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GRAPH PRODUCTS AND COVERING GRAPH IMBEDDINGS

Ghidewon Abay Asmerom, Ph.D.

Western Michigan University, 1990

In this dissertation, several graph products of the form H * G, with vertex set
V(H *G) = V#H) x V(G), are investigated. Throughout the dissertation the second
factor, G, is assumed to be a Cayley graph G, (I), for a finite group I" and a
generating set A. Each such graph product is regarded as an [I'-fold covering graph
of a voltage graph H™, obtained by modifying the first factor H according to the
product * and the graph G.

Chapter I gives a brief history of the graph products that exist in the literature. It
also gives an overview of the graph-theoretic terms used in this dissertation with special
emphasis on terms of topological graph theory.

In Chapter II new graph products are defined, and the modifications needed to
see H * G as an I[-fold covering graph of a voltage graph H' are justified. Together
with this, examples are given showing the different graph products and their
corresponding H'. A new imbeddin g technique called the surgical-voltage method is
introduced and for comparison an example for each of the three familiar methods is
presented.

Chapter Il is devoted muostly to establishing necessary and sufficient conditions
for the connectedness and bipartiteness of the newly defined graph products. In
addition a table containing the sizes of the graph products in terms of the sizes and
orders of the factors is given. The last section of ihis chapter deals with the study of

small order graphs relative to these graph products.

b
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In Chapter IV several genus formulae are established using the new imbedding
technique developed in Chapter II. As a corollary of one of the results a short proof
for the genus of the famous n-cube (whose genus was established by Ringel in 1955,
and later independently by Beineke and Harary) is given.

The first section of Chapter V gives isogonal imbeddings of some graph
products. In the second section examples are given showing how the new method of
graph imbedding can be used in geiting an upper bound for the genus of a product

graph_ Tn the last chapter some open problems are mentioned.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



INFORMATION TO USERS

The most advanced technology has been used to photograph and
reproduce this manuscript from the microfilm master. UMI films the
text directly from the original or copy submitted. Thus, some thesis and
dissertation copies are in typewriter face, while others may be from any
type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

University Microfiims Internationatl
A Beit & Howell Information Company
300 North Zeeb Road. Ann Arbor. Mi 48106-1346 USA
313 761-4700 800 521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Order Number 9112077

Graph products and covering graph imbeddings

Abay Asmerom, Ghidewon, Ph.D.

Western Michigan University, 1990

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Ij\
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




For my parents Abay and Letegerges,
who gave up every thing for iheir children's education,

my sister Hiwet,
whose sacrifice changed my educational life,

and

In memory and honor of all Eritrean students,
who, because of war and displacement, did not get the opportunity to
continue their education.

ii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ACKNOWLEDGEMENTS

First and foremost, I wish to thank Professor Arthur T, White, my advisor and
committee chairman, for his encouragement, patient advice, and constructive criticism
in writing this dissertation. It is indeed an understatement when I say that I appreciate
all the time he has given me beginning with the time he became my program advisor
and later as my dissertation advisor. By taking classes he taught and working on this
project under his supervision, I have learned much about how mathematics should be
communicated efficiently, using the English language, both in the classroom and in
writing.

My gratitude goes also to Professor Shashi F. Kapoor, my second reader; besides
diligently reading my work and giving me insight, he also gave me all the technical
help and advice I needed in typing this project. Not only did he spend several hours
helping me overcome problems I encountered drawing the graphs of this project, but
he also allowed me to use his office and computer for some of them.

1 also thank Professors Alfred J. Boals, Erik A. Schreiner and Kung-Wei Yang for
taking time out of their busy schedules to serve on my committee. I am grateful for
their suggestions and comments.

I have also benefited greatly from teachers who encouraged my curiosity for
mathematics both in high school and college. Particularly, I wish to acknowledge
Professor Samuel E. Cole, my advisor for my undergraduate studies. By his ability as

a teacher, dedication as an administrator, and extraordinary speed as a problem solver

was a great source of inspiration. I would also like to thank all the faculty and fellow

students at Western Michigan University, who, in one way or another, made my study

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Acknowledgements — Continued

here an enjoyable one. I would like to give special thanks to Professors Gary
Chartrand, Dennis Pence and Arthur T. White who, as supervisors of the classes I
taught, shared with me their teaching principles, principles that I admire and cherish.
In addition I am grateful for Professor Chartrand's continuous encouragement.

The financial aid I got from the Department of Mathematics and Statistics
Department at Western Michigan University has been of great help in finishing this
project. Thus I would like to thank the Department, the former chairman of the
Department, Professor Joseph Buckley, and the current chair, Professor Yousef Alavi,
for giving me the maximum help they could.

Most important of all, I am grateful to my brother Ogbazgy and his family, my
sister Hiwet, my uncle Ghebrelul, my aunt Kibra, and all the other relatives and
friends who were always there for me when I needed them. Two other people worth
mentioning here are Dr. P.J. Malde for giving me the first formal definition of a graph,
and Hagos Kafil for convincing me to stay in Kalamazoo, by saying the first " ajoka,” a
Tigrifia word of encouragement.

Last but not least, I am indebted to my sister Lidya, for her understanding and
patience throughout the time of this research. Her encouragement has sustained me in
all my difficult times. For my roommates, James O. Fadele and Miguel A. Martinez,
who, without complaining of my irregular work and study hours, gave me a lot of

encouragement, the least I can do is to say thank you.

Ghidewon Abay Asmerom

iv

.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

ACKNOWLEDGEMENTS .....cccoiiiiiiiiiiiiinieniiieiiieeeiieeiniieeeiaeasenns iii
LISTOF TABLES ..ottt et ea e nees vii
CHAPTER

I.  INTRODUCTION ...oiiiininiiuiiiiininiinniientiennennsieiiieeanenaannes 1
0 B 5 613 o) o OO PPPR L
1.2 General Graph Theoretic Definitions and Results ............... 3

1.3 Topological Graph Theory: Preliminary Definitions and
RESUILS 1viuinieniieiiiieiiieeii e 4
II. GRAPHPRODUCTS DEFINED .......ccoiiuiiiniinieniiiniiiinennnnens 8
2.1  Graph Products: an Overview ...........cocoeeviiinininnanonn, 8
2.2 Graph Products Using Factor Edges ...............co.coeviiinnnn. 8

2.3 Graph Products Using Complementary Edge Modification .... 11

2.4 Imbedding Techniques for Graphs .............ccooiiiiiiinis 13
2.5 Surgical-Voltage Imbedding Technique ...........coeevuinne. 21
III. BASIC PROPERTIES OF GRAPH PRODUCTS .........cccoieniinnnn. 40
3.1 Degrees and Sizes .........ceviiviniiiiiiniiiiiiiis 40
3.2 Connectedness of Graph Products ...........cccooeeiiveinininns 43
3.3 Bipartiteness of Graph Products ..............cooiiiiiiiiinnn. 51
3.4 Some Observations on Small Order Factors .........cco.cu.... 59

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Table of Contents — Continued

CHAPTER
IV. GENUS IMBEDDINGS OF PRODUCT GRAPHS ......cceeee. 66
4.1 The Tensor Product .......coovveviieiiiiniiiiiiniiiniieienaen, 67
4.2 The Augmented Tensor Product .........cccovvveveiininininnniaen, 78
4.3 The Lexical and Sublexicographic Products ..................... 86
4.4 The Rejection, Exclusion, and Total Exclusion .................. 92
4.5 The Strong Tensor Product .......cccccoccviiviiiiiiiniiiinnnne 96
V. ISOGONAL IMBEDDINGS AND GENUS UPPER BOUNDS ....... 111
5.1 Isogonal Imbeddings ..........icocveiiiiiiiiinininiiiaiiinennn... 112
5.2 Application to Genus Upper Bounds .......ccocerevinnnnnenns 120
VI. OPENPROBLEMS ....cocoiiiiuiiiiniiiiiiiiiinniiiiieeee e 125
REFERENCES . ...oiiiiiiiiiiiriiee st atitteiiastiotsenttatsraeateansanaaeans 127

3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF TABLES

2.1 Symbols and Edge Types of the First Ten Graph Products ............ 10
2.2 Symbols and Edge Types of the Next Six Graph Products ........... 12
2.3 Modifications of the Vertices and Edges of the First Ten Graph

Products ....cccociiiiiiiiiiiiiiiiii it e 22
2.4 Modifications of the Vertices and Edges of the Next Six Graph

ProducCts c.veiuiiinininiiiiii i e e 34
3.1  The Degrees of Vertices and Sizes in Graph Products .................. 44

vii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




CHAPTER 1
INTRODUCTION

1.1 History

As one begins to study graphs, an important question to ask is how to produce
a new graph from those that are well known, and how to "break up" a given graph into
familiar ones. Decomposition and factoring are some of the methods associated with

the latter. There are several binary operations used for the former.

In this research we examine and study how to produce new graphs from given
graphs. We first consider some of the known graph products for two graphs H and G.
We then introduce some interesting new ones. These are two matters that we consider.
In particular, special attention will be given to an imbedding technique for graph

products.

Throughout our discussion, the vertex set of a graph product H*G of two
graphs H and G, will be V(H) x V(G), the cartesian product of the two vertex sets
V(H) and V(G). There are several graph products that have been studied over the
years. Among these are: the cartesian product (Sabidussi [23]); the
lexicographic product, some times known as composition, (Harary [11] and
Sabidussi [22]); the tensor product (Weichsel [31]); the disjunction, symmetric
difference and rejection (Harary and Wilcox [12]); the strong cartesian
product defined earlier by Sabidussi and studied further by White ([23], [29], {30]);

the strong tensor product defined and studied by Garman, Ringeisen and White

[8]; and the augmented tensor product (White [28]).

1

3
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In most of these, except for [8] and [28], the focus of the study was on defining
and studying various properties other than those connected with imbeddings. As
research in topological graph theory increased, researchers showed interest in
answering questions related to genus imbeddings and related topological gquestions
about graph products. Some of these were: Ringel in 1955 ([19]) worked on the
genus of Qp, the n-cube, which can be defined as a repeated cartesian product of K,
the complete graph on two vertices. He found the genus of Qptobe 1 + 2“'3(n -4)
for n 2 2. The same result was established by Beineke and Harary in 1965 ([3})
using a different method. Ringel's method was the use of rotation schemes, while that
of Beineke and Harary was surgery. White, in 1970, using surgery similar to that of
Beineke and Harary, worked on the genus of repeated product of bipartite graphs ([25]).
He also worked on the genus of the general product ([29]) and the lexicographic
product ([26]). Garman, Ringeisen and White in 1976 studied the genus of the Strong
tensor product ([8]). Additional work has also been done on the cartesian product by
Pisanski ([17]), Mohar, Pisanski, and White ([16]), and on the tensor product by
Zoleznik ([32]). In 1985 White, while working on the genus of the repeated cartesian
product of three triangles ([15]), introduced a new imbedding technique and reported
several results on previously defined graph products and a "new” product, tie
augmented tensor product ([28]). In this technique, the second factor of the two graphs
in a graph product is assumed to be a Cayley graph. This technique will be the one that
we use in this research for the purpose of finding graph imbeddings and, when

possible, a minimal one for a given graph product.
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1.2 General Graph Theoretic Definitions and Results

We present a few definitions and working notations that will be needed
throughout our discussion. This list of definitions and results is not exhaustive.
Several other important definitions and results will be mentioned in later sections and
chapters when the need for them arises. For any other definitions and results that are

not mentioned here the reader is referred to Chartrand and Lesniak [5] and White {24].

A graph G consists of a finite nonempty set V(G) of vertices together
with a possibly empty set E(G) of unordered pairs of distinct vertices called edges.
An edge joining vertex u and v will be denoted by uv. The notations IV(G)l, p(G),
and p when there is no confusion, will be used to denote the cardinality of the vertex
set V(G) of G. This number will be called the order of G. The size of G is the
cardinality of the edge set E(G) and will be denoted by IE(G)l, q(G) and, when itis
clear which graph we are talking about, simply as q. A loop is an edge of the form
uu, where u is a vertex, and a multiple edge is an edge that appears more than once
in E(G). If the edge set E(G) admits loops and/or multiple edges then G is called a
pseudo-graph. A walk of a graph G is an alternating sequence of vertices and
edges v, VoV, V1, .-+ Vp1» Vn-1Vn» Voo A path is a waik of distinct vertices, and
a closed walk with n >3 distinct vertices is a cycle. A cycle is said to be even if it
has an even number of vertices. We say a graph G is connected if for any two
vertices u and v of V(G) there exists a path joining u and v. A bipartite graph

G is a graph whose vertex set V(G) can be partitioned into two nonempty subsets

V, and V; so that every edge of G has one vertexin Vy and the otherin V.
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The following notations will be used in this paper: P, for the path of n vertices;
C,, for the cycle of n vertices, ( n = 3); K for the complete graph of n vertices;
KP1vP2’~-- py, for the complete n-partite graph with n partite sets having orders pj,

p2, ceny pn. If pi =1m, 1 < ig n, we Wl’itc Kpl,pz’ Ve ’pn as Kn (m).

Theorem 1.2.1 (The first theorem of graph theory, see [5], p.7). For any graph

G, 29 = 2, deg(u), wheredeg(u)=!{ve V(G)luve E@G) .
ue V(G)

Theorem 1.2.2 (see [5], p.34) A nontrivial graph G is bipartite if and only if all its

cycles are even.

1.3 Topological Graph Theory: Preliminary Definitions and Results

In this section we give some of the frequently used definitions and results of
topological graph theory, deferring others for later mention as we need them. Others

that are not mentioned here can be found in White [24].

By a surface we mean a compact orientable 2-manifold. It is known that every
surface M is homeomorphic to a sphere with ¥ (= 0) handles. In this case, we write
M =Sy and say that M has genus Y. A graph G is said to be imbedded in a surface
M, if it is "drawn" in M so that edges intersect only at their common vertices. The
components of M — G are called regions of the imbedding. A region of an imbedding
of a graph G in a surface M is said to be 2-cell if it is homeomorphic to the open unit
disk. If every region for an imbedding is a 2-cell, the imbedding is said to be a 2-cell
imbedding. If G is 2-cell imbedded in Sy we will denote it by G <Sy. The
number of regions of an imbedding will be denoted by r, and r; will stand for the

number of regions having i sides. The genus, Y(G), of a graph G is the minimum
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genus among all surfaces in which G can be imbedded. An imbedding of a graph G in
a surface S is said to be a minimal imbedding if Y(G) =k. A 2-cell imbedding is
said to be triangular, quadrilateral or n-gonal if r=r13, r=rgorr=r1,(n23)

respectively.

The following three theorems can be found in White [24] (p. 48 & 62):

Theorem 1.3.1 Let G be a connected graph 2-cell imbedded in Sy, with p vertices,
q edges, and r regions, then

p-q+r=2-2k

Theorem 1.3.2 Suppose a graph G having a minimum degree of at least three is
2-cell imbedded in a surface Sg. Let Vj stand for the number of vertices of degree i

and let ij be as defined above, then

p = ZVi; r=2ri; ZiVi=2q=Ziri
i23 i=23

i23 i3
Theorem 1.3.3 Let G be a connected graph, withp =3, then

Y6 23 -5+ 1.

Furthermore, equality holds if and only if G admits a triangular imbedding.

The girth g(G) of a graph G with at least one cycle is the length of the shortest

cycle in G. The following result is a generalization of the above theorem.

Theorem 1.3.4  Let G be a connected graph with girth g(G) 2n, n23; then
¥G) 2G-Dg -5+ 1,

with equality holding if and only if we have a minimal n-gonal imbedding for G.

¢
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Corollary 1.3.5 Let G be a connected bipartite graph, then Y(G) 2 % —% +1

with equality holding if and only if G has a quadrilateral imbedding.

Theorem 1.3.6 (Battle, Harary, Kodama and Youngs; [4]) Let G be a graph with

G1, G2, ..., Gy as its components; then
n
¥G) =2, %Gy
i=1
The following corollary follows from Corollary 1.3.5 and Theorem 1.3.6.

Corollary 1.3.7 Let G be a bipartite graph with a quadrilateral imbedding and with

n(c) number of components, then
nG)= 3 - 5 + n(o).

Definition 1.3.8 A function p: X — X from one path connected topological space
to another is called a covering projection if every point x € X has a neighborhood
U, which is evenly covered. This means that p maps each component of p'l(Ux)
homeomorphically onto U,. If Y ¢ X and Y < X is such that p maps Y
homeomorphically onto Y, we say that Y liftsto Y. Wecall X a covering space

for X. (See White [24] p. 157).

It is known that Ip'l(x)l is independent of x € X. If Ip'l(x)I = n, then

p is said to be an n-fold covering projection.

Definition 1.3.9 A function p: X — X from one path connected topological space

to another is called a branched covering projection (and X is a branched

covering space of X) if there exists a finite set B < X such that the restricted
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function p: X — p1(B) — X - B is acovering projection. The points of B are

called the branch points. (See White [24] p. 159).

In Chapter II, we define several graph products; some have been used
before, while others are new. We will give examples illustrating some of the known
graph imbedding techniques and graphs showing the different graph products. In
Chapter 01, we will give necessary and sufficient conditions for the connectedness and
the bipartiteness of the graph products discussed in Chapter II. In Chapter IV, several
genus imbeddings for graph products will be given. All these are achieved by using an
imbedding technique called surgical-voltage graph theory. The first section of Chapter
V will be devoted to establishing isogonal imbeddings, while the second section will
show how the new imbedding technique can be used in establishing good genus upper

bounds. The last chapter gives some open questions.
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CHAPTER II
GRAPH PRODUCTS DEFINED

2.1 Graph Products: an Overview

There are numerous ways to define a graph product on two given graphs H and
G. In all of the graph products that we will be discussing, the vertex set of H*G, the
graph product of H and G, will be the cartesian product V(H) X V(G) of the vertex
sets of H and G respectively. Depending on how the edge set is defined, there are
exactly 256 distinct graph products; of course, some of these are not as interesting as
others and some might be more commonly encountered than others. It is not our
intention here to consider all products. We will focus on the graph products that we
think are interesting from a topological point of view. Some are very familiar, some

will be new.

As was mentioned above, we will consider only a fraction of the possible 256
graph products. We organize our graph products, for the sake of clarity, into two
groups: those that can be defined by modifying edges and vertices of H and those that
require modifying complementary edges of H. We will focus on the former in Section

2, while the latter will be discussed in section 3.

2.2 Graph Products Using Factor Edges

If H and G are two given graphs, the graph products involving H and G
that we are going to discuss will have a vertex set VH * G) = V(H) x V(G). We

define five types of possible edges {(u;,vq) (up,v9)} for these products:

8
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(i) wup=uy and vivy € E(G);
(G1)) vi=v2 and ujuy € E(H);

(iif) uiup € E(H);

(iv) ujup € EGH) and vivz € E@G);

(v) vi#vy and ujur € E(H).

We note that we can have added vivy € E(G) fortype (iii) andu; # up
and vyv4 € E(G) for type (v), but the listed five will prove to be sufficient for the

products that we are going to consider in this section.

By taking one or more of the above five types we define ten graph products as

given in Table 2.1.

We should mention here that the cartesian, tensor, strong tensor, augmented
tensor, strong cartesian, and lexicographic products appear in the literature ([23], [31],
[81, [28], [23], and [11]), respectively. Replication is usually mentioned as the union
of IV(H)I disjoint copies of G; it is mentioned here for the sake of comparison in
what is going to follow. We will not have much to say about it. It is clear that edge
type (iii) is abstractly redundant, for it can be replaced by (ii) and (v); we maintain it

for ease of expression.

Remark 2.2.1 H® G = G ® H.

Thus we see the augmented tensor product is abstractly redundant, but
because we are going to insist on making the second factor a Cayley graph we keep

both products under consideration. This will also prove to be helpful in Chapter IV

when we try to find genus imbeddings for the two graph products.
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Table 2.1

10

Symbols and Edge Types of the First Ten Graph Products

Name Symbol Edge Type

1. Replication V)G @)

2. Cartesian Hx G (), (i)

3. Tensor H® G (@iv)

4, Strong Tensor H®G ), (iv)

5. Augmented Tensor H® G (i), (iv)

6. Strong Cartesian HxG @), (1), (iv)

7. Lexical H®. G W)

8. Strong Lexical H®.G @, ¥

9. Sub Lexicographic H®; G (i) or (i), (V)
10. Lexicographic H[G] (1), iii) or (1), (iD), (v)

We end this section by defining a Cayley graph. Given a finite group I" with

aset A of generators of I', the Cayley color graph C(I') has vertex set T,

with (g, g) a directed edge (our pair of vertices are ordered) labeled with generator ;

if and only if g'= g8, We assume that e, the group identity,isnotin A, and if

d;€ A then 5'31 ¢ A unless &; has order 2. In this latter case, the two directed

edges (g,g9;) and (gd;g) are represented by a single undirected edge [g,g6;],
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labeled with &;. The graph obtained by deleting all labels (colors) and arrows
(directions) from the arcs of Cp(I') is called a Cayley graph, Go(I'). Then
V(GA(T)) = Tand E@G) = ((g.gd)lge I, e A'}; A"=A0A™Y;
At = {§118ea).

Example 2.2.1
Let I' = Zy, the cyclic group of order 4, and A= {1, 2 }; then Figure 2.1 (a)
is the Cayley color graph C5(Z4), while Figure 2.1 (b) is the Cayley graph Ga(Zy).

JEANY/N

Ca(Zy) Ga(Za)
(@) (b)
Figure 2.1

2.3 Graph Products Using Complementary Edge Modification

We now define some graph products that involve the complements H and G
of the graphs G and H. A graph H is said to be the complement of H if
V@H) = V(H) and the edge set E(H) = {uvlu=v,uve E(H) }. Some of these
products can be defined without the use of the complementary edges; for example, the
edge set for product (11) below can be defined as consisting of edges of types (iii),
(iii)'. The main reason for such a classification here is based on what needs to be done

when the time to modify H comes.
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We now define the following edge types in addition to the five types we had

above:

(vi) u;=u, and Vv, € E(G);

(vii) uju,e EH) and v,v, € E(G);

(viil) V=V, and uu, € E(H);

(ix) uu, € E(H) and v v, € E(G);

x) u,u, € E(H) and v,v, € E(G).

Using these edge types together with edge types (i)-(v), we define six

additional graph products, shown in Table 2.2.

Table 2.2

Symbols and Edge Types of the Next Six Graph Products

Name Symbol Edge Type
11 Disjunction HvG (1), (iii), (ix)
12 Symmerric Difference HV G @, (1), (vid), (ix)
13 Rejection H/G (x)
14 Strong Rejection H/G (vi), (viil), (x)
15 Exclusion HOG (di), (vii)
16  Total Exclusion HEeG (vii)

Since type (iii) is composed of types ((ii), (iv), and (vii)) we can define (11)
by (), (ii), (iv), (vii) and (ix) to display its relationship to (12). However we prefer the

brief definition given. There is a difference between ujuy € E(H) and ujuy € E(H).

12
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Since type (iii) is composed of types ((ii), (iv), and (vii)) we can define (11)
by @), (ii), (iv), (vii) and (ix) to display its relationship to (12). However we prefer the
brief definition given. There is a difference between ujuy & E(H) and ujuye E(H).
In the first case u; could be equal to u,, while in the second case this is not possible.

The following remarks follow easily from the definitions.

Remark 23.1 H/G = H®G;

Remark 232 H/G = Hx G;

t

Remark 233 HOG = H® G;

Remark 234 HOG=H®G.

Thus products 13-16 are redundant; we retain them, however, as we will wish

to maintain G = GA(I") in the second factor.

2.4 Imbedding Techniques for Graphs

There are several methods of constructing and describing a graph imbedding.
These include rotation scheme, surgery, voltage graphs (and their duals
current graphs). A rotation scheme descrives the imbedding of a graph algebraically;
voltage graphs and current graphs use covering spaces; surgery typically involves
cutting and attaching handles on one or more surfaces of an original imbedding to come
up with a new surface and a new imbedding on that surface. Voltage graphs are
especially helpful in imbedding Cayley graphs of a group. If a graph is factorable by a

product operation, surgery seems to be a good candidate. One usually turns to the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




14

rotation scheme approach only after trying the others without success. The imbedding
technique that we are going to use for this research was introduced by White [28],
combining the ideas of surgery and voltage graphs. It seems to work especially well
for graphs that are factorable by a product operation with the second factor being a
Cayley graph. This technique will be the subject of our next section, but before we
study it we give examples for the three basic methods so as to appreciate our new

method.

Example 2.4.1 Rotation Scheme

Consider the imbedding of K441in S; depicted in Figure 2.2 below. Let
V(Kgq4) = {0,1,2,3,4,5, 6,7 }; foreach ie V(Kgy4) let N@i) = filije
E(K44)}. Let m. NG) — N(),0<i<7, be acyclic permutation on N(i) of length
n; = IN()l. We see from this imbedding that N(0) = N(2) = N(4) = N(6) = {1, 3, 5, 7}
and N(1) = N(3) = N(5) = N(7) = {0, 2, 4, 6}.

We get also the following cyclic permutations:

o= (1753) 7y = (0462)
= (1357) 3= (0264)
g = (1357) 5= (0462)
T = (1753) g = (0264).

Then P* = {ﬂti}iz_o completely describes the imbedding of Figure 2.2. Here
7;(j) = k where ik immediately succeeds ij (in the counterclockwise direction) in the
imbedding. The regions of K 4 imbedded in S; can be determined from these 7;'s,

using the following method:
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Let D*={(i,) 1ij € E(K44) }, and define ©° D" — D by m (ij) = G, m(0)).
Then the orbits of T will give the regions of K444 Sy (whose boundary edges are

traced in clockwise manner). This will give us the following orbits:

Region (1): (0,1) (1,4) (4,2) (3,0) (0,1) abbreviatedas 0-1-4-3;
2: 0-7-2-1; 3: 0-5-4-7, @: 0-3-2-5;
(5 3-4-5-6;, (6): 1-6-7-4;, (7): 1-2-3-6
8): 2-7-6-5.

For additional details on rotation schemes see [6] and White [24] Chapter 5.

Figure 2.2

To make it easy for us to follow this example, we started with a graph
imbedding and proceeded to describe it with a rotation scheme. But in applying this

imbedding technique, normally one selects (by skill or by luck) from among the

t‘.‘
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n

H(“i —1)! possible permutations P*, one which gives the maximum number r, of
i=1
orbits, and hence determines the genus k of the graph by using the Euler formula

p—q+r=2-2k. Thusitis not hard to see why this is a method of last resort.

Now we will imbed K4 4 using the voltage graph imbedding technique, but
before doing that we define some terms that are going to be helpful in the process of

this example and for the work that follows.

Definition 2.4.2 A voltage graph is a triple (K, I', ¢) where K is a
pseudograph, I is a finite group and ¢: K* — T satisfies q)(e'l) = (q>(e))'l for all
ee K", where K" = {(u,v) | uv € E(K)} and e =(u,v), while ! = (v,u). The
covering graph K ><¢I" for (K, T, ¢) has vertex set V(K) x I" and
EK X4 I = {(ue)v,gde)le = uve EK)and ge I' }. Thus every vertex v of
K iscovered by Tl vertices (v,g), g € T’; and each edge e = uv of K is covered by
T edges (u,g) (v.g0(e)), g€ I. Then Kx4TI' is an | T |-fold covering graph of

K if we regard K, as a topological space.

For additional information on voltage graphs, Chapter 10 of White [24],
Chapter 2 of Gross and Tucker [10], and Gross [7] will prove to be helpful.

A 2-cell imbedding of K on a surface S with rotation scheme IT, determines a

permutation scheme n' for K Xp ' S as follows:

If m,(u) = w, then ﬁ(v,g)((u,gq)(v,u)) = (w, gd(v,w)). The scheme T is said to
be the lift of the scheme n. If R is a region of K< S, then IR |y is the order of
d(w), where w is the boundary of the region R and ¢(w) is the product of the
voltages on that boundary (in clockwise order); ie., p(w) = ﬁq)(ci), where w = ¢y,

i=1
€2, ..., €q = €1. IfIR]y =1 then Kirchoff's Voltage Law (KVL) is said to
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The following theorem, due to Alpert and Gross (see [1] and Thm. 10.8 of
White [24]), is the central result of voltage graph theory. Thus it should not be a

surprise if we appeal to it time and again in our future work.

Theorem 2.4.3 Let (K, I', ¢) be a voltage graph with rotation scheme =« and T the
liftof tto K XoT. Let m and 7 determine 2-cell imbeddings of K and K %o I" on
the orientable surfaces S and S respectively. Then there exists a (possibly branched)
covering projection p: S — S such that:

@ plK)=KxyT;

(b) if b is a branch point of multiplicity n, then b is in the interior of a

region R such that [Rly =n;
(©)  if R isaregion of the imbedding of K which is a k-gon, then p}(R)
1Tt

has R o components, each of which is a k IR l5-gon region of the

covering imbedding of K Xy I.

We define the local group at v by Ty = {¢(w)|w is a closed walk at v}.
Itis known that TI'y is asubgroupof I' and [I': T'y] isindependentof v, if K is

connected.

Theorem 2.4.4 (Alpert and Gross [2], see also Thm. 10-7 in White [24]): For a
connected voltage graph (K, T, ¢), the number of components of the covering graph

K % [ is givenby [T":T,], forany ve V(K).

Corollary 2.4.5 For a connected voltage graph (K, T, ¢), the covering graph

K Xo I" is connected if and only if [:T',] =1, forany ve V(K).
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Example 2.4.6 Voltage graphs

Going backtoourongoingexample of imbedding K4 4, let us take
I'=7Z; xZ,; A={01,11}; we will see below that the voltage graph representation
of Figure 2.3 (a) gives all the necessary information about the imbedding of K4 4 in

Figure 2.3 (b).

® 0O

A f

o O O
—p
(a) (b)
(K,F,¢)<Sl K4’4= K X¢F q Sl
Figure 2.3

We should note here that K has 1 vertexand K x, T has 8 =TI vertices,
K has 2 edges and Kx,T has 16=21 "l edges. There is only one 4-gon, R, in

8
K and it satisfies the KVL,;i.e, R I¢= 1 and we see that there are A _ 2 g

IRIp ~ 1
4 1R ly-gons, ie., 8 4-gons in the lift K ><¢F of K. Let us also observe that
Tg= (g+8;, 8+ 87, 8-81. & —8). where §; = 0land &, =11, for every ge I'=

sz 24.

Thus with the knowledge of p, g, r of K x,T’, we can find the genus of S
where K x4 I" is imbedded. The beauty of this method (voltage graph theory) is that

a simpler imbedding of K below gives much information about the more complicated
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imbedding of K ) I' above. This is a tremendously powerful device for topological
graph theory.

Example 2.4.7 Surgery

To demonstrate how surgery in graph imbeddings works let us try to find
Y(Ky x Kg4). We start by an imbedding of K44 on S; and a mirror image

imbedding of the same graph on another S; as shown on Figure 2.4.

Figure 2.4

We observe that we have a szt (1,6} of 2 vertex-disjoint quadrilateral regions
in the imbedding of Figure 2.4(a). This set contains all 8 vertices of K4 4. We could
have chosen {2,8} or {3,5} or {4,7} justas well. Similarly we get the set {1',6'} in
the imbedding of Figure 2.4 (b); again here our choice could as well be {2/, 8'} or
{3',5'} or {4',7'} respectively. We first cut one disk in each of the regions 1, 6, 1'
and 6'; then we attach two tubes. The first tube will run from the disk cut in region 1

to the one inregion 1', while the second will do the same with regions 6 and 6'.

Next we join the four vertices of region 1 to the corresponding ones on region 1'

and those of region 6 to the corresponding ones of region 6' by running edges

<.
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through the respective tubes, four edges per tube. The mirror image construction
allows this to be done without the edges intersecting one another. The resulting graph
is Ky x K44 and itis easy to see that all the regions of this imbedding of
Ky x K44 are quadrilateral. Since Kj X K4 is bipartite, our imbedding is
minimal. The genus of the new surface for which this minimal imbedding was
achieved can be calculated by using the relation y=2k +n—1, where k is the genus
of the original surface Sy and n is the number of tubes added to create the new
surface. Thus our surface is S3 and our graph has genus 3. Figure 2.5 illustrates
our last calculation. We can see that in addition to the two holes numbered (1) and
(2) from the original two surfaces, the two handles (tubes) that we added gave another
hole thatis numbered here as (3). Thus the resulting surface is a sphere with three

handles.

We could have reached the same conclusion as to the genus of the graph, once
we knew that we had a minimal quadrilateral imbedding, by using Corollary 1.3.5.
This is because p(Ky x Ky 4) = 16, q(Kg X Ky 4) = 40, and using y= % - ~ZE + 1,

we get 3.

< >

<@ >

Figure 2.5
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Examples 2.4.1, 2.4.6, and 2.4.7 showed the different methods of
constructing imbeddings. In the next section we are going to discuss a new method
due to White [28]. This method is a marriage of surgery and voltage graph theory. We
will use its power in our pursuit of genus imbeddings for different graph products. To
help us utilize the full power of this method we shall always assume and insist (unless
stated otherwise) that the second factor, G, of H*G be a Cayley graph G(I") for

some finite group I" and an appropriate generating set A.

2.5 Surgical-Voltage Imbedding Technique

Let T be a finite group with a set of generators A; A1=(8118e A} and
A"=AuU AL Defining G = Ga(I'), we regard H*G as an | I" I-fold covering graph
of the voltage graph (H*, ', ¢) obtained by modifying H. Once H is modified
appropriately it will be lifted to H" x o 1> which will be the graph product H*G.
This modification and its justification will be the main thrust of this section. This new
technique is called a surgical-voltage method because it combines the concepts of both
methods. We start with an appropriate imbedding ot H on some surface S; this is
similar to what we do in surgery. Even though we look for a "suitable" type of
imbedding in S we do not require the imbedding of H in S to be minimal, as for the
usual surgical application. After getting the "suitable" imbedding of Hin S, we will
modify it using the scheme discussed below. This modification is dependent on the
graph product, the group I, and the set of generators A. The last two choices are of
course determined by what type of graph G is. After this the properties of H*G,
especially those that pertain to graph imbeddings, are studied using the theory of

voltage graphs.

21
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We proceed to modify H according to the product involved. In this process, as
in our defining sections, we present first the ten graph products, 1-10, that require the
modification of vertices and edges of H. We then consider the six products, 11-16,
that require additional modification on edges that are in the complement of H, or

vertices of H using loops for group elements other than those in A.

Table 2.3 gives the modifications that are necessary to each vertex u of V(H)
and edge uv of E(H) in order to see H * G as an | I" |-fold covering of the
resulting voltage graph H", for the ten products of section 2.2. These modifications

will be justified in detail after giving examples for each product.

Table 2.3
Modifications of the Vertices and Edges of H for the First Ten Graph Products

Product ue VH) uv € E(H)
1. Replication Q
Vée A
2.  Cartesian @ e .
Vée A
o——p—0
3.  Tensor O u 5 v Vs e A
u
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Table 2.3— Continued
Product u e VH) uv € E(H)
4.  Strong Tensor oO—pr——0 *
ong Tenso @ c > C Vs e A
Vde A
u
5.  Augmented Tensor Q O—P—Ovyse A" u{e}
u u d v
o—»——0 %
6. Strong Cartesian @ u ) v Vde A ul{e}
Vée A
u
o—»—0
7. Lexical O U 8 yVgeT -{e)
o—b—0
8.  Strong Lexical @ u g v Vg e T - {e}
Vde A
u
o—b—0
9.  Sub Lexicographic (3 u g vVgeT
o——0
10. Lexicographic @ u g vVgel
Voe A
u
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Example 2.5.1

Let us take Hto be P,, a path with three vertices, and G tobe C,, a cycle
of four vertices. Here we should note that G = C 4 = G A(Z“), where A = {1}.
With these two given factor graphs, we present in Figure 2.7 ten graphs corresponding
to the ten products that are under discussion. Below each graph there is a
corresponding voltage graph H" obtained by modifying H as was mentioned earlier.
An edge without direction represents a group element of order two, i.e., 8 = &l In

all the other cases each group element or generator is represented by a directed arc.

G

oL

o

Ci=GpZy ;A=1{1)

Bynpn

Replication
Cartesian
\ \l \ \ \ \
¢ g § o g . g
(a) (o)

Figure 2.7

5.
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Figure 2.7 — Continued

Tensor Strong Tensor
) ‘ ) |
© (@)

S oo ¥
\J
Augmented Tensor Strong Cartesian
Sese
1 1 1 1
(e) ®

E‘.
3
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Figure 2.7 — Continued
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From the above examples we see that each product was represented by an H
of order 3; thus H*G, which is the covering graph H" x oT,has3| Iri=34)=12
vertices for all ten products. This is consistent with | VIH*G) | = | VH) x V(G) | =
12. From the theory of voltage graphs, we find that | EH*G) | = | EH" x oD =
IT | qH"):; ITI =4 forall. These are:

Replication product, 21I"I = 8 edges; cartesian product, 51"l = 20; tensor

product, 411 = 16; strong tensor product, 71T | = 28; augmented tensor
product, 6 | I'| = 24; strong cartesian product, 91 I'| = 36; lexical product,
61 T'1=24; swong lexical product, 91T 1 = 36; sublexicographic product,

811 = 32; and the lexicographic product, 111I'I = 44,

By considering the sizes of these graphs we observe that most are distinct
except for those of the tensor product and the lexical product, and the strong cartesian
product and the strong lexical product, which have the same number of edges pair-
wise. Further examination of the latter graphs shows that they are indeed isomorphic
(in the preceding pairs). This is coincidental, because in the general case | A*U fe} =
IT - {e}! and the number of involutions (elements of order two) in I'" - {e}, is not
necessarily equal to those in AU (e}, as is the case with these two pairs of
isomorphic graph products in our example. Thus, in general these four graph products

are distinct as well.

The next lemma and the theorem that follows it will justify the modifications of
H given by Table 2.3 to obtain H" and why we view H*G as being the covering

graph H*xq,I‘ of H.

Let Figure 2.8 give the modifications we will employ, to obtain H* from H.

27
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)
o———0
Q u ¢ v
u
de A
(@) ®)
O—»—o0 Oo—p r—70 o—r—0
u g v u o v u g v
ge T e A" geT—-c¢
© (@ ©
Figure 2.8

Recall that we had the following five edge types in Section 2.2.
(i uw1=up and vyvp € E(G);
(i) vi=v2 and ujuy € EH);
(i) wuz € E(H);
(iv) ujup € EH) and vive € E(G);

(v) vi#vy and wmup € EH).

Lemma 2.5.2 Given two graphs H and G, where G = GA(I'), then the five edge
types: (i), (ii), (iii), (iv), and (v), defined above are, respectively, the covers of the five

modifications a, b, ¢,d,and e of Figure2.8 in H' x,T.
Proof:

Case (a): Let us say that u, a vertex of H, is modified as in Figure 2.8 (a);

then we show that this modification stands for the type (i) edges. From the theory of
voltage graphs a loop on u, foreach 3 € A, is covered by the edge set {(u,g)(u,gd) |
ge [}in H x o I'. This means {u; =uy and {g, g8} € E(G)}. Butbecause G isa
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Cayley graph, G,(I), we get {uj=uy and viv; € E(G)}. These are exactly type (i)
edges.

Case (b): If an edge ujup of H is modified as shown in Figure 2.8 (b), then
its coverin H' x o I consists of II'l edges of the form: (uy, g) (uz, ge), ge I.

This means vy=vo and uyuy € E(H), and these are exactly the type (ii) edges.

Case (c): If ujuy € E(H) is modified as seen on (c) of Figure 2.8, then its lift
in H x ¢ I' will be the edges of the type: (u;, h) (uy, hg), where h, g e T. This

is the same as saying ujuy € E(H) and we have type (iii) edges.

Case (d): If we modify ujuy e E(H) as on Figure 2.8 (d), then the cover in
H" X ¢ I' consists of the edges (u}.g) (up,gd), ge I’ and d e A*. This means
uquy € E(H) and {g, g8} € E(G), and because G is a Cayley graph {g, g8} € E(G)
means vyv, € E(G). Hence the cover of this modification in H' x o I' corresponds

to those edges defined as type (iv) edges, or the tensor edges.

Case (e): If each edge ujuy of H isreplaced by an arc labeled g for each
ge I —{e} asin Figure 2.8 (e) to get H', then its liftin H' x o I is the set of
edges: (ug, h)(up, hg),he I' and ge I'- {e}. This means ujuy € E(H) and v;#
vy, wWhich are type (v) edges.

Theorem 2.5.3 If H is modified as shown in Table 2.3 to give H" for each graph
product H*G, then H" x oI = H*G for all ten products 1-10, respectively.

Proof: We consider each case:

1. The Replication: If our product is the replication product, we have

modification (a) of Figure 2.8; however by Lemma 2.5.2 this modification is

£
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covered by type (i) edges. This was exactly how we defined the replication product in

Table 2.1.

2. The Cartesian Product: If we are working with the cartesian product,
according to table 2.3 our modification will involve two things: modification type (a)
for each vertex of H and modification (b) for each edge of H. These, from Lemma
2.5.2, give rise to edge types (i) and (ii), respectively; these are exactly the type of

edges used in defining the cartesian product.

3. The Tensor Product: The tensor product involves modification (d), which in
turn is covered by edge type (iv); this is in harmony with the tensor edge definition by

our lemma.

4. The Strong Tensor Product: If H uses modifications (a) and (d), by
Lemma 2.5.2 the coverin H* x¢ ' will be type (i) and type (iv) edges,

respectively, and these are the edge types for the strong tensor product.

5. The Augmented Tensor Product: Modifications (b) and (d) were the ones
mentioned for this product; these are lifted to edge types (ii) and (iv), respectively, in

H* x4 I, which are the edge types used in defining the augmented tensor product.

6. The Strong Cartesian Product: If H" is H modified using (a), (b) and (d),
then by Lemma 2.5.2 they will be lifted to type edges (i), (ii), and (iv), respectively;

these are the ones used to define the strong cartesian product.

7. The Lexical Product: If we modify H as specified in Table 2.3, our

modification will be that of (e) in Figure 2.8. By our lemma this will be lifted to
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edge type (v) in H* xo ', but this means we have the lexical product for our
yp )

product graph.

8. The Strong Lexical Product: According to Table 2.3, H has to be modified
using (a) and (e) of Figure 2.8; these from Lemma 2.5.2 give type edges (i) and
(v) in H* % T; these are exactly the edge types used in defining the strong lexical

product.

9. The Sublexicographic Product: Let us modify H as in Figure 2.8 (¢); then
the covering edgesin H* xo ' will be those of type (iii). This means cur product

graph is the sublexicographic product.

10. The Lexicographic Product: Finally, if we modify H using modifications
(a) and (c) of Figure 2.8, then our cover graph consists of edge types (i) and (iii),

which are exactly those edges used in defining the lexicographic product. O

We are now going to show the necessary modifications of H for the graphs
defined in Section 2.3. In this case, in order to regard H*G as an II'l-fold covering of
H', a modification of vertices and edges of H is not going to be sufficient; we have to
also modify some edges that are in the complement of H. All the product graphs
defined in Section 2.3 require either the modification of edges in the complement of H
or the vertices of H using loops thatare notin A*. This was part of the reason why

we classified them under products using complementary edges.

To simplify our notation we are going to define Q' =T- (A* u{e}) and Q

asfollows: Q c QF andif oe Q then wle Q unless a=w L.

Let us recall the following edge types we had in Section 2.3:
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(vi) u;=u, and vv, € E(G);
Vi) uu,€ EH) and vy, € E@G);
(vili) v, =v, and uwu, € E(H);
(x) uu, € E(H) and v,v, € E(G);
®x)  uu, e E(H) and vv, € E(G).
Let Figure 2.9 give the modifications we employ to obtain H' from H. In
(g) uv e EMH), whilein (h), (i), and (j), uv € E(H). In the listing we are

avoiding the use of modification labeled (i) to prevent confusion with edge type (i).

(O] O+o
u u o v

o e O we Q

® )
o—o0 O—»—0 o—»—0
u ¢ v u $ v u ) v

de A" we Q"
(h) @) (k)
Figure 2.9

Lemma 2.5.4 Given two graphs H and G, where G = G,(I'), if (g) aboveisa
modification of an edge of H while those of (h), (j), and (k) are the edges in the
complement of H, then the five edge types: (vi), (vii), (viii), (ix), and (x), defined
above are, respectively, the covers of the five modifications (f), (g), (h), (), and

(k) of Figure2.9 in H x ol
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Proof:
Case (f): Alooplabeled we Q at u of H asin (f) of Figure 2.9 implies
that its cover willbe (u, g) (u, gw), ®e Q, which means U =u, and vV, €

E (G). These are exactly edge type (vi).

Case (g): If uju,, anedgeof H, is modified as shown in Figure 2.9 (g),
then the edges in its lift are of the following type: (u, 8) (uy, g0), ® € Q". This

means u;u, € E(H) and vv, € E (G), and these are type (vii) edges.

Case (h): Ifedge uu, of H is modified as indicated in Figure 2.9 (h), then
the cover edges in H' X I are: (uy, g) (uy, ge). These are the same as those of the
type v, =V, and uju, € E(H), and these were the edges we referred to as type

(viii).

Case (§): Ifedge u,u,y of H is modified as indicated in Figure 2.9 (i), then
the cover edges in H X I are: (), g) (uy, £0). These are of type u,u, & E(H)

and Vv, € E (G), and these we referred to as type (ix) edges.

Case (k): Ifedge uu, of H is modified as indicated in Figure 2.9 (j), then
the cover edgesin H' X4 T are:  (ug, g) (uy, g®). This means uju, & E(H) and

viv, € E(G), hence we have edges of type (x).Q

Table 2.4 gives the necessary modifications needed to get the voltage graph
H* from H. This makes H*G to be viewed as H xo I' for each of the last six
products 11- 16. These modifications come from the edge type definitions and their

corresponding modifications in Figure 2.8 and Figure 2.9.
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Table 2.4

Modifications of the Vertices and Edges of H for the Last Six Graph Products

Product u e VH) uv € EH) uv e E(H)
o—b»—0 o—b —20
11. Disjunction @ u g v u o .Y
Vg e T Vde A
Vée A 5 €
u
. o—»—0 O—»—0
12. Symmetric @ ¥ o Y §© 5 S
Difference Q' Ve A"
Ve A we v {e} €
u
(ecti O oO—p—0
13. Rejection o u o Rk
we Q
et O—»—0
14. Strong Rejection 9 u o v
w *
we Q v (e
Voe Q e}
u
. o) o—»— 0
15. Exclusion o u o v
we Q v {e}
16. Total Exclusion O oO—»>—0
u u ) v
we Q
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Example 2.5.5: To illustrate our six products, 11-16, let us take H=P3 and G =
Ga(Z4), A = {1} as in Example 2.5.1. Then the six graphs and their corresponding
modifications are shown in Figure 2.10. Here the dashed arcs (edges, when & or ®
has order two) represent modifications on edges that belong to the complement of H.

The solid arcs or edges stand for the modifications done to edges of H.

~....1--4-—_,‘
Disjunction Symmetric Difference
@ ()
Figure 2.10
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Figure 2.10 — Continued

S~ 2&""—--‘ ---------- .'~.é2
Y 2
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Rejection Strong Rejection
© (d
Exclusion Total Exclusion
0 0
O 2 O 2 O
(e) ®

q

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




3

We observe that in each case H* contains important information about
H*G, when the latter is seen as H* Xy . When our product is disjunction, H* has
13 edges and a simple count of the edges of H v G shows that we have 52
edges; this isexactly 13110, In the case of symmetric difference H* has 9 edges;
this agrees with 36 whichis 91 for the graph product. If our graph product is the
rejection, then H* has only one edge, but we can easily see that H/G has 4 edges
which is the same as IT'- For the strong rejection in H* we have % edges (here
each half edge carries an involution); and multiplication by I gives us the desired 14
edges for the strong rejection graph. Similarly, the exclusion and the total exclusion
have four and two edges for H* respectively, giving 16 and 8 edges for the

respective graph products.

By proving the following theorem we will justify Table 2.4 for each of the six

products 11-16.

Theorem 2.5.6 If H is modified to give H" for each graph product H*G as
shown in Table 2.4, then H' x o' = H*G for all six products 11-16 respectively.

Proof:

11. Disjunction: From Table 2.4 we see that the modifications needed on H
consist of (a) and (c) of Figure 2.8 and (j) of Figure 2.9; but from Lemmas
2.5.2 and 2.5.4 these are covered by type edges (i), (iii), and (ix), respectively.
These were the type edges we used in defining the disjunction of two graphs, in Table

2.2.

12. Symmetric difference: We have modifications (a) and (b) of Figure 2.8

and modifications (g) and (i) of Figure 2.9 for this case; but Lemma 2.5.2 tells us

37
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thatin H' x ¢ we have the edge types (i) and (ii) covering (a) and (b),
respectively, while Lemma 2.5.4 tells us that type (vii) covers (g) and type (ix)
covers (j). These were the edge types used in defining the symmetric difference of two

graphs.

13. Rejection: This, according to Table 2.4, involves the use of modification (k)
of Figure 2.9, which from Lemma 2.5.4 is covered by type (x) in H' x o I This

was exactly how rejection was defined.

14. Strong rejection: The modifications employed in this case were those of (f),
(h), and (k) of Figure 2.9, which by Lemma 2.5.4 are covered in H' x oI by
edge types (vi), (viii), and (x), respectively. These were the edge types used in

defining the strong rejection of two graphs.

15. Exclusion: According to Table 2.4 we need modification (b) of Figure 2.8
and (g) of Figure 2.9; but then these will be covered by edge types (ii) and (vii) by
applying Lemma 2.5.2 and 2.5.4, respectively. This gives us the definition needed

for the exclusion of two graphs.

16. Total exclusion: Finally, if we modify H as in Table 2.4 (16) we see that
we have used only (g) of Figure 2.9, and this agrees with our definition (type (vii)

only) for the total exclusion of two graphs. O

It would be nice, but too much to ask, if the graphs in Examples 2.5.1 and
2.5.5 could be imbedded in some surface, perhaps the surface Sg, so that all these
graphs can be drawn on ihie plane without crossing. Instead, for a given graph we
will find, whenever possible, a minimum k so that the graph can be imbedded in S,

In short, we will find the genus of these and other related graph products. In most
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cases our tool will be surgical-voltage graph theory; in addition, it will prove useful to
know when our graph product is connected, and if it is bipartite. These and other

properties will be discussed in the next chapter.

i
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CHAPTER III
BASIC PROPERTIES OF GRAPH PRODUCTS

In this chapter we discuss some of the main properties of graph products that
we will need in Chapter IV and Chapter V. Knowing whether a graph is connected,
and if disconnected, how many components it has, and if these components are
isomorphic, is crucial in graph imbeddings. Another important property in graph
imbeddings is bipartiteness, for then the improved lower bound of Corollary 1.3.5
applies. In addition to studying these two properties we will calculate the degree of
each vertex in a graph product and the size of the product itself. Degrees and sizes will
be studied in Section 1, connectedness in Section 2, bipartiteness in Section 3, and
Section 4 will be devoted to studying general properties and observations about our

different product graphs.

3.1 Degrees and Sizes

Some results that will be discussed here appear in Harary and Wilcox [12].
Because of their fundamental nature they appear elsewhere in the literature as well.
These are included here for completeness, and because the method of proof used in
establishing some of them is new. The results for the cartesian, tensor, and
lexicographic products together with those of disjunction, symmetric difference and
rejection can be found in Harary and Wilcox [12]. The strong tensor is considered in
Garman, Ringeisen and White [8]. The results for the remaining products appearing

here, we believe, are new.
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We continue to regard a vertex (u, v) of V(H*G) to mean that ue V(H) and
ve V(G). By qy or qg we mean the size of H or G, respectively, while degyu will
stand for the degree of vertex u in H and deg(u,v) will mean the degree of the vertex
(u, v) in H*G. Since we are viewing H*G as a covering graph of H" we will use H'
in our proof to establish the degree of a vertex and from there use the first theorem of
graph theory in computing the size of the product graph. The proofs of most of these
results are similar; thus we only provide a sample proof for some of the graph products

and the reader can provide the rest.

Theorem 3.1.1 The degree of the vertex (u,v) in H®' G is given by:
deg(u,v) = degyu [degGv + 1}

Proof: We recall that every edge uu; of H was replaced by | A*1+ 1 edges; thus
every vertex (1,v) of H®' G will have deggu [ | Al +1 ] neighbors. But
because G 1s a Cayley graph, | Al = deggv. Thus the degree of (u,v) in H®' G
is deggu [deggv + 1]. 11

Let us note here that the above result remains the same in general even if G is
not a Cayley graph. This is true because at every vertex (u,v) of H*G we have the
following edges to consider: vy =v, and ujuy € E(H), and ujup e E(H) and v;v;
€ E(G). We have deggu edges of the first type and degguedeggv edges of the second
type. All together we have degyu + degyu edeggv = deggu [ deggv + 1] edges

at (u, v).

Corollary 3.12 qH® G) =qg4[ 29 +pg ]
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Proof: By the first theorem of graph theory,

2qH &' G) > Y degyuideg v+ 1]

ue VH) . V(G)

= ZdegHu [ 296 +pg]
u€ V(H)

i

2qy( 296 + pG

thus q(H ® G)

qul2qg+pg 1. Q

Similar proofs work for each of the first ten products. Since the last six
products are of a slightly different nature, the proofs are also slightly different. Here

is a sample.

Theorem 3.1.3 The degree of the vertex (u, v) in H V G, the symmetric
difference, is given by:

deg(u,v) = py degGv + Pg degHu - 2degHu deg GV

Proof: As we recall H was modified by putting a loop for each 6 € A at every vertex
u, and replacing an edge uuj of H by an edge for each we Q' u {e}, and an edge
uu, in the complement of H by an edge for each d € A*. Thusif (u,v) is a vertex of
H V G, then the total number of edges incident with it is:
1A"1 +1 Q" U e} | deggu + | A" (Py — 1 -degyu)

= (A" +(Pg- A" ) deggu + |A"1(Pg — 1 - deggu)

=  Pgdeggu +IA IPg— 2 A" deggu

= PG degyu + Py deggv — 2 degyuedeggv. 1
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Corollary 3.14 qHV G) = qu%I + qué - 4qy9gG-

Proof:
2qHVG) = Z (Pgdegyu + Py deggv — 2 degyuedeggv )
ue vy € V@
= 2, (s )
= pG degyu + 2py 4G — 4qgdegyu
ue V(H)
- 2 2
=  2qupg * 29GPy —8dudc:
— 2 2
Hence qHV G) = qgPu + 9uPG — 49u96G- U

By using proofs similar to the above two lemmas and their corollaries we get
the results listed in Table 3.1 on the next page. It should be noted that the results we
have for rejection are different from those mentioned in Harary and Wilcox [12]. Their
definition of rejection is what we are calling strong rejection; however, the degree they
give for their rejection agrees with that of our rejection. (In this table deggv is

denoted by dgv).

3.2 Connectedness of Graph Products

In this section we give the necessary and sufficient conditions for a graph
product H*G to be connected. Most of these results are already in the literature, thus

we will simply state the conditions and cite references. For those that are new, we will

provide proofs.

Theorem 3.2.1 Replication is connected if and only if | V(H) I =1and G is

connected.

43

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




Table 3.1

44

The Degrees of Vertices and Sizes in Graph Products

Product deg(u,v) q(H*G)
Replication dgu Prdc
Cartesian dyu + dgv PHAG + PGAH
Tensor dyudgv 2446
Strong tensor dgvidyu + 1] 29496 + PHAG
Augmented tensor dyuldgy + 1] 29496 + PGIH

Strong Cartesian
Lexical

Strong lexical
Sublexicographic
Lexicographic
Disjunction
Symmetric Difference
Rejection

Strong Rejection
Exclusion

Total exclusion

(dyu+ Ddgv + 1) -1
(pg - 1)dpyu

(g - Ddgu + dgv

PG dpu

pg dyu + dgv

PH dgV + Pg dyu - dpudgv
pudgv+pgdpu-2 dyu dgv
(o - 1~ dgu)(pg -1-dgVv)
(pg - dgu)pg - dgv) - 1
dyulPg - dgv]

dHu[PG -1 - dG\']

PHIAG + 2949G + PGUH
2
qylpg - PGl
2
a4l - PGl + PHdG
2
uPg
2
PHAG + PG
2 2
4GPy + 9xPg - 24H4G
2 2
4GPy + 9P — 4 9H4G
1.2 2
2Py —PH — 24P - PG - 24G)
1., 2 2
E[(PH ~2qy){pg —246) -PuPGl
2
aulpg - 246l

2
aulpg — P - 246)
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Proof: This product consists of | V(H) | disjoint copies of G; thus it that is
connected if and only if | V(H)I=1and G isconnected. Thatis,H is K; and Gis

connected.

Theorem 3.2.2 (Harary and Wilcox [12]): The cartesian product H X G is

connected if and only if H and G are both connected.

Theorem 3.2.3 (Weichsel [31]): The tensor product H® G is connected if and

only if H and G are both connected and either H or G contains an odd cycle.

Theorem 3.2.4 (Garman, Ringeisen and White [8]): The strong tensor product

H ® G is connected if and only if H and G are both connected and G # Kj.

Corollary 3.2.5 The augmented tensor product H ® G is connected if and only
if H and G are both connected and H#Kj.

Proof: This follows from Remark 2.2.1 and Theorem 3.2.4. O

Theorem 3.2.6 The strong cartesian product H x G is connected if and only if H

and G are both connected.

Proof: Let us assume that H X G is connected, and let one of H or G, say
(without loss of generality) H be disconnected. Let H; be one component of H with
H =H; U Hy. Consider the vertex sets V(H;) x V(G) and V(Hj) x V(G). First,
we see that V(H x G) = (V(H;) x V(G)) u (V(Hp) x V(G)). Second, we claim that
there are no edges that join the first set of vertices with the second. This is true because
if (ug,vy) € V(H;) x V(G) and (uy, vp) €  V(Hp) x V(G), every path between

them must use only edges of type (ii) or type (iv). But this is impossible because
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there are no edges between vertices of H; and vertices of Hy, in H. This says that
H x G is not connected, contrary to assumption. Therefore, H must be connected. A

similar argument shows that G also must be connected.

Conversely, if Hand G are both connected, then H x G is connected. Since
H x G is a spanning subgraph of Hx G, H x G is connected. (By a spanning
subgraph G; of G, we meanthat G; isasubgraphof G; and V(G =
V(Gy). 2

Lemma 3.2.7a If pg=2,then H ®, G = H ® Kj.

Proof: The vertex set in both cases has 2 IV(H)I vertices. The edgesin H ® G
are of type (v): vy #vy and wmuz € E(H), and those of H ® Kj are:
ujupg € E(H) and viyvpe E(Kp); but viva € E(Kp) if and only if vy # vy,

Thus the two edge sets are the same and hence the conclusion. [

Theorem 3.2.7b Let H and G both be nontrivial;
(@) If pg = 2, then the lexical product H & G is connected if and only if
H is connected and has an odd cycle.
(b) If pg>2, then the lexical product H ®; G is connected if and only if H

is connected.

Proof: (a) If pg =2, then by Lemma 3.2.7a H ® G = H ® Ky; but from
Theorem 3.2.3, H ® K» is connected if and only if H is connected and has an odd
cycle.

(b) Ifpg>2, letus first assume that H ®p, G is connected and H is not
connected. If Hjp is a component of H such that H=H; U Hj, and uj and up

are two vertices that belong to two different components, with vj and vy two distinct
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vertices of G, then there is no path of H ® G that joins (uj, vi) to (u2, v2). This
is true because there are no type (v) edges between them since there isno uj—up path

in H. This means H ®; G is not connected, which contradicts our assumption;

hence H must be connected.

Conversely, assume pg >2 and H is connected. If (u1,v1) and (uj, vj)
are any two vertices of H ®; G, then we are going to show that there exists a path
joining (ug, vi) to (uj, vj). Since H is connected, we know that a uj-uj path
exists in H.

Case 1: Let uj—u; be an even path (a path with an even number of vertices).
If vy # vj, take vertices on the uj—uj path and alternate viand vj; thus if
u1,u2,u3,...,Uj=2k 1is our path in H, then (uj, vy) (up, Vj) (uz, v1) ...(uj, vj) is the

desired path.

On the other hand if vj=vj, take vz #v] and v3#Vy,vy; then if k=1 take (uj,
v1) (u2, v2) (b1, v3) (u, v1) and this will be the path that we want. Otherwise, take
(u1, v1) (ug, v2) (u3, v3) (ug, vq) ... (continue by alternating v and v3) ... (uj=2k, V1)

and we will have the path we need.

Case 2: If uj—u; is an odd path, i= 2k +1, and vi# vj then let us take
va # vy, vj. If k=1 then (uy, v1) (u2, v2) (u3, vj) will suffice. Ifk # 1, then (uy, v1)

(2, v2) (u3, vj) (ug, v1) (us, vj)..., (nj, vj) will be the desired path.

On the other hand if vq = vj, then by taking vo #v; we see that (ug, v1) (u2, v2)

(uz, vq) if k=1, and (ug, vq) (u2, v2) (u3, v1) (U4, v) ... (Ui=2k+1, vp) if k # 1, will
suffice. X

Lemma 3.2.8a: If G=Kj, then H® G = H® G = H® K).

47

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




48

Proof: If G=Kp,then H®; G has only type (v) edges justlike H®L G,

hence the first part of the lemma; the second one follows from Lemma 3.2.7a. Q

In view of the above lemma we would like to make the following remarks: If
H =K, then H® G=G and consequently H ®; G is connected if and only if G

is connected; and if G=Kj, then H® G is totally disconnected.

Theorem 3.2.8b If H and G are both nontrivial, then:
(a) If G =XKj, then the strong lexical product H®; G is connected if and
only if H is connected and has an odd cycle;
(b) If G#Kp, then H® G isconnected if and only if H is connected.

Proof:

(a) If G= KZ, then from Lemma3.2.8a H®; G = H® Kj. Thus the result
follows from Theorem 3.2.3.

(b) Suppose H @1 G is connected and G # K, then we show that H is
connected. Let ussay that uy and up are any two distinct vertices of H; we show
that they are joined by a path. Take (up, vi) and (ug, vp), two vertices of H®y G;
then we know that a (ug, vi)—(u2, v2) pathexistsin H ®; G, and the type of edges
that make up this path are either of type (i): uj=u;j and vjvie E(G) orof type (v):
vi#vj and ujuje E(H). Since up # up we know that we have at least one edge of
type (v). By selecting the first coordinates from the pathin H ®; G, gives us a

u;—up walk, and thus H is connected.

Conversely, if H is connected and p(G) > 2, then since H ®; Gis a
spanning subgraph of H ®; G and the former is connected so is the latter. If

p(G) =2, then the only case to consider is G = K3 because the other case was
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handled in part (a) above. We take (uj, v1) and (up, v2) as any two distinct
vertices of H ®; G. If uj =up, then vy # v and vivae E(K2), so (ug, vi)
(u, v2) is a desired path. If on the other hand uj; #uy and vj =vj, using the
uj—up path in H and the vertex v distinct from vy in Kj, together with type (v)
edges, we get the paths: (ug, vi)—(up, v) or (uy, vi)—(u2, vi) depending upon
whether the path uj —up is even or odd, respectively. In the first case we use a type
(i) edge to add (ua, v) (up, v2); while in the second case if uy # up, and vi =v, we
geta (ug, vi)—(up, vq) pathin H®; G. For the remaining case, where uj # up,

and v] # v, combine the above two cases. Thus H®; G is connected. O

Theorem 3.2.9 The sublexicographic product H ®g; G is connected if and only if

H is nontrivially connected.

Proof: Let us assume that H ®¢; G is connected. If H=Kj, then H®g G is
totally disconnected; but this is impossible, thus H £K,. Hence let us assume that
p(H) 22, and let u; and uy be arbitrary vertices of H. Take a (uj, vi)—(uy, vo)
pathin H ®¢g; G. Such a path exists because H ®g; G is connected. Since the
edges that make up this path are of the type uju; € E(H), we have a uj—uy path in

H. Therefore, H is connected.

Conversely, let us assume that H is nontrivially connected and let (uy, vq)
and (ug, vy) be any two vertices of H®g; G. Because H is connected, a nontrivial
u;— u, path exists in H, provided uj # uy. Using these path edges we get type (iii)
edges joining (up, vy) and (up, vp) in H®g G. Thus, H ®gp G is connected.
If u; =uy, let uz be any other vertex of H (such vertex exists because H is
nontrivial). Then a uj;—ugz path exists and consequently a (u), vi)—(u3, vp) path

exists. Similarly a (us, vo)—(uy, v;) path also exists. This means a (u, vi)—(ug,v9)
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path exists in H ®g; G. Therefore, if H is nontrivially connected then H®g G is

connected. [

Theorem 3.2.10 (Harary and Wilcox [12]): The lexicographic product H[G] is

connected if and only if H is nontrivially connected or H=XK; and G is connected.

Theorem 3.2.11 (Harary and Wilcox [12]): Let H and G be nontrivial graphs. If
neither H nor G is totally disconnected, then the disjunction H v G is connected if
and only if H and G do not both contain isolated vertices. If exactly one of Hor G is

totally disconnected, then H v G is connected if and only if the other is connected.

Theorem 3.2.12 (Harary and Wilcox [12]): The symmetric difference HV G is

connected if and only if Hv G is connected.

Theorem 3.2.13 The rejection H/G is connected if and only if both H and G are

connected and either H or G contains an odd cycle.
Proof: This follows from Remark 2.3.1 and Theorem 3.2.3.

Theorem 3.2.14 The strong rejection H / G is connected if and only if both H

and G are connected.
Proof: This follows from Remark 2.3.2 and Theorem 3.2.6. 11

Theorem 3.2.15 The exclusion H © G is connected if and only if Hand G are

both connected and H #Kj.

Proof: This follows immediately from Remark 2.3.3 and Corollary 3.2.5. [
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Theorem 3.2.16 The total exclusion H @ G is connected if and only if Hand G

are both connected and either Hor G contains an odd cycle.

Proof: This follows easily from Remark 2.3.4 and Theorem 3.2.3.

Before leaving this section, we remark that for each of the products that we
discussed above, if we maintain G to be a Cayley graph, then connectedness of H*G
is easily verified by the use of Theorem 2.4.4. Thus all that we have to check is
[T : T,), for any vertex v of H*; from this we know that H*G will be connected if

andonlyif [[':TJ=1.
3.3 Bipartiteness of Graph Products

In this section we give the necessary and sufficient conditions for a graph
product to be bipartite. If we find out that a graph product is bipartite, then this
knowledge will first and foremost give us an improved lower bound for the genus of
this particular graph and if we happen to find a quadrilateral imbedding for our graph,
we will be guaranteed that we have a genus imbedding for our graph. This is basically
what we are going to do in our quest for genus imbeddings in Chapter IV; hence the

characterizations of this section are vital.
Theorem 3.3.1 Replication is bipartite if and only if G is bipartite.

Proof: This follows from the simple observation that the replication product is |V(H)

disjoint copies of G.

Theorem 3.3.2 The Cartesian product H x G is bipartite if and only if H and G

are both bipartite.
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Proof: Let us assume that H x G is bipartite. Because H x G contains,

isomorphically, all edges of H and of G, both H and G are bipartite.

Conversely, let us assume that H and G are both bipartite, with partite sets
H;, Hy and Gy, Gy respectively. Then the vertex sets (Hy X Gy v (Hy x Gyp)
and (H; X Gp) U (Hy x G)) form partite sets of H x G; for neither type (i) nor type
(ii) edges are present between vertices that belong to the same set. Hence Hx G is

bipartite.

Theorem 3.3.3 The tensor product H ® G is bipartite if and only if at least one

of H or G is bipartite.

Proof: Suppose H ® G is bipartite and H and G are both not bipartite. If we take
one odd cycle from H of length n and another odd cycle from G of length m, then
we have a cycle corresponding to these two cyclesin H ® G. Its length is [n,m], the
least common multiple of n and m. But [n,m] is odd, for the least common
multiple of two odd numbers is odd, contrary to our assumption of H ® G being

bipartite; thus at least one of H or G has to be bipartite.

Conversely, if at least one of H or G is bipartite, without loss of generality
say H, let H; and H, be the partite sets of H. Because there are no edges between
H; and Hj in H, the vertex sets H; x V(G) and Hy x V(G) form partite sets for
H ® G. Thus H ® G is bipartite.

Theorem 3.3.4 The strong tensor product H ® G is bipartite if and only if G is

bipartite.
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Proof: If H ® G is bipartite, then since it contains isomorphically all the edges of G it

follows that G is bipartite.

Conversely, if G is bipartite with partite sets Gy and G, then V(H) x G,
and V(H) x Gy form partite sets for H® G; because if (up, vj) and (up, vp) are
both in H x G neither type (i) nor type (iv) edges exist between them, and similarly if

both were in Hx G,. Thus H ® G is bipartite. U

Corollary 3.3.5 The augmented tensor product H ® G is bipartite if and only if

H is bipartite.
Proof: This follows immediately from Remark 2.2.1 and Theorem 3.3.4. O

Theorem 3.3.6 The strong cartesian product H x G is bipartite if and only if H

is empty and G is bipartite or H is bipartite and G is empty.

Proof: Let H x G be bipartite. If we have any tensor edge (uj, vy) (ug, vp) in
H x G, then H X G is not bipartite, for edges (uy, v5) (up, vy) and (up, vy) (uy, vi)
will also be presentin H x G, giving a 3-cycle; but this is impossible because Hx G
is bipartite. Therefore, we can not have tensor edges; and this is only possible if one
factor is empty. If Hisempty then H X G = pyG, and G must be bipartite; whereas

if G isempty, then HX G = pgH, and H must be bipartite.

Conversely, if H is empty and G is bipartite, then Hx G = py G; thus
H x G is bipartite; and similarly H x G is bipartite if G is empty and H

bipartite. Q

Theorem 3.3.7 The lexical product H ®p G is bipartite if and only if pg <2 or

H is bipartite.
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Proof: Suppose H®p G is bipartite and H is not bipartite. Then if pg 23, let
us take three distinct vertices v1, v, and v3 of G, and an odd cycle uj,up, ..., up, up of
H. By using (uy, vi) (up, v2) (u3, v1) ... (up, v3) (uy, v1) (here alternate vi and v
until we getto u, as far as the cycle in H is concerned, there use v3 instead of vy),
we get an odd cycle in H ®; G, contradicting our assumption of H ®; G being

bipartite; thus pg < 2.

Conversely, let pg <2. If Gis trivial then H®p, G is totally disconnected
and there is nothing to prove. If pg =2, thenlet v; and v be vertices of G. By
taking the vertex sets V(H) x {vy} and V(H) x {v2} we form partite sets for
H ®; G. This is because no type (v) edges exist between vertices of the same vertex

set V(H) x {vj}, i=1,2; hence H® G is bipartite.

On the other hand, if H is bipartite, with H; and Hj as its partite sets, then

H; x V(G) and Hp x V(G) form partite sets for H®; G. O

Theorem 3.3.8 The strong lexical product H ®; G is bipartite if and only if G
is empty and H ®; G bipartite; or His empty and G bipartite; or pg <2.

Proof: If H®; G isbipartite and G empty, then H® G = H®p, G, because

the only edges for the product are those of type (v).

If G is not empty, but His empty, then H® G = py G; thus G is
bipartite. On the other hand, if both G and H are nonempty, let ujup and vivp be
edges in Hand G, respectively. If pg 23, taking v3 a vertex distinct from vi
and vp we get (ug, v3) (U2, v2), (u2, v2) (uz, v1) and (up, v1) (uy, v3), three edges

that form a 3-cycle; thus H &y G is not bipartite, a contradiction. Thus pg <2.
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Conversely, if G is empty and H ®; G bipartite, since H ®; G =
H ®; G, the latter is bipartite. If H is empty and G is bipartite then as we remarked
above H®; G = pyGand weobtain H®; G as bipartite. Finally, if pg <2
and say pg =1, then H @ G is totally disconnected and thus it is bipartite.
However, if pg = 2, then by taking the vertex sets V(H) x {v1} and V(H) x {v2}
we can see that H®; G is bipartite. 0

Theorem 3.3.9 The sublexicographic product H ®g; G is bipartite if and only if

H is bipartite.

Proof: Letusrecallthatalle .sof H&g; G are of type (iii): ujup &€ E(H). Thus
if H®gp G is bipartite and H is not, then using an odd cycle uy, ug, ..., up, u3 of H
we can get (uy, vp), (u, v1), ..., (Up, V1), (u1, v1) an odd cycle of H ®g; G; but
this can not happen, thus H is bipartite. We could have arrived at the same conclusion
by observing that H ®g; G contains edges of H isomorphically; thus H ®g;, G

bipartite forces H to be bipartite.

Conversely, if H is bipartite with partite sets Hj and Hp, then the vertex sets
Hix V(G)and Hz x V(G) form partite sets of H ®¢; G. Thus H®gp G is

bipartite. O

Theorem 3.3.10 The lexicographic product H[G] is bipartite if and only if one

factor is bipartite and the other empty.

Proof: Let us assume H{G] is bipartite; then at least one factor has to be empty,
otherwise, if ujuy € E(H) and vyvo € E(G) then (uy, vy) (up, vy), (up, vy) (ug, vo)
and (uj, v9) (up, vi) are edges of E(H[G]) giving a triangle. This is impossible

because H[G] is bipartite. Furthermore if we assume that G is empty and H is not
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bipartite, then we can find an odd cycle uy, uy, ..., Ug.q, Uy =uy in H. Using these
edges and v; of V(G) we get (uy, vq) (up, vy) (u3, vy) ... (upp, vp) (ug, vq) an
odd cycle in H[G], which is again contrary to our assumption of H[G] being bipartite.

Therefore H must be bipartite. Similarly, if H is empty, G must be bipartite.

Conversely, if H is empty and G bipartite, then H[G] = py G, which is
bipartite. On the other hand, if G is empty and H bipartite, but H[G] is not
bipartite, then any odd cycle in H[G] would correspond to an odd cycle in H, since
G is empty. But this can not happen, because H is assumed to be bipartite. Thus

H[G] is bipartite. (1

Theorem 3.3.11 The disjunction H v G is bipartite if and only if H is empty and

G is bipartite or if G is empty and H is bipartite.

Proof: Let us assume that H v G is bipartite and H is empty; since Hv G
contains all edges of G isomorphically, G must be bipartite. If on the other hand H
is not empty, let ujup € E(H); if G is not empty, then there exists vivy € E(G).
Using these two edges, one in H and the otherin G, we get (uy, vq) (uy, vp),
(ug, vp) (up, vo) and (up, vp) (uy, vy) that form a triangle in Hv G, a contradiction.
This forces G to be empty, so that H v G contains all edges of H isomorphically

and H is bipartite. This is the other case of the theorem.

Conversely, if H is empty and G bipartite, let Gy and Gy be the partite sets
of G; then V(H) X G; and V(H) x G form partite sets for H v G. A similar

analysis applies to the case when G is empty and H is bipartite. O
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Theorem 3.3.12 The symmetric difference H V G is bipartite if and only if one
of H or G is empty and the other is bipartite; or both H and G are complete

bipartite graphs.

Proof: Suppose H V G is bipartite and that one of H and G (by symmetry,
without loss of generality let it be G) is empty; then since HV G contains all edges of
H isomorphically, H is bipartite.

On the other hand, if both H and G are nonempty, as we saw above,
HV G bipartite implies H and G are both bipartite. If we assume one of them,
without loss of generality say G, is not a complete bipartite graph, then since the first
case of a nonempty bipartite graph that is not complete bipartite is of order at least three,
in G there exists a vertex w with the property that there is at least one pair of adjacent
vertices of G that w is not adjacent to. Let these vertices be vi and vy, Since H is
nonempty, for an edge ujup of H we get the three edges (uy, w) (up, vy), (up, vy)
(ug, vo), and (uy, v,) (uy, w) of HV G giving a triangle, a contradiction to the fact
that H V Gis bipartite. Thus G is a complete bipartite graph. Similarly we can see

that H is a complete bipartite graph.

Conversely if H is bipartite with partite sets Hy and Hp and G is empty,
then Hj X V(G) and Hp x V(G) form partite sets of H V G; this is because no
edges exist between vertices of Hj x V(G) since neither edges due to H nor to G
exist. Similarly, for the vertices of Hz X V(G); hence HV G is bipartite. By
symmetry, if G is bipartite and H empty, then HV G is bipartite.

Finally, let us assume that both H and G are complete bipartite graphs, and let

their partite sets be Hy, Hp and Gy, Gy respectively. Then the edges of HV G are
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only of the types shown in Figure 3.1. But from Figure 3.1 we can observe that every

cycle of HV G is an even cycle. Hence HV G is bipartite. O

H, x G _A \H, x G

_
B>

Figure 3.1

Theorem 3.3.13 Therejection H/ G is bipartite if and only if at least one of H

or G is bipartite.
Proof: This follows from Remark 2.3.1 and Theorem 3.3.3. O

Theorem 3.3.14 The strong rejection H / G is bipartite if and only if H is empty

and G is bipartiteor G is empty and H is bipartite.

Proof: This follows from Remark 2.3.2 and Theorem 3.3.6. O

Theorem 3.3.15 The exclusion H® G is bipartite if and only if H is bipartite.
Proof: This follows from Remark 2.3.3 and Corollary 3.3.5. D

Theorem 3.3.16 The total exclusion H © G is bipartite if and only if at least one

of H or G is bipartite.
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Proof: This follows from Remark 2.3.4 and Theorem 3.3.3. O

3.4 Some Observations on Small Order Factors

If our factors are of small order, then we can observe that several of the graph
products under discussion overlap, even more than already indicated. This section will
mention some of these overlapping products. Since the n-cube can be defined as a
repeated cartesian product of Ko, a natural question would be: what graph do we
obtain if we take the repeated product, *, of Ko for each of the products that we are

studying? This, together with some other properties, is discussed below.
Theorem 3.4.1 If H is bipartite, then H® Ko =2 H.

Proof: Let H; and Hy be partite sets of H, if vq and vp are the vertices of Ko,
then Hj; x {vi} and Hp x {vp} have an edge between them if and only if a
corresponding edge exists in H; that is, the edges between Hjp x {vi} and
Hyp x {vp} are in one-to-one correspondence with those of H. Hence we have one
copy of H. Similarly the same can be said about the edges between Hj x {v2} and
Hy x {v1} and these give a second disjoint copy of H. As this exhausts all the edges

of H ® Ky, we have the result. O

Corollary 3.4.2 Let Gy =Ky and Gp =Gp-1 ® Ko, forn>2; then
Gn =2n-1 K2

It can be seen from the definition that, in general, the tensor product is both

commutative and associative.

Theorem 3.4.3 Cy ® K = C2p, for n2 3 and odd.
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Proof: Modify C, to get C: as specified in Table 2.3 for the tensor product and
apply voltage graph theory; that is, use I'=7Z, and ¢(e) = 1 for e € E(Cp). From
this we find that | Cy Iy = 2; thus by Theorem 2.4.3 the lift of Cp to Cp x T'is

Con and we have only one such Cop. Q

Theorem 3.4.4 (Garman, Ringeisen and White [8]): If H is bipartite,then
H®K, = HxKj.

The condition that H be bipartite is important because if we say H is not bipartite, for
simplicity let Hbe C3,then weseethat C3® K = K33 # C3 x Ka. See Figure
3.2. By using Theorems 3.3.4 and 3.3.2 we can show that if H® K, = Hx K;

then H is bipartite.

Figure 3.2

Corollary 3.4.5: (Garman, Ringeisen and White [8]) If H; =Kj, and forn=>2,
Hp=Hp-1 ® K2, then Hp=Qn.

The following theorem and two corollaries are also due to Garman, Ringeisen

and White [8]:

60
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Theorem 3.4.6 Kn ® Kp ,pops,. =K

- P mp1,Mp7,mp3, «+» -MPy*

Corollary 34.7 (@) Kqn ® Ky =Kjpn:
(b) K2 ® K= Kn(2)-

Corollary 3.4.8 Let G; =K,, and G, =K, ® G, ;, for n22; then
Gp= Kzn-l 2Qn-1°

Since (Ky ® K2) ® K2 =Q3 #Kss = Ko ® (K2 ® Kpj), we can say

that, in general, the strong tensor product is neither associative nor commutative.

Remark 3.4.9 Since, by Remark 2.2.1, H®'G =G ® H, all the above
mentioned results and comments on the strong tensor product apply to the augmented

tensor product, as well.

Lemma 3.4.10 If His an r-regular graph of order p, then H X K5 is a (2r + 1)-
regular graph of order 2p.

Proof: Since both H and G are regular, so is H x Kj, and from Table 3.1 the

degree of each vertex of Hx Kp is 2r+ 1. Q

Theorem 3.4.11 Let Let Hi =Ky, and Hp =Hp-1 X K2, for n > 2; then
Proof: Apply Lemma 3.4.10 and use induction. O

We remark here that the strong cartesian product is both commutative and
associative and these properties are apparent from its definition. Note also that

H?_(_k—n = nH.
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Let us recall from Lemma 3.2.7a that H ®; K2 = H ® K. Using Corollary
3.4.2, 3.4.3 and Lemma 3.2.7a we get the following results:

Corollary 3.4.12 Let G, =K;,and G, = G,.1 ®L K,, for n22; then
G, = 201 Ky

Corollary 3.4.13 Cp ® K2 = C2p, for n > 3 and odd.

According to Lemma 3.2.7a the above two corollaries will hold even if K3 is
replaced by K—z From Corollary 3.4.12 (K2 @1 K2) & K3 =4 Ko but Figure 3.3
shows that Ky ®1 (Ko ®1 Kp) = Ko ® 2K = Q3 # 4K3. Thus we conclude

that, in general, the lexical product is neither associative nor commutative.

Figure 3.3

The above remark prompts the question: if welet Hi = Kp, and H, =
K, ® Hp_1,for n22, then how does H,, compare with G,? The answer is

provided below.
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Lemma 3.4.14 If G isany graph, then Kz ® Gisa (pg - 1)-regular bipartite
graph.

Proof: Since both factors are regular, then Ky ®1 G is regular. The fact that
K7 ®1 G is bipartite is the result of Theorem 3.3.7, and the degree of regularity

follows from Table 3.1. Q

Theorem 3.4.15 Let Hj =Kj, and Hy = Ky ® Hy.p, for n 2 2; then

H,, n22, isa (21— I)-regular bipartite graph.
Proof: This follows from Lemma 3.4.14 and induction.
Theorem 3.4.16 H ® 1 Ky = H® K.

Proof: The edges of H ® 1 Ky are all of type (i): u1 =uz and vivz € E(K2) and
type (v): vi # vo and ujup € E(H); but vj # vy means vivz € E(K2). Thus under
this condition type (v) edges are the same as type (iv) (tensor edges) and hence the

conclusion. O

As a result of Theorem 3.4.16, Theorem 3.4.4, and Corollary 3.4.5, we get the

following:

Corollary 3.4.17 If H is bipartite, then H ® 1, K2 = H ® K= HxKj.
Corollary 3.4.18 If H; = Kj, and Hy = Hp.1 ®1, K2, forn2>2; then Hp =Qp.
Theorem 3.4.19 If G is of order n, then K3 ®s1, G = Kp n.

Proof: From the definition of the sublexicographic product, its edge set consists

only of type (iii) edges; this means ujup € E(K3), i.e., if we replace the two
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vertices of Ko byacopyof G each, we get no edges between vertices that belong
to this copy (vertices with the same first coordinate); on the other hand every vertex in
this copy is adjacent to all the other vertices in the second copy. But this is what we

mean by Kpq. O

Theorem 3.4.20 If p; = n, then
Kpl, Py P3s =++s Py ®sL G= Knpl, NP9, NP3s «os NPy

Proof: Let Pj, 1<1i<m,bethe m partite sets of the given m-partite graph. Then
Pix V(G), 1 <i<m, partition the vertex set of Kpp P21 P3» +++s Pm ®sy G.
Since there are no edges between vertices that belong to the same Pj, 1< 1 <m, we
do not have edges between vertices that belong to the same set P X V(G),1<i<m.
On the other hand, because of the definition of type (iii) edges, every vertex of
P; x V(G) s joined to all vertices of Pjx V(G) for j #i. This gives

Knp1, npz, np3, eny npm' [:]

Corollary 3.4.20 (a) If Gy =Ky, and G, =K ®sp. Gp.1, forn 22, then
Gp =Ko oM
(b) If Hj =Ky, and Hy =H;.1 ®g1. Ky, forn = 2, then

Hn = K2n32n'

Corollary 3.4.21 (a) K2 ®gp Ky =Kyp
(b) Kn®sL K2 =Ka().
From Table 3.1 we find that if G is an r-regular graph of order p, then

Ky vG is a (p+1)-regular graph.

Theorem 3.4.22 If G; =Kj, and Gy = Kz v Gp.1, forn22,then Gp=Kyn-1.

64
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Proof: This follows from the above remark and induction. O

From the definition of the edge types for the symmetric difference and the

lexicographic product of two graphs we have the following:
Theorem 3.423 HV K, =H[Kp].
Corollary 3.4.24 KoV Ky =Knp.

Corollary 3.4.25 Let Hj =Ky, and Hy = Hp-1V K2, forn > 2; then

Hn = Kzn‘l 21'1-1.

Finally, we conclude this section by making the following remark.

Remark 3.4.26
(a) If His bipartite, then HxKo=H ® Ko =Ky ® H= H ®1 Kj;
(b) H[K2]1= H xK2;
(c) H ®s. Ko=H® Ky =H[K2 ;
(d) H® K2 =H®L K».

Proof: The equalities of (a) follow from Theorem 3.4.4, Remark 2.2.1, and

Corollary 3.4.17. The results in the rest follow from definition.

This chapter was devoted to studying the main properties that will be needed in
the next chapter. In Chapter IV we establish genus imbeddings for several of the
graph products discussed so far. To check whether we have a minimal imbedding, we
need to know if our graph is connected and/or bipartite. So the results that we

established in Chapter III are going to prove useful.
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CHAPTER IV

GENUS IMBEDDINGS OF PRODUCT GRAPHS

In this chapter we will provide several genus imbeddings for the different graph
products that have been discussed. The method of graph imbedding used will be the
surgical-voltage technique. Some of the necessary preparation for this method was
discussed in Section 2.5. This method assumes that in H * G, G is a Cayley graph,
Ga(I), for some finite group I' and generating set A. Minimal imbeddings are more
readily obtained, by this method, for graphs which do not use edge type (i), as such
edges often introduce 3-cycles into the product graph. We are going to use the
properties discussed in Chapter III repeatedly. Corollary 1.3.5 will often be invoked
to calculate the genus of a surface after we establish that we have a minimal

quadrilateral imbedding for our graphs.

Throughout this chapter and the next one we encounter abelian groups
Zmn X Zm X ... X Zn, nfactors in all, which we write as Z'I'll. By a standard
(canonical) generating set A for Zr?’, we mean the set of n m-tuples, that have 1 as
one coordinate and O for all the others; for example, the standard generating set A for
Zg' is A= {100, 010, 001 }. For simplicity of notation an element of a standard
generating set with its non zero entry at position i will be denoted by €; or sometimes
simply as i. The identity element of a group, whenever used, will be denoted by O
instead of its usual representation as a string of zeros. In this chapter, unless otherwise

stated, we assume H to be connected.
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4.1 The Tensor Product

Lemma 4.1.1 The graph P3 ® Q, has two isomorphic components.

Proof: Take I' = Zg and let A be the set of standard generators of I'; then
Ga(l') = Q,. We modify P3 as given in Table 2.3(3) for the tensor product to get
P;; see Figure 4.1.

8 5

~
coo?

N

Figure 4.1

We note that the local group at v is given by:

Ty={(@a1a ..ane 251 g:ai =0 mod?2 }.
This is true because to obtain a closed walk in I;i—glure 4.1 we always need an even
number of edges. Each edge contributes a 1 to the sum, thus an even number of 1's
contributes 0 mod 2. From this we conclude that [T: I’y ] =2. From Theorem 2.4.4
we have the number of isomorphic components of our voltage graph equalto [T": I'y]

and thus the lemma. O

We remark that P3 ® Qy is disconnected; this follows also from Theorem

3.2.3; however, Theorem 2.4.4 also tells us exactly how many components there are.

Theorem 4.1.2 Y(P3 ® Qp) = 2™1(n-3) + 2.

Before proving this theorem we illustrate it using the special case of n=2. We

take T=Zpx Zp, A={10,01} and Ga(I) =Qz=Cs.
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The modification of P3 is shown in Figure 4.2.

01 01

oy 20, 20

Figure 4.2

By Lemma 4.1.1, P3® C4 has two components that are isomorphic.
Moreover, P3 ® C4 has 12 vertices and 16 edges. A close examination of Figure
4.2 shows that we have two types of regions in the imbedded P; , the two 2-sided
regions and a 4-gon. Then IRly for the 2-sided regions is 2, and by Theorem 2.4.3
their lifts will be two 4-gons each, and the only 4-gon of the figure satisfies the KVL
or [Rlg = 1; thus by Theorem 2.4.3 it will be lifted to four 4-gons. This means then
we have a 4-gon imbedding (all the regions in the imbedding are 4-gons) for P3 ® Cy.
If we can establish that this imbedding is minimal, then the genus of our graph will be
found after a routine calculation. This is true because, as a result of Theorem 3.3.3,
Py ® Cy s bipartite. By Corollary 137 yP3® Co=3-B+2 =20 2150,
This says that our product graph is planar; this also agrees with y(P3 ® G) =
2n-1(n-3) +2 for n =2 in the theorem. (This graph, P3 ® C4, was the graph we

saw in Figure 2.7 (c); however, here I' = Z x Z; instead of Z4.)

Now let us proceed to prove the general case:

Proof of Theorem 4.1.2: Let T = Zg and A be the standard set of generators;
then Ga(I') = Qp. Let us modify P3 to get P; as shown in Figure 4.1. Since
every element of I' except for the identity element has order two, IRl =2 for all the

2-sided regions of Figure 4.1. Each of these will be lifted to 271 4-gons in
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P; % I'. The only 4-gon region in P; satisfies the KVL and thus it will be lifted to
21 4-gons by Theorem 2.4.3. Lemma 4.1.1 tells us that we have two isomorphic
components for this product. The product P3 ® G has 3(2") vertices and 2n(2")
edges; the application of Corollary 1.3.7 for the number of components n(c) = 2

gives Y(P3®G) = 2—122—[1 —g'%[—ll +2 =2r(n3) + 2.0

If T is a group and A is its generating set, we say A contains odd
redundancy if we can get an odd cycle in Ga(D); for example when T’ = Zg and
A ={100, 010, 001, 101} then A has an odd redundancy, since we obtain a 3-cycle

from the generators 100, 001, and 101.

Theorem 4.1.3 If T = ZD, Ais a generating set with odd redundancy, 1Al = k >
n, and G = GaA(D), then y(P3 ® G) =201k -3} + 1.

Proof: The proof of this theorem is similar to the proof of Theorem 4.1.3; the
difference is that in Theorem 4.1.3 we had n generators, but here we have k
generators, where k >n. Also, since A has an odd redundancy, G contains an odd
cycle. This means that by Theorem 3.2.3 P3® G is connected. As for the proof of
Theorem 4.1.3 we can see that all the regions of P;,k X¢ I are 4-gons; thus we have a
4-gon imbedding for P3 ® G. Furthermore by Theorem 3.3.3, P3 ® G is bipartite
and this makes our imbedding minimal. We also note that P; has three vertices and
2k edges; this means that P3 ® G has 3(2m) vertices and 2k(2") edges. Then
using Corollary 1.3.5, we find

Y(P3® G) = zlif}"l-i%l) +1 =201k —3)+10Q

Let T'= Z) x Z4, n20. Wedefine Ay by: Ag= {1} and Aky; is obtained

from Ay as follows: for each of the 2K generators (each a k + 1 tuple) of Ag, form
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two k + 2 tuples: one by addinga "0" at the beginning and another by addinga "1"
at the beginning. These 2k*+! (k+2) —tuples form Ag;;. For example, Ag = {1},
Ay = {01, 11}, Ap = {001, 011, 101, 111}, etc.

Theorem 4.1.4 If T = Z'Z1 x Z4, n20, and A, is as defined above, then for
G =Gay(D), ¥P3®G) = 211 3)+2.

Proof: Let us modify P3 consistent with Table 2.3(3) to get P; as seen in Figure

4.3. Inthis figure let §; stand for the i-th generator, 1< i < m =2n

Figure 4.3

For Ty, the local group atv, we have Iy = {ae I'| aZ=identity (i.e, last
coordinate is even) }. Thus [[:Ty]=2 and hence P3 ® G has two components.
From the figure we can see that P; has 3 vertices and 2(2m) = 2(2n+1) edges; this
in turn says that P3 ® G has 31T| =3 (20*2) vertices and 2(2™+1) T | =227+
edges. From the arrangements of the generators every 2-sided region satisfies
IRlg = 2; thus they will be lifted to 4-gons. The only 4-gon of the figure satisfies the
KVL and hence it also lifts to a 4-gon. This means we have a 4-gon imbedding for
P3 ® G. Since P3 is bipartite, Theorem 3.3.3 tells us that P3 ® G is also bipartite;
thus our imbedding is minimal. The calculation of the genus using Corollary 1.3.7 for

n(c) =2 is as follows:

2n+4 2
¥P3® G =Z— - ) g - MMl _3) 42 0
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Theorem 4.1.5 Let H be a bipartite (p, q) graph with an orientable 4-gon
imbedding; then:
@ YH®Qp =2"%nq-2p) +2;
(b) If I'= Z) x Z4 and Ay isas defined in Theorem 4.1.4, then
YH® G) = 21(q2M -p) +2.

Before proving the theorem, we illustrate (a) with the case when n=2. We
take I'= Zp x Zp and A= {10,01}. Then Gao(I') =C4. Letusalsotake H=
C4. Modify each edge of H shown on the left to look like the one shown on the right
of Figure 4.4.

X __a

e—O <m>o

Figure 4.4

The modification of Figure 4.4 can be done consistently with all edges because H is

bipartite. Let Cg4 be modified according to Figure 4.4 as shown in Figure 4.5 to

Figure 4.5

. *
give C,.
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In Figure 4.5 we have four 2-sided regions; all will lift to 4-gons, by
Theorem 2.4.3, in C: x¢ I'. We also have two 4-gons, that satisfy the KVL and
hence will lift to 4-gons as well. Thus C4 ® C4 has a 4-gon imbedding. Furthermore
we can see (using Theorem 2.4.4) that C4 ® C4 has two isomorphic components.
Since this product has 32 edges and 16 vertices, using Corollary 1.3.7 for two
components we get:  Y(Cq ® Cg) = %?'- _12(2 +2 = 2. This is in harmony with the

given formula for p=q=4 and n=2.

Proof of Theorem 4.1.5: For case (a) we take I" to be Zg and A the
standard set of generators, giving GA(I') = Q. Let us modify H by following the
modification indicated for each edge in Figure 4.6. This modification is consistent
since H is bipartite. Each 4-gon of H will be modified as seen in Figure 4.5 except
this time we have n edges instead of two for case (a) and 20+2 edges when it comes 1o
case (b). Since by Theorem 2.4.3 all the regions lift to 4-gons, we get a 4-gon
imbedding for H* Xy I' = H © G. From Theorem 3.3.3 and Theorem 2.4.4  we find
H ® G to be bipartite with two isomorphic components. Itis not hard to see also that

H ® G has p(2M) vertices and q(n)2" edges. Thus from Corollary 1.3.7 we have:

i 86 =10 _ 22D 5 on2mq-2p) +2

Figure 4.6
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For case (b), we first note that IA*1=2™1 instead of n asin case (a), and
the figure shown in Figure 4.6 will have directed edges this time; we will order them
81, 82, . 82", 31, ..., (52™1. This means that H" has 2™ edges and p
vertices, giving H® G q22*3 edgesand p2™*? vertices. Again H® G is not
connected but it has two isomorphic components which are bipartite. An examination
of the regions of H" also shows that all its regions will lift to 4-gons. Thus we have

a minimal 4-gon imbedding for H ® G. From Corollary 1.3.7 we get that
q22n+3 p(2n+2)
)

YH®G) = +2 = 2™ (@2" p) +2. Q

Corollary 4.1.6 (White [ 28]) If H is a bipartite (p,q) graph with an orientable 4-
gon imbedding, then YEH®Kz)= 3 —p +2.

Proof: Take n =1 in the above theorem; thus YH ® Kj) = 2“'2(nq— 2p) +2=

1-p+20

Theorem 4.1,7 Let H be a bipartite (p,q) graph with an orientable 4-gon
imbedding. If T = Zj, A has odd redundancy with | Al = k > n, and
G = Go(D), then yH ® G) = 2" 2(kq—2p) + L.

Proof: The proof of this theorem is essentially the same as that of Theorem 4.1.5,
except this time the existence of odd redundancy in A makes G have an odd cycle.
This, by Theorem 3.2.3, guarantees that H ® G is connected. Also, the size of
H® G is gk(2m). Once more the use of Corollary 1.3.5 gives us:

YH®G)= 2" %(kq-2p) +1. Q

Theorem 4.1.8 (White [28]): Let H be a (p,q) graph with an odd cycle and an
orientable 4-gon imbedding; then YH® Kj3) = % -p +1L

73
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Proof: In modifying H the only thing we do is label each edge of H by the group
element 1 (we are using I' = Z). This means every 4-gon of H* satisfies the KVL
and hence all will be lifted to 4-gons. Since H is not bipartite, H ® K3 is connected
by Theorem 3.2.3 and because Kj is bipartite, H ® K is also bipartite from
Theorem 3.3.3. Iiis casy to see that H ® K has 2p vertices and 2q edges; thus the

use of Corollary 1.3.5 gives: YH® Kj) = % -p +10

A graph G imbedded in some surface Sk is said to have a bichromatic dual
for that particular imbedding if the geometric dual of G imbedded in Sk has chromatic

number equal to two.

Theorem 4.1.9 Let H be a non-bipartite (p,q) graph with an orientable 4-gon
imbedding and bichromatic dual. Let G = GA(T') then:

(a) IfI'=Z4 and A={1},then YH®G)=2(q-p) +1;
() fI'= 2'2‘ and A is the standard set of generators, then
YH® G) = 2"%(nq-2p) +;
() If = Zg x Z4 and A, is as in Theorem 4.1.4, then
YH®G) = 2%} (q2" -p) +1.

Proof: Since H has a bichromatic dual imbedding, let us assume the regions of this
imbedding are colored black and white. For cases (a) and (c) we modify each edge
of H indicated in Figure 4.7(a) by the ones shown in Figure 4.7(b); here k = 1A%
and the ordering of the generators looks like the arrangement of Figure 4.3. For case
(b) we have to remove direction from the edges, since all generators in A have order
two. The arrangement here is from 8y, 8y, ..., 8y for k =n. Because of the coloring

of the regions, this modification can be done consistently in all three cases. In addition

74
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to this, we observe the condition (5; 8{:1 )2 = identity, for 8; and 8j+1
consecutive arcs in the modification of H. This will guarantee that every 2-sided
region of H* will have IRlp=2, giving 4-gons in the lift. The coloring of the regions
divides the 4-gons of H* into two types, half of them having all four sides labeled
31 and the rest of them having all four sides labeled 8. This means all the 4-gons
satisfy the KVL and they too will be lifted to 4-gons; thus we have a 4-gon imbedding
for H® G. Sincein all cases G is bipartite, by Theorem 3.3.3 H ® G is also

bipartite; as a result of these our imbedding is minimal. Because H is not bipartite,

from Theorem 3.2.3 H® G is connected in all cases.

black
e TN G
white dy it
(a) (b)
Figure 4.7

Let us now proceed to get specific formulae for the corresponding I"and A.

(@) When I'=74, H® Ghas 4p vertices and 8q edges and the result

follows from Corollary 1.3.5; thatis y(H ® G) = §4g - ‘—122 +1 =2(q-p) +1.

(b) When T = Z%, then |1A*I =n; thus H* has nqedges and p vertices
implying H ® G has nq(2™) edges and p(2) vertices. The result then follows from
Corollary 1.3.5.

(c) Here as we saw in Theorem 4.1.4 | A| =20 Since none of the elements

of Aisof order2, |A* I=2n+1. This gives q(2M!) edges for H* and the size of
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H ® G is q(20+1)I I | = q(220+3); of course its order is p(2"+2). If we apply Corollary
1.3.5 we get:

yH® G) =X = ™1(g2aM—-p) +1.a

2n+3 n+2
20 _p@)

The following theorem wili overlap Tireorem 4.i.5 when both rand s are

cveIl.

Theorem 4.1.10: Let H be the cartesian product Cr x Cs of two cycles C; and

Cs; 1,8 24. Then:

2"l (n - 1)rs +2; s and r even

(@ YH® Qn) =

271 (n _ 1)rs + 1; otherwise

(b) I T = 2Z)xZ4s and Ay is as definedin Theorem 4.1.4, with
G = Gp (), then

2““(2“+1 - l)rs +2;s and r even
YH®G) =

2“"’1(2n+1 - l)rs +1; otherwise

Proof: First of all, we note that Crx Cg has an orientable 4-gon imbedding in S
as seen in Figure 4.8. For case (a) we take I' = lel and A the standard set of
generators, so that Ga(I') = Qn.

When r and s are both even, the results are special cases of Theorem 4.1.5.
For the remaining cases (atleast one of r or s odd) we proceed as follows. In both
(a) and (b) G is bipartite: in (a) G is the n-cube, and in (b) we may take V; to be
those vertices that end in either 0 or 2 and V3 to be those vertices thatendin 1 or

3. Thus H®G is bipartite‘. In addition to this, H® G is connected because H is
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not bipartite. Figure 4.9 shows how a typical 4-gon of H will be modified in H™.
(Here we observe that in the first case the figure will be as it is, while for the second
case we have to add directions to the edges and their arrangement is like that of Figure
43.) Herelet i stand for §;, where 1< i € k = |A*1L. Incase (b) note that

@ 8 )2 =e.

i

—§—0- coe

Figure 4.8

Figure 4.9
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It will be helpful to remind ourselves that H has rs vertices and 2rs edges; as aresult
of this H* will have 2rsk edges. Thismeans H ® Ghas 2rsk | I' | edges andrs|I|
vertices. The modification also shows that the 2-sided regions have | R |y =2 and the
4-gons satisfy the KVL; hence all the regions lift to 4-gons, giving us a 4-gon
imbedding of H ® G. But H ® G is bipartite, because G is bipartite, and connected
because H is not bipartite, which means our imbedding is minimal. All that remains is
to count the number of edges and apply Corollary 1.3.5 as usval. In (a) k =n,
I T =20 and an application of Corollary 1.3.5 gives

2rsn(2M) 1520

YH® G) == 5 +1=2"T(n-Drs +1.

On the other hand in (b) k =2™! and | 'l = 22, Thus using the above cited

Corollary we have

2r32ﬂ+ 1 (2ﬂ+2) r52n+'2
7 —_

YH® G) = 5— +1 = o0+l 1y 41, @

4.2 The Augmented Tensor Product

We begin this section by giving genus results of some products involving K,
Cn, Kp, and P,.  The methods that have been used are the common imbedding
techniques. Some of these results are already in the literature and these will be
indicated as such. The remaining part of the section will be devoted to new results

obtained by using the surgical-voltage method.

0; if n is even
Theorem 4.2.1 For n23, K, ®' Cp) = )
1; otherwise.

Proof: If n is even, then from Remark 2.2.1 and Theorem 3.44 K7 ®' C, =

Cn ® Ky = C; x Ky and the last one is planar. If on the other hand n is odd,
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then K33 is a subgraph (homeomorphically) of K3 ®' C; and by the famous
theorem of Kuratowski (see [14] also Theorem 4.9 in [5]) K3 ®' Cj, is non— planar.
Hence y(Kg ® Cp) 2 1. Figure 4.10 shows that Ky ® Cp can be imbedded in S,
so that Y(K2 ® Cp) < 1. Combining these two we obtain Y(K2 ® C;) =1.

an2 bn'l an

bn-3
N\ %
I 1 bn-2 anl |bn

Figure 4.10

AN

Theorem 4.2.2 For n 24, y(C, ® Kp) =1.

Before proving the theorem we note that we are considering n 24 because for
n=3, CG3® Ky = K3 ® C3 = Ky ® K3 = K3(2). The first equality is the result
of Remark 2.2.1 and the last one is from Corollary 3.4.7 (b); the fact that K3(2) is
planar then makes C3 ® Ko planar too. Thus Y(C3 ® Kp) =0.

Proof: First we claim that for n 2 4, the girth of C, ® Ky is four. This is true
because if we were going to have a triangle in C, ®' K3, then at least two of the
second coordinates are the same because our second factor is K7. Also we can not
have all three of them the same; because, for n 24, C; does not contain a triangle.
Thus without loss of generality we can assume (uy, v1), (u2,vi), (u3, v2) to give

our triangle. This forces both (ug, vi) (u3, v2) and (u3, v2) (uj, v1) to be tensor

{
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edges, giving a triangle in Cy, a contradiction. Thus the girth of Cp ®' K3 is at least
four; but if up, up, and uj are consecutive vertices of Cy, then (uy, v1), (u2, v1),
(uz, v2), (uz, v2), (1, v1) is a 4-cyclein Cp ®' Ky, giving the girth to be exactly
four. From Corollary 1.3.5 we sec that Y(Cn ®'K2) 292 - 21 4 1 = 1, because
the size and order of C, ®' Ko are 4n and 2n respectively (sce Table 3.1). Figure

4.11 shows that Y(Cy ® Kp) < 1;thusfor n24, y(C, ® Kp) =1.

From Remark 2.2.1 and Corollary 3.4.7(a) we find that K ®' K, = Kpp

and thus from Ringel's result ({20]) we see that Y(K2®'K;) = l'(n22)2_|; on the
other hand using the above cited remark and Corollary 3.4.7(b) we see that
Kn®' Ky = Kp(2) and from a result due to Jungerman and Ringel ([13]) we find that
Y Kya®'K2) = (3"—3)3(9—_—1—), for n g 2(mod3). We can also show that

YKy ® Pp) =0 and y(P,® Kp)=1,for n=4.

33 -3’ '23 '19 9
(2,b) 3,b)
\ e & O
Figure 4.11

Theorem 4.2.3 (White [ 28]): If H is a (p,q) bipartite graph with a quadrilateral
imbedding, then y(H ®' K3) = B(H) (where B(H) = q - p + 1 is called the Betti

number of H).

80
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Proof: We modify each edge of H as seen in Figure 4.12(a) and thus every
quadrilateral of H will be modified to look like the one shown in Figure 4.12(b). We
are using I =27, and Table 2.3(5). A look at Figure 4.12(b) shows that all the 2-
sided regions satisfy IRl =2 and the 4-gons IRly = 1; this means from Theorem 2.4.3
that the lift of each type of region will be a 4-gon, giving a 4-gon imbedding for
H ®' K3. From Corollary 3.2.5 H ®' K> 1is connected; also since H is bipartite,
Corollary 3.3.5 tells us that H ®' K3 is also bipartite. The product graph H ®' K»
has 4q edges and 2p vertices. This means from Corollary 1.3.5

YHOK)= M -2 11 = g-p+1=p@. 0
e—o0
e \k %

Figure 4.12

Corollary 4.2.4 Let G =Ky and G =Gp.1 ® Kz for n22; then
WGp) = 22D _o™ly 1 for n>2.

Proof: From Remark 2.2.1 and Corollary 3.4.8 Gj.1 = Kyn-2 yn2, meaning Gy
has (22)2 edges and 2™ 1 vertices, and we can show inductively that Gy has a

quadrilateral imbedding. Thus from Theorem 4.2.3 ¥(Gp) = 2202 — 2™, 1 0
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The last expression can be viewed as (2“'2 - 1)2, and this is in harmony with
Ringel's result on Y(Km,m) where Corollary 4.2.4 is a special case with m = 2"1 for

some positive integer n.

Theorem 4.2.5 Let H be a bipartite (p,q) graph with an orientable 4-gon
imbedding. If T = Zg, A is any generating set with k elements, and G = Ga(I),
then YH® G) = 2"[(k + 1)q-2p] +1.

Proof: Modify each edge of H as in Figure 4.12(a). This time, however, instead of
two edges use k + 1 edges labeled 0, 1, 2,..., k. Figure 4.13 shows how a 4-gon
of H is modified in H* according to the speciiications of Table 2.3(5).

<k
H
0
eoo LA
0o k k 0

k

Figure 4.13

Every 2-sided region of H has IRlg = 2, and thus it will lift to a 4-gon; every 4-gon
of H" satisfies the KVL and hence will also lift to a 4-gon. This means H ® G has
a 4-gon imbedding; but from Corollaries 3.2.5 and 3.3.5 H ®' G is connected and
bipartite respectively. Thus our imbedding is minimal. We can see that H* has

(k + 1)q edges and p vertices, implying that H ®' G has 2%k +1)q edges and 2"p
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n n

vertices. Then Corollary 1.3.5 givesus yH® G) = 2E30 22,y .

2™2[(k +1)q —2p] +1. O

Corollary 42,6 YH® Q) = 2%2((n +1)q —2p] + 1.

Proof: Take A as the set of standard generators of I" in the above theorem. U
Corollary 4.2.7 Y(C4®' Q) = 2"[n -1] +1.

Proof: Let H = Cj4 in the above corollary. 0

Theorem 4.2.8 Let T = Zg, IA 1l =k=n,and G = GA(T'); then
YKy ® G)= 2"2[k -3] +1.

Proof: We modify K; as in Figure 4.14. Every region in K; is 2-sided and
satisfies IRly = 2; this means they all will be lifted to 4-gons. Thus we have a 4-gon
imbedding for Ko ®' G; but from Corollary 3.3.5 K ®'G is bipartite and from
Corollary 3.2.5 K2 ®' G is connected. Hence our imbedding is minimal. The
number of edges and vertices in Ko ® G are (k +1)2" and 2™*! respectively. The

theorem then follows as a result of Corollary 1.3.5. O

Figure 4.14

Now we give a new proof of an old result:

Corollary 4.2.9 (Ringel [19], Beineke and Harary [3]): ¥(Qp) =2"3[n-4] + 1.
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Proof: First of all from Remark 2.2.1 and Corollary 3.4.5 we see that

Qn=K3 ®" Qq.1. Then in the above theorem we replace n with n — 1 and we let

IAl=n—1:thus YQp) = 7Kz ® Qp.1) = 2™3Mm-4]+1. Q
Corollary 4.2.10 (K2 ® Kp) = 7[m-4] + 1, when m=2"n2 1.
Proof: Take k=2"-1, T = Zg in the above theorem. O
Theorem 4.2.11 y(P3 ® Q) =2"1[n-2] +1.

Proof: Let T = Z‘zl, A the standard set of generators, and G = GA(I'). Let P3
be modified as shown on Figure 4.15. Then we see that we have two types of regions
in P:; the 2-sided regions that will be covered by 4-gons, and the outer 4-gon that
will lift to 4-gons. This means we have a 4-gon imbedding for P3 ®' G; but because
this product is bipartite and connected our imbedding is minimal. Since P3 ®' G has

(n + 1)2™*! edges and 3(2") vertices, we see from Corollary 1.3.5 that

¥(P3® G)=2"![n-21+1. 0

Figure 4.15

Let us note here thatif G =C4 (i.e., n=2) in the above theorem, then
Y(P3 ®' C4) = 1; this was the graph we had in Figure 2.7(e) (although here
Cy4 = Ga(Zy x Zp) instead of Ga(Z4) ).

84
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Corollary 4.2.12 Letl Al =k > n with redundant generators; then

Y(P3® G)=2"1k-2]+1.

Proof: The proof is like that of the above theorem, except now P3 ®' G has

(k + 1)2™1 edgesand 3(2") vertices. This gives P3® G a genus equai to

(k +12™1 30"

7 i 201k 21 +1. O

Corollary 4.2.13 y(P3 ®' K,) = r_;_ [m-3]+1, where m=2" forn>1.

Proof: In the above corollary take k=2"~1and I'= Z). O

The following Theorem overlaps Theorem 4.2.5 when both r and s are

even.
Theorem 4.2.14 Let H= Cgx Cp, s,r 24; then Y(H ®' Qq) = nrs@™!) + 1.

Proof: First of all, as seen in Figure 4.8, Csx C; has an orientable 4-gon imbedding
on S, and a sample modification looks like the one on Figure 4.8 except now we have
n + 1 edges labeled 0 to n. Every reasoning of the theorem resembles the preceding
ones, except we should note that H ®' G is connected, by Theorem 3.2.3. By an
argument similar to that in the proof of Theorem 4.2.2, H ®' Qp does not have a
triangle and if uy is a vertex adjacent to both uj and uz in H, and v; and v are adjacent
in Qp, then (uy, v1), (ug, v1), (u3, vo), (ug, v2), (uy, vq) is a 4-cycle in H ®' Q, and
so it has girth four. Thus any 4-gon imbedding for H ® Q, would be minimal.
Since our construction gives us a 4-gon imbedding, it is minimal. We know that

H®' G has (n +1)rs2™*! edges and 2"rs vertices; hence from Corollary 1.3.5

2"1n 4 Drs 2% N
4 )

v(H ® G) = 1 =2%sn + 1.0
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Corollary 4.2.15 If | Al =k >n in the above theorem, then
YH ® G) =2%lkrs + 1.

Corollary 4.2.16 Let H be as in the above theorem and G = Ky, where mis a

power of two, say m =2% then y(H ® Kp) = I—Zgrs(m -1+ 1.
Proof: Take k =2" -1 in the above corollary. 1
4.3 The Lexical and Sublexicographic Products
Theorem 4.3.1 Let H be a bipartite (p, q)-graph with an orientable quadrilateral

imbedding, and G be any graph of order m = 2" for n22; then
¥(H ®L G) = 7 [(m-1)g-2p] + 1.

We will illustrate this theorem with the case of H= C4 and G of order
four; thus we willtake I" to be Z% Let us modify C4 according to Table 2.3(7) as

seen in Figure 4.16 below.

10 01 11 11 01 10
1) 10
01

Figure 4.16
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Here, as we can see from the Figure 4.16, each of the 2-sided regions has
IRl = 2 and the two 4-gons satisfy the KVL; hence by Theorem 2.4.3 all the regions
lift to 4-gons. As we can see in Figure 4.16 again, C: has 12 edges and four vertices;
thus C4 ®1 G will have 48 edges and 16 vertices. From Theorems 3.3.7 and

3.2.7(b) we get that C4 ®1, G is bipartite and connected; thus our imbedding is

48 16

minimal. This means Yy(C4 ® G) = )

+1 = 5.

One interesting thing about this formula is that it is independent of the size of

G; it only depends on the order of G, aslong as H is fixed.

Proof of Theorem 4.3.1: Let us take I' = Zr21 and modify every 4-gon of H as
seen in Figure 4.16 using the bipartite nature of H, except now we will have 2" 1
edges, one for each nonzero element of T, instead of three. Since every edge label in
this modification is of order two, the 2-sided regions will lift to 4-gons; so do the
4-gons, as they all satisfy the KVL. Our modification guarantees us a 4-gon
imbedding for H ®p, G. Since H is bipartite, by Theorem 3.3.7 H ®; G is
bipartite; and because H is connected and the order of G is greater than two by
Theorem 3.2.7b, H ®, G is connected. Thus using Corollary 1.3.5 we can get
the genus of H ®, G provided we know the order and size of H ®, G. The order is

p2" and the size is (2" —1)g2"

n n n
Thus YH®LG) = 2 —41) 2 ~P§— 41

2" (2"~ 1)q-2p] + 1

7 [m—1)q-2p] +1, because m=2" O
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Theorem 4.3.2 Let G be of order m, a power of two; thatis m =27, for n > 2.

Then Y(P3®G) = I;—[m—4]+ 1.

Proof: Welet I' be Z’z1 . The resulting modification of P3 looks like that in Figure
4.15, except this time we will have 2" 1 edges for each edge of P3. This gives
22" - 1) ITledgesin P3 ® G. We can easily show that P3 ® G is both connected
and bipartite. Also, since every 2-sided region satisfies IRly =2 all such regions lift to

4-gons, and the only 4-gon of P; satisfies the KVL and thus it also lifts to 4-gons.
2n+1(2n _ 1) 3(2")

4 -T2 ¢
212"~ 4] +1; butbecause 2" =m we get y(P3 ® G) = %[m -4+1. 0

We thus have as a result of Corollary 1.3.5 y(P3 ® G) = 1=

Corollary 4.3.3 v(P3 ®1, C4) = 1.

r'roof: Take Z‘Z‘ for T', giving four for the order of G. Now m =4 in the
above theorem gives us the desired result. (We would like to note that this graph is
what we had in Example 2.5.1 as Figure 2.7(g)). Theorem 4.3.4 below overlaps

Theorem 4.3.1 when both r and s are even.

Theorem 4.3.4 Let H be the cartesian product Cr x Cg of two cycles C; and Cg;

r,s 24. If G is of order m =2",n 21, then y(H@LG)=£SZ—m(m—2) + 1.

Before proving this theorem, we illustrate the case H= Csx Cs and G=C4. Let
us take I to be Z‘;‘ Figure 4.17(a) shows a 4-gon imbedding of H on S;. We can
easily show that Csx Cs has girth four. And consequently H ®, G has girth
four. If we modify every 4-gon of Figure 4.17(a) as seen in figure 4.17(b), we see
that our modification is consistent and H" Xy T" will have a 4-gon imbedding. Also

from Theorem 3.2.7b, H X¢ I'=H ®|, C4 is connected, because H is connected.

88
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Hence given the fact that the girth of H ®;, C4 is four we see that our imbedding is
minimal. Since H ®p C4 has 24rs edges and 4rs vertices, Corollary 1.3.5 gives

the genus tobe 4rs + 1. Q

taascll

‘L—r— L 11 01 10 11 01 10
| 10
I o1
11

(b

(2)

Figure 4.17

Proof of Theorem 4.3.4: The proof of the Theorem resembles that of our example
except now we have H®p G with 2™1pg(2" — 1) edges and 2"rs vertices. Thus,
after noting that H ®, G is a connected graph with girth four, we conclude by
Corollary 1.3.5 that y(H ®t, G) = ﬁlr_s%%"_—ﬁ - 21‘-;—§ + 1 which by

substituting m for 2" gives the result r—szﬂ[m -2] +1. @

Theorem 4.3.5 Let H be a bipartite (p,q)-graph with an orientable 4-gon

imbedding. If G is any graph of order m = 2", for n 21, then

Y(H®sLG)= Z{mq-2p] + 1.
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Proof: Letustake I' = 2121 and G =Ga(I') with A any generating set for I'. The
proof of this theorem is analogous to the proof of Theorem 4.3.1, except for the fact
that now we add an edge labeled with the identity element in the modifications. We put
this new edge next to the edge labeled 10. We observe that all the regions of H* lift
to 4-gons, giving a 4-gon imbedding of H ®gp, G. Since H is bipartite, by
Theorem 3.3.9 H ®g1. G is bipartite and because H is connected and nontrivial,
by Theorem 3.2.9 H ®gp G is connected. Thus the 4-gon imbedding we have is
minimal. We can also see from Table 3.1 that H ®s;, G has qu edges and mp
vertices; this gives, using Corollary 1.3.5, y(H ®g1, G) = %[mq -2pj+1. Q0

Theorem 4.3.6 If G has order m = 2", n>1, then

Y
YKy @5, G) = -(2m 2

Proof: Letustake I' tobe Z) and modify K asshown in Figure 4.18.

m

m-—1
1

0

Figure 4.18

From the above figure we see that the lift of KZ is 4-gonal. We can also
observe that Ky ®gr, G is both connected and bipartite as a result of Theorem 3.2.9
and 3.3.9 in that order. This graph is of order 2m and size m?; thus Corollary 1.3.5

2
applies and we get: (K2 ®s1. G) = %— ~m+1 =2 T 2o
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We would like to mention here that, from Corollary 3.4.21(i),
Ko ®sp, Km =Km,m and our result agrees with Ringel's result for Ky n,

(m =2M).
Theorem 4.3.7 If Gisof orderm=2" n2 1, then y(P3®gsL G) = 7(m - 3) +1.

Proof: letustake I'= Zg and modify P3 as shown in Figure 4.19 below. This
shows that all the regions of P; %¢ I are 4-gons. As a result of Theorem3.2.9 and

3.3.9 P3®g1 G is bipartite and connected; thus by Corollary 1.3.5 we get

YP3®sLG) = ——4——12‘3+ 1=2m-3) +1. O

Figure 4.19

Corollary 4.3.8 y(P3 ®g, C4) =3.
Proof: In the above theorem take m=4. O

We note that this was the graph we encountered in Figure 2.7(i) in Example 2.5.1. The

following theorem overlaps Theorem 4.3.5 when both r and s are even.

Theorem 4.3.9 Let H be the cartesian product Cr x Cs of two cycles Cp and Cg,

r,s 24. If G is of order m=2%n21,then y(H ®SLG)=‘—52’—n(m—1) + 1.
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Proof: Letustake I' = Zg and a 4-gon imbedding of H on Si, asin Theorem
4.3.4. We modify H by replacing every edge with edges labeled 0, 1,2, ..., 2",
one for each element of I'. In the modification of H we discussed in the proof of
Theorem 4.3.4 insert an edge labeled O, and we can see that still we have all the 2-
sided regions satisfying IRly= 2, and the 4-gons satisfy the KVL. This gives us a 4-
gon imbedding for H ®gy, G. From Theorem 3.2.10 H ®g, G is connected; since
the girth of H is four, the girth of H ®s, G is also four. This makes our imbedding
minimal, and an application of Corollary 1.3.5 with size 2rsm? and order rsm gives

YH®sLG)= 5 [m-1] +1. 0O

4.4 Rejection, Exclusion, and Total Exclusion

If G; and Gj are two disjoint graphs, then the graph Gj U G2 is the
graph where V(G; U G2) = V(G)) U V(G2) and E(G; v G3) =
E(G)) v E(G).

Theorem 4.4.1 Let H =Ky UKj; thenforn>3, y(H/Qq) =2"1[2"-n-471+1.

Before going on with the proof of the theorem, we present an example for the
case n=3 Wetake T'=Z3 and A = {100, 010, 001} so that GA() = Qs; then
Q* = {111,011, 101, 110}. Modify the edges of H as shown in Figure 4.20.

111 111

011 011

101 101

110 110
Figure 4.20

92
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This figure shows that all the digons have [Rlg = 2, which means H' xo
has all its regions 4-gons, giving a 4-gon imbedding for H/G. Since it is not hard to
see thatboth H and G are connected and that G contains a 3-cycle, by Theorem
3.2.13 we obtain that H/G is connected. Also, by Theorem 3.3.13, because H is
bipartite, H/G is bipartite; these two results allow us to use Corollary 1.3.5 to find
that y(H/G) =5. Q
Proof of Theorem 4.4.1: For the general case we take I' = Z’zl, n=3, and A
the standard generating set; then GA(') = Qq. The proof is similar to the above
example. First we see that H = m; = P3, and when n > 3
Q" =2" - n> 2™1 The latter says that the degree of each vertex in G is
greater than 271, implying that G is connected. Also it is not hard to see that G
contains a 3-cycle; thus by Theorem 3.2.13 H/G is connected. Because H="P;is
bipartite, from Theorem 3.3.13 H/G is bipartite. In the modification of H we have
| Q" edges for each edge in H; thus the number of edges in H™ is 2(2" - n - 1) 2"
and of course the number of vertices is  3(2™"). Thus it follows that Y(H/G) =

22" _n-41+1. 0

Theorem 4.4.2 Let H be a graph such that H is a connected bipartite graph of
order p and size q with an orientable 4-gon imbedding; then

YH/Qy) = 2% (27 - n— 1)g-2p] + 1.

Proof: Wetake I = ZIZ‘, n=3, and A the standard generating set; then
Ga() = Qp. From the hypotheses we see that H is both connected and bipartite,
and Qg is connected with an odd cycle from the proof of Theorem 4.4.1. Thus from
Theorems 3.2.13 and 3.3.13 we see that H/G is connected and bipartite. For the

remaining part of the proof we refer the reader to the proof of Theorem 4.1.7. The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




i

94

only thing we should realize is that H/G has oX q2" edges and p2" vertices, but
1Q" = @"-n-1); thus YH/G) =2"2[2" —n— I)g—-2p] + 1. O

Theorem 4.4.3 Forn>3, y(K3© Qp) =2"2[2"-n-4] + 1.

Proof: If we take I = Z’zl, n>3, and A the standard generating set, then
Ga(T) = Qp. Replace the only edge of K3 by 2%-n edges to get K;; this will
give a modification with only 2-sided regions and for each region | Rly =2. This
means that in K; x¢ " all the regions are 4-gons. From Theorem 3.2.15 and
Theorem 3.3.15, together with the facts that K5 is connected and bipartite and that
(_Q-n is connected, we conclude that Ky ® Q, is connected and bipartite. In addition
to these we can easily see that K, © Qq has order and size of 2™ and 2"(2"-n)

respectively. Then Corollary 1.3.5 gives ¥(Kp © Q) =2"2[2"-n-4] +1. Q
Theorem 4.4.4 The graph P3 ® Cy is planar; thatis y(P3 © C4) =0.

Proof: Weregard Cy as Go(T) for T'= 22 and A ={10, 01}; then Q" U {e} =
{11,00}. We modify P3 as shown in Figure 4.21.

o D o
11 i1
Figure 4.21

We can see that the two digons each satisfy [Rlp=2 and the only 4-gon of the
figure satisfies the KVL; thus P; x¢ I' has a 4-gon imbedding. A further
examination of the figure and the local group T’y at a vertex v shows that
[[ :Ty] =2, which from Theorem 2.4.3 tells us that P3 ® C4 has two isomorphic

components. By the bipartiteness of P3, Theorem 3.3.15 guarantees the
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bipartiteness of P3 @ C4. Then the use of Corollary 1.3.7 shows that Y(P3 © C4) =

176 —122— + 2 = 0. O (This graph was the graph we saw in Figure 2.10(e).)

Theorem 4.4.5 For n>3,y(P3© Q) = 2™![2"-n-3] + 1.

Proof: Letustake I = 2121, n>3,and A the standard generating set; then
Ga(l) = Qp. Modify P3 as shown in Figure 4.21, except that we have | Qe
edges for each edge of H this time. Thus P3 © Q, will have 2(2"—n) 2" edges
and 3(2™ vertices. And since P3 and (3',,, for n 23, are both connected and P3
is bipartite, by Theorem 3.2.15 and Theorem 3.3.15 P3® Qg is both connected
and bipartite. Similar to the way we reasoned for Theorem 4.4.3, we get a 4-gon
imbedding for P3 ® Q. Thus our imbedding is minimal and by Corollary 1.3.5
YP30Qp= 2"![2"-n-3] + 1. Q

Theorem 4.4.6 Let n > 3; then YK ® Q) =2"2[2"-n-5] + 1.

Proof: We take I tobe Zg for n=3 and for A we take the standard generating
set, so that Ga(I') = Qn. We modify Kj by replacing the edge of Koby 2" —n -1
edges, one for each element in Q". This means that Ky ® Qg has 2°(2"-n-1)
edges. Since Kj and Q—n are both connectied, the former is bipartite and the latter
contains an odd cycle, Theorem 3.2.16 tells us that Kz © Q is connected, while
Theorem 3.3.16 guarantees that it is bipartite. Since the crder of our graph is 2+l

an application of Corollary 1.3.5 gives the desired result:
¥K20 Q) =2"%2"-n-5] +1. 0O

Corollary 4.4.7 Let I' = lel, G = GA(T) for some generating set A, where
|A"=m and G is connected with an odd cycle. Then

Y¥K2©G) =2"2[2"-m-5] + 1.

95
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Proof: The same reasoning as in the proof of the theorem works here except that now

1Q"1=2"-m-1. Q
Theorem 4.4.8 Let n 2 3; then y(P3 @ Qp) =212 4]+ 1.

Proof: Let I’ = ZI, n>3,with A the standard generating set so that Ga(l') =
Qn. The proof is similar to that of Theorem 4.4.5 with the only exception that we have
1Q" | edges replacing each edge of H this time. This means that the size of P3© Qg
is 2™1(2" _n—1) and of course its orderis 3(2"). We can also verify that P3 @ Qy
is connected and bipartite from Theorems 3.2.16 and 3.3.16 and the properties of P3
and Qp that we discused in the previous theorems. Thus from Corollary 1.3.5 we

n+1lcan n
have y(P3@ Qny =2 270U 3E) Ly vl gy 410

We observe that when n=2 in Zg, P: shows that { T : Iy ] = 4, sothat
P3 @ C4 = 4Pz and thus y(P3 @ Qq) = 0; this was the graph we saw in Figure
2.10(D).

4.5 The Strong Tensor Product

As we have seen in Remark 2.2.1, H® G = G ® H; thus all the genus
results we got in Section 2 of this chapter will apply for this product as well. Since the
second factor is always regarded, in this dissertation, as a Cayley graph, the results that
we are going to establish in this section are going to be different from those we already

obtained in Section 4.2,
Theorem 4.5.1 y(K4 ® C4) =9.

Proof : Take Cg4=Ga([") where I'=74 and A= {1 }; thus we modify K4 asseen

in Figure 4.22. From this figure we see that we have three types of regions: the 4-
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gons, the digons, and the loops. The 4-gons satisfy the KVL, the digons all have
I R Iy =2, and for the loops | R lp = 4; thus all three will lift to 4-gons. This means
we have a 4-gon imbedding for KZ X ¢ Z4 =Kq4 @ C4. Since both factors are
connected and the second factor is bipartite, K4 ® C4is connected and bipartite by
Theorems 3.3.4 and 3.2.4 respectively. Thus the 4-gon imbedding we have is
minimal. We can see that the size and order of K4 ® C4 arc 64 and 16 in that

order; hence from Corollary 1.3.5 (K4 ® C4)=9. U

Figure 4.22
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If we view C4 as K37 and use Theorem 3.4.6, we observe that K4 ® C4 =
Kg,g and thus Theorem 4.5.1 is a special case of Ringel's result for Ky p. Itis

included here because of the new proof.

By taking the modification of K7 in Figure 4.23, using I'=73 and A= {1},
we get Y(Ko2 ® C3) =0. This result follows from the fact that, in the modification,
we have a triangular imbedding for K2 ® C3, Then an application of Theorem 1.3.4
for p=6 and q=12 gives genus 0. We could also have used Corollary 3.4.7 to see
this graph as K3(2) and this is well known to be planar. Our method usually gives a
minimal 4-gon imbedding; but here is a case of a triangular imbedding, even though it

is a small order case.
1 1 5

Figure 4.23

If in Figure 4.23 the loop on the vertex on the right is put inside by reflection on
a vertical axis, the resulting modification of K, gives a genus imbedding for K, ® C,
on the torus, where I' is now taken to be Z,; of course this can be independently
verified from Theorem 3.4.6, because K, ® C =K K2,2 = K4,4 and the last

one is known to be of genus one.

Theorem 4.5.2 (White [28]): If H = G,«(I"y), with A’ = {a, b, a + b} for I';
abelian, then YH ® K, ) = 1+241[l.
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Proof: We first observe that H can be viewed as G,«(I";) imbedded in §,, where
A'= {a, b, a +b}, as an Il';-fold covering graph of the voltage graph imbedded in the

torus as shown in Figure 4.24.

O—p—0

A a+
b

A
A/rgi)

Figure 4.24

For more discussion on this see White [24, page 167]. As for the K4 4, letus regard
itas Ga(I') where T =73 x Z4 and A = {01, 11}; see Example 2.4.2. Because
K4 4 is bipartite, Theorem 3.3.4 tells us that H ® Ky 4 is bipartite. Since H and
K4 4 are both connected, by Theorem 3.2.4 we conclude that H ® K44 is also
connected. Now let us modify H as seen in Figure 4.25 below. (In this figure the
group elements 01, 11, 03, and 13 are represented for an ease of writing by 1, 2, 3,
and 4 in that order.) This Figure shows that H" has three types of regions: 4-gons,
digons, and loops. The 4-gons satisfy the KVL, the digons have [Rly=2, and the
loops have IRlg = 4; thus all of them will lift to 4-gons. This gives a 4-gon imbedding
for H ® K4 4. Since this graph is bipartite, our imbedding is minimal. If we can find
out what the size and order of H ® K44 are, thensince H ® K44 is connected,

Corollary 1.3.5 as usual will give us Y(H ® Kg 4).
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Figure 4.25

Since H is seen as an | I'yl-fold covering of the one-vertex, three-loop
pseudograph in Figurc 4.24, we see that H has | I'jl vertices and 3IT'1l edges. But
from Figure 4.25 we see that H' has ITyl vertices and 14 IT'jl cdges. This means that

H' x4 = H® Kyy has 81Ty verticesand 1121T1! edges. Therefore :

, .
YH® Kyq) = ‘IZLF“ - “'1;" +1=241Ty1 + 1. 0

Corollary 4.5.2a y(K7 ® Ks4)=169.

Proof: Take a=1and b=2, TIj=2Z7in the theorem. O
Corollary 4.5.2b  v(K300) ® Kq4) = 193.

Proof: Takea =1landb= 2, Iy =Zg inthe above theorem. {1
Corollary 4.5.2¢ v(K3(3) @ Ka4) =217.

Proof: Take a= 10andb =01, T'7= Z3 X Z3in Theorem 4.5.2. O
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Theorem 4.5.3 Let H=Gp'(T")), with A'={a,b,c,d,b-a,c-b,d~c,a~d)}

for T'j abelian, with no generator an involution; then YH ® Kgg) = 26411l +1.

Proof: We first note that H can be viewed as an |I'; |-fold covering of the
following one-vertex, eight-loop pseudo graph in Figure 4.26 imbedded in S3. From
this figure we see that H has IT'jl vertices and 8 [I"1l edges. (The latter is true due to
the fact that the eight edges on the boundary of the octagon will be identified in pairs to
give only four edges, since we have the standard representation for S given by those

edges as aba’lb'lcdc’ld'l.)

Figure 4.26

We next proceed to modify H. (It should be noted here that we are not actually
modifying H but the pseudograph imbedded in Sz that will lift to the modification of
H). Note that Kgg can be regarded as Ga(I') where I' = Zy x Zp X Z4 and
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A = {001, 101,011, 111}. We arrange the arcs of A* asseenin Figure 4.27(b)
and Figure 4.27(a) shows the modification.

(b)
Figure 4.27
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We use d1, 83, 03, 04 to stand for 001, 101, 011, 111 in that order. Figure
4.27 (a) shows that H* has 68 ITjl edges and | I'7l vertices. This means that
H xoI' = H® Kgg will have 16 ") vertices and 1088 IT'y! edges. Since Kgg
is bipartite, by Theorem3.3.4 H ® Kg g is also bipartite. Itis not hard to see, using
Theorem 3.2.4, that it is connected. We also see that we have three types of regions in
H: 4-gons, digons, and loops. The 4-gons satisfy the KVL, the digons have [Rly=
2, and the loops have IRl =4; thus all of them will lift to 4-gons. This gives a 4-gon
imbedding for H ® Kgg. Since H ® Kgg is bipartite our imbedding is minimal.

The genus of H® Kgg then follows from Corollary 1.3.5 as follows:

YH® Keg = 28 —1651' +1= 2641T31 + 1. 0

Theorem 4.5.4 If H=Gp(1), with A'={a, b, b-a} for 'y abelian and no
element of A' an involution, then YH® Q)= 51T + 1.

Proof: We first observe that H can be viewed as GaW(I';) <4 Sj, where A' =
{a, b, b—a}, as an IT';|I-fold covering graph of a voltage graph imbedded in the torus
similar to the one shown in Figure 4.24 except this time the arrows on the edge labeled
a in that figure are in the opposite direction, and the label on the diagonal arc is b—a
instead of a +b. Asfor Q,,letusregarditas Gu(I) where I'=Z,x Z; and A=
{10, 01}. Because Q,=C, is bipartite, Theorem 3.3.4 tellsus that H® Qj is
bipartite. Since H and Q, are both connected, by Theorem 3.2.4 we conclude that
H ® Qy is also connected. Now let us modify H as seen in Figure 4.28. In this
figure we have two types of regions, 4—gons and digons. The 4-gons satisfy the
KVL and the digons have IR|, =2. As a result of Theorem 2.4.3 all of these regions
will lift to 4—gons, giving a 4-gon imbedding for a bipartite graph H ® Qo; thus we

conclude that our imbedding is minimal. Since H has [}l vertices and 3I[l
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edges, H" has IT;I vertices and 7Tyl edges. Thus H® Q has order and size

41 and 28IT;l, respectively. Using Corollary 1.3.5 we get :

IT|
VH® Q) = 2——-85“ —~—£—L +1=5r)+10
10
01
01
01
10
10 01 10 01
10
10
01
Figure 4.28

Theorem 4.5.5 If H=Gpa([p), with A'={a,b,¢c,d,b—a,c-b,d-c,a-d,
b~ d} forT"; abelian and no element of A' an involution, then

Y(H ® Q) = 880IT! + 1.

Procf: Let us regard H as an II'j)-fold covering of the one-vertex, nine-loop
pseudograph of Figure 4.29 imbedded in S. For Qs wetake T' = 25, and A as
the set of standard generators. Use the modification of H as shown in Figure 4.30.
From this modification we see that we have two types of regions in H" digons that
have IRly=2 ard 4-gons that have IRly =1; thus all of these regions will be lifted to
4-gons, giving a 4-gon imbedding for H ® Qg. Since Qg is bipartite Theorem 3.3.4
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tells us that H ® Qg is also bipartite; by Theorem 3.2.4 H ® Qg is also connected;
hence our imbedding is minimal. We then observe that H has IT"j| vertices and 9Tl
edges. This makes H* to have 28] 6(9IT1)) + 3I71] =25(57IT'y)) edges and 26Tyl
vertices; then from Corollary 1.3.3 we get:

FI R 6
2 (JZ'FI') _2 g" +1 =880 + 1.0

YH ® Qg) =

Figure 4.29

If in Theorems 4.5.4 and 4.5.5 A'is defined to be {a;, a;, ay—a;} and
{a], ay, a3, 8y, 3y — Ay, a3 — Ay, 84 — a3, 4) — 8, @y — ay} respectively we get the

following theorem as the next case.

Theorem 4.5.6 Let H = Gp(T'1), with A' = {a], a2, a3, a4, as, ag, a2 — ay, a3 —
a7, a4 — a3, a5 — a4, a6 — a5, a] — ag, a2 — a6, a4 — a2, a6 — a4} for I'y abelian and A’

with no involutions; then Y(H ® Qo) = 391681111+ 1.
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Figure 4.30

Proof: Let us view H as a covering of the one-vertex, 15-loop, voltage graph
imbedded in S3. The technique will almost be similar to the one we encountered in the
proof of Theorem 4.5.4, but this time we are using the standard form of S3. See
Figure 4.31. Then H will have 15ITl edges and ITyl vertices. We take T = Z10,

with A the standard set of generators, to get Q10. Thus H" will have 1551741
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edges and still T}l vertices. Since Qo is bipartite, H @ Qjq is also bipartite by

Theorem 3.3.4, and by Theorem 3.2.4 it is connected.

3 @

Figure 4.31

Using arguments similar to those we had in the proof of Theorem 4.5.4 and Figure
4.32, we find out that we have a 4-gon imbedding for H @ Qjp; but due to the fact
that H ® Qi is bipartite, our imbedding becomes minimal. Now H ® Qjo has
210(155lI‘ 1) edges and 210lF1I vertices; hence from Corollary 1.3.5 y(H ® Qi)

210 10
] (1_25!1“11) 2 2'F y1 = 301680 + 1. O

We extend the construction of Theorems 4.5.4, 4.5.5, and 4.5.6 for k =1, 2,

and 3 by extending A' for I’} abelian in a natural way.
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Figure 4.32

Theorem 4.5.7 Let H be G,(I',) for A’ extended as mentioned above for T’
abelian, soas H could be regarded as an II"jl-fold covering of a one-vertex, 6k -3

loop, pseudo-graph imbedded in Sx. Then for n=4k -2,k 21,

YH @ Qp =2%4ryfek-nazk-5) -2] + 1.

4
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Proof: The modification of H extends those of the preceding theorems, and the
proof is an extension as well. e have | "1l (6k—3)n + I1"1P12—l edges for H". Thisis
because each of the | I'jl (6k — 3) edges is replaced by n edges (one for each generator
of ZJ) inthe standard generating set A of Z3). Also we have n half edges below,
giving %IF 1| edges above. Itis also clear that, as in the earlier proofs, H® Q, is
bipartite and all the regions of H' lift to 4-gons giving us a 4-gon imbedding that is
minimal. Thus from Corollary 1.3.5 we have

2" [ |T1H(6k -3) n + lru%] 2y |

) 7 +1

YH ® Qn)

22(Iry n (6k— 3))— 271yl +1

23311 n (12k-5) — 41Tyl) +1

%4k - a2k -5 -2] +1. O

Theorem 4.5.8: If G is empty, then H[G] = H®g, G.
Proof: Because G is empty, the only edges that appear in H[G] are of type (iii);
this means H[G]= H®g G. 1

As a result of this theorem, all the results listed in Theorems 4.3.5 — 4.3.7 and
4.3.9, referring to the sublexicographic product work for the lexicographic product if

the second factor G is empty.
Theorem 4.5.9 If G is empty, then HV G =H v G =H ®g, G = H[G].

Proof: When G is empty the edge types (ii) and (vii) are, in combination, equivalent

to edge type (iii); this is the only type presentin  HV Gor Hv G when G is
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empty. This gives the first equality. Edge type (iii) is alsotheonly edgetype inthe
definition of H®g1, G, giving the second equality. The last equality is that of Theorem
458. Q

As a consequence of Theorem 4.5.9, all that we proved for the
sublexicographic product in Theorems 4.3.5—4.3.7 and 4.3.9 remain true for both
the disjunction and symmetric difference when the second factor G is taken to be

empty.

In this chapter we were dealing mostly with graph products that did not use
edge type (i). In most cases the use of this edge type makes our imbedding technique
inefficient. One of the reasons for this is that the introduction of loops at every vertex
of H gives regions with order of 3 sides and this does not lead, in most cases, to an
efficient imbedding. In some products also, the inclusion of this edge type together
with others, introduced triangles, which meant that a 4-gon imbedding would not be

minimal.
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CHAPTER V

ISOGONAL IMBEDDINGS AND GENUS UPPER BOUNDS

Among the many 2- cell imbeddings of a connected graph, most of the interest
of topological graph theorists has been focused on four types. The first two are the
minimum genus imbedding, or imbedding G on Sy(G)’ and the maximum genus
imbedding on SY Gy where v,,(G) is the maximum among al} the genera of all

M
surfaces on which G can be 2-cell imbedded. The other two are special imbeddings
for some particular graphs. There is what is called a self-dual imbedding, where G =
G*, G" being the dual of G in a particular imbedding. Before presenting our fourth

type of imbedding, we will define some related terms.

Let p= (Pys Pose-es Py) be a rotation scheme for a connected graph G of
order n; p; is the rotation at vertex i, 1 <i<n. Itis known that p determinesa 2-
cell imbedding of G in a closed orientable 2-manifold S, where k can be uniquely
determined by the number of orbits of the permutation p* (p* :D" - D" defined by
p (a,b) = (b, pp(a)), where D* = {(a,b)l ab € E(G)}. For further details sec White
[24, Section 6.6]. An automorphism of an imbedding (G, p) is a graph
automorphism a € Q(G) such that a(p) =p. (Thatis, p is equivalent with itself,
under the action of a.) This imbedding automorphism group, sometimes called a map
automorphism group, we denote by Q(G, p). If 1a(G, p) | = 21E(G)l, we say
(G, p)is a symmetrical imbedding. Thus a symmetrical imbedding has the
maximum number of orientation-preserving symmetries. See White {24, Chapter 14].

In addition to these four types of imbeddings there is another type of imbedding that is
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worth studying. This is an imbedding of a graph where r =1,;; we call this imbedding
an isogonal imbedding or more specifically an n-gon imbedding. Thus duals of
imbeddings of regular graphs are iosogonal, which implies that self-dual imbeddings of
regular graphs are isogonal. In particular, self-dual imbeddings of Cayley graphs are
also isogonal. Also, symmetrical imbeddings are necessarily isogonal, but not
conversely, as our several constructions in the next section will indicate. The first
section of this chapter will discuss isogonal imbeddings of some product graphs where
the first factors include trees, cycles and the one-vertex, 6k — 3 loop pseudograph

imbedded in Sy

Finally, in Section 5.2 we present examples showing how the surgical-voltage
graph method can be used in giving an upper bound for product graphs for which the

genus is unknown.

5.1 Isogonal Imbeddings

In this section by an n-gon imbedding of G we mean a 2-cell imbedding of
G where each region of the imbedding is bounded by n edges. The repeated cartesian
product of the cycle C,, k >3, n factors in all, will be denoted by C}: We let v

denote the genus of the surface on which an isogonal imbedding occurs.

Theorem 5.1.1 The graph Cp ® C‘}: ,n21land k>3 and odd, hasa 2k-gon
imbedding on Sy, for y;= K"[@n-1)k-2n] + 1.
1

Before proving this result, we give an example for the case k =3 and n = 2.
We will take C3 =C3 X Cy tobe Gn(Z3) with A= (10,01 }. We want to show
that Cg® (C3x C3) has a 6-gon (hexagonal) imbedding in Syq. We will modify
Cg according to Table 2.3(3), as shown in Figure 5.1(a). Each edge of Cq is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



113

modified as seen on Figure 5.1(b). In this modification we have two types of regions:
the digons and the 6—goﬁs. The digons satisfy lRl¢ =3 and sixgons satisfy the KVL.
This means that the lift of C§, Cg x,Z2 = Cg® (C3x C3) is a 6-gon; hence we
have a 6-gon imbedding for our graph. Now let us find the genus of the surface where
we obtained our imbedding. Before going to a routine calculation using euler's
equation (Theorem 1.3.1), we first see that because both factors are connected and
(C3x C3) contains an odd cycle, from Theorem 3.2.3 Cg ® (C5 x C3) is
connected. Next we observe that the product graph has 54 vertices and 216 edges.
Since 2q = 6r, where r is the number of regions in our imbedding, ris 72. (We could
also use Theorem 2.4.3 to calculate r. There are 18 digons, each with |R I¢ =3,
and two 6-gons that satisfy the KVL. Thus r=18 % + 29T = 72.) The use of

Theorem 1.3.1 then shows that y; = %[q—p—r] +1 =%[ 216-54-72] + 1 = 46.

Figure 5.1

i S

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



114

Proof of Theorem 5.1.1: The proof of the general case is analogous to that of our
example. Wetake I'= 7 and A the standard set of generators so that G,(I') = Cp-
We replace every edge of C,, by 2n arcs arranged in a similar arrangement to that
of Figure 5.1(b). Since every edge is replaced by 2n edges, C;k has 4kn edges,
giving 4nk"+1 edges in the product. All the digons are arranged to satisfy IR|,= k,
while the two 2k-gons satisfy the KVL; hence we have a 2k-gon imbedding for
Cpy ® CE. Since both C,; and CE are connected and CQ contains an odd cycle
(k is odd), Theorem 3.2.3 tells us that C,, ® CE is connected. Also by either
observing 2q = 2kr or the use of Theorem 2.4.3 we see that r = 4nk". Of course
the order of our product graph is 2k™1. The use of Theorem 1.3.1 now yields

¥ = Sank™! = 2 dnk®) + 1 = K0 - Dk-20] + 10

Theorem 5.1.2 Let Ty denote a tree of order k + 1. Then for k odd, Ty, ; ® CE
n
has a 2k-gon imbedding on Sy_, for yi=%—[(2n— Dk—1-2n) + 1.
1

Proof: Again we take A standard for T'= ZJ, sothat G,(I) = C}. We modify
Ty, to get Tktl as follows: we start with a drawing of the tree on the sphere.
Modify each edge as shown in Figure 5.2(b). (The orientation can be arbitrary.)
Figure 5.2(a) shows one way to do this for a tree of order eight. Our modification has
two types of regions, these are the digons and the 2k-gon. The former all have
R! 0= k and the latter IRI¢ =1, thus all the regions lift to 2k-gons. To find ihe genus
of the surface where we have this imbedding, we first need a knowledge of the
connectedness of Ty, ® CI]:, and this follows from Theorem 3.2.3 since both
factors are connected and C]r: has an odd cycle (since k is odd). Furthermore, we note

that Ty, ® C?( has 2nk™! edges, (k+1)k" vertices, and (using similar

3 - e J— e e

§
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calculations as in the example preceding the proof of Theorem 5.1.1) 2nk"™ regions.
Thus applying Theorem 1.3.1 to this information we have

n
yi=%[2nk“+1 — (k+1)k"~ 20k + 1 = l—;—{(Zn—l)k—l—Zn] +1.0

o

Figure 5.2

Corollary 5.1.3a The graph Py ® Cn for oddk has a 2k-gonimbedding on
the surface with genus —[(2n -Dk-1-2n] + 1.

Corollary 5.1.3b The graph K;, ® Cﬁ for odd k has a 2k-gon imbedding on
n
the surface with genus k7[(2n -Dk-1-2n] + 1.

Theorem 5.1.4 The graph C, ®' CE, n21and k22, has a 2k-gon imbedding
on Sy, for v= k"[2nk-1) —1] + L
i
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Proof: Let I'= 7} with A the standard set of generators, so that G,(Zy) = Cy..
We modify C,, by replacing each edge with the arrangement shown in Figure 5.3; we

1

do this with consistency as determined by C,y imbedded in the sphere.

Figure 5.3

Our modification contains two types of regions, the digons and the 2k-gons. The
digons have IRI¢ =k and the 2k-gons, IRI¢ = 1. Thus both types lift to 2k-gons.
This means then we have the desired imbedding. We first realize that Cyy & C]I: is
connected, because the two factors are connected, satisfying the conditions of Theorem
3.2.5. Furthermore C,, ®' CE has 2(2n + DK™ edges, 2k™! vertices, and
2(2n + 1)k" regions, which by Theorem 1.3.1 says 7, = k[ @n+ Dk—-k—(2n+1)] +
1= k"2nk - 1)-1]+ 1. Q

The construction above is readily seen to extend from C,, to any bipartite H
with a 2k-gon imbedding or a non bipartite H with a 2k-gon imbedding that has a

bichromatic dual.

Theorem 5.1.5 Let Ty, stand for a tree of order k + 1; then for k22, Ty, ®' CE
has a 2k-gon imbedding on Sy, for ¥;= K'[n(k-1)—-1]+ 1.

i
Proof: Let I'= Z{(‘ with A the standard set of generators, so that G A(ZQ) = CE.

We modify T, as in the proof of Theorem 5.1.2 to get Tkil’ except this time we

3
1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



117

replace every edge by 2n + 1 edges arranged as seen in Figure 5.3. Again our
modification has two types of regions; these are the digons and the 2k-gon. The former
all have lqu) =k and the latter lqu) =1; thus all the regions lift to 2k-gons, giving 2k-
gon imbedding for the graph product under discussion. If we find what q, p, and r
are for Ty, ® CL‘, a routine calculation using Theorem 1.3.1 will establish the
genus of the surface where we obtained the 2k-gon imbedding. But these are
@n + DK™, (k+ DK", and (2n+ 1)k?, respectively. Then since Ty,; ® Cp is

connected we get v, =k"[n(k-1)-1]+1. O

Corollary 5.1.6a The graph P, ; ®' C’ﬁ has a 2k-gon imbedding on the
surface with genus ¥, =k"[n(k-1)-1]+ 1.

Corollary 5.1.6b The graph K, , & C'l: has a 2k-gon imbedding on the surface
with genus ¥ =k"[n(k—1)- 1]+ 1.

Theorem 5.1.7 If H=Ga'(ly), with A'={a, b, a+ b} for I'} abelian, then

H x C4 has a 4-gon imbedding on the surface of genus 8/ Tjl + 1.

Proof: Let T = Z2, with A = (10, 01}; then G,(I) = C,. Furthermore, we
observe that H imbeds in S; as anlI' |-fold covering of the one-vertex, three loop,
pseudograph imbedded on S, as shown in Figure 4.24. We modify this
pseudograph so that it lifts to the modification of H. This is shown in Figure 5.4.
This figure shows that all the digons have IRI¢ =2 and the 4-gons satisfy the KVL;
hence by Theorem 2.4.3 they all lift to 4-gons in H X8 I'= H x C,, giving a 4-gon
imbedding. We next count the number of edges and regions for this imbedding. To
find the size, we first note that at the beginning we had 3II';l edges for H. In the

modification H each edge was replaced by three edges, giving 9II';l edges. In
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addition to this we have two half-edges at each vertex of H, giving ')l edges
altogether. Thus we have 10iI';l edges. This means that H x C, has 40Il';!
edges. Itis not hard toseethat H x C, has 4"yl vertices. Since the size is 40!
and all the regions are 4-gons, it follows that r = 20I[';l. Both the factors are
connected, giving a connected H x C, by Theorem 3.2.6. An application of
Theorem 1.3.1 gives the genus of the surface of our imbedding to be

¥ =140 - 4IF}1-20Ty] +1 = 8Tyl + 1. Q

10

01
01

01

10 01 10 01

10

01

Figure 5.4

Corollary 5.1.8a The graph K7 x C4 has a quadrilateral imbedding on Ss.
Proof: Take a=1and b=2, I'1 =Z7in the theorem. 0

Corollary 5.1.8b The graph K4(2) X C4 has a quadrilateral imbedding on Sgs.
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Proof: Takea =1landb= 2, I'j =Zg in the above theorem. 1

Corollary 5.1.8¢ The graph K3(3) x C4 has a quadrilateral imbedding on S5

Proof: Take a=10and b=01, I'y = Z3 X Z3 in Theorem 4.5.2. Q)

Let A" be defined as in the statement preceding Theorem 4.5.7, for T'; abelian;

then we get the following result that generalizes the above theorem.

Theorem 5.1.9 Let H be regarded as an I['jl-fold covering of a one-vertex, 6k -3
loop, pseudograph imbedded in Sk. Then for n=4k-2,k>1,H X Q, has a4-
gon imbedding on the surface of genus k¥l IF1I[(3k -2) ] + 1.

Proof: We have seen the case k =1 in Theorem 5.1.7. The imbedding of H for
cases k=2,and k =3 can be found in the proofs of Theorems 4.5.4 and 4.5.5.
The higher cases are extensions of these with appropriate generators on corresponding
surfaces. If we take I" = Zg, with A as the standard set of generators, then G,(I') =
Q,- We modify the pseudograph imbedded on Sy according to Table 2.3(6) and in the
fashion of Theorem 4.5.7, except an edge bearing " 0 " is added internally; this will
liftto H'. Since H has IT, | vertices and(6k — 3) IT';| edges, H" has IT';| vertices and
Irff6k-3)m+1) + —le] edges: the (6k-3) edges of H replaced by n + 1 edges
each in H' andthen half-edges at each vertex give % edges. This means that
H x Qn has 2"}l vertices and 2" IT|I[ (6k—3)(n + 1) + %] edges. We can also
show that the 4-gon regions of H' satisfy the KVL and the digons IRI¢ = 2. This
means all the regions lift to 4-gons and we have a 4-gon imbedding for our product,

H x Qq. The fact that each region is a 4-gon tells us that r = 2" [ (6k —3)(n +

1+ % ]. If we substitute 4k -2 for n in the above numbers, we get p = 2%k2 iy,
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q= 2%21r,I[ 24k? - 16k + 2], and 1 = 23 T,I[24k?-16k+2]. Since H x Qq is
connected, an application of euler's theorem, Theorem 1.3.1, gives the genus of the

surface where this 4-gon imbedding of H X Qp is obtained as follows:
1
Yi=3la~-p-1] + L
= %[ 2% 2 r (2412 - 16k +2) — 22T - 253242 - 16k +2) ]+ 1
= %[ 24310 1( 24K~ 16k +2) = 2%2iT)1] + 1
= 254 [ 242 - 16k | +1

=k 2%l r[3k-2]+1.0Q
5.2 Application to Genus Upper Bounds

As is often the case, when the genus of a graph is not known, upper and lower
bounds are established. Rough bounds could be easy to find; sharper bounds might be
hard to calculate. For any graph that we encounter, Theorem 1.3.3 gives a general
lower bound, and for bipartite graphs Theorem 1.3.4 gives a sharper lower bound.
Depending on the graph, better lower bounds may be found by exploiting certain
properties. As for the upper bound the natural method is to imbed a graph on some
surface and calculate the genus of this surface. Imbedding a graph on a surface other
than the sphere or sometimes the torus is usually not an easy task, unless we have a
means of seeing the graph as a covering graph of another graph that could be readily
imbedded on surfaces of lower genus. For Cayley graphs, voltage graphs serve as a
means of achieving this; for graph products (with the second factor a Cayley graph) the

surgical-voltage technique discussed in this dissertation applies. The beauty of the
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technique is that it will always give an upper bound and with careful considerations one
can make the upper bound more efficient. It is not our aim in this scution to give a list
of upperbounds for the genus parameter for various graphs, but to give two examples

to show how the technique might be used.

It was mentioned in Chapter I that this method was first used in trying to find
the genus of the repeated cartesian product of three triangles [15]. A generalization of
this problem is to determine Y(Cy,,; X Copqy1 X Copyp ) forn21. Voltage graph
theory readily gives an upper bound of 8n° + 4n2 - 2n, but using the surgical-voltage
technique White [28] showed that this bound can be improved to 4n3 +4n? +2n + 1.
The lower bound using Theorem 1.3.4 (n=2) is 2n3 + 3n2 + %n + % The genus

was found to be asymptotically 2n3 by the work of Mohar, Pisanski, and White [16].

To see how this technique can be used in giving a good upper bound for other
graphs, we are going to use two examples. Let us try to find ¥(K3® Cy), the
genus of the strong tensor product of the graph K, ,, with C,. The first thing we
trytodoistosee C, as Gu(I) forsome group T and generaiing set 4. We have
two ways of doing this. These are: C, = Gp(Z,), A'= {1} and C, =

Gv(Zy X Zp), A" = (10, 01}.

We will modify K,y acording to Table 2.3(4), but before doing that let us
establish a lower bound for the genus of Kj ;) ® C,. First we note that Ky has 6
vertices and 12 edges. Using Table 3.1 we see that Kgp) ® C, has size 120 and
of course its order is 24. Since C, is bipartite, from Theorem 3.3.4 we see that
K32 ® C, is bipartite, and because Kjipy & C, is connected as a result of

Theorem 3.2.4, from Corollary 1.3.5 we get a lower bound of 19 for K3(2) ® C,.
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Now let us modify K3(2) as seen in Figure 5.5, by taking I'; =Z, and A'=
{1} SO that C4 = GA.(FI).

Figure 5.5

In this figure we have four types of regions: 4-gons, 3-gons, digons, and
loops. By Theorem 2.4.3 the six 4-gons satisfy the KVL. Thusin KS:Z) X4 Z, they
will lift to 4-gons (24 in all). The two 3-gons, marked (A) and (B), have IRI¢ =4, thus
they will lift to 12-gons (2 in all). The 12 digons have IRI¢ =2 and will lift to 4-gons
(24 in all ), and the six loops have IRI¢ = 4 and they also will lift to 4-gons (6 in all).

Hence the total number of regions in our imbedding is 24 +2 + 24 + 6 = 56. Thus
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using euler's equation (Theorem 1.3.1) we get the genus of the surface where we

obtained our imbedding to be 21‘ [120-24-561+1=21.

This means that 19 < y(K3(2) ® C,) <21. These bounds are fairly sharp,
since they are close together, but we would like to improve at least one of them. One
way to improve the upper bound is to try to rearrange our loops and edges, but a
careful look would show that we cannot do any better than this for I'y =Z,. Thus we
consider looking at C, as G,(Z, x Z,), with A = (10, 01}. Our modification of
K3y will then look like the one in Figure 5.6.

Figure 5.6
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This time we have only two types of regions in K3’22), the 4-gons and the
digons. The 4-gons all satisfy the KVL while the digons have IR|¢ =2, Thus all of
them will lift to 4-gons, giving a 4-gon imbedding for our bipartite graph
K3(2) 8 C4, so that the lower bound is achieved. Thus we have a genus imbedding

for Kgp) ® C4; the genusof K3 8. G4 is therefore 19.

This example illustrates two things. First, in trying to modify H we should
try to make our choices as efficiently as possible and this we exploited throughout
Chapter IV. Second, we often should try another generating set or sometimes

another group altogether, in order to get a better upper bound using the surgical-

voltage imbedding technique.

For our final example, involving an infinite family of graphs, we note that
Theorem 5.1.7 determines that ¥ (G,(I'y) xCy) < 1+ 8I';l. The lower bound
1+ 1,:,’4— IT'y! from Theorem 1.3.3 can be improved as follows: (Let H= G,(I';), as
before.) Since H ® C, is bipartite, any 3-cycle in H x C, must include at least
one type (i) edge. Since each such edge bounds at most two triangular regions, and
there are 12! such edges in all, r; < 24i',l. Thus, since (by Theorem 1.3.2)
Ziri = 2q = 80Il';l, r<26II';l. Then Theorem 1.3.1 (which applies, since a genus
iirzr?bedding of a connected graph is always a Z-cell imbedding, see White [24, p.61])
shows that Y(H X C4) = 1+ 51Tl

Thus we know that 1+ 5|}l < y(H x C4) < 1 + 8II'yl. We therefore seek

either more efficient constructions, to lower the upper bound; additional arguments
involving the structure of the graph H x C, to further raise the lower bound; or

both. These are the challenges of calculating the genus parameter.
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CHAPTER VI

OPEN PROBLEMS

In this final chapter we would like to mention some questions that merit further
investigations. Since we have defined several new graph products, several properties
of these graphs could be investigated depending upon the area of interest of the
investigator. The main criterion for introducing the new products was that they seem to
provide genus imbeddings. Our method of representing these graph products seems to
suggest an easier way of looking at the products and we believe will encourage new
methods of proof for many results. Here we raise problems that pertain to graph

imbeddings only.

1. As we saw in Chapter IV, most of the genus imbeddings we got were for
the graph products that did not use type (i) edges. What classes of graphs use this

type of edge but give genus imbeddings by use of the surgical-voliage technique?

2. Throughout this dissertation we have investigated Cayley graphs for abelian
groups only. What about graph products that have their second factor as a Cayley
graph for a non abelian finite group? Do we have some classes of graphs that give

genus imbeddings using this method for the different graph products?

3. Most of the genus imbeddings we obtained came from Cayley graphs where
the groups had several involutions. Are there other groups which give rise to genus

imbeddings by using a special arrangement of their generators?

125
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4. Our study on isogonal imbeddings was limited to those graph products that
were investigated for genus imbeddings but did not lend themselves to one. Hence a

further study on other graph products that have isogonal imbeddings is important.

5. All the graph products that gave isogonal imbeddisigs in Section 5.1 were
investigated to see if the imbeddings are symmetrical. It was found by a routine
calculation that none was symmetrical. Part of the reason seems to be that the base
graph H" has several types of region, that all lift to the same kind of region above.
But is this always the case? In other words, if a voltage graph has more than one type
of region that lifts to the same type of region, is the imbedding of the covering graph

always not symmetrical?
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