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ENUMERATING THE ORIENTABLE E-CELL IMBEDDINGS
□F COMPLETE N-PARTITE GRAPHS

Bruce P. Mull, Ph.D.
Western Michigan University, 1S90

This dissertation develops formulas for the number 
of congruence classes of maps of complete, complete bi­
partite, complete tripartite, and complete n-partite 
graphs; these congruence classes correspond to unlabeled 
imbeddings. The method employed for the enumeration is 
an extension of that used by Mull, Rieper, and White in 
1988. We let the automorphism group act on the set of 
rotations and use Burnside’s Lemma to count orbits for 
these rotations. Compatible permutations are introduced 
to determine those automorphisms actually contributing to 
the number of orbits.

The complete n-partite formula is shouin to general­
ize those of the other three families of graphs. These 
congruence classes are classified using the hierarchy of 
Kountanis, Mull, and Rashidi C19B9) . A new parameter is 
introduced to random topological graph theory: the aver­
age number of symmetries of the maps of a graph. This 
parameter is evaluated for arbitrary connected graphs G, 
in terms of the degree sequence, the number of graph au­
tomorphisms, and the number of congruence classes of maps 
of G. Finally, the computer program created to classify 
the congruence classes, and which verified the formulas 
for small cases, is presented.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



INFORMATION TO USERS

The most advanced technology has been used to photograph and 
reproduce this manuscript from the microfilm master. UMI films the 
text directly from the original or copy submitted. Thus, some thesis and 
dissertation copies are in typewriter face, while others may be from any 
type of computer primer.

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or indistinct print, colored or poor quality 
illustrations and photographs, print bleedthrough, substandard margins, 
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 
manuscript and there are missing pages, these will be noted. Also, if 
unauthorized copyright material had to be removed, a note will indicate 
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 
sectioning the original, beginning at the upper left-hand corner and 
continuing from left to right in equal sections with small overlaps. Each 
original is also photographed in one exposure and is included in 
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9" black and white 
photographic prints are available for any photographs or illustrations 
appearing in this copy for an additional charge. Contact UMI directly 
to order.

University Microfilms International 
A Bell & Howell Information Company 

300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA  
313/761-4700 800/521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Order Number 9101301

Enum erating the orientable 2-cell imbeddings o f com plete 
n-partite graphs

Mull, Bruce Philip, Ph.D.

Western M ichigan University, 1990

UMI
300 N. Zeeb Rd.
Ann Arbor, MI 48106

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ACKNOWLEDGEMENTS

I wish to express sincere appreciation to my advisor 
and committee chairperson, Dr. Arthur T. White for his 
patience, assistance, and support throughout my course of 
study; and to my committee members, Dr. Alfred Boals, Dr. 
Donald Goldsmith, Dr. John Petro, and Dr. S. F. Kapoor, 
for their advice.

I would also like to express my appreciation to 
Western Michigan University and to the Department of 
Mathematics and Statistics for financial support during 
my course of study.

My deepest gratitude goes to my family. Without the 
added financial support of my uncle Raymond L. Mull, I 
would not have been able to return to school. Also, my 
mother offered emotional support through many trials and 
tribulations. Finally, I wish to thank my friends for 
their encouragement and help.

Bruce P. Mull

ii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

ACKNOWLEDGEMENTS.......................................
LIST OF TABLES.........................................
LIST OF FIGURES........................................
CHAPTER

I. GRAPHS, SURFACES, AND PERMUTATION GROUPS___
1.1. Introduction.........................
I.E. Graphs................................
1.3. Surfaces and Imbeddings............
1.4. Permutation Groups and Congruent 

Imbeddings........... ...............
II. THE BASIC METHOD: COMPLETE GRAPHS...........

E.l. Introduction.........................
E.E. The Basic Method....................
E.3. The Formula for the Complete Graph

^ n .....................................
III. COMPATIBLE PERMUTATIONS: COMPLETE

BIPARTITE GRAPHS...............................
3.1. Introduction.........................
3.E. Compatible Permutations............
3.3. The Evaluation of hCm,n)...........

IV. ANOTHER LOOK AT COMPATIBILTY: COMPLETE
TRIPARTITE GRAPHS..............................

4.1. Introduction.........................
4.E. Using Compatibility.................
4.3. When Exactly One Partite Set is 

Fixed.................................
4.4. The Final Piece......................

V. THE MAIN EVENT: COMPLETE N-PARTITE GRAPHS...
5.1. Introduction.........................

iii

ii
v

vii

1
1
1
5

11
EO
SO
E4

30

38
38
45
58

66
66
74

87
36
105
105

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table of Contents— Continued

CHAPTER
5.E. Calculating FCnij, ... ,mn)..........  110
5.3. Calculating h(mt . ,mn)..........  124
5.4. Calculating gCnij, ... ,mn)..........  136
5.5. The General Formula..........   1S2

VI. RANDOM TOPOLOGICAL GRAPH THEORY:
ASYMPTOTIC RESULTS........    170

S.l. Introduction........................  170
B.2. The Average Number of Symmetries... 170
6.3. Complete Graphs..................... 174
G.4. Complete Bipartite Graphs..........  177
6.5. Open Questions...................... 160

APPENDIX Program Listing..........................  163
BIBLIOGRAPHY........................................  20S

iv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF TABLES

1.1 Classifying the Rotations on K 4 ...............  17
E.l The Four Rotation Schemes of Example E.l  £4
E.E The Congruence Classes of K 5 on S t.............  35
E.3 The Congruence Classes of K s on S z .............  35
E.4 The Congruence Classes of K s on S 3.............  35
E.5 Classifying the Congruence Classes of flaps of

K 5.................................................  37
E.B The Numbers of Congruence Classes of Maps of

Small Kn ..........................................  37
3.1 The Breakdown of JACK2 4 ) .......................  4E
3.E The Breakdown of JA(K3 3) .......................  43
3.3 The Breakdown of JDCK3 3 ) .......................  44
3.4 The Congruence Classes of K 3,5 on S i ....... 57
3.5 The Congruence Classes of K 3,5 on S i ....... 57
3.6 The Congruence Classes of K 3i5 on S 3 ....... 57
3.7 The Congruence Classes of K 3.S on S 4 ....... 57
3.0 Classifying the Congruence Classes of K 3 5.... 58
4.1 Classifying Rotations of Using

4.E Classifying Rotations of K 2 Z Z  Using

4.3 Classifying Rotations of K 4  ̂ ^ Usingv e DCKi>J:i£)
4.4 Classifying Rotations of K t z z Using 

OC e ACK1(2ji)... ' *
4.5 Classifying Rotations of K, * „ Using 

P *  B C K i ( 2 i 2 )... 1 ’

70

70

70

7E

  73
4.6 Classifying Rotations of K 1 2  3 ................ 73

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



List of Tables— Continued

5.1 Classifying Rotations of K ; i  z z Usin0
« e    ioa

5.E Classifying Rotations of K t i  z z Using
p e b c k 1>1i Zi p .......................................   i oa

5.3 Classifying Rotations of K, . , , Using
> e DCKi i z *?.................... ................................................  i oa* i A i A  A

6.1 An Illustration of Corollary B.3.............  177

vi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST QF FIGURES

1.1 A Graph With 5 Vertices and 8 Edges........... E
l.E The Complete Graph of Order Five, K s.......... 3
1.3 A Bipartite Graph and a Complete Bipartite

Graph..............................................  4
1.4 The Complete 4-Partite Graph K l l z > s t ......... 5
1.5 Depictions of Tuio Surfaces.....................  B
1.6 Adding a Handle to a Surface...................  8
1.7 A Graph of Order Four and Size Five........... 13
1.8 Two Toroidal Imbeddings of K 5 .................. 14
1.3 Congruent Haps cf K 4 ............................  IB
1.10 The Toroidal Congruence Classes of K 4 .........  18
E.l The Congruence Classes of Example E .l........... E4
3.1 The Planar (Spherical) Imbedding of z CC4) . 40
3.E The Congruence Classes of K 2j 4 .................. 43
3.3 The Congruence Classes of K 3>3.................. 44

vii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER I

GRAPHS, SURFACES, AND PERMUTATION GROUPS

1.1 Introduction

It is ciear From the title of this dissertation that 
something uiill be counted. What that something might be, 
however, is not so clear. UJhat is a graph? What is a 
graph imbedding? What is an orientable imbedding? The 
answers to these and related questions will be given in 
this chapter. A more complete treatment oF these ideas 
can be Found in many texts on graph theory; see, For ex­
ample, Chartrand and Lesniak , Gross and Tucker C7], 
or White C1BJ.

We will end the chapter by presenting the background 
material needed to understand the enumerative method that 
will be used. More information on enumerative techniques 
in graph theory can be Found in Biggs and White C3! and 
Harary and Palmer CB3. Much of the material in this 
chapter, and the next, also appears in Mull, Rieper, and 
White C15D.

1.2 Graphs

A graph G is an ordered pair CV,E), where V is a 
nonempty set of objects and E is a collection of unor- 
dered pairs of distinct objects From V. The members of V

1
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are known as the vertices of G; the members of E are the 
edoes of G. When more than one graph is involved, or to 
emphasize the underlying graph, we denote these two sets 
VCG) and ECG). Ule will assume that no two distinct edges 
of a graph have both of their vertices in common.

Example 1.1
Let V = Cl, E, 3, 4, 5} and E = CCl.El, Cl,31, 

CE.31, C5,41, CE.51, C3.41, C3,51, C4.511; then G = CV.El 
is a graph. Figure 1.1 shows a drawing representing G. 
Points are used to represent the vertices; lines between 
points represent edges. Though edges cross in this pic­
ture, only the points designated ’o’ are vertices.

2

4
Figure 1.1. A Graph With 5 Vertices and 9 Edges.

If two vertices form an unordered pair in E, we say 
that they are adlacent. Two edges are adjacent if their 
unordered pairs have a common vertex. An edge is said to 
be incident with the two vertices that form its unordered 
pair.
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Example 1.2
Consider the graph of Example 1.1. Since Cl,31 e E, 

vertices 1 and 3 are adjacent; vertex 1 is not adjacent 
with vertex 5 because Cl,51 ® E. The edges Cl,21 and 
C2,*il have vertex 2 in common; therefore, these edges are 
adjacent. There is no vertex in common between Cl,31 and 
C2,51 so these edges are not adjacent. Finally, the edge 
C2,31 is incident with vertices 2 and 3 but no others.

A graph is said to be complete if E is the collec­
tion of all unordered pairs of distinct members of V. If 
IVI = n, then this graph is denoted Kp . A bipartite 
oraoh is a graph whose vertex set can be partitioned into 
two sets, V t and V^, so that every edge of the graph has 
one vertex from V t and one from V2. If each vertex of V t 
is adjacent with every vertex of V 2, then the graph is a 
complete bipartite oranh■ If IV± I = m and IV̂ I = n, and 
the bipartite graph is complete, then the graph is denot­
ed Km n . Finally, an n-nartite graph has a vertex set 
which can be partitioned into V lf ..., Vn so that every 
edge has vertices from distinct partite sets. If for

i

5

Figure 1.2. The Complete Graph of Order Five, K s.
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every partite set, each vertex is adjacent with every 
vertex of all other partite sets, then the graph is a 
complete n-partite graph■

Example 1.3
Consider the graph G “ CV,E), where V = Cl,E,3,4,51, 

and E is the collection of all E-element subsets of V; G 
is the complete graph of order five and is denoted K s 
CFigure 1 .E).

Example 1.4
Let V = Cl,E,3,4,5,61 and partition V into the par­

tite sets Vj = C1,E,31 and V 2 = C4,5,6J. Suppose that 
E - CC1.41, Cl,51, CE.41, CE,G1, C3.41, C3,511, then ev­
ery edge contains a vertex from both partite sets— this 
is a bipartite graph CFigure 1.3a).

Suppose that the edges Cl,61, CE,51, and C3,B1 were 
added to the above graph; then every vertex in Vj would

i

2.

3 4

1

2.

3
Cb)

Figure 1.3. A Bipartite Graph and a Complete Bipartite 
Graph.
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5
be adjacent with every vertex in V z. The result would be 
the graph K 3> 3 shown in Figure 1.3b.

Example 1.5
Let.V = £1,5,3,4,5,61 and partition V into the par- 

tite sets V t = £11, - £51, V 3 - £3,41, and V 4 - £5,61.
A complete 4-partite graph is shown in Figure 1.4. No­
tice that vertices of different partite sets are always 
adjacent while vertices in the same partite set never 
are. The orders of the partite sets are one, one, two, 
and two; thus the graph shown is K, , ,

i i i

3 6

1

4 5
Figure 1.4. The Complete 4-Partite Graph K t t  z i.

1.3 Surfaces and Imbeddings

A surface is a connected compact 5-manifold that has 
no boundary; locally, it is homeomorphic to the plane. 
Let S be a surface and decompose S into 5-cells Cths open 
regions are homeomorphic to an open disk); if it is pos­
sible to give the boundary of each S-cell a direction so 
that a 1-cell portion of the boundary incident with two
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adjacent E-cells is oppositely directed within those tuio 
E-cells, then S is said to be orientable. otherwise, S is 
nonorientable. This decomposition, when possible, is 
called a coherent orientation of S.

Example 1.6
Consider the drawings of Figure 1.5. Figure 1.5a 

depicts the torus decomposed into E-cells by K4. A co­
herent orientation has been indicated with arrows; thus 
the torus is an orientable surface. Figure 1.5b depicts 
the Klein bottle also decomposed into E-cells by K4. The 
directions of the arrows do not form a coherent orienta­
tion Cboth sides of the vertical edge are directed up­
ward). Actually, it is possible to prove that the Klein 
bottle is nonorientable.

a a

(b)
Figure., 1.5. Depictions of Two Surfaces.

Given an orientable surface S, S Is said to be ori­
ented clockwise (counterclockwise) if the direction of 
the boundary of every E-cell, in any decomposition, is 
such that the 1-cell portions of the boundary, incident
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with two adjacent E-cells, have the boundary always on 
the right (left), relative to this direction (when viewed 
from the outside of the surface). The boundaries of a 
clockwise orientation are actually being traced in a 
counterclockwise manner. It is called a clockwise orien­
tation because the clockwise ordering of the vertices a- 
bout every vertex, of the graph inducing the E-cell de­
composition, acting upon the set of arcs of the graph 
(directed edges— both directions represented), traces out 
the oriented region boundaries. Therefore, the orienta­
tion shown in Figure 1.5a is a clockwise orientation.

The representations of Figure 1.5 are interpreted as 
Follows: edges having the same letter label are identi­
fied in such a way that the directions of the arrows on 
these edges are the same. Frechet and Fan C5J showed 
that every surface can be represented as a polygon.

Theorem 1.1. Every surface can be elementarily associat­
ed with a polygon whose symbolic representation is one of 
the following:

(i) aa"1
(ii) a 1b 1a 7 1b 7 1a 4b aa - 1b - 1...ambma - 1b - \  m > 1 

(iii) a ^ a ^ a ^ .  . .anan , n > 1. I

The form (i) corresponds to the sphere; (ii) is a 
sphere with m handles; and (iii) is a sphere with n 
crosscaps. Looking at Figure 1.5, we see that the Klein 
bottle has not been represented as aabb, but rather as 
abab-1— in Problem 5.9, page 55, of C103, we are asked to 
show that these representations are equivalent.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



There are two ways of obtaining new surfaces from 
old surfaces— adding either a crosscap or a handle. When 
a crosscap is added to a surface, the interior of a cir­
cular region is deleted. Next, every pair of antipodal 
points along the boundary of this region is then identi­
fied; this is equivalent to identifying the points of the 
circle in a continuous one-to-one and onto fashion with 
the boundary of a Moebius strip. This identification 
cannot be done in 3-space Cwithout self intersections), 
but requires at least four dimensions. Because of this, 
no attempt will be made to show this operation.

It is possible for a handle to be added to a surface 
in 3-space without having self intersections. This oper­
ation is performed by deleting the interiors of two cir­
cular regions; the circular boundaries are then given

Figure l.B. Adding a Handle to a Surface.
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opposite orientations. A cylinder is then oriented 
looking at the ends of the cylinder directly, it appears 
that they have opposite orientation). The ends of the 
cylinder are now identified in a continuous one-to-one 
and onto fashion so that the orientations of the ends of 
the cylinder match those of the two regions. An attempt 
to show this operation is given in Figure 1.6.

If a surface is orientable, then adding a crosscap 
will make it nonorientable; adding a handle to a surface 
never changes the orientation type of the surface— that 
is, orientable surfaces remain orientable and nonorienta­
ble surfaces remain nonorientable. We will focus on o- 
rientable surfaces, that is, the sphere and surfaces ob­
tained from the sphere by adding one or more handles. If 
k handles have been added to the sphere, then the surface 
is denoted and we say that the surface has genus k.
Thus, the sphere is S 0 Cand has genus zero). For more 
information on surfaces, and how they relate to graph 
theory, the reader may consult C7i, C101, or a text on 
topology such as C133.

When a graph G is represented in a surface S, dis­
tinct points of S correspond to the vertices of G. If u 
and v are vertices of G and tu,vl is an edge, then the 
points which correspond to u and v are Joined by an open 
arc. These open arcs do not include vertex points— ver­
tex points only occur as end points of arcs. If the arcs 
are mutually disjoint, then the representation is said to 
be an imbedding of G in S. A graph G can be thought of 
as a one dimensional simplicial complex in 3-space. When 
viewed in this way, an imbedding becomes a continuous
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10 •
one-to-one function from G into S; we write i:G -» S. If 
a graph is imbedded in an orientable surface then the im­
bedding is orientable: an imbedding in a nonorientable
surface is nonorientable.

The regions of an imbedding, i:G -» S, of a graph G
in a surface S, are the components of S - iCG), the com­
plement of iCG) in the surface S. If every region is ho­
meomorphic to an open disc, then the imbedding is an open 
5-cell imbedding, or more simply, a 2-cell imbedding. 
Clearly, only connected graphs can have S-cell imbed­
dings .

The genus of an imbedding is the genus of the sur­
face in which it occurs. Let G be a graph with m ver­
tices and n edges that is 2-cell imbedded in an orienta­
ble surface S. Suppose S has k handles, and that there 
are r regions in the imbedding; then

m - n + r = 2 - 2 k .
If G is 2-cell imbedded in a nonorientable surface N with 
r regions, and N has k crosscaps, then

m - n  + r = 2 -  k.
The value m - n + r is called the characteristic of the 
surface. It is well-known Csee, for example, C7D) that 
if two surfaces are both orientable Cnonorientable), and 
they have the same characteristic, then they are homeo­
morphic.

Example 1.7
Consider the drawings of Figure 1.5— each of these 

is an imbedding. In both imbeddings the graphs have four 
vertices, six edges, and two regions Cboth are K 4) . The
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surface of Figure 1.5a is orientable; thus we have
‘± - 6  + 2 = 2 -  2k 

so that the torus has genus 1. The surface of Figure 
1.5b is nonorientable; therefore,

4 - 6  + 2 = 2 -  k 
and we compute the genus of the Klein bottle to be two. 
Note that though both characteristics are zero, since the 
surfaces are of different orientability type, they cannot 
be homeomorphic.

An imbedding of a graph 6 in a surface S is said to 
be rooted if there is a distinguished edge, vertex, and 
region of the imbedding. Customarily, the distinguished 
edge is thought of as having a direction toward the dis­
tinguished vertex, in the boundary of the distinguished 
region. Recently, there have been many papers concerned 
with counting rooted imbeddings (rooted maps). These pa­
pers have fixed the surface and counted all rooted maps 
having some particular property (see £11, for example). 
On the other hand, there have been papers that fix the 
graph and count the number of unlabeled, 2-cell imbed­
dings for that graph in all of the surfaces in which the 
graph imbeds (see 11151, for example). Ue have adopted 
the latter approach in this dissertation.

1.4 Permutation Groups and Congruent Imbeddings

Let G be a graph and suppose that G is imbedded in 
an orientable surface S (with, say, a clockwise orienta­
tion); then the result is an oriented imbedding. Two

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



oriented imbeddings, i:G -» S and J:G S, are congruent 
if they "look alike," that is, there exists an isomor­
phism of their labeled images, iCG) and JCG), which can 
be extended to an orientation-preserving autohomeomor- 
phism of the surface S. The congruence classes corre­
spond to the unlabeied imbeddings. We will be concerned 
with counting these in a manner which ensures that each 
class is counted exactly once. The method we will use is 
to count them as algebraic equivalence classes of what 
we will call graph rotations.

Let G be a connected graph with VCG) and ECG) its 
vertex and edge sets, respectively. For v e VCG), we 
define the neighborhood of v, denoted NCv), to be 
NCv) = Cu e VCG) I Cu,v} e ECG)}. A rotation at v, Pv , 
is a cyclic permutation of the neighborhood of v, so that 
Pv :NCv) ■¥ NCv) is a sequence of length n Cassuming that 
INCv) I = n) that contains all of the neighbors of v, the 
last member of this sequence is followed by the first 
member. A rotation scheme is a set of rotations at each 
vertex of the graph G, P = CPv}veyCG)* When no confusion 
can occur, this will be called a rotation on G. A map fl 
is an ordered pair, M = CG, p), where G is a connected 
graph and p is a rotation on G. It is well-known Csee, 
for example, C1BU), that M determines an oriented 2-cell 
imbedding of G in some surface Sk , of genus k, where k 
can be readily determined from p; conversely, by fixing 
an orientation on S^, it is easy to see that every orien­
ted 2-cell imbedding of G has a corresponding P associat­
ed with it. Therefore, we will talk about counting con­
gruence classes of maps.
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Example 1,8
Consider the graph G = (V, E), where V = Cl,2,3,41 

and E = CC1.21, Cl,41, C2.31, C2.41, C3.411 CFigure 1.7). 
Since vertex 2 is adjacent to vertices 1, 3, and 4, we 
get NC2) = Cl,3,41. Without loss of generality, we can 
assume that a rotation at vertex 2 begins with vertex 1; 
thus, there are two rotations possible at vertex 2: these 
are P z = C134) and P z = C143).

Figure 1.7 is an imbedding; let us determine the 
surface. First, we observe that the surface is orienta- 
ble. Second, we see that there are four vertices Cits 
order), five edges Cits size), and three regions in the 
imbedding Cwe assume the "outer" region is a 2-cell). 
Therefore,

4 - 5 + 3 = 2 - 2 k  
and we find that k, the genus, is zero. We conclude that 
the surface is 5 0, the sphere.

i

■034

Figure 1.7. A Graph of Order Four and Size Five.

Let RCG) denote the set of all rotations on G; the 
above remarks establish that IRCG) I = CdCv) - 1)!,
where dCv) is the degree of vertex v Cthe number of edges 
incident with v ) . Consider a pair of maps; these maps 
may be clearly different: perhaps their genera differ, or 
the region sizes Cthe number of sides on the boundaries
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of its regions) are not the same when the genera agree. 
Same differences can be more subtle— for example, perhaps 
both sides of some edge lie in the same region in one im­
bedding but the other has no such edge. On the other 
hand, it may be that the two maps are essentially alike; 
one is merely a relabeling of the other.

Example 1.9
Consider the toroidal imbeddings of K s shown in Fig­

ure l.B. Both of these imbeddings have four 3-gons and 
an B-gon. These imbeddings cannot be the same, however. 
In Figure 1.8a we see that the vertex labeled "1" is in­
cident with all four of the 3-gons. No vertex in Figure 
1.8b is incident with more than three of them.

a

Ca)

a

i

Figure 1.8. Two Toroidal Imbeddings of K s.

An automorphism or a graph G is a permutation of the 
vertex set of G which preserves the edge set of G, that 
is, oc:VCG) -> VCG) is an automorphism of G means, for 
u, v e VCG), with slight corruption of notation, 
ocCCu.v}) - C«Cu),«Cv)> e ECG) if and only if Cu,vl e ECG).
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The set of automorphisms of a fixed graph G Forms a group 
under composition; this group is denoted Aut G .

Biggs C23, see also C3J, defined a variety of alge­
braic equivalence on RCG), using Aut G, uihich allows us 
to determine the congruence classes For the maps of G. 
Two rotation schemes, p and c, are equivalent Cand their 
corresponding maps congruent), if there exists an auto­
morphism oe e Aut G such that, yv e VCG), = ocpv« -i;
the common domain for these two permutations is given by 
ocCNC v)) = NCoeC v)).

A map automorphism For H =* CG, P) is a graph auto­
morphism of G which preserves the oriented region bounda­
ries of 11. Therefore, a map automorphism is a graph 
automorphism that makes P equivalent to itself. The set 
of map automorphisms for a fixed map h also forms a group 
under composition; this is a subgroup of Aut G. IF Aut II 
denotes this group, then we have

Aut M = C« e Aut G I P * ^ ,  = «PV« _1, yv e VCG)>.
Let Aut G act on RCG) as follows: let p e RCG),

p = tfv-^vevCG) I and « e Aut G; the action of the
resulting permutation group is
ocCp) = Cocpvcc-1}veVcG) = Ccr«:(v>}veVCG) = Ccrv}veVCG) =

For some c e RCG). CFormally, a permutation group is a 
group whose elements are permutations acting on a fixed 
set, the oblect set. The group operation is composition 
of mappings. The order of the object set is called the 
degree of the permutation group and must be finite.)

Example 1.10
Let n ■= CK4,p), where P = = C234), P z = C143),
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P3 - (124), P4 - (132)) (see Figure 1.9a). Take « = (12) 
as the automorphism; then 
ocCp) - o- = Co-^ (243), 0-̂ = (134), cr3= (142), <r4= (123)1. 

The resulting map is fl’ = (K4,o-) (Figure 1.9b), the "mir­
ror image" of fl. UJe call it that because the counter­
clockwise rotations of M ’ are the clockwise rotations of 
H. The rotation schemes P and c are equivalent (and 
their corresponding maps are congruent) under oc.

-s

1 2. 2 1
(a) (b)

Figure 1.9. Congruent haps of K 4.

Theorem 1.2. (Biggs) The number of rotation schemes of a 
graph G which are equivalent to a Fixed rotation scheme 
P e RCG) is the index CAut G:Aut h H , where h = (G, P) is 
the map corresponding to p.
Proof: Aut h is the stabilizer of P when Aut G acts on 
R(G). It is well-known (see C33, for example) that the 
size of the orbit of an object under the action of a per­
mutation group is the index of the stabilizer of the ob­
ject in the group. I

Example 1.11
Consider the map h = (K4, P) given in Example 1.10. 

Aut K 4 = $4 (the full symmetric group of degree four) and 
Aut M = (fi4 (the alternating group of degree four). By
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Theorem 1.5 we see that there are C$4:ifi4J = 5 rotation
schemes equivalent to p .  We conclude that f l  and f l  ’ are
the only maps in this congruence class; these are the
maps of Figure 1.9.

For oc e  Aut G, define FCoO =  Cp £  RCG) I ocCP) =  p } . 

Also, define CCG) to be the set of congruence classes 
induced by the action of Aut G acting on R C G ) ;  then

Theorem 1.3. CBiggs) The number of congruence classes of
maps M = CG,P) having G as the underlying graph is

ICCG) I = --- 1---  ) ' IFCoc) I .
GI K e^ t G

Proof: This is just Burnside’s Lemma for the present con­
text Csee [33, for example). I

Example 1.15
We again consider K 4; observe that IRCG) I = CE!)4 so 

there are sixteen rotations on K 4. Using ad hoc methods 
Cfor the moment) we have classified these sixteen rota­
tion schemes CTable 1.1). Note that since cycles of the

Table 1.1 
Classifying the Rotations on K 4

Class representative Coc) e CIS) C153) CIE)C34) C1S34)
Number in the class 1 6 B 3 6

IFCoc) | IB 0 4 4 S

same length can be transformed into each other, IF Coc) I  

must be invariant on the conjugacy classes of $4; hence
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uje need only specify a member For each conjugacy class
and the number of rotation schemes it fixes. UJe use ’e ’
to specify the identity automorphism For a graph G.

Thus, there are Cl-16 + 6-0 + 8-4 + 3-4 + 6-2) / 24 
= C16 + 0 + 32 + 12 + 12) / 24 = 72 / 24 = 3 congruence
classes for the maps of K 4. Figure 1.3 pictures one of
these classes; the other two are shown in Figure 1.10.
These maps are unlabeled to emphasize that they are con­
gruence classes of labeled maps.

Figure 1.10a depicts the torus divided into a 3-gon 
and a 3-gon with Aut II = Z3 For this class; thus, there 
are 24 / 3 = B maps in this class. Figure 1.10b has the
torus divided into a 4-gon and an B-gon with Aut fl = Z4
for this class; thus, there are 24 / 4 = B maps in this
class. These, together with the two rotation schemes
accounted for in Example 1.11, account For all sixteen of 
them.

a

b

a

Figure 1.10. The Toroidal Congruence Classes of K4.

The next few chapters will develop the general 
theory and establish the counting formula for complete
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n-partite graphs. It will be shown that this formula 
generalizes the formulas for complete, complete bipar­
tite, and complete tripartite graphs Cthese formulas will 
be established independently). Asymptotic results will 
be presented for the complete and complete bipartite ca­
ses, as well as implications of these asymptotic results. 
A new parameter is introduced to random topological graph 
theory, mCG), the average number of symmetries of the 
maps of the connected graph G. This parameter is evalu­
ated in terms of the degree sequence, the number of graph 
automorphisms, and the number of congruence classes of 
maps of G .

Ue will give the computer program, which classified 
the congruence classes and verified the formulas for 
small cases, in an appendix. This program was written in 
the C programming language and was implemented on an IBM 
PC clone, the VAX cluster at Western Michigan University, 
and the Connection Machine at Argonne National Laborato­
ries .
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CHAPTER II

THE BASIC riETHOD: COMPLETE GRAPHS

5.1 Introduction

In Chapter I uie introduced the background needed for 
the enumerative technique that will be used; in this 
chapter we will present the method that was originated in 
C15U. Using this method, we will be able to derive the 
formula for the number of congruence classes for the maps 
of complete graphs. Much of the material in this chapter 
is also in C151.

Theorem 1.3 was not used directly in Example 1.15; 
instead, a simplification was made which allowed us to 
reduce the number of terms in the sum. We will see 
shortly that this is typical— first, however, we need 
some more background material.

Let * be a permutation of a set with n elements.
We define the cycle type of «, JC«), to be an ordered
n-tuple, J C«) = Cj t, J   Jn?i where Jk is the number of
cycles of length k in the disjoint cycle decomposition
of «. Note that S k'Jv = n. If only one of the ji, isk°l
nonzero, that is, all cycles of « have length k, then oc 
is said to be a uniform Cor more precisely, k-uniform) 
permutation. It is well-known (see C9D, for example) 
that two permutations are equivalent under conjugation if 
and only if they have the same cycle type.

50
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Theorem E.l. If « and P are both permutations of an 
n-element set that are equivalent under conjugation, then 
for all positive integers k, «k and Pk are also equiva­
lent under conjugation.
Proof: Since each cycle of oc Cor P)  is disjoint from ev­
ery other cycle of « C P ) ,  ujb begin by considering a sin­
gle cycle.

Suppose that y = CXgXj...xm _1) is a cycle of length 
m and let k be a positive integer; we consider yk . Ue 
wish to determine the cycle of yk containing x^ for 
i = 0  m - 1 .

Under the action of yk , x^ is followed by xi+k, is 
followed by x^+2k> is followed by xi+ck = Xĵ  Call
additions have been taken mod m). Since no restriction 
has been placed upon Xj_, we know that c is a constant 
C i = 0 ,  ..., m - 1). Ue conclude that yk is c-uniform.

From number theory Csee C17J, for example), u«e know 
that c ’k = lcmCm,k), where by lcmCm.k) we mean the least 
common multiple of m and k. Also, if we let gcdCm,k) de­
note the greatest common divisor of m and k, then we have 
lcmCm.k) = k'm / gcdCm,k). Therefore, c = m / gcdCm.k), 
and the cycle of length m, in y, has become gcdCm.k) cy­
cles of length m / gcdCm.k), in yk .

Now oc and P, we have been told, have the same cycle 
type; thus for each i = 1 , ..., n, there are Jj_ i-cycles 
in each. Ue see from above that each of these i-cycles 
becomes gcdCi.k) cycles of length i / gcdCi.k) in the 
k-th power; therefore, the contribution to the cycle 
type of ock  Cand also Pk) in the entry for the cycles of 
length i / gcdCi.k) is thus jj_*gcdCi,k). Ue conclude
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that oĉ  and P^ have the same cycle type Cand are thus e- 
quivalent under conjugation). I

Within the proof of Theorem 2.1 there is the proof 
of a result that will be cited frequently in this disser­
tation. Because of this, we will state the result as a 
corollary; this will enable us to refer to the result di­
rectly .

Corollary 2.1a. Let v be a cyclic permutation on an 
m-element set; then for every positive integer k, vk is a 
c-uniform permutation, where c = m / gcdCm.k). Further­
more, there are gcdCm.k) c-cycles in the disjoint cycle 
decomposition of .

Proof: See the proof of Theorem 2.1. I

Corollary 2.1b. Let G be a connected graph, oc, p e Aut G, 

and yv e  V C G ) ,  let ^Cv) denote the length of the cycle 
containing v in the disjoint cycle decomposition of oc. 

Further, let 0C* (V) |n(v) denote the restriction of oc^<V) 
to the neighborhood of v. Then, yv e  V C G ) ,  °ca t v )  | m ( V ) 

and C pocp" 1 ) ‘i- (V } jN(- p  ( v )  ^ have the same cycle type.
Proof: For each cycle Cutu 2 . . .um ) in oc we know that 
(PtUj > ptu2 > . . . Ptum )) is a cycle in pocp- 1 . Arbitrarily 
take v e VC3); the above shows that the length of the cy­
cle containing v in oc is the same as the lBngth of the 
cycle containing PC v )  in Pocp- 1 . By Corollary 2.1a, we 
see that this is also true of v in o c * ( V )  and p C v )  in 
Cpocp- i ) * ( V ) . Now P e Aut G; therefore, P maps NCv) onto 
NCPcvj)— in fact, P maps u e N C v )  onto P C u )  e N ( P t v ) ) .
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The theorem now easily follows as u can be picked arbi­
trarily. I

For oc e Aut G, define JCoc) = CP«P_1 | p es Aut G>
as the structure class of oc; the set of structure classes
will be denoted JCG) = CJCoc) | oc e Aut G ) . Note that if
G = Kn , then Aut G = $n ; in this case, JCoc) is the conju-
gacy class of oc. In the next section we shall see 
that IFCoO I depends upon the cycle type of ô ^ ’ In c v )’ 
yv s VCG). Thus, if v e JCoc), then IFCoc) I - IFCv) I. 
Hence, for each JCoc) e JCG), we need only count how many 
automorphisms are in JCoc) and evaluate IFCoc) I for one 
such oc in that structure class.

Theorem H.2. The number of congruence classes 
m = CG,p) having G as the underlying graph is

'CCB3 ! - tt-'K -T C JC“3I'IFC*311Aut Gl JCoc) e JCG)
Proof: Deferred to the next section.

Example 2.1
Consider the graph of Example 1.8— V = Cl,2,3,4) and 

E = CC1,2), Cl,4), C2,3), C2,4), C3,4)). There are four
rotations on G, IRCG)I = 11^*2! 2 = 4 CTable 2.1). Also, 
Aut G = Ce, C13), C24), C13)C24)), where e is the identi- 
ty element; so IAut Gl = 4 .

Ule have FCe) = Cp, t,, p t a), p ( 3), p ( 4)), FCC13)) = 0,
FCC24)) = Cp(a), and FCC13)C24)3 = CP(1), P (4)).
Notice that while C13) and C24) are in the same conjugacy
class, they are not■in the same structure class.

Ule compute |CCG)I; ICCG) I = Cl-4+1-0+1-2+1-2)/4 = 2.

of maps

I
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Table 2.1

The Four Rotation Schemes of Example 2.1
^ 1, = CP, - (24), p z = Cl34), P3 = C24) , P 4 = (123)}
P < Z ) - tpi - (24), p z = (134), P3 = (24) , P 4 = (132)}
P ( 3 ) = CP, = (24) , p z = (143), P3 " (24) , P4 = (123)}
P ( 4 i = CP, = (24), p z = C143), P3 “ C24) , P4 = (132)}

Figure 2.1 shows the two congruence classes Far G. Fig­
ure 2.1a shows the sphere divided into two 3-gons and a
4-gon— this class contains P qi) and P q4). Figure 2.1b 
shows a 10-gon on the torus; this class contains Pqi) and 
P <3). Notice that Figure 2.1a is like Figure 1.7.

a

i

Cb)

4 3

Figure 2.1. The Congruence Classes of Example 2.1.

Theorem 2.2 allows us to sum over the structure 
classes instead of over all automorphisms, Many times 
IFCoc)  | = 0; thus if we can establish when FCoc) is nonemp­
ty, we can simplify the sum even further.

2.2 The Basic Method

In this section we present the method originated in 
C15). We will show that IFCoc)  I depends only on the
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structure type of «, and establish conditions for when
FCoc) is nonempty. This will allow us to Find a Formula 
For the number oF unlabeled orientable E-cell imbeddings 
oF complete graphs.

Theorem E.3. CBiggs) IF « e Aut G Fixes two adjacent
vertices, then either oc is e Cthe identity element oF the 
automorphism group) or FCoc) is empty.
ProoF: This is actually Lemma 5.E.5 oF I I3 3 .  I

Example E.E
Consider the graph oF Example E.l; oc = C13) Fix­

es the adjacent vertices E and 4. ThereFore, FCoc) = 0  

Cand IFCoc) 1 = 0 ) .

Let oc e Aut G and v e VC6 ); the Fixed set oF oc at v 
is deFined as F v Coc) =  Cpv  | oeCPv ) = « p v oc~1 = p v > Cneces-
sarily, oc Fixes v ) . That is, it is the set oF rotations
at v that are Fixed by oc under conjugation Cthis set may 
be empty). Now oc is a permutation oF VCG), so v appears 
in some cycle oF the disjoint cycle decomposition oF 
oc— let 'a Cv )  denote the length oF this cycle. Further­
more, <oc> will denote the group generated by oc under com­
position oF mappings.

Theorem E.4. Let oc e Aut G and let S be a complete sys­
tem oF orbit representatives For <oc> acting on VCG); then

IFCoc) I =  " [ ” [  | F v Coc*( V ) )  | . 
v e S

ProoF: By deFinition oF FCoc) ,  p e FCoc) iF and only iF
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«CP) = p ; that is, «CPV) = «PV« -1, yv e VCG) . So, For 
all positive integers k and all v e VCG), P e FCoc) if and 
only if oc^Pyx"^ = P,xk<V). Thus, the rotation at v deter­
mines the rotation at each vertex in the orbit of v under 
the action of <«> acting on VCG). Also, if k = *Cv) then

c c * ' ' ' > P v c c - * ‘ V> = pv , 

so that Pv e F v Coc^< V ) ) ,  Hence, For each orbit of <oc>,

choose Pv e F v Coc'U v ) ) ;  the other rotations are determined
by taking 1 S k < %Cv) and setting Pwk (V) =  ock p v « _ k . The
choices For each orbit are independent of each other, so
taking S to be a complete set of orbit representatives 
gives the theorem. I

Example 2.3
Consider the graph K 4 of the previous chapter. Let 

oc = C12)C34). One complete set of orbit representatives 
for oc is S = €1,3}. In both cases iCv) = 2 and <xz is 
the identity element. There are two possible rotations 
at each vertex; both are fixed by the identity element; 
hence, IFjCoc1)! = IFjCoc2) I = 2. So, IFCoc) I - 2-2 = 4, as 
in Table 1.1.

Recall that a uniform permutation has exactly one 
nonzero entry in its cycle type. Let *P denote the Euler 
function and, for v e VCG), tv 5 |n< V) the restriction of 
oc*(v> to the neighborhood of v. Then,

Theorem 2.5. If INCv) I = n, then
«PCc)‘c tn/C "1 > • Cn/c -1)1, if «a<V)|NCv)

is c-uniform,
0 , otherwise.

I F v C « * c v > ) I
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Proof: Ue first shoui that FVC«,'<V):) is nonempty if and
only if 1v 5 |ncV) is c-uniform, for some positive inte­
ger c; for simplicity we will let P = <v’|nCv)1

Every member of FvCoc,'<V)) is a cyclic permutation of
the neighborhood NCv) of v. Let p = Cx0x t...xn_t) be in
FV(«,,<V)). Only the elements of NCv) in «'ktv> can affect
P, so

oc*<v>poc-a<v> = ppp-i = cpCx0) . . . P C x ^ ^ )  = P.
If P is uniform, then this equation has solutions 

Cany p such that, for some positive integer k, P = pk is 
a solution); therefore, FVC«,'(V>) is nonempty.

Suppose FvC«‘*'(V>) is nonempty and let p be one
of the rotations in this set. Suppose that we have
P = Cx0x t...xn_t) ; then P =  p p p "1 and P commutes with P
Cand thus with all powers of p). Suppose that P is such 
that PCx0) = x^; then

pCx^ = ppiCx0) = pipCx0D 
= P1pkCx0) = PkpiCx0) = pkCxi),

for all i = 0, 1  n - 1,; so P = Pk . By Corollary
E.la, this is a c-uniform permutation, where we know that 
c = n / gcdCn,k).

UJe now know that FvCoeXtV)) is nonempty if and only
if P = cc*(V) ||vj(V) is uniform. Ue wish to determine the
number of rotations that are fixed by such p.

Let RCv) be the set of rotations at v, Jc the set of
c-uniform permutations on NCv), and for p e j cj let Rp be 
the set of rotations at v that are fixed by P under con­
jugation. Note that since no member of J= is distin­
guished over any other member, |Rp | is constant; let 
IRpI = r. Then r is the number that we seek, that is,
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|FV C«*1v)) I . The above remarks show
£ ^ J R p l = r- |JC I . Cl)
e e

Ue now count the above sum in a different manner; 
this will allow us to determine the value of r. Fix
P e RCv), we wish to determine the number of P e Jc that
fix p under conjugation. Ue have already seen that 
P = Pk , for some positive integer k. Clearly we need on­
ly concern ourselves with 1 < k < n— there are only n el­
ements in <p>. Now P is c-uniform and we have seen that 
c = n / gcdCn,k). Thus, k = m • gcdCn, k) for some posi­
tive integer m. Clearly, we must have 1 i  m 1 c, and 
gcdCm.c) = 1 Cn/c = gcdCn,k)). There are YCc) such inte­
gers m, so every P e RCv) is fixed by ^Cc) members of Jc . 
Therefore,

lR P 1 = <fCc) ‘ |RCv:> 1 • C2:)
P e Jc

Recall that if INCv) I = n then there are Cn - 1)!
rotations at v; thus I RCv) I = Cn - D !  .

Let P e Jc ; order the sequence of c-cycles in P. 
Using elementary combinatorics, we see that there are 
[ 2 ] ways to pick the elements in the first cycle, 
[ n c C ] waUs ta pick the elements in the second cycle, 
..., and so on. Hence, there are [ c 7.,c ] ujays to 
pick the elements in the ordered sequence of c-cycles. 
In each of these c-cycles Cthere are n/c of them), there
are Cc - 1)! ways to order the elements. Thus, the total
number of such P having the sequence of its cycles or­
dered is

[ c, .n .,c ] -Cc "151 m/C> = n! f  c m / c ) .
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Now, each sequence of n/c c-cycles can be ordered in 

Cn/c)i ways; so,
Cn/c)! • |Jc I = n! / c tn/C).

Therefore,
IJC I = n! / C c (n/C)-Cn/c)i 1 

Combining Cl), CE), and the formulas for IRCv) I and 
I Jc I, we get

IFv C«^(V>)l = r = ?Cc)’Cn -1)! .pJJ! 1 • Cn/c) ! v n!
= ‘PCc) -c(n/C ~ 1 ) Cn/c) 1 n/c

= <PCc)-c(n/C _ 1,-Cn/c -1)!. I

Example £.4
Again we consider K4; now let oc =■ C1)C£34) £ S4.

□ne complete set of orbit representatives for <«> is 
S = tl,£>. Note that *(1) = 1, and XCE) = 3; by Theorem 
£.4, we get

IFC«) I = IF^oc1) | • |FaC«3) I .
Now oc3 = C1)CE)C3)C4) = e, the identity, so that

IF̂ Coc3) | = E; also, *|n (1) is 3-uniform; by Theorem E.5, 
we get

IFjCoc )l = <fC3)-3C3/3 ~ 1 ’ • C3/3 -1)1 = E ■ 1 • 1 = E.
Thus IFCoc) I = E'E = 4, as in Table 1.1,

We are now ready to provide a proof for Theorem E.E.
By Theorem S.4, IFCoc) | = TT IF̂ Coc’'(v}) | . By Theorem E.5,ves
|FvCoc^(V)) | depends on the cycle type of ‘v 1 | m c v )  > fchis
means that Cby Corollary E.lb) IFCoc) I depends on the
structure class. That is, IFCoc) I is constant on the 
structure class of oc, JCoc). Since Theorem 1.3 sums over 
all elements of Aut G, all IJCoc) | members of JCoc) will be
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counted exactly once. Each oF these contributes I F C o c ) 1 

to the sum; hence the sum given in Theorem E.5 is cor­
rect .

Theorems 5.3 - 5.5 allow us to determine IFCoc) I; in 
order to use Theorem 5.5 we need to calculate !JCoc) I. 
There seems to be no general Form For I JCoc) | that will 
work in all cases— iF there were, then counting the con­
gruence classes oF all graphs would be straight Forward. 
In the next section, we will handle complete graphs. Ule 
will determine the structure oF those automorphisms For 
which IFCoc) I > 0; this will allow us to calculate IJCoOl.

5.3 The Formula For the Complete Graph Kn

In this section we use the method developed in the 
previous section to count the number oF unlabeled orien- 
table 5-cell imbeddings oF the complete graph Kn . Recall 
that Aut K n  =  $n ; thus, Voc e  Aut K n , JCoc)  is simply the 
conjugacy class oF oc. The next theorem counts the number 
oF elements in the conjugacy class oF oc.

Theorem 5.6. Let oc be a permutation oF an n-element set;
suppose that JCoc) « CJj.J^ jp) . IF JCoc)  denotes the
conjugacy class oF oc, then

n!
I JCoc)  | -  ----------------------------- .

i l l kJk- ^ '
ProoF: It is easy to tell cycles oF diFFerent lengths a- 
part so the cycle lengths partition n into discernable 
types. There are [ j t ] ways to pick the elements oF the
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first type, the 1-cycles. This leaves [ ng7 ,{1 ] ways to 
pick the second type, [ n 3 JJ j 32j2, ] ways for the third
type to be picked, and so on. Continuing we find that 
the number of ways of picking elements of each type is 
given by

In the proof of Theorem E.5 we calculated the number 
of ways that a set can be formed into c-uniform permu­
tations Cwhen the full symmetric group acts on these per­
muted elements!. We will use this result now.

Consider the elements that will form the k-cycles
Ck = 1  n!— these are independent of the cycles of
any other length, so they can be considered separately. 
These yield Ck‘jk !! / Ck^k,jk !! uniform permutations for 
the elements that form the k-cycles. The independence 
of the sets of elements gives us

ways of permuting the elements once formed into sets. 
Therefore, the number of permutations oc, whose cycle type 
is JCoc! = Cj*  J n !  is given by C3!-C4!; that is,

Example E.5

Consider oc = C1!(E34! e $ 4 Cfrom Example E.4!. Us­
ing Theorem E .6 we find that

C 3 !

n

which after simplifying gives us the result. I
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, , 4! 24
I J C o c )  I =  — —:-------------------5-------------------5-------------------5----------  =    =  B .C1 11! )*(2 *0!) ■ C3 "1! )■(4 G !) 3

Ule conclude that there are eight permutations of the a-
bove cycle type (which is verified in Table 1.1).

In the complete graph, every pair of distinct ver­
tices is adjacent; Theorem 2.3 implies that uie need only 
consider those automorphisms which fix none, one, or
all of the vertices. Let VCKn) =...... .....n), then
Aut Kn = $n ; we consider each of these thrse cases sepa­
rately. By Theorem 2.2, we need to calculate I J C « ) I  and 
IFCoc)  | for each of these cases.

Let oc e sn and suppose that oc fixes no vertex of Kn ; 
then acv) i 2, yv e V C K n ) . By Theorem 2.B we need the 
cycle type of oc to calculate I J C o c ) | ;  we begin by deter­
mining this.

Theorem 2.4 implies that IFCoc)  I > 0  if and only if 
| F v Coc* l V  5) | > 0 , W  e V C G ). By the proof of Theorem 2.5, 
this occurs if and only if | n c v )  uniform. For
G = Kn , %(v) > 2, so Theorem 2.3 implies that oĉ tv:i is 
the identity element of Sp. Ule conclude that oc is uni­
form. The identity element is also uniform, so it can be 
included in this case.

Suppose that oc is d-uniform; then Theorem 2.G states
that

I JCoc)  I = n! / Cdn /d • Cn/d) 11 
and since oc‘X l V )  is the identity element, yv e VCKn), 
|FvCoĉ -cv)) I = CdCv) -1)1 = Cn -2)1, where dCv) is the 
degree of the vertex v . There are n/d members in a com­
plete system of orbit representatives, so

IFCoc)  | = Cn -2)! n/d.
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Adding across the conjugacy classes of uniform permuta­
tions is just adding across the different cycle lengths 
which divide n. Therefore, the contribution to ICCKnD I 
by uniform permutations is given by Theorem E.E as

_l p— . n! -Cn - ED!  n / d _ r— . Cn - E D ! n / d  

n ! d I n d ( n 'd > - Cn / d D!  d i n  d <n ^  • C n / d )  !

Next suppose that « e $n fixes exactly one vertex v;
again we wish to determine the cycle type of oc. Consider
I F v CocD I; by Theorem E.5, “ (n c v D must be uniform. Since
only v is fixed, JCocD =  C l , 0, . . . , 0, J d  =  2^,0, . . . ,0) , ford
some integer d such that d I E. Applying Theorem E.E we 
obtain

n!
I J C oO  I = d <n-i> /d.CCr| -i)/d) |

By Theorem E . 5 .  IFvCocD I =  <PCdD-d4 tn_ 15 /d -i 1 ■ C ^ ^ i  -15 ! .d
Also, Vu e VCKn), where u v, ee*tV) must be the identity 
element of Sn  CTheorem E . 3 D ;  therefore, Theorem E . 5  gives 
IFu C tu’ J | = Cn —S5! . There are Cn - 1) / d d-cycles, 
and the single 1-cycle in oc; hence a complete system of 
orbit representatives consists of v, and Cn - 1) / d oth­
er members. By Theorem E.4 we conclude

IFCocD I = <fCdD * d <  (r'-1> /d -i) -1) j ■ Cn - E D !  m - 1 )  ^ .

d C6D
Thus, the contribution to iCCKn ) I by automorphisms which
fix exactly one vertex is given by Theorem E . E  as

_1 T ' _______ n]_________  . fK1n! i— . d <n-i) /dCCn_l)/d),
d I Cn -ID 

d t* 1

d I Cn -ID 
d ^ 1
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Theorem S.7. The number of congruence classes For the 
complete graph Kn is given by

Example E .6
Consider the complete graph Ks. Theorem £.7 states

that uie need a sum over the divisors oF n = 5, and a sum 
over the divisors oF n - 1 = 4 Cthat are greater than 
one). Ue evaluate each oF these sums separately.

The First sum is over the divisors oF n = 5. The
divisors oF 5 are 1 and 5. Uhen d = 1, the term is

Therefore, the value oF the First sum is 64.0 + 1.2 = 66.
The second sum is over the divisors oF n - 1 = 5 - 1

= 4; these divisors must be greater than one. The divi­
sors oF 4, greater than 1, are 2 and 4. Llhen d = 2, the
term is

ThereFore, the value oF the second sum is 9 + 3 = 12.
Combining the values oF the two sums uie get 66 + 12 

=70. We conclude that there are 70 congruence classes 
For the maps oF Ks.

Cn -2) ! n /0 
dn 70 ■ (n/d) !d I n

+
d

d * 1
ProoF: Combine the Formulas (5) and (7). I

C5 - 5)i 5/1 
15/1 -C5/1) !

Uhen d = 5, the term is
C5 - 2) ! s^5 = 6 = 1 p 
5 5 /5 ■ C5/5) ! 5 ' ’

<PC2) -C5 - 2) ! ( 5 ~ 11
5 - 1

Uhen d = 4, the term is
«PC4) -C5 - 2) ! <5 - 

5 - 1
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Using an IBM PC/XT compatible computer, and the pro­

gram whose listing appears in the appendix, we break down

Table 2.2 
The Congruence Classes of K s on

5x4
2x5, 4, 2x3

1
2

B, 2x4, 
7, 4,

2x3 2 
3x3 1

B, 4x3 3 
total on Sj: 9

Table 2.3
The Congruence Classes of Kt on 5*

B, 2xB 1 0, a, 3 6 11, B, 3 2
0, 7, 5 1 10, 2x5 1 12, 2x4 2
2xB, 4 2 10, B, 4 4 12, 5, 3 2
9, B, 5 1 10, 7, 3 3 13, 4, 3 B
9, 7, 4 3 U ,  5. 4 1 14, 2x3 8

total on S z : 45

the congruence classes by face distribution and surface.
A summary of this breakdown appears in Tables 2.2 - 2.4.
Table 2.2 shows that there are nine toroidal congruence
classes. The entry 2x5, 4, 2x3 means that there are two
5-gons, a 4-gon, and two 3-gons in the imbedding; the 2
which follows means that there are two congruence classes
with this face distribution. The other tables show the
breakdowns for Sz and S3.

Table 2.4
The Congruence Classes of K5 on 5 3

20 24 total on S3: 24
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The program does some further dividing of these con­
gruence classes. In CIO] the E-cell imbeddings of a 
graph are considered to be of three typas: open, strong, 
and closed. An open E-cell imbedding is an imbedding in 
uihich every region is homeomorphic to an open disk. A 
strong E-cell imbedding is an open E-cell imbedding that 
has an additional property: the image of every edge of
the imbedded graph separates distinct regions of the im­
bedding. A closed E-cell imbedding is an imbedding in 
which the closure of every region in the surface is home­
omorphic to a closed disk. We will be considering only 
graphs whose minimum degree is two; then it follows that 
every closed E-cell imbedding is strong, and every 
strong E-cell imbedding is open. This minimum degree 
condition is needed— consider a cycle with a dangling 
edge; this can be imbedded in the sphere as a closed 
E-cell imbedding, but it is not a strong imbedding.

Example E.7
Consider the 78 congruence classes of maps of Ks.

Applying the above hierarchy to these congruence classes
we find the fallowing: Only has closed E-cell imbed­
dings; only Sj and S z have strong E-cell imbeddings. One 
of the functions of the program in the appendix is to de­
termine which of the congruence classes are closed, which 
are strong Cbut not closed), and which are open Cbut not 
strong). A summary of these results appears in Table 
E.5.

It is interesting to see how quickly the number of 
congruence classes of maps of complete graphs increases.
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In Table 2.6 we see the number of congruence classes for 
the maps of all complete graphs from order three to order

Table 2.5
Classifying the Congruence Classes of Maps of K 5

s* S3 by°lype
□Den Cbut net Strona! 3 42 ' 24 69
Strono Cbut not Closed! 3 3 0 6
Closed 3 0 0 3
Total bu Surface 3 . 45 24 7B

seven. As one can see from the table, these numbers get 
large quickly. In Chapter VI we will derive an asymp­
totic formula for the number of congruence classes of 
maps of Kn . This asymptotic formula has ramifications to 
the new twig on the branch of topological graph theory 
known as random topological graph theory.

Table 2.6
The Numbers of Congruence Classes of Maps of Small Kn

n ICCKn)I
3 1
4 3
5 70
6 265,764
7 71,035,150,000

In the next chapter we will develop the tools needed 
to count the number of congruence classes for the maps of 
complete bipartite graphs. Ue will see, in later chap­
ters, that the method used in the bipartite case general­
izes to complete tripartite graphs and generalizes again 
to complete n-partite graphs.
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CHAPTER I I I

COMPATIBLE PERMUTATIONS: COMPLETE BIPARTITE GRAPHS

3.1 Introduction

Most of the material in Chapters I and II can be re­
garded as background For this dissertation— it appears
(in a slightly different form! in other sources. This is 
the chapter that mill introduce neui ideas. These ideas 
will extend the method of C15] so that the congruence 
classes of the maps of complete bipartite graphs (and ul­
timately of complete n-partite graphs) can be enumerated.

Recall that a complete bipartite graph is a graph 
G = (V, E )  where the vertex set V is partitioned into two 
partite sets, V t and Va, and where E is the set of all 
possible unordered pairs of vertices having a vertex From 
each partite set. Thus, we have

V = V t U V4 V t, V4 5* 0 n = 0

E = «u, v> I u e v t, v a V£} ,
If IV 11 = m and IV^I =■ n, then we write G = Km n . IF 
m i n, then we say that the complete bipartite graph is 
in standard form.

Let A(Km n ) =  {« e Aut Km n I 3oc4 , « z , e Sym V^
Ci = 1, S) , oc = o c j o c j } ;  that is, ACKmjp) is the set of au­
tomorphisms of Aut Km n which fix the partite sets as 
sets. Sym V^ is the full symmetric group of the elements 
of Vi. Let OCKm n D = Cy  a Aut Km n  I 3 u L a Ci - 1, 5)

30
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vCUj} = u i>; that is DCKm n D is the set of automorphisms 
of Aut Km n  which do not Fix the partite sets. This re­
quires m = n, and then v interchanges and Vj.. Then:

Theorem 3.1. The number oF congruence classes oF maps oF 
Km,n is 3iven by

irr i<  ) I =_______ 1__________  5 ' IF^oO IIUkNm,nJ 1 | a. .4. v | L— *IAut Km,n 1 « e ACKm n )
+ 1 V " |FC>0 1

|Aut Km,n! v € DCKm>n)
ProoF: Every automorphism oF Km>n either Fixes the par­
tite sets as sets or it doesn’t. Clearly, the conditions 
are disjoint; thus, the sum expressed in Theorem 1.3 can 
be rewritten in the above Form. I

For simplicity, we will write

FCm.n) =  - - - - - 1- - - -  Y~] IFCoeJI, and
lA u t  ^ m . n 1 <x e  A C K m  p )

hCm.nD = — -------  } ] IFCvD I .
IAut '‘'m, n 1 y e DCKm|P)

Example 3.1
Consider where V = CO,1,2,31, = CO,21, and

Vj, = €1,31; IAut = 8. HalF oF the automorphisms
Fix the partite sets and half do not. In Fact,

A C K ^ D  = CC03C13C2X3), C02)C1)C3D,
C03C23C133, C023C133J and 

DCK2.,2) = CC013C23), C01233,
C03DC 12), C0321)1.

Also, since dCv) ” E, ^v e there is exactly one
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rotation on K 2.. 2 Cobviously it is fixed by every ele­
ment in Aut K z 23. Therefore,

FC2,23 = Cl + 1 + 1 +  13 / B -  4/0 = 1/2, and
hC2,23 = Cl + 1 + 1 + 13 / B = 4/B = 1/2.

so, ICCK2( 3̂ I = 1/2 + 1/2 = 1. Figure 3.1 shows the only
imbedding for this graph; looking at it one sees why K 2 z

is also called C4, the cyclic graph of order four.

Figure 3.1. The Planar CSphericall Imbedding of K ij2_CC43.

Suppose that m < n; then Aut Km n = $m © Sn . Clear­
ly, the Full symmetric group of Vj_ acts on Ci = 1, 23 
as each vertex of V^ has the same neighborhood as every 
other such vertex. IF Km n had any other automorphisms 
then some vertex u e V t would map onto a vertex v e V^. 
Automorphisms preserve adjacency, therefore, V z -  NCu3 
would map onto NCv3 = V ±. Automorphisms are one-to-one, 
therefore, n = IV,I < I V t I =  m. This contradicts the
conditions of this case; thus, when m < n, every automor­
phism fixes the partite sets as sets. Ue conclude 
Aut Km n  has the form above.

Now suppose that m = n; then Aut Kn n  = S^CSp] Ca 
wreath product3. By extending the argument which lead to 
the contradiction above, we see that the partite sets are 
either fixed as sets or swapped. Label the vertices of 
each of the partite sets with the numbers from 1 to n. A
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permutation of $n induces an action on one of the partite 
sets as Follows-, if i is mapped onto J then the vertex 
associated with i is mapped onto the vertex associated 
with J . Every automorphism of Kp n can be constructed in 
two parts. The first part is a permutation of $ 2 which 
is interpreted as follows: The identity element of
means that ths partite sets are Fixed as sets; the other 
element means that the partite sets are swapped. The 
second part is a list of two permutations of Sp— the 
First element acts an and the second on V 2. It is 
interpreted as indicated before when the partite sets are 
fixed; but when they are swapped, then i mapping to J 
means the vertex associated with i in one partite set is 
mapped to the vertex associated with J in the other par­
tite set. That is, every automorphism is associated with 
an element of the wreath product of about $n and every 
such element gives rise tG an automorphism. We conclude 
that the automorphism group is as indicated above.

By Theorem E.E, the sums for fCm,n) and hCm,n) can 
be taken over the structure classes of Aut Km n  instead 
of over ACKm>n) and DCKm n ). Let JACKm n ) denote the 
structure classes of ACKm n D and JDCKm n ) denote the 
structure classes of DCKm ^n  ̂; we still have JCoc) and JCy) 
denoting the structure classes of <* and y.

Theorem 3.E. The forms of FCm,n) and hCm,n) are:
fCm,n) 1 IJCoO I ■ IFCoeD I, and 

JC«D e JACKmjn)
1 IJCy)|‘ |FCy)l, when m = n

hCm,n) E-Cn ! ) z JCy) JDCKmjn)
0 , otherwise,
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where Sm n  is the Kronecker Function CSm n  = 1, i f m = n ,  
and Sm n = 0 , otherwise).
Proof: If m < n, we have seen that IAut Km n I = |3m # S^l
= m! •n ! . When m = n , IAut Kn j n I = I$ zZ $n]I = E ! •n !i
= E-n!*. Also, hCm,n) > 0 if and only if m = n Cthe par­
tite sets are swapped for y e DCKnjn). Putting these in­
to Theorem 2.2 gives the result. I

Example 3.2.
Consider the graph K z 4; let V = CO,1,E,3,4,5>, and

partition V into = C0,1} and V z = C2,3,4,53. Aut K z< 4
- $2 © $4 so that IAut K2|41 = 21*4! = 2-24 = 4B.
Theorem 3.2 implies that JDCK^ 4) = 0, as hC2,4) = 0.
Table 3.1 lists representatives of JCoc) for JACK^ 4), 
IJCoc) I, and IFCoc) I for a member of each class.

Table 3.1 
The Breakdown of JACK2 4)

C 0 ) C 1 ) acts on V i
oc £ JCoc)  : e C E 3 ) C E 3 4 ) C 2 3 ) C 4 5 ) C 2 3 4 5 )

I JCoc)  1 : 1 6 8 3 6
IFCoc)  I : 3 6 0 0 4 4

C 0 1 ) acts an V,
oc £  J  Coc) : e C 2 3 ) C 2 3 4 ) C E 3 ) C 4 5 ) C E 3 4 5 )

I JCoc )  I : 1 5 Q 3 6
IFCoc)  I : 6 6 0 5 2

Therefore, fC2,4) = Cl-36 + 6 -0 + B ’O + 3*4 + 6'4 
+ 1*6 + 6-6 + 8 ■0 + 3-B + B-2D/4B = C36 + 0 + 0 + 12 + 24 
+ 6 + 3 6 + 0 + 1 8 +  IE)/4B = 144/48 = 3.
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This means that |CCKa 4) I = 3 + 0  = 3, That is, 
there are three congruence classes of maps of K z 4. Fig­
ure 3.2 shows imbeddings for each of these three classes.

2.

0

5

a5

Ca) Cb) Cc)
Figure 3.2. The Congruence Classes of K 2(4.

Example 3.3
Consider X3 3; let V = CO, 1, 2, 3, 4, 5} with 

Vj = CO,1,21 and V 2 = C3, 4, 51. Aut K3j3 = SaCS3J, so, 
IAut K 3)3I = 2!-3!2 = 2'BZ = 2-36 = 72. Table 3.2 gives 
the breakdown for JACK3 3) and Table 3.3 gives the break­
down for JDCK3 3).

Table 3.2 
The Breakdown of JACK3 3 )

0C E J  Coc) e C 3 4 ) C 3 4 5 ) C 0 1 ) C 0 1 ) C 3 4 )

I JCoc)  | 1 3 2 3 9
IFCoc) I B 4 0 IB 0 0

oc E  J  Coc) C 0 D C 3 4 5 ) C 0 1 2 )  C 0 1 2 ) C 3 4 ) C 0 l 2 ) C 3 4 5 )

IJCoc)  1 6 2 B 4

IFCoc) 1 0 I B 0 4

Therefore, FC3,3) = Cl-64 + 3-0 + 2-16 + 3-0 + 9-0
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Table 3.3 
The Breakdown of JDCK3 3)

« e JC«): C03)C14) CE5) C0314HE5) C01E345)
IJC«) I : B IB IE
IFCoc) I : 8 0 E

+ 6-0 + E ■IB + 6-0 + 4 *4)/7E - C64 + 0 + 3E + 0 + 0 + 0
+ 3E + 0 + 16)/7E = 144/7E - E.

Therefore, hC3,3) = C6-B + 1B-0 + 1E-E)/7E = C48 + 0
+ £4)/7£ - 7E/7E = 1.

This means that ICCK3 3) I = E + 1 = 3. That is, 
there are three congruence classes of maps of K 3 3 . Fig­
ure 3.3 shows imbeddings for each of these three classes.

Ca)

N
Cb) Cc)

Figure 3.3. The Congruence Classes of flaps of K 3 3 ,

In the next section we will calculate fCm,n) in gen­
eral. Ue will need to create a definition; this will en­
able us to determine the structure type of « s ACKmjT1) 
having IFCoc) I > 0. Once this structure type has been es­
tablished, we will use Theorems E.3 - E.5 to develop the 
formula for IFCoc) I.

Theorem E.B does not spply in general because the
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structure class is only the conjugacy class when the full 
symmetric group applies. In Section 3.3 we will over­
come this deficiency. This will allow us to calculate 
hCm,n) in all cases. We will end with the formula for 
the number of congruence classes of maps of Km n .

3.3 Compatible permutations

The fundamental problem of this section is to esta­
blish a formula for fCm,n). Theorem 3.3 requires that we 
pick a representative for « e J C o c ) ,  for each J C « )  e J C G ) ,  

and calculate | F C « )  I and I J C « )  I for this representative. 
If we know JC«), then we can determine J ( « ) ,  and I FCo c )  | 
will be given by Theorems 3.4 and 3.5. Therefore, we 
wish to determine J C o c )  such that FCo c )  ^  0 .  We start our 
quest with a definition.

The following definition is much more general than 
needed. The partite sets of a complete bipartite graph 
are disjoint Chence distinct). This definition allows 
the concept to be used in contexts which, as yet, we have 
not had an opportunity to explore.

Let Aj and A 2 be sets Cnot necessarily distinct), 
and for i = 1, 3, suppose that oĉ  is a permutation on A ^ . 
Suppose that oĉ  has s^ distinct cycle lengths in its dis­
joint cycle decomposition and denote these cycle lengths 
'Xjj, J = 1, . .., s^, where "Xjj is the j-th smallest cycle 
length. Then and <xz are said to be compatible if and 
only if for each Ci = 1, 3; j = 1, ..., s^) there ex-
ists a positive integer cjj such that oc3_^xJ is uniform
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every cycle has length c^^j. Note that if 1 = 1 ,  then
3 - i = S, and if i = 2, then 3 - i = 1.

Example 3.4
Let A t = Cl,2,3,4,5,61 and A2 = Cl,2,3,4,5,6,7,0,31; 

take ocj = C123456) and «2 = C123)C4567B9). Uie have
s i = 1* *11 = s 2 = *21 = and *22 = Observe
that
oc*11 = oe| = C1)C2)C3)C4)C5)C6)C7)CB)C9) is 1-uniForm.

= oe* = C141C251C363 is 2-uniform, and
“ i*2, “ *? ■ C1)C2)C3)C4)C5)C6) is 1-uniform.

Taking c tl = 1, c 2 l = 2, and c z z = 1, uie see that ocj and
oĉ  are compatible permutations. If any of these had not
become uniform, then the permutations would not have been 
compatible.

Example 3.5
Let A t = Aj. = Cl, 2, 3, 4, 5, 61; suppose that we 

take «j = C123) (456) and = C12)C3456). Ue now have
s i = *11 = 3> and s 2 = e > *21 = 2 > *22 = 41 Since

oc211 = *1 = C12) C3654) 
is not uniform, ocj and <*z are not compatible.

Theorem 3.3. Let oc e Aut Km n and suppose that « = 
for some permutations oc1( oc2 such that permutes the
vertices in Vj Ci = 1, 2). Then IFCoc) I > 0 if and only 
if ocj and ccz are compatible.
Proof: Suppose oct and oĉ  are compatible and that oĉ  is a 
permutation of Ci = 1, 2); take « = Arbitrarily
take u e v t; then u appears in some cycle of the disjoint
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cycle decomposition of « t; let aCu) be the length of this
cycle. Since and oc2 are compatible, uie knoui that
4 <u> is uniform. Also, we have « ^ (U)= <u 5 |n c u ) ’ an^
since u is arbitrary, we conclude that yu
is uniform. A similar argument establishes this yv e \)

Thus, yv e v ,  |FV C«^(U))| > 0 (Theorem 2.5) and therefore 
IFCoc) I > 0 CTheorem 2.4:).

Now suppose that I FCo c )  I > 0, and that oc =  o c ^ ,

where oĉ  is a permutation on for i = 1, 2. By Theo­
rem 2.4 we conclude that yv e V ,  I F v C o c * { V > ) |  > 0; by The­
orem 2.5 we conclude that W  e v ,  oc*(V) |ncV ) is uniform. 
Arbitrarily take u e v 4; then u appears in some cycle of 
the disjoint cycle decomposition of oc. Therefore, for 
each cycle length, 'X, in the disjoint cycle decomposition 
of oct, oĉ  is uniform. Similarly, for each cycle length,
a, in the disjoint cycle decomposition of oĉ , oĉ  is uni­
form. Therefore, oct and <x.z are compatible. I

Example 3.5
Let oet= CO) C1) C2) and oc2= C345), where V t= CO, 1,2)

and V 2= C3,4,5}, as in Example 3.3; set oc = oe1oc£. Notice
that ocz and oĉ  are both uniform, so « t and oc2 are compat­
ible. We conclude that IFCoc) I > 0, which is confirmed in 
Table 3.2.

Example 3.7

Let oct = C01)C2) and « z = C345), and V 2 as above; 
set oc - Notice that oc* is not uniform, so «, and
ocz are not compatible. Therefore, IFCoc) I = 0, as in Ta­
ble 3.2.
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Theorem 3.E implies that we need to know something 
of the structure of compatible permutations to be able 
to calculate fCm,n). By Theorem E.5 we see that we need
to express Xjj in terms of the Cjj. Therefore, we turn
our attention to the c^j.

Theorem 3.4. Let oc1 and <xz be compatible permutations. 
Suppose that has s^ distinct cycle lengths and that
the j-th smallest of these is Ci.= 1, E; J = 1 .....
s ^ .  Furthermore, suppose is Cjj-uniform. Then
y i , k = 1, E , where i ^ k , yj = 1, ..., , and yP = 1,
* * * i ^k i C i . I i? j and gcdCcj«,ck p) 1.
Proof: Obviously, Cjj I xk p, because «k J is c^j-uniform 
and all of the cycles are disjoint.

Suppose that g c d C c ^ ,ck p) = h. Since we were told 
that is Cjj-unifGrm, Corollary E.la tells us that
cij= "*k P / 0cdC*jj , *k p). Thus, either h = 1, or h is a
factor of xk p one more time than it appears as a factor
of X j_j . Also, is c^p-uniform, and Corollary E.la
says that ck p = x ^  / gcdCXjj , xk p). Thus, either h = 1,
or h is a factor of Xjj one more time than it is a factor
of xk p. We conclude that h = 1. ■

Example 3.8

Consider « 1 and of Example 3.4; x i = C1E3456),
and ozz = C1E3)C45678S). We see that * n  = 6, *21 = 3,
and %z z = B; recall that c tl = 1, c 21 = E, and c z z  = 1.
Observe that c 11lxil, and c 11|xiJ, Cl 13 and 116), c zi|xtl 
CEI6), and c i2.lxtl Cl 16). Also, we know g c d C o ^ o ^ )  
= gcdCc11(c 2i) = 1, as c ^ 31 1.
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We are now ready to determine the structure of a 
compatible pair of permutations. Theorem 3.3 states that 
once we know this, we know the structure of exactly those 
automorphisms of Kmjn that contribute to the value of 
fCm,n). So once we know the structure we will be able to 
determine the formula for fCm,n3 by applying Theorems 2.4 
and 2.5 together with two applications of Theorem 2.6.

Theorem 3.5. Let oĉ  be a permutation on Ci = 1, 23, 
where oct and are compatible; suppose that IAjJ = n ^ .
Furthermore, suppose that has s^ distinct cycle
lengths, , in its disjoint cycle decomposition, where
Xj, is the J-th smallest cycle length Ci = 1, 2; j = 1,

X: ...., s^). If « 3t^ is Cjj-uniform, then for some positive 
integer g, where g I gcdCnj.n^}, we have for i = 1, 2 and 
J 1 1 • • ■ i a i •

2
Xj, = • "| [ lcmCc^p; 0 = 1, ..., sk 3 .

ciJ k = 1
Proof: By Theorem 3.4, for all i, k = 1, 2, where i ^ k,
we have, for all J = 1, ..., s^ and 0 = 1, ..., sk ,
ck0 * H j  • Therefore, for each choice of i and j, we 
conclude that there exists a positive integer, a^j, such 
that

Xij = aij • icmCc3_i p; 0 = 1 ......
in particular, for each J = 1, ..., s t and k = 1, ...,
s^, we have

X j.J = a ij' lcmCc2X; x = 1, ..., Sfc), and
x = a • lcmCc ly ; y = 1, >>*, s 4 3 .

By Corollary 2.1a,
c ij = *2.k /  9cdCxtj ,xik3, and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



c z k = *ij ' godCa^ . a ^ D .
Therefore,

C iJ '' C 2:k = 1 *ij

= a ak‘lcmi:giui y = 1 ....... Sj) thus
a tj *lcmCciX; x = 1 ....... s 2)’

a z k .
*J a

c lcmCc jy; y = 1, . . ., s ^

i-l-lcmCc^; x = 1, ..., s,) . 
c z k

Also, by Theorem 3.4, uie have, for all y = 1  s t and
x = 1, ..., s z , gcdCciy,Cj^) = 1. Therefore, their least
common multiples are also coprime. Ue conclude there ex­
ists a positive integer g such that

lcmCc 1U; y = 1, . . ., s t)a ij g- ^ -----------------— , and
c iJ

lcmCciX; x = 1, ..., s 2Da zk = B' c zk
Repeating the argument for a lQ and *ik, and for 

and ^2.m> ue conclude that g is independent of the choice 
of j and k. Combining the formulas for with that of
a^ j , uie conclude

2
] [ lcmCck p; 0 = 1 ,  ..., sk D .

;ij k = 1
Suppose that for each i = 1, 2 and J = 1, ..., s^,

there are exactly j cycles of length ; then
s^

H j  “ —

2__,-̂ iJ 'aij = ni Ci = 2 ) '
J = 1

so glnA and gln2; thus g I gcdCn^n^D. ■

Theorem 3.5 shows that if « t and are compatible,
«i has cycles of length Ci = 1, 2, J = 1 ....... s ^ ,
and «i is a permutation of a set of order n^, then if
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uniform
5

■ J ~ \  lcmCckP'>° = 1> •••>
Ir ss 1k - 1

where g is a common divisor of n t and n^, c ijlni> and 
c 2.0 ̂n i • Let C i be anU set divisors of n z and c z be
any set of divisors of n 4. Suppose that = CCjjjJ = 1,

= 1 CJ = 1, s p  0 - 1 ,  s £). Let g be any divi­
sor of gcdCnt,n2) and define ijj as above. If there ex­
ist positive integers > 1  Ci = 1, E, J = 1, . . . , s ^
such that

then it is easy to verify the existence of compatible 
permutations on sets A t and A z , I = where « ^ is a
permutation on Aĵ  and has exactly .m ^j cycles of length

. Therefore, uie have a strategy for picking thB com­
patible permutations in the sum for fCm,n). Ue can noui 
evaluate I FCoc)  I and I JCoc)  I for oc =  oc j oc^ .

Theorem 3.B. Let c t * J - 1, Sj), c z = <.c z q;

0 = 1 ,  ..., s zl, where c tjIn and c^plm. Suppose that 
gcdCcjj,c^p) = 1 and let g be a divisor of gcd(m,n). De­
fine as above, let n t = m and n 2 = n, and suppose

is a solution of

J =  1
with .Hjj ! 1 C i = 1, 5 , J = 1, . . . , s^). Then for oĉ  a 
permutation on having exactly .Mjj cycles of length

. .., s t} and c z = Cczp; 0 = 1, s z l  and gcdCc^.c^p)

J = 1
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i - 1 J - 1
where 5Cx,y) = ‘P C x ) /X “ ‘^Cy/x - 1)! and <PCx) is the 
Euler function. Also,

Proof: By Theorem 2.4, IFC«3 I = FT IFwCoc*tv ’) I, where S isv^a v
a complete system of orbit representatives of <oc> acting 
on V. Each of the .h^j cycles of length 'Xjj needs a rep­
resentative; we consider one of the a^j-cycles. For 
« In (v ) *-s Cij'uniform Cwhere we assume v is a vertex 
in the T^j-cycleD; thus, by Theorem 2.5,

The independence of thB choices for the members of S 
gives us IFC«DI as above.

To compute IJ(«) I we observe that ocj and can be
picked independently; also, the full symmetric group ap­
plies to the individual partite sets so that the struc­
ture class can be thought of as a direct product of con- 
Jugacy classes. There are jijj cycles of length in
Cfor 1 ■ 1, 2, J = 1, ..., s^). Therefore, by Theorem 
2.5 there are

I JCoe)  I
mi • n!

members in IJCocpi (i = 1, 5), and
I JCoc)  I -  | J C o e j J  I ■ I J ( o c 2 )  I .

Uie conclude that I J C « ) |  has the above form. I
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Example 3.9
Consider the graph K2 4 given in Example 3.3. Sup­

pose c lt = 3 and c z i  = 1, so that c A = C3J and c z = CIJ.
Take g = 1 Cfor simplicity). Then 3.^ = I 1 Cl *3 / 3) = 1,
and = l'Cl’E / 1) = 3. Since = 2, we get
^it = 3 > 1. Also, = so ^ 21 = 3 > 1. Hence,
by the remarks preceding Theorem 3.6 we conclude the ex­
istence of an « 1 on C0.1J having two 1-cycles, and an ocz 

on C3,3,4,5) having tuio 3-cycles. This is confirmed by 
* = C0)(1)(33)C45) in Table 3.1.

Furthermore, uie calculate IFCoc) I and IJCoc) I for the 
above oc.

I FCoc)  I =  5 C 3 , 4 ) 2l - $ C 1 , 3 ) 2- =  C1 - 3  1 ■ 1 !  ) 2 • C1 • 1 1 ■ 1 1 )  4

= E z ' l z = 4,
as in the entry for « given above in Table 3.1. Also,

IJCoc) | = C3! / C1 ̂ - 3 1 )) - C4!/C32'3! ))
= C3/C1-3))-C34/C4-3)) = 1-3 = 3;

this is also confirmed by Table 3.1.

By the remarks preceding Theorem 3.6 we can change 
the sum of Theorem 3.3 into a sum over g, a sum over 
c = Cc1,ci), and a sum over j», where g is a divisor of 
gcdCm,n), c t is a set of divisors of n, c z is a set of 
divisors of m, and is the set of all solutions to the 
set of equations 

si
) . ^ i j M j = n i  Ci = ' 5 ) ; ^ i j  1 1>

j  = i

where n ^  m and n2= n.
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Theorem 3.7. Suppose that g I gcdCm.n), c = CCj, c 2},
Ci “ 'Cci j i j  = 1 > •• •« S l } . arld c 2 = 'Cc2 j ; j  = S2>-
Further suppose that gcdCc^.c^p) = 1, For J = 1, .... s t
and 9 = 1, ..., s^; let n t = m, n4 = n, and define as

a
"̂ ij = ~ ~  ' I [ IcmCc^p; 1 = 1, ...,sk).

ij k = 1
IF is a solution of

si
) W l^ii” ni! ^ij - 1 ci = i« 2)> thBn

^  c c c . n  f tm> n g c ji i = 1 j = 1 7,ij1J'jiiJ!
where -ICXjy) = ‘PCx) "x /X_1 * ■ Cy/x - 15!, j is the 
Kranecker Function, and <PCx) is the Euler Function.
Proof: Ey Theorem 3.E, uie see that the m! *n! cancel with 
those in the Formula for I JCoc)  I ;  thus, taking into consi­
deration the orders of the automorphism groups, we see 
that the coefficient is correct. The sum over g allows 
all possible cycle lengths to be considered. The sum o- 
ver c ensures that no compatible pair of permutation will 
be overlooked, and the sum over ^ actually picks the com­
patible permutations. Finally, the formulas for I JCoc)  I 

and I FCoc)  I given in Theorem 3.6, when substituted into
the triple sum and simplified, give the result. fl

Example 3.10
Consider the graph K 3 5. By Theorem 3.2 we know 

that hC3,5} = 0; thus, ICCK3 5)I = fC3,5). Also, we know
gcdC3,5) =1, so g = 1 Cand we can forget about it). The
divisors of n = 5 are 1 and 5, so c t = Cl), C5), or
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Cl,55. The divisors oF m = 3 are 1 and 3, so cz = Cl}, 
C3}, or Cl,3}. Thus, there are 3*3 = 9 possibilities
for c = Cc1, c£}. We consider each of these cases sepa­
rately .
Cl) Suppose that Cj= c2= Cl}. Then 0 ^ =  c21= 1, and
* n = %zi= l ‘Cl‘1/1) = 1. Solving •M11,'x11= 3, Far jAtl,
gives 3; salving J‘2.1,*2.1= 5, Far ̂ 21, gives ^ Z1= 5.
Placing these values into the Formula For FC3,5), me get

SC1.5)3. SC1.3)5- (1 ■ 1 4■ 4! )3. Clllll51)5= El3. _Ef 
13'3! 15'5! B 1E0 B 1E0

and the value oF this term is B14.4.
CE) Suppose that c t = Cl> and c2 = C3}. Then c u = 1,
c 21= 3, *lt= 1 ■ C1 ■ 3/1) = 3, and *21= 1-C1-3/3) = 1.
Solving 3, For ji11( gives Mu'* 1; solving
J1zi"2i= ^or gives >£!= 5. Placing these values
into the Formula For FC3,5), we get

3C1.5) 1 . 3C3.3)5- Cl - l 4 -4! ) 1 . CE - 3 a -0!) 5_ . _g£
3 1 * 1! 15 - 5! 3 ISO 3 ISO

and the value For this term is 3E/15.
C3) Suppose that c t = Cl} and c z = Cl,3}. Then c 14= 1,
c zl= 3, c z z = 1, A1Jt = 1 ■ Cl ’3/1) = 3, \ z l = l-Cl‘3/3) = 1,
and lZi= l'Cl‘3/1) = 3. Salving 3, For
givBS ^ lt= 1; solving ^ z z " z z = 5 > far ^ z i  and ^ z z

Cand recalling that 1), gives > 21= E and jiZ2= 1.
Placing these values into the Formula For fC3,5), cue get

SC 1.5)1. SC3.3)2. SC1.3)1 
3 1 * 11 12 'E! 3 1■1!

= Cl-la-4! )*. CE'3a *0!)2. Cl-12-E!)*. E4 . . g
3 2 3 3 E 3

and the value For this term is 3E/3.
C4) Suppose that c t ■ C5} and cz = Cl}. Then clt = 5,
czi = 1- *ii " 1 • C5■ 1/5) => 1, and %zl = 1-C5-1/1) = 5.
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Solving 3, For >*11( gives ^ lt= 3; salving
5, For .uu , gives p z l = 1. Placing these values

into the Formula For FC3,51, we get
$C5.5 ) 3 . ^C1.3 ) l-  C4-5° - 0 ! )3 . Cl-l2 -g!1*_ 4^ . E 
1 3 ■3! S 1-!! B 5 B 5

and the value Far this term is 64/15.
C5) Suppose that c t = C51 and c z = C31. Then c tl= 5,
Cj,= 3, a lt= 1-C5-3/5) - 3, and *ai- 1-C5-3/31 = 5.
Solving 3, For gives ^ lt= 1; solving
•M2.ia2.i= 5 > for gives n z l = 1. Placing these values
into the Formula For FC3.51, we get

SCS.Sl *. $(3.31 *. C4 - 5 e -0! 3 1 ■ Cg''3»‘0l 1 *- i  . g.
3 1 -1! 5 1 • 1! 3 5 3 5

and the value For this term is B/15.
(6) Suppose that c t = {51 and c4 = Cl,31. Then c tt“ 5,
czl= 3, ci2= 1, l^CS’S/S) = 3, *Z1“ l ,C5,3/3) = 5,
and >-i2 = 1*(5‘3/13 = 15— but this is larger than both
partite sets put together. Clearly, this case cannot 
occur.
C71 Suppose that c t = Cl,51 and c2 = Cll. Then c u = 5,
c 12_= 1, c Z i = 1, * tl= 1 • C5‘l/51 = 1, %i 2 = 1 ■ C5■ 1/1)
= 5— but this is larger than the partite set it is in. 
Clearly, this case cannot occur.
CB1 Suppose that c t = Cl,51 and c z = C31. Then c A1= 5,
c ia- 1, c 41- 3, * tl- 1 • C5• 3/51 = 3, i12= 1 ■ C5*3/11—  but
this is larger than both partite sets put together.
Clearly, this case cannot occur.
CB1 Suppose that c t = Cl,51 and c z = Cl,31. Then
c j 5, cjz~ 1, j- 3, 1, j- l “C5"3/5) = 3,
*12= l-CS'S/l) = 15— but this is larger than both partite 
sets put together. Clearly, this case cannot occur.
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Combining the values From the Five cases that did 
produce values, we get 
|CCK3 SD I* 614.4 + 3B/15 + 3E6/3 + 646/15 + B/15 - 63E. 

That is, there are 63E congruence classes oF maps oF 
K 3 5 . We have broken down these 63E congruence classes 
by Face distribution and surFace. A summary oF this 
breakdown appears in Tables 3.4 - 3.7.

Table 3.4
The Congruence Classes oF K 3 S  on S t

6, 6x4 1 Total on S t: 1

Table 3. 5
The Congruence Classes oF K, 3«5 on 5^

14, 4x4 11 10, 8, 3x4 10 ExB, 6, Ex4 5
IE, 6, 3x4 10 10, £x6, £x4 9 5x6 E

Total on S t: 55

Table 3.6
The Congruence Classes oF K,* 5 on S 3

22, Ex4 99 16, 10, 4 BE 14, ExB 11
20, 6, 3x4 46 16, 0, 6 4 ExlE, 6 IE
10, 0, 4 54 14, IE, 4 4E IE, 10, 0 IE
IB, Sx6 17 14, 10, 6 10 3x10 13

Total on S,: 410

Table 3.7
The Congruence Classes oF K 3 5 on S 4

30 166 Total on 5, 166

We have classiFied these 63E congruence classes into
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open, strong, and closed E-cell imbeddings. The results 
of this classification are given in Table 3.8. UJe see 
that closed E-cell imbeddings occur only on Sj and S.i;

Table 3.8
Classifying the Congruence Classes of Haps of K, c* I &

Si S* s3 S* Total bu tune
□nen Cbut not Stronol 0 45 407 IBS GIB
Strona Cbut not Closedl 0 8 3 0 11
Closed 1 E 0 0 3
Total bu Surface 1 55 V . 0 — IBB G3E

strong E-cell imbeddings occur only on S 1> S 2, and S 3.
In the next section uie mill evaluate hCm.nl. Theo­

rem 3.E gives us a partial ansuier; we will explore the 
case when m = n. We will find that the evaluation of 
IFCyl I is straightforward— it is the evaluation of IJCyl I 
that will require the most effort.

3.3 The Evaluation of hCn.nl

In this section we will evaluate hCn.nl; we already 
know that hCm.nl = 0 when m < n. By Theorem 3.E we see
that we need to find IFCyl I and IJCyll for y e DCKn nl; 
we already know that OCKm n l = 0 when m < n. We will be­
gin by finding IFCylI; this is a straightforward applica­
tion of Theorems E.3 - E.5. In the process, we will de­
termine the structure type of y e DCKn nl so that 
IFCyl I > 0. This will allow us to compute the number of 
automorphisms in the structure class for y.

We first observe that if some vertex u e is 
mapped onto some vertex v e v a then the partite sets are
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swapped; this was established in the remarks preceding 
Theorem 3.2. We conclude that, in the disjoint cycle de­
composition of y e DCKn n), vertices of and vertices 
of Vz alternate in each cycle. This implies:

Theorem 3.8. Let y e Aut Knjn map a vertex u e onto a
vertex v e (that is, y e OCKnjn)); then IFCy)I > 0 if
and only if y is uniform..
Proof: Since vertices in alternate with vertices in 
in each cycle of the disjoint cycle decomposition of y, 
every cycle has length 'X I 5. In fact, every cycle must 
have even length. Let aCuD be the length of the cycle of 
y containing u; then y*CLn fixes the adjacent vertices u 
and v. By Theorem 2.3, we conclude that either y*(U)is 
the identity element of Aut Kn n or FCy) = 0. Hence, 
IFCyD I > 0 if and only if is the identity element
of Aut Kn n . The argument extends to all cycles because 
of the alternation of the partite sets in the cycles. 
Therefore, the result follows. 1

Example 3.11
Consider the graph K 3i3 of Example 3.3. Looking at 

Table 3.3 we observe that Theorem 3.8 is confirmed.

We have observed that every cycle must be of even 
length and that y must be uniform for IFC y5 I to be great­
er than zero. We note that if d is a divisor of n then 
2'd is an even divisor of 2'n and that every even divisor 
of 2'n gives a divisor of n. Thus, we have:

Theorem 3.8, Let y e DCKn n) and suppose that y is
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Ed-uniform, where d In; then
IFCy) I = Cn - 1)1n/d.

Proof: By Theorem E.4, IFCy)I is the product of the
IFv Cy‘x<V))| Cone for each cycle of y ) . Since y is
Ed-uniform, y id is the identity element of Aut Kn n .
Therefore, all CdCv) - 1)! of the rotations at v C^v s v )

must be fixed by y2 d . UJe conclude that |Fv Cya<V))l 
= Cn - 1)!. There are En / Ed = n / d cycles in y; thus, 
we have the result. I

We see by Theorems 3.B and 3.9, that each JCy) is
determined by a different d, where d i n .  Because the
automorphism group of Knjn is a wreath product, we know
that y e JCy) corresponds to the wreath product element 
in the following way: the first portion is CIS)— the par­
tite sets are swapped; the second portion is a list of 
two permutations of $n— when i maps onto J then the ver­
tex corresponding to i maps onto the vertex corresponding 
to J of the other partite set Csee the remarks preceding 
Theorem 3.E). The key is this: the result of these two 
permutations is a Ed-uniform permutation on the En ele­
ments of V .

Theorem 3.10. Let d be a positive integer, where d In. 
and suppose that y e DCKn n ) is Ed-uniform, then

I JCy) I -  LoJJi .d <n/d> .Cn/d)!
Proof: Since vertices from V t and alternate in y we
can create a permutation in JCy) as follows: Create a 
one-to-one function from V t onto then for each
u e v 4, take the u, yCu) pair as a new object. Finally,
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create a d-uniform permutation out of these n new ob­
jects. Notice that the full symmetric group acts on 
these new objects so that Theorem 5.6 applies in this 
case.

There are n! one-to-one functions from onto V2.
Also, from Theorem 5.6, there are

n!
dn / d . Cn/ d ) !

d-uniform permutations of an n-element set. Therefore, 
the result follows. I

Example 3.15
Consider the graph K3 3  of Example 3.3 and 3.11; 

take y = C03DC14DC55D e DCKnr)D; then d = 1. By Theorem 
3.10, there are

31 =  3£ » 6 
1 3 ■ 3! 6

automorphisms in the structure class of y. By Theorem 
3.9, each of these fixes

C3 - ID!3/1 = S3 = 0 
rotation schemes. Both of these values are confirmed by 
Table 3.3.

Theorem 3.11. The value of hCn,nD is given by

hCn,n) = ) ’ ^  .d I n 5 ‘dn /a•Cn/dD!

Proof: By Theorem 3.5,

h(n,nD = — V- " IFCyD I • I JCyD I.2 'n! z i— <JCyD e JCGD
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By the remarks preceding Theorem 3.10, a sum over JCy) is 
equivalent to a sum over d, where d is a divisor of n. 
Substituting the formulas for IFCy) I CTheorem 3.9) and 
I JCy) I CTheorem 3.10) into the above sum, we get the re­
sult. 1

Combining Theorems 3.7 and 3.11, we get a formula 
for the number of congruence classes of maps of the com­
plete bipartite graph, Km n . This formula is given in 
Theorem 3.IE.

Theorem 3.IE. The number of congruence classes of maps 
of the complete bipartite graph Kmjn is given by 

ICCKm n )| = fCm,n) + hCm,n), 
where fCm,n) is given by

= -  . / u
C1 sm,n3 g c ji i = 1 J = 1 H j  -^ij!

0 , m < n
5 ' Cn - 1)1 r-/d
/  ... id I n

and
hCm,n) =

E ■dn /C* ■ Cn/d)! * m n;
$Cx,y) = <PCx),x ty/X "1)-Cy/x -1)!, S is the Kronecker
function, and is the Euler function; also, g IgcdCm.n),
n t  = m , n 2 = n, c = CCj.c^}, where c^ = tCjj I J =  1,
..., s^l, Cĵ j I Cn3_j, / g), and gcdCcij , c3_jL f k) = 1, for
J = 1, ..., s t and k * 1, ..., s z . Furthermore,

S
= gr- ] [ lcmCckP; P = 1, ..., sk ), and 

1J k - 1
are all sets of solutions C-Fjj - 15 that satisfy:

A
j = i
T ~ V i . 1 * l . i  =  n i Ci ~  1, S )  . ■
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Example 3.13
We will again count the congruence classes of K 3 3; 

this time we will use Theorem 3.IE and not ad hoc meth­
ods. UJe start by calculating fC3,3).

The gcdC3,3) = 3 so g = 1 or g * 3. We will consi­
der these cases separately. When g = 1, the divisors of 
3/1 = 3 are 1 and 3. Therefore, c t and c 2 can be Cll, 
C31, or Cl,31. Not both c t and c 2 can have 3 in it; 
thus, instead of nine cases, there are only five.
Cl) Suppose that c t = c z = Cll. Then c 21= c 21= 1, and
i u = *2i = 1 ■ Cl• 1/1) = 1. Salving j>n i u s 3, far )111, we
get 3; similarly, p z x = 3. Placing these values into
the formula for fC3,3), we get

•K1.3)3 . SC1.3)3- Cl-l^-E! )3 . Cl -l^’E! ) 3_ Cgl)2= IB
13 - 3! 13 * 3! B B 36 S ’

CE) Suppose that c t = Cl> and c 2 = C31. Then c 11= 1,
c 21= 3, = 1-C1-3/1) = 3, and *21= 1-C1-3/3) = 1.
Solving 3, for j*u , gives .F1:l= 1; solving
ji21^21= 3, for j*21, gives 3. Placing these values
into the formula for fC3,3), we get
3C1.3) 1. $C3.3)3- Cl ‘la,S! ) l . CE ■3e ■0!) 3_ E . E 3= 8 
3 1 • 1! 13 • 3! 3 B 3 6 S ’

C3) If c 2 = C31 and c 2 = til, then we also get S/S;
this due to the symmetry of the formula for fC3,3) which
reflects that of K 3 3 .
C4) Suppose that c 2 = Cll and c 2 = Cl,31. Then c tl= 1,
c 21= 3, c i2= 1, * lt= 1 ■ Cl*3/1) = 3, * 21= 1-C1-3/3) = 1,
and ^ 22a l ’Cl'3/1) = 3. Now M Z i , m z z  I 1; thus, we get 
Jl21i21+ ^ z z %z z  - **— ^ut th^s is larger than the partite
set it is in. Clearly, this case cannot exist.
C5) Because of the symmetry of K 3 3, we see that
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c t = Cl, 3) and = Cl) cannot occur either.

Adding up the the three cases that did produce val­
ues, uie get: the contribution to fC3,3), when g = 1, is

Cl/E)■(16/9 + 0/9 + 0/9) = Cl/E)•C3E/9) = 16/9.
When g = 3, the divisor of 3/3 = 1 is Just 1. Thus,

C; = c z = Cl). Then c 1A = c 21 = 1, and = %z l

“ S-Cl-l/l) ** 3. Eolving JAi1* 1i= 3, for jAtl, gives 
> 1A= 1; similarly, 1. Placing these values into the
formula for fC3,3), we get

$C1.3) 1. $C1.3) l -  Cl-1*-E!) 1. Cl-la-E!) £  . £ = 1 
3 1 ■ 1! 3 1 ■ i! 3 3 3 3 9'
Therefore, the contribution to fC3,3), when g = 3,

is
Cl/E)■C4/9) = E/9.

Combining the values for both of the cases gives 
f C 3,3) = 16/9 + E/9 = E.

We now evaluate hC3,3). The divisors of 3 are 1 and 
3; we consider these cases separately. When d = 1, we
get

C3 -  1 ) 1  3 / 1  =  £ 3 =  £3•13 ■C3/i)j 12 3 ‘
When d = 3, we get

C3 - 1) I 3/3 = E = 1
3 *33/3•C3/3)! 6 3'

Combining these two terms we see that
hC3,3) - E/3 + 1/3 = 1.

We conclude that
ICCK3i3)I = E + 1 - 3;

this agrees with the evaluations we obtained in Example 
3.3.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In the next chapter we will extend the method Fur­
ther. This will enable us to calculate the congruence 
classes of the maps of complete tripartite graphs. In 
Chapter V, we will Further extend the method so that the 
congruence classes of maps of complete n-partite graphs 
can be counted. UJe will then show that the. Formula For 
complete n-partite graphs generalizes those Formulas in 
Chapters II, III, and IV.
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CHAPTER FOUR

ANOTHER LOOK AT COMPATIBILITY:
COMPLETE TRIPARTITE GRAPHS

1.1 Introduction

In this chapter we will look more deeply at the con­
cept of compatibility than we did in Chapter III. Look­
ing at the definition, we see there is more than one way 
to extend this concept to three or more permutations. UJe 
need to ask ourselves what it is that we wish to accom­
plish from our definition. In the bipartite case, our 
definition allowed us to determine the cycle type of 
those automorphisms that fix the partite sets as sets. 
This we discovered from Theorem 3.3 which stated that if 
an automorphism « fixes the partite sets as sets, then 
IFCocj i > □ if and only if the permutations on the indivi­
dual partite sets are compatible. This then determines 
how we should generalize the concept: we want to be able 
to prove the analog of Theorem 3.3 for complete tripar­
tite graphs from this definition.

Let A p  A z, and A 3 be sets Cnot necessarily dis­
tinct) and oĉ  a permutation on A^ Ci = 1, 2, 3). Fur­
thermore, suppose that « ^ has Si distinct cycle lengths 
■Xjj in its disjoint cyclB decomposition, where satis­
fy: ... < *is(i>* Then Coc x ,«£J« 3} is a compa­
tible set Cmultiset) of permutations if and only if for

66
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each there exists a positive integer c^j such that
for k t6 i, «]<1J is Cjj-uniform.

Example 4.1
Let A t = {11,2,3,4,5,6,7,6,91; A* = Cl, 2,3,41, and 

A3 - Cl, 2, 3, 4, 5, 61. Take « 1 = C123456)C769),
«j. = C12)C34), and oe3 - C123456). Then * lt - 3, *12 = B,

= 2, and x31 = 6 Cso Sj 2, and s z = s 3 = 1).
oĉ  = C12) C34) and <x* = C14) C25) C36) ; 

both are 2-uniform.
oe| = C1)C2)C3)C4) and oe| = Cl) C2) C3) C4) C5) C6); 

both are 1-uniform.
oĉ  = C135) C246) C796) and «§ = C135)C246); 

both are 3-unifarm. Finally,
«cf = C1)C2)C3)C4)C5)C6)C7)C6)C9) and «| = Cl)C2)C3)C4); 
both are 1-uniform. Take c lt = 2, c l z  = 1, c Z i = 3, and 
c 31 = 1. Then C«t, k z , « 31 is a compatible set of
permutations.

Example 4.2
Consider the sets and permutations of Example 4.1, 

but suppose that <xz is replaced by <*z = C1234). Then
all V s  and s ’s are the same, except 7.z l  -  4. Noui

«! = C1432) 
is 4-unifarm, while oc| is E-unifarm.

*f - C13)C24) 
is 2-uniform, while «| is 1-uniform. Also,

ocj = C153) C264) C709) and = C153)C264) 
are both 3-uniform. Finally, is 1-uniform, while «| 
is 2-uniform. Now although C«t, oĉ , « 31 is not a compa­
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tible set of permutations, taken pairwise the permuta­
tions are compatible— this shows another way that compa­
tibility could have been extended (pairwise comnatibili- 
ty.5 . This concept, however, will not be pursued in this 
dissertation; it may prove useful in thB future though.

Having established this definition, we turn our at­
tention to complete tripartite graphs. Recall that a 
complete tripartite graph has its vertex set partitioned 
into three partite sets V t, V^, and V3, and that the edge 
set consists of all passible unordored pairs of vertices 
from different partite sets. That is,

V = Vj U U V3; * 0 (i *» 1, 2, 35
v i n v 2. = n v 3 = v 3 n  = 0,  and

E = Ctu.vl I u e Vi, v e Vj, (1 < i < J < 351.
If IVjl = m, IVj.1 = n, IV3 1 = r, then we write
6 =■ Km n r . If m f n 5 r, then we say that the complete 
tripartite graph is in standard form.

Let A(Km>r)r5 - Coc e Aut Km n r  I 3oĉ  e Sym (i 
1, E, 35, « = « t« 2« 3}, where Sym is the full symmetric
group on . That is, A(Km)rijr5 is the set of automorph­
isms that fix the partite sets as sets. Define BCKm n r 5 
as: B(Km n r5 = C M  Aut Km)n r I 3u,v Cnot in the same
partite set5, P(u5 = v, but one partite set is fixed}.
Let D(Km j n r 5 = C y e  Aut Km>n r I 3u, v, w Call in dis­
tinct partite sets), yCu5 = v, y(v5 = wl. That is, while 
neither BCKm]rijr5 nor D(Kmir|jr5 fix the partite sets as 
sets, BCKm)r|)r5 does fix one of the partite sets.

Theorem 4.1 The number of congruence classes of maps of 
Km,n,r is Siven by
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ICCK ) I =  i-m,n,r I Aut K

I Aut K

I Aut K

IFCoe) |
m,n’r ' « s ACKmin>r)

C  I F C p : i  1 •

®^ni,n,r^) ' IFCyD 1 .
min)r <» e B C K ^ ^ D

m i n , r v e nr v )y  =  D |  p  J

Proof: Every automorphism of Km n r  must fix all, one or 
none of the partite sets. These are mutually exclusive 
conditions, so Theorem 1.3 can be rewritten as above. I

As in the bipartite case, we will simplify the above 
sums. For simplicity we will write

FCm,n,r) =

gCm,n,rl =

and hCm,n,r) =

1 Aut ^m,n,r *
ii 1

1 Aut ^m,n,r *

ii 1
lAut n,r *

r C F Coe)
« e ACKm n, r"1

r r. FCfO
P e BCKm n, r^

r ^ FCyD
y * DCKm n,r^

Example 4.3
Consider the graph K2 2 2 , where V = CO,1,E,3,4,51, 

V t = CO, 11, V 2 = CE, 31, and V 3 = C4, 51. There are 
IRCG) I = 3!6 = 46, 656 rotation schemes; these are clas- 
in Tables 4.1 - 4.3. tie note that Aut ^ z , z , z  “ S3CS^> 
of order 48.

From Table 4.1 we calculate fCE.2,2) = Cl-46656
+ 3-0 + 3-144 + 1-E161 /4B = C46656 + 0 + 432 + E161 /4B
= 1971 /E. That is, fCE,2,E) = 985.5.

From Table 4.E we calculate gC2,2,E) = (6-144
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Table 4.1

Classifying Rotations of K, , , Using oc e ACK, „3*"y \ 2,2,2
oc 1J C oc 3 I IF(«3I

(03(13(23(33(43(53 1 46,656
C013(23(33(43(53 3 0
C013C233C43C53 3 144
C013C233C453 1 . 216

+ 6-216 + 6-24 + 6-12) / 48 = C864 + 1296 + 144 + 723 /48 
= 9 9 / 2 .  That is, gC2,2,23 = 49.5.

From Table 4.3 uie calculate h(2, 2, 2) = (8*36
+ 0*63 / 46 = C28B + 403 / 48 = 7.

Table 4.2
Classifying Rotations of Using P e BCK^ z z3

P 1 J(P3 1 [F(P31
C023 C133 C43 C53 6 144
C023C133C453 6 216
C02133 C43 C53 6 24
C02133 C453 6 12

Table 4.3
Classifying Rotations of K z z z  Using y e DCK^ z 23

y IJCy3 1 IFC y3 1
C0243C1353 a 36
(0241353 B 6

Combining, we find ICCK4 ^  23 I = fC2,2,23 + gC2,2,23 
+ hC2,2,23 = 985.5 + 49.5 + 7 = 1042. That is, there 
are 1042 congruence classes of maps of K2 z z.

In problem 3.4 of C1B3, page 21, we are asked to 
compute Aut Kmir)jr. Ule will Just give the answers and
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allow the reader to supply the proof. When m < n < r, 
then Aut Kmirijr = $m $ $n # Sr . When two of the partite 
sets have the same order and the third has different
order Csay the orders are m and n, where m ¥■ nD,
then Aut Km>n>n = $m $ $zC$n]. Finally, when all three 
partite sets have order n, Aut Kn n n = $3C$n].

By Theorem E.2, the sums for fCm,n,r5, gCm,n,r), and 
hCm,n,r) can all be taken over the structure classes of
ACKm fn,r)* BCKm,n,r3- and ^Xfn.n.r5- We Prefix the name 
of each of these sets with a J to denote the set of 
structure over it; thus JACKm n r) is the set of struc­
ture classes in ACKm n  rD. We still employ JCoe), JCP),
and JCy) for the structure classes of «, e, and y, re­
spectively. Let % = cci+sm n+Sn ^■Cl+S^ r)D_1; then

Theorem 4.2. The forms of fCm,n,r), g(m,n,r) and hCm,n,r3 
are given by:

fCm,n,r)
JC«) s JACK,m,n,r

0 , m < n < r
1

JCP) e JBCK , m = n < r
gCm.n.r) 1 ]  I FC f t ) I • I J C f t ) I  

J C f t )  e  J B C K ^ ^ )  ,2 ■ n ! z • m ! m < n = r
£^JFCft) I- IJCft) I, m 

JCft) e JBCKm n n)m , n, r
and

hCm,n,r) 1

0, not all' three m,n, and r equal 

y ' IFCy) I ■ IJCy)I, m = n = r
: e JD^m.n.r’
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Proof: In the case m < n < r we have seen that Aut Km n r 
= © $n © $r , thus g(m,n,r) and hCm,n,r) are both zero.
The value of ? ensures that the coefficient is correct on 
the order of the automorphism group Cjust try all four 
cases).

Suppose that at least two of the partite sets have 
the same order. If the other partite set has different 
order, then h(m,n,r) = 0. Also, in this case, we have 
Aut Km)njC. = $m © $iCSr(D or $r © Thus, the coef­
ficient for these cases is correct.

Also, if m = n = r, then we have seen that 
Aut Knin>n = S3CSn3 . The coefficients given again ensure 
that the order of the automorphism group is correct.

Finally, the remarks preceding the theorem show us 
that the sums are taken correctly. I

Example 4.4
Consider the graph K 1]Z)2, with V = Cl, 2, 3, 4, 53, 

= Cll, = C2, 33, and V3 = C4, 53. Since 1 ^ 2 ,  we
have, from Theorem 4.2, hCl,2,2) = 0. The number of 
rotations is IRCG) I = 3! '2!4 = 35. These are classified 
in Tables 4.4 and 4.5.

Table 4.4
Classifying rotations of a £ for « e ACKj^

OC I JCoc)  | I F C « ) 1

C 1 3 C 2 K 3 K 4 K 5 ) 1 9 6

C l ) ( 2 3 ) ( 4 ) ( 5 ) 2 0

C 1 H 2 3 H 4 5 ) 1 Q

Using Table 4.4, we calculate fCl,2,2) = Cl-96 + 2-0
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+ l'B) / B = O B  + 0 + B) / 0 = 13. Thus, f(l,2,2) = 13.

Using Table 4:.5, me calculate g(l,2,2) = C2-B
2-4) / a = (IS + 8) / B = 3. Thus, g(l,2,2) = 3.

Table 4.5
Classifying Rotations of K 1)2ji Using P s BCKi t 2)

P IJ(P) 1 IF(P)1
(IX 24 X  35) 2 B
(1X2435) 2 4

Combining, we find ICCKtji z3| = fCl,2,2) + g(l,2,2)
+ h(l,2,2) = 13 + 3 + 0 = IB. Therefore, there are six­
teen congruence classes of maps of K, , ,.

* 9 9

Example 4.5
Consider the graph K 1|2. 3, with V = Cl,2,3,4,5, BJ,

Vj = cll, « C2, 31, v3 - C4, 5, 61. Since 1 * 2 ,
1 * 3 ,  and 2 * 3 ,  uje know that g(l,2,3) = h(l,2,3) = 0. 
UJe still need to compute f(l,2,3); IRCK1>J: 3)l = 4!3!i2!3 
= 24'36'B = BB12. These rotations are classified in 
Table 4.B.

Table 4.6 
Classifying Rotations of K 1 2  3
« IJ(oc) | IF(oc) 1

C 1 X 2 X 3 X 4 X 5 X 6 ) 1 6312
C1X 2 3 X 4 X 5 X 6 ) 1 0
( 1 X 2 X 3 X 4 5 X 6 ) 3 0
(1X23X45X6) 3 0
(1X2X3) (456) 2 0
(1)(23)(456) 2 0

Using Table 4.B, we compute fCl.2,3) = C1‘6312 + 1-0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



+ 3-0 + 3-0 + 2-0 + 2-0) / 12 = C6912 + 0 +  0 + 0 + 0
+ 0) / 12 = 6312 / 12 = 576. That is, fCl,2,3) = 576.

Therefore, iCCK1)2>3)l = 576 + 0 + 0 = 576. That
is, there are 576 congruence classes of maps of K. * ,.1 , , *

In the next section me mill calculate fCm,n,r). U)e 
must first determine the cycle types of those automorph­
isms « s ACKm njr) having IFCoc) I > 0. Once the cycle 
types have been found we will use Theorems 2.3 - 2.6 to 
develop the formula.

In those sections which follow we will compute 
gCm,n,r) and hCm,n,r), explicitly. Once this has been 
done, we will be ready to calculate ICCKm n r)I— this 
will be done in the final section.

4.2 Using Compatibility

In this section we will develop a formula for 
fCm,n,r), Theorem 4.2 requires that we find IF(«)I and 
IJC«)|. The preliminary remarks of Section 4.1 suggest 
that we refresh our minds with the definition of a compa­
tible set of three permutations. Again we are making the 
definition more general than it needs to be.

Let Aj, A 2, and A3 be (not necessarily distinct) 
sets and oĉ  a permutation on Aĵ  Ci = 1, 2, 3). Further­
more, suppose that « ^ has s^ distinct cycle lengths 
in its disjoint cycle decomposition; where the satis­
fy %i t < *i2< . . . < *iscj.) ■ Then ■Coei, oe2, « 3> is a com­
patible set (multiset) of permutations if and only if for 
each , there exists a positive integer Cj_j such that
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1For k ^ i , «k■LJ is Cjj-uniform.

75

We will now show that this definition allows us to 
determine the cycle types of those « e ACK^ n r ) such 
that IFC«) I > 0. UJe start with an extension of Theorem
3.3.

Theorem 4.3. Let oc e Aut n r and suppose that
°c = oc1oczoc3 For some permutations oclf oc2, and oc3 such that

is a permutation of the vertices in Ci = 1, E, 3).
Then IFCoc) I > 0 if and only if Cocj, oc2, oc3> is a compati­
ble set of permutations.
Proof: Suppose that i < x i , <xz , oc3l is a compatible set of 
permutations, where oĉ  permutes the vertices of take 
oc = ocjoê oc-j. Arbitrarily take u s then u appears in
some cycle of the disjoint cycle decomposition oF ocjj let 
3.Cu) be the length of this cycle. Since oc2, oe3) is
a compatible set of permutations, there exists a positive 
integer c such that oc^<U) and oc*CU) are both c-uniform. 
Thus, oe*tu > |Ncu) is c-uniform Coc*(u 5 |NCu) = oc*tu5oc*(U 5 ) , 
and since u is arbitrary, we conclude yu
is c-uniform. A similar argument establishes this for
all v e and w e v 3 . Therefore, For all v e V, we have 
1) °c*(V) |(yj(;v ) is uniform, E) IFv Coc*<V))| > 0 Cby Theorem 
E.5), and 3) IFCoc) I > 0 Cby Theorem E.4).

Now suppose that IFCoc)  | > 0, and that oc =  oct oc2oc3 ,

where permutes the vertices of Ci = 1, E, 3). By
Theorem E.4 we conclude that ^ v  e  V ,  I F v C « * t v , ) |  > 0; by
Theorem E.5 we conclude that yv e  V, o c * t V )  | n ( V ) is uni­
form. Arbitrarily take u e Vjj then u appears in some
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cycle of the disjoint cycle decomposition of « r  Hence, 
for each cycle length, %, in the disjoint cycle decompo­
sition of ocj, is uniform. Now, NCu) = V2 U V 3;
also uue note Va H V3 = 0, By the way we defined and 
« 3, we conclude the existence of a positive integer c 
such that and « 3 are both c-uniform. A similar argu­
ment establishes this same result for all v e \) z and 
w e V3. Therefore, we conclude Cocl, <xz , «3} is a compa­
tible set of permutations. I

Example 4.6
Consider the graph of Example 4.4. Recall

that V = fl, 5, 3, 4, 55, = TIT, « C2, 3>, and
V3 = C4, 5T. Take = Cl), « 2 = (235, and « 3 = C45);
set oc = oc1ocaoc3. Notice that oc* = (23), and « 3 = (45) are
both 2-uniform; x f  = Cl), and oc| = C4)C5) are both
1-uniform; and oc*, and oc* = C2)C3) are bath 1-uniform.
Therefore, Tocj, <xz , « 3T is a compatible set of permuta­
tions, and IFCoc) I > 0 Cwhich is confirmed by the entry 
for oc in Table 4.4).

Example 4.7
Consider again the graph K 1(i 2 of Example 4.4.

This time we take oct = Cl), x z = C23), and oc3 = C4)C5);
set oc = ocjOc^Kj . Though these permutations are pairwise 
compatible, they do not form a compatible set of permuta­
tions. Therefore, IFCoc) I = 0 Cas is verified by the en­
try of Table 4.4).

We are now ready determine the structure of a
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compatible set of permutations; this uiill allow us to 
calculate FCm,n,r). As in Chapter III, we will express 
the in terms of the c ij . First, we need the struc­
ture .

Theorem 4.4. Let Cocj, otj., « 3> be a compatible set of
permutations. Suppose that has s^ distinct cycle
lengths and that is the J-th smallest Ci = 1, 2, 3;
J = 1, ..., Sĵ ). Furthermore, suppose that For k = 1, 2,
3, k 5* i, «k J is Cjj-uniForm. Then y i = 1, 2, 3;
yj = 1  si; yk = 1, 2, 3, k *  i; and y(? - 1, . .., sk
we have, Cj,, I xk!?, and gcdCci .,ck pl = 1.

'Proof: Obviously, cij 1 *kl?> for «k1J is c^j-uniForm and 
all of the cycles are disjoint in the decomposition of
«k -

Suppose that gcdCcj.,ck i) = h; since we know that 
«kJ-'J is CjLj-uniform, Corollary 2.1a tells us that we must 
have Cjj = xk p / g c d C x ^ , xk p) . Hence, either h = 1, 
or h appears as a Factor of xke one more time than it is 
a factor of j . Also since  ̂is ck ^-uniform, a simi­
lar argument establishes that either h = 1 , or h appears 
as a factor of xk p one less time than it is a Factor of 

. UJe conclude that h = 1. I

Since this theorem is so similar to Theorem 3.4, we
will not give an example illustrating it. The reader is
referred to Example 3.8 which, though not an example of
Theorem 4.4, is close enough to get a Feel For what it
means.

Ule now know that the same conditions that were
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present in Chapter III also apply in the present chapter; 
uie establish an extension of Theorem 3.5 as well.

Theorem 4.5. Let be a permutation of a set Ci = 1, 
2, 3); suppose that IAjJ = n^, and that £<*4 , « 2, « 3> is a 
compatible set of permutations. Further, suppose that «i 
has Si distinct cycle lengths in its disjoint cycle
decomposition, and let *ij denote the J-th smallest cycle 
length Ci = 1, 2, 3; J = 1, ..., s ^ .  Suppose that For 
k = 1, 2, 3, k ? 1, ak is j-uniform. Then For some
positive integer g, g I gcdCnt,ni(n3), w b have For i = 1, 
2, 3; j = 1, .... Si

3
H j  = T T  lcr"<ck p; 8 - 1 ,  ..., Sk ).ciJ k = 1

ProoF: By Theorem 4.4, iF k ^ i, then For each 0 = 1 ,
..*, sk , ckg 1 ^ij Ci, k — 1, 2, 3; and J — 1, ..., Si ) .
ThereFore, we must have lcmCck p; 0 = 1 ,  ..., sk) I -^ij, 
when k ^ i, and we conclude that there is a positive in­
teger ai. such that

J 3
*ij = aij "TT lcmCck p; 0 = 1  sk D,k — 1

k ̂  i
For each i = 1, 2, 3, and J = 1, . . . , Si.

By Corollary 2.1a, we have

C 1J *2.k / ,*ik) = ^3p / gcdC*^ .^p)

c2k = / gcdUjj, *2k) = .̂3 p / gcdC*ak,*3p}

C 30 / gcdC^j, o.3pD = %2k / gcdCa£k,a3p)
we have

c iJ a2k'^m?i2 -̂cm(-cmn> n = ■••> sm^
cik a ij'np^l lcmCcpr; r = 1, .... sp )
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and we conclude that there is a positive integer h ijik
such that

a 1J ^ lj ik ' ̂■cml'c in >n 1....

and
C U

a ik ~ h ij2.k'lcmCc2r>r — 1 , ...,s2)

Also,
c ak

c iJ ^30 a 30‘̂ m?s3 ^c m ^cmn i n - 1, ..., s^)
c 3i? a ij'np^l lcmCcp r ; r = 1 ......sp3

a 30’lcmCcin; n = 1, . . Sj)
a *lcmCc3r; r = 1, .... s ^ '

ThereFore,
a j j ■ lcmCc ; r 1, . . ., s ̂ ) a 3 0"lcmCcln-, n = 1 , . . .,Sj)

C 30 C *J
i

and we conclude that there is a positive integer h lj30
such that

a ij ^ ij3 I ‘^c m ^c in’ n 1 , . 1 •,Sj)

c iJ
and

a 3 P = N i s C ’^ m C c ^ r  = 1, .. . , s
C 30

Comparing, we Find that h tjik = ^ 4j 30> Say h ij2.k = G- 
By comparing with c3p, we Find that the same value g 
again appears. Varying j, k, and 0, and using an argu­
ment similar to the above, we again obtain the same value
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g. We conclude that g does not depend upon the choice of 
i, J, k, or P.

Substituting the form of into the Formula of x ^
Ci = 1, 2, 3; J = 1, s^, and using g far the con­
stant, we obtain

3"ij = T T lcmCck8; 9 = 1. sk).c ij k = 1
Suppose that for each i = 1, 2, 3, and J = 1, 

s^, there are exactly cycles of length xij . Now,

; /i.r^i.1 = ni Ci = 1. 2, 3),
J “ 1

so g|nt Ci = 1,2,3). That is, g IgcdCni ,nz,n3) as 
claimed. I

Theorem 4.5 is similar to Theorem 3.S. It shows 
that if tocj, « 2, oc3l is a compatible set of permutations, 
and if has cycles of length Ci = 1, 2, 3; j = 1,
..., s^), and if is a permutation of a set of order

'ij 3Mj ° IT" TT lcmCckP; 8 - 1  sk),c i J k = 1

n^, then if For k = 1, 2, 3, k ^ i, «k^  is Cj, -uniform,

where g I gcdCn t, r>z , n3), and c^j I Cnk / g) . Let Cĵ  be 
any set of divisors of gcdCnk ; k ^ i) / g. Suppose that
ci = ^cij i J = 1  s p  and if k ^ i, gcdC^j,ck 9) = 1
for all J = 1, . . ., Sĵ  and P = 1 sk . Let g be a
positive integer such that g I gcdCnt,ni(n3) and define 
Xij as above. If there exist integers > 1 such that

; .Jti.i‘̂ n  = ni Ci = 1, 2, 3),
J =  1

then it is straightforward to verify the existence of a
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01
set oF compatible permutations t«lf « £) « 3}, where is 
a permutation of a set A^, IAjJ = n^, and has exactly 
.Uĵj cycles of length Ci = 1, 5, 3;J = 1, ..,,3^.
Therefore, the strategy of Chapter III extends easily to 
this case. Using this strategy, and Theorems E.3 - 5.6, 
we are now ready to establish the formula for FCrn,n,r).

Theorem 4.6. Let = Zc-X ,; J = 1, .... , where the
cij,ni/S> Far some positive integer g, g I gcdCnt ,n2,n3).
Suppose that gcdCCij,ck0) = 1, Ci, k = 1, S, 3; i ?  k;
J = 1, . .., ; and (? = 1, ..., sk) . Define x^j as

3
J ~ ]  lcmCckP; 0 = 1, ..., sk),

1J c ij k'= l 
and suppose that there exist integers .Hjj > 1 such that 

si;I ^ij ' aij = ni Ci = 1, 5, 3),
J = 1

where n t = m, n 2 = n, and n 3 = r. Then for « ^ , a permu­
tation on having exactly j»j_j cycles of length x^j, and 
oc = we have

3  s i
IFC«: I = J~T ' TT c$Ccil> N “

i = 1 J = 1
where N = ^ ^ i .  ®Cx,y) = <PCx)x'y/X _ n Cy/x - 1)!, and 
‘PCx) is the Euler function. Also,

ucooi - _ n  ni! 7 7  — •
1 j ^ij1J,>ij!

Proof: By Theorem 5.4 IFCoc) I = TTveg IFv Coc*<V)) I, where S 
is a complete system of orbit representatives. Consider 
v e and suppose that v appears in a cycle of length 
x^j. Now we note that INCv) I = N - n ^ , where N = n 4 + n 2
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n3. so

BE
1that IFyCw XJDI = $Cc^j,N - n^D, For ujb knoui

i ithat oc J Incv) is c^j-uniform. There are cycles of
length x^j, sc there are members of S corresponding
to these cycles. Combining, and using the Fact that 
these choices For S are independent, uie Find |FC«D I to be 
as above.

Each oF « t , <xz , and * 3 can be picked independently 
oF the others as they are permutations oF disjoint sets. 
There are jijj cycles oF length x ^  in o^ Ci = 1, E, 3;
J = 1,... , s ̂ D; thereFore, by Theorem E.6, we Find that

si 1U C ^ D  I = ni!n.J = 1 AiJ1J’̂ ij!
The independence oF the choices gives iJCoc) | as above. I

Example 4.8
Consider the graph oF Example 4.5, with

V = Cl, E, 3, 4, 5, 61, V t = Cl>, = CE, 3), and
V 3 = C4, 5, 6>. We have already observed that gCl,2,3D 
= hC1,E ,3D = 0; thereFore, ICCKj  ̂ 3) I = FC1,2,3). Note 
that gcdCl,E,3D = 1; thus, g = 1. Also, gcdCl.ED
= gcdCl,3D = gcdCE,3D = 1; hence c t = ci = c3 = Cl}.
This means that c 14= c21= c31= 1, so that x l t = x i t = x 31
= 1 Chence, « = e, the identityD. Now Theorem 4.B gives

IFCoc) I = $C1,5D l"5Cl,4)il$Cl,3)3 
= Cl•14 *4!D 1C1-13*3!D 2C1 • I2, - 2!D3 = E4-B£-E3 = B31E. 

Also, we calculate

And Finally, lAut K t z 31 - 11*21*3! = 2*B = IE. Combin­
ing the above inFormation, and using Theorem 4.E, we Find
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ICCK. . ,) I ■= C6912* 1) / 12 = 576.1 , A. , O’
We now see why only the identity element contributed to 
ICCK, ... ,)I Cthis is verified by Table 4.6).* I )

The.strategy given before Theorem 4.6 shows that the 
sum over the structure classes can be replaced by a 
triple sum, where the first sum is over the divisors of 
the greatest common divisor of n t, r \ z , and n 3, the second 
sum is over c = c tx c ^  c 3, where = Cc^jl, and where 

I gcdCnk ; k ^ i)/g, and the third is over all solu­
tions ^ to the possibly underdetermined set of equations

I  / U j ’H j  = Hi Ci = 1, 2, 3),
J = 1

where is as before.

Theorem 4.7. Let g be a divisor of gcdCn i ,n^,n3), where
, and n 3 = r. Let c = c i x c £ x c 3, where
1 ......si^i cij I gcdCnk ; k i) / g and

EIIC n z =
Cĵ  = Cci j ; J
gcdCc^j • ckG5
a n d  !? = 1 , ■.., sk ) . Define to be 

3
- "j [ lcmCck 9; Q = 1, ..., sk ), 
i J k = 1

and suppose ^ - 1} is the set of all solutions to
the possibly underdetermined set of equations

H ^ i j ' H j  = ni Ci = 2 - 3 ) -
J = 1Then,

f c . n . D  - «  c  C  C  n  T7  E £ S a n ! t 5 V ^ 1J
B c j. 1 - 1 j - 1 '
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inhere S = 1 / Cl + Sm>n + Sn>r)l , N - n t + na + n3>
■£Cx,y) = <PCx)x'y/X “l5Cy/x -1)!, V is the Euler function, 
and S is the Kronecker function.
Proof: By Theorem 4.2, and the formula for |JC«)|, me see 
that m!n!r! cancels-, thus, the coefficient before the 
triple sum is correct. The remarks preceding this theo­
rem show how the sum of Theorem 4.2 can be replaced by
the triple sum shown in the theorem. Finally, substitu­
tion of the formulas for IFCoc) i and |JC«)|, given in The­
orem 4.B, into Theorem 4.2, gives us the result. B

Example 4.9
Consider the graph K Zj4 6. By Theorem 4.2, gC2,4,6) 

= hC2,4,6) = 0; again we have |CCKa 4 6 )l - fCm,n,r)
= f(2,4,6) . Now, gcdC2,4,6) =2, so g = 1 and g = 2 are 
both possible. We consider these cases separately.

Suppose that g = 1; then c 2 = Cll, C2), £1,21
CgcdC4,B) = 2); c2 = Cl), C2), Cl,2> CgcdC2,B) = 2);
and c3 = £15, C2), Cl,2) CgcdC2,4) = 2). There appear
to be 27 cases, actually since gcd(2,2) 1 Cremember the
coprime condition), only one of the three can have a two, 
Therefore, only seven cases need to be considered.
Cl) Suppose c 1= c2= c3= Cl); then c lt = c z l  = c 31 = 1. 
Thus, x 21= x̂21= ^31= 1 and 5, > Z1= 4, and ^ 31= B; by
Theorem 4.7, the value of this term is

SCI. 10)2-. SC1.B)4. $C 1. E) 6_ SI2-. 7J_4 .
12..2! 14 *41 1s - B ! 2! 4! 6!

= 131BB1SS44400 . 645341292560000 . 2SB59B4000000 
2 24 720

= 25370BB91510192312BB4997376000000000000
345B0
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= 7,341,113,758,375,475,015,759,BOO,000,000,000.
C2) Suppose C; = c z = Cl}, and c3 = CE>; then c lt = c z l

= 1, and c31 = 5. Therefore, = azl = 5, and %31 = 1.
Hence, = 1, = s,  and ĵ31 = 5. Theorem 4.7 gives
the value of this term as

SC1.10)1. SCI .B)2 . SC5.63* = 9L1 . 7J,2-. C52-P! ) *
11 • 1! 12 ■ 5! E6-B! 1 5! 5 s■6!

= 365BB0 . 55401S00 . 565144 = 976853541939710999760000
I 5 64-750 95160

= 95,144,698,561,167,360,000.
C3D Suppose Cj = c3 = Cl}, and c2 = C5}; then c lt = 1,
c Z i = 5, and c31 = 1. Therefore, x i i  = 5, = 1, and
*31 = 5. Hence m ± = 1, m £1 = 4, and *i31 = 3. Theorem
4.7 gives the value of this term as

SCI.10) 1 ■ SC5.B34. SC1.B)3- 9J.1. C5 3-3!)4. 5J_3
II * 1! 5 4 ■4! 13■3! 1 5 4-4! 3!

= 3659B0 . 530B416 . 1758000 = 3359677500695540000 
1 16-54 6 5304

= 1,444,73B,49B,560,000.
C4) Suppose Cj = C5), and c z = c3 = Cl}; then c tl = 5,
and c z i  = c31 = 1. Thus, .̂lt = 1, and %Zi = -x31 = 5.
Hence = 5, and ,n31 = 3. Theorem 4.7 give the
value of this term as

SC5.10)2. SCI.B)2■ SC1.6)3, (54-4!)2. 7j_2. 5J_3 
5 2-5! 12■5! 13■3! 52-5! 5! 3!

= 147456 . 55401600 . 1759000 * 647545847354BB00000 
4-5 5 6 96

= 67,451,159,935,800,000.
(5) Suppose c t = c £ = Cl}, and c3 = Cl, 5}; then 
Cii — -̂2.1 ~ î ^31 — 2, and c3£ — 1. Thus, = ^̂ .i = 2, 
:x31 = 1, and *3i = S. The following solutions are possi­
ble: “ Cl,5,5,5), Cl,2,4,1). In the
first case, Theorem 4.7 gives the value of this term as
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BE

S U u J u O I 1. 1.83 2 . S C S . 6 3 2 . 1 L 3 U £ 1 2 
I t . i i  xz.g, a z-S! 1 2 *£!

= 9 L 1. Zl2, • CBIlSI)2-. 5J_2-, 36E8B0 . £4501600 . 64 . 14400 
1 S! E 2 *E! E! 1 E 4*E E

= B4.350BE371|,3gB00000 = 265,470,693,110,400,000.

In the second case, the value is
ULulfll1. *C1_,832 . SCE.634. $C1.631 
1 1■1! 12*E! E 4 *41 1 1 ■1>

= a i 1. z l 2 . (E a *Eii4 .
1 E! E 4 *4! 1

= 36SBB0 . S54Q16Q0 . 4096 . 1£Q . 4530B933314B41B0000 
1 2 1B-E4 1 7B8

= 5,B99,348,B69,1E0,000.
Adding the values For these two solutions gives a total
of E71,370,047,373,5E0,000 for the sets c t, c z , and c 3 .
C63 Suppose c t = C 3 = Cll, and c z  =  Cl, El; then
c n = c z z  -  c 31 = 1, and c Z i “ E. Thus, a lt =  E,
*21 = 1, = E , and x 31 - 2. Therefore, jiit = m zz = 1,

= S, and ,n31 =* 3. Theorem 4.7 gives the value of
this term as

SCI. 1011. $C£.83 z . SC1.B3 1 ■ $C1.63g 
1 1 * 1! E 2*E! 1 1 -1! 13•3!

3 L 1. C£ 3 *31 32 . 7 1 1 . 5J_3_. 36EBB0 . E304 . 5040 . 17EB000 
1 E 2 *£! 1 3 !  1 4 *E 1 B

= ?gB 14B g03£p£4;00000 = 1 5 1 , 6 9 7 , 5 4 2 , 3 4 8 , 8 0 0 , 0 0 0 .40
C73 And finally, suppose c t = Cl,El, and c z “ c 3 ■ Cll; 
then c tl “ E, and c 12 = c Z i  m c 31 = 1. Therefore,
^i! = 1, x l z  = E— but there are only cwo vertices in 
and these already add up to three! We conclude that this 
case is not possible.

Therefore, the total of the six cases, when g = 1, 
is 7,341,113,758,375,567,65E,401,619,9E7,040,000.
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UJe now consider when g - 2. Since gcdC2, 4)
= gcdC4, 65 = gcdCB, 2) = 2, dividing these numbers by 
g = 2 gives c t = c4 = c3 = Cl}. Therefore, c lt = cai 
= c31 = 1, and x 11 = %z l  = *31 = 2. Hence = 1,

= 2, and > 31 = 3. Theorem 4.7 gives the value of
this term as

EC1.10)*. 1C1^81Z. T’C 1. 6) 3- Si1. 7j_z . gj_3 
1 1 -1! l*-2! I3'3! 1 2! 3!

, 3B2BB0 . 25401B00 . 172B000 „ 1532B241B4BB24000000 
1 2 B 12

= 1,327,353,435,552,000,000.
Adding the totals for g = 1 and g = 2, we get

f(2,4,6) = 7,341,113,758,375,568,373,755,115,473,040,000. 
Since ICCK2 4 6) I = fC2,4,B), this is the number of con­
gruence classes for the maps of Kz 4 6 .

In the next section we shall derive the formula for 
gCm,n,r). This will allow us to calculate the number of 
congruence classes of maps of Kmin>n, where m t6 n. After 
this, we shall calculate h(m,n,r). This will allow us to 
find the formula for the number of congruence classes of 
maps of Km>n>r.

4.3 When Exactly One Partite Set is Fixed

In this section we will allow two of the partite
sets to have the same order, or if they all have the same
order, then une of the partite sets will be fixed. That
is, we will derive a formula for gCm,n,r). We already 
have a formula when m < n < r, namely gCm,n,r) = 0; thus 
we are interested, in what happens when two of the partite 
sets are swapped.
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88 '
We will first calculate IFCP)I; we will need to know 

something of the structure of those P e BCKm n r) for
which IFC P)I > 0. Once this has been accomplished, we
will find IJC p) I ; this will allow us to use Theorem 4.E 
to find the formula for gCm,n,r).

UJe will first suppose that m = n < r; then we have
that p e BCKm n r) fixes V3. Observe that if p maps some
vertex u e V t onto a vertex v e V2, then P must swap
with This is because NCu) must be mapped onto NCv),
NCu) = V 2 U V3, NCv) = Vj U V3, and p fixes V3 setwise.
UJe conclude that in the disjoint cycle decomposition of 
P e BCKm n r), vertices of alternate with vertices of 
V2. Theorem E.3 can now be used to establish:

Theorem 4.8. Let p e Aut Kn n r  swap the partite sets
and Vj. and fix V3 Call setwise); then IFCP)| > 0  if and
only if pjviUVi uniform, and the cycle lengths of p|y3
are divisors of the uniform cycle length of p |vjla/2«
Proof: Since vertices of alternate with those of V2 in
the disjoint cycle decomposition of P, far v e u v £>
p^cv) fj[XBS the adjacent vertices v and PCv). By Theorem
E.3, must be the identity element of Aut Kn n r .
Clearly, v can be chosen arbitrarily in V, I) V z, so the
theorem follows. I

Clearly, a similar theorem could be established for 
the case P e Aut Km n n which swaps and V 3 , but fiXBs 

Cas sets); therefore:

Corollary 4.8. Let P e BCKm n r ) and suppose that and 
Vj are swapped but is fixed Csetwise) by P, where
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1 < i < J < 3. Then IFCPlI > 0 if and only if P, 
restricted to U V j , is uniform, and the cycle lengths 
of P restricted to Vg_i_j are divisors of the uniform

Example 4.10
Consider the graph K l z  z of Example 4.4. Ule notice

in Table 4.5 that both of the entries have IFCPlI > 0.
This is because the conditions forced the uniformity of 
p |vzUV3> and “ 1 is a divisor of all integers.

Corollary 4.0 alone is not quite enough to establish 
a formula for g(m,n,r)— but it is close. Theorem E.5 
implies that we need to know the uniform cycle lengths of 
P*(V)|n (V). Let din; then c * 1 is the uniform cycle 
length associated with a cycle length of 2d (p^d is the 
identity element of Aut Km n>r). Also, the other c ’s 
must be divisors of 2d Cp^d = e). Thus, we must have the 
following two theorems-.

Theorem 4.9. Let d i n and suppose that P e Aut Km n n
is 2d-uniform on U V3. Take c t = Cc^ I J = 1, ...,
Sj>, where c tj I 2d, and c z = til; then if there exist 
positive integers jitj such that

Proof: By Theorem 2.4, we have IFC pi I = T!veg IFVC«*<v 51 I.

cycle length of p restricted to U Vj. I

s

then,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Suppose that v e V t. Then 'XCv) = Ed/c^, for some j = 1, 
.... s r  There are cycles of this length and Theorem 
E.6 gives IFvCpacv>)| = *Cclj,EnD. Noui if v « V t, then

the degree of v, is m + n. Ue conclude that all Cm+n-1)! 
of the rotations at v are fixed. There are En/Ed such 
Ed-cycles. Using the independence of the choices for the

Theorem 4.10. Let p e Aut Kn njir and suppose din; take 
c t =■ tCij; J = 1, s^, where c tj lEd, and c 2 = £11,
then if there exist positive integers such that

Nowhere in the proofs of Theorems 4.S and 4.10 did 
we use the fact that m ^ n CTheorem 4.9), or n 7s r CTheo­
rem 4.10); therefore the formula for m = n = r must be:

Corollary 4.10. Let P e BCKn ) n n ) and suppose that din. 
Take c 4 = £c1j; J = 1, . .., s ^  and c z = £11, then if
there exist positive integers such that

*Cv) = Ed. Also, P^d is the identity element, and dCv),

members of S we have the result. I

s

then,

IFCP)I = Cn+r-1)!

Proof: Similar to the proof of Theorem 4.9. I

n , then,
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Proof: Substitute m = n into Theorem 4.9. B

UJe now turn our attention to Finding |JCp )I. Let 
denote the cycle length corresponding to c ^ ;  then we

must have = Ed / c tj Cj - 1 ......s ^ .  Now, when me
have m < n = r, then Aut Km n n  - $m ® $zCSnl. Hence, we 
can use Theorem 2.6 to count that portion which is at­
tributable to p|vi and Theorem 3.10 to count that portion 
which is attributable to p|vi'JV3 ' Then we can use the 
independence of these portions to establish:

Theorem 4.11. Let d I n and suppose that P e Aut Km n n
is 2d-uniform; take c t * Cctj; J = 1  s i^« where
c tj I2d, and let c z = tlJ. If there exist positive in­
tegers such that

s i
■ m '

J = 1
where * tj = 2d / c tj Cj = 1, ..., SjJ, then

IJC P) I -------^ --------- •------- QJ------ .
®i d (n/d)-Cn/d)!

jDi
Proof: For v e v appears in some cycle of the dis­
joint cycle decomposition of p |v/i - Now, V t n CV2 U V 3)
■ 0, so that p|vi is independent of p|v2.uv3 - Also, p|vi
is a permutation in Sym V t. The cycle lengths appearing
in it are precisely Cj = 1, s t), and there are

cycles of length Thus, Theorem 2.6 applies and
we conclude that the number of permutations of Sym
corresponding to p|vt is

______ ml_______
^  1 >  j, 4TT ‘Xl1 J *>ii j-1 ‘J 1J
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Now consider P|vzUV3' this is a uniform permutation 
Cby Corollary 4.0). Because we know Aut Km>n)n |v2.uv3
isomorphic to $aC$n], Theorem 3.10 applies and we con­
clude that the number of elements of $aCSn3 corresponding 
to permutations p |v 2u v 3 is

n I *
d <n/d> .(n/d ) j

Using the independence of these choices, we get the 
theorem. i

Theorem 4.IE. Let d I n and suppose that P e Aut Kn>rijr
is 2d-uniform on V ( U V z; take c t= Cc4j;J = 1 ..... s 4>,
where C U  1 2d, and let Cj3 Til. If there exist positive 
integers j^j such that

s i
n > u x ‘j " r ’
j - 1

where = 2d / c 4j Cj = 1, ..., s 4), then 

IJCp) I ■ r!_______  .  n! z

ji4. d m / d ) -Cn/d)!
jDi

Proof: Similar to the proof of Theorem 4.11. I

If m = n = r, then things are a little more compli­
cated. This is reflected in the following theorem:

Theorem 4.13. Let P e BCKn n n ); suppose that and Vj 
are swapped and is fixed Csetwise). Suppose
that c t = Cctj; J = 1  s 4J, din, and c z = C1J. Let
Cjj^d, and = 2d / c 4j. Then
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I J C p )  I = --------------- ^  .  n i l
£1 , d <n/d)'Cn/d)!

jDj
Proof: There are three choices for the Fixed partite set; 
the rest is similar to the proof of Theorem 4.11 I

Example 4.11
Consider again the graph z of Example 4.10. UJe

calculate fCl,E,5) From Theorem 4.7 as follows: First, 
gcdCl,5,2) =1, so g = 1. Second, gcdC£,2) = E, while 
gcd(l.E) = 1; therefore, c t = Cl}, CE}, or C1,E}, and 
c z = c3 = Cl}. We consider these three cases.
Cl) Suppose c t = Cl}; then = %z l  = d.31 - 1. Thus,
^ tl = 1, and n z t = > 31 = E. The term is therefore
Cbefore using S)
SCI.4) l . I S U l 1. SCl.S)21-. 311. £lz. Z l K  £ ■ 4 . 4 _ aa 
1 1 • 1! I2 '2! l^’E! 1 E! E! 1 E E

Now % = 1/C 1+0+1)! = 1/E, so the term is actually IS.
CE) Suppose c t = CE}; then * tl = 1, and = E.
Thus, jijj = p z l  = = 1. The term is therefore

$CS.4)*. $C1.3) 1. $ ( 1 . 3 ) S . £L ■ 21 = p
1 1 * 1! E ‘.l! 2 1 ■1! 1 E E

which actually is 1, since t  = 1/E.
(3) Suppose C; = Cl,2}; then c tl = E, and c 12 = 1.
Hence, = 1, and ' x i z = E— but there is only one vertex
in V,, so this term cannot exist. We conclude that
FC1,E,2) =* 12 + 1 = 13 Cas in Example 4.4).

Third, we calculate gCl,2,E). The divisors of two
are one and two. We consider these cases separately.

If d = 1, Ed = 2, so c* = Cl}, CE}, or Cl,2}. But
3.^ must be a divisor of m as well as Ed, that is, an

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



easier way of obtaining c t is to consider 4j ;
J = 1, s,}, where | gcdCm, 2d). Therefore,
c t = C21 is the only possibility. Thus, = 1. Ule
conclude that jilt - 1, and 4/2 = 2. By Theorem 4.9,

IFCp) I = 2!*-iC2,4)1 - 4-2 - 9 
Cas in Table 4.5). By Theorem 4.11,

U C p )  | = — Li  . — . 5 .!—--------  -  1  -  a
II 1 -II 1 Z / 1 • CH/1)! 2

Cas in Table 4.5). Thus the value for this term is
B-2 / B = 2. C I Aut K 1j2,) z l - 8 . 3

Suppose d = 2; then c t = C4>, by the above argument.
Therefore, jttl = 2 / 2 = 1 .  Theorem .4.9 yields

IFCP) I = 2! 1•4C4,4)1 = 2-2 = 4
Cas in Table 4.5). Theorem 4.11 gives

IJCfOI = — L!-- • 2 - ±  = 21! *11 2*1! 2
Cas in Table 4.5). Therefore, this term has the value
4 ‘2 / B  = 8 /  B =  l. Ule conclude that gCl,2,2) = 2 + 1
= 3. Since 17*2, hCl,2,2) = 0 .  Therefore, by Theorem
4.1 we conclude

ICCKi, a, 2.) I “ 13 + 3 + 0 = IB.
This is verified by the calculations of Example 4.4.

By using the insight of Example 4.11 we can obtain 
the formula for gCm,n,r). Surprisingly, this formula is 
simpler than Theorem 4.2 led us to believe.

Theorem 4.14. Consider the complete tripartite graph 
^m,n,r> anc* suPP°se that m = n, o r n  = r, or m = n = r. 
Without loss of generality, we will assume n is the order 
of the partite sets being swapped and m is the other
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order Cm = n is possible, but not required). Suppose din
and let = O  ± j ; J = 1 ........s*}, where IgcdCm, 2d),
ĵ.= C2d>, and % = i tx let j* = be a11 solutions
j»jj 1 1 that satisfy:

s i
C ' . j -

Then,

gCm.n.n) - C  f T  3Vr-1 l-t~* l — ‘ p.H«n/d) .m/Hii ' n riJ.
*[-S4, s n f ' J

d F  <T' LT  2 - d < n / d , - C r / d ) l  j-1
Proof: UJe will first suppose that m 5* n. By Theorem 4.9, 
we have

IFCP) I = C m +n-1 ) ! m / d )  T ~ f  ®Ccn , B n / 1'!,
J - 1

where c 4j = 2d / 3.^ . By Theorem 4.11,
s ,

U C P )  I  m iJ J lii  ] “ }  — ^
d <n/d) . cn/d) ! j = 1 *ij J ^ i j !

Substituting into Theorem 4.2 we obtain the result for
this case.

Now suppose that m = n = r. Then Corollary 4.10
gives

IFCP) I -  C 2 n - l ) l  m / d )  ] ~ f  S C C j j ,  B n / 1-!,
J “ 1

where c tj = 2d / Also Theorem 4.13 states

IJC P) I - --------   T~t J*T7 ’
d<n /d>. cn/d) ! j - 1  *ij

Again upon substituting into Theorem 4.2 we get the re­
sult— the six in the denominator cancels with the three 
in the numerator. I

Notice that by combining Theorem 4.7 with Theorem
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4.14 we obtain a Formula For the number oF congruence 
classes oF maps oF Kmin>r where at most two oF the par­
tite sets have the same order.

Theorem 4.15. The number oF congruence classes oF maps
oF Km n n , where m j* n is given by

ICCKm n n )| = FCm,n,n) + gCm.n.n),
where

. i r  r  r  r i  -rtFCm,n,n) = B 2— , 2— . 2— . M  ,
g c > 1 1 J 1 -^ij!

and' „ s . *r-ai, Enl^J
0C»,n,n3 - Y 2  C  F ? * - *  t?' TT

a S  W  2-d,n'd , -(n/d)l j-i

where primed and unprimed are probably diFFerent Ccompare 
the conditions From Theorem 4.7 and Theorem 4.14). ■

In the next section we will derive the Formula For 
hCm,n,r). We will use this to establish the Formula For 
the number oF congruence classes oF maps oF complete tri­
partite graphs. Ule will then combine the Formulas For 
FCm.n.r), gCm.n.r), and hCm,n,r) to do this.

4.4 The Final Piece

In this section we derive a Formula For hCm,n,r). 
Ule know that iF the partite sets do not all have the same 
order then hCm,n,r) =* 0; thereFore, we are concerned with 
when they all have the same order. As in all the other 
cases, we do this by determining IF(y) I and IJCv) I For
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The first thing that we need to notice is that if
none of the partite sets are fixed, then the disjoint cy­
cle decomposition has vertices from the three partite 
sets cycling. That is, if u, v, and w are three consecu­
tive vertices of any cycle of the disjoint cycle decompo­
sition of v, then they are in different partite sets.

Theorem 4.IB. If y e U(Kn n n ) then y cycles the partite 
sets as sets.
Proof: Let u, v, and ui be arbitrary vertices of Kn n n , 
and suppose that y e DCKn n n ) is such that yCu) » v, and 
yCv) = w. Ule first show that u, v, and w must lie in
distinct partite sets. Let VCu), VCv), and VCw) denote 
the partite sets of u, v, and w. Clearly, VCu) cannot be 
the same as VCv), since then y fixes VCu)— a contradic­
tion .

Suppose VCu) = VCw); then VCu) maps onto VCv) and
VCv) maps onto VCu) . Ule conclude that v swaps the par­
tite sets VCu) and VCv), and again one of the partite
sets is fixed, another contradiction.

Suppose that VCv) = VCw); then y maps VCv) onto
VCv). Yet again, y £ E<Kn n n ) .

UJe conclude that u, v, and w are in different par­
tite sets. A similar argument using v, w, and yCw), 
shows that they are in different partite sets. Thus, 
VCyCw)) = VCu). Continuing, uie see that the partite sets 
cycle, as claimed. I

We are now in a position to be able to determine the 
structure type of y e DCKn p ) for which IFCy) I > 0.
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Theorem 4.17. If y £ DCKp^p), then IFCylI > 0  if and 
only if y is uniform.
Proof: Let v e V(Km n r) and let 'XCv) be the length of 
the cycle containing v in the disjoint cycle decomposi­
tion of y. From Theorem 4.IB uie know that y*(V5 Fixes 
the adjacent vertices v and yCvl . Theorem 5.3 then says 
that either IFCylI = 0 or y-UV) must be the identity ele­
ment of Aut Kn n>n. Since no property of v uias used oth­
er than it being a vertex, the conclusion must hold for
all vertices v. I

We can now count IJCy)I for y e DCKn n  nl such that 
IFCylI > 0. This theorem is an extension of Theorem 3.9. 
Notice that if y e DCKn n n 3 then for all v e VCKm n r)i 
Sl'xCvD (Theorem 4.161 and thus *(v) = 3d for some divisor 
of n .

Theorem 4.IB. Let y e DCKn n>n) and din. Suppose that 
y is 3d-uniform; then

IJC>° 1 = d tn^"-Cn/d)l '
Proof: The proof is an extension of the method used to 
prove Theorem 3.9. An automorphism in D(Kn n nl is con­
structed in stages: first we order the partite sets Theo­
rem 4.IB says the partite sets cycle; we need the order 
of the cycling; one can assume, without loss of general­
ity, that the ordering begins with V 4; there are two ways 
that this may be done. Second, construct a one-to-one 
function from onto the second ordered partite set;
there are n! ways to do this. Similarly, there are n!
ways to construct a one-to-one function from the second
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to the third. This creates n new objects. Theorem E.S
now applies to any uniform permutation constructed out
of these objects. Thus, there are

 -  hi_____d m/tn .Cn/d)|
ways that this can be done. Combining the above steps, 
the theorem follows. I

We are now ready to evaluate IFCyD I . Once we have 
done this we will be able to calculate hCm,n,rD.

Theorem 4.19. Let y e DCKn n ,n5' and let d ln> Suppose 
that y is 3d-uniform; then

IFCyD I = CEn-lD ! m/d) .
Proof: By Theorem 4.17 we know that y is uniform. By 
Theorem 4.IB we know that for some integer d, where din, 
y is 3d-uniform. There are 3n/3d = n/d cycles. Since
y3d is the identity element, IFvCy*<V)DI = CdCvD - ID! 
for all vertices v; thus applying Theorem E.4 gives the 
result. B

Theorem 4.E0. The value of hCm,n,rD is given by
r -  _ C£n-1D! (n^> if m = n3-d‘n/d» .fn/d)! ’

hCm,n,rD
r,

d I n
0 , otherwise.

Proof: Combine the formulas for IJCyD I from Theorem 4.10 
with the formula for IFCy)I from Theorem 4.19. Then sub­
stitute them into Theorem 4.E— the result follows by sim­
plifying. I
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We can now establish a formula for the number of 
congruence classes of maps of complete tripartite graphs.

Theorem 4.SI. The number of congruence classes for the 
maps of complete tripartite graphs is given by

ICCKm ,n,r'|l = FCm.n.r) + gCm,n,r) + hCm,n,r),
where

FCm,n,r) - , C  £  C  f l  f t
g c j* i a 1 j » 1 *ij ,Jiij!

n t = m, n 2 = n , n 3 = r , N = ^ ^ ni> c “ c ix C 2X c 3> ^or 
i,k = 1, E, 3, c ij|gcdCnk ;k ?  i)/g, gcdCcjj, ckP) = 1,
J = 1, 0 = 1, sk , g I gcdCn^; i = 1, £, 3),
? = 1 / C l + S m n + S n r )!, where S is the Kronecker
function,

3
i ] |" lcmCck p; 0 = 1, .... sk ),

c iJ k = 1
and > = Ojj}, where jajj are positive integers solutions 
to

£_/ij'*ij = ni = 1 > 3)« and
J = 1

gCm,n,rl = * >
0, if all orders are distinct,

where C*) is (assuming n = r, no restriction on m)

Cm + n - 1 1 1 <n/dl !• * en
£-d<n/d>. Cn/d)! j '_>!
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where it might be necessary to relabel m, n, and/or r, 

!j; J = 1, s t), | gcdCm, Ed), %Z1 = CEd),C*
* = and are positive integers solutions to

s i
= m *

J = 1
and

hCm,n,r) C CSn - l)!n/d 
S' d'H^’Cn/d)!’ m “ "d I n

0 , otherwise.
Proof: See Theorems 4.7, 4.14, and 4.E0 for the indivi­
dual pieces. I

Example 4.IE
Consider again the graph 2 * of Example 4.3. We 

will calculate ICCK2 2 2 )| using Theorem 4.El. We start 
by calculating fCE.E.E).

First, gcdCE,E,S) = E, so g is either one or two.
We consider each case separately. When g = 1, then we
find gcdCE.E) = E, and E / 1 = E. We conclude that
Ci = £1), CE), or C1,E> Ci = 1, E, 3). Now gcdCcjj, c^p)
= 1, when i k, so we see that at most one of the c's
can have the two in it. Therefore, instead of there be­
ing twenty-seven cases to consider, there are only seven. 
Each of these will be considered.
Cl) Suppose that c, - c z = c3 - Cl), then cit = 1 for
i “ 1, E, 3. We conclude that ̂ t - 1, and ^  t - E, for
all i = 1, E, 3. Theorem 4.El gives this term as
*C1.4)2. SCI.4)*. ,*g.4)*_ CC1 ‘I3,31 )2]3- 4BS5B _ 5£n?
12 'E! 12*E! 12.E ! CE!)3 8 ’

before multiplying by i  - 1/Cl+l+l)! = 1/6. Thus, the
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adjusted value is 975.
CS) Suppose that c t = CSl, but c z - c3 = (11. Then we
have c^ j 5, ^2.1 a 31 ^! so i j j 1| and ^2.1 '̂31
= 5. We conclude that = 5, » Z i = ji31 = 1. Theorem
4.51 gives the value of this term to be

$(5.4)*. $C1.41 1 . 3C1.4) *_ C1 • 5 1 ■ 11 1 ̂
12,S! e 1-II 5 1'1! 5 S z

= ± • 3 f i .  1B.

After multiplying by $, this becomes three (3). By tak­
ing advantage of the symmetry of K 2 2 j,, we see that the 
same value would be obtained for ca = C51, c t = 0 3 = ill, 
and c3 = CS}, c t = c z = Cll. Therefore, we multiply this 
value by three, getting nine as its total contribution;
hence we have done cases 3 and 4 as well.
C5> Suppose that c t = Cl,53, while c^ = c3 = Cll. Then
c A1 = 5, c lz = c it = c31 = 1. We calculate that = 1,

= 5— but this cannot be. There are only two vertices 
in V 1; we have already accounted for three! We conclude 
that this case cannot happen. Again employing symmetry, 
we find that c2 = Cl,51, c t - c3 = Cll, and c3 = Cl,51,
Cj = Cj = Cll, also cannot happen (cases B and 71.

Therefore, the total contribution to fC5,5,S), when 
g = 1, is 975 + 9 = SB1.

Suppose that g = 5; we still have gcd(S,Sl = 5, but
5 / 5  ” 1, so c, = c z = c 3 = 1. We conclude that
% ti °° %2. i “ x3i = s > and thus, = Mz i  = a31 = 1. Sub­
stituting these values into the formula, we get

$ ( 1 . 4 1  1 ■ $ ( 1 . 4 1  1 . S C 1 . 4 3 1-  C C1 • 1 3 * 3 ! I I 3 -  5 1 6  »  E 7  
a 1 ■ 1! E 1 -1! 5 1 ■ 1! s3 a

After adjusting by multiplying the value by ? we get 4.5.
Theref ore,
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fC£,£,£) - 901 + 4.5 = 905.5.

This agrees with the value obtained in Example 4.3.
UJe now evaluate gC£,£,£). We first note that m = n

= E in the formula. The divisors of two are one and two;
therefore, d = 1, E; we consider these cases.
Cl) If d = 1, then Ed - E-l - £; gcdCE.E) = E, so

til, C£1, or tl,El.
Ca) If Jx l = til, then = 1, and c tl = E/1 = E. Thus,
> lt= E. The formula for g(£,E,E) gives for this case

Cgtg-U ! V 1 *C_£,4),^ 3£ . C1 • S 1 ■ 1 i )  g . g  = 10
E-la-S! la-E! 4 E d

Cb) If t£l, then = E, and c tl = R / E = 1. We
conclude that _nJ;l = 1. The formula for gCE,£,E) gives
for this case

CE-t-E-l)! & ' x SCI.4) 31 . Cl-l3-3! ) g .3 „ p 7
3 • 12•£! S 1•1! 4 E

(c) If tl.El, then = 1, * 12, = E— but this cannot
happen. There are only two vertices in any one partite 
set; we have accounted for at least three! We conclude 
that this case cannot happen. Therefore, the total con­
tribution to gC£,E,£), when d = 1, is 10 + E7 = 45.
CE) If d = E, then Ed = 4. Now gcdCE,4) = E, so we have 

Til, CE1, or Cl,El. The same contradiction as before 
will occur when Cl,El; therefore, this case will not
be presented.
Ca) Suppose % Cll, then = 1, and c tl = 4 / 1 = 4.
We conclude that = E. Substituting these values into
the formula for gCE,E,E) we get

_C_e+S-l)l V *  *C4,.4)*= 6 . CE■4e,0! ) z -  i 5 .2 = 3 
E-E1-!! la,E! 4 S ’

Cb) If CE1, then = E, and c tl - 4 / E - E. We
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conclude that .Hjj = 1. The formula for gCE,£,2) gives in 
this case

lgta-U l a./iL *££**1‘o 5  . (1 *51 • 1! ) 1=» i 5 .i = I 5 
a-E^l! E 1 • 1! 4 E
Therefore, the contribution to gCS,£,S5, when d = E, 

is 3 + 1.5 = 4.5. UJe conclude that gCE,E,E) ■ 45 + 4.5
= 49.5, uihich agrees with that calculated in Example 4.3.

Ule now calculate hCE,E,E). The divisors of two are
one and two; we consider these cases separately. Suppose
that d = lj then the formula for h(E,E,E) gives

CS‘S-13! Z / 1 ~ m  - r 
3-l4-S! B

IF d = S, the the formula for hCE,2,S) gives
CE-E-lli 6 „ «
3-E1-!! B

Therefore, hCE,E,E) = 6 + 1 =• 7, which agrees with
the calculation of Example 4.3. b)e conclude that 
|CCK2 z I = 985.5 + 49.5 + 7 = 1042, as we had calcu­
lated in Example 4.3.

In the next chapter, we will derive the formula for 
the number of congruence classes of maps of complete 
n-partite graphs. In addition, we will show that the 
formula for complete n-partite graphs generalizes the 
formulas given in Chapters II - IV.

The final chapter will be concerned with asymptotic 
formulas for the number of congruence classes. Ue will 
find that these formulas have significance to the new 
twig on the branch of topological graph theory— random 
topological graph theory.
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CHAPTER V

THE MAIN EVENT: COMPLETE N-PARTITE GRAPHS 

5.1 Intraduction

In this, the penultimate chapter, we will present 
the Formula for the number oF congruence classes oF maps 
oF complete n-partite graphs. Ule will begin by giving 
the Final version oF the deFinition oF a compatible set 
oF permutations. Next, we will express Theorem 1.3 as we 
have done in both the bipartite and tripartite cases. Ule 
will calculate the general expressions For each oF the 
three cases into which the problem will be divided. In 
order to be able to count the congruence classes For the 
maps oF complete n-partite graphs, we will need to gener­
alize the counting argument given in the prooFs oF Theo­
rems 3.9 and 4.18. Once we have developed the Formula, 
we will end by showing how it generalizes the Formulas oF 
the complete, complete bipartite, and complete tripartite 
cases.

Looking at the deFinition oF a compatible set oF 
permutations, given in Chapter IV, we s b s how this deF- 
inition should be extended to more than three permuta­
tions. We do this now.

Let Aj, A iP ..., An be Cnot necessarily distinct) 
sets and suppose that is a permutation on Ai Ci - 1, 
5  n). Furthermore, suppose that has s^ distinct

105
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cycle lengths in its disjoint cycle decomposition,
ushers: < ... < ^gCi) • Thsn  «nl is a
Cmulti-) set. of compatible permutations if and only if 
for each , there exists a positive integer c^j such 
that for k =» 1, , . ., n, where k 5* i, oc^J is c^-uniform.

UJe nouj turn our attention to complete n-partite 
graphs. Recall that a complete n-partite graph has its
vertex set partitioned into n partite sets, V t, V2.....
Vn ; its edge set consists of all possible unordered pairs 
of vertices from different partite sets. That is,

E - i  Cu.vl I u e vit v 6 Vj Cl < i < j < n) ).
Let IV̂ i ■ m^ (for i * 1, 2, ..., n); then we write: 
G ■ KCm11ma,...lmnD. If m t < m4 < ... < mn , then we say 
that G is in standard form.

Just as in the tripartite case, an automorphism can 
be of one of three types— it can fix all of the partite 
sets, some Cbut not all5 of the partite sets, or none of 
the partite sets Csetwise). Ule let ACKCm t, mz, . ..,mnJ] , 
BCKCmt ,m2, .. . ,mn)] , and DCKCmi, tnz , . . . ,mnD 1 denote, re­
spectively, the sets of these three types of automor­
phisms .

Theorem 5.1. The number of congruence classes of maps of 
KCmt,m^,...,mn) is given by

ICEKCmj.m^ mnD3 I “j i lit ̂ i •

IFCoc) I 
oc e  ACKCin^, . . .,m n )l
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+ y~jFc<o i

P e BCKCm1....
+ £ ^ | F C v )| I
= DCKCm 4, . . ., rn̂-jD□ Jy

Proof: The three cases are mutually exclusive and exhaus­
tive; thus, this is an obvious way to rewrite Theorem 
1.3. I

Let JxCKCmt,..,mn)] be the set of structure classes 
over xCKCmlt...,mn)D, where x = A, B, or D. Then the 
sums in Theorem 5.1 can be rewritten to be taken over the 
structure classes Cas has previously been done!.

Theorem 5.S. The number of congruence classes of maps of 
KCm t ,ma,...,mn) is given by

ICCKCmpUji . . . ,mn)3 IAut KCm - i  {
11■••.mn ̂ I L

J T ^ IF C o c )  I • IJCoO I 

JCoc) e  JACKCm1( . . . ,mn ) ]

+ ^ ’ IF Coe) I • IJCoO I

J C P )  e  JBCKCmt , . . . ,mn )3

J Cy )
+  J ^ I F C o c )  ! • 1 JCocO | I

e  J D C K C m j , . . , , m n ) ]  J

As we have done for both the bipartite and tripar­
tite cases, we will simplify the notation by using func­
tions. For simplicity we will write
FCm  mn) -------------------------   £ > C « > M J ( « > I .

" lflUtK""> ....
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gCrn^..•,mn D = 

hCm t, . . . , fHp )

I Aut KCm t,...,mn)I
 1________
lAut KCm  mn) I

J ^ I F C P )  I ■ I JCP) I, 
JCP) e JBCKCmt,...,mn )] 

^ T j F C y )  I • IJCy) I . 
JCv) e JDCKCm  mn )3

Example 5.1
Consider the graph K t t with V = CO, 1,5,3,4,51,

V t - CO), V4 « Cl), V3« C5,3), and V4 - C4.5). There are 
IRCKi,i,2, 1 = 4!2,3!4 = 746,436 rotation schemes; thBse 
are classified in Tables 5.1 - 5.3. Note that the order 
of the automorphism group is sixteen.

Table 5.1
Classifying Rotations of K, , , , Using «• I 1 J ** \ ** i , i , 2, 7?

oc 1J Coe) | IFCoc) 1
C0)C1)C5)C3)C4)C5) 1 746436
C0)C1)CS)C3)C45) 5 0
C0)C1)CS3)C45) 1 0

First we calculate FC1,1,5,5); from Table 5.1 we get 
fCl,l,S,S) - C1'746436 + 5-0 + l'O) / 16 - 46656.

Table 5.5
Classifying Rotations of K. , , * Using p e BCK. , , ,)1 J 1 I ̂  J ̂  1 * J I

P IJCP) 1 IFCP) I
C0)C1)CS4)C35) 5 0
CO)Cl)C5435) 5 0
C01)C5)C3)C4)C5) 1. 0
C01)C5)C3)C45) 5 576
C01)C53)C45) 1 864
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Second uie Find gCl,l,E,£D. From Table 5.E we find 

gC1,1, £,E) - CE"0 + E-0 + 1-0 + E-576 + 1-864) / IB = 1EB.

Table 5.3
Classifying Rotations of K. . * , Using y e DCK, , ,A I A  ̂I ** 1 ) 1 I £

y 1 JCy) I IFCy) 1
C01)CE4)C35) E B64
C01)CE435) E 0

Finally, we compute hCl,l,£,£); Table 5.3 yields 
hCl,l,E,E) = CE-B64 + E-0) / 16 - 10B.

Therefore, ICCKt t 4 a5l - 4BB5B + 1EB + 10B « 4BB90. 
That is, there are 46,890 congruence classes of maps of 
N i, i, a, 2-

If all of the partite sets have different orders, 
then Aut KCmt,..., mp) = $m(t} • © $m(p,. If all of
the partite sets have the same order, say m, then the
graph is denoted Kptm) and Aut Kp(m> = SpCS,,,] . The dif­
ficult case occurs when some, but not all, of the partite
sets have the same order. Suppose that KCn^ mp) has
q distinct orders of partite sets; suppose there are f t 
of order p t, fa of order p2, ..., and Fq of order pq .
Then

Aut KCmj,...,mn) = Sf ,t, Z S p t 4 , 1 © © $f(q)C$p(q)3,
where we note that $ 1CS(nl = $m .

In the next section we will Find the number of con­
gruence classes of maps of KCm1,...,mn) when all of the 
partite sets have different orders. Ule will also develop
a formula for fCm1,...,mnl in general. In the sections
that follow we will calculate the number of congruence
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classes For the maps of Kmm> Cwhich will help us calcu­
late hCm1,...,mn) in general) and Finally the general 
Formula For gCmt,...,mn).

5.2 Calculating FCm^...,!!^)

In this section we will Find a general Formula For 
FCmt,...,mn ). This will allow us to calculate the number 
cF congruence classes For KCm1,...,mn) when all of the 
partite sets have diFFerent orders. From Theorem 5.2 we 
see that we need to calculate IFCoO I and IJC«)I For those
oe e ACKCmA mn ^  sucl'1 that FCoe) ^ 0. Thus we begin by
determining the structure oF those <* which contribute to 
FCitij, i« i j ) .

Theorem 5.3. Let « e ACKCnij, . . . ,mn)D , « = octoc2., .oĉ ,
where oĉ  permutes the vertices in Ci = 1, ..., n).
Then FCoc) ^ 0 iF and only iF Cocj, ...,ocn} is a compatible 
set oF permutations.
ProoF: The prooF is almost identical to the prooF in  the 
tripartite case. Let Coct, . . . ,ocn5 be a compatible set oF 
permutations on  Vn [the partite sets oF the com­
plete n-partite graph KCm4,...,mn)3 and suppose that 
oc « « 1« 2. . ,«n . Arbitrarily take i e {1 n) and sup­
pose that u e Vj. IF *Cu) is the length oF the cycle oF 
ocĵ containing u, then Cby deFinition of a compatible set 
oF permutations) there is a single positive integer c 
such that «k<u) is c-uniForm, For all k e ci,...,n> such 
that i ^ k. We conclude that yv e v, oc%<V) ||sjcv) is uni- 
Form. By Theorem 2.5, IFvCoc*<v>) I > 0; by Theorem 2.4, 
IFCoe) I > 0 (so FCoc) 0).
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Now suppose that FCoc) ^ 0, and that oe => * t « z . . .«n ,

where oê  is a permutation on Ci = 1  n). By Theo­
rem 2.4, we conclude that V/v e v, IFv Coc*<V))| > 0 ;  by 
Theorem 2.5, e V, 0C'UV) InCv) uniform. Suppose that 
v e Vi; then NCv) = 0  ̂ V , .  Aiso, the partite sets are 
disjoint from each other. Therefore, we conclude that 
for each cycle length x in «^, there exists a positive 
integer c such that oĉ  is c-uniform Cwhen j ?  1). Thus,
Cocj eep} is a compatible set of permutations. H

Example 5.2
Consider the graph K. , „ , of Example 5.1. RecallI | | "

that Vj ■ CO}, = Cll, V 3 = C2,3}, V 4 ■ C4,5>. Suppose 
that oo!= CO), « 2= Cl), « 3= C23), and oc4= C4)C5). UJe see 
that «* is 1-uniform, while oe* is E-uniform. Therefore,
Cocj, oe2, oc3 , oe4> is not a compatible set of permutations.
This conclusion is confirmed by Table 5.1 where we see 
that IFCoc) I = 0 when oc = C0)C1)C23)C4)C5).

Just as Theorem 4.3 generalized to Theorem 5.3, we 
observe that Theorem 4.4 also generalizes. This is the 
first step in determining the structure of a compatible 
set of permutations.

Theorem 5.4. Let <.oct  ocnJ be a compatible set of per­
mutations. Suppose that oĉ  has s^ distinct cycle lengths 

in its disjoint cycle decomposition and that the 
satisfy: j < ... < Ci ■ 1, . . ., n ) . Furthermore,
suppose that for k = 1, ..., n, where k i, is
c^-uniform. Then y i ,  k - 1, ..., n, where i k, J = 1,
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s^, and 0 = 1, sk , ujb have, Cjj I cik p and

gcdCCij.CfcpD = 1.
Proof: Obviously, c^j I *k p, for ocj^ is c^j-uniform and 
all of the cycles are disjoint in the cycle decomposition 
of «k .

Suppose that gcdCcjj, ck p) - h; because we know 
that is cjj-uniform, by Corollary E.la, uie conclude
that Cjj = *k p / gcdC^j, *k p). Therefore, either h = 1,
or h appears as a factor of *k p one more time than it ap­
pears as a factor of . By a similar argument, we see 
that h = 1, or is a factor of *j_j one more time than it
is a factor of *j<p. We conclude that h = 1. I

We noui see that the same conditions that were in the
bipartite and tripartite cases also exist in thB general
case. Therefore, it is no surprise that Theorems 3.5 and
4.5 have an extension to the general case.

Theorem 5.5. Let be a permutation on a set Ci = 1,
..., n); suppose that lAi I =» mi( and that Cccj, . . . ,«nl is 
a compatible set of permutations. Further, suppose that 
oĉ  has s^ distinct cycle lengths in its disjoint cy­
cle decomposition, where 3.̂ t < ... < *is<i>* Suppose
that for k = 1, ..., n, where k ^ i, is c^j-uniform.
Then for some positive integer g, where g IgcdCmt ,...,mn5,
we have Cfor i = 1, ..., n, and J = 1, . .., Sj_)

n

Proof: By Theorem 5.4, if k 5* i, then for each !? = 1,

] [ lcmCck p; Q = 1
c iJ k = 1

* * * I sk).

., sk, ck p I Ci,k = 1......n, and J ■* 1....... Sj_D.
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Therefore, lcmCck p; 5 - 1 ,  .... skD I j , when k ^ i, 
and we conclude that there exists a positive integer a^j 
such that

n
= a^j "| |" lcmCck p; 5 — 1, •••, 1

k — 1 
k ^ i

for each i - 1, n, and j = 1 s^.
Consider 3.^ / ^k p.

j aij Îp̂ i lcmCCpr ; r — 1, . Sp)
*kP ak0 ^ q ? ^  I c m C C q t > t  —  1, •• • ,  S q )

aĵ j lcmCc^j.; r - 1 sk)
ak p lcrnCcĵ .; t = 1, ..., )

But, by Corollary E.la,
cij = %ki> /  9cdCH j , ̂ p ) , and 

Ck p = ^ij J gcdC3.JJ , 3.k p) •
Thus, / *kP = ck p / CiJ.
Therefore,

lcmCckr; r = 1, ..., sk )
‘ij ckP

lcmCcit; t = 1 s^D
= ak Q ---------------------

CU
Now, gcdCckr,cn-) = li hence the same is true for their 
least common multiples. We conclude that thBre is a pos­
itive integer g such that

lcmCc.^ j t — 1, it., St )
aiJ = g 1 ------------------------- , and

ciJ
IcmCĉ pj r  ̂1) * • • j Sĵ)

akP = g ■ ------------------------- .
ckP

By varying i, j, k, and P, we find that the value g
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is invariant over all possible choices. Substituting the
Formula For a^j into the Formula For we obtain

n
H j  - ^  i r icm^ci<p» ® = 11 •••> S)<)■cij k = 1

Suppcss that For i = 1, ...,n, and J = 1, . . ., sĵ , 
there are exactly >jj cycles oF length . Then,

= mi ci " i n).
J = 1

so g I mj_ Ci = 1, .. ., n5; hence g I gcdCmt mn) as
claimed. I

Theorem 5.5 shows that iF C<*t, . .. ,©en3 is a compati­
ble set oF permutations, and iF has cycles oF
length (i = 1, ..., n; J = l , . . . 1 si, and where
permutes a set oF order mp, then iF For k = 1, ..., n, 
where k ^ i, ock^  is c^j-uniForm,

n
= cT- . R ^ . 1  8 = 1.......ak>-ciJ k = 1

where g I gcdtmj, ..., mn), and whBre Cjj I gcd(nk / g; 
k = 1, ..., n; k ^ i ) .

Let Cĵ  be any set oF divisors oF gcdCnk; k - 1.....
n; k ^  i); suppose that ĉ  ̂ = tcj^; j = 1, ..., s p  and iF 
k ¥■ i, gcdCCij, cke) - 1 (For ail i, k = 1, . .., n;
J * 1 s^; and 0 - 1, ..., sk). Let g be a positive
integer such that g I gcdCm*,...,mn) and deFine as a- 
bove. IF there exist integers > 1 such that

S i i j ' i j  = mi Ci " 1 n)
J = 1

then it is not hard to verlFy the existence oF a set oF
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compatible permutations C«t, .. . ,ocn} , where ocj_ is a permu­
tation on a set A^, where |AjJ = m^, and has exactly

Therefore, we again get a strategy for picking the set of 
compatible permutations. Using this strategy, and Theo­
rems 2.3 - 2.5, we are ready to determine a formula for 
f(mj, . . . ,mn) . UJe begin by determining IFCoc) I and IJCoe) I 
for a particular choice of g and Cj_ Ci = 1, . . , n) .

Theorem 5.6. Let g be a positive integer, where g is a 
divisor of gcdCrnt,...,mn ), and suppose that for i * 1,
..., n, c^ = -CCjLj; J = 1  Sĵ l, where Cjj I gcdCnk / g;
k = l ,  .... n; k ^ i). Further, suppose that for 1 = 1 ,  
...,n, k = 1, ..., n , where k ^ i ,  J “ 1, . . ., s^, and 
0 = 1 ,  ..., sk, gcdCc^j,ck pi = 1, and define

h = m t + ■■■ + mn , and a permutation on having ex­
actly cycles of length j , and « = « 4. . .ocn , we have

l " l j * I

where $Cc,m) = <PCc),c (m/C -1>,Cm/c -1)!, and is the 
Euler function. Also,

cycles of length (1 = 1 .......  j = 1 ....... s^.

n
"] [ lcmCck g; ? = 1,

Then for a solution of

J -  1
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Proof: By Theorem 2.4 IFCoc) I = nvGg IFv CocatV)) |, where S 
is a complete system of orbit representatives. Consider 
v e and suppose that v appears in a cycle of length 

. Now INCv) I = fl - m^, where M is defined as above,
so that |Fv Coc~{V>) I = iCCjj, tl - m^); it is easy to see
by the form for ^ j  that « acv) |jsjcvD is c^-uniform.
There are j cycles of length 3.^, and each of these cy­
cles is independent of the others; thus we see that 
IFCocj I has the above form.

Each of the oĉ  is independent of all others as the 
partite sets are disjoint and is a permutation on 
Ci = 1, ..., n ) . For each of the cycle lengths ,
there are such cycles in Ci =* 1  n; j =■ 1,
..., s ); therefore, by Theorem 2.6 Cand letting JC«^) 
denote the structure class of ^  as a permutation of Vj_), 
we find that

I J C « i )  1 -  S i  J i ,  .
j D i  H j  ’ ■“ i j

The independence of the choices gives IJCoOl as claimed 
above. I

Example 5.3
Consider the graph K ljZ 3j4; gcdCl,2,3,4) - 1, so we 

see that g = 1. Also, gcdC2,3,4) =■ 1, so c t = €15;
gcdCl,3,4) = 1, so c* = €15; gcdCl,2,45 = 1, so c g = €15; 
and gcdCl,2,3) = 1, so Cij = €15. Ule conclude that only 
the identity element of Aut K lj2>g>4 contributes to 
fC1 ,2 ,3,4) as Cjj® cjj= c 4 =̂* 1 , ^ii— ^ 2.i= ^ 31~ ^41
= l'Cl'l-l'l / 1) = 1, and J»tl= 1, .f 21= 2, 3, and
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j»41b 4. Nouj = a! *7! ̂ --G! 3*5! 4 (which agrees
with the Formula For IF(oc) | given in Theorem 5.5), and 
there is only one identity element (which agrees with the 
Formula For |J(«)I given in Theorem 5.6). Since we know 
I Aut K i>2.i3)4l = 1! '2! -3! -1! - EBB, we conclude 
F(1,3,3,4) = 79E691E6001E46863360000000000 ■ 1 / EBB 

- E75,E40,0E0,B37,BBS,7E0,000,000,000.
All oF the partite sets have diFFerent order, so 

g(l,S,3,4) - h(l,E,3,4) - 0.
Hence, the number given above is the number oF congru­
ence classes oF maps oF K, , , ..I l l

The strategy given in and beFore Theorem 5.B implies 
that the sum over the structure classes is equivalent to 
a triple sum— the First sum is over the divisors oF
gcd(mt...... mn^> t*ie second sum is over the cartesian
product oF all sets oF divisors oF the greatest common 
divisor oF the orders oF the neighboring partite sets 
(that is, the First oF these is all possible divisors oF 
the greatest common divisor oF the orders oF all but the 
First partite set, etc.), and the third is over all solu­
tions of the equations given in Theorem 5.B (with
the as given in the theorem).

Theorem 5.7. Let g I gcdCm l ,...,mn), c^ = Tc^j; j = 1,
..., s^l (where c^j I gcd(nk ; k = 1, ..., n; k j* i)), and 
suppose gcd(cij,ckP) = l(i, k = l ,  . . . , n ; j = l ,  ....
s^; 9 = 1 .......sk , where k ^ i). Let c = c t x ... x cn
and deFine n

*ij " r5- T T  lcm(ckj?; 9 = 1, .... sk ),ciJ k = 1
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and let ji be the set of all solutions satisfying

is the Euler function. Also, ? is such that it adjusts
for the size of the automorphism group. Specifically, if
there are q distinct orders of partite sets: f t of order
p t, e z of order p2, .... fq of order Pq, then we have
? = 1 / ft fi! Cnote: ft f» = n).i=l i=l
Proof: If KCm1(...,mn) has f t partite sets of order p t, 
£ z of order p z , ..., fq of order Pq, then the automor­
phism group is Aut K(m1,...,mn) = ®fci)C®p<i)] ®
sf ( u ^ p t i ) 3 • ■ ■ ■ •  Sfcq)CsP (q)3. Therefore, uie con­
clude that 1 Aut K C m m n)I “ ft. pi ! *’f« ! = ^ ■ ft m)! .ii i=l J- $ 1=1 A
Ule now see that by dividing by the order of the automor­
phism group, the coefficient is € and the orders of the 
partite sets cancel with the expression for IJC«)| given 
in Theorem 5.6. The remarks preceding Theorem 5.7 show 
how the sum over the structure classes can be replaced by 
a triple sum Cfor Theorem 5.6 shows how the pieces relate 
to this triple sum!. Finally, substitution of |JC<x) I and
|FC«) I from Theorem 5.6, and simplifying, gives the re­
sult. I

Example 5.4
Consider the graph K, a a. Again all of the par- 

tite sets have different orders; thus, gCE,4,6,B)

J*ij * 1; ^ij*ij = mi Ci = 1 > •••> n; J - 1, ..., SiD. 
J = 1

Then,

i -  1 j  -  1 • j i i j !
n  f t  ~ mif 1J

g c j* i m 1 j  *  1 * i j  ’  M i j ! 

where M =i21mi> $(c,ml ■ <PCc),c tm/C -t),Cm/c -11!, and 9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



119
- hC£,4,6,0) = 0, and ICCK^ 4) 6> s) I = fCE.4,6,0). Now, 
gcd(E,4,6,0) = E, so g ■ 1, E; we consider these cases 
separately.

When g = 1, gcdC4,6,0) =■ 5, so c t= Cl}, CE}, or
C1,E>. Similarly, c 2 = c 3 = c4 = Cl}, CE}, or C1,E}. It
would appear that there are 34 = 01 cases, but remember
that members of different sets must be coprime; thus, on­
ly one of the c^ can contain a two. Therefore, instead 
of 01 cases, there are only nine.
Cl) Suppose c c z = c3= c 4= Cl}; then c i i = c n = c31= c 41
= 1, so * lt= r z i = *31= *41= l'Cl‘1'1‘1 / 1) = 1. We con­
clude that « = e Cthe identity element), and = E; 
> zt= 4, 6, and ^ 41= 0. This term is

iSJLABi*. i o o a i 4. ^ci. 14)6. gci .15)8
1 ■E ! l4-4! 1s-Bi 1 ®'0!

= 12L4. 1514. 131s. -I1L*E E4 7E0 403EO
= 99,70S,052,9E1,551,753,579,047,757,3E0,413,47E,067,170, 

933,E09,0E0,910,690,059,4E3,756,579,009,4E0,035,011, 
070,6E0,090,0E5,44E,5E7,711,373,114,345,607,333,640, 
457,4E0,74E,034,E00,763,300,531,E00,000,000,000,000, 
000,000,000,000,000,000,000,000,000,000.

CE) Suppose Cj= c z= c3 = Cl}, and c4= CE}; then c lt= c z i

= c3i= 1, and c 41= E, so %Z1= *31 = 1*C1*1*1'E / 1)
= E, and *41= 1*C1*1*1*E / E) = 1. Therefore, ii11 = 1,
>4!° E, >l3l=' 3, and ^ 41=" 0. This term is

$C 1.IB) 1. SC1.1B)*. SCI.14)3. SCE.1E)*
B l ' l \  S z ’E! S 3■3! 1® *0!

= 17! . 15 ! z . 13!3 . C1‘E 5■5! )*
E 0 40 403E0

= SE4,EB1,E33,0S0,300,079,700,100,914,OE0,561,966,96E, 
177,45E,003,661,665,90S,149,117,070,000,000,000, 
000,000,000,000,000.

C3) Suppose c*= Cj- c3= Cl}, and c4= C1,E}; then c tl
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= c21= c31a 1, and c41=* E, so ^Zl ^31
- l-Cl‘1'1-2 / 1) - E, and a41= 1-Cl-l'l-E / E) = 
Therefore, ^ n = 1, >2il= E, and >31= 3, but the ^ 4 ’s 

not uniquely determined Chence the sum over jO . The 
lutions of C>4i,>4;i) are (£.31, C4,E), and C6 ,l).
Ca) Take ^4,= E and i»42= 3; then the term is

iiLoai1. sojLfii4. * i n m 3. gcs-isi4. m , i s >3S 1 • 1! E2 ■£ I E3*3! 1z-E! £3-3!
= 1ZL . H I 2. H i 3. C1.'E5*5! )z. Ill3 S 0 40 E 40

= 1,060,1E4,506,076,010,350,406,017,103,060,463,OE0,443, 
170, 005,03S, S50, 035, 6S6 , 004,030, 030,067, E00,000,000, 
000,000,000,000,000.

Cb) Take -F41= 4 and ^42= E; then the term is
ILLOfll1. 1 1 H H 2 2. sc.1.14)8. gCS.lS)4. $0*1£22 S 1 ■ 1! £*■£! S 3 * 31 14 *4! Ez-£!

= 121 . H I 2. H i 3. Cl-Ss-5n 4. H I 2 E 0 40 E4 0
= 345, 050, 4E0, 744, 775,360,536, 010, 760, E00, 760,06E, 073,

631,000,E50,0S6,614,37E,470,0EE,67E,601,E00,000, 
000,000,000,000,000,000.

(c) Take >41= 6 and ^42= 1; then the term is
i O O i l 1. E L i S l 2. SCI.. 14)3. SCS.IS:)6. M H H 1 1 S 4•1! S4'E! E3 *3! 1&-6 ! S 1 * 1!

= 121 ■ H I 2- H I 3. Cl.-gs-5l )6. H I  E 0 40 7E0 E
= 16,005,E60,03S,035,406,353,5E6,014,561,750,657,030,506, 

S04,063,403,70S,030,740,700,010,550,7E0,000,000,000, 
000,000,000,000.
Combining the totals, from Ca), Cb), and Cc) above,

ujb find that the total for case 3 is
S,E30,170,E04,453,6E1,E07,E07,36E,065,0E1,000,

740,S56,307,077,355,500,34E,037,EE4,571,530,117,
ISO,000,000,000,000,000,000,000.

(4) Suppose that c,® c2= c4= Cll, and c3= CE1; then clt
= C 2 1  = C 41 " 1 » a n d  C 3 i = 2 * s o  * 1 1  "  * 2.1 “  * 4 1

ISO.

*42
1.

are
so-
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- 1■Cl■1"2* 1 / ID - 2, and *31 - 1-C1-1-2-1 / 2) - 1.
Therefore, 1, 2, > 31“ 6 , and m 41“ 4. This term
is

i O J f i l 1. gg ,16>2. ^C2.14D 6. $C 1.IBP 4 
2*1! 22 ’2! 16-6 ! 2 4-4!

= 121 . 1512-. Cl *26*61 3 6. 11! 4 
2 B 720 384

- 3,341,B03,802,380,005,555,545,534,042,184,578,192,854,
473,844,055,728,861,782,424,329,812,320,000,000,000, 
000,000,000,000.

C5D Suppose that c 1= c z= c4= C1D, and c 3= Cl,2}; then
C ii“ Cii” C 3Z= C 4l“ 1. and C3i“ 2- SO *11= *32= X * x

= 1•C1■1*2■1 / I D  = 2 ,  and *31~ 1-C1*1*2'1 / 2D = 1.
Therefore, 1, 2, and j*41= 4, but the ji3’s are
not uniquely determined. The solutions of CD*31,>3iiD are 
C2.2D and C4,1D.
CaD Take > 3i= 2 and D‘32=‘ 2; then the term is

1. I C IOBI2. 3C2.14D2■ SCI. 141*. I O J £ i 4 
2 1■1! 22 *2! 12-E! 2z-2! 2 4,4!

= 121 . 1512. C l_; 5 6_iS! D 2. 1312. ill4 
2 8 2 8 384

= 1,293,317,021,583,391,781,050,942,555,195,705,173,537, 
585,388,868,485,955,433,387,412,255,358,BOO,000,000, 
000,000,000,000,000.

CbD Take > 3!= 4 and J*3Z= 1; then the term is
gg .lSD *. gCl.lSD2. 3C2.14D4. $C1.14D 1. SC1.12D4 
2 1 * 1! 2z-2! 14 * 4! 2 1*!! 24"4!

= 121 . IS!2. Cl ‘26*5! D4. 131 . Ill4 
2 8 24 2 384

= 147,003,732,955,353,999,755,374,102,470,907,103,752,
079,857,720,205,421,507,802,054,529,785,500,000, 
000,000,000,000,000,000.

Combining the totals from CaD and CbD above, uie find
the total for case 5 is

1,440,320,754,539,745,780,805,
316,767,566,612,277,289,565,245,
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508,60S,376,941,109,466,095,155,
200,000,000,000,000,000,000,000.

C6) Suppose c,= c 3= c4= CIJ, and c z = C2>; then c 1t= c 31
= c 41= 1, and c21= 2 , so *31= 'X41» l-Cl-S’l-l / 1)
= 2, and *ai= l’Cl’E'l*! / 2) ° 1. Therefore, > tl= 1,
•Mai = 4, >3!= 3, and > 4t“ 4. This term is

t L L J m 1- 112U £ 14. m , 14P3- tLLul£2 4 2 1•1! 14 *4! 2 3 * 3! 2 4'4!
= 121 . Cl-g?-.7.l )4- 1313. Ill4 2 24 40 3B4

= 42,605,528,384,363,531,780,019,739,304,144,877,533,937,
262,389,867,055,726,709,929,936,945,152,000,000,000, 
000,000,000,000.

(7D Suppose c t= c3= c4= CIJ, and ca » Cl,23; then
_ C22— C31~ C4i —  ̂• 3nd C41- 2, SO '^Z2.S“ ̂ 31= '41
= 1 * C1*2■1■1 / l) = 2, and *al“ l'Cl-2'1-1 / 2) = 1.
Therefore, p 11= 1, p z i = 2, m Z2= 1, j*31= 3, and ^ 41= 4.
This term is

M. 1,1511 ■ 1L50512. i.Q-,1611 • $C1.14)3. $C1.12)4 
2 1■1! lz,2! 2 1 ■1! 23 "3! 2 4-4!

= 171 . (l-27-7! )*. 1S1 • 13! 3. H I  4 
2 2 2 48 384

= 004,730,591,269,665,997,098,364,325,010,660,996,867,
830.908.629.280.772.269.663.278.742.896.640.000,
000,000,000,000,000,000.

(0) Suppose Cj= C2}, and c zm c3= c4= Cl}; then c tl= 2,
and cai= c31= c4l= 1, so * tl= l’CB'l'l’l / 2) - 1, and
*ai“ *31= ^4l= l'CE'l’l*! / 1) “ 2. Therefore, p 1t= 2,
J*ai“ 2, ^3!= 3, and J*41= 4. This term is

*C2.18)Z. tOul612. SKJLUil3. *C1-. 1214 
1^"2! a z - e\ 23-3! 2 4 *4!

= Cl -28 -8 ! I2-. 15! *. 13].3. 11! 4 
2 0 4B 384

= 370,696,740,032,783,998,634,524,308,240,311,057,349,
567.406.413.779.186.950.429.778.231.951.360.000,
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000,000,000,000,000,000.

C9D Suppose c t= Cl,2}, and cz= c3= c4= Cll; then c tl= 2, 
and c 12= c it= c31= c 41 = 1, so ^ lt= 1*(2*1'1«1 / 21 = 1,
*14= 1■C2•1■1 • 1 / 11 = 2— but 1 + 2 > 2 Cthe order of V tl 
so this case cannot occur.

Adding the eight occurring cases, we Find the con­
tribution to FC2,4,6,0), when g = 1, is
99,762,852,921,551,753,579,047,757,32B,413,472,867,170,

933,209,020,910,690,059,423,756,579,089,420,035,011,070,
620,890,025,447,427,B01,311,730,714,589,596,382,376,600,
675,033, 657,978,013,204,548,126,252,981,590,784,847,872,
000,000,000,000,000,000,000.

We now consider g = 2; gcdC4,6,01 = gcdC2,6,81
= gcdC2,4,81 = gcdC2,4,61 = 2. Thus, c4= c3= c 4
= C2/21 = Cl>. That is, c u = c41= c31= c 41s 1, so that
i u = x z i = %3i= *4 1° 2 ‘ C1 • 1 ■ 1 ‘ 1 / 11 = 2. Therefore,
J»il= 1, ^4.!= 2, m 31= 3, and i*41= 4. This term is

S L U l f i l 1 . S U L l f i l * .  i L L u m 3 . l i L O g l 4 S 1 • 1! S Z ' S\ 23-3! 24 ’4!
= 121 ■ 1S L Z . 1313. 11!4 

2 8 40 384
= 1,264,267,908,891,674,973,460,743,757,676,661,014,366,

331,029,548,190,674,207,832,012,105,190,400,000,000, 
000,000,000,000,000.
Therefore, there are FC2,4,6,B1, that is,

99,762,852,921,551,753,579,047,757,320,413,472,867,170,
933,209,020,910,698,059,423,756,579,089,420,035,011,870,
620,090,025,448,692,149,220,522,389,563,065,126,134,277,
336,048,024,309,042,752,746,800,460,014,410,970,030,272,
000,000,000,000,000,000,000
congruence classes of maps of Kj, 4 6 8.

In the next section we will compute hCmt,...,m^); 
this is a deviation from the previous chapters. The rea­
son for this change is because it is easier to calculate
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hCm1,...,mn ) than it is to compute g(mt,...,mn D .
We will begin by considering Kn(m). There is only 

one order For the partite sets— this uie will find is an 
advantage. Once we have this case under control, we will
complicate matters by considering KCmt mn ), where the
orders of all partite sets appear at least twice. Final­
ly, we will consider the general case.

In subsequent sections we will determine the general
formula for g CmA mn ) . Again we will find it easier
to consider Kn ( m , first. We will develop the general 
formula for the number of congruence classes of maps of
KCmt mn ) and show how it generalizes the formulas
given in the previous three chapters.

5.3 Calculating hCm1,...,mn D

In this section we will determine the general formu­
la for h C m t mn ) . We begin by considering Kntm). The
automorphism group of Kn(m) is isomorphic to 
Therefore, the partite sets can cycle in every possible
way. If y e  DCKn(m,), then all of the partite sets are
cycling; that is, the portion of the permutation in
$nCSml corresponding to the cycling of the partite sets 
has only cycles of length two or more.

Theorem 5.8. Let y e DCKCm1,...,mn )3; then IFCy) I > 0 if 
and only if y is uniform.
Proof: Suppose y e DCKCmt,...,mn )3; then no partite set
is fixed. We conclude that W  £ V, v and yCv) are in
different partite sets. Therefore, y*(V) fixes the adja­
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cent vertices v and vCvD. By Theorem E.3, either y*(V)
is the identity element of Aut KCmt mn ) or it Fixes
no rotation scheme of KCmt,...,mn ) . The result now fol-

Theorem 5.B does not Just pertain to Kn(m); it ap­
plies in general. UJe now establish conditions on this 
uniform cycle length.

Theorem 5.9. Let y e DCKn ( m ,) and suppose that y cycles 
the partite sets in cycles of lengths u t, v z , . .., . IF
y is d-uniform, then lcmC-i^ a divisor of d and
d is a divisor of m 'gcdC-u t, . . ., .
Proof: Consider one of the cycles of partite sets. Sup­
pose that there are partite sets being cycled. Since 
the partite sets are being cycled, Id. Since there
are m * ^  elements being cycled, d I Cnru^). These rela­
tions must apply For all Ci = 1, . . ., t) . We conclude
that lcmCuj, . . . ,Df.) is a divisor of d and that d is a di­
visor of gcdCm“Uj, . . .,m = m ,gcdC'u1> . . . . 0

By Theorem 5.9 we see that lcmCi^, . . ., must be a
divisor of m *gcdCu t, . . ., ). This suggests a strategy to
create the y s DCKn(m)) so that iFCy)I > 0. Let ̂ .....

be positive integers, with I E (i a 1, .. ., t ) .
Suppose lcmCu t, . . .,'Uj.) is a divisor of m ,gcdCu1, . . ., 
and there exist positive integers e 1, ..., ê . such that

DCKn(m)). Partition the n partite sets into e t sets of
-Uj, e 2 sets of d z  ej. sets of order these sets.
Create one-to-one Functions between the partite sets that

lows. I

n. It is easy to construct a member of
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respect this ordering. Let h be a positive integer which 
is a divisor of rrrgcdC-i^ ut)/lcmCu t, . . ., ut) . Consi­
der the m objects from one of these e^ ordered sets of ^  
partite sets generated by the functions. Create a permu­
tation out of these objects that is h •lcmCu t> . . ., 
uniform. Set d = h *lcmCi^, . . . , ;  this is a d-uniform 
automorphism in DCKn(m)).

Example 5.5
Consider 6 = 6 = 3 + 3 = 2 + 2 + 2 = 2 + 4 .

UJe consider these four cases separately. In the first 
three cases, uie have t = 1, and in the last case t = 2.
When t m 1, the partitions of n are over the divisors of 
n; this is not necessarily true when t > 1.
Cl) In this case we have e t= 1 and -u^ 6. We therefore 
must have h I 2'6/6 =2, so h = 1 or h “ 2. This means 
d = 1'6 “ 6, or d = 2'6 =12.
C2) In this case we have e t= 2 and ut= 3. Again we see 
that h = 1 or h = 2 are both possible. This means d = 3 
or d = 6. But notice that these 6-uniform permutations 
are in a different structure class than those in case 1.
C3) In this case we have e,= 3 and 111= 2. Yet again we 
have h = 1 or h = 2. This means that d = 2 or d = 4.

Observe that when t = 1, h I m. This is no accident 
for lcmCu) = gcdCn) = u, by convention.
C4) In this case Bj= e2=* 1, ■«,= 2, and -u2= 4. Here it
makes sense to take 1cm and ged; lcmC2,4> = 4 and also, 
gcdC2,4) = 2. Note that 4 I 2*2 = 4. The Formula For h 
says that h divides 2*2 / 4 = 1, so h = 1. We conclude 
that d = 4. Again note that these 4-uniform permutations
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are in a different structure class than those of case 3.

We mill continue this example after we develop the 
the counting argument.

The strategy developed before Example 5.5 actually 
allows us to determine IFCy)I and IJCy)I for each possi­
ble partition of the n partite sets. This we now deter­
mine .

Theorem 5.10. Let y e DCKn(m,) cycle the partite sets in
cycles of lengths u(1 v z  Cthat is, if partite
sets are cycled, then in every cycle of the disjoint cy­
cle decomposition of y corresponding to those partite 
sets every consecutive vertices contains a vertex from 
each of these partite sets). Suppose that there are e^ 
cycles of partite sets Ci = 1 t); let h be a di­
visor of m'gcdCUj, ..., / lcmCUj,...., and set
d = h ‘lcmC,u1 . Then, if y is d-uniform,

IFCy) I = Cn-m - m - ll!n-m/d.
Proof: With the conditions above, the remarks preceedlng 
Example 5.5 show how a d-uniform automorphism can be pro­
duced. Consider what happens to one of partite cycles 
of y. There are i m ^  vertices in the d-cycles of y that 
correspond to this partite cycle of length . Thus, 
we account for nru^/d d-cycles of y. Summing ovBr all of 
the cycles, there are m'Ce^'-u^/d d-cycles in these
length partite cycles. Therefore, there are Z mCe«'U:)/di=l 1 1
- m-n/d d-cycles altogether. By Theorem S.4, each of 
these cycles needs a representative. Now y is d-uniform, 
so yd is the identity automorphism on Kn(m). Thus, for
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every vertex v, IFvCy^) | = CmCn - 1) - 1]!. Combining
the above, and using Theorem E.H uie see that

IFCy) I = Cn-m - m - i:!n ‘m/d. I

Theorem 5.11. Let y e DCKn(m)) cycle the partite sets in
cycles of lengths d 1 -ut ; suppose that there are e^
cycles of partite sets Ci = 1, ..., t). Let h be a
divisor of m'gcdCi^, ..., ut)/lcmC/ul and set
d “ h'lcmC-Uj -ot). Then

Proof: The proof will parallel the strategy given before 
Example 5.5. We will first count the number of ways that 
the n partite sets can be partitioned and ordered. Num­
ber the partite sets; every ordered partition of the par­
tite sets corresponds Cin a natural way) with a permuta­
tion of ^ — the cycles of the permutation match the cy­
cles of the partite sets as follows: if x is followed by 
y in the permutation of $n then Vx is followed by Vy in 
the partite cycles of y; that is, in every cycle of y 
having an element of Vx , that element is followed by an 
element of Vy . In this way, a cycle of length in the 
permutation of ®n corresponds to a partite cycle of 
length in y. We conclude that the number of ways to 
partition the n partite sets in the desired fashion is 
the same as the number of permutations of Sp having e t 
cycles of length Dp ez cycles of length .... and et
cycles of length û .. This latt6r number is given by The­
orem E.B as
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n!

Now that the partition has been accomplished we need 
to determine the number of one-to-one Functions between 
the partite sets in each cycle.

Consider a partite cycle of length since it is a 
cycle we can begin with any of the partite sets in the 
cycle. There are m! one-to-one Functions From the First 
partite set to the second, m! one-to-one Functions From
the second to the third and m! one-to-one Functions
From the next to the last. In all there are - 1 
one-to-one Functions being constructed, each independent 
oF the others, so there are ml ways to create
these Functions. Observe that each oF these construc­
tions can be thought oF as producing m new objects to be 
permuted. We need only determine how many oF these new 
objects to include in each oF the cycles to produce a 
d-uniForm automorphism oF Kn(m) and then apply Theorem
2.6 to do the counting. Each cycle is to be d-uniForm on 
Kn(m); there are vertices in each oF the new objects; 
thereFore, we need d / oF thB new objects in each cy­
cle oF y. The number oF Cd/ju^)-uniForm permutations oF 
an m-element set is

Combining the above with the number oF ways to pro­
duce the objects being permuted, we Find that once the 
partite sets have been identiFied and ordered, there are
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ways to produce a d-uniform permutation on these objects.

Each of the partite sets is disjoint From all of the 
others; hence, each of the partite cycles is independent 
of all the others. Therefore, the total number of permu­
tations in JCy) is the product of all of the ways of pro­
ducing the ordered partitions with the numbers of ways of 
obtaining d-uniform automorphisms in each of the partite 
cycles. This gives us the value claimed. I

Example 5.6
Consider case 4 of Example 5.5. In this case we 

have m = E, n = 6 , e ^  ez= 1, u1= 2, uz= 4, and d = 4.
By Theorem 5.10,

IFCy) I - C6-E - E - l)!6-*-"* = gt 3 
= 47,704,7E5,839,B7E,000.

By Theorem 5.11,
IJCy) I -5-Llg-CE-C4/E)i'2'/4-l! ] *1! - C4-C4/4:>*‘4/4'S! 3 -1! 

= 1,440.

Let ?Ct,nl - CC-Uj, i»z, ..., I > 2 Ci = 1, ..., 
t), 3ei,...,et , = n }; that is, ?Ct,n) is the set
of all -û ’s that can partition the n partite sets. Given 
a set of 'Uj/s, let £ be the set of all solutions to

t .
Y ^ y L v L ~ n. 
i = 1

Note that since > 2, t S L n/E J, where LxJ is the 
Floor Function Cthe greatest integer function).

Theorem 5.IE. The value of hCm,m,...,m), where there are
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n m ’s, is given by 
Ln/EJ Cn*m - m - ID!n -m/d

t = 1 ?(t,n) £ h

uihere h is a divisor of m-gcdC-u t , . . ., -ut)/lcm('u1, . . ., ut) , 
and d = h ,lcmC'u1 -u^).
Proof: The sum over t will actually never get that high 
in most cases as all of the uj are distinct; this will be 
taken care of by the sum over FCt.nD. The sum over
jPCt.n) allows for all possible ways to partition the n
partite sets; by Theorem 5.9 only those sets of for 
which lcmCit t, . . ., ut) I CnrgcdC-Uj, . . ., vt)D will actually 
contribute. The sum over £ allows for the possibility of 
more than one solution to the set of equations given be­
fore the theorem. Finally, the sum aver h accounts for 
all of the different possible cycle lengths that can oc­
cur for the choice of 'Uj.......... . The definitions of h
and d, together with the formulas for IFCy) I and IJCy)I
and allowing for the order of the automorphism group,
give the result. I

Example 5.7

Consider Ke(Z) as in Examples 5.5 and 5.5. (tie see 
from Example 5.5 that t = 1 or t = E. Ule consider these 
cases separately.

When t =* 1; then ?C1,BD - C CED, C3D, CBD D. Let
y t" E; then e 1= 3. Therefore, h l E ,  so h = 1 or h » E,

If h = 1 then d = E. The value of this term is
CB*3 - S - 131 6‘ Z/Z „ 91 6

CE-CE/E)z'Z/2-E! D3-3! 4 3-B
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or h

so
term

13E
- 5,946,302,144,770,132,332,773,376,000,000.
IF h = 2 then d = 4. The value of this term is

CB-2 - 2 - 11! __ gi 3
C4■C4/2) '2 / •1!3 3■31 0 3-6

= 15,554,923,776,000.
Let 3; then Bj* 2. Therefore, h I 2, so h = 1
= 2 .
IF h = 1 then d = 3. The value oF this term is

CB • 2  -  2  -  1 1 ! =  3 ! 4
C3-C3/3)2-’3/3-2!1z-2! 6*-2

= 240,635,018,232,954,000,000.
IF h = 2 then d = 6 . The value oF this term is

C6-2 - 2 - 111 6‘2/S = _3j z
C3-C6/3)2’3/6-l!□z-2! G Z ‘ E 

= 1,028,915,200.
Let u,= 6 ; then e t = 1. Therefore, h I 2, so h = 1 
= 2 .
IF h = 1 then d = B. The value of this term is

CE *2 - 2 - 1 1 ! _ gt z 
CB-CB/BD2-'6/6-2! 1 l'l! 12

= 10,973,491,200.
IF h = 2 then d = 12. The value of this term is

C6_-2 - 2 - 111 6,2/12 = _3JL_
C12 * C12/612‘6/12,l!Di,l! 24

= 15,120.
When t « 2; then ^C2,B) = C C2,4> >. Let 2, and 
i; then e t= e z= 1. Therefore, h I C2-2 / 4); h I 1, 
i = l .  We conclude that d = 4. The value of this 
is
____________ CB-2 - 2 -  H i  6 ' ^ 4__________________
C2-C4/2)i-2/'4-in 1 ■ 1! -C4*C4/4D2'4/4-2! □ 1 ■ 1!

= = 1,493,272,602,496,000.1X ■ 0
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So, combining the above, 

hCE, . . .,2) - 5,S46,302,145,010,9SB,B5S,846,739,573,520.

We are now ready to generalize this to more than one
order for the partite sets. Suppose KCmt mn D has q
different orders of partite sets: f t have order p t, f a
have order p z  fq have order pq . Consider the f^
partite sets of order p^ and suppose that these f^ par­
tite sets are cycled in cycles of length Ujj for J — 1,
..., t ^ . By the same argument as in Theorem 5.S, we see:

Theorem 5.13. Let v e DCKCmj,...,mn )3; suppose that for 
i = 1 , ..., q, there are f^ partite sets of order p^ and 
suppose that y  cycles the f^ partite sets of order p^ in 
cycles of lengths Cj = l,...,tj_). Furthermore, sup­
pose there are e^j partite cycles of length . Suppose 
y  is d-uniform; then lcmCu^ t, . . .,  ̂ ) is a divisor of
d and d is a divisor of p ^ ,gcdC'u^ 1 ^itti)^1 *

Using Theorem 5.13, it is easy to prove that we must 
have lcmCu^; i = l,...q, j = l,...,tj_) a divisor of d 
and d a divisor of gcdCp^’gcdCujj;j = 1,...,^); i « 1,
..., q). Also, we can see that h must be a divisor of
gcdCpi’gcdC'Ujj-, j = 1 , .. ., t^5; i « 1  qD/lcmC^j ; i - l,
•••i Q» J “ 1> ..., t^). Since each of the partite sets 
is disjoint from all others, we can apply the strategy 
that was developed before Example 5.5 to each of the dif­
ferent orders of partite sets and apply the argument of 
Theorem 5.10 to each of these orders. Then Theorem 5.10 
becomes:
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Theorem 5.14. Let v e DTKCr^ mn)D; suppose that for
i = 1, ..., q, there are partitB sets of order p^ and
suppose that y cycles the partite sets of order Pi in 
cycles of lengths Ujj (j = 1 t p  . Furthermore, sup­
pose there are e^j partite cycles of length -û j . Let h 
be a divisor of

gcdCpj ■gcdC'Uj ,; J = 1, . . ■ , t1 ) ; i = 1, . . . , q)
lcmC-Uij; i = 1, q, J = 1 t p

and set d = JvlcmCuij;! = 1, ..., q, j = 1, . . ., t p  .
If v is d-uniform, then

IFCy)I = CP - Pi - i:!fiPi/d,
i = 1

where P = f tp t + •■■ + fqPq. B

Similarly, Theorem 5.11 becomes:

Theorem 5.15. Let y e DCKCm4,...,mn)]; suppose that for
i = 1..... .. there are fi partite sets of order Pi and
suppose that y cycles the fi partite sets of order Pi in 
cycles of lengths Uij Cj = 1, . . ., t p  . Furthermore, sup­
pose there are e ^  partite cycles of length ^ij . Let h 
be a divisor of

gcdCpj •gcdC'ui1; J = 1, ..., t p ; i - 1, .... q) 
lcmC'Uij; i = 1 ........ j - 1, . . . , t p

and set d = h “lcmCuij; i = 1 q, J = 1 ti)i
If y is d-uniform, then f.q f* ! ■p« ! 1IJCy) I = -|— r   ...  i-------------------- .

. I_L *iL r . . Pi^ij/d . n.-u. .n0iJ
1 j U x h j ■ t ^  ■ eu !
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Let-- . . . ,tq,pq ) - C 1 vij - 2, Ci - 1,

11•••. q. J = 1 tt), 3eij» = Pi J; that is,
J •FCtj.p^ ...,tq ,pq) is the set of all possible partitions 

of the partite sets in the manner being considered. Giv­
en a set of Vjj’s, let g be the set of all solutions to

r N i i n . l  “ Pi Ci - 1.......q).
J - 1

Also, let tTCpj, . .., pq) =* C Ctt tq) I 1 < t i  < p L / E

Ci = 1 q) T. Note: since 'uiJ >5, tj_ < L pi/5 J,
where L x J is the greatest integer function. Then The­
orem 5.12 becomes:

Theorem 5.IB. If KCm1,...,mn ) has q distinct orders of
partite sets: fĵ  of order pi Ci = l, ..., q), then if any
of the f^ is equal to one hCmj.... mn) = 0; otherwise,
hCm1,...,mnD is given by

E  E E  E “ >tICp j, . ■ . , p^) yctj.p^ . . . , tq, pq) t, h
where C*5 is

fiPi/dq _____________ CP - p1 - 1] ________

iUiAk-[^r-,d eu
eiJ!

Example 5.B
Consider the graph K 1 1 > 2 2  of Example 5.1. Here, 

p t =■ 1, p z * 2 and f t = f£ =■ 2. Therefore, t 4 - t 2 => 1, 
'un = 'u2i“ 5 « and B ii” e2i“ gcdC2,2) =■ lcmC2,2) = 2, so 
h is a divisor of gcdC2,H)/2 ■ 1. We conclude h = 1, sd 
d = 2. CObserve that only thB 2-uniform automorphism of
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Table 5.3 has a nonzero value For iJCvD1.3 

By Theorem 5.14,
IFCvD I = C6 -  1 -  I D!  i  ■ C6 -  5  -  I D I 4 / Z  = 4 !  ‘ 3!  z = 0 6 4 .

By Theorem 5.15,
I JCvD | = ------------------------------------5 ‘ l i  ZmE -Si_z________________CE-CE/ED 1“2/2--l!31-l! • CE • CE/ED z' z / Z  *6! 11 • 1!

= gjLfi = 2 E-4
Both of these are confirmed by Table 5.3.

Finally, Theorem 5.16 tells us
h Cl  1 E ED = ________ C6 -  1 -  I D!  t - ' t ' C E  -  5  -  I D!  4 / *________

’ ’ ’ CE■CE/ED1" z /2 • 1! ] 1 • 1! ■CE•CE/ED 2" 2/2 - E! 3 1 ■ 1!
= B64 = 1O0 
E-4

This is confirmed by the calculations of Example 5.1.

In the next section me will develop the general For­
mula for gCm j, . . ., mnD . UJe will again find it easier to 
begin with Kn(m). Once this is under control, we will 
move on to the general case.

In the Final section we will show how the formula 
for Kntm) generalizes the formula for Kn . We will also 
show how the formula for KCmt,...,mnD generalizes those
^or ^m,n anc* ^m,n,r*

5.4 Calculating gCmt mnD

In this section we will derive the general formula 
For gCmt,...,mn3. As we did in the last section, we will 
begin by considering Kn <m >— the proofs are easier when 
all the partite sets have the same order. Once this has 
been done, we will complicate matters by solving the gen­
eral case. By the end of this section we will be in a
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position to give the formulas for the number of congru­
ence classes of maps of Kncm) and KCmt,...,mn ). These 
will be shown to generalize the formulas for Kn , Km n ,
and Km,n,r-

Consider the symmetric complete n-partite graph 
Kncm). Let P e Aut Kntm); if sCp) denotes the permuta­
tion of Sp corresponding to the partite cycles then $(P) 
contains cycles of length one. In particular, if p fixes 

(setwise) then Ci) is a 1-cycle in «CP). Let I CP) be 
the partite sets corresponding to the 1-cycles in sCP); 
that is,

ICP) - { | Ci) s sCP) 5.
Further let HCp) be the other partite sets; that is,

HCP) = V - ICP),
where V is now viewed as t V^; i = 1  n > in the above
equation.

Theorem 5.17. Let p e BCKn(m>); then IFCP)I > 0  if and 
only if p |h c p ) d_uniform, for some positive integer d, 
and all of the cycle lengths in p|i(p) are divisors of d. 
Proof: Let v e where e HCP); then xCv) > E, and
pCv) is not in the same partite set as v Chow HCp) was 
defined). Hereafter, the proof is similar to that of 
Theorem 4.8. ■

We need to determine conditions on d, the cycle 
length of p |h (p)> terms of the length of the partite 
cycles and the order of the partite sets. This is where 
the fact that only one partite set is involved makes the 
work easier. Then we need to determine conditions on the
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other cycle lengths. Finally we incorporate all of these 
conditions to produce the Final form of gCm,...,m). La­
ter we will see how these generalize For gCrrij mp ) .

Theorem 5.13. Let P s BCKp(m,) and suppose that p |h o ) 
cycles the partite sets in cycles oF length Uj, ..., 'ut .
IF p |h c p ) is d-ur>iF°rm, then lcmC-u t, .. .,-ut ) is a divisor 
oF d and d is a divisor oF m ‘gcdCu t, . . ., û .) .
ProoF: The proaF oF this is almost identical to the prooF 
oF Theorem 5.9. I

Suppose that |ICp)| =* r, and let oct....... «r be the
permutations oF the individual partite sets of I CP); then 
we will consider the conditions on these permutations. 
Observe that For every cycle length a in oc1 then, by The­
orem 3.5, is uniForm, where L » V - t> and i t is
the number oF the partite set on which « t is a permuta­
tion. Clearly, this also works For « a, .... «r and 
p |h c p ) as well. This means Cocj, ..., «r> p|ncp)^ is a 
compatible set oF permutations. Because the condition in 
Theorem 3.5 is "iF and only iF," we see that the compati­
bility condition must be also. ThereFore, we have:

Theorem 5.19. Let P e BCKp(m>) and suppose |ICP)| = r.
Let oelt ..., «r denote the permutations on the individual 
partite sets oF ICp), where oĉ  is a permutation on
and I CP) = C Vi(1) Vi(r, } ■ Then > 0 if and
only iF C« 1..... .. P |hc pD ̂ is a compatible set oF per­
mutations .
ProoF: The prooF oF this is almost identical to the prooF
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of Theorem 5.3.
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I

Theorem 5.5 gives conditions on the cycle lengths of 
compatible permutations. Let = p |h c p )1 btl Theorem 
5.17, if is d-uniform, then the notation of Theorem
5.5 says c01 = 1. Therefore,

r
d = g 1 [  lcmCcik; k = 1, ..., r), 

i = 1
where g is a divisor of gcd(m,d). However, by Theorem
5.18 and the remarks preceding Example 5.5. Ule have 

d = h 1 IcmC'u l, .. ., 'Uf.) ,
where h is a divisor of m*gcd(utl .. . ,D^)/lcmC'u1 1̂ ).
UJe also know that gcdCcjj.c^j) = 1, when i ^ k. lile need 
one more observation before we can develop the final 
strategy that will allow us to develop the formula for 
gCm,...,m). Consider Theorem E.3, one implication of 
this is that at most one of the partite sets can have 
vertices fixed by P e BCKm m ) ). Naw the strategy:

Pick the partite sets to be fixed Cobserve that we
must have 1 i  r i  n - E). Let iij be positive
integers, with Uj > E Ci = 1, ..., t). Suppose that
IcmC-Ui is a divisor of m ■gcdC'Uj, . . ., and there
exist positive integers e t e^ such that £ n-r.
Partition the n - r  partite sets being cycled into e t 
sets of Dj partite sets, e2 sets of v z partite sets, ..., 
e^ sets of partite sets, and order each of these sets 
of partite sets. Create one-to-one functions between the 
partite sets that respect this ordering. These functions 
generate m new objects for each of the e^ sets of par­
tite sets. Let h be a positive integer which is a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1*10
divisor of m ’gcdC -u x, . . ., ut )/lcmCu t, .. ., ut ) and create an 
Ch'lcmC-Uj, . . ., II-uniform permutation on these m ob­
jects. Set d = h'lcmCu t, . . ., ; then the above creates
a d-uniform permutation on the n - r  partite sets being
cycled. Let g I gcdCm.d) and = Ccjj; J = 1  s p
Ci = 1..... r), uihere cjj I Cd/g), and gcd(cjj,ck p) = 1,
when i ^ k . CNote that when g = 1, at most one of the c^
can have a Cjj= d.3 Also, make sure that

r
d = g "f~[ lcmCck!?; 0 - 1, ..., sk ). 

k = 1
Set = d / c^j and suppose that I > 1} is any
solution of the set of equations

r ^ j j H r  m  C i  “  1 « • • •. r )  .
J = 1

Define I(P) = t I ik is one of the partite
sets being fixed J; let «k be a permutation on such
that «k has .nk p cycles of length *kj) Ck = 1 ......   and
0 = 1  sk^> where the V s  and the V s  are as above.
Further let HCp) be the other partite sets and let be
the permutation, on the n - r  partite sets that cycle, 
that was created above. Then P = oc0« 1...ocr is a permuta­
tion in BCKn(m)). Also, every such P can be formed this 
way; «(p) can be used to identify the above ICPD, HCP), 
d, V s ,  and V s .

The above strategy can be used to determine IFCP)I 
and IJ C p 5 I for the above derived P.

Theorem 5.50. Let P e BCKn(m) and suppose |ICp)l = r, 
where I CP) = C ^ i d o  I ^ k ^  e *CP) }. Interpret V to be 
( i = l, ..., n 1 and set HCp) = V - ICp). Suppose
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that is d-uniform and that its partite cycles have
lengths Dj ut ; Further, suppose that there are ê ^
partite cycles of length -û  Ci = 1, ..., t). Let h be a
divisor of nrgcdCi^ 'u^.)/lcmC'u1 -ut ) such that the
cycle length d = h'IcmCUj L,B̂ : 9  ̂ gcdCd.m), and
let C| = Cc^j; j = 1 ......s^}, where Cjj I Cd/g); Further
gcdCc^j,c ^ 5) Cwhen i k) and

r
d = g 1 I lcmCcj.; j = 1 ..... s«).

i = 1 J
Set j= d / c^j, and suppose that there are positive in­
tegers > 1 that satisfy the equations

2 -^ij^ij3 m Ci = 1 , ..., r).
J -  1

Then,
r Bim(n-r > L  £ „

I FCP) l  = Cn' m -  m -  1 1 !  ^ | | | [  i C c ^ . ,  n ‘ m -  m) ,
i = 1 J = 1

where 5Cc,N) = <PCc)-c (N-c)/C■CN/c - 1)!, and 9 is the 
Euler Function.
Proof: IF v e V t e ICp), then v appears in some cycle of 
length , Cwhere 1 < i < r, and 1 S J i  s^). From the 
above conditions, and Theorem 5.19, we see P 1J |n(V ) is 
c^j-uniform. Hence, by Theorem 2.5, IFV CP 1J)I is equal 
to 4Cc^j,n"m-m) . There are *jj-cycles, each of which 
needs a representative Cby Theorem 2.4). Thus, the con­
tribution of the *£j-cycles is given by

r si 
"j [ "j [ $Ccii. n ‘m “ .

i - 1 J = 1
Ule now consider ?|h CP)' v e e HCp); then

*Cv) = d. By Theorem 5.17, P^ is the identity of
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Aut Km m )  so it fixes all of the rotations at v. Now, 
dCv) => n ’m - m, tfv e v, so there are Cn-m - m - 1)! ro­
tations at v. Also, there are m*Cn - r) vertices in the 
partite sets of HO); thus, there are m*Cn - r)/d cycles.
By Theorem 2.4, each of these cycles needs a representa­
tive. The contribution by the d-cycles is

C n • m - m - l)!cn-r>/C*.
Combining the above, using Theorem 2.4, we obtain 

the result. I

Theorem 5.21. Under the conditions of Theorem 5.20, 
IJO) I
__________________________ nl ‘ml n_________________________

Proof: Consider sO); this has r 1-cycles, e t Uj-cycles, 
e2. ^ “cycles, ..., ej. u^-cycles. Since «0) is a permu­
tation from $n , Theorem 2.B applies. The number of such 
s O ) ’s is therefore, IJOO)DI, that is

n!

r!TT ̂ kkek!k = 1
As in the proof of Theorem 5.11, there are m! k 

ways of creating the one-to-one functions Cm nBW objects) 
in Bach of the e^ sets of partite sets.

Also, as in the proof of Theorem 5.11, there need to 
be Cd/u^) new objects in each cycle in order to produce a 
d-uniform permutation on the m new objects. By Theorem 
2.B, the number of Cd/u^l-uniform permutations of a set 
with m elements is
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Consider the fixed partite set Vt<i) and suppose

that permutes it. Using the notation of Theorem 5.BO, 
oĉ  has p ^^j-cycles. Theorem 2.B implies that the num­
ber of ways of producing such an of the above type is

m!

Each of the partitB cycles of s(P) is disjoint of 
all others. Each of the partite sets is also disjoint of 
all others. Ule conclude that the number of permutations 
in J O )  is the product of the above numbers given for 
each of the partite cycles and the number of permutations 
in the conjugacy class of s O) . This is exactly the val­
ue given for IJO) I in the theorem. I

Example 5.9

Consider the graph K 6(z) of Examples 5.5 - 5.7. Let
s O )  = C12)C34)(5)C6), V t = Ca^b,), Vz = {a2,b2},
V3= Ca3.ti33, V4= ta4,b4), V5= Cas,b5}, and V s= Ca6,b6).
Let « t = (asb5), and ocz  =■ Ca6b6); further, suppose
« j =  P I h c ? ) “  Caiai5(b1b^)Ca3a4)(b3b4) and take P =  oc(aoc1« z . 

Note «Cp)|H(p)) = CIS)(34) . Then * tl- *ZJ- B, > Z1
“ 1, iij” E, e t” E, t ■ 1, r » E, s 1* sz" 1, n “ 6, m = E,
and d = E Cthus, h = 1 and g = 2).

By Theorem 5.20,
IFO) I - C6-E - E - 1) ! 2 " ( 6_!l’ ■ $C 1,10) 1 • 'iCl, 10) 1

= 9! 4 i9! -9! = 9! 6
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- 2,563,380,023,591,730,815,704,376,384,000,000.
By Theorem 5.21,
UCp) I = 61 -2! ̂2!•C2•C2/2) z 'z / Z ‘ S\ 3^-21-ce1-!!5-C21-!!5

22Q = 180.

Let ?Cn,r,t) - C Cd t, . . . ,-utl I 2 Ci - l,...,t),
3et e*., i^1Bi'ui= n - r 1; that is, ?Cn,r,t) is the
set of all d^ ’s that can partition the n - r  partite
sets in the manner under consideration. Given a set of
ujl’s let £ be the set of all solutions to

t
C e ^ i  " " - r .
i = 1

Note that 1 S r i  n - 2, and l i t !  L Cn - r)/2 J, where 
L x J is the greatest integer less than or equal to x. 
Furthermore, let h be a positive integer which is a divi­
sor of m ‘gcdCu j, . . .,'û .i/lcmC'u t, . . .,-ut) and set d equal to 
tvlcmCi^, . . ., . Let g I gcdCm.d) and c = c 1x ... x cr ,
where c ^ J = 1.......sp, and c ^  I Cd/gD, and
gcdCcjj,0^ p) * 1, i ^ k; further, g must be such that

r
d - g T~T lcmCcs .; J = 1.....S,),

1 - 1  J
and at most one c^ contains a cjj “ d. Set *ij= d t  ciji
and let j» be the set of all solutions 1 1,
that satisfy the equations

si

J = 1
The above conventions allow us to express the formula 
for gCm,.. .,m) .
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Theorem 5.E2. The value of gCm m), where there are n
m ’s, is given by

n-e L“  JE E C  EEEEE's>-<"’r = 1 t = 1 Kn,r,t) £ h g c .n 
where C§) is

Proof: Since at least one of the partite sets must be 
fixed, r I  1; they cannot all be fixed, so r i  n - 2. 
Therefore, the first sum must be over these values of r. 
There is at least one partite cycle of length u 2: 2; 
thus, t i l .  Also, since v > 2, no more than LCn - r)/2J 
can cccur. Actually, most of the time t can never reach 
this maximum value because all of the u ’s are distinct. 
The sum over £ accounts for all possible solutions to the 
equation

t
Y ~ ^.B L v i  = n - r. 
i - 1

The value h ensures that all possible cycle lengths d on 
the partite sets that are cycled are accounted for by the 
formula. The value g allows for the condition that there 
is no vertex fixed by p as well as the condition that 
some might be fixed. The sum over c, together with that
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over .n, ensure that no compatible set of permutations is 
overlooked. Finally, substitution of the values for 
IF(P)|, from Theorem 5.20, and 1J C P 5 I, from Theorem 5.21, 
into the above eight-fold sum gives us gCm,...,m) as 
claimed above. I

Example 5.10.
Consider the graph K 6(2); r = 1, 2, 3, 4 are the 

cases to be considered.
Cl) Suppose that r * 1; then n - l  = 5 = 2 + 3. Ule con­
sider these two cases separately.
Ca) Suppose that t = 1; then v i= 5, e 1= 1, and h = 1
or h = 2. If h = 1 then d = 5. Now, gcdC5,2) = 1 ,  so 
g = 1. Therefore, c t= Cl), C5), or Cl,5). Let c t= Cl); 
then c ti= 1. Now, % 1 1 = 5 / l = 5 > m = 2 ,  so this case 
cannot occur. Since Cl,5} contains 1, the cycle length 
corresponding to this value of c ' would again be 5 and 
this case also cannot occur. Consider c t =* C5); here, 
■xlt = 5/5 = 1 and jilt = 2. The value for this term is

CB-2 - 2 - 1)1 = 9! 2:-C4-51-l! )a
1! *(5•C5/5)2 '5 /5 -21) 1 -11■la -S! 10-2

= 2,633,637,808,000.
If h - 2 then d = 2-5 = 10. The gcdC10,2) = 2, so 

g = 1 or g = 2. Suppose that g - 1; then c t = Cl), C2), 
C5), CIO), Cl,2), Cl,5), Cl,10), C2,5), C2.10), C5,10),
Cl,2,5), Cl,2,10), Cl,5,10), C2,5,10), or Cl,2,5,10).

Let c t= Cl); then c tl= 1 and 10/1 = 10 > 2, so
this case cannot occur. Since 1 is in Cl,2), Cl,5), 
Cl,10), Cl,2,5), Cl,2,10), Cl,5,10), and Cl,2,5,10), none 
of these can occur either.
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Let Cj= £23; then c u = 2 and xu = 10/2 = 5 so this 

case cannot occur either. Since 2 is in £2,53, £E,103, 
and £2,5,10}, none of these cases can occur either.

Let c t= C51; then c lt= 5 and ^ n = 10/5 = 2, so that
1. The value of this term is
CB-g - E - 131 ^ ' 5/,1o * $ C 5 . 1 0 3 1 „ 9! ■ ( 4 ‘5 1 -1! 1 1

1! ■C5-C1O/5)2'S/10-1!)1■1! *2 1 •1! 10-2
- 352,080.

Let c t= £5,10}; then c tl= 10 and c 12= 5. Thus, we 
get = 10/10 = 1 and = 10/5 = 2. But 1 + E > 2 so
this case cannot occur.

Let c t - £103; then c lt “ 10. Hence, *lt - 1, and
jiJ1= 2. The value for this term is

CG-E - E - 13! ̂ ‘S/le,$C10.10)z « 9! -CH-IQO-Ol 3
1! *(5•C10/5)2‘5/ !0•ij) 1 -11 -1^-2! 10*E

= 72,576.
Suppose that g = 2; then c t= £13, £53, or £1,53. IF

c t= £13 then c lt= 1, so 5.lt= 10/1 = 10 > 2. We conclude
that this case cannot occur. Since £1,53 contains 1, we
see that this case cannot occur either.

If Cj= £53 then 2 and > t4= 1. The value of
this term is

CS-2 - 2 - 1 ) 1 *'5/ie-$C5.10)1 
1! -C5-C10/5)2-'5/10'l! 5 1-ll -CS1 -II 5

= 9J_-_et-5.1.MI 3-1 = 362,080.10-2
Adding up the four subcases that survived in case 

la we find the total is 2,033,630,606,336.
(b) Suppose that t = 2. Now, m = 2, gcdC2,3) » 1, and 
lcmC2,3) = 6. Since 2 -l/6 = 1/3 is not an integer, this 
case cannot occur.
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The total contribution of case 1, when r = 1, is

2,633,638,606,336.
C2) Suppose that r = 2; then n - 2 = . 4  = 2 + 2. We con­
clude that t = 1 and there are two cases. We consider 
these cases separately.
Ca) Let Dj* 4; then e ^  1 and h = 1 or h = 2. If h = 1
then d = 4. The gcdC4,2) =2, so g = 1 or g = 2. Sup­
pose g = 1; then c t, c z = <11, <21, <41, <1,21, <1,41,
<2,41, or <1,2,41. At first glance it would appear there 
are 49 cases; the coprime condition implies that one of 
them must be <11. Suppose c t= <11; then ^ 11= 4 > 2 and 
we see that none of these cases can actually occur.

If h = 2, then d = 8. A similar analysis reveals
that one of the sets c^ must be <11 and again we see that
none of these cases will survive. We conclude that case 
2a is not possible for
(b) Let 2; then e t= 2. Again, h = 1 or h = 2. If
h = 1 then d = 2. The gcd(2,2) =2, so g = 1 or g = 2.
Suppose g = 1; then c 1( c2 = <11, <21, or <1,21. The
coprime condition implies that one of the sets must be
<11, the other can be anything Cexcept <11).

Suppose c t= cz= <11. This cannot occur; with g = 1
we would have 2 = d = 1■C1 * 15 ° 1. But 2 = 1 is absurd!

Suppose c t= <11 and cz= <21; then 2/1 = 2 and
*21= 2/2 = 1. Hence, m 11s* 1 and 2. The value of
this term is

C6-2 - 2 - 1)1 *‘4/2--$C1.10)1’$C2.1Q)2- 
2! ■C2*C2/2)4'2/a-2!)z-2! ■C2! 1■1!1■C11 2-2!)

= 9!4'0!1‘Cl-24-4!)*
2-4*-2-2-2

= 9, 438, 574, 832,968, 464, 020,275,200,000 .
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The symmetry of the Formula reflects the symmetry of 
the graph; thus, c t= €51 and c a= Cll would yield the same 
value. Ue conclude that the total contribution For this 
case is 10,877,149,665,936,920,040,550,400,000.

Suppose c t= Cl} and c a= Cl,El; then 'X11= E, 'XZ i = 1,
and ^ 2= 2. But 1 + 2 > 2 so this case cannot occur. By
symmetry, we see that c t= Cl,23 and c z = Cll also cannot 
occur.

Suppose that g = 2; then c,= c 2= Cll; then a 41= ^ Z1 
= 2. UJe conclude that jitl = P Z1 = 1. The value of this 
term is

_C6_‘B -.2 - 10 ! 4 /&,3K1.10) '$C1.10)
2! •C2■C2/2)2’a -2!)2*E! •C21•1!)■C21 * 1!)

= 9! 4-91 -9! „ 311
2*4a -2-2-2 256

= 8,919,453,217,155,198,499,160,064,000,000.
IF h = 2 then d = 4. The gcd(4,2) = 2 ,  so g = 1 or

g = 2. Suppose g = 1; then c l( c^ = Cll, C2J, C41,
Cl,2T, Cl,41, C2,41, or Cl,2,41. The coprime condition 
implies that one of the sets must be Cll. Suppose that
c t= Cll; then ̂ tl= 4/1 = 4 > 2. Ue conclude that none of
these cases can occur.

Similarly, if g = 2 then again the coprime condition
would imply that one of the sets was Cll. Thus we see
that none of these cases can occur.

Adding up the cases that actually contribute we see
that the total Far case 2 is

B ,938,330,366,821,135,427,200,614,400,000.
C3) Suppose r = 3; then n - 3 = 3. Ue conclude t = 1, 
u t= 3, and e t= 1. Therefore, h = 1 or h = 2, IF h = 1
then d = 3. The gcdC3,2) = 1 ,  so g ° 1. Then c 1, c 2,
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c 3= Cl}, C3}, or Cl,3}. The coprime condition ensures 
that at least two of them are Ci}. Suppose c t= Cl}; 
then ^ 11a= 3/1 = 3 > £ and none of these cases can occur.

If h = E then d = 6. The gcdC6,£3 = 2, so g = 1 or 
g = E. The coprime condition guarantees that one of the 
Cĵ  must be Cl}. SupposB Cj= Cl}; then ij,3 6/1 = 6 > E. 
We see that none of these cases can happen either.

Combining the above we find that case 3 is not pos­
sible .
C43 Suppose r = 4; then n - 4 = E. Ue conclude t = 1,
u t= E, and e t= 1. Therefore, h = 1 or h = S. If h = 1
then d = 2. The gcd(2,23 = 2, so g = 1, E. Suppose
g “ 1; then c,, c z , c 3, c 4= Cl}, CE}, or Cl,£}. The co­
prime condition ensures that at least three of them must 
be Cl}.

Not all of them can be Cl}, for g = 1; then we would
have E = d = 1 •Cl*1*1'13 = 1; E = 1 is ridiculous!

Suppose c t= c z = c 3= Cl} and c 4= CE}; then * tl=
= *3i = E/1 = E and ^ 41= 2/E = 1. Ue conclude p 1t= p Z i

=  P z t = 1 and > 41= E. The value of this term is
________9! 2-‘2-^-C$C1.1031]3-$CE.103_2-_______
4 !  * C E ■( E / 2 3  z'Z/Z,3\ D 1 - 1 1 • C E 1 - 1 ! 3 3 - C 1 * ' 2 ! 3

= S! z ‘ 3 \3 * Cl*54,4!3 
E4-4-23-E

- 1,573,095,805,494,744,003,379,200,000.
The symmetry of the graph says that any of them 

could have been the C2}; hence, the total contribution of 
this case is 6,292,383,221,97B,976,013,516,800,000.

Suppose that c t - c z = c 3 =? Cl} and c 4= C1,E}. Then 
*41 = 2/2 = 1 and %4 Z  = 2/1 =* E. But 1 + E = 3 > E, so 
this case cannot occur. Symmetry considerations ensure
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that none of them can be Cl,2}.
Suppose g = 2; then c t= c 2= c 3= c 4 = Cl>. Ue con­

clude that ^3i= ^ 4i= B / 1 2; therefore, me
must have j*n = * Z i = ji3l= j*41 =, lg The value of this term 
is

__________9! 1CH_4_________
4! ■C2,C2/2)z ’2/2'‘2! ) 1 *1! • C2 1 ■ 1! )4

= 9! z - 3 \ 4 = 91 6 
24'4 *24 1536

= 1,406,575,536,192,533,003,193,344,000,000.
If h = 2 then d = 4. The gcdC4,2) 01 2, so g = 1, 2. 

Regardless of the value of g, at least one of c,, c 2, c 3, 
or c 4 must be Cli. Suppose that c ^  Cl>; then ue must 
have * tl= 4/1 = 4 > 2. Ue conclude that this case cannot 
occur.

Combining all of the subcases of case 4 ue find the 
the total contribution of case 4 is

1,492,067,919,414,512,059,206,060,000,000.
Combining the results of the four cases ue find the 

value of g(2,2,2,2,2,2) is
10,431,190,206,235,647,409,071,113,006,336.

Ue are nou ready to generalize the formulas of Theo­
rems 5.20 and 5.21. Suppose K C m 1,...,mn ) has q distinct
orders of its partite sets: f , have order p t....... fq
have order pq . Let P e BCKCm,,,,.,mn )] and suppose that

is the permutation of Sp corresponding to the par­
tite cycles; then has cycles of length one but not
all of the cycles have length one.

As in the symmetric complete n-partite case, and let
ICfO = C Vi I CiD e 1, and HCfO - V - ICfO,
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where V is viewed as { I i * 1 n } in the equation
for HC P) .

Theorem 5.23. Let P e BCKCmt,...,mn)]; then IFCP)I > 0 
if and only if pj^cp) d-uniform, for some positive in­
teger d, and all of the cycle lengths in p |i cP) are divi­
sors of d.
Proof: The proof is almost identical to the proof of 
Theorem 5.17. I

Just as in the symmetric case, we need to determine 
conditions on d. The following generalization of Theorem
5.18 parallels the generalization of Theorem 5.3 to Theo­
rem 5.13.

Theorem 5.24. Let P e BCKCmt,...,mn)l; suppose that for 
1 = l,...,q, there are f^ partite sets of order p^ and 
suppose that P fixes r^ of the fj partite sets of order 
p^ and cycles the other f^ - r^ such partite sets in cy­
cles of lengths CJ = 1, ..., t^D. Furthermore, sup­
pose that p is d-uniform on the partite sets being cy­
cled; then lcmCUij; J = 1, ..., t^) is a divisor of d and 
d is a divisor of p^'gcdC^ijj J = 1, ..., tj), whenever
fi ~ > 0.
proof: Clearly, if partite sets of order p^ actually do 
cycle, then these partite sets must obey Theorem 5.18.
The fact that these partite sets are disjoint from all 
others makes that true. If all of the partite sets of a 
particular order are fixed by P, there is no reason to 
assume any relationship holds true. I
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Let I^CP) be the partite sets of order p^ that are 
Fixed by P and H^Cp) = V-x -  I^CP), where V  ̂ is the set of 
the Fĵ  partite sets of order Suppose 11 ̂  C p) I = ri ,
and let Cj = 1 .... r^) be the permutations on the in­
dividual partite sets in I^CP); we will consider condi­
tions on these permutations. Observe that For every cy­
cle length * in oeilf then p|L is uniform, where if is 
the partite set upon which ocj_ i is a permutation then 
L V — V L. Clearly, this must also be true for all oĉ j 
Ci = 1, . . ., q, and J = 1, ...,r^ having I^C P) 7** 0) as well 
as For P^|hcp)> where HCP) ^ S ^ C P ) .  CThis is by Theo­
rem E.5.] Because the condition in Theorem E.5 is an "if 
and only if" condition, we see that this compatibilty 
condition between all of the « jj’s Cfor i = 1  q,
I C P D 5* 0) must include the restriction of p on HCp). 
Therefore, we have:

Theorem 5.E5. Let P e BCKCm  mn ^ >  suppose that
II i C P) I = r^ and that Cj = l,...,r^) are the permuta­
tions on the individual partite sets of I^Cp). Then
IFCP) I > 0 if and only if < p |h c p )> «ij ;1 “ 1  q.J = 1.
. ..,rp is a compatible set of permutations.
Proof: See the remarks preceding this theorem. I

Theorems 5.E4 and 5.E5 are enough to allow us to 
modify the strategy that was given before Theorem 5.E0 so 
that the determination of IFCP) I and IJC P) I can be done.

Using Theorem 5.E4, it is not hard to show that we 
must have Cassuming p |h c p ) is d-uniform)

lcmCujj ; i = 1, . . . ,q, HACP) ?  0, J = 1, . . . , t ^  I d
and
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d I gcdCpi-gcdCuj^j ; j = 1 .... tj_);i = 1 .....q, H ^ P )  ?* 0).
Then for h a divisor of

gcdCpj - g c d C ^ 1; j = 1  tj);i = l,...,q, HjCP) ?* 0)
lcmC -û j ; i = 1, . . ., q, J-^CP) 5* 0 , J = 1  tj_) ’

d = hrlcmCUijji = 1 .....  H ^ p )  5* 0 , J = 1,...,^).
Theorem 5.5 gives us conditions on the cycle lengths 

of a compatible set of permutations. Just as was re­
marked before Theorem 5.20 ue must have Cuith a slight 
modification of the notation of Theorem 5.5) 

q ri
d = g TT TT lcmCci^; k - l1...,si .)l

i = 1 j - 1 J J
I±C P3 *  0

uhere g is a divisor of gcdCd, p^;i = 1, . . .,q, I^CP) 0). 
Nou, recall that ue Just stated
d = hrlcmC-Uj^; i = 1, ..., q, H ^ P )  ?* 0, Q = 1 ....... tj_),
uhere h is as given above. U)e also knou, from Theorem 
5.5, that gcdCCij^, c u<nK) = 1, uhere i 5* c, or j ^ m, or 
both.

We nou have the follouing strategy: Pick rj_ partite 
sets from each of the f^ partite sets of order p̂  ̂ to be 
fixed Cobserve that at least one of the r^ I 1, but not
all of the ri i f i - l ; i  = l  q] . Let Ci = 1,
..., q, j = 1, ..., t^) be positive integers, each tijj is 
at least tuo, and suppose that there exist nonnegative 
integers e ij Ci,j have same range) uhich satisfy:

= fi ' ri (i = 1’ q).
J = 1

Furthermore, suppose that lcmCv^j ; i=l, . .., q, H^C 0)5*0 , J=1, 
...jt^) is a divisor of gcdCpj^ ‘lcmCujj ; J=1, . . ., tj_); i=l, 
... ,q,Hj_C 0)5*0). For each i = 1, ..., q, uhere > 0,
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partition the partite sets of order Pi into e^j
sets of -ujj partite sets each CJ = 1 tj) and order
each of these sets of partite sets. Create one-to-one 
functions between the partite sets that respect this or­
dering Cthese functions generate p^ new objects for each 
of the e ^  sets of partite sets). Let h be a divisor 
of

gcdCpj/gcdCu, ,; J = 1, . . ■ , 113 ; i = 1, . . . .q.HjCP) ¥■ 0) 
lcmCuij;i = 1, ....q.HjCP) ? 0,J - 1 t ^

set d = b'lcmCv^j; i = l,...,q, Hj ĈP) 5* 0, J = l,...,tj_) 
an create a d/u^j-uniform permutation on the p^ new ob­
jects created from each of the e^j sets of partite 
sets of order p^. This creates a d-uniform permutation 
on HCp) =^B^H^CP). Let g IgcdCd, pj_; i=l, . . . , q, Ij_C P)?*#) and
c L j =  Ccijk;k = l.-.-.Sij} (i = 1.....  I^P) 5* 0, J = 1,
....rĵ ), where Cijk I Cd/g), and gcdCcijk ,cL^K) = 1 Cwhen
i i, or j t* n, or both). Also be sure that

q ri
d = S T~f T T  lcmCci1k; k = 1 Sij5-

i = 1 J = 1 
I X C P) *  0

Set d / Cijk and suppose that Cjiijk I * 1) is
any solution of the underdetermined set of equations

siJ
]T>iJk^ijk- Pi  ̂̂ = ^» ■ ■ • > d» Ij_tP) ^0, J = 1  i“i)
k - 1

Define ICp) = .S^I^Cp), where I^CP) = C ^t<i,J> *
Cî ij) e ^(p), = Pĵ >; let ocij be a permutation
on ^ t  i , j > such that oc^ has cycles of length *ijk
Cj ■= 1, . . .,Ti , k = 1 sij^> where the ji’s and the V s
are as above. Denote the d-uniform permutation created
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earlier a s « 01; then p = « 00 {T FT e BCKCm1>...,mn)D, 
uihere 1 = 1, q, Ij_CP) ¥■ 0, J =1,..., rj_. Also, ev­
ery such P can be formed this way CsCP) can be used to i- 
dentify ICp), HCP), d, Vs, and Vs!.

The strategy developed can be used to determine 
IFCP)! and IJCp)l for the above derived p.

Theorem 5.56. Let P e BCKCmt ,...,mn)3 and suppose that
KCmt mn) has f^ partite sets of order p^ Ci = 1.....
q). Furthermore, suppose that p fixes r^ partite sets of 
the ft partite sets of order pĵ  and cycles the other
fi - ri partite sets in cycles of length Cj = 1.....
t^). Let Iĵ Cp) be the set of partite sets of order p^ 
that are fixed by P and for e I^CP), let oejj be
P restricted to this partite set. Suppose that oc-̂  has 
.Fijk cycles of length Hjk* ^i *'*1B PartitB
sets of order pĵ  and set K^p) = - I^p). Take HCp)
= 0 HiCp) and suppose that p is d-uniform on HCp). Fur- i=l
thermore, suppose that on H^CP) there are e^j partite cy­
cles of length and let h be a divisor of

gcdCpi -gcdCi), j = 1, . . . ,tt) ; i = 1,....q.HjCP) ^ 0)
lcmC^j ; i = 1, . . . ,q, H^C P) 7*0, J = 1, . . . .t^

such that d - h-lcmCi^j; i-l,...,q, Hj_CP)j*0, J-1, . . ., tj_) .
Let g IgcdCd,p^; i=l, . . . ,q, I^CP) 0) and let Cjj= tĉ jj,,;
k = 1, ..., si j) Ci =■ 1, . . ., q, I ± C p) j* 0, J - 1,...,^),
where cijk I Cd/g) and gcdCCijk , c^.^) = 1 (when i ?* i,,
J n, or both) . Hake sure that

q ri
d ’ 9i"^l j U . — —  "

H^P) ?* 0
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Set = d / cijk, and be sure i  Pj_; suppose there
are positive integers 1 1 that satisfy

siJ
/ -^ijk^ijk ~ Pi ^  — ^     1 j^ 0, j = 1, . • ., r ̂ .

k = 1
Then

q p1(f1-ri) ri siJ
ifcpdi -.TT cp - p^ Did TT, ,TTfCcijk-p - Pî 1'3̂1 = 1 1 j = 1 k - 1
where P = £ PiP*. *Cc,p) = <PCc)c CP~C >-^Cp/c - 1)!, <P is
the Euler function, and

A  fl'Pl' 1IJt” l ■ .TT, !*>■**> '1 =  1
where C*) is

We assume that in a product where t^= 0, or r^= 0, the 
resulting empty product is 1.
Proof: The proof of IFCpTI is almost identical to that of 
Theorem 5.E0. The proof of IJCP)I is almost identical to 
that of Theorem 5.El. The conventions on the product al­
low the formula to work when all of the partite sets of 
a single order are fixed or all are cycled. I

Example 5.11
Consider the graph K, 4 . Let sCP) = (12)(3)C4D.

*  J J * •  I

Then q - E, p,- 1, pz= E, f t= f z= E, r t= 0, r2= E, t t= 1,
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tj.= 0, u 11= £, e tl= 1, d = E, and h = 1 are obtainable 
from sCfO. Suppose V t= CO}, V 2= Cl}, V 3= C£,3}, and V 4 
= C4,5} and let P = C01)C2DC3)C45); then * 2.^= 1, * Z Z i

= E, > 2,!!= 2, and * Z Z i = 1 are discernable. We conclude 
that c ail= E/1 = E, and c 221= E/E = 1.

The formula for IF(P)I gives us 
(6-1-1) ! *' <z~0> /2:-l-C6-E-l)! z ' ( Z ~ Z} /Z-*C2,4)Z-*C1,4) 1 

= 4! *(1'E1•1!)z -3! - 576.
This agrees with the entry of Table 5.E.

The formula for IJCP5I gives us
_______________________ El  • 1 2 ■ E 1 * E 2_________________________
0! ■ CE ■ C2/2) 1 * 2- z2' ■ i j ) i-i! ■ 1 ■ 1•C12-2!)■CE1■1!)

This again agrees with Table 5 . E .

Let (RCPi.f t, . . . ,Pq,fq) be the set of all values of
r^ with at least one of the r ’s nonzero. Let tXCC?) be the
set of all t ’s corresponding to the ways the partite sets
can be partitioned and ?(?)') the set of all u ’s that show
how the partite sets can be cycled. Let £ be the coeffi­
cients that are solutions to the set of equations

y ~ S j  gUj o = fi - ri Ci - 1, . . . ,q, Hi CIO *  m  .
5 = 1

Let h be a divisor of
gcdCpj ■gcdC'Uj p; 5 = 1  tj);i = l,...,q, HjCP) ^ 0)

lcm C-Ui p;i = 1, . . ., q, Hi( P) ^ 0, 5 = 1  ti)
and set d = h'lcmC-Ui p;i=l,...,q,HiCP) ?  0 , 5=1 ti).
Let g 1 gcdC d , Pi; i—1 , . . ., q , I  i (P ■ c — c ̂ ̂ x ... x  ̂q j, 
where Cij = tCijk ; k = 1, ..., s^}, Cijk I Cd / g) and 
gcdCCijk ,ct^K) = 1 (when i ^ c, or J ^ ix, or both). Make
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sure that

H^in 5* 0
Set îjj<= d / c^j^, and be sure that îjj< - P^; let > be 
the set of all solutions * l;k = l,...^^} to

Theorem 5.27. Assume the conditions of Theorem 5.26 and 
the notation introduced before this theorem; then the 
value of gCmt mpD is given by

where P = f tp t + ... + fqPq-
Proof: The sum over (j? ensures that all possibilities for 
fixing partite sets and still cycling some others are 
taken into account. The sum over ?Y allows for all possi­
ble numbers of distinct partite cycle lengths that could 
partition the partite sets which cycle. The sum over !F 
accounts for all possible lengths of partite cycles that

G ? t r ? : £ h g c j i i  = l
where is

CP - pt - l)!d

and where C”) is

ijk ^ijk•
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could partition the cycling partite sets into the appro­
priate numbers of distinct partite cycle lengths. The 
sum over £ accounts for all mays in which these given 
partite cycle lengths can be chosen to add up to the num­
ber of partite sets which cycle. The sum over h accounts 
for all possible cycle lengths d on HCP). The sum over g 
ensures that all possible cycle lengths of P on I CP) are 
explored. The sum over c accounts for all compatible cy­
cle lengths on p to be determined and the sum over j* gen­
erates these compatible sets of permutations. The values 
of C~) and C4*) are obtained by substitution of the formu­
las for IFCP)I and IJCp)| into this eight-fold sum and
then dividing by the order of the automorphism group. 1

Example 5.12.
Consider again the graph K. . * , of Example 5.11.

Here we see that p t= 1, p2= 2, and f t= f^= 2. There are
two possibilities in (R: r 1= 0, r 2= 2 and r t= 2, rj= 0.
Cl) Suppose r,= 0 and r 2= 2; then t t= 1, ta= 0, u lt= 2, 
and e tl= 1. Ule see that h is a divisor of 1-2 / 2 = 1;
that is, h = 1. Thus, d = 1*2 = 2 and g is a divisor of
gcdC2,2) =2, so g = 1, 2. Now c 11= 0  (as r, = 0) and
since 2/1 = 2, c21 = c z z = Til, C21, Cl,21. The coprime
condition implies that at least one of the c ’s must be
Cl} .
Ca) Suppose c21= c2z= Cl> and g = 1; we see that we must
have 2 = d = l'Cl'l) = 1; that is, 2 = 1 ,  a contradic­
tion .
Cb) Suppose c21= Cll, c22= C2), and g = 1; then c211= 2, 
c 2,2.1 = ^> ^iii = 2/2 = 1, = 2/1 = 2, = 2, and
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>*2ai= 1. The value of this term is
C6-1-1) ! /^.C6-g-l)! • r $ C £ . 6 - £ ) z ’3Cl-fi-E) *)

0!CECE/E) 1"Z/2’1!31,1! ■E!C13,(li,E!5 * C 5 1 * 1!)
= 4!1•5!e,[(l'St,ll) ̂  • C1 • 13 ■ 3!I1] = S4-£*-B = 3G 

CE3 1-ECE)CE) 16
By symmetry considerations, we obtain the same value 

when c it= CE} and c z z ~j Cl). Therefore, the total contri­
bution from case lb is 7E.
Cc) Suppose c Z i = Cl), ĉ j, = C1,E), and g = 1; then
ciii~ ciii= 2 > c z z z ~ ' i n a 'ii23 2, and ^ 2Z1-  1.
But ^22!= 1 + E > E = p 2, so this case cannot hap­
pen .
Cd) IF g = E; then E/E =1, so c Z i = c z z = Cl). We con­
clude that *222= * Z2. i = 2 and *̂211" J»2ii“ The value of 
this term is
CS-j-1) i / Z • C6-S-1) ! t - ' 2- - * - ' ■ C$C 1.6-S) 1 *$C1. 6-E) *3

0! CSCE/E) -EICli-CE1-!! )'CE1’1! )
= 4! 1 - 51 e,CCl'l3,3l)1,Cl,l3,3l I1) = E4-6-6 _ cll 

CE) 1 "ECE)CE) 16
The contribution from case Id is 54. We conclude

that the total contribution from case 1 is 1E6.
CE) Suppose r j= E and r2= 0; then t 2= 0, t z= 1, v z l = E,
e 2j= 1. We see that h is a divisor of E'E / E = E, so
h - 1, E.
Ca) Suppose h = 1; then d = 1*£ = E. The gcdC£,l) = 1,
so g - 1. Since S/1 - E, c tl= Cl2= Cl), CE), C1,E). The
coprime condition implies that at least one of the c ’s is 
Cl). Suppose Cji3 Cl); then c lll= 1 and * 122“ 2/1 = E.
But E =  * 2ii > Pi= so these cases cannot occur.
Cb) Suppose h = E; then d = E-E » 4. The gcdC4,l) = 1,
so g - 1. Since 4/1 - 4, c lt= c 12= Cl), CE), C4), C1,E),
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£1,4}, CS,4>, or 11,5,41. The coprime condition implies 
that one of the c ’s is 111. Suppose c lt= 111; then 
c l u = 1 and 4/1 = 4. Now 4 = * llt > p t= 1, so
none of these cases can occur.

tile conclude that case S is net possible; hence, the 
value of gC1,1,5,2) is 156. This value is confirmed by 
the calculations of Example 5.1.

In the next section uie will display the formulas for 
the symmetric complete n-partite graph and the general 
complete n-partite graph, tile will show how these formu­
las generalize the formulas for the complete, complete 
bipartite, and complete tripartite cases. In addition, 
we will show that by adopting two conventions, the formu­
la for the number of congruence classes of maps of the 
general complete n-partite graph can be simplified.

5.5 The General Formula

In this section we will give the general formula for 
the number of congruence class of maps of complete 
n-partite graphs. We will give explicit formulas for 
both the symmetric and general cases. Ule will illustrate 
how these formulas generalize the formulas for the three 
cases that have gone before: the complete, complete bi­
partite, and complete tripartite graphs.

We begin by presenting the formula for the number of 
congruence classes for the maps of symmetric complete 
n-partite graphs. We then show how this formula general­
izes the formula for the complete graph.
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Theorem 5.EB. The number of congruence classes of maps
of Kn<m> is Biven by

= FCm,...,m) + gCm,...,m) + hCm,...,nO, 
uihere fCm,...,m) is

,  ___  , .     n si *Ccs ,, n ’m - mD"^^  C  C  c . n  TT. - - - - •
o c * 1 - 1 J - 1 H j iJ- jaiJ !

uihere $Cc,m) = <PCcD *c(m-c ’ ̂  ■ Cm/c - 1)!, ¥ is the Euler
function, g 1 m, c = c t x ... x cn , c ±  = Cc^j;j = 1, ..., 
si^> cij I Cm/g), gcdCCij, ck = 1 Cuihere i t6 kl,

sk
%■ _ g | | lcmCcj^ j,  ̂ 1, *. i, s^ 1,
U  ciJ k - ’l

and .u = >1; i = l, . .., n, J = 1 s p  is the
set of all solutions to

sk
) Vj 1 =* m Ci = 1.......n);

J = 1
gCm,...,m) is

n-a L°fJC  £  C C C C C D 11- " ’.r = 1 t = 1 T  £ h g c j* 
uihero C*) is

Cm-Cn-1) - 1)!
_t , mvk

r

and (**) is

r* S ^iJi $Ccj,, n ’m - m).n, n,i - 1 j - l H .  ' » i <
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where r is the number of partite sets being fixed, t is
the number of distinct partite set cycle lengths, ? is
the set of all passible partite cycle lengths having t 
distinct values, E is the set of all possible solutions 
to the equation

t
Y Z  Bi'di = n "  r >i = 1

h is a divisor of
m ■ gcd C t) t, ..., Uf- D 
lcmC-Uj, . .., ’

d =• h ,lcmCu1, . . ., uj.), g is a divisor of gcd(d,mD, c and .n
are as above, except now cjj I Cd/gD Ci = l,...,r, J = 1,
...,sp; and hCm,...,mD is

L " ? J  t m - C n - 1 3  -  iJiP

M v v v n j n t i ] - .  [ ^ ] ! ] - a 1,

where t, E, and h and d are as described above.
Proof: The result follows directly from Theorems 5.7,
5.IS, and 5.EE. I

Consider what happens to the above formula when we
have m = 1. We first look at fCl I D .  Here, g I m,
so g = 1; c^j I Cm/gD, so every c^j= 1. We conclude that

= 1, and ĵ j= 1 Ci = 1......   J = ID; that is, we
are talking about the identity element. It is easy to 
show that iCl, n-lD = Cn - ED!; hence,

fCl, . . .,1D = Cn - SD!n / n! .
We now look at g(l,...,lD. The compatibility condi­

tion makes us conclude that only r = 1 will contribute to 
gCl, ..., ID. This same compatibility condition also
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requires that t = 1. Therefore, i^Kn-1), e t= Cn-D/iij, 
h - 1, so d = Kj and e t= Cn-lD/d. Also, c tl= d, 9vu a 1, 
and ^ tl= 1. We conclude, that for each divisor of n - 1, 
greater than one, the term is

Cn - 2)! m ~i) •/d-$Cd, n-1) 1 
d'n-1’ ̂ -CCn-D/dD! • Cl1 -II D 

Cn - g)i <n-i)/d.cpCd?.dt tn-i>/d -*5 c (n-p/d -1)1 
d m-i) /dcCn-15/d)!
‘PCdi -Cn - 2)! (n-i> /d 

n - 1
We also note that uiith so many of the sums taking 

only one value, the eight-fold sum reduces to a simple 
sum over 1̂ = d t 2, a divisor of n - 1. Thus,

—̂ ■ 9Cd)-Cn - 2)!
g e l  15d

d ?  1
d I Cn-1) n - 1

Finally uie turn to hCl,...,l). The uniformity con­
dition, together with the fact that m = 1, implies that 
t = 1. Thus, 'u1 I n, e t= n/n1, h = 1, so d = Uj and 
e 1= n/d. We conclude that for each divisor of n, greater 
than one, the term is

Cn - 25! n /d
dn /d* Cn/d)!

We also note that the four-fold sum reduces to a 
simple sum over d I 2, a divisor of n.

Cn - 2)!n/dhCl,
d i n  dn 'Cn/d)! 
d ^ l

Notice that the form of fCl,...,l) is the same as 
that of hCl,...,l) above with d = 1. Therefore, we ob­
tain
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lCCKm  t)) I - ICCKn) I

C Cn - E)!n ^  —̂ ' <PCd)-Cn - 2)1 <n-i)/d   +    : .
d | n dn /d•Cn/d)! d I Cn-1) n - 1

d ^ 1
Compare this to the Formula for |CCKn )| given in 

Chapter II. Thus, the formula for Kn(m) does generalize 
that of Kn .

Before we show how the formula For the general com­
plete n-partite graph generalizes those of complete bi­
partite and complete tripartite graphs, we show how to 
simplify the formulas. We have already employed one sim­
plification in the formula; that is, when we would obtain 
an empty product we have replaced that product with one.
We now show haw two other conventions will allow us to 
replace the three functions f, g, and h, with a single 
Function, g.

The first convention that we will employ is that 
when dealing with an empty sum, the summation symbol and 
those terms governed by the index of the summation are 
simply removed From consideration.

Consider the formula for gCmt mp ) given in the
last section. When all r i= 0 Ci = l,...,q), the sum over 
(R is dropped Cas are those over h, c, g, and j* which de­
pend on it) and the r ’s are removed from consideration 
Cso are the 4, * ’s, and ji’s); the empty products that re­
main are replaced with one Cl). That is,

C C C C E Z C C C f W c * ” .( R t r s c g h  g c ji i - 1 
where CS) is
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PiCFi“riD/d 
CP - pA - 1)!

and where CSS) is

becomes

C C C E
tr ? e h

The above is the formula for hCmt mn)
The second convention is that the conditions on the 

remaining portions are reinterpreted in terms of the new 
model.

Consider again the formula for gCmt mn^* Sup­
pose that all t^= 0 Ci = 1  q) ; then r^= fj_ and the
sums over tX, £, and h vanish. The result is

This is just a rewriting of f C m ^  .. . ,mn ) when we reinter­
pret as follows: Originally, g was a divisor of gcdCd,
p^; i = l,...,q, I^CP) 0); now it is a divisor of only 
gcdCpt> ...,Pq). Originally, the c ijk I Cd/g); now they 
are divisors of gcdCp^ i « l,...,q)/g Cif f ^  1 then it 
gcdCpk ; k i)/g]. Originally, *jjk = d / Cijk ; now they 
are
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Thus we see that with these two conventions the
only Formula needed is that of gCm* mn) .

For the moment, however, we Find it easier to work 
with the three Functions. Consider the case where n = 2. 
The Formula For FCm^m^) is

s.i *Ccij

g c j* i • l j * l H j  ^ij1
where i  = 1 (nij j6 m2), or 1/5 Cm!** nî J. This is exactly 
the same as the Form given in Chapter III, Similarly, 
when n = 3, we get the same Formula as in Chapter IV.
Thus, the Formula For F generalizes those From before.

The Formula For gCmj.m^) does not exist— just as we 
Found in Chapter III. When n = 3, we have three cases. 
IF all three partite sets have distinct orders, then we 
note that all oF the partite sets must be fixed. Thus, 
gCm1,m2,m3) = 0 Cas in Chapter IV). IF two oF the par­
tite sets have the same order but the third has diFFerent 
order then we can assume the orders are p t and p2 where 
Fj= 1 and F2=* 2. Also, r,« 1, r 2- 0, 1 0, t2= 1, 
-u21= 2, and e21= 1. Now, h I p2 and d = 2h; g|gcdCpt,d)
and I d/g. Putting these into the Formula For
gCPt.Pi.PP we get
X— ■ X— • X— • X— ' Cpt + p2 - l)!Pz/d lli ̂Cc 111, Ep^)-*11
—̂ 1 *— —1 *-— * ̂— * n„ /d 11,,,h g c ^ E*h 2 'Cp2/d)! J “ 1 a J. „ iAnj -̂ lij'

The sums over g and c can be combined into a single
sum over * lt, where I gcdCpj.Hh). ThereFore, we get
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P 2. S tt

)— ' ")— * ">— ' Cpi * p* ~ 1)1 T—T *(cm » aPt> liJ
/ —  J / . . ,  4 i i , , ■ ■ A n _ yH II U  .h I p4 * lt ji E-h -Cpz/d)! j = 1 jitlJi

This is the same formula obtained in Chapter IV.
When we have m t = m2 - m3 - p 4 then f t- 3, r t- 1,

i'j= 2, e t -  1, and t t= 1. Now h I p t and d = 2h. Also,
g I gcdCd,p1) and we see that substitution into the above 
is equivalent to replacing p z by p t in the the above for­
mula. This is exactly what was noted in Chapter IV.

The formula for hCm^mj,) is considered now. When 
nij ^ then the partite sets are fixed and hCm^m^) = 0.
We consider h C p ^ p ^ ;  t t“ 1, 1̂ = 2, e,= 1, h Ip4, d = Eh.

r-- n CP - l)«Pl/hThen, h C p ^ p ^  =  *-----------/__ . I
h I p 1 E ’hP 1 / Cp 1/h)!

which is the same as the formula in Chapter III.
When n = 3, by similar analysis, we get the same as 

the result in Chapter IV.
The final chapter is concerned with random topologi­

cal graph theory. This twig on the branch of topological 
graph theory was introduced by White and Schwenk in C193. 
Further studies in random topological graph theory appear 
in C113, C123, and CIHD. We will end by presenting some 
questions that have been generated by the topics touched 
in this dissertation.
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CHAPTER V I

RANDOM TOPOLOGICAL GRAPH THEORY:
ASYMPTOTIC RESULTS

G.l Introduction

In this chapter we will relate the work of the pre­
vious chapters to a recent offshoot of topological graph 
theory called random topological graph theory. This top­
ic was introduced by UJhite and Schwenk in C1SD . Ule will 
introduce a new parameter, the average number of symme­
tries of the maps of a connected graph G. We will denote 
this mCGl.

The way we will relate the previous work to this new 
parameter is through asymptotic approximations. These 
approximations will be worked out for the complete graphs 
and the complete bipartite graphs, but it seems quite 
likely that they also apply to complete n-partite graphs 
in general.

We will Bnd this dissertation by presenting same 
problems for further exploration. These problems will 
not only relate to enumerative problems in graph theory, 
but some will also relate to topological problems, and to 
random topological problems, as well.

B.5 The Average Number of Symmetries

In this section we will derive a formula for the

170
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average number of symmetries of the maps of a connected 
graph S. This Formula u)ili be in terms of the degree se­
quence Cas it relates to the rotations on G), the number 
of congruence classes For the maps of the graph, and the 
number of automorphisms of the graph.

Let G be a connected graph of order n . Suppose that
VCG) = £Vj, v 2, ..., vp> and that dCv^) = dj_- Ci = 1 .....
n). Without loss of generality uie may assume that the 
vertices have been labeled so that d t i  d z i  ... i  dn , 
but this is not really important to the discussion.

Recall that For all v e VCG), the number of rota­
tions at v is CdCv) - 1)! and that a rotation on G is an 
indexed set of rotations, one at each vertex of G. Let
RCG) denote the set of all possible rotations on G; then
it is clear that IRCG) I = ft Cd< - 1)!.i=l 1

The group of automorphisms For a graph G is denoted
Aut G. Also, if II = CG, P), where P e RCG), then Aut M
is the group of automorphisms For the map 11. Note that 
IAut Ml is the number of symmetries of the map M; howev­
er, we will introduce a simpler notation-.

mCP) = IAut M I , 
where M = CG, P) and P e RCG). Furthermore,

CCP) = C 0- e RCG) I 3« e Aut G, «CP) = ).
Note that when CCP) is interpreted as a set of maps of G
then it consists of those labeled maps that are congruent 
to the same unlabeled map of G; that is, CCP) is a con­
gruence class of the maps of G. Recall that CCG) is the 
set of congruence classes for the maps of G; the above 
interpretation shows that we can now express CCG) as

CCG) - C CCP) I p s RCG) >.
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Let mCG) denote the average number of symmetries For 
all of the maps of G. There are various ways in which an 
average can be computed. We could refer to the mean of 
mCp), the median of mCP), or even the mode of mCp); the 
easiest Cand most natural) seems to be the mean. Now the 
question is uihat uie should we take the mean over: should
it be all rotations or should it be Just the congruence 
classes. We have chosen to use Model I Csee C19J) to 
base our definition of average number of symmetries upon. 
This entire dissertation has been concerned with rotation 
schemes; it seems most natural, therefore, for the mean 
to be taken over all rotation schemes. We define mCG) as 
follows:

Recall that Biggs showed that the number of rota­
tions on G that are equivalent to a fixed rotation scheme 
P e RCG), is CAut G:Aut MU, where M = CG, p) Cthis is 
Theorem 1.5). With the natation introduced above, this 
becomes

Clearly, mCp) is a constant over CCp). Therefore, 
we can rewrite the definition of mCG) to take the sum o- 
ver the congruence classes.

K 61 - E > «IRCG) I p e RCG)

mCG) IRCG) I C(p) e CCB3

CCp) e CCG)

IRCG) I
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Therefore, we find:

I Aut Gl■ICCG3ITheorem 6.1. mCG) = IRCG)

The above shows an application for the determination 
of the number of congruence classes of maps of a connec­
ted graph G, namely, to compute the average number of 
symmetries for the maps of G. In light of the above, an 
interesting question is what is the asymptotic behavior 
for the number of congruence classes. Equivalently, we 
can ask what is the asymptotic behavior of mCG). This 
will be the topic of the next two sections. For now, let 
us explore one of the ramifications of the above.

Corollary 6.1. If Aut G is trivial, then
ICCG) I = IRCG) I .

Proof: For each p e RCG), Aut M is a subgroup of Aut G 
Cwhere II = CG,P)). If lAut Gl = 1, then yp e RCG), mCp) 
= 1. Therefore, mCG) = 1. Substituting for mCG) and
I Aut Gl in Theorem 6.1 gives the result. I

Theorem 6.E. Let G = KCm4,...,mn), where all of the
are distinct Ci = 1.....n) and n > 3. If gcdCm^.mj) = 1,
Cl < i < J < n) then

ICCG)I = IRCG)I / fim, ! .i=l 1
Proof: Since ^ nij Cl S i < J S n) we know that Aut G= .S $_ • thus, IAut Gl = .R m«! . From the Formula for i=l i=l x
ICCKCmj, . . . ,mn)l, g I gcdCmj^i = 1.... n), so g = 1. Al­
so, cjj I gcdCmk;k = l,...,n,k?£ i), so sj_= 1 and ciJ= 1 
Ci = 1, ..., n, j = 1  s^. Therefore, Cl>. Ule
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conclude that only the identity element of Aut G Fixes 
any of the rotation schemes. The identity Fixes all 
IRCG) I oF them, so the result Follows. I

Corollary 6.E. Let G = KCmt mn^> w^srs n > 3, all oF
the are distinct Ci = 1, ..., n ) , and gcdCm^mj) = 1. 
Then mCG) = 1.
ProoF: Substitute lAut Gl = TT$\=i mA ! and ICCG) I From The­
orem 6.E into Theorem B.l. 1

In the next tuio sections we will study mCG) using 
asymptotic approximations oF ICCG) I. In section B.E we 
will study complete graphs. Section B.3 will concentrate 
on complete bipartite graphs. We will interpret the re­
sults in light oF the two situations described aFter The­
orem B.l.

B.3 Complete Graphs

In this section we will determine the asymptotic be­
havior oF mCKn ) . We have seen that this is equivalent to 
looking at the asymptotic behavior oF ICCKn ) I . UJe will 
interpret the results oF this analysis in the light oF 
random topological graph theory.

From Theorem 6.1 we have
I Aut Gl ■ ICCG) ImCG) = ---------------- .IRCG)I

We take G = Kn . Every vertex oF Kn has degree n - 1; 
thus, IRCKn ) I = Cn - E)!n . Also, since Aut Kn = Spj 
IAut Kn I = n ! . Finally, Theorem E.7 states that
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_ . „ %1 t— . Cn - 2D!n/d r— . <fCdD-Cn - a)! 1 >ICCK—3 I - ) -=-a----  + > ------------- ------ .

J ——L dn ̂  • Cn/dD I 4— < n - 1d i n  d I n-1
d *  1

Putting these values into the Formula For mCKnD we get
- r—  ̂ nl -Cn - 5)ln/d

m n mJ-r* Cn - 5)! n *dn/d-Cn/dD! d I n

+ ^  yCd)'Cn ~ 5)1in'>>>d'nl
*  4— • „ Cn - 1)•Cn - 2)Ind I n-1
d ^ l

Theorem B.3. mCKnD « 1, uihere means "is asymptoti­
cally equal to."
ProoF: We uiill take the limits on each oF the sums sepa­
rately, combining them later.

Consider

C n! -Cn - 2D! n/d 
Cn - 2)!n ■dn/fl•Cn/dD!d I n

When d = 1, the term is
n! • Cn - 2D!n/1---------------------- = i .

Cn - 2)!n ■ln/1Cn/13 I 
ThereFore, the above limit is greater than or equal to
one and is, in Fact, equal to

1 +  lim V "  n: Ca-r-.l) • £D Lln+d > ^n oo i — • Cn - 2D !n *dn * Cn/dD Id I n
d *  1

Now, Cn - 2D! ‘n + 1) A  < cn - 2DI <n + 1) /2i Cas d > 2D and
there are Fewer than n divisors; thereFore, the above is

<1 i• n •Cn - 1DZ
" + n 4mco 2• Cn - 2D! " 1 '

We conclude that the limit is 1 For the First sum.
Next we consider the second sum-, clearly
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*— ' yCdD-Cn - 5) ! m-1) ̂ -nl

n^4m<B 2— i Cn - l)’Cn - 2!lnd I n-1 
d / 1

Nam, Cn - g)!‘n-t>/d < Cn - S!im ™l>/i Cas d > 2!. Also,
^d In- t <PCd! * n - 1 Csee C17], For example!. Ule conclude 
that the above limit is

5 o H " ®  Cn - 2)! ‘n + »>/* " 0 ‘
Combining the limits for the tuio sums uie conclude

mCKn) % 1. I

One interpretation of Theorem 6.3 is that if one or- 
ientably imbeds the complete graph Kn> in a 2-cell Fash­
ion, at random, then the automorphism group oF the imbed­
ding, probably, is only the identity element Cas n in­
creases without bound!. Another interpretatation is that 
when counting the congruence classes oF maps oF Kn only 
the identity automorphism need be considered Far a good 
approximation CFor n large!.

Corollary 6.3. i C C Kn! I * IR C Kn ! I / I Aut Kn I; that is,
ICCKp!I % Cn - 2!!n / n!. I

□ne question that comes to mind is how large must n
be For Corollary 6.3 to give a good approximation. Table
6.1 indicates that "large" is not all that large.

In the next section we will determine the asymptotic 
behavior For the average number oF symmetries oF the maps 
oF the complete bipartite graph Km>n. Ule will relate the 
result oF that analysis to both oF the situations shown 
above.
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Table B.l 

An Illustration of Corollary B.3
n 1 CCKn) 1 Cn - E)!n / n!
3 1 0.17
4 3 0.B7
5 70 B4.8
6 E65,7B4 EB5,4E0.B
7 71,095,150,000 71,094,057,148.06

6.4 Complete Bipartite Graphs

In this section we will determine the asymptotic be­
havior of mCKm n ). Once we have done the analysis, we 
again will interpret the result in terms of both of the 
situations described in the last section.

Ule will first consider Kp p , where p is a prime. UJe
first compute FCp,p). The gcdCp.p) = p, so g = 1 or g
= p. We consider these two cases separately.
Cl) If g = 1, then p/1 = p, so c 1( c z = Cl}, Cp}, Cl,p}. 
The coprime condition ensures that one of them must be 
Cl} .
Ca) Suppose c,= c2= Cl}; then l'Cl-l/l). The
contribution to ICCKn n)I is

H EpCp - 1)! H
5-p! 2

Cb) Suppose c," Cl} and c ^  Cp}; then ^ 11” P and ^21= 1. 
The contribution to ICCKpp)| is

Cp - 1)!-Cp ~ 1)P 
E ■ p • p !

By symmetry, we get the same value for c t= Cp} and Cj, 
“ Cl}. Therefore, the total contribution for case lb is
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Cp - 1)1-Cp - 11P 
P'PI Z

Cel Suppose Cj= Cl) and c zm Cl.pl; then p. 1,
and p. But 1 + p > p so this case cannot occur. By
symmetry we see that the case c t- Cl.pl and cz- Cll is 
also not possible.
C21 IF g - p, then p/p - 1, so c,' c z- Cll. ThereFore, 
i n "  *2.1" P* The contribution to ICCKpjpl I is

Cp - 11! *
2*pz

We next compute hCp.pl. The divisors oF p are 1 and 
p. IF d ■ 1, then the contribution to ICCKp plI is

Cp ~ 11!P
2*p!

IF d * p, the the contribution at ICCKn _ ) I isP > PCp - 11!
BP

Combining the Five terms that survive, uie Find that
the number oF congruence classes For the maps oF Kp p is

l n r v  _ Cp - Cp - n p Cp _
, C C K P . P 5 1 --  — —  — g ^ r ~

Cp - 11!(P_1> Cp - 11!
+  —   +  — ----------------2'p 2*p

ThereFore, by multiplying by lAut Kp p I = E'pl1 and di­
viding by IRCKpjpl| - Cp - 1 1 ! Cas in the Formula From 
Theorem B.ll use find

.. _ , 5-Cp - H P   ̂ 1
m<:Kp,p3 " 1 + Cp - 13j2tp'-»'j + Cp - 11! (P"4)

P P
+ Cp - 11!(P-1} + Cp - 11! <2P"3)

Taking limits as p goes through arbitrarily large primes,
we see that only the First term survives in the limit.
ThereFore:
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Theorem 6.4. IF p is a prime then m C K p p ) % 1. I

A similar analysis can easily establish:

Theorem 6.5. IF p and q are primes then mCKn _D % 1. Ir I H

The general case can be established as follows: 
First consider when m and n have the Following Form:

PiPfc* • -Pk
That is, when each is a product of primes to the First 
power. The Euler function is multiplicative Csee [171), 
so it is easy to establish the form of $Cd,m), where d is 
a divisor of m Csimilarly for n ) . This allows the limit 
to be taken For each term. Also, The number of divisors 
is easy to establish.

Second allow one of them to be general and the other 
to have the above form. This case is somewhat harder to 
establish but it gives one the insight to see what must 
happen in the general case.

Finally, the general case can be established. The 
details of this analysis will be presented at a later 
time; the result, however, will be given:

Theorem 6.6. mCKm % 1. Im , n

Theorems 6.4 - 6.6 can be interpreted as follows: 
IF is randomly S-cell imbedded on an orientablB sur­
face, then if m I  2 and n is large, or both are large, 
the automorphism group of the map is probably trivial. 
Equivalently, only the identity automorphism needs to be
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considered in calculating ICCKm n ) I, when m > E and n is 
large or when both m and n are large, to obtain a good 
approximation. The numbers become large so quickly that 
no table will be given For complete bipartite graphs.

In the next, and Final, section we will present top­
ics For Future exploration. These questions cover a va­
riety oF topics: From algebra and enumeration to topology 
and imbeddings.

B.5 Open Questions

In this section we will present a Few questions and 
directions For Future study. These will be concerned 
with enumeration, algebra, topological graph theory, and 
random topological graph theory.

The First questions to be looked at concern enumera­
tion. Ulhat other graphical Families can be counted using 
the techniques oF this dissertation? For example, the 
graphical Families Qn (the n-dimensional cube), Cm x Cn , 
and Km x Kn are important in computer science. Can the 
numbers oF congruence classes oF their maps be counted?

Algebraic questions concern two topics that have 
been brought up: structure classes and compatible permu­
tations. What are the general properties oF the struc­
ture classes For a group? In this setting we have:

Given a group r, For oc e r, J C o e )  = C p o e p - 1  I p e r >  .
Can I J C o c )  I be Found For arbitrary groups? This would be 
a large step in determining the number oF congruence 
classes oF maps oF an arbitrary connected graph.

The automorphisms oF a graph have been expressed as 
products oF compatible permutations. The Fact that the
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partite sets have been disjoint has meant that the struc­
ture of the compatible permutations was not altered by 
this product. What happens if the sets over which the 
compatible permutations are defined are not disjoint? 
What happens if they are not all distinct? Can this be 
used to determine the structures of all automorphisms 
that will contribute to ICCG) I for an arbitrary connected 
graph G?

We only presented the definitions for the types of 
E-cell imbeddings that a E-connected graph can possess in 
this dissertation. For questions concerning topics to be 
explored about these types of E-cell imbeddings, the 
reader should consult CIO], when it is published.

The formula for the complete n-partite graph is a
generalization of that for the complete bipartite graph. 
We also know that m(Km n ) s? 1. Therefore, we believe 
Conjecture 1 to reflect the true behavior of m. The main 
stumbling blocks to a proof of Conjecture 1 are: the de­
termination of the number of solutions y and the number 
of divisors c farming compatible permutations.

Conjecture 1. Let G =» KCrn^ ..., mn) . IF n > 3, then
m(G) « 1 as mn co. I

Lee Cll] has shown:

Theorem 6.7. (Lee) If G is a connected graph of order n 
and size m % cn1+s, where c and s are positive constants, 
then yCG) % y^CG) (where yCG) is the average genus and 
yp|(G) is the maximum genus of the graph G).
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Because of this, and the fact that maximum genus im­
beddings tend to have feu symmetries, ue conjecture:

Conjecture 2. Let G be a connected graph of order n and 
size m fc c n i+s, where c and s are positive constants. 
Then mCG) ss 1, or equivalently,

ICCG)I % IRCG)1/IAut G l . I

This is just a sampling of the questions that remain 
to be answered. The answers to these will likely lead to 
even more questions.
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The version I will display here is the original ver­

sion, before it was modified to take into consideration 
the classification hierarchy of C101. This version also 
had the deficiency that it did not divide the congruence 
classes by surface. The output was just a list of la­
beled imbeddings Cone for each congruence class). The 
count was then accomplished using a utility program that 
counts the number of lines in a program. The latest ver­
sion not only divides by surface, but each surface is di­
vided along the classification hierarchy. I am presently 
adding a division by region distribution as well as giv­
ing the size of the automorphism group of each class.
The user will also be able to request summary data for a 
single surface, or far all surfaces, or ask whether a 
specified region distribution occurs. A copy of the com­
plete source code for the latest version of this program 
will be made available to anyone requesting it. For the 
next year I can be reached by writing:

Bruce P. Mull 
Department of Mathematics 
Western Washington University 
Bellingham, WA 90SE5

The program stores the matrix as adjacency lists.
The adjacency lists are stored as rows of a matrix that 
is dynamically allocated to be n x Cn + 1), where n is 
the number of vertices in the graph. The code to allo­
cate these lists is listed below:

char **alloc_adjacency_listCn)
int n; /* the number of vertices */C

char **A; /* pointer to the adjacency lists */
int i; /* loop controller */
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1S5
if CCA * Cchar **) callocCn, sizeoFCchar *))
—  Cchar **) NULL) C
fprintfCstderr, "Cannot allocate adjacency matrix."); 
abortC);

For Cj  ** 0; i < n; ++i)
if CCACii = Cchar *) callocCn+1, sizeofCchar)) 

»= Cchar *) NULL) C
FprintFCstderr, "Out oF memory: row 5id", i+1); 
abortC);

return A;

The next thing that must be done depends upon the 
type oF graph; the code belout assumes a complete graph.

make_complete_graphCn, A)
int n; /* number oF vertices in the graph */
char **A; /* adjacency list * /

For Ci = 0; i < n; ++i) C
For Cpos - j = 0; J < n; ++i) 

iF Ci % n I- j % n) 
ACilCpos+] - Cchar) J;

ACi)CposJ - MAX_VERTIC E S ; 
ACilCn] - pos;

}
return;

}

t1AX_VERTICES has been deFined by a statement like 

#deFine HAX.VERTICES 6

appearing somewhere beFore the Function "main" in the 
program. Note that when each row is Filled, pos is the 
degree oF that vertex. NAX_VERTICES is used in "Edmond" 
to determine the end oF the rotation at vertex i.

C
char i,J; 
char pos

/* Loop controllers */
/* current position in row i */
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int n;
int v;
int d;int s;

185
The following code generates all rotation schemes 

for a given graph. It dees not assume any particular 
type of graph.

rotationCn, v, d, s, R)
/* the order of the graph */
/* the current vertex whose rotations 

are being generated »/
/* the degree of vertex v */
/* the starting position to be 

modified in the current vertex 
rotation */

char *RC3; /* the current rotation scheme */
C

char i, j, k; /* loop controllers */
char tmp; /* used to swap rotation entries */
char **P; /* new rotation scheme being

generated */
if Cd < B !! s —  d - 1) £

if Cv —  n - 1)
EdmondCn, R); 

else
rotationCn, v+1, RCv+13Cn3, 1, R);

} else C
/* Create new rotation scheme */

P = alloc_adjacency_listCnl;
/* Generate all rotations at vertex v * /

for Ci - s; i < d; ++iJ C
/* Base permutation on current graph rotation */

for Cj » 0; j < n; ++J)
for Ck - 0; k <■ n; ++k)

PCj3Ck3 - RCj3Ck3;
/* Swap starting position with posiiton i */

tmp - PCv3Cs3, PCv3Cs3 - PCv3Ci3, PCv3Ci3 - tmpj
/* Generate rotations from next position onward */

rotationCn, v, d, s+1, P);
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1

/* Free space used by neui rotation */ 
Free_adjacency_listCn, P);

return;
J

The source code For "Free_adjacency_list" now fol
lows:

Free_adjacency_listCn, A)
int n; /* order of the graph */
char **A; /* pointer to the adjacency list */t

char i; /* loop controller */
for Ci - 0; i < n; ++1)

Free(ACi] );
FreeCA);
return;

1

The Following Function implements Edmond’s Algorithm 
on a given rotation scheme. BeFore this algorithm can be 
used there must be a global variable declared, outside oF 
every Function, named "imbedding." This variable is de­
clared as:

FILE *imbedding;

Also, in thB Function "main," the output File must 
be opened. The code to do this is Just:

iF CCimbedding - FopenC"graph.dat", "w"))
”  CFILE *) NULL) C
FprintFCstderr, "Cannot open output File."); 
abortC);
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The current version of "Edmond" returns the genus of 
the imbedding; thus, only imbeddings on a particular sur­
face can be generated. This version writes directly to 
the output file instead of writing to a buffer and test­
ing whether Cand where) the output should be outputted.

EdmondCn, R)
int n; /* the order of the graph * /
char *RCDj /* the current rotation scheme */

€
char v; /* current vertex being written */
char i,J ; /* loop controllers - determine the

proper next "arc" of the region */ 
char **U; /* "used corner" matrix - tells

whether the next "arc" has been 
seen before */ 

int r ■ 0; /* number of the current region
being created * /

/ *  Allocate space for the "used corner" matrix */
U = alloc_adjacency_listCn);
/* Find the region boundaries */
do C
/ *  Find starting vertex */

for Cv = -1, i = 0; v < 0 && i < n ; ) C
for CJ - 0; RCiDCJ] !- MAX_VERTICES; ++J )

if CIUCiDCj]) C /* UCiDCj] - 0 is good choice */
V - i;
break; /* stop searching - found v */

if CRCilCjl -- HAX_VERTICES)
++i i

/* If a region exists, then trace out boundary */ 
if Cv >- 0) C
/ *  Place a space between regions */ 

if Cr)
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FprintfCimbedding, "
++r; /* Update current region */
fprintfCimbedding, "*d", CintD vD;

/* assumes I1AX_VERTICES <- 10 */
/* find next corner * /

do C
U C i H j ] * l ;  /* Mark "corner" as used */
++J; / *  Determine the next "arc" * /

if CRCilCj] /* At end of cycle must */
—  MAX_VERTICES) /* loop around rotation */
J - 0;

v * RCiHCj]; /* Use the "arc" */
for CJ = 0; RCvlCj] !- i; ++J) / *  Assumes no */

; /* find next corner */ /* multiple
edges */

if Ci = v, IUC13CJ3) /* try doing this in
another language - 
UCiDCjl - 1 means that 
uie completed the region

*/
fprintfCimbedding, Cint) vD;

> while ClUCilCjl);
} while Cv >“ 01;
fprintfCimbedding, "\n"l; /* completed imbedding */
free_adjacency_listCn, U);
rBturn;

>
Now that all of the imbeddings have been output to 

"graph.dat," it is time to filter out the duplicates. 
This means that "imbedding" must became the input file 
and another variable, "class," must became the output 
file; "class" is declared exactly as "imbedding" was ear­
lier. The changeover is accomplished as follows:
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FcloseCimbedding);
IF CCimbedding ■ FopenC"graph.dat", "r"))

—  CFILE *) NULL) C
FprintFCstderr, "Cannot open input file."); 
abortC);

3
if CCclass ■ FopenC"map.dat", "a+"))

—  CFILE *) NULL) C
FprintFCstderr, "Cannot open input File."); 
abortC);

3

F ind_congruence_classes C);

The last line is the key Function. The original 
version used one input File and one output File. Sever­
al tests are performed on the imbedding and the class to 
decide whether they are congruent. IF the tuio imbeddings 
are not on the same surFace, then they cannot be congru­
ent. Notice that "Edmond" creates a string oF length 
2m + r to represent an imbedding, where m is the number 
of edges and r is the number of imbedding regions. Thus, 
we can tell whether two imbeddings are on the same sur­
Face by comparing their lengths.

IF two imbeddings do not have the same region dis­
tribution, then they cannot be congruent. Thus, we need 
to determine the region sizes and make the comparison. 
This means that a standard way of looking at the region 
distributions must be developed. The regions are sorted 
by region size— largest to smallest. The reason for us­
ing largest to smallest is because it makes the next com­
parison go faster. The next comparison requires some 
definitions. The First of these is called a vertex skip; 
the second is called a skip sequence. Both of these re­
quire an imbedding to make sense.
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Consider an oriented imbedding of a connected graph 

G in an orientable surface S and suppose that v is a ver­
tex of G; then v appears on the oriented region boundary 
of at least one region at least one time. Consider some 
occurrence of v on some region of the imbedding. The 
vertex skio of this occurrence is the number of arcs a- 
long the oriented region boundary of the chosen region 
between the chosen occurrence of v and its next Cpossibly 
same5 occurrence on this boundary.

Example A.l
Consider 40123102 032 043 142 134, this represents 

an imbedding of K s an the torus uiith one 0-gon and four 
3-gons. The oriented region boundary 40123102 is inter­
preted as follows: Start at vertex 4, take the arc (4,0)
to the vertex 0, take the arc (0,1) to the vertex 1, etc. 
Consider the first occurrence of 0 on the B-gon (the sec­
ond entry, as listed). The vertex skip of this occur­
rence is five (arcs 01 12 23 31 10 lie between the occur­
rences); the vertex skip of the other occurrence is three 
(arcs 02 24 40 now lie between them).

At a later time several properties of vertex skips 
will be presented; for now they can just be considered a 
tool. Ule now present the second definition Cand related 
ones).

Consider an oriented imbedding of a connected graph 
G in an orientable surface S: there exists at least one
region in this imbedding. Pick a region and a starting
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vertex on this oriented region boundary. A skin senuance 
For the region consists of the list of vertex skips from 
a chosen occurrence of the starting vertex and continuing 
once around the region. A malor skip is any of the ver­
tex skips of largest size. A minor skill is the vertex 
skip immediately following a major skip in a skip se­
quence .

Notice that although all major skips must be the 
same size, this is not necessarily true of minor skips. 
Also, if the major skip i3 the last skip in the sequence, 
its minor is the first vertex skip Cthus, a skip sequence 
is a cycle). A skip sequence is said to be standardized 
if it begins at a major skip that is followed by the lar­
gest of the minor skips. In the event of a tie, compare 
each subsequent vertex skip with the corresponding vertex 
skip starting at the other major skip; start the skip se­
quence at the major skip that has the first larger cor­
responding entry in this sequence. If an entire cycle 
can he made and the sequences are still tied, take ei­
ther; for example, start at the the lowest (highest) la­
beled vertex giving the major skip. Skip sequences have 
many interesting properties; the only one to be explored 
at this time, however, is this: If two imbeddings are
congruent, then there is an ordering of their regions so 
that the standardized skip sequences of the ordered lists 
of regions are the same (the converse is not true).

Therefore, we have the following strategy: Given two 
oriented imbBddings, first determine whether they are on 
the same surface. If they are, then compare their region
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distributions. If those are the same, then decide if 
there is any ordering of the regions which produces the 
same skip sequence on each pair of corresponding regions 
in this ordering. Finally, try to find a permutation of 
the vertex labels on one imbedding that produces the ori­
ented region boundaries of the other imbedding. This is 
exactly the strategy of "find_congruence_classes." The 
code for this function follows:

find_congruence_classesC)
C

int i, J; 
int ilen, clen;

int iskipsCMX_RGN+i:cnX_LEN:; 
int cskipsCf1X_RGN+i:CnX_LEND; 
char itestCBUFSIZ+l); 
char ctestCBUFSIZ+1); 
char irgnsCt1X_RGN+l]d1X_LEN] ; 
char crgnsCMX_RGN+13CnX_LENl; 
char found;

/* Loop through the input file */ 
do C
/* Fetch the next imbedding to test */

fgetsCitest, BUFSIZ, imbedding); 
found - 0;
if C!feofCimbedding)) t /* then test this

imbedding */
ilen - strlenCitest);
rewindCclass); /* start from first

class * /

/ *  loop controllers */ 
/* lengths of 

imbedding and 
class * /

/* imbedding skip 
sequences * /

/ *  class skip 
sequences * /

/ *  imbedding being 
tested */

/ *  class being tested 
against */

/* imbedding region 
distribution */

/* class region 
distribution * /

/ *  while 0, imbedding 
is distinct from 
current class */
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find_facesCitest, irgns);
Fetch_.sk ipsC irgns, iskips);

/* Loop through congruence classes * /

do £
FgetsCctest, BUFSIZ, class);
if C!feofCclass)) £ /* still something to

compare */
clen - strlenCctest);
if Cilen —  clen) £ /* same surface * /

/* Check region distributions */
Find_facesCctest, crgns);
Found - compare_regiansCirgns, crgns);
if CFound) £ / *  same regions */
/* Check skip sequences */

Fetch_skipsCcrgns, cskips);
Found ■ compare_skipsCiskips,cskips,crgns);

3
iF CFound && crgnsCOlCOl > 1)
Found - try_to_mapCirgns,crgns,cskips);

3
3

1 while C!CFound >! FeoFCclasses)));
if C!Found) /* new class */

For Ci - 1; i <- irgnsCODCOl; ++i) £
For Cilen - strlenCIrgnsCi3, j - 0;

J < ilen; ++J)
FprintFCclass, "?ic“ , irgnsCilCJ3);

Fprintf Cclass, ”5ic", Ci —  irgnsCODCOD)?
"\n" : " ");

3
3

3 while C!FeofCimbedding)); 
return;

3

The Following F1ACR0 constants were defined:
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ttdeFine MX_RGN 70 
#deFine MX_LEN 381

The source code of "Find_faces" Follows. This Func­
tion also calls a Function to sort the regions From larg­
est to smallest.

Find_FacesCembedding, region)
char embeddingCD; /• imbedding whose regions

are sought * /  
char regionC]Cf1X_LEN3; /* The region distribution

*/
char FacesCBUFSIZ+1) /* Strings representing each

region */
char *next_face; /* pointer to next Face */
int Rn; /* number oF regions Found */
int size; /* number oF arcs in current

region boundary * /  
int i; / »  loop controller */
strcpyCFaces, embedding);

/ *  Determine the First region */
Rn = 1;
next_Face - strtokCFaces, " ")j
For Csize - strlenCnext_Face), i - 0; i < size; ++i)

iF (order <= CnBxt_FaceCi3 - '0'))
order - next_FaceCiD - ’O ’ + 1; /* A global int

deFinad with 
the Files */

else iF CnextJFaceCiD —  1 \n’) 
next_FaceCi] «  ’\0’;

strcpyCregionCRnl, next_Face); /* place thB region
*/

/* Now Find the other Faces */
while Cnext_Face !“ Cchar *) NULL) C 

iF C++Rn > MX_RBN) C
FprintFCstderr, "Too many regions!!!"); 
abortC);

}
next_Face - strtokCFaces, Cchar *) NULL);
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if (next_Face != (char *) NULL) <!
for (size - strlenCnext_Face), i - 0; 

i < size; ++i)
if (order <= (nextjFacBlliD - ’0 ’)) 

order =• next_facetiD - ’0 ’ + 1; 
else if (next_faceCiD M  ’\n’) 

next_faceCiD =*=■ ’\0’;
strcpy(regionCRnD, next_Face);

)
/* Set initial entry to number of regions found */

regionCODCOD =» Rn - 1;
/* Sort, if needed */

if (regionCODCOD > 1) 
sort_regions(region);

return;
)

Next is the code for ”sort_regions."

sort_reg i ons(faces)
char facesCDCMX LEND; / *  regions to be sorted */

C
int i, J, k; / *  loop controllers */
char temp; / *  used to suiap regions */

/* This code performs a selection sort of the regions */
for (i - 1; i < facesCODCOD; ++i) C

for (J ■ k - i, ++J; J <- facesCODCOD; ++J) 
if (strlen(facesCkD) < strlen(facesCjD)) 

k - J;
if (k !- i) /* suiap is necessary */

for (J - 0; J < HX_LEN; ++J) C 
temp - facesCkDCjD;
FacesCkK JD - facesCiDCjD;
FacesCiDCjD - temp;

>

return;)
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Having found and sorted the regions, the next thing 
mas to determine the skip sequences. The following is 
the code for "fetch_skips."

fetch_skipsCregions, skips) 
char regionsC 3 CMX_LEN3;
int skipsC3Cnx_LEN3;

/* region distribution 
for imbedding */

/* skip sequences of 
distribution */

int i, J, k; 
int len;

/* loop controllers */
/* length of current region */

/* Loop through thB regions */
for Ci ” 1; i <“ regionsCODCO); ++i)

for Clen - strlenCregionCi], J - 0; J < len; ++J) C 
for Ck = 1; regionsCiDCj]

!- regionsCiH C J + k) \  len]; )
++k;

skipsCilCj] “ k; 
standardize_skipsCskips, regions);

if CregionsCOlCO] > 1)
sort_skipsCskips, regions);

/* make the skips 
comparable */

/* order the
regions of the 
the same size 
by skip 
sequence * /

return;

The following code standardizes the skip sequences 
using the criteria given when they were defined.

standardize_skipsCskips, regions) 
int skipsC]CMX_LEN];
char regionsC]f1X_LEN] ;

int i, J, k, m;

/* skips to be 
standardized */

/* regions are
adjusted to match 
the skips */

/* loop controllers */
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int len; /* size of current 
region */

Int old_skipCI1X_LEN3; 
char old_faceCnX_LEN]; 
char multiple_majors * 0; /* if ■ 1, then need 

to test starting 
position For 
skips */

/* used for
adjustments * /

/* used far
adjustments * /

/ *  Loop through each skip sequence */
for Ci = 1; i <*■ regionsC03C<33; ++i3 C 

len - strlenCregionsCiD);
F o r C J - k - 0 ; j <  len; ++J3 { 

old_skipCj] - skipsCi3Cj3; 
old_FaceCj3 - regionsCiJCJ3;
if CskipsCi3CJ3 > skipsCiDCk33 C

multiple_majors ■ 0;
3 else if Tj !- k && CskipsCilCjD «  skipsCi3Ck333 

multiple_majors ” 1;
3
for CJ ** 0; k > 0 && J < len; ++J3 t 

skipsCiJCj] - old_skipCCj + k3 \  lenJ; 
regionsCi□CJ□ - old_FaceCCj + k3 len3;

3
if Cmultiple_majors3 C

For Cj - k - 0; J < len; ++J3 C 
ald_skipCjD * sklpsCi3Cj3; 
old_FaceCj] - regionsCiDCj:;
if Cj I- k && CskipsCi3Cj] —  skipsCiDCkD33 C 

m - 1;
while Cm < len && CskipsCi3CCj + m) Sj len3 

—  skipsCiHCCk + m3 \  len]33 
+ + m ;

if CskipsCi3CCj + m3 ’< len3 
> skipsCi3CCk + m3 k lenD3

3

For Cj *0; k >  0 & & J  < len; ++J3 C
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skipsCi3Cj3 - old_skipCCj + k) % len3; 
regionsCi3Cj3 - old_FaceCCj + k) % len3;

}
3
return;3

Next the regions must be sorted by skip sequence, so 
that it is easy to determine whether two imbeddings have 
the same skip sequence. Computer analysis shows that by 
stopping the comparisons at skip sequences, more than 90% 
of the congruence classes can be found. I believe that 
as the order of a graph gets largfer, the percentage of 
congruence classes that can be found using only skip se­
quences approaches 100 Cthis seems to be true for com­
plete graphs, although the amount of data is small!. The 
following code sorts the regions by skip sequences.

sort_skipsCskips, regions)
int skipsC 3CI1X_LEN3; /* key for sorting */
char regionsC 3 Ct1X_LEN3; /» regions to be

sorted */C
int i, j, k, m; /* Loop controllers */
int leni, lenj; /* Lengths of regions whose skips

are being compared */ 
int tmp; /* Used to swap the skip sequences */
char temp; / *  Used to swap the regions * /

/* Loop through the regions, comparing skips */
for Ci - 1; i < regionsC03C03; ++i) C 

leni - strlenCregionsCiD);
/* Perform selection sort on regions of the same size 
*/

for Cj - m - i, ++j; j < regionsC03C03; ++J) C 
lenj = strlenCregionsCjl); 
if Cleni -- lenj)

for Ck = 0; k < leni; ++k)
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if CskipsCmlCkD > skipsCjDCkH) 
break;

else if CskipsCmJCkl < skipsCJlCkl) C
m = J; 
break;
m =

/* Order skips from largest to smallest */
if Cm I- i)

for CJ - 0; j < leni; ++J) C 
tmp - skipsCiDCjl; 
skipsCilCjl ■ skipsCmlCjl 
skipsCmlCjl * tmp;
temp ■ regionsCiICjl; 
regionsCiDCj] - regionsCmlCJl; 
regiansCmlCjD - temp;

return;
J

Now that the skips sequences have been determined, 
the tests begin. The surfaces are tested by comparing 
the lengths of the imbeddings. If these are found the 
same then the region distributions are compared. The 
code for "compare_regions" is given next.

char compare_regionsCRnsl, Rns2)
char RnslC3CMX_LEN3; /* 1st imbedding faces * /
char Rns2C]CMX_LENJ; / *  2nd imbedding faces */

if CRnsCODCOl !- RnsCOlCOl) /* c an’t happen but there
result ■ 0; 

else C
for Ci - 1; i <- RnslCOJ C03; ++i)

if CstrlenCRnslCil !- strlen Rns2Ciim 
break;

result - Ci > R n s l C O K O D ?  1 : 0;

C
int i ; 
char result;

/* Loop controller */
/* 1 - same, 0 different */

may be system failure * /
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D
return result;

}

If the region distributions are the same, then the 
skips sequences must be compared. Because they are sort­
ed, this test is much simpler. The following code per­
forms the comparison of the skip sequences of the region 
distribution.

char compare_skipsCskpsl, skpsE, faces)
int skpslCDCHX_LEND 
int skpsECDCriX.LEND 
char facesCHCnX LEND

/* 1st imbedding skips */
/* End imbedding skips * /
/ *  Needed only for the 

region lengths * /
C

int i, J; / *  Loop controllers */
int len; / *  size of the current region */
char result = 1 ;  /* 1 - same, 0 - different */

/* Loop through all regions */
for Ci =■ 1; i <■ facesCODCOD; ++i) i

len = strlenCfacesCiD);
if Clen <= 5) /* Skips must be the same */

break;
J * 0;
while CskpslCiDCjD ■■ skpsECiDCjl && J < len)

++J 5
if Cj < len) i  

result - 0; 
break;

D
D
return result;

)

If the skip sequences are the same, then onB needs 
to try to map the first imbedding onto the second. That 
is, one tries to find a permutation of the vertices that
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maps the oriented region boundaries of the first imbed­
ding onto the oriented region boundaries of the second 
imbedding. The code for "try_to_map" is presented now.

char try_ta_mapCrgnsl, rgnsE, 
char rgnsl : 3 : I1X_LEN3 ; 
char rgns5CDCt1X LEND; 
int skipsCDChX'LEND;

C
int i, J; /*
int rCnX_RGN+lD; /*

int sCMX_RGN+lD; /*

int sizesCnx_RGNS+lD; /*

char
char
char
char
char

char

char
char

skips)
/* 1st face distribution */ 
/* End face distribution * /  
/* skip sequences */

Loop indices */ 
rCiD - j means region i of 
the First imbedding is mapped 
onto region J of second * /  
sCiD - j means region i had 
to be shifted J positions For 
the the mapping to work'*/ 
sizes of the regions - the 
region boundaries are 
converted to index sequences 
for the permutation to be 
created; strlen will not work 
under these conditions */
1 - same, 0 - different */
1 - true, 0 - False * /
1 - yes, 0 - no */
1 - rCi] successfully mapped 
0 - rCiD not yet mapped */

/* index sequence
corresponding to 1st 
imbedding */ 
index sequence 
corresponding to End 
imbedding */ 
the permutation that 
maps 1st onto End */
Test region created from 
permutation */

result; / *
mapable; / *
can_add_region; /* 
doneCnX_RGNS+13; / *

rlChX_RGNS+1]C nXJ-END;

r2CnX_RGNS+13Cf1X_LEN3; /•

permCf1AX_VERTICES3; /*
region: f1X_LEN3; /•

sizesC03 - rgnslC03C03; /* set number of regions */
for (i » 1; i <■ sizesC03; ++i) C

sizes:iJ - strlenCrgnslCiD); /* set region sizes */
rCi3 * 0; /* not yet mapped * /
For C j  -0; j  < sizes:i3; ++J) C 

rlC13Cj3 - rgnsi:i3:j3 - ’O ’; 
rSC13Cj3 - rgnsE:i3:j3 - ’O ’;

)
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rCli - 1; /* try to map region 1 to region 1 */
doneC13 = 0 ;  /* not yet mapped */
whileC!doneC13) C /* Try to create a map */
/* Set initial conditions */

sC13 ■ -1; /* Avoid special case treatment */
mapable ■ 0; /* No permutation to test yet */
result “ 0; /* Assume different */
if C!same_skipCskipsC13, skipsCrC133, sizesC13,

sizesCrC133))
break; / *  No map can exist */

do C

/ *  Wipe out previous attempt */
for Cj = 0 ;  j < order; ++J) 

permCj] - - l ;

/ *  Adjust for current attempt */
for C++sH13;

!can_shiftCskipsC13, sizesC13, sC13); 5
if CsC13 < sizesCID)

++sC13; 
else

break; / *  Avoid infinite loop * /

if CsC13 =*» sizesC13)
break; /* No map for this rC13 * /

/ *  Create permutation * /

for Cj * 0; j < sizesCID; ++J)
pBrmCrlC13CJ33 - r5CrCliCCsCll + J) 5s sizesC133;

/* Finish creating the permutation */
for Ci » 5; i <=* sizesE03; ++i) C

doneCi3 “ 0; /* Get ready to map region i */
/* Create partial test region for region i */

for Cj - 0; J < sizesCii; ++J) 
regionCj] =* permCrlCiJCJ33 ;
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/* Find region For region i to map onto */

rCi] = 1; /* Start at beginning */
while C!same_skip(skipsCi], skipsCrCi]], 

sizesCi], sizesCrCiD]33 
++rCi]; /* Avoid the ridiculous */

while CrCil <* sizesCO] && sizesCi]
sizesCrCi]]3 C / *  Try the reasonable */ 

do C /* Ensure one-to-one */
For Cj = 1; j < i; ++J3

iF CrCj] —  rCi] 3 C /* Already used */ 
++rCi]; /* Try next region * /
break;

} while Cj < i3;
iF C!same_skipCskipsCi], skipsCrCi]], 

sizesCi], sizesCrCi]]33
break; / *  Region i cannot be mapped -

remember how regions are 
sorted *f

For CsCi] =* 0; sCi] < sizesCi]; ++sCi]3
iF Ccan_shiFtCskipsCi], sizesCi], sCi]3 3 C
/* Test partial region For extendability */

For (J - 0; J < sizesCi]; ++J3 
iF CregionCj] < 03

continue; /* No contradiction * /
else iF CregionCj]

!- r2CrCi]]C CsCi] +J3 5s sizesCi]]3 
break; / *  Not one-to-one * /

iF CJ ■■ sizesCi]3 C /* Stop shiFting */
can_add_region ■ 1; 
break;

} else C /* D on’t give up * /
can_add_region = 0; 
continue; /* ShiFt again */

3
3

iF Ccan_add_region3 C /* Add it * /
doneC i] =» 1;
For Cj - 0; J <  sizesCi]; ++J3 

permCrlCi]Cj]]
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- rSCrCiDDC CsCiU + J) * sizesCiDD;

break; /* Fix rCiD as done */
} else

++rCi]; / *  Try mapping to next region */

/* Test to see if permutation is complete */
For Cj =• 0; j < order; ++J)

if CpermCjD < 0)
break; /* Still more to do * /

if CJ -■ sizesCi]) C
mapable ■ 1; /* Possible map discovered * /
break; / *  Stop adding regions * /

if C! can_add_region) C /* cannot extend */ 
for CJ - B; J <■ slzesCOJ; ++J) C

doneCJ] “ 0; /* Undo everything */
rCj] = 0;

break; /* Start over from beginning * /

if Cmapable) /* See if possible map works */
result “ test_permCrl, rB, sizes, perm);

if C!result) /* permutation failed */ 
mapable “ 0; /* keep trying */

> while C!mapable);
if C!mapable && rCi] < sizesCO]) C / *  still hope */ 

for Cj - B; j <- sizesCOD) C /* reinitialize * /  
doneCJ] - 0; 
rCj] - 0;

++rC13; /* region 1 on next region */
> else

doneC13 ■ 1; /* success! - or - hopeless! */
3
return result;

>

The only thing left to do is supply the code for the
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new Functions introduced in "try_to_map." These are 
"same.skip," "can__shiFt," and "test_perm." The code For 
"same_skip" appears belouj.

char same_skipCskipl, skipS, sizel, size2)
int skiplC], skipSC); /• region skip sequences */
int sizel, sizeB; / *  sizes oF the regions */

int i; /* Loop controller */
char result - 1; /* 1 - same, 0 - diFFerent * /

iF Csizel ! - sizeB)
result - 0; /* Not even a chance */

iF Cresult) t /* Actually need to check */
For Ci ■ 0; i < sizel; ++15 /* Test sequences */

iF CskiplCi) I- skipBCi)) /• DiFFerent -
remember they 
are standardized * /

result ■ Ci *- sizel)? 1: 0;
)
return result;

Next come the cade For "can_shiFt." Actually, this 
could have been done using the above Function; it is
Faster not to do this, however.

char can_shlFtCskip, size, shiFt)
int skipCl; /* region skip sequence */
int size; / *  region size * /
int shiFt; /* amount region boundary

is cycled */
C

int i; / *  Loop controller */
For Ci ■ 0; i < size; ++i)

iF CskipCi) !- skipCCi + shiFt) k size)) 
break;

/* 0 - no, 1 - yes * /

return Cchar) CC1 size)? 1: 0);
)
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Next is the code for "test_perm."

char test_permCrgnsl, rgns2, sizes, perm) 
char rgns1C]C MX JLEN]; 
char rgns2C ] CMX JLEN] ; 
int sizesCD; 
char permC1 ;

C
int i, J, k, m; / *  Loop controllers */
char regionCMX_LEN]; / *  image of 1st region i * /
char region_result; /* 1 - region i has image in 2

0 - no image in 2 for i */ 
char result; /* 1 - all regions have image

0 - at least one failure * /

for Ci » 1; i <- sizesCOD; ++i) C
/* Create image of region i */

for Cj - 0; J < sizesCi]; ++J) 
regionCj] * permCrgnslCiHj];

/ *  Skip over the absurd */

J =* 1;
while CsizesCi] !" sizesCj])

++J;
/* Check if region is in imbedding 2 * /

while CCJ <■ sizesCODD && CsizesCi] sizesCj])) C
/* Check if region is shifted region in 2 * /

for Ck * 0; k < sizesCj]; ++k) C
/* Check all shifts k on the region j of 2 */

for Cm “ 0; m < sizesCj]; ++m)
if Crgns2Cj]Cm] !- regionCCk + m) \  sizesCj]]) 

break; / *  This region is not image */
if Cm «  sizesCj]) C 

region_result » 1;
break; /* Found region i image * /

} else C
region_result - 0;
continue; / *  Try next shift */
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if Cregionjresult) 
break; 

else 
++J ; /* Try another region of S */

/ *  Image found */

reult &■ region_result / *  Adjust for all regions 
seen as of now */

return result;
J

host C compilers will require header files for the 
above to work properly. The header files used are de­
clared Cusually) at the beginning of the file. This pro­
gram used the following:

ttinclude <stdio.h> 
ttinclude <stdlib.h> 
ttinclude <ctype.h>

Some compilers may require: 

ttinclude <string.h>

The modifications of this program have been exten­
sive. This program, together with a line cpunt utility 
that was written in assembler, was enough to verify the 
totai numbers of congruence classes. Later versions did 
the subdivision. The current version is version 6; this 
version is finally starting to do some of the things that 
will make it a good tool for research.
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