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ENUMERATING THE ORIENTABLE 2-CELL IMBEDDINGS
OF COMPLETE N-PARTITE GRAPHS

Bruce P. Mull, Ph.D.

Westerr Michigan University, 1880

This dissertation develops formulas for the number
of congruence classes of maps of complete, complete bi-
partite, complete tripartite, and complete n-partite
graphs; these congruence classes correspond to unlabeled
imbeddings. The method employed far the enumeration is
an extension of that used by Mull, Rieper, and White in
1968. We let the automorphism group act on the set of
rotations and use Burnside’'s Lemma to count orbits for
these rotations. Compatible permutations are introduced
to determine those automorphisms actually contributing to
the number of orbits.

The complete n-partite formula is shown to general-
ize those of the other three families of graphs. These
congruence classes are classified using the hisrarchy of
Kountanis, HMull, and Rashidi (18838). A new parameter is
introduced to random topological graph theory: the aver-
age number of symmetries of the maps of a graph. This
parameter is evaluated for arbitrary connected graphs G,
in terms of the degree sequence, the number of graph au-
tomorphisms, and the number of congruence classes of maps
of G. Finally, the computer program created to classifu
the congruence classes, and which verified the formulas

for small cases, is presented.
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CHAPTER I

GRAPHS, SURFACES, AND PERMUTATION GROUPS

1.1 Introduction

It is clear from the title of this dissertation that
something will be counted. What that something might be,
however, is not so clear. What is a graph? What is a
graph imbedding? What is an orientable imbedding? The
answers to these and related questions will be given in
this chapter. A more complete treatment of these ideas
can be found in many texts on graph theory; see, for ex-
ample, Chartrand and Lesniak (%], Gross and Tucker [71,
or White C181.

we will end the chapter by presenting the background
material needed to understand the enumerative method that
will be used. More information on enumerative techniques
in graph theory can be found in Biggs and White £31 and
Harary and Palmer (81. Much of the material in this
chapter, and the next, also appears in Mull, Rieper, and
White C183.

1.2 Graphs

A graph G is an ordered pair (V,E), where V is a
nonempty set of objects and E is a collection of unor-

dered pairs of distinct objects from V. The members of V
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are known as the vertices of G; the membaers of E are the
edges of G. When more than one graph is involved, or to
emphasize the underlying graph, uwe denote thsse two sets
V(B) and E(G). We will assume that no two distinct edges

of a graph have both of their vertices in common.

Example 1.1

et v = {1, e, 3, 4, 52 and E = {{1,2}, (1,32,
2,33, (2,43, (2,53, (3,43, (3,52, {4,523; then G = (V,E)
is a graph. Figure 1.1 shows a drawing representing G.

Points are used to represent the vertices; 1lines between
points represent edges. Though edges cross in this pic-

ture, only the points designated ’'¢’ are vertices.

4 s

Figure 1.1. A Graph With 5 Vertices and 8 Edges.

If two vertices form an uneordered pair in E, we say
that they are adjacent. Two edges are adjacent if their
unocrdered pairs have a common vertex. An edge is said to

be incident with the two vertices that form its unordered
pair.
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Example 1.2
Consider the graph of Example 1.1. Since (1,3} € E,

vertices 1 and 3 are adjacent; vertex 1 is not adjacent
with vertex 5 because (1,5 ¢ E. The edges (1,2} and
{2,4> have vertex 2 in common; therefore, these edges are
adjacent. There is no vertex in common between {1,323 and
{2,5) so these edges are not adjacent. Finally, the edge

{2,332 is incident with vertices 2 and 3 but no athers.

A graph 1is said to be gomplete if E is the collec-
tion of all unordered pairs of distinct members of V. If
IVl = n, then this graph 1is denoted K. A bipartite
graph is a graph whose vertex set can be partitioned into
two sets, V, and V,, so that every edge of the graph has
one vertex from V, and one from V,. If each vertex ol V,
is adjacent with every vertex of V,, then the graph is a
complete bipartite graph. If IVl = mand IV,| = n, and
the bipartite graph is complete, then the graph is denot-
ed Km,n' Finally, an n—partite graph has a vertex set
which can be partitioned into vi; ..+, Vo, so that every

edge has vertices from distinct partite sets. If for

q 3

Figure 1.2. The Complete Graph of Order Five, K; .
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every partite set, each vertex 1is adjacent with every

vertex of all other partite sets, then the graph 1is a

complete n—-partite graph.

Example 1.3
Consider the graph G = (V,E), where V = {1,2,3,4,52,

and E is the collection of all 2-element subsets of V; G
is the complete graph of order five and is denoted Kg
(Figure 1.2).

Example 1.4

Let V = {1,2,3,4,5,62 and partition V into ﬁhe par-
tite sets vV, = {1,2,3Y and V, = {4,5,63. Suppose that
E = {{1,4, (1,53, (2,4}, {2,632, (3,4}, {3,532, then ev-
ery edge contains a vertex from both partite sets—this
is a bipartite graph (Figure 1.3a).

Suppose that the edges (1,62, {2,5}, and £3,6} were

added to the above graph; then every vertex in V, would

i 3 i =3
2 5 2 5
3 3 2 4
(a) (b))
Figure 1.3. A Bipartite Graph and a Complete Bipartite
Graph.
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be adjacent with every vertex in V,. The result would be
the graph K; ; shown in Figure 1.3b.

Example 1.5

Let.v = {1,2,3,4,5,62 and partition V into the par-
tite sets v, = {12, V, = {8}, V5 = (3,42, and V, = (5,63.
A complete “t-partite graph 1is shown in Figure 1.4. No-
tice that vertices of different partite sets are always
adjacent while vertices 1in the same partite set never
are. The orders of the partite sets are one, one, two,

and two; thus the graph shown is K, , , ,.

4 5

Figure 1.4, The Complete 4-Partite Graph Kz,:,z,z'

1.3 Surfaces and Imbeddings

A surface is a connected compact 2-manifold that has
no boundary; 1locally, it is homeomorphic to the plane.
Let S be a surface and decompose S into 2-cells (the apen
regions are homeomorphic to an open disk); if it is pecs-—
sible to give the boundary of each E-céll a direction so

that a 1-cell portion of the boundary incident with two
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adjacent 2-cells is oppositely directed within those two
é-cells, then S is said to be grientable, otherwise, S is
nangrientable. This decomposition, when possible, is
called a coherent orientation of S.

Example 1.6

Consider the drawings of Figure 1.5. Figure 1.5a
depicts the torus decomposed into 2-cells by K,. A co-
herent orientation has been indicated with arrows; thus
the torus is an orientable surface. Figure 1.5b depicts
the Klein bottle also decomposed into 2-cells by K,. The
directions of the arrows do not form a coherent orienta-
tion (both sides of the vertical sedge are directed up-
ward). Actually, it is possible to prove that the Klein

bottle is nonorientable.

(ad (b)

Figure.1.5. Depictions of Two Surfaces.

Given an orientable surface S, S ls said to be ori-

ented glockwise (gounterclockwise) if the direction of
the boundary of every 2-cell, in any decompasition, is

such that the 1-cell portions of the boundary, incident
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with two adjacent 2-cells, have .the boundary always on
the right (left), relative to this direction (when viewed
from the outside of the surface). The boundaries of a
clockwise orientation are- actually being traced in a
counterclockwise manner. It is called a clockwise orien-
tation because the clockwise ordering of the vertices a-
bout every vertex, of the graph inducing the 2-cell de-
composition, acting upon the set of arcs of the graph
(directed edges—both directions represented), traces out
the oriented region boundaries. Thereéore, the orienta-
tion shown in Figure 1.5a is a clockwise orientation.

The representations of Figure 1.5 are interpreted as
follows: edges having the same letter label are identi-
Fied in such a way that the directions of the arrows on
these edges are the same. Frechet and Fan [5] showed

that every surface can be represented as a polygon.

Theorem 1.1. Every surface can be elementarily associat-
ed with a polygon whose symbolic representation is one of
the following:

(i) aa~?

(ii3 a,b,a7’bi'a,b,az'bs;'...agbpag byt m 2 1

(iii) a,a,a,a,...apanp, N 2 1. i

The form (i) corresponds to the sphere; (ii) is a
sphere with m handles; and (iii) is a sphere with n
crosscaps. Looking at Figure 1.5, we see that the Klein
bottle has not been represented as aabb, but rather as
abab~!-—in Problem 5.8, page 55, of (181, we are asked to

show that these representations are equivalent.
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There are two ways of ubtaining new surfaces Ffram
old surfaces—adding either a crosscap or a handle. When
a crosscap is added to a surface, the interior of a cir-
cular region is deleted. Next, every pa2ir of antipodal
points along the boundary of this reglion is then identi-
fied; this is equivalent to identifying the points of the
circle in a continuous one-to-one and onto fashion with
the boundary of a Moebius strip. This 1identification
cannot be done in 3-space (without self intersections),
but requires at least Ffour dimensions. Because of this,
no attempt will be made to show this operation,

It is possible for a handle to be added to a surface
in 3-space without having self intersections. This opstc-
ation is performed by deleting the interiors of two cir-

cular regions; the circular boundaries are then given

. @
&

')

Figure 1.6, Adding a Handle to a Surface.
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opposite orientations. A cylinder is then ariented
looking at the ends of the cylinder directly, it appears
that they have opposite orientation). The ends of the
cylinder are now identified in a continuous one-to-one
and onto fashion so that the orientations of the ends of
the cylinder match those of the two regions. An attempt
to show this operation is given in Figure 1.6.

If a surface is orientable, then adding a crosscap
will make it nonorientable; adding a handle to a surface
never changes the orientation type of the surface—that
is, orientable surfaces remain orientable and nonorienta-
ble surfaces remain nonorientable. We will focus oﬁ o-
rientable surfaces, that is, the sphere and surfaces obh-
tained from the sphere by adding one or more handles. IFf
k handles have been added to the sphere, then the surface
is denoted S and we say that the surface bhas genus k.
Thus, the sphere is S, (and has genus zero). For more
information on surfaces, and how they relate to graph
theory, the reader may consult (7], (18], or a text on
topology such as {137,

When a graph G is represented in a surface S, dis-
tinct points of S correspond to the vertices of G. If u
and v are vertices of G and {u,v} 1is an edge, then the
points which correspaond to u and v are joined by an open
arc. These open arcs do not include vertex points—ver-
tex points only occur as end points of arcs. If the arcs
are mutually disjoint, then the representation is said to
be an imbedding of G in S. A graph G can be thought of
as a one dimensional simplicial complex in 3-space. When

viewed in this way, an imbedding becomes a continuous
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one-to-one function from G into S; we write i:G 3 5. If
a graph is imbedded in an orientable surface then the im-
bedding 1is oprientable; an imbedding in a nonorientable
surface is nonorientable.

The regions of an imbedding, i:6 » S, of a graph G

in a surface S, are the components of S - i(G), the com-
plement of i(G) in the surface S. If every region is ho-

meomorphic to an open disc, then the imbedding is an gpen
2-cell imbedding, or more simply, a @-cell imbedding.
Clearly, only connected graphs can have 2-cell imbed-
dings.

The genus of an imbedding is the genus of the sur-
face in which it occurs. Let G be a graph with m ver-

tices and n edges that is 2-cell imbedded in an orienta-
ble surface S. Suppose S has k handles, and that there
are r regions in the imbedding; then

m-n+r=2- g2k,
If G is 2~cell imbedded in a nonorientable surface N with
r regions, and N has k crosscaps, then

m-n+r=2¢2 -k,
The value m - n + r 1is called the characteristic of the
surface. It is well-known (see, for example, ([7]) that
if two surfaces are both orientable (nonorientable), and

they have the same characteristic, then they are homeo-

morphic.

Example 1.7

Consider the drawings of Figure 1.5—each of these
is an imbedding. In both imbeddings the graphs have four

vertices, six edges, and two regions (both are K;). The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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surface of Figure 1.5a is orientable; thus we have

4 -6+2 =2~ 2k
so that the torus has genus 1. The surface of Figure
1.5b is nonorientable; therefore,

4-B6+2=2-Kk
and we compute the genus of the Klein bottle to be two.
Note that though both characteristics are zero, since the
surfaces are of different orientability type, they cannaot

be homeomorphic.

An imbedding of a graph 6 in a surface S is said to
be rooted if there is a distinguished edge, vertex, and
region of the imbedding. Customarily, the distinguished
edge is thought of as having a direction toward the dis-
tinguished vertex, 1in the boundary of the distinguished
region. Recently, there have been many papers concerned
with counting rooted imbeddings (rooted maps). These pa-
pers have fixed the surface and counted all rooted maps
having some particular property (see (1], for example).
On the other hand, there have heen papers that Fix the
graph and count the number of unlabeled, 2-cell imbed-
dings for that graph 1in all of the surfaces in which the
graph imbeds (see [15]1, for example). We have adopted

the latter approach in this dissertation.
1.4 Permutation Groups and Congruent Imbeddings
Let G be a graph and suppose that G is imbedded in

an orientahbhle surface S (with, say, a clockwise orienfa—

tion); then the result is an griented imbedding. Two

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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12
oriented imbeddings, i:6 2 S and J:G » S, are congruent
if they "look alike," that is, there exists an isomor-
phism of their labeled images, i(G) and J(B), which can
he extended to an orientation-preserving autohomeomor-—
phism of the surface S. Ths congruence classes corre-
spond to the unlabeled imbeddings. We will be concerned
with counting these in a manner which ensures that sach
class is counted exactly once. 1he method we will use is
to count them as algebraic equivalence classes of what
we will call graph rotations. '

Let G be a comnected graph with V(G) and E(B) its

vertex and edge sets, respectively. For v € V(GB), we
define the npeighborhood of v, denoted N(Vv), to be
NCv) = {u & V(B2 | {u,v} & EC(BG)2. A rcotation at v, £,

is a cyclic permutation of the neighborhood of v, so that
Py:NCv) & N(v) is a sequence of length n (assuming that
INCV) | = n) that contains sll of the neighbors of v, the
last member of this sequence is followed by the Ffirst
member. A rotation sgheme is a set of rotations at each
vertex of the graph G, P = {p,},qycg)+ When nc confusion
can occur, this will be called a rotation on G. A map M
is an ordered pair, M = (G, P), where G is a connected
graph and p is a rotation on G. It is well~known (see,
for example, [181), that M determines an oriented 2-cell
imbedding of 6 in some surface Sk, Of genus k, where k
can be readily determined from pf; conversely, by fixing
an orientation on 5, it is easy to see that every orien-
ted 2~cell imbedding of G has a corresponding P associat-
ed with it. Therefore, we will talk about counting con-

gruence ciasses of maps.
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Example 1.8

Consider the graph G = (V, E), where V = ({1,2,3,42
and E = {{1,23, (1,42, (2,32, {2,423, (3,432 (Figure 1.7).
Since vertex 2 is adjacent to vertices 1, 3, and 4, uwe
get N(2) = ({1,3,42. UWithout loss of generality, we can
assume that a rotation at vertex 2 begins with vertex 1;
thus, there are two rotations possible at vertex 2: these
are f, = (134> and p, = (143).

Figure 1.7 1is an imbedding; 1let us determine the
surface. First, we observe that the surface is oarienta-
ble. Second, we see that there are four vertices (its
order), five edges (its size), and three regions in the
imbedding (we assume the "outer" region is a 2-cell).
Therefore,

4-5+3 =2 -2k
and we find that k, the genus, is zero. We conclude that

the surface is 5,, the sphere.

4 3

Figure 1.7. A Graph of Order Four and Size Five.

Let R(G) denote the set of all rotations on G; the
above remarks establish that [R(B)| = T|,gycgy¢dlvd - 101,
where d(v) is the degree of vertex v (the number of edges
incident with v). Consider a pair of maps; these maps
may be clearly different: perhaps their genera differ, or

the region sizes (the number of sides on the boundaries
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of its regions) are not the same when the genera agree.
Some differences car be more subtle—for example, perhaps
both sides of some edge lie in the same region in one im-
bedding but the other has no such edge. 0On the other
hand, it may be that the two maps are essentially alike;

one is merely a relabeling of the other.

Example 1.9

Consider the toroidal imbeddings of K; shown in Fig-
ure 1.8. Both of these imbeddings have four 3-gons and
an B8-gon. These imbeddings cannot be the same, however.
In Figure 1.8a we see that the vertex labeled "1" ig in-
cident with all four of the 3-gons. No vertex in Figure

1.8b is incident with more than three of them.

(a (b
Figure 1.8. Two Toroidal Imbsddings of K.

An automorphism of a graph G is a permutation of the
vertex set of G which preserves the edge set of G, that
is, «:V(B) 2 V(B) is an automorphism of G means, for

u, v € V(G), with slight corruption of notation,

l{u,v}) = {x(u),=x(v)} € E(B) if and only if {u,v} € E(G).

-
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The set of automorphisms of a fixed graph G forms a group

under composition; this group is denoted Aut G.

Biggs [2], see alsoc [31, defined a variety of alge-
braic equivalence on R(G), using Aut G, which allows us
to determine the congruence classes for the maps of G.
Two rotation schemes, f and &, are equivalent (and their
corressponding maps congruent), if there exists an auto-
morphism « € Aut G such that, Wv € V(B), o6,,, = xP,x”!;
the common domain for these two permutations is given by
cCNCv)) = NCx(v)3.

A map automorphism for M = (G, p£) is a graph auto-
morphism of G which preserves the oriented region bounda-
ries of M. Therefore, a map automorphism is a graph
automorphism that makes P equivalent to itself. The set
of map automorphisms for a fixed map M alsc forms a group
under composition; this is a subgroup of Aut G. 1If Aut M
denotes this group, then we have

AUt M = { € AUL G | Py, = «Pyx™!, Yv € V(B)I2.

Let Aut G act on R(G) as follows: let p € R(G),
po= {Pylyeycg)r and « €& Aut G; the action of the
resulting permutation group is

w(P) = LxPyx™ yaycE) = (%cv)tvevedd = Svlvevied T
for some v € R(G). (Formally, a permutation group 1is a
group whose elements are permutations acting on a fixed
set, the object set. The group operation is composition
of mappings. The order of the object set is called the
degree of the permutation group and must be finite.)

Example 1.10
Let M = (K,,P), where p = {p, = (231, p, = (143),
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Py = (1l2%), p, = (132)2 (see Figure 1.Sa). Take « = (12)
as the automorphism; then

«(P) = ¢ = {5,= (B43), o6,= (134), o,= (142), c,= (123)}.
(K,,o) (Figure 1.8b), the "mir-

The resulting map is M’
ror image" of M. We call it that because the counter-
clockwise rotations of M’ are the clockwise rotations of
M. The rotation schemes f and ¢ are equivalent (and

their corresponding maps are congruent) under «.

3 3
=
L
a a
t z 2 1
(al (bl

Figure 1.3. Congruent Maps of K,.

Theorem 1.2. (Biggsl) The number of rotation schemes of a
graph G which are equivalent to a fixed rotation scheme
p € R(B) is the index [Aut G:Aut M1, where M = (G, P) is
the map corresponding to fr.

Proof: Aut M is the stabilizer of P when Aut G acts on
R(G). It is well-known (see [31, Ffor example) that the
size of the orbit of an object under the action of a per-
mutation group is the index of the stabilizer of the ob-

Ject in the group. |

Example 1.11

Consider the map M = (K,, P) given in Example 1.10.
Aut K, = 5, (the full symmetric group of degree four) and
Aut M = @A, (the alternating group of degree four). By
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Thearem 1.2 we see that there are [5,:/R,] = 2 rotation
scheres equivalent to p. We conclude that M and M’ are
the only maps in this congruence class; these are the

maps of Figure 1.9,

For « € Aut G, define F(x) = {p € R(B) | «(p) = p2.
Alsa, define C(G) to be the set of congruénce classes

induced by the action of Aut G acting on R(G); then

Theorem 1.3, (Biggs) The number of congruence classes of

maps M = (G, P) having G as the underlying graph is

ICCB) | = 1 IFCac) |.
TR e

Proof: This is just Burnside’s Lemma for the present con-

text (see [3], for example). 1

Example 1.12

We again consider K,; observe that IR(G)]| = (2!3% so
there are sixteen rotations on K,. Using ad hoc methods
(For the moment) we have classified these sixteen rota-

tion schemes (Table 1.1). Note that since cycles of the

Table 1.1
Classifying the Rotations on K,
Class representative («) e (12) (123> (12)(34) (1231
Number in the class 1 B8 8 3 B
[FCac) | 16 0 Y4 4 2
same length can be transformed into each other, [(F(«)|

must be invariant on the conjugacy classes of %,; hence
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we need only specify a member Ffor each conjugacy class
and the number of rotation schemes it fixes. We use ‘e’
to specify the identity automorphism for a graph G.

Thus, there are (1°16 + 60 + 84 + 3*4 + 6+2) / 24
= (16+0 + 32 + 12 +12) /7 24 =72 / 2¢ = 3 congruence
classes for the maps of K,;. Figure 1.8 pictures one of
these classes; the other two are shown in Figure 1.10.
These maps are unlabeled to emphasize that they are con-
gruence classes of labeled maps.

Figure 1.10a depicts the torus divided into a 3-gon
and a 9-gon with Aut M = Z; for this class; thus, there
are 2% / 3 = B maps in this class. Figure 1.10b has the
torus divided into a 4-gon and an B8-gon with Aut M = zZ,
for this class; thus, there are 24 / 4 = 6 maps in this
class. These, together with the two rotation schemes
accounted for in Example 1.11, account for all sixteen of
them.

——-:-—-—9-

b
(a) (bl

Figure 1.10. The Toroidal Congruence Classes of K,.

The next few chapters will develop the general

theory and establish the counting formula for complete

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



n—-partite graphs. It will be shown that this formula
generalizes the formulas for complete, complete bipar-
tite, and complete tripartite grapns (these formulas will
be established independently). Asymptotic results will
be presented for the complete and complete bipartite ca-
ses, as well as implications of these asymptotic results.
A new parameter is introduced to random topological graph
theory, m(G), the average number of symmetries of the
maps of the connected graph 6. This parameter is evalu-
ated in terms of the degree segquence, the number of graph
automorphisms, and the number of congruence classes of
maps of G.

We will give the computer program, which classified
the congruence classes and verified the formulas for
small cases, in an appendix. This program was written in
the C programming language and was implemented on an IBM
PC clone, the VAX cluster at Western Michigan University,
and the Connection Machine at Argonne National Laborato-

ries.
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CHAPTER 11
THE BASIC METHOD: COMPLETE GRAPHS
2.1 Introduction

In Chapter [ we introduced the background needed for
the enumerative technique that will be used; in this
chapter we will present the method that was originated in
£L1S]. Using this method, we will be able to derive the
Formula for the number of congruence classes for the maps
of complete graphs. UIMuch of the material in this chapter
is also in [151,

Theorem 1.3 was not used directly in Example 1.12;
instead, a simplification was made which allowed us to
reduce the number of terms in the sum. e will see
shortly that this is typical—Ffirst, however, we need
some more background material.

Let x be a permutation of a set with n elements.
We define the cycle type of «, J(«x), to be an ordered
n-tuple, JCx) = (3,,9,,...,3p?, where J, is the number of
cycles of length k in the disjoint cycle decomposition
of «. Note that kglk'Jk,= n. IF only one of the jy is
nonzero, that is, all cycles of « have length k, then «
is said to be a uniform C(or mcore precisely, k-uniform)
permutation. It is well-known (see [8], Ffor example)
that two permutations are equivalent under conjugation if

and only if they have the same cycle type.

20

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 2.1. If o« and 8 are both permutations of an
n-element set that are equivalent under conjugation, then
For all positive integers k, «X and Bk are also equiva-
lent under conjugation.
Proof: Since each cycle of « (or g) is disjoint from ev-
ery other cycle of « (g), we begin by considering a sin-
gle cycle.

Suppose that ¥ = (XgXx,;...Xy_.,) is a cycle of length

m and let k be a positive integer; we consider vk. We

wish to determine the cycle of yK containing x; Ffor
i=0, ..., m-1.

Under the action of ¥K, x; is followed by Xj4), 1S
followed by Xj4+pks .., 1S followed by Xxj,.ck = X; (all

additions have been taken mod m). Since no restriction

has been placed upon x we know that c¢ is a constant

i»
(i=0, ..., m - 1), We conclude that yK is c-uniform.

From number theory (see [17]1, for example), uwe know
that ¢k = lcm(m,k), where by lcmim,k) we mean the least
common multiple of m and k. Also, if we let gcd(m,k) de-
note the greatest common divisor of m and k, then we have
lem(m,k) = k*m / gecd(m,k). Therefore, ¢ = m / gcd(m,k),
and the cycle of length m, in ¥, has become gcd(m,k) cy-
cles of length m / gedim,k), in vk.

Now « and B, we have been told, have the same cycle
type; thus for each i =1, ..., n, there are J; i-cycles
in each. We see from above that sach of these i-cycles
becomes gcd(i,k) cycles of length 1 /7 ged(i,k) in the
k-th power; therefore, the contribution to the cycle
type of «K (and also eX)  in the entry for the cgcles.of
length i / ged(i,k) 1is thus J§;-°ged(i,k). We conclude
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that «X and pX have the same cycle type (and are thus e-

quivalent under canjugation). [ |

Within the proof of Theorem 2.1 there is the proof
of a result that will be cited frequently in this disser-
tation. Because of this, we will state the result as a
caorollary; this will enable us to refer to tﬁe result di-

rectly.

Corollary 2.1a. Let v be a cyclic permutation on an
m—element set; then for every positive integer k, K is a
c-uniform permutation, where c = m / ged(m,k). Further-
more, there are gcd(m,k) c-cycles in the disjoint cycle
decomposition of ¥k,

Proof: See the proof of Thearem 2.1. i

Corollary 2.1b. Let G be a connected graph, «,f € Aut G,
and Yv € V(G), let 2ACv) denote the length of the cycle
containing v in the disjoint cycle decomposition of «.
Further, let “ltvle(v) denote the restriction of «*V?
to the neighborhood of v. Then, W & V(B), &'V |ycyy
and (3“3-1)1(V)‘N(BtV}) have the same cycle type.

Proof: For each cycle (u,u,...up) in « we know that
(BeU IPtU,Y .. BtUuy)) is a cycle in exe~!. Arbitrarily
take v € V(3); the above shows that the length of the cy-
cle containing v in « is the same as the length of the
cycle containing e(v) in gxp~!. By Corollary 2.l1la, we
see that this is also true of v in «*'VY? and p(v) in
(Bcp™1)2VY | Now g & Aut G; therefore, ¢ maps NCv) onto
NCg(vid—in fact, B maps u € N(v) onto B(u) € N(Bww),
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The theorem now easily follows as u can be picked arbi-

trarily. 1

For « € Aut G, define J(x) = (Bxp™! | p € Aut G2
as the structure class of x; the set of structure classes
will be denoted J(B) = {JC«x) | « € Aut G}. Note that if
G = K, then Aut G ¥ $_; in this case, J(x) is the conju-
gacy class of x. In the next section we shall see
that IF(x)| depends upon the cycle type of «*'V’ |\ ey,
Yv & WV(B). Thus, if v € J(x), then IF(«)| = |FC(¥)]I.
Hence, for each J(«) € J(G), we need only count how many
automarphisms are in J(x) and evaluate |F(x)| for one

such « in that structure class.

Theorem 2.2. The number of congruence classes of maps
m = (G, P) having G as the underlying graph is

ICEY | = —L Y IJCe) 1 IF G |
Proof: Deferred to the next section. ]

Example 2.1

Consider the graph of Example 1.8—V = (1,2,3,4} and
E = {{1,23, (1,43, {2,323, (2,42, (3,43}, There are four
rotations on G, IR(G)!| = 11%2:212 = 4 (Table 2.1). Also,
Aut G = {e, (13), (24), (13)(243}, where e is the identi-
ty element; so |Aut GI = 4.

We have F(e) = (P ,,,P ,,:P(3,:P (4,2}, FLUI] = g3,
FL(B4)1 = (P ,,,, P,3,3, and FL(13)(EBD] = LP.,,, P 4,2
Notice that while (13) and (24) ére in the same conjugacy
class, they are not.in the same structure class.

We compute IC(B)I; ICCGB)| = (l-4+1-:0+1-2+1:'23/4 = 2.
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Table 2.1
The Four Rotation Schemes of Example 2.1
Piyy = Py = (D), P, = (134, P = (2%, P, = (123)3
Piay, = (P, = (%), P, = (134), Pz = (2%, p, = (13212
Pig, = {py = (B, p, = (143), p, = (21, P, = (123)3
Piay = (Py = (@1, p, = (143), P = (21), P, = (13232

Figure 2.1 shows the two congruence classes Ffor G. Fig-
ure 2.1a shows the sphere divided into two 3-gons and a
4-gon—this class contains f,,, and f£.,,,. Figure 2.1b
shows a 10-gon on the torus; this class contains f ,, and
P.sz,.- Notice that Figure 2.l1a is like Figure 1.7.

2 b

?n-h

[+1)
F—— —g= = > n

-

: b
(a) (bl
Figure 2.1. The Congruence Classes of Example 2.1.

Theorem 2.2 allows us to sum over the structure
classes instead of over all automerphisms. Many times
IFCx)| = 0; thus if we can establish when Flx) is nonemp-

tu, we can simplify the sum even further.

2.2 The Basic Method

In this section we present the method originated in
£15]. We will show that |F(«x)| depends only an the
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structure type of «, and establish conditions Ffor when
FCx) is nonempty. This will allow us to find a formula
for the number of unlabeled orientable 2-cell imbeddings

of complete graphs.

Theorem 2.3. (Biggs) If o« € Aut G Ffixes two adjacent
vertices, then either « is e (the identity element of the
automorphism group) or F(«) is empty.

Proof: This is actually Lemma S5.2.5 nof [3]. |

Example 2.2

Consider the graph of Example 2.1; « = (13) fix-
es the adjacent vertices 2 and 4. Therefore, F(x) = @
(and IF() | = 0),

Let = € Aut G and v € V(B); the fixed set of « at v
is defined as F,(«} = {p, | x(P,) = xp,«”! = p,} (neces-
sarily, = Fixes v). That is, it is the set of rotations
at v that are fixed by « under conjugation (this set may
be empty). Now « is a permutation of V(G), so v appears
in some cycle of the disjoint cycle decomposition of
«—let 2(v) denote the length of this cycle. Further-
more, <«> will denote the group generated by « under com-

position of mappings.

Theorem 2.4. Let « € Aut G and let S be a complete sys-—

tem of orbit representatives For <x> acting on V(G); then

IFed | = [ [ IF Ce® Vo),
v €5

Proof: By definition of F(«), P € F(x) if and only if
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x(P) = p; that is, «(p,) = xp,«”!, Yv € V(B). So, for
all positive integers k and all v € V(B), P € F(x) if and
only if «kPVm“k = Py, Thus, the rotation at v deter-
mines the rotation at each vertex in the orbit of v under
the action of <«x> acting on V(G). Also, if k = a(v) then

ml(vmpvm—%tvy = Py,
so that £, € F,(x*V’), Hence, For each orbit of <«>,
choose p, € Fv(a“‘v’); the other rotations are determined
by taking 1 € k < a(v) and setting P k., = «Kp,«~K. The
choices for each arbit are independent of each other, sao
taking S to be a complete set of orbit representatives

gives the theorem. . |

Example 2.3

Consider the graph K, of the previous chapter. Let
« = (12)(34). One complete set of orbit representatives
fFor « is S = {1,3). 1In hoth cases 2(v) = 2 and «? is
the identity element. There are two possible rotations
at each vertex; both are fixed by the identity eslement;
hence, IF,(«®)| = |Fy(x®)| = 2. So, IF(e)| =22 =4, as
in Table 1.1.

Recall that a uniform permutation has exactly one
nonzero entry in its cycle type. Let ¥ denote the Euler
function and, For v € V(B), o«*V) NC(y) the restriction of

«*V? tg the neighborhood of v. Then,

Theorem 2.5. If iN(v)| = n, then

is c-uniform,

Fo (VY| { P(c)c'NC ~Dtnse =11, if &>V NCY)
VU.' =
0 , otherwiss.

26
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Proof: We first show that F,(«*'VY?) is nonempty if and
only if o*V? NCy) 1S c-uniform, for some positive inte-
ger c; for simplicity we will let e = «*V|\coy.

Every member of Fv(ul‘v’) is a cyclic permutation of
the neighborhood NC(v) of v. Let £ = (X,X;...Xp_,) bE in
FyCx*V?), Only the elements of NCv) in «*‘Y? can affect
P, so

xR VY = gppTt = (Blxg). .. BlXn_,)) = P.

If 8 is uniform, then this equation has solutions
(any P such that, for some positive integer k, & = Pk is
a solutian); therefore, Fv(«“‘v’) is nonempty.

Suppose F,(«*‘V?) is nonempty and let £ be one
of the rotations in this set. Suppose that we have
P = (XX +.:Xp_y); then p = gpe~! and # commutes with P
(and thus with all powers of p). Suppose that 8 is such
that B(x,) = xi; then

Blx;) = pplix,) = plecxy)
= plpKix,) = pRplex,) = pkexg),
for all i =0, 1, ., nN=1,; soe8-= L By Corollary
2.la, this is a c-uniform permutation, where we know that
. c =n/ gedln,k).

We now knaw that F,C(x*‘V?) is nonempty if and only
if p = «*V|\cyy 1is uniform. UWe wish to determine the
number of rotations that are fixed by such #.

Let RC(v) be the set of rotations at v, J. the set of
c-uniform permutations on N(v), and for g € Jo, let R,3 be
the set of rotations at v that are fixed by f under con-
Jugation. Note that since no member of J, 1is distin-
guished over any other member, IRgl 1is constant; let

IRg! = r. Then r is the number that we seek, that is,

27
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IF,Ce* V23|, The above remarks show
Y IRgl = £ ldcl. (1
£ e Jg

We now count the above sum in a different manner;
this will allow us to determine the value of r. Fix
P € R(v), we wish to determine the number of ¢ & J. that
fix P wnder conjugation. We have already seen that
B = Pk, fFor some positive integer k. Clearly we need on-
ly concern ourselves with 1 £ k € n—there are only n el-
ements in <pf>. Now B is c-uniform and we have seen that
c =n / ged(n,k)., Thus, k = m * ged(n, k) for some posi-
tive integer m. Clearly, we must have 1 ¢ m ¢ c, and
ged(m,c) = 1 (n/c = ged(n,k)). There are ¥(c) such inte-
gers m, so every P € R(v) is fixed by ¥(c) members of J..
Therefore,

3 _IRgl = #Cc)* IRCWI. @
B e Jg
Recall that if [NC(v)|

n then there are (n - 1)!
(n - 1!,

rotations at v; thus [R(w)|

Let # € J,; order the sequence of c-cycles in g.
Using elementary combinatorics, we see that there are
[ g ] ways to pick the elements in the first cycle,
[ nact ] ways to pick the elements in the second cycle,
..., and so on. Hence, there are [ c,.?.,c ] ways to
pick the elements in the ordered sequence of c-cycles.
In each of these c-cycles (there are n/c of them), there
are (c - 1)! waus to arder the elements. Thus, the total
number of such # having the sequence of its cycles or-
dered is

[C,.r.‘.,c ]'(C 1)1 NAC) = s gtn/Cy
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Now, each sequence of n/c c-cycles can be ordered in
(n/c)! ways; so,

(n/ed! = 1Jgl = nt / N,
Therefore,

gl =nt 70 e'NE e (n/edl 1
Combining (1), (&), and the formulas for [RC(v)] and
g1, we get

FyCe* V2| = r = #(ed+(n -1)1 &2 (n/e)|
nt

n/c

= () c'NC “etnse -1)1. ]

Example 2.4

Again we consider K, ; now let « = (1)(234) € 5,.
One complete set of orbit representatives for <«> is

S = {1,2%. Note that 2(1) = 1, and 2(2) = 3; by Theorem

2.4, we get
IFCecd | = |F Caxcd 1 IF, ()1,
Now «% = (1)(2)(3)(4) = e, the identity, so that
IF,(x®)| = 2; also, =|y,;, 1S 3-uniform; by Theorem 2.5,
we get

[F (e D} = #(3):3¢3/3 ~17.(3/3 ~1)1 = 2-1+1 = 2.
Thus IF(=)} = @2 = 4, as in Table 1.1,

We are now ready to provide a proof for Theorem 2.2.
By Theorem 2.4, IFCx)| = Vgsquc«*‘V’)l. By Theorem 2.5,
IF,Cc* V22| depends on the cycle type of «*'V’|ycyy; this
means that (by Corollary 2.1b) [|F(x)| depends on the
structure class. That is, |IF(x)! 1is constant on the
structure class of «, J(x). Since Theorem 1.3 sums over

all elements of Aut G, all [(JC«x)| members of J(«) will be

23
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counted exactly once. Each of these contributes (F(w)!
to the sum; hence the sum given in Theorem 2.2 is cor-
rect.

Theorems 2.3 - 2.5 allow us to determine [F(x)|; in
order to use Thearem 2.2 we need to calculate [1JC«)]|.
There seems to be no general form Ffor |J(«x)| that will
work in all cases—if there were, then counting the con-
gruence classes of all graphs would be straight forward.
In the next section, we will handle complete graphs. We
will determine the structure of those automorphisms for

which IFCed | > O; this will allow us to calculate |JC«)|.
2.3 The Formula for the Complete Graph Kn

In this section we use the method developed in the
previous section to count the number of unlabeled orien-
table 2-cell imbeddings of the complete graph Kn. Recall
that Aut K, ¥ S,; thus, W« € Aut K,, J(«) is simply the
conjugacy class of x. The next theorem counts the number

of elements in the conjugacy class of «.

Theorem 2.6. Let « be a permutation of an n-element set;
suppose that j(«) = (343320004303 If J(x) denotes the
conjugacy class of «, then

|
IJCoed) | = — 2

B kK

i, k™™ 3!

k=1 Jk

Proof: It is easy to tell cycles of different lengths a-
part so the cycle lengths partition n into discernable

types. There are [ 91 ] ways to pick the elements of the

30
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fFirst type, the l-cycles. This leaves [ “ETJ%‘ ] ways to
pick the second type, [ n3 Jt 33EJ2 ] ways for the third
type to be picked, and so on. Continuing we Find that
the number of ways of picking elements of each type is
given by

n!

gyt

[ Jt, 2z, ?.., njind ] = H §ch)

k=1

In the proof of Theorem 2.5 we calculated the number

of ways that a set can be formed into c-uniform permu-

tations (when the full symmetric group acts on these per-
muted elements). We will use this result now.

Consider the elements that will form the k-cycles

(k =1, ., N)—these are independent of the cycles of

any other length, so they can be considered separately.

These yield (k*3, 3! / (ka-Jk!) uniform permutations for

the elements that form the k-cycles. The independence

of the sets of elements gives us

n
Ck* g 0!
ll | .._..‘!..IS_ 4)

k = 1 ka.Jkl

ways of permuting the elements once formed into sets.

Therefore, the number of permutations «, whose cycle type

is JCxd = (3,, ..., Jn) is given by (3):(4); that is,
N (k3!
1J() | = ————— | l —ik—-—
ﬂ (k330! 1 kJk. ™
which after simplifglng gives us the result. |
Example 2.5

Consider « = (1)(234%) € §, (from Example 2.4). Us-
ing Theorem 2.6 we find that
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JCu) | = -
* (L 113°(2%015°C35+11)-C2%-01)

4! 24
3

We conclude that there are eight permutations of the a-

bove cycle type (which is verified in Table 1.1).

In the complete graph, every pair of distinct ver-
tices is adj)acent; Theorem 2.3 implies that we need only
consider those automorphisms which fix none, one, or
all of the vertices. Let VK) = {1,2,...,n), then
Aut K, = 5,; we consider each of thesé three cases sepa-
rately. By Theorem 2.2, we need to calculate |J(x)| and
IF(«)| for each of these cases.

Let « € 8, and suppose that « fixes no vertex of Kns
then 2aCv) 2 2, ®v & V(K,). By Theorem 2.6 we need the
cycle type of « to calculate |J(x)|; we begin by deter-
mining this.

Theorem 2.4 implies that (F(x)| > 0 if and only if
IF,Cac™V?3| > 0, Y & V(B). By the proof of Theorem 2.5,
this occurs if and anly if o>V’ |yc,y is uniform. For
B =K, 2(v) 22, so Theorem 2.3 implies that «*'V’ is
the identity element of 8. We conclude that « is uni-
form. The identity element is also uniform, so it can be
included in this case.

Suppose that « is d-uniform; then Theorem 2.6 states

that
1JCeed | = n! 7 CaNAecnsddta

«*'V?  jg the identity element, Yv & V(Kpd,

IFV(«I‘V’)I = d(vd =131 = (n -2)!, where d(v) is the

and since

degree of the vertex v. There are n/d members in a com-
plete system of orbit representatives, so
IFCad| = (n ~2)1N/d,

3e
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Adding across the conjugacy classes of uniform permuta-
tions is Jjust adding across the different cycle lengths
which divide n. Therefore, the contribution to ICCK[

by uniform permutations is given by Theorem 2.2 as

. (5

4+ ntecn-ennaAd Z:: (n -2y nd
"!dZT“n d N cnsddr G5, AN A cnsd)d

Next suppose that « € %, fixes exactly aone vertex v;
again we wish to determine the cycle type of «. Consider

IF,Cxd I; by Theorem 2.5, «|pncy,) Must be uniform. Since

only v is fixed, jC«) = (1,0,...,0,39 = 2=1,0,...,0), for
some integer d such that d 2 2. Applying Theorem 2.6 we
gbtain
IJC) | = nt .
aM-t2docen ~13/7d)1
By Theorem 2.5, IF,Ced| = #(ad-a®‘M™> /A =it-cBod -5y,

Also, Yu & V(K,), where u # v, « ‘Y’ must be the identity
element of 5, (Theorem 2.3); therefore, Theorem 2.5 gives
IF,Cx*'U?) ) = (n -2)!. There are (n - 1) / d d-cycles,
and the single 1-cycle in «; hence a complete system of
orplt representatives consists of v, and (n - 1) / d oth-
er members. By Theorem 2.4 we conclude
IFCed | = #(dd+g¢¢N-t> 4 '*’-(353 —1)1 -(n ~2)) -t A
(8l
Thus, the cortribution to iC(K,)!| by automorphisms which

Fix exactly one vertex is given by Theorem 2.2 as

4y n! + (B)
n! L. @M= Accn-1)/d)!
d 1 ¢n 1) (Cn-1
d = 1

- 7T & -2y (-t A (7>

a1 -1y "1
d # 1

33
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Theorem 2.7. The number of congruence classes for the
complete graph K, is given by

- (n -2ynd #(di(n =231 ¢N-1>.d
ICCKA di;:ndn /L E:: '

n-1
I (n =-1)
d #1

Proaof: Combine the formulas (53 and (7). ]

Example 2.6

Consider the complete graph K ;. Theorem 2.7 states
that we need a sum aver the divisors of n = 5, and a sum
over the divisors of n - 1 =Y4 (that are greater than
one). We evaluate each of these sums separately. |

The first sum is over the divisors of nw = 5. The

divisaors of S are 1 and 5. When d = 1, the term is

= o e = 8- = 4778 = g4.8,
1571.¢5/1)! 51 120 B
When d = 5, the term is
(5 -2)1°75 _ 6 4.5,

55/5.¢5/5)1 5
Therefore, the value of the first sum is 64.8 + 1.2

66.

The second sum is over the diviscrs of n -1 =5 - 1
= Y4; these divisors must be greater than one. The divi-
sors of 4, greater than 1, are 2 and 4. When d = 2, the
term is

25 - @15 - V2 162 . g
5-1 4
When d = 4, the term is ,
P45 - 2315 - /8 g . g,
' S-1 4
Therefore, the value of the second sum is 9 + 3 = 12,

Cambining the values of the two sums we get 66 + 12
= 78. We conclude that there are 78 congruence classes

fFor the maps of K;.

34
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35
Using an IBM PC/XT compatible computer, and the pro-

gram whose listing appears in the appendix, we break down

Table 2.2

The Congruence Classes of Ko on S,

Sx4 1 B, 2x4, 2x3 2 B, 4x3 3
x5, 4, 2x3 2 7, 4, 3x3 1 total on S;: 8

Table 2.3
The Congruence Classes of Kg on S,
8, 2x6 1 9, 8, 3 B 11, &6, 3 2
8, 7, S 1 10, 2x5 1 12, 2x4 2
2x8, Y 2 10, 6, 4 4 ie, 5, 3 2
g, B, 5 1 10, 7, 3 3 13, 4, 3 8
9, 7, 4 3 11, 5, 4 1 14, 2x3 8
total on §,: 4S5

the congruence classes by face distribution and surface.
A summary of this breakdown appears in Tables 2.2 - 2.4.
Table 2.2 shows that there are nine toroidal congruence
classes. The entry: x5, 4, 2x3 means that there are two
5-gons, a 4Y-gon, and two 3-gons in the imbedding; the @
which follows means that there are two congruence classes
with this Fface distribution. The other tables show the
breakdowns for S, and S;.

Table 2.4

The Congruence Classes of Kg on S,

20 24 | total on S;: a4
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The program does some further dividing of these con-
gruence classes. In [10] the 2-cell imbeddings of a
graph are considered to be of three tupas: open, strong,
and closed. An gpen 2-cell imbadding is an imbedding in
which every region is homeomorphic to an open disk. A
strong 2-cell imbedding is an open 2-cell imbedding that
has an additional property: the image of every edge of
the imbedded graph separates distinct regions of the im-
bedding. A closed 2-cell imbedding is an imbedding in
which the closure of every region in the surface is home-
omorphic ta a clased disk. WWe will he cansidering only
graphs whose minimum degree is two; .then it follows that
every closed 2-cell imbedding 1is strong, and every
strong 2-cell imbedding is open. This minimum degree
condition is needed——consider a cycle with a dangling
edge; this can be imbedded in the sphere as a closed

2~cell imbedding, but it is not a strong imbedding.

Example 2.7

Consider the 78 congruence classes of maps of K.
Applying the above hierarchy to these congruence classes
we find the following: ©Only S, has closed 2-cell imbed-
dings; only S, and S, have strong 2-cell imbeddings. One
of the functions of the program in the appendix is to de-
termine which aof the congruence classes are closed, which
are strong (but not closed), and which are open (but not
strong). A summary of these results appears in Table
2.5,

It is interesting to see how quickly the number of

congruence classes of maps of complete graphs increases.

36
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In Table 2.6 we see the number of congruence classes for

the maps of all complete graphs from order three to order

Table 2.5

Classifying the Congruence Classes of Maps of K¢

Total
S, S, S; by %gpe
Open (hut not Strong) 3 (= 24 69
Strong (but not Closed) 3 3 0 B
Closed 3 0 0 3
Total by Surface 9 45 c4 78

seven. As one can see fram the table, these numbers get
large quickly. In Chapter VI we will derive an asymp-
totic formula Ffor the number of congruence classes of
maps of K,. This asymptotic formula has ramifications to
the new twig on the branch of topological graph theory

known as random topological graph theory.

Table 2.6
The Numbers of Congruence Classes of Maps of Small K,
n ICCKR2 |
3 1
k 3
5 78
6 265, 764
7 71,085, 150,000

in the next chapter we will develop the tools needed
to count the number of congruence classes for the maps of
complete bipartite graphs. We will see, in later chap-
ters, that the method used in the bipartite case general-
izes to complete tripartite graphs and generalizes again

to complete n-partite graphs.

37
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CHAPTER II1I
COMPATIBLE PERMUTATIONS: COMPLETE BIPARTITE GRAPHS
3.1 Introduction

Most of the material in Chapters I and II can be re-
garded as background for this dissertation—it appears
(in a slightly different form) in other sources. This is
the chapter that will introduce new ideas. These ideas
will extend the method of [15] so that the congruence
classes of the maps of complete bipartite graphs (and ul-
timately of complete n-partite graphs) can be enumerated.

Recall that a complete bipartite graph 1is a graph
G = (V, E) where the vertex set V is partitioned into two
partite sets, V, and V,, and where E is the set of all
possible unordered pairs of vertices having a vertex From

each partite set. Thus, we have
V=V, uv, Vi, V, # @ v, nv, = ¢
E={{u, v uev,, veyv,s
If IVl =mand (V1 =n, then we write B = Ky . If

m £ n, then we say that the complete bipartite graph is
in standard form.

Let A(Km'n) = {x € Aut Km,n | Bocy, oc,, o3 & Sym Vj

(i =1, 28, « = o,x,}; that is, A(Km n) is the set of au-
, 3

tomorphisms of Aut Km,n which fix the partite sets as

sets. Sym V; is the full symmetric group of the elements

of Vij. Llet DKy ) = (¥ €AUt Ky | 3u; €V; (1 =1, 2

38
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39
y(u,d = u,}; that is D(Km,n) is the set of automorphisms
of Aut Km,n which do not fix the partite sets. This re-

quires m = n, and then vy interchanges V, and V,. Then:

Theorem 3.1. The number of congruence classes of maps of

Km,n is given hy

ICCK )| = — 1 } |FCe) |
m, n |Aut Km,nl x € A(Km,n)

lAut Kp nl 5 & DCKp )

Proof: Every automorphism of Km,n either Fixes the par-
tite sets as sets or it doesn’t. Clearly, the conditiaons
are disjoint; thus, the sum expressed in Theorem 1.3 can

be rewritten in the above form. |

For simplicity, we will write

= 1 {FCed |, and
F(m,n) = ————— E )
[Aut Km,nl w E (Km ﬂ)

- 1 LIS 2N
htm,n) = ——3>L
AUt Kmonl y e DKy

>

Example 3.1

Consider K?_’z where V = {0,1,2,32, vV, = {0,2}, and
v, = {1,3}; lAut Kz,z! = 8. Half of the automorphisms
Fix the partite sets and half do not. 1In Fact,
A(Kz,z) = {(03C13(2>C3), 02)(1)(3),
(G (23013), (02)(13>} and
D(Kz,z) = {(013(23), (0123,
(03)(12), (0321>2.

Also, since d(v) = 2, Yv € V(Kz,z), there is exactly one
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ratation on Ka’2 Cobviogusly it is Ffixed by every ele-
ment in Aut K, ,). Therefore,

fFe,e>) = a1 +1+1+15/78=4/8 = 1/2, and
hg,2) = (1 +1 + 1+ 1)/ 8=%48 = 1/2.
so, lC(KZ,Z)I =1/2 + 1/2 = 1. Figure 3.1 shows the only
imbedding for this graph; logking at it one sees why Kz,2
is also called C,, the cyclic graph of order four.

3 2
Figure 3.1. The Planar (Spherical) Imbedding of Kz,zcc4>.

Suppose that m < n; then Aut X, ¥ B, & S,. Clear-
ly, the full symmetric group of Vi acts on V; (i =1, 23
as each vertex of V; has the same neighborhood as every

other such vertex. If K had any other automorphisms

m,n
then same vertex u €V, would map onto a vertex v € V,.
Automorphisms preserve adjacency, therefore, V, = N(u)
would map onto N(v) =V, . Automorphisms are one-to-one,
therefore, n = V,I ¢ 1V,| = m. This contradicts the
conditions of this case; thus, when m < n, every automor-
phism fixes the partite sets as sets. We conclude
Aut Km,n has the form above.

Now suppose that m = n; then Aut Kn,n ¥ §,[8,] (a
wreath product). By extending the argument which lead to
the contradiction above, we sse that the partite sets are
either fixed as sets or swapped. Label the vertices of

sach of the partite sets with the numbers from 1 ton. A
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permutation of %, induces an action on one of the partite
sets as follows: if i is mapped onto jJ then the vertex
associated with i 1is mapped onto the vertex associated
with J. Every automorphism of Kn,n can be constructed in
two parts. The first part 1is a permutation of %, which
is interpreted as follows: The identity element of $§,
means that the partite sets are fixed as sets; the other
element means that the partite sets are swapped. The
second part is a list of two permutations of &,—the
First element acts on V, and the second on V,. It is
interpreted as indicated before when the partite sets are
Fixed; but when they are swapped, .then i mapping to }
means the vertex associated with 1 in one partite set is
mapped to the vertex associated with § in the other par-
tite set. That is, every automorphism is associated with
an element of the wreath product of %, about %, and every
such element gives rise tc an automorphism. We conclude
that the automorphism group is as indicated abave.

By Theorem 2.2, the sums for fdm,n) and h(m,n) can
be taken over the structure classes of Aut Km,n instead
m,n) and D(Km,n)° Let JA(Km’n) denote the

structure classes of A(Km'n) and JD(Km’n) denote the

of aover ACK

structure classes of D(Km,n33 we still have J(x) and J(»)

denoting the structure classes of « and y.

Theorem 3.2. The forms of f(m,n) and h(m,n) are:

£Cm,n) = 1 i E 1JCa) | * IFCad |, and
m!*n!«Cl + S )
m,nN° J(x) € JAKY )
———l——z E [JC¥I I IF(¥) |, when m =n
him,n) = 2 (nt)
' J(y) € JDKp )
0 , otheruwise,
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where 35 n is the Kronecker function (8, o =1, if m = n,
and Sm,n = (0, otheruwise).

Proof: If m < n, we have seen that |Aut Km,n' = 15, & &,
= m'*n!. When m = n, laut Kn,n! = 18,0831 = 21+nt?
= 2n! %, Also, h(m,n) > 0 if and only if m = n (the par-
tite sets are swapped for y € D(Kn,n)' Putting these in-

to Thecrem 2.2 gives the result. 1

Example 3.2.

Consider the graph K, ,; let V = 0,1,2,3,4,52, and
partition V into V, = (0,1} and V, = (2,3,4,5. Aut Kz,a
<8, 3, so that |Aut K2'4I = gl*4l = g2+«g4 = 48,
Theorem 3.2 implies that JD(Kz,aJ = @, as h2,4) = 0.
Table 3.1 lists representatives of J(«x) Ffor JA(KZ’4),

[JCx) !, and |F(x)| for a member of each class.

Table 3.1
The Breakdown of JACK, ;)

(0)(1) acts on V,

x € JCo): e 23 (234) (23)(45) (2345)
[JCe) | 1 B 8 3 2]
fFlacd ) : 36 G 0 4 4

(01) acts on V,

x € JCx): e (23> (e34) (23)(45) (2345)
1JCoc) | 1 B 8 3 6
{FCa) | : 6 B 0 B 2

Therefore, f@2,%) = (136 + 6°'0C + B0 + 34 + 64
+ 16 + 6°6 + B0 + 36 + 6'2)/48 = (36 + 0 + 0 + 12 + 24
+ 6 + 36 + 0 + 18 + 12)/48 = 144/48 = 3.

g (=
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This means that [C(K, 1 = 3 +0 = 3. That is,
there are three congruence classes of maps of Kz'a. Fig-

ure 3.2 shows imbeddings for each of these three classes.

aj (bl (c)

Figure 3.2. The Congruence Classes of K

Example 3.3

Consider K; ;; let v = {0, 1, 2, 3, 4, 52 with
V, = €0,1,2) and V, = (3, 4, 5}. Aut K; ; ¥ 8,[8,], so,
lAut K5 o1 = 2131 = 2+6% = 2'36 = 72. Table 3.2 gives
the breakdown far JA(K3’3) and Table 3.3 gives the break-

down for JD(K3‘3).

Table 3.2
The Breakdown of JA(K3,3)

o € J(ax): e (342 (345> (01> (013w
fJCac) | ¢ 1 3 2 3 9
IFCec) | B4 0 16 0 o

o € J(a): (013(345) (0123 (0123C34) (012)(345)
1JCee) | ¢ B e 6 4
{FCxd 1 0 16 0 Y

Therefore, £(3,3) = (1'64% + 3°0 + 2°16 + 3°0 + 90
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Table 3.3
The Breakdown of JD(K; )

« € J(x): (035142 (25) (03141(25) (012345>
[JCed | 6 18 12
IFCecd | 8 0 e

+ 60 + 216 + 6°0 + 4*4)/72 = (64 + 0 + 3 + 0 + 0 + O
+ 32 + 0 + 168)/72 = 1i44/72 = 2,

Therefare, h(3,3) = (6°'8 + 180 + 12:'2)/72 = (48 + O
+ 24)/72 = 7e/72 = 1,

This means that |C(K; ;01 = 2+ 1 = 3. That is,
thaere are three congruence classes of maps of K3’3. Fig-

ure 3.3 shows imbeddings for each of these three classes.

(a) (b> (c3

Figure 3.3. The Congruence Classes of Maps of Ks’z.

In the next section we will calculate £(m,n) in gen-
eral. We will need to create a definition; this will en-
able us tou determine the structure type of « € A(Km,n)
having [F(x){ > 0. Once this structure type has been es-
tablished, we will use Theorems 2.3 - 2.5 to develop the
Formula for IFCe«)|.

Theorem 2.6 does not apply in general because the
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structure class is only the conjugacy class when the full
symmetric group applies. In Section 3.3 we will over-
come this deficiency. This will allow us to calculate
h(m,n) in all cases. We will end with the formula for
the number of congruence classes of maps of Km,n-

3.2 Compatible permutations

The fundamental problem of this section is to esta-
blish a formula for f{m,n). Theorem 3.2 requires that we
pick a representative for « € J(x), for each J(«x) € J(G),
and calculate (F(x)| and |J(x)| for this representative.
If we know Jfx), then we can determine J(«), and [FCx)|
will be given by Thearems 2.4 and 2.5. Therefore, uwe
wish to determine J(«) such that F(«x) # @. We start our
guest with a definition.

The following definition is much more general than
needed. The partite sets of a complete bipartite graph
are disjoint (hence distinctl), This definition allows
the concept to be used in contexts which, as yet, we have

not had an opportunity to explore.

Let A, and A, be sets (not necessarily distinct),
and for i = 1, 2, suppose that «; is a permutation on A;.
Suppose that «; has s; distinct cycle lengths in its dis-
Joint cycle decomposition and denote these cycle lengths
1ijﬁ J=1, ..., s;, where miJ is the j-th smallest cycle
length. Then x, and «, are said to be compatible if and
only if fFor each 21y (i=1,2; 3=1, ..., s3) there ex-

s
ists a positive integer c;j such that xg_i*d is uniform
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every cycle has length Ciy- Note that if 1 = 1, then
3-i=2, and if 1 = 2, then 3 - i =1,

Example 3.4

Let A, = {1,2,3,4,5,62 and A, = {1,2,3,4,5,6,7,8,8};
take «, = (123456 and «, (123)(456783). We have
s, =1, »,,=86; s, =2, 2,, =3, and »,, = 6. Observe

that

S -
ottt = xd = (12(2)(3IHICSICBIC7I(BI(T) is 1-uniform.

Y -
x, 2t = oy =  (1(25)(36) is 2-uniform, and

i
A
i

22 = o

o ® = (1)(@ICII(HI(5)(BI is 1-uniform.

Taking c,, =1, c,, =2, and c,, = 1, we see that «, and
%, are compatible permutations. If any of these had not
become uniform, then the permutations would not have been

compatible.

Example 3.5

let A, = A, = {1, 2, 3, 4, 5, B2; suppose that we
take «, = (123)(456) and «, = (12)(3456). We now have
s, =1, »y,, =3, and s, =2, 2,, =2, %, =4. Since
wytt = x3 = (12)(3BEY)

is not uniform, «, and =, are not compatible.

Thecrem 3.3. Let « € Aut Km. n @nd suppose that « = «, «,
3

for some permutations «,, «, such that oy

(i =1, 2)., Then |F(«)! > 0 if and only

permutes the
vertices in V;
if «, and «, are compatible.

Proof: Suppose «, and «, are compatible and that «; is a
permutation of V; (i = 1, 2); take « = «,«,. Arbitrarily

take u € V,; then u appears in some cycle of the disjoint

46
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cycle decomposition of «,; let 2(u) be the length of this
cycle. Since =, and x, are compatible, we know that
«3Y is uniform. Also, we have o)‘Y’= Wl(U’IN(UJ’ and
since u is arbitrary, we conclude that Yu € V, “%(U)lN(u)
is uniform. A similar argument estabhlishes this Yv € V,.

Thus, Yv € V, [F,(«*'Y’)| > O (Theorem 2.5) and therefaore
IF(x)| > O (Theorem 2.43. :

Now suppose that (F(«x)| > 0, and that « = o,«,,
where «x; is a permutation on V;, for i = 1, 2. By Theo-
rem 2.4 we conclude that %v € V, IF (V)| > 0; by The-
orem 2.5 we conclude that Yv € Vv, «>*¢V? NCyv) 18 uniform.
Arbitrarily take u € V,; then u appears in some cycle of
the disjoint cycle decomposition of «. Therefore, for
each cycle length, %, in the disjoint cycle decomposition
of «x,, x, is uniform. Similarly, Ffor each cycle length,
%, in the disjoint cycle decomposition of «,, m% is uni-
form. Therefore, x, and «, are compatible. |

Example 3.6

Let «,= (0)(13(2) and «,= (345, where V,= (0,1,22
and V,= {3,4,52, as in Example 3.3; set « = «,x,. Notice
that «; and «} are both uniform, so «, and x, are compat-
ible. We conclude that |F(x)! > 0, which is confirmed in
Table 3.2.

Example 3.7

Let «, = (01)(2) and «, = (345), V, and V, as above;
set « = «,x,. Notice that «} is not uniform, so «, and
«, are not compatible. Therefore, IF(x) | = 0, as in Ta-
ble 3.2.
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Thearem 3.2 implies that we need to know something
cof the structure of compatible permutations to be able
to calculate f{m,n). By Theorem 2.5 we sze that we need
to express 1iJ in terms of the Cijy: Therefore, we turn

our attention to the CiJ'

Theorem 3.4. Let «, and x, be compatible perrutations.
Suppose that «j has s; distinct cycle lengths and that
the j-th smallest of these is *iJ (i =1, 2; 3 =1, ...,
s;j). Furthermore, suppose «g_;+J is cjy-uniform. Then
9i, k=1, 2, where i #k, 9 =1, ..., Sj, and ¥? = 1,
vevs Sky Gy | 2p, and gcd(ciJ,ckQ) = i:

Proof: Obviously, Ciy t %¢p, because «li is ciJ—uniEorm
and all of the cycles are disjoint.

Suppose that gcd(ciJ,ckQ) = h, Since we were told
that aaiJ is cjy-uniferm, Corollary 2.1a tells us that
Ci = *kp / gcd(mij,ku). Thus, either h =1, or h is a
Factor of %p oOne more time than it appears as a factor
of INE Also, «;kg is cyp-uniform, and Caorollary ¢2.la
says that cpg = liJ / gcd(lij,akg). Thus, either h = 1,
or h is a Factor of Xjy one more time than it is a factor
of 2kp. We conclude that h = 1. "

Example 3.8

Consider «, and «, of Example 3.%; «, = (123456),
and «, = (123)(456783). We see that 2»,, = 6, 2,, = 3,
and %2,, = 6; recall thatc,, =1, c,, =2, andc,, = 1.
Observe that c,,i%,,, and c,,I%,, (113 and 116), c,,I%,,
(2183, and c,,i»,, (1i6). Also, we know gcdlc,,,c,,>

= ged(c,,,c,,) = 1, as c,,= 1.
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43
We are now ready to determine the structure of a
compatible pair of permutations. Theorem 3.3 states that
once we know this, we know the structure of exactly those
automorphisms of Km,n that contribute to the value of
ffm,n). So once we know the structure we will be able to
determine the formula for £(m,n) by applying Theorems 2.4

and 2.5 together with two applications of Theorem 2.86.

Thearem 3.5. Let «; be a permutation on A; (1 =1, 2),
where «, and «, are compatible; suppose that [A;] = n;.

Furthermore, suppose that «; has s; distinct cycle

i i
lengths, miJ, in its disjoint cycle decomposition, where
243 is the J—thmémallest cycle length (i =1, 2; J =1,
veey 83, IF maii is ¢ -uniform, then for some positive
integer g, where g | gcd(n,,n,>, we have for i =1, 2 and

J=1’ ey si:

[
%ij = E%] -kT:Tllcm(ckQ; 2 =1, ..., SKI.
Proof: By Theorem 3.4, for all i, k =1, 2, where i # k,
we have, for all 3= 1, ..., 84 and 2= 1, ..., 5,
Ciko | liJ‘ Therefore, for each choice of i and j, we
conclude that there exists a positive integer, CINE such
that
%iJ = aiJ'lcm(cz_iQ; e =1, ..., Ss-i)
in particular, for each 3 = 1, ..., s, and k = 1,
S,, we have
113 = a,J'lcm(czx; x=1, ..., 8,), and
Aok = azk'lcm(cig; y =1, ..., s,).
By Corollary 2.1a,
Cyy = 22k / gedln,q,2,,), and
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Cak = %33 7 80dlR 4, %50,

Therefore,
ciJ / czk = 7~.zk / '}1\1
_ a,c*lemle,,;; y=1, ..., 51)_ thus
agytlemlo,y; x = 1, ..., 8,07
Zﬁﬁ-lcm(cig; y =1, ..., s,)
1] a
= —tlelemle,,; x =1, ..., s,).
Cak
Also, by Theorem 3.4, we have, for 2ll 4y = 1, ..., s, and
X =1, ..., S,, gcd(cig,czx) = 1, Therefore, their least

common multiples are also coprime. We conclude there ex-
ists a positive integer g such that

lemCey,,; =1, ..., 8,)
a;y =g- yi 9 1=, and

Cyy
Jdem(e, . x =1, ..., s,)

Repeating the argument for 2,, and %,,, and for 11J

and 2 we conclude that g is independent of the choice

2m:
of J and k. Combining the formulas for xij with that of

ajq, we conclude

2
Ay = 55:-3 'k.[jll.cm(ckg; P =1, ..., 5.
Suppose that for each i =1, 2 and § =1, ..., sj,
there are exactly Hi g cycles of length lij; then
S-
Epij'aij =n; (1 =1, 2,
J=1
so gin, and gin,; thus g | ged(n,,n,). 1

Theorem 3.5 shows that if «, and x, are compatible,
«; has cycles of length 2iy i=1,2,3=1, ..., 813,

and «; is a permutation of a set of order nj then if

1
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As
iy, i
xgtd; is cj y-uniform,

c
g
ANs gy = —— o i i lemCepo; 2 = 1, ..., s,
1 kQ: ] ’ )
] Cig k=1 K

where g is a common divisor of n, and n,, cijlnz, and
C,pln,. Let c, be any set of divisors of n, and ¢, be

any set of divisars of n,. Suppose that c, = {cij;J =1,

ves, 5,3 and c, = {cup;? =1, ..., S5, and gcd(cxj,czg)
=14Q=1, ..., s, 2=1, ..., 8,). Let g be any divi-
sor of ged(n,,n,) and define 2%;, as above. If there ex-
ist positive integers ki3 1 i=1,2,3=1, ..., s;)
such that
S;
z:i Higtrig =Ny (i =1, 27,
J=1

then it is easy ta verify the existence aof compatible
permutations on sets A, and A,, A; 1 = nj, where o; is a
permutation on A; and «; has exactly By cycles of length
1ij' Therefore, we have a strategy for picking the com-
patible permutations in the sum for f(m,n). We can nouw
evaluate |Fl«J| and [JC«)| for o« = o o,.
Theorem 3.6. Let c, = {ctj; J=1, ..., 8,2, ¢, = {c,yp;
=1, ..., s,}, uwhere c,JIn and c,,im. Suppose that
gcd(cij,czp) = 1 and let g be a divisor of gcd(m,n). De-
Fine “ij as above, let n, = mand n, = n, and suppose

{piJ} is a solution of
rﬂ
1PiJ'%iJ = ni (i = 1, E),
J =

with #iy 21 (i=1,2,3=1, ..., s;). Then for «; a

permutation on V; having exactly #iy cycles of length

51
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%jy, @nd « = x,x, we have

IF(x) | = | ' @(clj,nz .y) yHig,

i= 1 3
where @(x,y) = P(xI+xYX = Docy/x - 1)1 and 9(x) is the
Euler function. Also,
[ S 1
1JC) | = mn .
1‘1!
| | | ' % "
i i
192" J 3!

Proof: By Theorem 2.4, |FCe) | =VESIFVC&%‘V’)I, where S is
a complete system af orbit representatives of <«> acting
on V. Each of the By cycles of length %iJ needs a rep-
resentative; we consider one of the miJ—cgclss. For lij'
m%iJ N(y) s ciJ-uniEorm (where we assume v is a vertex
in the 11J cyclel; thus by Theorem 2.5,

IFyCoe 33| = Bcj y,N3-5).
The independence of the choices for the members of S
gives us |IF(«}| as abave.

To compute |J(«)| we observe that «, and « can be

2
picked independently; also, the full symmetric group ap-
plies to the individual partite sets so that the struc-
ture class can be thought of as a direct product of con-~

Jugacy classgs. There are iy cycles of length 2ij in oy
(for 1i=1,2, 3=1, ..., s3). Therefore, by Theorem
2.6 there are

ﬁi!
S

-’—T B
J= 11‘J1J'”1J!
members in JC«;31 (i = 1, 2), and

1 J€x) | = INICUDRERNICHS NP
We conclude that (J(«)| has the above form. ]

Se
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Example 3.9

Consider the graph Kz'a given in Example 3.2. Sup-
pose c,, = 2 and c,, = 1, so that c, = {2} and c, = {12.
Take g = 1 (for simplicityd. Then 2,, = 1:(1:2 /7 2) = 1,
and 2,, = 1-(1*2/ 1) = 2. Since u,,"%,, =2, uwe get
Fie =2 21, Also, H,,"%,, =4, so u,, =2 2 1. Hence,
by the remarks preceding Theorem 3.8 we conclude the ex-—
istence of an «, on {0,1} having twu l-cycles, and an o,
on {2,3,4,5 having two 2-cycles. This is confirmed by
x = (0)(1)(23>(45) in Table 3.1.

53

Furthermore, we calculate |[F(x)| and |JCx)| For the

above «.
IFCd | = E(2,4)%%C1,2)% = (1-2%*11)%2: (111122
= 22.12 = |.£,
as in the entry for « given abave in Table 3.1. Alsg,
[JCacd | = (R1/C12-213)(%1/(22-21))
= (2/C1-2))-(2%/(4 2)) = 1+3 = 3;

this is also confirmed by Table 3.1.

By the remarks preceding Theorem 3.6 we can change
the sum of Theorem 3.2 into a sum over g, a sum over
¢ = {c,,c,}, and a sum -over p», where g is @ divisor of
ged(m,n), c, is a set of divisors of n, c, is a set of
divisors of m, and » is the set of all solutions to the

set of equations

Si
J L Rigrig= g (=1, @) wgy 21,
J =1

where n,= m and n,= n.
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Theorem 3.7. Suppose that g | ged(m,n), c = ({c,, c,3,
c, = {c,y353 =1, ..., 5,3, and ¢, = {cpyid =1, vy 8,2,
Further suppose that gcd(clj,czg) =1, for 3 =1, ..., s,
and ¢ =1, ..., s,; letn, =m, rn, = n, and define lij as
2
gij = E%; 'kT:Tllcm(ckQ;l =1, ... 5.

If CpiJ} is a solution of
Si
E J-‘iJ';\iJ= N J-'-iJ 21 (¢i=1, 2), then
J =1

e S; o, _ “iJ
FCm,n) = ET"'_S;;_n; g ; ; 1Tj1 JET1 i}luiz_-g
‘ [E XIS X
where B(x,y) = PxI-xYX"Lecy/x - 131, 35 4 is the
Kraonecker function, and ¥(x3} is the Euler function.
Proof: By Theorem 3.2, we see that the m!'n! cancel with
those in the formula for (J(«)|; thus, taking into consi-
deration the orders of the automorphism groups, uwe see
that the coefficient 1is correct. The sum over g allaws
all possible cycle lengths to be considered. The sum o-
ver c ensures that no compatible pair of permutation will
be overlooked, and the sum aver # actually picks the com-
patible permutations. Finally, the formulas Ffor [JCe«) |
and [F(«)| given in Theorem 3.6, when substituted into

the triple sum and simplified, give the result. ]

Example 3.10

Consider the graph K By Theorem 3.2 we know

3, 5"
that h(3,52 = 0; thus, ICCKy 31 = £¢(3,5)., Also, we know
ged(3,5) = 1, so g = 1 (and we can forget about it). The

divisors of n =5 are 1 and 5, so c, = €13, {52, or
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{1,52. The divisors of m = 3 are 1 and 3, so c, = {12,
{32, or {1,3}. Thus, there are 3*3 = 9 possibilities
for c = {c,, €,?. We caonsider each of these cases sepa-
rately.
(1) Suppose that c,= c,= ({1}. Then c,,= c,,= 1, and
2= Rp,= 1°(1°1/10 = 1. Solving »,,**,,= 3, far »,,,
gives » = 3; solving #,,*%,,= S, for u,,, gives »,,= S.
Placing these values inta the formula for £(3,5), we get

21,503, $1,3)5_ (1:1%-41)3F, (1122175, 43, @5
1331 15:5] [ 120 6 120

and the value of this term is B1i.4.

(2) Suppose that c, = (1} and ¢, = {(32. Then ci= 1,
C,;= 3, %y, 1°C1-3/1> = 3, and 2,,= 1°(1°3/3) = 1.
Solving »,,%,,= 3, for u,,, gives x,,= 1; solving
$,4%,,= 5, For u,,, gives y,,= 5. Placing these values

into the formula for £(3,5), we get
IC1,53%. (3,335 c1-14 41!, (2:3%-01>X5_ a4 , @S

311 1551 120 3 120

and the value for this term is 32/15.

(32 Suppose that ¢, = {1} and ¢, = {1,32. Then c,,= 1,
Cpy= 3, Cpp= 1, %y, = 1:(1+371) = 3, 2%,,= 1€1°3/3) =1

and %,,® 1*(1-3/1) = 3. Solving »,,2,,= 3, for u,,,
gives #,,= 1; solving #,,2,,+ ¥,,%,,= S, for »,, and u,,
(and recalling that »,,,1,,2 1), gives p,,= 2 and »,,= 1.
Placing these values into the formula for £(3,5), we get

(1,53, 23,32 A . PD?

31414 1221 3111
= (1-1%-41)1, (2:3%2.015%, (11220t B4 .22 .2
2 3

3 a2 3 3
and the value for this term is 32/3.
(43 Suppose that c, = {8} and ¢, = {1}, Then c,, = 5,
Cpy =1, %y, = 1:(5:1/%) = 1, and %,, = 1-(5-1/1) = 5,
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Solving »n,,*,,= 3, for »,,, gives »,,= 3; solving
Bo%,= 5, for »,,, gives »,,= 1. Placing these values
into the formula for £(3,5), we get

T(5,53°%. 21,33, (4-5%-0103%, (1-12-210'_ 43 . 2
1331 SEEEY 6 5 B S

and the value for this term is 64/15.

(5) Suppose that ¢, = (5} and c, = {3}. Then c,,® 5,
Cp,y= 3, 2y, 1°¢(5+3/5) = 3, and 2,,= 1:(5:3/3) = 5,
Solving » ,2,,= 3, for »,,, gives g,,= 1; solving
Bp4%,4= 5, for »,,, gives »,,= 1. Placing these values
into the formula for £(3,5), we get

(5,53, 2(3,3)'. (4:5%-01)t, (2:3%.013t. 4 . 2
311 5te11 3 5 3 5

and the value for this term is B/1S5.

(6) Suppose that ¢, = {5} and c, = {1,32. Then c,, 5,
C,y™ 3, Cp,= 1, 2y,= 1+(5*3/5) = 3, %,,= 1:(5-3/3) = 5,
and 2,,= 1+(5+3/1> = 15—but this is larger than both
partite sets put together. Clearly, this case cannot

occur.

(7) Suppase that ¢, = (1,5} and c, {13. Then c,,= &,
C,,= 1, c,,= 1, 2a,,= 1:(5+1/5) 1, a,,= 1:(5-1/1>
= 5—bhut this is larger than the partite set it is in.

Clearly, this case cannot occur.

(B) Suppose that c, = {1,5} and ¢, = {(3}. Then c,,= 5,
Cy;," 1, €= 3, 2= 1°(5+3/5) = 3, %,,= 1-(5+3/1)—bhut
this is larger than both partite sets put together.
Clearly, this case cannot occur.

(39 Suppose that c, = (1,5} and c, = ({1,32. Then
€, 5, €,,= 1, c,,= 3, c,,= 1, 2,,= 1:(5-3/5) = 3,
%y~ 1:(5+3/71) = 15—but this is larger than both partite

sets put together. Clearly, this case cannot occur.

56
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Combining the values

produce values, we get
IC(K3,5)|= 61t.4 + 32/1S5 + 326/3 + B46/15 + 8/15 =

That is, there are 632 congruence classes of maps of

K3, 5+ We have broken down

from the

fFive cases that did

632.

these 632 congruence classes

by face distribution and surface. A summary of this
breakdown appears in Tables 3.4 - 3.7.
Table 3.4 .
The Congruence Classes of K; 5 on 5,
6, Bx4 1 | Total on S;: 1
Table 3.5
The Congruence Classes of K; 5 on 5,
1%, x4 11 10, B8, 3x4 18 ex8, 6, 2x4 5
12, 6, 3x4t 10 10, 2x6, x4 9 5x6 [
Total on S,: 55
Table 3.6
The Congruence Classes of K; ¢ on S,
2e, x4 g9 16, 10, Y B2 14, 2x8 11
20, 6, 3x4 46 16, 8, 5] 4 exle, 6 1e
18, 8, 4 5S4 14, 12, 4 42 12, 10, B 12
18, 2x6 17 14, 10, 6 18 3x10 13
Total on S;: 410
Table 3.7
The Congruence Classes of Ks,s on S,
30 166 | Total on S,: 166

We have classified these 632 congruence classes into
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open, strong, and closed 2-cell imbeddings. The results
of this classification are given 1in Table 3.8. We see

that closed 2-cell imbeddings occur only on S, and S,;

Table 3.8
Classifying the Congruence Classes of Maps of K; ¢
S, S, Sg S, bE°E3$a
Open (but not Strong) g e 1=) 407 166 618
Strong (but not Closed) o] 8 3 o} 11
Closed 1 [ 0 0 3
Iotal by Surface 1 55 410 166 632

strong 2-cell imbeddings occur only on §,, S,, and S;.

In the next section we will evaluate h(m,n>. Theo-
rem 3,2 gives us a partial answer; we will explore the
case when m = n. We will find that the evaluation of
IF(v) | is straightforward—it is the evaluation of (J(¥) |

that will require the most effort.
3.3 The Evaluatiaon of h(n,n)

In this section we will evaluate h(n,n); we already
know that h(m,n) = 0 when m < n. By Theorem 3.2 we see
that we need to find [F(»)| and 1J(¥)| For v € D(Kn,n)?
we already know that D(Km,n) = @Zdwhen m < n. UWe will be-
gin by finding (F(y)|; this is a straightforward applica-
tion of Theorems 2.3 - 2.5. In the process, uwe will de-
termine the structure type of ¥ € DCKn’n) so that
IFC¥)1 > 0. This will allow us to compute the number of
automorphisms in the structure class for vy,

We First observe that if some vertex u €V, is

mapped onto some vertex v € V, then the partite sets are

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



swapped; this was established in the remarks preceding
Theorem 3.2. UWe conclude that, in the disjoint cycle de-
caomposition of ¥y € D(Ky ), vertices of V, and vertices

of V, alternate in each cycle. This implies:

Theorem 3.8. Let ¥y € Aut Kn,n map a vertex u € V, onto a
vertex v € V, (that is, ¥ & D(Kj )); then [F(y>1 > O if
and only if y is uniform..

Proof: Since vertices in V, alternate with vertices in V,
in each cycle of the disjoint cycle decomposition of v,
every cycle has length 2 % 2. In fact, every cycle must
have even length. Let x(u) be the length of the cycle of
y containing u; then ¥*'Y’ Fixes the adjacent vertices u
and v. By Theorem 2.3, we conclude that either »*'Yis
the identity element of Aut Kn,n or F(y) = @, Hence,
IFCy) | > 0 if and only if »*‘Y’ is the identity element
of Aut Kn,n' The argument extends to all cycles because
of the altermation of the partite sets in the cycles.

Therefore, the result follows. a

Example 3.11

Lonsider the graph K:,,3 of Example 3.3. Logking at

Table 3.3 we observe that Theorem 3.8 is confirmed.

We have observed that every cycle must be of esven
length and that ¥ must be uniform for IF(y})] to be great-
er than zero. UWe note that if d is a divisor of n then
2'd is an even divisor of 2'n and that every even divisor

of 2+*n gives a d;visor of n. Thus, we have:

Theorem 3.9. Let vy € D(Kn,n) and suppose that vy is

59
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2d-uniform, where d { n; then
IFCy)| = (n - 1N,

Proof: By Theorem 2.4, IFCy31 is the product of the
IF,(y**V?)| (one faor each cycle of v). Since v is
ad-uniform, ¥2d is the identity element of Aut K p.
Therefore, all (d(v) - 1)! of the rotations at v (Jv € V)
must be Fixed by 29, wWe conclude that IF,Cy2 V|
= (n - 13!, There areen /7 2d = n / d cycles in y; thus,

we have the result. [ ]

We see by Theorems 3.8 and 3.9, that each J(¥) is
determined by a different d, where d | n. Because the
automorphism group of Kn,n is a wreath product, we know
that v € J(v) corresponds to the mfeath product element
in the following way: the first portion is (12)—the par-
tite sets are swapped; the second portion is a list of
two permutations of %,—when i maps onto 3} then the ver-
tex corresponding to i maps onto the vertex corresponding
to J of the other partite set (see the remarks preceding
Theorem 3.2). The key is this: the result of these two
permutatiors 1is a 2d-uniform permutation on the 2n ele-

ments of V.

Theorem 3.10. Let d be a positive integer, where d | n.

and suppose that y € D(Kn,n) is @d-uniform, then

Iy | = (nt)* :
dnad).cnzdyt

Proof: Since vertices from V, and V, alternate in vy we

can create a permutation in J(y) as folliows: Create a
one-to-one function from V, onto V,; then for each

u €V, take the u, ¥(u) pair as a new object. Finally,
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create a d-uniform permutation out of these n new ob-
Jects. Notice that the Ffull symmetric group acts on
these new abjects so that Theorem 2.6 applies in this
case.

There are n! one-to-one functions from V, onto V,.

Alsa, from Theorem 2.6, there are

n!
d" A Cn/sddt

d-uniform permutations of an n-element set. Therefore,

the result follows. ]

Example 3.12

Consider the graph Kz’s of Example 3.3 and 3.11;
take v = (03)(14)(25) & D(Kn,n); then d = 1. By Theorem
3.10, there are

_3|—2_=.3_6.=s
1%:31 [

automorphisms in the structure class of v. By Theorem
3.9, each of these fixes

(3 - 13/t =p%* =9
rotation schemes. Both of these values are confirmed by
Table 3.3.

Theorem 3.11. The value of h(n,n) is given by

- A
h(n,n) = n 11" .
mn dZ;:n 2+dn A (n/d)]|

Proof: By Theorem 3.2,

htn,n) = —*% FCy) 1130w 1.
n = sy Y AFOD 1IN
J(y) € J(B)
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By the remarks preceding Theorem 3.10, a sum over J(¥) is
equivalent to a sum over d, where d is a divisor of n.
Substituting the formulas for |F(y)| (Theorem 3.9) and
iJC¥)| (Theorem 3.10) into the ahove sum, we get the re-
sult, ]

Combining Theorems 3.7 and 3.11, we get a formula
for the number of congruence classes of maps of the com-
plete bipartite graph, Km,n' This formula is given in
Theorem 3.12.

Thearem 3.12. The number of congruence classes of maps
of the complete bipartite graph Km,n is given hy
lC(Km’n)I = f(m,n) + hi(m,n),

where £f(m,n) is given by

> ) ~ Z, T—T TET B(Cj N5, i)fij

fFlm,n) = —m—™ @
’ A
(“Sm n’ 1y =1 agytdeny
and ) 0 , m<n
htm,n) = ¢ ) (n - 13174 - n.
d T n 2d"Cnsddt’ ’
T(x,y) = P(xI)x‘Y7X ~Pecy/x =121, $ is the Kronecker

fFunction, and % is the Euler function; also, g Igcd(m,n),
n,=m, n, =n, c={c,,c,}, where c; = {ciJ 1 J =1,

«vey 833, Cij | tng—3y 7/ @), and QCd(CiJ:CB—i,k) = 1, for

J=1, ..., 54 and k=1, ..., s,. Furthermore,
g = EII | I lcm(ckQ, =1, ..., 5, and

{PiJ} are all sets of solutions (“iJ ? 1) that satisfy:
S

J=1
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Example 3.13

We will again count the corgruence classes of K3,3;
this time we will use Theorem 3.12 and not ad hoc meth-
ods. We start by calculating £(3,3).

The ged(3,3) = 3 socg=1 org=3. We will consi-

der these cases separately. When g = 1, the divisors of
371 = 3 are 1 and 3. Therefore, c, and c, can be {12,
{3}, or ({1,3}. Not both c, and c, can have 3 in it;
thus, instead of nine cases, there are only five.
(1> Suppose that ¢, = c, = {1}. Then ¢,,=c,,= 1, and
Xy4= Ay = 10C1°1/1) = 1. Solving »,,2,,= 3, for »,,, we
get »,,= 3; similarly, »,,= 3. Placing these values into
the formula for £(3,3), we get

TC1.3)%, 2¢1,33% (1-1%2-2103%, (1122133 @32 18
6 6 36 )

123! 1331 9
(2) Suppose that c, = {1} and c, = (3}, Then c,,= 1,
Cpy= 3, 2,, = 1°(1'3/1> = 3, and 2,,~ 1-(1+3/3) = 1,

Solving #,,2,,= 3, for »,,, gives u, = 1; sonlving
Bp42,,= 3, fFor n,,, gives »,,= 3. Placing these values

into the formula for £(3,3), we get

201,30, 2(3,33% (1-1%-21)t, (2-3%-0133_ 2 . 2%. 8,
311 1%-31 3 6 3 6 9

(3) Ifc, = (3 and c, = (13, then we also get B8/9;
this due ta the sgmmetrg aof the farmula Ffor €(3,3) which
reflects that of K; ;.

(43 Suppose that c, = {1} and c, = {1,32. Then c,,= 1,
Coy= 3, C,u,= 1, 2y,= 1°C1+3/1) = 3, 2,,= 1°(1°3/3) = 1,
and 2,,= 1°(1-3/1) = 3. Now »,,, #,, 2 1; thus, uwe get
Hohp v B,,%,, 2 4—but this is larger than the partite
set it is in. Clearly, this case cannot sxist.

(5) Because of the symmetry of K3,3, we see that
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c, = {1,3 and ¢, = {12 cannot occur either.

Adding up the the three cases that did produce val-
ues, we get: the contribution to £(3,33, wheng = 1, is
(1/2)+C(16/9 + B8/9 + B/9) = (1/2)-(32/9) = 16/9.

When g = 3, the divisor of 3/3 = 1 is just 1. Thus,
c, = c, = ({1}, Thency, = ¢,, = 1, and x,, = 2,,
= 3-(1-1/1) = 3. Solving s, ,2,,= 3, for u,,, gives
#,4= 1; similarly, »,,= 1. Placing these values into the
formula far £(3,3), we get

21,30, $1,3)', (1:1%2:210%, (1-1%2-20' 2.8 .4
3 3 -9’

31 3.1 3 3

Therefore, the contribution to £(3,3), when g = 3,
is

(1/2)-(4/8) = 2/8.
Combining the values for hath of the cases gives
£¢3,3) = 1678 + 2/9 = 2.

We now evaluate h(3,3). The divisors of 3 are 1 and
3; we consider these cases separately. Whend = 1, we
get

(3 - 113t | gig
2:15/1:(3/10!1 12 3

When d = 3, we get

3 - 11373 _ _
2:3%/3.(3/N 6 3

Combining these two terms we see that
h(3,3) = 2/3 + 1/3 = 1.

We conclude that

v
1
=

IC(Kg Pl =2+ 1=3;

this agrees with the evaluations we obtained in Example
3.3, '

B4
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In the next chapter we will extend the method Fur-
ther. This will enable us to calculate the congruence
classes of the maps of complete tripartite graphs. In
Chapter V, we will fFurther extend the method so that the
congruence classes of maps of complete n-partite graphs
can be counted. We will then show that the.formula Ffor

complete n—partite graphs generalizes those Fformulas in
Chapters 11, III, and IV.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

65



CHAPTER FOUR

ANOTHER LOOK AT COMPATIBILITY:
COMPLETE TRIPARTITE GRAPHS

4.1 Introduction

In this chapter we will look more deeply at the con-
cept of compatibility than we did in Chapter III. Look-
ing at the definition, we see there is more than one way
to extend this concept to three or more permutations. UWe
need to ask ourselves what it is that we wish to accom-
plish from our definition. In the bipartite case, our
definition allowed us to determine the cycle type of
those automorphisms that £ix the partite sets as sets.
This we discovered from Theorem 3.3 which stated that if
an automorphism « Ffixes the partite sets as sets, then
|{FCxeJ i > U if and only if the permutations on the indivi-
dual partite sets are compatible{ This then determines
how we should generalize the concept: we