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A GRAPH THEORETIC STUDY OF THE SIMILARITY OF DISCRETE
STRUCTURES
Heather D. Gavlas, Ph.D.

Western Michigan University, 1996

A basic problem in drug design consists of finding a compound that satisfies a
spectrum of biological and chemical properties. Although drug design problems are
central to pharmaceutical research, statisticians have yet to become involved in this area
as these problems are viewed statistically as optimization problems. Before statistical
optimization procedures can be defined on these spaces whose points are structures and
not vectors, very basic mathematical notions of distance must be defined. Graphs have
been used as mathematical models to represent the bonding arrangements of molecules
for quite some time. In fact, if some of the methodology used by statisticians for
optimization problems could be extended to the metric space consisting of the set of all
graphs, with a fixed number of vertices and a fixed number of edges, together with a
metric on this set, then some of the problems in drug design might become more
accessible.

Various metrics have been studied and some of the results are presented in
Chapter I. In this dissertation, we define a metric in terms of some prescribed graph
H. For certain choices of the graph H, this metric is a special case of the previously
studied metrics in Chapter I. In Chapter II, conditions are described for certain graphs
H that allow us to determine those pairs of graphs for which this metric is defined.
Further properties of these metric spaces are studied in Chapter III by means of a -

graphical interpretation.
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Another important problem in the area of mathematical chemistry is the
determination of a maximum common substructure shared by two molecular
compounds. A special type of commonality that two or more graphs share is called a
greatest common subgraph. These concepts have been studied extensively, and some
of the results are presented in Chapter I. A certain restriction, inherent to drug design,
is imposed on these common subgraphs in Chapter IV, namely, that they preserve
distance. These concepts are also applied to trees in Chapter IV. Another type of

common subgraph, relative to this distance constraint, is studied in Chapter V.
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CHAPTER 1
INTRODUCTION
1.1 Introduction

A basic problem in drug design consists of finding a compound that
satisfies a spectrum of biological and chemical properties. Although drug design
problems are central to pharmaceutical research, statisticians have yet to become
involved in this area. A major reason for this is that these problems are viewed
statistically as optimization problems, and standard statistical optimization methods are
based on Euclidean space or vector representation. Here the formal representations are
labeled graphs and/or three-dimensional atomic configurations. So, the statistician is
understandably blocked when confronted with a data set consisting of molecular
structures. Before statistical optimization procedures can be defined on these spaces
whose points are structures and not vectors, very basic mathematical notions of
distance must be defined. This dissertation explores some of these notions when the
points are labeled graphs in Chapters Il and III.

Graphs have been used as mathematical models to represent the bonding
arrangements of molecules for quite some time (see Harary [14], for example). A
graph G consists of a set V(G) of elements called vertices and a set E(G) of
elements called edges, where each edge is an unordered pair of distinct vertices. So
when a graph models a molecule, the vertices denote the atoms and the edges denote the
bonds. However, in the molecule the atoms are distinguished by their type.(hydrogen,
carbon, chlorine, etc.) and the bonds by their type (single, double, aromatic, etc.).

Thus when representing a molecule by a graph, we may wish to "color" or "label" the
1
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vertices and edges. A graph representation of a molecular structure in which the
vertices are colored by atom type and the edges by bond type is called a chemical graph
(see [23], for example).

The set G of all graphs of a fixed order and a fixed size together with a metric
d on G is a metric space. In fact, if some of the methodology used by statisticians
for optimization problems could be extended to this metric space, then some of the
problems in drug design might become more accessible. For example, when chemical
graphs are used to model a chemical reaction, it is often important to determine the
maximum commonalities between these molecular structures or, in fact, to determine
the greatest common subgraph of some set of graphs.

In this dissertation, one area that we study is common subgraphs under distance
constraints. This type of constraint arises naturally in drug reception/interaction
designs. Drugs interact with proteins, where the proteins are made up of sequences (or
chains) of amino acids that form certain patterns (like a helix, for example). The drug
needs to interact or "fit" into the protein in a specified way. Drugs are chemical
compounds that can be represented as chemical graphs. Also, these chemical graphs
can be embedded in three dimensions, where we might interpret the distance between
two vertices (or atoms) as the Euclidean distance between these two points in R3.
Unfortunately, this distance is subject to the particular embedding of the graph in R3,
and there are many distinct embeddings of the same graph in R3. Thus, if we
measure the distance between two vertices as the length of a shortest path (in the graph)
between them, then this distance places constraints on the Euclidean distance between
the two vertices when the graph is embedded in R3.

In the area of drug reception/interaction problems, we may have oﬁe drug that
interacts well with a certain protein and another drug does that not interact well with this

same protein. A natural question arises: In what structural way are these two drugs the
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same? An analogous question in graph theory then becomes: What is the greatest
common subgraph of the two graphs representing these drugs subject to the distance

constraint? This topic will be the object of study in Chapters IV and V.

1.2 A Few Metrics for Graphs

In [25] Vizing proposed the following question: For which graphs G, and
G, of order p, does there exist a graph G of order p + 1 such that each of G, and
G, is an induced subgraph of G? For each positive integer p, let Gp denote the set
of all nonisomorphic graphs of order p. Zelinka [26] defines a distance & on Gp as
follows: For graphs G, and G, of Gp, define 6(G;, G,) to be the least positive
integer k such that there exists a graph G of order p + k containing the graphs G,
and G, as induced subgraphs. Thus Vizing's question becomes: For which graphs
G; and G, of G, is it true that 8(G, G,) = 1?7 In [26] it was shown that
8(G,, G,) =k for graphs G, and G, of Gp if and only if there exists a graph H
of order at least p—k suchthat H is an induced subgraph of each of G, and G,.
This distance & on Gp is a metric [26] and also 8(G,, G,) = 8(G_I, CTZ) for every
pair G, G, of graphs of G,. The graph D(Gp) is defined in [26] as that graph
whose vertex set i§ Gp and two vertices G, and G, of D(Gp) are adjacent if and
only if 8(G, G,) = 1. Since S(Kp, ITP) =p — 1, it follows that diam D(G,)=p-1.
For each pair G, G, of graphs of Gp, where neither of G| and G, is complete nor
empty, we have either K, or IT?_ is an induced subgraph of each of G; and G,, and
thus 6(Gy, Gy) sp-2.

The analogous concepts are studied for trees in [27]. For each positive integer
p, let Q; denote the set of all nonisomorphic trees of order p. For trees ‘T ; and T,
of Q;,, define ST(TI, T,) as the least positive integer k such that there exists a tree T

of order p +k, where each of T and T, is a subtree of 7. This distance &p is
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different from the distance . In fact, there exist trees T, and T, of order p for
which 8(Ty, T,) < ST(TI’ T,), namely when T, isapathand T, isastar. As
before, 8 is a metric on ‘1;) (see [27]). Also in [27), 8T}, T;) =k for trees T,
and T, of ‘I;, if and only if there exists a tree T of order at least p —k such that T
is a subtree of each of T| and T,. Next define D(‘Y;)) to be that graph whose vertex
set is fl;, and two vertices 7, and T, of D(‘.'Z;)) are adjacent if and only if
6-,(T[, T,) = 1. It turns out that the distance from T, to T, in D(‘Z;,) is exactly
8T, T,) and furthermore that diam D(‘Z;,) =p —3. Also in [27], an upper bound

for the radius of D(Q;,) is given, and it is conjectured that this upper bound is exact.

Baldz, Koca, Kvasnicka, and Sekanina [1] define a distance between graphs
using the greatest common induced subgraph. This distance was stimulated by their

studies on the mathematical modeling of organic chemistry and the problem of

measuring the similarity of two graphs. Let G, and G, be two graphs. A greatest
common induced subgraph of G| and G, isagraph G without isolated vertices of
maximum size such that G is an induced subgraph of both G; and G,. A back-track
searching algorithm for the construction of a greatest common induced subgraph of two
graphs has been given by McGregor in [22]. A distance d(G |, G,) between the graphs
G, and G, is givenin [1] by
dG, Gy = |EG)| + |EGy| -21E@)| + | |Gyl - lvGyl .

So for graphs with the same order and the same size, this distance is the number of
edges that cannot be matched in the construction of a greatest common induced
subgraph of G| and G,. This distance is a metric on the set of all graphs as seen in
[1]. For graphs G, and G, with the same order, the construction of a greatest
common induced subgraph in [1] can be realized by a 1-1 mapping ¢ from W(G,)

onto V(G,). Thusif A, and A, are the adjacency matrices for G; and G,
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respectively, then ¢ can be realized by a permutation P of the elements {1,2,...,n}
and thus a second alternative distance is given [1] by

d(G,, G,) =min| A, - PTA,P/,
where this minimum is taken over all permutations P of {1,2,...,n} and lal =
E,_ |aij| is the Hamming (linear) norm of a symmetric matrix A. This relation is
;.;)jthing more than the determination of the chemical distance between two graphs
representing molecular structure formulas (see [1]).

A new distance function was defined in [9] for graphs with the same order and
same size. Let G; and G, be two graphs of the same order and same size. The
graph G, can be obtained from G, by an edge rotation if G, contains distinct
vertices u, v, and w such that uve E(G,), uw & E(G|) and G, =G| —uv +uw.
So, G, can be obtained from G, by "rotatiﬁg" the edge uv of G, into the edge uw
of G,. In Figure 1.1, the graph G, can be obtained from G, by an edge rotation

since Gy =G| —xy + xz.

Figure 1.1 The Graph G, Can Be Obtained From G, by an Edge Rotation.

Clearly, a graph G, can be obtained from G, by an edge rotation if and only
if G| can be obtained from G, by an edge rotation. More generally, a graph G, can
be r-transformed into a graph G, if there exists a sequence G, =Hy, H}, ... ,H, =

G, (n20) of graphs such that for i=1,2, ..., n, the graph H; can be obtained

from the graph H;_; by an edge rotation. The relation "can be r-transformed into" is
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an equivalence relation on the set of all graphs, and furthermore if G, canbe r-

transformed into G,, then G, and G, must have the same order and same size. In

fact, it is shown in [9] that the converse of the previous statement is also true.

Theorem A Let G, and G, be two graphs. Then G, canbe r-transformed into

G; ifand only if G; and G, have the same order and same size.

For graphs G; and G, with the same order and same size, the edge rotation
distance d (G, G,) between G, and G, is defined in [9] as the smallest
nonnegative integer n for which there exists a sequence G = Hg, Hy, ..., H,= G,
of graphs such that for i=1,2, ..., n, the graph H; can be obtained from H;_ ; by
an edge rotation. Thus, by Theorem A, this distance is well-defined and is a metric on
the set of all graphs of a fixed order and fixed size. In [9] it is shown that d (G, G,)
=dr(_51, —52), and that for every positive integer n, there exist graphs G, and G,
such that d(G,, G,) = n. In order to determine an upper bound on the edge rotation
distance between graphs, we require the following definition. For graphs G, and
G,, a greatest common subgraph of G; and G, isagraph G of maximum size
without isolated vertices that is a subgraph of both G, and G,. Thus in [9] we see
that for graphs G; and G, of order p andsize g with greatest common subgraph G
of size s,

d (G, Gy) S 2(q ~ ).
Furthermore, this bound is sharp, as seen in [9].

In [13] and [17], it is independently shown that g —s is a lower bound for
d Gy, G,). Also, it is shown in [13] that this lower bound is attainable as well. In
fact, in [13]if G, and G, are 2-regular graphs of order p, then |
d(G, Gy =p-s,
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where s is the size of a greatest common subgraph of G, and G,. Itis also shown
in [13]thatif G; and G, are two connected graphs of order p and size g, then
d(G,,Gy)<2q-p.

Zelinka gives some comparisons in [28] of the metrics 6, 87, and d, and

shows that for two graphs G, and G, of the same order and same size,
3(G, Gp) <d (G, Gy).
Furthermore, in [28] the edge rotation distance can be arbitrarily larger than the distance
d, that is, for each positive integer n, there exist graphs G, and G, such that
d(G,, G,) - 8(G|, Gy) =n.
Also in [28], we see that for two trees T| and T, of the same order, the distance
8T, T,) is an upper bound for d (T, T,), and that these two parameters can be
arbitrarily far apart, that is, for every positi‘ve integer n, there exist nonisomorphic trees
T, and T, such that
d{T,, Ty)) —d (T, T,)=n.

Zelinka [28] has also determined the edge rotation distance between certain pairs
of trees, namely, for a tree T of order n,

@ T, Ky, )=n~1-AD),

(ii) d(T,P,)<n-1- diam 7, and

@ii)) d(P, K, )=n-3.
The bound in (ii) is further investigated in [2]. For a tree T, let end(7) denote the
number of end-vertices of 7. It is shown in [2] that for a tree T of order n,

d(T, P,) = end(T) - 2.

In [13] the edge rotation distance of trees is considered. Fortrees 7| and T,

we say that T, can be obtained from T, by a tree rotation if T, can be obtained

from T, by an edge rotation. Observe that this edge rotation does not disconnect the
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tree. The tree rotation distance d(T, T,) between two trees T| and T, of the same
order is defined as the minimum number of tree rotations required to transform T into
T,. It is shown in [13] that the tree distance is bounded above by twice the edge
rotation distance, that is, for trees T, and T, of the same order,
d{(T,, T,) £2d (T, T,).

As before, let ’Z;, denote the set of all nonisomorphic trees of order p. Let D7(Y;,)
denote that graph whose vertices are the trees of ‘Z,', and two vertices T| and T, are
adjacent if and only if d{Ty, T,) = 1. Then in [13], it is shown that

@ A(DT(‘Z;))) <p(p-3) for all p=4,

(ii) diam DT(‘Z;,) <p-3 forall p>3,and

(iii) rad D7('1;,) <p-o(p).

Johnson [18] defined a metric on the set of all graphs with applications to
medicinal chemistry. Before and after working its biological effect, a drug or
compound will undergo a series of complex and diverse interactions, many of which
are poorly understood. In fact, Johnson says in [18], "It is widely held that this effect
is elicited by the drug interacting with a macromolecule in a steric specific manner often
linked to the fit of a key (drug) in a lock (receptor site of the macromolecule)." He goes
on to say that the receptor site and the drug must be similar to each other in a
complementary way and drugs that are similar to each other, that is, having related
groups in corresponding positions, are expected to behave in similar ways. However,
some unexpected problems can occur. For example, some compounds bind to the
receptor site without producing the desired activity while others may never reach the
receptor site because of intervening interactions. Also slight modiﬁcationvs of a drug
can alter its activity remarkably. Thus some important questions in medicinal chemistry

include: (a) finding compounds in a set of easily accessible compounds that are similar
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to some specified compound, and (b) given two structurally diverse compounds, to
determine what they have in common.

For a graph G, Johnson [18] defines the cardinality |G| of G as | V(G) | +
|E(G) |, and defines a metric d on the set of all graphs as follows: for g_raphs G,
and G, with greatest common subgraph G, define

dG,, Gy =16, +16,| -2|Gl.

It is not difficult to see that this distance is exactly the one given in [1]. In fact, if G,
and G, are two graphs of order p and size g having a greatest common subgraph of
size s, then d(G,, G,) = 2q — 2s, and hence this distance gives the upper bound for

the edge rotation distance between G; and G,.

Johnson [17] defines another metric on the set of all connected graphs of a fixed

order and fixed size that is based on a more restricted version of an edge rotation. Let

G, and G, be two graphs of the same order and same size. The graph G, can be
obtained from the graph G, by an edge slide if there exists distinct vertices u, v, and
w such that uv, vw € E(Gy), uw ¢ E(G,) and G, =G, —uv +uw. Thus the graph
G, can be obtained from the graph G, by "sliding" the edge uv along the edge vw
and into the edge uw. Recall that in Figure 1.1, the graph G, =G —xy + xz was
obtained from the graph G; by an edge rotation and, in fact, since yz € E(G,), we
see that G, can be obtained from G, by an edge slide as well.

More generally a graph G| can be s-transformed into a graph G, if there
exists a sequence G| =Hy, Hy,... ,H, =G, (n=20) of graphs such that for i =1,
2, ..., n, the graph H; can be obtained from the graph H; ; by an edge slide. In
[17] it is shown that edge slides preserve connectedness, that is, if G; is connected

and G, can be obtained from G, by an edge slide, then G, is connected. The

converse of the previous statement is also true, as was noted in [17].
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Theorem B If G, and G, are two connected graphs of the same order and same

size, then G| can be s-transformed into G,.

As a consequence of Theorem B, two graphs of the same order and same size
can be s-transformed one into the other if and only if they have the same number of
components, and corresponding components have the same order and same size. The
edge slide distance d(G,, G,) between two graphs G, and G, having the same
number of components and corresponding components having the same order and same
size is defined as the smallest nonnegative integer n for which there exists a sequence
G, =HyH,y, ..., H, =G, of graphs such that for i=1, 2, ..., n, the graph H;
can be obtained from the graph H;_; by an edge slide. This distance is a metric, and
since an edge slide is an edge rotation, it immediately follows that d (G, G,) < d(G,
G,) for every pair of graphs for which the edge slide distance is defined. Jarrett has
shown in [15] that these parameters can be chosen arbitrarily, that is, for positive
integers m and n with m < n, there exist graphs G; and G, such that d (G, G,)
=m while d(G,, G,) =n. In [2] the edge slide distance is determined for various
pairs of graphs. For a graph G, the girth g(G) of G is the length of a shortest cycle.
For every tree T and every connected unicyclic graph U of order n,

() d(T,P,)=(n-1)-diamT,
(i) d(T,K; ,_1)=n—-1-A(T), and
(iii) d(U, C,)) =n - g(U).

Another metric for graphs was introduced in [2]. For graphs G, and G, of
the same order and same size, the graph G, can be obtained from G; by an edge
move if there exist (not necessarily distinct) vertices «, v, w, and x such that uv e
E(G,), wx ¢ E(G;) and G, =G| -uv+wx. Thus an edge move is an unrestricted

transfer of an edge from one graph to another. Clearly, if G, can be obtained from
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G, by an edge move, say G, =G| —uv+wx,and u,v,w,and x are not distinct
(say u=w),then G, can be obtained from G, by an edge rotation. Furthermore if
v and x are adjacent, then G, can be obtained from G; by an edge slide. More
generally, a graph G, can be m-transformed into a graph G, if there exists a
sequence G, =H,, Hy,...,H, =G, (n20) of graphs such that for i=1,2,...,n,
the graph H; can be obtained from H,_; by an edge move. Thusif G; and G, are
two graphs of the same order and same size, then G can be m-transformed into G,.
The edge move distance d, (G, G,) between two graphs G, and G, having the
same order and same size is defined as the minimum number of edge moves required to
m-transform G, into G,. This distance is a metric and for two graphs G| and G,
for which d(G,, G,) is defined,
d, (G|, Gy) £d (G, G,) £d(G,, Gy).

Also in [2], it is shown that if d,(G, G,) =1 for two graphs G, and G,, then

m
d (G, G,) £2. Although d, (G, G,) £d (G, G;) <d(G,, G,) forevery pair G,
G, of graphs for which d (G, G,) is defined, there exist graphs for which equality
holds. For every tree T of order n, it is shown in [2] that d, (T, K 1, net) =
d(T. Ky, )=d(T, K|, )=n-1-AT). In fact, the edge move distance between
every two graphs of the same order and same size is determined in [2]. For graphs G,
and G, of order p and size g, where the size of a greatest common subgraph of G,
and G, is s,then d,(G,Gy) =q~s.

We have already noted conditions under which an edge move is also an edge
rotation or an edge slide. Suppose that G, can be obtained from G, by an edge
move, say G, = G, —uv + wx, where u, v, w, and x are distinct. Then this
transformation is neither an edge rotation nor an edge slide and is called an edge jump

in [4]. More formally, a graph G, can be obtained from a graph G, by an edge jump
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if G, contains distinct vertices u, v, w, and x suchthat uve E(Gy), wx ¢ E(G)
and G, =G| —uv + wx. Recall that for the graphs G; and G, of Figure 1.1, the
graph G, can be obtained from G, by an edge rotation, an edge slide, or an edge
move. It turns out, however, that G, cannot be obtained from G| by an edge jump.
Consider the graphs G, and G, of Figure 1.2. Since G, =G, -uv + wx for

distinct vertices u, v, w, and x, it follows that G, can be obtained from G, by an

edge jump.
u v
u %
Gl : w 02
w
y
x y X

Figure 1.2 The Graph G, Can Be Obtained From G, by an Edge Jump.

For graphs G, and G, of the same order and same size, if G, can be
obtained from G, by a sequence of edge jumps, then G, canbe j-transformed into

G,. We have already seen conditions under which two graphs of the same order and

same size can be m-transformed, r-transformed, or s-transformed one into the other.
In [4] conditions are given under which two graphs may be j-transformed one into the

other.

Theorem C If G; and G, are two graphs of the same order (at least 5) and same

size, then G, canbe j-transformed into G,.

We have already defined the edge rotation, edge slide, and edge move distance

and hence it is natural to define the jump distance between two graphs. For graphs G,

and G, of order p 25 and size g, the jump distance dj(Gl, G,) is defined as the
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minimum number of edge jumps needed to j-transform G, into G,. Clearly, this

distance is well-defined and is a metric on the space of all graphs of a fixed order (at
least 5) and fixed size. Also the move distance and jump distance are related in the
following way: if d,(G;, G,) =1 fortwo graphs G, and G, of order at least 5,
and size g, then dj(Gl, G,) £ 2. Hence, if the size of the greatest common
subgraph of G| and G, is s, then we have seen that d,,(G{, G,) =q—s and thus
dj(Gl, G,) £2(g - 5). The rotation and jump distances are related in [4] where it is
shown that each distance is at most twice the other, that is, for every two graphs G,
and G, of the same order (at least 5) and same size,
d(G;,Gy) <2 dj(Gl, G,) and dj(G,, G,)<2d.(G,, Gy)

or

1 d(G,, G <d (G}, Gp) <2d(G), Gy)

and hence :
1 (G, Gy <d{(G,, Gy £2d,(G,, Gy).

These bounds are sharp as seen in [4], where it is shown that for positive integers a
and b with af2 <b < 2a, there exist graphs G, and G, of the same order and same
size such that dj(Gl, Gy)=a and d(G,, G,y) =b.

We have already seen that metrics defined on graphs may be applied to
problems in chemistry (see [1] or [18] for example). Such applications suggest the
problem of selecting an appropriate metric. The selection cannot be based on
topological properties because each of our metrics induces the discrete topology on its
respective domain. However, these metrics can be differentiated. Let S denote a fixed
set of graphs. The distance graph D (5) with respect to a metric d on S is defined as
that graph with vertex set § such that vertices G, and G, are adjacentin D, (5) if
and only if d(G,, G,) = 1. If d=d,, the rotation distance, then D,(5) is denoted by
D (5 and called the edge rotation distance graph. Similarily if d=d; or d=d;, then
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D (5 is denoted by Dy(S5) or Dj(.S) and called the edge slide distance graph or jump

distance graph, respectively. This question is first considered in [2] and [17], where it
is shown in [2] that there exists a set § of graphs for which D (8) =D(5) =K,
Every graph is an edge slide distance graph as seen in [3], that is, for every
graph G, there exists a set S of graphs of the same order and same size such that
D (9 =G. Also in [3] many classes of grdphs are known to be edge rotation graphs
including complete graphs, cycles, paths, unions and cartesian products of edge

rotation graphs, line graphs, and trees. Indeed, it is conjectured in [3] that every graph

is an edge rotation distance graph. In [13] it is shown that K3 5 is an edge rotation

distance graph and that for each positive integer n, the graph K, , is an edge rotation

distance graph. Jarrett extends this result in [15] and shows that all complete bipartite
graphs are edge rotation graphs. Many graphs are known to be jump distance graphs
as well. In [4], it is shown that complete graphs, complete multipartite graphs, trees,
cycles, and complements of line graphs are all jump distance graphs and conjectured

that every graph is a jump distance graph.

1.3 Some Results on Greatest Common Subgraphs and Other Related Concepts

A greatest common subgraph of aset G={G|, Gy, ..., G,} (n 22) of graphs
of the same size is a graph G of maximum size without isolated vertices that is a
subgraph of each G; (1 Si<n). The set of all greatest common subgraphs of G is

denoted by ges G or ges(Gy, Gy, ..., G,). We have already seen how the notion of

a greatest common subgraph can be used to describe an upper bound for the edge
rotation distance between two graphs. In fact, determining the size of a greatest
common subgraph of two graphs with the same order and same size is equivalent to
determining the edge move distance between them. Since graphs represent discrete

structures in a natural way, greatest common subgraphs represent maximum common
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substructures. In [5], four areas where this concept arises are (1) in the context of
algorithmically perceiving the structural features that are preserved in a chemical
reaction, (2) determining maximum commonalities between molecular structures, (3)
developing a metric for studying the relationships between molecular structures and
chemical properties, and (4) applying the concept of distance between graphs to object
recognition.

In the theory of greatest common subgraphs, a natural question arises: Which
graphs are greatest common subgraphs? This question was answered in [10], where it

is shown that for every graph G of size g without isolated vertices, there exist graphs

G, and G, of size g+ 1 suchthat G is the unique greatest common subgraph of
G, and G,. Further, this result has been extended and it is shown [10] that for every
graph G with isolated vertices, there exist graphs G|, G5, and G5 such that ges(Gy,
G,, G3) = {G}. However, not every pair H,, H, of graphs of equal size can be the
set of greatest common subgraphs. In [10], it was shown that for every pair G, G,
of graphs of equal size, gcs(Gy, G,) # (K g, K4}. Although one cannot always
specify the set of greatest common subgraphs, the number of graphs in G and the
number of graphs in the set of greatest common subgraphs can be specified. In [10], it
is shown that for every pair », n of integers with m>2 and n 2 1, there exists a set
G of m (pairwise nonisomorphic) graphs of equal size such that |gcs G| =n.

We have already noted that for every graph G without isolated vertices, there
exist graphs G; and G, such that gcs(G,, G,) = {G} and, further, there exist
graphs G, G,, and G5 such that gcs(Gy, G;, G3) = {G}. This suggests the
following question: For a given graph G without isolated vertices and a given integer
n 22, does there exist aset G = {G{, G,, ... , G,} of n graphs of equal size such

that ges G = {G}? Certainly, if n is large, then the graphs G, G,, ... ,G, of G
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must have large size as well. For a graph G without isolated vertices, the greatest
common subgraph index or gcs index of G, denoted i(G), is the least positive integer
qp such that for any integer g > g, and any set G = {G, Gy, ..., G,} (n22) of
graphs of size g for which G € gcs G, it follows that | gcs Gl >1, tt)at is, the
graphs Gy, G,, ... , G, have at least two greatest common subgraphs. If no such g,
exists, then i(G) = oo.

A lower bound for the gcs index was established in [20], where it is shown that

if G is a noncomplete graph of order p without isolated vertices, then i(G) 2 (g).

This bound is sharp but can be improved if the graph has no end-vertices (20], that is,
if G is a graph of order p for which 8(G) =2, then i(G) > (° ; l). Furthermore, this

bound is sharp as well. There do exist graphs for which the gcs index is finite. In fact,
in [8] it is shown that i(K3) =6 and i(P4) = 6. Itis also known [20] that there exist
graphs of arbitrarily large (but finite) gcs index. A necessary condition is known [20]
as well for a graph to have infinite gcs index, namely, if G is a graph with a vertex v
of maximum degree such that no component of G —v is isomorphic to K,, then
i(G) = eo. As a consequence of this result, complete graphs of order n (# 3), complete
bipartite graphs, cycles of order at least 4, and paths of order n (#4) all have infinite
ges index. Another consequence of this result is that all 2-connected graphs of order
at least 4 have infinite gcs index. Itis well known that for each fixed positive integer
n, almost every graph is n—connected, and hence almost every graph has infinite gcs
index. For graphs with finite gcs index, it is conjectured in [20] that if G is a graph
for which i(G) is finite, then i(G) = (g) for some integer n = 4.

Greatest common subgraphs with specified properties have also been studied.

We have already noted that for every graph G without isolated vertices, there exist

graphs G, and G, of equal size such that G is the unique greatest common

subgraph of G; and G,. In the proof [10] of this result, one of G, and G, is
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disconnected. In [6] it was shown that G, G, and G, can be required to be
connected, that is, for every connected noncomplete graph G, there exist connected
graphs G; and G, suchthat gcs(Gy, G,) = {G}.

A greatest common induced subgraph of two graphs G, and G, of_equal size
is a graph G of maximum size that is an induced subgraph of each of G, and G,.

The set of all greatest common induced subgraphs of G; and G, is denoted by

gcis(G, G,). It turns out that every graph without isolated vertices is the unique

greatest common induced subgraph of two nonisomorphic graphs of the same size.
Furthermore, in [6], if G is a nontrivial connected graph, then there exist connected
graphs G, and G, of equal size such that gcis(G,, G,) = {G}. These concepts have
also been studied for digraphs in [6].

Thus far we have been considering special cases of a more general type of
problem: For a given graph G with a specified graphical property P, do there exist
graphs G, and G, of equal size with property P suchthat G is the unique greatest
common subgraph of G, and G,? We now consider various properties P. For
example if P is the property "2-connected", then the following is true (see [8]). Fora
2-connected graph G of order p, where G % Kp (P=23) and G£K p—¢ (p24) for
some edge e of Kp, there exist 2-connected graphs G, and G, of equal size such
that gcs(G,, G,) = {G}. The situation in general is not known for n-connected
graphs. However, for n-chromatic graphs (n 2 2), the situation is much different. In
[8], if G is an n-chromatic graph (n = 2) without isolated vertices, then there exist n-
chromatic graphs G, and G, of equal size such that gcs(G,, G,) = {G}.

We now consider the case when P is the property "is a tree". First, for an

integer =2, let D(f) denote that tree obtained by connecting the centers of two

copies of K , by a path of length 3. Not every tree is the unique greatest common

subgraph of two nonismorphic trees. In fact, it is shown in [11] that for a nontrivial
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tree T, there exist trees T} and T, of equal size such that ges(Ty, Tp) = (T} if and
only if T is not a path of order 2,4, 5, ... and T % D(f) for ¢t = 2. The situation is
much different for greatest common induced subgraphs, where in [11] it is shown that
every tree of order at least 3 is the unique greatest common subgraph of two
nonisomorphic trees of the same order. The properties "connected outerplanar" and

"connected planar" have also been studied (see [5]).
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CHAPTER I
H-CONNECTED GRAPHS

2.1 Introduction

Let G; and G, be two graphs of the same order and same size such that
V(G,) = V(G,), and let H be a connected graph of order at least 3. Two subgraphs
H, and H, of G, and G,, respectively, are H-adjacentif Hy=H,=H and H,
and H, share some but not all edges, that is, E(H) N E(H,) # @ and E(H,) -
E(H,)# D (soalso E(H,)-E(H,)# ). The graphs G, and G, are themselves
H-adjacent if G, and G, contain H-adjacent subgraphs H; and H,, respectively,
such that E(H,) - E(H|) S E(_E}T) and G, =G, -E(H) +EHy). A G-G,
H-walk is a sequence G, = F, Fy, ... , F; = G, of graphs of the same order and
same size such that F; is H-adjacentto F, for i=0,1,...,k-1. A G,-G, H-
walk G, =Fy, Fy, ..., F, =G, in which the graphs Fj, F|, ..., F; are distinct is
calleda G;-G, H-path. The graphs G, and G, are H-connected if there exists a
G,-G, H-path. The relation H-connectedness is an equivalence relation on the set of
all graphs of the same order and same size.

Let H=P;. InFigure 2.1, the path H;: u, v, w of G, is H-adjacent to the
path H,: v, w, u of G,, and in fact, since G, =G —E(H,) + E(H,), the graphs
G, and G, are H-adjacent. The path H): w, x, y of the graph G, is H-adjacent
to the path Hj: x, w, y of the graph Gj, shown in Figure 2.2, and thus since G5 =
G, - E(H)) + E(Hj), the graphs G, and G5 are H-adjacent. Clearly, Gi is not H-
adjacent to G5 butsince G;, Gy, G3 is an H-path from G, to Gj, the graph G, is

H-connected to G;.
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Figure 2.1 Two P;-Adjacent Graphs.

u u
Gy O I O—0 G3:
vV w X y v W X
y

Figure 2.2 Two Other P3-Adjacent Graphs.
2.2 P;-Connected Graphs

Suppose again that H = P; and that G, and G, are H-adjacent graphs.
Then G, contains a copy H; of P;,say Hy: u,v,w and G, contains a copy H,
of P; with E(H|) N E(H,)# @ and E(H,)-E(H,) © E(-E;T). Since E(H,) ©
E(G)) and H, has exactly two edges, it follows that H, and H, have exactly one
edge in common, say uv, and H, contains exactly one edge that is not present in Gj.
So Hy: u,v,z or Hy: z,u,v forsome z€ V(G,). Thus (1) G, =G —vw +vz
or (2) G, =G, —-vw + uz, where u,v,w, and z are not necessarily distinct. The
graph G, is said to be obtained from G, by an edge move if G| contains (not
necessarily distinct) vertices u, v, w, and x such that uv e E(G,), wx & E(G,), and
G, =G —uv +wx. Thus, if the graphs G, and G, are Pj-adjacent, then G, can

be obtained from G, by an edge move. It was shown in [2] that for every two
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graphs of the same order and same size, each can be transformed into the other by a

sequence of edge moves.

The graph G, is said to be obtained from G, by an edge rotation if G,
contains distinct vertices u,v, and w such that uve E(G;), uw ¢ EgGl) and
G, =G| - uv +uw. Thus if the graphs G, and G, are Pz-adjacent and G, =G,
— vw + vz, which is case (1), then G, can be obtained from G, by an edge rotation.
In fact, in this case, Py-adjacency is more restrictive than edge-rotation since P;-
adjacency requires the presence of another edge incident to v. In [9] it was shown

that for every two graphs of the same order and same size, each can be transformed into

the other by a sequence of edge rotations. The graph G, is obtained from G; by an
edge jump if G, contains four distinct vertices u, v, w, and x such that
uv e E(G), wx ¢ E(G,) and G, =G —-uv+wx. Thusif G; and G, are P;3-
adjacent with G, =G| —uv +wx and u,v,w, and x are distinct vertices as in
case (2), then G, is obtained from G; by an edge jump. In [4] it was shown that
every two graphs of the same order (at least 5) and same size can be transformed into

one another by a sequence of edge jumps. We now present a corresponding result for

P;-adjacency.

Theorem 2.1 Let G; and G, be two graphs of the same order and same size such
that G, = G| — uv + wx for (not necessarily distinct) vertices u, v, w, and x, where
the edges uv and wx belong to components of order at least 3 of G; and G,,

respectively. Then G, and G, are P;-connected.

Proof We consider two cases, according to whether the vertices «, v, w, and x are

distinct.
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Case 1 Suppose that the vertices u, v, w, and x are not distinct, say v=w. Now
since the edge uv belongs to a component of order at least 3 of Gy, it follows that

there exists an edge adjacent to uv; so either degg, u>1 or degg, v > 1. Suppose
first that degGl v> 1. Then there exists a vertex y (#u) of G, adjacent to v, and

hence G, =G - {uv, vy} + {yv, vx}. Therefore G, and G, are P,-adjacent.

Thus we assume that degGl v =1. Hence degGl u>1 and degG2 v=1.

Since uv and vx belong to a component of order at least 3 in G; and G,,
respectively, and dengv = 1, it follows that there exist vertices z and y (distinct
from v) such that uz € E(G;) and xy € E(G,). First, suppose that z=x. Then
G,=G| - {xu, uv} + {vx, xu}; so G is Pj-adjacent to G,. Thus we may
assume that z#x and that u is not adjacent to x. If y =gz, thenlet F; =G| -
{vu, uz} + {xu, uz};so F; and G| are P;-adjacent. Next G, =F;— {ux, xz} +
{vx, xz}; s0 F, is Ps-adjacent to G,, and thus G, and G, are P,-connected. This
situation is shown in Figure 2.3, where the graphs H,,, H,, and H, are subgraphs of
Gy, Fy, and G,, respectively. Therefore, we may now assume that every vertex z
adjacent to u is not adjacent to x. Let F| =G — {vu, uz} + {uz, zx}; so G, and
F, are Ps-adjacent. Then G, =F| - {zx, xy} + {vx, xy}; so G, is Pj-adjacent to
F|,and thus G, and G, are Pj3-connected. This transformation is shown in Figure

2.3, where the graphs Jj,, J;, and J, are subgraphs of Gy, F, and G,, respectively.
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F4 z Z
HO: : HI: H2:
)
u v X u v X u v X
Z y z y Z Yy
JO: J]. N J2:
I———() O
u v X u v X u v X

Figure 2.3 A P;-Path From G, to G, Where degGl u=2 and degGl v=1.

Case 2 Suppose that the vertices u, v, w, and x are distinct. Suppose first that one
of the edges uw, ux, vw, and vx is not present in G, (and hence in G,), say e &
E(G,), where e € {uw, ux, vw, vx}. Then by Case 1, G, is P;-connected to F; =
G;-uv+e,and F, is Py-connected to G, =F; —e +wx. Hence G; and G, are
P5-connected, and therefore we may assume that all of the edges uw, ux, vw, and vx
are present in G;. Then G, =G~ {vu, uw} + {uw,wx};so G, and G, are P;-

adjacent. O

The distance between an edge e =uv and a subgraph H of a graph G is
defined by d(e, H) = min {d(u, x), d(v, x)| x € V(H)}. We have seen conditions
under which two graphs that differ in exactly one edge are P;-connected. We now

determine conditions under which any two graphs are P;-connected.

Theorem 2.2 Let G; and G, be two graphs of the same order and the same size.
Then G; and G, are P;-connected if and only if each of G, and G, contains a

subgraph isomorphic to Pj.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof Let H: u,v,w denote a common subgraph of G; and G, thatis
isomorphic to P;. Suppose that G, has s edges not belonging to G,. We label
these edges so that the edges e, e,, ..., ¢, (0<k<s) are adjacent to an edge of H,
the edges e, 1, €449, .- €, (k< £<s) are at distance 1 from H, apd €i1s
€449, - » € are the remaining edges. It may be that there are no edges adjacent to an
edge of H or at distance | from H, and in that case, we take k=0 or £ =0 as
needed. Let e;=uy; for i= £ +1, £ +2,...,s, and observe that by the choice of k
and /,noneof e, [,e,, 5, ...,e, isadjacentto uv or vw, and thus the edges
Up Vs U pyoV, ..., UV are not present in G,. We now define the graphs H, H,,
e s H2(s- 0) recursively. Let Hy=G, and for i=1,2,...,5—¢,let
Hy; = Hz(,-_]) = {uv, yw} + {uv, vu, .}
and let
Hyi=Hpiy = Vst guir U gaiv} + {9, W}

So, for i=0,1,...,2(s— £) - 1, the graph H,; is P3-adjacent to H, . Thus G,
H,H,, ..., H2(s— ) =F, isa Pz-path from G, to F};so G, is P3-connected to
F;. Observe that F differs from G, by the edges e, e, ..., €y, VUl 1, VU p o, ...
) Vi

The graph G, has s edges not belonging to G,. Label these edges so that the
edges fi,f5, .- »f,, (0<m <s) are adjacent to an edge of H, the edges f, .
Smaas -+ 5 Sy (mSn<s) are at distance 1 from H, and f, . ,f42 --- »f; are the
remaining edges. Let f;=wx; for i=n+1,n+2,...,s. The graph F, is
obtained from G, exactly as F; was obtained from Gj; that is, define Jy= G, and
for i=1,2,...,5—m, define

Jyiy = 12(,-_1) = {uv, vw} + {uv, vw,, ;}

and
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le =J21—-l - {x w V} + {W v, VW}-

m+iVm+ir Wm+i m+i

As before, for =0, 1, ..., 2(s —m) - 1, the graph J; is Pz-adjacentto J; ,. Then
Gy=Jo, Jys oo Jy(somy = Fy is a Py-path from G, to Fy;s0 G, is Pj-connected
to F,. Therefore F, differs from G; by the edges f,fy, ..., [, vW, (s

vw vw,. Consequently, G, is P;-connected to F,,and F, is P,-

n+20 00t s
connected to G,. Hence, if F| and F, are Pj-connected, then G, and G, are P;-
connected. It remains to show that F; and F, are P;-connected.

Let H| be a greatest common subgraph of F| and F, containing H. So F,
contains the edges a;, a,, ..., a, notbelonging to F,, and F, contains the edges b,
by, ..., b, not belonging to F, where

{a,,az, ., a} e {"’1’ €y e s €py Vg 1, VU p oy ey vus}
and

{D1sbgs o s b} S {f15 S0 oo s s VWii1s VWpags oo » VW)
Also, each of ay, a,, ... ,a, by, by, ..., b, lies on a path of length 2. Furthermore,
by the construction of F; and F,,each of a; and b; (1<i<r) is adjacent to an
edge of H (and hence of H;) or at distance 1 from H (and thus from H;). Label
the edges ay, a,, ... ,a, so that a, dy, ... , 4, (0<c<r) are at distance 1 from H

and a , a, are adjacent to an edge of H. Next label the edges b,

c+12 Q42 e

by, ..., b, sothat by, by, ...,b; (0<d<r) are adjacent to an edge of H and

r
bd+1» byios .- » b, are at distance 1 from H. Each a; (1 <i<c) must be adjacent to
some a; for ¢+ 1 <j<r and, similarly, each bj (d+ 1 <j<r) must be adjacent to
some b; for 1<i<d. Thus we must remove a,,a,,...,a, from F; before

removing a.,y, @..2, --- » 4,, and the edges by, by, ..., b; must be present‘ before the

edges by, 1, b4,9, --- » b, canbe added. Let Jy=F, andthenfor i=1,2,...,r, the
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graph J;=J;_ | —a;+b; is P3-connected to J; ; by Theorem 2.1. Since F,=J,

we have that F; is P;-connected to F,, and hence G, is P3-connected to G,.
Finally, assume that G; is P,-connected to G,. Then there exists a G -G,
P3-path, say Gy =Fg, F(, Fy, ..., F,=G,. Since G| is Pj-adjacent to Fy, the
graph F; =G, - E(H,) + E(H,), where H;=H,=P; and E(H,) € E(G;). Thus,
G, contains a subgraph, namely H,, that is isomorphic to P3. Similarly, since F,_,

is Py-adjacentto G,, it follows that G, contains a subgraph that is isomorphic to Ps.

Q

2.3 P4-Connected Graphs

Next we show that every two connected graphs of the same order and same size

are P,-connected. First, the following lemma will be useful.

Lemma 2.3 Let G be a connected graph containing a connected graph H as a

subgraph. Then every edge of G belongs to a subgraph that is isomorphic to H if
and only if H is K,, P5,0r P,.

Proof  Suppose that every edge of G belongs to a subgraph of G that is
isomorphic to H. We show that H =K, P3, 0r Pg. Suppose, to the contrary, that

A(H) =3 and let k be the diameter of H. Obtain the graph G from H by joining a
path of length k + 1 to a vertex of H. Then G contains H as a subgraph, yet clearly
not every edge of G belongs to a subgraph isomorphic to H, producing a
contradiction. Thus A(H) <2, and H is acycle or a path. Suppose first that H isa
cycle,say H=C, for some positive integer n2>3. Let G be obtained from H by
joining a new vertex x to a vertex v of H. As before, G contains H as a subgraph

yet the edge xv of G does not belong to a subgraph isomorphic to H, producing a
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contradiction. Hence H is a path, say H =P, for some integer n 22. Suppose, to
the contrary, that n > 5. Consider the graph G obtained from the path P: v, v,, ...,
v, by joining a new vertex x to v3. So G contains P, as subgraph yet the edge

xv, does not belong to a subgraph of G isomorphic to P

,» Producing a contradiction.

Hence n<4,and H is K,, P3,or P,.

The converse is clearly true if H =K, or H=P;. Thus, suppose that
H=P, andlet G be a graph containing P, as a subgraph, say P: xg, x|, x,, x5 is
a path of length 3 in G. Clearly, every edge of P lies on a path of length 3. Next,
let e=uv be an edge of G that does not belong to P. At most one of u# and v can
lie on P, suppose first that u lies on P. So without loss of generality, u =x, or u=
x;. Thenv, u =xg, x|, %, or v, u=xy,X,, x5 is a path of length 3 containing the

edge wuv. Finally, suppose that neither u nor v lieson P. Let Q: ug, uy, ..., 4,

(n21) be a shortest path from the edge uv to P. Without loss of generality, assume

that ug=u and u,=x, or u, =x,. Then v, u=ug, uy, ..., u,=xp,x; OF v,u=
Ug, Uy, .. s Uy = X1, Xg 1S @ path of length at least 3, and hence e lies on a path of
length 3. Q

Theorem 2.4 Let G, and G, be connected graphs of the same order and same
size, each of which has a subgraph isomorphic to P,. If G, =G, —uv+wx for (not
necessarily distinct) vertices u,v,w,and x of G, then G, and G, are

P4-connected.

Proof We consider two cases, depending on whether the vertices u, v, w, and x

are distinct.
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Case 1 Suppose that the vertices u, v, w, and x are not distinct, say v =w. Since

G, is connected, there exists a shortest u-x path P: wu=ugy, uy, ..., u,_y, u, = x.

Next, we proceed depending on whether u; =v.

Subcase 1.1  Suppose that u; = v, that is, suppose that the path P contains the edge
uv. Since vx is not an edge of G, it follows that n 2 3. Suppose first that n > 4.
Then G, =G| — {uv, vuy, uyus} + {xv, vuy, upus} and G; is P-adjacent to G,.
Now suppose that n = 3, that is, suppose that u, v, u, =y, x is a shortest u-x path.
Then in G,, the edges vx, xy, yv form a triangle. Since G, contains a path of
length 3 (acopy of P,), by Lemma 2.3 the edge vx must lie on a path of length 3.
Thus since uv ¢ E(G,) and a shortest path from u to x has length 3, there exists a
vertex z of G, suchthat z is adjacent to at least one of v,x,and y in G,.
Suppose first that z is adjacentto y. Then G, =G| — {uv, vy, yz} + {xv, vy, yz},
and G, is P4-adjacent to G,. Hence, in what follows, we assume that z is not
adjacent to y. Next suppose that z is adjacent to v. Let F; =G, — {zv, vy, yx} +
{zv,vx, xy}; so F| is P,-adjacent to G,. Thenlet Fy=F; — {uv, vx, xy} + {vx,
xy,yz}; so F, is P-adjacent to F|. Thus G, =F, - {vz, zy, yx} + {zv, vy, yx};
so G, and F, are P,-adjacent, and Gy, Fy, F,, G, isa G-G, P4-path. This
situation is represénted in Figure 2.4, where H, H,, H,, and H, are subgraphs of
G,, F|, F,, and G,, respectively.

Finally, suppose that z is adjacent only to x. Let F; =G - {zx, xy, yv} +
{zx, xv, vy}; so F; is Ps-adjacentto G,. Thenlet F,=F; — {uv, vx, xz} + {vx,
xz,zy}; s0 F, is Py-adjacent to F;. Hence G, =F, - {vy, yz, zx} + {vy, yx, xz};
so G, is P4-adjacent to F,,and Gy, F, Fy, G, isa G{-G, P4-path. This
transformation is represented in Figure 2.5, where the graphs Hj, H{, H,, and Hj

are subgraphs of Gy, Fy, F,, and G,, respectively.
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u Y X u v X
Hy: O—N H: O I
b4 y 2 Y.
u V) X u Y X
HZ: O I:I H3: O
: z y z y

u v X u v X
Ho: o—M H1: @, I
y 4 y Z
u v X u v X
HZ: O D H3' O
' y z y 2

Figure 2.5 A Transformation of G, Into G, When z Is Adjacentto x.

Subcase 1.2 Suppose that a shortest u-x path P: u=ug, uy, ... u,=x does

* "n-1»
not contain v. Suppose first that n >3. Let F; =G, — {vu, uuy, ujuy} + {umuy,
uu, ux} sothat F; is Ps-adjacentto G;. Then G, =F — {ux, xu,_, u, 4, o} +
{vx, xu,_;,u, 14, 5},and G, and F; are Pj-adjacent. Thus G, and G, are P,-

connected. Next suppose that n=2. Then P: u,u|,x and G, =G, — {vu, uu,,
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wx} + {uuy, uyx, xv};so G, and G; are Pg-adjacent. Finally, suppose that n=0,
that is, ux € E(G,). If degGl v 2 2, then there exists a vertex z of G, adjacentto v
and G, =G, - {zv, vu, ux} + {zv, vx, xu}; so G; and G, are P -adjacent. Thus
we assume that degGl v = 1. Next suppose that degGl u23 and degGl x22.
Then there exist vertices y and z of G, suchthat uy, xze E(G). Let F| =G, -
{yu, ux, xz} + {yu, ux, xv};so F; and G, are P,-adjacent. Let F,=F - {yu,
uv, vx} + {uy, yv, vx}; so F; and F, are P,-adjacent. Then G,=F, - {vy, yu,
ux} + { yu, ux, xz};so F, and G, are Pj-adjacent, and G, F|, F,, G, isa Py-
path. This situation is represented in Figure 2.6, where the graphs H, H|, H,, and
Hy are subgraphs of G, Fy, Fy, and G,, respectively.

Thus, we may now assume that degGl v =1 and that degGl u=2 or
degg X = 1. Suppose first that degG1 u = 2. Then a path of length 3 containing the

edge uv must also contain the edge ux, and there must exist a vertex z adjacentto x

in G,;. Then degG2 u= degG2 v =1. Since the edge vx must also lie on a path of

length 3, we may assume, without loss of generality, there exists a vertex y of G,
adjacent to z. Let F{ =G — {ux, xz,zy} + {vx, xz,zy}; so G and F; are
P,-adjacent. Let F, =F; — {uv, vx, xz} + {yv, vx, xz}; so F; and F, are
P,-adjacent. Then G, =F, - {xz,zy, yv} + {ux, xz,zy};so F, and G, are
P4-adjacent, and G, F}, F,, G, is a P,-path. This transformation is represented in
Figure 2.6, where the graphs [y, I}, I,, and I3 are subgraphs of G, Fy, Fy, and
G,, respectively.

Finally, suppose that degGl x=1. As before, the edge uv must lie on a path

of length 3. Since degGl v=degGlx= 1, it follows that the edges uv and ux are

not on a common path of length 3 and thus there exist vertices y and z such that v,

u,y,z isapathin G,. Let F| =G, - {xu, uy, yz} + {vx, xu, uy}; so F; and G,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

30



are Pj-adjacent. Then let F, =F| — {vx, xu, uy} + {uy, yx,xv}; so F; and F,
are P,-adjacent. Finally G, = F, — {vu, uy, yx} + {xu, uy, yz}; so F, and G, are
P4-adjacent, and Gy, Fy, Fy, G, is a P4-path. This situation is shown in Figure 2.6,

where the graphs Jg,Jy, J,, and J; are subgraphs of Gy, F,Fy, and G,,

respectively.
1 \Y X u v X u \Y X u v X
H, I:O;i H, i@jo H,: V;I H, I\bi
©)
Yy z y 4 y z y b4
u v x u v X u v x u v x
IO: I]: 12: O 13:
z b4 b4 b4
y y y y
u v X u v X u v X u v X
¥ i fb) b I?o &
y Yy y y
z z0 z0 z

Figure 2.6 A Transformation of G; Into G, When u Is Adjacent to x.

Case2 Assume that the vertices u, v, w, and x are distinct. Suppose, first, that one

of the edges uw, ux, vw, or vx is not present in G, say e is such an edge. By
Case 1, the graph G, is P,-connected to Fy; =G, —uv +e, and thus F| is P,-
connected to G, = F| ~ e+ wx. Therefore G, and G, are P4-connected.' Hence all
of uw, ux, vw, and vx must be present in G;. Then G, =G| - {wu, uv, vx} +

{uw, wx, xv}, and the graphs G, and G, are Pg-adjacent. U
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The next theorem describes conditions under which two graphs of the same

order and same size are P4-connected. Although the proof is similar to the proof of

Theorem 2.2, we include it for completeness.

Thoerem 2.5 Let G, and G, be two graphs of the same order and the same size.
Then G, is P4-connected to G, if and only if each of G| and G, contains a

subgraph isomorphic to P,.

Proof Let H: u,v,w,x denote a common subgraph of G, and G, thatis

isomorphic to P;. Suppose that G| has n edges not belonging to G,. We label

these edges so that the edges e, e, ... , ¢, (0 Sk <n) are adjacent to an edge of H
(if any such edges exist), the edges e, 4,0, ... . €, (k< £ <n) are at distance 1
from H (if any such edges exist), and e, ;, €9, ... , €, are the remaining edges.

Let ¢;=uy; for i= £ +1, £ +2,...,n and observe that by the choice of k and /¢,

eachof e, 1,€,,0,...,€ is not adjacent to uv, vw, or wx. Nextdefine Hy =Gy,

n
and for i=1,2,...,n— £,define
Hy | = Hz(,-_l) — {uv, vw, wx} + {u, v, vw, wx}
and
Hy;=Hyp ) = {V gt gaio U gui¥s VW) + {1 gy, v, vw}.

Thus for i=0,1,...,2(n- £)—1 the graphs H; and H, , are P -adjacent. Let
F, =H2(n—-£)’ and thus G| =H,, Hy, ..., Hz(n-e) =F, isa G-F| Pg-path. So, F,
differs from G, by the edges e, ey, ... ,ep Uty q, uthy 5, ... , UU,.

Next G, has n edges not belonging to G,. Label these edges so that the
edges fi,fy, ... ., f; (0<s<n) are adjacent to an edge of H, the edges f, |,
Soqns oo fy (s St <n) are at distance 1 from H, and f, q, fr40s - ,fn are the

remaining edges. Let f;=wyx; for i=t+1,¢+2,...,n Nextdefine J;=G,, and

for i=1,2,...,n-t, define
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Jyi = J2(i—1) — {uv, vw, wx} + {w,, v, vw, wx}
and
Joi=dpi1 = X piWeai WeaiVs VW) + {wu, uv, vwi.

Thus for i=0, 1, ... ,2(n 1) — 1, the graphs J; and J;,, are P4-adjacent. Let
Fy= .1'2("_,), and thus G, =Jy, Jy, ... ,Jz(n_,) =F, isa P,-path;so G, and F, are
P,-connected. Therefore F, differs from G, by the edges f,f5, ..., f,, uw,,,
UW, 95 oon s UW,.

Let H, be a greatest common subgraph of F; and F, containing H.
Furthermore, any edge of F| not belonging to F, is either at distance 1 from H or
is adjacent to an edge of H. Thus F| and F, differ only by edges in the same
component as H. Let a, a,, ..., a, denote the edges of F| not belonging to F,.
Assume that the edges are labeled so that ay, a,, ... ,a, (0<c<r) are at distance 1

from H and a ., a, are adjacent to an edge of H. Nextlet by, b, ..., b

c+1> Gcv2s - r

denote the edges of F, not belonging to F; and assume that these edges are labeled
so that by, by, ... ,b; (0<d<r) are adjacent to an edge of H and b, ;,b,,,, -.. ,
b, are atdistance 1 from anedge of H. Each a; (1 <i<c) must be adjacent to some
a; (c+1<j<r) and similarly each b, (d+1<k<r) mustbe adjécent to some b,
(1 £ £ <d). Thus we must remove the edges a;, a,, ... , a, from F, before
removing the edges a,,{, a.,5, --- , 4,, and the edges by, b,, ... , by must be present
in F, before the edges by, 1, b9, --- » b, can be added. Let Jy=F, and for i=1,
2,...,r,the graph J;=J; | —aq;+b; is P,-connected to J;_; by Theorem 2.4. Since
F,=J, it follows that F| is P,-connected to F,, and hence G, is Ps-connected to
G,. |

Finally, assume that G, is P4 -connected to G,. Then there exists a G;-G,

P,-path, say G, =Fy, Fy, ..., F,=G,. Since G is P4-adjacent to F|, there exist
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subgraphs H and H’ of G; and F|, respectively, such that F) =G, - E(H) +
E(H') where H=H’'=P,. Thus G contains a subgraph isomorphic to Pj,.
Similarly, since F,_; is P4-adjacentto G,, it follows that G, contains a subgraph

n—

isomorphicto P,. QO

2.4 Other H-Connected Graphs

We have seen that if H is P5 or P, then every two graphs of the same order

and same size containing H as a subgraph are H-connected. Although we cannot

answer the question in general for H = P, we can show that every two trees of
diameter at least 4 are H-connected. In fact, we now show that every tree of diameter
d is Pj-connected to a path for each integer k with 3 <k<d. Thus as a corollary,

we have that every two trees of diameter at least k are P,-connected.

Theorem 2.6 If T isatree of order n and diameter d,then T is P -connected

to P, foreach positive integer k¥ with 3<k<d.

Proof Let k be an integer with 3 £k <d, and let P: vy, vy, ... ,v; be a longest
pathin 7. Suppose that v, (1< { <d-1) is a vertex of maximum degree on P. If
d=n-1,then T=P,. Thuswe assume that d<n-1. Let w be a vertex noton P
such that the v,-w path Q contains exactly one vertex of P, namely v, Let

Q: vy=ug Uy, ...,u, =w (m 21). We consider two cases, depending on

whether either m+ ¢ or m+d— ¢ is atleast k—1.

Case 1 Supposethat m+ £ or m+d— £ isatleast k—1,say m+ ¢ 2k - 1. If
m2k-2,thenlet Ty =T—{v,_v,, V, uy, Uiy, Ugliz, ... , Up_3lp o} + {v,_
14p_0s gl 3o g 3ty g, oo Uiy, UV o). So T} is Pj-adjacent to T, and diam

Ty=d+k-2>d Nextif m<k-2,thenlet i=(k—-1)-m and let
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Ty= TV oV mints VemintV g-indr == 0 Vo1V o V gl1s Ul Ugltzs voe s Uy (W]
+ {V Uy, Uy, Upllg, ey Uy (W WY g1,V g Vg 0y Vg oV g 35 e s Vg iV i}
So T, is Pj-adjacentto T, where diam T| =d +m 2d. Thus we may continue in

this manner, replacing T with T until we obtain a tree that is not a path and m and

£ cannot be chosen so that either m+ ¢ or m+d—- ¢ is atleast k— 1.

Case2 Supposethat m+ { <k-1 and m+d—-{ <k-1. Let
Tl =T- {Vovl, VlVZ, ey vk_]vk} + {WVE__], VZ_IVC_z, V£_2V£_3, ser g VIVO,

VOV ot Vo1V o420 Va2V g4+30 - 0 Vi1 Vi) -

Then T, is P,-connected to 7, and dT](v ¢ Vg) =m+d so that diam T > d. Thus

we may continue in this manner until T, isapath. Q

Hence we have the following.

Corollary 2.7 Let T; and T, be trees of order p and let d = min{diam T,

diam T,}. Then T, is Pj-connected to T, for each positive integer k with

3<k<d.

We have seen that if H=P3 or H = P, then every pair of graphs of the same
order and same size containing H as a subgraph are H-connected. It turns out,
however, that if H = K3, then not every pair of graphs of the same order and same size
containing H as a subgraph are H-connected. First, observe thatif G; and G, are
K-adjacent, then there exist subgraphs H; and H, of G| and G, respectively,
where H,=H,=K;, G,=G, - E(H,) + E(H,), and E(H,)- E(H;) € E( G, ).
Since any two edges of a triangle uniquely determine the third edge, H; and H, have
exactly one common edge. Let V(H,) = {u, v, x} and V(H,) = {u, v, w}, where y,

v, w, and x are distinct vertices of G,. Then degGl x= degG2 x+ 2 and df:gGl w=
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degG2 w —2 while degGl v= degG2 v for every other vertex v of G,. Thus a

necessary condition for two graphs to be Kj-adjacent, and hence Kj-connected, is that

they must have the same number of odd vertices. It is not known, however, if this

condition is also sufficient.

Vi 12 Vs V2 Vs %)
V3 V4
vq V3 v4
O V] v3
V5 Vi

Figure 2.7 Graphs That Are Not K;-Connected.

Consider the graphs G, G,, G5, and G, shown in Figure 2.7. Since G,
has four odd vertices while each of G,, G5, and G5 has two odd vertices, it follows
that G, is not Kj-connected to any of G,, G,, and Gj. Next G, =G - {v vy,
VoV3, V3V } + {vyv3, v3vs,vsvy} so that G is Kj-adjacent to G,. Finally,
G; = Gy — {vgvy, Vov3, VaVs} + {vsvy, Vovy, V4vs} SO that G, is K;-adjacent to
G;3. Hence G, is K3-connected to G5 as well. Since Gy, G,, G3, and G, are the
only (5, 5)-graphs containing a triangle, there are two equivalence classes for (5, 5)-
graphs with a triangle under the relation Kj-connectedness, namely {G,, G,, G3}
and {G,}.

So for two graphs G, and G, of the same order and same size, a necessary
condition for G| tobe Kj-connected to G, is that G; must have the same number
of odd vertices as G,. However, this condition is not sufficient. Let G, =3K; and
let G, =K;U Cq. Then G, and G, have the same order, same size, and same

number of odd vertices, yet clearly G is not K,-connected to G,. Although this
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condition is not always sufficient, there is a large class of graphs for which it is

necessary.

Theorem 2.8 Let H be an r-regular graph where r is an even positive integer and

let G, and G, be two graphs. If G, is H-connected to G, then G,  and G,

have the same number of odd vertices.

Proof Suppose first that G, and G, are H-adjacent. Then there exist subgraphs
H, and H, of G| and G,, respectively, such that H;=Hy=H and G, =G, -
E(H;) + E(H,). Clearly if v is not a vertex of H; or of H,, then degGl V=
degG2 v. Nextif v isa vertex of H, but not a vertex of H,, then degG1 v =
degg, v+, while if v is a vertex of H, but not a vertex of Hj, then degg v =
degG2 v-r. Since r iseven, degGl v and degG2 v are of the same parity. Finally,
if v is a vertex of both H; and H,, then degGl v=degG2 v. Hence, if G; and G,
are H-adjacent, then G; and G, have the same number of odd vertices.

Consequently, if G, and G, are H-connected, then G, and G, have the same

number of odd vertices. O

We now consider H-adjacency when H =K, ;. Consider the graphs G, and
G, of Figure 2.8." Now
K1’4 = Gl - {VIVO, V‘VZ, V1V4} + {V2V0, v2v1, V2V4}
so that G, is H-adjacentto K, 4. Also,
Kl’s = G2 - {VIVO, V1V2, VlVS} + {VzVO, V2V1, Vzvs}
so that G, is H-adjacent to K, 5. In fact, we show that every tree of order p is

K 1’3-connected to the star K 1p-1°
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Figure 2.8 Graphs That Are K 3-Connected to Stars.

Theorem 2.9 If T is atree of order p that is not a path, then T is K 3-

connected to K 1p-1-

Proof Let H= K1,3, and let P: vy, vy, ..., vy be a longest path through a vertex
of maximum degree. Hence diam T2d. If d=2,then T = Kl,p—l' Thus we

assume that d > 3. We consider two cases.

Case 1 Suppose that d =3. Assume, without loss of gen.e-:'rality, that deg v, = A(D).
We show, in fact, that the diam T =3 as well. Each vertex of T adjacent to v,,
other than v,, must be an end-vertex; for otherwise, there exists a path of length at
least 4 through v,. Similarly, each vertex of T adjacent to v,, other than v,, must
be an end-vertex. Thus diam 7'=3. If degv, =3, then degv, <3, and thus T =
G, or T=G,, where G| and G, are shown in Figure 2.8. As we have previously
seen, both G and G, are H-adjacentto K, , and K, s, respectively. Therefore,

we may assume deg v; > 3. Thus there exist end-vertices w, and w,, different from

. vg» adjacent to v;. Then F; =T - {v,wy, viw,, vivg} + {w vy, wvy, wyvs} is

H-adjacent to T. Next, Fy =F; - {vovs VoW, vov3) + {wvy, wyvg, wiw,} is
H-adjacent to F. Finally, F3 = F, ~ {w vy, wvy, wivs} + {vywy, vlvo, vy} is
H-adjacent to F,, and T = Fa— {wvy, wiwy, wivg} + {viw, viv,, v v3} s

H-adjacent to F5. This situation is shown in Figure 2.9, where the graphs Hj, H,
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H,, Hy,and H, are subgraphs of T, Fy, F,, F, and T, respectively. Now, T, F,
F,, F,, T’ is an H-walk; so T is H-connected to T’. Furthermore degr v, <
degs vy. Thus, we continue in this manner until deg vi=p— 1. Hence T is

H-connected to K| p-1°

Figure 2.9 A K, 3-Walk From T to T" When d=3.

Case2 Suppose that d>3. Now there exists an integer k (1 <k<d-1) such that

deg v, = A(T). Let w be a vertex of T different from v, _; and v, thatis

adjacent to v;. We consider two subcases.

Subcase 2.1 Suppose that we can labei the vertices of P so that k 23, where deg
Vi =A(T). Then Fy=T— {vw, vivi_{, Ve ) + {wvg, wyg, wyi }is H-adjacent
to T. Next, Fy = F| = {vvg, v{vy, viw} + {wv, wy,_, wy 4} is H-adjacent to
F|. Finally, F3 = F, — {wvy, wvy, wv } + {v,w, vvg, vy} is H-adjacent to F,
and T = Fy— {wvp, wvp_{, wyp () + {vw, vpve_1s Vivpy s H—adjacént to Fj.
This situation is illustrated in Figure 2.10, where the graphs Hy, H, H,, H3, and H,

are subgraphs of T, F\, F,, F3, and T, respectively. Thus T, Fy, F,, Fs, T isa H-
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walk (that contains a H-path); so T’ is H-connected to 7. Furthermore, A(T") >
A(T). If T' has diameter 3, then by Case 1, T° is H-connected to K Lp-1-
Otherwise, we proceed with T as above (that is, let 7= T") until we obtain a tree with

diameter 3.

Subcase 2.2 Suppose that we cannot label the vertices of P so that k23. Thus k
=2 and d=4. Let x,,x,, ..., X, denote the vertices of T not belonging to P that
are adjacent to v,. Suppose first that deg x; 22 forsome i (1<i<m). Let y,; |,

Yigs o2 Yin; denote the n; vertices of T that are different from v, and adjacent to

x;. We now show that deg Yij= 1 foreach i,j with 1<i<m and 1<j<n,
Suppose, to the contrary, that deg y; ;> for some i and j with 1<i<m and 1
<js<n;, say z#x; is adjacent to Yij Then the path z, Yijo X1> Vs V1 Vo is a path
in T that can be relabeled so that k > 3, producing a contradiction. Thus it follows
that each Yij (1<j<n;) is an end-vertex. Let T=F,, and for k=1,2,..., I_rz,-/
2 tet Fy=F;_y ~ {xvy, %91 X126} + (Va%p VaYigpo1s vaYiu)i s0 Fiy and
F; are H-adjacent. If n;=2a + 1,thenlet F, =F, - {vov1s vox;, vova} + {xvy,
XV, X;v3}; nextlet F, o=F, |- {x,-yi’ni, Xy, xvp} + {szi,ng Vovy, Vox;} and
finally let F, 5=F, 5 — {vovy, VoYing vox;} + {vouy, VaYing vova}. Solet T =
F,,3 inthe case that n is odd or let T’ = Flyn) Now T=F, Fy, ..., T isan H-
walk from T to T’;so T is H-connected to T". Next exactly one of the graphs H,

and H, shown in Figure 2.11 is a subgraph of T'. In fact, H is a subgraph of T’

if n; is even, while H, is a subgraph of 7" is n; is odd.
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Figure 2.10 An H-Walk From T to 7" When d>4 and k23.
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Figure 2.11 A Subgraph of T
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Soin T, the vertices Yi,12Yi2s -+ » Vi, ar€ NOW adjacent to v,, and possibly

x; is now adjacent to v5. We continue in this manner until degx;=1 foreach i=1,
2,...,m. Let T” denote the resulting tree. So, in T”, any vertex not belonging to P
is an end-vertex. Relabel the vertices adjacent to v, in 7 and not belonging to P by
Zys 2y - 12y Let T"=Fg,andfor i=1,2,..,lb72] let Fi=F,_| - {v,v,,
VoZoi_1s VoZo;} + {V3Va, V329 15 Va2y;}580 F;| and F; are H-adjacent. If b= 2c,
then let T = F_ ~ {vaw, v3vy, vavu} + {v3w, vav|, vav,}, where w is any vertex
adjacent to v; not belonging to P; otherwise b =2c + 1, so let T = F, - {vy2,
Vovs3, Vo) + {V3vq, v3v,, v32, ). In T, the vertex v, is an end-vertex as is every
other vertex of 7" not belonging to P; so diam(7"”) = 3. Thus by Case 1, T is

H-connected to Kl,p—l; so T is H-connected to K -1 a

As a consequence of Theorem 2.9, we have the following.

Corollary 2.10 Let T, and T, be trees of order p. Then T, is K1,3-connected
to 7, ifand only if A(T|)23 and A(T,)23.

Proof Let H =K, ;. Suppose first that T; is H-connected to T,. Then there
exists a T,-T, H-path T\ =Fy, Fy, ..., F,=T,. Since T, is H-adjacentto F, it
follows that T, -has a vertex of degree at least 3 (since H does) and hence
A(T}) 23. Similarly, since F)_; is H-adjacent to T,, it follows that A(T}) 2 3.
For the converse, suppose that A(T;) 23 and A(T,) 2 3 By Theorem 2.9,
the tree T is H-connected to Kl,p—l and T, is H-connected to Kl,p—l‘ Hence T,

and T, are H-connected. O

We now turn from trees to hamiltonian graphs.
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Theorem 2.11 If G| and G, are two nonisomorphic hamiltonian graphs of the

same order and same size, then G, is K| 3-connected to G,.

Proof Without loss of generality, let C: v, v,, ..., Vpr Vi be a hamiltonian cycle
inboth G, and G,. If p=4,then G| =G,, and the result follows. Thus we may
assume that p > 5. Since G, and G, are not isomorphic, there exist chords v; Vi
and v,v, such that ViV € E(G,) - E(G,) and vy, € E(G,) - E(G)). Without loss
of generality, we may assume i <j, k< ¢, and i <k. Assume first that G, =G, -
Vivi+ Vv .

Next, suppose that v, ivj and v,v, are adjacent, that is, j = k. Since
i<j<?{ and Vv and Vv, are chords, it follows that i#j—-1 and £ #j + L.

Therefore, G, = G| — {vyv; Vivi_ts

Vs ViVt Vet ) ¥ L0y g vy vy ds so Gy and Gy

are K| ;-adjacent. Thus we may assume that i, j, k,and ¢ are distinct. If any one of
the edges v;v;, ViVis ViV s and ViV, is not present in G, say vy, thenlet Fy =G,
- {vy;

}+ {vv, {,vv

Viel» ViVis1) ViVi )i s0 Fypand G are K s3-adjacent.

-1 ViVis1p v
Hence G,=F, - {vkvk_l, ViVis1 Vevil + IVvicts ViVies s VY o b 50 G, and F
are K j-adjacent. Thus G; and G, are K s-connected. Therefore, ViVis ViVpo
ViV ViV € E(G,). Suppose first that j# £ -1 and that i# £ + 1(mod p). Let
Fi=G;—{vyv;, VgV Vv Y vy vev,_ 1 vev)s so Fyoand G are K 5-
adjacent. Then either Vg #Vjy OF Vi # V., say v, # v, where ve N(vj). Hence
G,=F; - {v; ViVes vv} + {v; Vi ViV g vv} so F| and G, are K1,3-adjacent,
and G; and 62 are K 1’3-connected. Thus we assume that j= £ — 1 and that
= ¢+ 1 (modp). Hence i=1,£¢=p, j=p -1, ViVi = V1Vpots and vy, =
pr Since p 25, there exists a vertex v € N(v;) such that v lies between v; and
v, on C, or v lies between v, and V,_1 on C. Let Fi =G, - {vkvl,vkvp_l,

vvl + {vpy, ViVps vviliso Fy and G| are K1‘3-adjacent. Then let G, =F, -
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{v —1Vp> Vp-1 Vs V,;_l",-,_z} + {vp_,vp, Vp_1Vpo vp_,vp_z}; so F, is K; 3-adjacent to

G,. Hence G, and G, are K1’3-connected.

Soif G| and G, are two nonisomorphic hamiltonian graphs of the same
order and same size such that G, =G| —e +f for two edges e and f, then G, and
G, are K, j-connected. Thus if G, and G, are two nonisomorphic hamiltonian

graphs of the same order (at least 5) and the same size, G| and G, are K| 3-

connected. O

Thus every two trees of the same order and with maximum degree at least 3

are K, ;-connected as are every two hamiltonian graphs of the same order, same size,

and with maximum degree at least 3. For graphs that are not trees and not hamiltonian,

it remains to be determined which pairs of these graphs are K ;-connected.

—_— »
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CHAPTER III
H-DISTANCE AND H-DISTANCE GRAPHS

3.1 Introduction

For graphs G| and G, of the same order and same size, G, is said to be
obtained from G, by an edge rotation if G, contains distinct vertices u, v, and w

such that uv € E(G,), uw ¢ E(G,), and G, =G| —uv +uw. Recall that it was

shown in [9] that every pair of graphs of the same order and same size can be

transformed into one another by a sequence of edge rotations. The edge rotation

distance or, more simply, the r-distance d (G,, G,) between G, and G, is the
smallest nonnegative integer n for which there exists a sequence G, =Fg, Fy, ..., F,
= G, of graphs such that F; can be obtained from F;_; by an edge rotation for i= 1,
2, ..., n. Some properties of edge rotation distance were established in [9], where it
was shown that d,(G,, G,) = d,(f}l, 52), and that for every nonnegative integer n,
there exist graphs G; and G, suchthat d(G,, G,) =n. For nonempty graphs G,
and G,, recall that a greatest common subgraph of G, and G, isany graph G of
maximum size without isolated vertices that is a subgraph of G, and G,. It was also
shown in [9] that for two graphs G| and G, of order p and size g, where s is the
size of a greatest common subgraph, d,(G,, G,) is bounded above by 2(g - s).
Another metric on a space of graphs is given by the edge slide, which is
considered in [17]. A graph G, can be obtained from G; by an edge slide if G,
contains distinct vertices u, v, and w such that uv, vw € E(G), uw ¢ E(Gl), and
G, =G, -uv+uw. In [17] it was shown that the edge slide preserves

connectedness, and that a graph G, can be obtained from a graph G, by a sequence
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of edge slides if and only if G; and G, have the same number of components and
corresponding components of G, and G, have the same order and same size. The
edge slide distance or the s-distance d(G,, G,) between two graphs G; and G,
having the same number of components, where corresponding components have the
same order and same size, is defined as the smallest nonnegative integer n for which
there exists a sequence G| = Fy, F|, ..., F, = G, of graphs such that, for i =1, 2,
..., n, the graph F; can be obtained from F,_; by an edge slide. Since an edge slide
is an edge rotation, it follows that d,(G,, G,) <d(G,, G,) forevery pair G, G,
of graphs for which d(G;, G,) is defined. In [15] it was shown that for every pair
m, n of positive integers with m < n, there exist graphs G, and G, such that
d (G, Gy) =m while d (G, G,) =n. We now consider the analogous concepts
for H-adjacency.

Let G, and G, be two graphs of the same order and same size such that
V(G,) = V(G,), and let H be a connected graph of order at least 3. In Chapter II,
two subgraphs H, and H, of G, and G,, respectively, are defined to be H-
adjacent if H; =H,=H,and H, and H, share some but not all edges, that is,
E(H\) N E(H,)# @ and E(H,)-E(H)#J (soalso E(H|)- E(H,)# Q). Alsoin
Chapter II, the graphs G; and G, are themselves defined to be H-adjacent if G,

and G, contain H-adjacent subgraphs H; and H,, respectively, such that E(H,) -

E(H)) ;E(E,) and G, =G, ~E(H|)+E(H,). A G-G, H-walk is defined in
Chapter II as a sequence G| = F, Fy, ..., F;, = G, of graphs of the same order and
same size such that F; is H-adjacent to F; for i=0,1,...,k—=1. Thus, a
G,-G, H-walk G, =Fy, Fy, ..., F; =G, in which the graphs Fy, Fy, ..., F, are
distinctis a G-G, H-path, and the length of the G|-G, H-path is the integer k. We

define the H-distance dy(G,, G,) from G| to G, as the length of a shortest G,-G,
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H-path. Hence, H-distance is a metric on the space of all graphs of a fixed order and a
fixed size for which this distance is defined. In fact, it is not clear for a given graph H,
when this distance is defined. If H = P;or H=P,, then by Theorems 2.2 and 2.5,
this distance is defined for every pair of graphs containing H as a subgraph.

We now show that for every connected graph H of order at least 3 and for

every positive integer n, there exist graphs whose H-distance is n.

Theorem 3.1 For a connected graph H (of order at least 3) and a positive integer

n, there exist graphs F, and G, suchthat dg(F,, G,)=n.

Proof Suppose first that n= 1. Let F| be obtained from the graph G shown in
Figure 3.1 by identifying a vertex x of A with minimum degree with the vertex v,
of G, andlet G, be obtained from G by identifying the vertex x with v,. Clearly,
G £ F;s0 dy(F,, G|) 2 1. Also, since F| is H-adjacent to G;, we have that

dy(Fy, G;) =1. When H = C, the graphs F; and G, are shown in Figure 3.1.

v2
G:
Vo 121
v3
V5 Vs V6
v Vv
v4 V6 2 2
V4
Fi: Gr:
V0 V] Vo Vi
v3 v3

Figure 3.1 The Graphs G, F|,and G; When H=C,.
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Next let n>1 be a positive integer. Let F, =nF, and let G, =nG,. Now

each component of F, is H-adjacent to each component of G, so that we may

n

transform F, into G, one component at a time. Thus, dg(F,,

G,) <n. We show

that d(F,, G,)=n. Since no component of F, is isomorphic to a component of G,

'7
and the components of F, and G, all have the same order and same size, it follows
that each component of F, must have some of its edges moved. Since H is

connected, it follows that H-adjacency can only move edges from one component at a

time. Thus, dy(F,, G,)2n and therefore dy(F,, G,)=n QO

i I

In the proof of the previous theorem, the graphs F, and G, are disconnected.

We niow show that for a given connected graph H and a positive integer n, there exist

connected graphs for which the H-distance between them is n.

Theorem 3.2 For a connected graph H of order at least 3 and a positive integer n,

there exist connected graphs F, and G, suchthat dy(F,, G,)=n.

Il

Proof For n = 1, the proof of Theorem 3.1 gives connected graphs F; and G,
for which dg(F;, G;) = 1. Thus we may assume that n=2. Let x denote a vertex of
H of minimum degree. Next let P: vy, v, Vy, ..., v, be a path of length n, and let

H\,H,, .. ,H be copies of H, where the vertex x; (1<i<n +1)of H,

n+l
corresponds to the vertex x of H. Finally, let F, be obtained from P by identifying
the vertex x; (1 <i<n+1)of H; with the vertex vy of P, and let G, be obtained
from P by identifying the vertex x;(1 <i<n+ 1) of H; with the vertex v, ; of P.
When H is the graph G of Figure 3.1, the graphs F3 and Gj are shown in Figure
3.2.

For i=1,2,..,n,let Yits Yiar = Vik denote the k vertices of H,

adjacent to x;. Let F,=J,, and for i=1, 2, ..., n, define
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H; - {y; Vo YiaVes - » Yixvol # &, foreach i=1,2,..,n,it follows that J; ;| is

H-adjacent to J;. Thus, F,=Jy, J,...,J, =G, isan F,—G, H-path. Therefore,

J;= J[..] - {)’,',]Voy Yi2vVor - o )’;,k"o} + {)’,',1",', YiaVis s .)’,',kvg}~

Since H; ~ {y; 1vo, ¥i2Vor - » YixVol + {¥i Voo YiaVir - Yipvit 2 H and

and

_, is
n

H-adjacent to J;. Thus, F, =J,, Jl,.. J,=G, isan F,—G, H-path. Therefore,

n

dy(F,, G,) £n. We show that dy(F,, G,) 2n. Observe that in F,, there are at least

n n

n+ 1 copies of A having exactly one vertex in common, namely v, while the vertex

set of G, can be partioned into n + 1 sets, where each set induces a copy of H.

Therefore, v, can only belong to one copy of H in G,, and hence dg(F,, G,)2n.
Thus dy(F,, G,)=n. Q
v3
Fa3: Y0 G3: e
Vi v2 V3 Vo v2

Figure 3.2 The Graphs F; and G; When H Is the Graph G of Figure 3.1.

3.2 H-Distance Graphs

Let S den‘ote a set of graphs of a fixed order and fixed size. The edge rotation

distance graph D (S) of S is defined as that graph with vertex set S such that the
vertices G; and G, are adjacent in D (S) if and only if the graph G, can be
obtained from the graph G, by an edge rotation. Many classes of graphs have been
shown to be edge rotation distance graphs in [3, 13, 15], including complete graphs,
trees, cycles, complete bipartite graphs and all line graphs, and no graph has been
found that is not an edge rotation distance graph. In fact, it is conjectured in [3] that

every graph is an edge rotation distance graph.
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For aset § of graphs of the same order (at least 5) and same size, the jump

distance graph Dj(S) of S is that graph whose vertices are the graphs of §, and
where vertices G, and G, in S are adjacent in D(S) if and only if the graph G,
can be obtained from the graph G, by a single edge-jump. In [4] it was shown that
complete graphs, complete multipartite graphs, trees, cycles, and the complements of
line graphs are jump distance graphs, and it is conjectured that every graph is jump
distance graph. We now turn our attention to the analogous concept for H-adjacency.

Let S denote a set of graphs of the same order and same size. For a connected

graph H, the H-distance graph Dy(S) of § is that graph whose vertices are the
graphs of S, and where the vertices G, and G, are adjacent in D(S) if and only if
the graphs G; and G, are H-adjacent. A graph G is an H-distance graph if there
exists a set S of graphs of the same order and same size such that Dy(S) = G. We

begin by showing that paths are P3-distance graphs.
Theorem 3.3 For every integer n 22, the path P, is a P5-distance graph.

Proof Let H=P5,and let P: v, v,,...,V,, denote a path of length 2n — 1. Let
vy be a new vertex, and for i=1,2,...,nlet G;=P +vypv;. (See Figure 3.3 for
the case n=4.) Now the graphs G,, G,, ..., G, are pairwise nonisomorphic, and
for i=2,...,n,the graph G;=G;_| - {vgvi_1» vi.1vi} + {vi_1vi vov;} so that G;
and G, | are H-adjacent. Clearly for i=2,...,n-1, G; is H-adjacent only to
G, and G, . Thus Dy({G,, G,, ..., G,)=P,. Q

Next, we show that all cycles are Pj-distance graphs. First, the following
observation will be useful. If G, and G, are two Pj-adjacent graphs, then we have

seen that G, = G; —e +f foredges e and f of G; and G,, respectively. Further,
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in G, +f, theedges ¢ and f are either adjacent or are adjacent to a common edge of

G, (and G,). Thus d(e,f/)=0 or d(e,f) = 1.

Yo Yo
G]: E G2: | )
Vl V2 V3 v4 V5 V6 V7 V8 Vl V2 V3 V4 VS V6 v7 V8
VO vO
O O—O—E—O—O—O—O—O G o—o—o—g—o—o—o—o
Vi V2 V3 Y% Vs Ve V7 Vg Vi V2V3 ¥ Y Y% V7 '8

Figure 3.3 A Set of Graphs Such That Dp,({G}, Gy, G3, G4}) = Py
Theorem 3.4 For every integer n 23, the cycle C, isa Pj-distance graph.

Proof Let H=P,. Next,let n2>3 be an integer, and let P: v, v,,...,v,, bea
path of length 2n—1 and T: w;, w,, wy, w; be a cycle of length 3. Obtain the
graph G from P and T by identifying the vertex v, of P with the vertex w, of

T. For i=1,2,...,n,let G;=G+vp

Vneio Thecase n=4 is shown in Figure 3.4.

Thus each graph G; has a 3-cycle and an (n + 1)-cycle and, furthermore, the distance
between the 3-cycle and the (n + 1)-cycleis i - 1. Therefore, the graphs G, G,,
... » G, are pairwise nonisomorphic.

Now for i=1,2,...,n-1,the graph G, | =G; - {viv, . ViVis1} +
{VVis1r Vie1Vneie1 s SO Gipq is H-adjacent to G;. Also, G; =G, - {v,v,,,
VoVprr b+ (Vv Vag1vi1 ) 80 G is H-adjacent to G,. Let §={Gy, Gy, ...,
G,}. Since G;(1<i<n)is H-adjacentto G, where all indices are taken modulo

n, it follows that C,, is a subgraph of D(S).
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H’z W2
G,: b@w G,: b—@—ow
Vl V2 V3 V4 V5 V6 V7 V8 Vl V2 V3 V4 VS V6 v7 V8
W3 W3
Wz w2
G,: Wo G,:
VI V2 V3 V4 VS v6 V—, V8 v1 v2 v3 v4 V5 v6 V7 v8
W3 w3

Figure 3.4 A Set of Graphs Such That DP3({G1, Gy, G3, G4 =Cy.

To see that Dy(S) = C,,, for fixed integers i and j with 1<i<j<n,

j-i#l,and j—i#n-1, let F be that graph obtained from G by adding the

edges vv

i and vy

o Then dp(vyv, ViV, +j) 2 2, and therefore the graphs G;

and G; are not H-adjacent. Hence Dy(S)=C,. Q

Complete graphs are also P5-distance graphs, as the next theorem shows. For

every integer n = 3, denote the wheel of order n by W,, where W, =C, + K.

Theorem 3.5  For every postitive integer n, the complete graph K, is a

P,-distance graph.

Proof Let H=P;, For n=1,let S consist of only one graph, and then Dy(S) =
K,. Next for n=2, the graph K, isa P,-distance graph by Theorem 3.3. Thus we
may assume n 23. Let v, v,, ..., vy, 5, v, denote the (2n —2)-cycle of W,, ,
and the vertex v will denote the unique vertex of W, , having degree 2n—2. Next
let G denote that graph obtained from W, _, by joining a new vertex v, to v;. For

i=1,2,...,n,let G;=G-vv; Thecase n=4 isshown in Figure 3.5. Now the
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graph G, has 2n -2 vertices of degree 3, while each of the graphs G;, G, ..., G,
has 2n -3 vertices of degree 3. Next the graph G, (1 <i<n) has exactly one
4-cycle at distance i— 1 from the vertex v Therefore, the graphs G, Gy, ..., G,
are pairwise nonisomorphic. Since Gj =G; - {vvy, 5 vvj} + {vvy, 5, vy} for 1<

i <j<n, the graphs Gy, G,, ... , G, are pairwise H-adjacent. Thusif §={G,, G,,
, G}, then D(S)=K,. Q

. (o), OV
G2 : 0 G3
Vl Vl
Y6 V2. Y% 2
v
vV s 1% V3 VS v3
v 4 V4

Figure 3.5 A Set of Graphs Such That DP3({Gl, G,, G3,G4}) =K,

We now show that every graph is a P,-distance graph.
Theorem 3.6 Every graph is a P,-distance graph.

Proof Let H=P;, andlet G be a graph with V(G) = {vy, vy, ... »v,}. Nextlet F

denote that graph obtained from G by joining, exactly 2i (1 <i<n) new vertices to

v;. Let G; (1 <i<n)be that graph obtained from F by joining a new vertex x to v;.
Thus, the number of end-vertices of G; adjacent to Vi is 2j if j#i and 2i+1 if

j=1i. The graphs G,, G,, ... , G,, are pairwise nonisomorphic, and if Vivj is an

edge of G, then Gj= G; - {xv, vivj} + {v,-vj, vjx}; so G; is H-adjacent to Gj. Let

i and j be distinct integers with 1 <4, j<n. Now if G; and Gj are H-adjacent,

then Gi=G;-e+ f foredges e and f of G; and G, respectively. Also, in the
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54
graph G;—e=G;- /. there must be an edge ¢' adjacentto e in G; and adjacent to f
in G Thus, since G,-—xv,-:Gj—xvj, the graphs G; and GJ- are H-adjacent if and

only if the edge vy; is present in G. Therefore, Dy({G, G5, ..., G,})=G. Q

The construction described in the proof of Theorem 3.6 is the construction

given in [3] which shows that every graph is an edge slide distance graph. Recall that

for two graphs G; and G, of the same order and same size, the graph G, can be
transformed into G, by an edge slide if G, contains distinct vertices «, v, and w
such that uv e E(G)), uw ¢ E(G,), vw € E(G;),and Gy =G —uv+uw. Let S be
a set of graphs of the same order and same size. The edge slide distance graph D (S)
is defined as that graph with vertex set S such that two vertices G; and G, of D(S)
are adjacent if and only if the graph G, can be transformed into the graph G, by an

edge slide. Next we show that we can extend Theorem 3.6 to show that every graph

is, in fact, a Pn-distance graph for n=>3.
Theorem 3.7 For an integer n > 3, every graph is a P,-distance graph.

Proof Let H=P, , andlet G be a graph with V(G) = {v{, v,, ..., vp}. Next let

n
F be that graph obtained from G by identifying an end-vertex of 2i (1 <i < p) paths
of length n—2 with v, (The graph F is shown in Figure 3.6 when n=4 and G=
K,) For i=1,2,...,p,let G; be that graph obtained from F by identifying the
end-vertex x,_, of the path x|, x,, ..., x,_ | (of length n —2) with v;. For each
graph G; (1 <i<p), the number of paths of length n -1 starting at a vertex v of
G and containing no other vertices of G is 2j if j#i and 2i+1 if j=1i Clearly,
the graphs Gy, G,, ..., Gp are pairwise nonisomorphic. Let i and j be distinct

integers with 1 <4, j < p. Then the graphs G; and Gj differ in exactly n— 1 edges.

Thus G; and Gj are H-adjacent if and only if there exists an edge e of G;— {x;x,,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



XoX3s oo s Xp_oVi} = Gj = {x1%9, X9X3, ... ,xn_zvj} such that e is adjacent to x,_,v;
in G; and adjacent to Xp2Vj in Gj. Therefore G; and Gj are H-adjacent if and

only if vy € E(G). Hence Dy({G,, Gy, ..., Gp})= G. O

Figure 3.6 The Graph F When G=K, and n=4.

In fact, we can extend Theorem 3.7 to show that every graph is an H-distance

graph if d(H) = 1.

Theorem 3.8 Let H be a graph with 8(H) = 1. Then every graph is an H-

distance graph.

Proof Let H be a graph with §(H) =1 and size g. Then there exists an end-
vertex v of H. Let u be the unique vertex of H adjacentto v. Nextlet G be a
graph with V(G) = {v{, vy, ..., vp}, and let F be that graph obtained from G by
identifying for i=1,2, ..., p, the vertex « in 2i copies of H—v with the vertex v;
in G. For i=1,2,...,p,let G; be that graph obtained from F by identifying the
vertex u in the graph H’ = H —v with the vertex v;. Clearly, the graphs
G, Gy, ..., Gp are pairwise nonisomorphic. Let i and j be distinct intcgers with
1 <4, j<p. Then the graphs G; and Gj differ in exactly ¢ — 1 edges or in a copy of
H-v. We show that G; and Gj are H-adjacent if and only if AT E(G).
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Let F; beacopy of H—v in G; containing exactly one vertex of G, namely
v;, and let F I be a copy of H—v in Gj containing exactly one vertex of G, namely
v Furthermore, we may assume that F; and Fj are identical, that is, V(F)) = V(F j)
and E(F)) = E(Fj). Suppose that viv; € E(G). Since F;+ vivjst+ vjv_,-EH and
Gj= G,-E(F)+ E(F)), it follows that G; is H-adjacent to Gj. Finally, suppose that
G; is H-adjacent to Gj. Since G; and Gj differ in exactly one copy of H—v at v;
and v; in G; and Gj, respectively, we may assume, without loss of generality, that
this copy of H-v is F; in G; and Fj in G Since F; and F; have size g -1
and G; is H-adjacent to Gj, there must exist an edge e of G;— E(F)) =Gj—E(Fj)
such that F;+e= Fj + e = H. Furthermore, since F;=H —v where degv=1,it
follows that e is incident with exactly one vertex of F; and exactly one vertex of Fj
Next, since (V(F)))=F; in G; and (V(Fj))=Fj in G, it must be that e is incident

with v; in F; and v in Fj. Therefore e=vy; and AT EG). Q4

Thus, by Theorem 3.8, we know that for a given tree T, every graphisa 7-

distance graph. We now turn our attention to K-distance graphs and begin by

showing that complete graphs are Kj-distance graphs.

Theorem 3.9  For every positive integer n, the complete graph K, isa K3-

distance graph.

Proof Let H=K,;. Nextlet P:v{,v,,...,v, beapathof length n -1, and let
C: wy, wp,w3, Wy, w; bea 4-cycle. The graph G is obtained by identifying the
vertex v, of P with w; of C. For i=1,2,...,n, let G; be that graph obtained
from G by adding new vertices x and y and the edges xy, yv;, and v;x. Since
Gj= G; - {xy,yv, vix} + {xy, YVjs vjx}, for 1 £i<j<n, it follows that

dy(G;, G)=1. Thus Dy({G}, Gy, ... .G, =K, QO
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Using a construction similar to the one given in [3] which shows that every

cycle is an edge rotation distance graph, we now show that every cycle is a Kj-

distance graph.

Theorem 3.10 For every integer n 2 3, the cycle C, isa K3-distance graph.

Proof Let H=Kj; andlet C: vy, vy, ..., Vy,.5, v bea (2n +2)-cycle. For i=
1,2,...,n,let F;be obtained from C by joining a new vertex v to v; and v;,,

and adding the edge v,v;,,. For n =4, the graphs F,, F,, F5, and F, are shown in

oG
LD

Figure 3.7 The Graphs F|, F,, F5,and Fj.

Figure 3.7.

W

Next, for i=1,2,...,n-1, let G;=F;u Fi 1 and let G,=F,UF,.
Clearly, the graphs G; and Gj, for 1<i<j<n, differ in exactly two edges when

j=i+1 orwhen i=1 and j=n, and differ in four edges otherwise. Thus since
...G,Hh=C,. Q
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For a given connected graph H of order at least 3, an induced subgraph of an
H-distance graph is also an H-distance graph. Therefore, we have the following

corollary to Theorem 3.10.

Corollary 3.11 For every integer n 22, the path P, isa Kj;-distance graph.

At this point, an observation will be helpful. Let G| and G, be K;-adjacent
graphs. Then there are subgraphs H; and H, of G| and G,, respectively, such
that H, = H, = K5, E(H|) N E(H,) # @, and E(H,) - E(H,)# . Since any two
edges of a triangle uniquely determine the third edge, it must be that |E(H 1) N E(H,) |
=1 or {uv}=E(H;) N E(H,) for vertices u and v of G; (and hence of Gj,).
Thus there exists a vertex w of H; and a vertex x of H, suchthat w and x are
distinct vertices. So, |E(H,) - E(H,)| =2, and hence G, =G, - {uw, vw} + {ux,
vx}. The following lemma will be useful in establishing that a number of large classes

of graphs are K;-distance graphs.

Lemma 3.12 Let G, and G, be graphs of the same order n and same size. Then

dg,(G1, Gp) =1 if and only if dy (G + Ky, G+ Ky) = 1.

Proof Let H=K,. Clearly, if dy(G,,G,) =1, then dp(G, +K|, G, +K|) = L.
Next suppose that dy (G +K;, G, +K;)=1. Let n= | V(G,) | Since G, +K] is
H-adjacent to G, + K, there exist vertices u, v, w, and x of G+ K such that
uv € E(Gy +K;),and G, + K| =(G; + K{) — {uw, vw} + {ux, vx}. Hence ux,
vx € E(G| +K|) and uw,vw ¢ E(G, +K,). Therefore, in G, + K, the vertices u
and v have degree less than n and in G, + K|, the vertices x and w have degree
less than n. Thus u, v, w, x must be vertices of G,, and hence ux, vx e.E(Gz) and
uw, vwe E(G{). So G, =G - {uw,vw} + {ux, vx}. Since uve E(G,), it

follows that d(G;,G,)=1. Q
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We can now show that the cartesian product of two Kj,-distance graphs is a

K;-distance graph.

Theorem 3.13 For two Kj-distance graphs G, and G,, the graph G| X G, isa

K;-distance graph.

Proof Let H=Kj,andlet S and T be sets of graphs for which Dy(S) =G, and
Dy (T) = G,. By Lemma 3.12, we may assume that S and T are disjoint and that
each graph in SU T is 3-connected. Assume that § = {Gu| ue V(G))} with
dy(G,,G,) =1 if and only if uw e E(G,). Similarly, T = {FV| ve V(G,)}. We
show that
G, XGy=Dy({G, UF,| ue V(G)),ve V(G))).

Since the graphs G, and F, are 3-connected, it follows that dy(G, U F,,
G, F,) =1 if and only if either (1) G, =G, and dy(F, F, ) =1 or(2)

H,=H, and dy(G,,G,)=1. Thus dy(G,VF, G, UF,)=1 if and only if

uw
(1) u=u' and W € E(G,) or(2) v=v" and uu’e E(G,), and the resuit follows.

Q

Suppose that G; and G, are K;-distance graphs. The graph obtained by
identifying a vertex u of G, with avertex v of G, is an induced subgraph of

G, X G,. Therefore, we have the corollary to Theorem 3.13.

Corollary 3.14 For Kj-distance graphs G, and G,, the graph obtained from G,
and G, by identifying a vertex u of G| witha vertex v of G, isalsoa Kj3-

distance graph.
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If the blocks of a connected graph G are Kj-distance graphs, then from

repeated applications of Corollary 3.14 to the blocks of G, we have that G is also a

K;-distance graph. Consequently, we have the following corollary.
Corollary 3.15 Every tree is a Kj-distance graph.

We now show that complete bipartite graphs are also K;-distance graphs.

Theorem 3.16 For integers m and n with 3 <m <n, the complete bipartite

. 18 @ Kj-distance graph.

graph K,

Proof Let H=Kj,let P: vy, vy, ... be a path, and let C: u, uy, U3, Uy, u;

Vnem
be a 4-cycle. Next, let G be that graph obtained by identifying the vertex v, of P
with the vertex #; of C and adding n + m vertices wy, Wy, ... , W, where for
each i=1, 2, .., n+ m, the vertex w; is joined to v;_; and v;. For i=1, 2, ..,
m, define G; to be that graph obtained from G by joining a new vertex x to v;. For
m=2 and n =3, the graphs G, and G, are shown in Figure 3.8. The graphs G,
G,, ..., G,, have the same order (namely, 2(n + m) + 5) and same size (namely,
3(n +m) + 5). Furthermore, in each graph G; (1 <i<m), there is an end-vertex,
namely x, at dis;ance n+m —i from the unique 4-cycle of G, Therefore, the

graphs G,, G,, ..., G, are pairwise nonisomorphic. Also, for i #j, the graphs G;

m
and G; differ in exactly one edge, namely xv; in G; and xvj in Gj, where this edge
does not lie on a triangle. Thus G; and Gj are not K3-adjacent.

Next, we define the n graphs Fy, F,, ..., F,, such that for distinct integers i
and j with 1<i<j<n, we have that dy(F, Fj) > 1, while for each pair i, j of

integers with 1 <i<m and 1 <j<n, we have that dy(G, Fj) =1. Foreach i=1,

2, ..., n, define
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Fi= Gl - {vm+i—lvm+i' Wm+ivm+i} + {vm+i—|v0’ wm+iv0}'
For m =2 and n =3, the graphs F|, F,, and F5 are shown in Figure 3.9. The
graph F; (1<i<n) has acycle of length 2 + i, and thus the graphs F|, F;, ..., F,

are pairwise nonisomorphic.

Figure 3.8 The Graphs G, and G,.

To see that dgy(G,, F) = 1 for each pair i, j of integers with 1 <i<m and

1 £j<n, observe that
Fi=G;~ (Vi 1Vmap VimaWmaj WmaVmaj-13 + Vmsi¥msp WiaiVo VoVmej)

so G; is H-adjacent to Fj We now show for distinct integers i and j with 1 <i<j
<n that dy(F, Fj) >1. For i=1,2,..,n,let Ff‘l denote the component of F;
containing the unique end-vertex of F;, and let F;, denote the other component of F;.
Next, for distinct integers i and j (1 <i<j<n),the graph F il has at least one
more triangle than F; |, and F;, has at least one more triangle than F 2 Thus the
graph F; differs from the graph F; in at least four edges so that dy(F;, F;) > 1.
a

Therefore, Dy ({Gy, Gy, ... , G, Fys Fos . s F 1) = K,

mn Ln
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Figure 3.9 The Graphs F, F,, and F;.

We have seen that if H is a connected graph with 8(H) = 1, then every graph
is an H-distance graph. Also, many graphs are known to be Kj-distance graphs, such
as complete graphs, completé bipartite graphs, cycles, paths, cartesian products of K;-

distance graphs, and trees. However, we know of no graph that is not a Kj-distance

graph. In fact, we state the following conjecture.
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Conjecture Every graphis a Kj-distance graph.

We now show that every graph that is an edge rotation distance graph is also a

K;-distance graph.

Theorem 3.17 If G is an edge rotation distance graph, then G isa K;-distance

graph.

Proof Let H=K, andlet G be an edge rotation distance graph of order p. Then
there exists a set {G,, G,, .., Gp} of graphs of the same order and same size, say m,
such that D ({G,, G, ..., Gp}) =G. Let ¢;1,€;9, ... ¢ (1 £i < p) denote the
m edges of G, For i=1,2,..,p,let F; be that graph obtained from G; by
adding m new vertices X; |, X;g, ..., X

i m» Where Xpj (1 £j<m) is joined to the

two vertices of G; incident with the edge e jr We show that Dy({Fy, Fsy, ... , F p})
=G. Let V(G)={v,vy, ...y vp}. Since D ({G,, G,, ..., Gp}) = @G, it follows
that if ViV is an edge of G, then G; can be obtained from Gj by an edge rotation.
Thus G;= Gj —uv + uw for distinct vertices u, v, and w of Gj. Now uv= €k and
uw =e; , forsome k and ¢ with 1<k, £ <£m. Hence Gi—e,-,e = Gj— € SO
that F;— € g —UX; g —WX; o= Ff‘ € g —UXj g —VX; p. Next since «, w, and X; ¢
form a triangle in' F; and since u, v, Xk form a triangle in Fj, we have that
Fl = F] - {ej'k, uxf"k, ij"k} + {MXj'k, Xj’kW, uW},

and F; and Fj are H-adjacent. Therefore, G is a subgraph of Dy({F, F,, ...,
Fp}).

To see that Dy({F, Fy, ..., Fp}) = G, suppose that v, v, is not an edge of
G. Then the graph G, cannot be obtained from the graph G, by an edge rotation.
Assume, without loss of generality, that V(G,) = V(G ,). Let s denote the size of a

greatest common subgraph of G, and G,. Suppose first that s <m -2. Then G,
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and G, differ in at least two edges, that is, G, contains at least two edges that are not
present in G ,, while G, contains at least two edges that are not present in G.
Hence F), contains two triangles that are not present in F,, while F, contains two
triangles that are not present in F,. Therefore, F;, and F, are not H-adjacent.
Finally, if s=m - 1,then G, and G, differ in exactly one edge. So G,-¢e=
G,-f foredges ¢ and f of G, and G, respectively. Since G, cannot be
obtained from G, by an edge rotation, it follows that e and f are not adjacent. Thus
e=uv and f=wz for distinct vertices u, v, w, and z of G,. Hence F, and F,
differ in one triangle, where the triangle in F, is induced by the vertices , v, and x
and x corresponds to X i for some i (1 £i<m), and where the triangle in F, is
induced by the vertices w, z, and x and here x corresponds to x, j for some j
(1<j<m). Hence F;, and F, arenot H-adjacent. Thus

Dy({Fy, Fy, .. ,F,)=G. Q

Thus, if the conjecture that every graph is an edge rotation graph is true, then

the conjecture that every graph is a Kj-distance graph is true as well.
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CHAPTER IV
GREATEST COMMON DISTANCE-PRESERVING SUBGRAPHS

4.1 Introduction and Examples

Recall that a greatest common subgraph of two nonisomorphic graphs G, and

G, is defined as a graph of maximum size without isolated vertices that is a subgraph

of both G| and G,. Chartrand, Saba, and Zou [10] proved that for every graph G

without isolated vertices, there exist nonisomorphic graphs G; and G, of equal size
such that G is the unique greatest common subgraph of G; and G,. In the proof of
this result, one of G; and G, is disconnected, regardless of whether G is
connected. However, in [6] Chartrand, Johnson, and Oellermann proved that for
every connected graph G that is not complete, there exist connected graphs G, and
G, of equal size such that G is the unique greatest common subgraph of G; and

G,. This concept has also been studied in [5, 6, 8, 10, 11, 12, 20, 21].

We now turn our attention to another common subgraph of two connected
graphs. For a subgraph H of a graph G, we say that H is distance—preserving if

dy(u, v) =dg(u, v) for every pair u,v of vertices of H. A greatest common
distance-preserving subgraph of two connected graphs G, and G, isagraph G of

maximum size such that G is a distance-preserving subgraph of G, and G,. This

definition certainly implies that every distance—preserving subgraph is connected. The

size of a greatest common distance—preserving subgraph is called the gds size, and the

set of all such subgraphs is denoted by gds(G,, G,). To illustrate these concepts, we
determine the greatest common distance—preserving subgraphs of P, and C,, the path

and cycle on n vertices, respectively.
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) 66
Consider a greatest common distance—preserving subgraph of P¢ and Cg.

Since the distance between every pair of distinct vertices of Cg is at most 3, it follows
that P, is the unique greatest common distance-preserving subgraph of Py and Cg.
In fact, since the distance between every pair of distinct vertices of C,, is at most
Ln /2], the path P|,;»),, is the greatest common distance~preserving subgraph of

C, and P,. Thus the gds size of P, and C, is Ln/2] and gds(P C)=

n

{ PLn/ZJH b

Next we show that distance—preserving subgraphs are induced subgraphs.

Lemma 4.1 Let H be a distance—preserving subgraph of a connected graph G.

Then H is an induced subgraph of G.

Proof Let H be a distance—preserving subgraph of G. We show that (V(H)) = H.
Suppose, to the contrary, that there exists an edge e of (V(H)) such that e is not an
edge of H. So e =xy forsome x,ye V(H). Thus, dy(x,y) =1 while
dg(x, y) 22, producing a contradiction. Therefore (V(H))=H and H isan
induced subgraph of G. [

We now show that greatest common distance—preserving subgraphs need not be

unique. Consider the graphs G, and G, ofsize 11, shown in Figure 4.1. Now Cg

is a distance—preserving subgraph of G| and G, and hence the gds size is at least 6.

Gl: 62:

Figure 4.1 Graphs With Two Greatest Common Distance-Preserving Subgraphs.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 4.2 shows all connected induced subgraphs of size 7 in G,, namely
the graphs H, H,, ..., Hg. Since each graph H; (1 <i<6) is not an induced
subgraph of G, it follows that the gds size is 6. The graphs Fy, F,, ..., F; of
Figure 4.2 are all the connected induced subgraphs of size 6 in G,. Now Fy, Fy,
and F, are not induced subgraphs of G, while F|, F;, F;, and F4 are induced
subgraphs of G;. Since F; and Fj5 are not distance-preserving subgraphs of G, it

follows that gds(G,, G,) = {F, F,}.

At
o

Figure 4.2 Connected Induced Subgraphs of Sizes 6 and 7 in G,.
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A greatest common subgraph and a greatest common distance—preserving

subgraph of two given graphs G, and G, are, of course, common subgraphs of G,
and G,. A greatest common distance—preserving subgraph need not be a subgraph of
a greatest common subgraph, however, as we now show. .
Consider the graphs G; and G, of size 10 shown in Figure 4.3. Since G,
is not isomorphic to G,, the size of a greatest common subgraph is at most 9. The
graph G of Figure 4.3 is a common subgraph of G, and G, havingsize 9,50 G
is a greatest common subgraph of G| and G,. Since removing any edge other than
the edge e from G, does not produce a subgraph of G, it follows that G is the
unique greatest common subgraph of G; and G,. Since diam G, =3 and the graph
H of Figure 4.3 is the subgraph of maximum size in G, with diameter 3, we have
that gds(G,, G,) = {H}. So the greatest common distance-preserving subgraph of

G| and G, is not a subgraph of the greatest common subgraph of G, and G,.
G;: z: ; E G,: I: ; ¢ é :((:
G: I% H: i (C>);>: O—C

Figure 4.3 Graphs Where the Greatest Common Distance-Preserving Subgraph Is
Not a Subgraph of the Greatest Common Subgraph.

A greatest common induced subgraph of two nonisomorphic graphs G, and
G, is defined as a graph G of maximum size without isolated vertices that is an

induced subgraph of both G, and G,. Although greatest common distance—
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preserving subgraphs are induced subgraphs, it need not be the case that a greatest
common distance-preserving subgraph is a subgraph of a greatest common induced

subgraph, as we shall now see.

Consider the graphs G| and G, shown in Figure 4.4. Clearly, GJ and G,
are nonisomorphic graphs of size 12. Now G, - x= G, -y, so the size of a greatest
common induced subgraph of G| and G, is at least 10. Removing one end-vertex
from G, does not produce a subgraph of G; and thus the size of a greatest common
induced subgraph is at most 10. The induced subgraphs of G, of size 10 are
obtained by removing a vertex of degree 2 or by removing two vertices of degree 1.

Since removing any two end—vertices or removing any vertex of degree 2 other than y
from G, does not produce a subgraph of G, it follows that G, —y is the unique

greatest common induced subgraph of G| and G,.

G]: 3 x Ez GZ: i ; ¥y g I

G:

Figure 4.4 The Graphs G, and G, and the Graph G.

To determine the greatest common distance~preserving subgraphs of G; and
G, of Figure 4.4, we consider the diameter of G,. The graph G of Figure 4.4 is
the unique induced subgraph of G, of maximum size with diameter 4. Since diam
G, =4, it follows that gds(G,, G,) = {G}. Since G is not a subgraph of G, -y,

the greatest common distance—preserving subgraph of G, and G, is not a subgraph
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of the greatest common induced subgraph. Consequently, a greatest common distance—
preserving subgraph need not be a subgraph of a greatest common induced subgraph,
although both are induced subgraphs. In fact, we now show that the difference in the

sizes of the these two subgraphs can be arbitrarily large.

Theorem 4.2  For every positive integer n, there exist graphs G, and G, of equal

size such that the difference between the size of a greatest common induced subgraph

and the size of a greatest common distance-preserving subgraph of G, and G, is n.

Proof First, let n be a positive integer. Let F=C,, 5,88y F:vy, vy, ..., Vyp.,
v,. The graph G, is obtained from F by adding the vertices w,, wy, ..., W,
along with the edges viw |, w Wy, WoWs, ., WyW, 1, Wy 1 Vpi0s while the graph

G, is obtained from F by adding the vertices xy, x5, .. , and the edges v x,,

<o Xpy

X1Xp, X9X35 e s X1 Xp4n- The graphs G, and G, are shown in Figure 4.5.

Yn+3 Y+l Yn+3 Vn+1

Vin+2 Vn+2

Figure 4.5 Graphs Where the Difference Between the Size of a Greatest Common
Subgraph and the Size of a Greatest Common Distance-Preserving
Subgraph Is n.
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Eachof G, and G, hassize 3n+4 and G, #G,. Since G| -w, =Gy -
X,41 = Xp420 the size of a greatest common induced subgraph is at least 3n + 2.
Moreover, since 8(G;) 2 2, the size of a greatest common induced subgraph of G,
and G, is at most 3n + 2. Therefore, the size of a greatest common induced
subgraph is 3n + 2.

Since diam G =n + 1, it follows that if H is a greatest common distance—

preserving subgraph of G, and G,, then diam H<n+ 1. Note that the (2n +2)-
cycle vy, vy, ..., V.0, v is a distance—preserving subgraph of G, and G,. Thus
the size of H is at least 2n + 2. We now show the size of H is at most 2n + 2.
Suppose, to the contrary, that H has size ¢ where g >2n + 2. Since H isa

connected induced subgraph of G, and H # G, it follows that either H contains one

cycle, of length 2n + 2, or H is tree. Suppose first that H contains exactly one

cycle, SO vy, Vy, ... ,Vp,,0, V1 is the cycle of H. Since the size of H is at least 2n +
3, there exists a vertex x not belonging to the cycle of H. Then the distance from x
to v, isatleast n+2 and hence H is not distance-preserving. Thus H is a tree.
Since A(G)) =3, it follows that H is a pathor H consists of three paths identified at
v;. If H is a path of size at least 2n + 3, then diam H 2 2n + 2, producing a
contradiction. So, H consists of three paths identified at v;. Let £, {,, and £
denote the lengths of these three paths. Since H is a distance—preserving subgraph of
G, and diam G, =n+ 1, it follows that £; + £, <n+1 and £, + £3<n+1 so
£, + 245 + €5 <2n+ 2. But, since the size of H is £, + £, + {3, we have that
£+ £, + £5 > 2n + 2, producing a contradiction. Thus H -has size 2n + 2.
Therefore, the difference between the size of the greatest common induced subgraph

and the size of the greatest common distance—preserving subgraph is (3n + 2) —

2n+2)=n. QO
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4.2 Graphs With a Prescribed Greatest Common Distance—Preserving
Subgraph
We have already noted that every graph without isolated vertices is the unique
greatest common subgraph of some pair of nonisomorphic graphs of equal size. We
now show that every connected noncomplete graph is the unique greatest common

distance—preserving subgraph of two nonisomorphic connected graphs of equal size.

Theorem 4.3  For each connected graph G of order at least 3, there exist

nonisomorphic graphs G, and G, of equal size such that gds(G,;, G,) = {G}.

Proof First assume that G =K

n’

where n23. Let G; be obtained from G by
joining a new vertex z; to any two vertices of K,. Nextlet x and y be two vertices
of K, and obtain G, from G by joining a new vertex w; to x and a new vertex
w, to y. Clearly, gds(G;, G,) = {G}.

Next, let G be a connected noncomplete graph of size ¢ and let ¢ be the
number of triangles in G. The construction of the graphs G, and G, depends on ¢

and the minimum degree 8(G) of the vertices of G.

Case 1 Suppose that 8(G)=3 or t=0. Since G is not complete, there exist
vertices x and y such that d(x,y)=2,say x,w,y isan x-y pathin G. Let G,
be obtained from G by adding a new vertex z; to G as well as the edges z;x and
zyw. Next let G, be obtained from G by adding a new vertex z, to G and the
edges z,x and z,y. Since G; has r+ 1 triangles while G, has ¢ triangles, G, is
not isomorphic to G,. Clearly, G is a distance—preserving subgraph of G, and G,.
Therefore, the gds size is at least g.

We now show that the gds size is at most g. Suppose first that 8(G) = 3.

Then the removal of any vertex of G from G, results in a subgraph F of size at
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most g — 1 and thus F is not a distance—preserving subgraph of maximum size.

Hence G is the unique greatest common distance—preserving subgraph of G, and
G,. Next suppose that t=0. Then G, has no triangles while G| has one triangle.
Therefore each greatest common subgraph has no triangles and hence we must remove

at least one of x, z;, and w from G, to produce a greatest common distance-

preserving subgraph. Since deg; (w2 3, we cannot remove w. If degG| x 23,
then we cannot remove x either, while if degGl x =2, then Gl -x= Gl -21=G.

Thus, G is again the unique greatest common distance-preserving subgraph of G,

and G,.

Case 2 Suppose that 8(G) =2 and t=1. Since G is not regular, there exist
vertices x and y of G suchthat deg;x#degs;y. Let G; be obtained from G by
joining a new vertex z; to x, and let G, be obtained from G by joining a new
vertex z, to y. Clearly, G| #£ G,. Thus the gds size is at most g. Now G isa
distance—preserving subgraph of G, and G, and hence G is a greatest common
distance—preserving subgraph. Furthermore, since 8(G) = 2, it follows that G is the

unique greatest common distance—preserving subgraph of G; and G,.

Case 3 Supposg that 6(G)=1 and t2 1. For each end-vertex v of G,let m,
denote the distance from v to a nearest triangle of G. Let m = max {m,} over all
end-vertices v of G. Let x be an end-vertex for which m, =m, and let T bea
triangle of G whose distance from x is m. Define G, as that graph obtained from
G by joining a new vertex z; to x and define G, as that graph obtained from G by
joining a new vertex z, to the unique vertex y adjacentto x in G. Now G, has an
end-vertex, namely z;, whose distance from T is m + 1, while every erid—vertex of

G, has distance at most m from 7. Consequently, G; £ G,. Thus the gds size is at
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most g. Since G is a distance—preserving subgraph, the gds size is at least q. We
show that G is the unique greatest common distance—preserving subgraph. Suppose,

to the contrary, that there exists a greatest common distance—preserving subgraph H of

G, and G, with H#£G. Then H=H,, where H, is an induced subgraph of G,.
Since H, hassize g and G, has size g +1, it follows that H, = G, -w, where
degGl w; = 1. Similarly, there exists an induced subgraph H, of G, such that
H,=H and H, =G, - w,, where w, is an end-vertex of G,. Since H £ G, it
follows that w, #2, and w, #2,. So z; € V(H;). Thus H; contains an end-
vertex, namely z;, whose distance from the nearest triangle is m + 1, while every
end-vertex in H, has distance at most m from any triangle. Therefore H, £ H,,

producing a contradiction. Hence G is the unique greatest common distance

preserving subgraph of G, and G,. QO

Chartrand, Johnson, and Oellermann [6] showed that for every nontrivial

connected graph G, there exist nonisomorphic graphs G, and G, suchthat G is the
unique greatest common induced subgraph of G, and G,. In fact, in their proof of
this result, the graph G is a distance-preserving subgraph of the graphs G; and G,
constructed, so G is the unique greatest common distance-preserving subgraph of G,
and G, as well. Also, in their proof, each of the graphs G, and G, contains two
edges and one or two vertices not present in G so in some sense the proof just
presented is simpler.

We now define the greatest common distance—preserving subgraph of n

pairwise nonisomorphic connected graphs G, G,, ..., G, asagraph G of

n

maximum size such that G is a distance—preserving subgraph of G; for i=1,2,...,

n. As before, we refer to tthe size of G as the gds size and denote the set of greatest

common distance—preserving subgraphs of G, G,, ..., G, by gds(G,, G,, ...,
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G,). In[10] it was shown that for every graph G without isolated vertices, there exist
pairwise nonisomorphic graphs G, G,, and G5 of equal size such that G is the
unique greatest common subgraph of G,, G,, and G;. In a similar manner, we can
extend Theorem 4.3 to show that for a given noncomplete connected graph G, there
exist nonisomorphic graphs G, G,, and G5 such that G is the unique greatest

common distance—preserving subgraph of G,, G, and G;.

Theorem 4.4  For each connected graph G of order at least 3, there exist

nonisomorphic graphs G, G,, and G5 such that gds(G,, G,, G3) = {G}.

Proof First, assume that G =K, for n23. Let x and y be two vertices of G.
Obtain G; from G by joining a new vertex z; to x and y and obtain G, from G
by adding two vertices w; and w, and the edges xw, and yw,. Finally, let G; be
obtained from G by adding two vertices v, and v, and the edges xv; and v,v,.
Then gds(G,, G,, G3) = {G}.

Now let G be a noncomplete connected graph of size g and let ¢ be the
number of triangles in G. The construction of the graphs G|, G,, and G; depends

on t and &(G).

Case 1 Suppose that 8(G) 23 or t=0. As in the proof of Theorem 4.3, there exist

vertices x and y such that d(x, y) =2,say x, w, y is an x—y pathin G. Construct

G, and G, asin Case 1 of the proof of Theorem 4.3; that is, let G, be obtained from
G by joining a new vertex z; to x and w and let G, be obtained from G by
joining a new vertex z, to x and y. Next construct G; from G by joining two
new vertices w; and w, to x. Thensince G is a distance—preserving subgraph of
Gy, G,, and Gj, the gds size is at least g. Also, each greatest common distance~

preserving subgraph of G|, G,, and G5 is a distance-preserving subgraph of G,
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and G,; so the gds size is at most the gds size of G, and G, or q. Therefore, since
G is the unique greatest common distance—preserving subgraph of G; and G,, it

follows that gds(G,, G,, G3) = {G}.

Case 2 Suppose that 8(G)=2 and t=1. Asin Case 2 of the proof Theorem 4.3,
since G is not regular, there exist vertices x and y of G such that degg x #
deg; y. Obtain G, from G by joining a new vertex z; to x and obtain G, from
G by joining a new vertex z, to y. Nextlet G; be obtained from G by joining two
new vertices w; and w, to x. Clearly, G is a distance-preserving subgraph of
G, G,,and G3 and since gds(G,,G,) = {G}, it follows that gds(G,, G5, G3) =

{G}.

Case 3 Suppose that 8(G)=1 and t>1. Construct G, and G, as in Case 3 of
the proof of Theorem 4.3. Let G, be obtained from G, by joining a new vertex w,
to z,. Thensince gds(G;, G,) = {G} and G is a distance—preserving subgraph of
G|, Gy, and G,, it follows that gds(G,, G,, G3) = {G}. U

It is a fact that for every positive integer n and every connected, noncomplete

graph G of size g, there exist graphs G, G,, ... , G such that

n
gds(G{, Gy, ..., G,) = {G}. To obtain the graphs G, G,, ... , G,, we begin by
constructing G, and G, as in the proof of Theorem 4.3. To construct the graph G;
for 3<i<n, wejoin i—1 vertices to the vertex of G labeled x in each case of the

proof of Theorem 4.3. Since G is a distance-preserving subgraph of G; (1 <i<n),

the gds size of G, G,, ..., G, isatleast g. Thus since gds(G,, G,) = {G}, it

n
follows that gds(G,, G,, ..., G,) = {G}.
Note that the graphs G, and G, constructed in Theorem 4.3 have equal size,

while the graphs G;, G,, G of Theorem 4.4 do not have equal size. This suggests
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the following question: For a positive integer n and a connected, noncomplete graph

G, do there exist graphs G,, G,, ... , G, of equal size such that

gds(G,, G,, ..., G,) = {G]}? Certainly, if n is large, then the size of each graph

G; must also be large. In [10] the greatest common subgraph index or gcs index of a

graph G without isolated vertices, denoted by i(G), is defined as the least positive
integer g such that for any integer g > g, and any collection of graphs G, G,, ..

‘9

G,, n22,of size g for which G is a greatest common subgraph of G|, G,,

cee g

G, it follows that the graphs G, G,, ... , G, have another greatest common

n

subgraph, different from G. If no such ¢ exists, then i(G) = eo.

Similarly, for a connected graph G, the greatest common distance-preserving
index or gds index, denoted by i,(G), is the least positive integer g, such that for any
integer g > ¢, and any collection of graphs G, G,, ..., G,, n 22, of size g for
which G € gds(G,, Gy, ... , G,), it follows that |gds(G,, Gy, ..., G,)| > 1. If no
such integer g exists, then i (G) = oo.

It was shown in [10] that for integers r=1 and n 23,

(a) i(Kl,r = oo
6 ifn=3
(b) i(K,)= {
o if n+#3
[ f n#4
(©) iPy)=
6 if n=4.

Also, Kubicki {20] has shown that for integers r and s with r, s 21, the

ges index (K, ) =eo. He also gave a sufficient condition in [20] for a graph to have

infinite gcs index, namely, if a graph G contains a vertex v of maximum degree such

that no component of G —v is isomorphic to K, then i(G) = oe.

We now show similar results for the gds index.
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Theorem 4.5 For positive integers n, r, and s with n>3 and s> 1,
(@) iyK,) =co
(b) ifC,)=o0
(€) ifK, ) =co. ‘
(d) For every connected nonregular graph G, the gds index i,(G) = oo.

Proof (a) Suppose, to the contrary, that i (K,) =g, Let m be a positive integer
such that (') >gg, andlet g=(%). Let G, be obtained from K, by joining g -

(%) new vertices to a vertex of K, andlet G, =K, . Since diam(G,) =1, it

m
follows that every distance-preserving subgraph of G, is complete. Thus gds(G,,
G,) is the maximum clique of G, or gds(G, G,) = {K,}, producing a
contradiction.

(b) By part (a), we have that i,(C3) = . Next for n 2 4, suppose, to the
contrary, that i,(C,) = q, for some positive integer g,. Let x and y be two vertices
of C, suchthat d(x,y)=2,say x,w,y isa x-y pathin C,. Next, let k bea
positive integer such that n + 2k > g4. Obtain G, from C, by joining k new
vertices vy, v,, ..., v to x and to w. Next obtain G, from C, by adding new
vertices z;, zy, -.. » 2, and the edges xz;, 2)25, 2p23, -+« » Zop_2Z0k—1> L2g—1Y- An
example of the graphs G, and G, is shown in Figure 4.6 when n=4 and k= 3.
Since G, has no triangles and A(G,) = 3, it follows that gds(G,, G,) = {C,},
producing a contradiction.

(c) Let r and s be positive integers with r<s and s> 1. Suppose, to the
contrary, that i (K rs) =4p for some positive integer gy Let x be a vertex of degree
rin K . andlet y be a vertex of degree s in K .. Next, let k be a positive integer
such that rs + 2k > g,. Obtain G; from K, ; by joining k vertices vy, vy, ..., v,

to both x and y. Nextobtain G, from K, by adding new vertices z;, z,, ... , Zy
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and the edges xz,, 2125, 223, - » Z34_1%gy- Then G, and G, have size rs + 2k
and since G, has no triangles and A(G,) <5 + 1, it follows that gds(G,, G,) =

{K r shs producing a contradiction.

Figure 4.6 The Graphs G, and G, When k=3 and n=4.

(d) Let G be a graph of size g that is not regular. Then there exist vertices x
and y such that degy <deg x = A(G). Next suppose, to the contrary, that i (G) = q,

for some positive integer g,. Let m be a positive integer such that g +m > q,. Let
G, be obtained from G by joining new vertices z;, 2y, ... ,2,, to x andlet G, be
obtained from G by adding the vertices wy, w,, ... , w,, and the edges yw,, w;w,,
WoWs, ..., W, w,. Now A(G,) = A(G) +m while A(G,)=A(G). Thusif He
gds(Gy, Gy), then A(H) < A(G). Alsosince G is a distance—preserving subgraph of
G, and G,, it follows that H has size at least g. Hence if x is not a vertex of H,

then H has size at most g — A(G) and therefore x is a vertex of H. Since

degG‘ x=A(G) +m and A(G,) = A(G), it follows that to obtain H from G; we

must remove at least m vertices Xy, x,, ... , X, from G, where each x; (1 <i<m)

is adjacent to x. If degx;=2 forany 1<i<m, then the size of H isatmost q—1
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and thus each x; must have degree 1. Therefore H=G and hence gds(Gy, G,) =

{G}, producing a contradiction. O

No connected graph G is known for which i,(G) is finite. If such a

connected graph G exists, then G must be regular and noncomplete, but neither a

cycle nor the graph K

n,n fOT some positive integer n. We have the following

conjecture.

Conjecture For every connected graph G, the gds index i,(G) is infinite.

4.3 Greatest Common Distance-Preserving Trees

In [11] Chartrand and Zou studied trees and greatest common subgraphs. Let
D(t) denote that graph obtained from two stars K 1t whose central vertices are
connected by a path of length 3. Chartrand and Zou [11] proved that not every tree is

the unique greatest common subgraph of two nonisomorphic trees of equal size, that is,

for a nontrivial tree T, there exist nonisomorphic trees T; and T, suchthat T is the

unique greatest common subgraph of T} and T, ifandonlyif T# P, for n=2,4,

5,... and T# D(t) for t=2. However, they also proved in ‘[‘1.1] that every tree of
order at least 3 is the unique greatest common induced subgraph of two
nonisomorphic trees of equal size.

We now study trees and greatest common distance-preserving subgraphs.

Recall that greatest common distance—preserving subgraphs need not be unique. By

Theorem 4.3, for every tree T, there exist nonisomorphic graphs G; and G, such
that gds(Gy, G,) = {T}. However, in the proof of Theorem 4.3, the graphs G; and
G, are not trees. We now show that for every tree T, there exist nonisombrphic trees
T, and T, of equal size such that T is the unique greatest common distance—

preserving subgraph of 7, and T7,.
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Theorem 4.6 For every tree T of order at least 3, there exist nonisomorphic trees

T, and T, of equal size such that gds(T, T,) = {T}.

Proof Let T have order p, where p>3. Let x be a vertex of maximum degree in

T. Let T; be obtained from T by joining a new vertex z; to x andlet T, be
obtained from T by joining a new vertex z, to an end-vertex of T. Since p 23, it
follows that T| # T,. Clearly, T is a distance-preserving subgraph of 7| and T),.
Also, since T, has a vertex of degree A(T) + 1, namely x, while every vertex of T,
has degree at most A(T), it follows that if H € gds(T, T,), then H hassize p -1
and H=T,—v, where v is an end—vertex of T; adjacentto x. Thus T; -v=T so

that H=T. Hence, gds(T;, T,) = {T}. O

We have previously noted that a greatest common distance-preserving subgraph

H of two nonisomorphic graphs G, and G, need not be a subgraph of any greatest

common subgraph G of G, and G,. However, if G; and G, aretreesand G is

connected, then the situation is different.

Theorem 4.7 Fortrees T, and T,, a greatest common subgraph T of T and

T, is connected if and only if 7 is a greatest common distance-preserving subgraph.

Proof First, suppose that T is the greatest common subgraph of 7, and T, and
that T is connected. Let x and y be vertices of T. Then since T, is a tree, there
exists a unique x—y path P, in T,. Since T is connected and P, is the unique x-y
path in T, it must be that P, is the unique x—y pathin T sothat dp(x, y)=
dT](x y). Similarly, dp(x, y) = de(x y). Therefore, T is distance—preserving.
Since the gds size is at most the size of a greatest common subgraph, 7' is a greatest

common distance—preserving subgraph.
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Next suppose that T is a greatest common subgraph such that T e

gds(T,, T,). Since greatest common distance-preserving subgraphs are connected, it

follows that T is connected. [

Since greatest common distance—preserving subgraphs are induced subgraphs,

it immediately follows that a greatest common subgraph T of two trees T and T, is
connected if and only if T is a greatest common induced subgraph of T and T,.
Next we have an example of two trees T| and T, suchthat 7; and T, have two
greatest common distance-preserving subgraphs.

Consider the trees T| and T, shown in Figure 4.7. Now the trees F| and

F, shown in Figure 4.7 are the only distance-preserving subgraphs of size 5 of T,

and T,.
0, O O O ®, O 0. O
TI: T,: O/O\O
0]
O O O O 0, O Q O
it Fy: \)
@)

Figure 4.7 Trees With Two Greatest Common Distance~Preserving Subgraphs.

Thus the gds size is at least 5. The graphs J,, J,, and J; of Figure 4.8 are
all the connected subgraphs of size 6 in T;. Since none of these graphs is a
subgraph of T,, it follows that the gds size is at most 5. Hence, gds(T|, T,) =
{F, F,}.
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In [10], it was shown that for every positive integer n, there exist graphs G,
and H, suchthat G, and H, have n distinct greatest common subgraphs. We now
show that there exist pairs of graphs having an arbitrarily large number of greatest

common distance—preserving subgraphs. In fact, we show that for every positive

integer n > 2, there exist graphs G, and G, having n greatest common distance-

preserving subgraphs, each of which is a tree of size 2n + 2.

o, O O O

Jy: Jq: Jq:

Figure 4.8 Connected Subgraphs of Size 6 in Tj.

Theorem 4.8 For every positive integer n > 2, there exist graphs G; and G,

such that | gds(Gy, G2)| =n.

Proof Let n2=2 be a positive integer and let P be a path of length 2n + 1, say

P: v|,Vy, ... ,Vp,.5. Nextlet G, be obtained from P by adding the vertices x;,
Xy, ..., X, and the edges xv; | for i=1,2,...,n. Let G, be obtained from P by
adding the vertices y,, y, ..., y, and w, w,, ..., w, o and the edges yv; , for i
odd (1 <i<n), yvy,,,; for i even (1<i<n), and yw; wy;,» for 1Sisn
—2. Anexample of the graphs G, and G, is shown in Figure 4.9, where n=>5.
For i=1,2,...,n, let H; be that graph obtained from P by joining a new
vertex z; to v, ;. Theneach H; is a distance-preserving subgraph of G; and Gy,
and hence the gds size of G, and G, is atleast 2n +2. Let H be a common

subgraph of G; and G,. Since H is a subgraph of G,, it follows that H has the

general form shown in Figure 4.10. We may also assume, without loss of generality,
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84
that the end-vertices of a longest path in H are labeled v; and Vi forsome 1<i<j<

n, and that H contains k (0 < k< n) of the vertices x,, x,, ... , X,,.
xl x2 X3 X4 x5
O O O O O O O O O O O 0
Vi Vo V3 V4 Vs Ve V7 Vg Vo  VYio Vit Vi2
34| Wy Y3 W3 s Yo Wo N2
) ) 0
./ \J
O O O O O O O : O : O O
Y V2 V3 V4 V5 Ve V7 Vg Vo VYio Vi Va2

Figure 4.9 The Graphs G, and G, When n=35.

Xy ) Xiy
H:
Vi Vil Vig+l Vig+l Vj

Figure 4.10 A Generic Subgraph of G,.

Since H is a subgraph of G, and i +1<n + 1, it follows that (i, + 1) -

(ij+ 1) iseven foreach 1 and m with 1<1<m<k. Note also that if we label the

vertices of H as a subgraph of G,, then each vertex Xy is labeled Vi Next for each
i (1i<n) and m (1Sm<n2] with i+2m<n), we have that dg (¥, Xiypm) =
2m + 2 while dcz()’i' Yisam) = 2m. Thus if H is a distance-preserving subgraph

of G; and G,, it must be that k=0 or k=1. If H is a greatest common
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distance—preserving subgraph of G, and G,, then H has size at least 2n +2 and

contains at most one of the vertices x;, x,, ..., x,,. Hence H = H; for some i with

1<i<n. Q

Before continuing, we require additional terminology and notation. For a graph
G, the automorphism group Aut(G) is the group of automorphisms of G. Each
automorphism o of Aut(G) permutes the vertices of G. In fact, the group Aut(G)
partitions V(G) into orbits where vertices x and y of G belong to the same orbit if
and only if there exists an automorphism o of Aut(G) such that ou(x) =y. For

positive integers m and n, the double star S is that tree of order m + n with

m,n
exactly two vertices that are not end-vertices, one of degree m and one of degree n.
For a connected graph G with a subgraph H, the distance from a vertex x of G to
H, denoted by d(x, H), is the length of a shortest path from x to a vertex of H, i.e.,
d(x, H) = min{d(x, y) | y€ V(H)}. So d(x, H)y=0 if and only if x is a vertex of

H.

We have seen that there exist two trees having exactly two distinct greatest

common distance-preserving subgaphs. Chartrand, Saba, and Zou showed in [10]

that for every two graphs G, and G, of equal size, {K ¢, K4} is not the set of
greatest common subraphs of G, and G,. We show that if G; and G, are two
trees with K . € gds(G, G,) for some positive integer r, then gds(G, G,) =
{K; ,}. We begin by giving conditions under which there exist graphs G, and G,
having at least two greatest common distance—preserving subgraphs, one of which
contains exactly two orbits. Observe that if T is a tree having exactly two orbits, then
one orbit contains the end-vertices of T while the other orbit contains all the other

vertices, necessarily all of the same degree. Thus =S, A or T=S§, , for positive

integers m and r.
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Theorem 4.9 Let G, and G, be two trees having at least two greatest common
distance-preserving subgraphs T and T,. If T, has exactly two orbits, then T,

and T, aredouble stars, with T} =S, , for some positive integer m.

Proof Suppose that the tree 7| has order p and contains exactly the two orbits O,
and O,. Then one of these orbits contains the end-vertices of 7, and the other orbit
contains all other vertices, say O, is the orbit containing the end-vertices of T;. Next
let w; € V(G|)- V(T,) such that dcl(wl, T))=1 andlet w, e V(G,) - V(T))
such that dcz(wz, T,)=1. Since G| and G, are trees, it follows that each of w,
and w, is adjacent to a unique vertex of T; in G, or G,, respectively. First
observe that w; and w, cannot be adjacent to vertices of T, belonging to the same
orbit of T; for otherwise (V(T,)u {w,}) is a subgraph of G, isomorphic to the
subgraph (V(T;) U {w,}) of G,, contradicting the fact that the gds size is p — 1.
Thus we may assume that w; and w, are adjacent to vertices of T; belonging to
distinct orbits. Assume, without loss of generality, that w, is adjacent to a vertex v

of O, and that w, is adjacent to some vertex, say v, of O,. Also, we may assume

that each vertex x of G; with dcl(x, T,)=1 isadjacent to a vertex of O; and that

each vertex y of G, with dGz(y, T,) =1 is adjacent to a vertex of O,, for otherwise

we are in the situation described above. Among all the vertices of G, at distance 1
from T, choose w; sothat degw, is maximum.

Suppose first that deg w; 22. Let w e V(G{) - V(T,) be adjacent to w;.
Then there exists v, € O, such that the subgraph T =(V(T| —v,) U {w;, w}) of
G, is isomorphic to the subgraph (V(T|) U {w,}) of G,. So T is a distance-
preserving subgraph of G; and G, having size p, producing a contradiction.
Therefore degw; =1 and all vertices in V(G,) - V(T;) are end-vertices, adjacent

only to vertices of O,. If | 0O, | =1, then diam G, =2 and hence G, is a star.
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Thus each of T| and T, isastar. Since T, a;1d T, have the same size, we have
that T; = T,, producing a contradiction. If | 0, | =2, then diam T, =3 and hence

TIES

'wm FOT some positive integer m with 2m = p. Thus since all vertices of G,

not belonging to T are end-vertices, we have that G, =S, , for positive integers k
and ¢, with k+ ¢ >p. Since T, is asubgraph of G, it must be that T,=S§,,

for positive integers r and ¢ with r+t=p. QO

As the next example shows, Theorem 4.9 is best possible in the sense that there

exist two graphs G; and G, such that gds(G,, Gy) = {S,, ,» S, ¢}, where k, £
and m are distinct positive integers such that k+ £ =2m. Let k, £, and m be

positive integers such that k+ £ =2m. Without loss of generality, we may assume

that ksm<{. Let G;=S,, , andlet G, be obtained from S and Sy , by

m,m

identifying an end-vertex of S with an end-vertex of S, ,. This situation is

m,m

shown in Figure 4.11 for k=3, ¢ =5, and m =4. Now all connected subgraphs of

G, are double stars and hence since S and Sk, ¢ are the double stars of G, of

m,m

maximum size, it follows that gds(G,, G,) = {Sm,m, S, nE

Next, we have the following corollary.

Corollary 4.10 " There do not exist two trees G; and G, suchthat G, and G,
have at least two greatest common distance-preserving subgraphs 7, and T, with

T, =K, , for some positive integer r.

Proof Suppose, to the contrary, that there exist two trees G; and G, such that
{T}, T;} < gds(G,, Gy) and T} =K, . for some positive integer r. Since T and

T, are distinct trees, it follows that r 23. Then T has two orbits and hence by

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

87



88

Theorem 4.9, it must be that T, =S, ,, for some positive integer n, contradicting the

fact that TIEKL,. a

Gl: 62:

S44l S3,5°

Figure 4.11 The Graphs Gy, G,, S4'4, and S3y5 When k=3, £=5,and m=4.

As a corollary to Corollary 4.10, we have the following.

Corollary 4.11  If there exist trees G; and G, with K, ,c gds(G,, G,) for

some positive integer r, then gds(Gy, G,) = (K| ,}.
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CHAPTER V
GREATEST COMMON LOCALLY-PRESERVING SUBGRAPHS
5.1 Introduction

In Chapter IV we defined a subgraph H of a graph G to be distance—

preserving if dp(u, v) =dg(u, v) for every pair u,v of vertices of H. Also in
Chapter IV, we defined a greatest common distance—preserving subgraph of two
connected graphs G; and G, as a graph of maximum size that is a distance-
preserving subgraph of G; and G,. This definition clearly implies that every
distance—preserving subgraph is connected. We now turn our attention to another type
of distance—preserving subgraph of two graphs. For a subgraph H without isolated
vertices of a graph G, we say that H is locally distance—preserving or simply locally-
preserving if dy(u,v) =dg(u, v) for every pair u,v of vertices belonging to the
same component of H. So a distance-preserving subgraph is locally—preserving, but
not conversely. A greatest common locally-preserving subgraph of two graphs G,
and G, is a graph H, without isolated vertices, of maximum size such that H isa
locally—preserving subgraph of G; and G,. The size of a greatest common locally-
preserving subgraph is called the gls size and the set of all such subgraphs is denoted
by gls(G,, Gy).

To illustrate these concepts, consider the greatest common locally—preserving

subgraphs of P, and C,. Although P, is a subgraphof C

n

the path P, isnota

locally—preserving subgraph since diam P, =n -1 while diam C, = Ln/2). Thus the

gls size is at most n—2. Now if n iseven, say n =2k for a positive integer k, then

gls(Pyy, Cop) = {Ppyq Y Py_y» P U P }; while if n is odd, say n =2k + 1, then
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81s(Pyri1s Cope1) = {Pryy Y P). In Chapter IV we saw that Py, is the unique
greatest common distance-preserving subgraph of P, and C,. Thus a greatest
common locally—preserving subgraph can be different from a greatest common
distance—preserving subgraph.

Recall that distance—preserving subgraphs are induced subgraphs. A similar

statement is true for locally—preserving subgraphs.

Lemma 5.1 Let H be a locally—preserving subgraph of a graph G. Then each

component of H is an induced subgraph of G.

Proof Let H, H,,...,H, (n21) denote the components of H. We show that in
G, the subgraph (V(H,)) is in fact H,. Suppose, to the contrary, that there exists an
edge e of (V(H,)) suchthat e is not an edge of H,. Then e=uv forsome u,ve
V(H|). Thus dg(u,v)=1 while dy(u,v) 22 and since u and v belong to the
same component of H, we have a cgntradiction. Hence (V(H))=H, and H, isan

induced subgraph of G. Similarly, H,, H;, ... , H, are induced subgraphs of

n

G. Q

Although the components of a greatest common locally—preserving subgraph
are induced subgraphs, no such component is necessarily a greatest common distance—

preserving subgraph, as the next example shows.

Consider the graphs G, and G, of size 8, shown in Figure 5.1. Since G,
is not an induced subgraph of G,, it follows that the gls size is at most 7. Next since
C3 U Cy is alocally—preserving subgraph of G| and G,, we have that the gls size is
7. Since the edge e is the only bridge of G, it follows that any subgraph of size 7
different from C5 U C, is connected. Since each component of a locally-preserving

subgraph must be an induced subgraph of G, it follows that gls(G,, G,) = {C3 U
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C4}. The graph G, shown in Figure 5.1, is a distance-preserving subgraph of G,
and G,; so the gds size is at least 6. Since 8(G;) =2 and greatest common distance—
preserving subgraphs are induced subgraphs, it follows that the gds size is at most 6.
Now removing any vertex of degree 2 from G, other than x or y does not produce
an induced subgraph of G, and hence gds(G,, G,) = {G}. Since G is nota
subgraph of C; U C,, we have that a greatest common distance—preserving subgraph

need not be a subgraph of a greatest common locally—preserving subgraph.

X

61: e G2:

Figure 5.1 Graphs Where the Greatest Common Distance-Preserving Subgraph Is
Not a Subgraph of the Greatest Common Locally-Preserving Subgraph.
Since evefy distance—preserving subgraph is also a locally—preserving
subgraph, the gds size is at most the gls size. Next since distance—preserving

subgraphs are induced subgraphs, it follows that the gds size is at most the size of a

greatest common induced subgraph. For the graphs G| and G, of Figure 5.1, we
saw that the gds size is 6 while the gls size is 7. Since &(G) = 2, the graph G, has
size 8, and the gds size is 6, it follows that the size of a greatest common induced

subgraph is 6. Thus it is possible for the gls size to be larger than the size of a greatest
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common induced subgraph. It is also possible for the gls size to be smaller than the

size of a greatest coninon induced subgraph, as the next example shows.

Consider the graphs G; and G, of Figure 5.2. Since &(G,)=2 and G,
has size 13, it follows that the size of a greatest common induced subgraph of G, and
G, isat most 11. Nextsince G| -wy=Gy—xy—y3, We have that the'size of a
greatest common induced subgraph is 11. Now G, is 2-edge-connected, so the
removal of a single edge from G, does not produce a subgraph in which each
component is an induced subgraph of G,. Hence the gls size is at most 11. Next
since diam G; =4 and Cg is the largest connected subgraph of G, with diameter at
most 4, it follows that the gds size is 8. Therefore, the size of the largest component
of a greatest common locally—preserving subgraph of G, and G, is at most 8. Also,
Cg U 2K, is a locally—preserving subgraph of G, and G, and hence the gls size is
at least 10.

We now show the gls size is exactly 10. Suppose, to the contrary, that the gls
sizeis 11 andlet H e gls(G;, G,). Since G, is 2-connected and A(G,) =3, it
follows that the removal of any vertex of G, gives a connected subgraph of size at
least 10 and since the gds size is 8, this subgraph is not locally—preserving. So, we
must remove two nonadjacent edges from G, to produce H. Furthermore, the
removal of these t\.vo edges from G; must result in a disconnected graph. Since G,
has no 9-cycle, the removal of these edges must destroy the 9-cycles of G,. Thus we
must remove two nonadjacent edges of uw,, wyw,, wows, waw,, wav. Hence the
8-cycle u, uy, uy, U3, v, vy, vy, v3, 4 of G isan 8-cycle of H. We have already
noted that the size of the largest component of H is at most 8 and hence H=G -
uw; —vw,. Since G, has exactly one 8-cycle, it follows that H =G, - ux; — vy;.

But G| —uw; —vwy # G, ~ ux, — vy,, producing a contradiction. Therefore, the gls

size is 10 while the size of a greatest common induced subgraph is 11.
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Y1y Y3

Figure 5.2 Graphs Where the Size of the Greatest Common Induced Subgraph Is
Larger Than the gls Size.

We have already seen that a greatest common distance-preserving subgraph
need not be a subgraph of a greatest common locally—preserving subgraph. In fact, the
components of a greatest common locally—preserving subgraph need not be subgraphs
of a greatest common distance—preserving subgraph. Of course, if K, or P isa
component of a greatest common locally-preserving subgraph, then trivially these

components are subgraphs of a greatest common distance-preserving subgraph.

Consider the graphs G; and G, of Figure 5.3. First, we determine gls(G, Gy).
Let He gls(G,, G,). Since G, has no triangles, it follows that us, u,, and
us cannot belong to the same component of H. Hence at least two of the three edges
Ugly, Uglis, Usis are not present in H. Therefore, H is a subgraph of at least one of
the graphs H|, H,, and Hj of size 7, shown in Figure 5.4, where H| = G, — uzus -
ugus, Hy = Gy — ugtg — uzuy, and Hy = Gy — uguy — ugus. Since the diameter of each
of H,, H,,and H, is atleast 4 and since diam G, =3, it follows that H is a proper
subgraph of at least one of H,, H,,and H; and hence H has size at most -6. In fact,

since the graph 2P, is not a locally-preserving subgraph of G,, we have that
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H| - uug and H; —uu, are the only locally—preserving subgraphs of size 6 and

hence gIs(G,, Gy) = {H | —ujug, H —uu,}.

Figure 5.3 Graphs Where Each Component of a Greatest Common Locally—
Preserving Subgraph Is Not a Subgraph of Some Greatest Common
Distance-Preserving Subgraph.

uy ug u7
ue uz
Hy: Hj:

u1 u3 ug us U uy U U3 uUg

us us4

Figure 5.4 Graphs Obtained From G, by Removing Two of the Edges usu4, ujus,
u5u3.

Since each greatest common locally—preserving subgraph of G, and G, is

disconnected, the gds size is at most 5. Also, since Cs is a distance-preserving
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subgraph of G, and G,, it follows that the gds size is 5. Let G € gds(G,, G,).
Then the diameter of G is at most 3. Since G, has no triangles, it follows that G
has no triangles. Therefore G is a proper subgraph of at least one of H, H,, and
Hj. Since all connected subgraphs of H, and H, with diameter at most 3 have size
at most 4, it follows that G is a subgraph of Hs;in fact, G is an induced subgraph of
the nontrivial component of H;. Hence G is obtained from this nontrivial component
by removing a vertex of degree 2 or two vertices of degree 1. Each of Hj -1 —uy,
Hy—uy~uy, and Hy —us—uy has diameter at least 4 and hence G = H;—uy~
u; — ug. Thus gds(G,, G,) = {Cs}, so each component of a greatest common
locally—preserving subgraph of G, and G, need not be a subgraph of some greatest

common distance—preserving subgraph of G; and G,.

5.2 Properties of Greatest Common Locally-Preserving Subgraphs

We begin by showing that a greatest common locally—preserving subgraph can

have an arbitrarily large number of components.

Theorem 5.2 For every integer n > 2, there exist graphs G; and G, of equal size

such that a greatest common locally—preserving subgraph of G, and G, has n

components.

Proof Let n2>2 be an integer. Nextlet F| =K, where the vertices of F are

labeled u, uy, u,, ..., u, and degu=n, and let F,=K,, where the vertices of F,

N
are labeled v, vy, vy, ..., v, and degv=n. We construct G, from Fy U F, by
adding the edges u;vy, uyv,, ..., u,v,. Let G, be a path of length 3n. The graphs

G, and G, are shown in Figure 5.5 when n=3.
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G2 O—O0—10—0—10C—0-00-0

Figure 5.5 Graphs Where a Greatest Common Locally—Preserving Subgraph Has
Three Components.

We show the gls size of G| and G, is n+2. Suppose, to the contrary, that
the gls size is at least n +3 and let H € gls(G;, G,). Since H is a subgraph of Gy,
it follows that every component of H is a path of length at most diam G, = 3. Next,

if u and v are not vertices of H, then the size of H is at most n and hence u or v
is a vertex of H,say u. Now degy u <2; soif v isnot a vertex of H, then the size
of H isatmost n + 2, producing a contradiction. Thus both # and v are vertices of
H. Furthermore, since H has size n+ 3, we have that 3 < deg,, u + degy v < 4, say,
without loss of generality, that degy u=2. ;

Suppose first that # and v do not belong to the saine component of H, say u
belongs to component H; of H and v belongs to component H, of H. Next
suppose that degy u=2 and degyv=1, say u; and U; (1<i,j<n) are adjacent
to u in H. Since diam H, <3, it follows that at most one of the edges «; and w;

J
is an edge of H. Thus at most n—1 of the edges u;v{, uyv», ..., u,v, are present

in H sothat H has size at most n + 2, producing a contradicition. Now suppose that
degy u = degy v=2, say u; and U; (1<i,j<n) are adjacent to u in H and v,
and v, (1<k, £<n) are adjacent to v in H, where at least two of i,j, k, £ are

distinct. Then at most two of the edges w,v;, WUjvjs UpVy, UV, are edges of H.
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Therefore at most n —2 of the edges u vy, uyv,, ..., u,v, are present in H and

again the size of H is at most n + 2, producing a contradiction. Finally suppose that

u and v belong to the same component of H, say « and v belong to component H,;
of H. Thensince degy u +degy, v 23, it follows that the size of H; must be at least
4. Since H, is a path, we have that diam H, 2 4, producing a contradiction. Thus
the gls size is at most n + 2. Since P, U (n - 1)K, is a locally—preserving subgraph
of G, and G,, we have that the gls size is n+2 and P, U (n- DK, € gls(G,, Gy).
Also, P4 U (n - 1)K, has n components and hence a greatest common locally—

preserving subgraph of G, and G, has n components.

We now show that the gls size can be arbitrarily larger than the gds size.

Theorem 5.3 For every positive integer n, there exist graphs G; and G, of equal

size such that the difference between the gls size and the gds size is n.

Proof For a positive integer n,let G; be constructed from the (2n + 2)-cycle v,

Voy vee s Vopins Vi by adding the vertices wj, w,, ... , W, and the edges v,wy,
W{Wo, vee s WyWy 1, Wi Ve and let G, be obtained from the (2n + 2)-cycle by
adding the vertices x, X, ..., X, and the edges v{Xy, XXy, XpX3, «++ s Xp 4 1Xp40-

The graphs G, and G, of size 3n +4 are the graphs constructed in the proof of
Theorem 2.2 (see also Figure 2.5) where it was shown that the gds size of G; and
G, is 2n+2,

Thus, it remains to determine the gls size of G| and G,. Observe that G,
has no bridges and hence the removal of a single edge from G, does not produce a
subgraph where each component is an induced subgraph of G,. Therefore the gls size

isat most 3n+2, Next, H=G|—viw| =V, oW, | = G, = X401~ Xne2 — VX1 isa
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locally—preserving subgraph of G, and G, and hence the gls size is 3n + 2. Thus

the difference between the gls size and the gds sizeis 3n+2)~(2n+2)=n. 4

We have already seen that a greatest common distance—preserving subgraph
need not be a component of a greatest common locally—preserving subgrapli and that
the gls size can be arbitrarily larger than the gds size. In fact, we now show that the
gds size can be arbitrarily larger than the size of a largest component of a greatest

common locally-preserving subgraph.

Theorem 5.4 For every integer n 2 2, there exist graphs G, and G, of equal size
such that the difference between the gds size of G and G, and the size of the largest

component of a greatest common locally—preserving subgraph of G, and G, is n.

Proof Let n=2 be aninteger. Nextlet P be a path of length n, say P: vy, vy,
...» Vn+1, and let C be a cycle of length n + 1, say C: uj, ua, ... ;up4+1, 41. The
graph G is constructed from C U P by adding the vertices wi, w2 and the edges
uivy, wivy, wavy; while the graph Gz is constructed from C U P by adding the
vertices zj,z2 and the edges uyvi, z1v2, z2v2. The graphs G, and G, are shown
in Figure 5.6 when n = 3. First, we determine the gds size. Now (C U P) + ujv) is
a distance—preserving subgraph of G and G, and hence the gds size is at least 2n +
2. We show that the gds size is 2n + 2. Suppose, the contrary, that the gds size is
2n+3 andlet He gds(Gy, G2). Then since Gy has size 2n +4 and H is an
induced subgraph of Gy, it must be that H is obtained from Gj by removing an end-
vertex. Hence assume, without loss of generality, that H = G; —wj. Then H is not

a subgraph of G», producing a contradiction. Therefore the gds size is 2n + 2.
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Figure 5.6 The Graphs G; and G, When n=3.

Finally, we determine gls(Gj, G2). Now Gj —uvi = Gy — uvy, and thus the
gls size is 2n+3 and G —u v, € gIs(G|, G,). In fact, G| —uyv; consists of two
components, with sizes n+ 1 and n+2. Let F e gls(Gy, G2). Then F must be
obtained from G by the removal of a single edge. Furthermore, since the gds size is
2n + 2, this edge must be a bridge. So, F = G| — e, where e is one of the edges
U V], VIV2, V2V3, wo s VpVnal, W1 Vn, W2V, Since none of the graphs G - vyivay,
Gi1-v2v3, ., G1 = VpVpe1, G1 —wWivy, G1 — wav, is a subgraph of Ga, it
follows that gls(G1, G2) = {G1 —u1v1} and hence the difference between the gds size
and the size of the largest component of the greatest common locally—preserving

subgraph of G| and G2 is 2n+2)-(n+2)=n. Q

In Chapter IV, it was shown that every (connected) graph is the unique greatest
common distance—preserving subgraph of two nonisomorphic connected graphs of
equal size. We now show that every graph is a greatest common locally-preserving

subgraph of two nonisomorphic graphs of equal size.

Theorem 5.5 For every graph G, there exist graphs G; and G, of equal size
such that G € gls(Gy, G,).
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Proof Let G be a graph of size ¢ and suppose first that G is not vertex-transitive.
Then there exist vertices x and y of G such that for every automorphism ¢ of G,
we have that ¢(x) #y and ¢(y) #x. Obtain the graph G, from G by joining a new
vertex v, to x and obtain the graph G, from G by joining a new vertex vy toy.
Clearly, G; £ G,,and G, and G, both have size g+ 1. Therefore, the gls size is at
most g. Hence, since G is a locally-preserving subgraph of G; and G, of size ¢,
it follows that G e gls(G,, G,).

Finally, suppose that G is vertex-transitive. If G is I-regular, then G =nkK,
for some positive integer n. Now for G| =(n - 1)K, UK 13 and Gy=(n- DK, U
C5, we have that gls(G;, G,) =nK,. Next suppose that G is k-regular (and vertex-
transitive) where k>2. Let G, be obtained from G by joining two new vertices to
any vertex of G and let G, be obtained from G by joining a new vertex to a pair of
adjacent vertices. Then G; and Gz both have size ¢ +2 and G, # G,. Since
3(G,) =2 and since G, has no bridges, it follows that the gls size of G, and G, is
at most g. Next, since G is a locally-preserving subgraph of G; and G,, it follows

that the gls size is ¢ and G € gls(G, G,). O

Next, we show that every graph with exactly two 2-edge-connected
components is the unique greatest locally—preserving subgraph of two nonisomorphic

connected graphs.

Theorem 5.6 For every two 2-edge-connected graphs H; and H,, there exist

graphs G, and G, suchthat gls(G,, G,) = {H; U H,}.

Proof Let g denote the size of H=H| U H,. Suppose first that both H, and H,
are vertex-transitive. Let x; and x, be two adjacent vertices of H, and let y, and

y, be two adjacent vertices of H,. Let G, =H +x,y, +x,y; andlet G, =H +
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X1yy +X,y,. Since H, and H, are 2-edge-connected, so too are G; and G,. So
the removal of a single edge from G, or G, does not produce an induced subgraph
and therefore the gls size is at most ¢. Since H is a locally—preserving subgraph of
G, and G,, it follows that the gls size is ¢ and that H € gls(G,, G,). We now
show, in fact, that gls(G,, G,) = (H}. Let F e gIs(G,, G,). Since H, is vertex-
transitive, every vertex of H; lies on the same number, say ¢, of triangles. Similarly,
every vertex of H, lies on the same number, say s, of triangles. Thus in G, the
vertices x; and x, lieon ¢+ 1 trianglesand y, lieson s+ 1 triangles, while every
vertex of G, lieson ¢ or s triangles. Therefore, to obtain F from G, we must
remove two edges e and e,, where each of e¢; and e, lies on a triangle with at least
one of x, x5, and y;. Assume, without loss of generality, that e; and x; lieona
triangle and that e, and y, lie on a triangle. If e; #x;y; and e, # x,y;, then ¢
must be an edge of H; and e, must be an edge of H,. Since eachof H, and H, is
2-edge-connected, it follows that F is connected and hence F is not an induced
subgraph of G;. Thus e, =x;y; or e, =x,y,,say e; =x;y;. If e;#x,y;, then F
is connected and hence e, = x,y,. Therefore F=H, U H,,so gls(G, Gy)={H U
H,}.

Finally, suppose that one of H; and H, is not vertex-transitive, say H;. So
there exist vertices x; and x, of H, that do not belong to the same orbit of H,. Let
y beavertex of H,. Nextlet G, =H +xy and G, =H +x,y. Then G, # G, and
H is a locally—preserving subgraph of G, and G,. Since each of H; and H, are
2-edge-connected, the removal of any single edge of H; or H, from G, leaves a
connected subgraph that is not an induced subgraph of G;. Hence gls(G,, G,) =
{HyUH,}. Q
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Next we show that for n-edge-connected graphs Hy, H,, ... , H, (n122), at

least one of which is not vertex-transitive, there exist graphs G; and G, such that
H, U H,uU ...UH, is the greatest common locally-preserving subgraph of G, and

G,.

Theorem 5.7 For n-edge-connected graphs H,, H,, ..., H,, where n22 isa

n
positive integer and at least one H; is not vertex-transitive, there exist graphs G, and

G, suchthat gls(G,, Gy)={H, VH,U...UH,}.

Proof Let H|, H,, ..., H, be n-edge-connected graphs where H; is not vertex-
transitive. Then there exist vertices x; and y; of H; suchthat x; and y, belong
to different orbits. Let H=H, U H, U ... U H, havesize q andlet x; be a vertex
of H; for i=2,...,n. Let Gy=H+xxy +xpx3+ ... +Xx,_1X, andlet G, =H +
Y%y +yyX3 + ... + y;x,. We begin by showing that the gls size is g. Let F e
gls(G, G,). Since H is a locally-preserving subgraph of G, and G,, it follows
that F has size at least g. Also, since each H; is n-edge-connected and |V(H)| =
|V(G])| = |V(G2)|, it follows that IV(F)I = |V(G])|. Thus F is obtained from
G, by removing the edges ey, e,, ... , ¢, where k:<n-—1. If any edge e; belongs
to Hj for some j (1 <j < n), then since HJ is n-edge-connected, F' has a component
that is not an induced subgraph of G,. Therefore, ¢,, €,, ... , ¢, are not edges of H.
Hence if F has size at least g + 1, then the graph J=H + Y1%; forsome j (2<j<
n) is a subgraph of F. But J is not a subgraph of G, and hence F has size q.

Furthermore, it follows that k=n-1 and F=H, VH,U ... UH,. QO

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]

(9]

{10]

(11]

[12]

(13]

[14]

REFERENCES

V. BaldZ, J. Kota, V. Kvasnitka, and M. Sekanina, A metric for graphs.
Casopis Pést. Mat. 111 (1986) 431-433,

G. Benadé, W. Goddard, T.A. McKee, and P.A. Winter, On distances between
isomorphism classes of graphs. Math. Bohemica 116 (1991) 160-169.

G. Chartrand, W. Goddard, M.A. Henning, L. Lesniak, H.C. Swart, and C.E.
Wall, Which graphs are distance graphs? Ars Combin. 29A (1990) 225-232.

G. Chartrand, H. Hevia, and M.A. Johnson, Rotation and jump distances
between graphs. In preparation.

G. Chartrand, M.A. Johnson, G. Kubicki, and O.R. Oellermann, The theory and
applications of greatest common subgraphs. Contemporary Methods in Graph
Theory. Wissenschaftsverlag, Mannhiem (1990) 621-638.

G. Chartrand, M.A. Johnson, and O.R. Oellermann, Connected graphs
containing a given connected graph as a unique greatest common subgraph.
Aequationes Math. 31 (1986) 213-222.

G. Chartrand and L. Lesniak, Graphs & Digraphs, 2nd Edition. Wadsworth &
Brooks/Cole, Monterey CA (1986).

G. Chartrand, O.R. Oellermann, F. Saba, and H.-B. Zou, Greatest common
subgraphs with specified properties. Graphs and Combinatorics 5 (1989) 1-14.

G. Chartrand, F. Saba, and H.-B. Zou, Edge rotations and distance between
graphs. Casopis Pést. Mat. 110 (1985) 87-91.

G. Chartrand, F. Saba, and H.-B. Zou, Greatest common subgraphs of graphs.
Casopis Pést. Mat. 112 (1987) 80-88.

G. Chartrand and H.B. Zou, Trees and greatest common subgraphs. Scientia 1
(1988) 33-39.

M.M. Cone, R. Verkataraghavan, and F.W. McLafferty, Molecular structure
comparison program for the identification of maximal common substructures. J.
Amer. Chem. Soc. 99 (1977) 7668-7671.

R.J. Faudree, R.H. Schelp, L. Lesniak, A. Gyarfds, and J. Lehel, On the
rotation distance of graphs. Discrete Math. 126 (1994) 121-135.

F. Harary, Graph Theory. Addison-Wesley, Reading MA (1969).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



104

[15] E.B. Jarrett, Edge rotation and edge slide distance graphs. Computers and
Mathematics with Applications. To appear.

[16] E.B. Jarrett, Transformation of Graphs and Digraphs. Ph.D. Dissertation,
Western Michigan University (1991).

[17] M.A. Johnson, An ordering of some metrics defined on the space of graphs.
Czech. Math. J. 37 (1987) 75-85. ‘

[18] M.A. Johnson, Relating metrics, lines and variables on graphs to problems in
medicinal chemistry. Graph Theory and its Applications to Algorithms and
Computer Science (eds. Y. Alavi, G. Chartrand, L. Lesniak, D.R. Lick and C.E.
Wall). John Wiley & Sons, Inc., New York (1985) 457-470.

[19] M.A. Johnson, M. Naim, V. Nicholson, and C.-C. Tsai, Unique mathematical
features of the substructure approach to quantitative molecular similarity analysis.
Graph Theory and Topology in Chemistry (eds. R.B. King and D.H. Rouvray).
Elsevier, Amsterdam (1987) 219-225.

[20] G. Kubicki, Greatest common subgraph index of graphs. Congress. Numer. 76
(1990) 101-113.

[21] G. Kubicki, Greatest common subgraphs. Ph.D. Dissertation, Western Michigan
University (1989).

[22] J.J. McGregor, Backtrack search algorithm and the maximal common subgraph
problem. Software Pract. Exper. 12 (1982) 23.

[23] N. Trinajstic, Chemical Graph Theory. CRC Press, Inc., Boca Raton FL
(1983).

[24] 1. Ugi, M. Wochner, E. Fontain, J. Baver, B. Gruber, and R. Karl, Chemical
. similarity, chemical distance, and computer-assisted formalized reasoning by
analogy. Concepts and Applications of Molecular Similarity Analysis (eds. M.A.
Johnson and G.M. Maggiora). John Wiley and Sons, Inc., New York (1990)
239-288.

[25] V.G. Vizing, Some unsolved problems in graph theory. Uspehi Mat. Nauk 23
(1968) 117-134.

[26] B. Zelinka, On a certain distance between isomorphism classes of graphs.
Casopis Pést. Mat. 100 (1975) 371-373.

[27] B. Zelinka, A distance between isomorphism classes of trees. Czech. Math. J.
33 (1983) 126-130.

[28] B. Zelinka, Comparison of various distances between isomorphism classes of
graphs. Casopis Pést. Mat. 110 (1985) 289-393.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



	A Graph Theoretic Study of the Similarity of Discrete Structures
	Recommended Citation

	tmp.1473709511.pdf.zkd2M

