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ISOSPECTRAL GRAPHS AND THE EXPANDER COEFFICIENT

Tan Campbell Walters Jr., Ph.D.

Western Michigan University, 1994

The expander coefficient of a graph is a parameter that is utilized to
quantify the rate at which information is spread throughout a graph. The
eigenvalues of the Laplacian of a graph provide a bound for the expander
coefficient of the graph. In this dissertation, we construct many pairs of
isospectral graphs with different expander coefficients.

In Chapter I, we define the problem and present some preliminary
definitions. We then introduce two constructions that are related to
graph composition and that may be employed to produce cospectral and
isospectral graphs.

In Chapter II, we investigate the connectivity of and distance in the
graphs formed by the constructions of Chapter L.

In Chapter III, we construct four pairs of infinite sequences of
isospectral graphs. For each pair of infinite sequences, it is demonstrated
that the expander coefficients of the corresponding graphs of the
sequences are different. We determine the limit of each sequence of each
pair, and see that these limits need not be equal.

In Chapter IV, the Folkman graph is used to construct a pair of
isospectral graphs that more accurately model networks. The expander

coefficients for the graphs are then shown to be unequal.
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CHAPTER1
INTRODUCTION

1.1 Definitions

Graphs have been used effectively to model discrete situations,
such as people and friendship, intersections and roads, or information
networks. When modeling a network, one might be curious as to how to
quantify the rate at which information is spread throughout the network.
One such measure is the expander coefficient. In some lecture notes,
F.R.K. Chung gave one definition of the expander coefficient, and
provided an eigenvalue bound for the value of the expander coefficient
([3]). In his paper in the Notices of the American Mathematical Society [1],
Frederick Bien gave another definition of the expander coefficient, and
also presented some results relating the spectrum of the Laplacian of a
graph to the expander coefficient of the graph. He then suggested that
there was no reason to believe the spectrum of the Laplacian of a graph
should uniquely determine the expander coefficient of the graph, but had
no examples to demonstrate that it did not. Actually, there are two
versions of this question. Must cospectral graphs have the same expander
coefficient? Bien gave an example of two graphs that are cospectral and
have unequal expander coefficients. Must isospectral graphs have the
same expander coefficient? He did not answer this question. We answer

both of these questions negatively for the definition of the expander
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coefficient given by Chung. We present two constructions that yield
cospectral graphs, discuss some of the properties of the constructed
graphs, and then employ the constructions to form isospectral expander
graphs with unequal expander coefficients.

The spectrum of a graph G is the collection of eigenvalues (including
multiplicities) of the adjacency matrix of the graph. Two graphs G and H
are said to be cospectral if the spectra of the two graphs are identical. The
degree matrix of a graph G, deg(G), is the diagonal matrix
diag(deg(vl),...deg(vp)). Graphs G and H are said to be isospectral if the
eigenvalues of deg(G) - A(G) and deg(H) — A(H) are identical. The matrix
deg(G) — A(G) is called the Laplacian of the graph G. The graphs in Figure
1.1 are the smallest pair of connected cospectral graphs, and have as thier

=

Figure 1.1

characteristic polynomial (x - 1)2(x + 1)(x2 - x2 - 5x + 1).

We wish to examine a pair of constructions that yield cospectral
graphs. These constructions are generalizations of composition graphs. If
G and H are two graphs, and the vertex set of G is {v1,...vp}, the
composition of G with H, G[H], is the graph formed by associating one
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copy of the graph H with each vertex of the graph G, and whenever v;vj is
an edge in G, each vertex of the ith copy of H is joined to every vertex in
the jth copy of H. A copy of H is referred to as a module. The copy of the
graph H that is associated with the vertex u of G is referred to as the u-
module. For the graphs G and H in Figure 1.2, the graph G[H] is formed.

GA—O HI -
Figure 1.2

We define a new construction that generalizes composition graphs.
Let Gbe a graph and let A and B be a partition of the vertices of G into two
disjoint sets, and let H and K be two graphs. The 2-set composition of G
with H and K, denoted G(A,HK), is the graph formed by associating one
copy of the graph H with each vertex of the set A and one copy of the
graph K with each vertex of the set B, and whenever the edge uv is
present in the graph G, we join each vertex of the u-module to every
vertex of the v-module. The set A uniquely determines the set B, which
is why the set B is not used in the notation. When G is a bipartite graph,
it is natural to select the sets that partition G to be the partite sets of G.
This construction is illustrated in Figure 1.3.

The second construction, which is called bipartite composition, is
similar to 2-set composition. Let G be a bipartite graph with partite sets G
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and Gy, H be a bipartite graph with partite sets H; and Hp, and let Kbe a
bipartite graph with partite sets K; and K. The bipartite composition of G
with H and K, denoted G*(G1,HH1,KK3), is the graph formed by
associating a copy of the graph H with each vertex of G; and a copy of the
graph K with each vertex of G;. Whenever the edge uv is present in the
graph G, with u from the partite G;, we join each vertex of the partite set
Hj (respectively Hp) of the u-module with every vertex of the partite set
K; (respectively Kj) of the v-module. The notation G*(G;,HH;,KK2)
identifies the partite set Gy of G, the graph associated with the vertices of
Gy, the graph associated with the vertices of G, and one of the pairs of the

A K
G H 0—O0—O0 f}
B

G(A H,K)
O)

PS

RPN
~ T“"\\"}‘

Figure 1.3

partite sets of H and K that are joined in the construction. The other
information is then uniquely determined, and implied. A partite set of a
module in G*(G1,HHyKK)) is referred to as a half-module. Clearly,
G*(G1,HHyK Ky) is a bipartite graph, with one partite set consisting of all
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the vertices of the partite set H; of each H-module of G*(G1,HH;KK>)
and all the vertices of the partite set K; of each K-module of
G*(G1.HHy;;KKp), and the other consisting of all the vertices of the partite
set Hy of each H-module of G*(G1,H H3;KX>3) and all the vertices of the
partite set K3 of each K-module of G*(G1,HHj;;K,Kp). This construction is
illustrated in Figure 1.4. In this figure, the vertices u, v, and w are
repeated top and bottom, as if drawn on a cylinder.

Gl i Hl Kl
G, H, K,
G

O
u v w

G*G,H,H; KK,)

Figure 14

In different sources, and sometimes in the same source, there have
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been different definitions of an expander graph and of the expander
coefficient (see [1],[3],[6]). We define an (n k,c)-expander graph to be a k-
regular graph on n vertices such that for every subset S of the vertex set of
G, V(G), the inequality

IB©)| 2=~ 1S1) IS

is satisfied, and B(S), the boundary of the set S, is {v&€V(G)-S | uveE(G)
and u€S). The largest ¢ for which the inequality is true for all subsets S of
V(G) is the expander coefficient of G, that is, ¢ = expan(G). We choose this
definition because the formula is a discrete form of the differential

equation

& _
dx aN(P—N)I
which represents the problem of an infection spreading through a
population P. Solving for c in the inequality yields
niB(S)!
¢=TST@m-1ST) -

| |
If we let Ex(S) = TgT(PrT(—ST)ST)- , finding expan(G) is equivalent to finding

the smallest value of Ex(S) over all subsets S of V(G). The first graph in
Figure 1.5 demonstrates a (14,3,2/7) - expander graph. The second graph
in Figure 1.5 shows a (20,4,20/21) - expander graph. In each figure, a set S
that minimizes the value of Ex(S) is shown as consisting of striped

vertices. For all other graph theory terms, see [2].
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1.2 Preliminary Results

We wish to demonstrate that the compositions defined in Section
1.1 can be used to produce cospectral graphs. To do this, Newton's
recurrence may be employed to evaluate the coefficients of the
characteristic polynomial of the adjacency matrix A(G) of a graph from
the moments of A(G) ([4],[6]). The kth moment of A(G) may be viewed as
the sum of the eigenvalues of [A(G)]k, which, interpreted graphically, is
the sum of the number of closed walks of length k in the graph G. So, if
two graphs G and H have the same number of closed walks of length k for
all values of k, then A(H) and A(G) have the same moments. It happens
that this guarantees A(H) and A(G) also have the same characteristic
polynomial.
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Therefore, the graphs G and H are cospectral if and only if the number of
closed walks of length k, for all values of k, is the same for each graph G
and H [6]. To determine if two graphs are cospectral , we only need to
demonstrate that there is a one-to-one correspondence between the closed
walks of each length of each of the graphs. We employ this process to
demonstrate that the two constructions produce cospectral graphs, under
certain loose restrictions.

Before we can prove the theorems concerning the cospectrality of
the composition graphs, we must first identify what a closed walk looks
like in the composition graphs. Let G be a bipartite graph with partite sets
A = {aj,a3,...an} and B = {b1,by,...bm} and let H and K be two arbitrary graphs.
The walks in the graph G(A,H/K) fall into two categories, those walks that
lie entirely in one module, and those walks that visit more than one

module. Let W be such a walk. Then W may be written

W = [ag,Xo] eg b1, Y1] €1 ... eq1bgYqleq,

where X; is a walk in the aj-module, Yj is a walk in the brmodule and ek
is the edge joining the terminal vertex of the walk in the kth module and
the initial vertex of the (k+1)st module. We are now ready to prove the
desired results.

Theorem 1.1 Let G be a bipartite graph with partite sets A and B, and let H
and K be any two graphs. Then G(A,H;K) and G(A,K;H) are cospectral if
@ 1Al =1Blor

(ii) H and K are cospectral.

Proof Let Gy = G(A,H)K) and G2 = G(A,K;H). For any integer k, we merely
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present a one-to-one correspondence from the closed walks of length k in
G to the closed walks of length k in G2. Let W be a walk of length k in
the graph G1. There are two cases.

Case 1. The walk W is entirely contained in a single module.
Without loss of generality, let W be a walk in the H-module associated
with the vertex u of G. If the graphs H and K are cospectral, then there is
a walk corresponding to W in the graph K. In G, the u-module is a copy
of K. So there is a walk corresponding to W in G, namely the walk in K
that resides in the u-module. If |Al = IBI, then there is a one-to-one
correspondence between the vertices of the partite set A of G and the
partite set B of G. So there is a walk identical to W in the graph G; in the
H-module associated with the vertex that corresponds to u in the partite
set B. So there is a one-to-one correspondence between the closed walks
of length k that are entirely contained in a single module in G; and those
that are entirely contained in a single module of Go.

Case 2. The walk W visits more than one module. Then, as we

described earlier, the walk W may be written

W =[ag,Xol eo[by, Yile1 ... eq1lbg Yqleq-

Let ¢ be the mapping from the closed walks of length k that visit more
than one module in G; to the closed walks of length k that visit more
than one module in G; defined by

@ (W) = [ag,Y1]fo[br, X2l £ ... f5-1[bg X0l fg -

This is a walk in G, because the A-modules are now copies of K and the
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B-modules are copies of H. The edges fj exist and are unique, since the
vertices a; and bj,1 are adjacent in G and, by the definition of Gy, the
terminal vertex of the walk in H (respectively K) is adjacent to the initial
vertex of the walk in K (respectively H). The image of W is found by
shifting the walks X; or Y; one module left in the sequence. Also, any
walk W' of G; that visits more than one module may be written

(20, Y1) fo[b1, X2} f1 ... £g-1[bgXol £g -

The walk in G

[ao.Xol €0 [b1,Y1] €1 ... eq-1[bg Yql e

is the preimage of the walk W' in Gy. Thus, the map ¢ defined above is
one-to-one and onto, giving the desired correspondence between the
closed walks of length k that visit more than one module in G; and G;.

Since there is a one-to-one correspondence from the closed walks
of any length k in the graph G; to the walks of length k in the graph G,
the graphs Gj and G; are cospectral. O

Under some loose restrictions, a similar argument is valid in

proving that the bipartite composition produces cospectral graphs.

Theorem 1.2 The graphs G; = G*AHH;BKK)) and G; =
G*(A, K K1;BHH,) are cospectral if

@ 1Al =1IBlor

(ii) H and K are cospectral.

Proof For any integer k, we merely present a one-to-one correspondence

10
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from the closed walks of length k in G, to the closed walks of length k in
Gy. Let W be a walk of length k in the graph Gj. There are two cases.

Case 1. The walk W is entirely contained in a single module.
Without loss of generality, let W be a walk in the H-module associated
with the vertex u of G. If the graphs H and K are cospectral, then there is
a walk corresponding to W in the graph K. In Gy, the u-module is a copy
of K. So there is a walk corresponding to W in Gp, namely the walk in K
that resides in the u-module. If 1Al = |Bl, then there is a one-to-one
correspondence between the vertices of the partite set A of G and the
partite set B of G. So there is a walk identical to W in the graph G in the
H-module associated with the vertex that corresponds to u in the partite
set B. So there is a one-to-one correspondence between the closed walks
of length k that are entirely contained in a single module in G; and those
that are entirely contained in a single module of G3.

Case 2. Any other closed walk W of G must visit more than
module. So W may be written

W = [agiXoleg br Y1l e1[azXzl ez ... eg1 [bgYqleq-

Let @ be the mapping that sends closed walks of length k that visit more
than one module in G; to closed walks of length k that visit more than
one module in G given by

¢ (W) =[ag;Y1]fo b, X2l f1 [a2)Y3] > ... fg-1 [bg-1,X0) fq-

It is clear that the identical walks X; and Yj exist in the graph Gy in the
copies of the graphs H and K associated with the vertices vj+1 and uj+

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12

respectively. Again, each fj is uniquely determined, if it exists. We must
simply demonstrate the existence of the edges that join the last vertex of a
given subwalk to the first vertex of the following subwalk. Let X; and
Yj+1 be consecutive subwalks of @ (W) associated with the vertices bj.1
and aj in Gz . Then X; and Yj+1 are consecutive subwalks in W
associated with the vertices a; and bj+1 in G;. Let x be the last vertex
of the subwalk X; and y be the first vertex of the subwalk Yj+; . Then x
and y are in different partite sets, since xy is an edge in G;. Without loss
of generality, let x be in the partite set A. So x is in the copy of H;
associated with the vertex u; and y is in the copy of K associated with
the vertex vj+1 . Since there is an edge from the last vertex of the
subwalk Yj to the first vertex of the subwalk Xj+1, vi and uj+; are
adjacent in Gj. By the definition of G, x and y are adjacentin G, and
therefore the edge f; exists in the graph G . Since this was done without
loss of generality, each edge f; of the walk @(W) is present in the graph
G2. So @ is one-to-one. Also, any walk W' of Gy that visits more than

one module may be written

[a0,Y1] fo[b1, X1 f1 ... fg-1 [bgXol fq -
The walk in G3

[aoXol ep[b1,Y1] €1 .- eq-1lbg Ygleq

is the preimage of the walk W' in G;. Thus, the map ¢ defined above is
one-to-one and onto, giving the desired correspondence between the

closed walks of length k that visit more than one module in G; and G,
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and therefore the graphs G; and G; are cospectral.

Since we are also interested in constructing isospectral graphs, we
present a sufficient condition for two graphs to be isospectral. In order to
do this, we must first present a well known result from linear algebra.

Theorem 1.3 Let A be an nxn matrix with eigenvalues A, 1<i < n. Then
the matrix rI, — A has eigenvaluesr—-2;, 1 <i<n.

Proof Let A; be an eigenvalue of A and let x be the corresponding
eigenvector, and let M = rI - A. Then Mx = (rI, - A)x = rx — Ax = (r - Aj)x.
So r - A is an eigenvalue of rl; — A. Since this was done for an arbitrary

eigenvalue of A, the eigenvalues of rIy~ Aarer-A;, 1<i<n.(Q

Theorem 1.4 Let G and H be cospectral k-regular graphs. Then G and H
are isospectral graphs.

Proof Since G and H are k-regular, deg(G) = deg(H) = kl,, where n
is the order of the graphs G and H. Let A, 1 <i < n, be the eigenvalues of
G and H. By Theorem 1.3, the spectrum of deg(G) — A(G) and deg(H) -
A(H) is k- Aj, 1<i=<n. SoG and H are isospectral. O

Before we use these constructions to build expander graphs, we
wish to determine some parameters of 2-set composition graphs and
bipartite composition graphs. With Theorems 1.1, 1.2 and 1.4, we will
then be able to answer the question of whether isospectral graphs must

have equal expander coefficients.

13
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CHAPTER II

SOME PARAMETERS OF 2-SET COMPOSITION
AND BIPARTITE COMPOSITION GRAPHS

2.1 Connectivity of 2-set Composition
and Bipartite Composition

In Chapter I, we defined two constructions, 2-set composition and
bipartite composition. In this chapter, we will examine some of the
parameters of the constructed graphs. In particular, in order to examine
the expander coefficients of the graphs that will be constructed, we will
need the connectivity of the graphs. We will also look at distance in the
two constructions.

We want to address the connectivity of graphs constructed by 2-set
composition and bipartite composition. Since 2-set composition is a
special case of generalized composition, we will find the connectivity of
generalized composition graphs instead.

Let G be a graph with vertex set V(G) = {x1,xz,...,xp} and let
HyHp,..,Hp be a collection of graphs. The generalized composition
G(Hy, Hp,..,Hp) is the graph H; U Hp ..U Hp along with the edges
joining each vertex in one copy of the graph H; with all the vertices of the
graph Hj whenever the edge xix;is present in the graph G. Given a set A
of the vertices of G(H1,H2,...,Hp), we define the projection
(G(Hy, Hp,...Hp) — A) to be the vertex induced subgraph of G with vertex
set {x; €G:3 v EV(H;j), v & A}. In other words, the vertex x; is present in

14
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the graph rt(G(H1,Hp_,...,HP) - A) if any vertex of the graph H; remains
after removing the set A. We now present a necessary condition for

G(H;, Hy,..., Hp) - A to be connected.

Lemma 2.1 Let A C V(G(Hy Hy,... Hp)). K G(Hl,Hz,...,HP) — A is connected,
then rt(G(Hl,Hz,...,Hp) -~ A) is connected.

Proof Let G* = G(H1,H2,...,Hp) - A, and assume G* is connected. If
IV((G*) 1 = 1, then (G*) is connected. Assume |V((G*)! = 2 and let u
and v be vertices of n(G*). It will be demonstrated that there is a u-v path
in G*. If u=v then the path is the trivial path. So assume that uzv. Then
u=xjandv = Xj for some i,j € {1,2,..,p}. So there must be vertices y; €
V(Hj) and y;€ V(Hp such that both y; and yj are present in G*. Since G*
is connected, there is a yj-yj path in G*, say P: yi X1 X2 ... Xn-1yj . Let vk be
the vertex in G corresponding to the module in which xk lies. By the
definition of G(H1,H2_,...,Hp), each edge vkvk+1 € E(G) for m= 1,2,...k-1 .
So the vertices viy form a u-v walk (provided we allow loops for the
moment) W in n(G*). Since W is a u-v walk in n(G*), W contains a u-v
path in (G*). Since this was done for any two vertices in (G*), m(G*) is

connected. O

We now present a sufficient condition for G(H1,H2,...,Hp) - Atobe

connected.

Lemma 2.2 Let ACV(G(H Hy...Hp)) . If (G(Hy,Hy,..Hp) — A) is
connected and

(1) H; is complete for each i, or

15
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) 1V((GEHLHy,... Hp) - A)| 22,

then G(Hy,Hp,....Hp) — A is connected.

Proof Let G* = G(HyHp,...Hp) — A and assume (G*) is connected.
Suppose that |V(r{(G*)! = 1. Then all the vertices of G* belong to a single
module, say Hj. So the connectivity of G* is guaranteed if H;j is complete.
Now suppose that 1 V(n(G*))| = 2, and let u and v be two vertices of G*.
Suppose u and v are both from the same module H;. Since the vertex x;
of i(G*) that corresponds to the module H; is not isolated, there is some
vertex wj of the graph n(G*) that is adjacent to x;. By the definition of
(G*), there is some vertex y of the module Hj present in the graph G*.
Since the vertices x; and wj are adjacent in G, the edge uw and the edge
wyv are both edges of G*. So there is a u-v path in G*. Now suppose u is a
vertex of the module Hj and v is a vertex of the module H;. Then the
vertices x; and x; associated with the modules H; and H; are in the vertex
set of i(G*). Since n(G*) is connected, there is an xj-x; path in (G*), say P:
Xj W1... Wp-1Xj. For these vertices to be in the vertex set of n(G*), there is at
least one vertex, yx, of the graph Hy present in G* for each k = 1,2,...,n-1.
By the definition of G(H1,H2,...,HP), each edge ykyk+1 is in the edge set of
G*. So the vertices yx form a u-v path in G*. Since the vertices u and v
are arbitrary, there is a path between any two vertices of G*. Therefore, G*
is connected. O

By combining these two results, the following corollary is obtained.
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Corollary 2.3 Let ACV (G(Hl,Hz,...,Hp)) and IV(ﬂ(G(Hl,Hz,...,Hp) -A)l =
2. Then n(G(Hy,Hp,...,Hp) — A) is connected if and only if G(Hl,Hz,...,Hp) -
A is connected.

Suppose that S is a minimal cut set of the graph G, and let A be the
subset of the vertices of G(Hj,Hy,...Hp) that belong to modules associated
with the vertices of S. It is clear that the graph G(Hy Hy,...Hp) - A is
disconnected. Let k; = msinv‘zes {H; i, with the minimum taken over all
minimal cut sets S of G. Now let A; be the set of all vertices of
G(Hj, Hy,....Hp) that do not belong to the module H;, along with a cut set
of H; of minimum order. It is clear that the graph G(HyHyp,...Hp) - Aj is
disconnected. The order of such a set A; is |Aj! = I V(G(Hy, Hy,... Hp))!
—-IHj | +k(Hj). Letky be the minimum taken over all i of 1 A; 1.

Theorem 2.4 The connectivity of G(Hy Hy,... Hp) is the minimum of k;
and ky .

Proof Let k(G(Hj Hp,....Hp)) be the connectivity of G(FIHp,...,Hp). The
definitions of k; and kj show that k(G(H1,H2,...,HP)) < min(ki, k). Let A
be a cut set of G(Hy,Hp,... Hp). Then either I V((G(Hy, Hy,... Hp) = A)) | =1
or IV((G(Hy Hy...Hp) - A))| 22. If | V(n(G(Hy,Hp,...,.Hp)-A))| = 2, then
(G(Hy, Hp,.... Hp)-A) must be disconnected, by Corollary 2.3. This occurs
only if V(G) - n(G(H1,H7_....,HP)—A) is a cut set of G. But V(G) -~
(G(Hy,Hy,....Hp)-A) is a cut set of G if and only if it contains a minimal
cut set of G. So IV(G(H1,H2,...,HP)—A))1 2 ki = min(k, ko). If, on the other
hand | V((G(Hy,Hy,... Hp)-A)) | =1, all the vertices of all but one module
belong to the set A, along with a cut set of that module. So

17
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IGHy Hy,...Hp) = Al 2 k = min(kp,kp). So the connectivity of
G(HllHZI"'IHP) is mm(k1,k2). a

Knowing the connectivity of generalized composition graphs
allows us to determine the connectivity of 2-set composition graphs. The
difference is that there are only two graphs used in the composition,
which permits a simpler formula. So let G be a graph and let A be a
subset of V(G), and let H and K be two arbitrary graphs with orders p; and

P2

Corollary 2.5 Let S be a minimal cut set of G, and let a be the number of
vertices of the minimal cut set that belong to the set A, and b= IV(G)I - a.
Define kj=m Sin (ap1 + bp2 ), with the minimum taken over the minimal
cut sets S of the graph G and define kj = min ( | V(G(A,H;K))! - p; + k(H),
IVIGIAH;K) | - p2 + k(K) ). Then k(G(A,H;K)) = min (ki k).

Next, we wish to discuss the connectivity of the bipartite
composition. Unfortunately, the composition does not lend itself as well
to inspection. However, every bipartite composition graph with one of
the modules being a complete bipartite graph has a spanning subgraph
isomorphic to a 2-set composition graph. Utilizing this, we can establish a
lower bound on the connectivity of a bipartite composition graph. First,
we must define a process that yields the subgraph of a bipartite
composition graph that is isomorphic to a 2-set composition graph.

Let G be a bipartite graph with partite sets A and B. We define the
graph G*K3 (A) to be the graph GxK; - { b; 1 bj,2 : b€ B}. This is just two

18
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copies of the graph G, along with an edge joining corresponding vertices
of the partite set A. An example of this construction is illustrated in
Figure 2.1.

G*K, (A)

Figure 2.1

Lemma 2.6 Let the subset C of the vertex set of G*K» (A) consist of the
vertices from each copy of the graph G in the graph G*K3 (A) that belong
to the set A of G. Then the graphs G*Ky(AXC,nKymKj) and
G*(A KpnnKjy;2mKy, mKj) are isomorphic.

Proof The notation in this lemma is complicated and not enlightening.
Instead, Figures 2.2 and 2.3 demonstrate the fact that these two graphs are

isomorphic.

19
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20
Corollary 2.7 If the graph H is a complete bipartite graph, then the
connectivity of the bipartite composition graph G*(A,HH;;KK») is the
same or greater than the connectivity of the graph G*Kx(A)(C,KpymKj).

A

G*Ky(A)

G*K,(A) (CnK;mK))

Figure 2.2
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2.2 Distance in 2-set Composition
and Bipartite Composition Graphs
Now we turn our attention to distance in the composition graphs.
We will first look at 2-set composition graphs, again as a special case of
generalized composition, and then examine bipartite composition.

Lemma 2.8 Let G be a connected graph of order p(G) = 2 and vertex set
V(G) = {uy,up,...,up}. Let Hy, Hy,..., Hp be graphs. Let G* = G(Hj, Hy,..., Hp).
Let v be a vertex from the module u; in the graph G* and let w be a vertex
from the module uj i =, in the graph G*. Then dg«(v,w) = dg(uj, w).
Proof LetP =u;j up ... up1 uj be a shortest uj-u; path in the graph G. Let vi
be a vertex from the module ux. Then P'=v v3 .. vp1 w is a v-w path
in the graph G” of length dg(uj,u3). So dg+(v,w) < dg(uj,uj). Assume there
is a v-w path in G” such that dg+(v,w) < dg(uj,uy), say P*=v v ... vipg w.
Let ugx be the module containing vk . Then W = u; up ... upy yjis a v-w
walk in the graph G with n < dg{(u;,up). This is a contradiction. So there is
no v-w path in the graph G* with length less than dg(uj,u). Therefore
dg*(v,w) = dg(uj,up). 3

Lemma 2.9 Let G be a connected graph of order p(G) = 2 and vertex set
Y(G) = {u,uy,...,up}. Let Hy, Hy,.., Hp be graphs. Let G* = G(Hj, Hy,.., Hp).
Let v and w be vertices from the module u; in the graph G*. Then
dg+(v,w) =1 or dg«(v,w)=2.

Proof If the edge vw is present in the graph H;j, then the edge vw is
present in the graph G*, and dg+(v,w) = 1. Suppose the edge vw is not

present in the graph Hj. Since G is connected, there is a vertex x in the
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graph G so that the edge xu; is present in the graph G. By the definition of
G*, v and w are adjacent to each vertex in the module x. Let y be a vertex
from the module x. Then P = vy w is a v-w path of length two in the
graph G*. Therefore dg*(v,w)=2.0

These results allow us to address some of the parameters of the 2-
set composition graphs. Recall that the eccentricity of a vertex u, denoted
efu), is defined to be nax. X d(u,v). The radius of a graph G, denoted
rad(G), is I i(%) e(v). The center of a graph G, written C(G), is the
subgraph of G that is induced by the vertices of G with eccentricity equal
to the radius of G. Using the previous two lemmas, we are able to prove

the following results.

Lemma 2.10 Let G be a graph with rad(G) = 2. Then for every vertex v of
the graph G* = G(Hy, Hy,..., Hp), eg«(v) = ec(uj), when v is any vertex in
the module u;.

Proof Let v be a vertex of the module u; in the graph G*. Let eg+(y;) = n.
Then there is a vertex w of G so that dg(u;,w) =n=2. Lety be any vertex
of the module w in the graph G*. By Lemma 2.8, dg*(v,y) = dg(uj,w) =n
2 2. This implies that eg«(v) = n. Suppose eg«v) > n. Then there is a
vertex z in the module y; in the graph G* so that dg+(v,z) > n. Again, by
Lemma 2.8, we know dg(uj,up) = dg*(v,z) > n. This contradicts eg*(u;) = n.

Therefore eg+(v) = eg(uj). Q
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Lemma 2.11 Let G be a graph with rad(G) =2. Then C(G(Hj, Hy,..., Hp)) is
the subgraph of G(FHj, Hy,..., Hp) induced by the vertices of the modules
associated with the vertices of C(G).

Precof By Lemma 2.10, for each vertex v of G* = G(H;j, Hy,..., Hp), eg+(v) =
ec(u), where v is a vertex of the module u in the graph G*. If u is a vertex
of the center of G, then u has minimum eccentricity in G. So no vertex in
G* has an eccentricity less than the eccentricity of u in G. So eg«(v) is
minimum in G*. So the vertex v is a vertex of C(G*). If w is a vertex of a
module x that is not a vertex of C(G), then eg«(w) = eg(x) > eg(u) = eg«(v).
So w is not a vertex of C(G*). Therefore, C(G(H;, Hp,.., Hp)) is the
subgraph of G(H;, Hp,.., Hp) induced by the vertices of the modules
associated with the vertices of C(G). QO

We can now construct pairs of graphs with a very interesting
property. Given any two graphs, H; and Hp, there exists an infinite
family of pairs of cospectral graphs, one of which has a center isomorphic
to the graph H; and the other which has a center isomorphic to the graph
Ho.

First we must define the graphs Gi. Let Gk be the bipartite graph
with partite sets A = {aj,ay,..,ak} and B = {by by,...bx} and edge set E(Gy) =
{aibi :1<i<k} U{apj: 2 <j < k}.The graph Gs is illustrated in Figure 2.4.
Then e(a;) =2 and e(v) = 3 for all other vertices v of the graph G. We are

now ready for the result.

Theorem 2.12 Given any pair of graphs Hy and Hp, there are infinitely
many pairs of cospectral graphs such that Hj is isomorphic to the center of

24
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one graph of each pair and Hj is isomorphic to the center of the other
graph of each pair.

Proof Let H; and Hz be any two graphs. For each graph Gk, as defined
above, Al =IBl. By Theorem 1.1, the graphs Gg(AHj;H;) and
Gk(A,H2Hj) are cospectral. Also, by Lemma 2.11, C(Gk(A Hi;Hp)) = Hy
and C(Gk(A,H;Hj1)) = Hy, since rad(Gy) = 2, as noted above. 3

Z=2%

2,
Figure 2.4

We now turn our attention to graphs formed by bipartite
composition. However, certain restrictions must be forced upon the
graphs used in the composition. For the remainder of the discussion, we
will let G be a connected bipartite graph, with partite sets A = {aj,a,...,a5}
and B = {b1)by,..., b}, and let H and K be bipartite graphs, with minimum
degree greater than zero, and with non-empty partite sets H; and Hj, and
Kj and K, respectively. We now determine the distance between vertices
of the graph G*(A HH; K K»).

Lemma 2.13 Let u and v be two vertices of the graph G*(AH,H;;KKp)
that are from the same module and same partite set of G*(A,H,H;;K,K>).
Then d(u,v) = 2. | |
Proof Suppose, without loss of generality, that u and v are from the

module associated with the vertex x. Since G is connected, there is some
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vertex y adjacent to x in the graph G. The module associated with the
vertex y has a vertex, say w, that belongs to the other partite set of
G*(AH Hy;;)KKy). By the definition of G*(A,H Hy;K Ky), the edges uw and
vw exist in the graph G*(A,H,Hi)KKp). So d(u,v) < 2. Yet the graph
G*(A H,H;,KK)) is bipartite, and u and v belong to the same partite set, so
d(u,v) is even. Therefore d(u,v) =2.0Q

Lemma 2.14 Let u and v be two vertices of the graph G*(A,H,H{;KKp)
that are from the same module, say x, but from different partite sets of
the graph G*(A,H,HyKK3). Then d(u,v) = 1 if u and v are adjacent in the
module x, or d(u,v) = 3.

Proof If the vertices u and v are adjacent in the module x, then d(u,v) = 1
by the definition of G*(A,H,H1;KKy). So assume that they are not
adjacent in the module x. Since the graph G is connected, there is a
vertex, y, of the graph G so that x and y are adjacent in G. Since the partite
sets of the modules are non-empty, there is a vertex wj in the module y
that is adjacent to the vertex u in the graph G*(A,HH;KKy). Also, the
degree of the vertex wj in the module y is not zero, so there is a vertex wp
of the module y that is adjacent to the vertex wi. By the definition of the
graph G*(A,H,H;;K K»), the vertices v and w; are adjacent. So d(u,v) < 3.
Since this is a bipartite graph, d(u,v) is odd, and is assumed not to be one.
Sod(uv)=3.0Q

Before we discuss the distance between two vertices from different
modules, we need to define the parity of a vertex in the bipartite

composition graphs. Two vertices u and v are said to have the same
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parity if (i) they are from the same partite set of the bipartite composition
graph and are from modules at an even distance from each other, or (ii)
are from different partite sets of the bipartite composition graph and are
from modules at an odd distance from each other. The vertices are said to
have different parity if (i) they are from different partite sets of the
bipartite composition graph and from modules at an even distance from
each other, or (ii) they are from the same partite set of the bipartite
composition graph and are from modules that are at an odd distance from
each other. This simply partitions the vertices into the partite sets of the

bipartite composition graph.

Lemma 2.15 Let u and v be two vertices of G*(A,H,H1;K,K2) that are from
different modules, say the modules x and y. Then the distance from u to
v is d(u,v) = dg(x,y) if the vertices have the same parity, or d(u,v) = dg(x,y)
+ 1. if the vertices have different parity.

Proof If the vertices u and v have the same parity, a path of length dg(x,y)
may be found, following the same process as used in Lemma 2.8.
However, if u and v have different parity, then a path of length dg(x,y)+1
may be formed, utilizing the path of length dc(x,y) ending at a vertex w
that is adjacent to v in the y module, and then traversing the edge from
wtov.Qd

Using these results, we can say something about the eccentricity of
graphs formed by bipartite composition.
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Lemma 2.16 Let rad(G) = 3, and let G, H and K satisfy the conditions
above. Then, for any vertex u of the module x of the graph
G*(AH,Hy;K Kp), the eccentricity of u in G¥AHH;;KK)) is e(u) = eg(x) +
1.

Proof Since rad(G) = 3, e(u) = 3. Let y be a vertex of G so that dg(x,y) =
ec(x). Then all the vertices of one of the partite sets of the module y are at
distance dg(x,y) + 1 from the vertex u. So e(u) = eg(x) + 1. If, however,
e(u) > eg(x) + 1, then there is some vertex w of the graph G*(A,H,H1,K K»)
so that d(u,w) > eg(x) + 1. So, the module to which w belongs, say the
module z, satisfies dg(x,z) > dg(x,y). This is a contradiction. So e(u) =
ecix)+1.0Q

Lemma 2.17 Under the same conditions as in Lemma 2.16,
C(G*A,HH;;KKp)) is the subgraph of G*(A,H,H;;KK>) induced by the
vertices of the modules associated with the vertices of C(G).

Proof By the same process as used in 2.11, this result is clear. O

We are now able to produce a result similar to that of Theorem
2.12. First, we require the graphs H and K to have non empty partite sets
and minimum degree greater than zero. Let the graph Gk be k copies of
P4, along with k-1 more edges, joining a v;ertex v of degree one in the first
copy of P4 and one of the vertices of degree two in each of the other copies
of P4, and let the partite set A of the graph Gk be the partite set containing
v. The graph Gs is pictured in Figure 2.5. For each k, the graph Gk is
bipartite with partite sets A and B satisfying | Al =1BI.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 2.18 Let H and K be two bipartite graphs satisfying the
conditions set out above. Then there are infinitely many pairs of bipartite
graphs so that the graph H is the center of one of the graphs of the pair,
and K is the center of the other graph of the pair.

@)

Figure 2.5

Proof Let the graphs Gk be defined as above. Then, by Theorem 1.2, the
graphs Gk*(A,HHyKK>) and Gi*(AKKzHH;i) are cospectral. Also,
eg(v) = 3, and eg(u) > 3 for every other vertex u of Gx. So C(Gk) = v. By
lemma 2.17, C(Gx*(A,H,H;K,K2)) = H and C(Gx*(A K KxHH)) =K.O
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CHAPTER Il

2-SET AND BIPARTITE COMPOSITION GRAPHS
AND THE EXPANDER COEFFICIENT

3.1 Preliminary Results

We wish to construct cospectral pairs of graphs that have different
expander coefficients. Using the constructions of Chapter I and the results
of Chapter II, we are in a position to begin. We will first need a few
preliminary results and a general strategy for computing the expander
coefficients. Then the graphs that we need will be constructed and
proven to have the properties that we desire.

When evaluating the expander coefficient of a graph G, each
nonempty proper subset S of the vertex set of G must satisfy the
inequality

expan(G) = Ex(S) = %:(113}(_51)_;5 .
Practically speaking, we wish to find the smallest value of Ex(S), over all
nonempty proper subsets S of the vertex set V(G). As noted before,
examining each of the subsets of a large graph would be prohibitive. We
employ a strategy to systematically eliminate from consideration as many
of these subsets as possible.

In Chapter II, we looked at the connectivity of two-set composition
and bipartite composition graphs. We use the connectivity of the graphs

30
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in order to reduce the number of subsets S of the vertex set of a graph G
for which we compute Ex(S). In particular, if 1B(S)! is smaller than the
connectivity of the graph, then S is an ineffective choice. We show that if
IB(S)| <k(G), then I1B(S)! =p - IS|, reducing Ex(S) toT%.

Lemma 3.1 Let G be a connected graph and S a subset of V(G). If B(S) is
not a cut set of G, then I1B(S)| =p - ISI.

Proof Since B(S) is not a cut set, G - B(S) is connected. Then there are no
vertices in V(G) - S - B(S), and this gives the desired result.

Corollary 3.2 Let G be a connected graph, k(G) be the connectivity of G,
and S a subset of V(G). If IB(S)! <k(G), then IB(S)| = IV(G)! - ISI.
Corollary 3.3 For any graph G, expan(G) < P%l_

Proof Any set S so that B(S) is not a cut set has Ex(S) = —,ISJ—I . Thisis a
minimum when S| = p - 1. Since expan(G) is the largest real number so

that expan(G) < Ex(S) for all non-empty proper subsets S of the vertex set
of the graph G, expan(G) < p—% Q

Corollary 3.4 Let G be a graph on p vertices and suppose there is a subset S
of the vertex set of G so that Ex(S) < E—Ll . Then any set T with a boundary
B(T) that is not a cut set satisfies Ex(T) > Ex(S) = expan(G).

Proof Ex(T) = b7 = p—% > Ex(S) = expan(G), and so Ex(T) > Ex(S) =
expan(G).

31
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3.2 2-set Composition and
the Expander Coefficient

We now present our first family of isospectral graphs with unequal
expander coefficients. However, as we take successive pairs in the
sequence, the difference between their expanders decreases to zero.

The strategy we use to compute the expander coefficient in the
graphs we construct is the same throughout this dissertation. We first
pick a likely candidate, S, as a set that might minimize Ex(T). We then
show that any other set, S, satisfies Ex(S’) > Ex(S) for various reasons.

To construct our first family of pairs of graphs, we employ the
graphs Gk of Figure 3.1, with the columns of six vertices repeated 2k
times, and joined by 12-cycles, as between the first two columns of six

vertices.

The graph G; is illustrated in Figure 3.2. We construct 2-set composition
graphs from these graphs. We will then have a family of pairs of graphs

that are isospectral and, pairwise, have different expander ccefficients.
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We have chosen these graphs because it is likely that the expander
coefficients of these graphs will be what we claim them to be. However,
since the connectivity is so small, it is unlikely that these graphs would
model realistic networks. Let the modules, H and K, of the 2-set
composition graphs be Ks and 4K, and let the partite set A of the graph
Gk be the partite set containing the vertices u and v. The partite sets A
and B each have order 22+12k, which guarantees the cospectrality of
Gk(A,4K1;Ks) and Gk(A,Ks;4K1) by Theorem 1.2. We chose the graphs Ks
and 4K to insure that the graphs Gg(A,4K;;Ks) and Gk(A Ks;4K;) are each
20-regular. These graphs are then isospectral by Theorem 1.4. The order
of these graphs is 9(22 + 12k).

Lemma 3.5 The connectivity of the graph Gk(A Ks;4K;) is 10.

Proof If the vertices of the modules associated with the vertices u and v
in Figure 3.1 are removed from Gk(A Ks;4K7), the result is a disconnected
graph. So the connectivity of Gk(A,Ks;4Kj) is at most 10. However, any
other minimal cut set of Gk consists of at least three vertices. Because

each module contains at least four vertices, any other minimal cut set of
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Gk(A,Ks;4K1) must at least contain 12 vertices. Thus the connectivity is
10.Q

Lemma 3.6 The connectivity of Gk(A,4K1,Ks) is 8.

Proof If the vertices of the modules associated with the vertices u and v
in Figure 3.1 are removed from Gg(A,4K; Ks), the result is a disconnected
graph. So the connectivity of Gk(A,4Ky;Ks) is at most 8. However, any
other minimal cut set of Gy consists of at least three vertices. Because
each module contains at least four vertices, any other minimal cut set of
Gk(A Ks;4Kj) must at least contain 12 vertices. Thus the connectivity is
8.0

Lemma 3.7 The expander coefficient of Gk(A,4K3.Ks) is

expan(Gu(A K1 K9) = Sty
Proof By choosing the set S to be all the vertices of the modules associated
with the vertices to the left of the vertices u and v in Figure 3.1, IB(S)| =8
and IS| = 95+54k. Ex(S) yields the value above. If there is a subset S’ of
the graph Gk(A,4Ky;Ks) so that the value of Ex(S') is smaller than Ex(S),
then the set S' would satisfy the inequality

9(22+12K) 1B(S)! , 72(22+12K)
Baiene S EX5) < meisanios e -

since [9(11 + 6K)]2 = IS'l(p - 1S'1). Solving this inequality for 1B(S)!
yields

, 8(9)2(11+6k)2
'B(S) 1< ®@5754K)(103+548)
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648(121 + 132k + 36k2)
79785 + 10692k + 2416k?

~ 128
=8 +(55752K)(103+54K) °

Since 1B(S)! is an integer, 1B(S’)| < 8. By Corollary 3.4, and the fact that
Ex(S) < ?P%-' B(S) must be a cut set, and so 1B(S')] =8. Yet the only cut set
of order 8 is B(S). So there is no set S' so that Ex(S') < Ex(S). Therefore,

72(22+12k
expan(Gk(A,4K1 Ks) = Ex(S) = @g‘ém a

Lemma 3.8 The expander coefficient of Gx(A,Ks;4K7) is

90(22+12k
expan(Gk(A,Ks;4K1)) = (94+54fk)(;04-i-)54k) )

Proof By choosing the set S to be all the vertices of the modules associated
with the vertices to the left of the vertices u and v in Figure 3.1, then
IB(S)I=10 and 1S1=94+54k. Ex(S) yields the value above. If there is a
subset S' of the graph Gk(A,Ks;4K3) so that the value of Ex(S') is smaller
than Ex(S), then the set S' would satisfy the inequality

9(22+12K) 1B(S) | , 90(22+12K)
Baiene < BX5) < oav5a0 104+ 540) -

since [9(11+6k)]2 = 1S'l (p - 1S'l). Solving this inequality for IB(S) | yields
, 810(11+6k)2
'BE) < Garsam0asag

810(121 + 132k + 36k2)
79776 + 10692k + 2416k?

210

=10 +5 5aK)(104+54%) -
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By similar arguments as above, the expander coefficient must then be
90(22+12k)
(4+51K)(104+54%) - 3
The results we wished for are direct corollaries of the preceding

theorems.
[

Corollary 3.9 The expander coefficients of the graphs Gk(A,Ks;4K7) and
Gk(A,4K1;B,Ks) are different.

Corollary 3.10 Jim expan(Gk(A,Ks:4Ky)) = lim expan(Gk(A,4Kq;Ks)) =0.

Our second family of pairs of isospectral graphs is also a sequence of
pairs of 2-set composition graphs. But this time successive pairs have
expander coefficients that approach different limits.

To construct the graphs of this family, we employ the graph G of
Figure 3.3 to construct the pairs of 2-set composition graphs. We form a
family of pairs of graphs that are isospectral and, pairwise, have different
expander coefficients. For the 2-set composition modules, let the graphs
H and K be K; and mKj , and let the partite set A of the graph G be the
partite set containing the vertices u and v. The partite sets A and B each
have order 22, which guarantees the cospectrality of G(A,mKy;Ky) and
G(A,KymKj), by Theorem 1.1. To insure isospectrality, the graphs should
be regular of the same degree. A vertex from a copy of the graph Kyin the
graph G(A KymKj) or G(A,mKy;Ky) is adjacent to all the vertices in four
copies of mKj and to n-1 vertices of the graph Kp. Such a vertex would
have degree 4m + n - 1. A vertex of a copy of the graph mK; is adjacent

to each of the vertices of four copies of the graph Ky, so such a vertex
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would have degree 4n. For the graphs to be isospectral, these degrees
must be equal. So the relation betweennand mis 3n = 4m - 1. This
equation has the solutions n = 4t + 1 and m = 3t + 1, for all positive

integers t.

Lemma 3.11 If n =4t + 1 and m =3t + 1, then the graphs G(A,mK};Ky) and
G(A KymK;) are isospectral.

Proof By Theorem 1.4 and the fact that the equationsn=4t+1and m =3t
+ 1 force the graphs G(A,mKy;Ky) and G(A KymKj) each to be regular of
degree 4n = 16t + 4, the graphs G(A,mKyK,) and G(A KpmKj) are

Lemma 3.12 The connectivity of G(A,mKj;Kp) is 2m.
Proof The graph G is 2-connected. The connectivity of G(A,mKy;Kp) is at

most 2m. Any other minimal cut set of G must contain at least three
vertices. Since each module contains at least m vertices, any other
minimal cut set of G(A,mK3;Ky) must contain at least 3m vertices. So the
connectivity of the graph G(A,mKy,Ky) is 2m.QQ
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Lemma 3.13 The connectivity of G(A,KymKj) is 2n.

Proof The graph G is two connected. The connectivity of G(A,KymKj) is
at most 2n. Any other minimal cut set of G must contain at least three
vertices of G. Since each module contains at least m vertices, any other
minimal cut set of G(A KB, mKj;) must contain at least 3m vertices. But
3m =9t + 3 >8t +2=2n. So the connectivity of G(A, KymKj) is 2n.

16(11n)(7n+1
Theorem 3.14 Expan(G(A KymKj)) < (73n(+11))(81n+1)1) .

Proof : Let S be the set of vertices of G(A KymKj) containing all the
vertices of all the modules associated with the vertices of G(A,KpmKj) to
the left of the vertices u and v in Figure 3.3. Then IS| =11m + 10n. Since
P(G(A KymKj)) = Eﬁ%ﬁ we have Ex(S) = (7:1’:1(-:11?))((8711:1?1)1) . Yet

expan(G(A KymKj) is the maximum real number ¢ such that c is less

than Ex(T) over all nonempty proper subsets T of the vertex set of

16(11n)(7n+1
G(A KpmKj). So expan(G(A KymKy)) < '(73n( +11))((81n +1)1) .

Corollary 3.15 If S is a subset of the vertex set of G(A,KymKj) and | B(S)|
320151 (p-1S1) 16(11n){7n+1)
2 Fn+11)(8anriD) - hen ExO) 2 GarnEineD -

Proof : Solve the following inequality for IB(S)!.
IBS)!  16(11n)(7n+1)
Ex(S)= 1'321_(p-|s' T) 2 3n+An)@Ins1l) -3

Corollary 3.16 IfSis a subset of the vertex set of G(A,KymKj) and | B(S)!
242n(7n+1)2 @ 16(11n)(7n+1)
2 7an+11)(@3n+11) ¢ then Ex) = Gary i) -
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Proof : Let iS| = p/2 in Corollary 3.15. This value maximizes the
denominator of the formula for Ex(S), thus giving the minimum value

for Ex(S).Q

Corollary 3.17 Let S be a subset of the vertex set of G(A, KymKj). IfS
contains an uncovered module, that is to say S has vertices that belong to

a module M, but no vertices belonging to S are from modules adjacent to

16(11n)(7n+1)
M, then Ex(S) 2 37y 8Tnvil) -

Proof : If S has an uncovered module M, then B(S) contains all the

vertices of the modules adjacent to M. Since there are four modules

adjacent to M, B(S) contains at least 4m vertices. Yet 4m =3n + 1 >
242n(7n+1)2 16(11n)(7n+1)
73n+1D)(@3n+11) - By Corollary 3.16, Ex(S) = e ay@ineiT) - X

Lemma 3.18 Suppose that S is a subset of the vertex set of G(A KymKy),
and that S contains a partial module. Then there is a subset T of the
vertex set of G(A,KymKj) so that Ex(S) = Ex(T) and T contains no partial

modules.

Proof : By Corollary 3.17, all the partial modules of S are covered. By

| |
Corollary 3.15, if IB(S)! > (7%2:_‘_1:9"?%_%:}?1)1? , then we do not consider the
set S. So assume that IB(S)! < 73n +11)(P8); nill)l) . Let M be the vertices of

some partial module of S. Let the set S' be the set of vertices belonging to
S along with one vertex, u, of M that is not in S. Since M is a partial
module of S, B(S') is a subset of B(S). Since M is a covered module of S,
however, the vertex u is not in the set B(S'), but is in the set B(S). So
IB(S)1 = IB(S)| —1. Also, I1S'l = ISI + 1. We now show that Ex(S) <
Ex(S). Suppose this is not the case. Letb = IB(S)! ands= IS|. We find

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



y__ PP p-1)
EX(S) - EX(S) = S(p"S) - (S+1)(p-s—1) <0.

By solving for b in this inequality, we have

b< _p_-__-s( s)

p2s1 whenp-2s-1>0
0<0 whenp-2s-1=0
b>-2§s£§-s—1_)5 whenp-2s-1<0.

The first two cases are clearly contradictions, since IB(S)!| is a positive

integer. So we may assume that we are in the third case, that p-2s-1<0

and thatb > Zs s(Eis-)p 3gzsﬁgl—ps>§oying Corollsaz;ysi)%.m, we show that b satisfies
the inequality T3 11)(83n+11) > b > 52 +ip- Solving for s shows that

the order of S must be greater than the number of vertices in
G(A KpmK;j). This is a contradiction. So we must have Ex(S) < Ex(S). If
we repeat the process until the new set has no partial modules, we have

found a set T that satisfies the conclusion to the lemma. Q)

Following the same process, we arrive at corresponding results for
the graph G(A,mKjKp).

11(3n+1){(7n+1)

Theorem 3.19 Expan(G(A,mK1;Kn) < 57 =30a06m7) -

Corollary 3.20 If Sis a subset of the vertex set of G(A,mKj;Kp) and |B(S)!
2(3n+1) ISt (p-ISl) then Ex(S 11(3n+1)(7n+1)
2= G7nen)(@on+n) - then BXO) = G7yamn -

Corollary 3.21 If Sis a subset of the vertex set of G(A,mK1;Ky) and 1 B(S)|
121(3n+1)(7n+1)2 then E 11(B3n+1)(7n+1)
2 37nr1)(@0n+1) - then EX() 2 sty aona)
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Corollary 322 Let S be a subset of the vertex set of G(A,mKy;;Kyp). If S
17

contains an uncovered module, then Ex(S) > 3;7(312.; () 4(0:::3 .

Lemma 323 Suppose that S is a subset of the vertex set of G(A,mKy;Kp),

and that S contains a partial module. Then there is a subset T of the

vertex set of G(A,mKy;Kp) so that Ex(S) = Ex(T) and T contains no partial

modules.

We now compute the expander coefficients of the graphs

G(A KpymKj) and G(A,mKy;,Kp).

Theorem 3.24 The expander coefficient of G(A,KymKj) is
_(16)11n(7n+1)
(73n+11)(81n+11) -

Proof If the set S is chosen to be all vertices of the modules associated

with the vertices of G to the left of u and v in Figure 3.3, the boundary of
S has cardinality 2n and the number of vertices in S is 11m + 10n. Then
Ex(S) yields the given value. If a set S' were to satisfy Ex(S') < Ex(S), then
it would also satisfy

pIBS)  plBE)I , (16)11n(7n+1)
/22 = TSTp-15n - EX6) <ExS) = i y@ineiD) -

The boundary B(S') would then satisfy the inequality

11858n3 + 3388n2 + 242n

B < 55132 + 1604n 7 191

<2.006n+ 9.

However, by Lemma 3.18, any set S’ that could provide the smallest value
of Ex(S) must have no partial modules. So IB(S)! < 2n. By Corollary 3.4,

and that Ex(S) < EET' B(S) is a cut set, and so 1B(S)| = 2n. If this set, B(S'),

41
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existed, it would be another cut set of minimum order, which is a
contradiction. So the existence of such a set is impossible. Since the
denominator was chosen to be the largest possible, there is no subset of
vertices of G(A,KymKj) that results in a value smaller than Ex(S). So the

expander coefficient for the graph G(AKymK;) is Ex(S) =
_(16)11n(7n+1)
73n+11)(8In+11) -9

Theorem 3.25 The expander coefficient of G(A,mKyKn s
(11)(3n+1)(7n+1)
(37n+1)(40n+1) -

Proof If the set S is chosen to be all vertices of the modules associated
with the vertices of G to the left of the vertices u and v in Figure 3.3, the
boundary of S has cardinality 2n and the number of vertices in S is 11n +
10m. Then Ex(S) yields the given value. If a set S’ were to satisfy Ex(S')
< Ex(S), then it would also satisfy

pIBS)l  pIBE)! , (11)3n+1)(7n+1)
p/2E = TSTp-15n - EX5) <ExC) =mr fy@on+n) -

The boundary B(S') would then satisfy the inequality

121(14713+91n2+17n+1)

IB(S)I < 16(1480n2+77ns D) <lén+.6<3m.

However, by Lemma 3.23, any set S’ that could provide the smallest value
of Ex(S) must have no partial modules. So {B(S)! <2m. By Corollary 3.4
and that Ex(S) < 1—)_&1, B(S') must be a cut set, and so |B(S")! = 2m. If this
set existed, it would be another cut set of minimum order, which is a
contradiction. So the existence of this set is impossible. Since the

denominator was chosen to be the largest possible, there is no subset of
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vertices of G(A,mKy;Kp) so that Ex(T) < Ex(S). So the expander coefficient
(11)(3n+1)(7n+1)

for the graph G(A,mKy;Ky) is Ex(S) = G7nsD@0n+l) - 0
The results we wished for are direct corollaries of the preceding

theorems.

Corollary 3.26 The expander coefficients of the graphs G(A,mKy;Kp) and
G(A,KymKy) are different.

. 1232
Corollary 327 :1.1—52 expan(G(A, KymKy)) = 5913

. 231
Corollary 3.28 1111—% expan(G(A,mKy;Kp) = 1280

3.3 Bipartite Composition and the Expander Coefficient

Now that we have formed some examples of isospectral graphs
with unequal expander coefficients, we turn our attention to the
construction of isospectral bipartite graphs with unequal expander
coefficients. The process is going to mirror that which was used for the
non-bipartite case. We will first construct a sequence of pairs of
isospectral bipartite graphs that pairwise have different expander
coefficients, but that have equal limits. We then construct another
sequence of pairs of isospectral bipartite graphs that pairwise have
unequal expander coefficients, but have unequal limits. To construct this
family of pairs of graphs, we use the graph Gk in Figure 3.4, with the
columns of ten vertices repeated 2k times, and joined by 20-cycles and a
matching, as between the first two columns of ten vertices. The graph G;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is illustrated in Figure 3.5. We use these graphs to build pairs of bipartite
composition graphs, namely, the graphs Gk*(A,Kg,6K1;10K1,5K;) and
Gk*(A,10K1,5K1,Ks,6.6K1). We have chosen these graphs because, again, it
is likely that the expander coefficients of these graphs will be what we
claim them to be. However, since the connectivity is so small, it is
unlikely that these graphs would model realistic networks. It is clear that
the partite sets of Gk have 34 + 20k vertices, and so the order of each of
Gk*(A,Ks,6,6K1;10K1,5K1) and Gk*(A,10K;,5K1;Ke 6,6K1) is 22(34 + 20k) for
each k. We let the partite set A be the set including the vertices u and v of
the graph. Also notice that the resulting graphs are 36-regular. Theorems
1.2 and 1.4 guarantee the isospectrality of these two graphs. We now
address the expander coefficients of these two graphs. The first results we

need are direct consequences of Corollary 2.7.
Lemma 3.29 The connectivity of Gx*(A,Ks,¢,6K1;10K1,5K;) is 24.
Lemma 3.30 The connectivity of Gx*(A,10K1,5K1;Kg 6,6K1) is 20.

Lemma 3.31 The expander coefficient of Gk*(A,Kg,6,6K1;,10K1,5K) is

528(34+20k)
(362+220K)(386+220k) -
Proof Let the set S be the set of all vertices of the modules associated with
the vertices to the left of u and v in Figure 3.4. It is easily seen that, for
this set S, 1B(S)| =24 and IS1 = 12(16+10k) + 10(17+10k). By computing
Ex(S)
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for this set, we get the value given above. Now suppose that a subset S’ of
Gx*(A Kg,6,6K1;,10K;,5K;) is chosen so that Ex(S') < Ex(S). The set S
would then satisfy the inequality

22(34+20K) |B(S)! , 528(34+20K)
MGa0RR = BXO) < 362+2200(386+220K)

since [11(34+20k)12 21S'I(p - IS'1). Solving this inequality for IB(S')|
yields

2904(34+20k)?
(362+220k)(386+220k)

2904(1156 + 1360k + 400k2)
139732 + 164560k + 48400k2

, 3456
*(362+220K)(386+220K) °

IB(S)I<

=24

However, IB(S’)| must be an integer, so |B(S')! < 24. By Corollary 34,
this implies that IB(S)! = 24. Yet, IB(S)! is the only cut set of
Gk*(A,Ks,6,6K1;10K,5K)) that has 24 vertices. This is a contradiction, so

no such set S’ exists.

Lemma 3.32 The expander coefficient of Gx*(A,10K},5K1;Ke,6,6K1) is

440(34+20k)
(364+220k)(384+220k) -
Proof Let the set S be the set of all vertices of the modules associated with
the vertices to the left of u and v in Figure 3.5, It is easily seen that, for
the setS, IB(S)| =20 and IS| =12(17+10k) + 10(16+10k). By computing
Ex(S) for this set, we get the value given above. Now suppose that a
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47
subset S' of Gi*(A,10K;,5K1;Kg,6,6K1) is chosen so that Ex(S') < Ex(S). The
set S’ would then satisfy the inequality

22(34+20K) 1B(S)! , 440(34+20K)
miGea2oRE s BX6) < GarmonEsa+2200)

since [11(34+20k)}2 21S'I(p — 1S']). Solving this inequality for |B(S')!
yields

B 2420(34+20k)2

B(S) < (354220k)(384+220K)

2420(1156 + 1360k + 400k?)
7139776 + 164560k + 48400k?2

2000
(364+220k)(384+220k)

=20+

However, I1B(S’)| must be an integer, so |B(S')| <20. By Corollary 3.4,
this implies that IB(S)| = 20. Yet, IB(S)! is the only cut set of
Gk*(A,10K1,5K1,Ke,6,6K1) that has 20 vertices. This is a contradiction, so

no such set S’ exists. 3J

Corollary 3.33 The expander coefficients of Gk*(A,Ks,6,6K1,10K1,5K1) and
Gk*(A,10K1,5K1;Ke,6,6K7) are different.

Corollary 3.34 As k approaches infinity, the expander coefficients of
C*(A Kg,6,6K1;10K1,5K1) and Gk*(A,10K1,5K1;Ke,6,6K1) each approach

zZero.

The second sequence of pairs of isospectral bipartite graphs is
formed using the graph G from Figure 3.6 and bipartite composition.

Notice that G is 6-regular, and we let the partite set A be the set containing
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the vertices u and v. We want to use a complete bipartite graph, Kpp,
and an empty graph, 2mKj, for the modules. In order for
G*(A KnnnK3;2mK7,mKj) and G*(A,2mKj, mKy;Kpy,,nKj) to be regular of
the same degree, we require that n = gm. This forces the two graphs to be
én-regular. By Theorems 1.2 and 1.4, the graphs are isospectral. We now
apply the same strategy to the evaluation of the expander coefficients of
G*(A,KnpnnKj;2mKy,mKj) and G*(A,2mK;,mKy;KpnnKj) as we used in
Section 3.2. However, we need a new term. Since a vertex in a module of
either of the graphs is only adjacent to half of the vertices in an adjacent
module, we use the term half-module to describe partial modules. In
other words, when we try to fill out the partial modules, we can only

work on half-modules, or one partite set of any module, at one time.

Lemma 3.35 The graph G*(A Kpn,nK1;2mKj,mK;) is 4n-connected.

Proof Since the vertices u and v of the graph G of Figure 3.6 provide a cut
set for G, we know that the vertices of the modules associated with u and
v are a cut set of G*(A KpnnKy;2mKy,mKj). So the connectivity of
G*(A,KnnnKy;2mK;,mKj) is at most 4n. If there is a cut set of
G*(A KpnnK7p;2mK;, mK;) with fewer than 4n vertices, say V, then that
set would contain a minimal cut set with fewer than 4n vertices. This set
would then be the vertices of modules associated with a cut set of G. Yet
any other minimal cut set of G would have three or more vertices, and so
the set V is required to contain at least 6m = 5n vertices. So there is no cut
set of G*(A,Kqnn nK3;2mKj, mK;) with fewer than 4n vertices. Therefore,
the connectivity of G*(A,KnnnKj;2mKj,mKj) is 4n.Q
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Figure 3.6

Lemma 3.36 The graph G*(A,2mKj, mKj;Kpn nKy) is 4m-connected.
Proof Since the vertices u and v of the graph G provide a cut set for G, we
know that the vertices of the modules associated with u and v are a cut
set of G*(A,2mKj,mKyKpnnKj). So the connectivity of
G*(A,2mK3,mKyKnpnnKj) is at most 4m. If there is a cut set of
G*(A,2mKy, mKy;Kpn,nK;) with fewer than 4m vertices, say V, then that
set would contain a minimal cut set with fewer than 4m vertices. This set
would then be the vertices of modules associated with a cut set of G. Yet
any other minimal cut set of G would have three or more vertices, and so
the set V is required to contain at least 6m vertices. So there is no cut set
of G*(A,2mK1,mKj;Kpn,nK1) with fewer than 4m vertices. Therefore, the
connectivity of G*(A,2mKj;,mK1;KpnnKj) is 4m. Q
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Theorem 3.37 Expan(G*(A,Kpn nKy;2mK;,mKj)) < 3;444%

Proof : Let S be the set of vertices of G*(A K, nKy;2mKy,mKy) containing
all the vertices of the modules associated with the vertices of
G*(A,KpnnKy;2mKj, mKj) to the left of the vertices u and v in Figure 3.6.
Then S| = 32n + 34m =7i-%—in m. Since the order of t;l;ess graph
G*(A,KnnnKj3;2mK;, mKjy) is —5 ., we find the value Ex(S) = 34933 - Yet
expan(G*(A Ky nnKj;2mKj,mKj)) is the maximum real number ¢ such
that ¢ is no more than Ex(T) over all nonempty proper subsets T of the
vertex set  of G* (A, KpnnKy;2mKy,mKj) . So

4488
expan(G*(A,Kqn,nKy;2mK;,mKy)) < 31933 Q

Corollary 3.38 Suppose that S is a subset of the vertex set of

44881S|(p-1S|

G*(A,KnnnKy;2mK;,mKy), and that |B(S)1 2 3593(5’)_ S1) , then Ex(S)
4488 P

234933

pIB©)! 4488

Corollary 3.39 Suppose that S is a subset of the vertex set of
G*(A KpnnKy;2mK;,mKj), and that the boundary, B(S), satisfies the
inequality 1B(S)! 29-4%%—(4%2—111 . Then Ex(S) 2% .

Proof : Let ISl = p/2 in Corollary 3.37. This value maximizes the
denominator of the formula for Ex(S), thus giving the minimum value

for Ex(S).Q

Corollary 3.40 Let S be a subset of the vertex set of
G*(A,KpnnKy;2mK;, mKj). IfS contains an uncovered half-module, that
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is to say S has vertices that belong to a half-module M, but no vertices
belong to S that are from half-modules adjacent to M, then Ex(S) = 3;444% .
Proof : If S has an uncovered half-module M, then B(S) contains all the
vertices of the half-modules adjacent to M. Since there are six half-
modules adjacent to M, B(S) contains at least 6m vertices. Yet 6m >
% By Corollary 3.38, Ex(S) > %498-38—3 .Q

Lemma 3.41 Suppose that S is a subset of the vertex set of
G*(A KnnnKy;2mK;,mKj), and that S contains a partial half-module.
Then there is a subset T of the vertex set of G*(A,Kppn,nK7;2mK;,mKj) so
that Ex(S) = Ex(T) and T contains no partial half-modules.

Proof : By Corollary 3.39, all the partial half-modules of S are covered. By

4881S!(p-1SI
Corollary 3.37, if IB(S)| = Sl(p-151) , then we do not consider the set
349 iss1SI(p-ISI)
S. So we may assume that IB(S)! < 34935; . Let M be the

vertices of some partial half-module of S. Let the set S' be the set of
vertices belonging to S along with one vertex, u, of M that is not in S.
Since M is a partial half-module of S, B(S') is a subset of B(S). Since M is a
covered half-module of S, however, the vertex u is not in the set B(S'),
but is in the set B(S). So IB(S)! = IB(S)!| —=1. Also, IS'l = IS| +1. We
now show that Ex(S') < Ex(S). Suppose this is not the case. Let b = IB(S)I
and s = |S|. We then have

y PP plb-1)
B® -B6) =5p9 - &DsD <0

By solving for b in this inequality, we have

b<§%§s-1)- whenp-2s-1>0
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0<0 whenp-2s-1=0
s(p-s)
b>z% whenp-2s-1<0.

The first two cases are clearly contradictions, since |B(S)| is a positive
integer. So we may assume that we are in the third case, thatp-2s-1<0
and thatb > %(_;El_% Employing Corollary 3.37 shows that 2488s(p-s) >b

s(p-5) 34933p
> Zszi- P Solving for s shows that the order of S must be greater than the

number of vertices in G*(A,Knn,nK3;2mK7,mK;j). This is a contradiction.
So we must have Ex(S') < Ex(S). If we repeat the process until the new set
has no partial half-modules, we have found a set T that satisfies the

conclusion to the lemma. O

Following the same process, we arrive at corresponding results for

the graph G*(A,2mK3, mKy;Kpn,nKy).

9
Theorem 3.42 Expan(G*(A,2mKj,mKj;Kpn,nKj)) < '8_7335—6 ;

Corollary 3.43 Suppose that S is a subset of the vertex set of

935 |
G*(A,2mK1,mK1;KpnnKj), and that 1B(S)| = ———g;?f—‘g'il. Then Ex(S)
935 P
= 8736 -

Corollary 3.44 Suppose that S is a subset of the vertex set of

935 935

Corollary 3.45 Let S be a subset of the vertex set of

G*(A,2mK1,mKy;Knn,nKj). I S contains an uncovered half-module, then
935

Ex(S) 2g3r -

52
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Lemma 3.46 Suppose that S is a subset of the vertex set of
G*(A,2mK1,mKy;KnnnKj), and that S contains a partial half-module.
Then there is a subset T of the vertex set of G*(A,2mK1,mKy;Kpn,nKj) so
that Ex(S) = Ex(T) and T contains no partial half-modules.

We are now prepared to find the expander coefficients of the
graphs in question, and to discuss the limits of the expanders as we take
pairs of the graphs further in the sequence.

Theorem 3.47 The expander coefficient of G*(A,KnpnnK7;2mK;,mKj) is
4488

34933 4488

Proof Assume there is a set S so that Ex(S) < 57555 . Then we know that

34933
4488 1S! 4488 2
IB(S) < 34593?;505 349[3%/;] ,since 1SI(p—-1S1)<[p/2]2. Solving
3357024m

for 1B(S)1, we see that I1B(S)| < —598660 < 5n. Since there can be no
partial half-modules, we can say that 1B(S)! < 4n. Also, by Corollary 3.4,

IB(S)! =24n. So IB(S)| =4n. Yet this implies that the boundary of the set

S is the unique minimum cut set of G*(A KpnnKy;2mKj,mKj). So the set
in question must be the set of vertices belonging to the modules to the left
of the vertices u and v in Figure 3.6. So the expander coefficient of
G*(A KnnnK1;2mKy,mKy) is -3;—;449% Q

Theorem 3.48 The expander coefficient of G*(A,2mK;,mKy;Kpn nKy) is
935
8736

9
Proof Assume there is a set S so that Ex(S) < 8—-733-55- Then we know that

935 ISI(p-1S1) 935[p/2R . .
1B(S) 1< 87361:, 577[3%1,] ,since[p/22= 1S1(p~ 1S1). Solving for

969
IB(S)!, we observe that IB(S)| < 384736 m < 5m. Since there can be no
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partial half-modules, we can say that 1B(S)| < 4m. Also, by Corollary 3.4,
IB(S)! 24m. So IB(S)! = 4m. Yet this implies that the boundary of the set
S is the unique minimum cut set of G*(A,2mKj;, mKy;Knn,nKj). So the set
in question must be the set of vertices belonging to the modules to the left
of the vertices u and v in Figure 3.6. So the expander coefficient of
. 935

G*(A,2mKj;, mK3;Knn nKj) is 36 3

Corollary 3.49 The expander coefficients of G*(A,Kpn nKy;2mKj;, mKj)
and G*(A,2mK;,mKj;KpnnKj) are different.

Corollary 350 The limit of the expander coefficients of
G*(A KnnnKj;2mKy,mKj) is 34933 -

Corollary 351 The limit of the expander coefficients of
9,
G*(A,2mKj,mKy;Kp n,nKy) is '8—7—3%

Corollary 352 The limit of the expander coefficients of
G*(A KpnnK7,2mKy,mKy) is different from the limit of the expander
coefficients of G*(A,2mKj;, mKj;Kpn,nKy).
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CHAPTER IV

THE FOLKMAN GRAPH, 2-SET COMPOSITION
AND THE EXPANDER COEFFICIENT

We have seen four families of pairs of isospectral graphs that have
unequal expander coefficients. The graphs used, however, do not model
what would be considered good networks. In this chapter, we will form a
pair of isospectral graphs that more accurately represent realistic
networks, and compute their expander coefficients.

The graph in Figure 4.1 is often referred to as the Folkman graph.
It is a 4-regular bipartite graph on twenty vertices, with each partite set
containing ten vertices. It also happens to be the smallest edge transitive
graph that is not vertex transitive. That it is a regular bipartite graph
makes the Folkman graph a candidate to use for 2-set composition
resulting in cospectral graphs. Since we are also interested in isospectral
graphs, we will need to chose as modules graphs that will result in
regular graphs after the composition is performed. We will again use a
complete graph, K, and an empty graph, mKj. Since the Folkman graph
is 4-regular, each vertex in a K, module will be adjacent to all the vertices
in four mK; modules, or 4m vertices, along with n-1 vertices from its
own module. Any vertex in an mK; module will only be adjacent to the
vertices of four K, modules, or 4n vertices. For the resulting graph to be
regular, m and n must satisfy 4m + n- 1 =4n, or 4m = 3n + 1. The

55



56

smallest non-trivial solutions to this equation are m =4 and n = 5. The

graphs are then 20-regular and each have order 90.

Figure 4.1

Lemma 4.1 Let G be the Folkman graph, and let A be the partite set of G
containing the vertex u in Figure 4.1. Then the graphs G(A,K5;4Kj) and
G(A,4K1;Ks) are isospectral.

Proof By the discussion above, the graphs are both 20-regular. That the
graphs are cospectral is a result of Theorem 1.2. That they are isospectral
is a result of Theorem 1.4.Q

Now that we determined that the two graphs are isospectral, we
need to compute the expander coefficient of each graph. The arguments
are similar to those of Chapter HI, but it is more difficult to establish that
the expander coefficient is what we claim it to be. We first compute a
value for Ex(S) for a certain set S. We then find an upper bound on the
order of the boundary of any set that might improve the computed value
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of Ex(S). We can then assert that for any subset T of the vertex set of
either graph that contains partial modules, there is another set, T', with
no partial modules so that Ex(T') < Ex(T). We then examine possible cut
sets of the 2-set composition graphs to see that no other set T provides a

value of Ex(S) smaller than the value we claim it to be.

Lemma 4.2 The graphs G(A Ks;4K;) and G(A,4K1;Ks) are 16-connected.
Proof It is easily seen that the graph G is 4-connected. If the vertices of
the modules associated with the vertices that are shaded in Figure 4.2 are
removed from the graph G(A Ks5;4Kj), the result is disconnected graph.
So the connectivity of G(A Ks;4Kj) is at most 16. The minimum number
of vertices of the graph G(A Ks;4K)) that are associated with four vertices
of G is 16. Also, any minimal cut set of G with more than four vertices is
associated with more than 16 vertices in the graph G(A,Ks;4K;). The
connectivity of G(A Ks;4K3) is 16. Similarly, for the graph G(A,4K1,Ks),
the vertices of the modules associated with the vertices of G shaded in
Figure 4.3 is a cut set of G(A,4K1;Ks) of order 16, and a similar argument
shows that the connectivity of G(A,4Ky;Ks) is 16. O

We first examine the graph G(A,Ks;4Kj), and then address the
graph G(A,4K1/Ks).

45
Lemma 4.3 Expan(G(A,Ks54K3)) < 55 -

Proof Let S be the set of vertices of G(A,K54K;) containing all the
vertices of the modules associated with the vertices of G indicated by
Figure 4.4. Then IS| =64, |B(S)| =16, and p- IS| =26. Computing Ex(S)

57
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for this set yields the value above. Yet expan(G(A,Ks;4K7)) is the
minimum of Ex(T) taken over all nonempty proper subsets T of the

vertex set of G(A,Ks;4Kj). So expan(G(A Ks;4K1)) < %g— Q

Figure 4.3

Corollary 4.4 If S is a subset of the vertex set of G(A Ks;4K3) and IB(S)! >

ISI(90 -~ IS1) 45
—or then Ex(S) 255
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Proof Solve the following inequality for IB(S)!.

9IBS)I 9
Ex(S) = 15T@0- 15N 2104+ O

Corollary 4.5 If S is a subset of the vertex set of G(A,Ks;4K1) and IB(S)! >
20, then Ex(S) = g_—

Proof Let IS| =& = 45 in Corollary 4.4. This value maximizes the
denominator of the formula for Ex(S), thus giving the minimum

possible value for Ex(S). Q

Corollary 4.6 Let S be a subset of the vertex set of G(A Ks4K;). If S
contains an uncovered 4K; module, then Ex(S) > -g%

Proof If S contains such an uncovered module, say M, then B(S)
contains all the vertices of the modules adjacent to M. Since each of
these modules is a copy of Ks, | B(S)! =20, and by Corollary 4.7, Ex(S) > i;g-
Q
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Lemma 4.7 If Sis a set of vertices in G(A,Ks;4K1) with more than one
partial module, then there is some subset of the vertex set of
G(A K5:4K1), say S', containing at most one partial module which
satisfies IS| = 1S'l and IB(S)| < IB(S)!.

Proof A process will be defined that, when repeated, will yield the
desired set S. By the hypothesis, there are at least two partial modules,
M;j and Mj, of the setS. Let u be a vertex of Mj thatis not in S and let v
be a vertex of M thatisinS. LetS'=S5 - {v} + {u} . We will discuss two
cases.

Case 1: One of M; and Mj is covered. It is noted here that, for this
discussion, a module that is a copy of Ks covers itself. Without loss of
generality, let M be the covered module. Then B(S') is no larger than
B(S), since u is in B(S) but not in B(S'), and v is not in B(S) but may be in
B(S). Also, if M is then empty and there is some empty module M3
that is then left uncovered, B(S') is smaller still. Repeat this process
until M; is no longer a partial module, or until S and M; share no
vertices.

Case 2: Neither Mj nor M are covered and they are each copies of 4Kj.
Then IB(S)! < IB(S)! . Repeat until M is no longer partial or until M,
and S share no vertices.

By repeating this process, a set S'is formed satisfying the conditions set
out above, that has at most one partial module.
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Corollary 4.8 Let S be a subset of the vertex set of G(A,K5;4K;). If S
contains an uncovered Ks module, say M, and B(S) contains all the
vertices of some module not adjacent to M, then Ex(S) = g—g

Proof If S contains such an uncovered module, then B(S) contains all
the vertices of the modules adjacent to M. Since each of these modules
is a copy of 4Kj, | B(S) 1= 16. Yet, B(S) contains some module not adjacent
to M. This implies | B(S)! = 16 + 4 = 20. By Corollary 4.7, Ex(S) > g—;— Q

Lemma 4.9 LetS be a subset of the vertex set of G(A,Ks;4K;) that has a Ks
module that is not covered by some other module. Then Ex(S) = %%
Proof Suppose S contains an uncovered Ks module, say M. By Corollary
4.9, B(S) can contain no modules other than those adjacent to M. By
inspection of the graph G, it is clear that S must either (i) contain all the
vertices associated with the modules indicated by the Figure 4.5, less up
to four vertices, since S may have up to one partial module, or (ii)
contain all the vertices of one of the modules, and any of the vertices of
the other module, indicated by Figure 4.6. These possibilities are due to
the fact that the boundary cannot contain ail the vertices of any module
not adjacent to the uncovered copy of Ks, and that B(S) needs to be a cut
set, by Corollary 3.4. In the first case, the smallest numerator possible for
Ex(S) is (90)(16), by Corollary 3.4 and the fact that the connectivity of this
graph is 16. The largest denominator possible is (65)(25), since the set S
would contain all the vertices of the modules indicated in Figure 4.5, less

16
up to four vertices. So Ex(S) = %2-5% in this case. In the second case,
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the numerator is again as small as possible. If any vertex of S belonged to
a module other than those indicated by Figure 4.6, the boundary would
contain at least one more module, which cannot happen by Corollary 4.9.
Also, any vertices of S may belong to the other indicated module, since
these two modules have identical neighborhoods. The largest possible
denominator is then (80)(10), and Ex(S) = gg;%‘g) > % in this case.

Q
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Corollary 4.10 If a subset S of the vertex set of G(A,Ks;4K;) satisfies the
45
conditions of Lemma 4.9, then Ex(S) = %5-

Lemma 4.11 For any set S with one partial module M in the graph
G(A/K5:4K;), there is a set S’ with no partial modules such that Ex(S) >
Ex(S').

Proof : By Lemma 4.7, S has at most one partial module. If it does not
have any, we are done. So assume S contains one partial module By
Corollary 4.6 and Corollary 4.10, any set S that might satisfy Ex(S) < =5 has
no uncovered partial modules. By Corollary 44, if IB(S)! > 1S l( ?% ,
then we do not consider the set S. So we may assume that lB(S)I <
E—‘—%’gi@ . Let M be the vertices of the partial module of S. Let the set
S' be the set of vertices belonging to S along with one vertex, u, of M that
isnot in S. Since M is a partial module of S, B(S') is a subset of B(S).
Since M is a covered module of S, however, the vertex u is not in the set
B(S), but is in the set B(S). So IB(S)| = IB(S)! —1. Also, IS'l = 1SI +1.
We now show that Ex(S) < Ex(S). Suppose this is not the case. Letb =
IB(S)| and s = |S]. We then have

90b 90(b-1)

Ex(S) - Ex(S) = 55075y ~ a0 < -

By solving for b in this inequality, we have

-5(90-

b< 9%—23—51) when 89 ~-2s>0
0<0 when 89 -2s=0
s(90-s)
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The first two cases are clearly contradictions, since {B(S)! is a positive
integer. So we may assume that we are in the third case, that s and b
satisfy 89 - 2s < 0 and thatb > -s%(i%) . Employing Corollary 4.4 shows that

s(?g;s) >b> s(%oé%)- . Solving for s shows that the order of S must be

greater than the number of vertices in G(A,Ks5:4K;). This is a
contradiction. So we must have Ex(S') < Ex(S). If we repeat the process
until the new set has no partial modules, we have found a set T that

satisfies the conclusion to the lemma. Q

Following the same process, we find some corresponding results
for the graph G(A,4K1;Ks). However, some preliminary comments are
needed. In a graph H, we may subdivide an edge uv by removing the
edge uv of H, and adding a vertex w along with the edges uw and vw.
The subdivision graph of H, denoted SH, is the graph formed by
subdividing each edge of H. If we let the set A be the vertices of SKs that
are the original vertices of the Ks, then SKs(A,8K;3;Ks) and G(A,4K7;Ks)
are isomorphic. In some of the following results, it is more helpful to

view the graph G(A,4K;Ks) as the graph SKs(A,8K1,Ks).

{16)(90)
1449 -
Proof Let S be the set of vertices of G(A,4Ky;Ks) containing all the

Lemma 412 Expan(G(A,4K1;Ks)) <

vertices of the modules associated with the vertices of G indicated by
Figure 4.7. Then 1S1 =69, |B(S)| =16, and p~ S| =21. Computing Ex(S)
for this set yields the value above. Yet expan(G(A,4KyKs)) is the
minimum of Ex(T) taken over all subsets T of the vertex set of

G(AAKKs). So expan(G(A 4K1iKs) < Ti? .
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Corollary 4.13 If S is a subset of the vertex set of G(A,4K1;Ks) and 1B(S)| >

161S1(90 - ISI 16)(90
81(229 5 ),thenEx(S)z—-——( 1‘1‘(19).

Proof Solve the following inequality for |B(S)I.

%0IBS)  (16)(90)
Ex(S)=T5T@0- 15> 1449 -

Corollary 4.14 If S is a subset of the vertex set of G(A,4K3;Ks) and IB(S)| =

16)(90
23, then Ex(S) = (111(49) .

Proof Let IS| = g- = 45 in Corollary 4.6. This value maximizes the
denominator of the formula for Ex(S), thus giving the minimum value

for Ex(S).Q

Corollary 4.15 Let S be a subset of the vertex set of SK5(A,8K1,Ks5). If S

contains an uncovered 8K; module, and all the vertices of some other
(16)(90)

module, then Ex(S) = 1449 -

Proof If S contains such an uncovered module, say M, then B(S)

contains all the vertices of the modules adjacent to M. Since each of

65
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these modules is a copy of Ks, |B(S)| =20. If B(S) also contains all the

vertices of some other module, then I1B(S)| = 24, and by Corollary 4.14,

Ex(S) = % Q

Corollary 4.16 Let S be a subset of the vertex set of SK5(A,8K;Ks). If S

contains an uncovered Ks module, say M, and B(S) contains all the

vertices of some two other modules not adjacent to M, then Ex(S) >
(16)(90)
1449 -

Proof If S contains such an uncovered module, then B(S) contains all

the vertices of the modules adjacent to M. Since each of these modules
is a copy of 8Kj, IB(S)1=16. Yet, B(S) contains some two modules not

adjacent to M. This implies |B(S)! > 16 + 8 = 23. By Corollary 4.14, Ex(S)
(16)(90)
71449

Lemma 4.17 If S is a set of vertices in SK5(A,8K1,Ks) with more than one
partial module, then there is some subset of the vertex set of
SKs5(A,8K1;Ks), say S, containing at most one partial module which
satisfies S| = IS'l and IB(S) | < IB(S)! .

Proof The proof of this lemma is identical to that of Lemma 4.7.Q

Lemma 4.18 For any set S with one partial module M in the graph
SKs(A,8K1,Ks), there is a set S’ with no partial modules such that Ex(S) >
Ex(S".

Proof Let M be a covered partial module in SK5(A,8K1,Ks) . The same
argument as used in Lemma 4.11 carries over, with slightly different

constants. Now suppose the module M of the set S is an uncovered
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partial module. If IB(S)| = 23, we do not consider this set. So 16 <
IB(S)I <22. If M is a copy of Ks, it covers itself and this case was
handled earlier. If M is a copy of 8Ky, then IB(S)! =20. Since M is the
only partial module, 1B(S)| =20. This occurs when the set S consists of
all the vertices of the modules of SKs(A,8Kj,Ks) indicated in Figure 4.8 or
Figure 4.9. If S is the set indicated by Figure 4.8, S= M. This implies that
1< 1Si <7. In this case, Ex(S)z%;)-))%-)' and so Ex(S) 2%62%(;). If S is the
set indicated by Figure 4.9, S=V(G) - (B(S) + M - S ). This implies that

I1S1 263, and Ex(S) = gg;g%— > (lf 115390) . So either Ex(S)= %—l or, as in

Lemma 4.11, there is another set S' that has no partial modules and Ex(S)
2 Ex(S).Q

We are almost to the point where we can compute the expander
coefficients of the two graphs G(A Ks;4K;) and G(A,4K3,Ks). Before we
do, we need to discuss what minimal cut sets in the Folkman graph look
like. As was earlier noted, the Folkman graph is 4-connected. The only
cut sets of the Folkman graph of order four are the vertices adjacent to
any one vertex. Any minimal cut set with five vertices must be the
unique set (up to symmetry) indicated by the shaded vertices of Figure
4.8. Now we compute the expander coefficients of the graphs

G(A,Ks;4Ky) and G(A,4K1;Ks).

45
Theorem 4.19 The expander coefficient of the graph G(A,Ks;4Kj) is -
Proof We already have seen, in Lemma 4.3, that expan(G(A,Ks;4K7)) <
90 90
104 - Also, any set S that might satisfy Ex(S) < 757 must satisfy 1B(S)! <

19. By Corollary 3.4, B(S) must be a cut set of G(A Ks;4K1), which would
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contain a minimal cut set of G(A,Ks;4K;). All minimal cut sets of
G(A Ks5;4K1) are vertices contained in the modules of minimal cut sets of
G, as in Theorem 2.4. Any minimal cut set of G(A,Ks;4K;) with five or
more vertices then contains at least 22 vertices. So the boundary of a set S
that might satisfy Ex(S) < 5024- cannot have a boundary containing more
than four modules. If B(S) is a cut set containing four copies of Ks then
IB(S)| =20 and again this case is not considered. The only other subsets
of the vertex set of G(A,Ks;4K1) left under consideration are the vertices
of the modules associated with the vertices shaded in the graph of Figure
4.6 or Figure 4.4. The first set, however, has Ex(S) = g—g—;—%% > %&- . The

other set is the set used to establish Lemma 4.3. So expan(G(A,Ks;4K1)) =
90
104-4

Theorem 420 The expander coefficient of the graph G(A,4K;Ks) is
(16)(90)
1449 -
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Proof We already have seen, in Lemma 4.12, that expan(G(A,4K1,Ks)) <

16)(90 %0
( 12519 ). Also, any set S that might satisfy Ex(S) < Joz must satisfy 1B(S)1

< 22. By Corollary 3.4, B(S) must be a cut set of G(A,4K1;Ks), which would

contain a minimal cut set of G(A,Ks5;4K;). All minimal cut sets of
G(A,4K71;Ks) are vertices contained in the modules of minimal cut sets of
G, as in Theorem 2.4. Any minimal cut set of G(A,4K1,Ks) with five or
more vertices then contains at least 23 vertices. So the boundary of a set S
that might satisfy Ex(S) < (1%%02 cannot have a boundary containing
more than four modules. If B(S) is a cut set containing four copies of Ks
then |B(S)| =20. The only subsets of the vertex set of G(A,4K1;Ks) in this
situation under consideration are the sets consisting of the vertices of the
modules associated with the vertices shaded in either graph of Figure

4.12. The values of Ex(S) in these two cases are ((%80))((;20)) and g%gg; , each

16
of which is larger than ( 1 ii990) . The only other subsets of the vertex set

of G(A,4K1,Ks5) left under consideration are the vertices of the modules

associated with the vertices shaded in either Figure 4.9 or Figure 4.7. The

16)(90
first set, however, has Ex(S) = ({’5(;)((8156)) 2 ( 1 229 ). The other set is the set

16)(90
used to establish Lemma 4.12. Therefore expan(G(A,4K1;Ks)) = (_Ti%l

In this dissertation, we have defined two compositions that can be
used to construct cospectral graphs, and described some of the properties
of those graphs. We have also answered the question whether or not
isospectral graphs must have equal expander coefficients. We have seen
four infinite families of isospectral pairs of graphs with unequal expander

69

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



70

coefficients, and also a pair of isospectral graphs that more realisticaily
represent networks, and that have unequal expander coefficients.

There are more questions that might be answered. Can the
Folkman graphs be used to form another infinite family of isospectral
graphs with unequal expander coefficients? Such a family would be easy
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to define, but the computation of the expander coefficients is more
difficult. What about the other definitions of the expander coefficient?
Can the compositions introduced here be used to answer the same
questions? Also, there are many other parameters of graphs that are at
least bounded by the spectrum of the graph. How different can those
parameters be? The constructions defined here might be useful in

exploring these questions.
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