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Computersimulationprocedureshave becomea stapleof researchand

developmentin many fields,includingstatistics.Thegenerationof pseudo

randomnumbersequencesis thecoreof computersimulationprocedures.

Validity of researchresultsoften dependon the underlyingvalidity of the

generatorbeingused.

In this work we develop the machineryfor a classof testsof spatial

uniformity basedonamulti-dimensionalFouriertransformof theempirical

probability densityfunction. The testcanbe adaptedto specificrequire-

mentsandhasthe addedadvantagethat it hascomputationalcomplexity

thatis relatively independentof thenumberof datapointsbeinganalyzed.
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CHAPTER I

INTRODUCTION

This dissertationpresentsthetheoryandapplicationof a powerful new

family of tests,theEmpiricalSpectralTest(EST),for the"randomness"of

a randomnumbersequence.The EST detectsmany typesof multidimen-

sionalstructureandhasa widechoiceof optionswithin thefamily.

Pseudorandomnumbersequencesandrandomnumbersequenceshave

many importantapplications.They arecritical in protocolsandsystemsin

numerousareas,includingcryptography[13], networking,andcommunica-

tions. Generating"good" pseudorandomnumbersequencesis alsoat the

coreof computersimulationprocedures,which have becomea fundamen-

tal tool in many fields,includingStatistics[47,48, 40], ComputerScience,

Physics[26], OperationsResearch,Optimization[8], ComputationalChem-

istry, andEnvironmentalScienceamongothers.We will only briefly refer

to someof theseapplicationsin orderto show how theESTcanbeapplied.

What follows is a summaryof the main points in the chaptersof this

work.

Chapter2, Background,will provide backgroundinformationon ran-

domandpseudorandomsequences,anda few of theirapplications,aswell

as referencesto someof the teststhat have beendevelopedfor thesese-

quences.This presentationwill not becomplete,but will provide whatwe

needto motivateourdevelopmentof theEST.
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Chapter3, The Empirical SpectralTest (EST), will presentthe EST

algorithm,which is basedon a multidimensionalFFT. The complexity of

the EST algorithm is discussedand a comparisonwith two well known

tests,the SpectralTestof Coveyou andMacPherson[19] andDiscrepancy

testof Niederreiter[78] is given.Computercodefor theESTis providedin

AppendixB.

Chapter4, The EST Distribution, will presentthe asymptoticsfor the

distributionof theEST, which is thebasisfor usingtheESTasa teststatis-

tic. This is themajorresultof thisdissertation.

Chapter5, Applying theEST, will discusthe implicationsof the three

parametersin the EST family of tests. Thoseparametersare: the number

of dimensions(k), cellsperdimension(b), andsamplesize(N). It will also

addressrepeatingthetestwith multipleseeds,usingthetestonspecialsub-

sequencesof therandomnumberstreamandwhatit meanswhena random

numbergeneratorfailsanESTtest.

Chapter6, A Comparisonof SomeRNGs,will presentthe resultsof a

numberof ESTrunson severalwell known pseudorandomnumbergener-

ators(PRNGs).A largerlisting of ESTrunsis includedin AppendixA. We

seeherethat theESTis a usefultest. It is very easyto make up a new test

for a randomnumberstream,but very hardto make up a new test that is

usefulandpractical.

Chapter7, Summaryand FutureWork, will end this text with a few

remarkson what we have achieved in this work andwhat shouldbe done

next.
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CHAPTER II

BACKGROUND

This chapterpresentsbackgroundinformationon randomandpseudo

randomsequences:afew of theirapplications,themostcommongenerators

for them,desirablepropertiesthey shouldhave, andsomeof the teststhat

havebeendevelopedfor thesesequences.This presentationis not intended

to be exhaustive, but will provide sufficient information to motivate our

developmentof theESTandreferencesfor thereaderto explorefurther.

Of specialinterestwill be a well known exampleof a pseudorandom

numbergenerator(PRNG), RANDU. RANDU was a very widely used

PRNGthatwaseventuallyfoundto have a startlingnon-randomstructure.

This discovery leadto a major theoreticalbreakthroughin theunderstand-

ing of theentireclassof linearcongruentialgenerators(LCGs). In chapter

6 wewill show thattheESTdetectsproblemswith RANDU. This indicates

thatESTcanbea usefultest,sinceRANDU easilypassesmany testsused

onPRNGs.

Two of the testsfor PRNGspresentedherearealsoof direct interest,

the SpectralTestof Coveyou andMacPherson[19] andDiscrepancy Tests

of Niederreiter[78]. Thesetestsareconsideredsomeof themostpowerful

known, but they only apply to specific(but important)classesof PRNGs.

The EST can be expectedto test for the samestructures,andmore, that

3



thesetestsdetectand the EST can be appliedto any PRNG.Becauseof

this, theESTshouldbewidely acceptedasanew tool in RNGtesting.

2.1. Usesof Random Numbers

In this sectionsomeof the commonusesfor randomnumberstreams

will bepresented.First we needto definewhata randomnumbersequence

is. Thisis actuallyaveryhardandsubtlethingto do,andwewill havemore

to sayaboutthis in section2.5.

DEFINITION 2.1.1. Let U be a uniform [0,1) randomvariable(this is

denotedasU[0,1)). A sequence� � � �"! � �"# �%$�$%$ of independentidentically

distributed(iid) samplesfrom U[0,1) is calledaU[0,1) randomsequence.

Note thatafter thesamplingis donethereis nothingrandomaboutthe

sequence,each�'& is a fixedknown realnumber. Hencea randomnumber

sequenceis not itself random,but simply a sequenceof samplesfrom a

randomprocess.Thisdifferenceis important.

A pseudorandomnumbergenerator(PRNG) is a deterministicalgo-

rithm, which is usedto generatea pseudorandomsequence.Whenwe use

PRNGs,we arenot samplingfrom a randomprocess,but from a process

which hasbeencarefully designedto provide sequencesof numberswith

theimportantpropertiesof randomsequences.

We have just toucheduponthe surfaceof what a randomsequenceis.

For morediscussionseeKnuth[49] section3.5

2.1.1. Simulation Models. Computersimulationhascometo beused

in almostevery field. In many casesphysicalphenomenaarenot directly
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observable, such as in astrophysicsor in the realmsof particle physics

wherehumanswill never be able to go to or seeinto physicalprocesses.

For thesecases,simulationis usedto exploreandvalidatephenomenathat

areunobservable. Evenwhenthesystembeingstudiedis observable,it is

oftenlessexpensive to usesimulationthanto build instrumentscapableof

observingwith sufficient detail. In eithercase,many externalandinternal

factorscannot,eitherbecauseof lack of knowledgeor excessive compu-

tational cost, be readily modeled. A standardapproachis to replacethe

detailedmodelwith a statisticalreplacementwhich will provide inputsor

behavior equivalentto apparentrandomnessof therealworld.

In thesemodelingsituations,uniformity of the underlyinggenerator

must be assuredto prevent inadequatecoverageof the input or behavior

spacebeing modeled. Independencein multiple dimensionsmust be as-

suredto preventhiddencorrelationsin thegeneratorfrom causingunreal-

istic correlationsin modelbehavior. Thesedifficultiesbecomemoretrou-

blesomeasmodelingextendsinto parallelcomputationalenvironments[35].

Generalreferencesherearenumerous,but agoodplaceto startwouldbean

introductoryOperationsResearchtext suchasHillier andLieberman[38].

2.1.2. Statistical Techniques.

2.1.2.1. DistributionSamples.Thecoreof bothstatisticalsamplingand

simulationsof stochasticprocessesis thegenerationof randomsequences

from varioustargetdistributionssuchastheNormal,Gamma,Beta,Bino-

mial, Poissonandothers.Thesetechniquesarediscussedbriefly in section

2.2.1. A goodsourcefor methodsof generatingdifferentsampledistribu-

tionsfrom U[0,1) sourcescanbefoundin KennedyandGentle[47].
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If the underlyingU[0,1) generatorfails in either uniformity or inde-

pendence,samplingplanscanbeskewed,producingbiasedresults.When

simulatingstochasticprocessesor datasetsto testestimationand testing

schemes,failure of eitheruniformity or independencewill alsocausebi-

asedresults.

2.1.2.2. Resampling.Resamplingis a statisticaltechniquefor estima-

tion of bias,varianceandothermeasuresof errorwhich canbeusedwhen

theoreticalderivation of thesequantitiesare impractical. The two major

techniquesin this classaretheJackknifeandtheBootstrap.

Thesetechniquesarebasedon thesimpleideaof startingfrom a single

randomsample(or randomsequence)andgeneratingnew sequencesfrom

thissamplevia randomsampling.Thedesiredestimateis thenformedfrom

theanalysisof thesenew randomsequences.

Goodstartingpointsfor theinterestedreaderwouldbeEfron[23] or the

collectioneditedby LePageandBillard[60] andKleijnenet. al.[48].

2.1.3. Monte Carlo Integration. Monte Carlo integration treatsnu-

mericalintegrationasa statisticalsamplingproblem,allowing a statistical

estimateof the value of the integral rather than a numericalapproxima-

tion. Thetechniqueis mostoftenusedin high dimensionalintegralswhere

standardtechniquesare too slow, or integralsover regionswith singular-

ities which causenumericalproblems. In this classof problems,"spatial

uniformity" of n-tuplesis moreimportantthansomeothermeasuresor ran-

domness,suchasindependenceof adjacentn-tuples.Also herethecommon
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lattice methodswhich are"too uniform" to be randomareactuallyan ad-

vantagein integration, resultingin a lower expectedintegrationerror. A

goodstartingpoint for furthermaterialwouldbeNiederreiter[78].

2.1.4. Optimization. Numericaloptimizationis a classof techniques

for findingtheminimumof amultidimensionalsurface.Many of thesetech-

niquesusea variationof gradientdescentandarenot themselvesrandom-

ized (even if theunderlyingsurfacemay bestochastic).Thereareseveral

areasof optimizationwhichuserandomnumbers.

Oneareais simulatedannealing,whererandomsequencesareusedto

helpthealgorithmto pull out of local optima.This is analogousto thean-

nealingprocessusedto producemaleablemetalsby heatingandthenslowly

cooling. A discussionof simulatedannealingcanbe found in Numerical

Recipes[1, 50] amongothers.

A secondareais geneticalgorithms,which is usuallyappliedin situ-

ationswherethe underlyingsearchis over a discretespace.Randomized

recombinationsof anunderlyingkey or codeareperformed,searchingfor

a maximumof somemeasureof thequality of thesystemspecifiedby the

code. This is analogousto how evolution is believed to progressthrough

therandomrecombinationof DNA strands.A recentdiscussionof genetic

algorithmscanbefoundin [8, 31,5, 6].

In bothcasesabove,correlatedrandomnumbersor insufficientvariation

in the randomizationcan causea degradationor completefailure of the

algorithmto achieve it’ sgoals.

2.1.5. Cryptography and Security. Cryptographyand computerse-

curity makeheavy useof randomnumbergeneratorsincludingapplications
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in streamciphers(commonlyusingLFGsfor speed),digital signaturesand

key exchange.Theseapplicationsareprimarily concernedwith thetheabil-

ity (or preferablythelackthereof)to ’crack’ thecodebeingused.Onemea-

sureof this is theKolmogorov complexity which is thelengthof theTuring

machinerequiredto generatethesequenceor code.

A good sourceof additional information for cryptographywould be

Schneier[13]. For more information on Kolmogorov complexity, seeLi

andVitanyi[63]. A discussionof a PRNGspecificallydesignedwith cryp-

tographicusein mind [Yarrow-160]canbefoundin [46].

2.2. RNG, PRNG, TRNG (and What is a "T rue" RandomNumber)

Thedefinitiongivenfor arandomnumbersequence,in section2.1,begs

thequestionof how suchasequenceis captured.Therearetwo approaches

to thisproblem.Thefirst approachis to generatearandomsequencewith a

physicaldevicewhichwewill call a randomnumbergenerator(RNG).

Thesecondapproachis to useadeterministicalgorithm,calledapseudo

randomnumbergenerator(PRNG),to generatewhatis calledapseudoran-

domsequencein [0,1). Thehopeis that thepseudorandomsequencepro-

videsthesameusefulnessasa randomsequencewould.

A randomnumbergenerator(RNG) is ameansfor generatingarandom

numbersequence.Note that no computerprogramor other methodthat

producesapredictableor reproduciblesequenceof valuescanbeusedasan

RNG.Or asJohnvonNeumannsaid,

"Anyone who considersusing arithmeticalmethodsof

producingrandomdigits is, of course,in a stateof sin."

8



Only a suitablephysicaldevice capableof "true" (sic) randombehavior

canbeusedasanRNG. Someauthorsrefer to suchdevicesas"true" (sic)

randomnumbergenerators(TRNGs). We will not usetheredundantterm

"true" with randomnumbersequencesand generators.This will be ex-

pandedon in thenext section.

A pseudorandomnumbergenerator(PRNG) is a deterministicalgo-

rithm, which is usedto generatea pseudorandomsequence.Again, as

mentionedabove, a PRNGcannot generatea randomsequence.The ad-

vantagesof a PRNGover an RNG aremany (speed,reproducibility, cost

etc...) andthesewill be discussedin the sectionon PRNGsthat follows.

Thequestionis "Doesthefact thatthepseudorandomsequenceis not ran-

domadverselyeffect its usein aspecificapplication?"

2.2.1. Other Distrib utions. AlthoughthisworkconcentratesonU[0,1)

randomandpseudorandomsequences,this is not really a restrictionbe-

causeall thecommonlyrequiredrandomsequenceswith distribution other

thenU[0,1) canbeeffectively generatedfrom U[0,1) sequences.Suchdis-

tributionsincludeZ[0,1], Z[0,n}, N (*),+ !�- , P(. ), etc.Many of theavailable

library PRNGsfor thesenon-uniformdistributionstakethisapproach.Next

two simple,but very important,examplesof this follow.

As a first example,given a u[0,1) randomsequence,�/� � �"! �%$%$%$ . One

methodof producingauniformz[0,m)randomsequenceis to take,, �%� � ��! ��$%$%$ ,
where ��&1032 � �'&54 . Here 276'4 is thefloor function,returningthe largestin-

tegernotgreaterthanits argument.
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As anotherexample,if 8:9 � is theinverseof theprobabilitydistribution

function 8 , thenthesequence6/� � 6"! �%$�$%$ , where,6'&;0<8=9 � (*�'& - , is arandom

sequencewith distribution 8 .

When 8:9 � cannot be explicitly expressed,the inversecansometimes

be computedsufficiently well numericallyfor each �'& . This even applies

when 8 is notmonotonic,with aproperinterpretationfor 8=9 � .
Many moreinvolvedproceduresexist for theefficientgenerationof spe-

cific non-uniformrandomsequencesfrom randomandpseudorandomuni-

form sequences.It is notourpurposeto catalogthemhere,for furtherstudy

thereaderis directedto KennedyandGentle[47] andKnuth[49].

2.3. RNGsFrom Physical Devices

As alreadynoted,noalgorithmcanbeusedasanRNG.Therearehow-

everseveralcommonphysicaldevicesthatareusedassourcesfor random-

ness.Wewill mentiona few of themhereandthenpointout thatevenwith

aphysicaldevicebasedRNG, thereis still a needfor testingtheRNG.

2.3.1. Distilling Randomness.Thephysicalsystemsmentionedbelow

all areusedassourcesof randomnessto constructRNGs. Thesephysical

systemsall mayhavenon-uniformdistributions.TheusualRNGbasedona

physicalsystemwill collectsinglerandombinarybits in astream��� � ��! �%$%$%$
that will be hopefully nearindependent,but may not be nearlyuniformly

distributed. Thesenon-uniformbits will thenbe usedin an algorithmto

producea bit stream >%� � >�! �%$%$%$ that will have a uniform or nearuniform

distribution.
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It will usuallyrequiremorethanonebit in thenon-uniformsequenceto

produceonebit in themoreuniform sequence.Sometypesof dependence

in abit sequencecanbereducedat thecostof extrabitsaswell. Two simple

examplesare:

EXAMPLE. Assume(*��& - is binomial(iid), with anunknown bias ? , that

is @BA � �C&;0 �D	 0 ��$FEHG ? , with
GI��$FE 
J?:
 ��$KE

. Now let >�&;0L��!M& 9 ��NO��!M& where

" N " is theXOR booleanoperator. It is simpleto seethatthebiasin >�& is nowP ? ! . If four termswereXORedtogetherinsteadof two, thebiaswould be

only QR?TS . If the �C& wereiid, andthushadno correlations,thenthe >�& would

alsobeiid.

Usingbits from (*�C& - cancompletelyeliminatebiasin the (*>�& - (whenthe

biasis not 0.5or -0.5)by applyingthefollowing:

j=1

for(i=1; ; i++) {

while ( ��!VU 9 � == ��!VU ) {

j = j+1;

}>�&/0W��!VU 9 � ;
}

Notethatthenumberof bitsrequiredtogenerateeach>�& isnon-deterministic,

but at least
P
.

Thereare many other methodsthat have beenproposedfor distilling

randomness,includingreducingbiasandcorrelation.Someof thesemeth-

odsincludetheuseof: transitionmappings,compressionandtheFFT. You
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canalsodesignanRNGthatcombinestheoutputsof severalseparatephys-

ical processes.Many moremethodshavebeenproposedthanis appropriate

to detail here. Thesewould be goodstartingpointsfor moreinformation

[87, 21].

2.3.2. SomePhysical Sources of Randomness.One sourceof ran-

domnessis radioactive decay. According to quantumtheory, the time it

takesaradioactiveisotopeto decayis arandomeventwith anegativeexpo-

nentialdistribution. Someasuringthe time betweenthedecayof particles

or thenumberof decaysin afixedtime for a radioactivesampleis asource

of randomness.

Givenasampleof aradioisotopewith areasonablylonghalf life, if you

seta time of 1 minuteandobserve about600decaysin eachminute,then

settingthe binary bit ��& to 0 or 1 basedon whetherthe numberof decays

is evenor oddwill bea reasonable,but not quiteuniformly distributedbi-

narysequence.If you only observe about2 decays,therandomnessof the

sequencewill belesssatisfactory.

Commercialrandomnumbergeneratorchips using noise diodesare

available.An Intel Pentiumsupportchip set[42] includesnoisediodesand

machinelanguageinstructionsupportspecificallyfor randombit sequence

generation.Otherformsof electronicnoisegeneratingdevicescanbeused

aswell. Sincethesedevicesuselow level electronicphenomenafor ran-

domness,they shouldbeverycarefullyshielded,sincethey canbesensitive

to externalEMFs.
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Hardwarerelatedeventsin computers,especiallywith humanor other

nondeterministicevent drivers, have often beenusedas a sourceof ran-

domness.Many computergamesusedto usethe low order bits of high

resolutiontiming betweenkeystrokesasasourceof randomness.Hardware

eventssuchascomputerdisk driveevents[43] or systemevents,asusedin

theLinux operatingsystems/dev/randomfacility, arebecomingcommonly

available. Theserandomfacilitiesareneededto supportsecurecommuni-

cations.

2.3.3. TheNeedto TestRNGs. Althoughwehavelistedseveralsources

for randombits, and indicatedthat the randomnessof a sequencecanbe

"improved", it should be noted that designingand constructingreliable

RNGsis fraughtwith problems.Wehaveto addresstheinitial performance

of the RNG and,sinceit is basedon a physicalprocessthat will at some

pointbreakdown, theRNGmustbecontinuouslymonitored.

TheESTpresentedherecanbeusedinitially to provide many testsfor

non-randombehavior for anRNG.In somecases,whennon-randomstruc-

tureis detected,anunderstandingof theFFTmayprovidethedesignerwith

cluesto methodsfor improving theRNG, with eitherredesignedhardware

or a suitablepostprocessingprocedurefor thebits collected.It is expected

thattheESTwill beeffective in detectingshorttermcorrelationsandbiases

thatmaybepresentin RNGs.

TheESTcanalsobeusedto monitortheperformanceof theRNGover

time,lookingfor changesin thespectralsignatureof thegenerator. Thiscan

be moresensitive that simply testingthe generatorfor acceptabilityagain

13



at eachtime andhasthepotentialof predictingfailuresratherthansimply

detectingthemafterthey occur. Thiswill bethesubjectof futurework.

TheESTcouldbeappliedto theinitial randombit sequencein several

ways,aswell asbeingappliedto theoutputof an RNG (which may have

resultedfrom distilling proceduresappliedto theinitial bit sequence).

2.4. PseudoRNGs(PRNG)s

Herewepresenta generaldescriptionof a PRNGandthendescribethe

two of themostcommonPRNGs,thelinearcongruentialgenerator(LCG)

andthe laggedFibonaccigenerator(LFG). Finally we mentiona common

methodfor combiningtwo generatorsto produceanew generator. For a far

morecompletepresentationontheseandmany otherissuesof choosingand

testinggenerators,onecannotgo wrongin startingwith Knuth[49].

Most PRNGsnow in usehave a relatively simplealgorithm,with very

carefullychosenconstants.This is theresulta long historyof complicated

lookingalgorithmsproducingverynon-randomlookingpseudorandomse-

quences.A simplealgorithmthathasbeenstudiedandanalyzed,sothatit’ s

shortcomingsarethoughtto beknown andacceptable,shouldbepreferred

to onethathasnotbeenaswell analyzedandmayhaveseverehiddenprob-

lems. This falls backto the questionof "What is a randomsequenceand

how canwe testfor one?",whichweopenin Section2.5.

Seriousnon-randomnessin a PRNG may be well hidden,until a se-

quenceis usedin aspecificapplication,thatexposesit. In effecteachappli-

cationthatusesaPRNGisatestfor thePRNG.SomequantumMonte-Carlo
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simulationcodeshave beenusedasPRNGtests[91], for caseswhentheo-

reticalresultsfor thesimulationareknown, beforetrying thesimulationon

caseswheretheoreticalresultsarenotknow.

While good,this approachshouldbe usedwith care. Thereis an im-

plicit assumptionthat a casewhich a specificPRNGis acceptablecanbe

extrapolatedto new cases.As with any extrapolation,this is not always

true. Potentialserioushiddenproblemswith therandomnessof PRNGsis

the reasonthat whendoing simulationstudiesit is very prudentto repeat

the study a coupletimes using different typesof generatorsfor both the

theoreticallyknown andunknown cases.

2.4.1. Anatomy of a PRNG. Generally, aPRNGconsistsof two func-

tions that canbeseenby the user, get_urand()andinit_urand(),andfinite

spacesSEEDandSTATE, where:X get_urand:STATE-> STATE x [0,1)X set_urand:SEED-> STATE

Theuserfirst usesset_urand(),with somechoiceof seed,to setaninternal

stateY;Z . Theneach�'& is generatedby successivecallsto get_urand()asin:

/* chooseaseed*/

set_urand(seed);/* setSTATE S_0*/

for(i=1; i<=n; i++) {�'& = get_urand();

}

set_urand(seed);/* setSTATE S_0*/

for(i=1; i<=n; i++) {
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�'& = get_urand();

}

Notethatget_urand()hasnoarguments,it accessesa"hidden"STATE vari-

ableimplicitly. Internally, get_urand()hastwo functions:X state_to_real:STATE -> [0,1)X next_state:STATE -> STATE

With these,get_urandis simply

get_urand(){

externalSTATE state;

real u;

u = state_to_real(state);/* �'& = state_to_real(YH& ) */

state= next_state(state);/* YH&\[H� = next_state(YH& ) */

return(u);

}

Most PRNGsactually producean integer from the statefirst, using

booleanandinteger operations,andthentransformthe integer to the real

to bereturned.Thiswould imply therearetwo functions,X state_to_sinteger()andX sinteger_to_real(),

thatdecomposethefunctionstate_to_realas:

state_to_real()= sinteger_to_real(state_to_sinteger())
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This will be usedin presentinga combinationgeneratorshortly. It is

alsotruethatusingstate_to_sinteger()in get_urand(),insteadof state_to_real(),

wouldprovideageneratorthatwould returnanintegerdirectly.

Therearesomeissueswith theabovedescription.Wehavenotindicated

how many bitstherearein SEED,STATEor real. In any actualPRNG,these

will beof specificsizes.

SinceSTATE is finite, thereis a limit to the numberof �'& that canbe

generatedbeforeYH& will repeat,andof coursewhenthe YH& repeatsthe �'& will

repeat.To formalizetherepeatingstructureweusear asthepointatwhich

therepetitionoccursin thesequencegivenaparticularinitial seedgiving us

a sequence�/� � �"! ��$%$%$�� �"] � �']^[H� �%$%$%$_� �']^['` � �'] � �']^[H� �%$%$%$ from the generator.

If thePRNGis parameterizedappropriately, eachpossibleYH& will bevisited

exactly oncebeforethereis a repeat.For example,a PRNGwith a 32 bitY could stepthrough
P #a! uniquestatesbeforeit repeats. Thus a PRNG

couldhave A=0 �
and

� 0 PRb
, where c is thenumberof bits in thePRNG

state Y , giving us �/� � �"! ��$%$%$d� ��` � � � � �"! �%$e$5$e� ��` � �/� � �"! �%$�$%$ . Somecommon

generatorssuchastheLCG andLFG (definedlater)have
� 0 Pfb G��

.

NotethatsinceSTATE is mappedto �'& andthestategenerallyhasmore

bits than �'& . It is possiblefor �"& to repeat,within �/� ��$%$%$�� �H` , without YH&
repeating. In fact, when YH& hasa larger bit size than �'& , theremust be

repeatsin the �'& . This cycling andrepeatingclearly deviatesfrom a true

randomsequence.
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SinceSEED is finite, thereare a limited numberof separatestarting

points for the sequencestarts. It may be very hard to insurethat choos-

ing two seedsandgeneratingtwo sequencesof sizen will result in non-

overlappingsequences.Theuseof overlappingsequencesin anapplication

couldbea realproblem.This will beaddressedin a latersectionon subse-

quences.

All PRNGswill returna real with a finite numberof bits of precision.

Typically realsarerepresentedin 32 or 64 bit words,with 23 or 54 bits of

precisionrespectively. ThismeansthataPRNGwith a32bit stategenerat-

ing a 32 bit floatingpoint numberwill necessarilylooseprecision.This is

anotherdeviation from our definitionof a randomsequence.SeeKennedy

andGentle[47] for furtherdiscussionof floatingpoint representations.

All PRNGSaredesignedto have thehighestorderbits returnedappear

"random". Some,suchasmany LCGs,have very little apparent"random-

ness"in the low orderbits. For example,the low orderbits of the UNIX

drand()generatorare0,1,0,1....

2.4.2. Linear Congruential Generators(LCGs). Themostthoroughly

studiedclassof generatorsis the linear congruential.It is a simplelinear

recursionwith anappliedmodulus.

DEFINITION 2.4.1. A linearcongruentialgeneratoris definedin terms

of thenext_stateandstate_to_realequations:� 0g(ih �kj > - l�mon �
�p0<q;rVsDhut_( � -�v qHr*sDhut_( � -
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wherethea andc parametersarecarefullychosento producegoodproper-

tiesin u.

Thesegeneratorshavem statesandcanhaveafull periodof
�wGp�

. This

periodis only achieved whenthe parametersarecarefully chosen.These

generatorsasa classalsotendto fail therunstestsaswell astestsfor ran-

domnessof the low orderbits. Goodsourcesfor furtherLCGstheoryand

analysisare[49,84, 65,13].

2.4.3. LaggedFibonacciGenerators(LFGs). Anothercommongen-

erator, thatis thoroughlystudied,is thelaggedFibonacci.

DEFINITION 2.4.2. A laggedFibonaccigeneratordefinedin termsof

thenext_stateandstate_to_realequations:,xzy 0{( xzy 9o| j}xzy 9o~ - l�mon �
��0�qHr*sDhut_( x -�v q;rVsDh�t_( � -

where h�
g���{� with a andb chosenvery carefully. Note thestate YH&k0� x & 9o~ �%$%$�$_��x & -�� .
This is just a variationof the Fibonaccisequence.This form hasthe

theadvantageof eachsuccessive generatedependingon two of thepastb

elementsof thesequence.If the
x & are32bit integers,thestateis � P #a! bits,

allowing very long periodwith a very simpleandefficient computational

form. Furtherdiscussionis availablein Knuth[49] andSchneier[13].

2.4.4. Combining PRNGs. Giventwo or morePRNGstherearemany

methodsof combiningthemto producea new PRNG[57, 55, 86, 47, 13].
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Thedesigngoalsof sucha combinationgeneratorusuallyareto overcome

shortcomingsin the original generatorsandproducea longerperiod. We

indicateonly onesimplebut importantcombinationmethodhere.

First, considertwo RNGs(not PRNGs)that both return integersuni-

formly distributedin therange[0,m). We canthengeta randomsequence

drawn from each:h�� � h�! �%$%$�$��� � ��! �%$%$%$
Considerthe new combinationsequence>�� � >d! �%$%$%$ with >�&�0 hu&�N��C&

wheretheoperator" N " is theXOR (bitwiseexclusiveor) booleanoperator

appliedbitwiseto thebinaryrepresentationof its arguments.

The sequence>�& is now alsoa randomuniform [0,m) sequence(e.g .it

canbeformally treatedasdrawn from auniform[0,m)distribution). An im-

portantobservationis thatif sequencehu& is randomthentheresultstill holds

whetherthesequence�C& is randomor not! In fact,someof the’random’data

providedwith Marsaglia’s DIEHARD[66] aretheresultof combiningboth

PRNGsequenceswith non-randomsequenceslikebit mappedimages.

Now we will apply this to onemethodfor combiningPRNGs. Given

two PRNGS: X get_urand_1()with set_urand_1()andX get_urand_2()with set_urand_2().

Without lossof generality, assumethat Y��������=0�Y������=! . Let the pe-

riodsof thegeneratorsbe @�� and @�! . Thegeneralform for this combined

generatoris:
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set_urand(SEEDseed){

set_urand_1(seed);/* setstate_1*/

set_urand_2(seed);/* setstate_2*/

}

get_urand(){

externalSTATE_1state_1;

externalSTATE_2state_2;

integeri_1, i_2;

realu;

i_1 = state_to_sinteger_1(state_1);

i_2 = state_to_sinteger_2(state_2);

u = sinteger_to_real(i_1 ^ i_2);

state_1- next_state_1(state_1);

state_2- next_state_2(state_2);

return(u);

}

We assumeboth state_to_sinteger_1and state_to_sinteger_2produce

pseudorandomintegersin thesamerange,[0,m). Thensinteger_to_real()

mightbeeithersinteger_to_real_1()or sinteger_to_real_2().

If @�� and @�! arerelatively prime,thentheperiodof thecombinedgen-

eratoris @���@�! . Also, if the two generatorsarenot of thesametype,saya

LCG anda LFG, thenwe would "hope" that they might maskeachothers

defects.
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Combinationgeneratorsare the basisfor many efficient PRNGsand

PRNGsthatprovide multiple streams,which arediscussedin thenext sec-

tion. Theuseof theXOR combinationtechniquein particularis at theheart

of a numberof cryptographicapplications.

2.4.5. Multiple Streamsof PRNGs. Multiple streams(or sequences)

of randomnumbersareusuallythoughtof in relationto parallelcomputa-

tion or computationinvolving spatialinformation. Oneneednot bedoing

eitherof thesetobeusingmultiplestreamsof randomnumbers,all it takesis

for thereto betwo or morecalculationsin yourcodewhichusetherandom

numbergeneratorandyou’reeffectively usingmultiplestreams.For exam-

ple a statisticianwhich runsa seriesof simulationstudies,eachsimulation

taking a sequenceof randomnumbersfrom the generatorin succession.

This is a block partitioningof thegeneratoroutputto thesuccessive runs,

like is usedin chapter6 for multiple runsof theEST againsta numberof

generators.

Many schemesfor generatingdistributionsotherthanuniformusemul-

tiple uniform generatesin combinationto obtain the desireddistribution.

This is animplicit leapfrogpartitioningof thegeneratoroutput.

2.4.5.1. Use of Different PRNGs.One approachis to usea different

generatorfor eachstreamof numbersneeded.This would clearly not be

easilyextendedto additionalprocessesandthequality of thenumbersgen-

eratedmaynot beconsistentacrossstreams.
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TABLE I I -1. LeapFrogPartitioningExample:k=2, n=5

Generator � Z � � � ! � # � S ��� ��� ��� ��� ���
Subsequences � Z�� Z � Z���� � �a� Z � �a��� � !�� Z � !���� � #�� Z � #���� � S � Z � S ���
2.4.5.2. Use of a ’Family’ of Generators. Ratherthan actually using

differentgenerators,it’ spossibleto usedifferentparameterizationsof asin-

gle classof generatorsor a ’f amily’ of generators.Theseparateparameter-

izationsmustbechosenwith careto becertainthateachstreamof random

numbersis of sufficient quality, but this is easierthangettingconsistency

betweendifferentgenerators.An exampleof this is theACORNgenerators

whicharediscussedin [103, 102].

2.4.5.3. Trees.Fredricksonet. al. [27] presentsa dynamicallocation

schemefor usinga pair (left andright) of congruentialgeneratorsto pro-

ducearbitrarytreesof randomnumbers.Branchingoccursat any point in

a right sequenceby usingthe left generatorto transitionfrom the current

stateratherthanthe right. If the two generatorsarechosencarefully, this

processproducesdisjoint right sequenceswithin thestatespacedefinedby

thebit sizeof thegenerators.

2.4.5.4. Leap Frog. A leap frog streampartitioning is simply taking

successive vectorsfrom the original stream. To allocategeneratesfrom

the generatorto k differentstreams,every k-th generateis allocatedto a

particularstreamasis illustratedin TableII-1 for k=2.

DEFINITION 2.4.3. A k streamleapfrog partitioningof a stream
� �'& �

into j streams
�T� &�� U � is definedas

� &�� U�0 ��¡C¢£&\[�U where �¤0 ����$%$%$���¥¦�%$%$�$
and§ 0 ���%$%$%$d���

-1.
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TABLE I I -2. Block PartitioningExample:k=2, n=5

Generator � Z � � � ! � # � S ��� ��� ��� ��� ���
Subsequences � Z�� Z � �a� Z � !�� Z � #�� Z � S � Z � �a� Z � �a��� � �a� ! � �a� # � �a� S
An exampleof a leap frog algorithm is presentedby Aluru et.al.[3]

for the generalizedfeedbackshift registeralgorithm. This algorithmuses

streamdependentinitialization with no additionalcomputationalcost for

generationof eachnumber. Congruentialgeneratorscanalsobeeasilyleap

froggedfor smallnumbersof streams.

2.4.5.5. Blocks. Block partitioningallocatessuccessiveelementsin the

originalsequenceto eachstreamasillustratedin TableII-2 whereblocksof

size4 areallocatedto two streams(usuallyblockswill be muchlarger to

avoid streamsoverlapping).

DEFINITION 2.4.4. A k streamblock partitioningof a stream
� �'& � into

k streamsis definedas
� &�� U¨0©�"¡�¢ªU�[�& wherewhere ��0 ���%$%$�$_�C¥��%$%$%$

and§ 0 ���%$%$%$d���
-1.

TheRANLIB package[12], which is availablefrom statlib,usesacom-

binationof a pair of congruentialgeneratorsto provide anadequatelylong

sequencewhich is then partitionedinto 32 blocks of contiguousrandom

numberswhichcanbeallocatedto processesasnecessary. Settingthegen-

eratorsto thebeginningof theblocksis performedusingalgorithmsdevel-

opedby L’Ecuyer. TableII-2 illustratesablockpartitioningfor k=2.

2.4.6. Packagesfor PRNGs. FindingaPRNGis neveraproblem.Ev-

ery modernoperatingsystemandmostsoftwarepackageswhich expectto

do numericalcalculation(except maybefinancial packages)will include
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at leastoneandusuallya few. In addition,thesepackageswill generally

provide appropriatetransformationsfrom thebaseU[0,1) generatorto ap-

propriatedistributionsfor theapplicationareaof thesoftware.

The GNU Scientific library[95] providesan extensive set of PRNGs.

SPRNG[73] providesPRNGsfor parallelcomputation.Sincewe will be

lookingcloserat thegeneratorsin R in chapter6, wewill givea little more

detailhereon thefacilitiesit provides.

2.4.6.1. Brief Descriptionsof the Five Generators in R. R is an open

sourcestatisticalpackagepatternedafter the commercialpackageS-Plus.

It’ s developedanddistributedunderthe GNU Public License(GPL) and

is freely availablefor mostcommoncomputingplatforms. The baseuni-

form randomnumbergeneratoractuallyallows the userto choosefrom 6

generators,thelastbeingausersuppliedgenerator.

Detailsandreferencesfor thesegeneratorimplementationscomefrom

theR referencemanual[40].

Marsaglia-Multicarry[69]. A multiply-with-carry RNG, recommended

by GeorgeMarsaglia.It hasaperiodof over
P � Z andit hasreportedlypassed

all tests.This is thedefault generatorfor R.

Super-Duper.This is essentiallythesameasSuperabove. It is theorig-

inal versionwhich doesnot passtheMTUPLE testof theDiehardbattery.

It hasaperiodof « $­¬=®���� � � for mostinitial seeds.Theseedis two integers

(all valuesallowedfor thefirst seed:thesecondmustbeodd). R usesthe

implementationby Reedset.al. (1982). This generatoris reportedlynot

exactly thesameasthatin recentversionsof S-PLUS.

25



Wichmann-Hill.The Wichmann-Hill generatorhas a cycle length of

6.9536e12,seeAppliedStatistics(1984)33,123whichcorrectstheoriginal

article.

Mersenne-Twister.FromMatsumotoandNishimura: This is a twisted

GeneralizedFeedbackShift Register (GFSR)with period
P � �a� # � Gg�

and

equidistribution in 623consecutivedimensions(over thewholeperiod).

Knuth-TAOCP[49]. ThisisaGeneralizedFeedbackShiftRegister(GFSR)

generatorusinglaggedFibonaccisequenceswith subtraction.That is, the

recurrenceusedis
x¯� § 	 0°( x¯� § G����u�R	HG�x}� § G�±�²T	 - l�m�n P #aZ andthe

’seed’is thesetof the100lastnumbers(actuallyrecordedas101numbers,

thelastbeingacyclic shift of thebuffer). Theperiodis around
P �*! � .

2.5. DesirablePropertiesof a RNG/PRNG

Niederreiter[78] classifiespseudorandomnumbergenerator(PRNG)

requirementsas structural,statistical,complexity-theoreticand computa-

tional. Knuth[49] goesfarther, attemptingto carefully definea random

sequence.For our purposeswe will concentratehereon the more con-

cretepropertiesandavoid delving into analmostphilosophicaldiscussion

thatensueswhenattemptingto definearandomsequenceasfully asKnuth

does.We will alsodiscusssomedesirablecomputationalpropertieswhich

areuniqueto RNGs.

2.5.1. Structural and Statistical Properties of the Generated Se-

quences.We will lump thesetogetherratherthanattemptingto separate

themasNiederreiterdoes.Simplestructuralpropertiesincludethegenera-

tor period,resolution,range,etc. which aredirectly relatedto comparable
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statisticalproperties.Uniformity andindependencearetheothertwo major

propertiesin this group.Uniformity is a majorconcernwhenthegenerator

is usedto driveMonte-Carlointegrationtechniques,wherethestructureof

thegenerateddatasetis critical to theaccuracy of thenumericalintegration.

It is alsokey to independencewhenthepropertyis appliedto multidimen-

sionaldatasetsgatheredfrom thegenerator.

The uniformity of the datain variousdimensionsis alsorelatedto the

singledimensionalpropertiesof shortand long term correlations. These

propertiesarein factwhat thespectraltestanddiscrepancy which we dis-

cussin section2.7.5weredesignedto test,andwhattheESTwasdesigned

to illuminate.

Notethatwhile uniformity is simpleto achieve,it is noteasyto achieve

simultaneouswith independence.Thereis alsoa problemwith beingtoo

uniform,resultingin reducedvariationin thestatistics.

Whenever we useanRNG, we aretakinga subsequencefrom thegen-

eratedrandomsequence.This maybea contiguousor non-contiguousse-

quence.In eithercase,thestructuralandstatisticalpropertiesof theoriginal

sequencemustbe retainedto assurevalidity of theapplication.Of course

we cannotdemandthatall subsequencesor combinationsof subsequences

of a PRNGhave thedesiredpropertiessincethesequencesarenot actually

randomandtherewill alwaysexist subsequencesunderwhichtheproperties

will fail. Weshouldhowevertry to insurethatthesefailing subsequencesbe

relatively pathological(for example,requiringknowledgeof theunderlying

recursion).
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2.5.2. RNG & PRNGImplementation Properties. Propertiesof RNGs

which we mustconsiderfor implementationincludethe costof the hard-

ware,numberof bits provided in �'& , physicalspacerequired,andreliabil-

ity. Hardware generatorstend to only producea few bits per secondof

randomdata,so the speedof datagenerationis also an issue. Common

with PRNGs,hardware RNGs ideally will be portableacrosscomputing

platforms.PRNGspecificimplementationpropertiesincludethecomputa-

tional complexity of thegeneratorin termsof bothmemoryandexecution

time,portabilityto differenthardwareandsoftwareenvironmentsandrepro-

ducibility of thesequence.Suitablereferencesare[49,47, 13,90, 92,76].

2.5.3. Complexity Theoretic Properties. Finally therearecomplexity

theoreticconsiderationsfor generatorswhich will beusedin cryptographic

or securityapplications. We will leave this for ourselves and readersto

investigatelater[13,90, 76,92].

2.6. RANDU and Other LCGs

2.6.1. History. RANDU (aLCGdefinedas
x Z odd;

xzy [H��0g( ¬�EuEf±f³Rxzy -l�mon P #�� ) is perhapsthe most infamousPRNG in existence. Hopefully

only existing todayin a statesimilar to certaindeadlyvirusesthatarekept

for researchpurposesafterhaving beeneradicatedfrom thepopulation.R

providesa relatively shortsequencefrom RANDU storedasa datasetfor

study. The infamy of RANDU is dueto the fact that it wasusedin many

scientificcomputingfacilitiesfor many yearswithout researchersknowing

its problems.
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RANDU hadpassedall known testsof the day andwasconsidereda

goodgenerator, up until themid to late60’s whena simulationwascarried

out which deviated far from theory. This motivatedseveral yearsstudy

whichresultedin Marsaglia’sarticle’RandomNumbersFall Mainly on the

Planes’[65] andthedevelopmentof thespectraltest[19]. It wasat thispoint

thathiddenstructurein randomsequencesbecamewidely appreciated.

In FigureII-1 we have on the left panela matrix of orthogonalviews

of 10,000pointsfrom RANDU plottedin thethreedimensionalhypercube.

This is effectively the view of thedatataken by testsbeforethe existence

of thehyper-planesin RANDU (andall LCGs)wasdiscovered.Theright

panelshows thesamedatarotatedfrom theorthogonalorientationto illus-

tratetheparallelplanesuponwhich all of thedatalies. Thesehyper-planes

cannotbe seeneithervisually or mathematicallyby techniqueslimited to

the orthogonalaxesof the spacelike the chi-squaredor other testsavail-

ableat thetime. Thespectraltestwasthefirst techniquedevelopedwhich

allowedthis hiddenstructureto beilluminated.

2.6.2. All LCGs (SuchasUnix rand() ). SoareLCGs like RANDU

all banishedto oblivion? Not at all. All LCGs will have parallelequally

spacedhyper-planes.But if theplanesarecloseenoughandnotatacritical

anglein 3-space,the LCG may still be useable. A quick review of the

literaturetodaywould find numerouscasesof LCGs in use. Indeed,not

all LCGs are this badandeven RANDU is still quite adequatefor many

applications.However they arenot blindly trustedanymore. Thereis now

a solid body of theoryandtestsin sourcessuchasKnuth[49] andothers
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FIGURE I I -1. RANDU Hyper-planesin 3 Dimensions

[24, 25, 56, 59, 70, 85] which allow the userto carefully chooseor reject

parameterizationsof LCGsfor theirparticularuse.
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2.7. TestingRNGs and PRNGs

Assuranceof statisticalquality of the generatorcan only comefrom

testingoutputsagainsttheoreticalresults.Thesecanbe eitherspecificre-

sultsfor theproblembeingstudied,or moregeneralresultsfor thegenerator

itself. A goodstartingpoint for testingRNGsandPRNGswould beeither

Knuth[49] or KennedyandGentle[47].

2.7.1. Philosophy and Testing a RNG or PRNG. Therecan be no

definitive finite testsuitefor RNGsor PRNGssincethe spaceof possible

failures( ´�� or alternativehypotheses)is of infinite dimension.Wewill dis-

cussthis a little more later. This however doesn’t prevent us from doing

whatwe can. Therearethreebasictypesof RNG andPRNGtests: theo-

retical, empiricalandapplication. The first arefairly obvious andwill be

discussedin moredetail below. The last wasactuallyalludedto already

in this dissertationandis a blendingof boththeoreticalandempiricaltests

tailoredto thespecificapplicationwherethegeneratorswill beused.Effec-

tively thesetestsrun theapplicationunderconditionsfor which theoretical

resultsarealreadyknown andthentheresultsarecomparedwith theory.

The EST combinesthe power of the strongesttheoreticaltests,spec-

tral anddiscrepancy, andcanbeappliedto sequencesshorterthanfull pe-

riod, for any RNG or PRNG. It can also detectwide classesof multidi-

mensionalstructures.Thismakesit goodcandidatefor broadapplicationto

non-applicationspecificgeneratortestingsituations.

2.7.2. Theoretical Tests. The availability of theoreticalproof of cor-

rect statisticalpropertiesis the mostdesirablesituation. We are then left
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only with concernsabouttheactualimplementationof thegenerator. Most

generatorshave proof of the uniformity of the outputof the full sequence

andgenerallylimited subsetsbeforethey areareevenconsidered.If not, it

is probablynot worth evenstartingwith thegenerator. Pairedcorrelations

andlow orderindependenceproofsarealsoavailablefor many of thebetter

studiedgenerators.Only congruentialgeneratorsandgeneratorswith a lat-

ticestructurehavehigherordertheoreticaltestsavailablein theform of the

spectraltestanddiscrepancy testsrespectively.

2.7.3. Empirical Tests. Thelimitedavailability of theoreticaltestsmakes

empiricaltestsnecessary. RNGsalsomustbetestedempirically. Gooddis-

cussionsof empiricaltestscanbefoundbothin Knuth[49] andin Kennedy

andGentle[47]. Thereis no limit to thepossibilitiesfor testingasequence.

Effectively, every computationusingrandomnumbergenerationwith the-

oretical resultsavailable is an empirical test. Knuth describesin [49] 12

separateempirical tests. Somearecommonstatisticaltestssuchasthe a

Chi-squaredor Kolmogorov-Smirnov testsfor uniformity. Otherssuchas

Serial,Runs,Gaps,Poker andBirthdayspacingsarebasedon specificsce-

nariosaimedat detectingpatternsin the numbersgenerated.In eachcase

thetestshaveassociateddiscreteprobabilitytheoryavailablefrom whichto

constructa testingframework anddecisionrule.

2.7.4. Diehard. GeorgeMarsaglia’sDIEHARD[66] suitedeservessep-

aratementionhere.Dr. Marsagliahasbeenworking with PRNGsfor over

40 years.During this long careerhehasamassedan incredibleamountof
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experience.He hascollectedthosetestswhich hefeelsarethemosteffec-

tive into a suitecalledDIEHARD[66] which is availablefreely on the in-

ternetat [http://stat.fsu.edu/pub/diehard]alongwith hundredsof megabytes

of pseudorandomdatageneratedfrom varioussourcesandwhich passthe

testsuite.TheDIEHARD suiteincludes:X BirthdaySpacingsTestX Overlapping5-PermutationTestX TheBitstreamTestX OverlappingPairs& QuadruplesSparseOccupancy TestsX DNA testconsidersanalphabetof 4 letters::C,G,A,T,X CountThe1’sTestonastreamof bytesandfor specificbytesX A ParkingLot TestX Minimum DistanceTestX 3D SpheresTestX SqueezetestX OverlappingSumsX CrapsTest

2.7.5. Spectral Test and Discrepancy. Perhapsthe two most trusted

and stringentsingle testsavailable are the spectraltest of Coveyou and

MacPherson[19] andNeiderreiter’s [78] discrepancy tests.Both aretheo-

reticaltestsdesignedto find specificstructuresin specificclassesof PRNGs

(LCGsandlatticestructuregeneratorsrespectively) andareapplicableonly

to the PRNGswhich fall into thesetwo classes.They arealsotheoretical

testsappliedto full periodgenerators.
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Thespectraltestanalyzesa linearcongruentialgenerator(LCG) using

an FFT of the theoreticalPDF of the generator. This theoreticalPDF can

only bederivedfrom therecurrencerelationof thegeneratorandthenonly

whentheform is sufficiently tractable.This hasonly beenworkedout and

codedinto softwarefor LCGs. For a perfectly independentuniform gen-

eratorthis FFT, whenappliedto the full periodof the generator, will cor-

respondexactly to 1 for all frequenciesequalto zeroandzerootherwise.

Deviation from this indicateslackof uniformity. Knuthprovidesageomet-

ric interpretationof this as the separationbetweenparallel hyper-planes.

Moredetaileddiscussionsof thetestareavailablein [19,47,49].

Discrepancy[78] testslook for thesupremumof thedeviation from ex-

pected’flatness’over variousclassesof rectangularsubregionsof theunit

hypercube.Thetestis aimedprimarily at determiningthemaximumdevi-

ation from uniformity over a lattice, which canthenbe directly relatedto

integrationerrorof aquasi-MonteCarlointegration.Thetestcriteriais then

statedin termsof amaximumboundon thediscrepancy basedon theusers

criteria(usuallyanintegrationerrorbound).Statisticalboundsfor discrep-

ancy basedonasymptoticshavebeendevelopedby vanHameren[99].

A modificationof thespectraltestcalledtheweightedspectraltest[Di-

aphony] wasdevelopedby HellekalekandNiederreiter[33]. Thistestis also

shownto berelatedto discrepancy[61] with equivalentboundsavailableand

is not limited to generatorswith a latticestructure.Thereis alsosomework

on theasymptoticdistributionavailablefrom Leeb[58].

2.7.6. Statistical DecisionFramework for RNG and PRNG Testing.

In thissectionwewill exploretheuseof statisticaltestingin acontext which
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is quite non-standard.A statisticaltest is an apriori decisionrule derived

from someassumed(or hypothesized)stateof ’nature’ which statisticians

call ´zZ or theNULL hypothesis.Therule specifiesunderwhatconditions

theexperimentershouldrejectthis assumedstateof naturebaseduponthe

null hypothesisandachosenrisk level � representingtheprobabilityof er-

roneouslyrejecting ´=Z . This is usuallyexpressedin theusualTypeI (erro-

neouslyreject ´=Z - andTypeII (erroneouslyaccept́=Z - errorsfor thestatis-

tical decisionframework. Thenormalrisk structureusedin this framework

is predicatedontheideathatwewould liketo berelatively certainwhenwe

makestatementswhichgo ’againstnature’,or rejectthenull hypothesis.

Thereareacoupleof factorswhichmakeRNGandPRNGtestingsome-

whatdifferentthanthis standardframework. First we’re primarily looking

for understandingof thegenerator, notmakinglife or deathdecisions.This

makesthe negative impactof a Type I error rathersmall. Second,we are

notlimited to thecurrentlyavailabledataset.New datato performextended

or additionalanalysisis readilyavailable. Togetherthesefactorssuggesta

somewhat differentview of statisticaltestingfor RNGsandPRNGsthan

thatusedin astandardstatisticalcontext.

2.7.6.1. WhatDoesit Meanto ’Fail’ a Test? In thecaseof testingan

RNG or PRNG,the ’stateof nature’uponwhich we baseour selectionof´=Z is thedesiredpropertiesof thegenerator. If ourstatisticaltestrejectś=Z
thenwe have determinedthat theassumedstateof natureis not truebased

upon the datawe are analyzing. Stating it anotherway, we have found

significantstructurein the batchof data. In a standardstatisticaldecision

framework we would thendeclarethat we have evidencethat the original
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stateof natureor ´=Z is false,confidentthat thereis only a small chance

thatwe might be provenwrong (or worsein the caseof many life critical

decisions).

Notethatin neithercasecanwebecertainthatthestateof natureis not

true(or in our casethatthegeneratoris not k-dimensionaluniform).

2.7.6.2. ThePowerof a Test. Theoppositesideof theTypeI errorcoin

is the Type II error condition. To get at this, we needto know something

aboutparticularalternativesto ´=Z andthe distribution of our teststatistic

underthesealternatives.Thepossibilitieshereareinfinite andwithoutsome

form of theoryaboutwhatthey mightbe,wecannotevenbegin this typeof

development.In factthis is effectively whathasbeento datein developing

mostRNGandPRNGtests.Thatis to first hypothesizeanalternative(apar-

ticularstructure)andthendesignatestfor thisparticularalternativeagainst

an ´=Z of uniformity or independence,etc. It will beseenthatour proposed

test (EST) detectsvery broadrangeof structures.The natureof the type

of structurebeingdetectedby the EST makesidentifying anddeveloping

distribution theoryfor alternativesadauntingtaskat best.

A betterapproachto determiningthe power of a test like this is em-

pirical evidence.Theapplicationof the testto a broadrangeof typesand

implementationsof RNGsandPRNGswill give us the assurancethat we

cankeepourTypeII errorslow. Chapter6 will begin thiswork by applying

theESTto overhalf a dozengenerators.

2.7.6.3. WhatShouldbe DoneWhena Rejectionis Found? First, re-

membera notein thedocumentationwith Marsaglia’sDIEHARD suite:"p

happens".This is alluding to the fact that if you run a testenough,it will
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eventually reject ´=Z . And with any PRNG test, it will be run numerous

timesby its very nature. Marsagliaalsorecommendsthat the normalsta-

tistical risk structurebesetasidefor PRNGtestingandthat theresearcher

demandp valueswhicharezeroto numerousplacesbeforerejectingagen-

erator. We would go a bit fartherandsuggestthata generatorshouldnever

berejecteduntil thesourceof thedetectedstructurehasbeenidentified.

We have chosena statisticaldecisionframework as the basisfor our

test.OtherstestingPRNGstakea differentapproach,not attemptingto use

astandardstatisticaldecisionframework,but ratherusingcalculatedbounds

onerrorswhichmightresultfrom thegeneratorstructure.Underthisframe-

work therejectionclearlyimpliesahighprobabilityof errorgreaterthanthe

usersdeclaredacceptableboundsandeitheranothergeneratorneedsto be

usedor thesubjectgeneratorneedsto bemodifiedto meettheboundscri-

teria.

Thingsarenot thatsimplewhenastatisticalframework is utilized. First

we needto look at the strengthof the rejection. If p is moderatelylow

(this is intentionallyvague)we shouldraisea yellow flag. More testingis

indicated. If p is extremelysmall, sayzero to 3 or moredecimalplaces,

raisea redflag. In eithercasefurtherexaminationof thegeneratorandthe

relationshipof thetestto thedesireduseis in order. Additional runsshould

be made,usingthe sameteston othergeneratorsto seeif they all exhibit

thebehavior. Thetestshouldalsoberunondifferentsubsequencesfrom the

samegenerator. If possibleothertestslike DIEHARD shouldbe applied.

Finally keepin mind thatthefailuredoesnot tell uswhat thesourceof the

problemis.
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In chapter6 wewill presenta testingsequencefor our new EST, which

appliessomeof theseideas.

2.8. Summary

We shouldalwaysuserandomnumbergeneratorswith caution,espe-

cially when working in a complex computationalenvironment. In [70]

Marsagliasuggeststhat whatever the generators,the usershouldtest the

codewith anumberof differentgeneratorsto helpvalidatetheresults.With

packageslike R thatprovide a numberof generatorswith a commoninter-

faceor Thomborson’s mrandom[96], this is quite easy. Ferrenberg, et.al.

[26] suggestthat the researchertest the randomnumbergeneratorin the

softwarebeingdevelopedagainsttheoreticalresults.Bothapproachesarea

goodideawhentheresultsarecritical.

Thereis a strongneedfor a computationallymanageabletestwith the

power of thespectraltestwhich canbeusedfor any generator. This is the

emphasisof our research,andthereasonfor developingtheEST.
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CHAPTER III

EMPIRICAL SPECTRAL TEST

This chapterwill introducethe Empirical SpectalTest (EST), discuss

briefly the software implementationand compareit to previous testsfor

RNGsandPRNGs.TheESTitself is relatively simpleandis presentedin

flowchart form in section1. Section2 will examining the computational

complexity of theEST. In section3 we will discussthemotivationfor the

EST, comparingit to previoustests.Finally section4 will discusstheappli-

cability of theESTto sequencesof randomintegers.

3.1. BasicEST

OurproposedtestingschemeappliesadiscreteFouriertransformto the

empiricalPDF of the generatoroutputconstructedfrom a pseudorandom

sequenceof N points in k-dimensionalspace,wherefrom the randomse-

quence�"Z � � � �%$%$%$ we form vectorsµ'¶ via µ'¶J0·(*�"¡�&\[H� � �"¡�&\[�! �%$%$%$_� �"¡�&\[�¡ - .
Thesevectorsareusedto accumulateak-dimensionalmatrixof cell counts

over the unit hypercube,and thendividing eachby N to get relative cell

frequencies.A k-dimensionalFFT is thenappliedto the relative frequen-

ciesandthecoefficientsarestatisticallyanalyzedfor non-uniformstructure

usingtheasymptoticresultsof thenext chapter.

Thestatisticaltestsappliedto thek-dimensionalFouriercoefficientsin-

cludea FisherPLSD schemeusingan initial test for overall significance
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basedon theasymptoticChi-squareddistribution of a quadraticform, fol-

lowedby individual elementtestsif overall significanceis determined.A

Bonferonnimultiple comparisonis alsoappliedif the overall test fails to

reject.

3.1.1. Testing Algorithm. Figure III-1 shows the EST algorithm. In

the software (presentedin Appendix B) this algorithm is not fully auto-

mated.Decisionson which intervalsto apply to theindividual coefficients

areleft to theuser.

3.1.2. R Code. An exampletest was implementedin R to provide a

more familiar examplefor readersnot familiar with the C programming

languageand to obtainbettergraphicaloutput for the C implementation.

Thiscodeconsistsof thefiles testRNG.R,tview.R andmdftt.R.

An R functionis alsoprovidedto generaterandomsequencesfor theC

codeaswell asplot theresultingoutputs.This is in testRgen.R.

3.1.3. C Code. For efficiency andgreatermemorycapacity, theFFTs

andnumericalcomputationsof thetestswereimplementedin C. Thiscode

outputsdatawhichcanthenbeloadedinto theR functionsfor plotting. This

C codeactuallywasthe first versionimplementedandcontainsa number

of older randomnumbergeneratorspackagedinto a wrapperfunction for

easierinterfaceto the tests. The codefor thesegeneratorsandthe wrap-

per function are includedshouldany onefind themuseful. In the testing

presentedin chapter6, only theRANDU, SUPERandRANLIB generators

from our implementationwasusedin theanalysis.

40



Generate
U(0,1)

Numbers

Accumulate Cell Counts
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No
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Reject
H0? No

Yes

FIGURE I I I -1. TestingAlgorithm

All C code(in AppendixA) is writtenin ANSI C andcompiledwith gcc

(the Gnu ANSI C compiler)on an X86 Linux workstationandon a SUN

Sparcstation.Graphicsand2 dimensionalexampleswereproducedusing

R.

3.1.3.1. RandomNumberGenerators. Therearemany randomnumber

generatorsavailable.They all have differentinterfacerequirementsandre-

turn differenttypesandrangesof outputs.Thefirst purposeof thepackage

is to provide a shellaboutthesegeneratorswhich allows theuserto easily
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useany of thegeneratorswithout changingmorethana constantin an ini-

tializationcall. Themrandompackageof Thomborson[96] doesthis for a

collectionof serialgenerators.

It is alsodesirableto beableto usedifferentgeneratorssimultaneously

for testingor evenfor differentsituationswithin a singleprogram.We do

this with randomstreams.A streamof randomnumberscanbe selected

by makinga call to theinitialization routine.Numbersfrom thestreamare

thenreturnedby calling a singleroutinewith thestreamidentifier. The C

interfacespecificationfor theinitialization andgeneratorareshown below.

(1) RANLIB Algorithm. This algorithmis basedon PascalandFortran

versionsderivedfrom apaperby L’Ecuyer, P. andCote,S. [55].

(2) RANDU Algorithm. TheRANDU is apurelinearcongruentialgen-

eratorknow to exhibit significantstructuralproblemsin 3 or moredimen-

sions(seesection2.6.1). This caneasilybeseenby rotatinga scatterplot

of thedatain 3-d appropriately.

(3) SUPERAlgorithm. This is Marsaglia’s super-duperalgorithmcon-

sisting of the exclusive-or of two good generators,a Tausworthe (linear

feedbackshift register)andagoodlinearcongruentialgenerator.

3.1.3.2. TransformAlgorithm. TheFFT is computedusingtheNumer-

ical Recipesroutine’fourn’, whichcomputesamultidimensionaltransform

usingrecursive applicationsof the FFT andreturningthe transformin the

inputarray. Thisalgorithmis documentedin ’NumericalRecipesin C’[86].

It takesaninput vectorof complex numbersstoredsuchthatadjacentfloat

typecellscontaintherealandimaginarypartsof thenumbers.Thesucces-

sive FFTsareappliedto the arraywithout copying elementsto a working
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areafirst, thusminimizingdatashuffling andmemoryutilization. Inputand

outputarraysarestoredin a vectorsuchthat the k-dimensionalarray in-

dicesareincrementedwith thelastindex changingfastestandthefirst least

frequently. Thebin identificationalgorithmbelow is designedto translatea

k-dimensionalpoint in theunit hypercubedirectly into this structure.

3.1.3.3. Bin Identification. Thecountsarestoredin a onedimensional

structureof binsindexedto matchtherequirementsof NumericalRecipe’s

fourn.c routine. Bins are identified by a k-vector ¸ 0 ( � Z �%�%$e$5$e��� ¡ 9 � -a¹
where

� 
I0 � &º
»0¼(ic GW� - andB is thenumberof bins/dimension.Bin

(
� Z �%$e$e$5��� ¡ 9 � ) is storedat location r½0°¾ & ( � &/¿Àc�Á ¡ 9 &\Â£- . Taking advantage

of thefactthatweareworkingwith pointsin theunit hypercube,weknow

that
� �Ã6 � � 	 
 �u$­�ÅÄ � �Æt^AD� ¥ >dhut � (V6 � � 	 ¿�c - 
Çc . We canthentake� &H0Wt^AR� ¥ >_hut � (V6 � � 	 ¿ºc - .

3.1.3.4. Distribution Functions.We have usedcdflib from netlib for

both the chi-squareddistribution andnormaldistribution function evalua-

tions. Implementationin thetestcodewasverifiedby a spotcheckagainst

valuescalculatedwith R.

3.1.4. Plotsof EST Coefficientsand Q-Q plots. To initially motivate

thepotentialeffectivenessof our test,weexaminedacoupleof well known

generatorsusingtheFFT of theempiricalPDFof a subsetof thegenerator

output. If the datais uniform, the coefficientsshouldbe exactly 1 for the

left most(all zerofrequency) entryandzerootherwise.Early exploratory

work with histogramsof the coefficientssuggesta normaldistribution, so

normalQ-Qplotswerealsogenerated.
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FIGURE I I I -2. RANDU Coefficients& Q-QNormalPlots

Of the generatorsexamined,RANDU is know to be bad. The plots

on theleft sideof FigureIII-2 show Fouriercoefficientsgeneratedfrom the

RANDU generatorin thefirst threedimensions.Notetheradicallydifferent

behavior in threedimensionswheretheparallelhyper-planesfirst show up.

The right sideof Figure III-2 shows Q-Q Normal plots of thesethree

datasetswith the first elementhaving the value 1.0 subtractedoff. We

will justify this in the next chapter. It is clear from theseplots that the

generatoris relatively well behavedin thefirst two dimensions,but changes

drasticallyin threeasexpected.
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FIGURE I I I -3. SuperCoefficients& Q-QNormalPlots

FiguresIII-3 andIII-4 show thesameplotsfor Marsaglia’sSuper-Duper

generatorandfor the RANLIB generator. Both of which areknow to be

muchbetterthanRANDU.

3.2. Complexity Analysis

Therearethreemajorcomponentsto theESTalgorithm.Thefirst is the

collectionof the cell counts.This operationrequires
���

operations,each

requiringeithertwo differencesor a singledivision andan integer trunca-

tion. Thuswe have
P ���

floatingpoint differences,or
���

division andin-

tegertruncateoperations.Thelateris how thecurrentcodeis implemented.
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FIGURE I I I -4. RANLIB Coefficients& Q-QNormalPlots

In eithercasewe have an s�( ��� - process.This stepcanbe reducedto in-

teger maskandshift operationswith no floating point if we eitherusean

integeroutputfrom thegenerator, or arewilling to make thecodespecific

to theparticularfloatingpoint formatin theimplementation.

Thesecondoperationis theFFTandwill beaddressedlast.Third is the

calculationof theteststatistic
xÈ$

Thisoperationis

x 0 P � ! ~VÉ�9 �Ê Ë Ì ZÎÍ !
Ë Gw�

( Í
Ë

is the output of the FFT and is definedlater in chapter4) which is a

summationof
P � ¡ elements,exactly

P � ¡ G �
of themrequiringa floating
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point multiply. So we have a complexity hereof s�(i� ¡%- . This term will be

easilydominatedby eithertheFFT or thecell countingoperations.

A discreteFourier transformis definedin termsof eachof the � ¡ com-

binationsof Ï 0 ( ¥ � ��$%$%$���¥ ¡ - Fourier frequencies.For eachfrequency

combinationÏ the associatedcoefficient is calculatedasa sumover the

observationbinsas:

(III-1) q Ï 0 ~£9 �ÊË Ð Ì ZHÑ�Ñ�Ñ ~£9
�ÊË

É Ì Z
� &^Ò7ÓÔ y Ð Ë Ð Ñ�Ñ�Ñ � &^Ò7ÓÔ y É

Ë
ÉÖÕK×RØ

whereØ 0{(ir*� �%$%$%$_� r�¡ - denotesthevectorof summationindices.

ThisdefinitionshowsthattheDFT canbecomputeddirectlyas � ¡ sums

(onefor each q y ) of � ¡ terms. Eachterm is the productof an exponential

and constantand the exponentialhasa coupleof productsin it. So the

complexity of this bruteforcemethodis s�(i� ¡ � ¡�- .
The k dimensionalFFT is known to be an Ù
(i� ¡/Ú5muÛ ! � ¡�- complexity

process[81, 86, 104] when � is a power of 2. In the NumericalRecipes

codecurrentlybeingused,b mustbeapowerof 2.

For valuesof b thatarenot powersof 2, severalapproacheshave been

developedfor recursively building up the DFT. Thesehave complexities

thatusuallydependdirectlyontheprimefactorizationof b andfall between

thosefor thebruteforcemethodandtheFFT. Generallyfor theserecursive

methods,a b with many small factorsis muchbetterthanonewith a small

numberof large factors. An exampleof this canbe found in the FFTW

papersby Frigo[28,29].
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This analysisassumesa singleprocessorarchitecture.Parallel imple-

mentationsof theFFT exist andwould have markedly betterperformance.

ThefreeFFTW package[28] hasparalleloptions.

Most algorithmscancomputeRealFFTsin about1/2 thetime of com-

plex FFTswhenb is a power of 2. This advantagedisappearswhenp is a

largeprime,or aproductof largeprimes.

PullingthistogetherwehavethattheESTis s�( ��� - for thecell counting

processandfor theFFTandteststatisticcomputationss�(i� ¡ � ¡ - , or Ù
(*� ¡ Ú�muÛ ! � ¡ -
whenb is a powerof 2.

Memory requirementsfor the EST ascurrently implementedconsists

primarily of a single
P � ¡ floating point arraywhich storesthe initial cell

counts,andis thenusedto computetheFFT in placeusingtheNumerical

RecipesFFT routines. Not all FFT algorithmscomputein placeand the

memoryrequirementscanbe asmuchastwice this in someimplementa-

tions.

Note that even a brute force DFT implementationwith floating point

operationsin thecell countoperationscanhaveanadvantageoverprevious

spectraltestswith a complexity of only s�( ��� - j s�(*� ¡;Ú�muÛ ! � ¡�- , compared

to the weightedspectraltestwith complexity Ù
( ��� ! - , if we useoptimal

algorithmsandbin sizes.

3.3. Potential Effectivenessof the Test

3.3.1. StructuresDetectedby the EST. Effectively all of thetestsfor

RNGsandPRNGsarelooking for structureof somekind. Thespectraltest

is looking for the hyper-planesin an LCG. Discrepancy is looking for the

greatestnon-flatnessof the pdf, etc. Empirical testsaregenerallylooking
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in thegeneratoroutputfor a specifictypeof structurehypothesizedby the

testdeveloper. In eachcase,thetestis designedto look for a specifictype

of structurein the generatedsequence.The FFT is known to provide an

effective meansof extractingarbitrarystructurefrom noisy environments.

ThustheESTdetectstheexistenceof andhelpsin theidentificationof many

structuresin theempiricalpdf of thegenerator.

3.3.2. The EST Compared with a Chi-square Test on the Original

Cell Counts. The EST first gatherscell countsin a k dimensionalhyper-

cube,just asa chi-squaretestfor uniformity would. In thechi-squaretest

the asymptoticnormality of thesecell countsis usedto detectsignificant

deviation from the expectedcell countsin the data. However the form of

theteststatisticeffectively limits thechi-squaretestto orthogonalviewsof

the datasimilar to the left panelin Figure II-1. The FFTsapplicationof

combinationsof frequenciesin k-dimensionsallows it to effectively rotate

its view of thedataautomaticallyallowing thedeterminationof structure(s)

not visible from orthogonalviews of thedata. It alsowould allow thede-

tection of k-dimensionalstructuressuchas an embeddedspherein a 3d

analysis.This makestheESTmoresensitive to a wider classof structures

thanthechi-squaretest.

3.3.3. The EST Compared to Spectral and DiscrepancyTests. This

approachhassimilaritiesto the spectraltestof Coveyou andMacPherson

[19] andKnuth[49], the weightedspectraltestor Diaphony of Hellekalek

andNiederreiter[33] anddiscrepancy testsof Niederreiter[78]. However
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eachof theseapproachesareaimedat structurallimitationswhich areim-

portantfor MonteCarlo integrationtechniques,usingmeasuresof theres-

olution of thepoint setasthe testcriteria. As such,they aregenerallynot

assensitive to statisticalpropertiesaswe would like for assuranceof the

statisticalquality of simulations.

In thecaseof theCoveyouandMacPhersonandtheKnuthspectraltests

thefull periodanalyticoutputof thegeneratoris analyzedto ascertainthe

spacingbetweencovering setsof parallelhyper-planesby calculatingthe

minimum wavelengthat a given dimensionality. This is a theoreticaltest

requiring the mathematicalform of the generatorandusing computation

for calculationof thederivednumericalrelationships.A notein Coveyou

& MacPhersonindicatesthatthis is thediscreteequivalentof theWeyl the-

oremfor uniformity. Our testswerespecificallymotivatedby thedesirefor

anempiricalequivalentto this spectraltestwhichneedsneithertheform of

the generatoror necessitatedfull periodoutput. What we do goessome-

whatfartherthantheoriginalspectraltest,in thatit examinesmorethanthe

minimumwavelength.

Neiderrieter’s discrepancy testlooksat thesupremumof thediscrepan-

ciesfrom expectedcell frequenciesover differing classesof subsetsin the

unit cubeusing the analyticalform of the generator. Thesecells consist

of rectangularsubregionsof k-dimensionalspace.This test is examining

statisticscloselyrelatedto theempiricalPDFandsoit would appearmore

closelyrelatedto our work thanthespectraltest. However discrepancy is

examiningthesupremumof thediscrepanciesover rectangularsubregions,

not thestructureof thediscrepanciesoverdisjoint subregions.
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Hellekalek’sweightedspectraltest(or Diaphony), is perhapstheclosest

to our empiricalspectraltest.Unlikeeitherthespectraltestor discrepancy,

this test is applieddirectly to the data,allowing applicationto non-lattice

structuregeneratorsandto subsequencesof thegeneratoroutput.Diaphony

is a numericalanalysisprocedureoriginally developedasananalogto dis-

crepancy in specialquasi-MonteCarlo integrationmethods.Theideahere

is to useaweightedversionof thespectraltest,emphasizingsmallfrequen-

cieswhich the authorsstatearemore importantindicatorsof uniformity.

This appearsto be a somewhatsubjective criteria. This weightedform of

thespectraltestscorrespondsto Diaphony.

The FFT analysisof the empiricalPDF providesnot only a different

view of theuniformity of thegenerateddata,but alsohasthebenefitof all

of thespecialpurposehardwareandsoftwaredevelopedduringthedecades

of useof FFTsfor otherpurposes.It canalsobe moreeasily tailored to

the level of confidencethe userrequiresin the dataset, by adjustingthe

numberof cells the empiricalPDF is collectedover. If high resolutionis

desired,but computepower is limited, thetestcanbeappliedon a reduced

grid (subset)of cellswith thedesiredresolution.Eventhoughthenumber

of generatedpointsmustbehighin thiscase,themuchheavier computation

requiredfor theanalysisis limited to thechosensubsetof cellsandthuscan

be tailoredto the availablecomputepower of the testmachine.Thusour

testis configurableto allow examinationof thegeneratorin a wide variety

of wayswith usercontrollablecomputationalloads.
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3.4. EST AppliesEqually to
�:�����C�
	

and
����������	

Streams

In all of our discussionto this point we’ve beentalking abouttesting

U[0,1) generators.What aboutinteger or even binary streams?A closer

look at theESTwill revealthatwhatwehavedoneis to reduceanarbitrary

sequenceto a lattice structureon the unit hypercube.Note also that one

meansof obtainingintegerstreamsis to derivethemfrom aU[0,1)sequence

as was discussedin the first exampleof section2.2.1. This is the same

methodusedto reducethe arbitraryU[0,1) sequencedown to a lattice for

applicationof the FFT. Hencefor
�:�Ü���C�
	i�:� ÝÞ�

streamswe canapply

theESTwith our bin size( � ) setto
�

andtheremainderof thetestfollows

through.
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CHAPTER IV

THE EST DISTRIB UTION

Wewill now gointo theactualdistributionof theESTcoefficientswhich

arethe basisof the test. First in section1 we will lay the groundwork by

gettingthematrix form of themultidimensionalDFT of anempiricalPDF

derived from the randomsequence.In section2 we will then derive the

distributionof thecoefficientsoutputby theDFT. Fromthisdistributionwe

will developin sections3 and4 theoverall testandtheconfidenceintervals

for examiningindividualcoefficientsin theEST.

4.1. Multidimensional FFT of the Empirical PDF of a k-dim RNG

An empiricalPDFcanbeobtainedfrom a sampleof
�

pointsin
�

di-

mensionsfrom a uniform
������� - randomnumbergeneratorby producinga

grid of cellson theunit hypercubeandcountingtheoccurrencesof points

within eachcell. Thesecell frequenciesarethendividedby
�

to produce

anempiricalPDF. If theunderlyinggeneratoris truly independentuniform,

theresulting
�
-dimensionalPDFwill haveequalprobabilityfor all cell fre-

quencies.The transformationof the empiricalPDF is achieved using the�
-dimensionaldiscreteFourier transform(DFT) to the

�
-dimensionalem-

pirical PDFcell frequency array. If theunderlyinggeneratorgeneratesin-

dependentuniforms, the expectedtransformconsistsof the meanin the( ���C���%$%$%$d��� - frequency (transformed)cell andzerosin all others.If not, the

structurewill show upasfrequency informationin oneor moredimensions.
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We first needsomemachineryto be able to readily work with a
�
-

dimensionaltransformof theempiricalPDF. Sinceweknow thattheFourier

transformis linear, we would like to beableto usestandardlinear theory.

As will be shown, the transformcanbe viewed asa complex linear func-

tion of the form ß 0°�áà . This will allow us to dealwith the arbitrary

dimensionalityandresolutionof thetestin ageneralfashion.

NOTE. Wedenotevectorsby bold lowercase( â ), matricesboldupper-

case( � ), andscalarswith standardfont ( h ).
4.1.1. Construction of the Empirical PDF.. We start by first con-

structingtheempiricalPDFona �~ ® Ñ�Ñ�Ñ ® �~ or ã �~�ä ¡ resolutiongrid of hyper-

cubes.Thedimensionof thespacewe areworking with will bedenoted
�
.

Thatis,wearegeneratingpointsin å ¡
distributeduniformly ontheunit hy-

percube
�����%� - � ®,�Ü���%� - ! ® Ñ�Ñ�Ñ ®,�Ü���%� - ¡ . Usingaleap-frogpartitioningscheme

we will take disjoint
�
-tuplesfrom thegeneratorasour vectorsin å ¡

. Let

uU=0 the j æ\ç univariategeneratefrom a uniform randomnumbergenerator.

If we sequentiallyassigntheseunivariategeneratesto theelementsof a
�
-

dimensionalvector è suchthatthesequenceof
�

generatesfor the rªæ\ç gen-

eratedvectoris the � ¹U � with
§ 0¼é � r � r jW� Ñ�Ñ�Ñ � r jJ�:Gw�ëê givingè Ë 0{(*�"¡ Ë � �"¡ Ë [H� �%$5$e$e� �"¡ Ë [�¡ 9 � - � r/0 ����$%$%$d���ìGw�

.

Partition the unit hypercubeinto equivolumehypercubes(cells) using� bins in eachdimension,producing íì0°� ¡ equivolumecells. Eachcell

is then a ã �~�ä ¡ hypercubewithin which we will be countingpoints. Letî 0 (VtC� � t^! �%$%$%$_� t^¡ - , wherecell membershipis determinedby taking the

largestinteger �©�oU�� designatedas t*Uï0 2ª�oU���4 � [ t*U�0 �O$%$�$ � Gg�
]. This

schemeprovidesthebasisfor analgorithmto quickly allocatepointsto cells
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asthey aregeneratedwith onlyasinglemultiply andanintegertruncationas

well asthemeansto roll out a
�
-dimensionalgrid into a vectorfor simpler

notationlateron.

Thecellsarerolledout in row order(columnor rightmostindex chang-

ing fastest)into asinglevector. Eachof the í cellsarethennumberedusing

themappingfunction

(IV-1) > î 0 ÊU Ì �að�ð�ð ¡ t*U_� Á ¡ 9 U�Â
where > îòñ ��$5$e$ í GW�

. For k=2, b=8, the íó0gQ ! 0 ¬ « cellsareshown in

FigureIV-1,

NOTE. Whenusingthecell numbers> î asindiceswewill denotethem

by
î

to reducethecomplexity of ournotation.So ô õ î�ö � ô � î ö ô î .

TheempiricalPDFof a
�
-dimensionalrandomnumbergeneratorusing

countsof pointsfalling into the � ¡ equalvolume
�

dimensionalcells is a í
elementvectorfunctionwith eachelementqR÷»( î - definedas:

(IV-2) qD÷À( î - 0 �� ÊË Ì Z�ð�ð ÷ 9 �fø î (Vè Ë - �
wherethefunction ø is anindicatorfunctionon thehypercubecells

ø î (*è Ë - 0 ùúÜû � è Ë ñ î� � r ��� $
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(a)Grid for k=2, b=8

FIGURE IV-1. Two DimensionalGrid

Thereare í of thesevalues,one for eachvalueof
î

. We will work

with themasa vector àÞ0 � qD÷I( î -�� . Thetransformwill beappliedto this

vector.

4.1.2. DiscreteFourier Transform (DFT) of theEmpirical PDF. We

now turn to thetransformof theempiricalPDFIV-2. ThediscreteFourier

transform(DFT) of thek-dimensionalempiricalPDFis anorthogonaltrans-

formation which mapsspatial information in the unit hypercubein å ¡
to frequency informationin ü ¡

. If we let ýþ0ÿ( �%y Ð �%$�$%$�����y É - denotethe
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Fourierfrequencies,
��y�� 0 !�� y��~ ��¥ U½0 � $�$%$ � G��f� § 0 � $�$%$��

, thenthevec-

tor ý consistsof asetof “crossed”orthogonalfrequenciesin
�

dimensions,

allowing usto extract“waves”of length1 down to length �~ in thedatafrom

any direction,not just alongasingleaxisaswith asingledimensionFFT.

DEFINITION 4.1.1. The discreteFourier transformis definedin terms

of eachof the í combinationsof Ï 0 ( ¥ � �%$�$%$��C¥ ¡ - Fourier frequencies.

For eachfrequency combinationÏ theassociatedcoefficient is calculated

asa sumover theobservationbinsas:

(IV-3) q Ï 0 ~£9 �ÊË Ð Ì Z Ñ�Ñ�Ñ ~£9
�ÊË

É Ì Z
� & Ò7ÓÔ y Ð Ë Ð Ñ�Ñ�Ñ � & Ò7ÓÔ y É

Ë
ÉÖÕ ×RØ

whereØ 0{(irV� �%$%$%$_� r�¡ - denotesthevectorof summationindices.

NOTE. It is usefulfor computationandconceptualizationof themulti-

dimensionaltransformprocessto formulate this as a recursive DFT by

pulling theexponentialsthroughtheiteratedsums.

(IV-4) q Ï 0 Ê Ë Ð � & Ò7ÓÔ Ë Ð y Ð �
Ñ�Ñ�Ñ

� Ê Ë
É
� & Ò7ÓÔ Ë É y É Ñ ×DØ����

Thefollowing theoremprovidesuswith a compactform for themulti-

dimensionaltransform.A similar matrix formulationcanbefound in sec-

tion 14.4of Garg[30].
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THEOREM 4.1.2. TheFourier transformof theempiricalPDF with res-

olution ã �~�ä ¡ of a k-dimensionalindependentuniformpseudorandomnum-

bergenerator expressedasa complex linear transformationis

(IV-5) ßÞ0L�áà
whereß is a � ¡ ®��

complex vectorFourier coefficients,à is a � ¡ ®��
real vectorof relativecell frequenciesand� is a � ¡ ® � ¡ complex matrix of Fourier multipliers with each row

correspondingto a singlefrequency.

PROOF. EquationIV-3 canbe rewritten in termsof inner productsof

the frequency andsummationindex vectorsÏ and Ø by first reorganizing

theexponentsin theproductof exponentialsinsidethesummationandthen

recognizingthis summationasaninnerproduct.

(IV-6)q Ï 0 ~£9 �ÊË Ð Ì Z Ñ�Ñ�Ñ ~£9
�ÊË

É Ì Z
� & Ò7ÓÔ
	 Ë Ð y Ð [ Ë Ò y Ò [��
�
� [ Ë É y É�� Ñ ×RØ 0 ~£9 �ÊË Ð Ì Z Ñ�Ñ�Ñ ~£9

�ÊË
É Ì Z

� & Ò7ÓÔ Ø�� Ï Ñ ×DØ
Thismakesit clearthatfor eachcombinationof Fourierfrequencieswe

areworking with a � ¡ or í elementsummationof complex exponentials

which are functionsof the inner productof the frequency vectorand the

cell locationvector. We now definea í elementvectorof Fourier multi-

pliers â Ï 0 � â Ï � Ø 0 � & Ò7ÓÔ Ø�� Ï which containsall of themultipliers in

the í elementsummationin (IV-6). If we now usethe cell identification
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function(IV-1) to do a changeof summationvariableswith associatedor-

deringof â Ï to go from the iteratedsummationover eachof the rKU ’s to

a singlesummationover thecell identifiers,we canwrite theequationfor

eachcoefficient (frequency combination)asaninnerproductof a complex

vectorandtherealdatavector;thatis,

(IV-7) q Ï 0<â ¹Ï à
From this form we cannow build a matrix � with the â Ï ’s form-

ing the rows. Eachrow correspondsto the
�
-iteratedsummationfor each

coefficient for a particularfrequency combination.Columnscorrespondto

individual relative cell frequenciesacrossthecombinationsof frequencies

in thetransform.

This thengivesustheentire
�
-dimensionalFouriertransformexpressed

asa complex lineartransformation.

ßÞ0L�áà
with thedesiredproperties. �

4.1.3. Structure of the � Matrix. The � matrix is critical to further

work, so we shouldtake a closer look at it. First we needto make the

notationclearerby pulling theexponentialsoutsidethematrix. We do this

by expressing(asillustratedin EquationIV-8) anarbitrarysizedmatrix of

exponentialsasanexponentialraisedto a matrix power wheretheoriginal
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matrixof exponentialsandthematrixpowerof earethesamesize.

(IV-8)

��������� ������� �ÿ������� Ð Ñ�Ñ�Ñ ��� ��� É��� Ð � �ÿ��� Ð � Ð . ..
...

...
. . . . ..

...��� � � � Ñ�Ñ�Ñ Ñ�Ñ�Ñ ��� � � É
� �������! 0 �#"

Using this, we have � expressedas $ � & Ò7ÓÔ&% "
. Sincethe rows of� are formed from the iteratedsumswhich generatethe coefficients of

theFourier transform,eachelementof " is a dot productof a frequency

vectorandasummationindex vector 'ï&�� U 0 Ï ¹& Ø U wherethevalueof Ïë& is

constantacrosseachof the rows andthevalueof Ø U rangesthroughall í
possiblecombinationsof thesummationindices. Converselythe columns

area specificcombinationof summationindices Ø U acrossthe í possible

combinationsof frequenciesÏë& . As long as we remainconsistentwith

the orderingof our cell frequency vector, we canroll theseout from the

summationsin any orderwe like. Sincewe have alreadyrolled out thecell

frequency vectorusinga relationshipbetweena
�
-vectorof integervalues

in therange
�O$%$�$ � G}�

definedin EquationIV-1, wewill usethatto roll out

thecolumnsof thismatrix. Theorderingof therows is arbitrary, sowewill

usethe samerelationshipto orderthemaswe do the columns. Sincethe

vectorcomponentsarethe samesizeandrangeover the samevalues,we

will haveasymmetricmatrix.

a. Thefirst row hasall Ïë&;0 �
andthefirst columnis all Ø UO0 �

.

b. For � �L�
weselectthe Ï}& andfor thecolumnselectthecorre-

spondingØ & .
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M−matr ix k=2, b=4

11 22 33 44 55 66 77 88 99 10 11 12 13 14 15 16
11 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00
22 00 01 02 03 00 01 02 03 00 01 02 03 00 01 02 03
33 00 02 04 06 00 02 04 06 00 02 04 06 00 02 04 06
44 00 03 06 09 00 03 06 09 00 03 06 09 00 03 06 09
55 00 00 00 00 01 01 01 01 02 02 02 02 03 03 03 03
66 00 01 02 03 01 02 03 04 02 03 04 05 03 04 05 06
77 00 02 04 06 01 03 05 07 02 04 06 08 03 05 07 09
88 00 03 06 09 01 04 07 10 02 05 08 11 03 06 09 12
99 00 00 00 00 02 02 02 02 04 04 04 04 06 06 06 06

10 00 01 02 03 02 03 04 05 04 05 06 07 06 07 08 09
11 00 02 04 06 02 04 06 08 04 06 08 10 06 08 10 12
12 00 03 06 09 02 05 08 11 04 07 10 13 06 09 12 15
13 00 00 00 00 03 03 03 03 06 06 06 06 09 09 09 09
14 00 01 02 03 03 04 05 06 06 07 08 09 09 10 11 12
15 00 02 04 06 03 05 07 09 06 08 10 12 09 11 13 15
16 00 03 06 09 03 06 09 12 06 09 12 15 09 12 15 18

TABLE IV-1. ExampleM-matrix

Thatis Ïë&;0 Ø & andthus Ï ¹& Ø Uº0WÏ ¹U Ø & .
Now we look at a simplecasewith

� 0 P
and ��0Ç« . We thenhave a« ® « grid, so � is a

��¬�®¨��¬
matrixof complex exponentialsderivedfrom

theFouriertransformequationIV-3:

q y Ð � y Ò 0 #ÊË Ð Ì Z
#ÊË Ò Ì Z � & Ò7Ó( y Ð

Ë Ð � & Ò7Ó( y Ò Ë Ò Õ × Ë Ð � Ë Ò 0 #ÊË Ð Ì Z
#ÊË Ò Ì Z � & Ò7Ó( 	 y Ð Ë Ð [ y Ò Ë Ò �K× Ë Ð � Ë Ò

This resultsin the
�%¬È®<��¬

M-matrix illustratedin Table IV-1. Note

thezeroentriesindicatedin bold facetype. For thezero-zerocombination

of frequencies,the exponentis zerofor all datapoints. Similarly the first

columncorrespondsto zeroesin bothof thesummationindices,sothey are

alsozeroes.Thefirst 4 rows of thematrix aredetailedin TableIV-2 show-

ing the row andcolumn (V� � § - valuesof Ï and Ø alongwith the indexing

functionc appliedto Ø andtheinnerproductof thetwo vectors.In thefirst

four rows of the matrix we seethe first frequency componentholding at
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ii jj n1 n2 l1 l2 c (l1,l2) l’.n ii jj n1 n2 l1 l2 c (l1,l2) l’.n
11 11 00 00 00 00 00 00 33 11 00 22 00 00 00 00
11 22 00 00 00 11 11 00 33 22 00 22 00 11 11 22
11 33 00 00 00 22 22 00 33 33 00 22 00 22 22 44
11 44 00 00 00 33 33 00 33 44 00 22 00 33 33 66
11 55 00 00 11 00 44 00 33 55 00 22 11 00 44 00
11 66 00 00 11 11 55 00 33 66 00 22 11 11 55 22
11 77 00 00 11 22 66 00 33 77 00 22 11 22 66 44
11 88 00 00 11 33 77 00 33 88 00 22 11 33 77 66
11 99 00 00 22 00 88 00 33 99 00 22 22 00 88 00
11 10 00 00 22 11 99 00 33 10 00 22 22 11 99 22
11 11 00 00 22 22 10 00 33 11 00 22 22 22 10 44
11 12 00 00 22 33 11 00 33 12 00 22 22 33 11 66
11 13 00 00 33 00 12 00 33 13 00 22 33 00 12 00
11 14 00 00 33 11 13 00 33 14 00 22 33 11 13 22
11 15 00 00 33 22 14 00 33 15 00 22 33 22 14 44
11 16 00 00 33 33 15 00 33 16 00 22 33 33 15 66
22 11 00 11 00 00 00 00 44 11 00 33 00 00 00 00
22 22 00 11 00 11 11 11 44 22 00 33 00 11 11 33
22 33 00 11 00 22 22 22 44 33 00 33 00 22 22 66
22 44 00 11 00 33 33 33 44 44 00 33 00 33 33 99
22 55 00 11 11 00 44 00 44 55 00 33 11 00 44 00
22 66 00 11 11 11 55 11 44 66 00 33 11 11 55 33
22 77 00 11 11 22 66 22 44 77 00 33 11 22 66 66
22 88 00 11 11 33 77 33 44 88 00 33 11 33 77 99
22 99 00 11 22 00 88 00 44 99 00 33 22 00 88 00
22 10 00 11 22 11 99 11 44 10 00 33 22 11 99 33
22 11 00 11 22 22 10 22 44 11 00 33 22 22 10 66
22 12 00 11 22 33 11 33 44 12 00 33 22 33 11 99
22 13 00 11 33 00 12 00 44 13 00 33 33 00 12 00
22 14 00 11 33 11 13 11 44 14 00 33 33 11 13 33
22 15 00 11 33 22 14 22 44 15 00 33 33 22 14 66
22 16 00 11 33 33 15 33 44 16 00 33 33 33 15 99

TABLE IV-2. First 4 Rows of M

zeroandthesecondsequencingthroughthevalues
� �u� P �C± � . This givesus

therelatively simpleperiodicbehavior easilyseenin eachof TableIV-1and

FigureIV-2. As morefrequency contentcomesinto play with higherrow

numbers,thecomplexity of therows becomesgreater.

The increasingcomplexity of theperiodicstructureasrow numberin-

creasesis illustrated in Figure IV-2. This increasingcomplexity is the

strengththat this transformhasover a single dimensionaltransform,al-

lowing it to illuminatemoredetailedandcomplex behavior in thedata.
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FIGURE IV-2. PeriodicStructureof �
4.2. Distrib ution of the Fourier Coefficients

We now have a simpleform for theFourier transformof theempirical

PDF (4.1.2) and we are readyto derive the distribution of the transform

coefficients from the relative cell frequencies.Empirical resultsfrom ex-

amininga numberof suspectedgoodgeneratorshave suggestedthat they

areindependentnormalswith variance �÷ .
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4.2.1. Asymptotic Distrib ution of the Empirical PDF. Firstweneed

to gettheasymptoticdistributionof therelativecell frequencies.This is an

applicationof well known resultsfor asymptoticnormalityof cell frequen-

cies.Thefollowing lemmahowever, makesit specificto our context.

LEMMA 4.2.1. TheempiricalPDF with resolution �~ ®z� of an indepen-

dentuniformpseudorandomnumbergenerator is

à*),+ �.- (0/21 � �� ã3154 G 1 !76 ä -
PROOF. Undertheassumptionof independentuniformity of thegener-

ator, the
�
-dimensionalstructureô 0 �98 ( î -�� of cell frequencies,

8 ( î - 0� qD÷I( î - , are multinomially distributed, with individual cells binomially

distributed, 1�0 �- and :}0 ( ��G �- - . The meanof the cell frequencies

is
� 1Å0 ÷ - , while thevarianceof eachcell is

� 1;:=0 � ã �- G �- Ò ä andthe

covariancebetweenany two cellsis
G»� 1 ! 0 ÷- Ò .

This
�
-dimensionalstructureis difficult to manipulate,sowe will ’roll

it out’ into a í elementvector < usingthecell indicesfunction(IV-1).

This now givesus a vector < which is multinomially distributedand,

hence,by themultivariatecentrallimit theoremhasanasymptoticallymul-

tivariatedistribution. More precisely, we know that àþ0 �÷ < is asymptot-

ically normal,

à*),+ �=- (0/21 � ��?> -
with > 0 � +�&ÜU � and
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+�&ÜU 0 ùú û 1;: ��0 §G 1 ! �A@0 § $
Notethat > hasrank í G}�

dueto theconstraintson thecell probabili-

ties ¾ & 1�&;0 �
.

A well known shorthandform for thiscovariancematrixusingtheiden-

tity matrixand 6 0B/C/ ¹ is
(IV-1) > 0

DEEEEEEEF 1;: G 1 ! $%$%$ G 1 !G 1 ! 1;: G 1 ! ...
...

G 1 ! . . .
G 1 !G 1 ! $%$%$ G 1 ! 1G:

HJIIIIIIIK 0L154 G 1 ! 6
giving usourdesiredresult. �
4.2.2. Preliminaries. We cannow turn to obtainingthedistributionof

theFouriertransformof theempiricalPDFusingtheoryfor thedistribution

of linear transformationsandcomplex normaldistributions. A coupleof

preliminaryitemsarekey to this.

Thefirst item is thedefinitionof a complex normaldistribution,which

providesuswith a relationshipbetweenmultivariaterealnormalsandcom-

plex normalsasis definedandusedfor multivariatetimeseriesanalysis;see

Brillinger[10] or Brockwell andDavis[11] or coveredin somewhatgreater

detailby Goodman[32]. Detail of thederivationof thePDFandcharacter-

istic functionfor thisdistribution is availablein Wooding[105].
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DEFINITION. Complex MultivariateNormalDistribution. Let M bea

complex randomvectorof lengthm. Wesay M hasacomplex multivariate

normaldistribution,denotedbyM ) � õN (PO � > - �
if thefolowing conditionshold.

(1) The
� ®ï�

matrix > is a Hermitiancovariancematrix with real

andimaginaryportions > � and > ! respectively. That is, > 0> � j � > ! is a complex valued
� ®��

matrix suchthat > 0> ¢ 0 > ¹ � G � > ¹ ! and â ¢ > â Ý �
for all â ñRQ N

.

(2) Writing M into its realandimaginarypartsas M 0SM � j ��M�! ,
let )�� 0W�
(PM � - and )/!k0L�
(PM�! - . Define )�0L)�� j �£)/! .

(3) Assumethat

DF M �M�!
HK hasthemultivariatenormaldistribution�� Mþ�M°!

�! ) � DF �� O �O !
�! � �P �� > � G > !> ! > �

�! HK $
Thenwesaythat M 0TM � j ��M°! is acomplex-valuedmultivariatenormal

randomvectorwith meanO 0TO � j ��O ! andcovariancematrix > .

This definitionis isomorphicin thespecialcaseof Fouriercoefficients.

SeeWooding[105] for details.

Theseconditem concernsthepropertiesof sumsof thecomplex expo-

nentialswe areworkingwith.
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FACT 4.2.2. Fromtheperiod !��÷ of thecomplex exponential
� &VU andthe

symmetryof thesummationwith integer powers,÷ 9 �Ê y Ì Z � & Ò7ÓW y ] 0 ùú û � AB0 �p���C� ñ � ¥ t � 8 � A �� � r ��� $
This relationshipcanbefound in many sources,includingOppenheim

& Sheiffer[81]andCoveyouandMacpherson[19].

Thefinal item is a factfrom Wooding[105] whichgivesusthedistribu-

tion for a linearcombinationof complex randomvectors.

FACT 4.2.3. If X is
� õN (ZY �7[ - & C is a matrix, then\ X]) � õN ( \ Y � \ [ \ ¢ - $

This is a well known resultwhich follows directly from thecharacter-

istic function of the complex normal developedin Wooding [105]for the

specialcaseof thedistributionof Fouriercoefficients,which is givenby,^ (7t - 0<�]_ � &a`cb Á îed X Âgf 0 � &a`cb ( î2d X - 9 Ð( îhd�i�î $
4.2.3. Distrib ution of the Transform. Wecannow getthedistribution

of thetransform.

THEOREM 4.2.4. TheFourier coefficients ß aredistributedas+ � õ- (�j:Z � �� (Z4 G j:Z7j ¹ Z -�-
undertheassumptionof anunderlyingindependentuniformgenerator.
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PROOF. From LemmaIV-2 we know that à )k+ �.- (a1�/ � �÷ > - . We

alsoknow thattheFouriertransformis acontinuousanddifferentiablefunc-

tion. We will usethewell known resultthat if
xzyml 6 in distribution andn

is continuous,then
n ( xzy - l n (V6 - in distribution. In our case,

n
is the

lineartransformation� andhenceis continuous.But � is complex sothe

limit distribution will likely becomplex. We first notethat µ©0òà j ��o ,

which hasmeanO j ��o andvariance> j ��o , which by Definition 4.2.2

hasdistribution + � õ- ãp1:(q/ j ��o - � �÷ ( > j ��o - ä . Thenby Fact 4.2.3we

have that ß·0<�òµ is distributed+ � õ- ( 1�� (r/ j ��o - � �� � ( > j ��o - � ¢ - 0s+ � õ- (£�t/21 � �� � > � ¢ -
Expandingandrearrangingthemeanwe canusefact4.2.2to simplify

it as1��t/�0L1I¾ Ø � & Ò7ÓÔ�u Ø � Ïwv ×DØ 0L1I¾ ~£9 �Ë Ð ÌGx Ñ�Ñ�Ñ _ª¾ ~£9 �Ë É Ì Z � &^Ò7ÓÔ y É
Ë
É f Ñ�Ñ�Ñ � &^Ò7ÓÔ y Ð Ë Ð $

Notethat_7¾ ~£9 �Ë É Ì Z � & Ò7ÓÔ y É
Ë
É f 0 ùú û � ¥ ¡I0 � � �C� ñ � ¥ t � 8 � A �� � r ���

and
¥ ¡I0 � � for

¥ � 0 �
only.

Now considerthe A æ\ç elementof �y/ , which is� �*/ �#z 0Lâ ¹Ï z / 0 ¾ Ø � & Ò7ÓÔ Ø�� Ï z
0{_ ¾ ~£9 �Ë Ð � & Ò7ÓÔ Ë ÐZ| Ï zq} Ð f Ñ�Ñ�Ñ _ ¾ ~£9 �Ë É � & Ò7ÓÔ Ë É | Ï zr} É f

0 �� ùú û � � Ï}] � � 0 �� � r ���
�! Ñ�Ñ�Ñ

�� ùú û � � Ïë] � ¡ 0 �� � r ���
�!

For thefirst row, A�0 �
, all of the

¥ &¤0 �
; hence,we have theproductof

k summations,eachof which hasvalue � giving us � ¡ . For A~@0 �
, we have
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at leastone
¥ &h@0 �

in eachfactorand
¥ &¦
 � . By Fact4.2.2this factoris

�
and,hence,theproductis

��$
Thus the meanis a delta vector ( j - Z ) with the one in the first (zero)

position. To simplify notation,we will drop thesuperscriptindicatingthe

lengthof thedelta,zero o and / ’s vectorswhentheir lengthis clearfrom

context.

Turningto thevariance,� > � ¢ 0��¼(a154 G 1 ! 6 - � ¢ 0L1��á� ¢ G 1 ! � 6 � ¢
we look first at theelementsof �á� ¢ $� �á� ¢ � ]^` 0�â ¢] â�` 0L¾ Ø � &^Ò7ÓÔ Ø�� Á Ï�� 9 Ï z Â
but,� (*Ï¯` G Ï}] -�� & ñ G (i� G�� - �%$%$�$_�����%$%$%$d� (i� Gw� - ,
sothis is non-zeroonly for A,0 �

.

thuswewill get � ¡ at A,0 �
andzerootherwise,finally giving us1��Ç� ¢ 0L1'� ¡ 4Ç0 ~VÉ- 4 .

Goingto thesecondterm,1 ! � 6 � ¢ 0L1 ! (£�y/ - (0/ ¹ � ¢ -
Wealreadyknow that �*/�0

DEEEEEEEF � ¡�
...�

HJIIIIIIIK and

/ ¹ � ¢ 0 ã���R/ ä ¹ 0 $ � ¡ � Ñ�Ñ�Ñ � % by the sameargument,but

with
G � insteadof � , sincewe arejust goingtheoppositedirectionaround
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theunit circle. Thus

1 ! � 6 � ¢ 0L1 !
DEEEEEEEF � ¡�

...�

HJIIIIIIIK $ � ¡ � Ñ�Ñ�Ñ � % 0
DEEEEEEEF 1 ! � !a¡ � Ñ�Ñ�Ñ �� � . . .

...
...

. . . . . .
...� Ñ�Ñ�Ñ Ñ�Ñ�Ñ �

HJIIIIIIIK
Puttingthesetogetherweget � > � ¹ 0L1"� ¡ 4 G 1 ! � !a¡ j:Z7j ¹ Z
Notenow that � ¡ 0�í so 1"� ¡ 0 �- Ñ í 0 �

and1 ! � !a¡ 0 ã 1'� ¡ ä ! 0 �
Sofinally, � > � ¹ 0 ù���ú ���û

� ��0 § 0 �� ��0 § �w�� � r ��� 0
DEEEEEEEF � � Ñ�Ñ�Ñ �� � . . .

...
...

. . . . . .
...� Ñ�Ñ�Ñ Ñ�Ñ�Ñ �

H IIIIIIIK
andwehaveour variance �÷ (£� > � ¹ - 0 �÷ (Z4 G j�Z�j ¹ Z - �
From this we have that the meanis zeroeverywhereotherthanthe o

frequency elementwhich alsohasdegeneratevariance.Theremainingele-

mentsareindependentnormalswith variance �÷ .

4.2.4. Distrib ution of the Re & Im Coefficients. The derivation of

section4.2.3is for complex coefficientsof theform h j ��� . This is sufficient

for analysisof functionsof the complex numberswhich have real values,

suchasthemagnitude.Togetbetterpotentialresolutionin ourteststatistics,

we would like to beableto work with functionsof the realandimaginary

componentsseparately. Howeverwe do not yet have thedistribution of the

individualrealandimaginarycoefficientsgeneratedby theFFTalgorithms.
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THEOREM 4.2.5. If weexpandour distribution as indicatedby defini-

tion 4.2.2into a
P í normal

ßÞ0T� � ß j � ø � ß� 0 �� (Z4 G j:Z�j ¹ Z - 0,� � � j � ø � �
wherewehaveø � � 0,o , then

(IV-2) XÆ0 DF � � ß
ø � ß

HK ),+ � ! - DF j�Z � �P DF � oo � HK HK
.

PROOF. Theorem4.2.3givesus the asymptoticdistribution of ß asa

complex normal:

(IV-3) + � õ- (�j:Z � �� (Z4 G j:Z7j ¹ Z -�-
Fromdefinition4.2.2andthefactthatourmeanandvariancearestrictly

real,theresultis immediate. �
4.3. Overall Test

We now have thedistribution of the Fourier coefficientseitherasat í
elementcomplex vector( ß ) or asa

P í real vector( X ). Theobvious test

giventheasymptoticnormalityis to useaquadraticformwith aChi-squared

distribution. This form would normallybe X ¹ > 9 � X , however in our case

the covariancematrix is not full rank and thereforenot invertible. This

couldbeapproachedusinga generalizedinverseof > 1, but a very simple

1As wassuggestedby Dr. DanielMihalko.
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projectionseemsclearerin our caseandmakestheactualimplementation

in softwaremoreobvious.We thenwill beseparatingthecoefficient vector

into two portionsor subspaceswith a simpleprojection. Onethe primary

subspacewill be full rank �����B����� and the other (our residual)will be

a two dimensionalspacewith an asymptoticallyvanishingvariance. The

result can thenbe combinedin a normal fashionto obtaina test statistic

which includesthe full measurementvector andpotentially betterpower

underalternatives.

THEOREM 4.3.1. As in Theorem 4.2.5, let � � ����=������ �
��

where� �,��� . Suppose k�S��¡�¢,£�¤5¥;¦§©¨Gª¬« £§ �®­ . Then  hasanasymptotic̄ £
distributionwith ���°�L� degreesof freedom,underthenull hypothesisof a

uniformindependentgenerator. Wewrite  k±,²³¯ ££�¤5¥´£ .
PROOF. Recallfrom Theorem4.2.5that � is²µ¡ £�¤ ��&¶ ª9· ­�T¸�º¹ »» ¹ ¼½ ��

.

Let ¾¿�,À]� wherethe �G�Á�°�°­��2ÂR��� matrixÀ � ¸� »RÃÄ» Ã Ä]ÅÅÅÅÅÅ
Æ Ã ÄÈÇ�ÃÄ» Ã Ä Ç�ÃÄLÅÅÅÅÅÅ

»~ÃÄ» Ã Ä¿ÅÅÅÅÅÅ
»ÉÃÄ�Ç�ÃÄÆ Ã Ä Ç�ÃÄ ¼½

, Ê.�S�G�Á�Ë�?­�� .
Thisis asimpleprojectionfrom Ì £�¤ to Ì £ÈÍÎ¤Ï¥;¦ZÐ whichstripsoff theReal

andImaginarycoefficientsof the

»
frequency componentsleaving uswith¾¿±,²µ¡ £ÈÍ©¤5¥;¦ZÐ�Ñ » · ¦£qÒ ÆÔÓ

. Theresidualof this projection Õ is thestripped
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off componentswhich is ²µ¡ £ ��¶ ª9· » � , i.e. a degeneratetwo dimensional

vectorwith ÕÖ� �� « ª« ¤
��

.

Wenow have   ¦ �?¾Ô×&Ø ­��¡ ÆmÙ ¥;¦ ¾Ú±,²Û¯ ££�¤5¥´£ �PÜÝ�
sothesum  Ö�Þ  ¦�ß ��¡à�ZÕ*�L¶ ª �q£
is alsodistributedasan ²Û¯ ££�¤Ï¥´£ and Ö�,��¡ £�¤5¥;¦á §©¨Gª « £§ �?­
. â

Our testis thento rejectthe null hypothesisof a uniform independent

generatorwhen   is too greatin magnitude,indicatingexcessive power at

somesetof frequencies.More formally, our asymptoticallylevel ã testofä ª : Thegeneratoris uniform(åGæ�� ¦¤�ç�è ), is

Reject
ä ª if  êéË¯ £ë�ì £�¤5¥´£

wherē £ë £�¤5¥´£ is theupperã critical pointof the ¯ £ distributionwith �#�í�Ô�
degreesof freedom.

4.4. Testingfor Indi vidual Outliers in the Coefficients

Sinceweexpectto find particularunknowncombinationsof frequencies

which matchwith periodicbehavior in theempiricalPDF, we canlook for

theseasoutliersin the coefficients. Graphicsarean obvious method,but

highly subjective. Wewill scanthecoefficientsfor outliersusingaFisher’s

protectedLSD (PLSD)scheme.If theoverall testaboverejects,wewill use
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an ã level confidenceinterval, otherwisewewill useaBonferonniinterval,

assuringthatwewill retainat leastanoverall level ã test.

4.4.1. Cutoff Basedon Indi vidual Realand Imaginary Components.

Sinceour reducedvector ¾ is ²³¡ £�¤5¥´£ � 0 · ¦£qÒ I � , we canbaseour initial test

for individual outliersin all but thezerofrequency coefficientson thedis-

tributionof î ��¡ðïJñ , which is thestandardnormal.Wecalculatethecritical

value ò ¦ for which any observation with absolutevaluegreaterthan ò ¦
impliesa likely outliersuchthat ­2�®ó=�Zò ¦ �eô ë £ , giving usaprobabilityof

seeinganobservationwith absolutevalue> ò ¦�õ ã . If theoverall testdid

not reject,wecanuse ö ¦h÷ ­2�øó=�Pö ¦ �2ô ëù Í©¤5¥;¦ZÐ for theBonferonniinterval.

4.4.2. Cutoff Basedon the Magnitude of ComplexCoefficientMag-

nitudes. Theabove interval usestheinverseof ahypercubecenteredat the

origin asthecritical regionin �G�Á�É�É­#� space,appliedto �G�Á�É�É­#� elements.

If we considereachReal/Imaginarypair, this is equivalentto testingwith

theinverseof asquareregionabouttheorigin asourcritical regionfor each

pair. However, a circular cutoff region using the magnitudeof complex

coefficients may actuallymake more sense,combiningboth the real and

imaginarycomponentsat a particularfrequency combination.Thebound-

ary of the resultingregion is thena uniform distancefrom theorigin with

respectto eachcomplex pair. Thisalsoreducesthenumberof comparisons

to T-1. Soalternatively, wecanuseacircularcritical region úüûýñþú´é°ÿ ç�� , us-

ing therealandimaginarypartsof thecomplex numbersimultaneously. For

simplicity, we will work with ú
ûýñÝú £Û��� �=� ��û�ñJ� £ ß ��� ��û�ñJ� £ � . Standardizing

thisgivesus ÅÅÅ î ��¡Éû�ñ ÅÅÅ £ ±,²A  ££ .
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Wethenapplythestandardonesidedtest.Thatis wedeclarethatthej-

th coefficient is anoutlier if úüû�ñþú £ é��
Ä£qÒ , whereò £ is theupperãm  £ critical

point with 2 degreesof freedom. The Bonferonnicutoff ö £ of this, to be

usedif the overall testdid not reject,simply replacesã with ë¤5¥;¦ makingö £ the ­�� ë¤5¥;¦ quantileof the   ££ distribution.

NOTE: Becarefulnotto applybothBonferonniproceduresif theoverall

test fails to reject. If the overall test hasrejected
ä ª we shouldbe safe

applyingboth forms of theconfidenceintervalssincewe areprotectedby

the overall rejection. If we useboth Bonferonnitestsasspecified,we are

no longerassuredof anoverall at most ã testingscheme.A particulartest

mustbeselecteda-priori,or thelevelsmustbeadjustedaccordingly. In this

caseit wouldbenecessaryto use ë� ÍÎ¤5¥;¦ZÐ and ë� Í©¤5¥;¦ZÐ respectively to coverthe

largernumberof comparisonsbeingperformed.

4.4.3. Testing the Zero FrequencyCoefficients. The two zero fre-

quency coefficientsareasymptoticallydegenerate,but not actuallyzerofor

any finite ¡ . We shouldstill be able to test them however, if we knew

theconvergencerateof thevariance.Thesetestswould besimilar to those

above, but with variancestructuredependingnot only directly on ¡ , but

alsoon the convergencerateof the distribution underthe null hypothesis.

This is left to futurework.
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CHAPTER V

APPLYING THE EST

In thischapter, possibleinterpretationsfor variousparameterchoicesfor

the EST will be presentedandsuggestionsfor the applicationof the EST

will be given. The EST canbe usedto testany RNGsor PRNGs,asit is

appliedto arandomsequenceor pseudorandomsequencesampledfrom the

generator. TheESTcandetectnumeroustypesof structurein thesequence

beingtested,includingmany typesof:

� bothperiodicandnon-periodicstructures

� bothlocalandglobalmultidimensionalspatialstructures

� bothshorttermandlong termserialcorrelation

Thetypesof structurethattheESTcandetectareall onesthatwouldprove

unacceptablein somecommonsituations.We don’t want to overstatethe

capabilitiesof the EST though. While it can detectan extremely broad

classof structures,likeeveryothertest,it cannotpossiblydetectall possible

structurein thedata.

5.1. Inter preting EST Results

If thereaderhasn’t beenthroughSection2.7.6andparticularlySection

2.7.6.3yet,thiswouldbeagoodtime. Thesesectionsdiscussthedifficulties

of testingRNGsandPRNGsandsuggestsomeguidelinesfor interpretation.

76



For thesereasons,thebestgeneralrule is to usetheESTto comparegen-

erators,ratherthansimply testthemin isolation.Usinggeneratorsthatare

thoughtto be"good" to helpinterpretthep valuesof thetest.

It is alsotrue that it is bestto repeatany testof any RNG or a PRNG.

For repeatingtestson a PRNGyou shouldselectnew seedsbothrandomly

andsystematically.

The normalconstructionof a testbasedon a chi-squareddistribution

(which is the basisfor the EST overall test) usesa right tailed rejection

region only. This is donebasedon theasymptoticpower of thetestagainst

unspecifiedalternatives(SeeStuart& Ord[93] section30.6). However the

argumentsthis is basedonarefor aquitedifferentexperimentalandtesting

environmentthanthatof theEST. It caneasilybearguedthat   too small

correspondsasreadily to a potentialproblemin the generatorasdoes  
too large. Henceit would be prudentto at leastflag thesecasesor even

modify the currentEST test to rejecton both left and right tails. Actual

modificationof thetestis unnecessarysinceit outputsa p valuewhich can

betestedmanuallyor automaticallyexternalto thecoretestsoftware(asis

donelaterin chapter6).

5.2. ValuesReturnedby the EST

TheESTreturns:

� ESTstatistics:Thesearetheprimaryresultsof thetest.

– N: thetotalnumberof datapointsgeneratedin � - dimensions

– T: �
	
– a: thevalueof ã usedfor critical valuesandconfidencelimits
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– X: theESTteststatistic

– p: the å -valueassociatedwith  
– C: thetestcritical value(  {é?ÿ impliesreject

ä ª �
– K1: thesymmetric­´�.ã confidencelimit for ReandIm values

– K2: the Bonferonni ­C��ã confidencelimit for Re and Im

values

– L1: the ­��øã confidencelimit for Rho

– L2: the ­��øã Bonferonniconfidencelimit for Rho

ThevaluesN, T anda aresimply returnedfor convenience.Themainitem

to look at first is the p-value. If this is below the predeterminedlevel ã ,

the testhasfound significantstructure.The ò ¦ � ö ¦ confidencelimits are

providedprimarily asavisualaidein gaugingthescatterin thecoefficients.

With thelargenumberof coefficients,therewill almostcertainlyalwaysbe

valuesoutsidetheserelatively tight limits. If the rejectionis strong(very

low p), thereshouldbepointsoutsidetheBonferronilimits ò £ � ö £ . This

is the startingpoint for analyzingthe natureof the potentialfailure. The

Bonferronilimits arealsosetatalevel suchthatevenwithoutalow p-value,

coefficientswhich lie outsidetheselimits arecausefor furtherstudy.

� ESTFFTcoefficients:

– [Re] a �
	 vectorof realcoefficients

– [Im] a � 	 vectorof imaginarycoefficients

– [Rho] a �
	 vectorof magnitudesof thecomplex coefficients

– [Phi] a � 	 vectorof phaseanglesof thecomplex coefficients

The FFT coefficientsareprovided to facilitateandanalysisprocess.This

test is not meantto provide only an accept/rejectdecision,but ratherasa
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tool for exploring randomsequencesfor potentiallytroublesomestructure.

Thesearchfor thatstructurebeginswith this data.

5.3. The ô�� · � · ¡ ·�
 ��� � é Family of ESTs

TheESTis a family of tests,parameterizedby ô�� · � · ¡ ·�
 ��� � é . The

parametersb, k andN are integersandseedis the seedfor the generator

begin tested,assumingoneis needed.

The first parameteris the numberof ’cells’ allocatedin eachdimen-

sion. It effectively controlstheresolutionof your searchfor structure.For

example,a valueof � ��� would split the unit interval into 4 equalseg-

mentswithin which thecell countsaregathered,allowing structuresspan-

ning morethanabout0.25units in any directionto bedetected.Increasing

� thus improvesthe EST resolution. The secondparameter, � , is the di-

mensionalityof the test. This controlsthe numberof dimensionswithin

which to searchthe datafor structure. For example,planesembeddedin

higher dimensionalspacecannotbe detectedwith k<3. This is why the

RANDU structuredoesn’t show up stronglyuntil thetestfor 3 dimensions

andhigheris used. ¡ controlsthetotal numberof datapointsto begener-

atedin � dimensionsfor thetest.And finally seedcontrolstheselectionof

thesubsequencefrom thegeneratorto beexamined.

Note that together� � � have themaineffect on thememoryandexe-

cutiontime requirementsof thetestwhich increasesporportionalto �
	 and

�
	������ £ �
	 respectively.

5.3.1. � asa Power of 2. For thecurrentimplementationwehaveused

the NumericalRecipes[86] multidimensionalFFT routine ’fourn’. This
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routineusesa radix-2decimation-in-timealgorithmwhich is limited to se-

quencesthatareapowerof 2. Hencein ourapplicationsthereaderwill see

thevalueof � , which is the lengthof thefundamentalunit uponwhich the

FFT is applied,is alwaysapowerof 2. This limitation canbeovercomeby

usingsoftwaresuchasFFTW[28] or by paddingthesequenceto apowerof

2 length.Otherwise,it’ sbestto use � equalto apowerof 2 for efficiency.

5.3.2. The Sizeof Ò��� . This ratio is the expectedcell countunder
ä ª .

Sinceourasymptoticsdependonthesameconvergenceto multivariatenor-

mal asthat usedin a standardchi-squaredtest,we will usethe samerule

of thumb for minimum cell counts. This saysthat the minimum expect

cell countshouldbe 5 or more. Much below this andthe asymptoticsare

inadequate,causingpotentiallyfalserejections.This is dueto the normal

approximationbeingpoorfor expectedcell countslessthan5. Experience

with runningthe EST andexaminingthe resultsindicatesthat the greater

the expectedcell count, the betterthe distribution tendsto normality for

goodgenerators.In practice,it would be bestto keepthis valueat least

above5.

5.3.3. Relationship Between ¡ · � and the Number of � ×æ 
 . When

data is gatheredfor the EST, we currently use the allocationschemein

Section2.4.5.4.This meansthat individual � ×æ 
 from thegeneratorarenot

’reused’.Soto geta ¡�� -dimensionalvectorsweactuallyneeda sequence

� ¦ · � £ ·�� ���J· � 	 Ò of length � ¡ .

5.3.4. Fix � ¡ , Then Incr ease¡ � � and � . This scenariois essen-

tially what we areworking with in chapter6. In this casewe preselected
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a block of datafrom the target PRNGandthenappliedvaried ¡ � � de-

pendingon � to ’use up’ the sequence.It is looking for structurewithin

a fixed lengthoutputof the generator. Note that we alsoran the testson

successive blocksfrom thegenerators.This is effectively makingrepeated

runsagainsta fixed patternof seeds.Had time permitted,additionalruns

with randomizedseedswouldhavebeenappropriate.

5.3.5. Fix � and � and Incr ease ¡ . This is testingfor patternsthat

appearin variouslengthrunsor thatbecomestrongerwith increasingquan-

tities of data. An exampleof the later canbe found in chapter6 for the

MarsagliaMulticarry generatorin R.

5.3.6. Fix � and ¡ and increase� . Thistestsequencewouldbesearch-

ing for patternsin variousdimensionsandshorttermcorrelationsof length

k. Notethatyouwill needto startwith alargeN sinceask increasesÒ� �"! Ü
andtheasymptoticswill breakdown. This is alsoafixedresolutiontestse-

quence,sincewehaveconstant� .

5.3.7. Fix � and ¡ and Incr ease� . This increasesthe resolutionof

the test,makingit ableto detectsmallerstructurewith increasing� . Note

that thecomputationalloadgoesup with � 	 �#��� £ � 	 , evenwith moderate� ,

the testwill rapidly increasein executiontime andmemoryrequirements.

The initial ¡ will alsoneedto be relatively large or the asymptoticswill

breakdown quickly asnotedabove.

5.3.8. Fix � and Incr ease¡ and � . Thissequencewouldbesearching

for patternswith aset’resolution’.
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5.3.9. Fix � and Incr ease � and ¡ . This would be searchingfor �
term correlationsandspecialpatternsat increasingresolutions.Sincewe

arevaryingboth � & ¡ , wecankeepthecell countsreasonableandprevent

theasymptoticsfrom breakingdown asthetestsequenceprogresses.

5.4. RepeatingWith a NewSeed

Therewill alwaysbecaseswhenstructurewill show up for asomepar-

ticular subsequencesfrom even thebestgenerator, especiallyif ¡ is rela-

tively small. In factif thisdoesn’t happen,weshouldsuspectthegenerator.

The converseis also true, a bad generatorcan easily have good looking

subsequences.It is worth repeating.RuntheESTwith multipleseeds.

5.5. Comparing With ’Good’ Generators.

Having several generatorsthat are considered"good" is very useful

whenevaluatinga new RNG or PRNG.Multiple runsof the "good" gen-

erators(for fixed � , � , and ¡ ) canprovide a benchmarkindicationof the

power of the testandwhat a rejectionof a new generatorat a specificp

valuerepresents.

5.6. Combining TestResults& Selectionof ã Level

Throughoutthischapterwehavebeendiscussingrunningmultiple tests

andcomparingresults.TheESTdecisioncriteriais designedto providean

asymptoticlevel ã testfor aparticularparameterization.Many of theprob-

lemsindicatedby ’p happens’comefrom not recognizingthis. If we are

runninganexploratoryanalysis,thereis not muchthatcanbedoneexcept
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carefulinterpretationof theresults.However if we arerunninga fixedse-

quenceof tests,wecanadjustour alphausingaBonferroniapproachto get

anasymptoticlevel ã overall. This is assumingour testsareindependent.

That is not true for many of the scenariosabove even underthe
ä ª . So

regardless,weneedto keepour wits aboutaswe interpretthesetests.

Sincethepurposeof our testingis to illuminatepotentiallyproblematic

behavior in the randomnumbergenerator, we may want to considerour

choicesfor confidencelevel. Confidencelevelsaregenerallysetat 90%or

higher, reflectingthe perceived high costof statingthe existenceof struc-

turewhennoneexisted(rejectionof thenull hypothesiswhenit is actually

true).Thisis predicatedonanexperimentalcontext whichis notnecessarily

consistentwith our goalsfor theEST.

In thiscontext thenormalrelativeweightingof TypeI andTypeII errors

reflectedin the choiceof ã may not be appropriate. It is suggestedthat

confidencelevels for the testingnot be the usuallevelsof 90%or greater,

but rather80-90%. This reflectsthe greatercostof acceptinga generator

with poorpropertiesin thelight of a largenumberof alternativesavailable

todayandtherelativeeasewith which thetestingcanbeperformed.
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CHAPTER VI

SOME COMPARITIVE RESULTS

We usedSUPER,RANDU andRANLIB in chapterIII to motivatethe

EST. Wewill takeanotherlook atthosethreegenerators,now actuallyusing

theEST. Finally we will run theEST againstthe five generatorsprovided

with theR statisticalpackage.

NOTE: Weoffer theseresultsasexamplesof potentialapplicationof the

EST. They shouldnotyetbetakento indicateeitherthatageneratoris good

or bad.As westatedin chapter2, no testshouldbedeclared’bad’ until the

underlyingcauseof therejectionis understood.

It seemsdesirableto run testssuchthat the samesequenceof random

numbersis used,but appliedwith differentdimensionality. We would also

like to achieve the highestbin count per dimensionto get the maximum

resolutionfrom thetest. For theseexampletestrunsanarbitrarysequence

lengthof � ¦%$ waschosenandthevaluesof b andE selectedto useasmuch

of the sequenceaspossible.Note that b is beingchosenasa power of 2

to maximizethe efficiency of the FFT calculationsfor the particularFFT

implementationwe areusing. TableVI-1 shows theresultsof thecalcula-

tions. In this tableE is the target expectedfrequency for eachcell andM

is the total numberof randomvariatesnecessaryto generatethe N points

in k dimensionalspace.The columnresolutionindicatesthe approximate

resolutionperdimensionof thetestwith respectto theunit hypercubeand
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TABLE VI-1. TestParameterCalculations

k E b T N M Resolution Volume
1 8 8192 8192 65536 65536 0.00012 0.00012
2 8 64 4096 32768 65536 0.01563 0.00024
3 5 16 4096 20480 61440 0.06250 0.00024
4 4 8 4096 16384 65536 0.12500 0.00024
5 12 4 1024 12288 61440 0.25000 0.00098

TABLE VI-2. Overall Testp Values

Generator k=1 k=2 k=3 k=4 k=5
RANDU 0.003 0.982 0.000 0.000 0.055

Super 0.074 0.733 0.198 0.214 0.062
Ranlib 0.325 0.666 0.125 0.585 0.653

the last columnindicatesthevolumeof theunit hypercubeof eachcell in

thetest.

6.1. Another Look at RANDU, SUPERand RANLIB

As expectedfor RANDU theEST rejects
ä ª stronglyin threedimen-

sions.Howeverwe canseefrom theseresultsin TableVI-2 andthefigures

in AppendixA pagesA-A thatRANDU alsofails in onedimension.In two

dimensionshowever, theESTdid not reject
ä ª . However, therewerecoef-

ficientswhichexceededtheBonferonnilimit. For SupertheESTrejects
ä ª

in 1 and5 dimensions,but notnearlyasstronglyasRANDU. For RANLIB

theESTdid not reject
ä ª in any situation.

6.2. Testingthe PRNG Functions in R

Testswerealsoappliedto the5 generatorsin R. Eachwastestedup to

5 dimensions.Resultsaretabulatedin TableVI-3 for theinitial runsusing

theparameterizationsof TableVI-1. For eachof the25testscenarios,there

is a pagewith graphicsandtestsummaryoutput in appendixA on pages
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TABLE VI-3. R Generatorp Values

Generator k=1 k=2 k=3 k=4 k=5
Marsaglia-Multicarry 0.075 0.689 0.057 0.945 0.504
Super-Duper 0.347 0.838 0.847 0.800 0.137
Mersenne-Twister 0.172 0.246 0.912 0.863 0.761
Knuth-TAOCP 0.956 0.467 0.974 0.839 0.452
Wichmann-Hill 0.677 0.870 0.031 0.870 0.418

119-143of AppendixB. Eachfigureconsistsof anarrayof six panels.The

left columnis the real andimaginarycoefficientsandthe right columnis

themagnitudes.Eachcolumnhasa histogramat thetop,a Q-Q plot in the

centeranda plot of thecoefficients(or magnitudes)with confidencelimits

at thebottom.Theconfidencelimits aredepictedwith adashedline for the

PLSDlimits andasolid line for theBonferonnilimits. In thelower left co-

efficientsplot, bothrealandimaginarycoefficientsareplottedby frequency

combinationindex. Realcoefficientsaredisplayedwith a circle andimag-

inary coefficientsareplottedwith a diamond.Testparameterization[k, b,

N] aredisplayedundertheupperleft panel.Thecalculatedp valueis under

theleft centerpanelandthevalueof X andthecritical valueC is included

underthelower left panel.

Thesefirst 25 runsaresuggestive,but inconclusive. If this werea stan-

dardstatisticalanalysis,we would do oneof two things. If no further ex-

perimentationis available,we would necessarilymake an acceptor reject

decisionon the basisof theseresults. But the preferablecourseof action

would beto gathermoredata,perhapsrefiningour hypothesis.In this case

additionaldatais readilyavailable,sothetestswererunagain.Eachwasrun

100timesusingsequentialblocksof randomnumbersfrom thegenerators.

That is, eachof the100testsfor eachconditionwererun with a uniqueset
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of randomnumbersfrom thegenerator. Theresultsarepresentedin graph-

ics on pages144-148of AppendixB. Eachgraphhasanoverall histogram

of  *�wÿ . Theremaining5 panelsshow the100p-valuesfor eachdimen-

sionality the generatoris testedfor. Theseresultsappearto show that the

p-valuesarerandom.A detailedanalysiscouldbe performedfrom this to

determineif the numberof rejectionssignificantlyexceededexpectations

for our test,giving usa meta-analysisof thegenerator. This is straightfor-

wardfrom existing theoryandcanbedoneat a latertime.

A secondsetof 25 testrunsweremadewith thesamedatausedabove,

but insteadof 100 multiple applicationsof the test, the entiredatasetwas

used.This actuallytakesconsiderablylesstime thanthemultiple applica-

tions andsinceour testcomplexity is a function of the grid structureand

not N, we canrelatively easily increaseN at will without over taxing the

availablehardware. Resultsof theserunsareshown in TableVI-4 andin

thegraphicson page154 of AppendixB. This graphicssimply shows the

contentsof thetablein graphicalform with a dashedline indicatingthere-

jectionlevel for eachpanel.Individualgraphicsequivalentto thoseprovide

for ourfirst runareprovidedonpages155-179of AppendixB. A quicklook

showssomewhatsimilarresultsto thefirst setof runswith threeexceptions.

We have p-valueswhich arezeroto threedecimalplacesfor theMarsaglia

Multicarry generatorin 3 dimensions,theKnuth TAOCPgeneratorin one

dimensionanda p-valueof 1.000for Super-Duperin 5 dimensions.Look-

ing at the individual graphicsfor the 3 dimensionalMarsagliaMulticarry

teston page157weseea clearfailureasspectacularasRANDU, but more

specificto a coupleof frequency combinations.This failure alsodoesn’t
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TABLE VI-4. R Generatorp Valuesfor LargeN Runs

Generator k=1 k=2 k=3 k=4 k=5
Marsaglia-Multicarry 0.084 0.602 0.000 0.489 0.066
Super-Duper 0.035 0.149 0.163 0.039 1.000
Mersenne-Twister 0.721 0.027 0.832 0.034 0.015
Knuth-TAOCP 0.000 0.791 0.997 0.005 0.075
Wichmann-Hill 0.585 0.023 0.602 0.417 0.947

extendinto otherdimensionalityaswith RANDU for anything above three

dimensions.Clearly further studyof this generatoris in order. No clear

conclusionscanbedrawn abouttheothertwo cases.

Other than for the MarsagliaMulticarry in 3 dimensions,the large N

resultsarestill interesting,but not conclusive. As large asthe dataset is

it’ s still a small fractionof thefull periodof any of thesegenerators.Even

our 100x runsarestill only usingonly ­9ÜþÜ Â�� ¦%$ �qôÖ� £ � � generatesfrom

any onegenerator. Soonelast testsequencewasran. This sequencestarts

out with 10x the original N andincrementsin stepsof 10 up to 100x the

original N or equalto the largeN run. Theresultsareshown in R coplots

on pages149-153of AppendixB. Eachpagehasfive panelsin the lower

half of thepage.Thesefivepanelscorrespondto thevaluesof k. Thevalues

of   � ÿ areplottedin eachpanelwith respectto increasingN. Sincethese

runsusethesamedatasetfrom thegeneratorandprogressively usea larger

subset,eachstepincluding the previous set,we have progressive sumsof

multinomials.

6.3. Summary

Fromthis analysis,we canconcludethat thereis evidenceof problems

in the MarsagliaMulticarry generatorat k=3 in R andshouldsuspectthe
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Super-Duperatk=5 andKnuthTAOCPatk=1 andprobablytheWichmann

Hill at k=2. Furtherstudyof thesegeneratorsis definitely indicated.From

this it would alsobe prudentif you mustdependon solid validity of your

results,to usetheMersenneTwistergeneratorin R until furtheranalysiscan

beperformedon theothergenerators.Thereadershouldkeepin mind that

theEST is a very stringenttest. For many applications,generatorfailures

evenassevereasindicatedin RANDU (while statisticallysignificant)are

notsignificantto theapplication.
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CHAPTER VII

SUMMARY AND FUTURE WORK

7.1. Summary

We have presentedthe backgroundfor RNG andPRNGtestingalong

with the theoryandapplicationof the EmpiricalSpectralTest(EST).The

testdemonstratedin chapter6 thatit hasthepotentialto find structureboth

in known situationssuchasRANDU andwherenonewasknow prior to its

application,asin theMarsagliaMulticarry. We would beremissto attempt

to statethatthis is finishedwork. Thereis considerablerefinementpossible

both in the theoryandin the implementation.We are just gettingstarted

with these.

The evident effectivenessof this testmakesit desirableto begin more

extensive applicationstudiesandto fill in betterinformationandsoftware

supportfor determiningthe natureof structureonceit’ s found. As with

thetheory, we arejust gettingstartedon applyingtheESTandhave barely

begunto developthesupporttoolsnecessaryto fully utilize it.

7.2. Future Work

In this chapterwe have collectedsomeof the major ideasfor future

work.

7.2.1. Mor e GeneralizedApplication. Chapter4 provides the basic

machineryfor a wide classof testsfor uniformity of randomspatialdata
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againstperiodicalternatives. Many real world processesexhibit periodic

behavior. This suggeststhatapplicationto a wider rangeof problemsthan

simplypseudorandomnumbergenerationmayprove fruitful.

7.2.2. Statistical Refinement. It would be desirableto have a better

handleon theasymptoticsof this test.Herewehaveonly usedthecommon

asymptoticresultsfor themultinomial.HoweveraFouriertransformunder

the right conditionswill causethe datato tendtoward normality aswell.

Thissecondlevelnormalizationprocessmayimprovetheconvergence,thus

allowing betterconfidencein theresultswith smallersamplesizes.

Thepower of this testunderalternativesshouldalsobe investigatedto

betterunderstandapplicationto variousforms of alternatives. Is this an

approximatelyUMP testagainstunspecifiedalternatives?It is, at best,an

approximateUMP test. Eventhestandardchi-squaredtestis only approx-

imatelyUMP sincetheteststatisticis only asymptoticallynormal.We are

anothertransformationaway from thisyet. Thefactthatthetransformation

is invertiblesuggeststhatthis maystill beapproximatelyUMP.

Thereshouldbepotentialfor developinga testbasedonthepresenceof

symmetryin thecoefficientswhichcouldbemoresensitive to certainalter-

natives. Examinationof thegraphicsin appendixA indicatesthat thereis

oftenapparentlysignificantsymmetryin thecoefficient values.This is ex-

pectedbehavior for anFFT on datacontainingcertaintypesof structure.It

shouldbepossibleto developa testwhich takesadvantageof this expected

behavior to detectspecificstructureswith greatersensitivity.

Sincethepseudorandomnumbersaregeneratedby a numericalrecur-

sion,thereexiststhepotentialfor thedatato be’toouniform’. Wehaveseen
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p valuesover 0.95on someof testruns.This putsthedatacloseto theleft

endof thechi-squareddistribution. That impliesanimprobablylow varia-

tion from expectedvaluesandhencethecombinationof both that thenull

hypothesisis true anda likely too small variancein the coefficients. This

wouldsuggestthatadifferentform of testfor variancemightbeappropriate.

7.2.3. Code Impr ovements. The FFTW package[28] shouldbe used

insteadof the older and lessefficient numericalrecipescodeusedhere.

Implementationin a clustercomputingenvironmentwould alsobebenefi-

cial sincethememoryandcomputationalresourcerequirementsriserapidly

with thenumberof dimensionsbeingexamined.

7.2.3.1. ObjectOrientedVersionof R Code. This implementationwas

doneasastraightforwardcodingof thetest,howeverconversionto amore

generalsetof objectfunctionscouldbeachievedfairly easily. Thecurrent

mdftt.Rcouldbemodifiedslightly to generateanew objectof type’mdftt’.

Thenthe tview.R codecouldbesplit up andconvertedinto plot.mdftt and

summary.mdftt functionswhich provide summaryand plotting functions

for themdftt object.

7.2.4. Relationship to an Empirical Characteristic Function. The

processof applyingthe FFT to the empiricalprobability densityfunction

is an analogto obtaininga characteristicfunction from the analyticPDF.

Formalizingthis relationshipcangive theESTastrongerstatisticalbasis.

7.2.5. Cryptography. TheESTcanalsobeusedto monitortheperfor-

manceof theRNGovertime,lookingfor changesin thespectralmakeupof
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thegenerator. This canbemoresensitive thatsimply testingthegenerator

for acceptabilityagainat eachtime.

TheESTcanalsobeusedto monitortheperformanceof theRNGover

time,lookingfor changesin thespectralsignatureof thegenerator. Thiscan

be moresensitive that simply testingthe generatorfor acceptabilityagain

at eachtime andhasthepotentialof predictingfailuresratherthansimply

detectingthemafterthey occur.

7.2.6. Meta Testingwith the EST. In chapter6 weappliedtheESTin

anadhocmetatestingframework with apparentsuccess.Thiswork should

beformalized,developingthedistributionalpropertiesanddefiningappro-

priatealgorithmsfor application.With properdistributionalcharacteristics

available, this type of test can be madeconsiderablymore sensitive and

muchlesssubjective thanourcurrentadhocwork.
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Marsaglia−Multicarry: Multiple Runs
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Wichmann−Hill: Multiple Runs
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Mersenne−Twister: Multiple Runs
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Super−Duper: Multiple Runs
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Knuth−TAOCP: Multiple Runs
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LargeN: MarsagliaMulticarry k=1
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LargeN: MarsagliaMulticarry k=2
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LargeN: MarsagliaMulticarry k=3
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LargeN: MarsagliaMulticarry k=4
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LargeN: MarsagliaMulticarry k=5
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LargeN: Super-Duperk=1
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LargeN: Super-Duperk=2
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LargeN: Super-Duperk=3
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LargeN: Super-Duperk=4
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LargeN: Super-Duperk=5
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LargeN: WichmannHill k=1
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LargeN: WichmannHill k=2
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LargeN: WichmannHill k=3
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LargeN: WichmannHill k=4
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LargeN: WichmannHill k=5
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LargeN: KnuthTAOCPk=4
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LargeN: KnuthTAOCPk=5

179



APPENDIX B

SOURCECODE
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2.1. ExampleCodefor R

R is a freeopensourcestatisticalpackagemodeledaftertheS language

developedat AT&T. Weuseit hereto bothto providegoodgraphicsoutput

andto demonstratethemdftt algorithmin a form whichshouldbeeasierto

understandthatC code.

example1d.R:onedimensionalexample

L ISTING B.1
# define problem
k <- 1 # number of dimensions
b <- 4096 # bins per dimensions
T <- b^ k # number of cells

5 N <- T*E # set sample size
P <- 1/ N

x <- rep (0,T ) # preallocate and zero the cell counts
dim (x) <- c( rep(b ,k))

10
# generate the cell counts from the bin indices
for (i in 1: N) {

# get random numbers
15 u <- runif (k) # generate the random numbers

# create cell counts in x
c <- u*b # conv [0,1] values to bin indices
c <- trunc (c) # by multiply and truncate

20 u1 <- c[1]+1
x[u1] <- x[u1]+P

}

25 # calculate the fft
f <- fft( x) # transform it

# build up a frequency map for the data
Theta1 <- rep (0,b ^k)

30 dim (Theta1 ) <- rep (b,k)
for (i in 1: b) {

Theta1 [i] <- (( i-1)/ b)*pi ;
}
dim (Theta1 ) <- NULL

35
# gather mdftt data frame
Re <- c(Re(f ))
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Im <- c(Im(f ))
Rho <- c(sqrt (Re*Re +Im*Im ))

40 Phi <- c(asin (Re/ Rho))

# Build data frame matching mdftt .c output
TestData <- data. frame( Re,Im ,Rho, Phi,Theta1 ) ;

45 # Cleanout intermediate data
rm(f,Re ,Im,Rho ,Phi ,x,u1 );

TestResult <- mdftt (TestData ,N,0.1)
TestReport <- tview (TestData ,TestResult ,N/T, b,k,0.1,

RNGkind ()[1]) ;

example2d.R:two dimensionalexample

L ISTING B.2
# define problem
k <- 2 # number of dimensions
b <- 64 # bins per dimensions
T <- b^ k # number of cells

5 N <- T*E # set sample size
P <- 1/ N

x <- rep (0,T ) # preallocate and zero the cell counts
dim (x) <- c( rep(b ,k))

10
# generate the cell counts from the bin indices
for (i in 1: N) {

# get random numbers
15 u <- runif (k) # generate the random numbers

# create cell counts in x
c <- u*b # conv [0,1] values to bin indices
c <- trunc (c) # by multiply and truncate

20 u1 <- c[1]+1
u2 <- c[2]+1
x[u1, u2] <- x[u1 ,u2]+ P

}
25

# do fft ’s of the rows first , then columns
v <- rep (0,b ) # allocate work vector
for (i in 1: b) {

v <- fft (x[i,]) # transform it
30 # row bind into a new array

if(i==1)
y <- v

else
y <- rbind ( y,v)
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35 }

for (i in 1: b) {
v <- fft (y[,i ])
if(i==1)

40 f <- v
else

f <- cbind ( f,v)
}

45 # build up a frequency map for the data
Theta1 <- rep (0,b ^k)
dim (Theta1 ) <- rep (b,k)
Theta2 <- rep (0,b ^k)
dim (Theta2 ) <- rep (b,k)

50 for (i in 1: b) {
for ( j in 1:b) {

Theta1 [i, j] <- ((i-1 )/b)*pi ;
Theta2 [i, j] <- ((j-1 )/b)*pi ;

}
55 }

dim (Theta1 ) <- NULL
dim (Theta2 ) <- NULL

# mdftt data
60 Re <- c(Re(f ))

Im <- c(Im(f ))
Rho <- c(sqrt (Re*Re +Im*Im ))
Phi <- c(asin (Re/ Rho))

65 # Build data frame matching mdftt .c output
TestData <- data. frame( Re,Im ,Rho, Phi,Theta1 , Theta2 );

# Cleanout intermediate data
rm(f,Re ,Im,Rho ,Phi ,x,y, v,u1, u2);

70
TestResult <- mdftt (TestData ,N,0.1)
TestReport <- tview (TestData ,TestResult ,N/T, b,k,0.1,

RNGkind ()[1]) ;

mdftt.R:R versionof theEST

L ISTING B.3
# mdftt .R
#
# Calculate the mdftt test on the fourier transform

coefficients in the
# data frame f.

5 #
# Inputs :
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# f : data frame input from mdftt .c Fourier
coefficient output

# f$Re, f$Im,f$Rho , f$Phi
#

10 # N: number of data points used to generate ’ f’
mdftt <- function (f,N,a ) {

T <- length (f$Re )

15 # Overall Test Statistic z’ S^{-1} z = 2Nz’z
z <- c(f$Re ,f$Im )
X <- 2*N * ((t(z )%*%z) - 1)
p <- 1 - pchisq ( X,2*( T-1))

20 # Overall test critical value
C <- qchisq (1-a,2 *(T-1 ))

# Fisher PLSD critical values
K1 <- qnorm (1-a/2)

25 K2 <- qchisq (1-a ,2)

# Bonferonni critical values
L1 <- qnorm (1-a/(4 *(T-1 )))
L2 <- qchisq (1-a /(2*( T-1)),2)

30
return (data .frame (N,T ,a,X,p ,C,K1 ,K2,L1 ,L2))

}

tview.R: Graphicsdisplayandsummarystatisticsin R

L ISTING B.4
# tview .R
#
# # Calculate the mdftt test on the fourier transform

coefficients in the
# data frame f and display stem and qq plots for the

coefficents .
5 #

# Inputs :
# f : data frame input from mdftt .c Fourier

coefficient output
# f$Re, f$Im,f$Rho , f$Phi
#

10 # e: number of data points per cell used to
determine N

# N<-length (f$Re )*e
#
tview <- function (f,tst ,e,b, k,a,rngkind ) {

15 par(mfcol =c(3,2) )
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T <- length (f$Re )
N <- T*e
N

20
g <- c(f$Re [2:T], f$Im [2:T]) # coefficients
gr <- 2:T; # Real elements
gi <- (T+1) :(2*T-2 ); # Imaginary elements

25 # standardize the coefficients
g <- sqrt(2 *N)*g

# normalized magnitudes squared
rho <- 2*N*f$Rho [2:T]^2

30
# find extents of coefficients & magnitudes
gmax <- 1.05 *max(c(tst$K1 ,tst$L1 ,c(g) ))
gmin <- 1.05 *min (c(-tst$K1 ,- tst$L1 ,c( g)))
rhomax <- 1.05*max (c( rho,tst$K2 , tst$L2 ));

35
# formatted output of results
report <- paste( "Test of generator : ", rngkind );
report <- c(report ,paste ("using ",b," bins in ", k,"

dimensions .") );
report <- c(report ,paste ("Number of total data points (

N) =", N))
40 report <- c(report ,paste ("Number of cells ( T) =", T));

report <- c(report ,paste ("Test is level alpha = ",tst$a
));

report <- c(report ,paste ("Overall (X) =",tst$X , " p =",
tst$p ," C =", tst$C ));

if(tst$X >tst$C ) {
report <- c(report ,paste ( "Reject H0 @ ",tst$a ) );

45 report <- c(report ,paste ( "Max absolute g = ",max (abs (
g))) );

report <- c(report ,paste ( "Coefficient CI = [",- tst$K1
,",", tst$K1 ,"]") );

report <- c(report ,paste ( "Max rho = ",max (rho) ));
report <- c(report ,paste ( "Magnitude CI = [0,", tst$L1

,"]") );
} else {

50 report <- c(report ,paste ( "Accept H0 @ ",tst$a ) );
report <- c(report ,paste ( "Use Bonferonni CI")) ;
report <- c(report ,paste ( "Max absolute g = ",max (abs (

g))) );
report <- c(report ,paste ( "Coefficient Bonferonni CI

= [",- tst$K2 ,",", tst$K2 ,"]") );
report <- c(report ,paste ( "Max rho = ",max (rho) ));

55 report <- c(report ,paste ( "Magnitude Bonferonni CI
= [0,", tst$L2 ,"]") ) ;

}
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# histogram of coefficients
hist( g,breaks =100, main =paste ("Coefficients ", rngkind ))

60 title (sub= paste( "k=", k," b=", b," N=", N))

# qq plot with regression line
qqnorm (g); qqline (g)
title (sub= paste( "Overall test p=", tst$p ));

65
# Plot coefficients
plot( g[gr], pch=21, ylim =c(gmin ,gmax ),main ="Fourier

Coefficients ");
points (g[gi ],pch =23);

70 # Add confidence limits :
# paint a white line to clear the points and then
lines (rep( tst$K1 ,2*(T-1 )),lty ="solid ", col=’ white ’);
lines (rep(- tst$K1 ,2*( T-1)), lty=" solid ",col=’ white ’);
# then put in a dashed line

75 lines (rep( tst$K1 ,2*(T-1 )),lty ="dashed ",col=’ black ’);
lines (rep(- tst$K1 ,2*( T-1)), lty=" dashed ",col =’black ’);
#
title (sub= paste( "X=", tst$X," C[", tst$a ,"]=", tst$C ));

80 # Add bonferonni limits
lines (rep( tst$L1 ,2*(T-1 )));
lines (rep(- tst$L1 ,2*( T-1))) ;

# histogram of magnitudes
85 hist( rho,breaks =100„ main =paste (" Magnitudes ", rngkind ))

# qq plot of magnitudes against
# quantiles of a chisq with df=2
qqplot (rho ,rchisq (rho ,2),main ="Chi-Squared (df=2) Q-Q

Plot", xlab=" Theoretical Quantiles ",ylab ="Sample
Quantiles ")

90
# plot magnitudes
plot( rho,main ="Fourier magnitudes ",ylim =c(0, rhomax ))

# Add confidence limits (use white to stand out)
95 lines (rep( tst$K2 ,2*(T-1 )),lty ="solid ", col=’ white ’);

lines (rep( tst$K2 ,2*(T-1 )),lty ="dashed ",col=’ black ’);

# Add bonferonni limits
lines (rep( tst$L2 ,2*(T-1 )));

100
# return results to caller
list( Report =report ,Data =tst )

}

186



testRNG.R:TestR generatorsin 1 and2 dimensions

L ISTING B.5
# Pull in the test functions
source (’ mdftt .R’)
source (’ tview .R’)

5 logfile <- ’ testRNG .log ’;
#logfile <- NULL

sink (logfile )
ps .options (onefile =FALSE, paper =" special ", print . it=

FALSE)
10

E <- 1000

postscript (’ Marsaglia-Multicarry .1. ps’) ;
RNGkind ("Marsaglia-Multicarry ")

15 MarsagliaMulticarry .seed <- .Random .seed ;
source ( "example1d .R",echo =TRUE)
dev .off ()
sink (’Marsaglia-Multicarry .1. summary’)
TestResult$Report

20 sink (logfile )
system (’ gv Marsaglia-Multicarry .1. ps &’)

postscript (’ Super-Duper .1.ps ’)
RNGkind ("Super-Duper ")

25 SuperDuper .seed <- .Random .seed ;
source ( "example1d .R",echo =TRUE)
dev .off ()
sink (’Super-Duper .1.summary ’)
TestResult$Report

30 sink (logfile )
system (’ gv Super-Duper .1. ps &’)

postscript (’ Wichmann-Hill .1. ps’)
RNGkind ("Wichmann-Hill ")

35 WichmannHill .seed <- .Random.seed ;
source ( "example1d .R",echo =TRUE)
dev .off ()
sink (’Wichmann-Hill .1.summary ’)
TestResult$Report

40 sink (logfile )
system (’ gv Wichmann-Hill .1.ps &’)

postscript (’ Mersenne-Twister .1.ps ’)
RNGkind ("Mersenne-Twister ")

45 MersenneTwister .seed <- .Random .seed ;
source ( "example1d .R",echo =TRUE)
dev .off ()
sink (’Mersenne-Twister .1. summary’)
TestResult$Report
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50 sink (logfile )
system (’ gv Mersenne-Twister .1. ps &’)

postscript (’ Knuth-TAOCP .1.ps ’)
RNGkind ("Knuth-TAOCP ")

55 KnuthTAOCP.seed <- .Random .seed ;
source ( "example1d .R",echo =TRUE)
dev .off ()
sink (’Knuth-TAOCP .1.summary ’)
TestResult$Report

60 sink (logfile )
system (’ gv Knuth-TAOCP .1. ps &’)

postscript (’ Marsaglia-Multicarry .2. ps’)
. Random.seed <- MarsagliaMulticarry .seed ;

65 source ( "example2d .R",echo =TRUE)
dev .off ()
sink (’Marsaglia-Multicarry .2. summary’)
TestResult$Report
sink (logfile )

70 system (’ gv Marsaglia-Multicarry .2. ps &’)

postscript (’ Super-Duper .2.ps ’)
. Random.seed <- SuperDuper .seed ;
source ( "example2d .R",echo =TRUE)

75 dev .off ()
sink (’Super-Duper .2.summary ’)
TestResult$Report
sink (logfile )
system (’ gv Super-Duper .2. ps &’)

80
postscript (’ Wichmann-Hill .2. ps’)
. Random.seed <- WichmannHill .seed ;
source ( "example2d .R",echo =TRUE)
dev .off ()

85 sink (’Wichmann-Hill .2.summary ’)
TestResult$Report
sink (logfile )
system (’ gv Wichmann-Hill .2.ps &’)

90 postscript (’ Mersenne-Twister .2.ps ’)
. Random.seed <- MersenneTwister .seed ;
source ( "example2d .R",echo =TRUE)
dev .off ()
sink (’Mersenne-Twister .2. summary’)

95 TestResult$Report
sink (logfile )
system (’ gv Mersenne-Twister .2. ps &’)

postscript (’ Knuth-TAOCP .2.ps ’)
100 . Random.seed <- KnuthTAOCP.seed ;

source ( "example2d .R",echo =TRUE)
dev .off ()
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sink (’Knuth-TAOCP .2.summary ’)
TestResult$Report

105 sink (logfile )
system (’ gv Knuth-TAOCP .2. ps &’)

testRgen.R:RuntestsequencesagainstR generaotrs

L ISTING B.6
logfile <- ’ testRgen .log ’;
#logfile <- NULL

r <- 100; # Number of loops to run
5 NMax <- 100;

sink (logfile )
ps .options (onefile =FALSE, paper =" special ", width =6,

height =6, print .it =FALSE, horizontal =FALSE)

10 Ebase <- c( 8, 8, 5,4,12)
B <- c(8192,64,16,8,4)

runtest <- function (RNG,fn,r ,NMax) {

15 # Generate enough random numbers and write them to a
file

# to send them to the C program for analysis .
RNGkind (RNG);
rn <- RNGkind ()[1]
rs <- runif ((2^16) *NMax);

20 rnf <- paste (fn, "runif ",sep =".") ;
write (rs,rnf ,ncolumns =1);

# Do multiple runs
E <- Ebase ;

25 for( K in 1:5 ){
bfn <- paste (" multiRun //", paste (fn,K ,sep=".") , sep="")

;
log <- paste (bfn ,".log ",sep ="") ;
mdftt .cmd <- paste (" mdftt 1 -1", rn,E [K],K ,B[K],10, r

,1,bfn ,">", log,"<", rnf ,sep =" ") ;
mdftt .cmd

30 system (mdftt .cmd );
system (paste (’ mv mdfttreport .Rout ’, bfn,’. Rout ’,sep=

"")) ;
}

# Do large N run
35 E <- Ebase*NMax ;

for( K in 1:5 ){
bfn <- paste (" largeN //",paste ( fn,K,sep =".") ,sep ="");
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log <- paste (bfn ,".log ",sep ="") ;
mdftt .cmd <- paste (" mdftt 1 -1", rn,E [K],K ,B[K

],10,1,1, bfn,">", log ,"<", rnf,sep =" ") ;
40 mdftt .cmd

system (mdftt .cmd );
system (paste (’ mv mdfttreport .Rout ’, bfn,’. Rout ’,sep=

"")) ;
}

45 # Multiple N runs increasing from 10 to NMax by 10
for( NM in seq(10, NMax,by=10) ){

E <- Ebase*NM;
for( K in 1:5 ){

bfn <- paste( "multiN //", paste (fn,K ,NM,sep =".") ,sep
="") ;

50 log <- paste( bfn," log",sep =".") ;
mdftt .cmd <- paste ("mdftt 1 -1", rn ,E[K], K,B[K

],10,1,1, bfn,">", log ,"<", rnf, sep=" ");
mdftt .cmd
system ( mdftt. cmd);
system ( paste(’ mv mdfttreport . Rout ’,bfn,’. Rout ’,sep =

"") );
55 }

}
}

runtest ("Marsaglia-Multicarry ","MM ",r,NMax );
60 runtest ("Super-Duper "," SD",r ,NMax);

runtest ("Wichmann-Hill "," WH",r,NMax );
runtest ("Mersenne-Twister "," MT",r ,NMax) ;
runtest ("Knuth-TAOCP "," KT",r ,NMax);

multiRun-analysis.R:multi-rungraphics

L ISTING B.7
multiRun <- read. table(’ multiRun . txt’,header =TRUE,sep=

",") ;

sumview <- function (t,RNGName ,RNGTitle ) {

5 attach (t);

# select the desired generator
RNG <- RNG==RNGName;

10 ps.options (onefile =FALSE, paper ="special ", width =6,
height =6,

print . it=FALSE , horizontal =FALSE);
GraphicFileName <- paste (RNGName,".multiRun .ps", sep="")

;
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# Open the plot window
15 postscript (GraphicFileName ) ;

par(mfcol =c(3,2) )

# Overall histogram
hist(( X[RNG]-C[RNG ]), breaks =100, main= RNGTitle , xlab =" X

minus C")
20

# plots
for(kd in 1:5) {

# quantiles of a chisq with df =2
sDF <- DF[k==kd ][1];

25 RNGk <- RNG & (k==kd );
plot (p[RNGk ],ylim =c(0,1) ,

main =paste ( "p-values k=",kd ),
xlab ="", ylab ="");

}
30

dev.off ();
system (paste (’gv ’,GraphicFileName ,’&’) );

detach (t);
35 }

sumview (multiRun , "MM"," Marsaglia-Multicarry : Multiple
Runs");

sumview (multiRun , "WH"," Wichmann-Hill : Multiple Runs");
40

sumview (multiRun , "MT"," Mersenne-Twister : Multiple Runs")
;

sumview (multiRun , "SD"," Super-Duper : Multiple Runs");

45 sumview (multiRun , "KT"," Knuth-TAOCP : Multiple Runs");

multiN-analysis.R:multiplesamplesize(N) graphics

L ISTING B.8
multiN <- read .table (’multiN .txt’, header =TRUE,sep =",");

sumview <- function (t,RNGName ,RNGTitle ) {

5 attach (t);

# select the desired generator
RNG <- RNG==RNGName;
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10 ps.options (onefile =FALSE, paper ="special ", width =6,
height =6,

print . it=FALSE , horizontal =FALSE);
GraphicFileName <- paste (RNGName,".multiN .ps ",sep ="") ;

# Open the plot window
15 postscript (GraphicFileName ) ;

# coplot of X - C by dimension and by N
coplot ((X[ RNG]-C[RNG]) ~ N[ RNG] | as. factor (k[RNG ]),

rows =1, xlab =RNGTitle )
20

dev.off ();
system (paste (’gv ’,GraphicFileName ,’&’) );

detach (t);
25 }

sumview (multiN ,"MM","Marsaglia-Multicarry : Multiple N") ;

sumview (multiN ,"WH","Wichmann-Hill : Multiple N");
30

sumview (multiN ,"MT ","Mersenne-Twister : Multiple N");

sumview (multiN ,"SD ","Super-Duper : Multiple N");

35 sumview (multiN ,"KT ","Knuth-TAOCP : Multiple N");

largeN-anlaysis.R:DisplaylargeN graphics

L ISTING B.9
largeN <- read .table (’largeN .txt’, header =TRUE,sep =",");

sumview <- function (t,RNGName ,RNGTitle ) {

5 attach (t);

# select the desired generator
RNG <- RNG==RNGName;

10 plot(( X[RNG]-C[RNG ]) ~ as.factor (k[RNG ]), xlab =paste (
RNGTitle ," (X-C) "), title ="", ylab ="" )

lines (rep(0, length (X[ RNG])) ,lty= "dashed ")
plot( p[RNG] ~ as .factor (k[RNG ]), xlab =paste (RNGTitle ,

" (p) "), title ="", ylab ="" )
lines (rep(0.10, length (p[RNG ])),lty ="dashed ")
detach (t);

15 }
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ps.options (onefile =FALSE, paper ="special ", width =8.5,
height =11,

print . it=FALSE , horizontal =FALSE);
GraphicFileName <- "largeN . ps";

20
# Open the plot window
postscript (GraphicFileName ) ;
par(mfrow =c(5,2) )

25
sumview (largeN ,"MM","Marsaglia-Multicarry ");

sumview (largeN ,"SD ","Super-Duper ") ;

30 sumview (largeN ,"MT ","Mersenne-Twister ") ;

sumview (largeN ,"KT ","Knuth-TAOCP ") ;

sumview (largeN ,"WH","Wichmann-Hill ");
35

dev.off ();
system (paste (’gv ’,GraphicFileName ,’&’) );

2.2. EST SourceCode

NOTE. The early versionsof the EST werecalledmdftt for MultiDimen-
sionalFFT.Sourcecodehasnotbeenupdatedto reflectthenew name.Also,
NumericalRecipes(NR)is not free softwareandthereforecannotbe dis-
tributedhere.We wouldsuggestreplacingtheNR routineswith FFTW.

Makefile: mdftt build control

L ISTING B.10
CC = gcc
CCC = gcc
CFLAGS = -g
LFLAGS = -L./

5 LLIBS = -lg++

ROBJS = pgfsr .o pcrand . o pcomb.o ranlib .o \
super . o randu .o random .o lprand .o

10 NROBJS= nrutil .o complex .o fourn .o fourfs .o fourew .o

CDFLIBOBJS = ipmpar .o dcdflib .o

mdftt : mdftt .o cell .o incr .o uniform .o \
15 libunif .a libnr . a libcdf .a
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$(CCC) $(LFLAGS) -o mdftt mdftt .o cell .o incr .o
uniform .o \

dcdflib .o ipmpar .o -lunif - lnr - lm -lcdf

clean :
20 rm *.o

rm *.a
rm mdftt

libunif .a: $(ROBJS)
25 rm -f libunif .a

ar cr libunif .a $(ROBJS)
ranlib libunif .a

libnr .a : $(NROBJS)
30 rm -f libnr .a

ar cr libnr .a $(NROBJS)
ranlib libnr .a

libcdf . a: $( CDFLIBOBJS)
35 rm -f libcdf .a

ar cr libcdf .a $( CDFLIBOBJS)
ranlib libcdf .a

mdftt .o : mdftt .c uniform .h nrutil .h complex . h
40

testcell .o: testcell .c cell. c ipow .c

dcdflib .o: dcdflib .c cdflib . h
45

ipmpar . o: ipmpar . c

nrutil . o: nrutil . c
complex .o: complex .c

50 fourn .o : fourn .c
fourfs . o: fourfs . c
fourew . o: fourew . c

gammln. o: gammln. c
55 gammp.o : gammp.c

gammq.o : gammq.c
gcf .o: gcf.c
gser .o: gser .c

60 cell .o: cell .c
incr .o: incr .c
Kcell .o : Kcell .c
mdftt .o : mdftt .c

65 RNGHEADERS=pgfsr . h randu .h pcrand .h super .h pcomb.h
ranlib . h lprand .h
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uniform .o: uniform .c uniform .h $( RNGHEADERS)
random . o: random . c random .h
randu .o : randu .c randu. h

70 pgfsr .o : pgfsr .c pgfsr. h
pcrand . o: pcrand . c pcrand .h
super .o : super .c super. h
pcomb.o : pcomb.c pcomb. h pgfsr .h
ranlib . o: ranlib . c ranlib .h

mdftt.c: Main mdftt program

L ISTING B.11
/* Multi Dimensional Fourier Transform Test */
/* ftt test of pdf of random number stream */

#define TRUE -1
5 #define FALSE 0

//# define CS 3.0 // Initial Standard deviations
at cutoff

//# define DCS 0.01 // Delta Cutoff Stepsize for
search

10 #define np 8
int dp[ np] = {0,31,98,250,521,607,1279,1279};
int dq[ np] = {0, 6,27,103, 32,273, 418,1063};

#include <stdlib . h>
15 #include <stdio .h >

#include <math .h>
#include <string . h>
#include "uniform .h"
#include "nrutil . h"

20 #include "complex .h"

int K; // dimensions to be used
int B; // number of bins in each dimension
long T; // total number of bins = B^K

25 long N; // number of points to examine
float E; // Expected cell frequency
double A; // Alpha level
int NL; // Number of loops (tests ) to perform
int rng ; // rng identifier

30 char rng_name_local [80];
int subrng ; // pgfsr parameter set
long delay ; // pgfsr column - column delay

int printlev ; // control output
35 // 0: No output files , just summarize

// 1: Output fourier coefficients
// 2: Output level 1 + random number file
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// 3: Output level 2 + bin file

40 int overlap ; // overlapping k-tuples indicator
int ram; // ram or file indicator

float * bin; // frequencies storage
rstream **rs ; // rng stream pointers

45
char basefn [80];

char runlabel [80]=" mdftt "; // label to update status
file

50 FILE *sf = NULL; // Summary statistics file

#define min( x,y) ( ((x )<(y) ) ? ( x) : ( y) )
#define max( x,y) ( ((x )>(y) ) ? ( x) : ( y) )

55 // double ncdf ( double x) ;

// cell count and identification functions
long cell ( float * x, int K, int B);
int incr ( unsigned long *nn, int K, int B) ;

60
// command line input functions
void ArgumentHelp ( void) ;
void ProcessArguments ( char ** argv , int first ) ;

65 // Numerical Recipes FFT functions
void fourfs ( FILE *file[5], unsigned long nn[], int ndim

, int isign ) ;
void fourn ( float data[], long nn[], int ndim , int isign );

// Get parameters interactively
70 void GetParameters ( int first );

void GetParameters ( int first )
{ int i ;

75 char inbuf [80];

printf ("Storage type 0 - FILE , 1 - RAM :");
ram = atoi (gets( inbuf )); // rng indentifier

80 printf ("Random number generator type\ n");
printf (" 1 PGFSR 2 LPRAND 3 RANDU\n") ;
printf (" 4 SUPER 5 PCRAND6 RANLIB\n" );
printf (" 7 PCOMB\n");
printf (" :" );

85 rng = atoi (gets( inbuf )); // rng indentifier
if(abs (rng )>NRNG) ArgumentHelp () ;
if(rng <0) {

overlap = TRUE;
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rng = -rng ;
90 } else

overlap = FALSE;
delay = 0L;
if(rng <3&&rng>0) {

printf (" 1 2 3 4 5 6 7\n ");
95 printf ("-----------------------------\ n") ;

printf (" 31 98 250 521 607 1279 1279\ n");
printf (" 6 27 103 32 273 418 1063\ n" );
printf (" :");
subrng = atoi( gets(inbuf ) );

100 if(subrng >np) {
printf (" Allowed subranges are 1-%d.\n",np );
ArgumentHelp () ;

}
if(rng ==2) { // lprand uses a delay value

105 printf ("Delay (%ld ):",100* dp[subrng ]);
delay = atol (gets (inbuf ));

}
}
else subrng = 0;

110
printf ("expected cell frequency :");
E = atof (gets (inbuf )) ;

printf ("dimensions to be used :" );
115 K = atoi (gets (inbuf )) ;

printf ("number of bins in each dimension :" );
B = atoi (gets (inbuf )) ;

120 printf ("cutoff probability :");
A = atof (gets (inbuf )) /100.0;

printf ("number of loops [tests ] to perform :");
NL= atoi (gets (inbuf )) ;

125
printf ("printlevel :" );
printlev = atoi( gets( inbuf) );

if(printlev >0) {
130 printf ("base output file name :");

strncpy (basefn ,gets( inbuf ),80) ;
}

// force the number of bins /dimension to be a power of
2

135 for(i =0;i< sizeof( int) ;i++) {
if( 1<<i >= B ){

B = 1<<i;
break;

}
140 }
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T = 1L;
for(i =0;i< K;i++) T *= B;

145 N = ( long) ( ( float)T* E );

printf ("Running %d test (s) at level %f of %ld points in
%d dim \n" ,NL,A ,N,K) ;

if(rng >0) {
150 printf ("from %s ",rng_name (rng ));

}
else {

printf ("from - stdin- ");
}

155
printf ("using %d bins /dim, %ld total bins.\ n",B, T);

if(subrng !=0) {
printf ("PGFSR parameters p = %d, q = %d\n",dp[ subrng

],dq [subrng ]);
160 }

if(delay !=0) printf (" PGFSR delay = %ld \n",delay ) ;

printf ("Resolution of test is %f in each dimension .\n "
,1.0/( float)B);

165
if(overlap ) printf ("Overlapping k-tuples being used .\ n"

);

}

170 void ProcessArguments ( char ** argv , int first )
{ int argp ;
int i ;

argp = 1;
175 ram = atoi (argv[ argp++]) ; // ram/file indicator

rng = atoi (argv[ argp++]) ; // rng indentifier
if(abs (rng )>NRNG) ArgumentHelp () ;
// if(rng<0) {
// overlap = TRUE;

180 // rng = -rng;
// } else
// overlap = FALSE;
delay = 0L;
if(rng >0&&rng<3) {

185 subrng = atoi( argv[argp ++]) ;
if(subrng >np) {

printf ("Allowed subranges are 1-%d.\n" ,np);
ArgumentHelp ();
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}
190 if(rng ==2) delay = atol (argv [argp ++]) ;

} else
if(rng <0) {

// get name from commmand line
strncpy (rng_name_local ,argv [argp ++],80) ;

195 }
else subrng = 0;
E = atof (argv [argp ++]) ; // expected cell frequency (to

calc N)
K = atoi (argv [argp ++]) ; // dimensions to be used
B = atoi (argv [argp ++]) ; // number of bins in each

dimension
200 A = atof (argv [argp ++]) /100.0; // cutoff probability for

individual idents
NL= atoi (argv [argp ++]) ; // number of loops [tests ] to

perform
printlev = atoi( argv[ argp++]) ;

// force the number of bins /dimension to be a power of
2

205 // to maintain the efficiency of the FFT algorithm
for(i =0;i< sizeof( int) ;i++) {

if( 1<<i >= B ){
B = 1<<i;
break;

210 }
}

T = 1L;
for(i =0;i< K;i++) T *= B;

215
N = ( long) ( ( float)T* E );

if(first )
fprintf (sf ,"

------------------------------------ ----- -----\ n")
;

220
printf ("Running %d test (s) at level %f of %ld points in

%d dim \n" ,NL,A ,N,K) ;
if(first ) fprintf (sf," Running %d scan (s) and test (s) at

level %f " ,NL,A );
if(rng >0) {

printf ("from %s ",rng_name (rng ));
225 if(first ) fprintf (sf ,"on %s \n ",rng_name ( rng)) ;

} else {
printf ("from - stdin- [%s]" ,rng_name_local );
if(first ) fprintf (sf ,"from -stdin - [%s]\n ",

rng_name_local ) ;
}

230
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printf ("using %d bins /dim, %ld total bins.\ n",B, T);

if(subrng !=0) {
printf ("PGFSR parameters p = %d, q = %d\n",dp[ subrng

],dq [subrng ]);
235 if(first ) fprintf (sf ,"PGFSR parameters p = %d, q = %d

\n", dp[subrng ], dq[subrng ]) ;
}

if(delay !=0) {
printf ("PGFSR delay = %ld \n",delay );

240 if(first ) fprintf (sf ,"PGFSR delay = %ld\n ",delay );
}

printf ("Resolution of test is %f in each dimension .\n "
,1.0/( float)B);

245 if(overlap ) {
printf ("Overlapping k-tuples being used .\ n");
if(first ) fprintf (sf ,"Overlapping k- tuples being used

.\n" );
}

250 }

void ArgumentHelp ()
{ int i ,j;

printf ("Multidimension Fourier transform test of random
number generator \n") ;

255 printf (" rng: generator number . subrng : pgfsr subtype
\n") ;

printf (" E: exp freq . K: # of dim. B: partitions p:
alpha level .\n" );

printf (" Output levels :\n ");
printf (" 0 => basic 1 => stats for failures

only .\n") ;
printf (" 2 => save random numbers 3 => stats for all

.\n" );
260 printf (" Valid generators :\n") ;

printf (" 0: Read random stream from stdin \n");
for( i=1;i <NRNG;i++) printf (" %d: %s\n",i, rng_name (i) )

;
printf (" GFSR sub generators :\ n");
for( j=1;j <np;j ++) printf (" %d => %d, %d\n",j,dp [j],dq

[j]) ;
265 printf ("usage : mdftt <ram> <rng > [subrng [delay ]] <E

> <K> <B> <A> <NL> <out> [filename ]\ n");
exit (1);

}

FILE *OpenFTFile ( char * fn,FILE *ftf , int n)
270 {
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char ftfile [80]; // output fourier transform data file
name

int i ;
FILE *ftfdesc ;

275 sprintf (ftfile ," %s.%04d.ft" ,fn,n );

if(ftf )
ftf = freopen ( ftfile ,"w", ftf);

else
280 ftf = fopen (ftfile ," w");

if(ftf ) {
printf ("Writing fourier data to file [%s].\ n", ftfile )

;
fprintf (ftf ,"Re Im Rho Phi \n") ;

285 return(ftf) ;
}
else {

printf ("Failed to open transform file %f\ n",ftfile );
return(NULL);

290 }
}

void WriteRFiles ( char * fn, int n, long N, long T, double A,
double X, double P, double C, double K1, double K2, double

L1, double L2)
{

295 char ftfile [80];

sprintf (ftfile ," %s.%04d.desc ",fn ,n);
{ // Description file output

FILE *ftfdesc = fopen (ftfile ," w");
300 fprintf (ftfdesc ,"N K B T A RNG\n");

fprintf (ftfdesc ,"%ld %d %d %ld %lf \"% s\"\ n",N ,K,B,T ,
A,rng_name_local );

fclose (ftfdesc );
}
sprintf (ftfile ," %s.%04d.result ", fn,n) ;

305 { // results file
FILE *sf = fopen (ftfile ," w");
fprintf (sf ,"N T a X p C K1 K2 L1 L2\ n");
fprintf (sf ,"%ld %ld %lf %lf %lf %lf %lf %lf %lf %lf\ n

",N, T,A,X ,P,C,K1 ,K2, L1,L2 );
fclose (sf );

310 }
{ // data load script

FILE *sf = fopen ("loaddat .R"," w");
fprintf (sf ,"postscript (’% s.%04 d.ps’) \n",fn ,n);
fprintf (sf ,"ftdata <- read .table (\"% s.%04 d.ft\", head =

TRUE);\n" ,fn,n) ;
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315 fprintf (sf ,"ftdesc <- read .table (\"% s.%04 d.desc \",
head =TRUE);\n", fn,n) ;

fprintf (sf ,"ftrslt <- read .table (\"% s.%04 d.result \",
head =TRUE);\n", fn,n) ;

fclose (sf );
}

}
320

FILE *OpenRNFile ( char * fn,FILE *rnf , int n)
{
char rnfile [80]; // output random number file

325 int i ;
sprintf (rnfile ," %s.%04d.rn" ,fn,n );
if(rnf )

rnf = freopen ( rnfile ,"w", rnf);
else

330 rnf = fopen (rnfile ," w");
if(!rnf ) {

printf ("Failed to open random number file %f\n ",
rnfile );

}
return(rnf );

335 }

FILE *OpenBinFile ( char *fn,FILE * bf, int n)
{
char bfile [80]; // output random number file

340 int i ;
sprintf (bfile ,"% s.%04 d.bn", fn,n) ;
if(bf )

bf = freopen (bfile ," w",bf );
else

345 bf = fopen (bfile ,"w" );
if(!bf ) {

printf ("Failed to open cell frequency file %f\ n",
bfile );

}
return(bf) ;

350 }

void OpenScratch ( FILE ** f, char *name)
{ *f = fopen (name ,"w+") ;
if(*f ==NULL) {

355 printf ("Failed open on scratch file %s\n" ,name );
exit (1);

}
}

360 int WriteScratch ( float *buf, int wordsize , int words ,
FILE *f )

{ int cc ;
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cc = fwrite (buf, wordsize ,words ,f );
if( cc != words ){

printf ("Failed write \n");
365 return(FALSE);

}
return(TRUE);

}

370 int ReadScratch ( float * buf, int wordsize , int words ,
FILE *f )

{ int cc ;
cc=fread (buf ,wordsize ,words ,f);
if( cc != words ){

printf ("Failed read\ n");
375 return(FALSE);

}
return(TRUE);

}

380 main ( int argc , char **argv )
{
long i,j,k ; // loop indices
long l; // long loop index
long c; // cell pointer

385 float *y; // individual point in d-space

long nulls ; // Number of null cells found

FILE *ftf= NULL,* rnf=NULL ,*bf =NULL; // output file
pointers

390
int DCDFLIB_WHICH; // calc control parameter for

DCDFLIB
double DCDFQ; // 1- A
double DCDFP; // 1- A
double DF; // degrees of freedom for chi-square

395 int DCDFLIB_STATUS; // status from DCDFLIB
double DCDFLIB_BOUND; // DCDFLIB BOUND

double C; // Chisquare critical value for
overall test

double K1, K2; // Fisher PLSD critical values
400 double L1, L2; // Bonferonni critical values

double NK1,NK2; // Fisher PLSD critical values
double NL1,NL2; // Bonferonni critical values

405 float rho, phi; // magnitude squared & phase angle
double Fm,Fs; // Sum of Rho for test statistic
double X; // overall test statistic
double smf ,sfsq, sfxy; // summary statistics

intermediates
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double Mu,Sigma;
410 float CellP ;

size_t NT;

int * mfail ; // number of suspects found
int * rfail ;

415 int * ifail ;
int * ofail ;

float re,im ;
int il ;

420 int o;
FILE *file [5];
unsigned long *nn ,*nrnn ;
float zero =0.0;
int cc ;

425 float *nrbin ;
int FirstSummary =TRUE;

printf ("
------------------------------------- ------ ----- -\ n
");

430 sf = fopen ("mdftt -summary .txt "," r");
if(sf ) {

// close it to reopen with append
fclose (sf );
FirstSummary =FALSE;

435 }
sf = fopen ("mdftt -summary .txt "," a+");

if(argc ==2) {
ArgumentHelp ();

440 }
else {
if(argc >5) {

ProcessArguments (argv ,FirstSummary );
// save the base file name from last input parameter

445 strncpy (basefn ,argv [argc -1],80) ;
if(rng>0) strncpy (rng_name_local ,rng_name (rng) ,80);

} else {
GetParameters (FirstSummary );

}
450 }

if(ram ) printf (" Using fourn memory based algorithm \n" );
else {

printf ("Using fourfs disk based algorithm \n");
455 OpenScratch (&file [1]," mdftt .1" );

OpenScratch (&file [2]," mdftt .2" );
OpenScratch (&file [3]," mdftt .3" );
OpenScratch (&file [4]," mdftt .4" );

}
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460
// Initialize the bin structure
NT=2*T;
if(!( bin = malloc (NT* sizeof( float)))) {

printf ("Allocation failure in mdftt: bin.\ n");
465 printf ("Attempted to allocate space for %ld floats .\ n

",NT );
return(2) ;

}

// Initialize the failure structures used to flag
470 // potentially high coefficients based on standard

// or bonferonni intervals .
if(!( rfail = malloc (2* NL*sizeof( int)) )) {

printf ("Allocation failure in mdftt: rfail .\n" );
return(2) ;

475 }
if(!( ifail = malloc (2* NL*sizeof( int)) )) {

printf ("Allocation failure in mdftt: ifail .\n" );
return(2) ;

}
480 if(!( mfail = malloc (2* NL*sizeof( int)) )) {

printf ("Allocation failure in mdftt: mfail .\n" );
return(2) ;

}
if(!( ofail = malloc (2* NL*sizeof( int)) )) {

485 printf ("Allocation failure in mdftt: ofail .\n" );
return(2) ;

}
for(il =0;il <NL*2; il++) {

rfail [il] = 0;
490 ifail [il] = 0;

mfail [il] = 0;
ofail [il] = 0;

}

495 if(!( y = malloc ( K*sizeof( float)) )) {
printf ("Allocation failure in mdftt: y.\n ");
return(2) ;

}

500 if(rng >0) {
printf (" Initializing the random number generator (s )\

n" );
if(overlap ) rs = ( rstream **) malloc ( sizeof(rstream )

);
else rs = (rstream **) malloc (K* sizeof( rstream

)) ;
if (!rs ) {

505 printf (" Allocation failure in mdftt : rs." );
exit (2);

}
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// initialize the random number generators
510 if(overlap ) rs [0] = setunif (rng ,0,1,-1 L, dp[subrng ],

dq[subrng ],delay );
else
for(i=0; i<K ;i++)

rs[i ] = setunif (rng,i ,K,-1 L,dp[ subrng ],dq[ subrng
],delay );

515 if(overlap ) {
for(o=0; o<K;o++)

y[o] = unif (rs[0]) ;
o = 0;

}
520 }

nn = ( unsigned long *) malloc (K* sizeof( unsigned long)) ;

// create pointers for the numerical recipes routines
525 nrbin = bin ;

--nrbin ;
nrnn = nn;
--nrnn ;

530 // use cdflib to calculate the critical values
DCDFLIB_WHICH = 2; // calculate X

//
// # Overall test critical value

535 // C <- qchisq (1-a ,2*(T -1))

DF = 2.0*(( double)T-1.0) ; // use 2(T-1) for df
DCDFP = 1.0 - A;
DCDFQ= 1.0 - DCDFP;

540 cdfchi ( &DCDFLIB_WHICH, &DCDFP, &DCDFQ, &C, &DF, &
DCDFLIB_STATUS, &DCDFLIB_BOUND);

switch(DCDFLIB_STATUS) {
case 0:

printf ("Overall cutoff at C = %.3f, DF = %.0f.\ n",(
float)C,( float) DF);

545 break;
case 1:

printf ("Answer appears to be lower than lowest search
bound .\n ");

break;
case 2:

550 printf ("Answer appears to be higher than greatest
search bound .\n ");

break;
case 3:

printf ("P + Q != 1.\ n");
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break;
555 case 10:

printf ("Error returned from cumgam.\ n");
break;

default:
if(DCDFLIB_STATUS<0) {

560 printf (" Paramerter %d is out of range .\n ",-
DCDFLIB_STATUS);

}
else printf ("Unexpected status returned [%d].\ n",

DCDFLIB_STATUS) ;
break;

}
565

// # Fisher PLSD critical values

// K1 <- qnorm (1- a/2)
570 Mu = 0.0;

Sigma = 1.0; //sqrt (1.0/2.0/( float)N) ;
DCDFP = 1.0 - A/2.0;
DCDFQ= 1.0 - DCDFP;
cdfnor ( &DCDFLIB_WHICH, &DCDFP, &DCDFQ, &K1, &Mu, &

Sigma , &DCDFLIB_STATUS, &DCDFLIB_BOUND);
575

switch(DCDFLIB_STATUS) {
case 0:

printf ("Individual PLSD cutoff at K1 = %.3f.\n ",(
float)K1) ;

break;
580 case 1:

printf ("Answer appears to be lower than lowest search
bound .\n ");

break;
case 2:

printf ("Answer appears to be higher than greatest
search bound .\n ");

585 break;
case 3:

printf ("P + Q != 1.\ n");
break;

case 10:
590 printf ("Error returned from cumgam.\ n");

break;
default:
if(DCDFLIB_STATUS<0) {

printf (" Paramerter %d is out of range .\n ",-
DCDFLIB_STATUS);

595 }
else printf ("Unexpected status returned [%d].\ n",

DCDFLIB_STATUS) ;
break;
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}

600
// K2 <- qchisq (1- a,2)
DF = 2;
DCDFP = 1.0 - A;
DCDFQ= 1.0 - DCDFP;

605 cdfchi ( &DCDFLIB_WHICH, &DCDFP, &DCDFQ, &K2, &DF, &
DCDFLIB_STATUS, &DCDFLIB_BOUND);

switch(DCDFLIB_STATUS) {
case 0:
printf ("Magnitude Squared PLSD cutoff at K2 = %.3f.\n "

,( float)K2) ;
610 break;

case 1:
printf ("Answer appears to be lower than lowest search

bound .\n ");
break;

case 2:
615 printf ("Answer appears to be higher than greatest

search bound .\n ");
break;

case 3:
printf ("P + Q != 1.\ n");
break;

620 case 10:
printf ("Error returned from cumgam.\ n");
break;

default:
if(DCDFLIB_STATUS<0) {

625 printf (" Paramerter %d is out of range .\n ",-
DCDFLIB_STATUS);

}
else printf ("Unexpected status returned [%d].\ n",

DCDFLIB_STATUS) ;
break;

}
630

// # Bonferonni critical values
// L1 <- qnorm (1- a/(4*( T-1) ))
Mu = 0.0;

635 Sigma = 1.0;
DCDFP = 1.0 - A/(4*(( double)T-1) );
DCDFQ= 1.0 - DCDFP;
cdfnor ( &DCDFLIB_WHICH, &DCDFP, &DCDFQ, &L1, &Mu, &

Sigma , &DCDFLIB_STATUS, &DCDFLIB_BOUND);
switch(DCDFLIB_STATUS) {

640 case 0:
printf ("Individual Bonferonni cutoff at L1 = %.3f.\n "

,( float)L1 );
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break;
case 1:

printf ("Answer appears to be lower than lowest search
bound .\n ");

645 break;
case 2:

printf ("Answer appears to be higher than greatest
search bound .\n ");

break;
case 3:

650 printf ("P + Q != 1.\ n");
break;

case 10:
printf ("Error returned from cumgam.\ n");
break;

655 default:
if(DCDFLIB_STATUS<0) {

printf (" Paramerter %d is out of range .\n ",-
DCDFLIB_STATUS);

}
else printf ("Unexpected status returned [%d].\ n",

DCDFLIB_STATUS) ;
660 break;

}

// L2 <- qchisq (1- a/(2*( T-1) ),2)
DF = 2;

665 DCDFP = 1.0 - A/(2*(( double)T-1) );;
DCDFQ= 1.0 - DCDFP;
cdfchi ( &DCDFLIB_WHICH, &DCDFP, &DCDFQ, &L2, &DF, &

DCDFLIB_STATUS, &DCDFLIB_BOUND);
switch(DCDFLIB_STATUS) {
case 0:

670 printf ("Magnitude Squared Bonferonni cutoff at L2
= %.3f.\ n",( float)L2 );

break;
case 1:

printf ("Answer appears to be lower than lowest search
bound .\n ");

break;
675 case 2:

printf ("Answer appears to be higher than greatest
search bound .\n ");

break;
case 3:

printf ("P + Q != 1.\ n");
680 break;

case 10:
printf ("Error returned from cumgam.\ n");
break;

default:
685 if(DCDFLIB_STATUS<0) {
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printf (" Paramerter %d is out of range .\n ",-
DCDFLIB_STATUS);

}
else printf ("Unexpected status returned [%d].\ n",

DCDFLIB_STATUS) ;
break;

690 }

// adjust the CI values to be applied directly to the
coefficients before normalization

NK1 = K1/sqrt (2.0*( float)N) ;
NK2 = K2/sqrt (2.0*( float)N) ;

695 NL1 = L1/(2.0*( float) N);
NL2 = L2/(2.0*( float) N);

CellP = 1.0/( float)N;
for(il =0;il <NL;il ++) { // main testing loop

700
printf ("\ nLoop %d\n" ,il+1) ;

// printlev
// 0: No output files , just summarize

705 // 1: Output fourier coefficients
// 2: Output level 1 + random number file
// 3: Output level 2 + bin file

if( printlev >0 ){ ftf = OpenFTFile (basefn ,ftf, il+1);
}

710 if( printlev >1 ){ rnf = OpenRNFile (basefn ,rnf, il+1);
}

if( printlev >2 ){ bf = OpenBinFile (basefn ,bf,il +1); }

for( l=0;l <T;l++) bin [l] = 0.0;

715 for( l=0;l <N;l++) {
// generate a point in K-space
// if(rnf ) fprintf ( rnf,"% ld, " ,l);
if(overlap ) {

o = (++o) % K;
720 if(rng >0) {

y[o ] = unif (rs [0]);
}
else {
if( scanf ("%f\ n",&y [o]) < 1 ){

725 printf (" Out of input on stdin at %ld:%d \n",l ,o
);

exit (3) ;
}

}
}

730 else {
for( j=0;j< K;j++) {
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if( rng>0) y[j] = unif (rs [j]);
else {
char buf [80];

735 if( gets (buf )==NULL ){
printf ("Out of input on stdin at %ld:% d\n", l

,j);
exit(3) ;

} else
y[j] = atof (buf) ;

740
}
if( rnf) fprintf (rnf ," %f",y[j]) ;

}
}

745 c = cell (y, K,B); // find which cell it ’s in
bin [c] += CellP ; // update frequence counter
if(rnf ) //fprintf (rnf," %ld , %f\n ",c,bin [c]) ;

fprintf (rnf ,"\n ");
}

750
if(bf ) {
for(i=1; i<=K; i++) nn[i]=0 L;
for(l=0; l<T;l ++) {

// fprintf (bf ,"%ld ,",l) ;
755 // for( i=0;i <K;i++) fprintf ( bf,"%ld ,",nn [i]) ;

fprintf (bf," %.0f\ n",bin [l]) ;
// incr (nn,K ,B);

}
}

760
// printf ("Setup for doing the Fourier transform \n") ;

for( i=1;i <=K;i ++) nn[i]=B ;
nulls = 0;

765 zero = 0.0;

if(ram ) {
for(l=T ;l>0;l --) {
if(bin [l]==0.0) nulls ++;

770 bin [2* l-2] = bin[ l-1];
bin [2* l-1] = 0.0;

}
} else {
for(l=0; l<T/2; l++) {

775 if(bin [l]==0.0) nulls ++;
if( !WriteScratch (&bin [l], sizeof( float),1,file [1])

||
!WriteScratch (& zero , sizeof( float),1, file [1]) ) {

printf ("File 1, element %ld \n", l);
exit (1);

780 }

if(bin [l+T/2]==0.0) nulls ++;
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if( !WriteScratch (&bin [l+T/2], sizeof( float) ,1,file
[2]) ||
!WriteScratch (& zero , sizeof( float),1, file [2]) ) {

785 printf ("File 2, element %ld \n", l+T/2) ;
exit (1);

}

}
790 rewind ( file[1]) ;

rewind ( file[2]) ;
}

printf ("Generated %ld null cells out of %ld, %lf%%
empty .\n" ,nulls ,T,

795 ( double)nulls /( double)T*100.0) ;

printf ("Perform the transform .\ n");

if(ram ) fourn ( nrbin, nn,K,1) ;
800 else {

fourfs (file ,nn,K,1) ;
if( !ReadScratch (& bin[0], sizeof( float) ,T,file [3])

||
!ReadScratch (& bin[T ], sizeof( float), T,file [4]) )

exit (1);
}

805
printf ("Scanning for supsect coefficients & gathering

statistics \n") ;
for( i=0;i <K;i++) nn[ i] = 0L;
sfsq = 0.0;
sfxy = 0.0;

810 smf = 0.0;
for( l=0;l <T;l++) {

re = bin [l*2];
im = bin [l*2+1];
rho = sqrt (re *re+im *im);

815 phi = asin (re /rho) ;
if(ftf) fprintf (ftf ,"%f %f %f %f\n ",re,im ,rho ,phi) ;
// if( l!=0 ){ // this one is different
// re -= 1.0; // subtract off E[f(0) ]
// }

820 sfsq += (re*re + im*im);
sfxy += 2.0*( re*im );
smf += (re + im);

// scan for plsd hits
825 if( fabs (re) > NK1 )rfail [il]++;

if( fabs (im) > NK1 )ifail [il]++;
if( rho *rho > NL1 )mfail [il]++;
// scan for bonferroni hits
if( fabs (re) > NK2 )rfail [il+ NL]++;
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830 if( fabs (im) > NK2 )ifail [il+ NL]++;
if( rho *rho > NL2 )mfail [il+NL ]++;

// next
incr (nn ,K,B);

835 }

X = (sfsq -1.0) * 2.0*( float)N;
Fm = smf / ( 2.0 * ( float)T - 2.0 );
Fs = sqrt ( sfsq - 2.0* sfxy + Fm*Fm ) ;

840
if(X >C) {

printf (" -- Reject H0: generator is not uniform --\ n"
);

ofail [il ] = 1;
}

845 else
printf (" -- Accept HO: generator is uniform --\ n");

// use cdflib to calculate the test significance
850 DCDFLIB_WHICH = 1; // calculate P, Q

// p <- 1 - pchisq (X ,2*(T -1))

DF = 2.0*(( double)T-1.0) ; // use 2(T -1) for df
855 cdfchi ( &DCDFLIB_WHICH, &DCDFP, &DCDFQ, &X, &DF, &

DCDFLIB_STATUS, &DCDFLIB_BOUND) ;
switch(DCDFLIB_STATUS) {
case 0:

printf (" Test Significance : X = %.1f, C = %.1f P
= %.3f, DF = %.0f .\n",
( float)X, ( float)C, ( float)DCDFQ,( float)DF);

860 break;
case 1:

printf (" Answer appears to be lower than lowest
search bound .\ n");

break;
case 2:

865 printf (" Answer appears to be higher than greatest
search bound .\ n");

break;
case 3:

printf (" P + Q != 1.\ n");
break;

870 case 10:
printf (" Error returned from cumgam.\n");
break;

default:
if(DCDFLIB_STATUS<0) {

875 printf ("Paramerter %d is out of range .\ n",-
DCDFLIB_STATUS);

213



}
else printf (" Unexpected status returned [%d].\ n",

DCDFLIB_STATUS);
break;

}
880

printf ("-- mean = %f stddev = %f \n" ,Fm,Fs );

if(ofail [ il]!=0) {
printf (" Fishers PLSD cutoff tests :\ n");

885 if( rfail [il] != 0 )printf ("-- Suspect Real -- (%d)\
n" ,rfail [il]) ;

else printf ("-- No Suspect Real -- \n ");

if( ifail [il] != 0 )printf ("-- Suspect Imaginary
-- (%d) \n",ifail [ il]);

else printf ("-- No Suspect Imaginary -- \
n" );

890
if( mfail [il] != 0 )printf ("-- Suspect Magnitude

Squared -- (%d)\n" ,mfail [il]) ;
else printf ("-- No Suspect Magnitude

Squared -- \n ");
} else {

895 printf (" Bonferroni cutoff tests :\n ");
if( rfail [il+ NL] != 0 )printf ("-- Suspect Real -- (%

d) \n",rfail [il +NL]) ;
else printf ("-- No Suspect Real -- \n ");

if( ifail [il+ NL] != 0 )printf ("-- Suspect Imaginary
-- (%d) \n",ifail [ il+NL]) ;

900 else printf ("-- No Suspect Imaginary -- \
n" );

if( mfail [il+ NL] != 0 )printf ("-- Suspect Magnitude
Squared -- (%d)\n" ,mfail [il+NL ]);

else printf ("-- No Suspect Magnitude
Squared -- \n ");

}
905

if(ftf ) {
fflush ( ftf);

}
if(rnf ) {

910 fflush ( rnf);
}
if(bf ) {

fflush ( bf);
}

915
// use R to generate plots
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WriteRFiles (basefn ,il +1,N ,T,A, X,DCDFQ,C,K1 ,K2, L1,L2) ;
system ("R BATCH --no -save --no -restore mdfttreport .R "

);
}

920
printf ("\n

===================================== ============\ n
");

printf ("Testing Summary\n") ;
printf ("i\ tChiSq \tRe\ tIm\tMag \n" );
for(il =0;il <NL;il ++) {

925 if(ofail [ il]>0)
printf (" %d\t%d\t%d \t%d\n ",il+1, ofail [il], rfail [il],

ifail [il ],mfail [il ]);
else

printf (" %d\t%d\t%d \t%d\n ",il+1, ofail [il], rfail [il+ NL
], ifail[ il+NL ],mfail [il+ NL]);

}
930

fprintf (sf ,"
===================================== ============\ n
");

fprintf (sf ,"Test Summary\n%ld points in %d dim using %d
bins /dim, %ld total bins.\ n",N, K,B,T );

fprintf (sf ,"Resolution of test is %f in each dimension
.\n",1.0/( float) B);

fprintf (sf ,"i\tChiSq \ tRe\tIm \tMag \n") ;
935 for(il =0;il <NL;il ++) {

if(ofail [ il]>0)
fprintf (sf,"% d\t%d \t%d\t %d\n" ,il+1, ofail [il], rfail [

il ],ifail [il], mfail [il]) ;
else

fprintf (sf,"% d\t%d \t%d\t %d\n" ,il+1, ofail [il], rfail [
il +NL],ifail [ il+NL ],mfail [il+ NL]);

940 }

if(!ram ) {
fclose (file [1]) ; unlink (" mdftt .1");

945 fclose (file [2]) ; unlink (" mdftt .2");
fclose (file [3]) ; unlink (" mdftt .3");
fclose (file [4]) ; unlink (" mdftt .4");

}

950 return(0);
}

mdftt.hlp: HelpFile

L ISTING B.12

215



mdftt <ram> <rng> [subrng ] <E> <D> <B> <P> <NL> <
printlev > <base -outfile >

<ram>
1: run in ram only

5 2: use disk based algorithm

<rng>
1: pgfsr - parallel generalized feedbach shift register

<subrng >
10 1 2 3 4 5 6 7

-----------------------------
31 98 250 521 607 1279 1279
6 27 103 32 273 418 1063

2: lprand
15 <subrng > delay value for generator

3: randu
4: super -duper
5: pcrand
6: ranlib

20 7: pcomb

<E> Expected cell frequency (integer ) N=B^D* E
<D> Dimension of grid
<B> Bins per dimension (forced to be a power of 2)

25 <P> Cutoff probability (x100 )
<NL> Number of loops (successive test runs )
<printlev >

0: No output files , just summarize
1: Output fourier coefficients

30 2: Output level 1 + random number file
3: Output level 2 + bin file

<base-outfile > base directory and name for output file( s
)

cell.c: Cell countutilities

L ISTING B.13
long ipow ( long x, int y)
{ int i ;
long z;
z = ( long) pow(( double)x,( double) y);

5 return(z);
}

long bpow( long k)
{ long z=1L;

10 if(k==0) return(1 L);
else return(z<<k );

}
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/* compute cell membership from real vectors (x)
15 *

* Store the stats in a one dimensional structure of
bins

* stored in to match the requirements of NR’s fourn .c
and fourfs .c routines .

* Bins are identified by a D-vector d[]=( d0,d1 ,d2,d3
,..., dD-1)

* where 0<=di<=( B-1) .
20 *

* Bin (d0 ,d1,d2 ,..., di,..., dD-1) is at location l
determined by

* l = sum(di* B^(D-i ))
*
* Finding l for x[]=( x0,x1 ,..., xi,..., xD-1)

25 * 0 <= x[i] < 1.0 ==> 0 <= truncate ( x[i ]*B ) <= B-1
*
*/

long cell ( float * x, int D, int B)
30 { int i;

long l;
int di;
long BDi;

35 l = 0L;
BDi = 1L;
for( i=D-1; i>=0; i--) {

di = ( int)(x[ i]*B) ; //
if(x[i]==1.0) --di ; // just in case the generator

produces 1.0
40 l += di *BDi; //

BDi *= B; //
}
return(l) ;

}

incr.c: Indexing utility function

L ISTING B.14
#ifndef TRUE
#define TRUE -1
#define FALSE 0
#endif

5
/* Increment a base B number represented by the integer

array nn */
int incr ( unsigned long *nn, int D, int B)
{ int Dm1;
if(D>0) {

217



10 Dm1=D-1;
if(nn [Dm1]<B-1)

nn[Dm1] += 1;
else
if(incr (nn,Dm1 ,B)) nn[Dm1] = 0;

15 return(TRUE);
} else
return(FALSE);

}

uniform.c:Uniform pseudorandomnumbergenerator

L ISTING B.15
/* file : uniform . c
*
* uniform manages streams of random numbers for single

or multi
* processing environments . Type is (L:Leap -frog ,B:

Blocked ,T :Tree ).
5 *

* RNG TYP Name Description
* --- --- ----- ------------
* 1 L PGFSR - My code for Aluru , Prabhu & Gustafson ’s

parallel GFSR
* 2 L LPRAND- Direct port and parallelization of

Lewis & Payne RNG
10 * 3 L RANDU- Classic bad rng used for comparitive

testing
* 5 L SUPER - Marsaglia ’s Super -duper combined

congruential and
* fibonacci generator (crude /slow

parallelization )
* 5 L PCRAND- Leap -frog of Portable Combined RNG due

to
* Jesse Chisholm and modified by Clark

Thomborson
15 * (crude /slow parallelization )

* 6 B RANLIB - RANLIB.C generator good for small
number of streams

* or larger numbers of short streams . Uses
combined

* congruential generator (s ) to produce
blocks of rn’s

* rather than leap -frogging as above rng’s
do.

20 * 7 L PCOMB- Parallel combination generator
*/

#include <stdio .h >
#include <limits . h>
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25 #include "uniform .h"
#include "randu .h "
#include "pgfsr .h "
#include "pcrand . h"
#include "super .h "

30 #include "lprand . h"
#include "ranlib . h"
#include "pcomb .h "

/* define malloc here to avoid conflict with rand
definition in stdlib */

35 void * malloc ( int size) ;
void exit ( int);

char *name[] = {" PGFSR","LPRAND"," RANDU","SUPER "," PCRAND
"," RANLIB"," PCOMB"};

40 char *rng_name (rng )
int rng ;
{ if( rng >0 && rng<= NRNG) return(name [rng -1]) ;

else return("UNKNOWN") ;
}

45
int int_bits ( int w)
{ int i ,b=0;
for(i =0;i< sizeof( int) *8-1;i ++)
if( ((1<< i) & w) != 0 )b++;

50 return(b);
}

int long_bits ( long w)
{ int i ,b=0;

55 for(i =0;i< sizeof( long)*8-1; i++)
if( ((1L<< i) & w) != 0L ) b++;

return(b);
}

60 rstream *setunif ( rtype, id,ns ,seed ,c1,c2 ,c3)
int rtype ;
int id, ns;
long seed ;
long c1 ,c2,c3 ;

65 {
int i;
long l;
rstream * rst;

70 rst = (rstream *)malloc ( sizeof(rstream ));
rst -> rtype = rtype ;

switch(rtype ) {
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case 1: /* PGFSR - my version of the Aluru , Prabhu
& Gustafson prng */

75 rst -> max_N = UINT_MAX-1;
rst -> state = pgfsr_init (seed ,( int)c1 ,( int)

c2,ns, id);
break;

case 2: /* LPRAND */
rst -> state = initlprand (( int)c1 ,( int)c2,c3

);
80 /* rst -> max_N = (unsigned long )(((lpint )

2<<(sizeof ( lpint )*8-2) )-1)*2+1; */
rst -> max_N = 0x7fffffff ;
rst -> ns = ns;
for(i =0;i<id ;i++)

lprng (rst ->state );
85 break;

case 3: /* RANDU*/
rst -> state = initrandu (seed ,ns ,id);
rst -> max_N = 0x7fffffff ;
break;

90 case 4: /* SUPER */
rst -> state = initsuper (seed ,ns ,id);
rst -> max_N = UINT_MAX-1;
break;

case 5: /* PCRAND- Leap -frog of Portable Combined
RNG due to

95 Jesse Chisholm and modified by
Clark Thomborson */

rst -> state = malloc (2* sizeof( long)) ;
rst -> max_N = (( long) (PRIME1 -2 L));
rst -> ns = ns;
setran (1L,1 L,rst ->state );

100 for(i =0;i<id ;i++) l = lpcrand (rst ->state );
break;

case 6: /* RANLIB */
if(id >31) { /* ranlib only has 32 blocks or

generators */
printf ("Uniform : Fatal error , Cannot

use > 32 generators from RANLIB\ n")
;

105 exit(1) ;
}
rst -> max_N = 2147483562 L;
seed = seed & 0x7fffffff ;
/* setall (seed ,seed ); */

110 setall (1234567890 L,123456789 L);
l = id +1;
gscgn (1L,&l );
break;

case 7: /* PCOMB*/
115 rst -> state = initpcomb (seed ,ns ,id,( int)c1

,( int) c2);
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rst -> max_N = UINT_MAX-1;
break;

default:
rst = NULL;

120 break;
}
return(rst );

}

125 double unif( rst)
rstream *rst ;
{ double a;

a = ( double) unifint (rst) ;
130 a = a / ( rst -> max_N);

return(a) ;
}

double *unifvec (rst ,x,n )
135 rstream *rst ;

double *x;
int n;
{ int i;

if(! x) x = ( double *) malloc (n* sizeof( double));
140 for( i=0;i <n;i++) x[i ] = unif (rst );

return(x) ;
}

145 unsigned long unifint (rst )
rstream *rst ;
{ unsigned long a;

int i;

150 switch(rst -> rtype) {
case 1: /* PGFSR */

a = ( unsigned long) pgfsr (rst ->state ) ;
break;

case 2: /* LPRAND */
155 for(i =0;i<rst ->ns ;i++)

a = ( unsigned long) lprng (rst ->state );
break;

case 3: /* RANDU*/
a = ( unsigned long) randu (rst ->state ) ;

160 break;
case 4: /* SUPER */

a = ( unsigned long) super (rst ->state ) ;
break;

case 5: /* PCRAND*/
165 for(i =0;i<rst ->ns ;i++) a = ( unsigned long)

lpcrand (rst ->state );
break;

case 6: /* RANLIB */
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a = ignlgi () ;
break;

170 case 7: /* PCOMB*/
a = ( long) pcomb(rst-> state );
break;

default: a = -1 L;
break;

175 }
return(a) ; /* & 0x7fffffff ); */

}

/* interfaces for S/S+/ XlispStat */
180

/* local storage structure for random streams */
typedef struct {

rstream *rst ;
void * next;

185 } rstream_list ;

rstream_list *root_stream = NULL;
rstream_list *last_stream ;
int allocated_streams = 0;

190
/* initialize a random stream */
/* passing pointers to- from a stat package won’t work,

so we’ll
* build a local table of points and pass an integer

pointer into
* the table that we can pass back and forth ...

195 */
void initunif (rtype ,id, ns,seed ,c1 ,c2,c3 ,nrst )
int rtype ;
int id, ns;
long seed ;

200 long c1 ,c2,c3 ;
int *nrst ;
{

int i,dim ;
long l;

205 double f;

if(! root_stream ) { /* first call , setup the root
stream */
root_stream = (rstream_list *)malloc ( sizeof(

rstream_list ));
last_stream = root_stream ;

210 } else {
last_stream -> next = (rstream_list *) malloc (

sizeof(rstream_list ));
last_stream = last_stream -> next ;

}
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last_stream -> rst = setunif (rtype ,id ,ns, seed, c1,c2,
c3);

215 last_stream -> next = NULL;

*nrst = ++allocated_streams ;
}

220 /* return a single random number */
void uniform (nrst ,u)
int nrst ;
double *u;
{ rstream_list *rsl ;

225 int i;
rsl = root_stream ;
for(i=0; i<nrst ;i++) rsl = ( rstream_list *)rsl ->

next ;
* u = unif (rsl -> rst);

}

uniform.h: Interfacespecificationfor uniformpackage

L ISTING B.16
/* file : uniform . h
*
* uniform random stream definition file
*

5 */

#define NRNG7

/* names for the generators */
10 char *rng_name ( int rng) ;

/* rng data structure */
typedef struct {

int rtype ; /* rng type */
15 int ns ; /* scratch integer (rng dependent use )

*/
void * state ; /* state structure ( rng dependent

structure ) */
unsigned long max_N; /* maximum integer returned

by rng */
} rstream ;

20 /* initialize a uniform random number generator */
rstream *setunif ( int rtype , /* rng type */

int id , /* stream id */
int ns , /* number of streams */
long seed, /* initial seed */
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25 long c1, /* configuration parameter
1 */

long c2, /* configuration parameter
2 */

long c3 /* configuration parameter
3 */

);

30 /* return a single uniform random number */
double unif( rstream *rst );

/* return a uniform random vector */
double *unifvec (rstream *rst , double *x , int n);

35
/* return a uniform random integer */
unsigned long unifint (rstream *rst );

/* interfaces for use with S/S+ or XlispStat */
40

/* initialize a random stream */
void initunif ( int rtype , /* rng type */

int id , /* stream id */
int ns , /* number of streams */

45 long seed, /* initial seed */
long c1, /* configuration parameters 1 */
long c2, /* configuration parameters 2 */
long c3, /* configuration parameters 3 */
int * rs /* returned random stream */

50 );

/* return a single uniform random number */
void uniform ( int nrst, double *u) ;

55 /* bit counting routines */
int int_bits ( int w);
int long_bits ( long w);

testunif.c:Testutility for theuniformpackage

L ISTING B.17
/* testunif <gen> <n> <ns> <print > */

#include <stdlib . h>
#include <stdio .h >

5 #include <math .h>
#include "uniform .h"

void corr ( double d1[], double d2[], int n, double *ans )
;
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10 int main (argc ,argv )
int argc ;
char ** argv;
{ int ns,n, type;

int prlev ;
15 int i,j,k ;

rstream ** r;
double ** u;
long **iu ;
double *c1 ,*c2 ,ans;

20 int integer_rng =0;

if(argc >3) prlev = atoi (argv [4]) ;
else prlev = 0;

25 if(argc >2) {
ns = atoi (argv [3]) ;
n = atoi (argv [2]) ;
type = atoi (argv[1]) ;
if( type < 0 ){

30 integer_rng = 1;
type = - type;

}
}
if(argc <3 || type <1 || type >NRNG) {

35 printf ("testunif <rng> <N> <ns> [ prlev ]\n") ;
printf ("Valid generators are :\n") ;
for(i=1; i<= NRNG;i ++) printf ("%d: %s\n" ,i,rng_name (

i ));
return(1);

}
40

/* allocate space to store the random numbers */
if( prlev != 2 ){

if( integer_rng ) {
iu = malloc (ns * sizeof( long*));

45 for(i=0; i<ns;i ++) iu [i] = malloc (n* sizeof( long
*) );

} else {
u = malloc ( ns* sizeof( float*) );
for(i=0; i<ns;i ++) u[i] = malloc (n* sizeof( double

*) );
}

50
c1 = malloc (n* sizeof( double));
c2 = malloc (n* sizeof( double));

}

55 r = (rstream **) malloc (ns * sizeof(rstream ));
if (! r) {

printf ("allocation failure in testunif ()");
exit (1) ;

225



}
60

for( i=0;i <ns;i ++) {
r [i] = setunif (type ,i, ns,-1 L,607,273) ;

}

65 for( i=0;i <n;i++) {
for(j=0; j<ns ;j++) {

if( integer_rng ){
if(prlev !=2) iu[j ][i] = unifint (r [j]);
if(prlev ==2) printf ("% ld ",unifint (r[j ]));

70 } else{
if(prlev !=2) u[j][ i] = unif( r[j]) ;
if(prlev ==2) printf ("% f ",unif (r[ j]));

}
}

75 if(prlev ==2) printf ("\n ");
}

if(prlev ==1) {
printf ("Generator %s[%d] correlations , %d from

each of %d streams .\n" ,
80 rng_name (type ),type ,n ,ns);

for(i=0; i<ns ;i++)
for(j=i+1; j<ns ;j++) {

for(k =0;k<n ;k++) {
if( integer_rng ){

85 c1[k] = ( double)iu[i][ k];
c2[k] = ( double)iu[j][ k];

} else {
c1[k] = ( double)u[i][ k];
c2[k] = ( double)u[j][ k];

90 }
}
corr( c1,c2, n,&ans );
printf ("%d %d: %g",i, j,ans) ;
if(ans >2.0/ sqrt(( float)n)) printf ("<- reject

");
95 printf ("\n" );

}
}
return;

}

[Uniform]lprand.c

L ISTING B.18
#include <stdio .h >
#include <stdlib . h>
#include "lprand . h"
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5 int setr (lpint *m, int p, long delay , int q) ;

static int intsiz = sizeof(lpint ) *8 - 1;
lpint M;

10 lprand_state *initlprand ( int p, int q, long delay )
{ lprand_state * s;

s = (lprand_state *) malloc ( sizeof(lprand_state ));
s->vec = (lpint *)malloc ( p* sizeof(lpint )) ;
s->p = p;

15 s->q = q;
s->sp = -1;
printf ("lprand : p %d q %d l %ld linear columns %d\n" ,

p,q, delay ,setr( s->vec ,p,delay ,q ));
printf (" sizeof int is %d\n",intsiz );
return(s) ;

20 }

lpint lprng ( lprand_state *s)
{
return(ilprand (s ->vec ,s->p, s->q,& s->sp ));

25 }

lpint ilprand (lpint *m, int p, int q, int *lpj )
{
/* m(p) = table of p previous random numbers .

30 * p,q=polynomial parametsrs :x **p+x** q+1.
*/

int k;
*lpj = (*lpj +1) % p;

35 k = (* lpj+ q) % p;
m[*lpj ]=m[* lpj]^ m[k];
return(m[* lpj]);

}

40 float lprand (lpint *m, int p, int q)
{

lpint M;
int lpj ;
M=((( lpint )2<<(intsiz -1))-1) *2+1;

45 return(( float)ilprand (m,p,q ,&lpj )/( float)M) ;
}

int setr (lpint *m, int p, long delay , int q)
{

50
/* setr =column number of repeating one pattern . if

setr <= p,
* then an improper shift length has been selected .
* m(p)=table of random numbers to be initialized .
* p,q,polynomial parameters : x**p+x **q+1.
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55 * delay = relative delay between columns of m(p), in
bits .

* intsiz -integer size (bits ) of host machine : e.t.,
* ibm 360, 31; cdc6000 , 48; sru 1100, 35; hp

2100, 15.
*/

60 int r ,i,j, k,kount ,lpj =-1;
lpint one, itemp;

M=((( lpint )2<<(intsiz -2))-1) *2+1;

65 r=p+1;
one= (lpint )2<<( intsiz -2);
for(i =0;i< p;i++) m[i] = one ;
for(k =0;k< intsiz ;k++) {
for( j=0;j <delay ;j++) ilprand (m,p,q,& lpj);

70 kount =0;
for( i=0;i <p;i++) {

itemp =one >>k;
itemp = (m[i]-( m[i]/ one)* one)/ itemp ;
if(itemp ==1) kount ++;

75 if(k<(intsiz -1) ) {
m[i]=m [i]/2+ one;

}
}
if(kount ==p) r =k;

80 }
for(i =0;i<5000; i ++)
for( j=0;j <p;j++) ilprand ( m,p,q ,&lpj) ;

return(r);
85 }

[Uniform]lprand.h

L ISTING B.19
/* file : lprand .h
*
*/

5 #ifndef LPRAND_DEF

#define LPRAND_DEF

#define lpint long
10

/* lprand state memory structure */
typedef struct {

int p; /* state memory length */
int q; /* polynomial offset */
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15 int sp; /* state pointer */
lpint *vec; /* state vector pointer */

} lprand_state ;

/* random number generator */
20 lpint ilprand (lpint *m, int p, int q, int *lpj );

/* floating point generator */
float lprand (lpint *m, int p, int q);

25 /* full initialization */
lprand_state *initlprand ( int p, int q, long delay );

/* uniform specific interface */
lpint lprng ( lprand_state *s) ;

30
#endif

[Uniform]pcomb.c

L ISTING B.20
/* file : pcomb.c
*
* Parallel Generalized Feedback Shift Register (

PGFSR) rng combined
* with a simple congruential .

5 *
*/

#include <stdio .h >
#include <stdlib . h>

10 #include <math .h>
#include "pcomb .h "

unsigned int pcomb(s)
pcomb_state *s;

15 { /* compute congruential rn */
s->cseed *= s-> cp;

/* combine with the difference of the generators */
return(pgfsr (s ->ps)- s->cseed );

20 }

pcomb_state *initpcomb ( seed, ns,id ,p,q)
unsigned int seed ;
int ns, id,p, q;

25 { int i;
pcomb_state *s;
s = (pcomb_state *)malloc ( sizeof( pcomb_state ));
s->ps = pgfsr_init (seed ,p,q ,ns,id );
s->cseed = seed;
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30 for(i=0; i<id ;i++) s->cseed *= s-> cp;
return(s);

}

[Uniform]pcomb.h

L ISTING B.21
/* file : pcomb.h
*
*/

5 #include "pgfsr .h "

typedef struct {
pgfsr_state *ps;
unsigned int cseed ;

10 unsigned int cp;
} pcomb_state ;

/* random number generator */
unsigned int pcomb(pcomb_state *state );

15
/* full initialization */
pcomb_state *initpcomb ( unsigned int seed , int ns, int id,

int p, int q) ;

[Uniform]pcrand.c

L ISTING B.22
/* pcrand .c 1.2 5/12/92 */
/* ************************************ ***** ***** *****

Purpose : This file has routines to implement a
5 Combined Prime Multiplicative Congruential

Psuedo -Random Number Generator .

The original algorithms and selection of
prime numbers comes from two articles in the

10 Communications of the ACM: June 1988 (v31
#6)

the article by Pierre L’Ecuyer called ,
"Efficient and Portable Combined Random

Number Generators "
and the October (v31 #10), Stephen Park and

Keith Miller
"Random Number Generators : Good Ones are

Hard to Find ."
15
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This implementation of these algorithms has
been released

to the Public Domain . 91.03.10; 91.09.25.

Author : Jesse Chisholm
20 Modified by: Clark Thomborson

Auditor :

Creation Date : 91.03.04
25

Modifications by Jesse Chisholm :

0.0.0 91.03.04 Initial creation from the
articles

mentioned .
30

0.0.1 91.03.04 cleaned up some, and added test
main (s ).

0.0.2 91.03.06 added support routines for
retaining

continuation of sequence across
program

35 invokations .

0.0.3 91.03.10 ported to UNIX

1.0.0 91.03.10 Released to the Public Domain .
40

1.0.1 91.09.25 Re-Released to the Public Domain
.

Modifications by Clark Thomborson :

45 1.0.2 92.01.01 Added SUN compatibility ; allowed
RNGHOME

to differ from $HOME; wrote Unix
Makefile

2.0.0 92.01.02 Rewrote _rand to comply with L’
Ecuyer ’s

recommendations . New function is
called

50 pcrand (), of type double .
Discarded

nrand (), since it was inaccurate
.

Added RNGFILENAME. Reformatted
statefile
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to include pedigree of current
state .

55 2.0.1 92.01.06 Rewrote urand () to generate full
- range

(31- bit) integers in an unbiased
fashion .

2.0.2 92.01.15 Removed a tiny residual bias in
urand () .

60 3.0.0 92.05.06 Interfaced to mrandom().
Discarded

urand () and non-Sun code.

********************************* ****** ***** ***** ** */

65 /* include directives */

#include <stdio .h >
#include "pcrand . h"

70 /*
** this is the current state of the generator
*/
#define curr_seed1 rngstate [0]
#define curr_seed2 rngstate [1]

75
/* These constants define the generator */

#define ROOT1 40014 L
#define ROOT2 40692 L

80
/*
** If you should choose to change primes or roots ,
** please be sure that these conditions hold :
** (QUO > REM)

85 ** (QUO > 0)
** (REM > 0)
*/
/* QUO= PRIME / ROOT*/
#define QUO1 53668 L

90 #define QUO2 52774 L

/* REM = PRIME % ROOT*/
#define REM1 12211 L
#define REM2 3791 L

95
/*
** The 10000 th seed from 1L for arithmetic checking
*/
#define PRCHK1 1919456777 L
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100 #define PRCHK2 2006618587 L

/* ************************************ ***** ***** *****

Name: lpcrand
105

Purpose : This is the basic routine for generating
random numbers . The range is 0..( PRIME1-2).
The period is humongous . Roughly 2^62.

110 Sample Call: l = lpcrand (rngstate );

Inputs : rngstate (array of 2 longs, holding seed1
and seed2 )

Outputs : none
115

Returns : long l; MSBs are random

Algorithm : seed1 = seed1 * ROOT1 % PRIME1
seed2 = seed2 * ROOT2 % PRIME2

120 U = ( seed1 - seed2 ) mod (PRIME1 - 1)
return (U==0 ? ( PRIME1 - 1) : U)

This implementation used the following numbers :

125 PRIME ROOT RANGE
2147483563 40014 1..2147483562
2147483399 40692 1..2147483398

********************************* ****** ***** ***** ** */
130 /*

** NOTES ABOUT RND taken from earlier implementation
**
** This is the basic routine .
**

135 ** new_seed = old_seed * ROOT% PRIME;
**
** The table below shows some convenient values
**
** PRIME primitive root alternate root range

140 **
** 17 5 6 1..16
** 257 19 17 1..256
** 32749 182 128 1..32748
** 65537 32749 32719 1..65536

145 ** 2147483647 16807 39373
1..2147483646

** 2147483647 48271 69621
1..2147483646

** 2147483647 397204094 630360016
1..2147483646
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**
** This is the best single primitive root for 2^31-1

according to
150 ** Pierre L’ Ecuyer ; "Random Numbers for Simulation ";

CACM10/90.
**
** 2147483647 41358

1..2147483646
**
** He also lists the prime 4611685301167870637

155 ** and the primitive root 1968402271571654650
** as being pretty good . However , it doesn ’t lend itself

to
** this algorithm as the quotient is less than the

remainder in p/r.
**
** As a way of checking the arithmetic in any given

implementation ,
160 ** the table below shows what the 10,000 th seed should

be when the
** generator is started at 1L for various primes and

roots .
**
** PRIME ROOT 1st seed 10,000 th seed
** ---------- ----- - ----------

165 ** 2147483647 L 16807 L 1L 1043618065 L
** 2147483647 L 48271 L 1L 399268537 L
** 2147483647 L 69621 L 1L 190055451 L
** 2147483563 L 40014 L 1L 1919456777 L
** 2147483399 L 40692 L 1L 2006618587 L

170 **
** There are many other primitive roots available for

these
** or other primes . These were chosen as esthetically

pleasing .
** Also chosen so that ‘p / x > p % x’ for prime p, and

root x.
**

175 ** A number (x) is a primitive root of a prime (p )
** iff in the equation :
**
** t = x^ i % p
**

180 ** when ( i == p-1) and (t == 1)
**
** for all (1 <= i < p-1) then (t >= 2)
**
** The number of primitive roots for a given prime (p)

is the number
185 ** of numbers less that (p-1) that are relatively prime

to (p-1) .
**
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** Note : that is how many, not which ones .
**
** if x is a primitive root of p, and y is relatively

prime to p-1
190 ** then (x^y % p) is also a primitive root of p.

** also (x^( p-1-y ) % p) is a primitive root of p.
**
*/

195 long lpcrand (rngstate )
long rngstate [RNGstatesize_3 ];
{
long k;
long U;

200
/* the following code is taken from Figure 3 of L’

Ecuyer ’ s article */
k = curr_seed1 / QUO1;
curr_seed1 = ROOT1 * (curr_seed1 - k * QUO1) - k * REM1

;
if (curr_seed1 < 0) {

205 curr_seed1 += PRIME1;
}

k = curr_seed2 / QUO2;
curr_seed2 = ROOT2 * (curr_seed2 - k * QUO2) - k * REM2

;
210 if (curr_seed2 < 0) {

curr_seed2 += PRIME2;
}

U = curr_seed1 - curr_seed2 ;
215 if (U < 1) {

U += PRIME1 - 1;
}

return(U-1) ;
220 }

/* ************************************ ***** ***** *****

Name: checkran
225

Purpose : This routine returns 1 if the RNG state
looks ok .

Sample Call: if ( !checkran ( rngstate ) ) fprintf (stderr ,"
RNG unitialized !\n ");

230 Inputs : none

Outputs : none
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Returns : none
235

Algorithm : Return 1 if 0 < seed1 < PRIME1 and 0 < seed2
< PRIME2,

else return 0

********************************* ****** ***** ***** ** */
240 extern int checkran (rngstate )

long rngstate [RNGstatesize_3 ];
{
if (curr_seed1 <= 0 || curr_seed1 >= PRIME1 ||

curr_seed2 <= 0 || curr_seed2 >= PRIME2) {
245 return(0) ;

} else {
return(1) ;

}
}

250
/* ************************************ ***** ***** *****

Name: setran

255 Purpose : This routine sets the random number sequence
, checking to see

if the seeds are legal . Prints message to
stderr if illegal .

Sample Call: setran (1L,1 L,rngstate );

260 Inputs : long seed1; starting seed for 1st
generator

long seed2; starting seed for 2nd
generator

long rngstate [2]; where seed1 and seed2 are
to be stored

Outputs : none
265

Returns : none

Algorithm : copy seed1, seed2 into rngstate []; call
checkran () to

confirm that seeds are legal . Print error
message to

270 stderr if illegal .

********************************* ****** ***** ***** ** */
void setran ( seed1 , seed2 , rngstate )
long seed1 , seed2 , rngstate [ RNGstatesize_3 ];

275 {
curr_seed1 = seed1 ;
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curr_seed2 = seed2 ;
if ( !checkran (rngstate ) ){

fprintf (stderr ,"Illegal seed values : %ld, %ld" , seed1
, seed2 );

280 fflush (stderr ) ;
}

}

#ifdef TEST
285

main ()
{
int num;
long dd;

290 int limit ;
long rngstate [RNGstatesize_3 ];

printf ("Testing validity of arithmetic in this
implementation \n" );

printf ("of the EXTENDEDSTANDARDRANDOMNUMBER
GENERATOR\n\ n");

295
printf ("Testing error check code." );
setran (0L,0 L,rngstate ) ;

/* now try a legal seed */
300 setran (1L,1 L,rngstate ) ;

limit = 10000;

for(num=0; num<limit ; num++) {
dd = lpcrand (rngstate );

305 if (( num % 100) == 0) {
printf ("\rIteration %d /10000" , num);

}
}
printf ("\rSeed should be %ld ,%ld\ n and is %ld,%ld

.\ n",
310 PRCHK1, PRCHK2, curr_seed1 , curr_seed2 );

if ((curr_seed1 == PRCHK1) && (curr_seed2 ==
PRCHK2)) {

printf ("Arithmetic is performed correctly .\
n");

} else {
printf ("Arithmetic is performed INCORRECTLY

!\n");
315 }

exit (0) ;
}

320 #endif /* TEST */
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/* end of pcrand . c */

[Uniform]pcrand.h

L ISTING B.23
/* pcrand .h 1.3 5/12/92 */
/* ************************************ ***** ***** *****

Purpose : This file has routines to implement a
5 Combined Prime Multiplicative Congruential

Psuedo -Random Number Generator .

The original algorithms and selection of
prime numbers comes from two articles in the

10 Communications of the ACM: June 1988 (v31
#6)

the article by Pierre L’Ecuyer called ,
"Efficient and Portable Combined Random

Number Generators "
and the October (v31 #10), Stephen Park and

Keith Miller
"Random Number Generators : Good Ones are

Hard to Find ."
15

This implementation of these algorithms has
been released

to the Public Domain . 91.03.10; 91.09.25.

Author : Jesse Chisholm
20 Modified by: Clark Thomborson

*/

/* constants defining this multiplicative generator */
#define PRIME1 2147483563 L

25 #define PRIME2 2147483399 L

#define RNGstatesize_3 2
#define RNGrangem1_3 (PRIME1-3L)

30 #define RNGfileLINE0_3 "(Portable Combined
Multiplicative )\n"

/* ************************************ ***** ***** *****

35 Name: lpcrand

Purpose : This is the basic routine for generating
random numbers . The range is 0..( PRIME1-2).
The period is humongous . Roughly 2^62.
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40
Sample Call: l = lpcrand (rngstate );

Inputs : rngstate (array of 2 longs, holding seed1
and seed2 )

45 Outputs : none

Returns : long l; MSBs are random

Algorithm : seed1 = seed1 * ROOT1 % PRIME1
50 seed2 = seed2 * ROOT2 % PRIME2

U = ( seed1 - seed2 ) mod (PRIME1 - 1)
return (U==0 ? ( PRIME1 - 1) : U)

*/
55

long lpcrand ( long rngstate []) ;

/* ************************************ ***** ***** *****

60 Name: setran

Purpose : This routine sets the random number sequence
, checking to see

if the seeds are legal . Prints message to
stderr if illegal .

65 Sample Call: setran (1L,1 L,rngstate );

Inputs : long seed1; starting seed for 1st
generator

long seed2; starting seed for 2nd
generator

long rngstate [2]; where seed1 and seed2 are
stored

70
Outputs : none

Returns : none

75 Algorithm : copy seed1, seed2 into rngstate []; call
checkran () to

confirm that seeds are legal . Print error
message to

stderr if illegal .

********************************* ****** ***** ***** ** */
80 void setran ( long seed1, long seed2 , long rngstate [] );

/* ************************************ ***** ***** *****
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Name: checkran
85

Purpose : This routine returns 1 if the RNG state
looks ok .

Sample Call: if ( !checkran ( rngstate ) ) fprintf (stderr ,"
RNG unitialized !\n ");

90 Inputs : none

Outputs : none

Returns : none
95

Algorithm : Return 1 if 0 < seed1 < PRIME1 and 0 < seed2
< PRIME2,

else return 0

********************************* ****** ***** ***** ** */
100 int checkran ( long rngstate [] );

[Uniform]pgfsr.c

L ISTING B.24
/* file : pgfsr .c
*
* Parallel Generalized Feedback Shift Register (

PGFSR) rng .
*

5 */

/* #define dbg /* debug code flag */

#include <stdio .h >
10 #include <stdlib . h>

#include "pgfsr .h "

#define dp 98
#define dq 27

15 /* #define dp 607 */
/* #define dq 273 */
/* #define dp 1279 */
/* #define dq 418 */

20 pgfsr_state *alloc_state ( int p, int q);
void pstep_pgfsr ( pgfsr_state *s, int p) ;

unsigned int pgfsr (s)
pgfsr_state *s;

25 { int j;
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if(! s) s = pgfsr_init (-1, dp,dq ,1,0); /* initalize if
needed */

s->sp = ( s->sp +1) % s->p; /* update state
pointer */

j = (s->sp +s-> q) % s->p; /* compute offset
pointer */

s->vec [s-> sp] = s->vec [s-> sp] ^ s->vec [j]; /*
generate new value */

30 return(s-> vec[ s->sp]) ; /* and send back to
caller */

}

void dump_pgfsr_state (s ,f,m)
pgfsr_state *s;

35 FILE *f ;
char *m;
{ int i;

if(! f) f = fopen (DUMP_FILE,"w" );
fprintf (f ,"PGFSR state memory dump [%s]\n ",m);

40 fprintf (f ,"%d %d %d",s->p ,s->q ,s->sp );
for( i=0;i <s->p ;i++) {

if(!(i %8))fprintf (f,"\ n");
fprintf (f," %x ",s ->vec [i]);

}
45 fprintf (f ,"\n" );

}

void load_pgfsr_state (s ,f)
pgfsr_state *s;

50 FILE *f ;
{ int i;

char h[80];
if(! f) f = fopen (DUMP_FILE,"r" );
fscanf (f," %s\n ",h);

55 fscanf (f," %d %d %d",& s->p ,&s-> q,&s-> sp);
for( i=0;i <s->p ;i++) {

if(!(i %8))fscanf ( f,"\n ");
fscanf (f,"% x ",&s ->vec [i]);

}
60 fclose (f) ;

}

pgfsr_state *alloc_state (p,q )
int p,q ;

65 { pgfsr_state *s ;
s = (pgfsr_state *)malloc ( sizeof(pgfsr_state )) ;
if (! s) printf ("State memory allocation failure ");
s->vec = ( unsigned int *) malloc (p* sizeof( unsigned int

));
if (! s->vec ) printf (" State memory allocation failure "

);
70 s->p = p;
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s->q = q;
return(s) ;

}

75 pgfsr_state *pgfsr_qinit (seed ,ns, id)
unsigned int seed ;
int ns, id;
{ return(pgfsr_init (seed ,dp,dq ,ns,id ));
}

80
pgfsr_state *pgfsr_init (seed ,P,Q, ns,id)
unsigned int seed ;
int ns, id;
int P,Q;

85 { pgfsr_state *st ;
FILE *f;
int i,j,m ,n,sum ,stride ,skip ;
unsigned int pos ;
short int * seq,* temp;

90 int l=8* sizeof( unsigned int); /* setup the word
length */

/* take ns to be the greatest power of 2 >= ns */
pos = 2;
for( i=1;i <l;i++) {

95 if( pos >= ns ){
ns = pos ;
break;

}
pos = pos<<1;

100 }

/* working state memory */
seq = malloc (2* P*sizeof( short int));
temp = malloc (2* P*sizeof( short int)) ;

105
/* allocate required state memory structure */
st = alloc_state (P,Q );
st -> sp = 0;

110 #ifdef dbg
f = fopen ("pgfsr .dbg ","w" );
fprintf (f ,"Making state memory for stream %d, %d %d\n

",id ,P,Q) ;
#endif

115 /* generate the initial column of p bits */
seq[0] = seed; /* put seed in first

word */
for( i=1;i <l;i++) seq [i] = (seed <<=1) ; /* spread the

seed */
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for( i=l;i <P;i++) seq [i] = seq[ i%l]; /* replicate the
pattern */

120 /* initialize seq with polynomial x^ Q+1 */
/* for (i=0; i<P ;i++)seq [i] = 0; /* initialize to zero

*/
/* seq [0] = seq [Q] = 1; /* set two bits on

initially */

/* iterate 8192 P times to make the seed ’s pattern die
out */

125 for( i=0;i <13;i ++)
{
for(m=0; m<P;m++)temp [2*m ] = seq [m]; /* square the

polynomial */
for(m=1; m<2*P-2;m+=2) temp [m] = 0;
for(m=2* P-2;m >=P;m--) /* compute modulo */

130 if(temp [m]!=0) /* primitive trinomial
*/

{
temp [m-P +Q] += temp [m];
temp [m-P ] += temp [m];

}
135 for(m=0; m<P;m++)seq [m] = temp [m] & 01; /*

coefficients mod 2 */
}
for( m=0;m<P;m++) temp [m]=seq [m];

/* compute first P bits of the sequence */
140 for( i=0;i <P;i++)

{
for(m=0, sum=0; m<=P-i-1;m ++)sum += temp[m ];
if(i>P- Q)
for(m=2* P-Q-i;m<= P-1;m ++)sum += temp [m];

145 seq [i] = sum & 01;
}

/* initialize the table */
for( i=0;i <P;i++) st -> vec [i] = 0;

150
/* compute the first P bits for this processor */
pos = stride = 1 << ns;
if(stride <128) skip = 128 / stride ; else skip = 1;
while ((pos >>=1) > 0)

155 {
for(i=P ,n=0,j =Q;i<2* P;i++) seq [i] = seq[n ++]^seq [j

++];
for(i=id & 01, j=0; i<2*P; i+=2) seq[j ++] = seq[i ];
id /= 2;

}
160

/* compute the first P numbers for this processor */
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n = -1;
j = n+Q;
pos = 1 << ( sizeof( int)*8 - 1) ;

165 while (pos > 0)
{
for(i=0; i<P;i ++)
if(seq [i]) st -> vec[i ] |= pos;

for(i=0; i<skip *P;i ++)
170 {

if((++ n)== P)n=0;
if((++ j)== P)j=0;
seq[ n] ^= seq[j ];

}
175 pos >>= 1;

}

/* free up the workspace */
free (seq) ;

180 free (temp );

#ifdef dbg
fclose (f) ;

#endif
185

return(st );
}

#ifdef TEST
190

#define ns 3
#define n 1024

#define correlations
195

void corr ( double d1[], double d2[], int N, double *ans )
;

main ()
{ pgfsr_state *r [ns];

200 unsigned int u[ns][n ];
double c1 [n],c2 [n],ans ;
int i,j,k ;

for( i=0;i <ns;i ++) {
205 r [i] = pgfsr_init (0xffffffffL ,98,27, ns ,i);

}

for( i=0;i <n;i++) {
for(j=0; j<ns ;j++) {

210 u[j ][i] = pgfsr (r[j ]);
}

}
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#ifdef correlations
215 printf ("Generator %s correlations , %d from each of

%d streams .\ n",
"PGFSR",n,ns );

for(i=0; i<ns ;i++)
for(j=i+1; j<ns ;j++) {

for(k =0;k<n ;k++) {
220 c1 [k] = ( double)u[ i][k];

c2 [k] = ( double)u[ j][k];
}
corr( c1,c2, n,&ans );
printf ("%d %d: %g\n", i,j,ans );

225 }
#endif

#ifdef xlisp
printf ("( defun source () (format t\n \"Source : ");

230 printf ("Uniform random numbers from ");
printf ("generator : %s[%d], %d from each of %d streams

~%\") )\n" ,
"pgfsr ",0, n,ns) ;

printf ("( def data -names ’(" );
for( i=0;i <ns;i ++) printf (" \"s% d\" ", i);

235 printf (") )\n(def data (transpose (split -list ’(\ n");
for( i=0;i <n;i++) {

for(j=0; j<ns ;j++) {
printf (" %d ",u [j][i ]);

}
240 printf ("\n" );

}
printf (") %d)) )\n",ns );
printf ("( source )\n") ;
printf ("( regression - model (cdr data) (car data ))\n") ;

245 #endif

}
#endif

[Uniform]pgfsr.h

L ISTING B.25
/* file : pgfsr .h
*
*/

5 #ifndef PGFSR_DEF

#define PGFSR_DEF
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10 /* default dump file name */
#define DUMP_FILE "pgfsr .state .dump "

/* pgfsr state memory structure */
typedef struct {

15 int p; /* state memory length */
int q; /* polynomial offset */
int sp; /* state pointer */
unsigned int *vec ; /* state vector pointer */

} pgfsr_state ;
20

/* random number generator */
unsigned int pgfsr (pgfsr_state *state );

/* full initialization */
25 pgfsr_state *pgfsr_init ( unsigned int seed , int p, int q,

int ns, int id );

/* quick initialization (uses default p & q values ) */
pgfsr_state *pgfsr_qinit ( unsigned int seed , int ns , int id

);

30 /* dump state memory to a file . opens default file if f
is null */

void dump_pgfsr_state (pgfsr_state *s,FILE *f , char *m);

/* load state memory from file . opens default file if f
is null */

void load_pgfsr_state (pgfsr_state *s,FILE *f );
35

#endif

[Uniform]random.c

L ISTING B.26
/*
* Title : random_number
* Last Mod: Fri Mar 18 08:52:13 1988
* Author : Vincent Broman

5 * <broman@schroeder .nosc .mil>
*/

#define P 179
#define PM1 (P - 1)

10 #define Q (P - 10)
#define STATE_SIZE 97
#define MANTISSA_SIZE 24
#define RANDOM_REALS16777216.0
#define INIT_C 362436.0

15 #define INIT_CD 7654321.0
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#define INIT_CM 16777213.0

static unsigned int ni;
static unsigned int nj;

20 static double u[STATE_SIZE ];
static double c, cd, cm;

static unsigned int collapse ( int anyint , unsigned int
size );

25 static unsigned int collapse (anyint , size )
int anyint ;
unsigned int size ;
/*
* return a value between 0 and size -1 inclusive .

30 * this value will be anyint itself if possible ,
* otherwise another value in the required interval .
*/

{
if ( anyint < 0)

35 anyint = - (anyint / 2) ;
while (anyint >= size )

anyint /= 2;
return (anyint );

}
40

void start_random_number (seed_a , seed_b )
int seed_a ;
int seed_b ;

45 /*
* This procedure initialises the state table u for a

lagged
* Fibonacci sequence generator , filling it with random

bits
* from a small multiplicative congruential sequence .
* The auxilliaries c, ni, and nj are also initialized .

50 * The seeds are transformed into an initial state in
such a way that

* identical results are guaranteed across a wide
variety of machines .

*/
{
double s, bit ;

55 unsigned int ii, jj, kk , mm;
unsigned int ll;
unsigned int sd;
unsigned int elt, bit_number ;

60 sd = collapse (seed_a , PM1 * PM1);
ii = 1 + sd / PM1;
jj = 1 + sd % PM1;

247



sd = collapse (seed_b , PM1 * Q);
kk = 1 + sd / PM1;

65 ll = sd % Q;
if ( ii == 1 && jj == 1 && kk == 1)

ii = 2;

ni = STATE_SIZE - 1;
70 nj = STATE_SIZE / 3;

c = INIT_C ;
c /= RANDOM_REALS; /* compiler might mung the

division itself */
cd = INIT_CD ;
cd /= RANDOM_REALS;

75 cm = INIT_CM ;
cm /= RANDOM_REALS;

for (elt = 0; elt < STATE_SIZE; elt += 1) {
s = 0.0;

80 bit = 1.0 / RANDOM_REALS;
for (bit_number = 0; bit_number < MANTISSA_SIZE;

bit_number += 1) {
mm= ((( ii * jj ) % P) * kk) % P;
ii = jj;
jj = kk;

85 kk = mm;
ll = (53 * ll + 1) % Q;
if (((ll * mm) % 64) >= 32)

s += bit;
bit += bit ;

90 }
u[elt] = s;

}
}

95
double next_random_number ()
/*
* Return a uniformly distributed pseudo random number
* in the range 0.0 .. 1.0-2**(-24) inclusive .

100 * There are 2**24 possible return values .
* Side -effects the non-local variables : u, c, ni, nj .
*/

{
double uni;

105
if ( u[ni] < u[ nj])

uni = u[ni] + (1.0 - u[nj]) ;
else

uni = u[ni] - u[nj ];
110 u[ni ] = uni ;

if ( ni > 0)
ni -= 1;
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else
115 ni = STATE_SIZE - 1;

if ( nj > 0)
nj -= 1;

else
120 nj = STATE_SIZE - 1;

if ( c < cd )
c = c + (cm - cd) ;

else
125 c = c - cd;

if ( uni < c)
return (uni + (1.0 - c));

else
130 return (uni - c);

}

[Uniform]random.h

L ISTING B.27
/*
* Title : randomnumber
* Last Mod: Fri Mar 18 07:28:57 1988
* Author : Vincent Broman

5 * <broman@schroeder .nosc .mil>
*/

extern void start_random_number () ;

10 extern double next_random_number () ;

/*
* This package makes available Marsaglia ’s highly

portable generator
* of uniformly distributed pseudo -random numbers .

15 *
* The sequence of 24 bit pseudo - random numbers produced

has a period
* of about 2**144, and has passed stringent statistical

tests
* for randomness and independence .
*

20 * Supplying two seeds to start_random_number is
required once

* at program startup before requesting any random
numbers , like this:

* start_random_number (101, 202) ;
* r := next_random_number ();
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* The correspondence between pairs of seeds and
generated sequences

25 * of pseudo -random numbers is many-to- one.
*
* This package should compile and run identically on

any
* machine /compiler which supports >=16 bit integer

arithmetic
* and >=24 bit floating point arithmetic .

30 *
* References :
* M G Harmon & T P Baker , “An Ada Implementation of

Marsaglia ’s
* " Universal " Random Number Generator ”, Ada Letters

, late 1987.
*

35 * G Marsaglia , “Toward a universal random number
generator ”,

* to appear in the Journal of the American
Statistical Association .

*
* George Marsaglia is at the Supercomputer Computations

Research Institute
* at Florida State University .

40 */

[Uniform]randu.c

L ISTING B.28
#include <stdio .h >
#include <stdlib . h>
#include <math .h>
#include "randu .h "

5
randu_state *initrandu ( seed, ns,id )
long seed ;
int ns, id;
{ int i;

10 randu_state *s ;
s = (randu_state *)malloc ( sizeof(randu_state )) ;
if(! s) {

printf ("RANDU state memory allocation failure \n") ;
exit (2) ;

15 }
s->seed = seed ;
s->ns = ns ;
s->id = id ;
for( i=0;i <id;i ++) s-> seed = (s ->seed *65539) & 0

x7fffffff ;
20 return(s) ;
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}

long olrandu (s)
randu_state *s;

25 { s->seed = ( s-> seed*65539 )& 0x7fffffff ;
return(s-> seed );

}

long randu (s )
30 randu_state *s;

{ int i;
for( i=0;i <s->ns ;i++) s->seed = ( s-> seed*65539 )& 0

x7fffffff ;
return(s-> seed );

}

[Uniform]randu.h

L ISTING B.29
#define RANDU_MAX2147483648 L

typedef struct {
int ns ;

5 int id ;
long seed ;

} randu_state ;

randu_state *initrandu ( long seed, int ns , int id) ;
10 long randu (randu_state *s);

[Uniform]ranlib.c

L ISTING B.30
#include "ranlib . h"
#include <stdio .h >
#include <stdlib . h>

5 long mltmod ( long a, long s, long m);

void advnst ( long k)
/*
**** ******** ******** ******** ******** ******** ********

10 void advnst (long k)
ADV-a-N-ce ST- ate

Advances the state of the current generator by 2^ K
values and

resets the initial seed to that value.
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This is a transcription from Pascal to Fortran of
routine

15 Advance_State from the paper
L’Ecuyer , P. and Cote, S. " Implementing a Random

Number Package
with Splitting Facilities ." ACM Transactions on

Mathematical
Software , 17:98-111 (1991)

Arguments
20 k -> The generator is advanced by2 ^K values

**** ******** ******** ******** ******** ******** ********

*/
{
#define numg 32L

25 extern void gsrgs ( long getset , long *qvalue );
extern void gscgn ( long getset , long *g);
extern long Xm1,Xm2,Xa1 ,Xa2, Xcg1[], Xcg2[];
static long g,i,ib1 ,ib2 ;
static long qrgnin ;

30 /*
Abort unless random number generator initialized

*/
gsrgs (0L,& qrgnin );
if(qrgnin ) goto S10;

35 puts (" ADVNSTcalled before random generator
initialized - ABORT" );

exit (1);
S10:

gscgn (0L,& g);
ib1 = Xa1;

40 ib2 = Xa2;
for( i=1; i<=k; i++) {

ib1 = mltmod (ib1, ib1,Xm1 );
ib2 = mltmod (ib2, ib2,Xm2 );

}
45 setsd (mltmod (ib1 ,*(Xcg1 +g-1),Xm1 ),mltmod ( ib2,*( Xcg2+g

-1), Xm2)) ;
/*

NOW, IB1 = A1**K AND IB2 = A2**K
*/
#undef numg

50 }
void getsd ( long * iseed1 , long *iseed2 )
/*
**** ******** ******** ******** ******** ******** ********

void getsd ( long *iseed1 ,long *iseed2 )
55 GET SeeD

Returns the value of two integer seeds of the
current generator
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This is a transcription from Pascal to Fortran of
routine

Get_State from the paper
L’Ecuyer , P. and Cote, S. " Implementing a Random

Number Package
60 with Splitting Facilities ." ACM Transactions on

Mathematical
Software , 17:98-111 (1991)

Arguments
iseed1 <- First integer seed of generator G
iseed2 <- Second integer seed of generator G

65 **** ******** ******** ******** ******** ******** ********

*/
{
#define numg 32L
extern void gsrgs ( long getset , long *qvalue );

70 extern void gscgn ( long getset , long *g);
extern long Xcg1[], Xcg2[];
static long g;
static long qrgnin ;
/*

75 Abort unless random number generator initialized
*/

gsrgs (0L,& qrgnin );
if(qrgnin ) goto S10;
printf (

80 " GETSD called before random number generator
initialized -- abort !\n" );

exit (0);
S10:

gscgn (0L,& g);
*iseed1 = *(Xcg1 +g-1) ;

85 *iseed2 = *(Xcg2 +g-1) ;
#undef numg
}
long ignlgi ( void)
/*

90 **** ******** ******** ******** ******** ******** ********

long ignlgi (void )
GeNerate LarGe Integer

Returns a random integer following a uniform
distribution over

(1, 2147483562) using the current generator .
95 This is a transcription from Pascal to Fortran of

routine
Random from the paper
L’Ecuyer , P. and Cote, S. " Implementing a Random

Number Package
with Splitting Facilities ." ACM Transactions on

Mathematical
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Software , 17:98-111 (1991)
100 **** ******** ******** ******** ******** ******** ********

*/
{
#define numg 32L
extern void gsrgs ( long getset , long *qvalue );

105 extern void gssst ( long getset , long *qset );
extern void gscgn ( long getset , long *g);
extern void inrgcm ( void);
extern long Xm1,Xm2,Xa1 ,Xa2, Xcg1[], Xcg2[];
extern long Xqanti [];

110 static long ignlgi ,curntg ,k, s1,s2 ,z;
static long qqssd ,qrgnin ;
/*

IF THE RANDOMNUMBERPACKAGEHAS NOT BEEN
INITIALIZED YET, DO SO.

IT CAN BE INITIALIZED IN ONE OF TWOWAYS: 1) THE
FIRST CALL TO

115 THIS ROUTINE 2) A CALL TO SETALL.
*/

gsrgs (0L,& qrgnin );
if(! qrgnin ) inrgcm () ;
gssst (0,& qqssd );

120 if(! qqssd ) setall (1234567890 L,123456789 L) ;
/*

Get Current Generator
*/

gscgn (0L,& curntg );
125 s1 = *(Xcg1 +curntg -1) ;

s2 = *(Xcg2 +curntg -1) ;
k = s1/53668 L;
s1 = Xa1*( s1-k *53668 L)-k*12211;
if(s1 < 0) s1 += Xm1;

130 k = s2/52774 L;
s2 = Xa2*( s2-k *52774 L)-k*3791;
if(s2 < 0) s2 += Xm2;
*(Xcg1 +curntg -1) = s1 ;
*(Xcg2 +curntg -1) = s2 ;

135 z = s1-s2 ;
if(z < 1) z += (Xm1-1) ;
if(*( Xqanti +curntg -1) ) z = Xm1-z;
ignlgi = z;
return ignlgi ;

140 #undef numg
}
void initgn ( long isdtyp )
/*
**** ******** ******** ******** ******** ******** ********

145 void initgn (long isdtyp )
INIT -ialize current G-e-N- erator
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Reinitializes the state of the current generator
This is a transcription from Pascal to Fortran of

routine
Init_Generator from the paper

150 L’Ecuyer , P. and Cote, S. " Implementing a Random
Number Package

with Splitting Facilities ." ACM Transactions on
Mathematical

Software , 17:98-111 (1991)
Arguments

isdtyp -> The state to which the generator is to be
set

155 isdtyp = -1 => sets the seeds to their initial
value

isdtyp = 0 => sets the seeds to the first value
of

the current block
isdtyp = 1 => sets the seeds to the first value

of
the next block

160 **** ******** ******** ******** ******** ******** ********

*/
{
#define numg 32L
extern void gsrgs ( long getset , long *qvalue );

165 extern void gscgn ( long getset , long *g);
extern long Xm1,Xm2,Xa1w ,Xa2w ,Xig1 [],Xig2 [], Xlg1[], Xlg2

[], Xcg1[],Xcg2 [];
static long g;
static long qrgnin ;
/*

170 Abort unless random number generator initialized
*/

gsrgs (0L,& qrgnin );
if(qrgnin ) goto S10;
printf (

175 " INITGN called before random number generator
initialized -- abort !\n" );

exit (1);
S10:

gscgn (0L,& g);
if(-1 != isdtyp ) goto S20;

180 *(Xlg1 +g-1) = *(Xig1 +g-1) ;
*(Xlg2 +g-1) = *(Xig2 +g-1) ;
goto S50;

S20:
if(0 != isdtyp ) goto S30;

185 goto S50;
S30:
/*

do nothing
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*/
190 if(1 != isdtyp ) goto S40;

*(Xlg1 +g-1) = mltmod (Xa1w ,*(Xlg1 +g-1) ,Xm1);
*(Xlg2 +g-1) = mltmod (Xa2w ,*(Xlg2 +g-1) ,Xm2);
goto S50;

S40:
195 printf ("isdtyp not in range in INITGN ");

exit (1);
S50:

*(Xcg1 +g-1) = *(Xlg1 +g-1) ;
*(Xcg2 +g-1) = *(Xlg2 +g-1) ;

200 #undef numg
}
void inrgcm ( void)
/*
**** ******** ******** ******** ******** ******** ********

205 void inrgcm (void )
INitialize Random number Generator CoMmon

Function
Initializes common area for random number generator

. This saves
the nuisance of a BLOCK DATA routine and the

difficulty of
210 assuring that the routine is loaded with the other

routines .
**** ******** ******** ******** ******** ******** ********

*/
{
#define numg 32L

215 extern void gsrgs ( long getset , long *qvalue );
extern long Xm1,Xm2,Xa1 ,Xa2, Xa1w, Xa2w,Xa1vw , Xa2vw;
extern long Xqanti [];
static long T1;
static long i;

220 /*
V=20; W=30;
A1W = MOD(A1**(2** W),M1) A2W = MOD(A2**(2** W),M2)
A1VW = MOD(A1**(2**( V+W)),M1 ) A2VW = MOD(A2 **(2**( V+

W)),M2 )
If V or W is changed A1W, A2W, A1VW, and A2VW need to

be recomputed .
225 An efficient way to precompute a**(2* j) MODm is to

start with
a and square it j times modulo m using the function

MLTMOD.
*/

Xm1 = 2147483563 L;
Xm2 = 2147483399 L;

230 Xa1 = 40014 L;
Xa2 = 40692 L;
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Xa1w = 1033780774 L;
Xa2w = 1494757890 L;
Xa1vw = 2082007225 L;

235 Xa2vw = 784306273 L;
for( i=0; i<numg ; i++) *(Xqanti +i) = 0;
T1 = 1;

/*
Tell the world that common has been initialized

240 */
gsrgs (1L,& T1);

#undef numg
}
void setall ( long iseed1 , long iseed2 )

245 /*
**** ******** ******** ******** ******** ******** ********

void setall (long iseed1 ,long iseed2 )
SET ALL random number generators

Sets the initial seed of generator 1 to ISEED1 and
ISEED2. The

250 initial seeds of the other generators are set
accordingly , and

all generators states are set to these seeds .
This is a transcription from Pascal to Fortran of

routine
Set_Initial_Seed from the paper
L’Ecuyer , P. and Cote, S. " Implementing a Random

Number Package
255 with Splitting Facilities ." ACM Transactions on

Mathematical
Software , 17:98-111 (1991)

Arguments
iseed1 -> First of two integer seeds
iseed2 -> Second of two integer seeds

260 **** ******** ******** ******** ******** ******** ********

*/
{
#define numg 32L
extern void gsrgs ( long getset , long *qvalue );

265 extern void gssst ( long getset , long *qset );
extern void gscgn ( long getset , long *g);
extern long Xm1,Xm2,Xa1vw ,Xa2vw ,Xig1 [], Xig2[];
static long T1;
static long g,ocgn ;

270 static long qrgnin ;
T1 = 1;

/*
TELL IGNLGI , THE ACTUAL NUMBERGENERATOR, THAT THIS

ROUTINE
HAS BEEN CALLED.

275 */
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gssst (1,& T1);
gscgn (0L,& ocgn );

/*
Initialize Common Block if Necessary

280 */
gsrgs (0L,& qrgnin );
if(! qrgnin ) inrgcm () ;
*Xig1 = iseed1 ;
*Xig2 = iseed2 ;

285 initgn (-1 L);
for( g=2; g<=numg; g++) {

*( Xig1 +g-1) = mltmod (Xa1vw ,*( Xig1 +g-2) ,Xm1) ;
*( Xig2 +g-1) = mltmod (Xa2vw ,*( Xig2 +g-2) ,Xm2) ;
gscgn (1 L,&g );

290 initgn (-1L) ;
}
gscgn (1L,& ocgn );

#undef numg
}

295 void setant ( long qvalue )
/*
**** ******** ******** ******** ******** ******** ********

void setant (long qvalue )
SET ANTithetic

300 Sets whether the current generator produces
antithetic values . If

X is the value normally returned from a uniform
[0,1] random

number generator then 1 - X is the antithetic value
. If X is the

value normally returned from a uniform [0,N ] random
number

generator then N - 1 - X is the antithetic value .
305 All generators are initialized to NOT generate

antithetic values .
This is a transcription from Pascal to Fortran of

routine
Set_Antithetic from the paper
L’Ecuyer , P. and Cote, S. " Implementing a Random

Number Package
with Splitting Facilities ." ACM Transactions on

Mathematical
310 Software , 17:98-111 (1991)

Arguments
qvalue -> nonzero if generator G is to generating

antithetic
values , otherwise zero

**** ******** ******** ******** ******** ******** ********

315 */
{
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#define numg 32L
extern void gsrgs ( long getset , long *qvalue );
extern void gscgn ( long getset , long *g);

320 extern long Xqanti [];
static long g;
static long qrgnin ;
/*

Abort unless random number generator initialized
325 */

gsrgs (0L,& qrgnin );
if(qrgnin ) goto S10;
printf (

" SETANT called before random number generator
initialized -- abort !\n" );

330 exit (1);
S10:

gscgn (0L,& g);
Xqanti [g-1] = qvalue ;

#undef numg
335 }

void setsd ( long iseed1 , long iseed2 )
/*
**** ******** ******** ******** ******** ******** ********

void setsd ( long iseed1 ,long iseed2 )
340 SET S-ee- D of current generator

Resets the initial seed of the current generator to
ISEED1 and

ISEED2. The seeds of the other generators remain
unchanged .

This is a transcription from Pascal to Fortran of
routine

Set_Seed from the paper
345 L’Ecuyer , P. and Cote, S. " Implementing a Random

Number Package
with Splitting Facilities ." ACM Transactions on

Mathematical
Software , 17:98-111 (1991)

Arguments
iseed1 -> First integer seed

350 iseed2 -> Second integer seed
**** ******** ******** ******** ******** ******** ********

*/
{
#define numg 32L

355 extern void gsrgs ( long getset , long *qvalue );
extern void gscgn ( long getset , long *g);
extern long Xig1[], Xig2 [];
static long g;
static long qrgnin ;

360 /*
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Abort unless random number generator initialized
*/

gsrgs (0L,& qrgnin );
if(qrgnin ) goto S10;

365 printf (
" SETSD called before random number generator

initialized -- abort !\n" );
exit (1);

S10:
gscgn (0L,& g);

370 *(Xig1 +g-1) = iseed1 ;
*(Xig2 +g-1) = iseed2 ;
initgn (-1 L);

#undef numg
}

375 long Xm1,Xm2,Xa1, Xa2,Xcg1 [32], Xcg2[32], Xa1w, Xa2w, Xig1
[32], Xig2 [32], Xlg1 [32],
Xlg2 [32], Xa1vw,Xa2vw ;

long Xqanti [32];

void gsrgs ( long getset , long *qvalue )
380 /*

**** ******** ******** ******** ******** ******** ********

void gsrgs ( long getset ,long *qvalue )
Get /Set Random Generators Set

Gets or sets whether random generators set (
initialized ).

385 Initially ( data statement ) state is not set
If getset is 1 state is set to qvalue
If getset is 0 state returned in qvalue

**** ******** ******** ******** ******** ******** ********

*/
390 {

static long qinit = 0;

if(getset == 0) *qvalue = qinit ;
else qinit = * qvalue ;

395 }
void gscgn ( long getset , long *g)
/*
**** ******** ******** ******** ******** ******** ********

void gscgn ( long getset ,long *g)
400 Get /Set GeNerator

Gets or returns in G the number of the current
generator

Arguments
getset --> 0 Get

1 Set
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405 g <-- Number of the current random number generator
(1..32)

**** ******** ******** ******** ******** ******** ********

*/
{
#define numg 32L

410 static long curntg = 1;
if(getset == 0) *g = curntg ;
else {

if(*g < 0 || *g > numg) {
puts (" Generator number out of range in GSCGN")

;
415 exit (0);

}
curntg = *g ;

}
#undef numg

420 }
long mltmod ( long a, long s, long m)
/*
**** ******** ******** ******** ******** ******** ********

long mltmod (long a,long s,long m)
425 Returns (A*S) MODM

This is a transcription from Pascal to Fortran of
routine

MULtMod_Decompos from the paper
L’Ecuyer , P. and Cote, S. " Implementing a Random

Number Package
with Splitting Facilities ." ACM Transactions on

Mathematical
430 Software , 17:98-111 (1991)

Arguments
a, s, m -->

**** ******** ******** ******** ******** ******** ********

*/
435 {

#define h 32768 L
static long mltmod ,a0,a1 ,k,p ,q,qh ,rh;
/*

H = 2**(( b-2) /2) where b = 32 because we are using a
32 bit

440 machine . On a different machine recompute H
*/

if(!( a <= 0 || a >= m || s <= 0 || s >= m)) goto S10;
puts (" a, m, s out of order in mltmod - ABORT!" );
printf (" a = %12ld s = %12ld m = %12ld\n" ,a,s, m);

445 puts (" mltmod requires : 0 < a < m; 0 < s < m") ;
exit (1);

S10:
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if(!( a < h)) goto S20;
a0 = a;

450 p = 0;
goto S120;

S20:
a1 = a/h;
a0 = a-h* a1;

455 qh = m/h;
rh = m-h* qh;
if(!( a1 >= h)) goto S50;
a1 -= h;
k = s/qh;

460 p = h*(s- k*qh) -k*rh;
S30:

if(!( p < 0)) goto S40;
p += m;
goto S30;

465 S40:
goto S60;

S50:
p = 0;

S60:
470 /*

P = (A2 *S*H )MOD M
*/

if(!( a1 != 0)) goto S90;
q = m/a1;

475 k = s/q;
p -= (k*( m-a1* q));
if(p > 0) p -= m;
p += (a1*( s-k* q));

S70:
480 if(!( p < 0)) goto S80;

p += m;
goto S70;

S90:
S80:

485 k = p/qh;
/*

P = (( A2*H + A1) *S)MOD M
*/

p = h*(p- k*qh) -k*rh;
490 S100:

if(!( p < 0)) goto S110;
p += m;
goto S100;

S120:
495 S110:

if(!( a0 != 0)) goto S150;
/*

P = (( A2*H + A1) *H*S)MOD M
*/

500 q = m/a0;
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k = s/q;
p -= (k*( m-a0* q));
if(p > 0) p -= m;
p += (a0*( s-k* q));

505 S130:
if(!( p < 0)) goto S140;
p += m;
goto S130;

S150:
510 S140:

mltmod = p;
return mltmod ;

#undef h
}

515 void gssst ( long getset , long *qset )
/*
**** ******** ******** ******** ******** ******** ********

void gssst ( long getset ,long *qset )
Get or Set whether Seed is Set

520 Initialize to Seed not Set
If getset is 1 sets state to Seed Set
If getset is 0 returns T in qset if Seed Set
Else returns F in qset

**** ******** ******** ******** ******** ******** ********

525 */
{
static long qstate = 0;

if(getset != 0) qstate = 1;
else *qset = qstate ;

530 }
float ranf ( void)
/*
**** ******** ******** ******** ******** ******** ********

float ranf( void)
535 RANDomnumber generator as a Function

Returns a random floating point number from a
uniform distribution

over 0 - 1 (endpoints of this interval are not
returned ) using the

current generator
This is a transcription from Pascal to Fortran of

routine
540 Uniform_01 from the paper

L’Ecuyer , P. and Cote, S. " Implementing a Random
Number Package

with Splitting Facilities ." ACM Transactions on
Mathematical

Software , 17:98-111 (1991)
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**** ******** ******** ******** ******** ******** ********

545 */
{
static float ranf ;
/*

4.656613057 E-10 is 1/M1 M1 is set in a data
statement in IGNLGI

550 and is currently 2147483563. If M1 changes , change
this also .

*/
ranf = ignlgi () *4.656613057 E-10;
return ranf ;

}

[Uniform]ranlib.h

L ISTING B.31
/* Prototypes for all user accessible RANLIB routines */

extern void advnst ( long k);
extern void getsd ( long *iseed1 , long *iseed2 ) ;

5 extern long ignlgi ( void);
extern void initgn ( long isdtyp );
extern void setall ( long iseed1 , long iseed2 );
extern void setant ( long qvalue );
extern void setsd ( long iseed1 , long iseed2 );

10 extern float ranf ( void) ;
extern void gscgn ( long getset , long *g);

[Uniform]super.c

L ISTING B.32
/* Marsaglia ’s "super -duper " random number generator ,

which is also
* used in at least two statistical computing

environments -- S and
* Berkeley ISP .
*

5 * This generator outputs the exclusive -or of two good
generators . The

* output is
*
* tseed ^ cseed
*

10 * ( or that divided by 2 to the 32) where cseed a linear
congruential

* generator updated by the single C statement
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*
* cseed *= 69069;
*

15 * and tseed is a a Tausworthe (linear feedback shift
register ) generator

* updated by
*
* tseed ^= (( tseed >> 15) & 0377777) ; \
* tseed ^= (tseed << 17) ; \

20 *
* this produces an incredibly long period and very good

randomness properties .
*
*/

25 #include <stdio .h >
#include <stdlib . h>
#include <math .h>
#include "super .h "

30 super_state *initsuper ( seed, ns,id )
unsigned int seed ;
int id, ns;
{ int i;

super_state *s;
35 s = (super_state *)malloc ( sizeof( super_state ));

if(!s) {
printf (" SUPER state memory allocation failure \ n

");
exit (2);

}
40 s->ns = ns;

s->id = id;
s->cseed = seed;
s->tseed = seed;
for(i=0; i<id ;i++) {

45 s-> cseed *= 69069;
s-> tseed ^= (( s->tseed >> 15) & 0x1ffff ) ;
s-> tseed ^= (s ->tseed << 17);

}
return(s);

50 }

unsigned int super (s)
super_state *s;
{ int i;

55 for( i=0;i <s->ns ;i++) {
s->cseed *= 69069;
s->tseed ^= ((s-> tseed >> 15) & 0x1ffff );
s->tseed ^= (s->tseed << 17) ;

}
60 return(s-> tseed ^s->cseed ) ;
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}

[Uniform]super.h

L ISTING B.33
typedef struct {

int ns ;
int id ;
unsigned long cseed ;

5 unsigned long tseed ;
} super_state ;

super_state *initsuper ( unsigned int seed , int ns, int id
);

unsigned int super (super_state *s );
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