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A ROBUST ESTIMATE FOR AN AUTOREGRESSIVE TIME SERIES

Jeffrey Terpstra, Ph.D.

Western Michigan University, 1997

A weighted rank-based estimate for estimating the parameter of an autore-
gressive time series is considered. When the weights are constant, the estimate
is equivalent to using Jaeckel’s estimate and Wilcoxon scores. The estimate can
be shown to be asymptotically normal at rate \/n. In a linear regression setting
this estimate has the desired properties of a continuous totally bounded influence
function and a positive breakdown point. It is shown via examples and Monte

Carlo that these properties are preserved in an autoregressive time series setting.
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CHAPTER 1

INTRODUCTION

1.1 The Linear Model

One of the most popular and widely used models in statistics is the linear

regression model,
Y; = H+XB+e, i=12,...,0

In the above model X = (Xj, Xi2, ..., Xjp) represents a vector of perfectly ob-
served “design” information and Y; denotes an observable random variable of
interest. In the classical setting the random errors, ¢;, are assumed to be inde-
pendent and identically distributed (iid) according to some distribution function,
F. Lastly, @ = (b1, b2, - - ., B,) denotes an unknown parameter vector and fy an
unknown intercept term. One of the major goals in linear regression is estimation
of these unknown quantities. If the error terms are Gaussian, it is well-known
that the least squares estimate of B is optimal (Hampel et al., 1986, pg. 309).
However, when the error terms are not normal the least squares estimate
can be altered (Huber, 1972). To account for such situations many robust esti-
mation procedures have been developed. For example, re-weighted least squares
and least median squares are discussed in Rousseeuw and Leroy (1987). For a

1
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discussion of maximum likelihood type estimates, or M-estimates, one is referred
to Huber (1981). As a final example, rank-based estimates, or R-estimates, are
treated in Hettmansperger (1984). All of these estimates, with the exception of
least median squares, depend on some sort of weighting scheme. The purpose
of these weighting schemes is to downweight or discount potential outliers. One
criteria for selecting a weighting scheme is to find one that performs well under a
variety of situations for F'.

In an observational study the X ;’s contain realizations of random variables
associated with the particular sampling unit. Thus, it is possible that outliers
can be introduced into the design points. Outliers appearing in design points can
have drastic effects on estimates , even for some of the robust estimates mentioned
above. For example, estimates that do not have a totally bounded influence func-
tion are sensitive to ‘design points with outliers, or leverage points. To account for
these types of situations many robust estimation procedures have been generalized.
For instance, generalized M-estimates, or GM-estimates, are discussed by (Simp-
son et al., 1992; Coakley & Hettmansperger, 1993) while modified rank-based
estimates are treated by Sievers (1983), Naranjo and Hettmansperger (1994), and
Chang (1996).

In time series analysis one observes realizations of a given random variable
as a function of time. A widely used model in time series analysis is the stationary

autoregressive model of order p, denoted by AR(p). If we let X, X3, ..., X, denote
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random variables pertaining to the realizations the model can be written as,
Xi = a+Y_p+e&, i=12,...,n, (1.1)

where Y!_, = (Xi-1, Xi—2,...,Xi—p) is a design point containing the previ-
ous p time series values; the random errors, &;, are assumed independent and
identically distributed according to some distribution function, F; and Y§ =
(X0, X_1,...,X1-p) is an observable random vector independent of ¢y, &3, ..., &p.

Furthermore, the solutions to the following equation,
XP—p XP e ppXP 22— .. —p, = 0, (1.2)

lie in the interval (—1,1). This is the condition that assures the process is sta-
tionary. Since the AR(p) is basically a linear regression model with the design
points containing the previous p lags, it is customary to expect that both classical
and robust estimation procedures for linear regression parameters can be used to
obtain estimates for the autoregressive parameter vector. In fact, many properties
and results obtained for Bn can be shown to hold for p, as well. However, the tools
used to obtain these results can be quite different since independence among obser-
vations is no longer present in the data. For an account of M-estimates and GM-
estimates one is referred to Denby and Martin (1979), Martin and Yohai (1991),
and Bustos (1982). For estimates of p based on ranking procedures one can see
Koul (1993) and Ferretti, Kelmansky, and Yohai (1991). Finally, Rousseeuw and
Leroy (1987) discuss an example where they use re-weighted least squares and

least median squares to obtain estimates of p.
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1.2 A Generalized Rank-Based Estimate

The proposed estimate of p will be a value of p that minimizes the following

dispersion function,

D(p) = Y bilei—gl

1<i<j<n

= Z bij |(4Y,' - j) - (Yi—l - Yj—l),pl 1

1<i<ji<n

with b;; denoting weights used for the (i, 7)** comparison. For the case of the linear
regression model, this estimate was first considered by Sievers (1983). Sievers
showed this estimate to be a modified (or generalized) rank-based method. His
paper also discusses the general theory for the estimate and eludes to the fact
that the use of weights can be used to achieve an estimate with a totally bounded
influence function. Naranjo and Hettmansperger (1994) expand on this idea of
using the weights to achieve a bounded influence function. Specifically, they show
that, for a special case of the weights, the estimate possesses a bounded influence
function and has a positive breakdown point. Lastly, Chang (1996) shows that,
for another special case of the weights, one obtains an estimate with a bounded
influence function and a 50% breakdown point!

Upon examination of these papers one can divide the weights, b;;, into three
basic classes; constant, non-random, and random. Constant weights are simply
obtained by letting b;; = K, a constant. For the linear regression model and con-
stant weights Hettmansperger and McKean (1978a) have shown that the disper-

sion function is equivalent to Jaeckel’s (1972) dispersion function using Wilcoxon
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scores. Since Koul (1993) has applied Jaeckel’s dispersion function to the AR(p),
one is referred to his paper for an account of using constant weights for the AR(p).

In the case of the linear regression model the non-random weight class
includes weights that are functions of the design points. However, in the case of
the AR(p) this would make the weights random. Thus, in the case of the AR(p)
non-random weights are essentially weights determined by the researcher and not
the data; although one might consider weights that are functions of time.

For the AR(p) we can sub-divide the random weight class into two cat-
egories. The first category is obtained when the weights are functions of the
design points, b;; = b(Y ;—1, Y ;-1). In this paper the weights used by Naranjo and
Hettmansperger (1994) are considered. These weights are defined as b;; = h;h;
where h; = h(Y;_,). Although not immediate from the notation, these weights
may depend on a location and scatter estimate for the set {¥;_;}. The effect
of using these type of weights is essentially to downweight all leverage points.
Since not all leverage points are “bad” leverage points, one may be interested
in using weights that distinguish between “good” and “bad” leverage points.
This leads to the second category of weights under the class of random weights.
Following Chang (1996) one may consider weights that depend on the design
points as well as the corresponding residuals from some initial estimate. That is,
bi; = b(X;,Yi—1;X;,Y;_1). Again, the notation may be misleading since these

weights actually depend on an initial estimate of p and a location and scatter esti-
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mate for {Y;_,}. In this dissertation we will develop the theory for the first type
of random weights and leave the development of the theory for the second type
for future work. We will, however, consider the second type of random weights in
examples and simulations for the sake of comparisons.

Regardless of the class of weights, if one assumes only that the weights are
positive and bounded it is easily shown that D(p) is non-negative and piecewise
linear. Furthermore, D(p) is convex since the absolute value of a linear function
is convex and the linear combination of convex functions is convex (Rockafellar,
1970, pg. 32-33). Hence, a minimum of D(p) is guaranteed. Although the
minimum is not necessarily unique, the diameter of the set of solutions tends to
zero asymptotically. This basically follows from the fact (see Section 2.7 and or
Section 3.6.2) that for any p, such that D(p,) is equal to the minimum, p, is a
consistent estimator of p when p is the true parameter.

The gradient of D(p) exists except at a finite number of points and is given

by VD(p) = —S(p) where, for k=1,2,...,p,

Sk(P) = 2 Z bij(Xj_k - X'i-k) (‘P‘(Ei(p)’sj(p)) - %) ’

1<i<j<n
Here, ci(p) = X; = Y!_,p and ¢(u,v) = Eg-ll(—"# = I(u < v) except at those
points where the gradient does not exist. If we assume that the distribution of
the X's is continuous then the points where the derivative does not exist will
have probability zero, and hence can be ignored. This assumption is essentially

a continuity assumption on F. Thus, we may think of the estimate of p as

——— _— - ——— e o e
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any p, such that §(p,) = 0. The equation is approximate because S(p) is not
continuous. This is readily seen from the inclusion of the indicator function in
S(p). In fact, S(p) can take on only a finite range of values. The change of
values occurs whenever p crosses one of the ﬂ"z—ﬂ hyperplanes, H;; = {0 € ®? :

Xi = X; =(Yi-1 — Y;-1)'6} (Naranjo, 1989, pg. 13).

1.3 Outliers in the AR(p)

In a designed linear regression experiment outliers can appear only in the
response. For instance, this may occur if the error distribution, F, is heavy tailed
or there is a recording error in the response. However, in an observational study
the design points are random. Thus, it is possible for outliers to be present in the
design points as well. An outlier appearing in the design points is usually referred
to as a leverage point. Rousseeuw and Leroy (1987) classify a leverage point as a
“good” leverage point if the design point is outlying but the fit results in a small
residual. Conversely, if the design point is outlying and the fit results in a large
residual then the leverage point is called a “bad” leverage point. Some robust
linear regression estimates are not effected by “good” leverage points and even
tend to have smaller variances. However, a number of these estimates may still be
sensitive to “bad” leverage points. Thus, robust linear regression estimates that
distinguish between “good” and “bad” leverage points have emerged (Coakley &

Hettmansperger, 1993; Chang et al., 1996).
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Recall that in time series analysis one observes a realization of the time
series. Thus, outliers appear only in the response variable. To contrast outlier
terminology in the linear regression model with that of the AR(p) it is important
to consider how these outliers occur. If an outlier is introduced through the error
distribution, F, it not only alters the current observation, but will also effect
future observations as well. Thus, resulting in design points that contain outliers,
or leverage points. However, due to the nature of the AR(p) these leverage points
tend to be “good” leverage points. Secondly, recording errors and other outside
influences can introduce an outlier or several outliers into the series. Since the
outliers are not a result of the error distribution, F, the current observation is the
only observation effected. However, in an AR(p) this will potentially result in p
leverage points. When this situation occurs these leverage points usually turn out
to be “bad” leverage points. Lastly, it is possible that F' combined with outside
influences can produce outliers or even “patches” of outliers. The results being
both “good” and “bad” leverage points.

To model such occurrences, consider the stationary AR(p) defined by (1.1)

and (1.2). If X; denotes the “core” process the “observed” process can be defined

as,

X; = (1-V)X;+ViZ. (1.3)

In this model V4, V5, ... denotes a sequence of binary zero-one random variables

that may be correlated to account for patches of outliers and Z; is a random
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variable with a contaminating distribution. Bustos (1982) refers to this model as
the Substitutive Outlier (SO) Model while Martin and Yohai (1991) refer to it as
a General Replacement Outlier (RO) Model.

There are two special cases worth noting. If V; = 0 then X} = X, and
the observed process is actually the autoregressive time series. This is the sit-
uation when outliers enter into the observations through the error distribution,
F. Fox (1972) referred to these types of outliers as Type II or “innovation” out-
liers. Secondly, when V; = £ and Z; = 2v; + Xj one obtains Fox’s (1972) Type
T outlier model. Denby and Martin (1979) refer to this model as the “Additive”
Outlier (AO) Model. The v; (not necessarily independent) are usually distributed
as (1 — v)do(-) + ¥G(-) where y denotes the proportion of contamination, d is a
point mass at zero, and G is some contaminating distribution. Here, outliers are
introduced by “adding” contamination to the core process. However, since the
contamination at time 7 only effects the core process at time 7 future observations
of the core process are not effected. This is the situation that gives rise to the
“bad” leverage points. Lastly, it should be pointed out that the SO model is
similar to the AO model except that instead of adding contamination to the core
process, it “replaces” the core process with a contamination process.

To better understand model (1.3) consider the following AR(1) model for
the core process, X; = 0.8X;_, + ¢;. Figure 1 displays time series plots, with

associated lag one scatter plots given in Figure 2, for various situations under
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the SO model. The first row in the figures portray IO situations; one when F
is not heavy tailed and one when F is heavy tailed. When there are no outliers
present one would expect that most estimation procedures would produce similar
estimates as depicted in the associated lag one scatter plot. However, the other 1O
situation portrays on outlier at time index 38. One should note how the process
eventually returns to its original state. Also, as pointed out in the lag one scatter
plots, the outlier results in three “good” leverage points. The second row of the
figures contains examples of an AO and SO model respectively when the v; are
iid. Both time series plots exhibit an obvious outlier. However, unlike the IO
situation these outliers do not effect future observations. Since we are dealing
with an AR(1), there are two points of interest, as shown in the lag one scatter
plots. When the outlier appears in the response, the design point is still good.
This results in an outlier in residual space. Estimates that are bounded in residual
space, such as R-estimates and M-estimates, are generally not effected by these
types of points. However, since least squares estimates are not bounded in residual
space, the least squares estimates will tend to be sensitive to these points. The
second point of interest is when the outlier enters into the design. This results
in a “bad” leverage point since its residual will not be consistent with the bulk
of the data. Since least squares, M-estimates, and R-estimates are not bounded
in factor space these estimates will tend to be bias towards zero. Hence, it is

precisely these two situations that give rise to generalized R and M estimates, or

- . . - e~ - am
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any other estimate that may be less sensitive to “bad” leverage points. Finally,
the situation when the v; are not iid is portrayed in the last row of the figures.
The AO and SO patch situations are similar to there iid counter parts in regards
to defining outliers in residual space and “bad” leverage points. However, with

patches it is also possible to get “good” leverage paints.
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CHAPTER II
ESTIMATION OF p USING NON-RANDOM WEIGHTS

2.1 Defining the Estimate

Consider the AR(1) given by (1.1) and (1.2). That is, assume the observa-

tions of the process can be modeled as,
Xi = a+pXio) +54, 1=1,2,...,n,

where p € (—1,1), X, is an observable random variable independent of
€1,€2,...,En, and the &; are iid F. The condition on p is equivalent to assuming
the process is stationary.

Following Section 1.2 the proposed estimate of p will be the value that

minimizes the dispersion function,

D(p) = Y bijle—egjl

1<i<j<n
= Z bij |[(Xi — Xj) = (Ximt = Xj) 0!
1<i<jgn

The b;; denote weights used for the (i, j)** comparison. Additionally, one can view

the estimate of p as an approximate solution to the equation S(p) = 0 where,

S() = 2 T by(Xpm = Xit) (wleilphies(p ”'%)’

1<igji<n

14
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15
and ¢(u,v) = Egﬂ'i;—“)ﬁ = [(u < v) except at those points where the gradient
does not exist. The equation is approximate since S(p) is a step function that
changes values at the sample slopes, H;; = Tf"—:—:-j—_-‘-

In this chapter the weights will be considered non-random. For instance,
the b;;'s are non-random when b;; = 1, b;; = b(¢, j), or the b;;'s are predetermined
by the investigator. To motivate the practicality of non-random weights consider
the following hypothetical example. Suppose one observes a yearly time series
which consists of average rainfall amounts in a given region. Typically, there
exists a-priori knowledge of those years considered as “drought” years. Thus, one
may wish to develop a weighting scheme that discounts the drought years. For
instance, one may want to downweight all comparisons involving drought years by
a specified amount. Alternatively, one may wish to downweight all comparisons
involving drought years, but have the degree of downweighting depend on the
elapsed time between the drought year and the comparison year. Furthermore,
one may want to disregard the drought years entirely by letting 6;; = 0 whenever
1 or j represent a drought year.

As a final note, it is conjectured that the results presented in this chapter
generalize to the AR(p). The case when p > 1 is not considered for the sake
of simplicity. However, it is hoped that consideration of the AR(1) will provide

enough insight into the problem so that a generalization of the results to the

AR(p) can be made with a minimal amount of effort.
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2.2 Assumptions for the Asymptotic Theory

We begin this section by stating a list of assumptions that will be needed
for the asymptotic theory of the estimate. Assumptions denoted with a “M”
represent conditions pertaining to the model, assumptions denoted with an “E”
represent conditions on the error distribution, and assumptions denoted with a

“W™ represent constraints on the weights.

Ml. Xi=a+pX;_i+& wherei=1,2,...,nand |p| <1

M2. X, is an observable random variable independent of ¢;,23,...,cn and is

such that E[X}] < oc
El. &1,€2,...,&n are iid F random variables with E[e;] =0 and E'[¢}] < oc

E2. The density function, f, of F is such that f is absolutely continuous, f > 0

a.e., f has finite Fisher Information, and f’ is uniformly bounded
W1. limsup, o |bij| £ By < oc

W2.  L¥R, 62— >0 where b = . X7, by

n i=1 Y. n &j

We now consider some comments concerning the above assumptions. First,
a

under assumptions M1 and E1 the mean of the process is ux = E [X] = . If

we define the “centered” process as X§ = X; — ux and rewrite the model in terms
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of the centered process we get the following,

Xf+pux = a+p(XE, +px) +e

(4% -
= a+p(-1——;)+p4 f_1+€i

Hence, rewriting M1 in terms of the centered process yields,
Xf = pX{,| +ei (2.1)

One should note that the p in the centered model is the same p that appears in
the non-centered model. Thus, since we are primarily interested in the estimation
of p, one can assume without loss of generality that the process has a zero mean.
That is, without loss of generality, one can assume F [X)| = 0. For convenience
in subsequent discussions we will drop the X¢ notation and just write .X; (keeping
in mind that E [X;] = 0).

Although the estimation of p is our primary concern, a couple of comments
concerning the estimation of « are in order. In practice, one should first center
the data with an unbiased robust estimate of location, fix. Then, using the
proposed estimate, one can fit (2.1) to obtain a p,. Once an estimate of p has
been determined define the residuals as &; = X; — p,X;—1. Since M1 implies
Xi— pXi-1 = a +¢;, one can fit the model é; = a + ¢; using a robust estimate of
location to obtain an én. Since pux = {25, one may also consider &, = fix(1 — pn)

as an alternative estimate.

— e _— - ————— -
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Next, consider the conditions given in assumption E2. The following leinma
summarizes a few useful properties concerning the density function. The proofs
of these results are well-known (e. g. Koul (1992)), but are presented for the sake

of completeness.

Lemma 2.2.1 Under assumption E2 we have the following:
1. f has a uniform bound, By
2. f is uniformly continuous
3. T =%, f(¢t)dt is finite

proof(1). Without loss of generality, assume f is defined at 0 and let z denote
any point such that f(z) is well-defined. Then, using the absolute continuity of

f, the fact that f > 0 a.e., and the Cauchy Schwarz Inequality one obtains the

following,
s - s = | s [
- /z f’(t)dt'
(L—>
\J VI
—==] dt\/|F(z) - F(0)|
y f(') /

< VI,

IA

IA
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where I(f) denotes the finite Fisher Information. Thus, for any z such that f(z)

is defined we have,

fO) = I(f) < flz) < £(0)+/I(f).

This implies that f is uniformly bounded. O
proof(2). Replacing the 0 with a y in the above derivations and applying the Mean

Value Theorem yields the following,

1fz) - fw) < VIHYVIF(z) - F(y)l
= VIUWE |z -l
< JIHB/Iz -y,

where £ is a point between z and y and By represents the uniform bound on /.
Thus, for any € > 0, [z —y| < 7?75_)%7 implies |f(z) — f(y)| < &. Hence, f is
uniformly continuous. O

proof(8). Similar to the proof of 1, one can use the absolute continuity of f, the

fact that f > 0 a.e., and the Cauchy Schwarz Inequality to show the following,

T = /: fA(t)dt

= /_Z (/; f'(S)ds) f(t)dt
< [T sl raar
< [0 [ oo

o0 J~00

= [C1rs)ds

—0oC
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Since I{f) is finite, the proof is complete. O

Finally, consider the conditions on the weights. Although W1 implies that
the weights are bourded by Bs, one can assume that By = 1. The idea behind
weighting schemes is to downweight outlying observations. Thus, for our situation
it does not seem reasonable to consider weights that are larger than one. Addi-
tionally, note that upon dividing the numerator and denominator by n, W1 and

W2 together imply the following Noether type condition on the b?’s,

2

maXi<i<n bi.
n 2
b;.

i=1
However, the Noether condition does not imply W1 and W2 simulitaneously as is
easily seen by letting b;; = \/n. Thus, W1 and W2 together comprise a stronger
condition than the classic Noether type condition. However, since the weights are

considered non-random, and are left to the discretion of the experimenter, this is

irrelevant.

2.3 Notation Used in the Asymptotic Theory

In this section we define some notation and random variables that will

be critical to the theoretical development of the estimate. In many of the proofs
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involving expectations it will be necessary to condition on “past” information. For
convenience, let F; = o-field{ Xy, &y,¢2,...,6;}; ¢ = 1,2,...,n denote the smallest
o-field generated by {Xo,ée1,¢2,...,€:i} and let Fo = o-field{X,}. Conditioning
on a o-field such as F; will essentially allow us to consider any random variables
depending on the set {Xo,e1,€2,...,€i} as fixed.

Now, for u < v, define the following random variable,

uy—u

Ty = Y ey

r=0
Typically, this random variable will denote a finite linear combination of present
and future error terms. In what follows we will let > = E[c}]. The follow-

ing lemma establishes bounds on the second and fourth moments of T';, that are

independent of u and v.
Lemma 2.3.1 Under M1, E1, and u < v we have the following:
1. E[TY =0

2 E[(T2)7] = 51— ) < o < oo

5. E[(T2)"] < Blet] (180 + 90 () <

E [1] (7:2,,7) + 204 (T:zp@)'z <oc

proof(1). The proof follows directly from the fact that E[e;] = 0 and that an
expectation of a sum is the sum of expectations. O

proof(2). The proof follows from the independence of the errors, the fact that
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E [e1] =0, and the formula for a finite sum of a geometric series.

E[ry’] = E

v—u
2r
d pTE+ Y p'p"eu-rsv_qJ
r=0 (r#q)

v—u

= > p'E [Eg—r] + 3 E[o p'eu-reu—q]
r=0 (r#q)
v—u

= 0,2 ZPZr

r=0
B 5 (1 _ p2(v—-u+l))
= g°{———] O
1-p°
proof(3). The proof follows much like that of (2). The idea is to expand the fourth
order sum into the different terms and take expectations of these terms. Some
of the terms will drop out do to the independence of the ’s and the fact that
Eg,] = 0. The remaining terms comprise what is left in (3). O
The basic idea in many of the proofs involving expectations is to rewrite a

present value of the process as a sum of a past value of the process and a linear

combination of past and present error terms. This idea along with some results

pertaining to the moments of the process are established in the following lemma.
Lemma 2.3.2 Under assumptions M1, M2, and E1 we have the following:

1. Foru<wv, X, =p" "X, + T,

2 Forv=1,2,...,n, E[X]=E[X}]= 1%;,— <oc

3. Forv=1,2,...,n, E[X}]=FE[X}] <<

4. Foru<wv, E [(Xu-l - 4\—u—1)4] <RNE[X{] <<
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proof(1). The proof follows by exploiting the recursive nature of the AR(1) pro-
cess. O

proof(2). The proof can be found in most standard textbooks on time series. For
example, see Abraham and Ledolter (1983, pg. 200). O

proof(3). The proof follows from the stationarity of the X's and the fact that,

E[X{] = E[(pXo+e)']
< E[2'(pXol* + leuf")]
< 16E [(|Xol* +[e[*)]

< oc. O

proof(4). The proof follows from an application of part 3 on the following inequal-
ity,

E[(Xoor = Xuc)'] € B 20Xl + 1 Xum[)]. ©

Another important property pertaining to the values of the process is given in the

next lemma.

Lemma 2.3.3 Assuming only stationarity of the X 's and E[X}?] < oc we have
the following:
1 .
7 g el =y
proof. The proof of this lemma can be found in Koul (1992, pg. 227). However, it

is presented here for the sake of completeness. Choose € > 0. Then we can show
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the following,

1 . -
P [;/—5 max [X;] > e] = P [{2%)2 (X > \/ﬁe}

= P [max (X > nez]
1<t<n

Q

< Z P -|X¢|2 > ne2]
t= )
= Y E[I(|X\? > ne®)]

t

a
—

:!—'

X2 12 2
< Z “-ne—zl(lz\gl >Tl€)

t=

—

1 & - 12 - 12 2
= F;E[l:\t‘ I(I’\tl > ne )]
1 .. .
= SE [IXU2I(1X1)? > ne?)]

1 . -
= 3E [IX(21( X0 > V7e)]

1

— X.|%dP.
€? [.\’.l)ﬁcl !

The lemma now follows by taking the limit as n — oc through the above in-
equality. O
Now, for A € R define the following random variable,

A

tu(A) = \/‘ﬁ

(X1 = Xum1).

This random variable will play a key role in proving the linearity result given in

Theorem 2.5.1. The following result is a direct consequence of Lemma 2.3.3.

Corollary 2.3.1 Under the assumptions of Lemma 2.3.3 we have for all A € R:

(max [fu(8)] = 0p(1)
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proof.

A
Jnax |t ()] = 15‘“,.,;,";,."\/_5
AY . .
< Tr lgmu,%)s(n(lk”‘ll + [ Xu-1l)
2|A| .
< ‘ﬁ&‘%’%m
1
= 2|A|—= max | Xi|

ﬁ 1<t<n

= Op(l) 0O

(X1 = Xum1)|

The last random variable that will be needed for the asymptotic theory is

defined below,

4

—1 ifey < gy < €y + tu(A)

Ww =14 0 otherwise

1 ey + tw(d) <&y < &y

Some important results pertaining to W,, are presented next.

Lemma 2.3.4 Under assumption E2 and u < v we have the following:
E[Wuv I F, -l] = "f(fuu(A))tuv(A)

where |E,,(D) — &4] < [t (D)

proof. The proof follows from the definition of Wy, the independence of &, and

(€4, tuw(A)), and an application of the Mean Value Theorem applied to F.

E[Wuv l -7: —1]

= (=1)Pley < &y < €y + tun(A) | Fot] + (1P [y + tun (D) < 8y < &y | Fomt]
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—[Fey + tun(A)) = Flea)] if tuy(A) >0

F(eu) — Fleu + tun(A))  if tyy(A) <0
F(za) ~ Flew + tw(A))

= “f(fuv(A))tuv(A)

where [€,4(A) — €4] < |tuww(A)]. Note that Corollary 2.3.1 implies that |£(A) ~

Eu| =0p(1). O

Corollary 2.3.2 Under assumptions M1, M2, El1, E2, and u < v we have the

following:
~A ) ]
EWu] = 2B/ (Eu(A)(Komt ~ Xami)] = 0(1)
proof.

E[W,] = E[E[Wyu|Fuill

= FE [—f(fuu(A))tuv(A)]
-2

vn
A - ‘
R [1f (Eun(A))] | Xu=t + Xucr]
2AA|By .\~
——J—.ﬁ—Eu,\lu

E [f(fuu(A))(‘Yv—l - lYu—l)]

It should be noted that |Wy,| = W2 = Wy, where,

) 1 ifey <6y < €y + tuw(A) OF €4 + £y(D) < €y < €4
Wu.v =

0 otherwise.
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This random variable will also need to be considered. Thus, we present some

results pertaining to W,,>.

Lemma 2.3.5 Under assumption E2 and u < v we have the following:
E W | Fot] = f(Ew(A)[tw(D)]
where |E,4(A) — 4] < [tuu(A)]-
proof. The proof follows from the definition of W,,?, the independence of ¢, and
(€us tuw(2)), and an application of the Mean Value Theorem applied to F'.
E [Wi?| Fo]

= ()P [{eu + tuw(A) < gy < eu} U {ew < v < £y + tun(A)} | .7:,,_.1]

Pley + tuy(A) < &y < &y| Fumt] + Plew < &y < &u + tun(D) | F -1
Fleu + tun(A)) = Flea)] if tun(d) > 0

Fley) = Flew + tw(D)) if t(D) <0

FlEun(A))tun(D) il tyy(A) >0

_f(.Euu(A))tuv(A) if tuv(A) <0
= f(Eun(A))|tun(D)

where [€,5(A) — €4| < |tww(A)|. Again, it should be noted that Corollary 2.3.1
implies that |£,,(A) — 4] = 0p(1). O
Corollary 2.3.3 Under assumptions M1, M2, El, E2, and v < v we have the
following:

18]

EWw] = ZEEn@)IXo-t = Xutll = o)

——— - s —_— — —_
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proof.
EWa?| = B[B[Wn?| Fm]]
= E [f(u(D))[tun(A)]]
1A

= \—/_—ﬁE [f(fuu(lk))l‘\’"‘1 - 'Yu_ll]

A b

= 0(1) (I}

Lemma 2.3.6 Let ¢;; = (Xj-1 — Xio1) (W;; + 7855(A)). Then, under assump-

tions M1, M2, E1, and E2, we have the following:
1. E [1[),2]] is uniformly bounded
2. E [2] = o(1) for all (i, )

proof(1). The Cauchy Schwarz Inequality and part 4 of Lemma 2.3.2 imply the

following,

E[w}] = E[(Xjm1 = Xeet)® (Wi + 715(8))°]

< VB [(X5m = Xie)'| B [Wss + rtis(2)']

< JKE[(Wy +rt(a))],
where K = 32E [X}]. Now,
E[(Wy+1t5(A)"] < E[16Wy" +1675(8)]

1674 A*
n2

= 16 [Wy'] + E[(Xjo1 - Xim)'].
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Thus, using the bound on W;;, the finiteness of 7, and part 4 of Lemma 2.3.2 we
can bound the right-hand side of the above inequality by a constant that depends
ont, A, and E[X}]. O

proof(2). The proof of 2 follows from the same inequality, part 4 of Lemma 2.3.2,
and the fact that E [Wi,-“] = o(1) for all (i, ) by Corollary 2.3.3. O

Finally, consider a random variable of the form,

T, = Y. Y tiju,

i<j k<!
where {¢;;x} is a set of random variables defined for 1 <i<j<nand1<k<
[ < n. In what follows it will be neccessary to take the expectation of such a
random variable. Because of the recursive nature of the AR(1), the order of the
subscripts will be critical when evaluating a term such as E [t;;y]. Thus, for the
sake of reference, Table 1 yields the possible cases in which the subscripts can be
arranged. The first thing to note is that under cases 1, 3, 5, 9, 11, and 13 the
sum is O(n*). Under cases 2, 4, 6, 8, 10, and 12 the sum is O(n®); and under case
7 the sum is O(n?). Secondly, if E [t;jx] is symmetric in the indices then there
exists symmetry in the table. That is, if E [t;jx] is symmetric in the indices then

one needs only cousider cases 1 through 7.

2.4 The Asymptotic Distribution of the Gradient

The purpose of this section is to derive the asymptotic distribution of the

gradient, S, (po), where gy denotes the true autoregressive parameter. Our proof
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Table 1

Subscript Arrangements in a Summation With Four Indices

Case Subscript Order j—i<l—k j—i=1l—-k j~i>1l-k

1 iI<j<k<l X X X
2 i<j=k<lI X X X
3 i<k<j<l X X X
4 1<k<j=lI X
5 i<k<l<j X
6 i=k<j<l X

7 i=k<l=j X

8 i=k<l<j X
9 k<i<j<l X

10 k<i<j=lI X

11 k<i<l<j X X X
12 k<l=1i1<j X X X
13 k<l<i<j X X X

will involve martingale results; therefore, it will be convenient to first state a def-

inition pertaining to martingales and then a central limit theorem for martingale

differences.

2.4.1 Martingale Results

The following definition can be found on page 257 of Koul (1992).

Definition 2.4.1 Let {F,;:1<t<n;n > 1} be an array of sub o-fields such
that Fny C Fpi+1, 1 £t < n. Furthermore, let S,; = Z{zl Zat, 1 £ 7 &< 0.
Then, {Spnj, Fnj:1<j<n,n>1} is a zero-mean square-integrable martingale

array with differences {Z,;:1 < j < n,n > 1} if the following three conditions
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are satisfied:
1. Zy; is Fnj measurable
2. E[22] <o
3. E[Zp;|Fnj—1]=0.

We are now'ready to state the martingale central limit theorem that will be used
to prove the asymptotic normality of the estimate. The following theorem, along

with a proof, can be found on page 58 of Hall and Heyde (1980).

Theorem 2.4.1 Let {Sp;,Fanj:1<j<nn>1} be a zero-mean square-
integrable martingale array with differences Z, ;. Furthermore, let n? be an a.s.

finite random variable, and assume the following four conditions are satisfied:
1. maxi<j<n [Zn ;| = 05(1)
2 X1, 2= +0p(1)
3. E [maxigjcn 22,;] = O(1)
4. Froi C Fagryj for1<j<nandn>1.

Then Sn, converges in distribution to a random variable Z whose characteris-

tic function at i is E [e:rp (—%nzt'z)]. In particular, when 7n* is a constant, the

follownng is true,

—— _— - ———— . —
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2.4.2 Preliminary Results

In this section we present two results that will be used in the proof of the
asymptotic distribution of the gradient, Theorem 2.4.2. Although the following
is an abuse of notation, define g1 = g;(F.-1) to be an arbitrary random variable
that depends on a subset of {Xy,&1,£2,...,8u-1}. The two lemmas pertain to
expectations that we will encounter.

Lemma 2.4.1 Assume assumptions M1, M2, and E1 hold. Ifu < v then we have

the following ezpectation.

E[gi(Fu)Xo-1] = 077 (PE [Xum1g1(Fu)] + E (g1 (Fu)u])

proof.
Elg(F)Xe] = E[ou(F) (i Numt +T07)]
= PTE[0i(Fu) Xaor] + E [ (F)TL]
= pPTE g (Fu)Xut] +
E [gl(f,,) (5,,_1 + pey_a+ ...+ p"’““lsu)]
= P TE[gi(Fu) Xum] + 077 E [g1(Fu)eu]

= Pv-u—l (PE [Xucih(Fu)] + E[g1(Fu)eu]) - O

Lemma 2.4.2 Assume assumptions M1, M2, and E1 hold. Ifu < v then we have

the following expectation.

E[g(F)XL,] =
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PUUE X2 qi(F)] + 200 T E (X gu(Fuen]

+2 OB [g(F)el] + Bl RIIE | (Tint)]
proof.

E [q(F) X2
= Bla(F) (FoXun + 2]
= Bfgi(F) (PN + 20 KD 4 ()]
= OB [Q(FIXL] + 2 E [(F)Xani TV + B [01(F) (rey]
= P WE [XIq(F)] +
20" E [Xu-191(Fo) (ot + Pz + ...+ ey
+E [gl(fu) (P teu + rmf]
= PE [X2 gi(F)] + 2070 T E [Xuoigi(Fu)e]
+8 [qu(F) (207 Vel + 20 eulig + )]
= P IE X2 0i(F)] + 2070 T E [Xumigu(Fu)eu]

+p%=uE [0y (F)e2] + E [1(Fu)E [(rz;{f]. O

2.4.3 Asymptotic Normality of the Gradient

Now we are ready to prove that the gradient is asymptotically normal.

This result is presented in the following theorem.
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Theorem 2.4.2 Under assumptions M1, M2, E1, E2, W, and W2 we have the

following:

2 .2
Sﬂ.(pﬂ) __D_) N<0, nb;x)-

proof. First, rewrite the gradient as a sum of two components as follows.

1 n n

Sn (pO) = ’;‘ Zzbq sgn ((\ - Poz\x— ) - (4\ 0/\_1— )) l\-i-—l
2 =1 j=1
1 n Jﬂ. R
= —5 .Y bijsgn(ei—€5) Xia
n? j= j=1
1 n n
= -3 ZZ bij (21 (Sj < 8,') - 1) 1\','_1 a.e.
n j=i j=1
mn n
= Y by X (21 (5 < ) — 2F(e:) + 2F () = 1)
n2 =y j=1
1 n Jn
= -7 ZZ bijl\'i_l (2F(E,) —-1+27 (Ej < Si) - 2F(S,))
N2z j=| j=1
1 & .
= -3 ZZ bij Xi—1 (2F(g) — 1) +
n2 i-lj-
1 n
~ ZZb,,\,_ (21 (g < &) — 2F (&3))
2 i=1 j=1

- 7; ,ZX*-‘ (2F (&:) — ( }:b,,)
—a‘zzng— gj < &)~ F(ei)

n2 j=| j=1
1

= \/H Zlbt ‘\’1—1 (2F(8,) - 1)

2 n n

-5 Zzbijx‘—l (I(sj <€) — F(ei))

n2? =\ j=1

= Sai(po) + Sn2(p0)

where b; = 137 b;j. In what follows Sni (po) will be shown to be asymptoti-

cally normal using Theorem 2.4.1 and Sps (po) will be shown to be 0,(1). Thus,
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the asymptotic normality of S, (po) will follow from an application of Slutsky’s
Theorem (Serfling, 1980, pg. 19). We will start by showing that S, (o) is asymp-
totically normal. For convenience, let u; = 2F (¢;) — 1. It should be noted that u;

is uniformly distributed over (~1,1) so that E [u;] = 0 and V [4;] = . Now let

1
Zny = —=by Xo—1 U

vn
Then, Z,, is Fp; measurable since F,; = o-field{Xo,€1,¢3,...,€:} and b;. is non-
random. It should be noted that assumption W1 implies that |5.| < Bs; and
assumption M1 implies the process is stationary. These two properties and the

fact that X;_; is independent of u; yield the following inequality,

E [z};,t]

]

E [%b‘{ Xf_iu?]
= %bﬁE (X2 E [u]

b a%
3n
. Bic

- 3

< o

Next, it follows from the independence of u, and F, ;; and the fact that E [u,] = 0

that,

1 .
E [Zn,tl fn,t-l] = F V—Ebt.z\ -1ut| fn,t-l

1 .
—“bt.xc-LE [Ut | fn,z—l]

N
= 0.
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Now let,
Sni = Zbu\c 1

= Z Zn,t-
t=1

Since the three conditions in Definition 2.4.1 are satisfied, {Sn ;, Fn;} is a zero-
mean square-integrable martingale array with differences Z,;. Thus, we only
need to show that the four conditions of Theorem 2.4.1 are satisfied to prove that
Sni(po) is asymptotically normal. Consider the first condition of the theorem.

Using W1 to bound &;. and Lemma 2.3.3 we get the following,

1 .
IQ%IZ i = 1121.357; %bi.f\i-[ui
1
< B (% lx’gax I \,_11)
= 0,(1).

Thus, the first condition of the theorem is satisfied. Since the second condition is
the most difficult one to show, we will save it for last and proceed with the third
condition. Again, using W1 to bound b; and the independence of X;_, and u; we

get the following,
n
E [max Zﬁ] < E [Z Z?,,,]
i=1

1<i<n
- YE [22]

i=1
n

= ZE[ ~82X2 2]

=1

= EbeE[X, J E [u]

=1

—_———————— — - ———— . —
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Bb Gx
= T3

Thus, taking the limit as n — oc in the above inequality implies that,

E | max 22] = 0(1).

1<i<n

Hence, the third condition is satisfied. For verification of condition four one
is referred to the “Remarks” paragraph on page 59 of Hall and Heyde (1980).
To complete the proof we need to verify that the second condition is satisfied.

Specifically, we need to show the following,

Ny O
Ly a2 B2

r—l
To simplify notation, let w; = b?. Now,

2
ul— bax
-Zwll\t—l 1 3

:=l
2 n

= —Z’”" 2 |ul ——-Zw, +:lZw,a* nbd"

i=1

. 1 & o
= -—Zw,(;\ IU —'—‘) (nzw,—nb)'gx‘

i=1 1

= Ty + Ty say.

Assumption W2 implies that T, = o(1). Hence, we only need to show T}, =
0,(1) in order to verify the condition. Using Chebyshev’s Inequality, it suffices
to show E{T,1] = o(1) and V [Tn1] = o(1). Consider the expectation first. The

independence of X;_; and u; imply the following,

e - afign - %)

_— - — — ———— e _ -
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S i w;E [X,?_lu? -~ %]
2
= -gw, ( [XZ]E[ud] - E’Si)

= 0.
Thus, the fact that E [T},1] = o(1) is trivial. Next, consider the variance of T,

V[Tnl]

— 1 & i 2 2*0;%
= V[nZw,(,\ 1%~

=1

1 [& 0%
= ;LEV [E’U), <4Y2 1U; '—-?)]

i=1
= 2 fn‘_,w?V [xZ IU]+—Z‘wszCOV [, X

2
n i=1 i<j

= Tan + Thi2 say.

Consider Ty, first. Since the sum in Ty, is O(n), w} < B2, and we are dividing by
n? it suffices to show that V' [X,?_lu,?] < K < oc for some K and all i. This follows

from the independence of X;_; and u;, stationarity, and part 3 of Lemma 2.3.2,

VIxLed] < B[XLu]
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Now consider the covariance term in Ty15. Since ¢ < j implies u; is independent

of (Xj~1, u;, X;-1) we have the following,

COV [XZ u?, X} u}]
= E[X2,ulX% Wl - BE[X2 0B [X2 ul]
= E[X2 X2 |E[u}] - E[X2]|E [X2 ] E [u}]

= LB[X2u2XL, - B[XZuX2,]

Caf r—t

E[(XLw? - E[X2uf]) X1

L

E [A,-X?_l] say.

Now, using part 1 of Lemma 2.3.2 to write X;_; in terms of .X;_, and F{‘l we

get,

COV [XZ,u?, X2 vl

= %E [Ai (poj—i'\’i—l + F¥_1)2]

= ‘;—E [Al (poz(j-i)l"iz_l + poj-iJ\'i,[F{-l + (F{_—l)2)]
Lot a1 o
= EPOJ E [poJ lAiJ‘i_l + 2Ai‘ki—[r\g ] + §E [At (‘[“.11 ) ]

= C+Cs say.

Using the fact that |gg| < 1, Lemma 2.3.1, Lemma 2.3.2, and the Cauchy Schwarz
Inequality it can be shown that the expectation in C; can be bounded by a con-

stant K, that does not depend on i or j. Thus, |Ci| < |pol"*Ki. Now consider
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C2>

374 ()]

55 [ (o) |

%E [Az (po 0_1—1)5 + 2po’ =it -1Fz+l (Fx-H) )]

- %,,020'—*'-”13 [4:7] +§pof-"-lE [Arizl] + 5 lg [A (rz) ]

= Cy + Cyp + Cy3 say.

Since (A;,¢;) is independent of TZ;|, E[4;] =0, and E [F,_H] = 0, it follows that
Cyy = Co3 = 0. Thus, Cy = Cy = £p®Y~*"VE [A;e?]. Again, the Cauchy Schwarz
Inequality, Lemma 2.3.2, M1, and E1 imply that there exists a constant K such

that |Ca| < |po|"~*~! K,. Putting the pieces together we have,

lcov [X2 u?, X7, ]| = |G +Ca
< |G + ]G
< oo KL+ |pol K
= |pol""""" | pol K1 + |pol’ ™" Ko

< |pof 7K say.

Consider Ty12 once again. Using W1 to bound w;, the above inequality, and the

formula for the sum of a convergent geometric series we have the following,

T2l = Zw,w,cov[,'2 u?, X2 u]]

1<)

= 23w wil |COV [XZ 1w, X2 |

i<j

IA
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ng

IA

= o’ IK

t<j

2B}K "=
= > Z Aol ="

Tl =1 j=1+1

Kn-l o0
i=1 j=0
_ 2BEK (n - 1)
1~ |pol
= o(l).

Therefore, since Tr11 and Tpi2 are o(1), Ty is 0p(1). That is,

2.2
Ny Tx

- 24\' P
Zb l?l _'-) 3

Hence, the second condition of Theorem 2.4.1 is satisfied. Since all four conditions

of Theorem 2.4.1 have been verified, we have proven that,

252
Sul (m) =+ N (0, ’h;gx) )
To complete the proof we must show that Spz(po) = 0p(1). To proceed,

we will write Spz (00) into three components and then show that each component

is 0p(1),
2 &< .
Sn2 (po) = Fzzbij}‘i—l (I(ej < &) = F(s1))
2 =l j=1
= '—Zb]}{z— (I (5_1 < 51) - F(El))
nz i<j
——Zb,,x_ g; < &) —F(e)) +
i=j
—-3_- Y b X (I(g5 < &) — Fei))
nz is;

= Spat + Sp22 + Sn2s say.
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Consider Spg first. To show that Sy = 0,(1) using Chebyshev's Inequality it
suffices to show that E [Sp21] = o(1) and V [Spai] = o(1). Consider the expec-
tation first. The following calculations show that upon conditioning on Fj_, the

expectation is zero, and thus o(1),

E[Sn] = %ZbijE[Xi—l (I(ej £ &) — F(:))]

n? i¢j
2 ]
= Y bGE[XinEll (g5 S &) = F(e) | Fji]]
2 i<y
2 .
= <Y biE[Xiz1 (F(ei) = F(ei))]
n? i<y
= 0.

Next, consider the variance term. If we let 8;; = b;;.Xi1 (I (¢; < &) — F(&;)) then

we have the following,
|4 [Sn21] = E [512;21]

2
= F [;?2—20,,—& ZOH]

2 icj N2 g«

= —E —Z 0: ok,]

| i<i k<l

O
= —=E Z0fj+220ﬁ9u]

| i<j i<j k<!

= Y BB+ 5 ST Ebub

i<j N <G k<l

= Spai1 + Sn212 say.

Since the sum in Sp211 = O(n?) and we are dividing by n® we only need to show
that F [9,2]] is uniformly bounded in order to show that Sp211 = o(1). Using W1

to bound the weights, the bound on F, and the stationarity assumption it is easy
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to verify that E [0,1]] < 4Bfo% < oc. Thus, Spa1; = o(1). Now consider Spsp,.
Because the sum in this term is O(n?*) it will be convenient to break the sum into
the possible cases given in Table 1. We note that under case 7, Spa12 reduces to
Snany which has already been shown to be o(1). Consider cases 1, 2, 3, 5, 6, 8, 9,
11, 12, and 13. In each of these cases, either j or [ is the largest subscript and
j # 1. Thus, upon conditioning on F;_, or F,_; it is immediate that E [6;;0x] = 0.
Because all of the above cases are treated the same, only the details for case 1

(i < j < k <) are shown,

E [0,~,-6k,] = E [0ijE [okl | '7:1—-1]]
= bklE [Gink_lE [[ (El < Ek) - F(Ek) l }-‘—l]]
= bklE [6£jX[¢—[ (F(sk) - F(Ek))]

= 0.

Hence, all cases, with the exception of case 4 and case 10 are o(1). Under cases 4
and 10, j = [ so the sum in Spa19 is O(n?). Since we are dividing by n® we will
exploit the iterative nature of the process to reduce the sum in Spz;3 to O(n?). The
details will be presented for case 4 only since the details for case 10 are exactly the
same except that the roles of £ and ¢ are interchanged. Consider the expectation

in the sum of Spo12 under case d (i < k< j =),

E [6:361;)

= b B [Xica X1 (I (g5 <€) — Flea) /(I (5 < k) — Flex))]
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= by, E[Xisi Xee E[(] (65 < &) — Fle)) (g < &) — F(ex)) | Fizil]

= byjbe; E [Xio1 X1 (F(min(e, ex)) — Fex) F(e4))]

= byjbi; E [Xi-1 Xe—1 (min(F(e;), F(sx)) — F(e:) Fex))]

= bijbi; E [Xi—1 Xk~ E [min(F(&;), F(ex)) — F(€:)F(gx) | Fe-1]]

= bijbg; B [Xz'—zx/c-l (F(Ei) - %F2(5i) - ‘;’F(Ei))]

= %b,-jbkjE [X,-_1 (F(e,—) - F2(E.~)) Xk—l]-
Now, applying Lemma 2.4.1 with g(F;) = X;_1 (F(s;) — F*(e;)) and using the
independence of X;., and ¢; in the last expectation of that Lemma yields the

following,

1

Sbibip ™ (B [X2, (Fle:) — F¥e))]) -

E[6:6,;] =

Now use the bound on the weights, the fact that |gy| < 1, the bound on F, and

stationarity to show the following,

i1 1
|E8:6i) < lpol® ‘-2-320,2(

= |po[*" K say.

Now use the above inequality and the formula for the sum of a convergent geo-

metric series to show the following,

4 4 i
= 2 Elgbull < ~ 2 |pl 'K
i<k<j i<k<j
4K n-2 n-1 i n
= —n;Z ) (|/00|'c ) lzl)
t=1 k=1+1 k+1
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4Kn -2 X

i=1 Ic—'O
4K n?

1—|po| 3
= o1).

IN

IN

Thus, the proof of Spa12 = 0(1) is complete. Since Spai, and Sa12 are o(1) we have

shown that Sy = 0,(1).

Next, we need to show Spz2 = 0,(1). This follows from an application of

the Ergodic Theorem as follows,

|Sn22l = Tl thgl\r—l(l(51<5t F(Et))
< DS ISl Fle)
= 0(1)0(1)
= 0p(1).

In order to complete the proof of Sps () = 0,(1) we need to show Spo3 =
op(1). We will use Chebyshev’s Inequality and show that E [S2,] = o(1). Let 6,;

denote the random variable defined in Sp2:. Then,

E|[S%) = [ Z"n’—z"kl}

7” i>7 2 k>l
4
:>j k>l
= SE|X6+ Zza,,ek,}
| i>] >7 k>l
= 3ZE[ ] 3ZZE[0t19kll
>3 i>7 k>

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



= Spast + Spaze say.

The proof of Sp23; = 0o(1) is identical to the proof of S,3;; = o(1). Thus, we only

need to show that Spa32 = 0(1). Re-labeling the subscripts yields,

4
Swmz = —5 S Y E 8,6

i<j k<!
The techniques used to handle this term are similar to those of Spa12. We will
break the sum in Sp23; into the possible cases given in Table 1 and show that
each case is o(1). Again, case 7 reduces to Sp231 which has already been shown
to be o(1). Now, it is easy to see that each of the cases 1 through 6 have a
symmetric counter part in cases 8 through 13. Thus, we only need to consider
cases 1 through 6. Table 1 implies that cases 2, 4, and 6 are O(n®) while cases
1, 3, and 5 are O(n*). Since the evaluation of each of the six cases would be too
time consuming and tedious only two cases will be considered. However, the two
cases considered seem to be the most detailed. The remaining cases, although
somewhat less detailed, are treated using similar techniques. We will begin with
case 4 (i < j < k =) which is O(n?). The proof is similar to that used in case 4

of Spa12. Consider the expectation in the sum under case 4,

E[0;0] = bjibixE[Xj-1Xj-1(I (&; < &5) — F(g5))(I (ex < €5) = F(g;))]
= bibB [XZ\E((I (i € £5) = F(e))(I (e < 55) = Fles)) | Fyml]
= bibiE [X}_l (-31- — F(max(e:, ex)) + %Fz(e,-) + -;-F2(sk))]

biib;E [(—;- — max(F(g;), F(gx)) + %F2(s;) + %F2(5k)) Xj?q]
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= bibxE [9(Fx) X},] say.
Applying Lemma 2.4.2 with

9(F) = (- max(Fe), Fler) + 37 + 5F2e)

and using the fact that E [g(Fi)] = 0 in the last expectation of that Lemma yields

the following,

E6ifi] = bisbiwpe’™* ('™ E [XE_9(Fi)]| +

2007 F " E [Xeo19(Fi)edl oo’ 2E [g(Fi)ed] ) -

Now use the bound on the weights, the fact that |pg| < 1, the bound on g(F%),

and stationarity to show the following,
|EB;:8:]l < ool K,

where K is a constant that depends on Bs, o2, and E [¢2]. Now use the |po|’~*
piece to reduce the sum to O(n?) as was done in the proof of case 4 of Sy212. Since
we are dividing by n? we have that Sps3; = o(1) under case 4.

Now consider the expectation under case § (i < k <l < j),

B0 = bisbuE (X Xier(I (65 < £5) = Fleg))(I (ex < 1) = F(e0)
= b E [X;1 X1 (1 (ex < &1) = F(e))E[(I (si € &5) = F(g5)) | Fj-l]
= bibuE [x,-_lx,-l(l(sk < &) — Fle) (% - F(s,.))]
= bbuE [(% - F(e) Xima(T (e S &) = F(e)) ;-]

= bjibE [g (Fi) Xj-1] say.
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Applying Lemma 2.4.1 to the last expectation above immediately yields the fol-

lowing,
E[0;0k] = bjibupe’ """ (poE [Xi-1g (F1)] + E[g (F)el) -

The po?~"~! piece will reduce the sum from O(n*) to O(n3®). However, this is not
enough since we are only dividing by n3. Thus, we need to extract a factor of
po'~%-! from the remaining two expectations above. Consider the first of these

two expectations,

ElXg(F) = E[(5- Fle)) Xull (e < ) = F(&)

= B[(3 - Fle)) XEE (T e < 20 - F(e) | Ficl

- B[(3-Fe) (5 - F(ek)) |

= E[g(Fe) XL say.

Now apply Lemma 2.4.2 with g(F;) = (% — F(Ei)) (% — F(sk)). Using the in-
dependence of (g;, Xx—1) and &, and the fact that E [g(Fk)] = O the third and

fourth expectations in that Lemma are 0. Thus,
|E[Xieg (Rl £ ool K,
where K is a constant that depends on o2, E [¢%], and a bound on F. Now let

g*(ex) = E[(I(ex L&) —F(er))at| Fi],
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and note that g*(gx) is bounded by 2E[|¢1|]. Then the second expectation is as

follows,

Elg(F)el = E (5= F(e)) XeorlT (ex < &) ~ Flen)en
\2

= B[(5-Fle)) XetB U (6 < ) = Fle)er] Ficl]

= E (% - F(Ei)) g‘(c’k)Xt—t]

I

E [g (fk) 1\'4_1] say.

Now apply Lemma 2.4.1 with g (F) = (3 ~ F(e:)) g*(ck) to the last expectation
2

and use the fact that £ [(-é— -F (s,-))] =0 along with independence to show,
1 -
Elg(F)el = st (mE (5 - Fle)) Neng(e0)] )

Using the bound on F, the bound on g*(ex), and the fact that [pg| < 1 yields the

following,
IElg(F)ell < lpol 'K,

where K is a constant that depends on o2, E[€3], and the bound on F. Thus,

combining the two parts we get,

|E[0;:i]] = ijibzkpoj-l"1 (PoE [Xi1219(F)) + Elg(F) 51])'
< Bilpo "HE[Ximg (R + | E g (F) &ll)
< B oo™t (ool ™F K + |pol ! K)

< lpolj—l-—l lpoll—k—l K say.
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Now, putting everything together for S,232 (under case 5) we have the following,

4
|Snasal < 3 Z Z | E [0;:0u]|

i<j k<!

4 il I—k—
< S XXl el T K
i<j k<!

4K
= o)

= o(1).

Hence, we have that S;23 = 0,(1) under case 5. As mentioned earlier, the re-
maining cases can be treated in a similar fashion. Since we have shown that
Sn21 = Snaz = Snaz = 0p(1), it is true that Spa = 0,(1). One will recall that this
was the last piece we needed for the asymptotic normality of S, (po). Thus, we

have shown that,
2 2
Sn (pO) _2) N(O, M) )
which completes the proof. O

2.5 Asymptotic Linearity of the Gradient

2.5.1 Preliminary Results

In this section we present results that will be used in the proof of the
asymptotic linearity result, Theorem 2.5.1. Although the following is an abuse of
notation, define g; = g;(Fu_1) to be an arbitrary random variable that depends

on a subset of {Xg,c1,2,...,64—1}. Furthermore, let go = go(€w) represent a
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random variable that depends only on &,. It follows from assumption E1 that g,
and g, are independent. We will begin by presenting some lemmas pertaining to

. some expectations that we will encounter.
Lemma 2.5.1 Assume assumptions M1, M2, and E1 hold. Ifu < v then we have
the following ezpectation.
E [g1(Fu-1)g2(€u)T3] = 0" E [gi(Fu-1)| E [g2(eu)24]
proof. Condition on F,_;, apply the definition of T}, and then part 1 of
Lemma 2.3.1 to show the following,
E[g(Fu-1)g2(e)Th] = E[91(Fu-1)E[g2(cu)Ty | Fu-ll
= E[g1(Fu-1)]E [92(eu)T7]
= E[gu(Fu-)IE [g2(en) (0" eu + Toy)]
= E[0u(Fu-1) (0" [92(eu)en] + E[92(6)] E [Thi])
= P E[gi(Fu-1)lE [g2(en)en]. O
Lemma 2.5.2 Assume assumptions M1, M2, and E1 hold. Ifu < v then we have
the following expectation.
E [91(Fu-1)92(6)(T2)’]| = 03 E [g1(Fu-1)IE [ga(ea)] +

o (B [gu(Fur)E [92(en)el] = o E [01(Fur)] B loa(en)])

proof.

E [gl(fu-l)gz(fu)(rz)zl
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= E[a(F)F [oa(e)TD* | Furt]

r v—u
= E[gi(Fu-1)|E | go(ew) (Z P+ p’p"e,,_,eu_q)]

r=0 -
= E[g(Fu1)E g P ga(eu)Es_, + ré: p'p"su-rgz(su)su_q]
- Bl x q
(E [p“"”'“’g-z(su)ffi + v:_Zu:: p2'gz(eu)€3_r] +E ép'p"su_rgz(eu)su_q])
= E[g(Fu) ( XYE [ga(en)er] + E [92(4)|E [u—j}_"; e, rD
- Eln(% ](p2(u-u)E[g2(eu 2] + Blgy(e.)]o? (l-;-f—z(-p;—)))

= E[gi(Fu-0)] (/°E [ga(en)e2] + 0% (1 - 7)) Egaleu)])
= E[g(Fuc))] (PO E [ga(en)e?] + 0B [g2(eu)] — 0% p* ™ E [ga(cu)])
= 3E[q(Fu-1)]E [g2(e)] +

P09 (B lgu(Fur)|E [g2leu)er] — oXE [g1(Fumi)IE [g2(en)]) - O
Lemma 2.5.3 Suppose {&;} is a sequence of random variables such that,

P
{Lllag( |‘Em - Etl — 0.

Furthermore, let f denote an arbilrary function that is uniformly continuous.

Then the following is true,

max If (fm) - f (ft)l

1<i<n

proof. Arbitrarily choose £ > 0 and § > 0. Since f is uniformly continuous we

can find a K'(g) such that for |z — y| < K(c) we have | f(z) — f(y)| < &. Now let
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Q, = {w: Maxici<a [€ni — &l < K(€)}. Then we have the following,

Pl{w: max1r € ~ £ (@1 > ¢}

1<i<n

< Pl{w: maxli @ - £ > <} N

+ Pl{w: maxls e - 1 €1 > <} Neg]

= P, + P, say.

Consider Py first. If w € Qp then |f (&) — f(&)| < € for all i by the uniform
continuity of f. Thus, the intersection is empty which implies P, = 0. Now

consider P,

P, = P[{w: maxir & -1 &) > e} 0]

< Pl

Since maxi<i<n [€ni — &l 2,0, we can find a N(e,§) such that for all n > N(g, §)

we have P[] < 8. Thus, for all n > N(<,d) we have the following,

P [{w: max lf (fm') -f (fi)| > 5}] < 6,

1<i<n

which proves the result. O
Next, we present a standard probability result along with a lemma pertaining to

the expectation of a bounded random variable that converges in probability to

7€r0.

Lemma 2.5.4 Let Y be a nonnegative random variable which is integrable over

a set E. Then, given ¢ > 0 there ezists a 6(¢) > 0 such that for every set AC FE

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ad

with P [A] < é(¢), we have the following inequality,

/.4 YdP < e.
proof. This lemma is just a restatement of Proposition 14 on page 88 of Roy-
den (1988) in terms of probability measures. O

Lemma 2.5.5 Suppose X, is a random variable such that X, = 0,(1) and |X,| <
B. Furthermore, suppose Y is another random variable such that E[|Y]] < oc.
Then, E [Y X,] = o(1).

proof. Choose € > 0 and define 0, = {w : |[Xa(w)| < m} Then we have the

following,

|E[Y Xal

I

| [¥ (@) Xa(w)dP]

IN

/ IV (w) Xn(w)|dP
- /ﬂ ¥ (@) Xn(w) dP + /ﬂ V() Xa(w)/dP

€
< ==—— [ [Y(w)ldP
< 2E[|Y|]/n,,p (w)ld +B/ﬂg

< sEqrpflvi+ B L V()P

Now, since X, = 0,(1) it follows that lim, o P [Q5] = 0. Thus, one can apply

¥ (w)|dP

Lemma 2.5.4 to get the following inequality,

€
Y P< —.
Ji W(@dP < 55
Now, taking the limit as n — oc first and then taking the limit as ¢ — 0 completes

the proof. That is,

lim E[VX,]=0. O
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2.5.2 Asymptotic Linearity Result

Before we state and prove the linearity result, consider the following lemma.

Lemma 2.5.6 Let C; = Y ic;bij (Xj-1 — Xi_1)? and C = b.o2 where b. =

LS T bij. Then, under assumptions M1, M2, E1, and W1, we have the

follounnyg,
=G B
proof.
1C = =3 by (Xt — Xee)?
n2 " TZ2 x<J o Yint
= 53 Z}:bq (Xjo1 = Xisy)?
n i=1 j=1

1 n n

= 5523 by (X] ~ 2% Xe + XL

i=1 j=1
n

1 n i 1 n n
= lelbu‘xz— —'—jzz 1]‘ 1—14
1= J— = =

since b;; = bj;

= Cp — Cpa say.

Note that if b;; = 1 then,

1 n n

Cn2 = n2 szl—ll\ F—1
i=1 j=1
1 n
= T XX L X,
_1—1
= Op(l),
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and C,,l-—'-’—-)a‘f( by the Ergodic Theorem. Thus, it seems reasonable to conjecture
that C,;—5C and C,—-230. Consider Cy, first. Since Cp,~2»C if and only if

C..1 — C-250 it suffices to prove the latter. Thus,

n
Co—C = lzl b X2, —b.o?
=
1 & -2 2
= ‘;{Zbi. (J\H - Ux)
i=1
1 n
= - gq say.

To show our result using Chebyshev’s Inequality it suffices to prove,

()] - o

E

Now,

o|(15e)] - e [Bareges

i<j

1 2
= -n—z-ZE[C?] +'772'ZE[CI-CJ~]

i=1 i<j

= Cpi1 + Chi2 say.

Using W1 to bound b;,, the finite fourth moment assumptions, and stationarity it

is easily show that,

BE[XL, - 203X, +0}]

t

< K<ox

where K is a constant that depends on B; and E [X}]. Hence, the sum in Cyy, is

O(n). Since we are dividing by n? it follows that C;; = o(1). Next, consider the
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expectation in Cp;2,

Elec) = bbE[(XE,-0}) (X2, - o})]
bi.bj_E [(xY?_l - 0)2() ((poj“‘X-,;[ + P{"l)z - (Ti)]

= bi.bj.poj“iE [(,\'—iz~1 - 0)2\) (poj—il\'!?—l + 2X‘_—lr{—l)] +

it

bibi B [(11)" - o]

= bibip B [(XZ, ~ 02) (X2, + 22X T Y] +
bibj. (0% ~ p*0™" ~ %)
using part 2 of Lemma 2.3.1

= bt E [(x2, - o2)']

since X;_; is independent of [¥~" and E [I"f—l] =0.

Thus, it follows that,

[E [cics]l < [baby lpglj—i‘E [(‘\—12 - “i)z]

i
< |ef[ K,
where K is a constant that depends on B, and E [X{]. Hence,

2
Carzl < 3 |E [eci]

i<j

2 o|i—i
< nglpol K
2K
= o

= o(1).
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Since we have shown that Cy;; = 0(1) and Cyi2 = o(1) it follows that Cp, —C.
To complete the proof we must show that Cro = 0,(1). Again, using Chebyshev’s

Inequality it suffices to show that E [C2,] = o(1). Now,

-

2
1 820 i i
E[sz] = FE (Fizzl;bijz\'_p\j_1>

i 2
2 - »
= E (;Zb,jk'-p\ '...1)

| i<j
4 P
= = L O04E [x2.x2 ]
<]

4 . . - -
+ =YY bbb E [ X1 X1 Xk Xiai

i<y k<!
= Cpa + Cpo2 say.
Consider Cpq; first. Using the Cauchy Schwarz Inequality, the finite fourth mo-
ment assumption, stationarity, and W1 to bound b;; it is easily shown that the
term in the sum can be bounded by a constant K that is free of the subscripts.
Thus, the sum is O(n?). Since we are dividing by n* it follows that Cpay = o(1).
Now consider Chrgs. Since this sum contains four subscripts it will be convenient
to break the sum into the different cases given in Table 1. The table indicates
that the sum will be either O(n3) or O(n*). Consider those cases where the sum
is O(n3). Using the Cauchy Schwarz Inequality, the finite fourth moment assump-
tions, stationarity, and W1 to bound the weights it can be shown that the term
in the sum can be bounded by a constant that is free of the subscripts. Since
we are dividing by n* we have that Cy,22 = o(1) for those cases in which the sum

is O(n®). Finally, consider the cases where the sum is O(n*). Since all of these
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cases are treated the same way, only the details for case 1 (i < 7 < k < [) will be

shown. Consider the expectation under case 1,

E{XioiXjm1 Xemr Ximq] = E [Xi-lx i—1Xk—1 (pOl—lec—-l + Fi—l)]
= pol—kE [4Y,’_[1Y'_VY2_I] + E[X,-_[/\'j_[,\'k_l]E [Fi—l]
= po' B [Xio Xim XE .

The last expression follows since I"i"l is independent of (X;—i, X;_i, Xx—1) and
E'[I’f:l] = 0. Again, using the Cauchy Schwarz Inequality, the finite fourth
moment assumptions, stationarity, and W1 to bound the weights it follows that
the term in the fourth order sum is bounded by lpoll'k K where K is free of any

subscripts. Hence, under case 1 we have,

4 . e v <
- Y b E [ X X X X
" ici<k<l
4 . . . -
< = 3 lbigbrl 1B [Xic1 Xjo1 X1 Xi ]|
i<j<k<l
4

= > ool K

i<j<k<l

4

IA

= o(l).
Thus, we have shown that Cp2s = o(1) for all cases. Since we have shown that
Cra1 = 0(1) and Cpge = 0o(1) it follows that Cpe = 0,(1). That is, we have proved
that 55Cn~2C. O
Now we are ready to state and prove the main result of this chapter; the

asymptotic linearity result. As was done in Section 2.4.3 let S, (p) = ;’;_;—S (p).
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Furthermore, let C, be defined as in Lemma 2.5.6. Then we have the lollowing

theorem.

Theorem 2.5.1 Under assumptions M1, M2, El, E2, and W1 the following holds

for all A € R,

Sa (po + %) —~ Sn(po) + 27 (;llgc) A = oyl).

proof. Choose a A € R and let this A be fixed throughout the proof. Next, define

the following:

¢ (ei(p),ei(p)) = Sg“(si(P);Ei(P))+l

Talp) = =5 b (Kot = Xic)

n? i<;

a;; = by (X1 — Xin)-

(¢: (p) 1 £5 ()

'6

Then, it is straight forward to show the following,

Sn (Po+%>—5n(ﬂo)+27' (5Ca)
= 2Tn<po+\/_) Za,, 2T, (po) +Za,,+2r(lC’)/_\

i<j 1<j
A 1 c A
= 2|Th p0+7—fr'l’ —Tn(p0)+‘r<;2’ 'n) .
Therefore, in order to prove the linearity result it suffices to show the following,

R,(A) = Ty (pO + %) ~T, (PO) +7 (;}Ecn) A

= 0p(1).
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Using Chebyshev’s Inequality, it suffices to show that E [R2 (A)] = o(1). If we let

Wi

then it follows that,

R, (8)

S

(

@ (e,- (po + %) yEj (po + VA—;)) — ¢ (€i (po) 1€5 (po))

-1 ife <gj <ei+tij(A)
0 otherwise

1 ife +6;;(A) <¢g5 <é

T, (po + %) ~Tu(p0) +7 (;}70,,) A
(el 3o 39)

1 A
-3 i (Ei 1 €5 + —=57Ch—=
H%Z;‘IJ‘V(E (p0) €5 (po)) 4 Jn
A
— Wi + 3TC —_
3 gau i) n/n
— Y b (XjoL = Xic) | Wi + 7 (X1 — X -—)
’z§<:3 i (X1 )( 7 (X; \/—
— Zbu (X1 = Xio1) (W35 + 1t45(A))
n2 i<j

1
-3 Z b,'j’ll),‘j say.

Thus, it follows that,

E[R,(a)] =

n7 igj
2
1
(—:Zbiﬂl’ij) }
n? i<

= —E [Z s+ bij"//'ijbkl'wk!:l

i<j x<j k<l
= sz E [wz] = Z S bijbu E [¥ithu]
i<j i<j k<!
= R + Rpy say.
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Consider R, first. By part 1 of Lemma 2.3.6, E [1/),2]] can be uniformly bounded
by a constant K that is free of the subscripts. Also, W1 implies that the weights
are bounded. Thus, we see that the sum in Ry, is O(n?). Since we are dividing by
n3 it follows that R,; = o(1). Next, consider Rn;. Ry contains a sum with four
indices. Thus, it will be convenient to break the sum into the possible cases given
in Table 1. Due to symmetry, only cases one through six need to be considered.
We note that case 7 reduces to R,; which has already been show to be o(1). To

verify the symmetry, consider case 12. Under case 12 we have the following,

1 1
= Y bibuE [Wiivn] = o Y. i [Yiiei]
k<l=i<j k<l=i<j

1
= -—3 Z bcdbacE [wcd¢dC]

n a<b=c<d

wherea=k b=, c=i,andd =7

1
= = Y bucbai acted

a<b=c<d

1
= = . basbeaE [Yas¥ea)-

n a<b=c<d

The sum in the last expression is the sum under case 2 in Table 1. Thus, case 2 =
case 12. Similar calculations show that case 1 = case 13, case 3 = case 11, case 4
= case 10, case 5 = case 9, and case 6 = case 8. Now, cases 1, 3, and 5 are O(n*)
and cases 2, 4, and 6 are O(n®). Let us start with the cases that are O(n?®). Since
all of the cases are treated the same way consider only case 4. Under case 4 we

wish to show that,

1
o S bijbiiE [isng) = o(1).

i<k<j
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The Cauchy Schwarz Inequality, W1, and part 2 of Lemma 2.3.6 imply the fol-

lowing,

bsbeiE [swnsll < BRE [v3] E [v3)]

= o(1),

uniformly in (i, k, 7). Because we have an average of terms and the above result
is uniform in (i, k, j) it follows that the average is o(1). Hence, under case 4,
R,z = o(1). Since cases 2 and 6 can be handled in a similar fashion, all cases that
are O(n®) are also o(1). Now consider those terms that are O(n'). The strategy
will be to factor out a 7‘; and a pg raised to some power from the expectation.
The po term will reduce the sum from O(n?) to O(n3) and the 7‘; will be used to
show that the term is 0(1). Because the details under cases 1 and 3 are similar,
only the details for case 5 (i < £ < [ < j) will be given. However, this seems
to be the most difficult case since the distance between i and j is maximized. In
what follows it will be convenient to let d;; = (X;—; — Xi—;). Now, Lemma 2.3.4

implies the following,

E [4i ]
= E[dij (Wij + 7t:5(A)) %]
= E[djbuE Wi + rt5(A) | Fii]]
= E(dijyu (—f (£;(8)) () + 7t5;(A))]

= E[dijyn (1 — f(&;(D))) t:5(A)]
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A

= [d20u (7 — £ (&5(A)))]
T [diba (= )+ J(&) = 1 (€5(8)]
A

A
77F [(r — (&) uad}y) + =E [wud?; (f(e:) — £ (€3(2)))]

Eq + En2 say.

Consider E,; first. Since the next largest subscript is [, we will use part 1 of

Lemma 2.3.2 to write dfj in terms of X;_;, X;—1, and 1"{’1 and then condition on

Fi-1. Now, part 1 of Lemma 2.3.2 implies the following,

2 -
di_‘i e

(X1 — Xiz1)?
i1 j~1 2
(Por X+ =2 i—l)
. 3 N2
oo™ (po X2 + 2X0 T = 2Xi X ) + (X = T7Y)

po’'Dy + D3 say.

= -—A\/—E-E [(r — f(&d)) ‘/’kldgj]
_ %E [(r = J(e0)) Wit (oo~ D1 + D)
= %poj"E [(r — f(:)) buDn] + %E [(r = f(e) vuD]

= Enll +Enl2 say.

Now consider En;;. The Cauchy Schwarz Inequality and the bound on f imply

the following,

|E(( - f(e:)) D]l < ByJE[WHE D3]
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Part 1 of Lemma 2.3.6, the finite fourth moment assumptions, and stationarity
imply that the above expectations can be bounded by a constant that is free of

any subscripts. Thus,

A 1o
|Ean| < l\/—;-llpolJ 'K

Now consider the expectation given in Ejs,

E [(T - f(&) qug]
= B s b (Xior - o]
= E (T = f(&:)) Y (X?_l — X, it + (1"{’1)2)]

= E :X.?-l (r - f(Ei))kaz] ~-2E [X,-_l (r — f(&) wle{—l]

+ Bt = fle) v (7))

= Enpi21 + Enize + En123 say.
Consider Epj9; first. Lemma 2.3.4 can be used to show the following,

Ema = E[XLi(r - f(e:) Y]

= E[XZ,(r - f(e:) du (Wit + Tta(D))]

]
o

X2, (7~ f(e2)) duE [Wia + Tta(D) | Fio]]

= E[XZ, (7~ f() dua (= f (€ui(D)) tua(D) + Ttu(D))]

= E[XZ,(r - f(e) du (r = £ (6a(d))) tua(D)]

= EB[XE (= e di(r = e + J(on) = ] (M)
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66
~ —A—E (X2, (7 ~ f(e) (r = flex)) dB] +
—f—E (X7 = fle) diy (Flew) — £ (Era(D))]

= Enou1 + Enia12 say.

Now use part 1 of Lemma 2.3.2 to show the following,

Enau = =B [YE. (= £(e) (= fee) ]
- %E X2, (r = J(€) (r = J(e)) (Xier = Xim1)?]
= %E X2, (7 = 1) (7 = fer)) (™" Xems + T = Xewr)'|
=SB [XE, (= ) (- ex)) (007 = 1) Ko +TE) ]
- %(pof—k_ 1) E[X2, (r - f(0) Xy (7 = flen)] +
2% (po'* = 1) E[XZ, (7 = f(e)) Xewt (r — fle)) TE] +

=B [X2 (r = fe) (7 = flen) ()]

3

The first expectation in the last expression is zero since ¢ is independent of F_,
and E[r — f(ex)] = 0. For the second expectation, let g (Fe—1) = X2 (7 -

f(:))Xk~1 and g2 (¢x) = 7~ f(ex) and apply Lemma 2.5.1 to show the following,

2% (Pol_k - 1) E [1 2= f()) X1 (7 = f(ew)) Fi—l] =
z% (' = 1) oo E [X2 (r = fle)) Xt E[(r = fler)) el

For the third term, note that X2, (7 — f(&:)) and (7 — f(ex)) (I‘f:‘)2 are inde-

pendent. Since ¢; and X;_, are independent and E[(7 — f(e:))] = 0 it follows
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that,

—ﬁ_—E [,\21(7 f(si))(r—f(sk))(l“i“)z] = 0.

Thus, the above comments imply,

Fumt = 22 (o= = 1) o™ B [X2, (7 = f(e0)) Xt E[(7 = flei) il

= 7
Using the fact that [pg| < 1, f is bounded, and 7 is finite the Cauchy Schwarz
Inequality implies that the above expectations can be bounded by a constant that

only depends on a subset of A, 7, By, E[X{], and E [¢}]. Hence,
|Enion] < —=lpo| F K.

Now consider the expectation in Fy1912. Part 1 of Lemma 2.2.1, Corollary 2.3.1,
and Lemma 2.5.3 imply that (f(sk) — f(€x(A))) is a bounded random variable
that is 0p(1) uniformly in (k,l). Hence, the finite fourth moment assumptions,

stationarity, the bound on f, and Lemma 2.5.5 imply that this expectation is o(1)

uniformly in (i, k,{). Thus,
Euoal = =B [XZ, (r = () 2 (f(e) ~ £ (€a(2)))]
n1212 - \/— [ kil <]

= 0(z) e,

uniformly in (7, k,!). Combining the last two results yields,

|Enizt| = |Enizin + Eniai2l

< |Enan| + |Eni212|
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< _‘/% oo 5 K+ 0 (\/_) o(1)

- ofgg)ro(ie)

where the convergence is uniform over all subscripts. Now consider Ey; 2.

Enizz = -2E [X.-_l(r - f(Ei))dJuF{—l]
= -2E [X._l(T ~ f(&i))¥m (Po] e+ Fl+l)]
= =2p ' E[Xisi (T — f(€:))men],
since I", 1 is independent of F; and E [1",+1] = 0. Now apply the Cauchy Schwarz
Inequality to bound the remaining expectation by a constant that is free of any

subscripts. Thus,
|Enizel < oo™ K

Finally, consider Ey,j23. The definition of F{"’l and the independence of 1"{:_’11 with

Fi imply the following,

Ewm = B [(r~ fte)om (t)’]
= B|r = fe)e (oo + Tiid) i
= pPUVE [(r = fle)ue?] + 200~ E(r — fle)wmieil E [T5] +
El(r - fe)wnlE [(T)’]
Po

2(j-1-1)
= pUt 1>E[(r—f<e,))wue,]+E[f~ (:)) “’H]( TW)

= po2U-i-1) (E [(T - f(si))dlk,e,z] - E (7 ))l/)kz]>

E [ai(r - f(E.—))’J)kl]-
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69

The two expectations in the first term can be bounded by a constant, K, that
depends on a subset of A, 7, By, E[X{], and E [e}] after an application of the
Cauchy Schwarz Inequality. Note that the second term is exactly the same as
En121 except that there is a 02 where there was a X2 | in Eqj2. Since the X7,
didn’t contribute anything to the final result on E,;2), the same result holds for

this term as well. Hence,

A K+ T2l K +0 (=) o)
_ lpgl(j-l-—l) K+O (\/_) (Poll —k-1 4 9 (%) o(1),

where the convergence is uniform in all subscripts. Combining these three parts

IN

| E123]

we get the following,

A
|Eni2]l = l‘/—l- |Eni21 + Eni22 + Eni23|
< IAI (|Eni21| + | En22| + | Eni23l)
J_
QlAl -1 l=k—1
< —= J K K+0 1
< L (i + il K40 Z2) o)

_ ( )|p|f-“+o()|p|'“ 0 (=)o),

where the convergence is uniform in all subscripts. Therefore,

|En1| = |Eni + Eniof

IN

[Enir| + |Enial

A, =t 1 j—i=1 k=1 1
Tl K +0 (=) lel +0()|Po| +0(=) o)

-0 ( 1 ) ool +0( 1 ) ol +0 () 1t 40 (1) o)

IA
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= o(Z=) It +0 (3) Il + 0 (3) ot

where the convergence is uniform in the subscripts. Recall that under case 5 we

want to show,

Y bibuE [gidn] = Y bijbki (Bni + En2)

n i<k<i<j n? i<k<I<j
1 1
= — Z bijbklEn1+"§ Z bijbri En2
i<k<i<j i<k<i<j
= 0(1).
Consider just the sum with E,,
= 3 bijbuEn
n" ick<i<j
1
< 3 Z .lbijbklEnll
i<k<I<j
B2
< —g' Z IEnl[
i<k<lI<j
< B 5 (02wt o (2) 1t +0 (1) om).
N7 ick<i<i vn n

Now, the terms with py can be used to reduce the sum to O(n®). Since we still
have a factor of 7‘; or % left over, this implies that the first two sums are o(1).
For the last sum, note that the factor of 1 makes the last term O(1). Since we
have a factor that is o(1) uniformly in the subscripts left over, the last sum is also
o(1). Hence, the sum that includes Ey, is o(1). To complete the proof we need
to show that the sum containing Ep» is also o(1). Appling the definition of

yields,

Era = =B [bud () ~ £ (€5(A))]
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E [di (Wit + rtu(A)) df (f(e:) = £ (65(2)))]

E [duWids; (£(e) - f (€4(A))] +

B[S

E [durtu(8)d}; (fe) — £ (€5(8)))]

I
&

n2l + En22 say.

Consider E,g first. An application of the Mean Value Theorem on f and the

bound on f’ yield the following,

IEn21|

l%E [dktwk[d,?j (f(sx) - f (fo(A)))]l

2 B {|dutiaa] 1£(e0 — £ Es(A))]

= VA

< L (a1 (0s(2)) (- Q)]
< ‘—\%l [|deWed?| 1Byt (A)]]

< Aanf'E[ldk,Wk,dfj]

- A2ff 'E [|duad3] Wil

Now, W, is bounded by definition and Corollary 2.3.3 implies that Wy, = 0,(1)
for all (k,!). Furthermore, the finite fourth moment assumptions and stationarity

imply that E [dk‘d?j] < K for all (4,7, k,1). Thus, Lemma 2.5.5 implies,
E [|dudy| [Wal] = o(1),
for all (i, 4, k,!). Hence, it follows that,

Bl = 0 () al0)
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uniformly in (7, j, k,{). Now consider Ej,,
Bl = |=F [durtu(D), (f(s) - £ (E5)]
n22 \/1—_"‘ kl kl 17 -1 7
A%r
< —E [[ddd}| 1f(e) - £ (€5(M))]]
Part 1 of Lemma 2.2.1, Corollary 2.3.1, and Lemma 2.5.3 imply that
| f(e:) = f (&;(A))] is a bounded random variable that is 0,(1) uniformly in (3, 7).
Hence, the finite fourth moment assumptions, stationarity, and Lemma 2.5.5 im-
ply that the expectation in E,29 is o(1) uniformly in (4, j, k, ). That is,
E [|d2d?|1£(=:) - f(&s(A)]] = o1),
for all (¢, j, k, ). Hence, it follows that,
1
(Bl = 0 () o(1)
n
uniformly in the subscripts. Putting the results on Eq2; and Epz2 together we
have that,
|En2l = |En21 + Enaol
< |Epa1| + | En22|
1 1
= - -~ 1
o(2)otn +o(2)v
1
~)o(1
0 (=)o),

uniformly in the subscripts. Now consider the sum that contains En,. Since the

il

above result is uniform in (%, j, £, !) we have the following,

1
= > bijbEna

i<k<l<j

1
< = Y |bijbuEna

i<k<l<y
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B
< e Y len2|
i<k<i<j
B2
< 2 5 0(z)e)
N ick<i<i P
= ofl).

Hence, under case 5, we have shown the following,

1
— Y bijbuB ] = o(1).

N° ick<l<j

The proofs for cases 1 and 3 are similar but less detailed since the (%, j) subscripts
are “closer” together. Therefore, the proof of R, = o(1) is complete. Since we
have already shown that R,; = o(1), it follows that E [R2 (A)] = o(1). Hence, by

Chebyshev’s Inequality, it follows that R, (A) = 0p(1). That is,

S, (po + %) — S (po) +27 (51?0") A = o1). O

As a final remark, Lemma 2.5.6 implies the following,

Sa (po + %) = Sn(p) +2rCA = o0,(1).

2.6 Asymptotic Uniform Linearity and Uniform Quadraticity

2.6.1 Convex Function Results

In this section we collect some definitions and results pertaining to convex
functions. The results presented will play a critical role in establishing the uni-
formity part of the linearity and quadraticity results. Hence, this section serves

as a reference for some important results that will be needed later on.
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In what follows H will represent a real valued function defined on R?. Let
us begin by stating a couple of definitions pertaining to convex functions and
their gradients. The following definition is given as Theorem 4.1 on page 25 of

Rockafellar (1970).

Definition 2.6.1 A function H is called convez if
H(dz + (1~ Ny) < AH(z) + (1 - M) H(y),

for 0 < A < 1. Furthermore, a convez function H is called proper if H is defined

on an open set C CRP and H(z) < o< forallzc € C.

Proper convex functions are defined on page 24 of Rockafellar (1970). The next
definition is related to the gradient of a convex function and is given on page 214

of Rockafellar (1970).
Definition 2.6.2 A vector Dy(xo) is called a subgradient of H at xq if
H(z) — H(zo) > Dy(20)'(z — o),

for all x € C C R?.

We now state a sequence of theorems that will be used later on. For a more
intensive discussion of these theorems one is referred to Rockafellar (1970) and
Heiler and Willers (1988). Since the proofs of these theorems are given in either
Rockafellar and or Heiler and Willers, we will not present them here. Instead, we

will just give the references to where the proofs can be found.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

74



=~
1]

Theorem 2.6.1 Let H be a proper convez function defined on an open set C.

Then H has a subgradient at each point in C.
proof. The proof can be found on page 217 of Rockafellar (1970). O

Theorem 2.6.2 Let H be a proper convez function defined on an open set C.

Then H is continuous on C and differentiable almost everywhere on C.

proof. The proofs can be found on pages 82 and 246 respectively in Rockafel-

lar (1970). O

Theorem 2.6.3 Let H be a proper conver function defined on an open set C. If
H is differentiable at x, then the gradient of H at =5, VH(x,), is the unique

subgradient of H at g, Du(xo).
proof. The proof can be found on page 242 of Rockafellar (1970). O

Theorem 2.6.4 Let {H,} be a sequence of proper convez functions defined on
C. In addition, suppose the sequence converges for all z € C' where C' is a dense

subset of C and the limit function H is differentiable. Then
lim VH,(z) = VH(z),
where x € C. Furthermore,
lim. zsgg" |VH,(x) — VH(z)| =0,

where C" is any compact subset of C.
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proof. The proof is given as Lemma 4.3 in Heiler and Willers (1988) and is a

modification of a theorem found on page 248 of Rockafellar (1970). ©

Theorem 2.6.5 Let {H,} be a sequence of proper convez functions defined on C
and let C’ be a dense subset of C. In addition, suppose the limit function H is

differentiable. Then

Jim VH,(z)=VH(z), forallz el

and
im Hp(2o) = H(zo), for at least one zp € C'
imply that
Jim H.(z) = H(z), for allz € C.
Furthermore,

Jim Sup, [Hn(z) — H(z)| = 0,
where C" is any compact subset of C.

proof. The proof is given as Lemma 4.4 of Heiler and Willers (1988). O

2.6.2 Probability Results

In this section we present two probability results that will be used in con-
junction with the above convex function results to prove the uniformity part of

our linearity result.
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Theorem 2.6.6 Let X, X, X, ... be a sequence of p-dimensional vector random

variables. Then X, 5 X if and only if every subsequence, {Xy(n)}, contains a

wpl -

further subsequence, {Xo(g(n))}» Such that Xewn) — X.
proof. The proof can be found on page 103 of Tucker (1967). O

Theorem 2.6.7 Let X, X1, Xo, ... be a sequence of p-dimensional vector random
variables. Then X, “B X implies that Xo(n) “B X where {Xg(n)} represents an

arbitrary subsequence of {X,}.

proof. The proof is trivial. O

2.6.3 Uniform Linearity and Quadraticity

In what follows g will denote the true parameter in the AR(1) model and
A will represent an arbitrary real number. Recall from Section 2.1 that D(p)
represents the dispersion function and S(p) is the negative of its gradient. Now

define the following functions of A,

D.(&) = 1D (Po*‘%)

5.8) = ~5Du(d) = 55 (m+ 72
Qn(A) = D,(0) — S, (0)A +rCA%

In an effort to mativate the results we need consider the following heuristic dis-

cussion. Assuming a first order Taylors Expansion of S, (A) about 0 is possible,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the above relationships imply the following,

Sa(8) = S.(0)+8,(0)A

1 1
= —3S(po) + =555 (ko) A.
n2 n

However, Theorem 2.5.1 implies that,
Sa(d) = S5:(0) —27CA.

Thus, the above two statements suggest that =Sy, (po) behaves like —27C. Fur-
thermore, assuming a second order Taylors Expansion of D, (A) about 0 is pos-
sible, we would have the following,

. 1 .

D, (A) = D,(0)+ D, (0)A+ —Q-DZ (0) A?
171 .

= Da(0) - 5. (008 - 5 (5554 () A%

Since = 5%, (po) behaves like —27C it seems reasonable to replace this term in the

above expression and expect the following to hold,
D, (A) = Dp(0)— S, (0)A +rCA?
= Qn (A)

In keeping with the tradition of rank-based estimates, it is this closeness between
D, (A) and @, (A) that needs to be characterized.
To begin with we will state the results that we want to obtain. We will say

that we have asymptotic linearity (AL) if for all A € R the following result holds,

S (A) = 8, (0)+2rCA -5 0. (2.2)
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Secondly, we will say we have asymptotic uniform linearity (AUL) if for all ¢ > 0

the following result holds,

sup [Sn (A) = 8, (0) +2rCA| 25 . (2.3)
jalge

Lastly, we will say that we have asymptotic uniform quadraticity (AUQ) if for all

¢ > 0 the following result holds,

IsTp |Da (A) = Qn (A)] 25 0. (2.4)
AlLce

In their 1988 paper Heiler and Willers (1988) show that (2.2), (2.3), and (2.4)
are equivalent in the context of linear regression. Due to the linear nature of the
AR(1) process, this result can be expected to hold. In fact, upon examination of
their proof of the result it is apparent that their is nothing specific to the linear
regression model that is needed. The proof exploits the convexity of the functions
under consideration. However, for the sake of completeness, we will present the

theorem and proof given in Heiler and Willers (1988) in the context of the AR(1).

Theorem 2.6.8 Under M1, M2, E1, E2, and W1; AL, AUL, and AUQ are equiv-

alent.

proof. Following Heiler and Willers, we first show that (2.2) implies (2.4). To
begin with, let A € (0,1), A; € R, and A, € R and note that the following

derivations show that D, (A) is a convex function of A,

A+ (1 - )\)Az)

1
D (M1 +(1-X)4y) = =D (p0+ 7
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= 71—7,D (PO'*'/\PO—APO'*‘/:/'—A,,: +(1 ‘:/—/:I)A2>
e g )

since D, (p) is a convex function

= ADy (A1) +(1-2)Da(A).

Additionally, since @, (A) is a quadratic function it is also convex. Thus, both
D, (A) and @, (A) are convex functions of A. Furthermore, both D, (A) and
Q1. (A) are proper convex functions since each is defined on the open set C = ® and
each is everywhere finite on C. Next, consider the gradients of both D, (A) and

Qqn (A). The gradient of D, (A) can be shown to be —S, (A) almost everywhere

as follows,
d 1 A
VD, (4) = IAn <P0+7—5)
1d A
= naa? (f’°+ﬁ>
= ! -S +—A— . a.e
T on Tt Tm n
1 A
= —-—?S + —
3 Po \/ﬁ)
= "’Sn(A)

Since @, (A) is a quadratic function the gradient follows immediately,

VR (8) = o% (D (0) = 5. (0)A + 7CA?)

= -5,(0)+27CA.
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Combining the last two results yields the following,
VD, (A)~VQr(A) = —[Sa(A)—S5,(0)+27CA]. (2.5)
Since Theorem 2.5.1 and Lemma 2.5.6 imply that the right hand side of (2.5) is
0p(1), we have for all A € R,
VDL (A) = VQu(A)+0,(1). (2.6)

Now, if we were to integrate both sides of (2.6) it would seem reasonable to expect

that for a specific A the following,
Dy (A) = Qn(A)+o0y(1).

However, this is not enough since we need the result to be uniform for all A
satisfying |A| < e.

To prove uniformity proceed as follows. Let N = {1,2,...} andlet Ny C N
be an arbitrary infinant index set. Also, let C’' denote the set of rational numbers.
Since C' is countable we can define C' = {A,} to be the sequence of rationals.
Now, for n € N, Theorem 2.5.1 implies the following,

Sa (A1) = S, (0) +2rCA;, 25 0.
By Theorem 2.6.6 there exists a N} C Ny such that for n € N, we have,
Sa (A1) — Sa (0) +2rCA; 255 0.

For n € N, a second application of Theorem 2.5.1 yields,

Sa(Ds) = S, (0) +2rCA, 25 0.
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Again, Theorem 2.6.6 implies there exists a Ny C Ny C Ny such that for n € N,
we have the following,
S (A2) — Sa (0) +27CAy 225 0.
By Theorem 2.6.7 and the fact that Ny C N; we also have for n € Ny,
wpl

Sn (Al) - Sﬂ (O) + 2TCA1 — 0.

Continue in this fashion so that on the #** application of Theorem 2.5.1 we have,

forne N,
Sn (Ai) — Sa (0) +2rCA; 25 0.

Then, Theorem 2.6.6 implies that there exists a N; C ... C Na C N, € Ny such

that for n € N;,
Sa (A;) — 8, (0) +2rCA; 225 0.

Furthermore, by Theorem 2.6.7 and the fact that N; € ... C N3 € N; C Np we

have forne N;and j =1,2,...,1,
S, (A;) — Sa (0) +2rCA; 225 0.

Now let 7i; be the ith element of N;. Since ...C N;C N;.,; C...C N C Ny C N
and each N; is an infinant index set we have that ; < np < ... < n; < ...

-~

Now, define the following infinant index set, N = {f,, ft,..., 7, ...}. It should
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be noted that by definition of N,N C Ny C N where Ny was an arbitrary infinant

index set. By the construction of N we now have for n € N and for A € C',
S.(A) = S, (0) +27CA 2B 0. (2.7)
Now define the following functions of A,

H, (A) = Dy (A) — Dy (0) + S (O)A

TCA%

H(a)

It follows from the convexity of D, (A) that H, (A) is a proper convex function of
A. Since H (A) is a quadratic function it too is a proper convex function. Using

the definitions of H, (A), H (A), and @, (4) it follows that,

D, (A) -~ Qn (4)
= (Ha(A)+ Do (0) = 52 (0)A) = (Da (0) - 5, (0)A + 7CA?)

= H,(A)— 1CA?

il

H,(A) - H(4).
Thus, it follows that,

VDn (A) - VQn (A) = VHn (A) ~VH (A)

= —[5:(4) - 5a (0) +27CA.
It now follows from (2.7) that for n € N and for A € C' we have,

VH,(A) 225 VH(A).
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Hence, outside of a set with probability zero we have for n € N and for A € C',
r}Lr& VH,(A) = VH(A).
Since H, (0) = 0 it follows that for n € N,

lim H, (0) = H(0) =0.

n—o0

Thus, off the set with probability zero, Theorem 2.6.5 implies that for n € N and

forAeC =R,
Jim H,(A) = H(A).

Furthermore, off the set with probability zero, Theorem 2.6.5 implies that for

neN,

lim sup |H, (A) - H(A)| = 0,

ﬂ-’mlAIsc

where ¢ > 0. Thus, for n € N,

sup |H, (A) = H(A)| 255 0.
[A|<e

Since N C Ny C N and N was arbitrary, Theorem 2.6.6 implies that for n € N,

sup |H, (A) - H(A)| 2 0.

lalge

Since H, (A) — H(A) = D, (A) — Qn (A) we have shown that,

sup |Da (A) = @ ()] = 0.
jAlZe
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This completes the proof of AL = AUQ.
Next, we would like to show that (2.4) implies (2.3). Define N and Ny as

in the proof above. Now, (2.4) implies that for n € N and for A € R,
D, (8) 5 @Qu(d).

Now repeat the same “diagonal” argument as above except replace the linearity
piece with this quadratic piece. In doing so, for an arbitrary infinant index set

Ny € N we can construct another infinant index set N C Ny C N such that for

neNand AeC,
1

Dn (A) - Qn (A) _uip_) 0.

Letting H, (A) and H(A) be the same functions defined above we have forn € N

and A € C',
H,(A) 225 H(A).
That is, outside of a set with probability zero we have for n € N and A € C,
nli)[{.lo H, (A) = H(A).
Now, off this set of probability zero, Theorem 2.6.4 implies that for n € N and
A eC =R,
,.lifgo VH,(A) = VH(A).
Hence, for n € N and A € C we have,

VH, (A) 225 VH(A).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



86

Furthermore, Theorem 2.6.4 implies that for ¢ > 0 and n € N,

sup [VH, (A) - VH(A)] & 0.

fal<e

Since N € Ny € N and N, was arbitrary, Theorem 2.6.6 implies that for n € N,

l51|1p IVH, (A) - VH(A)] £ 0.
Al<c

By definition of H, (A) and H(A) we now have,

VH,(A) - VH(A) = VDn(A)~ V@ (A)

Thus, we have shown that,

sup |8, (A) — Sa (0) +27CA| 2+ 0.

lal<e
This completes the proof of AUQ = AUL.
Lastly, we need to show that (2.3) implies (2.2). However, since ¢ > 0

in (2.3) is arbitrary, the proof is trivial. Hence, AUL = AL. O

2.7 Asymptotic Normality of the Estimate

We are now ready to derive the asymptotic distribution of the estimate, p,.
In this section it will be convenient to change notation by letting A = v/n (p — po)
where py still represents the true parameter for the AR(1). Substituting this value

of A into the functions defined in Section 2.6.3 and thinking of these functions as
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functions of p instead of A we obtain the following,

Dals) = =D ()

Salo) = —cS(p)

nz
Qn(p) = Dy (po) — V/1Sx (po) (P~ po) +n7C (p~ po)*.

For the sake of reference the asymptotic uniform quadraticity result can be re-

stated in terms of the above notation as,

sup  |Dn(p) = Qu(p) = 0, (2.8)
[VA(p—po)l<c

where ¢ > 0 is arbitrary.

Now, taking the derivative of @, (p) with respect to p yields,

Q. (p) = —/nSu(po) +2n7C (p— po)-

If 4, is such that @', () = 0 then pp denotes the value of p for which @y (p) is

minimized. It follows that,

- 1
Pn = p0+2\/ﬁ1“c Sr. (Po)-

Equivalently, g, is such that,

Vil =) = 5=C7'Su(po). (2.9)

Because j, depends on the true value of the process, g, is not a statistic. However,

we can still derive its asymptotic distribution. In Section 2.4 we showed that,

n 2
5. (o) -2 N(O, ”";”‘). (2.10)
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It follows (see Serfling (1980, pg. 19)) from (2.9) and (2.10) that,

Vil =p0) 2 N(0,5C" (ho2) ). (211)

Since convergence in distribution implies bounded in probability (see Ser-
fling (1980, pg. 52)), it follows that \/n (5, — po) = O,(1).

Now consider the estimate, p,. We want to determine the asymptotic dis-

tribution of /7 (fn ~ po). Adding in and subtracting out p, within this expression

yields,
\/H(ﬁn - Po) = \/ﬁ(ﬁn - ﬁn) + \/ﬁ(ﬁn -

If we can show that /7 (4, — fr) = 0p(1) then it will follow (see Serfling (1980,
pg. 19)) from (2.11) that,
V(i —p) 2 N(0,=5C (02) C7).

The fact that /7 (g, — fn) = 0p(1) is given in the following theorem. The proof
of this theorem is due to Jaeckel (1972). Jaeckel first proved the result in the
context of the linear regression model. However, upon examination of Jaeckel’s
proof, there is nothing unique about the linear regression model that is required.
Thus, because of the linear structure of the AR(1), this result can be expected to
hold. For the sake of completeness, we will present Jaeckel’s result and proof in

the context of the AR(1).

Theorem 2.7.1 Under the conditions of Theorem 2.4.2 we have,

V(o — fn) = 0p(1).
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proof. Choose £ > 0 and § > 0 and let g, = min, Q, (p). By (2.11) we have that,

Vil —pm) 2 N (0,550 (siod) ).

Since convergence in distribution implies bounded in probability (Serfling, 1980,
pg. 52), we can apply the definition of bounded in probability to the quantity -ﬁ-

and find a Ny = Ni(6) and B; such that,
N )
P Vel ~pl 2 Bs| < 3,

for n > N;. If we let E; = {w: Vn|pn(w) — po| < Bs} then for n > N, we have

P[Ef] < §. Now define,
T. = min{Qu(p): Valpa— pl = €} — Qn (5n)-

At first, it appears that T; depends on n. However, it can be shown that T, = 7Cs?
so that T. does not depend on n. For the multivariate case, T, = rC*c? where
C* is the minimum eigenvalue of the matrix C (Hettmansperger, 1984, pg. 278).
Secondly, since gy is the unique minimum of @, (p) and /1 |p, — p| =&, we have
that T, > 0. Since T, > 0 and is free of n we can apply the AUQ result given
by (2.8) with ¢ = B;+¢ and T; and find a Ny = Nj(e, d) such that forall n > N,

we have the following,

P[ sup ID,.<p)—Qn<p)|z€i] <$
Al

p—po|SBs+e

If we let

T,
Beo= {us s ID.(win) = Quinll < 5,

Vilp—po|<Rs+e
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then we have for n > N,, P[E§] < % Now let N* = N*(¢,6) = max(Ny, Ny).
For arbitrary sets A and B, standard probability arguments can be used to show
P[ANB] >1— P[A] - P[B€. Thus, for n > N* we have P[E1 N E} > 1 4.

That is, for n > N* we have the following,

p [{w : V| pa(w) — pol < Ba}”

{w: sup |Dn<w;p)—Qn<w;p>|<%}]21—6. (2.12)

Valp~pol< Bs+e
Next, define P, = {p: /7 |pn — p| =€} and let p € P, and w € E; N E,. Since

w € E; N E; it must be true that v/n|g,(w) — po] < Bs < Bs + <. Hence,
~ - T,

| D (w3 pn(w)) = Qn (wi (W) < 5

Using just the upper bound on the above inequality we get,
. . T,

Dy (i pn(w)) £ Qa(wifn(w)) + -

Next, since p € P and w € E| N E; the following inequality is obtained,

Vvrlp—pl = V1 |p~ pn(w) + pa(w) = pol
< Valba(w) — pol + VvV |pa(w) — pl

< Bj+e.
Thus, from the E; part of (2.12) we have for w € E; N E; and p € Py,

IDa(wig) = @uwin)] < =
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Now use the lower bound of this inequality to get,

Qn (w; p) — Z;' < Du(w;p).

Hence, p € P, and w € E, N E, imply w € F; N F, where,

R = {U) : Dy (W; ﬁn(w)) < Q@n (UJ; ﬁn(w)) + 225‘} and

F, = {w : Dn (w5 p) 2 @ (wi p) — %}

Since it is true for arbitrary sets A and B that A C B implies that P [A] < P[B]
we must have that for p € P, and n > N*, P{[FinF,) > 1 — 4. Now, when
w € Fy N F, the defintion of T, implies the following,

¢

Dn(W;p) 2 Qn(W;p)_'—i’
1.

> i i) — =
nin Qn (wip) = 5
- T:
= Quian(@)+T- 5
. T.
= Qn(pn(w)) + 9
> Dy (w; pn(w))-
Thus, we see that p € P, and w € F N F, imply w €
{w: D, (w; p) > Dy (w; pn(w))}. Thus, for n > N* and p € P we have,

P{w: Dy(w; p) > Dn(w; pn(w))}] > 1-4.

Finally, let P = {p:nlpn—pl 2 €}. fw € {w: Dn(wip) > Do (wiba(w))}

and p € P, then the convexity of Dy (p) implies that for n > N*,

P{{w: Dp(w;p) > Do (w; pn(w))}] 2 1-4.
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That is, if p € Py then Dy, (p) > Dy (pn) with high probability. However, since
D, (pn) > min, Dy (p) = Dp (pn), pn must be in Pj, with high probability. That

is, for n > N*,
P [{w . \/ﬁ|ﬁn(w) - [)n(w)| < 5}] > 1—4.

This proves that /1 (p, — fn) = 0,(1). O
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CHAPTER III

ESTIMATION OF p USING RANDOM WEIGHTS

3.1 Defining the Estimate

Consider the AR(p) given by (1.1) and (1.2). That is, assume the obser-

vations of the process can be modeled as,

X, = a+ PIXi—l + pg;\’,'._uz +...4+ ppl\.i_p + &
= a+Yi_p+e; i=12,...n,
where p > 1, Y| = (Xizt, Xi=2y .-, Xizp)y P = (p1, P2, ---,Pp), and Y is an

observable random vector independent of €,¢&,...,6,. Additionally, assume the

g; are iid F and the solutions to the following equation,
XP—p XP ' —ppXP 2. —p, = 0,

lie in the interval (=1, 1). This condition is equivalent to assuming the process is

stationary.
Following section 1.2 the proposed estimate of p will be the value that

minimizes the dispersion function,

D(p) = Y. bijlei—e;l
1<i<j<n
= Z b,‘j I(‘Yi - f\’j) - (Yi—l - Yj—l)’pl :
1<i<j<n
93
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Again, the b;; denote weights used for the (i, j)** comparison. Alternatively, one

0

i

can view the estimate of p as an approximate solution of the equation S(p)

where,

S(p) = -VD(p)

= 2 ¥ b (V- Vi) (wledoheslo)) ~ 3)

1<i<j<n
and g(u,v) = -S-gllﬁ”—;—'i)-"'—l = I(u < v) except at those points where the gradient
does not exist. The equation is approximate since S(p) is a simple function that

changes values whenever p crosses one of the 2(112:_11 hyperplanes (Naranjo, 1989),
H,‘j = {0 € .SRP : X,’ - 1\']' = (Y,'_l - Y,-_l)'B}.

In this chapter the weights will be considered random. For instance, the
bi;'s are random when b;; = b(Y;_;,Y;_;). Random weights are useful in situ-
ations when one desires the data to determine the weights. This may occur in
problems where the observed time series is very large and or there is no a-priori
knowledge of outlying observations. Typically, weighting schemes are chosen such
that observations that deviate from the “center” of the data are downweighted
while those observations that are consistent with the bulk of the data are left
alone. Thus, the weighting function usually depends implicitly on some robust

measure of location and scatter.
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3.2 Assumptions for the Asymptotic Theory

We begin this section by stating a list of assumptions that will be needed

for the asymptotic theory of the estimate. Assumptions denoted with a “M"

represent conditions pertaining to the model, assumptions denoted with an “E”

represent conditions on the error distribution, and assumptions denoted with a

“W” represent constraints on the weights.

Mi1.

M2.

M3.

El.

E2.

Wi.

X;i=a+pXi-t +p2Xie+ ...+ ppXip + € where i = 1,2,...,n and

p21
The roots of X? — py XP~! — p,XP~2— ... — p, =0 are in (-1,1)
Y, is an observable random vector independent of £, €, . . ., £, and is such

that E [||Yo]|*] < oc.

£1,€9,...,En are iid F random variables with E[¢;] = 0 and E[¢?] < oc

The density function, f, of F' is such that f is absolutely continuous, f >0

a.e., and f has finite Fisher Information

bijj=h (Yi_l; ?),.) h (Yj-l; én) where ?),, represents an estimated parame-
ter vector that contains the elements of fi, and the upper triangular portion

of fJ,,.
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W2. i, and £, are robust measures of location and scatter for {Y;;} such

that \/7 (i, — pt) = Op(1) and /7t (£, — T) = O,(1) for some p and =
W3. his twice differentiable

W4,

-

|D® b (Y N <B: k=01

W5.

%)

”D‘"’h(Y;-)Y}”gBQ; E=0,1,2 {=1,2,...,p
W6. E[R(Y;)Y]=0

W7. The number of elements in {h(Y),h(¥Y1),...,A(Y n_1)} such that

h(Y;) # K is at most [n"] where r < %

We now consider some comments concerning the above assumptions. First,
under assumptions M1 and E1 it is well-known (e.g. Abraham and Ledolter (1983,

pg. 207)) that the mean of the process is ux = E[Xi] = ;52— and the

az

—Ci1f1—C202—-"—CpPp

variance of the process is 02 = V[X{] = 7 < oc where ¢; denotes
the lag i correlation coefficient between X; and X;_;. If we define the “centered”

process as X§ = X; — ux and rewrite the model in terms of the centered process

we get the following,

Xf+px = a+p(XL) +px) + oA Xy +px) +oo+ (X +x) + &
= a+(p+p+ +p)( = )+
: T\l

PX X+ X, e
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a
= + 00 XS +p X+ ...+, X &
P — Priip T P29 Ppti-p

Hence, rewriting M1 in terms of the centered process yields,

Xi = pXLi+pXi+.. . +ppXi, +ei

= p,YI?—l +€i- (31)

Note that the p in the centered model is the same p that appears in the non-
centered model. Thus, since we are primarily interested in the estimation of p,
one can assume without loss of generality that the process has a zero mean. That
is, without loss of generality, one can assume E[X;] = 0. For convenience in

c
3

subsequent discussions we will drop the Xf and Y{_; notation and just write X

and Y;_; (keeping in mind that E [X,] = 0).

Although the estimation of p is our primary concern, a couple of comments
concerning the estimation of « are in order. In practice, one should first center
the data with an unbiased robust estimate of location, fix. Then, using the
proposed estimate, one can fit (3.1) to obtain a p,. Once an estimate of p has
been determined define the residuals as & = X; — p,Y;-;. Since M1 implies

Xi —p'Yi_, = a+¢;, one can fit the model &; = a + ¢; using a robust estimate

of location to obtain an &,. Since puy = T_—m-—p‘;—-————p-, one may also consider
- —eae™™ p
Gn = fix (1 = Pn1 — Pn2 — - .. — Pnp) as an alternative estimate.

Now consider the conditions on the weights. Let 6 denote a vector analo-

gous to 6, that contains the corresponding elements of g and . Then, assump-
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tions W1, W2, W3, and W4 can be used to show the following,
bij (Yo, Yjo1:0n) ~ b5 (Vi1 Yoi30)| < K |8, - 6

- o)

where the convergence is uniform in (i,7) and K = 2B?. This will essentially

allow us to assume that the weights are only functions of ¥;_, and Y-, a con-
dition that is needed in order to apply a theorem given by Koul (1991). Secondly,
since h is twice differentiable, it follows that both A and Dh are continuous and
differentiable. That is, h and Dh are both “smooth”. Now consider the following
function, ¢ (Y) = A(Y)N'Y. This function will play a critical role in proving
the main result of this section. It follows from W3 that D?g exists so that ¢
and D¢ are both “smooth”. Next, the bounds given in W4 and W5 imply that
¢, D¢, and D?¢ are all bounded. As we shall also see, some of these bounds
are required in order to apply a result by Koul (1991). In addition, Naranjo
and Hettmansperger (1994) use W5 to obtain a bounded influence function in
the classic linear regression model. Although the influence function will not be
considered in this paper, it is conjectured that the influence function for the pro-
posed estimate and model will be bounded under assumption W5. Now consider
the expectation given in W6. This assumption was also used by Naranjo and
Hettmansperger (1994) in their proof of the influence function. It is implied if
Y has a symmetric distribution and h is an even function. Alternatively, it is

implied if h is constant and Y has mean zero. In what follows Y will typically
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denote a value of Y;_; and or a p x 1 vector of ¢;’s. Hence, a symmetric distri-
bution for &, and an even h implies W6. Lastly, W7 implies that only a certain
number of A (Y ;_1;-)’s are allowed to deviate from K. Although this assumption
may be argued from a practical point of view, it is somewhat “stringent” since it
depends on the observed data. For instance, if one designs h in such a way that
h(Y;-1;-) # K when Y;_, is say six standard deviations from the “center” then
this assumption is probably realistic. It should be noted that this assumption
is only used in an alternative, much simpler, proof of the asymptotic normality
of the estimate. The smoothness assumptions and bounds given in W3-W6 are

preferred over W7.

Now consider the functional form of A. Typically % is defined as,
R(Y) = R (IY],),

where ||Y||, = (Y — u) &' (Y — u) denotes a “statistical” distance. Examples

of h*’s that satisfy the above assumptions are given by,

h* (y) = m-zg)—m' and
Q

S ) e )

where a, b, ¢, d, and m are suitably chosen constants. It should be noted
that these choices for A* yield “smooth” analogs to the h used by Naranjo and

Hettmansperger (1994).
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Finally, E2 implies that f is uniformly bounded, uniformly continuous, and
T = [, f3(t)dt is finite (see Lemma 2.2.1). Additionally, M2, M3, and E1 imply
that any finite linear combination of the X's has a finite second moment. As a

special case, we have E [X?] = E[X?] < c<.

3.3 Some Preliminaries

3.3.1 Ergodic Theory

In order to prove the asymptotic normality of the estimate it will be nec-
essary to invoke a “law of large number” type theorem. Since the sums we will be
dealing with do not contain independent terms the classical “law of large number”
theorems are not applicable. However, a more general theorem called the Ergodic
Theorem, can be used to handle such situations. Therefore, in this section we
briefly state some definitions and theorems (without proof) pertaining to Ergodic
Theory. The following overview is a selected summary from Sections 24 and 36 of
Billingsley (1995).

Let us begin by stating some definitions. The first definition can be found

on page 311 of Billingsley (1995).

Definition 3.3.1 Let (Q, F, P) be a probability space. A mappingT : Q@ — Q
is a measure-preserving transformation if for each F € F, T-Y(F) € F and

P[T~'(F)] = P[F].

It should be noted that if T is measure-preserving then it follows from the defini-
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101
tion that P[T-"(F)] = P[F] for n > 0. Furthermore, if T is invertible then T is

measure-preserving. The next two definitions can be found on pages 313 and 314

of Billingsley (1995).

Definition 3.3.2 The F-set F is invariant under T if T-'(F) = F. Further-

more, it is a non-trivial invariant set if 0 < P[F] < 1.

Definition 3.3.3 T is ergodic if there are no non-trivial invariant sets in F.

The last definition can be found on page 314 of Billingsley (1995).

Definition 3.3.4 A measurable function g is invariant if 9(T(w)) = g(w) for all

w € Q.

We now have the terminology to state the relevant theorems. In what
follows let & = (...,&4-1,€t €t41,- - -) denote a sequence whose origin is at the
position occupied by ;. Furthermore, let ¢ : #° — R be a measurable function.
Then we have the following theorem, which is given as Theorem 36.4 on page 495

of Billingsley (1995).

Theorem 3.3.1 If & = (...,6-1,€0:€1,...) i Stationary and ergodic, in par-
ticular if the g, are #d F, and Wy = (&) then xo = (..., W_, Wy, W,...) is

stationary and ergodic.

proof. A discussion of the proof can be found on page 495 of Billingsley (1995).

0
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102
As an application of this theorem consider the AR(p) given by M1, M2,

and M3. Since the ¢; are assumed iid F, & = (..., -1, €, €41, - - .) is stationary
and ergodic. Now, it is a well-known fact (Fuller, 1996, pg. 59-61) that the

observations of an AR(p) can be written as,

(oY
Xy = Z'bké't—ky

k=0

where {yy} are real numbers that satisfy ¢o = 1 and 22, || < oc. If we
let B_; denote the backwards shift operator (i.e. B_g (&) = £-¢) and define

¢ (€) = T2 Yk Bk (€) then it follows that,

o0
X = ) e

k=0

= S B (&)

k=0

= ¢(&).

Thus, Theorem 3.3.1 implies that an AR(p) is stationary and ergodic.

Now consider another measurable function, ¢ : R — R. If Z; is such
that,

Z, = ¢(.- s Xeet, Xty X1y .- 4)
= ¢(xt),

then Theorem 3.3.1 implies that {Z,} is stationary and ergodic. Hence, we see
that a sequence of random variables defined in terms of the AR(p) process is again

stationary and ergodic. This is the result that essentially allows us to apply the

Ergodic Theorem to various sums whose terms are functions of the AR(p) process.
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The Ergodic Theorem is stated as Theorem 24.1 on page 314 of Billings-

ley (1995).

Theorem 3.3.2 Suppose T is a measure-preserving transformation on (2, F, P)

and g is measurable and integrable. Then,

1 Zn:g (TF'w) B §(w)

k=1
where § is invariant and integrable and E[§] = E|g]. If T is ergodic, then g =

E [g] with probability one.

proof. The proof is given on pages 317-319 of Billingsley (1995). O

3.3.2 Useful Lemmas

We now present some lemmas that will be critical to the proof of the
asymptotic linearity result. In what follows define €; (p) = X; — p'Yi—1. If pg
denotes the true parameter vector then ¢;(p;) = €i. Now define the following

function,

Walzp) = + 37 (¥i)I(elo) S 2),

i=1
where v : R» — R. W, is essentially a randomly weighted empirical distribution

function. The following theorem is given in Koul (1991).
Theorem 3.3.3 Assume the following conditions hold,

1. Xi=p'Yi1+e&;, 1<1<n
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2. v is a bounded function

3.z maxigicn [|[¥io1ll = 0p(1)

4 2 Zh Y (Yim) Yicll = Op(1)

5. F has a uniformly continuous density f with f >0 a.e.

Then, for any 0 < b < oc,

SUPzem, | All<b l\/ nW, (-"c, Py + 7A,7) - W, (z, p)

—A'(LTm 7 (Vi) Vi) £ (2)] = 0p(1).

proof. The proof is given in Section 2.2 of Koul (1991). O

A few comments concerning the assumptions of this theorem are in order. Under
assumptions M1-M3 the model assumption (assumption 1) is trivial. In our appli-
cations of this theorem, v will typically be defined as v (Y ;—;) = h (Y ;—1) and or
¥(Yiz1) = h(Yio1) Xi=k, £ =1,2,...,p. Thus, assumptions W4 and W5 imply
that v will always be a bounded function. Now, using Lemma 2.3.3 one can show

the following,

1 1
W max [[Yiall < \/ﬁ% ,Jax | Xil
= o0p(1).

Hence, the third condition is satisfied. When v(Y;_1) = A (Y ;-1) W4 implies

the fourth condition. Furthermore, when v (Y ;—1) = h (Y i=1) Xi—x W5, the finite
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second moment assumptions, and the Ergodic Theorem imply the following,

1 1 & .

Y)Yl = -3 1A Fen) Xl [Vl
i=1 i=l

B n

=Yl

i=1

= BE[[|Yofl] + 0p(1)

IN

= 0,(1).

Therefore, in both cases the fourth condition of the theorem is satisfied. Lastly, E2
and Lemma 2.2.1 imply that f is uniformly continuous. Thus, all of the conditions
of the theorem are implied by the assumptions given in Section 3.2. Therefore,
we will be able to apply this theorem when applicable.

The second result is a direct consequence of Lemma 2.5.3 and is thus given

as a corollary.

Corollary 3.3.1 Under assumption E2 and the finite second moment assump-

tions we have for all A € RP,

max = 0p(1).

1<i<n

f <€i - _}—EA,Yi—l) - f (&)

proof. Let &,; = 7‘;A'Yi_1. Then Lemma 2.3.3 implies max;<i<n |€n:] = 0p(1)-
Since E2 and Lemma 2.2.1 imply f is uniformly continuous, Lemma 2.5.3 implies

the result. O
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106
3.4 The Asymptotic Distribution of the Gradient
The purpose of this section is to derive the asymptotic distribution of the
gradient, S, (p,), where p; denotes the true autoregressive parameter vector. As
was done in Section 2.4, martingales will be used to prove the result. However, be-
fore we begin we will state some notation and lemmas that will be used throughout

the sequel.

3.4.1 Simplifying Notation

Some notation that will be used throughout the remainder of this section

is stated here for the sake of a convenient reference.

V(L)

P P2 --- Pp-1 Pp
1 0 ...0 O 0
P= ]9 1 ...0 0 |-& =10

(0 0 .1 0) \ 0
hion = h(Yia)

gict = ¢(Yio) = A(Y i) MY iy

Ui = I(ej L&)~ F(e)

.
I = Y Pe;, wherei<j

r=0

c = C(Y,'_1) = Pj—iY,‘_l'f-Pj—i—IEi where ¢ <j
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3.4.2 Preliminary Results

We begin by proving two lemmas pertaining to the matrix P. These lem-
mas will be used (sometimes without mention) throughout the proof of the main

result of this section.

Lemma 3.4.1 Let )\;, i = 1,2,...,p, denote the eigenvalues of P and define

Ay = max; |\;|. Then, A, < 1.

proof. Direct computations can be used to show the following (e.g. Fuller (1996,

pg- 60)),
det(\I - P) = (,\p —p Wl g —p,,) (~1)*".

Equating the above expression to zero and solving for A yields the eigenvalues of

P. However, the roots to the following equation,
XP — p XP7! —e=ppi X —pp = 0,
lie in (—1,1) by assumption. Thus, it follows that Ay < 1. O

Lemma 3.4.2 Let k > p and define P,-(]-k) to be the (i, 7) entry of P*. Then there

exists a K such that P,-(J-k)l < K/\',f, for1 <i,5<p.

proof. Note that P is a p x p matrix. Thus, by Schur’s Theorem (Goldberg (1991, -
pg. 292)) there exists a unitary matrix U and upper triangular matrix T such
that P = UTU?". Furthermore, it follows (e.g. Goldberg (1991, pg. 294)) that

the diagonal elements of T are the eigenvalues of P. It follows immediately from

- —e— o
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the above equality that P* = UT*U". Now let Uij, t(k), and uf; denote the (i, 7)
entries of U, T, and U™ respectively. Then, the (i, j) entry of P* can be written

as.

P P
(k) = Ezum t(lll:)ub_y

a=1 =1

t

Now let Ci; = max,p umu,ul and £y = maxg
k
'Pi(j) < p’Cijtu.

Next, consider the matrix T' and a related matrix S (§) where § > 0,

(
A b2 tis ... tip \ { é ltml lt13l - |t1p| \
0 Ao laz ... fgp 046 |t23‘ .o |t2p|
T = |: : . |, s0) =
0 0 0 ... tp~1p 00 0 - ltp—l,pl
... ... &
\ 0 0 O /\p / \ 00 0 /

respectively. It follows (e.g. Goldberg (1991, pg. 340)) that for & > p,
p—1
S*(6) = &I+ Y Cés*28°(0),
a=1
where C* represents the usual binomial coefficient. Furthermore, it can be shown

(e.g. Goldberg (1991, pg. 341)) that,

i) < o,
where t% and s¥ denote the (i, j) entries of T* and S* (§) respectively. Let us
ij ij

now consider the (4, j) entry of S* (),

p—
31(:) — B()(sk‘*' chak-—a (ﬂ)(o)

a=1
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= Bol* +CEs(0)5716% + - + CE_ 587V (0)5 gk,

where By = 0,1 according to i # j or i = j. Next, consider the term
6““3$§’(0)Cf6". Assuming § < 1 L'Hopitals rule can be used to show that

Ck5* — 0 as k — oc. Thus, there exists a Bijq such that 55 (O)C,’fé"i <

Bijo. Now let § = -,\#:4- where 0 < b < Ay < 1 and Ay represents the maximum

(in absolute value) of the eigenvalues of P. Recall that Lemma 3.4.1 implies that

Au < 1. Hence, it follows that,
67252 0)CEY < Biahy

Let us now return to the (4, j) entry of §* (4),

lsg) = IB"‘Sk +CEsD(0)6718% + - + C,’f—lsg-’_l)(o)é‘(v—l)ak‘
< |Bod| +|CEs (08718 + -+ |Ch s (0)5~F 8

< (Bo+Bij+---+ Bij,p._l) /\:,.

It now follows that,

] < |s§'] < By sav
Now define B = max;; B;; and C = max;; Ci;. We then have the following,

|Pi(f) < pCijtu

< p*CBX;

IA

KXt say.
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This completes the proof. O
Now let k+1 < [—1 and consider the random variable ¢ (Y ;). Exploiting
the iterative nature of the AR(p) and applying a multivariate version of the Mean

Value Theorem (e.g. Theorem 40.4 of Bartle (1964, pg. 365)) yields the following,

¢(Yio) = ¢(P7*Y +ri—l)

= ¢(T5L) + Do (€)' ek,

where &, lies on the line segment connecting Y, = ¢; + Iy and I That
is, & = ¢ + l‘f;*_‘l — Xe; for some A € (0,1). It will be helpful to view §;, as
& = Eu (Yk_l;I‘f:l). Hence, we will view Dy (€,;) as a function of Y,_;. In
doing so, consider the point point where Y, = —P " 'e,. When Y_, attains
this specific value ¢x = 0. Recall that Dy (&) is motivated from an application
of the Mean Value Theorem on ¢ and the points ¢ + '} and T'k}'. However,
when ¢, = 0 the expansion is not necessary. Therefore, when Y, = —P7'g
we essentially have a “removable singularity”. With this in mind, it follows from
the continuity of ¢ and ¢ that Dy (&) is a continuous function of ¥'x_;. This

fact is also implied by the following lemma.

Lemma 3.4.3 Dy (€,) is differentiable with respect to Yx_, and the derivative

1s uniformly bounded.
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proof. Recall the relationship obtained by an application of the Mean Value

Theorem on ¢,

i

¢ (Y1) ¢ (ce +T3))

= (rk+1) + Dy (€)' ck
Equivalently, we may write,
De(t) e = ¢(a+TE)) - ¢ (TEY) -

Because W3 implies that both ¢ and ¢ = P FY .+ P"% g, are differentiable
with respect to Y_, it follows from the “removable singularity” comment that
¢ (&) is differentiable with respect to Y'x_,. Now, taking the derivative with

respect to Y;_; of both sides of the above equality yields the following,

d
dY ¢,

(Dy (€)' ) = (dyfi_ Dy (ﬁkl)) cx + P Dy (§u)

= P“*Dy (ck + rk+1)

Hence, it follows that,

(dyfik_ngo (g“)) e = P (D (ck + I‘lc+1) Dy (sz))

= Pk (D (Ck + rk+1) Dy (Ck + I‘ﬁ;‘l - /\ck)) .

Now, applying a mean value type theorem for a vector valued function (e.g. The-

orem 40.5 of Bartle (1964, pg. 366)) yields the following inequality,

= |P"*(Dg (e +TEL) - Dy (e + Tigh = Aei))|

d
D c
“dYk—l <P(Ekz) k
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< |p-* | D¢ (e +Ti5Y) — Dy (e + T — dex |

< P | D¢ (i) A

lexll -

< Pl-kl D2 ~

Recall that the above result holds for all ¢, # 0. Since Lemma 3.4.2 implies
that “P“"” is bounded and assumptions W4 and W5 imply that D?%g is bounded

is bounded. That is, the

. . — d
it follows upon letting ¢x = 1 that ”d-Y:Dcp (&xr)
derivative of D¢ (§,,) with respect to Yx_, is uniformly bounded. O

Next, we state and prove two results that are needed in the proof of the
asymptotic distribution of the gradient. Although both of these results can be

used, only one is actually needed. The first result utilizes W1-W6 whereas the

second result uses W7.

Theorem 3.4.1 Assumptions M1-M3, E1, and W1-W6 imply the following,

ibijAIYi_], (I (Ej < Ei) - F(El))

13=1

W

Sn2 (Po)

-

2
3
ni

p(1)-

I
[~

proof. Start by writing Sp2 (py) as a sum of three components,

2 n n

Swa(po) = —72 L bNYir(I(ej < &) ~ F(e)

n2 = j=t

= 2) (Z+Z+Z) (b;;A'Y i— (I (g5 < &i) — F (€4)))

i<j =7 i>7

= Spo1 + Spnz + Snaz say.
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We will show that S5, = 0,(1) for £ = 1,2,3. Consider Spj, first. Since 7 = j

the Ergodic Theorem and the bounds for ¢, h, and F imply the following,

2 RV NY (1~ F ()

i=1

Sn22 =

MIH

2
— Yi)h(Yio) (1 - F (s
75 gw( (¥i) (1= F ()

o(1) (Ele (Yo) h(Yo) (1 = F(1))] + 05(1))

l

= o0p(1).

Now consider S,5;. Using the notation defined above write S;q; as follows,

2
Snat = —3 D bANY i1 (I(g5 < &)~ F (&)

n2 i<j

= Zh(Y,_l JAY i th (Y1) (I (g5 S &) — F (&)
nz i<j

= TZWi—lhj—lTpij say.
n? i<j

To show Spy; = 0p(1) using Chebyshev’s Inequality it suffices to show that

E[S2,] = o(1). Squaring Spo: and applying the expectation yields the follow-
ing,

E [Srzm] = %E Y (@icthjmi®ig)? + 30 3 (wim1him1%i) (Pr—1hi-1m)

i<j i<j k<l

= %ZE [(‘Pi—lh'—llﬁij)z] +

i<j

3 ZZE [(picrhj-1%i5) (Cr-1u-1%t)]

i<j k<l

= Ep + En2 say.

Consider E,; first. Assumptions W4 and W5 imply that ¢;_1, hj—1, and ¥;; are

uniformly bounded. Thus, the expectation in E,,; is uniformly bounded. Since
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the sum in E,; is O (n?), the expectation is bounded, and we are dividing by n®
it follows that E,; = 0(1). Now consider E,,. Since E,, contains a sum with four
indices, it suffices to show that Ens = o(1) for each of the thirteen cases given in
Table 1. Now note that if one sets i = k/, k =i, [ = j’, and j = [’ it follows that

Eq (under case 5) is equal to Eye (under case 9),

Y Elgic1hi-1thijer—1hi-1%u]

i<k<i<j

= Z E [gr—1he1Ypv gir—1hj -1 ]

F<ilgii<t!

- Y. Elpe-rhybjor-theater]

K<il<gi<t!

= En(9).

En2 (5)

This type of symmetry can be shown to hold for the other cases as well. Specif-
ically, only cases 1 through 7 need to be considered. However, under case 7, Eq,
reduces to E,; which has already been show to be o(1). Hence, only cases 1
through 6 need to be considered. Let us begin with cases 1, 3, and 5. Under each
of these cases the sum in Ep, is O (n*). Note that in cases 1 and 3, [ is the largest
subscript and it is distinct from any of the other subscripts. Thus, conditioning

on F;_, yields the following resuit,

E{gi-1hj-1%ij@e—1hi-19]
= E[gi-1hj-1¥ijgk-1h-1 E [ | Fii]]
= E[gi-1hj1¥ijgr-1h-1 E[I (€1 < k) — F (&) | Fi-l]

= Elpi-thj-1¥ioe-1hir (F (ex) = F (k)]
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Hence, E,; (1) = E,3(3) = 0. Now consider case 5. Note that j is the largest sub-
scripts and that it is distinct from any of the other subscripts. Thus, conditioning
on F;_; and following the same argument as above yields Ey3 (5) = 0. Therefore,
E,5 = 0 under cases 1, 3, and 5. Next, consider cases 2 and 6. Again, [ is the
largest subscript and it is distinct from the other subscripts. Thus, conditioning
on F;—; and following the above derivations yields Ep; (2) = E,3 (6) = 0. To com-
plete the proof of Sy21 = 0p(1) we must show that Eps (4) = o(1). Since there is

a tie in the subscripts (under case 4) the sum in E,; reduces to O (n®) as follows,

4
Ew(d) = = Y Elgithi-1%i@e-1h-19u]
" i<k<i=l
4
= = Y Elgithi1¥ige-1hi-1¥k]
i<k<j
4 2
= = > E[tﬁf—lsﬁk—lh-_1¢ij¢kj]-
i<k<j

Consider only the expectation in E,y (4). Conditioning on Fj_, yields the follow-
ing,
E [‘Pi—1¢k-1h2-_1¢ij1/1kj]
= E [‘Pi—1¢k—1h§—15[¢ij¢kj| -7:'—1]]

[irrthi B (e < €)= F (€)) (1 (&5 < &) = F(ex)) | Fii]
= E [‘Pi-l‘;’k—lhz‘-1(F(min (eirex)) — F (&) F(ek))]
= FE [¢i-199k—1h§—1Fik] say

[

= F ‘Pi--l‘ﬁk—lFilch2 (Yj—l)]-
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Now note that if £ = j ~ 1 then the sum in Ey5(4) is reduced to O (n?). Since
W4 and W5 imply that the above expectation is bounded and we are dividing by
n3 it follows that E,;(4) = o(1) when k = j — 1. Thus, consider the case where
k<j~1. Since k < j — 1 we can write Y ;_; = P™*"'Y, + T{]} and use the
multivariate Mean Value Theorem (e.g. Theorem 40.4 of Bartle (1964, pg. 365))

on h? to show the following,
E [pi-16e1 Fah® (Y 1))
= E[gi1geFuh® (P4 + T
= BlproniFa (W (Pizt) + DA (6;) PV )|
= Bl Ful? (U] + B [prosonr Fa DI (65) PY
= eiter say.

Consider e first. The bounds on ¢, h, Dh and F; the finite second moment of

the process; and Lemma 3.4.2 yield the following,

) .
les] < E ”%-Mk—lFithz (Ekj) P’“"'lYkn

< KB ||Dw*( Ekj)lpj_k-lYk”
p P
= k|| IR
a=lb=1 dY
L (_1 ~k-1) .
< KQ:Z E[| Xk-sl]
a—lb—l
< K, z Z |AM|""’°"1 E (| Xesl]
a<1 =1
< Ml PP Kok
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Now consider e;. Since I",c +1 is independent of ¢;_;x_; F it follows that,

e =

E [‘Pi-l‘Pk-lFikh (rk+1)]

= Elpiee1FalE [0 (T[31)].

The bound on / implies that E [A? (T{3})] is also bounded. Thus, we will absorb

this into the notation for e; and consider only the first expectation. Conditioning

on F;_, and using the fact that,

E [F (mm (E,‘, Ek)) I Fk—l] =

E[min(F

(Ei) 3 F (sk))

| Fre-1

= F)-5F )

yields the following result,

Elgi~1gx-1Fi] =

= Elgi-

= [ 1Pk—1 (F (€:) —

- F? (Ei)) 991:—1]

B it (F (e -

I
,._.N,‘._.

= —E[gi-1Gipr-1] say

2

1
= 5E[p1Gip (Y k-1)]-

Egi1¢x-1E [Fix | Fi-1]]

1¢k—1 E [F (min (g, €))

— F (i) F (ek) | Frrl]

)

Now note that if i = k —1 then the sum in Epy (4) is reduced to O (n?). Since W4,

W5, and the bound on F imply that the above expectation is bounded and we
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are dividing by n? it follows that E,; (4) = o(1) when ¢ = k — 1. Thus, consider

the case where i < k — 1. Since i < k — 1 we can write Y, = P*'Y, + I¥

and use the multivariate Mean Value Theorem on ¢ to show the foliowing,

%E [6i~1Gig (Yk-1)]
o)
= -1-E‘ [‘Pi-lG ( (rz+1) +De (Eik)lpk_i—lyf)]
= -2-E ["J‘—le‘l" (rl+1 )] + 2E [S‘Jt-—lG D‘V (€1k) Pk—l—lY ]

= ey + ey say.

Consider eys first. The bounds on ¢, Dy, and F; the finite second moment of the

process; and Lemma 3.4.2 imply the following,

lewn] < -;—E [l“"i"‘GiDS"’(Eik)'Pk-'i_lYil]

IN

K\E[|De (€)' PF'Y ]
332 P

d(y i
Eﬁpéf I)’ E{| Xl

IA
x
[\/J
["l

p P

K2 XY Il B Xil]

a=1 =1

l/\MIk—i-l p2K20'x

IN

IN

IN

[Au|* 7K say.
Now consider e;;. Since I"f_:ll is independent of ¢;_,G;, W6 implies the following,

€ = ; [‘m—lG‘P(rwl)}
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= %E [¢i-1)E [G))E [‘P (rf;ll)]

= 0.

Putting the above results together yields the following,

545 3 IE [SUi—l‘ﬁk-lh?-lwijwij

i<k<j

IA

|En2 (4)|

4
-3 Z |€11 +€12 + €2|
N ick<j

4 —ie ke
< = X (T W) K

- () (o(6%) +0 ()

= o(1),

since |[Ax| < 1. Since all of the other cases have been shown to be o(1) this
completes the proof of E[S2,] = o(1) which implies that S;2; = 0,(1). Now

consider S,a2;. Note that upon letting #’ = j and 7/ = { we can write Spy3 as

follows,
2 /
Spas = —% Zbij/\ Yioi(I(gj <&i) — F (1))

2 i>j

2
= =53 hj1gi-1¥i
n2

>3

2
= 3 Z by v pi—1¥5e

/r):i jl >il

2
= jzhi—wj—twji say.

nz jcj
To show Spga = 0p(1) using Chebyshev’s Inequality it suffices to show that

E[S2,] = o(1). Squaring Snz3 and applying the expectation yields the follow-
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ing,
4
E [5323] = —E 2 (hamrgpia$) + 3 3 (hacrpjnts) (herpro o)
i<j <] k<l
4
= = 3 E [(hi-rgpjrwie)?] +

i<y

4

= 33" E[(him1¢i-1%4i) (hk—1i-1%)]
i<y k<l

= Enl + Eq2 say.

Consider E, first. Assumptions W4 and W5 imply that hi_1, ¢j-1, and ¥j; are
uniformly bounded. Thus, the expectation in Ey; is uniformly bounded. Since
the sum in Ejy, is O (n?), the expectation is bounded, and we are dividing by n3
it follows that E,, = o(1). Now consider Eqs. Since Eq; contains a sum with four
indices, it suffices to show that E,3 = o(1) for each of the thirteen cases given in
Table 1. Again, symmetry reduces the work to considering only cases 1 through
7. However, under case 7, En2 reduces to F,; which has already been shown to
be o(1). Thus, only cases 1 through 6 need to be considered. To begin, consider
cases 2, 4, and 6. Under each of these cases there is exactly one tie among the

subscripts. Thus, the sum in E,, reduces to O (n®). Consider Ep, under case 2,

En2(2) = = Y. E[(hicigi-195) (hemrprmivun)]

4
" ici=k<l

4
= = Y Elhicigi-thj1¥iigi19).
i<y<i

Considering only the expectation given in E;; (2) and conditioning on F;_; yields,

E[hi_1gj-1hj—1¥jiei-1¥]
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= F [’H-—L‘P’j—lh'—l"f’ji‘ﬁl—lE [d’lj | ]:l—l]]

= E[hicigi-1hj1Vsigi 1 E[I (gj < &) — F (1) | Fi-i]]

= E |hi-1@j-1hj-1%;i (% - F(Ej)) 95:-1]

= E[higj-thj¥suie (Yi-1)] say.
Now note that in the case of j = [ — 1 the sum in E,3(2) reduces to O (n?).
Since our assumptions imply that everything inside of the expectation is bounded
and we are dividing by n? it follows that E.2 (2) = o(1) in the case of j = [ — 1.

Hence, consider the above expectation when j < [—1. Using the fact that Y, =

Py ; + T3] in conjunction with the multivariate Mean Value Theorem on

¢ and independence yields the following,

E[hic1¢j-1hj-1¥iiuje (Y1)

i

E [hi1gi-thirtsiuse (P7'Y 5+ T3 )|

= FE [hi-wﬁj—lh'—leiuj ( ( ,+1) + D¢ (&a) P7Y5 )]

= ElhiagimhimwilE o (T3RY)] +

E [hz—l%-lh i ¥su; D (Ep) PTY ]

= e +ea say.
Consider e, first. Again, the bounds on h, ¢, and Dg; the finite second moment
assumption on the process; and Lemma 3.4.2 can be used to show the following,
les] < Ml Kok

< l/\Mll—j—lK say.
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Now consider e;. Since ¢ is bounded we will absorb the second expectation into
the notation for e; and consider the first expectation only. Before we consider this

expectation straight forward calculations can be used to show,

1 1

Elgsus| Fya] = 5 +5 (F2(e) - F(e)

= G (&) say.

Furthermore, it follows that E [G;] = 0. Now, conditioning on F;_; and using the

above fact imply the following,

E[hic1gimrhi-1¥sns] = E[hicigj-thi-1 E [Ysu; | Fiai]
= E[hi1¢;-1hj1Gi]
= E[hi1Gigj-1hj]
= E[hGih® (Y)Y ;]

= E[hi-1Giy (Y j-1)] say.

Now note that in the case of i = j — 1 the sum in Epp(2) reduces to O (n?).
Since our assumptions imply that everything inside of the expectation is bounded
and we are dividing by n® it follows that Enz (2) = o(1) in the case of i = j — 1.
Hence, consider the above expectation when 7 < j—1. Using the fact that Y ;_, =

Pi—'Y; + T4} in conjunction with the multivariate Mean Value Theorem on y

and independence yields the following,

E [hi-lGi’Y (Yj——l)]
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= E[h Gy (PF'Y, +T)]

=[G (7 (Ti) + D7 (8) Y|

Elhi|EIGIE [y (T51)] +E [h;_lc,py (&) Pi—i—lY;]

= ey + ez say.

Now note that our assumptions imply that both v and D~ are bounded. Since
E[Gi] = 0 it follows that e;; = 0. Now consider e;2. The bounds on / and D7,
the finite second moment on the process, and Lemma 3.4.2 can be used to show

the following,
|€12| < l/\Mlj_i—lKlo'x

< |AufTTHK say.

Putting all of the above pieces together yields the following,

4

B2 ()] € = Y |E[hicipimihjm¥iipiaits]|

n° <<l
4

= = Z ler + e
n”ici<i
4

= =3 Z leiz + e2|
n i<j<!
4

< = Y (lew] +el)
" i<t

< 2% (W) K
n i<j<i

= 0(n?)0(n?)

= o(1),
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since [Ay| < 1. This completes the proof of E;3(2) = o(1). Since [ is the largest
subscript and it is distinct from the other subscripts the proof of E,; (6) = o(1)

is treated in a similar fashion. Now consider E,o under case 4. That is,

En2(4) = Y. E[(hi-1pi-1¥ii) (hk-161-1%)]

4
n3 i<k<j=l
4
—= 2 E [hi—lhk—1<ﬁz2.11/)zi¢zk]-

i<k<!

Before we consider the expectation given in Epj (4) straight forward calculations

can be used to show,

E [Yutbue | Fi-1]

i

1 1
>~ F (max (ene0) + 5F2 () + 5F2 (o)

= Fik say.

Furthermore, note that Fj; is uniformly bounded through F and that
E[Fy| Fi-1] = 0. Now, conditioning on F,_; and using the above fact imply
the following,

E [hi—1hk—1<ﬁzz—11/1u¢lk] = E :fk—thk-lyfzz_lE[lﬁtif/flkl-7:1—1]]

hi—lhk—l(f7l2—1Fik]

= F :hi—lhk—lFikS@2 (Y[—l)]'

Now note that in the case of k = [ — 1 the sum in Ep,(4) reduces to O (n?).
Since our assumptions imply that everything inside of the expectation is bounded
and we are dividing by n3 it follows that En(4) = o(1) in the case of £ = — 1.

Hence, consider the above expectation when £ < [ —1. Using the fact that Y,_; =
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P*-ly, +T1}} in conjunction with the multivariate Mean Value Theorem on

2 and independence yields the following,
E [hicths-1 Fag® (Y121
= FE [hi—Lhk-1Fik‘P2 (Pl-k—lyk + rt(-ll)]

= E[hiherFi (¢ (Th34) + D¢* (€)' PV )]

i

Elhiihe—t FAIE [¢? (Tih)] + E [hic1heer F D () P17

= e;+e; say.

Consider e; first. Conditioning on F_; and using the fact that E [Fi | Fx—] =0
implies that the first expectation given in e, is 0. Hence, e; = 0. Now consider
e,. The bounds on h, ¢, and Dy; the finite second moment assumption on the

process; and Lemma 3.4.2 can be used to show the following,

lea] < A5 Kok

< Pl 7K say.

Putting the above pieces together yields the following,

[En2 (4)] < is > IE [hi—lhk—l‘t’?—ﬂf’liwlk“

i<k<l
4
= — Z ley + ez

i<k<l

4

= P} Z lea

i<k<!

4 ke~
S E}Z[/\MllkLK

i<k<!

= 0 (n“a) o (nz)
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= ol),

since [Ay| < 1. This completes the proof of Eps (4) = o(1). Hence E,2 = o(1) for
cases 2, 4, and 6. To complete the proof consider cases 1, 3, and 5, which are all
O (n*). We will consider only case 5 (i < k < [ < j); cases 1 and 3 can be treated

using similar techniques,

4
En(3) = — Z E [hi1¢j-1¥jihk—161-1%u]

i<k<i<j

4
= — Y E[hiihe-1Yugi16i-1%il.

i<k<I<y

Before we begin note the following,

Eys| Fill = E[l(e: < &)= F(s5)| Fi-l

1
= 5 F (&)
= u; say

Now, consider only the expectation given in E,2(5). Conditioning on F;_, and

using the above fact yield the following,

E [hicihk—1pi16i-1%5i] =  E [hicibe1¥upi—1651E [95: | Fi-l]
= E{hicihi1Yiefr-19i-14i]

= E[hicruihe g1 (Yi-1)]-

Suppose first that [ = j — 1 so that the sum in E.; (5) reduces to O (n®). Now

use the fact that Y, = PY_, + & and condition on F;_, to write the above
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expectation as follows,

E [hi-iuihkVigi-1e1] = E[hiciuihea e (Yi-1) ¢ (PY 121 + &1)]

= E[hi-1titkor1 E (g (Yim1) ¢ (PY 1oy + &) | Fi-i]]

= FE [hi-—luihk—lg (ex; Yi-1)] say.
Now consider the function g,

9(E;Yim) = Eue (Y1) ¢ (PY o + &) | Fid]

]

[ <t -F®)e(¥i)¢(PYri+1) f ()t

It follows from the bound on ¢ that g is uniformly bounded in all arguments.
Now let ¢ be fixed and consider g as a function of Y, only. Assuming inter-
changeability of differentiation and integration it follows from the differentiability
of ¢ that g (+; Y;) is differentiable and hence continuous. Furthermore, it follows
from the bounds on ¢ and D¢ that Dg is uniformly bounded in all arguments.
Let us now return to the expectation under consideration. Note that in the case
of k =l — 1 the sum in E,3 (5) reduces to O (n?). Since our assumptions imply
that everything inside of the expectation is bounded and we are dividing by nd it
follows that Ep (5) = o(1) in the case of k = — 1. Hence, consider the above
expectation when k£ < [ — 1. Using the fact that Y,_; = PRy + I"f;ll in con-
junction with the multivariate Mean Value Theorem on g (-; Y') and independence

yields the following,

E[hiuihg-19 (€k: Y 1-1)]
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= FE [hi-1Uihk—1.‘] (Ek? s Pz'll)]

= FE [hi-luihk—-l (!] (sk;rf;ll) + Dg (ek; &)’ P“""‘Yk)]
= E[hi-1uihg]E [9 (Ek;rilll)] +E [hi'-luihk-ng G P’"""Yk]

= e; + ey say.

Consider e, first. The bounds on h and Dy, the finite second moment assumption

on the process, and Lemma 3.4.2 can be used to show the following,

lea] < |'\M|[_k_l K,ox

< |AM|H°'1 K say.

Now consider e;. Since g is bounded we will absorb the second expectation into

the notation for e; and consider the first expectation only. That is,

€ = E[hi—-luihk-I]

= FE [hi—luih (Yic—l)]'

Now note that in the case of i = k — 1 the sum in Epp(5) reduces to O (n?).
Since our assumptions imply that everything inside of the expectation is bounded
and we are dividing by n® it follows that E,2 (5) = o(1) in the case of i = k — 1.
Hence, consider the above expectation when ¢ < £—1. Using the fact that Y, =

Py, + T4 in conjunction with the multivariate Mean Value Theorem on

h and independence yields the following,

E[hi—1uih (Yg-1)]
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= E[hwh (PE1Y, 4+ T8
= E[hius (b (P5Y) + Dh(€a) PF'Y)]
= Elh1EME [h(T5))] + E [hioyu; Dh (&) P*'Y ]

= e +e12 say.

Note that E [u;] = 0 implies that e;; = 0. Thus, we only need to consider e2.
The bounds on h and Dk, the finite second moment assumption on the process,

and Lemma 3.4.2 can be used to show the following,

lera] < |MlfT Kok

< |/\M|k_i—lK say.

Recall that we are still working under the assumption that [ = j — 1 so that
the sum in Eq2(5) is O (n®). Thus, putting the above pieces together yields the

following,

|En2 (5)] £ — Y. |Ehimuihk- w121

i<k<i<i+]l

4
= — Z ey + €3]
i<k<i<l+1

= =3 Z |612 -+ €2|

N i<ck<i<i+l

4
< = Y (lewl+lel)
i<k<l<i+1
S _‘%_ Z (II\MIk-i-—l +‘,\Mll—k—l) K
N7 ick<i<i+l
= 0(n%) 0 (n?)
= o(1),
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since |Ay| < 1. Now suppose that [ < j — 1 so the sum in Ep; (5) is still O (n).
Consider the expectation given in Eg, (5) under the assumption that [ < j — 1.
Using the fact that Y ;_, = pi-i-ly, +I"{_;1l in conjunction with the multivariate

Mean Value Theorem on ¢ and independence yields the following,

E [hioyuihk—pupr-16 (Y 1))
= E [h,—._luihk_ﬂbzk‘ﬁz— ¥© (Y -y +r‘+1)]
= E[h,_[u,hk 1¢uc<rt-1( FH-I +D9’ (E ) PrHY')J
= Efhiiuihe—1¥upi-1] E[ ( )]
E [/‘Li..luihk-lwlk‘Pl—lD(p (&j), P j_HY‘}

= e€;+ey say.
This implies the following,

Enn(3) = =3 Y (e1+e)

n i<k<I<j
= En21(5) + En22 (5) say.

Consider Eqg; (5) first. Since ¢ is bounded we will absorb the second expectation

into the notation for e; and consider the first expectation only. That is,

er = FE [hiciuibk—1¥ueii]

= E[hiawhe-1%ue (Yi)].
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Now consider the case when & = | — 1 and note that this reduces the sum in

E,2 (5) to O (n®). Thus, we have the following,

e1 = FE[hic1uihe—1¥es1 6k
= E [hi-luihk—llbk-{-l,k‘l; (PYj— + E—'k)]
= E[hi-1GE [hg—1¥r+1k¢ (PY k1 + &) | Fi—i]]

= E [hi—luig (Yk—l)]
where,

g (Yk—l)
= E[hg1¥rs1,6¢ (PY k=1 + €1) | Femi]

= //h(Yk_l) (It < t3) = F (82) ¢ (PY ket + 1) £ (11) f (t2) dtdt.

It follows from the bounds on A and ¢ that g is a bounded function of Y,_;. Fur-
thermore, assuming interchangeability of differentiation and integration it follows
from the differentiability of & and ¢ that g is differentiable and hence continuous.
Lastly, it follows from the bounds on A, Dh, ¢, and D¢ that Dg is uniformly
bounded in all arguments. Recall that we are considering the case where k = —1.
Thus, in the case of i = k — 1 the sum in E,z (5) reduces to O (n?). Since our
assumptions imply that h and g are bounded and we are dividing by n? it follows
that Epng; (5) = o(1) in the case of i = k — 1 < k = [ — 1. Thus, consider the case

where ¢ < k—1. Using the fact that Y, = Py, +I‘f;11 in conjunction with
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the multivariate Mean Value Theorem on g and independence yields the following,

er = Efhi1ug(Ye)]
= E [hug (P*7Y +Ti)]
= E[h1u (9 (T5)) + Dg(€s) P*'Y)]
= E[h|EW]E [g(T5))] + E [h-1:Dg (€)' P*'Y ]

= ey + ez say.

It follows from the fact that E [u;] = 0 that e;; =0. Furthermore, the bounds on
h and Dg, the finite second moment assumption on the process, and Lemma 3.4.2

can be used to show the following,

ler] < IAm|k_i_1K10x

< |,\M|k_i—1 K say.

Recall that we are dealing with Ey.z (5) under the assumption that £ = [ — 1.

Thus, putting the above pieces together we obtain,

4
|Enn (5)] £ — Z ey

3
N° ick<k+i<j

Z len: + e

i<k<k+1i<j

) MK

i<k<k+1<j

= 0 (n’a) o (n2)

4
n3

4
o

= o(1)
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since [Au| < 1. Next, consider Egz (5) under the assumption that £ < [ — 1.

Again, consider only e;. Conditioning on F;_, and using the fact that,
Elu| Fia] = % ~ F(ex) = w,
we can show the following,
er = E[hioiuhioi-1%u
= E[hicvuhe10i-1 E [V | Fi-l]
= E[hi-1uihe1ueg (Y1)
Using the fact that Y = Pty +I‘i‘+ll in conjunction with the multivariate
Mean Value Theorem on ¢ and independence yields the following,
er = Ehiuihe-iuee (Y1)
= E [htiheumeg (P Y e+ T
= B [huheru (¢ (Ti3h) + Do () P'Y)|
= E [hi1uihe-1]E [w]E [(V" (ri111)] +E [hi-luihk-lukD(P' (&u) Pl—k—lYk]
= e11 + ez say.
It follows from the fact that E [ug] = 0 that e;; = 0. Now consider ey,
ern = E[hiuheuDy (€u) P4V
= FE [hi—luihk—LukD<P (51:1)' I (PY k-1 + ek)]
= E [hi—luiE [h (Y1) u(ex) Do (€)' PFH (PY oy + &) | -7:1;-1]]

= E[hi-1u;ig (Yi-1)] say,
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where,

9(Y)
= /h(Y)u(ek) D¢ (£ (Y)) P51 (PY + &) f(ex) - - f (e1-1) dek - - - dery

- / u(ex) D¢ (€4 (Y)) P¥1 (PR(Y)Y + h(Y)er) dP say.

Recall that W4 and W5 imply that Dy, h (Y)Y, and h are uniformly bounded.
Therefore, the bound on F, the finite second moment assumption on &, and

Lemma 3.4.2 can be used to show the following,
l9(Y)] < K™,

where K depends on the bounds given by W4 and W5, F, and o.. Note that in
the case of i = k — 1 the sum in Epg; (5) reduces to O (n?). Since our assumptions
imply that h;_,u; is bounded, |g(Yi-1)| £ K |/\M|"'°'l, and we are dividing by
n3 it follows that E,o (5) = o(1) when i = k£ — 1. Thus, consider the case when

i < k — 1. First, consider the following function of Y,
G(Y) = D¢y (Y)) P (PR(Y)Y +h(Y)er).

Note that assumption W3 and Lemma 3.4.3 imply that G is differentiable with

respect to Y. Furthermore, direct computations can be used to show the following,

DG(Y) = (FDeleu(Y)) P (PLONY +h(¥)er) +

P=*Y(PDhr(Y)Y'+ PIh(Y)+ Dh(Y)e,) D¢ (€, (Y)).
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Now, assuming interchangeability of differentiation and integration it follows from
the differentiability of G that g is differentiable. Thus, we will let dg; and dG;

denote the i** components of Dg and DG respectively. That is,
dg; = / u (ex) dGdP.

Now, using Lemmas 3.4.3 and 3.4.2 along with the bounds given by W4, W5, F,

and o, one can show the following,
ldgi| < Kl'\n,x'l_k‘l )

where K depends on the bounds for ¢, h, Dy, Dh, o., and the constants given
in Lemmas 3.4.3 and 3.4.2. Thus, it follows that Dg is also bounded. Let us
now return to the problem at hand. Recall that we are considering Ep; (5) under
the case when i < k — 1. Using the fact that Y,_; = P¥=""'Y; + % and the

multivariate Mean Value Theorem on g and independence yields the following,

ez = E[hioiuig(YVi-1)]

= Blhiiug (PHY +T5))]

= E[hesus (o (T457) + Dy (€)' P )]

= BlhEWE [o (T5)] + B [horuiDg (6 P'Y

= ej21 + €122 say.

Again, E [u;] = 0 implies that eip; = 0. Thus, consider ei22. The bounds on h, u,

and Dg; the finite second moment of the process; and Lemma 3.4.2 can be used

—_— - . . -
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to show the following,
lewal < KiE[|Dg(€x) P*'Y ]

Znga PE™ X

- |

P P )
K YY" |dgaPls ™| E[|1Xissl]

a=1b=1
p P )
KoY ™5 ™ B {1 X i)
a=l1 =1

IN

IN

< I,\Mlk-—i-—l |/\M'l-—k~l K say.

Putting the pieces together we obtain the following,

Ea () < = 3 el

i<k<I<j

S len + e + ezl
i<k<i<j

Z I/\M|l—k—1 ‘AMIk—i—l K

i<k<i<j

= 0(n7*)0(n?)

4

-3
4

pr

= o(1),

since {Ay| < 1. This completes the proof of Eng (5) = o(1). To complete the

proof we need to consider the following,

Ena (5) = 2 > e

3
n i<k.<l<j

) > E[ i1 Uihk_ 11 D¢ (E,J) P"“IY,]

N ick<l<i

Consider only the expectation given in Epas (5),

€2
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= FE |hi-1uihg1 Yoo Dg (élj)lpj—l_lyl]

= B[ usheoitug (Yir) Do (& (Y1) P (PY 1y +1)

= B [hrushaerB [due (Vi) D (6 (Y1) P (PY iy 4 €) | Fi|
= Elhi1uihi19 (ex; Y1-1)] say,
where,
9(enY)
==/¢' (exier) ¢ (Y) Dy (fz,- (Y)), PY(PY +e) fe) - flej-1)der- - -dsjo
= [ (&) ¢ (¥) Dy (6 (¥)) P~ (PY +e))aP
= [ (ciie) G (V) dP say.
Next, multivariate differentiation can be used to show the following,
DG(Y) = Dg(Y) <D<p (€,) P (PY +e,)) +
¢ (Y) ((ﬁ,-a,; (5,,.)) PY(PY +¢) + PP Dy (g,j)) :
Now, assuming interchangeability of differentiation and integration one can use
the bounds on F, ¢, and Dy along with Lemma 3.4.2 to show the following,

E{lge; Yi)l| Fiell < Pl TN ENY 1l + K2),

where K, and K> depend on the bounds for F, ¢, Dy, o¢, and the constant given
in Lemma 3.4.2. Similarly, one can use the bounds on F, ¢, and D¢ along with

Lemmas 3.4.2 and 3.4.3 to show the following,

E(|Dg ;Y| Fioil < Al HE Y il + K2),

- ¢ —— ——————— e — .
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where K; and K, depend on the bounds for F, ¢, Dy, o, and the constants
given in Lemmas 3.4.2 and 3.4.3. Note that the above two results imply that
E[|g(ek;Y1-1)|] and E[||Dg (k; Y1-1)||] can be bounded by a constant that de-
pends on K, K3, and ox. Now note that when £ = [ — 1 the sum in Epy, (5)
reduces to O (n3). Since h and u are bounded, E {[g (ek; Yi-1)[] < KA,
and we are dividing by n? it follows that Enq2 (5) = o(1) when & = { — 1. Hence,
consider the case when & < [ — 1. Using the fact that Y, = P~V + I3}
in conjunction with the multivariate Mean Value Theorem on g (-;Y') and inde-

pendence yields the following,

ea = E[hi-1uihk—19 (ex; Yi-1)]
= E [hiiwheorg (s PV + TR
= E[hwhes (9 (e6 Thh) + D (ki €)' P41Y k)]
= Elhuhii]E[g (6 TiGh)] + B [hivushe-1 Dg (e €) P1Y

= €91 + €39 say.

Consider ey first. To begin with, note the following,

IDG ()l
< | Do ) (Do (&) P (Pew +o0) | +
H ek,( Dy (&) P/ (Péy + &) + P~ PDy (&) )]]

Ky [P 1P+ el + Ko | PP 1PEw o+ el + Ko | P77

IN

K D™ (|1 Péw + &l +1),

AN
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where K depends on the bounds for ¢, Dy, P, and the constants given in Lem-
mas 3.4.2 and 3.4.3. Now recall that &, lies on the line segment connecting
Y., = PFY, + T4 and T7Y. That is,
€u = (1-2) (PTF'Y e +TGY) + A0,
= Pl—k—lYk +ri—_;11 _ /\Pl—k—lYk

= Y, - APy,
for some A € (0,1). The above two results now imply the following,
IDG €l < KNP (1P + el +1)
< KDl (|PY i - APRY k4 e + 1)
< KW UY mll + 1Yl + el +1)

where the bounds for P and P** are absorbed into the constant K. Let us now

return to Dyg,

IDg (exi&ll < [ 19ulIDG EwllaP

< K [IDG )l dP
< K [KN A all+ 1Yl + lledl +1) 2P

< K|MPHIY ]l + 1Ykl + o + 1),

since dP depends on &;, €141, - - -, £j—1 and we are working under the case where

i < k <l < j. This result now implies the following,

IDQ (ex; €x)' PTFIY
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IA

|1Dg (e €)1l [ P51 Yl

< K Pl T Y el + 1Yl + 0 + D) 1Y ]

= Kl Dl T (1Yl Y el + 1Y 6P + o 1Y il + (YR

Note that the finite second moment assumption on the process and the Cauchy

Schwarz Inequality can be used to show the following,
E [ng (ex: €)' Pl—k‘lYk” < K |/\Ml.‘i-l—1 Dl

where K now also depends on 0. Let us now return to ez;. The bound on A and

the above result imply the following,

lea] < E”hi—luihk-—ng(sk§£kl)’Pl—k_lYk”
< KE||Dg (ki &) P |

< KDl Pl T
Now recall that,
es1 = E[hiciuihe-1]E [g (ek; I‘f;ﬁ)].
Similar to the result on E [|g (x; Y1~1)], it can be show that,
Ellg(esTL)|] < K,

where K depends on the bounds for P and o.. Therefore, when ¢ = k — 1
the sum in Ep3 (5) reduces to O (n®). Since the bound on h implies the first

expectation in ey; is bounded and we are dividing by n3 the above result can be
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used to show that E,;;(5) = o(1) when i = k£ — 1. Hence, consider the case
when 7 < k — 1. Consider only the first expectation given in ey;. Using the fact
that Y-, = P*'Y,; + T¥} in conjunction with the multivariate Mean Value
Theorem and independence yields the following,
E[hi-uihg—1] = E[hiciuih (Yiey)]
= E[hyuh (P1Y 4+ T8
= E [hiow (h(T5)) + Dh (&) P*'Y5))|
= Blh1]E[wlE (b (TEL)] + B [hruDh (€)' P'Y
= €911 + eg2 Say.
It follows from the fact that E [u;] = 0 that es); = 0. Furthermore, the bounds on

" h and Dh, the finite second moment assumption on the process, and Lemma 3.4.2

can be used to show the following,

lexe| < E“hi"l“iDh(&k)’Pk—i_lYi

)

S KaxlAMlk—i—l

KM say.

I

Now, combine this result with the result on E [|g (& T13)|] to show the follow-
ing,
lenl < |Elh-ruihet]E [g (04|
< lea + enal B | (e T3 ) |

< KPP
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Putting the results on ey and ey together we obtain the following,

4
|Eng2 (5)] < oy S el

i<k<lI<j

4
= Y lea +ex
N ick<i<i

4
nd

IN

IN

Z (I/\Mlj_l_l ()\Mlk—i“l + '/\Mlj-l—l I/\Mll—k—l) K
i<k<i<j

= 0 (n“a) (0] (nz)

= of1),

since [Ay| < 1. Since we have shown that both E,2 (5) and Eqz2 (5) are o(1)
it follows that E.3(5) is o(1). As was mentioned earlier the proofs for Ey,3 (1)
and E,,(3) can be treated using similar techniques. This completes the proof of
E[S2%,] = o(1) which implies that 52,3 = 0p(1). Therefore, the proof of Sn; =

0,(1) is complete. O

Theorem 3.4.2 Assumptions M1-M3; E1 (with second moment assumptions re-
placed with fourth moment assumptions); and W1, W4, and W7 imply the follow-
ng,

Swr) = =33 b NY i (I(e; < i) - F(e))

7 j=1j=1

ni
0p(1).

proof. First, divide Sps (pg) into two sums. The first sum will contain the terms
in which b;; = K and the second sum will contain the terms in which b;; # K.

Next, add in and subtract out a sum over b;; # K with the b;;’s replaced with a
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K. We then have the following,

2 n n
S (o) = <33 byNYier (S 5) = F (<)
i=lj=
= 2 S NV <) -Fle)+
n? bij=K
— }: b NY i1 (I (g5 < &) — F (&)
ni el
(o 'y
- 2K ZZA 1—1(I(EJ<€i)—F(Ei))+
2 i=l j=1
2

Y (b - )XY i (I(gj < &) — F (&)
nz bij 7K

= Sn21 (Pg) + Sn22(po) say.
Consider Spz; (pp) first. Upon examination it is apparent that Spo (po) =

Y2 _1 Tax where,

2K*kizz,k(1(s,<s,) F ().

=1 j=1

T —

Hence, in order to show Spa; (py) = 0,(1) it suffices to show that Tyx = op(1) for

k=1,2,...,p. However, in the proof of Theorem 2.4.2 we showed the following

result,

(i) = 533 byXiot (I(; < &) — F(e))

3
n2 = =t

= 0py(1).

To show that Ty = 0,(1) for k£ =1,2,...,p one can use the same technique that
was used to prove the above result. The only difference is that the b;;’s are replaced

by K and X;_, is replaced by X;—x. Upon doing so we get Sna (py) = 0p(1). For
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an alternative proof one is referred to Koul (1993) and his result on V;, which is
essentially Sp2; (pg)-

To complete the proof we must show that Spea (py) = 0,(1). Under as-
sumptions W1 and W7 we have b;; = h (Y ;_1;0) h (Y ;_;; @) where at most [n"]
(r < 3) of the h(Yi1; 0)’s are different from K. That is, the number of elements
in {h(Y0;0),h(Y1;0),...,h(Yr_1;8)} such that h(Y;-1;0) # K is at most
[n"]. This implies that the number of b; # K is at most N = n[n’]. Thus,

Spaz (pg) contains at most N terms. Now, use W4 to bound b;; by B? and the

bound on F to show the following,

Su (po)]l = |5 3 (b~ )NV iy (T(e; < &) = F (<)

n? 52K

2
— Y by ~UINY | [T (g5 £ &) — F (s

n? p 2k
4(B+1)

3
2

IN

IN

> INYi

bij #£K

S INY
bij#
Al

n

IN
| ®

K

E Elw

. B\ .
E |Xi_1| “+ ... +—l—3d E (;‘,‘...p{
bij 2K

IN

[
[X]]

N2 b#EK

= Ta+Ta+...+ Ty say.
Therefore, in order to show Spa9 (pg) = 0p(1) it suffices to show Trx = 0p(1) fork =
1,2,...,p. This will follow from Chebyshev’s Inequality if we show E [TZ] = o(1).
Now, stationarity and the finite second moment assumption imply the following,

2
(-B—I;\—kl ) IXi—kI) }

E[Tfk] = E nt
ij
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B2)\2 . B2)\2 ] )
= E{ nsk > Xiz—k] +E[ nak > D Xkl Xl

bij#K bij#K buu#EK
B2)2 B? A )
= 3 Y E[X] k]+ £ Y E[[Xikl [ Xumkl]
bij¢,( be #K buu#EK
2 2N 2/\
sB’\k 02+Bk E/\2 E}(_
n3 X k u—k
b.,#Kb.,,,#K
B2)iN B2)X2N?
N (N +1)
- (_—n_,,—-) B2)2g2

1 2

= o(1).

The last line follows since r < % Thus, by Chebyshev’s Inequality, we have that

Sn22 (Pg) = 05(1). This completes the proof of Spa (py) = 0p(1). O

3.4.3 The Main Result

The main result of this section is now presented in the following theorem.
Theorem 3.4.3 Under assumptions M1-M3, E1, and W1-W6 we have the fol-
lounng:

S.(p) 2 N (o, %-E [Yoh? (YO)Y;,]) .
proof. Since S, (p,) is a vector we will use the Cramer-Wold device and show

'S, (po) is asymptotically normal where A € RP is arbitrary but fixed. To begin,

rewrite this linear combination as a sum of two components as follows,

XSn(py) = Zzbu sgn ((Xi — poYiz1) = (X — Y 5-1)) Yieu

i=l j=1
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sz sgn (Ei ) A,Yi—l

E
[V]:a

i
),
!L

bij (21 (e; < &) —1)N'Y -y ae.

M=
M:

-
i

—_
.
]

—

b,jA’Yi_l (21 (Sj < Ei) - 2F(5i) + 2F(€i) -1)

M-
.M=

-
I

A
W
U

-

bijA'Y i1 (2F(e;) — 1+ 21 (g5 < &;) — 2F (&)

..
i
-

.
1
—

’Yi_.1 (2F(E,) - 1) -+

E
M=
S
(e

>

-
1l
—
N,
I
—

bijA'Y i1 (I (g5 < 1) — F(e1))

™M=
.M=

Il

Elul o Euu' - elal = §|u| — §m| = Elul =
WE
M:

-
i
—

w
|
-

]
go
3
—~~

+ Sn2 (py) say.

j —

Po

In what follows Sy (py) will be shown to be asymptotically normal using Theo-
rem 2.4.1 and Sps (p,) will be shown to be 0,(1). Thus, the asymptotic normality
of S, (p,) will follow from an application of Slutsky’s Theorem and the Cramer-
Weld device (see Serfling (1980, pg. 18-19)). We will start by showing that
Sn1 (py) is asymptotically normal. For convenience, let u; = 2F(g;) — 1. It should
be noted that u; is uniformly distributed over (—1,1) so that E[u;] = 0 and

V [ui] = 3. Now, under W1 we can write Sy (po) as follows,

1 n n
Sur(po) = —= 2 I A(Yimt) A(¥ ) NV it (2F(e) = )
2 j=1j=1
1 n
= — h, Y,-_ A'Y,'_ Ui h
= EZVI_H (Yi) NY i u; say.
i=1

Before we proceed any further, one should note that h(Yi-y) = h(Yi-1;0).

That is, the only random element in h is Y;_;. The fact that h (Y,_.l, 0 ) can be
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replaced by h (Y ;_; 8) is shown in the proof of Theorem 3.5.1. Now, the Ergodic
Theorem implies i = E [h (Y )] + 0,(1). Thus, we only need to show the second

term is asymptotically normal. To proceed, define

1
Zntz"—

. ‘/ﬁh (Yt-l) A'Yt_['ll,t.
Then, Z,; is F,, measurable since F,; = o-field{Y,&1,€2,...,&:}. Secondly,
using W5 and the fact that |u¢| < 1 it is easily shown that E [Z,E’t] <K<

where K is a constant that depends only on B; and A. Next, it follows from the

independence of u; and F,,; and the fact that E [u,] = 0 that,

1
E{Zps| Fap-l = E "/_ﬁ-‘h(Yt—l)AlYt—lutlfn,t—lJ

= h (Yt—l) NY . E [Ut | fn,t—-l]

1
/n
= 0.

Now let,

1 3J
Sn,j = —= Z h (Yt—l) A'Yt_lut

LT

J
= Z vat'
t=1

Since the three conditions in Definition 2.4.1 are satisfied, {S, j, Fu.;} is a zero-
mean square-integrable martingale array with differences Z, ;. Thus, we only
need to show that the four conditions of Theorem 2.4.1 are satisfied to prove that

Sn1 (pg) is asymptotically normal. Consider the first condition of the theorem.
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Using W5 to bound A (Y;_) A'Y ,_, and the fact that |u,| < 1 we get the following,

max 'l—h (Yi—l) AIY,'._I’U,i

08X [Znil = max Jn
1
< —K
— ﬁ
= Op(l)a

where K is a constant depending only on B, and A. Thus, the first condition of the
theorem is satisfied. Consider the second condition next. Using the independence
of Y;_, and u; the Ergodic Theorem can be used to show the following,

n n
Z Zf21,i = ‘11; > (h(Yir) XY ug
i=1 i=1

= E[(h(Yo) XY )’ E [uf] + 65(1)
_ %E [NYoh? (¥o) Y3A] + 0,(1)
= XNE[Yh*(Y0) Yo A +0,(1)
= n? + 0p(1) say.
This verifies the second condition. Now, the above derivations and stationarity

imply the following,

E[max |Z,3|] < E[f_jzg]
i=1
_ %E [XYoh? (¥o) YA
= o).

Hence, the third condition of the theorem is satisfied. For verification of con-

dition four one is referred to the “Remarks” paragraph on page 59 of Hall and
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Heyde (1980). Since all four conditions of Theorem 2.4.1 have been verified, we

have proven that,
Sulp) 2> N (0,5XE[Yoh? (Yo) Yi]A)
Since h = E [h(Y)] + 05(1) it follows (see Serfling (1980, pg. 19)) that,
Suilps) - N (o, %A’Ez [h (Vo) E [Y oh? (Yo) Y ,\) .

As a final note one should note that multiplying the h function in the dispersion
function by a positive constant does not change the estimate. Thus, we can assume
without loss of generality that E [h (Y o)] =1 in the above result.

To complete the proof we must show that Spz (py) = 0p(1). However, this
follows from Theorem 3.4.1 (or Theorem 3.4.2). It now follows from Slutsky’s

Theorem and the Cramer-Wold Device (Serfling, 1980, pg. 18-19) that,

Sa(po) -2 N(O,%Ez[h(Yo)]E[Yohz(Yo)Y(,]).

One should recall that without loss of generality, E [h (Y )] = 1. Thus, we have

show that,

Sulo) 2 N (0,3 [Yok (Vo) Yi)),

which completes the proof. O

3.5 Asymptotic Linearity of the Gradient

Before we state and prove the linearity result we will prove two lemmas

that will be needed in the proof of the linearity result. The first lemma pertains

. - — - ———
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to the component-wise convergence of the matrix C,,.

Lemma 3.5.1 Let C,, = [Cpui] be a p x p matriz with,

n

1 n
Crit = 522” Xj—k ~ Xick) (Xjur = Xizt) -

i=1j=

—

Then, under assumptions W1-Wj we have ;‘;Cn-p—)C where
C[;[ = E [h (Yo)]E [4Y1_kh (Yo)xl_ll - E [h. (Yo)Xl_k]E [h (YO)XI—I]-

proof. Choose k and [ and let these values be fixed throughout the proof. Further-
more, let én denote an estimated parameter vector whose components contain the
elements of fi,, and the upper triangular portion of $,.. Now consider the (k,[)*

component of Cp,

n

1 i . - .
—3Cnu = 2n2 ZZ%( ) (Xjmk = Xick) (Xjmr = Xivt)

i=1j=1

1

i

o Xn: i (bis (8n) = bij (8) + b5 (8)) (Xjmk = Xick) (Xjmt ~ Xica)

i=1j=1

ii ( ij (0 ) ~ b;; (6) ) (Xjok = X)) (Xjmt — Xi) +

=1 ]—1.

n 902 Zzbu (0 Aj-k T Xt—k) (XJ-I - 1-—1)

i=1 j=1

1
2n2

i

= Cn +Cyo say.

Under assumptions W1-W4 the Ergodic Theorem and the multivariate Mean

Value Theorem can be used to show that Cy; = 0,(1) as follows,

ICnl < 51— Zn: Y |6 (9n) ~ bij (O] 1(Xjmk = Ximi) (Xt = Xit)|

i= J-—-]_

s 2n22

i=1 j=1

- Ol 1\ j—k — 1-k) (4\]-l - \1—l)|

— - R
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K ~ n n
= Za VA @~ 0)] 55 2o 2 sk = X)X = X

< % "\/H (an ~ 9) ” (E (| X1-x X1t} + E[| X1 E [| X1i]] + 0p(1))
= 0(1)0p(1)0p(1)
= 0p(1).

Since C,; = 0,(1) we only need to show that Cpy converges to the desired result.

Under assumption W1 the Ergodic Theorem can be used to show the following,

Cn2

1 A2 )
5_ Z Z ij (0 'X i~k — \i-k) (J“j-l - X,'..()

= 2n2 — Y. Y h(Yi—;O)h (Y j-1;0) (Xjuk — Xick) (Xjt — Xii)

i=1 ]—
- T
i=1 j=1
(X=Xt = XjmkeXicy = Xick X + Xk Xi)

n

1 - .
= =22 b (Yie1)h (Y o) Xk Xjmt —

i=l j=1

732 Z Z h (Y“' )h’ (YJ—I)X]—ICX:—!

i=l j=

]

S
S

]

= (%gh(y )( Jz_:lh(Y]_ X, -,:x,_,) -
( S h(¥it): ,_,) ( S (Y1) ,_,,)

i=1 =l

3

= E[h(Y0)E [Xi—kh (Y o) X1—i] — E[h(Y0) X1k E [h (Y 0)X1—1] + 0p(1).

This proves the result. O
Before we state the next lemma consider the following random variables

which are multivariate analogs to those given in section 2.3. For A € RP define

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the following random variable,

b(A) = So(¥oi-Yi).

Analogous to Corollary 2.3.1 stationarity and a finite second moment assumption

imply that,
max [t (A) = (1),

Now let p, denote the true autoregressive parameter vector and define the follow-

ing random variable,

sgn (si (po + %) — &5 (po + VA;)) ~ sgn (&: (Po) — €5 (Po))
2

VVij-:
4

-1 if0<€i—'€j<tij(A)

= { 0 otherwise

\ 1 iftij(A)<€i~Ej<0.
Analogous to Lemma 2.3.5 and Corollary 2.3.3 one can show that E [VVS] =
E [VV,‘;] = o(1) for all (4,5). Hence, it follows that |W;;| = W2 = 0,(1). We are

now ready to state the second lemma.

Lemma 3.5.2 Let V; be a random variable such that E [V?] < K for all i and let

W;; be defined as above. Then,

proof.
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_ [422{/2 LS VW e W

i=1 j=1 ij ki
= 42121E[V2 ] 4Z§;E[V |Wii| Vi [Wai]
i=1j= i

= Tnl + Tn2 Say.

Since E[V?] < K, |W;;| < 1 and we are dividing by n* it follows that T, =
O(n~*)O(n?) = o(1). Now consider T,;. The sum in Ty, is either O(n?) or O(n*).
When the sum is O(n3) the Cauchy Schwarz Inequality and the bounds on E [V}?]
and W;; imply that Tha = O(n™')O(1) = o(1). Now consider the case when the
sum is O(n*). The bounds on E[V?] and W;; and the fact that W} = o0,(1) can
be applied to Lemma 2.5.5 to show that E [V?W,%] = o(1) for all (4, 7). Thus, the
Cauchy Schwarz Inequality implies that we essentially have an average of terms
which are all o(1). Hence, the case when the sum is O(n*) is also o(1). Since
Tn1 = Tna = 0(1), Chebyshev’s Inequality implies the result. O

We are now ready to state and prove the main result of this chapter; the
asymptotic linearity result. First, define S, (p) = —;-.S' (p) and let Cr, and C be

defined as in Lemma 3.5.1. Then we can prove the following theorem.

Theorem 3.5.1 Under assumptions M1-M3, E1-E2, and WI-W5 the following

holds for all A € RP:

S, <p0 + %) ~ 8. (po) + 27 (}%Cn) A = o,(1).
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proof. Choose a A € R” and let this A be fixed throughout the proof. The first

thing to note is the following,

A 1
S (Po + _\/_ﬁ) — Sn(po) +27 (;ﬁcn) A
A 1
= 8, (p0+75) — S, (pg) + 27 (ﬁc,.—cﬁuc) A

A 1
= Sn (po + ‘ﬁ) - Sn (po) +2T1CA + 271 (;2-0,1 - C) A

Hence, by Lemma 3.5.1 it suffices to show,

S (po+%)-sn<po)+2rc = o,(1),

in order to prove the result. One should now note that the weights given in the
above equation depend on 0,., which contains the location and scatter estimates
for the sequence, {Y;_;}. In order to properly apply Theorem 3.3.3 the weights

can only be a function of (Y ;~1, Y ;j—1). Thus, consider the following difference,

Sh (po+-%)—5n(po)
= ’_Zzbv( n)Yiot X

sgn (51‘ (po + %) — & (po + %)) — sgn (&; (po) — &5 (Pa)))
2

= =33 b (6,) YWy

n? =) j=1

n? jo j=

N

3
a

|
1o N
s )
a S
--

~ —2-3-22((;,]( 8.) — b3 (0)) Yiut Wiy + = zzbuw 1 Wy

n? - j= ? i=1j=1

..-.

= Tn + T,y say.
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Now, assumptions W1-W4, stationarity, and the finite second moment assumption
along with Lemma 3.5.2 imply the following result,

2 n n

ng ;g( 4] ( ) bt] (0)) z-lW'ij
2 "1
=522 b

nz ;= i=1

2 Y K [Ba - 6] [¥ieill Wi

n? =i j=i

[Tnill =

i (8n) = bij (0)] 1Y i [| W

IN

IN

= 2K|va (8.~ 6)] ( ; ZZMY,-JHW.,I)
= Op(l)op(l)
= 0p(1).
Therefore, in order to prove the linearity result it suffices to show that,

Tne = —2rCA +0y(1).

However, since vector convergence holds if and only if component-wise convergence
holds (see Serfling (1980, pg. 52)) it suffices to show that the k** component of T’y
converges to —2rCA where C} denotes the k** row of the matrix C. Denoting

the kt* component of Ty by ta yields the following,

tnk

i

..
1]
—

.
1]
—

.
1
—

.,
it
—

(sgn (e, po+2) —¢i (oo + %)) — sen e (po) - fj(po)))
2

—— - -_— . o _
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n

n
= Zzbu (0 Xi—k X

n i=1j=1

(1 (m+2) < (po+—%)) -1 0) <i(o0) )

= Iy h(re ,._k( S h(Y

i=l1 J-I

(I (ej (oo + —%) <e (po ¥ %)) (5 (po) S & (po)))) -

Now, adding in and subtracting out [/ (E]‘ (po) <& (po + %)) into the indicator

Ml“

portion of the above result yields the following,

tnk

= .f_lf:h(yi_l)x-_k( Zh(Y 1) X

i=1 _7—1

(15 (oo 5 == (ﬂo+%))-f(ff<po>9f (7))

Zh 1—111—k( Zh
i1 =1

2
.
(1(sste0 <= (po+ 25)) - TCesto0 < . (po))

= tpk1 + tak2 say.

Now apply the definition of W, (z, p) of Theorem 3.3.3 with v (Y ;1) = h (Y ;1)

to show the following,

2 n
takt = ;Zh(yi-l)xi—kx

=1

A’ A A
vn (Wh (Ei - _\/_—-T:Yi—lapo + '\7—;}:) - W (Ei - ”\TT—I'Yi—la Po)) .
Next, use the fact that I(A) = 1~ I (A°), the definition of W, (z,p) with

Y(Yi-1) = h(Y ;1) Xi-t, and reverse the order of summation to show the fol-
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lowing,
tnk2 = 2 ih (Yj—l)\/ﬁ<whx (fj’ Py + 3 ) — Wha (Eijo)) -
n = Vvn

Consider tnx; first. Adding in and subtracting out the following quantity,

A'l En: h(Y i)Y i f (Ei - %Yi-l) ;

n iz

yields the following result,

tnkl

92 M
= ‘_'zh(Yi_l)l\,i_k X
i=l

A A A’
vn (Wh (51' - —ﬁYi-uPo + %) ~ Wh (Ei - —J—;l-Yi_h Po))
2 n
= - Z h (Yi—l)Xi—k X

i=1

[\/ﬁ (Wh (Ei - %Yi—h po + %) ~ Wi <Ei - %Yi—ly po>) -
1 & A’
A ~ Y h(Y;)Yaf (Ei - WYi—l)]

=1

+ ISR Xi {A% (Y)Y saf (s -%YH)]

i=1 i=

= laknt + tak1z2 say.

Now consider {n51;. Using W5 to bound A (Yi—1)Xi—x by a constant K that only

depends on B; we can now show the following,

|tnk11l

2 n
< 2V Ih(ic) Xkl %
i=1
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! AI
n (Wh (Ei - %Yi—hpo + %) ~ W (Ei - -\/—;{Yi—l,po)) -
A, Zh(YJ—l)YJ—lf (81 - %Y,- )

J"

< =) R (Yim)Xick| x  sup
1}—;: zER,HA”Sb
A
Jr (Wh (x,po + -—) Wiz, Po)) AL R(Y;)Y S (@)
\/ﬁ J—l
< 2K x  sup
ze®,||A||<b
A i1
\/;i (Wh (-’E,Po + —\/'—77) - Wh (.’B, pO ) A Z h' J—l j—lf (I) .
=1

Hence, Theorem 3.3.3 implies that tn1 = 0,(1). Now consider tnk12. Adding in

and subtracting out the quantity f (s;) yields the fcllowing,

tnk 12

= "Zh(Y;—x Xi-k [A' Zh(YJ DY f (Ei —%Yi—t)}

1—1

= %;};h (Yio1) Xk (f (€i - %Yi—l) ) (A, ng h(Y )
+ (% Zn:h(Yi-—l))(i—kf (é‘i)) (A' Zh(YPI)YJ‘ )

j=1

= tak121 + tnk122 SaYy-

Now consider tmx121. One can use the bound given in W5 to show the following,

[tak121]

S '_Z‘h 1—-k|

1—1

(% S I (Y, AY s |)

j=t1

(% 2": ‘h (Yi_l)JYi_kI) X

i=1

- gpre)-re

f (si - %Y.-_l) -

< max
= 1<ikn

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(% En: |k (Y,-_I)A'Y,-_d)

N / (s- - %Y,--l) ~ (e

where K depends only on B, and A. It now follows from Corollary 3.3.1 that

]

< 2K max
i<i<n

tnk121 = 0p(1). Consider tnki22 next. A direct application of the Ergodic Theorem
to the two sums given in t,,22 and independence of €; and Y';_, yield the following

result,
tnki2a = 27A'E [h (Yo)x’l_k]E [h (Yo)Yo] + Op(l).
Thus, combining the results on tne11, tnki21 and taki22 yields the following result,
taer = 2TA'E[h(Y )X 1-k]E [h (Y)Y o] + 0,(1).
Let us now consider t,x2. Adding in and subtracting out the following quantity,
1 n
A'; STh(Yis))XickYiaif (5)

i=1

yields the following result,

tnk2

= —-% zn: h(Yj_l)\/'E (th (Ej, Po + %) - th (eja pO))

= —-%gh(Yj-—l) X [\/T—l (qu (Ej,Po + %) - W (€5, Po)) -

A'% ih(Yi_1)X'i-kYi—1f(5j)} +

i=1

_2 z": h(Y‘_l) [A'}—f:h (Yi..[)4 &Y i1 f (sj)]
n n i=1

j=1

= ipk21 t tnk22 Say.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Consider t,z9; first. Using W4 to bound h(Y ;—;) by a constant K that only

depends on B; we can now show the following,

{tnkzl [

A
\/‘—72 (‘th (Ej, Po+ —') - Wha: (Ej'l pO)) -

9 n
< ;Zlh(Yj—l)lx \/T—i

j=1

A';lz-zn:h(yi_l)z ik Yi-1f (€5)
i=1

IA

2K x  sup
zE!R.”Allsb

i=1
Hence, Theorem 3.3.3 implies that tnk21 = 0,(1). Now consider t,k2. A direct
application of the Ergodic Theorem to the two sums given in fnk; and the fact

that ¢; is independent of Y ;_, yields the following result,

n 1 n .
tnk22 = *% Y (Y1) f (&) I:Alzzh(yi-l)xi—kYi—lJ

j=1 i=1

= —27A'E[h(Y0)]|E [R(Y0)Xi_Y o] + 05(1)-
Thus, combining the results on tpx21 and tnze yields the following,
take = —2TA'E[R(Y)]E[h(Y0)X1-Y o] + 0,(1).
Finally, if we combine the results on t,x1 and tqx2 we get the following,

bnk
= 2rA'E[h(Y ) X1-|E[h (Y)Y ] -

2 A'E [h (Y 0)]E [h(Y6) Xi—kY o] + 05(1)
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= —2rA (E[h(Y0)E[A(Y o)XY o)~

E [h (Yo) X1 E [A(Y0) ¥ d]) + 0,(1)

~27A'Cr + 0p(1).

i

Hence, we have shown that,

A '
Snk (Po + "\/—7—2) — Snk (Pg) +2T7A'Cr = o0,(1).

Lastly, since the above result holds for £ = 1,2,...,p we have that,

A
S, (mﬁ) ~Sulpo) +27 (5Ca) A = 0y(1),

which proves the result. O

3.6 The Asymptotic Distribution of the Estimate

3.6.1 Asymptotic Uniform Linearity and Uniform Quadraticity

From Chapter IT we see that asymptotic uniform linearity and uniform
quadraticity results need to be established before one can proceed with the asymp-
totic distribution of the estimate. The development here will be analogous to that
found in Section 2.6.3. The only difference is that we are now in a multivariate
setting.

To begin, let p, denote the true parameter vector for the AR(p) and let
A € R°. One will recall from Section 3.1 that D (p) represents the dispersion

function to be minimized and S (p) is the negative of its’ gradient. Now define

. - —_ - —_———
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the following functions of A, which are multivariate analogs to those functions

found in Section 2.6.3,

d 1
S1(8) = ~1xDu(8) = 8 (mﬁ)

Qn(A) = Dy, (0) - S; (0)A + TA'CA.

One can now follow a multivariate version of the heuristic discussion found in

Section 2.6.3 to motivate the following results.

We will say that we have asymptotic linearity (AL) if for all A € R? the

following result holds,
S.(A)- S, (0)+2rCcAa X 0.

One should note that this result is given in Theorem 3.5.1. Secondly, we will say

we have asymptotic uniform linearity (AUL) if for all ¢ > 0 the following result

holds,

sup [|S.(A) — S, (0)+2rCA|| 2 0.
|Afl<e

Lastly, we will say that we have asymptotic uniform quadraticity (AUQ) if for all

¢ > 0 the following result holds,

sup |Da(A)=-Qn(A) 5 0.
|A]lse

—— el - —_— - —— -
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In their 1988 paper Heiler and Willers (1988) show that AL, AUL, and AUQ

are equivalent in the context of linear regression. In Section 2.6.3 we presented
their proof in the context of the AR(1). However, the proof for p > 1 is straight
forward; just replace univariate convergence with vector convergence. In fact, the
result given in Heiler and Willers is this multivariate version. For the sake of

completeness we state this result in the following theorem.
Theorem 3.6.1 Under M1-M3, E1-E2, and W1-W5 AL, AUL, and AUQ are

equivalent.

proof. See the proof of Lemma 3.1 in Heiler and Willers (1988). O
With these results established we can now proceed to the next step, the asymptotic

distribution of py,.

3.6.2 Asymptotic Normality of the Estimate

In this section it will be convenient to change notation by letting & =
VT (p — p,) where py still represents the true parameter for the AR(p). Substi-
tuting this value of A into the functions defined in Section 3.6.1 and thinking of

these functions as functions of p instead of A we obtain the following,

Da(p) = =D(p)
1
Sn(p) = TFES (p)

Qn(p) = Dn(pg) — VuS;, (po) (P — po) + 17 (p— po) C (P — po) -

- ———— e — . - —_— —————— e
— . ———
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Now, taking the derivative of Q,, (p) with respect to p yields,

DQ.(p) = —V1Sy (po) +2n7C (p — py) -

If p, is such that DQ, (p,) = 0 then p, denotes the value of p for which Q, (p)

is minimized. It follows that,

1

= — -1
Pn = Po+2\/1—”_c Sn(pO)'

Equivalently, p, is such that,

V(B - ) = 5C'Sa(py)- (3.2)

Because p, depends on the true value of the process, p, it is not a statistic.
However, we can still derive its asymptotic distribution. In Section 3.4 we showed

that,
D 1 2 I}
Sa(py) 2 N (o, 3E[Yoh (YO)YO]) . (3.3)
It follows (see Serfling (1980, pg. 19)) from (3.2) and (3.3) that,
Vb, — py) N(o, 1%50-113[1/0}3 (YO)Y;,]c-l). (3.4)

Now consider the estimate, p,. We want to determine the asymptotic
distribution of /7 (p, — pg).- Adding in and subtracting out p, within this ex-

pression yields,

\/ﬁ(ﬁn - pO) = \/-E(ﬁn "ﬁn) + \/ﬁ(bn - pO)
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If we can show that /1 (B, — p,) = 0,(1) then it will follow (see Serfling (1980,

pg. 19)) from (3.4) that,
) 1, R
Vi (o — po) 2> N(o, =0 [Yoh? (Vo) Y] C l).

The fact that \/n(p, — P,) = 0,(1) is given in the following theorem. The proof
of this theorem is due to Jaeckel (1972). In Section 2.7 we presented Jaeckel’s
proof in the context of the AR(1). However, since Jaeckel's proof is a multivariate
version, this result will also hold for the AR(p). For the sake of completeness, we

present Jaeckel’s result in the context of the AR(p).

Theorem 3.6.2 Under the conditions of Theorem 3.4.3 we have,
VA (B, = Bn) = 0,(1).

proof. See Jaeckel (1972). O
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CHAPTER IV
EXAMPLES

We will consider four estimates throughout this chapter, three of which
are rank-based. The first estimate will be the classical least squares fit (LS) while
the second estimate will be the Wilcoxon R-estimator (WIL). This corresponds to
the GR estimate of Chapter II with b;; = 1. It is well-known that both of these
estimates are sensitive to bad leverage points in the classical linear regression
model (e.g. Naranjo and Hettmansperger (1994)). It will be demonstrated that
these estimates can still be sensitive to “bad” leverage points caused from additive
outliers in the stationary autoregressive model. The third estimate will be the
positive breakdown bounded influence rank-based estimate (GR) of Naranjo and
Hettmansperger (1994) while the last estimate calculated is a high breakdown
bounded influence rank-based estimate (HBR) proposed by Chang (1996). Theory
pertaining to the autoregressive model and the GR estimate is given in Chapter III.
However, no theory is given for the HBR estimate. It is simply presented for
comparison purposes. These two estimates are less sensitive to bad leverage points
in the classical linear regression setting since they both have a totally bounded
influence function. Thus, for the autoregressive model, it should follow that these

estimates will be less sensitive to “bad” leverage points caused by additive outliers.

166
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This will be demonstrated in the examples to follow.

The GR estimate will be computed using the same weighting scheme as that
found in Chang (1996). Specifically, a Mallows type weighting scheme, b;; = h;h;,
with

| 5 k/2
h‘i = min {11 [(Yi-l _ ,‘n)'z;l(yi—l - p’ﬂ)J } (41)

will be used to calculate the weights. Here, Y';_1 = (Xi-1, Xi-a,..., Xi—p)' denotes

the design point, and the terms p, and X, are the associated minimum volume
ellipsoid (MVE) measures of location and dispersion proposed by Rousseeuw and
van Zomeren (1991). They will be computed using the algorithm proposed by
Stromberg and Hawkins (1993). The cutoff point, b, will be set at the 95t per-
centile of the x?(p) distribution while the parameter k£ will be set at 2. It should
be noted that one can control the severity of a downweighted observation by in-
creasing or decreasing the value of k. Additionally, a value of & = 0 gives the
Wilcoxon R-estimator.

For the HBR estimate we will again follow Chang (1996) and use the

following weights,

cm;imy

(ei(Po)/n)(€i(Pa)/n)

] ; (4.2)

bij = w[

where ¥(t) = 1,t,or — 1 according tot > 1, -1 <t < 1,0ort < ~1 and

b
mo= v [(Yi-l ~ ) S (Vi — #n)] ’

—_— e ——— e —
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where Y;_;, i, £, and b are the same as those defined in (4.1). The tuning con-
stant, c, in (4.2) will be set at [med{a;} + 3MAD{a;}]?> where a; = e;(py)/(6nm;)

and
6, = MAD = 1.483med;|e;(py) — med;{e;(po) }-

Lastly, e;(9,) denotes the #** residual of some initial estimate. In the examples to
follow, p, is taken to be the LMS estimate, computed using the algorithm written

by Stromberg (1993).

The Wilcoxon R-estimate will be computed using the algorithm discussed
in Kapenga et al. (1996) while similar Gauss-Newton type algorithms will be used
to obtain the weighted R-estimates (Chang et al., 1996). In all cases the estimate

of an intercept will be the median of the residuals.

4.1 A Simulated Example

To illustrate the effectiveness of the proposed estimate, the first example
discussed deals with a simulated time series. Specifically, 340 observations were

simulated from the following AR(1) model,
Xi = 50.0+0.3X;_, +¢; withe; iid N(0,10).

The first 300 observations were used to establish the process “past” while the last
40 observations represented a realization of the process. The simulated observa-

tions, read from left to right and from top to bottom in time, are displayed in
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Table 2

Simulated AR (1) With Gaussian Errors

69.8 71.4 70.4 72.9 71.5 70.2 70.9 71.4

69.6 70.0 70.5 69.4 71.5 71.3 69.1 71.0

73.1 72.0 72.8 71.4 73.0 71.5 71.9 70.7

70.2 69.2 70.7 70.7 70.3 70.1 71.2 71.2

71.8 72.7 71.0 70.4 72.7 71.6 70.8 70.5
Table 3

Parameter Estimates for the Simulated AR(1)

Original Original Series
Series with Qutlier
Estimate Gn Pn G, Pn
LS 53.63 0.246 71.16 -0.024
WIL 53.28 0.250 70.87 0.005
GR 55.29 0.222 51.94 0.268
HBR 55.29 0.222 51.63 0.273

Table 2. A time series plot and lag one scatter plot (with fits) of the data are
given in Figure 3. Since the error distribution is Gaussian, we would expect the LS
fit to be good. However, we would also like the rank-based estimates to perform
well under the normality assumption. As is seen in Table 3, as well as Figure 3,
the rank-based estimates are close to the least squares estimate. However, all of
the estimates seem to be biased. Now suppose there was a recording error, for

instance, a misplaced decimal point. Specifically, suppose the 15 observation,
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Figure 3. Time Series Plots and Lag 1 Scatter Plots With Fits for Both the
Original Series and the Series With One Outlier.
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69.1, was recorded as 6.91. This type of error is representative of an additive
outlier. The time series plot in Figure 3 for this series clearly demonstrates the
outlier and its’ additive effect. The lag one scatter plot in Figure 3 identifies two
points that are different from the rest of the data. The point (71.3,6.91) is an
outlier in the residual, while the point (6.91,71.0) is a bad leverage point. It is
well-known that the LS and WIL fits are sensitive to “bad” leverage points (e.g.
Naranjo and Hettmansperger (1994)). Thus, these fits should be biased towards
zero. This is easily verified in the lag one scatter plot of Figure 3 as well as the
parameter estimates of Table 3. However, as illustrated in Figure 3 and Table 3,
the GR and HBR estimates are less sensitive to these outlying points. Thus, they
are moare consistent with the bulk of the data. In fact, as is seen in Table 3, the
GR and HBR estimates are closer to the true parameter value of 0.3 than with
the original data. Hence, since it is an unfortunate reality that recording errors,
as well as other additive effects occur in practice, the necessity of the generalized

rank-based estimates is clearly demonstrated.

4.2 Residential Extensions Data

The next example deals with a monthly time series (RESX) which origi-
nated at Bell Canada. The data describes the installation of residential telephone
extensions in a fixed geographical area from January 1966 to May 1973 (Rousseeuw

& Leroy, 1987, pg. 278-280) and can be found in Rousseeuw and Leroy (1987, pg.

—— _— - ———— e —
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280). Upon examination of the data set, it is quite obvious that the installation
data for November, 1972 and December, 1972 are outliers. However, these two
outlying observations have a known cause. November, 1972 represents a bargain
month in which residential extensions could be requested for free. Due to the
large number of requests in November, not all orders could be filled. Hence, there
was a carry over effect for December (Rousseeuw & Leroy, 1987, pg. 281).

Now consider the following seasonal differenced series,
ng = RESXt+[2 - RESX:, t= 1, 2, ey 77.

According to Rousseeuw and Leroy (1987, pg. 281) Brubacher (1974) found that
this series was stationary with a zero mean (except for the outliers) and could be
modeled as an AR(p) without an intercept. One should recall that the mean of
an autoregressive process is zero if and only if the intercept term is zero. A time
series plot of the seasoned data is given in Figure 4 along with a lag one scatter
plot with fits. The presence of the above mentioned outliers is clearly evident in
these two plots. Following Rousseeuw and Leroy (1987), both the AR(1) and the
AR(2) models will be fit to this seasoned series.

To begin with, consider the AR(1) model. Since the rank-based estimates
are invariant to location, these estimation procedures are forced to fit a model
which includes an intercept term. If the non-intercept model is desired one needs
to first fit the model with a dummy intercept and then project the estimate of

p into the correct space. For a more thorough discussion see Dixon and McK-

- —_ - e = e . —

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



173

Time Series Plot
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Figure 4. Time Series Plot and Lag 1 Scatter Plot With Fits for the Seasoned
RESX Data.
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Table 4

Outliers for the Seasoned Residential Extensions Data

AR(1) AR(2)
Case Type of Case Type of
Number Point Qutlier Number Point Outlier

70 (1215, 54671)  Residual 69 (3165, 1215, 54671)  Residual
71 (54671, 28619) Leverage 70 (1215, 54671, 28619) Leverage
72 (28619, 2478) Leverage 71 (54671, 28619, 2478) Leverage

72 (28619, 2478, -890)  Leverage

ean (1996). However, since we did not do this, the following model will be as-

sumed,
JYt = a+pX¢_1+st, t=2,3,,77

Now, since we suspect two outliers in the data set, there will be three points of
interest. Information pertaining to these points is given in Table 4. A point is
an outlier in residual space if the response itself is outlying. On the other hand,
a point will be called a leverage point if the outlier rests in design space. The
lag one scatter plot given in Figure 4 clearly demonstrates the sensitivity of both
the LS and WIL fits to the leverage points. Since case number 71 is outlying in
both residual and design space, this case results in a “good” leverage point and
has little effect on the fits. Hence, it appears that case number 72, which contains
only the outlier in design space, has the most influence on the LS and WIL fits.

However, as evidenced in the plot, the GR and HBR estimates are not affected
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by the outliers. Thus, these estimates portray a more accurate description of the
bulk of the data.

Now consider the AR(2) model. Before we begin we should point out that
analogous comments pertaining to the intercept in the AR(1) apply here as well.

Thus, the following model is considered,
fYt = a-+ Plt"t—l + p‘Z’\'t—-Z + £¢, t= 31 47 sy 77.

Since we are fitting the AR(2) model, the two suspect observations will effect four
cases. Information pertaining to these points is also presented in Table 4. To get a
visual display of the effects of these points on the estimates we need a plot in three
dimensions. However, there is another way to view things. Consider the plot of
the standardized residuals and time for the four fits given in Figure 5. The LS and
WIL fits only identify one point, the residual outlier given by case number 69. The
three leverage points given in Table 4 are “masked” from these analyses. However,
both of the residual plots for the GR and HBR estimates clearly identify cases 69
and 71 as containing outliers. The plots also exhibit some evidence that cases 70
and 72 contain outliers. As was done in the AR(1) model, and for similar resons,
these two points may be classified as “good” leverage points. Regardless of “good”
or “bad” leverage points, the robustness of both the GR and HBR estimates to
these points is evident. Hence, as with the AR(1) fits, these estimates provide a
better description of the bulk of the data.

Other authors have also considered this data set. Rousseeuw and

_— -— —— e —————— e~
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Time Series Plot
of AR(2) Standardized Residuals
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Figure 5. Residual Plots for the Four Fits of the AR(2).
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Table 5

Parameter Estimates for the Residential Extensions Data

AR(1) AR(2)
Estimate ﬁn ﬁnl pnz

LS 0.482 0.533 -0.106
LMS 0.535 0.393 0.674
RLS 0.546 0.412 0.501
BRUB NA 0.530 0.370
M 0.498 0.503 -0.147
GM NA 0.510 0.380
WIL 0.497 0.503 -0.151
GR 0.586 0.363 0.399
HBR 0.563 0.357 0.387

NA - Not Available

Leroy (1987, pg. 283) discuss the least squares (LS), least median squares (LMS),
and LMS-based reweighted least squares (RLS) estimates. Brubacher’s (1974)
estimates utilize an interpolation technique which requires that one specify the
outlier positions in advance (Rousseeuw & Leroy, 1987, pg. 283). Pre-determining
outlier positions would be similar to using the non-random weights discussed in
Chapter II. Lastly, Martin (1980) applied a GM-estimate to this data set. For the
sake of comparison, a M-estimate and the rank-based estimates of this chapter
are computed. The various estimates for both the AR(1) and AR(2) models are
given in Table 5. The various estimates yield similar results for the AR (1) model.
However, there is some variation among the estimates for the AR(2) model. To

begin with, the LS, M, and WIL fits yield negative parameter estimates for pa.

B - J— - —— e ——————
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This is due to the fact that these estimates do not have a bounded influence func-
tion, and thus, are sensitive to bad leverage points. Secondly, there is discrepancy
between the estimates that are not sensitive to bad leverage points. Rousseeuw
and Leroy (1987, pg. 283) offer as an explanation the high correlation between
X1 and X, (r=0.634). This is also apparent in the scatter plot of Figure 4.
Thus, it is possible that a collinearity situation exists and this somehow effects
the various estimates in different ways. To avoid this problem, one could certainly
consider only the AR(1) model where the estimates are more stable. However,
Martin (1980) found that the AR(2) model is more suitable for this situation us-
ing a robustified version of Akaike’s AIC function for determining the order of an

autoregression (Rousseeuw & Leroy, 1987, pg. 284).

4.3 Missing Observations

Consider first the classical linear regression model with possible missing
observations in the response and or the design variables. In many statistical
packages missing observations in this setting are handled simply by deleting all
cases which contain missing information from the data set. However, in time series
analysis, this technique would disrupt the “nature” of the time series. Hence, other
methods need to be considered when a time series consists of missing observations.
Such procedures usually involve maximizing a likelihood function. For instance,

if missing values are present, the S-plus statistical software package computes the
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likelihood using the Kalman filter applied to a state space representation of the
likelihood (Sciences, 1993, pg. 16-22). One is referred to Kohn and Ansley (1986)
for the state space representation and Bell and Hillmer (1987) for the method of
initializing the filter recursions. If there are not too many missing values one can
use indicator variables and an ordinary maximum likelihood program to construct
the maximum likelihood estimators (Fuller, 1996, pg. 459). This technique is
illustrated with an example given in Fuller (1996, pg. 459).

As an alternative, consider the GR estimate with non-random weights.
Specifically, define the weights by b;; = hih;, where h; = 0 if the ith case contains
a missing observation in either the response and or the design and h; = 1 otherwise.
This essentially eliminates the cases that contain missing observations, similar to
what is done in most statistical packages with classical linear regression. However,
the use of weights preserves the structure of the time series. The advantage this
method has over maximum likelihood methods is that a model for the innovations
does not have to be specified, and hence, does not depend on any likelihood
function. This technique, as well as the maximum likelihood methods mentioned,
are illustrated in the following example.

Consider the data found in Table 8.7.1 of Fuller (1996, pg. 459). The data
represents computer generated observations from an AR(2) model with Gaussian

errors. Thus, we consider the following model,

Xi = a+pNiai +pXNica+6i, 1=1,2,...,100, (4.3)

- —_ —— JR— . ———
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where it is assumed that observations 40, 57, and 58 are missing at random. If
the *h case is defined by the tuplet (X;_;, X;_s, X;), then it follows that cases
1, 2, 40, 41, 42, 57, 58, 59, and 60 contain missing observations. These missing
observations appear either in the response (e.g. Case 40), the design (e.g. Case
41), or both (e.g. Case 58). To analyze this data set using the GR estimate with
non-random weights, let h; = 0 for ¢ = 1, 2, 40,41, 42, 57,58,59,60 and let h; =1
otherwise. Also, since the program used to calculate the GR estimates assumes
non-missing observations we replace the missing observations with the sample
mean of the non-missing data. This should have little effect on the estimate since
these cases are basically being disregarded from the analysis. For comparison
purposes, estimates from S-plus and those of Fuller were also obtained. It should
be noted that the parameterization given in Fuller yields the negatives of the
autoregressive parameters given in (4.3). If (fn1, Pn2)’ denotes the estimate of the
autoregressive parameter vector, the S-plus, Fuller, and GR. estimates are given
by (1.338,-0.847)', (1.377, —0.899)", and (1.340, —0.859)' respectively. Hence, the
GR estimate is comparable to those obtained in S-plus and by Fuller. However,
this should not be surprising since b;; = 1 yields the Wilcoxon estimate and it is
well-known that the Wilcoxon estimate has 95.5% efficiency when the innovations
are normal (e.g. Hettmansperger (1984, pgs. 72,243)). With only 9 of the h;’s set
to zero, 9% of the b;;'s are different from one. Thus, this estimate should be close

to the Wilcoxon estimate, and hence, the maximum likelihood estimates. Again,

. ——— e —_— o e t—— .
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the advantage the GR estimate has over the maximum likelihood procedures is
that the error distribution does not have to be specified. However, the effect of
using the GR estimate to account for missing observations may have some effect
on inference. Since the intent of this example is to illustrate an application of the

non-random weight theory of Chapter II, this will not be pursued.
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CHAPTER V

A MONTE CARLO STUDY

In this chapter the behavior of the proposed estimate is studied via Monte
Carlo. For the sake of simplicity and computation time only the AR(1) is simu-
lated. Furthermore, since the primary interest is the behavior of the autoregressive
parameter and not the intercept, only the zero mean AR(1) is considered. Thus,

the “core” process in this chapter will be denoted by,
Xi = pX'_1 +é&, t=23,...,n,

where p € (—1,1) and the g; are iid F.

The “observed” process, defined in Section 1.3, is given by,

X = Xi+v, i=23,...,n

When y; = 0 the “observed” process reduces to the “core” process. This is the
situation that gives rise to the Innovation Outlier (I0) model. When v; # 0 the
classical Additive Qutlier (AO) model is obtained. In this chapter the v; will have
a distribution given by (1 — 7)do(-) + YG(-) where v denotes the proportion of
contamination, & is a point mass at zero, and G is some contaminating distribu-

tion function. As mentioned in Section 1.3 the v; do not necessarily have to be

independent.
182
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As in Chapter I'V we consider the least squares estimate (LS) and the three
rank-based estimates; WIL, GR, and HBR. One will recall that the WIL, GR,, and
HBR estimates are determined by their weighting schemes. The weighting schemes
are defined by b;; = 1, (4.1), and (4.2) respectively. The following Monte Carlo
study will simulate, compute, and compare the four estimates of p under both the
10 and AO models for different settings of v, G, and F. In all of the simulations
1000 realizations of size 100 were generated and the estimates were computed
using the algorithms discussed in Chapter IV. However, due to a processing error
in a few of the cases it was not possible to obtain 1000 realizations all of the
time. The worst case scenario was 994 realizations. Thus, when applicable, we
will denote the actual number of simulations by nsims.

Evaluation of the four estimates under the different situations will be done
via comparison boxplots. The length of the box is determined by the first and
third quartiles. The box also exhibits a line denoting the median. The whiskers for
the boxplot are drawn to the nearest point not beyond 1.5 times the interquartile
range. Furthermore, the widths of the boxes are proportional to the empirical

mean square error, MSE. That is, the widths are proportional to,

1 nsims

z (Pni — p)2-

i=1

—

MSE =

nsims
Lastly, a line at the true value of p is also displayed. Hence, these plots allow for
comparison between the four estimates’ distributions in regards to shape, vari-

ability, accuracy, and bias.
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5.1 Innovation Outliers

5.1.1 10O Setup

Under model IO, »; = 0 so that the “observed” process reduces to the

“core” process. Hence, the model in this section is,

Xi = PX'-1+5:‘7 1::2731"-’"")

where p € (—1,1) and the ¢; are iid F'. The values of p considered throughout the
study are 0, 0.5, and 0.9. For each value of p four different F’s were considered.
The error distributions considered were the Standard Normal, Logistic, and Con-
taminated Normal. One Contaminated Normal had a contaminating variance of
16 (10% of the time) while the second Contaminated Normal had a contaminating
variance of 100 (25% of the time). The Standard Normal and Logistic were cho-
sen since these are the respective distributions where the LS and WIL estimates
are optimal (e.g. Hampel et al. (1986, pg. 112)). The Contaminated Normal
parameter settings were chosen to reflect “mild” contamination and “extreme”

contamination.

5.1.2 IO Simulation Resuits

The results for p = 0, 0.5, and 0.9 and the four error distributions are given
in Figure 6, Figure 7, and Figure 8 respectively. As expected, the LS estimate

does the best when the error distribution is Gaussian. However, as evidenced in
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the plots, the distributions for the rank-based estimates are quite close to that
of least squares, except for a small increase in variability. Furthermore, it is also
worth noting that as p increases, the bias in all four estimates also increases.

Next, consider the situation when the error distribution is Logistic. This
is the situation in which the WIL estimate is optimal (Hampel et al. (1986, pg.
112)). The GR and HBR, as well as the LS estimate, do quite well compared
to the optimal estimate. Additionally, the bias still appears to be an increasing
function of p.

Now consider the situations where the error terms are Contaminated Nor-
mals. It is obvious from the plots that the least squares estimate does not perform
very well. However, the GR also seems to be having difficulty, although not to
the extent of the LS estimate. Consider the following explanation. Under model
IO outliers are introduced through the error distribution. Due to the structure of
the AR(1) these errors get introduced into future observations of the process, and
hence, produce a sequence of “good” leverage points. Although the LS estimate
will tend to be bias towards these leverage points, it will still be sensitive to out-
liers in residual space. However, the rank-based estimates have bounded influence
functions in residual space, and thus, are not effected by outliers in the vertical
direction. The difference between the WIL, GR, and HBR estimates is directly
related to the associated weighting schemes. The WIL estimate is obtained by

letting the weights be constant. Thus, the “good” leverage points are given the

— ————— - -
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same weight as the other design points. This tends to strengthen the estimate.
Since the HBR estimate distinguishes between “good” and “bad” leverage points,
the HBR. will be similar to the WIL, as portrayed in all of the figures. The GR
does not distinguish between “good” and “bad” leverage points. Thus, the GR
downweights both “good” and “bad” leverage points, and as a consequence, tends
to lose efficiency and have a larger variance. However, it does appear that the
performance of the GR improves as p increases. This should not be surprising
since it is well-known that Corr(X;, X;-1) = p (Abraham & Ledolter, 1983, pg.
200). The GR essentially throws away the leverage points and bases the estimate
of p on the “good” cluster. But, as p increases, the “good” cluster gets tighter
and tighter, hence improving the estimate. As a final remark it should be pointed
out that once again the bias seems to be an increasing function of p. Thus, taking
into consideration the above comments it would appear that under model [O the
WIL estimate is superior.

The superiority of the WIL estimate to that of the GR under model IO can
be shown analytically as well. Although the following ideas should extend to the
general case, a few additional assumptions are added to simplify the discussion.
The weights will be of the form, b;; = h(X;—1)h(X;~,). Since multipling by a
constant (K = E~2[h(X)]) does not change the value of the estimate, one can
assume without loss of generality, that E [h(X)] = 1. Furthermore, assume that

the error distribution is such that the distribution of X' is symmetric. Then,

— ————— e ——
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assuming h is an even function, it follows immediately that £ [A(X)X] = 0. Now
we are ready to proceed with the discussion.

In Section 3.4 it was shown that

Vilpa —p) > N(o,é;c-‘E[h(X)]E [hz(X)Xz]C“) where (5.1)

C = E[rX)]E[Xh(X)X]~E?R(X)X]. (5.2)
The simplifying assumptions imply that (5.1) and (5.2) reduce to

. 1 . _
Vilpe—p) 3 N(o, —=C™E [2(X)x*|C 1) where  (5.3)

C = E [Xh(X)X] = COV[X, h/(X)X] = Px, nx)xOxOnx)x+ (5.4)

In the above expression px nx)x denotes the correlation between X and A(X)X
while oy and o, x,x denote the standard deviations for X and A(X)X respectively.

Following Denby and Martin (1979) let
— 1 -1 2/ v 2| -1
Vio = 550 E[R(X)X%C (5.5)

denote the asymptotic variance of the estimate. Inserting (5.4) into (5.5) and

applying algebra yields,

v ( 1-p? )( 1 )
o =
pi. AX)X 052 1272

1-p° )
= (—5—= ] Vioc
(p?t,h(xpco'e?

where p denotes the AR(1) parameter, 62 = E [¢?], and Vioc = 157 represents

the asymptotic variance of the Wilcoxon estimator of location (Hettmansperger,
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1984, pg. 76). Next, assuming only that 62 < oc, the asymptotic form of the
Cramer-Rao bound for estimates of p under model IO can be shown to be (Denby

& Martin, 1979)

where

f’(E))2

I{f) = FE (

/) [ 7@

denotes the Fisher Information for f. Hence, the asymptotic efficiency of the GR

estimate based on h and f is given by

Ver
Vio

= 2 (Ei)
- px.h(X)X I(f)

= p?{.h(X)XEFFLOC(f)l

EFFgr(h, f)

where EFF oc(f) denotes the asymptotic efficiency of the Wilcoxon estimate of
location. Now, because pyx ,x)x is the correlation between X and A(X)X it is
immediate that the maximum of EFF¢gg(h, f) with respect to h is obtained when
h = 1. That is, the asymptotic efficiency of the GR is greatest when the GR
reduces to the WIL estimate (b;; = 1). As a consequence, one should never use
the GR estimate if model IO is expected to hold. However, as our simulations will

show, the GR can be quite useful in situations where model IO does not hold.
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5.2 Additive QOutliers

5.2.1 AQ Setup

Under model AO, v; # 0. In the simulations that follow v; will have
a distribution given be (1 — ¥)dg(-) + ¥G(-) where v denotes the proportion of
contamination, & is a point mass at zero, and G is A(0, 02). However, the v; do

not have to be independent. Thus, the model for the “observed” process is,

X} = Xi+vu

= pX,'..l-{-E,'-I-I/i, 1=23,...,n

The values of p where set at 0, 0.5, and 0.9. In all of the AO simulations the
¢; were distributed as A(0,1 — p?). This implies that the “core” process has
a Standard Normal distribution. The v; were assumed independent of the &;
and were distributed according to (1 — v)d(-) + YNV (0,02), but the v; were not
necessarily independent. A dependence structure was obtained by generating a

sequence of binary random variables, v;, according to

bernoulli(p;) ifv-1 =0

" bernoulli(py) if vy =1
where p, < p;. When p; = p; the sequence is iid. However, when p, < p,
the sequence will not be independent. In the simulations to follow, “patches” of

outliers were obtained by letting py < 0.25 and p; = 0.80. For each of the three

values of p there were four situations. These situations are given by (v, 02) =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



193
(0.10,16) and (v, 02) = (0.25,100) for both the iid and dependent v;.

5.2.2 AQ Simulation Results

The results for p = 0,0.5,and 0.9 along with the four AO situations are
given in Figure 9, Figure 10, and Figure 11 respectively. As one may expect, the
boxplots for the situation when p = 0 closely resemble those presented in Figure 6.
This is obvious when comparing row 2 in Figure 6 with row 1 of Figure 9. This
follows because in both the IO and AO models the “observed” process is just a
sequence of random noise when p = 0.

However, when p # 0 the results are quite different from the IO model
results. The first thing to note is that in all of the plots (where p # 0) both the
GR and HBR estimates are superior to the LS and WIL estimates. This follows
since the LS and WIL estimates do not have a bounded influence function in
design space. One should recall that model AO is the situation that gives rise
to “bad” leverage points. Secondly, in the majority of the cases the GR seems
to perform somewhat better than the HBR estimate in regards to bias and mean
square error. This brings us to the obvious feature that is present in all of the
plots. That is, all of the estimates are bias, and in some situations the bias is
quite large. This is due to the fact that the true AR(1) model is no longer valid.
In fact, under our AO setup the AR(1) holds (1 —~+)100% of the time while y100%

of the time it is something different. It appears that the bias may be a function

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



194

Model: AO Model: AO
n =100 nsims = 995 n = 100 nsims = 994

02
0.2

Simulation Estimates
0.0

Simulation Estimates
0.0

N o~ 4
? 2
5
ho =0 X~ N(0,1) rho=0 X ~ N(0,1)
Add: iid N(0,16), cant=.10 Add: iid N(0,100), cant=.25
Model: AO Model: AO
n= 100 nsims = 1000 n = 100 nsims = 997
: L : -

02
0.2

Simulation Estimates
0.0
Simulation Estimates
0.0

> :
< <
S ] Q ’
e & & &K $ & & &
rho =0 X~ N(0,1) tho=0 X ~N(0,1)
Add: patch N(0,16), cant=.10 Add: patch N(0,100), cant=.25

Figure 9. Simulations for Model AO Under p =0.
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Figure 10. Simulations for Model AO Under p = 0.5.
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Figure 11. Simulations for Model AO Under p = 0.9.
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of the proportion and amount of contamination. Smaller values of v and o2 are
associated with a smaller bias while larger values of these parameters yield a larger
bias. This is apparent in row 1 of both Figure 10 and Figure 11. Furthermore,
this feature is consistent under both the iid and dependent scenarios. As a final
note concerning these figures consider the case of dependent v; where v and o2
are large. For both p = 0.5 and p = 0.9, the distributions of the GR and HBR
estimates are centered close to zero. Although this bias is a direct consequence
of the AR(1) being invalid, there may be another factor that contributes to the
severity of the bias. Contamination under the dependent situation when y = 0.25
produces “patches” of outliers 25% of the time. Thus, for a sample size of 100 one
would expect at least 25 outlying observations, and because of the dependency,
probably more. Hence, it is possible that the actual proportion of contamination
may be approaching the estimates’ breakdown point. As a consequence, the bias
may be magnified.

To further investigate the relationship between bias and amount of con-
tamination additional simulations (with smaller amounts of contamination) where
obtained. Five situations with p = 0.5, X ~ N(0,1), and v; iid were considered.
The situations are given by (v, s2) = (0.02, 16), (0.02,100), (0.05,16), (0.05,100),
and (0.10, 100) respectively. The results are given in Figure 12 and Figure 13. It
is immediate upon comparing Figure 10 with Figure 12 that the bias has reduced.

Figure 12 and Figure 13 also indicate additional evidence that the GR performs
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Figure 12. Additional Simulations for Model AO Under p = 0.5.
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slightly better than the HBR estimate.

5.3 Summary of Monte Carlo Results

To summarize, the Monte Carlo study provides evidence supporting the
superiority of the WIL estimate to that of the GR estimate under model 10. This
was shown analytically as well. However, the performance of the HBR resembles
that of the WIL under model IO.

Under model AO, the GR and HBR estimates are superior to the LS and
WIL estimates, although bias. The bias seems to be directly related to the pro-
portion and degree of contamination. There is also some evidence that suggests
the GR dominates the HBR, although this evidence is not strong enough to make

a definitive statement.

Because the true model is never really known in practice and the HBR
seems to perform well under both the IO and AO situations, it would appear that
the HBR would be most suitable for AR(p) estimation. However, since the HBR
estimate is not the subject of this paper, this will have to be considered in future

research.
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CHAPTER VI

CONCLUSIONS

6.1 Concluding Remarks

Throughout this manuscript we considered the following model,

lYi o+ plXi—l + sz,'-z + .-+ p,,X,-_,, + &

= a+Y,_ p+e; i=1,2,...,n,

where p > 1, Yi_| = (Xic1, Xiz2, ..., Xi—p), and p' = (p1,02,...,0). Yo was
assumed to be an observable random vector independent of 1, €2, ..., €, such
that £ [IIYolIk] < oc for k = 2 or 4. Furthermore, the ; were assumed iid F’ with
Ele) =0and E [Ef] < oc for k = 2 or 4. Lastly, the solutions to the following

equation,
XP = pXP7 = ppXPE = —pp = 0,

were assumed to lie in the interval (—1,1). These conditions implied that the pro-
cess followed a stationary p'* order autoregressive time series, denoted by AR(p).
The primary objective was the robust estimation of the autoregressive pa-

rameter vector, p. Specifically, the proposed estimate of p was defined to be a
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minimum of the following dispersion function,

D(p) = Y bijlei—¢jl

1<i<j<n
= Y bl(Xi—-Xj)~(Yiei = Y;0)pl,
1<i<j<n
where the b;; denoted weights used for the (¢, j )** comparison. Alternatively, one

can view the estimate of p as an approximate solution of the equation $(p) =0

where,

S(p) = ~VD(p)
1
=2 & 65(¥5a-Yi) (slelo)sso) - 5)

This estimate was first considered by Sievers (1983) in the context of the linear
regression model. In the case where the weights are constant, Hettmansperger
and McKean (1978a) have shown that this dispersion function is equivalent to
Jaeckel’s (1972) dispersion function using Wilcoxon scores. Since then, this esti-
mate has been referred to as a generalized (or modified) rank-based estimate (GR
for short).

In Chapter IT we considered the case where the weights were non-random.
This, of course, covers the situation when the weights are considered to be con-
stant. Following traditional rank-based theory, results pertaining to the asymp-
totic normality of the gradient, § (p); asymptotic uniform linearity of the gradi-
ent; and asymptotic uniform quadraticity of the dispersion function were proven.

These results lead to the asymptotic normality of the proposed estimate. Although
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the above results were established in the context of the AR(1), it is conjectured
that these results will extend to the AR(p) with a minimal amount of effort.
In Chapter III we considered the case where the weights were random.

Specifically, we considered the following weighting scheme,
bj = h(Yietifin, En) b (Yinti finy En),

where fi, and £, were robust measures of location and scatter for {¥;_;} re-
spectively. Again, results pertaining to the asymptotic normality of the gradient,
asymptotic uniform linearity of the gradient, and asymptotic uniform quadratic-
ity of the dispersion function were proven. Once more, these results lead to the
asymptotic normality of the proposed estimate. However, unlike the results of
Chapter II, these results were proven in the general context of the AR(p).

In terms of the classical linear regression model, the proposed estimate
possesses a positive breakdown point and a bounded influence function. One
is referred to Naranjo and Hettmansperger (1994) and or Chang (1996) for the
details. Although these results are not proven here, they were shown via example
and Monte Carlo. In Chapter IV we presented both a simulated and actual
example that leads one to believe that these properties will also hold for the
autoregressive time series model. Additionally, an example pertaining to missing
observations was presented in order to provide another application of the non-
random weight theory presented in Chapter IL

Lastly, in Chapter V we studied the proposed estimate via Monte Carlo.
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Again, there was evidence that suggests that the estimate has both a positive
breakdown point and a bounded influence function. More specifically, there was
evidence supporting the superiority of the WIL estimate to that of the GR estimate
under model I0. The performance of the HBR resembled that of the WIL under
model IO. However, under model AO, the GR and HBR estimates were superior
to the LS and WIL estimates, although bias. There was also some evidence that
suggested the GR dominates the HBR, although this evidence was not strong

enough to make a definitive statement.
6.2 Future Research Topics
Recall the weighting scheme used in Chapter III,
bij = h (Yi-ﬁﬁm 2n) h (Yj-l;ﬁm 2n) .

Although this “Mallows type” weighting scheme can probably be justified in most
problems, there may be situations when such a “factorization” is not practical.

Thus, the need for a more general weighting scheme, such as that defined below,
bij = Yy (Yi—h Yj-l,'ﬁm in)

is needed. From a theoretical point of view the factorization simplifies many of

the proofs needed in order to obtain asymptotic normality. The general weighting

scheme should provide an interesting challenge in terms of theoretical develop-

ment.

. — —_— -
e e e e e _— —————— e —
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In terms of global robustness we saw empirical evidence that indicated
the estimate possessed a positive breakdown point, €*. For the classical lin-
ear regression model and the weights defined in Chapter III Naranjo and
Hettmansperger (1994) have show that 0 < e* < 1. Furthermore, Chang (1996)
has shown that the HBR estimate attains the same breakdown point as some ini-
tial estimate used to calculate the weights. Therefore, the HBR estimate can have
a 50% breakdown point. Due to the linear structure of the AR(p) one may expect
these results to hold in this context as well. However, this is not at all clear to
this investigator since the mechanism of breakdown plays an important role in de-
termining breakdown points. Thus, it is possible that the breakdown point varies
according to the innovation, additive, and or general replacement outlier models.

Our examples and Monte Carlo study also suggested that the influence
function for the estimate is bounded. For discussion purposes let Z;, Z, ...,
Z,, denote iid observations from some distribution function, G, and let T(G)
denote some functional to be estimated. A natural estimate is T(G,) where G,
represents the empirical distribution function. Under regularity conditions it has

become custom to expect the following,

Vi (T(G.) - T(G)) = —%iﬂ(Z,—;T,G)+op(1),

where 2 (Z; T, G) denotes the influence function of the estimate. One is referred
to Hampel (1986) for a thorough discussion. It has also become customary to

expect that what holds true for the classical linear regression model will also hold
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true for the autoregressive model. Now recall the following result from Chapter IIT,

\/—ﬁ(ﬁn - pO)

1
_‘C—lsn (Po) + 0p(1)

= ‘/_;—C‘lh(Y._I) 1 (2F (X ~ Yi_,po) = 1) + 0p(1)

= \/_;Q(Z + 0,(1) say,

where Z; = (X,—,Y’,-_l). If we assume that the above representation of the es-

timate holds for the autoregressive model, the influence function would be given

by,
Q(z) = —;;C“h(Y)Y(ZF(X—-Y’po)—l).

We note that this is the same result that is obtained by Naranjo and
Hettmansperger (1994) in the context of the classical linear regression model.
Furthermore, assumptions W3 and W4 of Chapter IIT imply that the influence
function is totally bounded. However, since this heuristic argument is not a proof,
a formal proof should be obtained before such a definitive statement is made.
Now consider the topic of inference. Specifically, partition the autoregres-
sive parameter vector as follows, p' = (p{, p5) and consider testing Hy : p, = 0
versus H; : p, # 0 where p, is a ¢ x 1 vector and ¢ < p. Following Naranjo and
Hettmansperger (1994) one can consider a test of these hypotheses based on the
gradient function. In the classical linear regression setting the test statistic has

an asymptotic Chi-Square distribution with g degrees of freedom. Alternatively,

- _— —_————— e —
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one may consider a “Wald type” statistic based on the asymptotic distribution of
the estimate. Again, because of the dependence structure, these results need to
be proven in the context of the AR(p). However, it is conjectured that they will
continue to hold in this context.

Now consider the HBR estimate that was used in the examples and Monte
Carlo study. This estimate did well under both the IO and AO models. Hence,
it appears that this estimate may be more suited for autoregressive estimation.
Since the weights for this estimate also depend on the residuals from some initial
fit, the asymptotic theory for this estimate will be slightly different from the
theory presented in Chapter III and still needs to be obtained. Once this theory
is obtained, questions pertaining to the breakdown point, influence function, and
inference can also be addressed.

Finally, one may also wish to consider the proposed estimate in other
contexts. For instance, moving average, ARMA, and intervention models may
be topics for future research. Additionally, one may also want to investigate the

classical linear regression model with autoregressive (or ARMA) errors.

—— —— ——————— - . ——
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