrix

ThatiSni =1, andthusn ;l j=mn ;l i
Now we look at a simplecasewith £ = 2 andb = 4. We thenhave a
4 x 4 grid,soA isal6 x 16 matrix of complex exponentialslerivedfrom

theFouriertransformequationlV-3:

3 3 3 3
;2T ;27 ;27
_ 1< n1l1 12 nals. _ 12T n1l1+nals
jﬁhnz'_ E : E e e Yt = E : E € il }thz

11=0 12=0 11=0 [2=0

This resultsin the 16 x 16 M-matrix illustratedin Table I[V-1. Note
the zeroentriesindicatedin bold facetype. For the zero-zeraccombination
of frequenciesthe exponentis zerofor all datapoints. Similarly the first
columncorresponds$o zeroesn bothof thesummatiorindices,sothey are
alsozeroes.Thefirst 4 rows of the matrix aredetailedin TablelV-2 shav-
ing the row andcolumn (i, j) valuesof n andl alongwith the indexing
functionc appliedto ! andtheinnerproductof thetwo vectors.In thefirst

four rows of the matrix we seethe first frequeng componentholding at
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i j i n2z_ 1 2 c(Li2) In i i i nz_ 01 2 c(Ll2) In
1 1 0 0 0 0 0 0 3 1 0 2 0 0 0 0
1 2 0 0 0 1 1 0 3 2 0 2 0 1 1 2
1 3 0 0 0 2 2 0 3 3 0 2 0 2 2 4
1 4 0 0 0 3 3 0 3 4 0 2 0 3 3 6
1 5 0 0 1 0 4 0 3 5 0 2 1 0 4 0
1 6 0 0 1 1 5 0 3 6 0 2 1 1 5 2
1 7 0 0 1 2 6 0 3 7 0 2 1 2 6 4
1 8 0 0 1 3 7 0 3 8 0 2 1 3 7 6
1 9 0 0 2 0 8 0 3 9 0 2 2 0 8 0
110 0 0 2 1 9 0 3 10 o0 2 2 1 9 2
1 110 0 2 2 10 o0 3 11 o0 2 2 2 10 4
1 12 0 0 2 3 11 0 3 12 0 2 2 3 11 6
1 13 0 0 3 0 12 0 3 13 0 2 3 0 12 0
1 14 0 0 3 1 13 0 3 14 0 2 3 1 13 2
1 15 0 0 3 2 14 0 3 15 0 2 3 2 14 4
1 16 0 0 3 3 15 0 3 16 0 2 3 3 15 6
2 1 0 1 0 0 0 0 4 1 0 3 0 0 0 0
2 2 0 1 0 1 1 1 4 2 0 3 0 1 1 3
2 3 0 1 0 2 2 2 4 3 0 3 0 2 2 6
2 4 0 1 0 3 3 3 4 4 0 3 0 3 3 9
2 5 0 1 1 0 4 0 4 5 0 3 1 0 4 0
2 6 0 1 1 1 5 1 4 6 0 3 1 1 5 3
2 7 0 1 1 2 6 2 4 7 0 3 1 2 6 6
2 8 0 1 1 3 7 3 4 8 0 3 1 3 7 9
2 9 0 1 2 0 8 0 4 9 0 3 2 0 8 0
2 10 0 1 2 1 9 1 4 10 0 3 2 1 9 3
2 110 1 2 2 10 2 4 110 3 2 2 10 6
2 12 0 1 2 3 1 3 4 12 0 3 2 3 11 9
2 13 0 1 3 0 12 0 4 13 0 3 3 0 12 0
2 14 0 1 3 1 13 1 4 14 0 3 3 1 13 3
2 15 0 1 3 2 14 2 4 15 0 3 3 2 14 6
2 160 1 3 3 15 3 4 160 3 3 3 15 9

TABLE IV-2. First4 Rowsof M

zeroandthe secondsequencinghroughthevalues{1, 2, 3}. This givesus
therelatively simpleperiodicbehaior easilyseenn eachof TablelV-1and
FigurelV-2. As morefrequeng contentcomesinto play with higherrow
numbersthe compleity of therows becomegreater

The increasingcompleity of the periodicstructureasrow numberin-
creasess illustrated in Figure IV-2. This increasingcompleity is the
strengththat this transformhasover a single dimensionaltransform,al-

lowing it to illuminate moredetailedandcomplex behaior in thedata.
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(a) 3D BarChart

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

(b) Side-by-sideBar Chart

FIGURE IV-2. PeriodicStructureof A

4.2. Distrib ution of the Fourier Coefficients

We now have a simpleform for the Fourier transformof the empirical
PDF (4.1.2) and we are readyto derive the distribution of the transform
coeficientsfrom the relative cell frequencies.Empirical resultsfrom ex-
amininga numberof suspectedjood generatordrave suggestedhat they

areindependenhormalswith variance%.
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4.2.1. Asymptotic Distrib ution of the Empirical PDF. Firstwe need
to gettheasymptoticdistribution of therelative cell frequenciesThisis an
applicationof well known resultsfor asymptoticnormality of cell frequen-

cies. Thefollowing lemmahowever, makesit specificto our context.

LEMMA 4.2.1 Theempirical PDF with resolution% x k of anindepen-
dentuniformpseudaandomnumbergeneitor is

1
y ~ ANr(1p, - (pI —p*J))

PROOF. Undertheassumptiorof independentiniformity of thegener
ator, the k-dimensionabtructureX = {g(t )} of cell frequenciesg(t ) =
N fn(t), are multinomially distributed, with individual cells binomially
distributed,p = 1 andgq = (1 — £). The meanof the cell frequencies

is Np = &, while thevarianceof eachcellis Npg = N (% — #,) andthe

covariancebetweerary two cellsis —Np? = %
This k-dimensionaktructureis difficult to manipulate sowe will 'roll
it out’ into a7’ elementvectorz usingthecell indicesfunction(IV-1).
This now givesusa vectorz which is multinomially distributedand,
hencepy themultivariatecentrallimit theoremhasanasymptoticallymul-
tivariatedistribution. More preciselywe know thaty = %m is asymptot-
ically normal,

1
Yy ~ ANT(]- b, Nz )

with X = {Uij} and
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pg =]
it )

NotethatX hasrankT — 1 dueto theconstraintonthecell probabili-
ties) ,pi = 1.

A well known shorthandorm for this covariancematrix usingtheiden-

045 =

tity matrixandJ =11"is

( pg  —p° —p? )
—_p? _ 2 :
(IV-1) > = ? b =P =pl —p°J
R —
\ —»* . P pg )
giving usour desiredresult. d

4.2.2. Preliminaries. We cannow turnto obtainingthe distribution of
the Fouriertransformof the empiricalPDF usingtheoryfor thedistribution
of linear transformationsand complex normal distributions. A coupleof
preliminaryitemsarekey to this.

Thefirst item is the definition of a comple< normaldistribution, which
providesuswith arelationshipbetweermmultivariaterealnormalsandcom-
plex normalsasis definedandusedfor multivariatetime seriesanalysissee
Brillinger[10] or Brockwell andDavis[11] or coveredin somavhatgreater
detailby Goodmar{32]. Detail of the derivationof the PDFandcharacter

istic functionfor this distribution is availablein Wooding[1095.
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DEFINITION. Complex MultivariateNormal Distribution. LetY bea
complex randomvectorof lengthm. WesayY hasacomplex multivariate

normaldistribution, denotedoy
Y ~Np(p,X),

if thefolowing conditionshold.

(1) Them x m matrix X is a Hermitiancovariancematrix with real

andimaginaryportionsX ; and X , respectiely. Thatis, ¥ =
Y 41X o is acompl valuedm x m matrix suchthatX =
=% -i¥,anda*xXa >0foralla e C™.

(2) Writing Y into its realandimaginarypartsasY =Y | +1iY o,

let H1 = E(Y 1) and/,LQ = E(Y 2). Deﬁneﬂ = u1 + ’L,U/Q

Y
(3) Assumethat "] hasthemultivariatenormaldistribution
Y,

Y, N M ’1 X, 3

YQ H o 2 22 21

ThenwesaythatY =Y ;+iY ,isacomple-valuedmultivariatenormal

randomvectorwith meany = p, + ip , andcovariancematrix X .

This definitionis isomorphicin the specialcaseof Fourier coeficients.

SeeWooding[105 for details.

The secondtem concernghe propertiesof sumsof the complex expo-

nentialswe areworking with.
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FACT 4.2.2 Fromthe period 22 of the complex exponentiale’® andthe

symmetnyof the summatiorwith integer powes,

N r=mN,m € integers

n=0 0 else

This relationshipcanbe foundin mary sourcesjncluding Oppenheim
& Sheifer[81]and CoveyouandMacphersonf9].
Thefinal itemis afactfrom Wooding[L05 which givesusthedistribu-

tion for alinearcombinationof complex randomvectors.
FACT 4.2.3 If z IS NS (6,X) & Cis amatrix,then
Cz ~ N (CO,CEC™).

This is a well known resultwhich follows directly from the character
istic function of the complex normal developedin Wooding [109for the

specialcaseof the distribution of Fouriercoeficients,whichis givenby,

6(t)=E [eiRe(t z )} _ piRe(t "z )it st

4.2.3. Distrib ution of the Transform. We cannow getthedistribution

of thetransform.

THEOREM 4.2.4 TheFourier coeficientsf are distributedas
c 1 !
ANZ5.(0 o, N (I —600y))

underthe assumptiorof an underlyingindependentiniformgenetor.
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PROOF. From LemmalV-2 we know thaty ~ ANy(pl,+X). We
alsoknow thattheFouriertransformis acontinuousanddifferentiablefunc-
tion. We will usethewell known resultthatif X,, — z in distribution and
G is continuousthenG(X,,) — G(z) in distribution. In our case G is the
lineartransformationd andhences continuousBut A is complex sothe
limit distributionwill likely be complex. We first notethatv =y + i0,
whichhasmeanu + i0 andvarianceX -+ ;0 , which by Definition 4.2.2
hasdistribution AN$. (p (1 +i0),~ (X +10)). Thenby Fact4.2.3we
havethatf = A v isdistributed

1 1
ANL(pA (1 +z’0),NA (= +i0)A*)=AN%(A1p,NA2A*)

Expandingandrearranginghe meanwe canusefact4.2.2to simplify
it as
)y, i) L it
pAl_leeb pzllo. Zlk Oe kik | ...t M1b1

Notethat

[Zlk oezln’“lk] =
0 else

andn;, = mb for n; = 0 only.

b ng =mb,m € integers

Now considerthert” elementof A 1, whichis

(a1}, Sah 1 =X et
= Z? 1 Z—ll{nr}1j| [Z? R AN
1 k
= b {n,}; =0 b {n.}, =0
0 else 0 else

For thefirst row, » = 1, all of then; = 0 ; hence we have the productof

k summationseachof which hasvalueb giving usb*. Forr # 1, we have

68



atleastonen; # 0 in eachfactorandn; < b . By Fact4.2.2this factoris 0
and,hencethe productis 0.

Thus the meanis a deltavector (§ § ) with the onein the first (zero)
position. To simplify notation,we will drop the superscripindicatingthe
lengthof thedelta,zero0 and1 ’svectorswhentheirlengthis clearfrom
contet.

Turningto thevariance,

AS A =A(pI —p*J)A*"=pAA*—pP AJ A"

we look first attheelementf A A *.

{AA"), =aa, =Y ect @m0

but,

{ns—mn,)},e—-(b-1),...,0,...,(b—-1),

sothisis non-zeroonly for r = s.

thuswe will getb*atr = s andzerootherwisefinally giving us

pAA* =pb*I =21,

Goingto theseconderm,

PAJA =p?(A1)(1'A%)

bk
0
We alreadyknow thatA 1 = . and
\ 0
1'A* = (A1 )' = (bk 0 - 0) by the sameargument, but

with —i insteadof 7, sincewe arejust going the oppositedirectionaround
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theunit circle. Thus

( bk (p2621c 0 e 0 \
pPPAJ A" =p ? (M 0~-0)= ? ? L
\ 0 / \ 0 -+ --- 0 )

PuttingthesetogethewegetA X A’ = pb*T — p?b?%6 (6

Notenow thatb* = T sopbt = % - T = 1 andp?b* = (pbk)2 —1

(0 0o --- 0\
0 i=j=0 _
: o 1 .
Sofinally, AXA'=¢ 1 j=j>0 =
0 else
\0 1/
andwe haveourvariancer (AX A') =~ (I — 8§00 5) O

From this we have thatthe meanis zeroeverywhereotherthanthe 0
frequeny elementwhich alsohasdegeneratevariance.Theremainingele-

mentsareindependenhormalswith variance%.

4.2.4. Distribution of the Re & Im Coefficients. The deriation of
sectiord.2.3is for complex coeficientsof theform a + bi. Thisis sufficient
for analysisof functionsof the complex numberswhich have real values,
suchasthemagnitude.To getbetterpotentialresolutionin ourteststatistics,
we would like to be ableto work with functionsof the realandimaginary
componentseparatelyHowever we do not yet have the distribution of the

individualrealandimaginarycoeficientsgeneratedby the FFT algorithms.
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THEOREM 4.2.5 If we expandour distribution as indicatedby defini-

tion4.2.2into a 27 normal

f = Ref +ilmf

S :%(I — 68005 = ReS +1iImS

wheewehavelmsS = 0, then

Ref 1[ S O

(IV-2) z ~ ANyr | 60,5
Imf 2\ o s

PROOF. Theorem4.2.3givesusthe asymptoticdistribution of f asa

comple normal:

1
(IV-3) AN;(8 0,5 (T = 808))
Fromdefinition4.2.2andthefactthatour meanandvariancearestrictly

real,theresultis immediate. O

4.3. Overall Test

We now have the distribution of the Fourier coeficientseitherasat T
elementcomplex vector(f ) or asa 27 realvector(z ). The obvioustest
giventheasymptoticmormalityis to useaquadratidorm with aChi-squared
distribution. This form would normallybe z 'S 'z , howeverin our case
the covariancematrix is not full rank and thereforenot invertible. This

could be approachedisinga generalizednverseof X %, but a very simple

1As wassuggestetby Dr. DanielMihalko.
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projectionseemsclearerin our caseand makesthe actualimplementation
in softwaremoreobvious. We thenwill be separatinghe coeficientvector
into two portionsor subspacewith a simple projection. Onethe primary
subspacevill be full rank (27" — 2) and the other (our residual)will be
a two dimensionalspacewith an asymptoticallyvanishingvariance. The
resultcanthenbe combinedin a normalfashionto obtain a teststatistic
which includesthe full measurementector and potentially better power

underalternatves.

Re
THEOREM 4.3.1 Asin Theoem4.25,let z = ! whesee

Imf
2r—1

f =Ay.SupposeX =2N Y "~ z7 —1. ThenX hasanasymptoticy?
distributionwith 27" — 2 degreesof freedomunderthe null hypothesi®of a

uniformindependengenesator. We write X ~ Ax3;_,.

ProoOF. Recallfrom Theoremd.2.5thatz is

118 O
ANZT 60a_
210 s

Letg = P z wherethe2(T — 1) x 27 matrix

0- Izm 0- Or,r
2 2T =T ).

0: 0:zr,r 0: I:,r
2 272 2 272
Thisis asimpleprojectionfrom 27 to ®2(T—1) which stripsoff theReal

r
2

P =

andImaginarycoeficientsof the0 frequeny componentseaving uswith

g ~ ANyr_1) (0, 7T ). Theresidualof this projectionh is thestripped

’ 2N

72



off componentsvhichis AN, (d ¢,0 ), i.e. a degeneratédwo dimensional

. 20
vectorwith h =
s
We now have
1 —1
X = gl [ﬁI] g ~ AX%T—2(O)
sothesum

X=X, +2N(h —§,)°

is alsodistributedasan Ax2, , and

2T—-1

X=2N) 7z -1
=0

O

Our testis thento rejectthe null hypothesiof a uniform independent
generatowhen X is too greatin magnitudejndicatingexcessve power at
somesetof frequenciesMore formally, our asymptoticallylevel o testof
Hy: Thegeneratois uniform (p; = £Vi), is

RejectH if X > x7 o7y
wherex?2 . , istheuppera critical pointof the x? distributionwith 27" — 2

degreesof freedom.

4.4. Testingfor Individual Outliers in the Coefficients

Sincewe expectto find particularunknovn combination®f frequencies
which matchwith periodicbehaior in the empirical PDF, we canlook for
theseasoutliersin the coeficients. Graphicsare an obvious method,but
highly subjectve. We will scanthe coeficientsfor outliersusinga Fishers
protected_SD (PLSD)schemelf theoveralltestaboverejectswe will use
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anq level confidencanterval, otherwisewe will usea Bonferonniinterval,

assuringhatwe will retainatleastanoveralllevel « test.

4.4.1. Cutoff Basedon Individual Realand Imaginary Components.

L
’ 2N

Sinceourreducedvectorg is ANyt 2(0, 51), we canbaseour initial test
for individual outliersin all but the zerofrequeng coeficientson the dis-
tribution of v/2Ng;, whichis the standarchormal. We calculatethe critical
value K; for which any obsenation with absolutevalue greaterthan K,
impliesalikely outlier suchthatl — ®(K) < §, giving usa probability of
seeinganobsenationwith absolutevalue> K; < a. If theoveralltestdid

notreject,wecanuseL; : 1 — ®(L;) < ﬁ for the Bonferonniinterval.

4.4.2. Cutoff Basedon the Magnitude of Complex CoefficientMag-
nitudes. Theabove interval usesheinverseof ahypercubecenteredatthe
origin asthecritical regionin 2(T — 1) spaceappliedto 2(7' — 1) elements.
If we considereachReal/Imaginarypair, this is equivalentto testingwith
theinverseof asquareegion abouttheorigin asour critical regionfor each
pair. However, a circular cutoff region using the magnitudeof complec
coeficients may actually make more sense combiningboth the real and
imaginarycomponentst a particularfrequeng combination.The bound-
ary of the resultingregion is thena uniform distancefrom the origin with
respecto eachcomple pair. This alsoreduceshenumberof comparisons
to T-1. Soalternatvely, we canuseacircularcritical region | f;| > C Vj, us-
ing therealandimaginarypartsof thecomplex numbersimultaneouslyFor
simplicity, we will work with |f;|* = (Re(f;)? + Im(f;)?). Standardizing

2
thisgivesus‘\/Zij ~ AX3.
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We thenapplythe standardnesidedtest. Thatis we declarethatthej-
th coeficientis anoutlierif | f;|* > X2 whereK, is theuppera X? critical
point with 2 degreesof freedom. The Bonferonnicutoff L, of this, to be
usedif the overall testdid not reject, simply replacesy with =*- making
L, thel — =% quantileof the X7 distribution.

NOTE: Becarefulnotto applybothBonferonniprocedured theoverall
testfails to reject. If the overall testhasrejectedH, we shouldbe safe
applyingboth forms of the confidencantervals sincewe are protectecby
the overall rejection. If we useboth Bonferonnitestsasspecified,we are

no longerassuredf anoverall at mosta testingscheme A particulartest

mustbeselected-priori, or thelevelsmustbeadjustedaccordingly In this

casdt wouldbenecessaryo use5(Ta_1) and 3(T°‘_1) respectrely to coverthe

largernumberof comparison®eingperformed.

4.4.3. Testing the Zero Frequency Coefficients. The two zero fre-
gueng coeficientsareasymptoticallydegeneratebut not actuallyzerofor
ary finite N. We shouldstill be able to testthem however, if we knew
the cornvergencerateof the variance.Thesetestswould be similar to those
above, but with variancestructuredependingnot only directly on N, but
alsoon the cornvergencerate of the distribution underthe null hypothesis.

Thisis left to futurework.
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CHAPTER V

APPLYING THE EST

In thischapterpossiblenterpretationgor variousparametechoicedor
the EST will be presentedand suggestiongor the applicationof the EST
will be given. The EST canbe usedto testary RNGsor PRNGs,asit is
appliedto arandomsequencer pseudaandomsequencsampledrom the
generatarThe EST candetectnumerougypesof structurein thesequence

beingtestedjncludingmary typesof:
e bothperiodicandnon-periodicstructures

e bothlocalandglobal multidimensionakpatialstructures

e bothshorttermandlongtermserialcorrelation

Thetypesof structurethatthe EST candetectareall onesthatwould prove
unacceptablén somecommonsituations. We don't wantto overstatethe
capabilitiesof the EST though. While it can detectan extremely broad
classof structureslik e every othertest,it cannotpossiblydetectall possible

structurein thedata.

5.1. Interpreting EST Results

If thereadethasnt beenthroughSection2.7.6andparticularlySection
2.7.6.3yet, thiswouldbeagoodtime. Thesesectiongliscusgshedifficulties

of testingRNGsandPRNGsandsuggessomeguidelinedor interpretation.
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For thesereasonsthe bestgeneralrule is to usethe EST to comparegen-
eratorsratherthansimply testthemin isolation. Using generatorshatare
thoughtto be"good"to helpinterpretthe p valuesof thetest.

It is alsotruethatit is bestto repeatary testof any RNG or a PRNG.
For repeatingestson a PRNGyou shouldselectnew seedsothrandomly
andsystematically

The normal constructionof a testbasedon a chi-squaredistribution
(which is the basisfor the EST overall test) usesa right tailed rejection
regiononly. Thisis donebasedn the asymptotigoower of thetestagainst
unspecifiedalternatves(SeeStuart& Ord[93] section30.6). However the
argumentghisis basedn arefor a quite differentexperimentakndtesting
environmentthanthatof the EST It caneasilybe arguedthat X too small
correspondssreadily to a potentialproblemin the generatorasdoes X
too large. Henceit would be prudentto at leastflag thesecasesor even
modify the currentEST testto rejecton both left andright tails. Actual
modificationof thetestis unnecessarginceit outputsa p valuewhich can
betestedmanuallyor automaticallyexternalto the coretestsoftware(asis

donelaterin chapter6).

5.2. ValuesReturned by the EST

TheESTreturns:
e ESTstatistics:Thesearethe primaryresultsof thetest.
— N: thetotalnumberof datapointsgeneratedh % - dimensions
—T: bk

— a: thevalueof o usedfor critical valuesandconfidencdimits
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— X: the ESTteststatistic

— p: thep-valueassociateavith X

— C: thetestcritical value(X > C impliesrejectH,)

— K1: thesymmetricl —a confidencdimit for Reandim values

— K2: the Bonferonnil — « confidencelimit for Re and Im
values

— L1: thel — « confidencdimit for Rho

— L2: thel — o Bonferonniconfidencdimit for Rho

ThevaluesN, T andaaresimply returnedfor corvenience.The mainitem
to look at first is the p-value. If this is below the predeterminedevel o,
the testhasfound significantstructure. The K& L confidencdimits are
providedprimarily asavisualaidein gaugingthescatteiin the coeficients.
With thelarge numberof coeficients,therewill almostcertainlyalwaysbe
valuesoutsidetheserelatively tight limits. If the rejectionis strong(very
low p), thereshouldbe pointsoutsidethe Bonferronilimits K& L,. This
is the startingpoint for analyzingthe natureof the potentialfailure. The
Bonferronilimits arealsosetatalevel suchthatevenwithoutalow p-value,
coeficientswhich lie outsidethesdimits arecausefor furtherstudy
e ESTFFT coeficients:

— [Re] ab* vectorof realcoeficients

— [Im] ab* vectorof imaginarycoeficients

— [Rho] ab* vectorof magnitude®f the complex coeficients

— [Phi] ab* vectorof phaseanglesof the complex coeficients
The FFT coeficientsare providedto facilitate and analysisprocess.This

testis not meantto provide only an accept/rejectlecision,but ratherasa
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tool for exploring randomsequencetor potentiallytroublesomestructure.

ThesearcHor thatstructurebeginswith this data.

5.3. The< b, k, N, seed > Family of ESTs

The ESTis afamily of tests,parameterizetdy < b, k, N, seed >. The
parameterd, k andN are integersand seedis the seedfor the generator
begin tested assumingoneis needed.

The first parameteiis the numberof 'cells’ allocatedin eachdimen-
sion. It effectively controlsthe resolutionof your searchfor structure.For
example,a valueof b = 4 would split the unit interval into 4 equalsey-
mentswithin which the cell countsaregatheredallowing structuresspan-
ning morethanabout0.25unitsin ary directionto be detectedIncreasing
b thusimprovesthe EST resolution. The secondparameterk, is the di-
mensionalityof the test. This controlsthe numberof dimensionswithin
which to searchthe datafor structure. For example,planesembeddedn
higher dimensionalspacecannotbe detectedwith k<3. This is why the
RANDU structuredoesnt shav up stronglyuntil the testfor 3 dimensions
andhigheris used. N controlsthetotal numberof datapointsto be gener
atedin k£ dimensiondor thetest. And finally seedcontrolsthe selectionof
thesubsequenciom the generatoto be examined.

Notethattogethern & k have the maineffect onthe memoryandexe-
cutiontime requirement®f the testwhich increasegporportionalto b* and

b* log, b* respectiely.

5.3.1. b asa Power of 2. Forthecurrentimplementatiorwe have used

the Numerical RecipesB6] multidimensionalFFT routine 'fourn’. This
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routineusesa radix-2 decimation-in-timealgorithmwhich is limited to se-
guenceshatarea power of 2. Hencein our applicationghereademwill see
thevalueof b, which is the lengthof the fundamentalunit uponwhich the
FFTis applied,is alwaysa power of 2. This limitation canbe overcomeby
usingsoftwaresuchasFFTW|[28] or by paddingthesequencéo apower of

2 length. Otherwisejt’ s bestto useb equalto a power of 2 for efficiency.

5.3.2. The Sizeof bﬂk This ratio is the expectedcell countunder Hy.
Sinceour asymptoticglependnthe samecorvergenceto multivariatenor-
mal asthatusedin a standardchi-squaredest, we will usethe samerule
of thumb for minimum cell counts. This saysthat the minimum expect
cell countshouldbe 5 or more. Much below this andthe asymptoticsare
inadequatecausingpotentiallyfalserejections. This is dueto the normal
approximatiornbeingpoorfor expectedcell countslessthan5. Experience
with runningthe EST and examiningthe resultsindicatesthat the greater
the expectedcell count, the betterthe distribution tendsto normality for
goodgenerators.In practice,it would be bestto keepthis value at least

aboveb.

5.3.3. Relationship Between N, k and the Number of u}s. When
datais gatheredfor the EST, we currently usethe allocation schemein
Section2.4.5.4. This meanghatindividual u;s from the generatoare not
'reused’.Soto geta N k-dimensionalectorswe actuallyneeda sequence

Uy, Usa, - . ., Uy Of lengthk N .

5.3.4. Fix kN, Then IncreaseN & b and k. This scenarias essen-

tially whatwe areworking with in chapter6. In this casewe preselected
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a block of datafrom thetarget PRNG andthenappliedvaried N & b de-
pendingon k to 'use up’ the sequence.lt is looking for structurewithin
a fixed length output of the generatar Note that we alsoran the testson
successie blocksfrom the generatorsThis is effectively makingrepeated
runsagainsta fixed patternof seeds.Had time permitted,additionalruns

with randomizedseedsvould have beenappropriate.

5.3.5. Fix b and k£ and IncreaseN. This is testingfor patternsthat
appeain variouslengthrunsor thatbecomestrongemith increasingquan-
tities of data. An exampleof the later canbe found in chapter6 for the

MarsagliaMulticarry generatoin R.

5.3.6. Fix band N andincreasek. Thistestsequencaouldbesearch-
ing for patterndn variousdimensionsandshorttermcorrelationsof length
k. Notethatyouwill needto startwith alargeN sinceask increase%% — 0
andtheasymptoticswill breakdown. Thisis alsoafixedresolutiontestse-

guencesincewe have constanb .

5.3.7. Fix k and N and Increaseb. This increaseshe resolutionof
thetest,makingit ableto detectsmallerstructurewith increasingh. Note
thatthe computationaload goesup with b* log, b*, evenwith moderate,
thetestwill rapidly increasen executiontime and memoryrequirements.
Theinitial N will alsoneedto be relatively large or the asymptoticswill

breakdown quickly asnotedabove.

5.3.8. Fix bandIncreaseN and k. Thissequencevouldbesearching

for patternswith aset’resolution’.
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5.3.9. Fix k£ and Increaseb and N. This would be searchingfor &
term correlationsand specialpatternsat increasingresolutions. Sincewe
arevaryingbothb & N, we cankeepthecell countsreasonablandprevent

theasymptoticdrom breakingdown asthetestsequenc@rogresses.

5.4. RepeatingWith a New Seed

Therewill alwaysbe casesvhenstructurewill shov up for asomepar
ticular subsequencesom eventhe bestgeneratgrespeciallyif N is rela-
tively small. In factif thisdoesnt happenwe shouldsuspecthegeneratar
The corverseis alsotrue, a bad generatorcan easily have good looking

subsequencedt is worth repeating Runthe EST with multiple seeds.

5.5. Comparing With 'Good’ Generators.

Having several generatorghat are considered'good" is very useful
whenevaluatinga nev RNG or PRNG. Multiple runs of the "good" gen-
erators(for fixed b, k, and N) canprovide a benchmarkindicationof the
power of the testand what a rejectionof a new generatorat a specificp

valuerepresents.

5.6. Combining TestResults& Selectionof o Level

Throughouthis chaptemwe have beendiscussingunningmultiple tests
andcomparingresults.The EST decisioncriteriais designedo provide an
asymptotidevel « testfor a particularparameterizationMany of the prob-
lemsindicatedby 'p happens’comefrom not recognizingthis. If we are

runningan exploratoryanalysis thereis not muchthatcanbe doneexcept
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carefulinterpretationof the results.However if we arerunninga fixed se-
guenceof testswe canadjustour alphausinga Bonferroniapproacho get
anasymptoticlevel o overall. Thisis assumingour testsareindependent.
Thatis not true for mary of the scenariosabove evenunderthe H, . So
regardlessye needto keepour wits aboutaswe interpretthesetests.

Sincethe purposeof our testingis to illuminate potentiallyproblematic
behaior in the randomnumbergeneratarwe may want to considerour
choicesfor confidencdevel. Confidencdevelsaregenerallysetat 90% or
higher, reflectingthe perceved high costof statingthe existenceof struc-
turewhennoneexisted(rejectionof the null hypothesisvhenit is actually
true). Thisis predicatedn anexperimentaktontext whichis notnecessarily
consistentvith our goalsfor the EST.

In this context thenormalrelative weightingof Typel andTypell errors
reflectedin the choiceof . may not be appropriate. It is suggestedhat
confidencdevelsfor the testingnot be the usuallevels of 90% or greater
but rather80-90%. This reflectsthe greatercostof acceptinga generator
with poor propertiedn thelight of alarge numberof alternatvesavailable

todayandtherelative easewith which thetestingcanbe performed.
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CHAPTER VI

SOME COMPARITIVE RESULTS

We usedSUPER,RANDU andRANLIB in chapterll to motivatethe
EST Wewill take anothelook atthosethreegeneratorsnow actuallyusing
the EST. Finally we will runthe EST againstthe five generatorgprovided
with theR statisticalpackage.

NOTE: We offer theseresultsasexamplesof potentialapplicationof the
EST They shouldnotyetbetakento indicateeitherthata generators good
or bad.As we statedn chapter2, no testshouldbe declaredbad’ until the
underlyingcauseof therejectionis understood.

It seemgdesirableto run testssuchthatthe samesequencef random
numberds used,but appliedwith differentdimensionality We would also
like to achieve the highestbin count per dimensionto get the maximum
resolutionfrom thetest. For theseexampletestrunsan arbitrarysequence
lengthof 216 waschoserandthe valuesof b andE selectedo useasmuch
of the sequenceaspossible. Note that b is beingchosenasa power of 2
to maximizethe efficiengy of the FFT calculationsfor the particularFFT
implementationwe areusing. TableVI-1 shaws the resultsof the calcula-
tions. In this tableE is the target expectedfrequeng for eachcell andM
is the total numberof randomvariatesnecessaryo generatehe N points
in k dimensionakpace.The columnresolutionindicatesthe approximate

resolutionper dimensionof the testwith respecto the unit hypercubeand
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TABLE VI-1. TestParametelCalculations

b T N M Resolution| Volume
8192| 8192| 65536| 65536/ 0.00012 | 0.00012
64 | 4096| 32768| 65536/ 0.01563 | 0.00024
16 | 4096| 20480| 61440| 0.06250 | 0.00024
8 |4096| 16384| 65536/ 0.12500 | 0.00024
4 |1024|12288| 61440 0.25000 | 0.00098

GIESFNENITSES
=
K| | 01 00| co| M

TABLE VI-2. Overall Testp Values

Generatof k=1 | k=2 | k=3 | k=4 || k=5
RANDU | 0.003| 0.982| 0.000| 0.000]| 0.055
Super | 0.074|0.733| 0.198| 0.214| 0.062
Ranlib | 0.325| 0.666| 0.125| 0.585| 0.653

the last columnindicatesthe volume of the unit hypercubeof eachcell in

thetest.

6.1. Another Look at RANDU, SUPERand RANLIB

As expectedfor RANDU the EST rejectsH, stronglyin threedimen-
sions.Howeverwe canseefrom theseresultsin TableVI-2 andthefigures
in AppendixA pagesA-A thatRANDU alsofailsin onedimension.n two
dimensionhowever, the ESTdid notreject H,. However, therewerecoef-
ficientswhich exceededheBonferonnilimit. For Superthe ESTrejectsH,
in 1 and5 dimensionsbut not nearlyasstronglyasRANDU. For RANLIB
theESTdid notrejectH, in ary situation.

6.2. Testingthe PRNG Functionsin R

Testswerealsoappliedto the 5 generatorsn R. Eachwastestedup to
5 dimensions Resultsaretakulatedin TableVI-3 for theinitial runsusing
theparameterizationsf TableVI-1. For eachof the 25 testscenariosthere

is a pagewith graphicsandtestsummaryoutputin appendixA on pages
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TABLE VI-3. R Generatop Values

Generator k=1 | k=2 | k=3 | k=4 | k=5
Marsaglia-Multicarry|] 0.075| 0.689| 0.057| 0.945| 0.504
SuperDuper 0.347| 0.838| 0.847| 0.800| 0.137
Mersenne-Wister 0.172| 0.246| 0.912| 0.863| 0.761
Knuth-TAOCP 0.956| 0.467| 0.974| 0.839| 0.452
Wichmann-Hill 0.677|0.870| 0.031| 0.870| 0.418

119-1430f AppendixB. Eachfigure consistf anarrayof six panels.The
left columnis the real andimaginarycoeficientsandthe right columnis
themagnitudesEachcolumnhasa histogramat thetop, a Q-Q plot in the
centeranda plot of the coeficients(or magnitudesyvith confidencdimits
atthebottom. The confidencdimits aredepictedwith a dashedine for the
PLSDlimits andasolid line for the Bonferonnilimits. In thelower left co-
efficientsplot, bothrealandimaginarycoeficientsareplottedby frequeng
combinationindex. Realcoeficientsaredisplayedwith a circle andimag-
inary coeficientsareplottedwith a diamond. Testparameterizatiofk, b,
N] aredisplayedunderthe upperleft panel. The calculated valueis under
theleft centerpanelandthe valueof X andthe critical valueC is included
underthelower left panel.

Thesefirst 25 runsaresuggestie, but inconclusve. If thiswerea stan-
dardstatisticalanalysis,we would do oneof two things. If no further ex-
perimentations available,we would necessarilynake an acceptor reject
decisionon the basisof theseresults. But the preferablecourseof action
would beto gathermoredata,perhapgefiningour hypothesisin this case
additionaldatais readilyavailable,sothetestswererunagain.Eachwasrun
100timesusingsequentiablocksof randomnumberdrom the generators.

Thatis, eachof the 100testsfor eachconditionwererun with a uniqueset
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of randomnumberdrom the generatarTheresultsarepresentedn graph-
ics on pagesl44-148of AppendixB. Eachgraphhasan overall histogram
of X — C . Theremaining5 panelsshowv the 100 p-valuesfor eachdimen-
sionality the generatoiis testedfor. Theseresultsappearto shav thatthe
p-valuesarerandom. A detailedanalysiscould be performedfrom this to
determineif the numberof rejectionssignificantly exceededexpectations
for our test,giving usa meta-analysisf the generatarThis is straightfor-
wardfrom existing theoryandcanbedoneatalatertime.

A secondsetof 25 testrunsweremadewith the samedatausedabove,
but insteadof 100 multiple applicationsof the test, the entire datasetvas
used. This actuallytakesconsiderablyesstime thanthe multiple applica-
tions and sinceour testcompleity is a function of the grid structureand
not N, we canrelatively easilyincreaseN at will without over taxing the
available hardware. Resultsof theserunsare shavn in TableVI-4 andin
the graphicson pagel54 of AppendixB. This graphicssimply shavs the
contentsf thetablein graphicalform with adashedine indicatingthere-
jectionlevel for eachpanel.Individual graphicsequialentto thoseprovide
for ourfirstrunareprovidedonpagesl 55-179%f AppendixB. A quicklook
shavs someavhatsimilarresultsto thefirst setof runswith threeexceptions.
We have p-valueswhich arezeroto threedecimalplacesfor the Marsaglia
Multicarry generatoin 3 dimensionsthe Knuth TAOCP generatotin one
dimensionanda p-valueof 1.000for SupefDuperin 5 dimensionsLook-
ing at the individual graphicsfor the 3 dimensionalMarsagliaMulticarry
teston pagel57we seea clearfailureasspectaculaasRANDU, but more

specificto a coupleof frequeny combinations. This failure also doesnt
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TABLE VI-4. R Generatop Valuesfor LargeN Runs

Generator k=1 | k=2 | k=3 | k=4 | k=5
Marsaglia-Multicarry] 0.084| 0.602| 0.000| 0.489| 0.066
SupefDuper 0.035| 0.149| 0.163| 0.039| 1.000
Mersenne-Wister 0.721| 0.027| 0.832| 0.034| 0.015
Knuth-TAOCP 0.000| 0.791| 0.997| 0.005| 0.075
Wichmann-Hill 0.585| 0.023| 0.602| 0.417| 0.947

extendinto otherdimensionalityaswith RANDU for anything above three
dimensions. Clearly further study of this generatotis in order No clear
conclusionganbedravn aboutthe othertwo cases.

Otherthanfor the MarsagliaMulticarry in 3 dimensionsthe large N
resultsarestill interesting,but not conclusve. As large asthe datasetis
it’ s still a smallfraction of thefull periodof any of thesegeneratorsEven
our 100x runsare still only usingonly 100 x 2'(< 223) generategrom
ary onegeneratar Soonelasttestsequencevasran. This sequencetarts
out with 10x the original N andincrementsn stepsof 10 up to 100x the
original N or equalto the large N run. Theresultsareshovn in R coplots
on pagesl49-153of AppendixB. Eachpagehasfive panelsin the lower
half of thepage.Thesefive panelscorrespondo thevaluesof k. Thevalues
of X — C areplottedin eachpanelwith respecto increasing\. Sincethese
runsusethe samedatasetfrom the generatoendprogressiely usealarger
subseteachstepincluding the previous set,we have progressre sumsof

multinomials.

6.3. Summary

Fromthis analysiswe canconcludethatthereis evidenceof problems

in the MarsagliaMulticarry generatotat k=3 in R and shouldsuspecthe
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SuperDuperatk=5 andKnuth TAOCPatk=1 andprobablythe Wichmann
Hill atk=2. Furtherstudyof thesegeneratorss definitelyindicated.From
this it would alsobe prudentif you mustdependon solid validity of your
resultsto usetheMersennélwistergeneratom R until furtheranalysiscan
be performedon the othergeneratorsThereadershouldkeepin mind that
the EST is a very stringenttest. For mary applicationsgeneratofailures
evenassevereasindicatedin RANDU (while statisticallysignificant)are

not significantto the application.
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CHAPTER VII

SUMMARY AND FUTURE WORK

7.1. Summary

We have presentedhe backgroundor RNG and PRNG testingalong
with the theoryandapplicationof the Empirical SpectralTest(EST). The
testdemonstrateth chapter6 thatit hasthe potentialto find structureboth
in known situationssuchasRANDU andwherenonewasknow prior to its
application,asin the MarsagliaMulticarry. We would beremissto attempt
to statethatthisis finishedwork. Thereis considerableefinemenpossible
bothin the theoryandin the implementation.We arejust getting started
with these.

The evident effectivenesof this testmakesit desirableto begin more
extensve applicationstudiesandto fill in betterinformationandsoftware
supportfor determiningthe natureof structureonceit’s found. As with
thetheory we arejust gettingstartedon applyingthe EST andhave barely

begunto developthe supporttoolsnecessaryo fully utilize it.

7.2. Future Work

In this chapterwe have collectedsomeof the major ideasfor future

work.

7.2.1. Mor e Generalized Application. Chapter4 providesthe basic

machineryfor a wide classof testsfor uniformity of randomspatialdata
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againstperiodic alternatves. Many real world processegxhibit periodic
behaior. This suggestshatapplicationto a wider rangeof problemsthan

simply pseudaandomnumbergeneratiormay prove fruitful.

7.2.2. Statistical Refinement. It would be desirableto have a better
handleon theasymptoticof thistest. Herewe have only usedthecommon
asymptotiaesultsfor themultinomial. However a Fouriertransformunder
the right conditionswill causethe datato tendtoward normality aswell.
Thissecondevel normalizatiorprocessnayimprovethecornvergencethus
allowing betterconfidencen theresultswith smallersamplesizes.

The power of this testunderalternatvesshouldalsobe investigatedo
betterunderstandapplicationto variousforms of alternatves. Is this an
approximatelyUMP testagainstunspecifiedalternatves?It is, at best,an
approximatdJMP test. Eventhe standarcchi-squaredestis only approx-
imately UMP sincetheteststatisticis only asymptoticallynormal. We are
anothettransformatioraway from this yet. Thefactthatthetransformation
is invertible suggestshatthis maystill be approximatelyJMP.

Thereshouldbe potentialfor developingatestbasednthe presencef
symmetryin the coeficientswhich couldbe moresensitie to certainalter
natves. Examinationof the graphicsin appendixA indicatesthatthereis
oftenapparentlysignificantsymmetryin the coeficient values.This is ex-
pectedbehaior for an FFT on datacontainingcertaintypesof structure.lt
shouldbe possibleto develop a testwhich takesadvantageof this expected
behaior to detectspecificstructureswith greatersensitvity.

Sincethe pseudaandomnumbersaregeneratedby a numericalrecur

sion,thereexiststhepotentialfor thedatato be’too uniform’. We have seen
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p valuesover 0.950n someof testruns. This putsthe datacloseto theleft
endof the chi-squaredlistribution. Thatimpliesanimprobablylow varia-
tion from expectedvaluesandhencethe combinationof both thatthe null
hypothesigs true anda likely too small variancein the coeficients. This

wouldsuggesthatadifferentform of testfor variancemightbeappropriate.

7.2.3. Code Impr ovements. The FFTW package?8] shouldbe used
insteadof the older and lessefficient numericalrecipescode usedhere.
Implementationin a clustercomputingervironmentwould alsobe benefi-
cial sincethememoryandcomputationatesourceequirementsiserapidly
with thenumberof dimensiongeingexamined.

7.2.3.1. ObjectOrientedVersionof R Code. Thisimplementatiorwas
doneasa straightforward codingof thetest,however conversionto amore
generalsetof objectfunctionscould be achievedfairly easily The current
mdftt.R couldbe modifiedslightly to generate new objectof type’'mdftt’.
Thenthe tview.R codecould be split up andcorvertedinto plot.mdfttand
summarymdftt functionswhich provide summaryand plotting functions

for the mdftt object.

7.2.4. Relationship to an Empirical Characteristic Function. The
processof applyingthe FFT to the empirical probability densityfunction
is an analogto obtaininga characteristidunction from the analytic PDFE

Formalizingthis relationshipcangive the EST a strongerstatisticalbasis.

7.2.5. Cryptography. TheESTcanalsobeusedo monitortheperfor

manceof theRNG overtime,lookingfor changesn thespectralmake up of
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the generatar This canbe moresensitve that simply testingthe generator
for acceptabilityagainat eachtime.

The EST canalsobe usedto monitorthe performancef the RNG over
time, looking for changesn thespectrakignatureof thegeneratarThiscan
be more sensitve that simply testingthe generatoifor acceptabilityagain
at eachtime andhasthe potentialof predictingfailuresratherthansimply

detectinghemafterthey occur

7.2.6. Meta Testingwith the EST. In chaptei6 we appliedtheESTin
anadhocmetatestingframevork with apparensuccessThis work should
be formalized,developingthe distributional propertiesanddefiningappro-
priatealgorithmsfor application.With properdistributionalcharacteristics
available, this type of testcan be madeconsiderablymore sensitve and

muchlesssubjectve thanour currentad hocwork.
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SOURCE CODE
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2.1. Example Codefor R

R is afreeopensourcestatisticalpackagenodeledafterthe S language
developedat AT&T. We useit hereto bothto provide goodgraphicsoutput
andto demonstratéhe mdftt algorithmin aform which shouldbe easierto

understandhatC code.

exampleld.Ronedimensionakxample

LISTING B.1
# define  problem
k <- 1 # number of dimensions
b <- 4096 # bins per dimensions
T <- b*k # number of cells
5 N <- T*E # set sample size
P < 1/N
X <- rep (0,T ) # preallocate and zero the cell counts

dmX) <- c(rep(b k)

10
# generate the cell counts from the bin indices
for (i in 1.N) {

# get random numbers
15 u <- runif (k) # generate the random numbers

# create cell counts in X
c <- ub # conv [0,1] wvalues to bin indices
c <- trunc (c) # by multiply and truncate
20 ul <- c[1]+1
X[ul] <- x[ul]+P

}

25 # calculate the fft
f < fft( x) # transform it

# build up a frequency map for the data
Thetal <- rep (0,b k)
30 dim(Thetal ) <- rep (b,k)
for (i in 1:b)
Thetal [i] <- ((i-1)/ b)*pi ;

}
dim (Thetal ) <- NULL
35
# gather mdftt data frame
Re <- c(Re(f ))
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Im <- c(Im(f ))
Rho <- c(sgrt (Re*Re +Im*Im))

40 Phi <- c(asin (Re/ Rho))
# Build data frame matching mdftt .c output
TestData <- data. frame( Re,Im ,Rho, Phi,Thetal );
45 # Cleanout intermediate data
rm(f,Re ,Im,Rho ,Phi ,x,ul );
TestResult  <- mdftt (TestData ,N,0.1)
TestReport  <- tview (TestData ,TestResult ,N/T, bk,0.1,
RNGkind )[1]) ;
example2d.Rtwo dimensionakxample
LISTING B.2
# define  problem
k <- 2 # number of dimensions
b <- 64 # bins per dimensions
T <- b*k # number of cells
5 N<- T*E # set sample size
P < 1/N
x <- rep (0,T ) # preallocate and zero the cell counts
dm(x) <- c(rep(b k)
10
# generate the cell counts from the bin indices
for (i in 1.N) {
# get random numbers
15 u <- runif (k) # generate the random numbers
# create cell counts in X
c <- ub # conv [0,1] wvalues to bin indices
c <- trunc (c) # by multiply and truncate
20 ul <- c[1]+1
u2 <- c[2]+1
x[ul, u2] <- x[ul ,u2]+ P
}
25
# do fft 's of the rows first , then columns
v <- rep (0,b ) # allocate work vector
for (i in 1:b)
v <- fft (X[i,]) # transform it
30 # row bind into a new array
if(i==1)
y <= Vv
else

y <- rbind (y,v)
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}

for (i in 1.b) {
v < fit (i )
if(i==1)
f < v
else
f <- chind (f\Vv)
}

# build up a frequency map for the data
Thetal <- rep (0,b k)
dim(Thetal ) <- rep (b,k)
Theta2 <- rep (0,b k)
dim (Theta2 ) <- rep (b,k)
for (i in 1:b) {
for (j in 1.b) {
Thetal [i, j] <- ((-1 )b)*pi ;
Theta2 [i, j] <- ((-1 )/b)*pi
}

}
dim (Thetal ) <- NULL
dim (Theta2 ) <- NULL

# mdftt data

Re <- c(Re(f ))

Im <- c(Im(f ))

Rho <- c(sgrt (Re*Re +Im*Im))
Phi <- c(asin (Re/ Rho))

# Build data frame matching mdftt .c output
TestData <- data. frame( Re,Im ,Rho, Phi,Thetal , Theta2 );

# Cleanout intermediate data
rm(f,Re ,Im,Rho ,Phi ,x,y, wv,ul, u2);

TestResult  <- mdftt (TestData ,N,0.1)
TestReport  <- tview (TestData ,TestResult ,N/T, bk,0.1,
RNGkind ()[1]) ;

mdftt.R: R versionof the EST

LisTING B.3

mdftt .R

H*HHH

Calculate the mdftt test on the fourier transform
coefficients in the
data frame f.

H*

Inputs
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10

15

20

25

30

f: data frame input from mdftt .c Fourier

coefficient output

ER

dftt

T <-

O#* ©XN#*

f$Re, f$Im,f$Rho , f$Phi

N: number of data points used to generate
<- function (f,N,a ) {

length (f$Re )

Overall Test Statistic z7 SMN-1} z = 2Nz'z
<- c(f$Re ,f$Im )

<-
<-

2*N * ((tz )%*%z) - 1)
1 - pchisq (X, 2*( T-1))

Overall test critical value
<-

gchisq (1-a,2 *(T-1 ))

# Fisher PLSD critical values
K1 <- gnorm (1-a/2)
K2 <- gchisq (1-a ,2)

# Bonferonni critical values
L1 <- gnorm(1-a/(4 *(T-1 )))
L2 <- qgchisq (1-a /(2*( T-1)),2)

return (data .frame (N,T ,a,X,p ,C,K1 ,K2,L1 ,L2))

f’

tview.R: Graphicsdisplayandsummarystatisticsn R

LISTING B.4

10

15

# tview .R

#

# # Calculate the mdftt test on the fourier transform
coefficients in the

# data frame f and display stem and qq plots for
coefficents

#

# Inputs

#

f: data frame input from mdftt .c Fourier

coefficient output

#
#
#

f$Re, f$Im,f$Rho , f$Phi

e: number of data points per cell used to

determine N

#
#
tview

N<-length (f$Re )*e

<- function (fitst ,eb, k,arngkind ) {

par(mfcol =c(3,2) )
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20
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35

40

45

50

55

T <- length (f$Re )

N <- T*e

N

g <- c(f$Re [2:T], f$Im [2:T]) # coefficients

gr <- 2T; # Real elements

g < (T+l) :(2*T-2 ); # Imaginary elements
# standardize the coefficients

g <- sart(2 *N)*g

# normalized  magnitudes squared

rho <- 2*N*f$Rho [2:T]*2
# find extents of coefficients & magnitudes
gmax <- 1.05 *max(c(tst$K1 ,tst$L1 ,c(g) ))
gmin <- 1.05 *min (c(-tstK1  ,- tst$L1 ,c( Q)))
rhomax <- 1.05*max (c( rho,tst$K2 , tst$L2 ));
# formatted  output of results
report <- paste( "Test of generator ", rgkind );
report <- c(report ,paste ("using "b," bins in " k"
dimensions .") );
report <- c(report ,paste ("Number of total data points
N) =" N))
report <- c(report ,paste ("Number of cells (T) =", T));
report <- c(report ,paste ("Test is level alpha = "tst$a
);
report <- c(report ,paste ("Overall (X) ="tsteX , p ="
tstdp ,* C =", tst$C ));
if(tstdX  >tst$C ) {
report <- c(report ,paste ("Reject HO @"tst$a ));
report <- c(report ,paste ("Max absolute g = ",max (abs (
9) )
report <- c(report ,paste ("Coefficient Cl =['- tst$K1
S tst$KL T ),
report <- c(report ,paste ("Max rho = ",max (rho) ));
report <- c(report ,paste ("Magnitude CI = [0,", tst$L1
ST
} else {
report <- c(report ,paste ("Accept HO @ "tst$a ));
report <- c(report ,paste ("Use Bonferonni CI")) ;
report <- c(report ,paste ("Max absolute g = ",max (abs (
9) )
report <- c(report ,paste ("Coefficient Bonferonni Cl
= ['- tst$K2 "),  tst$K2 1) );
report <- c(report ,paste ("Max rho = ",max (rho) ));
report <- c(report ,paste ("Magnitude Bonferonni CI
= [0, tstL2 1) );
}
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# histogram  of coefficients

hist( g,breaks =100, main =paste ("Coefficients ", rngkind ))
60 title (sub= paste( "k=", k,” b=", b, N=", N))
# qq plot with regression line

qgnorm (g);  qgline (9)
titte  (sub= paste( "Overall test p=", tst$p ));

65
# Plot coefficients
plot( g[gr], pch=21, ylim =c(gmin ,gmax ),main ="Fourier
Coefficients ");
points (g[gi ]pch =23);
70 # Add confidence limits

# paint a white line to clear the points and then
lines (rep( tst$K1 ,2%(T-1 ))lty ="solid ", col=" white ’);
lines (rep(- tst$K1 ,2*( T-1)), Ilty=" solid ",col=" white ’);
# then put in a dashed line

75 lines (rep( tst$K1l ,2%(T-1 )),Ity ="dashed ",col=" black ’);
lines (rep(- tst$K1 ,2*%( T-1)), Ity=" dashed ",col =black );
#
tite  (sub= paste( "X=", tst$X," C[", tst$a ,"]=", tst$C ));

80 # Add bonferonni limits
lines (rep( tst$L1 2*%(T-1 )));
lines (rep(- tst$L1 ,2*( T-1)))

# histogram  of magnitudes
85 hist( rho,breaks =100, main =paste (" Magnitudes ", rngkind ))

# qgq plot of magnitudes against

# quantiles of a chisq with df=2

ggplot (rho ,rchisq (rho ,2),main ="Chi-Squared (df=2) Q-Q
Plot", xlab=" Theoretical Quantiles "ylab ="Sample
Quantiles ")

90
# plot magnitudes
plot( rho,main ="Fourier magnitudes "ylim =c(0, rhomax))

# Add confidence limits (use white to stand out)
95 lines (rep( tst$K2 ,2*%(T-1 ))lty ="solid ", col=" white ’);
lines (rep( tst$K2 ,2*(T-1 )ty ="dashed ",col=" black );

# Add bonferonni limits

lines (rep( tst$L2 ,2%(T-1 )));
100

# return  results to caller

list( Report =report ,Data =tst )
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testRNG.RTestR generatoren 1 and2 dimensions

LISTING B.5

10

15

20

25

30

35

40

45

# Pull in the test functions
source (' mdftt .R’)
source (' tview .R’)

logfile <- ’'testRNG .log ’;
#logdfile <- NULL

sink (logfile )

ps.options (onefile =FALSE, paper ="special ", print
FALSE)

E <- 1000

postscript (' Marsaglia-Multicarry A, ps)

RNGkind ("Marsaglia-Multicarry "

MarsagliaMulticarry .seed <- .Random.seed ;

source ("exampleld .R".echo =TRUB

dev.off ()

sink ('Marsaglia-Multicarry 1. summary’)

TestResult$Report

sink (logfile )

system (' gv Marsaglia-Multicarry A, ps &)

postscript (' Super-Duper .1l.ps )
RNGkind ("Super-Duper ")
SuperDuper .seed <- .Random.seed ;
source (“"exampleld .R".echo =TRUB
dev.off ()

sink ('Super-Duper .l1.summary )
TestResult$Report

sink (logfile )

system (' gv Super-Duper .1. ps &)

postscript (' Wichmann-Hill .1. ps’)
RNGkind ("Wichmann-Hill "
WichmannHill .seed <- .Random.seed ;
source ("exampleld .R".echo =TRUB
dev.off ()

sink ('Wichmann-Hill d.summary )
TestResult$Report

sink (logfile )

system (' gv Wichmann-Hill .1.ps &)

postscript (' Mersenne-Twister .1.ps )
RNGkind ("Mersenne-Twister "
MersenneTwister .seed <- .Random.seed ;
source (“"exampleld .R".echo =TRUB
dev.off ()

sink ('Mersenne-Twister 1. summary’)
TestResult$Report
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50 sink (logfile )
system (' gv Mersenne-Twister .1. ps &)

postscript (' Knuth-TAOCP .1.ps )
RNGkind ("Knuth-TAOCP ")

55 KnuthTAOCP.seed <- .Random.seed ;
source (“"exampleld .R".echo =TRUB
dev.off ()
sink (Knuth-TAOCP .l.summary °)
TestResult$Report

60 sink (logfile )
system (' gv Knuth-TAOCP.1. ps &)

postscript (' Marsaglia-Multicarry 2. ps)

. Randomseed <- MarsagliaMulticarry .seed ;
65 source ("example2d .R".echo =TRUB

dev.off ()

sink ('Marsaglia-Multicarry 2. summary’)
TestResult$Report
sink (logfile )

70 system (' gv Marsaglia-Multicarry 2. ps &)

postscript (' Super-Duper .2.ps )

. Randomseed <- SuperDuper .seed ;

source (“"example2d .R".echo =TRUB
75 dev.off ()

sink ('Super-Duper .2.summary °)

TestResult$Report
sink (logfile )
system (' gv Super-Duper .2. ps &)
80
postscript (' Wichmann-Hill .2. ps’)
. Randomseed <- WichmannHill .seed ;
source (“"example2d .R".echo =TRUB
dev.off ()
85 sink ('Wichmann-Hill .2.summary )
TestResult$Report
sink (logfile )

system (' gv Wichmann-Hill .2.ps &)

90 postscript (' Mersenne-Twister .2.ps )
. Randomseed <- MersenneTwister .seed ;
source (“"example2d .R".echo =TRUB
dev.off ()
sink ('Mersenne-Twister 2. summary’)

95 TestResult$Report
sink (logfile )
system (' gv Mersenne-Twister .2. ps &)

postscript (' Knuth-TAOCP .2.ps )

100 . Randomseed <- KnuthTAOCP.seed ;
source (“"example2d .R".echo =TRUB
dev.off ()
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sink (Knuth-TAOCP .2.summary ')
TestResult$Report

105 sink (logfile )
system (' gv Knuth-TAOCP .2. ps &)

testRgen.RRuntestsequenceagainsik generaotrs

LISTING B.6

logfile <- ’testRgen .log ’;
#logfile <- NULL

r <- 100; # Number of loops to run
5 NMax <- 100;

sink (logfile )
ps.options (onefile =FALSE, paper ="special ", width =6,
height =6, print .t =FALSE horizontal =FALSE)

10 Ebase <- ¢( 8, 8, 54,12)
B <- ¢(8192,64,16,8,4)

runtest <- function (RNGfn,r ,NMax) {

15 # Generate enough random numbers and write them to a
file
# to send them to the C program for analysis
RNGkind (RNG);
rn <- RNGkind ()[1]
rs <- runif ((2*"16) *NMax);
20 rnf <- paste (fn, "runif ",sep =".")
write (rs,rnf  ,ncolumns =1);

# Do multiple runs
E <- Ebase;
25  for( Kin 1.5 X
bfn <- paste (* multiRun /", paste (fn,K ,sep="") , sep="")

log <- paste (bfn "log “.sep =") ;
mdftt .cmd <- paste (" mdftt 1 -1", m,E [K],K ,B[K],20, r
,A1,bfn ">" log,"<", rnf ,sep =" ") ;

mdftt .cmd
30 system (mdftt .cmd);
system (paste (' mv mdfttreport  .Rout ’, bfn,’. Rout’,sep=
)

# Do large N run
35 E <- Ebase*NMax;
for( Kin 15 )
bfn <- paste (" largeN //"paste (fn,K,sep =".") ,sep =";
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60

log <- paste (bfn ,"log ",sep =") ;
mdftt .cmd <- paste (" mdftt 1 -1", rn,E [K],K ,B[K

1,10,1,1, bfn,">",

mdftt .cmd

system (mdftt .cmd);

system (paste (' mv mdfttreport  .Rout ’, bfn,.

)

# Multiple N run

S

increasing

for( NMin seq(10, NMaxby=10) ){

E <- Ebase*NM;
for( Kin 1.5

bfn <- paste( "multiN //",

)

log <- p;aste( bfn," log",sep =".")

mdftt .cmd <-
]1,10,1,1,
mdftt .cmd
system ( mdftt.
system ( paste(’

") )
}

}
}

runtest ("Marsaglia-Multicarry

paste ("mdftt

bfn,">", log ,"<", rf, sep="

cmd);

mv mdfttreport . Rout ’,bfn,.

runtest ("Super-Duper
runtest ("Wichmann-Hill

runtest ("Mersenne-Twister

""" SD"r ,NMax);
""" WH",r,NMax );
" MTYr \NMax) ;

runtest ("Knuth-TAOCP """ KT"r ,NMax);

log ,"<", rfssep =" ");

paste (fn,K ,NM,sep =".

")

""MM ",r,NMax );

Rout ’,sep=

)

11" m EK], KB[K

from 10 to NMax by 10

,sep

Rout ’,sep

multiRun-analysis.Rmulti-run graphics

LiSTING B.7

10

multiRun  <- read. table(’

II’II) ;
sumview <- function
attach (t);

# select

the desired

multiRun . txt’,header

(t,RNGName ,RNGTitle ) {

generator

RNG <- RNG=RNGNamge

ps.options  (onefile
height =6,

print . it=FALSE , horizontal

GraphicFileName

<-

=FALSE, paper ="special

=FALSE);
paste (RNGNamg'.multiRun
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# Open the plot window
postscript  (GraphicFileName );
par(mfcol =c(3,2) )

# Overall  histogram
hist(( X[RNG-C[RNG ]), breaks =100, main=RNGTitle , xlab ="X
minus C")

# plots
for(kd in 1:5) {
# quantiles of a chisq with df=2
sDF <- DHk==kd ][1];
RNGk <- RNG& (k==kd );
plot (p[RNGkK ],ylim =c(0,1) ,
main =paste ("p-values k=",kd ),
xlab =", ylab =",
}

dev.off  ();
system (paste ('gv  ’,GraphicFileName J&) ),

detach (t);
}

sumview (multiRun |, "MM"," Marsaglia-Multicarry : Multiple
Runs");

sumview (multiRun

"WH"," Wichmann-Hill : Multiple Runs");

sumview (multiRun | "MT"," Mersenne-Twister : Multiple Runs")

sumview (multiRun , "SD"," Super-Duper : Multiple Runs");

sumview (multiRun , "KT"," Knuth-TAOCP: Multiple Runs");

multiN-analysis.Rmultiple samplesize(N) graphics

LiSTING B.8

5

multiN  <- read .table ('multiN .txt’, header =TRUEsep =",");
sumview <- function (t,RNGName , RNGTitle ) {
attach (t);

# select the desired generator
RNG <- RNG=RNGNamg
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10 ps.options (onefile =FALSE, paper ="special ", width =6,
height =6,
print .it=FALSE , horizontal =FALSE);
GraphicFileName <- paste (RNGNamg'.multiN  .ps ",sep ="
# Open the plot window
15 postscript  (GraphicFileName ) ;
# coplot of X - C by dimension and by N
coplot ((X] RNGJ-C[RNG]) ~ N[RNG] | as. factor (K[RNG]),
rows =1, xlab =RNGTitle )
20
dev.off ();
system (paste ('gv  ’,GraphicFileName J&) ),
detach (t);
25 }
sumview (multiN ,"MM","Marsaglia-Multicarry : Multiple N") ;
sumview (multiN ,"WH","Wichmann-Hill Multiple N™);
30
sumview (multiN ,"MT ","Mersenne-Twister : Multiple NY);
sumview (multiN ,"SD ","Super-Duper Multiple N";
35 sumview (multiN ,"KT ","Knuth-TAOCP Multiple N";
largeN-anlaysis.RDisplaylarge N graphics
LiISTING B.9
largeN <- read .table (largeN .txt, header =TRUEsep =",");
sumview <- function (t,RNGName , RNGTitle ) {
5 attach (t);
# select the desired generator
RNG <- RNG=RNGNamg
10 plot(( X[RNG-C[RNG]) ~ as.factor (K[RNG]), xlab =paste (
RNGTitle ," (X-C) "), title ="', ylab =" )
lines (rep(0, length (X[ RNG])) ,lty= "dashed ")
plot( p[RNG] ~ as.factor (K[RNG]), xlab =paste (RNGTitle ,
" (p) "), title =", ylab ="
lines (rep(0.10, length (p[RNG])),lty ="dashed ")
detach (t);
15 }
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ps.options (onefile =FALSE, paper ="special ", width =8.5,
height =11,
print .it=FALSE , horizontal =FALSE);

GraphicFileName <- ‘"largeN . ps";

20

# Open the plot window

postscript  (GraphicFileName ) ;

par(mfrow =c(5,2) )

25
sumview (largeN ,"MM","Marsaglia-Multicarry ");

sumview (largeN ,"SD ","Super-Duper ") ;

30 sumview (largeN ,"MT ","Mersenne-Twister "
sumview (largeN ,"KT ","Knuth-TAOCP ") ;
sumview (largeN ,"WH","Wichmann-Hill ");

35

dev.off  ();
system (paste (‘'gv  ’,GraphicFileName J&) ),

2.2. EST SourceCode

NOTE. The early versionsof the EST were called mdftt for MultiDimen-
sionalFFT.Sourcecodehasnotbeenupdatedo reflectthenew name.Also,
NumericalRecipes(NR)s not free software and thereforecannotbe dis-
tributedhere. V¢ would suggesteplacingthe NR routineswith FFTW.,

Makefile: mdftt build control
LisTING B.10

CC = gcc
CCC= gcc
CFLAGS= -g
LFLAGS = -L./
5 LLIBS = -lg++

ROBJS = pgfsr .0 pcrand .o pcomb.o ranlib .0 \
super .0 randu .0 random.o Iprand .o

10 NROBJS= nrutii .0 complex .o fourn .0 fourfs .o fourew .o
CDFLIBOBJS = ipmpar .0 dcdflib .o

mdftt : mdftt .o cell .0 incr .0 uniform .0 \
15 libunif .a libnr .a libcdf .a
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20

25

30

35

40

45

50

55

60

65

$(CCC) P(LFLAGS) -0 mdftt mdftt .o cell .0

clean :
rm
rm
rm

uniform .0 \

dcdflib .0 ipmpar .0 -lunif -lnr -Im

*0
*a
mdftt

libunif .a: $(ROBJS)

rm -f libunif .a
ar cr libunif .a $(ROBJS)
ranlib libunif .a
libnr .a: $(NROBJS
rm -f libnr .a
ar cr libnr .a $(NROBJS

ranlib libnr .a

libcdf . a: $( CDFLIBOBJS)

rm -f libcdf .a
ar cr libcdf .a $(CDFLIBOBJS
ranlib libcdf .a

mdftt .o :

testcell

mdftt .c uniform .h nrutii  .h complex . h

.0: testcell .c cell

dedflib  .o:  dcdflib .c cdflib

ipmpar . o:

nrutil . o:

ipmpar . c

nrutil . c

complex .0: complex .c

fourn .o :

fourfs . o:

fourew . o

gammin. o
gammpo :
gammgo :

fourn .c
fourfs .c
. fourew .c

: gammin. c
gammpc
gammqc

gcf .o:  gcf.c

gser .o:

cell .o:
incr .o:
Kcell .0:
mdftt .o :

RNGHEADER®qgfsr . h randu .h pcrand .h super .h pcomb.h

ranlib

gser .c

cell .c
incr .c
Kcell .c
mdftt .c

.h lprand .h

C ipow .c

.h
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uniform .0: uniform .c uniform .h $( RNGHEADERS

random. o: random.c random.h
randu .0 : randu .c randu. h

70 pofsr .o: pgfsr .c pgfsr. h
pcrand . 0: pcrand .c pcrand .h
super .0 : super .c super. h
pcomb.o : pcomb.c pcomb. h pgfsr .h
ranlib .o: ranlib .c ranlib .h
mdftt.c: Main mdftt program
LisTING B.11
/* Multi Dimensional  Fourier Transform  Test
/* ftt test of pdf of random number stream
#defi ne TRUE -1
5 #define FALSE O
/l# define CS 3.0 /I Initial Standard
at cutoff
/l# define DCS 0.01 /l  Delta Cutoff
search
10 #define np 8
int dp[ np] = {0,31,98,250,521,607,1279,1279};
int dgq[ np] = {0, 6,27,103, 32,273, 418,1063};
#i ncl ude <stdlib . h>
15 #i ncl ude <stdio .h>
#i ncl ude <math.h>
#i ncl ude <string . h>
#i ncl ude "uniform .h"
#i ncl ude "nrutii . h"
20 #incl ude "complex .h"
int K; /I dimensions to be used
int B; /I number of bins in each dimension
long T; /[ total number of bins = B"K
25 long N; /I number of points to examine
float E /I Expected cell frequency
doubl e A; /Il Alpha level
i nt NL; /I Number of loops (tests ) to perform
int rg; I/l rng identifier
30 char rng_name_local [80];
int subrng ; // pgfsr parameter set
| ong delay ; // pgfsr column -column delay
i nt printtev ; // control output
35 /I 0: No output files , just summarize

/I 1: Output fourier coefficients
/[ 2: Output level 1 + random number file
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40

45

50

55

60

65

70

75

80

85

i nt overlap
i nt ram;

/I 3:

; /I overlapping

Output

/I ram or file

float *bhin; // frequencies
rstream **rs ; /| rng stream pointers

char basefn [80];

level

2

+ bin file

k-tuples indicator

indicator

storage

char runlabel [80]=" mdftt "; // label to update
file

FILE *sf = NULL // Summary statistics file

#define min(xy)  ( ((x)<(y) ) 2 (9 © (y) )

#define max(xy) ( (x)>(y) ) 2 (9 : (y) )

/l doubl e ncdf (doubl e x) ;

/I cell count and identification functions

long cell (float *x, int K,int B);
int incr (unsigned long *nn, int K,int B);

/I comman

d line input

voi d ArgumentHelp (void);

voi d ProcessArguments

/I Numerical

voi d fourfs
, int

Recipes

(FILE *file[5],

isign ) ;

void fourn (fl oat data]],

/I Get par

voi d GetParameters (int first );

ameters

functions

FFT functions

(char **argv ,int first );

unsi gned | ong nn[],

I ong nn[],

interactively

voi d GetParameters (int first )

{int i;

char inbuf [80];

printf  ("Storage
ram = atoi (gets(

type O -

inbuf ));

1

FILE ,

rng

printt  ("Random number generator

printf ("
printf ("
printf ("
printf ("

int ndim,int

1 - RAM:";
indentifier

type\ n");

1 PGFSR2 LPRAND3 RANDM") ;
4 SUPER5 PCRAND6 RANLIB\n" );
7 PCOMB");

rng = atoi. (gets(
i f(abs (rng )>NRNG ArgumentHelp () ;

i f(rng <0
overlap

) |
= TRUE

inbuf ));

1

196

rng

indentifier

status

i nt ndim

isign );



rmg = -rng ;
90 } else
overlap = FALSE
delay = OL;
i f(rng <3&&ng>0) {
printtt * 12 3 4 5 6 7\n";
95 printf (" \ n")
printt (" 31 98 250 521 607 1279 1279\ n");
printt (" 6 27 103 32 273 418 1063\ n");

printf (" :");
subrng = atoi( gets(inbuf ));
100 i f(subrng >np) {

printt (" Allowed subranges are 1-%d.\n",np );
ArgumentHelp () ;

if(mg ==2) { /| lprand uses a delay value
105 printt  ("Delay (%ld ):",100* dp[subrng ]);
delay = atol (gets (inbuf ));
}

el se subrng = 0;

110
printf  ("expected cell frequency :");
E = atof (gets (inbuf )) ;

printf  ("dimensions to be used :");
115 K = atoi (gets (inbuf )) ;

printt  ("number of bins in each dimension :");
B = atoi (gets (inbuf )) ;

120  printf  ("cutoff  probability :
A = atof (gets (inbuf )) /100.0;

printt  ("number of loops [tests ] to perform :");
NL= atoi (gets (inbuf )) ;
125
printt  ("printlevel M),
printlev = atoi( gets( inbuf) );

i f(printlev >0) {
130 printt  ("base output file  name :");
strncpy (basefn ,gets( inbuf ),80)

/I force the number of bins /dimension to be a power of
2
135 for(i =05i< sizeof (int);i++) {
if( 1<<i >= B ){
B = 1<<ij;
br eak;

}

140 }
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145

150

155

160

165

170

175

180

185

T = 1L
for(i =0ji< Kii++) T *=

B;

N = (long)( (float)T*E);

printt  ("Running  %d test (s) at
%d dim \n" ,NL,A ,NK) ;

i f(rng >0) {

level 9% of

printt  (“from % ",rng_name (rng ));

el se {
printf  (“from - stdin-

printf  ("'using  %d bins /dim,

i f(subrng !=0) {

printft  ("PGFSR parameters

1,dg [subrng ]);

")

p = %,

%Id total bins.\

%d points in

n".B, T);

i f(delay !'=0) printf (" PGFSRdelay = %ld\n",delay

printf  ("Resolution of test s

1.0/( float)B):

i f(overlap ) printf ("Overlapping k-tuples being
);
}
voi d ProcessArguments (char ** argv ,int first )
{ int argp;
int i;
argp = 1;
ram = atoi (argv[ argp++]) ; // ram/file indicator
rng = atoi (argv[ argp++]) ; // rng indentifier
i f(abs (rng )>NRNGQ ArgumentHelp () ;
/[ if(rng<0) {
I overlap = TRUE
I rng = -rng;
/I '} else
1 overlap = FALSE
delay = OL;
i f(rng >0&&mMg<3) {
subrng = atoi( argvjargp ++]) ;
i f(subrng >np) {
printf  ("Allowed subranges are 1-%d.\n" ,np);

ArgumentHelp ();
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190

195

200

205

210

215

220

225

230

}
i f(rng ==2) delay = atol (argv [argp ++]) ;
} else
i f(rng <0) {
/I get name from commmandline
strncpy (rng_name_local ,argv [argp ++],80) ;

el se subrng = 0;
E = atof (argv [argp ++]) ; // expected cell frequency (to
calc N)

K = atoi (argv [argp ++]) ; /[ dimensions to be used
B = atoi (argv [argp ++]) ; // number of bins in each

dimension

A = atof (argv [argp ++]) /100.0; // cutoff  probability for
individual idents

NL= atoi (argv [argp ++]) ; // number of loops [tests ] to
perform

printlev = atoi( argv[ argp++])

/[ force the number of bins /dimension to be a power of
2
/I to maintain the efficiency of the FFT algorithm
for(i =0;i< sizeof (int);i++) {
if( 1<<i >= B )
B = 1<<ij;
br eak;

}
}
T = 1L;
for(i =0ji< K;i++) T *= B;
N = (long)( (float)T*E ),

i f(first )
fprintf  (sf "

printtt  ("Running %d test (s) at level 9% of %d points in
%d dim \n" ,NL,A ,NK) ;
i f(first ) fprintf  (sf" Running %d scan(s) and test (s) at
level  %f " ,NLA );
i f(rng >0) {
printt  ("from % ",rng_name (rng ));
i f(first ) fprintf  (sf ,"on %s \n ",rng_name (rng))
} else {
printft  (“from -stdin-  [%s]" ,rng_name_local );
i f(first ) fprintf  (sf )"from -stdin - [%S]\n ",
rng_name_local );
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235

240

245

250 }

printt  ("'using  %d bins /dim, %ld total bins\ n",B, T);

i f(subrng '=0) {
printft  ("PGFSR parameters p = %, q = %d\n",dp[ subrng
1.dg [subrng ]);
i f(first ) fprintf  (sf "PGFSR parameters p = %d, q = %
\n", dp[subrng 1], dq[subrng 1) ;

i f(delay !'=0) {
printft  ("PGFSR delay = %ld\n",delay ;
i f(first ) fprintf (sf "PGFSR delay = %ld\n ",delay );

printf  ("Resolution of test is %f in each dimension \n "
,1.0/(  fl oat)B);

i f(overlap ) {
printf  ("Overlapping k-tuples being used.\ n");
i f(first ) fprintf  (sf ,"Overlapping k- tuples  being used
An" ),

voi d ArgumentHelp ()

{

255

260

265

}

int i,

printf  ("Multidimension Fourier  transform  test of random
number generator \n") ;

printt (" rng: generator number. subrng : pgfsr subtype
\n") ;

printt (" E: exp freq . K: # of dim. B: partitions p:
alpha level \n" );

printt (" Output levels :\n ");

printt (" 0 => basic 1 => stats for failures
only \n") ;

printt (* 2 => save random numbers 3 => stats for all
An" ),

printt (" Valid generators :\n") ;

printtt (" 0: Read random stream from stdin \n");

for(i=1;i <NRNG@++) printf (" %l: %s\n"i, rng_name (i) )

printf (" GFSRsub generators :\ n");

for(j=1j <np;j ++) printf (" %d => %d, %d\n"jdp [j],dg
i

printf  ("usage : mdftt <ram> <rng > [subrng [delay ]] <E
> <K> <B> <A> <NL> <out> [filename ]\ n");

exit (1);

FILE *OpenFTFile (char *fn,FILE *ftf ,int n)

270 {
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275

280

285

290

295

300

305

310

char ftfile  [80]; // output fourier transform  data file
name

int i;

FILE *ftfdesc

sprintf  (ftfile ' %s.%04d.ft"  ,fn,n );
i f(ftf )
ftt = freopen (ftfile Swr ),
el se
ftft = fopen (ftfile Swt);
if(ftf ) {

printf  ("Writing fourier data to file [%s]\ n", ftile )

forintt  (ftf "Re Im Rho Phi\n") :
r et ur n(ftf)

el se {
printf  ("Failed to open transform  file  %f\ n" fifile );
ret ur n(NULL);

}

}

voi d WriteRFiles (char *fn, int n,long N,long T,double A,
doubl e X, doubl e P,doubl e C,doubl e K1, doubl e K2, doubl e
L1, doubl e L2)

char ftfile  [80];

sprintf  (ftfile " %s.%04d.desc ",fn ,n);
{ /I Description file  output
FILE *ftfdesc = fopen (ftfile Swt);

fprintf (ftfdesc "N K B T A RNGn");

fprintf  (ftfdesc  ,"%ld %d % %Id %lIf \"% s\"\ n",N K,B,T
A,rmng_name_local );

fclose (ftfdesc );

}

sprintf  (ftfile ' %s.%04d.result ", fn,n)
{ /I results file

FILE *sf = fopen (ftfile Sw);

fprintft (sf "N T a X p C K1 K2 L1 L2\ n";

fprintf  (sf ,"%Id %ld %If 9%f %If %If %If %f %lIf %I\ n
"N, TAX PCK1 K2, L1,L2 ),

fclose (sf );

{ /I data load script
FILE *sf = fopen ("loaddat .R")" w");
fprintf  (sf ,"postscript (% s.%04d.ps’) \n".fn ,n);
fprintf  (sf ,"ftdata <- read .table (\"% s.%04 d.ft\", head =
TRUB\n" ,fn,n)
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\"!

315 fprintf  (sf ,“ftdesc <- read .table (\"% s.%04 d.desc \",
head =TRUB;\n", fn,n) ;
fprintf  (sf [ "ftrslt <- read .table (\"% s.%04 d.result
head =TRUB;\n", fn,n) ;
fclose (sf );
}
320
FILE *OpenRNFile (char *fn,FILE *rf ,int n)
char rnfile [80]; // output random number file
325 int i;
sprintf  (rnfile " %s.%04d.rn" fn,n );
i f(rnf )
rnf = freopen (rnfile ,"w", rnf);
el se
330 rnf = fopen (rnfile " w");
if(mf ) {
printf  ("Failed to open random number file  %fi\n ",
rnfile );
return(mf );
335 }
FILE *OpenBinFile (char *fn,FILE  *bf, i nt n)
char bfile [80]; /[ output random number file
340 int i;
sprintf  (bfile ,"% s.%04 d.bn", fn,n) ;
i f(bf)
bf = freopen (bfile ," w"bf );
el se
345 bf = fopen (bfile ,"w" );
i f(bf ) {
printf  ("Failed to open cell frequency file  %f\ n",
bfile );
}
r et ur n(bf)
350 }
voi d OpenScratch (FILE ** f, char *name)
{ *f = fopen (name,'w+") ;
i f(*f ==NULL) {
355 printf  ("Failed open on scratch file  %s\n" ,name);
exit (1);
}
360 int WriteScratch (float *buf, int wordsize , int words,
FILE *f)
{ int cc;
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365

370

375

380

385

390

395

400

405

cc = fwrite (buf, wordsize ,words ,f);
if( cc !'= words )

printf  ("Failed write  \n");

r et ur n(FALSE);

}
r et ur n(TRUE);

i nt ReadScratch (fl oat *buf, int wordsize , int words,
FILE *f)
{ int cc;
cc=fread (buf ,wordsize ,words ,f);
if( cc !'= words )
printf  ("Failed read\ n");
r et ur n(FALSE);

}
r et ur n(TRUE);

main (i nt argc , char **argv )

{
[ ong ijk ; /I loop indices
l ong [; /I 1ong loop index
| ong c; /[ cell pointer
fl oat *y; /I individual point in d-space
l ong nulls ; /I Number of null cells found

FILE *ftft=  NULL,* rnf=NULL ,*bf =NULL;, // output file
pointers

i nt DCDFLIB_WHICH // calc control parameter for
DCDFLIB

doubl e DCDFQ I 1-A

doubl e DCDFP /I 1-A

doubl e DF; /I degrees of freedom for chi-square

i nt DCDFLIB_STATUS // status from DCDFLIB

doubl e DCDFLIB_BOUND // DCDFLIB BOUND

doubl e C; /I Chisquare critical value for
overall test

doubl e K1, K2; /I Fisher PLSD critical values

doubl e L1, L2; /I Bonferonni critical values

doubl e NK1L,NK2; /I Fisher PLSD critical values

doubl e NL1,NL2; /I Bonferonni critical values

fl oat rho, phi; /I magnitude squared & phase angle

doubl e Fm,Fs; /I Sum of Rho for test statistic

doubl e X; /I overall test statistic

doubl e smf,sfsq, sfxy; // summary statistics
intermediates
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410

415

420

425

430

435

440

445

450

455

doubl e Mu, Sigma;
float CellP ;
size t NT;

i nt *mfail ; /I number of suspects found
int *rfail ;

i nt *ifail

int *ofail ;

float re,im

int il ;

int o;

FILE *file [5];

unsi gned | ong *nn *nrnn ;
fl oat zero =0.0;

int cc;

fl oat *nrbin ;

i nt FirstSummary =TRUE

printf ("
----------- \'n
");
sf = fopen ("mdftt -summary .txt "," r");
if(sf) {
/I close it to reopen with append
fclose (sf );

FirstSummary =FALSE
sf = fopen ("mdftt -summary .txt "," a+");

i f(argc ==2) {
ArgumentHelp ();

el se {
i f(argc >5) {
ProcessArguments (argv ,FirstSummary );
/I save the base file name from last input parameter
strncpy (basefn ,argv [argc -1],80) ;
i f(rng>0) strncpy (rng_name_local ,rng_name (rng) ,80);
} else {
GetParameters (FirstSummary );

}
}

i f(ram) printft (" Using fourn memory based algorithm \n" );
el se {
printt  ("Using fourfs  disk based algorithm \n");
OpenScratch (&file  [1]," mdftt .1" );
OpenScratch (&file  [2]," mdftt .2" );
OpenScratch (&file [3]," mdftt .3" );
OpenScratch (&file  [4]," mdftt .4" );
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460

465

470

475

480

485

490

495

500

505

/I Initialize the bin
NT=2*T;

structure

i f({( bin = malloc (NT*sizeof (float))) {

);

);

);

);

An

(s )\

printf  ("Allocation failure in mdftt:  bin\ n");
printf  ("Attempted to allocate space for 9%d floats
"NT );
return(?2) ;
/I Initialize the failure structures used to flag
/I potentially high coefficients based on standard
/[ or bonferonni intervals .
i f(( rfail = malloc (2* NL*si zeof (int)))) {
printf  ("Allocation failure in mdftt:  rfail .\n"
return(?2) ;
}
i f(( ifail = malloc (2* NL*sizeof (int)))) {
printf  ("Allocation failure in mdftt:  ifail \n"
return(?2) ;
}
i f(( mfail = malloc (2* NL*sizeof (int)))) {
printf  ("Allocation failure in mdftt:  mfail \n"
return(2) ;
}
i f(( ofall = malloc (2* NL*si zeof (int)))) {
printf  ("Allocation failure in mdftt:  ofail .\n"
return(?2) ;
}
for(il =0;il <NL*2; il++) {
rfail ~ Jil] =0
ifail ~ Til] = 0;
mfail [il] = 0;
ofail [il] = 0
}
if(( y = malloc (K*sizeof(float)) ) {
printf  ("Allocation failure in mdftt: y\n ");
return(2) ;
}
i f(rng >0) {
printf (" Initializing the random number generator
n");
if(overlap ) rs = (rstream **) malloc (sizeof (rstream )
);
el se rs = (rstream **) malloc (K* si zeof (rstream
)
if (Irs ) {
printf (" Allocation failure in mdftt : rs."
exit (2);
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510

515

520

525

530

535

540

545

550

/I initialize the random number generators
i f(overlap ) rs[0] = setunif (rng ,0,1,-1 L, dp[subrng 1],
dg[subrng ],delay );
el se
for (i=0; i<K ;i++)
rsi ] = setunif (rng,i ,K,-1 L,dp[ subrng ],dg[ subrng
].delay );

i f(overlap ) {
f or (0=0; o<K;0++)
ylo] = unif (rs[0]) ;
o =0
}
}

nn = (unsigned | ong *) malloc (K* sizeof (unsigned | ong)) ;

/[ create pointers for the numerical recipes routines
nrbin = bin ;

--nrbin

nrn = nn;

--nrnn - ;

/I use cdflib to calculate the critical values

DCDFLIB_ WHICH= 2; /I calculate X

I/
/I # Overall test critical value
/I C <- qchisq (1-a ,2*(T -1))

DF = 2.0%(( double)T-1.0) ; // use 2(T-1) for df

DCDFP= 1.0 - A;

DCDFQ= 1.0 - DCDFP

cdfchi ( &DCDFLIB_WHICH &DCDFP &DCDFQ &C, &DF, &
DCDFLIB_STATUS &DCDFLIB_BOUNP

swi t ch(DCDFLIB_STATUS) {
case O:
printf  ("Overall cutoff  at = %.3f, DF = %.0f\ n"(
float)C,( fl oat)DF);
br eak;
case 1:
printt  ("Answer appears to be lower than Ilowest search
bound \n ");
br eak;
case 2:
printft  ("Answer appears to be higher than greatest
search bound .\n ");
br eak;
case 3:
printt  ("P + Q!= 1\ n");
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br eak;
555  case 10:
printf  ("Error returned  from cumgam\ n");

br eak;
defaul t:
i f (DCDFLIB_STATUS<0) ({
560 printt (" Paramerter %d is out of range .\n ",-

DCDFLIB_STATUS;

el se printf  ("Unexpected  status returned [%d]\ n",
DCDFLIB_STATUS;
br eak;

}

565
/I # Fisher PLSD critical values

/I K1 <- gnorm(1- a/2)
570  Mu = 0.0;
Sigma = 1.0; //sgrt (1.0/2.0/( fl oat)N) ;
DCDFP= 1.0 - A/2.0;
DCDFQ= 1.0 - DCDFP
cdfnor ( &DCDFLIB_WHICH &DCDFP &DCDFQ &K1, &My &
Sigma, &DCDFLIB_STATUS &DCDFLIB_BOUNP

575
swi t ch(DCDFLIB_STATUS) {
case 0O:
printf  ("Individual PLSD cutoff at K1 = %.3f\n "(
fl oat )K1) ;
br eak;

580 case 1:
printft  ("Answer appears to be lower than Ilowest search
bound \n ");
br eak;
case 2:
printft  ("Answer appears to be higher than greatest
search bound .\n ");
585 br eak;
case 3:
printtt ("P + Q!= 1\ n");
br eak;
case 10:
590 printf  ("Error returned  from cumgam\ n");
br eak;
defaul t:
i f (DCDFLIB_STATUS<0) ({
printt (" Paramerter %d is out of range .\n " -
DCDFLIB_STATUS;
595
el se printf  ("Unexpected  status returned [%d]\ n",
DCDFLIB_STATUS;
br eak;
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600

605

610

615

620

625

630

635

640

/I K2 <- qgchisq (1- a,2)

DF = 2;

DCDFP= 1.0 - A;

DCDFQ= 1.0 - DCDFP

cdfchi ( &DCDFLIB_WHICH &DCDFP &DCDFQ &K2, &DF &
DCDFLIB_STATUS &DCDFLIB_BOUNP

swi t ch(DCDFLIB_STATUS) {
case 0O:
printf  ("Magnitude Squared PLSD cutoff at K2 = %.3f\n "
,( float)K2) ;
br eak;
case 1:
printt  ("Answer appears to be lower than Ilowest search
bound \n ");
br eak;
case 2:
printt  ("Answer appears to be higher than greatest
search bound .\n ");
br eak;
case 3:
printt  ("P + Q!= 1\ n");
br eak;
case 10:
printf  ("Error returned  from cumgam\ n");
br eak;
defaul t:
i f (DCDFLIB_STATUS<0) {
printt (" Paramerter %d is out of range .\n ",-
DCDFLIB_STATUS;

el se printf  ("Unexpected  status returned [%d]\ n",
DCDFLIB_STATUS;

br eak;
}
/I # Bonferonni critical values
/I L1 <- gnorm(1- a/(4*( T-1) )
Mu = 0.0;
Sigma = 1.0;

DCDFP= 1.0 - A/(4*( double)T-1) );
DCDFQ= 1.0 - DCDFP
cdfnor ( &DCDFLIB_WHICH &DCDFP &DCDFQ &L1, &My &
Sigma, &DCDFLIB_STATUS &DCDFLIB_BOUNP
swi t ch(DCDFLIB_STATUS) {
case O:
printf  ("Individual Bonferonni  cutoff at L1 = %.3f\n "
. float)Ll);
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br eak;
case 1:
printt  ("Answer appears to be lower than Ilowest search
bound \n ");
645 br eak;
case 2:
printt  ("Answer appears to be higher than greatest
search bound .\n ");
br eak;
case 3:
650 printtt ("P + Q!= 1\ n");
br eak;
case 10:
printf  ("Error returned  from cumgam\ n");
br eak;
655 defaul t:
i f (DCDFLIB_STATUS<0) {
printt (" Paramerter %d is out of range .\n " -
DCDFLIB_STATUS;

el se printf  ("Unexpected  status returned [%d]\ n",
DCDFLIB_STATUS;
660 br eak;

}

/I L2 <- qchisq (1- a/(2*( T-1) ),2)
DF = 2;
665 DCDFP= 1.0 - A/(2*(( double)T-1) );
DCDFQ= 1.0 - DCDFP
cdfchi ( &DCDFLIB_WHICH &DCDFP &DCDFQ &L2, &DF &
DCDFLIB_STATUS &DCDFLIB_BOUNP
swi t ch(DCDFLIB_STATUS) {

case O:
670 printf  ("Magnitude Squared Bonferonni  cutoff at L2

= %.3f\ n",( float)L2);

br eak;

case 1:

printt  ("Answer appears to be lower than Ilowest search
bound \n ");

br eak;

675 case 2:
printft  ("Answer appears to be higher than greatest
search bound.\n ");
br eak;
case 3:
printtt ("P + Q!= 1\ n");
680 br eak;
case 10:
printf  ("Error returned  from cumgam\ n");
br eak;
defaul t:
685 i f (DCDFLIB_STATUS<0) {
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690

695

700

705

710

715

720

725

730

printf

el se printf  ("Unexpected  status returned

DCDFLIB_STATUS;

DCDFLIB_STATUS;

br eak;

}

/I adjust the CI values to be applied
coefficients before  normalization

NK1
NK2
NL1
NL2

CellP
for(i

= Kl/sgrt (2.0*( fl oat)N) ;
K2/sgrt (2.0*( fl oat)N) ;
L1/(2.0%( float)N);
L2/(2.0%(  fl oat) N);

= 1.0/( float)N;
[ =0;il <NL;il ++) { // main testing

printt  ("\ nLoop %d\n" ,il+1) ;

i f( printev >0 ){ ftf

}
i f( printtev >1){ rnf

printlev

0: No output files , just summarize

1: Output fourier coefficients

(" Paramerter %d is out of range .\n "

2. Output level 1 + random number file

3: Output level 2 + bin file

OpenFTFile (basefn

OpenRNFile (basefn

}
i f( printev >2 ){ bf = OpenBinFile (basefn

for(I=0;l <T;l++) bin[l] = 0.0;

for(1=0;] <N;l++) {

1

generate a point in K-space

/[ if(nf ) fprintf  (rnf"% Id, ",I);

i f(overlap ) {
0 = (++0) % K;
i f(rng >0) {
ylo ] = unif (rs [O]);

el se {

i f( scanf ("% n"&y [0]) < 1 |
printf (" Out of input on stdin

)i
exit (3) ;
}

el se {
for(j=0jj< Kij++) {
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[%d]\ n",
directly to the
loop

Stf, D),

nf, il+1);

bfil +1);
at %d:%d \n"|

}
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735

740

745

750

755

760

765

770

775

780

i f(rng>0) yIi]
el se {
char buf [80];
i f( gets (buf
printf  ("Out
A);
exit(3)
} else

yil =

atof

}
i f(rnf)
}

c = cell (y, K,B);

bin [c] += CellP ;

i f(rnf ) /iprintf
fprintf  (rf ,"\n

fprintf

iff) {
for (i=1;
f or (I=0;
/I fprintf
/I for(i=0;i
fprintf  (bf," %.0f\
/I incr (nn,K ,B);
}
}

/I printf

i<=K; i++)
I<T:l
(bf ,"%lId

("Setup  for
for(i=1;i
nulls = 0O;
zero = 0.0;

if(ram) {
for (=T ;I>0;1 --)
i f(bin [I]==0.0)
bin [2* |-2] bin[
bin [2* |-1] 0.0;

} else {
for(I=0; I<T/2;
i f(bin [I]==0.0)
i f( !'WriteScratch

[++)

I
IWriteScratch
printf  ("File 1,
exit (1);

i f (bin [I+T/2]==0.0)

++) {

<K;i++)

= unif (rs [j]);

==NULL ){
of input

(buf)

(mf " %Y

/I find  which cell
/I update frequence
(rnf." %Id,
");

nn[i]=0 L;

) I
fprintf
n",bin [I])

(bf,"%Id ,",nn

doing the Fourier

<=K;i ++) nnfi]=B ;

nulls ++;
I-1];

{

nulls ++;
(&bin ],

(& zero , si zeof (fl oat),1,
element %Ild\n", I);

nulls ++;
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on stdin at

%f\n ",c,bin

%Ild:% d\n", |

it 's
counter

©);

[

transform

si zeof (f1 oat),1,file

file
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\n")

[1])
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)



785

790

795

800

805

810

815

820

825

i f( !'WriteScratch (&bin [I+T/2],  si zeof (fl oat),1,file

2) |
IWriteScratch (& zero , si zeof (float),1, file [2]) ){

printf  ("File 2, element %Id\n", 1+T/2)
exit (1);

}
rewind ( file[1]) ;
rewind ( file[2])

printf  ("Generated  %Ild null cells out of %d, %f%%
empty \n" ,nulls T,
(doubl e)nulls  /( doubl €)T*100.0) ;

printt  ("Perform  the transform .\ n");

i f(ram) fourn (nrbin, nnK,1) ;
el se {
fourfs (file ,nn,K,1) ;
i f( 'ReadScratch (&bin[0], sizeof (float),Tfile [3])

I
IReadScratch (&bin[T ], si zeof (fl oat), TJfile [4]) )
exit (1);
}

printf  ("Scanning  for supsect coefficients & gathering

statistics \n") ;
for(i=0;i <K;i++) nn[i] = OL;
0.0;

sfsq = 0.0;

sfxy = 0.0;

smf = 0.0;

for(1=0;l <T;l++) {
re = bin [I*2];

im = bin [I*2+1];

rho = sqgrt (re *re+im *im);

phi = asin (re /rho) ;

i f(ftf) fprintf  (ftf  ,"%f %f %f %f\n ",re,im ,rho ,phi)
1 if( =0 ) /I this one is different

I re -= 1.0; /I subtract off E[f(0) ]

1 }

sfsq += (re*re + im*im);
sfxy += 2.0%( re*im );
smf += (re + im);

/I scan for plsd hits

i f( fabs (re) > NK1 )rfail [il]++;

i f( fabs (im) > NK1)ifail  [il]++;

i f( rho*rho > NL1 )mfail [il]++;

/I scan for bonferroni hits

i f( fabs (re) > NK2 )rfail [il+ NL]++;
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830

835

840

845

850

855

860

865

870

875

i f( fabs (im) > NK2)ifail  [il+ NL]++;
i f( rho*rho > NL2 )mfail [il+NL ]++;

/I next
incr (nn ,K,B);
}

X = (sfsq -1.0) * 2.0% float)N;
Fm=smf / ( 20 * (float)T - 2.0 );
Fs = sqgrt ( sfsgq - 2.0 sfxy + FntFm );

if(X>C) {
printt (" -- Reject HO: generator is not uniform  --\

);
ofail [l 1 = 1;
}
el se
printt (" -- Accept HO: generator is uniform -\ n");

/I use cdflib to calculate the test significance
DCDFLIB_WHICH= 1; /I calculate P, Q

Il p <~ 1 - pchisq (X,2%(T -1))

DF = 2.0%(( double)T-1.0) ; // use 2(T-1) for df
cdfchi ( &DCDFLIB_WHICH &DCDFR &DCDFQ &X, &DF &
DCDFLIB_STATUS &DCDFLIB_BOUNP;
swi t ch(DCDFLIB_STATUS) {
case O:
printt (" Test Significance DX = %Af, C= %1f P
= %.3f, DF = %.0f .\n",
(float)X, (float)C, (float)DCDFQ( fl oat)DF);
br eak;
case 1:
printt (" Answer appears to be lower than Ilowest
search bound .\ n");
br eak;
case 2:
printt (" Answer appears to be higher than greatest
search bound .\ n");
br eak;
case 3:
printtt " P + Q!= 1\ n");
br eak;
case 10:
printt (" Error returned from cumgam\n");
br eak;
defaul t:
i f (DCDFLIB_STATUS<0) {
printf  ("Paramerter %dis out of range .\ n",-
DCDFLIB_STATUS;
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885

890

895

900

905

910

915

el se printf (" Unexpected status returned [%d].\ n",
DCDFLIB_STATUS;
br eak;
}
printt  ("-- mean = %f stddev = %f \n" ,Fm,Fs );
i f(ofail [il]!=0)
printt (" Fishers PLSD cutoff tests :\ n");
i f( rfail il I= 0 )printf  ("-- Suspect Real -- (%d)\
n" fail  [il]) ;
el se printt ("-- No Suspect Real -- \n");
i f( ifail il I= 0 )printf  ("-- Suspect Imaginary
- (%d) \n",ifail [i);
el se printt  ("-- No Suspect Imaginary -- \
n");
i f( mfail [il I= 0 )printf  ("-- Suspect Magnitude
Squared -- (%d)\n" ,mfail [il])
el se printt  ("-- No Suspect Magnitude
Squared -- \n");
} else {
printt (" Bonferroni cutoff  tests :\n ");
i f( rfail [il+ NL] !'= O )printf ("-- Suspect Real -- (%
d) \n",rfail [il +NL]) ;
el se printt . ("-- No Suspect Real -- \n");
i f( ifail [ilt+ NL] !'= 0 )printf ("-- Suspect Imaginary
- (%d) \n",ifail [il+NL])
el se printt ("-- No Suspect Imaginary -- \
n");
i f( mfail [il+ NL] !'= 0 )printf ("-- Suspect Magnitude
Squared -- (%d)\n" ,mfail [il+NL 1]);
el se printt  ("-- No Suspect Magnitude
Squared -- \n");
}
if(f ) {
fflush  (ftf);
}
if(nf ) {
fflush  (rnf);
if(bf) {
fflush  ( bf);
}

/I use R to generate

plots
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WriteRFiles  (basefn il +1,N,T,A, X,DCDFQC,K1 ,K2, L1,L2) ;
system ("R BATCH--no -save --no -restore mdfttreport .R"

);
}

printt  ("\n

920

=\n
");
printf  ("Testing Summary\n®) ;
printt ("IN tChiSq \tRe\ tIm\tMag \n" );
for(l =0;il <NL;il ++) {
925 i f(ofail [il]>0)
printf (" %d\t%d\t%d \t%d\n "“il+1, ofail [il], rfail [il],
ifail ~ [il ]mfail [il )
el se
printf (" %d\t%d\t%d \t%d\n "“il+1, ofail [il], rfail [il+ NL
], ifail iI+NL ],mfail  [il+ NL]);

930
fprintf (sf "

=\n

");
fprintf  (sf ,"Test Summary\n%lIld points in %d dim using %d
bins /dim, %ld total bins\ n",N, K,B,T);
fprintf  (sf ,"Resolution of test is %f in each dimension
An",1.0/( fl oat) B);
fprintf  (sf ,"iMChiSq \ tReltim \tMag \n") ;
935 for (il =0;il <NL;il ++) {
i f(ofail [il]>0)
fprintf  (sf,"% d\t%d \t%d\t %d\n" ,il+1, ofail [il], rfail [
il ],ifail [il,  mfail T[il]) ;
el se
fprintf  (sf,"% d\t%d \t%d\t %d\n" ,il+1, ofail [il], rfail [
il +NLJ,ifall [il+NL ],mfail  [il+ NLJ);

90 }
i f(ram ) {
fclose (file [1]) ; unlink (" mdftt .1");
945 fclose (file [2]) ; unlink (" mdftt .2");
fclose (file [3]) ; unlink (" mdftt .3");
fclose (file [4]) ; unlink (" mdftt .4");

}

950 return(0);

mdftt.hlp: Help File
LISTING B.12
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mdftt <ram> <rng> [subrng ] <E> <D> <B> <P> <NL> <
printlev > <base -outfile >

<ram>
1: run in ram only
5 2. use disk based algorithm

<rng>
1. pgfsr - parallel generalized feedbach shift register
<subrng >
10 1 2 3 4 5 6 7
31 98 250 521 607 1279 1279
6 27 103 32 273 418 1063
2: lprand
15 <subrng > delay value for generator
3: randu
4: super -duper
5: pcrand
6: ranlib
20 7. pcomb

<E> Expected cell frequency (integer ) N=B"D*E
<D> Dimension of grid
<B> Bins per dimension (forced to be a power of 2)
25 <P> Cutoff probability (x100 )
<NL> Number of loops (successive test runs)
<printlev >
0: No output files , just summarize
1. Output fourier coefficients
30 2 Output level 1 + random number file
3: Output level 2 + bin file
<base-oultfile > base directory and name for output file( s

)
cell.c: Cell countutilities
LisTING B.13
[ ong ipow (long x, int y)
{int i;
| ong z;

z = (1 ong) pow(( doubl e)x,( doubl e)y);
5 return(z);

| ong bpow(l ong k)
{ long z=1L;
10 i f(k==0) return(lL);
el se return(z<<k );

}
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/* compute cell membership from real vectors (x)
*

15
* Store the stats in a one dimensional structure of
bins
* stored in to match the requirements of NR’s fourn .c
and fourfs .c routines .
* Bins are identified by a D-vector d[]=( dO0,d1 ,d2,d3
ey dD-1)
* where 0<=di<=( B-1) .
20 *
* Bin (dO ,d1,d2 ..., di,..., dD-1) is at location I
determined by
* I = sum(di* B~D-i ))
* Finding | for x[]=( x0,x1 ..., Xi,..., xD-1)
25 * 0 <= x[i] < 1.0 ==> 0 <= truncate ( Xx[i "B )<= B-1
*
*
long cell (float *x,int D,int B)
30 { int i
| ong |
int di
| ong BD;j;
35 I = 0OL;
BDi = 1L;
for (i=D-1; i>=0; i--)
di = (int)x[ iI*B) ; /I
i f(x[i]==1.0) --di ; /I just in case the generator
produces 1.0
40 | += di *BDi; 1
BDi *= B; I
return(l) ;
}
incr.c: Indexing utility function
LisTING B.14
#i fndef TRUE
#defi ne TRUE -1
#defi ne FALSE O
#endi f
5

/* Increment a base B number represented by the integer
array nn *
int incr (unsigned long *nn, int D,int B)
{ int Dm}
i f(D>0) {
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10 Dmi1--1,
i f(nn [Dm1]<B-1)
nn[Dm1l] += 1;
el se
i f(incr (nn,Dm1 ,B)) nn[Dml] = 0;
15 r et ur n(TRUE);
} else
r et ur n(FALSE);
uniform.c: Uniform pseudaandomnumbergenerator
LISTING B.15
/¥ file : wuniform .c
*
* uniform manages streams of random numbers for single
or multi
* processing  environments . Type is (L:Leap -frog ,B:
Blocked ,T :Tree ).
5 *
* RNGTYP Name Description
*
* 1 L PGFSR- My code for Aluru , Prabhu & Gustafson 's
parallel GFSR
* 2 L LPRAND- Direct port and parallelization of
Lewis & Payne RNG
10 * 3 L RANDU- Classic bad rng used for comparitive
testing
* 5 L SUPER- Marsaglia 's Super-duper combined
congruential and
* fibonacci generator  (crude /slow
parallelization )
* 5 L PCRAND- Leap-frog of Portable Combined RNG due
to
* Jesse Chisholm and modified by Clark
Thomborson
15 * (crude /slow parallelization )
* 6 B RANLIB - RANLIB.C generator good for small
number of streams
* or larger numbers of short streams . Uses
combined
* congruential generator (s) to produce
blocks of rn’s
* rather than leap -frogging as above rng's
do.
20 * 7 L PCOMB- Parallel combination generator

*/

#i ncl ude <stdio .h >
#i ncl ude <limits . h>
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25

30

35

40

45

50

55

60

65

70

#i ncl ude "uniform .h"
#i ncl ude "randu .h "
#i ncl ude "pgfsr .h"
#i ncl ude "pcrand . h"
#i ncl ude "super .h"
#i ncl ude "lprand . h"
#i ncl ude "ranlib . h"
#i ncl ude "pcomb.h "

/* define malloc here to avoid conflict with  rand
definition in stdlib */

void * malloc (int size) ;

void exit (int);

char *name[] = {" PGFSR'"LPRAND"," RANDU"SUPER "," PCRAND
"," RANLIB"," PCOMBY},

char *rng_name (rng )

int rg;

{ i f( mg>0 && rng<= NRNG)return(name[rng -1]) ;
el se return("UNKNOWN) ;

}

int int bits (int w)
{ int i,b=0;
for(i =0;i< sizeof (int)*8-1;i ++)
if( (<< i) & w) I= 0 )b+t
r et ur n(b);
}

i nt long_bits (Il ong w)
{ int i,b=0;
for(i =0;i< sizeof (I ong)*8-1; i++)
if( (IL<< i) & w) != OL )b++;
r et ur n(b);
}

rstream  *setunif (rtype, id,ns ,seed ,cl,c2 ,c3)
i nt rtype ;
int id, ns;
| ong seed;
| ong cl,c2,c3 ;
o
int i
| ong |
rstream  *rst;

rst = (rstream  *)malloc (si zeof (rstream ));
rst -> rtype = rtype ;

swi tch(rtype ) {
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80

85

90

95

100

105

110

115

case 1:

/* PGFSR- my version of the Aluru , Prabhu

& Gustafson prng */

rst -> max_N
rst -> state

UINT_MAX1,;
pafsr_init (seed ,(int)cl ,(int)

c2,ns, id);
br eak;
case 2. /* LPRAND?Y
rst -> state = initlprand ((int)cl ,( int)c2,c3
)i
/* rst -> max_N = (unsigned long )(((Ipint )
2<<(sizeof (lIpint )*8-2) )-1)*2+1; */
rst  -> max_N = Ox7fffffff ;
rst -> ns = ns;
for (i =0;i<id ;i++)
Iprng (rst ->state );
br eak;
case 3. [* RANDU¥
rst -> state = initrandu (seed ,ns ,id);
rst -> max_N = Ox7fffffff ;
br eak;
case 4. [* SUPER¥
rst -> state = initsuper (seed ,ns ,id);
rst -> max_N = UINT_MAX1;
br eak;
case 5. [* PCRAND- Leap-frog of Portable Combined
RNG due to
Jesse Chisholm and modified by
Clark Thomborson */
rst -> state = malloc (2* si zeof (1 ong)) ;
rst -> max_N = (( 1 ong) (PRIME1-2Ll));
rst -> ns = ns;
setran (1L,1 L,st ->state );
for(i =0ji<id ;i++) | = Ipcrand (rst ->state );
br eak;
case 6: /* RANLIB *
if@d >31) { /* ranlib only has 32 blocks or
generators  */
printt  ("Uniform : Fatal error , Cannot
use > 32 generators from RANLIB\ n")
exit(l) ;
rst -> max_ N = 2147483562 L;
seed = seed & OxTfffffff ;
[* setall (seed ,seed ); */
setall (1234567890 L,123456789 L);
| = id +1;
gscgn (1L,&l );
br eak;
case 7. [* PCOMB*¥
rst -> state = initpcomb (seed ,ns ,id,( int)cl
( int)c2);
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125

130

135

140

145

150

155

160

165

defaul t:
ret ur n(rst
}
doubl e unif(

rstream  *rst
{ double a;

rst

rst

-> max_N = UINT_MAXI;
br eak;

= NULL;

br eak;

);

rst)

a = (doubl e) unifint (rs
a=a/ (rst -> max_Nj
return(a) ;

doubl e *unifvec (rst ,x,n )

rstream  *rst
doubl e *x;
int n;

{ int i

)

if(! x) x = (doubl e *) malloc (n* si zeof (doubl e));
<nji++)  X[i ]

for (i=0;i
return(x)

unsi gned | ong unifint  (rst

rstream  *rst

{ unsigned |long ga;

int i
swi t ch(rst
case 1:

case 2:

case 3:

case 4:

case 5:

case 6:

/*

> rtype)  {

PGFSR*/

= unif (rst

)

);

a = (unsigned long) pgfsr (rst ->state );
br eak;

/*

LPRAND */

for(i =0;i<rst

->ns ;i++)
ned | ong)

lprng (rst ->state );

randu (rst ->state );

a = (unsigned | ong) super (rst ->state );

a = (unsig

br eak;

I* RANDU*/

a = (unsigned | ong)
br eak;

I* SUPER*

br eak;

I* PCRAND*

for(i =0;i<rst

Ipcrand (rst

br eak;

/*

RANLIB */

->Ns ;it++)
->state  );
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a =ignlgi () ;
br eak;
170 case 7: [* PCOMB*
a = (long) pcomb(rst-> state );

br eak;
default: a = -1L;
br eak;
175 }
return(@) ; * & OXxTfffffff ), *
}
/* interfaces for S/S+/ XlispStat */
180

/* local storage structure for random streams */
t ypedef struct {
rstream  *rst ;
voi d *next;
185 } rstream_list ;

rstream_list *root_stream = NULL;
rstream_list *last_stream
i nt allocated_streams = 0;
190
/* initialize a random stream */
/* passing pointers to- from a stat package wont work,
so we'll

* build a local table of points and pass an integer
pointer  into
* the table that we can pass back and forth
195 ¥/
voi d initunif (rtype ,id, ns,seed ,c1 ,c2,c3 ,nrst )

i nt rtype ;
int id, ns;
| ong seed;
200 long cl,c2,c3 ;
int *nrst ;
{
int idim ;
| ong |
205 doubl e f;
i f(! root_stream ) { /* first call , setup the root
stream */
root_stream = (rstream_list *)malloc (si zeof (
rstream_list ));
last_stream = root_stream ;
210 } else {
last_stream -> next = (rstream_list *) malloc (
si zeof (rstream_list );
last_stream = last_stream -> next ;
}

222



last_stream -> rst = setunif (rtype ,id ,ns, seed, cl,c2,

c3);
215 last_stream -> next = NULL
*nrst = ++allocated_streams ;
}
220 /* return a single random number */
voi d uniform (nrst ,u)
int nrst ;
doubl e *u;
{ rstream_list *rsl
225 int i
rsl = root _stream ;
for(i=0; i<nrst ;i++) rsl = (rstream_list *)rsl ->
next ;
*u = unif (rsl -> rst);
}
uniform.h: Interfacespecificatiorfor uniform package
LISTING B.16
/* file : uniform .h
*
* uniform  random stream definition file
*
5 *
#defi ne NRNG7
/* names for the generators  */
10 char *rng_name (int rng) ;
/* rng data structure */
t ypedef struct {
int rtype ; /* rmg type *
15 int ns; /* scratch integer (rng dependent use)
*/
void *state ; /* state structure (rng dependent
structure ) */
unsi gned long max N /* maximum integer returned
by rng *
} rstream ;
20 /* initialize a uniform random number generator */
rstream *setunif ( int rtype , [/* g type */
int id, [* stream id *
int ns, /* number of streams *
| ong seed, /* initial seed */
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| ong cl, /¥ configuration parameter

1%

| ong c2, /¥ configuration parameter
2 %

| ong c3 /¥ configuration parameter
3 *

);

/* return a single uniform random number */
doubl e unif( rstream  *rst );

/* return a uniform random vector */
doubl e *unifvec (rstream  *rst , double *x, int n);

/* return a uniform random integer  */
unsi gned | ong unifint  (rstream  *rst );

[* interfaces for use with S/S+ or XlispStat */

/* initialize a random stream */

voi d initunif ( int rtype , /* rng type */
int id, /* stream id *
int ns, [* number of streams */
| ong seed, [* initial seed */
| ong cl, [*  configuration parameters
| ong c2, /*  configuration parameters
| ong c3, /* configuration parameters
int *rs /* returned random stream
)i

/* return a single uniform random number */
voi d uniform (int nrst, double *u) ;

/* bit counting routines  *
int int_bits (int w);
i nt long_bits (long w);

1%
2 %
3 *

testunif.c:Testutility for theuniform package
LISTING B.17

[*  testunif <gen> <n> <ns> <print > */

#i ncl ude <stdlib . h>
#i ncl ude <stdio .h >
#i ncl ude <math.h>

#i ncl ude "uniform .h"

void corr ( doubl e dl[], double d2[], int n, double *ans)
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i nt main (argc ,argv )
int argc ;
char ** argyv;
{ 1int ns,n, type;
int prlev ;
int ijk ;
rstream  **r;
doubl e ** u;
| ong **iu ;
doubl e *c1 *c2 ,ans;
i nt integer_rng  =0;

i f(argc >3) prlev = atoi (argv [4])
el se prlev = 0;

i f(argc >2) {
ns = atoi (argv [3]) ;
n = atoi (argv [2]) ;
type = atoi (argv[l])
if( type <0 K
integer_rng = 1;
type = -type;

}

if(argc <3 || type <1 || type >NRNG {
printf  (“testunif <rng> <N> <ns> [prlev ]\n") ;
printf  ("Valid generators are :\n") ;
for(i=1; i<= NRNG;i++) printf  ("%d: %s\n" ,i,rng_name

i));
return(l);
}
[* allocate space to store the random numbers */
if( prlev 1= 2 )
i f( integer_rng ){
iu = malloc (ns *si zeof (| ong®);
for(i=0; i<ns;i ++) iu[i] = malloc (n* sizeof (Ilong
) )
} else {
u = malloc (ns*sizeof (float*));
for(i=0; i<ns;i ++) u[i] = malloc (n* sizeof (doubl e
) )
cl = malloc (n* si zeof (doubl e));
c2 = malloc (n* si zeof (doubl e));
}
r = (rstream **) malloc (ns *si zeof (rstream ));
if (n {
printf  ("allocation failure in testunif  ()");
exit (1) ;
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}

for (i=0;i
ri

<ns;i ++) {
= setunif

for(i=0;i <n;i++) {
for(=0; j<ns ;j++)
i f( integer_rng
i f(prlev
i f(prlev
}el se{
i f(prlev
i f(prlev
}

}
i f(prlev ==2) printf

i f(prlev ==1) {
printf  ("Generator
each of

for(i=0; i<ns ;i++)
for (j=i+1;

(type i,

{

1=2) iu[j
==2) printf

1=2) uj]
==2) printf

R

%s[%d] correlations ,
%d streams .\n"
rng_name (type ),type

ns,-1 L,607,273)

A B
= unifint
("% Id ",unifint

I
)}

101 (r [);

UIR)E

("% f

]

unif(
", unif

\n

")

%d from

,n ,ns);

j<ns jj++) |

for (k =0;k<n ;k++) {

i f(
c1[Kk]
c2[K]

} else {
c1[K]
c2[K]

}

corr( cl,c2,
printf  ("%d
i f(ans >2.0/

)i
printf  ("\n"

return;

integer_rng

( doub?{e)iu[i][
(doubl e)iufj][

K];
K];

(doubl e)u[i][
(doubl e)u[jl

K];
K];

n,&ans );

%d: %g".i,
sqrt((

);

jans)

float)n)) printf ("<- reject

[Uniform]lprand.c
LISTING B.18

.h >
. h>
. h"

#i ncl ude <stdio
#i ncl ude <stdlib
#i ncl ude "lprand
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i nt setr (Ipint *m, int p, long delay , int q);

static int intsiz = si zeof (Ipint )*8 - 1;
pint M

Iprand_state *initlprand (int p,int g,long delay )
{ Iprand_state *s;

s = (Iprand_state *) malloc (si zeof (Iprand_state ));
s->vec = (Ipint *)malloc (p*si zeof (Ipint )) ;

S->p = p;

$->q = Q;

s->sp = -1;

printt  ("lprand : p %dq %d | %Ild linear columns %d\n",
p.q, delay ,setr( s->vec ,p,delay ,q));
printf (" sizeof int is %d\n",intsiz );

return(s) ;

}
Ipint  Iprng (Iprand_state *s)

return(lprand (s ->vec ,s->p, s->Q,& S->sp ));

}

Ipint  ilprand (Ipint *m, int p, int q, int *lpj )

[* mp) = table of p previous random numbers .
* p,g=polynomial parametsrs X **p+x** q+1.

*/

int k;

“Ioj = (Mlpj  +1) %p;
k = (*Ipj+ a) %p;
mllpj  J=m[* Ipj*  mk];
return(m[* Ipj));

}

fl oat Iprand (Ipint *m, int p, int q)

Ipint  M;

int Ipj ;

M=((( Ipint )2<<(intsiz -1))-1)  *2+1;

return(( float)ilprand (m,p,q ,&lpj )/( float)M);
}

i nt setr (Ipint *m,int p,long delay ,int Q)

/* setr =column number of repeating one pattern . if
setr <= p,
then an improper shift length has been selected
m(p)=table of random numbers to be initialized
p,g,polynomial parameters : X**p+x **q+1.

* %

*
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55 % delay = relative delay between columns of m(p), in
bits
intsiz  -integer size (bits ) of host machine : e.t.,
* ibm 360, 31; cdc6000, 48; sru 1100, 35; hp
2100, 15.
*/
60 int r,j kkount |lpj =-1;
Ipint  one, itemp;
M=((( Ipint )2<<(intsiz -2))-1)  *2+1;
65 r=p+1,;
one= (Ipint )2<<( intsiz -2);
for(i =0;i< p;i++) m[] = one;
for(k =0;k< intsiz  ;k++) {
for(j=0;j <delay ;j++) ilprand (m,p,q,& Ipj);
70 kount =0;
for(i=0;i <p;i++) {
itemp =one>>k;
itemp = (M[i]-( m[i]/ one)* one)/ itemp ;
i f(temp ==1) kount ++;
75 i f(k<(intsiz -1) ) {
nfil=m [i}/2+ one;
}
}
i f(kount ==p) r=k;
80 }
for (i =0;i<5000; i ++)
for(j=0j <pij++) ilprand (m,p,q .&lpj) ;
return(r);
85
[Uniform]lprand.h
LisTING B.19
/* file : lprand .h
*
*/
5 #ifndef LPRAND_DEF
#defi ne LPRAND_DEF
#define Ipint |ong
10

/* lprand state memory structure */

t ypedef struct {
i nt p; [* state memory length */
i nt a; /¥ polynomial offset  */
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15 i nt sp; [* state pointer  */
Ipint  *vec; [* state vector pointer */
} lprand_state ;
/* random number generator */
20 Ipint  ilprand (Ipint *m, int p, int g, int *lpj );
/* floating point generator  */
float Iprand (Ipint *m, int p, int Q)
25 [* full initialization */
Iprand_state *initlprand (int p,int qg,long delay );
/* uniform  specific interface */
Ipint  lprng (lprand_state *s) ;
30
#endi f
[Uniform]pcomhc
LisTING B.20
/* file : pcomb.c
*
* Parallel Generalized Feedback Shift Register (
PGFSR rng combined
with a simple congruential
5
*/
#i ncl ude <stdio .h >
#i ncl ude <stdlib . h>
10 #i ncl ude <math.h>
#i ncl ude “"pcomb.h"
unsi gned i nt pcomb(s)
pcomb_state  *s;
15 { [/* compute congruential rn*
s->cseed *= s->cp;
[* combine with the difference of the generators  */
return(pgfsr (s ->ps)- s->cseed );
20
pcomb_state  *initpcomb (' seed, ns,id ,p,q)
unsi gned int seed;
int ns,idp, q;
25 { int i

pcomb_state *s;

s = (pcomb_state  *)malloc (si zeof (pcomb_state ));
s->ps = pgfsr_init (seed ,p,q ,ns,id );

s->cseed = seed,;
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30 for(i=0; i<id ;i++) s->cseed *= s->cp;
r et ur n(s);
}
[Uniform]pcomhbh
LisTING B.21
/¥ file : pcomb.h
*
*/
5 #include "pgfsr .h"
t ypedef struct {
pofsr_state *ps;
unsi gned int cseed;
10 unsi gned int cp;
} pcomb_state ;
/* random number generator  */
unsi gned i nt pcomb(pcomb_state  *state );
15
[ full initialization */
pcomb_state  *initpcomb (unsigned int seed,int ns,int id,
int p,int q);
[Uniform]pcrand.c
LISTING B.22
/* pcrand .c 1.2 5/12/92 */
/* kkkkkkkkkkkkkkkkkkhkhkhkhkkkkkkkkkhkhkkhkk *kkkk *kkkk *kkkk
Purpose : This file  has routines to implement a
5 Combined Prime Multiplicative Congruential
Psuedo -Random Number Generator
The original algorithms and selection of
prime numbers comes from two articles in the
10 Communications  of the ACM: June 1988 (v31
#6)
the article by Pierre L’Ecuyer called |,
"Efficient and Portable  Combined Random
Number Generators "
and the October (v31 #10), Stephen Park and
Keith  Miller
"Random Number Generators : Good Ones are
Hard to Find ."
15
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This implementation of these algorithms has
been released

to the Public

Domain. 91.03.10; 91.09.25.

Author : Jesse Chisholm
Modified by: Clark Thomborson

Auditor

Creation Date : 91.03.04

Modifications by Jesse Chisholm :

0.0.0 91.03.04
articles

0.0.1 91.03.04
main (s ).

0.0.2 91.03.06
retaining

0.0.3 91.03.10
1.0.0 91.03.10

1.0.1 91.09.25

Initial creation from the
mentioned .

cleaned up some, and added test

added support routines  for

continuation of sequence across
program

invokations

ported to UNIX

Released to the Public Domain.

Re-Released to the Public Domain

Modifications by Clark Thomborson :

1.0.2 92.01.01
RNGHOME

2.0.0 92.01.02
Ecuyer ’s

Added SUN compatibility ; allowed

to differ from $HOME wrote Unix
Makefile

Rewrote _rand to comply with L’

recommendations . New function is
called

pcrand (), of type double .
Discarded

nrand (), since it was inaccurate

Added RNGFILENAME Reformatted
statefile
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to include pedigree of current
state
2.0.1 92.01.06 Rewrote urand () to generate full
- range
(31- bit) integers in an unbiased
fashion
2.0.2 92.01.15 Removed a tiny residual bias in
urand () .
3.0.0 92.05.06 Interfaced to mrandom().
Discarded
urand () and non-Sun code.
*% *% *% *% *% * *% * *% */
/* include  directives */
#i ncl ude <stdio .h >
#i ncl ude "pcrand . h"
/*
** this is the current state of the generator
*/
#defi ne curr_seedl rngstate [O]
#defi ne curr_seed2 rngstate [1]
/* These constants define the generator */
#defi ne ROOT140014L
#defi ne ROOT240692 L
/*
** If you should choose to change primes or roots |,
** please be sure that these conditions hold :
*x (QUO > REM)
* (QUO > 0)
i (REM > 0)
*/
* QUO= PRIME / ROOT?*
#defi ne QUO153668 L
#defi ne QUO252774L
/* REM= PRIME % ROOT?*/
#defi ne REM112211L
#defi ne REM23791L
/*
** The 10000th seed from 1L for arithmetic checking
*/

#def i ne PRCHK11919456777 L
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#defi ne PRCHK22006618587 L

/* * *% *% *% *% *% *% * *%
Name Ipcrand
Purpose : This is the basic routine for generating
random numbers. The range is 0.( PRIME1-2).
The period is humongous. Roughly 2762.
Sample Call: | = Ipcrand (rngstate );
Inputs : rngstate (array of 2 longs, holding seedl
and seed2?)
Outputs : none
Returns : long I; MSBs are random
Algorithm : seedl = seedl * ROOT1% PRIME1
seed2 = seed2 * ROOT2% PRIME2
U= (seedl - seed2) mod (PRIME1 - 1)
return  (U==0 ? (PRIME1 - 1): U)
This implementation used the following numbers :
PRIME ROOT RANGE
2147483563 40014 1..2147483562
2147483399 40692 1..2147483398
kkkkkkkkkkkkkkkkkkkkkkkkkkkkhkhkkkk *kkkkk *kkkk *kkkk ** */
/*
** NOTESABOUT RND taken from earlier implementation

*%k

**  This is the basic routine

*%

*x new seed = old seed * ROOT% PRIME

*%

**  The table below shows some convenient values
*%

** PRIME primitive root alternate root range
o 17 5 6 1..16
o 257 19 17 1..256
o 32749 182 128 1..32748
b 65537 32749 32719 1..65536
o 2147483647 16807 39373
1..2147483646
o 2147483647 48271 69621
1..2147483646
o 2147483647 397204094 630360016

1..2147483646
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k%

*%

k%

*%

*%

*%k

*%

*%*

*%*

*%

*%

*%

*%k

*%

*%*

*%

*%*

k%

*%

*%*

*%*

*%

k%

k%

*%

*%

k%

*%k

*%

*%*

*%*

*%

*%*

*%k

*%

k%

k%

*%

*%k

This is the best single primitive root for 2731-1
according to
Pierre L' Ecuyer ; "Random Numbers for Simulation ";
CACM10/90.

2147483647 41358
1..2147483646

He also lists the prime 4611685301167870637

and the primitive root 1968402271571654650

as being pretty good. However, it doesn’'t lend itself
to

this  algorithm as the quotient is less than the
remainder in p/r.

As a way of checking the arithmetic in any given
implementation

the table below shows what the 10,000 th seed should
be when the

generator is started at 1L for wvarious primes and
roots .

PRIME ROOT 1st seed 10,000 th seed
2147483647 L 16807L 1L 1043618065 L
2147483647 L 48271L 1L 399268537 L
2147483647 L 69621L 1L 190055451 L
2147483563 L 40014L 1L 1919456777 L
2147483399 L 40692L 1L 2006618587 L
There are many other primitive roots available for
these
or other primes . These were chosen as esthetically
pleasing

Also chosen so that ‘p / x > p %x for prime p, and
root Xx.

A number (x) is a primitive root of a prime (p)
iff in the equation

t = x*i %p
when (i == p-1) and (t == 1)

for all (1 <=i < p-1) then (t >= 2)

The number of primitive roots for a given prime (p)
is the number

of numbers less that (p-1) that are relatively prime
to (p-1)
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** Note: that is how many, not which ones.

*%

* if  x is a primitive root of p, and y is relatively
prime to p-1
190 ** then Xy %p) is also a primitive root of p.
* also (XM p-1-y ) %p) is a primitive root of p.
*%
*/

195 | ong Ipcrand (rngstate )
| ong rngstate [RNGstatesize_ 3 |;

| ong k;
| ong U;
200
/* the following code is taken from Figure 3 of L’
Ecuyer ' s article */
k = curr_seedl [/ QUO1
curr_seedl = ROOT1* (curr_seedl - k* QUO)Y - k * REM1

i f ('curr_seedl <0 {
205 curr_seedl += PRIMEL

}
k = curr_seed2 [/ QUO2
curr_seed2 = ROOT2* (curr_seed2 - k * QUO2 - k * REM2

210 if ('curr_seedz <0 {
curr_seed2 += PRIMEZ

}

U = curr_seedl - curr_seed2 ;
215 if (U < 1) {
U += PRIMEL1 - 1;
}

return(U-1) ;
220

/* * *% *% *% *% *% *% * *%

Name checkran
225
Purpose : This routine returns 1 if the RNG state
looks ok.

Sample Call: if ( !Icheckran (rngstate ) )fprintf  (stderr )"
RNG unitialized N\n "),

230 Inputs : none

Outputs : none
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Returns : none

Algorithm : Return 1 if 0 < seedl < PRIMEl and 0 < seed2
< PRIMEZ2,
else return O

kkkkkkkkkkkkkkhkkkkkkhkkkhkkkkhkkkkkk *kkkkk Kkkkk *kkkk *%k */

extern int checkran (rngstate )
| ong rngstate [RNGstatesize_ 3 |;

i f (curr_seedl <= 0 || curr_seedl >= PRIME1 ||
curr_seed2 <= 0 || curr_seed2 >= PRIME2) {
return(0) ;
} else {
return(l) ;

}
}

/* kkkkkkkkkkkkkkkkkhkkkkkhkkkkkkhkhkkkkk Kkkkk *kkkk Kkkkk

Name setran

Purpose : This routine  sets the random number sequence
, checking to see
if the seeds are legal . Prints message to
stderr if illegal

Sample Call: setran (1L,1 L,rngstate );

Inputs : long seedl; starting seed for 1st
generator
long seed2; starting seed for 2nd
generator

long rngstate [2]; where seedl and seed2 are
to be stored

Outputs : none
Returns : none
Algorithm : copy seedl, seed2 into rngstate []; call
checkran () to
confirm that seeds are legal . Print error
message to

stderr if illegal

*% *% *% *% *% * *% * *% */

voi d setran (seedl, seed2, rngstate )
| ong seedl, seed2, rngstate [ RNGstatesize 3 |;

curr_seedl = seedl;
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curr_seed2 = seed2;
i f ( Icheckran (rngstate ) )
fprintf  (stderr ,"lllegal seed values : %ld, %ld", seedl
, seed2?);
fflush (stderr );
}
}

#i f def TEST
main ()

int num

| ong dd;

int limit ;

| ong rngstate [RNGstatesize_ 3 |;

printf  ("Testing validity of arithmetic in this
implementation  \n" );

printf  ("of the EXTENDEDSTANDARDRANDOMNUMBER
GENERATOR\ n");

printf  ("Testing error check code." );
setran (OL,0 L,rngstate );

/* now try a legal seed */
setran (1L,1 L,rngstate );

limt = 10000;
for(num=0; num<limit ; num++) {
dd = Ipcrand (rngstate );
if (( num % 100) == 0)
printt  (“\rlteration %l /10000" , num);

}
printf  ("rSeed  should be %Ild,%Ild\ n and is %d,%ld

Aon",
PRCHK1 PRCHK2 curr_seedl , curr_seed2 );
i f ((curr_seedl == PRCHK] && (curr_seed? ==
PRCHKY {
printf ("Arithmetic is performed correctly .\
n");
} else {
printf ("Arithmetic is performed INCORRECTLY
\n");
}
exit (0) ;

}
#endi f /* TEST *
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/* end of pcrand .c *

[Uniform]pcrand.h
LISTING B.23
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/* pcrand .h 1.3 5/12/92 */

/* * *% *% *% *% * *%

Purpose : This file  has routines to implement a
Combined Prime Multiplicative Congruential
Psuedo -Random Number Generator

The original algorithms and selection of

prime numbers comes from two articles in the

Communications of the ACM: June 1988 (v31
#6)

the article by Pierre L’Ecuyer called |,

"Efficient and Portable Combined Random

Number Generators
and the October (v31 #10), Stephen Park and

Keith  Miller

"Random Number Generators : Good Ones are
Hard to Find ."

This implementation of these algorithms has

been released
to the Public Domain. 91.03.10; 91.09.25.

Author : Jesse Chisholm

Modified by: Clark Thomborson

*/

/* constants  defining this  multiplicative generator  */

#defi ne PRIME1l 2147483563 L
#def i ne PRIME2 2147483399 L

#defi ne RNGstatesize 3 2
#def i ne RNGrangeml 3 (PRIME1-3L)

#def i ne RNGfileLINEO_3  "(Portable Combined

Multiplicative Nn"
/* kkkkkkkkkkkkkkkkkkhkkhhkkkkkkkkkkhkhkhkhkk *kkkk *kkkk *kkkk
Name Ipcrand
Purpose : This is the basic routine for generating

random numbers. The range is 0.( PRIME1-2).
The period is humongous. Roughly 2762.
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Sample Call: | = Ipcrand (rngstate );

Inputs : rngstate (array of 2 longs, holding seedl
and seed2?)

Outputs : none

Returns : long |; MSBs are random

Algorithm : seedl = seedl * ROOT1% PRIME1
seed2 = seed2 * ROOT2% PRIME2

U= (seedl - seed2) mod (PRIME1 - 1)
return  (U==0 ? (PRIME1 - 1): U)

*/

| ong Ipcrand (| ong rngstate []) ;

/* kkkkkkkkkkkkkkkkkkhkhkhkkkkkkkkkkhkhkhkhkk *kkkk *kkkk *kkkk
Name setran
Purpose : This routine  sets the random number sequence
, checking to see
if the seeds are legal . Prints message to

stderr if illegal

Sample Call: setran (1L,1 L,rngstate );

Inputs : long seedl; starting seed for 1st
generator
long seed2; starting seed for 2nd
generator
long rngstate [2]; where seedl and seed2 are
stored
Outputs : none
Returns : none
Algorithm :  copy seedl, seed2 into rngstate []; call
checkran () to
confirm that seeds are legal . Print error
message to

stderr if illegal

*% *% *% *% *% * *% * *% */

voi d setran (long seedl, |ong seed2, |ong rngstate [] );

/* * * *% *% *% *% *% * *%
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Name checkran

85
Purpose : This routine returns 1 if the RNG state
looks ok.
Sample Call: if ( !Icheckran (rngstate ) )fprintf  (stderr )"
RNG unitialized N\n ");
90 Inputs : none
Outputs : none
Returns : none
95
Algorithm : Return 1 if 0 < seedl < PRIMEl and 0 < seed2
< PRIME2,
else return O
*% **% *% **% *% * *% * *% */
100 int checkran ( |ong rngstate [] );
[Uniform]pgfsr.c
LISTING B.24
[* file : pgfsr .c
* Parallel Generalized Feedback Shift Register (
PGFSR rng .
5 *
/* #define dbg /* debug code flag */
#i ncl ude <stdio .h >
10 #include <stdlib . h>
#i ncl ude "pgfsr .h"
#define dp 98
#defi ne dq 27
15 [* #define dp 607 */
/* #define dq 273 */
/¥ #define dp 1279 */
/* #define dq 418 */
20 pofsr_state *alloc_state (int p,int Q)
voi d pstep_pgfsr ( pgfsr_state *s, int p);
unsi gned i nt pgfsr (s)
pgfsr_state *s;
25 { int j
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if(s) s = pgfsr_init (-1, dp,dq ,1,0); /* initalize if
needed */
s->sp = (s->sp +1) % s->p; [* update state
pointer  */
j = (s->sp +s->q) % s->p; /*  compute offset
pointer  */
s->vec [s-> sp] = s->vec [s-> sp] ~ s->vec []; I*
generate new value */
return(s-> vec[ s->sp]) /* and send back to
caller  */
}
voi d dump_pgfsr_state (s ,f,m)

pgfsr_state *s;
FILE *f ;
char *m;
{ int i
if(tf) f = fopen (DUMP_FILE,"W" );
fprintf  (f ,"PGFSR state memory dump [%s]\n ",m);
fprintt (f ,"%d %d %d",s->p ,s->q ,s->sp );
for (i=0;i <s->p ;i++)
i (@ %8))fprintf " n");
fprintf  (f" %x ",s ->vec [i]);
}
fprintf  (f ,"\n" );
}
voi d load_pgfsr_state (s,
pgfsr_state *s;
FILE *f ;
{ int i
char h[80];
if(f) f = fopen (DUMP_FILE,"r" );
fscanf (f," %s\n",h);
fscanf (f," %d % %d",& s->p ,&s-> (,&s-> sp);
for (i=0;i <s->p ;i++) {
i f(( 9%8)fscanf (f"\n "),
fscanf (f"% x ",&s ->vec [i]);
fclose (f) ;
}
pgfsr_state *alloc_state (p,g )
int pg;
{ pofsr_state *s ;
s = (pgfsr_state *)malloc (si zeof (pgfsr_state ) ;
if (Is) printf ('State  memory allocation failure ");
s->vec = (unsigned int *) malloc (p* sizeof (unsigned int
)
if (! s=>vec ) printf (" State memory allocation failure
)i
S->p = p;
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s->q = Q;
return(s) ;

}

pgfsr_state *pgfsr_ginit (seed ,ns, id)
unsi gned int seed;

i nt ns, id;

{ r et ur n(pgfsr_init (seed ,dp,dq ,ns,id
}

pgfsr_state *pgfsr_init (seed ,P,Q, ns,id)
unsi gned int seed;

i nt ns, id;
int PQ;
{ pofsr_state *st
FILE *f;
i nt ijym ,n,sum ,stride ,skip ;

unsi gned int pos;
short int *seqg,* temp;

i nt |1=8* sizeof (unsigned int); /* setup

length  */

)

the word

/* take ns to be the greatest power of 2 >= ns *

pos = 2;
for(i=1;i <lji++) {
if( pos >= ns ){
ns = pos;
br eak;
}
pos = pos<<l],

}

[* working state memory */
seq = malloc (2* P*si zeof (short int));
temp = malloc (2* P*si zeof (short int)) ;

/* allocate required state memory structure */

st = alloc_state (P,Q);
st > sp = 0;

#i f def dbg
f = fopen ("pgfsr .dbg ","w" );

fprintf  (f ,"Making state memory for stream %d, %d %d\n

"id ,P,Q) ;
#endi f
[* generate the initial column of p bits *
seq[0] = seed; [* put seed in first
word */
for(i=1;i <lji++) seqil = (seed <<=1); /* spread the
seed */
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for(i=li <P;i++) seq[i] = seq[ i%l]; [/* replicate the

pattern  */

[* initialize seq with polynomial XN Q+1 */

[* for (i=0; i<P;i++)seq [i] = 0; /* initialize to zero
*/

I* seq[0] = seq[Q] = 1, /* set two bits on
initially */

[* iterate 8192P times to make the seed’s pattern die
out */
for(i=0;i <13;i ++)

for (m=0; m<P;mt+)temp [2*m ] = seq[m]; /* square the
polynomial */
for (m=1; m<2*P-2;m+=2) temp[m] = O;

f or (m=2* P-2;m >=P;m--) [* compute modulo */
i f(temp [m]'=0) [*  primitive trinomial
*/

temp[m-P +Q] += temp[m];
temp[m-P] += temp[m];

f or (m=0; m<P;mt+)seq [m] = temp[m] & 01; /*
coefficients mod 2 */

f or (M=0;m<P;m++) temp [m]=seq [m];

[*  compute first P bits of the sequence */
for(i=0;i <P;i++)

f or (m=0, sum=0; m<=Ri-1;m ++)sum += temp[m ];
i f(i>P- Q)

f or (m=2* P-Q-i;m<= P-1;m ++)sum += temp[m];
seqi] = sum & 01;

[* initialize the table */
for(i=0;i <P;i++) st -> vec[i] = O;

[* compute the first P bits for this processor */
pos = stride = 1 << ns;

i f(stride <128) skip = 128 / stride ; else skip = 1;
whil e ((pos >>=1) > 0)

for(i=P ,n=0,j =Q;i<2* P;i++) seq[i] = seq[n ++]"seq |
++];

for(i=id & 01, j=0; i<2*P; i+=2) seq[j ++] = seq[i ];

id /= 2;

}

/* compute the first P numbers for this processor */
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n = -1;

j = n+Q;

pos = 1 << (sizeof(int)*8 - 1);
165 while (pos > 0)

for(i=0; i<P;i ++)
i f(seq [i]) st -> vec[i ] |= pos;
for(i=0; i<skip *P;i ++)

170
i f((++ n)==P)n=0;
Pf((++ J)== P)=0;
seq[ n] "= seq[j I;
175 pos >>= 1;
}
[* free up the workspace */
free (seq) ;
180 free (temp );
#i f def dbg
fclose (f)
#endi f
185
return(st );
#i fdef TEST
190

#define ns 3
#define n 1024

#defi ne correlations
195
void corr ( doubl e dl[], double d2[], int N, double *ans)

main ()
pofsr_state *r [ns];
200 unsi gned int uns]n
doubl e cl[n],c2 [n],ans ;
int ijk ;
for(i=0;i <ns;i ++) {
205 r{il = pgfsr_init (OxffffffL 98,27, ns,i);
}

for(i=0;i <nji++) {
for(j=0; j<ns ;j++) {
210 } ufj 1] = pafsr ([ D)
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#i f def correlations
215 printf  ("Generator %s correlations , %d from each of
%d streams .\ n",
"PGFSR',)n,ns );
for (i=0; i<ns ;i++)
for(=i+1;, j<ns jj++) {
for(k =0;k<n ;k++) {
220 clk] = (doubl e)u[ i]k];
c2[k] = (doubl e)u[ jJk];

corr( cl,c2, n,&ans );
printft  ("%d %d: %g\n", ij,ans );

225
#endi f
#i f def xlisp
printt  ("( defun source () (format t\n \"Source : "),
230 printf  ("Uniform random numbers from ");
printf  ("generator : %[%d], %d from each of %d streams
~%\") \n"
"pgfsr "0, n,ns) ;
printt  ("( def data -names (" );
for(i=0;i <ns;i ++) printf (" \"s% d\" ", i);
235 printf (") )\n(def data (transpose (split ~ -list ' n");
for(i=0;i <n;i++) {
for(j=0; j<ns ;j++) {
printt (" %d ",u [Ii 1)
240 printf  ("\n" );
printt (") %d)) )\n",ns );
printf  ("( source )\n") ;
printft  ("( regression -model (cdr data) (car data ))\n") ;
245 #endi f
}
#endi f

[Uniform]pgfsr.h
LISTING B.25

/* file : pgfsr .h
*
*/
5 #ifndef PGFSR_DEF

#def i ne PGFSR_DEF
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10 /* default dump file  name */
#def i ne DUMP_FILE "pgfsr .state .dump”
/* pgfsr state memory structure */
t ypedef struct {
15 i nt p; /* state memory length */
i nt a; /¥ polynomial offset  */
i nt sp; [* state pointer  */
unsi gned int *vec ; /* state vector pointer *
} pofsr_state
20
/* random number generator */
unsi gned i nt pgfsr (pgfsr_state *state );
/* full  initialization *
25 pofsr_state *pgfsr_init (unsigned int seed,int p,int q,
int ns,int id);
/¥ quick initialization (uses default p & q values ) */
pgfsr_state *pgfsr_ginit (unsigned int seed,int ns,int id
);
30 /* dump state memory to a file . opens default file if f
is null ¥
voi d dump_pgfsr_state  (pgfsr_state *s,FILE *f , char *m);
/* load state memory from file . opens default file if f
is null ¥
voi d load_pgfsr_state (pofsr_state *S,FILE  *f );
35
#endi f
[Uniform]random.c
LISTING B.26
/*
Title random_number
Last Mod: Fri Mar 18 08:52:13 1988
* Author : Vincent Broman
5 * <broman@schroeder .nosc .mil>
*/
#define P 179
#define PM1 (P - 1)
10 #define Q (P - 10)
#defi ne STATE_SIZE 97
#defi ne MANTISSA_SIZE 24
#defi ne RANDOM_REAL36777216.0
#define INIT_C 362436.0
15 #define INIT_CD 7654321.0
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#define INIT_CM 16777213.0

static unsigned int ni
static unsigned int nj
static doubl e u[STATE_SIZE ];
static double ¢, cd, cm
static unsigned int collapse (int anyint , unsigned int
size );
static unsigned int collapse (anyint , size )
i nt anyint ;
unsi gned i nt size ;
/*
* return a value between 0 and size -1 inclusive
* this value will be anyint itself if possible
* otherwise  another value in the required interval
*/
{
if (anyint < 0)
anyint = - (anyint [/ 2);
whil e (anyint >= size )
anyint /= 2;
return (anyint );
}
voi d start random_number (seed_a , seed_ b)
int seed a;
int seed b;
/*
* This procedure initialises the state table u for
lagged
* Fibonacci  sequence generator , filling it with
bits
* from a small multiplicative congruential sequence .
* The auxilliaries ¢, ni, and nj are also initialized
* The seeds are transformed into an initial state in
such a way that
* identical results are guaranteed across a wide
variety of machines .
*
doubl e s, bit ;
unsi gned int ii, jj, kk, mm;
unsi gned int I
unsi gned int sd;
unsi gned int elt, bit_ number ;
sd = collapse (seed a , PM1* PMJ);
i =1+ sd / PM1
j =1+ sd % PM1,;
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sd = collapse (seed_ b , PM1* Q;
kk =1 +sd / PM1,
I =sd %Q;
if (i == 1 &&jj == 1 && kk == 1)
i =2
ni = STATE_SIZE - 1,
nj = STATE_SIZE / 3;
c = INIT_C;
¢ /= RANDOM_REALS /* compiler might mung the
division itself */
cd = INIT_CD;
cd /= RANDOM_REALS
cm = INIT_CM;
cm /= RANDOM_REALS
for (elt = 0; elt < STATE_SIZE; elt += 1) {
s = 0.0;
bit = 1.0 / RANDOM_REALS
for (bit_number = 0; bit_ number < MANTISSA_SIZE;
bit number += 1)
mm= ((( i *j) %P) * kk) %P;
i = i
i = Kk
kk = mm;
N = (63 * + 1) %Q;
ifo * mm) % 64) >= 32)
s += bit;
bit += bit ;
ulelt] = s;
}
doubl e next_random_number ()
/*
* Return a uniformly distributed pseudo random number
* in the range 0.0 .. 1.0-2**(-24) inclusive
* There are 2**24 possible return values .
* Side -effects the non-local variables : u, ¢, ni, nj.
*/
doubl e uni;
if (uni] < ulnj
uni = u[ni] + (2.0 - u[mjp ;
el se
uni = u[ni] - u[nj I;
uni ] = uni;
if (ni > 0)
ni -= 1,
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el se

115 ni = STATE_SIZE - 1;
if (nj >0
nj -= 1
el se
120 nj = STATE_SIZE - 1;
if (c < cd)
c=c+ (cm - cd);
el se
125 c =c - cd;
if (uni < ¢)
return (uni + (.0 - c¢));
el se
130 return (uni - c);
}
[Uniform]random.h
LISTING B.27
/*
* Title randomnumber
Last Mod: Fri Mar 18 07:28:57 1988
Author : Vincent Broman
5 <broman@schroeder .nosc .mil>

10

15

20

*/

extern void start_ random_number () ;

ext ern doubl e next_random_number () ;

/*

*

*

This package makes available Marsaglia 's highly
portable  generator
of uniformly distributed pseudo -random numbers .

The sequence of 24 bit pseudo -random numbers produced

has a period

of about 2**144, and has passed stringent statistical

tests
for randomness and independence

Supplying two seeds to start_random_number is

required  once

at program startup  before requesting

numbers , like this:
start_random_number (101, 202) ;
r := next_random_number ();
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* The correspondence
generated sequences

between pairs

of seeds and

25 of pseudo -random numbers is many-to- one.
This package should compile and run identically on
any
* machine /compiler which supports >=16 bit integer
arithmetic
* and >=24 bit floating point  arithmetic
30 %
* References :
* M G Harmon & T P Baker, “An Ada Implementation of
Marsaglia s
* "Universal " Random Number Generator ", Ada Letters
, late 1987.
35 G Marsaglia , “Toward a universal random number
generator 7,
* to appear in the Journal of the American
Statistical Association
* George Marsaglia is at the Supercomputer Computations
Research Institute
* at Florida  State University
a0 */
[Uniform]randu.c
LISTING B.28
#i ncl ude <stdio .h >
#i ncl ude <stdlib . h>
#i ncl ude <math.h>
#i ncl ude "randu .h "
5
randu_state *initrandu (seed, ns,id )
| ong seed;
int ns, id;
{ int i
10 randu_state *s
s = (randu_state *)malloc (si zeof (randu_state )) ;
if(ls)
printf  ("RANDU state memory allocation failure \n") ;
exit (2) ;
15
s->seed = seed;
s$->Ns = ns;
s->id = id;
for(i=0;i <id;i ++) s->seed = (s ->seed *65539) & O
X 7fffffff ;
20 return(s) ;
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}

| ong olrandu (s)
randu_state *s;

25 { s->seed = ( s->seed*65539 )& OxTfffffff ;
return(s-> seed);
}
| ong randu (s)
30 randu_state *s;
{ int i
for(i=0;i <s->ns ;i++) s->seed = ( s->seed*65539 )& O
bdiiiin ;
return(s-> seed);
}
[Uniform]randu.h
LisTING B.29
#defi ne RANDU_MAX147483648 L
t ypedef struct {
int ns;
5 int id;
| ong seed;
} randu_state ;
randu_state *initrandu (long seed, int ns, int id) ;
10 | ong randu (randu_state *s);
[Uniform]ranlib.c
LISTING B.30
#i ncl ude "ranlib .h"
#i ncl ude <stdio .h >
#i ncl ude <stdlib . h>
5 |ong mitmod (1 ong a, |l ong s, | ong m);
voi d advnst (I ong k)
/*
*kkk *kkkkkhkk *kkkkkkk *kkkkkkk kkkkkkkk kkkkkkkk kkkkkkkk
10 void advnst (long K)
ADVa-N-ce ST-ate
Advances the state of the current generator by 27K

values and
resets the initial seed to that value.
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This is a transcription from Pascal to Fortran
routine
Advance_State  from the paper

of

L'Ecuyer , P. and Cote, S. "Implementing a Random

Number Package

with  Splitting Facilities " ACM Transactions
Mathematical

Software , 17:98-111  (1991)

Arguments
k -> The generator is advanced by2”K values
*kkk *kkkkkhkk *kkkkkhkk *kkkkhkkk kkkkkkkk kkkkkkkk

*/

#def i ne numg 32L

extern void gsrgs (|l ong getset ,|ong *qualue );
extern void gscgn (|1 ong getset ,long *Qg);
extern | ong Xml,Xm2Xal ,Xa2, Xcgl[], Xcg2[];
static long g,ibl b2 ;

static long qgrgnin ;

/*
Abort unless random number generator initialized
*/
gsrgs (OL,& qgrgnin );
i f(grgnin ) goto S10;
puts (* ADVNSTcalled before random generator
initialized - ABORT);
exit (1);
S10:
gscgn (OL,& Q);
ibl = Xal,;
ib2 = Xa2;
for(i=l; i<=k; i++)
ibl = mitmod (ibl, ibl,Xm1l );
ib2 = mitmod (ib2, ib2,Xm2 );
}
setsd (mlitmod (ibl ,*(Xcgl +g-1),Xm1l ),mitmod (ib2,*(
/*
NOW, IB1 = A1*K ANDIB2 = A2**K
*/

#undef numg

voi d getsd (|l ong *iseedl ,|ong *iseed2 )
/*

*kkk *kkkkhkkk *kkkkhkkk *kkkkhkkk kkkkkkkk kkkkkkkk

void getsd (long *iseedl ,long *iseed2 )
GET SeeD
Returns the value of two integer seeds of the
current  generator
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This is a transcription from Pascal to Fortran of
routine

Get_State from the paper

L'Ecuyer , P. and Cote, S. "Implementing a Random
Number Package

with  Splitting Facilities
Mathematical

Software , 17:98-111 (1991)

Arguments
iseedl <- First integer seed of generator G

iseed2 <- Second integer seed of generator G
*kkk *kkkkkhkk *kkkkkhkk *kkkkhkhkk kkkkkkkk kkkkkkkk *kkkkkkk

ACM Transactions on

*/

#def i ne numg 32L

extern void gsrgs (|l ong getset ,long *qualue );
extern void gscgn (|l ong getset ,long *Qg);
extern |l ong Xcgl[], Xcg2l];

static long g;

static long qgrgnin ;

/*

Abort unless random number generator initialized
*/

gsrgs (OL,& qgrgnin );

i f(grgnin ) goto S10;

printf  (

" GETSDcalled before random number generator

initialized -- abort \n" );

exit (0);

S10:

gscgn (OL,& g);

*Yiseedl = *(Xcgl +g-1) ;

*iseed2 = *(Xcg2 +g-1) ;
#undef numg

}
Il ong ignlgi (void)
/*

*kkk *kkkkhkkk *kkkkhkkk *kkkkhkkk K*kkkkkkk Kkkkkkkk Kkkkkkkk

long ignlgi (void )
GeNerate LarGe Integer
Returns a random integer  following a uniform

distribution over

(1, 2147483562) using the current generator

This is a transcription from Pascal to Fortran of
routine

Random from the paper

L'Ecuyer , P. and Cote, S. "Implementing a Random
Number Package

with  Splitting Facilities
Mathematical

ACM Transactions on
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Software , 17:98-111  (1991)

100 *kkk * *% *% *% *%
*/

#defi ne numg 32L
extern void gsrgs (|l ong getset ,long *qualue );
105 extern void gssst (Il ong getset ,|ong *gset );
extern void gscgn (|l ong getset ,|ong *Q);
extern void inrgcm (voi d);
extern | ong Xml,Xm2Xal ,Xa2, Xcgl[], Xcg2[];
extern | ong Xganti [];
110 static long ignlgi ,curntg .k, sl1,s2 ,z;
static long qgssd ,grgnin

/*
IF THE RANDOMNUMBERPACKAGEHAS NOT BEEN
INITIALIZED  YET, DO SQ
IT CANBE INITIALIZED IN ONEOF TWOWAYS: 1) THE
FIRST CALL TO
115 THIS ROUTINE 2) A CALL TO SETALL
*/
gsrgs (OL,& qgrgnin );
i f( grgnin ) inrgecm () ;
gssst (0,& qgssd);
120 i f(! qgssd) setall (1234567890 L,123456789 L);
/*
Get Current  Generator
*/

gscgn (OL,& curntg );
125 sl = *(Xcgl +curntg -1) ;
s2 = *(Xcg2 +curntg -1) ;
k = s1/53668 L;
sl = Xal*( sl-k *53668 L)-k*12211;
if(sl < 0) sl += Xmj
130 k = s2/52774 L;
s2 = Xa2*( s2-k *52774 L)-k*3791;
if(s2 < 0) s2 += Xm2
*(Xcgl +curntg -1) = si;
*(Xcg2 +curntg -1) = s2;
135 z = sl-s2 ;
if(z <1) z += (Xml1l-1) ;
i f(*( Xganti +curntg -1) ) z = Xmkz;
ignlgi = z;
return ignlgi ;
140 #undef numg

}
voi d initgn (| ong isdtyp )
/*

*kkk * *% * *% * *% *% *% *%

145 void initgn (long isdtyp )
INIT -ialize current  Ge-N- erator
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Reinitializes the state of the current generator

This is a transcription from Pascal to Fortran of
routine
Init_Generator from the paper
L'Ecuyer , P. and Cote, S. "Implementing a Random
Number Package
with  Splitting Facilities " ACM Transactions on
Mathematical
Software , 17:98-111  (1991)
Arguments
isdtyp -> The state to which the generator is to be
set
isdtyp = -1 => sets the seeds to their initial
value
isdtyp = 0 => sets the seeds to the first value
of
the current  block
isdtyp = 1 => sets the seeds to the first value
of
the next block
*kkk * *% * *% * *% *% **% *%
*/

#def i ne numg 32L

extern void gsrgs (|l ong getset ,long *qualue );

extern void gscgn (|l ong getset ,|ong *g);

extern | ong Xml,Xm2Xalw , Xa2w ,Xigl [],Xig2 [], Xlgl[], Xlg2
[, Xcglf].Xcg2 [I;

static long g;

static long qrgnin ;

/*
Abort unless random number generator initialized
*/
gsrgs (OL,& qgrgnin );
i f(grgnin ) goto S10;
printf  (
" INITGN called before random number generator
initialized -- abort \n" );
exit (1);
S10:
gscgn (OL,& g);
if(-1 != isdtyp ) goto S20;
*Xlgl +g-1) = *(Xigl +g-1) ;
*Xlg2 +g-1) = *(Xig2 +g-1) ;
got o S50;
S20:
if(0 != isdtyp ) goto S30;
got o S50;
S30:
/*
do nothing
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*/

S40:

if(1 != isdtyp ) goto S40;
*(Xlgl +g-1) = miltmod (Xalw,*(Xlgl +g-1) ,Xm1l);

S50:

#un

VOi
/*

Kkkk

*kkk
*/

{
#de
ext
ext
ext
sta
sta
/*

*(Xlg2 +g-1) mitmod (Xa2w *(Xlg2 +g-1) ,Xm2);
got o S50;

printf  (“isdtyp not in range in INITGN");
exit (1);

*(Xegl +g-1) = *(Xlgl +g-1) ;

*(Xcg2 +g-1) = *(Xlg2 +g-1) ;

def numg

d inrgcm (voi d)

*kkkkhkkk *kkkkhkkk *kkkkhkkk K*kkkkkkk kkkkkkkk K*kkkkkkk

void inrgcm (void )

INitialize Random number Generator CoMmon
Function
Initializes common area for random number generator
. This saves
the nuisance of a BLOCK DATA routine and the
difficulty of
assuring that the routine is loaded with the other
routines
*kkkkkhkk *kkkkkhkk *kkkkkhkk *khkkkkkk *khkkkkkk *khkkkkkk

fine numg 32L
ern void gsrgs (|l ong getset ,|ong *qvalue );

ern | ong Xml,Xm2Xal ,Xa2, Xalw, Xa2w,Xalvw , Xa2vw;
ern | ong Xqanti [];

tic long T1;

tic long i

V=20; W=30;

AIW = MOD(AF*2" W),M1) A2W= MODA2*(2**  W)M2)
AIVW = MODAL*(2*( V+W)),M1) A2VW= MOIA2 **(2*(  V+
W)),M2)

If V or Wis changed A1W A2W Al1VW and A2VWneed to

*/

be recomputed .

An efficient way to precompute a*(2* j) MODmis to
start  with

a and square it | times modulo m using the function
MLTMOD

Xml = 2147483563 L;

Xm2 = 2147483399 L;
Xal = 40014 L;
Xa2 = 40692 L,
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240

245
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255

260

265

270

275

Xalw = 1033780774 L,
Xa2w = 1494757890 L,
Xalvw = 2082007225 L,

Xa2vw 784306273 L;

for(i=0; i<numg; i++) *(Xganti +i) = 0;

T1 = 1;
/*

Tell the world that common has been initialized
*
/

gsrgs (1L,& T1);
#undef numg

void setall (long iseedl ,|ong iseed2 )
/*

*kkk * *% * *% * *% *% *% *%

void setall (long iseedl ,long iseed2 )
SET ALL random number generators
Sets the initial seed of generator 1 to ISEED1 and
ISEED2. The
initial seeds of the other generators are set
accordingly , and
all generators states are set to these seeds.
This is a transcription from Pascal to Fortran of
routine
Set_Initial_Seed from the paper
L'Ecuyer , P. and Cote, S. "Implementing a Random
Number Package
with  Splitting Facilities
Mathematical
Software , 17:98-111  (1991)
Arguments
iseedl -> First of two integer seeds
iseed2 -> Second of two integer seeds

ACM Transactions on

*khkk * * * *% * *% *% *% *%

*/

{

#def i ne numg 32L

extern void gsrgs (|l ong getset ,long *qualue );
extern void gssst (|l ong getset ,long *gset );
extern void gscgn (|l ong getset ,long *Q);
extern | ong Xml,Xm2Xalvw ,Xa2vw ,Xigl [], Xig2[];
static long T1,;

static long g,ocgn ;

static long qgrgnin ;

T1 = 1,
/*
TELL IGNLGI, THE ACTUAL NUMBERGENERATOR THAT THIS
ROUTINE
HAS BEEN CALLED
*/
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280

285

290

295

300

305

310

315

gssst (1,& T1);
gscgn (OL,& ocgn);
/*
Initialize CommonBlock if Necessary
*/
gsrgs (OL,& qgrgnin );
i f( grgnin ) inrgecm () ;
*Xigl = iseedl ;
*Xig2 = iseed2 ;
initgn (-1 L);
for(g=2; g<=numg; g++) {
*( Xigl +g-1) = mltmod (Xalvw *( Xigl +g-2) ,Xml) ;
*( Xig2 +g-1) = mltmod (Xa2vw ,*( Xig2 +g-2) ,Xm2) ;
gscgn (1 L,&g );
initgn  (-1L) ;

gscgn (1L,& ocgn);
#undef numg

voi d setant (| ong qvalue )

%
i*** *kkkkkhkk *kkkkkhkk *kkkkhkkk kkkkkkkk kkkkkkkk kkkkkkkk
void setant (long qvalue )
SET ANTithetic
Sets whether the current generator produces
antithetic values . If
X is the value normally returned from a uniform
[0,1] random
number generator then 1 - X is the antithetic value
If X is the
value normally returned from a uniform [O,N ] random
number
generator then N - 1 - X is the antithetic value .
All  generators are initialized to NOT generate
antithetic values .
This is a transcription from Pascal to Fortran of
routine
Set_Antithetic from the paper
L'Ecuyer , P. and Cote, S. "Implementing a Random
Number Package
with  Splitting Facilities " ACM Transactions on
Mathematical
Software , 17:98-111  (1991)
Arguments
gvalue -> nonzero if generator G is to generating
antithetic
values , otherwise  zero
*kkk * *% * *% * *% *% **% *%
*/
{
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#defi ne numg 32L
extern void gsrgs (|l ong getset ,|ong *qualue );
extern void gscgn (|l ong getset ,long *g);
320 extern | ong Xqganti [];
static long g;
static long qrgnin ;

/*
Abort unless random number generator initialized
325 *
gsrgs (OL,& qgrgnin );
i f(grgnin ) goto S10;
printf  (
" SETANT called before random number generator
initialized -- abort \n" );
330 exit (1);
S10:
gscgn (OL,& Q);
Xganti [g-1] = qvalue ;
#undef numg
335
voi d setsd (| ong iseedl ,|ong iseed2 )
%
i*** *kkkkkhkk *kkkkkkk *kkkkkkk kkkkkkkk kkkkkkkk kkkkkkkk
void setsd (long iseedl ,long iseed2 )
340 SET S-ee- D of current generator
Resets the initial seed of the current generator to
ISEED1 and
ISEED2. The seeds of the other generators remain
unchanged .
This is a transcription from Pascal to Fortran of
routine
Set Seed from the paper
345 L'Ecuyer , P. and Cote, S. "Implementing a Random
Number Package
with  Splitting Facilities " ACM Transactions on
Mathematical
Software , 17:98-111 (1991)
Arguments
iseedl -> First integer seed
350 iseed2 -> Second integer seed
*kkk * *% * *% * *% *% *% *%
*/
{

#defi ne numg 32L

355 extern void gsrgs (I ong getset ,|ong *gvalue );
extern void gscgn (|l ong getset ,long *Q);
extern |l ong Xigl[], Xig2 [];
static long g;
static long qgrgnin ;

360 /*

259



Abort unless random number generator initialized

*/
gsrgs (OL,& qgrgnin );
i f(grgnin ) goto S10;

365 printf  (
" SETSDcalled before random number generator
initialized -- abort \n" );

exit (1);

S10:

gscgn (OL,& Q);
370 *(Xigl +g-1) = iseedl ;
*(Xig2 +g-1) = iseed2 ;
initgn (-1 L);
#undef numg

}
375 | ong Xm1Xm2,Xal, Xa2,Xcgl [32], Xcg2[32], Xalw, Xa2w, Xigl
[32], Xig2 [32], Xigl [32],
Xlg2 [32], Xalvw,Xa2vw ;
| ong Xqanti [32];

voi d gsrgs (|l ong getset ,|ong *qvalue )

380 /[*
*kkk *kkkkkhkk *kkkkkhkk *kkkkkhkk kkkkkkkk kkkkkkkk kkkkkkkk
void gsrgs (long getset ,long *qvalue )
Get/Set Random Generators  Set
Gets or sets whether random generators set (
initialized ).
385 Initially (data statement ) state is not set
If getset is 1 state is set to qvalue
If getset is O state returned in qvalue
*kkk *kkkkkhkk *kkkkkhkk *kkkkkhkk kkkkkkkk *kkkkkkk kkkkkkkk
*/
390
static long qginit = O;
i f(getset == 0) *qualue = ginit ;
el se ginit = *qvalue ;
395
voi d gscgn (|l ong getset ,long *g)
%
i*** * *% * *% * *% *% *% *%
void gscgn (long getset ,long *g)
400 Get/Set GeNerator
Gets or returns in G the number of the current
generator
Arguments

getset --> 0 Get
1 Set
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g <-- Number of the current random number generator
(1..32)
*kkk * *% * *% * *% *% *% *%
*/
L
#def i ne numg 32L
static long curntg = 1,
i f(getset == 0) *g = curntg ;
el se {
if((g <0 *g > numg) {
puts (" Generator number out of range in GSCGNY)
exit ’(0);
curntg = *g;
}
#undef numg
| ong mitmod (1 ong a, l ong s, | ong m)
/*
*kkk * *% * *% * *% **% *% **%
long mitmod (long a,long s,long m
Returns (A*S) MODM
This is a transcription from Pascal to Fortran of
routine
MULtMod_Decompos from the paper
L'Ecuyer , P. and Cote, S. "Implementing a Random
Number Package
with  Splitting Facilities " ACM Transactions on
Mathematical
Software , 17:98-111 (1991)
Arguments
a s, m-->
*kkk * *% * *% * *% *% *% **%
*/

{
#define h 32768 L
static | ong mitmod ,a0,al k,p ,q,9h ,rh;

/*

H= 2% b-2) /2) where b = 32 because we are using a
32 hit

machine . On a different machine recompute H

*/
if((a<=0]]] a>m]|| s<=0] s > n) goto S10;
puts (* a, m, s out of order in mitmod - ABORT );
printtt (" a = %12d s = %12dd m = %124d\n" ,a,s, m);
puts (* mltmod requires : 0 <a <m; 0 <s < m";
exit (1);

S1o:
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500

if(( a < h) goto S20;

a0 = a;
p=0
goto S120;
S20:
al = a/h;
a0 = a-h* al;
gh = m/h;
rh = m-h* gh;
if(( al >= h)) goto S50;
al -= h;
k = s/gh;
p = h*@s- k*gh) -k*rh;
S30:
if(( p < 0) goto S40;
p += m;
goto S30;
S40:
got o S60;
S50:
p=0
S60:
/*
P = (A2*S*H)MOD M
*/
if(( al '= 0)) goto S90;
q = m/al;
k = s/qg;
p -= (k*( m-al*q));
ifp >0 p-=m
p += (al*( s-k* q));
S70:
if(( p <0) goto S80;
p += m;
goto S70;
S90:
S80:
k = pl/gh;
/*
P = (( A2*H + A1)*S)MOD M
*/
p = h*(p- k*gh) -k*rh;
S100:
if(( p < 0) goto S110;
p += m;
got o S100;
S120:
S110:
if(( a0 !'= 0)) goto S150;
/*
P = (( A2*H + Al)*H*S)MOD M
*/
q = m/a0;

262



505

510
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525

530
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540

k = s/q;
p -= (k*( m-a0* q));
ifp >0 p-=m
p += (a0*( s-k* q));
S130:
if(( p < 0) goto S140;
p += m;
goto S130;
S150:
S140:
mitmod = p;
return mitmod ;
#undef h
}
voi d gssst (|l ong getset ,long *gset )
/*

*kkk * *% * *% * *% *% *% *%

void gssst (long getset ,long *gset )
Get or Set whether Seed is Set
Initialize to Seed not Set
If getset is 1 sets state to Seed Set
If getset is O returns T in qgset if Seed Set
Else returns F in (gset

*kkk *kkkkkkk *kkkkkkk *kkkkkhkk kkkkkkkk kkkkkkkk kkkkkkkk
*/
static long qgstate = 0;

i f(getset = 0) qgstate = 1;

el se *gset = qgstate ;

float ranf (void)
/*

*kkk *kkkkhkkk *kkkkhkkk *kkkkhkkk kkkkkkkk K*kkkkkkk Kkkkkkkkk

float  ranf( void)
RANDomnumber generator as a Function

Returns a random floating point number from a
uniform  distribution

over 0 - 1 (endpoints of this interval are not
returned ) using the

current  generator

This is a transcription from Pascal to Fortran of
routine

Uniform_01 from the paper

L'Ecuyer , P. and Cote, S. "Implementing a Random
Number Package

with  Splitting Facilities
Mathematical

Software , 17:98-111 (1991)

ACM Transactions on
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*kkk *kkkkhkkk *kkkkhkkk *kkkkhkkk kkkkkkkk kkkkkkkk Kkkkkkkk

545 */
static float ranf ;
/*
4.656613057 E-10 is 1/M1 Mlis set in a data
statement in IGNLGI
550 and is currently 2147483563. If M1 changes, change
this also .
*/
ranf = ignlgi () *4.656613057 E-10;
return ranf ;
}
[Uniform]ranlib.h
LisTING B.31
/* Prototypes  for all user accessible RANLIB routines */
extern void advnst (I ong K);
extern void getsd (|l ong *iseedl ,I|ong *iseed2 );
5 extern long ignlgi (void);
extern void initgn (Il ong isdtyp );
extern void setall (long iseedl ,|ong iseed2 );
extern void setant (|l ong qvalue );
extern void setsd (long iseedl ,|ong iseed2 );
10 extern float ranf (void);
extern void gscgn (|l ong getset ,long *g);
[Uniform]superc
LISTING B.32
/* Marsaglia ’'s "super -duper " random number generator
which is also
* used in at least two statistical computing
environments -- S and
* Berkeley ISP.
*
5 * This generator outputs the exclusive -or of two good
generators . The
* output is
*
* tseed ~ cseed
*
10 * (or that divided by 2 to the 32) where cseed a linear

congruential
* generator updated by the single C statement
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*

* cseed *= 69069;

* and tseed is a a Tausworthe (linear feedback shift
register ) generator

* updated by

*

* tseed "= ((tseed >> 15) & 0377777) ; \

* tseed "= (tseed << 17); \

*

* this produces an incredibly long period and very good
randomness properties

*/

#i ncl ude <stdio .h>

#i ncl ude <stdlib . h>

#i ncl ude <math .h>

#i ncl ude "super .h"

super_state *initsuper (seed, ns,id )

unsi gned int seed;

int id, ns;
{ int i
super_state

S = (super_state

if(s) {
printf

")

exit (2);

S->NsS = ns;
s->id = id;
s->cseed =
s->tseed =
for (i=0; i<id

s-> cseed

s-> tseed

s-> tseed
}

r et urn(s);

}

unsi gned i nt super

super_state *s;
{ int i
for(i=0;i <s->ns
s->cseed *=
s->tseed "=
s->tseed "=

return(s-> tseed

(" SUPER state

*S;
*)malloc  (si zeof (super_state ));

memory allocation failure

seed;
seed;

i) |
*= 69069;
A= (( s->tseed
(s ->tseed

>> 15) & OxIffff );
<< 17);

N=

(s)

jitt) {

69069;

((s-=> tseed >> 15) & OxIffff );
(s->tseed << 17);

Ns->cseed );
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[Uniform]superh

LISTING B.33
t ypedef struct {
int ns;
int id;
unsi gned | ong cseed ;
5 unsi gned | ong tseed ;

} super_state ;

super_state *initsuper (unsigned int seed, int ns, int id

)

unsi gned i nt super (super_state *s);
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