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MEASURES OF PARTIAL ASSOCIATION
BASED ON RANK ESTIMATES

Sudhakar H. Rao, Ph.D.

Western Michigan University, 1989

In this work we consider a new robust measure of partial association 

between two variables X \  and A 2 , holding a third variable X 3 fixed. The moti­

vation for this estimate will be the classical sample Pearson’s partial correlation 

coefficient, commonly denoted by R \2.z- This estimate is known to be the usual 

sample correlation coefficient between the ordinary least squares (OLS) residuals 

in the regression of X \  on A 3 and X 2 on A 3. Being based on OLS residuals, this 

estimate is sensitive to outliers and heavy tailed error distributions. Further, 

f?!2.3 is symmetric in the arguments A i and A 2 , but there are situations where 

an asymmetric measure of partial correlation is more appropriate. The pro­

posed measure will be based on rank estimates of regression parameters and is 

asymmetric in nature allowing the variables A i and A 2 to be treated unequally.

We study the properties of this estimate in comparison to R 12.3 and 

Kendall’s tau calculated from the residuals which was studied by Randles, Shi- 

rahata, Samara and others, in terms of their behavior for contaminated normal 

distributions, their influence functions and their asymptotic relative efficiencies. 

We find that the new measure is more robust than R12.3 in the above senses.
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CHAPTER I

IN T R O D U C T IO N

It is often considered desirable to measure the correlation between two 

variables say, X \  and X 2 , controlled for a third variable say, X 3 , given a sample 

of observations (A ii, X 2i,Xzi)' for i =  1 , 2 , . . .  ,n. Any such measure may be 

called a partial correlation measure.

The most popular measure of partial correlation is the Pearson’s partial 

correlation coefficient commonly denoted by R12.3 given by

(1.1) 3 -  Rt2  ~  RuR21
[ ( l - i i y a - u y j i

where Rij is the usual sample product moment correlation coefficient between 

X i  and X j , i  <  j \ i , j  =  1,2,3 i.e.,

(1.2) Rij =  T 2 ^ ( X i k  -  X i ) ( X j k -  X j )

[ z * = i ( * »  -  X i ) 2 £ Z - i (*>* -  X j ) 2] ’

This estimate has nice properties in the case of the underlying population is 

multivariate normal. For example, if P12.3 is the population analogue of R12.3, 

i.e., /J12.3 is the product moment correlation coefficient in the conditional dis­

tribution of (Xi ,  Xo)' given X 3 , and if p\o.z =  0 , then y/n — 3 - has a t-
V  1̂ _ 'R l2 .3

distribution with n-3 degrees of freedom. This statistic can be used to test the

1
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hypothesis of conditional independence

(1.3)

Hq : X \  and X i  are independent conditional on Xz  being held constant. 

Further, y ^ (-Rl2-3~̂p.12-3) has an asymptotic normal distribution (see for example,
1 - P l2 .3

Anderson (1984), Muirhead (1982), Rao (1973) etc. for more details on this).

As pointed out by authors such as Robinson (1981) and Samara (1985), 

the intuitive appeal to the statistic i?x2.3 arises from the fact that it is noth­

ing but the usual product moment correlation coefficient calculated from the 

residuals of the ’ordinary least squares’ (OLS) fit of the linear model,

X \  =  P1X 3 +  ei
(1.4)

X 2 =  P2X 3 +  &2

where /3\ , 0 2  are the unknown regression coefficients and X 3 is independent of 

both ej and &2 - he., i?x2.3 is the usual product moment correlation coefficient 

between Z\{ and Z2% where Z\{ =  X u  — ]3\X z i ,Z 2i =  X o i~ ^ X s i , i  =  1 , 2 , . . .  , n 

and $1  and $2  are the least squares estimates of f3\ and /?2 respectively. Under 

the linear model (1.4), the hypothesis of (1.3) is equivalent to

(1.5) H q  : ex and e2 are independent.

But R \2.3 being based on the least squares residuals in (1.4), is sensitive to 

outliers and heavier tailed distributions and can be inefficient for non-normal 

distributions.

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



3

An alternative nonparametric measure of partial correlation is the Kendall’s 

partial correlation coefficient given by

n  4 -  *12 ~  *13*23
I2'3 [(1 -  <?,)(! -  <L)]i

where t{j is the usual sample Kendall’s tau between the variables A; and X j , i  <

=  1,2,3 i.e.,

(1.7) Uj =  5 3  sgn(X ik -  Xu)sgn(Xjk -  Xji)
(2) k<l

and sgn(t) =  —1 , 0 ,1  as t  <  0 , =  0 , or > 0 .

But unlike R 12.3, *12.3 is not in general the Kendall’s tau between the 

residuals from the model (1.4). Although £12.3 has the same mathematical struc­

ture as i?i2.3 , it is merely a coincidence. Also, this coefficient does not have a 

population parameter associated with it. As Samara points out, the lack of 

popularity of £12.3 is primarily because of it’s mathematical complexities. It is 

not distribution free for example, and in fact, it is not even asymptotically dis­

tribution free. It’s asymptotic variance depends on the underlying distribution 

of (A i ,X 2 , X 3 )' (see for example, Hettmansperger (1984) and Kendall (1970) 

for more details).

These considerations lead authors like Shirahata (1977), Randles (1984) 

and Samara (1985) to consider other measures of partial association. Samara 

proposed Kendall’s tau calculated from the residuals in the model (1.4) as an 

alternative measure of partial correlation coefficient. He considered the problem 

of testing the conditional independence and derived the asymptotic relative

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



efficiency of this test based on this estimator relative to the test based on i?i2.3- 

He employed the ordinary least squares (OLS), least absolute value (LAV) and 

Theil’s methods to estimate the slope parameters. He showed that this estimate 

has higher efficiency compared to # 12.3 for heavy tailed distributions.

Both the measures of partial correlation, namely, the Pearson’s partial 

correlation coefficient and Kendall’s tau of the residuals in model (1.4), are sym­

metric in their arguments or equivalently symmetric in the basic variables X \  

and X 2 . However, there axe situations where an asymmetric measure of correla­

tion (partial correlation) in the variables Z\ and Z2 (X i  and X 2 ) is appropriate. 

Somers (1959) proposed a pair of asymmetric measures of association when the 

two variables under investigation are ordinal variables. Schollenberger, Agresti, 

and Wackerly (1979) defined a class of measures of association when one of 

the variables is on an interval scale and the other on an ordinal scale. Their 

measures and models are defined in terms of scores for pairs of observations - 

sign scores for the ordinal variable and distance scores for the interval variable. 

Raveh (1986) defined a general class of measures of monotone association which 

includes both Somer’s and Agresti, Schollenberger and Wackerly’s measures in 

addition to the classical Goodman-Kruskal’s gamma, Kendall’s tau and Spear­

man’s rho. Also see for example, Quade (1974) for some other asymmetric 

measures of partial association. In this paper we propose another asymmet­

ric measure of partial correlation. We noted earlier that both Pearson’s and 

Samara’s measures of partial correlation are directly related to regression con­
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cepts in interpretation and methodology. This property can be retained in 

defining a more robust partial correlation coefficient if the correlation measure 

and the residuals are replaced by more robust choices. This work will explore 

such a measure using residuals based on rank estimates. Estimates of regression 

coefficients based on rank statistics have been developed by many authors; in 

particular, see Jureckova (1971), Jaeckel (1972), McKean and Hettmansperger 

(1976, 1977) and Sievers (1983) for some of the basic properties and results on 

their robustness and efficiency. The basic measure of partial association used 

will be the weighted Kendall’s tau statistic of the residuals from the model (1.4). 

The connection between Kendall’s tau statistics and rank regression statistics 

was mentioned in Sievers (1978). A natural population parameter will be used 

to allow for a direct meaningful interpretation of sample results.

In Chapter II, we formally define this population parameter r* of partial 

association in our discussion and show that it shares all the desirable properties 

of a measure of association. We also study the effect of contaminated normal 

neighborhoods on this parameter and compare it with the other two measures 

discussed earlier.

In Chapter III, we define a natural sample estimate of r* and discuss 

it’s small sample and consistency properties. Also we derive it’s asymptotic 

distribution under the hypothesis of conditional independence. We obtain the 

’influence curve’ (IC) for this estimate, discuss some of it ’s uses and make a 

comparison of this IC with that of the other two estimates discussed earlier.
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The effect of outliers on this estimate is discussed by means of several numerical 

examples.

In Chapter IV, we derive an expression for the ’asymptotic relative ef­

ficiency’ (ARE) of the test of conditional independence based on this estimate 

relative to the one based on R12.3 for a general class of alternatives, originally 

suggested by Gokhale (1966). This is the class of alternatives given by

e1 =  W1 +  A W3

( 1.8 )
e2 =  Wo 4- AIV3

where W i,W 2 and are independent random variables and A is some con­

stant. The hypothesis of conditional independence in this case is equivalent to 

the hypothesis that A =  0.

In Chapter V, we look at a general correlation problem rather than the 

partial correlation problem for a general class of bivariate distributions given by 

Farlie (1960). This is the class of distribution functions H (x , y ) =  F1(z)G!(?/){H- 

a A (F )B (G )}  for which F and G are the marginal cdfs and A and B are some 

functions. For this class we propose our estimate calculated directly from the 

variables X and Y as an asymmetric measure of correlation and compare it with 

the maximum likelihood estimate (MLE) of the parameter of association and 

with the classical Pearson’s and Kendall’s tau statistics in asymptotic relative 

efficiency.
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CHAPTER II

A M EA SUR E OF PARTIAL ASSO CIATIO N

2.1 Introduction

Consider the random variables A i, X i  and A3. Assume they have finite 

expectations, but otherwise their distributions can be quite arbitrary. To mea­

sure the partial association between X \  and X%, holding A3 fixed, we shall 

assume that both A i and A2 are linearly related to A3 according to the model,

A i =  /?i A3 +  ei
(2 .1.1)

A 2 =  foX z  +  e2 ,

where (3 = (/?i,/?2); is a vector of unknown parameters and A3 is independent 

of (e i,e 2)'.

Let F be the univariate cdf of A3 and G be the bivariate cdf of (ei, e2)'. 

Then, in this model, the conditional cdf of (A i ,  A2)' given A3 =  x  is G(y_ — 0 x). 

This property appears in the multivariate normal model, but here G is not 

assumed normal. No symmetry or centering assumptions are made on G.

Let ( A n ,  A 21, A n ) '  and (A 12, A 22, A 32)' be independent, each having 

the same distribution of ( A i , A 2 , A 3)'. Suppose ^  =  (/?*ij&2); is a value of 

u =  {v\,V2 )' that minimizes

(2.1.2) E |A n  — A12 — vi{Xsi  — A 32)| =  E \ ( X u  — V1X31) — (A12 — ^iA^o)!

7
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and

(2.1.3) E \X 2 \ — X 22 — 2̂ (^ 3 1  — - 3̂2)1 =  E \(X 2i — V2X 31) — (X 22 — ^2X 32)] 

as functions of 1/1 and 1/2. (2.1.2) and (2.1.3) are the population analogues of 

the dispersion function used in Sievers (1983).

Then define a partial correlation parameter by

(2.1.4)

* _  E (X n  — X 12 — /?*ipL3i — X32))sgn(X2i — X 22 — (3*2 {Xz\ — X 32))
T “  E \X n  -  X 12 -  M X 31 -  X 32)|

Note that E \X \i  — X \2  ~  v i(X zi  — ^ 32)! and .EI.X21 — X 22 ~  V2 {Xz\ — ^ 32)! 

are convex functions of v\ and 1/2 respectively and hence the minimum exists in 

both cases although it may not be unique. In most cases of practical interest 

f3 will be unique.

Note that r* is the weighted Kendall’s tau between X \  — (3*\Xz and 

X 2 — 0 *2X 3 . The linear function 0*{X3 can be viewed as a best linear predictor 

of X { , i  =  1,2, in the sense of minimizing variation in X{ — 0*iXz as measured 

by the absolute difference of two independent copies. Note that if z\ and zo 

are two independent copies of a random variable z, then E\z\ — zz\ measures 

the variation in z (a Gini mean difference parameter). Being of first order, this 

will be less sensitive to contamination and heavy tails in the distribution in 

comparison to the square function E (z \  — Z2)2 =  2var(z)  used in the classical 

approach.

R em ark  2.1.5.  Assume model (2.1.1). Let Gi denote the cdf of  e,- and G* 

denote the cdf of the difference of two independent random variables each having
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cdf Gi and assume that G* has a unique median, i= l,2 .  Then /?i and j3o are 

the unique values minimizing (2.1.2) and (2.1.3) respectively and 

(2.1.6)
* _  E {X \ i  ~  X \2  ~  P ljX z i  ~  Xz2 ))sgn(X 2l ~  X 22 ~  ^2(^31 ~  -X&Q) 

E \X \\  — X 12 — Pl(Xz\ — X32)|
_  E(en  -  e i2)sgn(e2i -  e22 )

E\e\\  — ei21

PROOF: Under the model (2.1.1), the conditional distribution of Wi =  X u—X,-2 

given X zi — X z2 =  t  has cdf G* (Wi — fat), i =  1 , 2 . This distribution has a unique 

median fat since G\ has unique median by assumption and it’s value is 0 from 

Wi being symmetrically distributed about 0. It is well known that the median 

minimizes an expected absolute deviation. Thus for each fixed t, E[\wi — aj||t] 

is minimum if a,- =  /3it and the result follows.

We shall discuss the properties of r* in section 2.2. In section 2.3, we 

study the effect of contaminated normal neighborhoods on the coefficient r*. In 

section 2.4, we discuss the properties of P12.3 and r  (Kendall’s tau calculated 

from the residuals in (2.1.1)) in comparison to r*. Also we derive the expres­

sions for these parameters for a contaminated normal distribution and make a 

comparison with the corresponding expression for r*. Numerical values of these 

coefficients are calculated for several contaminated normal distributions and 

compared.

2.2 Properties of

R e m a r k  2.2.1. |r*| <  1.
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P r o o f :

\E (X \ i—X \2  — P*\{Xz\ — X zi))sgn (X 2\ — X 22 — 0 *2 (Xzi  — -X"32)) I 

< E \ X n - X l 2 - M X z l - X Z2)\,

and hence

<

E ( X n  -  X 12 -  f a j X z i  -  X 32))sgn{X2i -  X 22 -  f a { X 3i  -  X 3 2 ) )  

E \ X n  — X12 — P*i(Xzi  — -SC32) I

E \ X u - X 12 - M X 31- X 32)\

=  1.

R e m a r k  2 .2 .2 .  If X u —X i 2 — 0*i(Xzi — Xz2) and X 2i —X 22 — (3*2{Xzi—X Z2)

have the same sign with probability 1 , then r* =  + 1.

PROOF: Let W \  =  X \ \  — X \ 2  — 0 * i ( X z i  — .X32) and W 2  =  X 2 1 — X 2 2  —f l * 2 ( X z \  — 

X 32). The hypothesis implies s g n ( W \ )  =  s g n ( W 2 )  with probability 1. Then the 

numerator of t * is E W \ s g n W 2 =  E W \ s g n W \  =  E \ W \ \ ,  which is the denomi­

nator of T*.

REMARK 2 .2 .3 .  I f  X 1 and X 2 are conditionally independent on X z , then r* =  

0 .

PROOF: The hypothesis implies that

^[(^11 — ^12 — P*\(Xz\ — X z 2))sgn{X 2\ — -^22 

- / M * 3 1 - * 32) ) | * 3 1 - * 3 2 = f ]

=  E ( X 'n  — X 1 2  — /3* i t ) E s g n ( X 2 i  — X 2 2  — /?*2^)

=  —/3* i t E s g n ( X 2i  — X 2 2  — fl*21)-
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Then the hypothesis implies that the numerator of t* is equal to

-  f a E x * 'x ** [(X31 ~  X 32)Esgn(X 21 -  X 22 -  M X 31 -  X 32)))

=  - & 1E x * ’x «  [(A3i - A 32)-0]

=  0 .

Thus r* =  0.

R e m a r k  2.2 .4 . If ( X i , X 2 , X 3)' has a multivariate normal distribution, then 

t*  =  P12.3 , where pi2.3 is the classical Pearson’s partial correlation coefficient 

between X \  and X 2 holding X 3 fixed.

PROOF: If (X i , X 2 , X 3 ) ' has a multivariate normal distribution, then px2.3 is 

the Pearson’s correlation coefficient in the conditional distribution of ( X i , X 2y  

given X 3.

Also the above hypothesis implies that (Ai ,  X 2, X 3)' satisfy model (2.1.1). 

Hence the conditional distribution of (X \ , X 2 )' given A 3 is same as the distribu­

tion of ( e i , e2); excepting for the mean. Thus the correlation coefficient in the 

conditional distribution of ( X \ , X 2)' given A 3 is same as the correlation coeffi­

cient between ei and e2. This is the same as the correlation coefficient between 

the differences W3 =  en  — e\ 2 and W2 =  e2i — e22- Thus W\ and W2 have a 

bivariate normal distribution with mean 0 =  (0 , 0 /  and correlation coefficient 

P12.3-

Now the coefficient r* can be written in terms of W\ and W2 as

* EW \sgnW 2 

T E\W X\ •
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Write
E W isgnW 2 =  E w* [E{Wl sgnW2 \W2)\ 

=  E w 2 [sgnW2E{W l \W2) \ .

But W1IW2 is normally distributed with mean E (W \\W 2) =  where

cr\Vl and <7 yy2 represent the variances of W\ and W2 respectively. Consequently,

E W isgnW 2 =  p X2 z^ E wHW2sgnW2) 
crw2

=  />i2.3— E\W2\. 
ctw2

Because W2 ~  N ( 0,cr^r2), straight forward calculations yield

E\W 2\ =  \ J \ * w 2.

Similarly,

Hence

- t / I -e \w 1\ =  j - <tWi

[2
*

T  =

\ [ i a wi
=  pn.z-

REMARK 2.2.5.  t * is invariant under nonsingular linear transformations of

X U X 2 and X 3.

PROOF: If X{ is replaced by X*  =  a,X,- +  b{X2 +  Ci,a,i >  0 , i =  1,2 and X 2 

by X£ =  cX 2 +  d, then /?* 1 and /?*2 minimizing (2.1.2) and (2.1.3) change to 

d*! =  ^  and /3*2 =  ^?/3*2 +  respectively. Then the coefficient r*

based on the transformed variables is given by

T. £(A-fi -  x ; 2 -  -  x ; 2))»£n(jy2«, -  x i 2 -  / m x ; ,  -  x ; ,»
m ; ,  -  x ; 2 -  m x , ' i  -  x 3'2)i
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But

( * 1 1  -  * 1 2  - ? . l ( * 3 1  -  * 3 2 )  =  a i ( * l l  -  * 1 2 )  +  & l(*31  ~  * 3 2 )

- ( - / 5 * 1  +  - ) c( * 3 1 - * 3 2 )  c c

=  a 1( * u - * 12 - / M * 3 1 - * 3 2 ) .

Similarly

( * 2 1  -  *2*2 -  £ .2(*3*1  -  *3*2) =  « 2 ( * 2 1  -  * 2 2  ~  & 2( * 3 1  -  * 3 2 ) •

Substituting the above in the expression for T * n e w , we get 

-*• new

_  a\sgna2 E (X n  — X \2  — /?* i(*3 l — * 3 2 ) ) s g n (* 2 i  — * 2 2  — /?»2(*3i — * 32))
M  £ | * i 1 - * i 2 - / M * 3 1 - * 3 2 ) |

=  r* since a\ and 02 are positive.

2.3 Effect of Contaminated Normal Neighborhoods 

on the Coefficient r*

It is proved in the preceding section that if (Xi ,  * 2 , * 3)' has a multi­

variate normal distribution, then r* =  P12.3. Now for 0 <  e <  1, assume that 

( * i , * 2 , * 3y has a cdf given by

(2.3.1) H e =  ( l -  t)H \ +  eH2

where H\ and H2 are respectively the cdf’s of a

N
1 P l2  P13 

0, ( 1 P23 and N
P l \  ( 4  P \2a l a 2 p \z< 7 \< rs \  

P2  I , j 4  P23<72<T3

W  V 4  / .
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distributions.

This corresponds to a distribution that is a mixture of two multivariate 

normal distributions represented by H\ and Hi- For small values of e, most of 

the observations come from the distribution H\ with occasional observations 

from the distribution H2 ■ This model is called a contaminated normal model. 

If the m's are near zero, this provides a model that is hard to distinguish from 

a normal model for small to moderate values of e.

Now we shall see how this contaminated normal model affects our partial 

correlation parameter t * .  First, let’s consider the simple case. Assume model 

(2 .1 .1) with ( e i , e2); having a cdf G(-),  and let

t * _  E ( e  11 — e i2) s g n ( e 2i  — e22)
E \e\\ — e i2 |

Now consider the contaminated normal model for (ei, e2); given by the cdf,

G f =  (1 — e)Gi +  eC?2

where G\ and G2 are respectively a N ( 0 , 0 , 1 , l , p)  and a iV(/ii,/i2,cri,<72,P*) 

distribution functions.

First note that, if
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then

E W lSgnW2 =  E[E(WlSgnW2 \W2)] 

=  E[sgnW2 E(W 1 \W2)\

=  E sgnW2 ( ^ l +  ^ { W 2 - g 2) S)

er\ 2
Ml ~  1*2—2 

2

<712
M 1 -  A*2“ 2- 

2 J
<712

Ml -  M2 —  
<72 J

<712£j5gnW2 H £-EW2sgnW2 
cr.

[1 -2P (W - ,  <  0)] +  ^ f E \ W 2\

<72
+  ^ e \w 2\

(7 r t

where $  is the standard normal distribution function.

But,

(2.3.3)
1 l(EzOl\2

E \w 2\ = /  \ x \ - ^ r - e ~ ^  * 2  ) d x
J —OO v27T<T2

/ ° 1 i / g-^oN2 y00 i i
x —= = — e ^  "2  /  d x  +  /  x  ■ .— — e *2 /  dx

•oo v27r<T2 ./o y 2 ir (T 2
li'i

= -  I S + + + *i ',S z ‘ ' h 2 d )a2
—02

<72 /  a2 _ 4 W2 , M2,
=  - ^ =  j  y e  d y  -  f i 2 $ ( - — )

<72 /“°° - 1,,2 ,
+  V S  L a .  y ‘  dy +  M

*2

i  -  * ( - S )
<To

2 2lii2 1%
^  M2 N , <72 171  ,—==e 2 -  ^2 $ ( —— ) +  — ==e * +  f*2

v 2tT <72 V27T
1/4

1 - $ ( - £ £ )  
0*0

=  I1 2 -  2 [12$ ( - ^ )  +  y |< 7 2e
<7?
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Substituting for i?| W2I in the expression for EW \sgnW 2 , we get 

(2.3.4)

EW \sgnW 2 = <712
M l ~  M2— 1 — 2 $ ( —— )

a 2 - a 2 .

£42
* 7. H2 ~  2/X2$ ( Wu  /2

 ) +  A/ -1<T2 V 7T
cr2e

1 ii| 
■e 2 .- M - j M K - a j  +  J I a i ,

<72 \  tt a2

For i <  j ; i , j  =  1,2, let EGi,Gj represent the expected value induced by two 

independent measurements on (ei , e2y with one distributed according to G; 

and the other distributed according to Gj. Then the numerator of r* for the 

contaminated model Gc is

E ( e n  -  e i 2) sg n (e2i -  e22)

=  (1 — e)2 E g i ,G i { g u  — e i 2)s gn(e2i  — e 2 2 )

+  2e(l -  e)^Gi,G2(en  _  Gi2 )sgn(e2i -  e22)

+  e2 EG2,G2(e 11 “  ei2)s5 n(e2i -  e22), 

and the denominator of r* is

Let ( 611 ) and 621
612

e22

E \en  — e i2 1

=  (1 -  e)2£?GliG1|en  -  ei2\

+  2 e(l — e)^Gi,G2 |6n  — ei21 

+  <?Eg2,Gi |en  -  ei2|. 

be independent with the common cdf G\. Then

en  -  e i2 

e2i — 622
N

2 2 p
2
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Hence by (2.3.2) - (2.3.4),

EguGx | c h  -  e i 2 | =

and

E g i ,G i { ^ u  — e n ) s g n ( e 2 i  — e22) =  ~ j=P-y/TT

Now let ^ g11^ and ^ ̂ 12 ^ be independent with ^ ^ having cdf G\ and

ei2
e22 having cdf G%. Then

en ~ 
621

-  e u \
— t -12 J

N ~ M l \  f l  +  Vi P +  P*criCT2 \
—p2 J 5 \  1 + 4  )

Again by (2.3.2) - (2.3.4), 

#Gi,G2|en  -  enl

= -Mi -2(- f i2)§(-
__________ i j i L

Ml \ ■ /, . Ov 2 ri4.ir-1
l + i c v t ' + ' i ) '7T

and

£ ,G 1,G2 ( e n  -  e i 2 ) s p n ( e 2i  -  e 22 ) 

=  -M l - 2 ( - mi) $ ( - M2 j +  / 2 (p +  p V i o - 2 ) . - ^ 7 l S g )

y ^ 1 +  ° 2) T y ^ 1 +  ° 2 )

Finally, let ( g11 J and ( 1̂2 ) be independent with the common cdf (?2 . Then

eil ~ ei2 
e2i — e22 iV /(A /  2(7̂  2p*(T1CT2 \

a ° M  ^  ) .

Once again by (2.3.2) - (2.3.4),

Eg2,G2leii  -  ei21 =
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and
2

■£'G2,G2(ei i  ~  £\2 )sgn(z2 i — £22) =  ~^P *a  1- 

Hence r* for the contaminated normal error model G( is,

(2.3.5) t *  =

where

t* =  (1 -  z)iJ j=P +  2 e(l -  e)[-Mi “  2 ( - / x i ) $ ( -

- * - I l
To

2 2  . . n-/-, -Nf .. n/ .. N*/ ^2

 .....................   fiT W )
2

+ , /2 (<■ + »•»■1^2).-^] + e2 2 
v * ^

r/9*CTl

and

r 2 =  (1 “  e)2- 7= +  2e(! ~  £)[~^ i “  2 ( - /* i )$ ( ----- / ^X-  )
^  \J(l +ai)

Note that in (2.3.5) above, if e =  0 then r* =  p  and if e =  1 then r* =  /j* . 

These are desired as e =  0 and e =  1 correspond to the case of normal error 

distribution in which case r* and Pearson’s correlation coefficient are the same. 

Also note that if <ti,<T2 tend to infinity then r* —► p*. The case of <7i,<72 large 

(one or both of them) reflects the likelihood of getting outliers. Then r* will 

weight p *  heavily and we could get t *  close to p * .  In this case, if e is small, G\ 

is the main part of the distribution with G 2 being the nuisance contamination 

effect, yet r* close to p * .  Thus contamination could have serious effect on our 

partial correlation measure if p *  is not close to p .
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Note that if (X \ , X 2 , X s )' has cdf He given in (2.3.1), then (ei, e2)' has cdf 

Ge with G\  and G2 are respectively a A^(0,0,^i,^2,C) and a ^ ( 71 , 72 , 771, 772, k) 

distribution functions, where

£1 =  1 — 2/?!p13 +

£2 =  1 ~  2^2/323 +  02  

C =  ( p i 2 -  P 1P 22 — 02P13 +  /? l# 2) / £ l £2

71 =  P i  ~  P l P Z

72 =  P2 ~  f c P Z

Vl ~  A  -  W \ p \ 2 ° \ ° 2  +  0 t * l

02 ~ 0 2 ~  W2p22a2<̂ 3 +  02*3

K =  (p*2<T\(T2 ~  P\P2Za2 0 Z ~  P2Pl2crl crZ +  PlP2° l )  h l V 2 -
Then the r* for the contaminated normal model He is given by

(2.3.6)

where

and
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2.4 Pearson’s and Kendall’s Partial 

Correlation Coefficients 

We noted in the proof of Remark 2.2.4 that if (X\,  X 2 , X 2)' has a mul­

tivariate normal distribution, then Pearson’s partial correlation coefficient be­

tween X \  and X 2 holding X 2 fixed is the regular product moment correlation 

coefficient between e\ and e2 given by

(n . v E(ei  -  Eei ) (e 2 -  Ee2)
(2.4.1) P12.3 = ---------------------------------------- r-

[E(e 1 -  Ee{)2E{e2 -  Ee2)2p

Also we showed in the same Remark that r* and p\2.z are one in the same

for this distribution. Although this definition of P12.3 is primarily given for

the multivariate normal distribution, we shall compare pi2,2 with r* when the

underlying population is not necessarily normal. It is easy to see that the

properties of r* given in Remarks 2.2.1 - 2.2.4 are satisfied by p \ 2.2 and property

in Remark 2.2.5 is given as an exercise in Anderson (1984, p. 54).

We shall now study the effect of contaminated normal errors on the

coefficient P12.3 . In this regard we consider the distribution G€, 0 <  e  < 1, of

the preceding section for the random vector (e i,e 2);. For this model, it is easy

to see that

/ o  a o \  .  ( 1  -  t ) p  +  t p * *  1 * 2
 ̂ > pV2Z  =  77,------------- ^ 7 ;--------------7 7 J -

[ ( 1  - e  +  e < 7 ^ ) ( l  - e  +  e o - f ) ] 2 

From (2.4.2), it is clear that ^12.3 —»• p* as u\ —> 00  and a2 —► 0 0 , indicating the 

non robust nature of p \ 2,2 for contaminated normal model. Later we will do a 

comparative study of the robustness in the above sense of the two parameters

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



r* and P12.3 to see if the effect of contamination is more severe for one than for 

the other.

Again as in the case of r*, if ( X i , X 2 ,Xz)' has a contaminated normal 

model given in (2.3.1), pu.z  for this model will be

( 2 .4 .3 )  m . ,  =  +  ,

[ ( (1  ~  e ) £ i  +  « 7 i ) ( ( l  “  e ) £ f  +

with the notations as in section 2.3.

Now we shall briefly discuss the third measure of partial association 

namely the Kendall’s tau. Under model (2.1.1) this parameter is defined as

(2.4.4) r =  E s g n { X n - X \2  — P * i { X z \ - X z 2 ))$gn(X2i - X - 2,2 - P * 2{ X z \ - X z 2 ))

where /3*i and /?*2 are obtained by minimizing (2.1.2) and (2.1.3).

Clearly this parameter satisfies the properties given in Remarks 2.2.1, 

2.2.2 and 2.2.4. In the case the underlying population is normal, then r =  

Esgn(eu  — e\2 )sgn(e2\ — 622) which is equal to ~sin~l p, where p is the corre­

lation coefficient between e\ and e2- The last equality follows from the fact that 

if (U,V)'  has a N ( 0 , 0 ,1 ,1 , p) distribution, then Esgn(U)sgn(V) — %sin~l p 

and that if (U,V)'  has a ./V(0,0,<7i,<72,/j) distribution, then Esgn(U)sgn(V)  =  

E s 9 n (%i)s9 n (%2 ) =  is an immediate consequence (for more on this

see, for example, Kendall (1970)). But p is nothing but pi2.3- Thus unlike r* ,r  

is not the same as Pearson’s partial correlation coefficient for a normal distri­

bution. Now we shall see how the contaminated normal distribution affects 

r.
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Assume that (ei, e2)/ has the cdf Ge defined in the previous section. Find­

ing r in this case requires finding an expectation of the form Esgn(U)sgn(V)  

where {U,V)'  has a bivariate normal distribution with nonzero mean, which is 

very messy. To avoid this, we shall consider a slightly simpler contaminated 

model Ge in which both G\  and G2 have the same means. There is no loss of 

generality if we assume that both G\  and G2 have zero means. For this model, 

straight forward calculations show that,

(2.4.5)

r =  (1 — t ) 2 —sin~l p +  2 e(l — e)—sin~l ( — j  2 ■ ■ ) +  e2 —sin~1p*.

It is easy to see that as <7i,<T2 —► 0 0 ,

2 2 2
t  —► ( 1  — t ) 2 —sin~l p +  2 e(l — t ) —siri~l p* +  e2 —sin~1p*.

IT 7T 7T

It appears that this parameter is not as much affected by outliers as either r* 

or P12.3. We will make a formal comparison among r*, P12.3 and r at the end of 

this section.

If <7i =  ct2 =  1, then

r =  (1 — e)2—sm -1 /) +  2 e(l — e)—sin - 1  (  ̂ ^ +  e2—sin~i p*.
7T 7T \  2 J 7T

Note that, for this simpler contaminated normal model, r* in (2.3.5) takes a 

simpler form as follows,

(1 -  e)V  +  V2£(l -  £)

( 1  -  e)2 +  v̂ 2e(l -  e)^Jl +  cr2 +  e2cri
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but p \ 2.3 in (2.4.2) remains unchanged and is equal to

_  (1 ~  e ) p  +  e p * <710-2

PU Z [(1 ~  e + ^ iX 1 “  e + ecTl)\̂
(i) If a i,<T2 —► oo, then r* —*■ p* and pi2 .z —* p*• As pointed out earlier, 

this corresponds to the case of outliers in which case both r* and p\2 .z 

weight p* heavily and are close to p*. Thus the outliers can have serious 

effect on both r* and p\2.3 if p* is not close to p.

(ii) If <7 i =  <72 =  1, then r* =  p \ 2 . z  =  (1—e ) p + e . p * .  Thus if the contaminating 

distribution G 2 ,  that is, e is small, has about the same variation as G i, 

we will not get a deterioration from p  and thus contamination causes 

little effect on both t * and p \ 2 . 3 -

Table 2.4.6 below gives the values of the three coefficients for several 

contaminated normal distributions.
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Table 2.4.6

1
1

0.2
3
3

0.1
1
1

0.8
3
3

0.05
1
1

0.2
3
3

0.7
1
1

0.8
3
3

1
1

0.2
3
3

0.1
1
1

0.8
3
3

0.10
1
1

0.2
3
3

0.7
1
1

0.8
3
3

0-2 r* P12.3 s in (§  -r )

1 0.105 0.105 0.105
3 0.106 0.106 0.106

1 0.111 0.106 0.106
3 0.118 0.132 0.109

1 0.135 0.135 0.137
3 0.145 0.182 0.149

1 0.191 0.182 0.149
3 0.224 0.325 0.170

1 0.675 0.675 0.678
3 0.660 0.587 0.666

1 0.619 0.587 0.666
3 0.611 0.540 0.663

1 0.705 0.705 0.705
3 0.700 0.663 0.700

1 0.700 0.663 0.700
3 0.718 0.732 0.709

1 0.110 0.110 0.110
3 0.111 0.112 0.111

1 0.121 0.111 0.111
3 0.132 0.150 0.117

1 0.170 0.170 0.170
3 0.190 0.246 0.196

1 0.266 0.246 0.196
3 0.321 0.450 0.235

1 0.650 0.650 0.655
3 0.621 0.514 0.631

1 0.555 0.514 0.631
3 0.542 0.450 0.625

1 0.710 0.710 0.710
3 0.700 0.648 0.700

1 0.700 0.648 0.700
3 0.732 0.750 0.718
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CHAPTER III

A  SAM PLE E STIM A TE O F TH E  PARTIAL  
CO RRELA TIO N  M EA SU R E

3.1 Introduction

Let ( X n , X 21 , X 31y , ( X u , X 22 , X 32y , . . . , ( X ln, X 2n, X 3ny ,  be n inde­

pendent measurements on ( X i , X 2 ,Xz)'  and let ( X i , X 2 ,Xz)' have a distribu­

tion function H. To measure the conditional dependence of X \  and X 2 holding 

X 3 fixed, we consider the following linear model,

X u  =  P i X u  +  e u

(3.1.1)
X 2i =  @2X 3i +  e2i, i =  1 ,2 , . . .  , n, 

where f3\ and /?2 are unknown parameters which need to be estimated. Intercept 

parameters could be added to this model but the procedure here is based on 

differences and it would cancel out and have no effect.

MODEL A ssum ptions. The covariate terms X 3j, i =  1 ,2 , . . .  , n, are i.i.d. ran­

dom variables with distribution function F(-), mean 113 and variance cr3 . The 

error terms (eu,  e2i)/, i =  1 , 2 , . . . ,n , are i.i.d. bivariate random variables with 

distribution function G. The marginal distribution ofeu(e2i) is assumed to have 

mean fii(g,2 ), variance ^(cr^) and distribution function Gi(-)((?2(-))- Further,

we assume that X 31 is independent of (e u , e2:)/, i =  1 ,2 , . . .  ,n.

25
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An estimate of r* can be defined in a natural way as follows. Let fa be 

a value of b\ that minimizes a dispersion measure of the residuals given by,

(3.1.2) Dx(bx) =  \XU -  bxX3i -  X xj +  bxX z j |.
i < j

Similarly let fa be a value of b2 that minimizes

(3.1.3) D 2 (b2) =  \X*i -  &2*3i -  x 2j +  b2X 3j |.
i<j

Then define an estimate of r* as

(3.1.4)
T  .fa =  'Li<i (X u  -  Xxj  -  fa (X zi -  X 3j ))sgn(X2i -  X 2j -  fa ( X 3i -  X 3j)) 

Y,i<j \Xu -  Xxj -  f a {X zi -  X 3j)\
-  Z l j ) s 9 n i Z 2i -  Z2j)

Ei<y \Zu -  Zxj\

where Z\% =  Xxi—fa X Zi and Z2i =  X 2{ — f a X 3i, z =  1 ,2 , . . .  , n, are the residuals 

from the model (3.1.1).

The dispersion functions in (3.1.2) and (3.1.3) are convex, piecewise lin­

ear functions of bx and b2 respectively and as a result there will be points 

attaining the minimum, although they may not be unique. These are the same 

dispersion functions used in Sievers (1983) and are algebraically equal to the 

dispersion function used in Jaeckel (1972) and McKean and Hettmansperger 

(1976, 1977) when Wilcoxon scores are used. These references point out that 

the diameter of the set of points attaining the minimum tends to zero asymp­

totically. Further fa and fa  are the rank estimates of the regression slopes 

fa and fa and these references contain further results on properties of fa and
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A A

/?2 , computational methods and more. This estimate Tn(p) has the following 

properties: —1 <  Tn(fi) <  +1, Tn(§) =  +1 if the rank order of the resid­

uals Z\  =  { Z \ \ , Z \ 2 , Z i n )1 is the same as the rank order of the residuals 

Zo =  (Z21, Z22, •••, Z2n)' and Tn0 )  is invariant under nonsingular linear trans­

formations of X u ,  X 2i and X 3,. The estimate Tn(§) can be expressed in another 

form to view it more explicitly as a rank statistic. First note that the numerator 

O f TnCP)
n

Y ^ (Z u  -  Z l j )sgn(Z2i -  Z2j) =  £  Zu (2R2i -  (n +  1))
i < j  i = l

n

=  2 ] £ ( $ ! <  - Z i ) i Z 2i
i= l

where ifo  is the rank of Zoi among Z2 1 , Z22 , •••, ^2n and Z\  =  Y^i-i Zn/n .  

Similarly, the denominator of can be written as 2 Y^i=\{Z\i — Z\)R\i ,

where R u  represents the rank of Zu  among Z\\ ,  Z\2 , ..., Z\n. Hence Tn(fi) can 

be written as

T lU ( Z u - Z 1)R2i
(3.1.5) Tn(0)) =

T L i i Z n - z j R u
Z[cR2
Z[CR,

where Z\c is the vector of the centered residuals Z\i—Z\, Ri =  (i? ii, i?i2 , •••, Rin)1 

and i ?2 =  {R2I1R 221 •••iRin)'• The formula (3.1.5) suggests an interesting gen­

eralization to allow arbitrary scores instead of ranks. It appears that such a 

statistic would have the same properties as Tn(/3).

In the following sections we shall discuss other properties of the estimate 

Tn(j3). In section 3.2, it will be shown that the distribution of this estimate is free
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from the regression parameters /?i and @2, the location parameters fii,fi2 and 

fis, and scale parameters <7j, a f and a\.  In section 3.3, we discuss the consistency 

property of Tn(/?). In section 3.4, we derive the asymptotic normality of Tn0 )  

under the hypothesis of conditional independence discussed in chapter I. In 

section 3.5, we will obtain an expression for the influence curve of this estimate 

and discuss this in comparison with the influence curves of Pearson’s partial 

correlation estimate and Kendall’s tau estimate. In section 3.6, we present 

three numerical examples and discuss the effect of outliers on these estimates.

3.2 The Effect of Parameters on the Distribution of Tn(ft)

Tn0 )  is not a distribution free statistic even under the hypothesis of 

independence of the "error terms”. It’s distribution depends on the distribution 

of -X3,-’s, e i ,’s and e2i’s, i =  1,2, ...,re. To see this, write the residuals given in 

(3.1.4) in terms of the error terms to obtain

(3.2.1) Zu =  X u - h X z i

=  —0 1  ~  Pi )X3i +  eu,
and similarly

Z2i =  — 0 2  — &2)X3 i +  e2».

Thus we can write
(3.2.2)
Tn0 )
_  ]C:<j(eii ~  eij  ~  0 1  ~  Pi){Xzi  -  X 3j))sgn(e2 i -  e2j  -  0 2  -  ^2 ){Xzj -  X$j))  

E i< i  lew -  e y  -  0 1  -  Pi ) (X3i -  X 3j)\
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(3.2.2) suggests that the distribution of Tn(0) depends on the distribution of 

A^j’s, e ii’s and e2i’s, i =  l ,2 ,. . . ,n .

Although the statistic Tn(/?) is not distribution free, we show in what fol­

lows that it ’s distribution does not depend on the parameters /?i,/?2> /*2> 2

and <T32.

First, if Hi 0,/Z2 ^  0,Hz i=- 0, consider =  eu — ^ i,e 2,- =  e2i — H2 , 

and Xfr =  Xzi  — Hz- The underlying model (3.1.1) may now be written as

Ai» =  (hi +  fiiPz) +  PiXzi  +  eji
(3.2.3)

A 2i =  (H2 +  02 Hz) +  foXZi +  ê ,-, i =  1 ,2 ,..., n.

This model (3.2.3) is same as the model (3.1.1) except for the intercept terms. 

But as noted earlier, the intercept terms have no effect on our estimate and we 

have Tn(0)  free of the location parameters HI1H2 an<i  Hz-

To show that the distribution of Tn(/3) is free from the remaining param­

eters, we first need to show the following ” translation” and ”scale” properties 

of our slope estimates.

Denote /?,- by /?,(A3i, A 32, A 3„; Aii,A ,-2, ...,X in), i  =  1,2. Then # ,  

satisfies the following properties:

’’T r a n s l a t io n  P r o p e r t y ” .

(3.2.4)
A A
0i ( x  1 , x2, X n \ y i + c x i ,  V 2 + c x 2 , . . . ,  y n + c x n )  =  /?,(x 1 , x2, ..., x n \ y i , y 2 ,  ...,7/„)+c,

i =  1,2, for every x i , x 2 , . . . , xn, y i , y 2 , . . . , yn and c.
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PROOF: Note that 0\ is a value of b\ that satisfies

min | yi -  yj -  h  (x,- -  xj)\ =  X }  I V i -  Vj ~  h { xi ~  xj)  I 
1 i<i i<j

=  Y2  +  c x *') ”  +  +  c ) ( a;,' ”  * i ) l -
i<j

So if y,' is replaced by y,' +  cx ,',i =  1 ,2 , . . .  ,n , then the new slope estimate

is given by 0\  +  c, which proves the translation property of 0 \ . Similarly the

translation property of 0 2 can be established.

’’S c a l e  P r o p e r t y ” .

A ^  A

(3.2.5) 0 i (axi ,ax2 , a x n; 6yi, &y2, ..., 6y„) =  - 0 i ( x i, x2, ..., x„; yi, y2, ..., y„),
a

i — 1,2, for every x i ,x 2, . . . ,x n,y i ,y 2,.. . ,y n,6  and a ^  0.

PROOF: For a 7̂  0,6 7̂  0,

min J ]  liK -  Vj ~  bi ( x i ~  x j )| =  X )  |y» ~  2/j “  M xi ~  xj)\
1 i<j i<j

1 v  ̂ b a
=  m 2 ^  N* -  byj -  - 0 i { ax i  -  a x j )|,

' ' i<j

which shows that when x,- is replaced by ax,- and y,- is replaced by 6y,-, i =

• •  • f i  A1 ,2 , . . .  , n, the new slope estimate is given by ̂ 0 i .

Note that the case b=0 is equivalent to all the y,-’s being equal to zero, 

in which case 0\  =  0. This proves the ’scale’ property of 0\.  Similarly the ’scale’ 

property of 0 2 can be established.

From the ’translation’ property (3.2.4), we have,

0i(X31,Xz2,—, Xsn', X il~0 iX3i ,  X i2 - 0 i X z 2 , ..., X in- 0 i X 2n) =  0i~0i ,  i =  1,2.
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Thus 0 i  — 0i ) , i  =  1,2 in (3.2.2) may be replaced by

Pi =Pi(X3 i ,X32 , . . . ,X3n',X i i—P iX3i ,X i2—PiX321. . . ,X in—PiX3n), * =  1,2,

A A
A A A

without changing the value of Tn(/3). These new estimators Pi and P2 are the 

regression estimators obtained by replacing X u  by X u  — P \X 3i and Xo{ by 

X 21 — P2X 31 respectively in the model 

X u  =  P\X3i  + eu

X 2i =  P2X 31 +  62i, i =  1 ,2 , . . .  , n.

This is equivalent to the slope estimators obtained from the model

X u  =  ei,-

X 2i =  &2«, i =  1 ,2 , . . .  ,n , 

which is the usual model with Pi =  P2 =  0. Consequently, the estimate Tn{P) 

does not depend on the slope parameters Pi and P2 .

From the ’scale’ property (3.2.5), we have,

(3.2.6) Pi{ X 31 , — X 3 2 , . . . ,— X3n, X i i , X i 2 , —,Xin)  =  <73Pi, i =  1,2.
<73 <73 <73

Then the residuals can be written as 

Zu  =  X u  — PiXsi

=  X u  -  f a P i ) —  
<73

=  X u  -  P l ( - X 31 , — X 3 2 ,  ..., — X 3n,  X n , X i 2 , X i n ) ^ -  
<73 <73 <73 <73

and

Z2i =  X 2i ~  0 2 (— X 31, — X 32, . . ; — X 3n' ,X2l t X 22, . . . , X 2n) —  '<73 <73 <73 <73
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From the above it is clear that X z i ’s may be replaced by their standardized 

values without altering the values of Zu  and Zzi- Consequently Tn(§)  does 

not depend on a% as can be seen from (3.1.4).

From (3.2.2), we can see that Tn(/3) involves quantities of the form ei,- —

0 1  — f3i)Xzi and eu — 0 2  ~  h )X z i -  Further from (3.2.4),

A A

31 ? -X32? •••? -X3 eil ? ®t’2? •••? în) — Pi Piy % 1,2.

Thus Tn0 )  may be written in terms of the residual estimates of the form

R u  =  eii — f i i ( X z i , X z 2 , —,X z n ' , e u ,e i2 ,—,e in)Xzi

and

R-2 i =  e2 i —/32( X z i , X z 2 , —,Xzn,  £21, 222 , —,e 2n)Xzi

as

r  ( Ei < j ( R U ~  R l j ) s g n ( R 2i -  R 2j)  

n[- } Z i ^ l R u - R i j l

Applying ’scale’ property

0 i (X z i ,X z 2 , —,Xzn', — e,-i, —e,-2, ..., — e,-„)<Ji <J{ <Ti

=  — P i(X z i ,X z 2 , — ,Xzn',£il,£i2 , —,£in), * =  1, 2 .

Thus if we replace the error terms ei,-(e2i) by their standardized forms ^ ( ^ ) ,  

the residual estimates Ru(R.2i) will be transformed to =  1 , 2 , . . .  ,n ,

so that

y -. .riLu. _  £iL)san(M2L _
rp ffl  O-l ) S 9 n \  <T2 <T2 >

n { E ) ~  y . I cri ai I
^L/i<j{Rli R l j ) s9n{R2i ~  R 2j ) . ,

= ------ -— = ----r—  —j------------ since (7 \ and <72 are positive.
2^i<j l-̂ i* “  Ri j \
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Thus the distribution of Tn (/?) is free of a \  and erf.

So far in this section we have shown that the distribution of Tn({3) is free

of

(i) the intercept parameters and the location parameters p i , p 2 and pz-

(ii) the intercept parameters, location parameters p i , p 2 and p 3 and the 

slope parameters /?i and /?2 , because fix and P2 satisfy the ’translation’ 

property.

(iii) the intercept parameters, the location parameters p i , P 2 and p 3 , the 

slope parameters and 0 2  and the scale parameters erf, erf and erf since 

/?l and satisfy both the ’translation’ and ’scale’ properties.

R em ark  3 .2 .7 . In addition to our method of estimation of  slope parameters /3\ 

and /?2 , other commonly used methods such as OLS(ordinary least squares) and 

LAV(least absolute value) methods also have these ”translation” and "scale” 

properties.

3.3 Consistency of Tn(fi)

In this section we show that Tn((3) is consistent for r*(/3) under model

(3.1.1) with some additional regularity conditions:

CONDITION 3 .3 .1 . The cdf G i  has an absolutely continuous density function 

g i  with

/ ( —)2£i <  00, i =  1,2.
J  9 i
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CONDITION 3 .3 .2 . The difference of two independent random variables with 

cdf Gi has cdf G* and density gf which is continuous at 0, g*(0) >  0, i  =  1,2.

CONDITION 3 .3 .3 . The random variable X 3 has a positive variance <732.

CONDITION 3 .3 .4 . There exists a positive 6  such that E ( X 3 — p 3 ) 4'+6 <  0 0 .

LEMMA 3 .3 .5  (S ie v e r s) . Assume model (3.1.1) and conditions 3.3.1 - 3.3.4.

\2) i<j

v P ( k ) =  7^7 E  l*K -  X v  -  -  X 3>)l
'2/ i<3

qM(v)  =  E ( X n  -  X 12 -  vx( X 31 -  X 32))sgn{X2l -  X 22 -  u2( X 31 -  X 32)) 

e&\ u)  =  E \ X u  -  X 12 -  ux( X 31 -  X 32)\

Note that U ^ \ v )  and U ^ \ v )  are U-Statistics with means and v)

Then

where

and => stands for convergence in distribution.

REMARK 3 .3 .6 . It follows from Lemma 3.3.5 that /3,- —* /?,- in probability, i —

1, 2 .

Let’s introduce some additional notations. Define for v =  (^ 1 , v2)'

Ui1](v) =  J L  J 2 ( X U -  X U -  v i {X 3i -  X 3j ))sgn(X2i -  X 2j -  v2 ( X 3i -  X 3j))

respectively. Also note that
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and

^ ( B  
r  ®  =  W H Y

The following theorem gives the consistency property of Tn(f3).

T heorem  3 .3 .7 . Assume model (3.1.1) and conditions 3.3.1 - 3.3.4. Then 

Tn(P) —> T*(§) in probability.

PROOF: We show that Un\@) —> #W(/3), in probability, i = l ,2, from which the 

theorem follows by an application of Slutsky’s theorem. First consider,

Iu g \ l )  -  Ui2)( 0 1

= A l  -  x 3j)\ -  \Xu -  X \ j  -  f r ( X 3i -  X 3j)\]\
\2J i < j

^  A  E  l l ^ i  -  -  ^ 3 i ) |  -  1*1,■ -  -  0 i ( X 3i  -  * 3 i ) l |

\ 2 )  i < j  

=  I A - A l 7 ^ i ; i ( X 3 , - X 3 i ) | .  
\ 2 )  i < j

By Remark 3.3.6, — /?i| —»• 0 in probability and hence the right hand side

of the preceding equation converges to zero in probability. But U ^\/3 )  is a IT- 

Statistic converging in probability to 6 ^ ( 0 ) .  It follows that u i 2\@) —* 9̂ 2\(3) 

in probability.
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Now Consider

-  u £ \ § )

=  -  X V -  ^ Xzi -  X*i))*9n{Xx -  X 2j -  f a (X 3i -  X 3j))
' 2 /  i < j

-  ( X U -  X u  -  P i (X3i -  X 3j ))sgn(X2i -  X 2j -  (32 (X3t -  X 3j))]

))=  - ( f a  -  f t b j L  J 2 ( X 3i -  X 3j ) sgn (X 2i -  X 2j -  f a ( X 3i -  X 3j
(2) ,<j

+  -t^y ^ ( ^ i .  -  X i j  -  f a (X 3i -  X 3j ))[sgn(X2i -  X 2j -  f a (X 3i -  X 3j)) 

-  sgn(X2i -  X 2j -  p 2 (X 3i -  X 3y))]

The first term on the right hand side of the preceding equation in absolute value 

is bounded by

I A - A h 4 r E l * « - * « l
\ 2) i<j

and the latter converges to zero in probability.

For fixed value of =  (0i,  /32)', denote by

(3.3.8) 

¥>(&) =  7 ^  E ( X l* "  X U ~  ^ X3i ~  X *i))[*9n(X2i -  X 2j -  f a (X 3i -  X 3j)) 
'2/ i<j 

-  sgn(X2i -  X 2j -  /32 (X 3i -  X y ) ) ]

Let A >  0 belong to a bounded interval and consider

(3.3.9) 

¥>(/% +  -7=) =  7£Y ^ \ . ( eU ~ eij) is9n (e2 i ~ e2j  y = ( X 3{ — X 3j))  — sgn(e2i ~ e 2j)]
v n U  iZj Vn
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But with probability 1,

sgn(e2i -  e2j  -  ~^={Xzi -  Xz j ) )  -  sgn(e2i -  e2j)
Y  71

2, if (e2i — e2j)  <  0 <  (e2,• — e2j  — - ^ ( Xz i  — Xzj))  

- 2 ,  if (e2t- -  e2j  -  - ^ { X z i ~  X 3j))  <  0 <  (e2l- -  e2y) 

„ 0, if otherwise.
' 2, i f ^ ( X 3 l- X 3j) < ( e 2 i- e 2y ) < 0

- 2 ,  i f O < ( e 2 i- e 2i) < ^ ( X 3 l- X 3i)

. 0 ,  if otherwise.

and thus with probability 1,

|sgn(e2i -  e2j  -  -^={Xzi -  Xzj))  -  sgn(e2i -  e2j)\

^  2J{— y=\Xzi — Xzj\  <  (e2i -  e2j )  <  —=\X zi  -  Xzj\ }
y/n y/n

— 2 / { — /=\Xzi  — X z  +  X z  — Xzj\  <  (e2; — e2j) < —=\Xzi — X z  +  X z  — ^3j|}
^ T l  WTl

<  2 / { —2A max I* 3* ~-X ^ <  {e2i -  e2j) <  2A max
1 <i<n y j n  V 31 l < i < n  y j n  J

=  21{\e2i — e2j\ <  2A max ^ 3> X ^ }.
1 < i < n  y Tl

Substituting in (3.3.9),

lv(02 +  “̂ ) l  <  2-pr ]TJ lei« "  ei ; M l e2< -  e2j\ <  2A max ^ 3* ^ 3 }̂.
V2/ ,'<y V

From the above it follows that

(3.3.10)

sup |y?(/?2 +  -^=)| < 2 — ^ |e i i - e i j ) | J { | e 2j - e 2j| <  2M  max ^ 3l Â }.
|A |<Jlf V n  (2J !<*<« Vn

The right hand side of (3.3.10) is a U-Statistic Un with symmetric kernel,

hn{ X z , e ^ e 2 -l3) =  2|en  -  ei217{|e2i -  e22| < 2M  max
”  l<«<ra y n
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Note that

EUn =  Eh n( X @ )

=  2E[\en  -  e12) |/ { |e 21 -  e22| <  2M  max
1<*<» y n

<  2[E (eu -  e i2)2P (|e2i -  e22| <  2M  max * ii ) ]$ .
y/n

Since E(en  — ei2)2 =  2<ti2 <  oo and because of conditions 3.3.3 and 3.3.4, 

maxi<;<n 0 a.e., we have

EUn —► 0, as n —> oo.

Also,

Ehn2 ( X z ,e 1, e2; 0) <  4E(e\\  — ei2)2 =  8<ri2 <  oo, for every n.

Then by results such as Lemma 5.3.11 of Randles and Wolfe (1979),

Var(Un) —► 0, as n —> oo.

Hence Un converges to zero in probability.

Then by (3.3.10),

(3.3.11) sup |y>(02 +  ~r=)l -► 0) in probability.
|A|<M v n

From Lemma 3.3.5, we have

(3.3.12) y/n{$ 2  — fo)  =  Op( 1), as n -* oo.

Let e and 8  be arbitrary constants. By 3.3.12, there exists a positive real number 

M such that for all n,

(3.3.13) P (v ^ | / ? 2 -  & |
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Consider now

(3.3.14)
P M M  >  e)

=  P { |^(/?2 +  - 7 = ) >  <0 w^ere A  =  y / n 0 2 -  # 2) y/n

=  P(\<p(/32 +  - ^ ) > e , \ A \ < M )  
y/n

+  P (W A  +  ^ = )  >  £> 1*1 >  Af)

<  P( W A  +  A) >  e, |A| <  M )  +  P ( |A | >  M )
y/n

<  P{  sup \ip(fa +  -7 =) >  e) +  P(y/n\j32 -  fk\ >  M)
|A |<M  V n

<  P(  sup \<p(fo +  - 7=) >  c) +  I-
|A|<JW V n  2

From (3.3.11), there is a positive integer N such that for all n >  N,

P(  sup \<p(/32 +  ~^=) >  e) <
|A|<W V n 2

Now from (3.3.14), we have for all n >  N,

P(\<p(fo)\ > e ) < 6 ,

which establishes that <̂ (̂ 2) converges to zero in probability.

Thus we have proved that

U ^\@ ) — —»• 0 , in probability.

But Uri\fP) is a U-Statistic converging in probability to consequently

uk'Hl)  -> «“ >(£), in probability.

By Slutsky’s theorem, it follows that Tn(0) —> in probability and the

proof of the theorem is complete.
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In this section we derive the asymptotic normality of Tn($) under the 

null hypothesis Ho of independence of errors in model (3.1.1). With the no­

tations as in the previous sections, we note that Tn(fi) is the ratio of two U- 

statistics Un^ and with estimated slope parameters. We shall establish
A

the null asymptotic normality of Tn({3) by first deriving the null asymptotic 

normality of U n \ f i )  and then by an application of Slutsky’s theorem. The 

asymptotic normality of u j p 0 ) under Hq is a direct result of a theorem by 

Randles (1982), which gives the asymptotic normality of a U-statistic involving 

estimated parameters. To verify the conditions of Randles’ theorem, we need 

the following assumptions.

CONDITION 3 .4 .1 . e i(e 2 ) is a continuous random variable with a bounded con­

tinuous density function, and a finite variance.

CONDITION 3 .4 .2 . X% is a continuous random variable and there exists a 5 >  0 

such that E{Xz — fiz)i+S <  oo.

Now we shall state Randles conditions and theorem.

Let X \ , X 2 , . . .  , X n, denote a random sample from some population. Let 

h(x i,X 2 , . . .  , x r : v) denote a symmetric kernel of degree r with expected value

9(v) =  Ex[ h ( X , X r - , v ) } ,

where A denotes a parameter value, and v  is, in general, a mathematical variable.
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The corresponding U-statistic is

u m  = - X -  X  *(•*■«v x n , . . . ,x« r-,v),
(r j  ^

where A* denotes the collection of all subsets of size r from the set of integers 

{1, ...,n }  . Then the conditions of Randles’ theorem are as follows.

C o n d i t i o n  3 .4 .3 . Suppose

n?(A — A) =  Op( l)  as n —>■ oo.

CONDITION 3 .4 .4 . Suppose there Is a neighborhood of A, say K ( A), and a 

constant K \  >  0 such that if v G K ( A) and D {v ,d ) is a sphere centered at v 

with radius d satisfying D(u,d)  C K ( A), then,

E[  sup \h(X1 , X 2, . . .  , X r;v ’) -  h ( X i , X 2l . . .  , X T-,v)\\ <  K xd, 
v>zD{v4)

and

lim E[  sup \h{Xx, X 2, . . . , X r] v') -  h (X u X 2, . . .  ,X r; v) |2] =  0
d—0 viQD(v,d)

CONDITION 3 .4 .5 . 0(i/) has a zero differential at v =  A.

C o n d i t i o n  3 .4 .6 .

n^[Un{X) — 0(A)] =>• iV (0,r2), as n —>• oo,

where

t 2 =  r 2V a r {E [h {X i ,X 2, . . .  , X T] A |*i)]) >  0.

Then Randles theorem is
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T h e o r e m  3.4 .7  ( R a n d l e s ) .  Under conditions 3.4.3-3.4.6,

, r2), as n —* oo.

Now consider the U-statistic,

1 j  — Vl{Xzi — X 3j ) ) sgn(X2i — Xoj — V2{X3i — ^3;))
\2) i<j

=  J 3 ( eii -  e y  -  f a  -  fa ) (X 3i -  X 3j))sgn(e2i -  e2j
(2) j<y

-  f a  -  P2) (X3i -  X 3j)) 

where the mathematical variable v =  f a , v 2)' replaces the estimator 0  =  

(fix, fa)'• The corresponding kernel of degree 2 is

(3.4.8)

(£Li ,£L2, il) =  ( e n —ei2—f a —0i ) (X3i —X 32))sgn(e2i —e22—f a —02)(X3i —X 32))

with — (X 3i , e u , e 2i)',i  =  1,2. Let

(3.4.9)
6 W (v)  =  E h W ( S 1 , S 2 -,v)

— -®£(en — ei2 — (t'l — 0 i ) ( X 3i — X 32))sgn{e2\ — e22 — f a  — 02 ) (X3i — X 32)) 

Now we shall state the main theorem of this section.

T h e o r e m  3.4 .10. Under conditions 3.4.1 and 3.4.2 and under Ho,

n*Un\f3)  =» N(0,  ^crj2), as n —* 0 0 . 
o

PROOF: This follows from Theorem 3.4.7 (Randles) once we verify conditions

3.4.3 - 3.4.6.
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Condition 3.4.3 : Conditions 3.4.1 and 3.4.2 imply conditions of Lemma 

3.3.5 of section 3.3 and hence both -v/nfa — f3\) and \ / n f a  — # 2) converge in 

distribution to normal random variables. This implies that y/n(fi_ — fl) =  0 P( 1) 

as n —> 00  and hence condition 3.4.3.

Condition 3.4.4 : For 1/  =  f a ' ,  v2')', we consider the following:

=  f a i  -  e i 2 -  f a '  -  P i ) ( X z i  -  X z 2) ) sg n (e 2i — 022 -  f a ' — ^2) { X z i  — X 3 2 ) )

—  f a i  -  e i 2  -  f a  —  P i ) { X z i  —  X z 2 ) ) s g n ( e 2 i  —  02 2  -  f a  -  /?2 ) f a 3 i  -  - X 3 2 ) )  

Denoting en  — ei2 by T i,e2i — e22 by T2 and X 31 — X 32 by S, we have,

= (Ti -  (v  1' -  h ) S ) s g n ( T 2 -  fa' -  f c ) S )

-  (Ti -  f a  -  /3i)S)sgn(T2 -  f a  -  (32)S)

=  (Ti -  f a '  -  h)S)[sgn{T 2 -  f a '  -  fa)S) -  sgn(T2 -  f a  -  /32 )S )]

-  f a '  ~ n )S -  sgn(T2 -  f a  -  fa)S )

Hence

(3.4.11)

| f t ( 1 ) ( £ i , £ 3 i u , ) - f c ( 1 ) ( £ i , £ 2 ; i £ ) l

<  |(Ti -  f a '  -  fa)S)[sgn(T2 -  f a '  -  fo )S)  -  sgn(T2 -  f a  -  fo)S)]\

+ Wi -  Z'lll-S'l-

Consider the first term on the right hand side of (3.4.11),

|(Ti -  f a '  -  Pi)S)[sgn(T2 -  f a '  -  /%)S) -  sgn(T2 -  f a  -  ft)S )]|

<  2|Ti — f a '  — /3i )S\Ia
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where A is the set of (S', T2) between the lines T2 =  (zV — P2)S  and T2 =  

(v2 — f32 )S . (see figure 3.4.12).

Figure 3.4.12

Note that in figure 3.4.12 above, [sgn(T2 — (v2 — @2 )S) — sgn(T2 — (1*2 — 

^2)5)] is zero outside the band and equal to 2 within the band. The positions 

of the lines may be interchanged and one or both the lines can have negative 

slopes. If B represents the set of (S’, T2) between the lines (max(u2 , vJ) — )S  

and (min(i>2 ,V2') — &2 )S, then A  C B  and

i m  -  -  0 i)S)[sgn(T2 -  (u2' -  fo)S) -  sgn{T2 -  (u2 -  A>)S)]|

<  2|Ti — (1/1 — f3i)S\IB-
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From (3.4.11), it follows that

(3.4.13)

|fc(1 )G 2 i , £ > ; £ ' )  -  ^ ( 1 ) <  2 | m  -  i n '  ~  i h ) S ) \ I u  +  \ w  -  * * | | S | .

Therefore,

E[  sup |^ 1)(5 1, 5 2;i/,) - ^ 1)(5 1,5:2;i/)|] 
v'€D(v,d)

< 2 E [  sup | ( r i - ( z / i ' - / ? i ) S ) |J i , ]  +  £?[ sup h ' - i / i l l S I ]  
n!e D(p,d) a!^D{v,d)

< 2 E [ I C sup | ( r i - ( ^ ' - / ? i ) 5 ' ) | ]  +  ^ l-S ’|,
z ' e  D(v,d)

where C is the set of (S', T2) obtained by replacing max( i/2, zV) by 1/2 +  d and

min(v2 , v 2 ) by v2 — d. Thus,

E[ sup |/i(1)(jSi,^2;id') -
»'eD(v,d)

(3.4.14)

Now consider

< 2 E\T1 \Ic  +  2  sup \v\ — Pi\E[\S\Ic] +  dE\S\.
E€D(j,,d)

E[\S\IC] =  £ p ? (|S |J d S )] =  E[\S\E(IC \S)].

But

E(IC\S) =  P{{v2 - d -  02)S  < T 2 < ( v 2 +  d -  p 2)S, S  >  0]

+  P[{v2 +  d — fi2)S < T 2 < { v 2 — d — fi2 )S, S  <  0] 

=  P[(y2 -  d -  f t )  <  y  <  (U2 +  d -  f t ) ,  S >  0]

+  P[(v2 — d — f t )  < ' - £ <  {v2 +  d — f t ) ,  5  <  0]

<  P[(v2 ~  d -  f t )  <  ^  <  (1/2 +  d -  /32)\ 

+  P[(t/ 2 -  d -  f t )  <  y  <  (z/2 +  d -  ft)]

=  2 P[{v2 -  d -  f t )  <  ^  <  (u2 +  d -  /32)].

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



46

By conditions 3.4.1 and 3.4.2, the random variable ^  has a distribu­

tion function T2O  and a density lo(-) which is bounded by Bo and continuous, 

so that
P [{v 2 — d — fa) < - g - <  (v2 +  d — fa)]

=  L2 (v2 +  d -  P 2) -  L 2(V2 - d -  P2 )

=  2 dl2 {£) for some £ G (1/2 — d — P2 , V2 +  d — P2)

<  2dB2.

Thus,

and hence

E{IC \S) <  4:dB2

(3.4.15)

Next consider

E[\S\IC] <  4dB2 E\S\.

E m \ l c ] =  E[E(\Ti\Ic\Ti) \ =  E m E i l c i m

But, on lines similar to the calculation of E(Ic\S),  we have E{Ic\T\)  <  idBo  

so that

(3.4.16) E[\T\\Ic) <  4djB2^ |T i|.

Thus from (3.4.14) we have

E[  sup
a!zD{v,d)

<%dB2E\Ti\ +  %dB2E\S\-  sup M  -  Pi\ +  dE\S\.
1i>eD(u,d)
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Thus for any neighborhood K (§ )  of /?, with diameter say m, for v €  K (§ )  and 

D {v ,d )  C K ( 0 ,

E[ sup
x!£D(v,d)

<  8 dB2E\T\\ +  8dJ52m£?|5| +  cLElS1!.

=  K xd

where Jfi =  852^ |T i| +  8 B 2mE\S\ +  £ |5 | ,  is positive and finite. This verifies 

the first part of condition 3.4.4.

To verify the second part of condition 3.4.4., we first note that from

(3.4.13),

|fc(1 )C & , & ; i 2 , ) - & {1)( £ i , & ; i i ) l a

<  (2 | (Zi  -  W  -  lh )S ) \ lB  +  W  -  ^ i l lSI)2

<  (2\T1\Ic +  2|n 1 -  M S \ I c  +  W  ~  v i \ \S \ )2 

— AT\2Ic  +  4 (1/1' — f3i)2S 2I c

+  {v\ — v\ )2 S 2 +  %\v\ — /? i||2 i||S |Jc  

+  A\v\ -  vi\\Ti\\S\IC +  4 h '  -  ySilki' -  vi \S 2Ic

By a similar argument as in the first part,

E[  sup | ^ ( £ 1,& ; i / ,) - A (1)(2 1, £ 2;i/)|2]
BeD(a,d)

<  16dB2ET!2 +  16dB2m 2E S 2

+  d2E S 2 +  Z2dB2mE\T 1 \E\S\

+  4dE\T1 \E\S\ +  4:m dE S 2
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Thus,

lim.E[ sup |/i(1)( £ i , £ 2; r/') -  =  0 ,
d— 0 v'eD(v,d)

which is the second part of condition 3.4.4.

Condition 3.4.5 : Consider

&W(v) =

=  E { E ( h ^ ( ^ 1 ,2.2 ] u)\XzU X 32)}

Denoting (ui -  Pi ) {X 31 — X 32) by B \(v )  and (v2 — j32)(Xz\  -  X 22) by B2 (u),

consider the inner conditional expectation in the above expression for the fixed

values of Xzi  =  £31 and X 22 =  £32,

E ( h ^ ( ^ , S 2, u ) \ X z i  =  ® 31,*32 =  £ 3 2 )

=  £ ( e n  -  ei2 -  bi(v))sgn(e2i -  e22 -  b2 (u)) 

where 6: (i/) =  (v\ -  Pi)(xzi -  £32) and b2(t/) =  (v2 -  # 2)(£31 -  £32)-

Under the null hypothesis, (en  — ei2) is independent of (e2i — e22) and

thus the above expectation can be written as the product of two expectations.

Thus,
■E(fc(1)G?l,£2;i/)|X31 = £31, X32 = *32)

=  £ ( e i i  -  ei2 -  bi(v)) ■ Esgn(e21 -  e22 -  b2 (v))

=  ~&l(£)[l -  2P (e2i -  e22 <  b2 (v))\.
Recall that e2i — e22 has a cdf G2*, density g2*, continuous at 0, <72*(0) >  0.

Hence

£(fc(1)C£!,£ 2:101* 3! = *31, *32 = ^ 2) = -&lU)[l -  2G2*(b2(K))}.

Thus

£ (ft(1)(£ 1, £ 2;i')l* 3 i,* 3 2 ) =  - b 1 ( k ) [ i - 2 G 2 *(B2 (u))}
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and

9 ^ ( u )  =  - E x *''X™Bi{v)[l  -  2G2*{B2 {v))}

where E Xai,Xs2 represents the expectation induced by the joint distribution of 

X 31 and X 32 .

Note that

E x ai’Xv B l (v) =  (z/i -  fa )E (X 3i -  X 32) =  0,

so that

(3.4.17) 6 W(v) =  2E X3' ’X™B1{v)G2*(B2 {v)).

We shall use the following result from Randles and Wolfe (1979) in order to 

pass the differentiation inside the integral.

R e s u l t  3.4 .18 ( D if f e r e n t ia t io n  o f  a n  in t e g r a l ) . Let F(.) denote the 

cdf of  a continuous random variable. For the function k(x,t), suppose that the 

following conditions axe satisfied:

(i) for each fixed t in (a, b), dk^ t) exists for all but at most a countable 

number of x-values,

(ii) for each fixed x, exists and satisfies

for all but a countable number of  t-values in (a,b), where &*(.) is such that

J  k*(x)dF(x) <  0 0 ,
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and (iii) k(.) is an absolutely continuous function o f t .  Then

J  k (x , t )d F (x )  =  J  ^ i F ( x )

for all t in (a ,b).

Clearly because of Conditions 3.4.1 and 3.4.2, differentiation with respect 

to Ui,i =  1,2, may be passed inside the integral in (3.4.17) giving

d ^ (-> =  2Ex * 'X3*(Xn  -  X 32)G2*{B2 {v))

and

=  2Ex *'’X™B1 (v)g2*(B2 (v ) ) (X 31 -  X 32)

Since B{(0)  =  0, i =  1,2, and G 2*, being symmetric about zero and hence 

(^(O) =  we have

ddW(v)
du\

=  E ( X 31 -  X 32) =  0
v = 0

and

dOM{v)
=  0 .

£=/?
dv2

Hence has a zero differential at u =  /? and this verifies condition 3.4.5.

Condition 3.4.6 : This condition is verified as a direct result of U-

Statistic theorems, since

U n \ § )  =  i  J ^ ( e i i  -  e ij )sgn(e2i -  e2j)
V2 )  i < j

is a U-Statistic based on i.i.d. observations (e i i ,e 2i ) /, (e i2, e.22)', . . .  , (ei„, e2n)/-
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Under Ho, the mean of the above U-Statistics is 

0 ^ ( 0 )  =  E(e  11 -  e i2)s57i(e2i -  e22)

=  E{en  -  e i2)£sfirrc(e2i -  e22)

=  0 .

The null asymptotic variance of the above U-Statistics is

n 2 =  4VarHo(EEo[kW(£1,& ;£ )& ]).

Consider now for the fixed value Sj =  (2:3 , y \ , y 2) of Sj,

=  * ]

=  Eh0[(vi -  ei2 )sgn(y2 -  e22)]

=  E(yi  -  e\2 )Esgn(y2 -  e22)

=  ( y i  -  Ee\2 )(2G2 (y2) -  1)

=  (2/1 -  E eu ) (2G 2 (y2) -  1).

Thus

£ r f (1)G 2 i,& ;£ )|£ i] =  (eu -  E e 11)(2G2 (e21) -  1)

and hence
n 2 =  4Uar^0[(en — Ee\ \) (2G 2 {e2{) — 1)] 

=  4;E(en  — jBen)2E (2G 2(e2i) — l ) 2 

=  1 &ax2E {G 2{e21) -  \ ) 2

  2
3 •
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Thus we have by a standard U-Statistic theorem, under Ho,

o-!2) as n —> oo,
V

which verifies condition 3.4.6 and this completes the proof of theorem 3.4.10.

Now we shall state the last theorem of this section which establishes the 

null asymptotic normality of Tn(0).

THEOREM 3.4 .19. Under conditions 3.4.1 and 3.4.2, and under Ho,

n i T n( i ) * N (  o 4 - ( £ |e i1‘rl ei2|)2) «

PROOF: Conditions 3.4.1 and 3.4.2 imply condition 3.3.1 - 3.3.4 of section 3.3 

and from Theorem 3.3.7, under the latter conditions,

U ? \ £ )  -> eW(§)  in probability.

But

6 W(§)  =  E\en - e 12\.

This together with Theorem 3.4.10 and an application of Slutsky’s theorem 

establishes Theorem 3.4.19.

3.5 The Influence Function of Tn(fr)

The influence curve measures the influence on the population characteris­

tic such as t*, being estimated, of a contaminating point mass in the underlying
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distribution. The definition of the influence curve for an estimator depends on 

being able to represent the estimator as a functional evaluated at the empirical 

cumulative distribution function. Then as pointed out by Hampel (1974), the 

influence curve is essentially the first derivative of the estimator, viewed as func­

tional at some distribution. This influence curve can be used to study several 

local robustness properties and also in obtaining the asymptotic variance of the 

estimator.

D e f in it io n  o f  in f l u e n c e  c u r v e  in  t h e  g e n e r a l  c a s e . Let Q be a com­

plete separable metric space, let T  be a vector valued mapping from a subset 

of the probability measures on fi into the k-dimensional Euclidean space R k, 

and let F be in the domain of T. Let Su denote the atomic probability measure 

concentrated at any given u> E fl. Then the vector-valued ’’influence curve” 

of (the ”estimator”) T  at (the ”underlying probability distribution”) 

F is defined by

i c r f r ) .  Umr [ (1 - ^  +  ^ l - r W
’ e|0  e

if  this limit is defined for every w g f I .

From the point of view of robustness it is desirable to have estimates with 

bounded influence curves. This means that a single observation cannot have an 

arbitrarily large effect on the estimate. Another desirable property, perhaps 

better reflected in the influence curve, is continuity. Jumps or discontinuities in 

the influence curves indicate local instability at the jump point. For example,
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an estimate with such a influence curve may be adversely effected by round off 

error at these points.
A

In this section, we shall derive the influence curve of our estimate Tn(/?) 

of the partial correlation parameter r*. We shall assume the following mild 

regularity conditions in order to establish the results of this section.

CONDITION 3 .5 .1 . e i(e2) is a continuous random variable with bounded con­

tinuous density function and a finite variance.

CONDITION 3 .5 .2 . Xz is a continuous random variable with a finite first mo­

ment.

We derive the influence curve of T„(/?) in two steps. In the first step we 

assume that the parameter values (3\ and (32 are known constants and obtain 

the influence curve of Tn((3). Then we shall extend it to the case where (3\ and 

(32 are estimated by j3\ and /?2 respectively.

Let /? =  (jdi, ^ ) 7 and H(-) represent the joint distribution of ( X i , X 2, Xz)1- 

Then the coefficient r* in (2.1.4) being estimated by Tn(/3) can be written in 

the functional form as

(3.5.3)
, H )

_  E H( X n  -  * 1 2  ~  f t  ( * 3 i  ~  X z 2 ))sgn(X21 -  X 22 -  f o ( * 3 i  -  X 32))

£*1*11 -  *12 X32)|
where Ejj  represents the expectation induced by two independent copies of 

(* i ,J K2 ,Xz) '  with cdf H.
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Let x =  (x\,X2 ,%z)' be a fixed point in R3 and is the point mass at

x. Then for y =  (2/1, 2/2 , 2/3)/ in -R3? denote by

(3.5.4) Ht (y) =  (1 -  t )H(y)  +  % (y).

Then by definition, the influence curve of Tn(/3) denoted by IC(T, H,x)  is given 

by

(3.5.5) IC(T, H ,x )  =  lim ~  T ^ \ h »,ff)..

Note that the numerator of T(/?i,/?2,-fft) is equal to

(1 — t )2 E s ( X  11 — X 12 — /?i(^3i — ^32))syn(X2i — X 22 — Pi iXzi  — -^32))

+  2/(1 — t ) E n ( X  11 — x\ — f3\(Xsi — xz))sgn(X2\ — X2 — P2 (Xzi  — £3)) 

and the denominator of T(Pi,  P2 ,Ht)  is equal to

(1 -  t ) 2EH \Xn  -  X 12 -  fa (X zl -  X 32)|

+  2/(1 -  t ) E H \ X u  - x i -  Pi(Xzi  -  a:3)|.

For simplicity, let a,b, r(x)  and s(x)  denote respectively the quantities Ejj(X u  —

X 12  — Pi (-X31 — X z 2 ) ) s g n ( X 2i  — X 22  — ̂ 2(^31 — Xzz) ) ,  E h  I-Xii — -^12 — Pi (Xz i  —

X z 2 ) \ ,E h ( X i i  — x 1 —Pi{Xzi  — xz))sgn(X2i — X2 — P2 (Xzi — xz)) and E h \X \ \  — 

x\ — P i (X 31 —a:3)|. Noting that r(/?i,/?2 , H) =  j , we have

T(Pu p 2 ,H t ) - T ( P i , p 2 ,H )  1 
/  /

(1 — t )2a +  2 /(1  — t)r(x) a
_ (1 — t )2b +  2 /(1  — t)s(x) b

2 [r(x)b — s(x)a]
/[(l — t)b +  2 /s (x )]'

The right hand side of the above expression converges to 2 [p p  — • f] as

/ —>■ 0, and this limit is the influence curve of Tn(P).
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Thus,

I C (T ,H ,x )

Eh{X  11 — X 1 — Pi ( ^ 3 1  — — g j  — ^ 2 ( ^ 3 1  — Z 3 ) )

E n \ X n  — X\% — /?i (X 31 — ^ 32)1

E h \ X \ \  - X \ -  P l { X z \  —  J 3 ) |  , .

'E H\Xl l - X l2 - l 3 l (Xz l - X 32)\' K \

=  2

where

=  E h ( X  11 -  X i2 -  0 1(X 31 -  X 32))sgn(X2i -  X 22 -  /92(*31 -  ^ 32)) 
1 J £ i r |* i i - X i 2 - / ? i ( * 3 i - X 3 2 ) |

Note that I C ( T ,H ,x )  can be written alternatively as,

(3.5.6) IC (T ,H ,x )  

=  2 E g ( g 1 1  -  ( s i  -  A ^ 3 ) ) ^ ( e 2 i  ~  (X2 ~  02 x z))

E g \cu ~  e121
-S d en  -  (xi -  0 i x 3)\

T(H)

where

E g \zu  ~  ei2|

rp(jj) _  ^ g (e 11 ~  ei2)'s^n(e2i ~  622)
-^G|en — ei2|

Since 0\  and 02 are typically unknown and are estimated, it is meaningful to 

characterize the influence of the contaminated point mass in the underlying 

distribution on the values of estimates 0 \ and 02  of 0 \ and 02  respectively and 

in turn on the estimate Tn(0[). In what follows we shall show that the influence 

curve for Tn(0)  is unaffected by the influence of 0\  and 0o-

The parameters 0\  and 02 are defined as solutions to the functional 

equations

0 i = T ^ H )  02 =  T2{H)
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for which E H\ X i x - X i 2 - T x ( H ) { X z i - X i 2)\ and E H\X2l -  X 2 2 - T 2 {H)(X3l -  

X$2 )\ are minimum. Now let

=  T (vx,v 2 ,Ht).

Denote by,
di>{vu v2 , t )  , , ^
 ------=  ip\{vx,V2 , t)

dib{v\,V2 , t )  , , ±s
 g -   = « n , - 2 , f )

d^{ux,V2,t) , , ^
 -Qt  = l h ( v i , V 2 , t)

provided these derivatives exist.

Note that

M P u P 2 ,0) =  IC (T ,H ,x ) ,

the influence curve of Tn without using estimates of f3x and f3o.

Now let

Suppose further, -^Ti(Ht) and -£T2 (Ht) exist, then by chain rule (see for ex­

ample, Lees (1971)),

j t m  =  M T i { H t ) , T 2 (Ht) ,t )  • j t Ti{Ht)

+ WTx(Ht),T2(HM-jf2m 

+  M T i ( H t ) ,T2 (Ht),t).

Note that ^0(<)|*=o is the influence curve of Tn with estimated parameters 

and @2 ’ We shall denote this by IC[T(Ti ,T 2) ,H ,x\ .  Also note that -^Ti(Ht) and
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37^2 (7ft) evaluated at t= 0  are the influence curves of /3i and /?o respectively. 

We shall denote these quantities by IC (T i ,H ,x )  and IC(T2 ,H,  x) respectively.

Substituting for t= 0  in the preceding equation and with the notations 

introduced above, we have

(3.5.7) IC[T{Tl t T2 ) ,H ,s i

=  ^ ( 7 1 (7 0 , ^ ( 7 0 , 0 ) • IC(Tu H,x)

+  xk(Ti(H),T2 (H),0) ■ IC(T2 , H , x )

+  M T i ( H ) , T 2 (H),0)

=  M P i , M ) - i c (t u h , x )

+  M P u M - I C ( T 2 ,H,3l)

+  IC (T ,H ,x ) .

Here

,^2 , 0

_  Ejft ( X u  — X \ 2 — v i (X 3i — X 22))sgn(X2i — X 22 — v2 {Xz\ — X 22))
E Ht \X n  -  X 12 -  n ( X 3i -  X 32)\

_  N (v \ ,V 2 , t)
D { v \ , v 2 , t )  Say’

Then

, , ^  dij>{vi,v2 , t )
------

D 2 {ui ,v2 ,t)
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Consider

D { v i , v 2, t)

— Efft \X  11 — X\2  — V\(X3\ — -X" 32) I

=  (1 -  t )2E H \ X u  -  X 12 -  v i ( X n  -  X 32)\

+  2 t ( l  — t ) E j j \ X n  —x\ — v \ ( X 3\ — X3) |

=  (1 — t )2E f f ( X  11 — X u  — ^1(^31 — X 32) ) sg n (X u  — X u  — v \ { X 3\ — X 32))

+  2<(1 — t ) E u { X  11 — x i  — v \ ( X 3i — x 3)sgn(X \ i  — x \ — v \ { X 3\ — X3)).
By conditions 3.5.1 and 3.5.2 and Result 3.4.18 (Differentiation of an integral),

we can pass the differential inside the expectation yielding the differential of

D { v \1v2,t )  with respect to v\ to be

dP(vi ,V2 , t)  
dv\

=  - ( 1  -  t )2E H( X 31 -  X 32)sgn (X n  -  -  ^ ( X 31 -  X 32))

-  2i ( l  -  t ) E H{X31 -  x 3) s g n (X n  -  x i -  v i { X 3x -  z 3)).
Thus

d2 i v.h ,y jS . =  _ E ( X 31 -  X 32)sgn(X2i -  X 22 -  f a ( X 31 -  X 32))

=  —E { X 31 — X 32)sgn(en  — ei2)

=  0 since X 3 and ei are independent.
Now

N ( v i , v2, t)

=  E f f t ( X  11 — X u  — v i ( X 3i  — X 32 ) ) s g n ( X 2 i  — X 22 — ^2 ( ^ 3 1  — -^3 2 ))

=  (1 -  t ) 2EH(X n  -  X 12 -  v i {X 3i -  X 32))sgn{X2i -  X 22 ~  u2 (X 31 ~  * 32))

+  2f ( l  -  t ) E n { X \ \  -  x i -  v i ( X 3i -  x 3) )sgn(X2i -  x 2 -  i>2{X3i -  x 3)).
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Again because of conditions 3.5.1 and 3.5.2, we can interchange the order of 

differentiation and taking expectation yielding,

d N ( u i , v 2, t )
dv\

=  —(1 — t )2Eff(X 3i — X 32)sgn(X2i — X 22 — 2̂ (^ 3 1  — A 32))

-  2 f(l -  t )EH(X 31 -  x 3 )sgn(X2i -  x2 -  v2 (X 3i -  x3))

and hence
d N ( v i , v 2 , t )

dv\
=  —E { X 31 — X 32)sgn{^X2\ — A 22 — @2 (X 3\ — X 32))

0?1.02.0)
=  — E ( X 3i — X 32)sgn(e2i — 622)

=  0 .

Thus

V’lC A ^ O )  =  0.

Also since D(ui, i/2 , t )  is free from u2, clearly

dD(v i , i / 2 , t )
du2

and again by conditions 3.5.1 and 3.5.2

dN (v \ ,  u2, t)

=  0

=  0 .
du2 

Thus,

t W i,# 2 ,0 )  =  0.

Substituting for %/j 1 (^1 , 0 2 ,O) and "02(/?l» 0 )  in (3.5.7), we get

IC[T(T1 ,T 2) ,H ,x]  =  I C (T ,H ,x )

proving our claim tat the influence curve of Tn with estimated parameters is 

unaffected by the influence of the estimated parameters.
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R e m a r k  3 . 5 .8 .

It is to be noted from (3.5.6) that the estimate Tn0 ) has unlimited 

influence in the variables x\  and £3 through the differences x\ — ($1x3 . Hence 

the influence function is unbounded, and an extreme value of the residual z\  =  

x\ — $ 1X3 will have a large impact on the estimate. However, the influence is 

bounded relative to large or extreme residual z2 =  x2 — P2 X3 .

R em ark  3 .5 .9 .

A relation between IC and the asymptotic variance of the estimate can 

be obtained from the following equation,

1 n
V ^(r„ -  T(H))  =  4 = ^  IC(T,  H , X i ) +  remainder, 

v n i=i

for sufficiently large n, where 2Li =  ( X u , X 2i ,Xzi) ' , i  =  1 , 2 , . . .  ,n , are i.i.d. 

according to H(-).  (See for example, Hampel, Rousseeuw, Ronchetti, and Stahel 

(1985) for more on this).

The first term on the right rand side of the above equation is asymp­

totically normal by the central limit theorem. Thus if the remainder becomes 

negligible for n —> 0 0 , which according to Hampel is true in most cases, Tn itself 

is asymptotically normal. That is y/n(Tn — T(H))  converges in distribution to 

iV(0, V(T,  H)),  where the asymptotic variance equals

(3.5.10) V(T, H) =  J  I C 2 (T,H,x)dH(x).

Hampel also points out that when one has calculated the formal asymptotic 

variance of a certain estimator by means of (3.5.10), it is usually easier to
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verify the asymptotic normality in another way instead of trying to assess the 

necessary regularity conditions to make this approach rigorous.

R em ar k  3 .5 .11 .

As an application of the use of IC in evaluating the asymptotic variance of 

an estimator remarked above, we shall consider the asymptotic null distribution 

of Tn(£).

From (3.5.6), the IC for Tn(§)  in the null case is

t/~< ,m rr nE(eu  ~  (*i ~  Pixz))Esgn{e2\ -  (x2 -  foxz))
IC„(T,  H,x)  =  2----------------------- £ | e „ - e 12|------------------------

_ n \E&W ~  ~  ^J3)][2(?2(^2 — 02X3) — 1]
E |en -  ei2 |

Thus the asymptotic null variance of Tn($)  given by (3.5.10) is 

Vo (T, H)

=  7cm  ------- r\2 / [E e n  ~  (Xl “  0 i* 3 ) ]2[2G 2(*2 -  f o x g )  -  l ]2d H ( x i , x 2 , x z ){E \e n  -  e u \ r  J

=  '(E\en - e 12\)* J [ Ee n  ~  ~  l ? dG^ ) dG^ )

16
(■S |e n - e 12|) 2

16 2 _1_
{E\e\\  — ei2 1)2 1 12

J [Ee 11 -  yi]2dGi(y i)  J Gi(v2)  - 1
2

dG2 {y2)

3 (E\en  — e i21)2 ’ 
which is the asymptotic variance of Tn(0) given in Theorem 3.4.19.

R em ar k  3 .5 .12 .

An alternative method of obtaining the influence curve of Tn(/?) is by 

treating Tn({3) as the ratio of two U-statistics U n \ f i )  and Un\@)  and using 

the formula for influence curve of the ratio of two estimators.
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Let r  =  g  where T, T\ and T2 are respectively the functionals repre­

senting Tn((3), U n\@ )  and and let t* =  ^  where T*,rf,  and r |  are the

parameters estimated by Tn(/3), and respectively. Then

d m, TT, T t jH t^ T x jH t )  -  n m j T i i H t )  
dt { t} P M # )]2

_  j T ^ H t )  Ti (Ht) &T2 (Ht )
T2 (Ht) T2 (Ht) T2 (Ht ) •

Setting t= 0  in the above equation,

(3.5.13) IC{T, H ,x )  =  p ^ j j j [ I C ( T i , H , x )  -  T (H )IC (T 2 ,H,x)].

We have 

Ti(H t)

=  (1 -  t )2 EH( X u  -  X 12 -  f r { X 31 -  X 32))sgn(X21 -  X 22 -  f o (X 31 -  X 32))

+  2f (1 — t ) E u ( X n  — x\ — P \ (X 3\ — x 3))sgn(X2\ — x 2 — P2 {X3\ — X3))

and

IC (T u H,x)

=  j M X t )  
d* t= 0

=  - 2 E ff( X n  -  X 12 -  f t  (* 3 1  -  X 32))sgn(X21 -  X 22 -  f t ( X 3i -  X 32))

+  2 E h ( X u  — x i — fi i (X3i -  x3 ))sgn(X21 -  x2 -  /32(X 31 -  X 3 ) )

=  2 [EG(en  -  (x i -  P\x3 ))sgn{e2i -  {x2 -  /32x3)) -  Ti(H)\.

Similarly,

IC(T 2 ,H ,x )  =  2[EG\en  -  (*i -  f t x 3)| -  T2 (H)].

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



64

Thus by (3.5.13),

I C( T , H, x )

2
=  T2( H ) ÊG(en ~  ^  "  PlX*fiS9n(621 ~  (X2 “  &Z3)) -  Ti ( H) 

-  T ( H) ( EG|en -  (xi -  fax3)| -  T2(H))\

2
=  -j- ^ [^G(en -  (®i -  A*3))aflfn(e2i -  (*2 -  j t a ) )

- T ( H ) - ( E G\e11- ( x 1 - f a x 3)\] 

which is same as the expression (3.5.6), derived directly.

T h e  In f l u e n c e  F u n c t io n  o f  R12.3 .

First note that the coefficient P12.3 given in (2.4.1) can be written in an 

alternative form as

(3.5.14) W2.3 -  J a s -  'L2)(«1 -  «*)
[£ (en  -  ei2)2£ (e 2i -  e22)2]i 

where (e n ,e 2i)' and (ei2,e 22)' are two independent copies of (e i ,e 2)'.

Let’s assume that fa and fa are known parameter values and consider Ht 

given in (3.5.4) for the joint distribution of { X \ , X 2 , X 3)'. Then the coefficient 

P12.3 in (3.5.14) being estimated by R 12.3 can be written in the functional form

as

(3.5.15) T ( f a , f a , H t ) =  T12( f a , f a , H t )---------
[T n ( fa , fa ,H t)T22 ( f a , fa ,H t)]h

where

(3.5.16)

T%j(fa , f a , H i ) =  E Ht{Xn -  X i2 -  fa (X 31 -  X 32) ) (X j i  -  X j2  -  fa (X 31 -  X 32))
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i =  1, 2.

By similar calculations as in Remark 3.5.12, we can write the influence

function of .R12.3 , suppressing fa and fa as,

I C ( T ,H ,x )

(3.5.17) _  [ lC (T 12, H ,x )  -  $ $ f y I C (T u ,H ,£ )  -  § ^ I C ( T 22 ,H,x )

[Tu(H)T22( H )]X2

Now

(3.5.18)
IC(Ti j ,H,x)

t=o-

=  ^ [(1  -  t f E s i X i :i -  X i2 -  fa(X31 -  X 32)) (* ; i  “  ~  & (*3 i ~  x z2))

+  2 i(l -  t )EH(Xn - x i  -  fa(X31 -  x3))(Xj i  -  xj -  fa {X 3 1 -  X3))]|<=o 

=  2E h (X h  -  X i2 -  fa (X31 -  X 32))(Xji  -  X j2  -  fa {X 31 -  X 32))

+  2Eff (Xn  — Xi — fa(X  31 — ®3 ) ) ( X j i  — Xj — f a ( X 31 — Z3 ))

=  2Eo(en -  ei2)(eji  -  ej2) +  2Ea{en -  (x{ -  fax3))(ej1 -  (xj  -  fax3 )) 

and

(3.5.19) Tij(H)  =  ^ ( e a  -  ei2)(eji -  ej2).

Substituting (3.5.18) and (3.5.19) in (3.5.17), we get

(3.5.20)

I C ( T  H  x) =  2 E °^en  ~  ^  ~  ^lJ3M e21 ~  ( X2 ~  ^2X3))
[Ea(en  -  e\2)2EG{ tn  — e22 )2]^

Eg{z  11 -  (®i -  fax 3 ) ) 2- T ( H )  

- T ( H )

Eg{c  11 -  ei2)2 
Eg(c21 ~  (ar2 ~  fa ^ ) ) 2 

E g(z 2 1 — C22)2
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In what follows we shall show that the influence function of i?i2.3 is unaffected 

by the influence of the contaminated point mass on the estimates of /?i and f32. 

From (3.5.7) we can establish the above claim by showing that

(3.5.21)

where

dip(vi ,V2 , t)  
dvi (01 ,02 ,0)

=  0 , i =  1 , 2 ,

1>{vuV2 *t) =  T (v i ,p 2 ,H t ).

In order to show (3.5.21), it suffices to show that for i <  j] i , j  =  1,2,

dTjj(p Ht)
dv\

=  0 and
(01,02.0) dv2

=  0 .
(01 ,02 ,0)

Because of conditions 3.5.1 and 3.5.2, we can pass the differentiation inside the 

expectation in each of the above cases. And because of the independence of X 3 

and (e i ,e 2), this yields

and

dTi j(ui ,v2 ,H t)
dv\

dTjj (p i ,v2 ,H t )
dv2

=  0
(01 ,02 ,0)

=  0 .
(01 ,02 ,0)

This establishes our claim.

It is clear from (3.5.20) that R \2.z has unbounded influence in all three 

variables ®i, x 2 and £3 through the squares and cross products of the differences 

x \ —fiixz and x2 —/32 xa. Consequently, an extreme value of either of the residuals 

zi  =  £1 — $ 1x 3 and z2 =  x2 — $2x 3 will have a large impact on the estimate in 

contrast to T„ where it is unbounded relative to only z\  and bounded relative 

to z2.
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T h e  I n f l u e n c e  F u n c t i o n  o f  K e n d a l l ’s  t a u  t.

Assuming that and /?2 are known, we can write the coefficient r given 

in (2.4.4) when the underlying distribution is Ht is given by

(3.5.22)

T(/3i,f32 ,Ht)  =  E Stsgn (X n - X 12- /3 i (X 3 1- X 32))sgn(X21- X 22- l32 ( X n - X 3o))

Then the influence curve of t, Kendall’s tau calculated from the errors is given 

by

(3.5.23)
I C {T ,H ,x )

t=o

=  ^ [(1  -  t ) 2E Gsgn(en  -  e i2)ssm(e2i -  e22)

+  2 f(l -  t )EGsgn(en  -  (x i -  Pix3 ))sgn(e2i -  (x 2 -  /?2^3))]|<=o

=  - 2 E Gsgn(en  -  ei2 )sgn(e2i -  e22)

-b 2EGsgn(eu  -  {x\ -  Pixz))sgn(e2\ -  (x 2 -  faxz))

=  2[EGsgn(eu -  {x\ -  Pixz))sgn(e2\ -  ( x 2 -  fcxz))  -  T ( H )]

As before,let i(>(v\,v2, t )  =  T(i / i ,v 2 ,Ht).  Then by conditions 3.5.1 and 3.5.2,

we can pass the differentiation inside the expectation yielding, =  q

and =  0- Again by (3.5.7), it follows that the influence function of

V  is unaffected by the influence of the estimated parameters and the influence

function is given by (3.5.23).

It is clear from (3.5.23) that the influence function of Kendall’s tau is

bounded in all the variables x i, x 2 and x 2. Thus large or extreme residuals do
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not have any impact on this estimate, exhibiting maximum robustness in this 

sense among the three estimates under consideration.

3.6 Examples

In this section we present three simple examples illustrating the effect of 

outliers on our estimate of partial correlation, Tn as compared to Pearson’s and 

Kendall’s correlation estimates.

E x a m p l e  1 .

Table 3.6.1 below represents a sample of 15 independent measurements 

on 3 normal variables X z ,e i  and e2 where X 3 ~  iV(0, l ) ,e i  ~  iV (0,l),e2 ~  

N ( 0,2) and X 3 is independent of both e\ and e2 . Minitab statistical package is 

used in generating these measurements and in the following work. A plot of e2 

vs ei is shown in Figure 3.6.2. Recalling that the distribution of our estimate 

Tn, as well as the other estimates under consideration are free of the regression 

constants involved in the underlying linear models and of the location and scale 

parameters of X 3 , e i  and e2 , the following models are obtained:

X u  =  X 3 i +  eu

X 21 =  X 3i +  e2i, * =  1 ,2 ,..., 15.

From these models the residual pairs (Zu,  Z2i ) , i  =  1,2, ...,15, are obtained in

two ways: (i) by the ordinary least squares (OLS) method, and (ii) by the rank

method. From the rank residuals we calculated our estimate T„ which is denoted

here by T n (l) and Tn(2) which is same as T n (l) with the roles of Zu  and Z2i
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being interchanged. Also calculated from these rank residuals is the Kendall’s 

tau estimate. Recall that this is an estimate of ^sin~l {p) in the case of normal 

population, where p is the Pearson’s correlation coefficient between ei and t i .  

Thus we get an estimate of p based on Kendall’s tau as szn(-| - Kendall’s tau). In 

Table 3.6.3, the values in the column titled Kendall’s refer to these transformed 

values. Pearson’s correlation coefficient between the OLS residuals is calculated. 

These values are given in row 0 of Table 3.6.3. Rows 1-8 in Table 3.6.3 represent 

the values of the same statistics calculated when one of the e\ or e2 values is 

replaced by an outlier point indicated by the same row number in Figure 3.6.2. 

We see that the T n (l) and Tn{2) values tend to be less sensitive to outliers 

than Pearson’s correlation coefficient.

Table 3 .6 .1

ROW x3 e l e2 x l x2

1 -0.92656 -0.80939 0.16478 -1.73595 -0.76178
2 -1.11506 0.78476 -0.21557 -0.33030 -1.33063
3 -0.37152 -0.79275 -2.36557 -1.16427 -2.73709
4 -1.63823 0.40147 -0.9G'313 -1.23676 -2.54136
5 1.26228 1.35693 -0.26810 2.61921 0.99418
6 0.40651 0.27768 0.18866 0.68419 0.59517
7 -0.85982 -0.01276 -1.24084 -0.87258 -2.10066
8 0.78136 -0.26396 -0.95317 0.51740 -0.17181
9 1.13864 0.11984 -0.76874 1.25848 0.36990

10 -0.44667 0.54138 0.89386 0.09471 0.44719
11 -1.32507 -0.17719 -0.09322 -1.50226 -1.41829
12 2.18358 0.30060 -0.11163 2.48418 2.07195
13 0.21522 -1.98136 -1.74780 -1.76614 -1.53258
14 1.26396 -0.41944 -2.16185 0.84452 -0.89789
15 -0.98156 -0.36664 1.19816 -1.34820 0.21660
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F ig u re  3 .6 .2

T ab le  3 .6 .3

Row c o r r  ( e l ,e 2 )  T n (l) Tn(2) K e n d a l l 's  P e a r s o n 's

0 0 .430 0.447 0 .503 0 .474 0.464

1 0 .613 0.506 0.601 0 .526 0 .646
2 0.424 0.449 0.567 0 .500 0.442
3 0 .353 0 .375 0.399 0 .420 0 .366
4 0 .168 0.177 0.269 0 .223 0 .215

5 0.420 0 .510 0 .516 0 .500 0 .438
6 0 .108 0.137 0.089 0 .134 0 .121
7 0 .256 0.223 0.259 0 .252 0 .256
8 0.333 0.409 0.503 0 .474 0 .393
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E x a m p l e  2 .

71

In this example, X z =  1,2, ...,10, are generated from a N ( 0 , 1) dis­

tribution as in Example 1, but eu and 62*,* =  1 ,2 ,..., 10, are some arbitrary 

errors. This data is presented in Table 3.6.4 below. Figure 3.6.5 is the plot of 

eo vs ej. We do exactly similar calculations as in Example 1 except that we do 

not transform the values of Kendall’s tau in order to get an estimate of p, since 

the exact relation in the population is unknown in this case. The values of the 

4 statistics are calculated for the data in Table 3.6.4 and when one of the e\ 

or &2 values is replaced by an outlier. The results are presented in Table 3.6.6. 

Here, once again we see that T n (l) and T n{2) are less sensitive to the outliers 

than both Kendall’s tau and Pearson’s correlation coefficients.

Table 3.6.4

ROW x3 e l e2 x l x2

1 -0.92656 -1 .5 0 -1 .4 -2.42656 -2.32656
2 -1.11506 -1 .3 0 -0 .2 -2 .41506 -1.31506
3 -0.37152 -0 .4 0 0.1 -0.77152 -0.27152
4 -1.63823 -0 .3 0 -0 .1 -1.93823 -1.73823
5 1.26228 0.00 1.0 1.26228 2.26228
6 0.40651 0.20 -0 .4 0.60651 0.00651
7 -0.85982 0.25 -1 .2 -0.60982 -2.05982
8 0.78136 0.80 1.3 1.58136 2.08136
9 1.13864 1.40 -0 .3 2.53864 0.83864

10 -0.44667 1.60 0.3 1.15333 -0.14667
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F ig u re  3 .6 .5

T ab le  3 .6 .6

Row c o r r ( e l , e 2 )  Tn (1) Tn(2) K e n d a l l 's  P e a r s o n 's

0 0.404 0.310 0.046 0.022 0.161

1 0 .510 0 .310 0.300 0.022 0.334
2 0 .273 0.238 -0 .1 1 7 0.067 0.009
3 0 .125 0 .143 -0 .1 7 4 -0 .0 2 2 -0 .0 0 4

4 0 .179 0.016 -0 .1 6 4 -0 .0 6 7 -0 .1 1 9
5 0 .168 0.117 -0 .0 1 8 0 .067 -0 .0 4 6
6 0 .284 0 .065 -0 .1 0 1 -0 .0 6 7 -0 .0 4 7
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E x a m p l e  3 .

This example is taken from Steel and Torrie (1960). Table 3.6.7 gives 

percentages of Nitrogen, (A i), Chlorine, (A 2), Potassium, (A 3) and log of Leaf 

burn in seconds, {Y),  for 30 samples of tobacco taken from farmers’ fields. 

X \ , X 2 and A 3 are independent variables and Y  is a response.

We shall calculate our estimate of partial correlation coefficient between 

Y  and A 2 holding A i fixed, as well as other estimates discussed before. For 

this we first obtain the regression equations of Y  on A i and A 2 on A i and 

obtain the residual pairs (Zi,-, Z21), z =  1,2, ...,30, both by the OLS method 

and by the rank method. As in examples 1 and 2, rank residuals are used to 

calculate T n (l),T n (2) and the Kendall’s tau and OLS residuals for Pearson’s 

partial correlation coefficient. Figures 3.6.8 and 3.6.9 are the plots of these 

residuals in the two cases. The values of the four statistics calculated are given 

in row 0 of Table 3.6.10. Once again the effect on these statistics when one of 

the values of Y  or A 2 is an outlier in the data set is studied by calculating these 

statistics in each of these cases. Row 1 of Table 3.6.10 contains values of the 

four statistics when the 1st measurement on Y  0.34, is being replaced by 3.4 and 

Row 2 corresponds to 18th measurement on Y  0.51, is being replaced by 5.1. 

Row 3 contains values of the four statistics when the 15th measurement on A 2 

9.2, is being replaced by 9.2 and Row 4 corresponds to the 21st measurement on 

A 2 1.79, is being replaced by 17.9. We see that Tn(  1) is less sensitive to outliers 

in A 2 and Tn(2) is less sensitive to outliers in Y. Both of these statistics seem
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to be giving more consistent results than Pearson’s in each one of the cases.

Ta b l e  3 . 6 . 7

ROW XI X2 X3 Y

1 3 . 0 5 1 . 4 5 5 . 6 7 0 . 3 4
2 4 . 2 2 1 . 3 5 4 . 8 6 0 . 1 1
3 3 . 3 4 0 . 2 6 4 . 1 9 0 . 3 8
4 3 . 7 7 0 . 2 3 4 . 4 2 0 . 6 8
5 3 . 5 2 1 . 1 0 3 . 1 7 0 . 1 8
6 3 . 5 4 0 . 7 6 2 . 7 6 0 . 0 0
7 3 . 7 4 1 . 5 9 3 . 8 1 0 . 0 8
8 3 . 7 8 0 . 3 9 3 . 2 3 0 . 1 1
9 2 . 9 2 0 . 3 9 5 . 4 4 1 . 5 3

10 3 . 1 0 0 . 6 4 6 . 1 6 0 . 7 7
11 2 . 8 6 0 . 8 2 5 . 4 8 1 . 1 7
12 2 . 7 8 0 . 6 4 4 . 6 2 1 . 0 1
13 2 . 2 2 0 . 8 5 4 . 4 9 0 . 8 9
14 2 . 6 7 0 . 9 0 5 . 5 9 1 . 4 0
15 3 . 1 2 0 . 9 2 5 . 8 6 1 . 0 5
16 3 . 0 3 0 . 9 7 6 . 6 0 1 . 1 5
17 2 . 4 5 0 . 1 8 4 . 5 1 1 . 4 9
18 4 . 1 2 0 . 6 2 5 . 3 1 0 . 5 1
19 4 . 6 1 0 . 5 1 5 . 1 6 0 . 1 8
20 3 . 9 4 0 . 4 5 4 . 4 5 0 . 3 4
21 4 . 1 2 1 . 7 9 6 . 1 7 0 . 3 6
22 2 . 9 3 0 . 2 5 3 . 3 8 0 . 8 9
23 2 . 6 6 0 . 3 1 3 . 5 1 0 . 9 1
24 3 . 1 7 0 . 2 0 3 . 0 8 0 . 9 2
25 2 . 7 9 0 . 2 4 3 . 9 8 1 . 3 5
26 2 . 6 1 0 . 2 0 3 . 6 4 1 . 3 3
27 3 . 7 4 2 . 2 7 6 . 5 0 0 . 2 3
28 3 . 1 3 1 . 4 8 4 . 2 8 0 . 2 6
29 3 . 4 9 0 . 2 5 4 . 7 1 0 . 7 3
30 2 . 9 4 2 . 2 2 4 . 5 8 0 . 2 3
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F ig u re  3 .6 .9

T ab le  3 .6 .1 0
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CHAPTER IV

T H E  A SY M P T O T IC  RELATIV E E FFIC IE N C Y

4.1 Introduction

We study in this chapter how the two measures of association namely Tn 

and R n compare in efficiency when used to test the hypothesis of independence 

of the errors. The efficiency measure used here will be the asymptotic relative 

efficiency in the neighborhood of independence as defined by Pitman (1948), 

later generalized by Noether (1955) and other authors.

It would be obviously desirable if the performances of these coefficients 

could be studied for a fairly general class of distributions in order to gain insight 

into the relationship between the coefficients. A general class of distributions 

has been considered by Konijn (1958), namely the class derived from linear 

combinations of two independent variables. This is the class of alternatives 

under which X and Y are given by

(4.1.1) X  =  \ xU +  \ 2 V, Y  =  \ 3U +  \ 4V

where the A,’s, i — 1, 2 ,3 ,4  are real numbers, U, V are independently dis­

tributed. The hypothesis of independence of X and Y for this model states

that Ai =  A4 =  1 , A2 =  A3 =  0. A similar class of alternatives suggested by
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Bhuchongkul(1964) are

(4.1.2) X  =  { l - 0 )U + eZ, Y  =  (1 - 0 )V + OZ

where 0 <  6  <  1 and U,V,and Z are independent random variables. The 

hypothesis of independence to be tested is that 9 =  0 .

A third model of dependence between two variables which includes Bhu- 

chongkul’s model as a special case, was given by Gokhale (1966) and was recom­

mended by Ha jek and Sidak (1967) for parametrizing the class of alternatives 

to the hypothesis of independence. His model is given by

(4.1.3) X  =  U + A Z U Y  = V  + A Z 2

where U, V and Z  =  {Z\, Z2) are independent random variables. The hypothesis 

of independence corresponds to A  =  0, the alternative being A ^ O . This model 

can be useful, for example, in factor analysis, where test scores are expressed as 

linear combinations of individual factors and interdependent factors.

Farlie (1960) suggested a model of dependence in terms of the joint dis­

tribution of X and Y. The form of the bivariate distribution function proposed 

by Farlie is an extension of an idea of Morgenstern; see for example, Gumbel 

(1958). Morgenstern (1956) proposed F(x)G(y)  {1 +  a ( l  — i r(x))(l — G(y))} 

as a bivariate distribution function having F(x) and G(y) as marginal distri­

bution functions and Gumbel noted that this differs from the bivariate normal 

distribution if F (x ) =  $ (x ) and G(y) =  $ (y), where $  is the normal error
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function. Farlie suggested that

(4.1.4) H(x, y ) =  F(x)G(y)  {1 +  aA(F)B(G )}

where the functions A(F) and B(G) axe not completely arbitrary but, are 

bounded and have bounded first differential coefficients with respect to their 

arguments, is a suitably general class of bivariate distribution functions for 

which the marginal distribution functions are F(x) and G(y).

So we are faced with the problem of specifying an appropriate class of 

alternatives which is sufficiently wide to encompass a large variety of situations 

and is mathematically manageable. In our setting, this problem is further com­

plicated by the presence of estimated slope parameters which induce dependence 

among the residual pairs ( Z u ,Z 2i ) , i  =  1 , 2 , . . .  ,n.  To attain maximum gener­

ality and at the same time keep our investigations mathematically manageable, 

we consider Gokhale’s model (4.1.3) with the same variable in place of both Z\ 

and Z2- This model is same as the one with Z\ and Z2 being different can be 

seen as follows.

Let X  =  U +  A Z i, Y  =  V  +  AZ2 where U, V and (Zi, Z2 ) are inde­

pendent. Then there exist random variables Ti ,T2, and T3 such that

(i) T\i T2 , T3 are independent and

(ii) Z\  =  T\ +  T3 and Z% =  T2 +  T3 . Then

X  =  ( U  +  A T i )  +  A  r 3

Y  =  (V +  AT2) +  ATz
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and U +  ATi, V  +  AT2 and T3 are independent which is similar to

(4.1.3).

This class of alternatives is constructed as follows: Let 
e l i  =  W li +  A W 3i

(4.1.5)
6 2 i  =  w 2i +  A W 3|- i =  1 , 2 , . . .  , n

where { W f j }  , {W 2i}  and { W 3 j }  , i  =  1 ,2 , . . .  , n, are three independent random 

samples of random variables. The hypothesis that e ii’s and e2,-’s are indepen­

dent is equivalent to the hypothesis A  =  0 versus A ^  0. In order to obtain 

the Pitman asymptotic relative efficiency(ARE), we will further suppose that 

A n is a sequence of parameters converging to the null hypothesis value, i.e., 

limn-Kx, A„ =  0. Section 4.2 discusses the asymptotic normality of a general 

U-Statistic with estimated parameters under a sequence of alternatives, given a 

set of sufficient conditions. In section 4.3, the asymptotic normality of Tn under 

a sequence of alternatives converging to the null distribution is established. In 

section 4.4, we derive the asymptotic distribution of the Pearson’s partial cor­

relation coefficient R \ 2 .2 which we shall denote by R n henceforth. The Pitman 

asymptotic relative efficiency of Tn with estimated parameters relative to R n is 

discussed in section 4.5 and the calculated values of ARE{Tn,R n) for several 

underlying distributions is also given.

4.2 Asymptotic Normality of a General U-Statistic 

with Estimated Parameters

The main result of this section follows by an application of a result due to

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



80

Samara (1985) which is an extension of theorem by Randles (1982). Randles’ 

theorem was slightly modified by Samara to apply to the more general case 

where the U-statistic, Un, and it’s moments are functions of the sample size, 

n, through the observations X \ in, X 2-.n1 • • • , X n:n, whose distribution in turn 

depends on n perhaps through a sequence of parameters A„.

Let X \ :n, X -̂.n, • • • 5 X n:n, denote a random sample from some distribu­

tion with distribution function -Fn(-)> possibly changing as n changes, and let 

h(x \,X 2 , . . .  ,x T;v)  denote a symmetric kernel of degree r with expected value

(4.2.1) 0n(E) =  El [h(Xi:„ ,X 2:„ , . . .  , X T:n;u)\,

where /? denotes a p-dimensional parameter value, and 1/ is, in general, a math­

ematical variable. Both the kernel and its expected value may depend on v_, 

and on n through X \ :n, X 2-.n1 • • • , X n:n. The correspondin' ^-statistic is then

(4.2.2) U„(n) =  - L -  £  ..  , X a M )

where A denotes the collection of all subsets of size r from the set of integers 

{ l , . . . ,n } .  The main result of this section which is due to Samara, gives the
1 A A

asymptotic normality of [Un(/3) — 0n (/?)], where /? is an estimator of the 

parameter /?. Now we shall state the conditions needed for Samara’s theorem.

C o n d i t i o n  4 .2 .3 . Suppose

n?(Q — fi) = Op( 1 ) as n  —*• 0 0 .
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CONDITION 4 .2 .4 . Suppose there is a neighborhood of 0, say K (/3), and a 

positive constant K \  such that if  v. £  K (0 )  and D (v, d) is a sphere centered at 

v  with radius d satisfying D (v , d) C K (0 ) , then for every n,

E[ SUp X 2:n, • • • 7 - ^ r :n ! I d )  h(X\m, -^2 :n? • • • j X T-n\ R ) |] ^  X\d,
n!€D(u,d)

and

lim E[ sup \h(Xi,n, X 2:n,--- , X r:n] i / )  -  h (X 1:n, X 2-.n, ■ • • , X T-n\v)^}  =  0
<*— 0 v'£D(v,d)

uniformly in n. That is, for e' >  0 and every n, there exists a positive constant 

D' such that for 0 <  d <  D' and D {v ,d )  C K {0) ,

E[ sup |^(-Xl:n5-^2:n5 • • • j X r:n',V, ) — h{X \:n, X 2-.m • • • i X rln',l/)\ ] < £ .  
v!£D(v,d)

The key step in establishing the main result of this section is given in 

the following theorem.

THEOREM 4 .2 .5 (S a m a r a ) . Under conditions 4.2.3 and 4.2.4,

n^[Un(§) — 9n{0) — Un(§) — 9n(0)] -+ 0 , in probability as n —> oo.

The main result is stated in the following theorem.

THEOREM 4 .2 .6 (S a m a r a ) . Suppose that 9n{v) is uniformly(in n) differen­

tiable at y_ =  0_ and that this differential is zero. Suppose further that the 

conditions of Theorem 4.2.5 are satisfied. If in addition,

n?[Un(0) -  9n(0)] => N(0,t2), as n -> oo,
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for some r 2 >  0 , then

n * [r /» d )-0 » (0 ]= * W (O ,T 2), as n —► oo.

The steps involved in the .proof of the preceding theorem are as follows.

Write

n ^ U n ii )  -  9n( i) \  =  vh[Un{§) -  6n(j3) -  Un(§) -  6n(§)}

+  J [ 9 nC i ) - 9 n(i)]

+  n l [U n (0 ) -0 n < M  

By conditions 4.2.3 and 4.2.4 and Theorem 4.2.5,

n^[Un{fi) — 9n{§) — Un ( 0  — 0n(j3)]—* 0 , in probability as n —► oo.

Further because of conditions 4.2.3 and uniform differentiability of 6 n(v)  with 

the derivative at ^  being 0 ,

« * [* » (£ ) -* » (£ ) ] - o ,  in probability as n —♦ oo.

Then the result follows by Slutsky’s theorem.

4.3 Asymptotic Normality of Tn((3) under a 

sequence of alternatives

In this section, we derive the asymptotic normality of Tn0 ) under a

sequence of alternatives in the class given by (4.1.4). This is the class in which 

eu =  W u +  A W 3i

&2i =  W2i +  AW3i, i =  1 , 2 , . . .  , n,
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where {W i,}, {W n }  and {W3,} , z =  1 , 2 , . . .  ,n , are three independent random 

samples of random variables. The hypothesis of independence of eu  and e2i, i =

1 ,2 , . . .  ,n , is equivalent to the hypothesis A  =  0. We suppose that {A n} is 

a sequence of parameter values converging to the null hypothesis value, i.e.,

need the following assumptions.

CONDITION 4 .3 .1 . {W i,} , {W 2i} and{W 3 i}  , i =  1 , . . .  , n, are three indepen-

tion functions Gi(-), G2(-) and G3(-), respectively. Also assume that Wu, W2{ 

and W^i have finite third moments.

CONDITION 4.3 .2 . The variables T{ =  W{ 1 — W {2 have distribution functions 

Fi(-) and bounded and continuous density functions /,■(•), i =  1,2,3.

CONDITION 4.3 .3 . X 3 is a continuous random variable and there exists a S >  0 

such that E (X 3 — /z3)4+{ < 0 0 .

Let iLi;n,ilL2:n> • • • >£Ln:n denote a random sample from a trivariate distri­

bution with distribution function Hn{•, •, •) depending on n, where

limn_ 00 A n =  0. In order to establish the asymptotic normality of Tn(j3), we

dent random samples of random variables with absolutely continuous distribu-

u P t e )  =  - 4 -  53 (W ii -  Wlj  +  A„(W3,- -  Wzj)
'2/ i < i

-  (V! -  fc ) (X 3i -  X 3j))sgn{W 2i -  W2j +  A„(W3i -  W3j)
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and

u P (u )  =  7 L  £ \Wli -  W y + A n(W3i -  W3j) -  (i/i -  /?i)(*3i -  x 3i)|.
V2 /  , v ,

K2) ^  — L

1 i<i

Then u £ \ v )  and U ^ \ v )  are U-statistics with symmetric kernels of degree 2 

given by

fc(1)G£i:„, S 2:n-,v) =  (W „ -  W 12 +  A n(Wn  -  W32)

-  {V1 -  A )(X 3i -  X 32))sgn(W2i -  W22 +  A n(W31 -  W32) 

- ( v 2 - P 2 ) (X 3 1 - X 32))

and

h(2)(£.1:n,£.2:n;v) =  \WU -  W 12 +  A„(W3i -  W32) -  f a  -  ^ ) ( X 31 -  X 32)\

=  (Wn  -  W 12 +  A n(Wn  -  W32)

-  f a  -  A )(X 3i -  X 32))sgn(Wn  -  W12 +  A n(W31 -  W32)

-  f a  — Pi){X 3\ — X 32))

respectively.

Note that

T M  =

Let i ;n,^ 2:niii) represent the mean of the U-statistic Un \ v )

and let

a t v \ - ^ A  
e {n \ v )

We shall show that y/n(Tn(}3) — 0n(§)) is asymptotically normal. To this end

we first show that \/n{Un\(P) — 6 n \ § ) )  is asymptotically normal for i= l,2 . We
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use standard U-statistic theorems such as Theorem 5.3.10 of Randles and Wolfe 

(1979) to show the asymptotic normality of y/n(Un\@) — 9n \/3)),i  =  1,2 and

A
then Theorem 4.2.6 for the case of J3 being estimated by /?.

Since A„ converges to zero, assume without loss of generality that |A n| <  

A for some A >  0, and all n. We now verify the conditions of Theorem 5.3.10 

of Randles and Wolfe (1979). First consider the U-statistic with kernel

of degree 2  given by

h U ( S 1:n, S 2:n;§)  =  (W 11- W 12+ & n( W n - W 32))sgn(W 21- W 22+&n(W 31- W 32)).

Then

0)

(ii)

£ * (1)2(& :b,& :„;£) =  E(T! +  A nT3) 2

<  E T l  +  A 2ET%

<  oo by condition 4.3.1.

=  E(T\ +  A nT3)sgn(T2 +  A„T3)

=  Et *E[{Tx +  A nTz)sgn{T2 +  A nr 3) |r 3].

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



86

But

E[(T\ +  A nTz}sgn{T2 +  A nTz)\Tz =  i]

=  E(T\ +  A nt)sgn(T2 +  A  nt)

=  E(Ti A nt)Esgn{T2 +  A nt) since T\ and T2 are independent.

=  A b<[jP(T2 +  A nt >  0) — P(T2 +  A nt <  0)] since ET\ =  0.

= A „i[l -  2P{T2 +  A nt  < 0)]

= A„<[1 -  2P(T2 <  - A „<)] 

= Ani[l -  2F2(-A„i)].

Thus,

(4.3.5) e £ \ § )  =  A nE T3T3[l -  2F2( - A nTz)}

=  - 2 A nE T3TzF 2 { -A nTz) since ETZ — 0.

Let s be a fixed value of £ 1:n say (z i, yin, V2n)' where y \n and 7/2n are of 

the form y \n — w\ +  A ntU3 and y2n =  t£>2 +  A nu>3 for some itfi,io2 and w3. 

Then the limiting variance of U n \ § )  is calculated from the quantity =

E hW [(S 1:n, S 2in]§ ) & : „ = * ] .  Now

h.M(s) =  E[(yln -  (W 12 +  A nW32))sgn(y2n -  (W22 +  A BW32))]

=  E w **[E[{yln -  (W12 +  A BW32))5flrn(y2B -  (W22 +  AnW32))|^ 32]-

But

E[{y\n — {W \2  +  A nWz2 ))sgn(y2n — (W22 +  A„B/32))|W32 =  w]

=  E[(yin -  (W 12 +  A nw))Esgn(y2n -  (W 2 2  +  A Bu;))]

=  (yin -  A„u; -  £ W i2)(2<72(y2n -  A „w) -  1).
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Thus

fcgiU) =  E w*[(ym  -  AnW32 -  E W 12)(2G2 (y2n -  A nW32) -  1].

Then the asymptotic variance of ujp(/3) is given by

cri1,1) =  lim 4Var  ^i!2(51;n)
71—►oo L ’

Noting that Eh^l(2 .i:n) =  0 „ \ § ) ,  we can write o^1’1) as

(4.3.6) o W  =  4 nhm Eh^n\ s 1:n) -  e g )2(§)

We shall obtain the above limit by appealing to the following result.

RESULT 4 .3 .7 . I f  X n =>■ X  and if  X n is dominated by some Y  in L 1, then

E X n -+ E X .

The above result follows from the following 2 results.

(i) If X n =*► X  and X n are uniformly integrable, then X is integrable and 

E X n —► E X .  (Billingsley, 1979, Theorem 25.12, p. 291)

(ii) If X n is dominated by some Y in L l then it is uniformly integrable. 

(Chung, 1974), Ex 7, p. 100)

First, from (4.3.5), since E|T3| <  oo,

(4.3.8) lim 6{n \/3 )  =  - 2  lim A„ET3F2( - A nT3) =  0
n—+oo — n—►oo

Next consider

*& (& :») =  E w* [(W n - E W 12+ A n(W3 1 - W32))(2G2(W21+A„(W 3i —W32))—1)].
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Let =  (W u -  E W 12 +  A n(Wn  -  W32))(2 G2 (W2l +  A„(W3i -  W32)) ~  1). 

Then, since G2 is continuous, we have X n —> X  =  (W \\ — E W i2 )(2G2 (W2i)  — 1). 

Also \Xn\ < Y =  \Wn  -  E W 12\ +  A |W 3 i  -  W32I and E W™Y =  \Wn  -  E W 12\ +  

£±EWz2 \Wz\ — W32I <  0 0 . Hence by Result 4.3.7,

E w 32 X n  _> e w™X

i.e., lim h<£l(SiM) =  E w**(Wu -  E W 12)(2G2 (W21) -  1)
n —►oo

= (Wu -  EWa )(2G,(W,i) -  1).

From this it follows that

lim /£ > 2(S 1:n) =  (Wn  -  E W 12)2 (2G2 (W21) -  l ) 2.
n —♦ 0 0

Further,

l&S2(£i:»)l ^ [i^n -  EW u \ + & E Waa\W31 -  w 32|]2

and
E[\Wn  -  E W i21 +  A E w™\Wn  -  W3 21]2

=  a \  +  2 A 24  +  2AE\W n  -  E W U \E\W31 -  W32\

<  0 0 . by assumption 4.3.1 

Again by Result 4.3.7,

(4.3.9)

Km £ / £ i 2(5 1:n) =  E(W n  -  E W 12)2 (2G2 (W21) -  l ) 2 

=  4E(W n  -  E W 12)2 E(G 2 (W21) -  \ ) 2
id

= 4 - a ' h

3 v
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Hence by (4.3.6), (4.3.8) and (4.3.9), we have

(4.3.10) <r(lll) =  <  oo.
o

(hi)

E ~  ^ n \§ ) \Z

< 2 3E  +

<  2E  [(|W u -  E W U | +  A E \W 31 -  W3 21)3 +  (2A £|T 3|)3]

=  2E  [(\Wn  -  E W 12\ +  A E \W 3i -  W32\)3 +  8A3(£ |W 31 -  W32|)3]

<  oo.

Thus U n \ § )  satisfies all three conditions of Theorem 5.3 .10  of Randles 

and Wolfe (1979), and we have the asymptotic normality of Un' \ /?) under the 

sequence of alternatives {A n} given by the following theorem.

THEOREM 4 .3 .1 1 . U n d e r  c o n d i t i o n s  4 .3 .1  -  4 .3 .3 ,

as n —► oo

w h e r e  9 n \ /3 _ )  a n d  o^1,1) a r e  g i v e n  b y  ( 4 .3 .5 )  a n d  ( 4 .3 .1 0 )  r e s p e c t i v e l y .

Now consider the U-statistic U n \ § )  with kernel given by S_2:n) § )

\WU -  W12 +  A„(W3i -  W32|. Then

(i)
E h W 2 (S 1:n,S 2:n]§ )  =  E(T! +  A  „T3)2 

<  E T l  +  A 2ET$

<  oo, by condition 4 .3 .1 .
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(“ )
e P ( £ )  =  E h W (S 1:n, £ 2:n]£ )

= JB|r1 + A„r3|

=  E(T\ +  A nT3)sgn(Ti +  A nT3)

=  E t*E[(Tx +  A nTz)sgn{T\ +  AnT3)|r3].
But

E[(T\ +  A nTz)sgn(Ti +  A„T3)|T3 =  f] 

=  E(Ti +  A nt)sgn(Ti +  A ni)

=  ET\sgn(Ti +  A nt) +  A ntEsgn{T\ +  A„f)

=  E T iI (_ Ant>00) -  •E T i/(_ 00,-An<) +  A „ i[ l  "" 2 i ri ( —A n<)]

=  -Z E T iI^oo  - Ant) +  A b<[1 -  2 F i(—A nt)] since ET\ =  0.

Thus,

(4 .3 .1 2 )

6%\P) = -2JBr3[JEr1/(_00,_Anr3)] + A„ET3T3[1 -  2iri(—A„T3)] 

= -2ET3[i;r1/(_00j_Anr3)] -  2AnET3r3F1(-AnT3)
Now consider

h ^ U )  =  E[(2/ln -  (W 12 +  A nW32))sgn(yln -  (W12 +  A„ W32))]

=  -  (W12 +  A nW32))sgn(yln -  (W 12 +  AnW32))|W 32].

But 

E[(yin — {W \ 2 +  A nW32))s5'n(j/in — (Wi2 +  A„W32))|W32 =  u>]

=  - E [ W i 2sgn(yin -  (W i2 +  A„u;)] 

+  (yin ~  A nw)Esgn(yin -  (W i2 +  A nu>))

=  E W i2 -  2 E W i2I^_00>yin_AnW)

+  (yin -  A nU>)[2Gi(yin -  A nw) -  1].
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Thus

A g ( i )  =  E W 12 -  2Ew^ [E W 12I {_ oomn_AnW32)]

+  E w™[{yln -  A nW32)(2G1(yln -  A nW32) -  1].

Now consider the limiting variance <j(2’2) of U n \ § )  given by

(4.3.13) <r(2’2) =  4 jUm E h ^ 2 (S1:n) -  e ^ \ § )  .

Since E\Ti\ <  oo and .EIT3I <  0 0 , from (4.3.12), we have

(4.3.14) Urn ■e £ \ § )  =  - 2 E T i / (_ oo>0) =  E ^ ] .

Now consider

=  EW i  2 -  i E ^ l E W n l ^ w ^ A ^ - w ^ ) }

+  E w* [(W n  +  A»(W31 -  W32) ) ( iG l (W 11 +  A J W n  -  W ,,))  -  1). 

Note that the last term on the right hand side of the preceding equation is similar

to A ^ ( 5 1:n), thus can be easily shown that it converges to W \i(2G \{W u ) — 1).

Since both W i2 and i?|Wi2 | are finite, an application Result 4.3.7 twice

yields that the middle term on the right hand side of the preceding equation

converges to — 2 E Wz2 [EW\2 I( _ 00 Wu)] which is equal to —2 E WnW i2 l ( - O0 tw n )-

Thus

nhm h W (S l:n) =  EWx2 -  2E w ” W12I{_00iWu) +  Wu {2 Gl {Wn ) -  1).

From this and condition 4.3.1 and another application of Result 4.3.7, it follows 

that

(4.3.15)

lim E h f l \ s 1:n) =  E[EW l2 - 2 E w ^ W l 2 I{. ^ Wn)+ W n { 2 G x { W n ) - l )]2 <  oo.
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Hence by (4.3.13),(4.3.14) and (4.3.15), we have

(4.3.16)

<r(2>2) =  4 [E[EW 12 -  2Ew ™W12I{- 00iw 11) +  Wu (2Gi(W n ) “  I)]2 “  (^ l^ il)2'

<  oo.

Also since h ^ ( 5 1;n) is non degenerate, cr(2,2) >  0.

(iii) Since the third moments of W \ , W2 and W 2 are all finite by condition

4.3.1, we can easily show that

E ! $ ! ( & : . ) - a ! ? ’® ! 3' <  00.

Thus we have verified all three conditions of Theorem 5.3.10 of Randles and 

Wolfe (1979), for the U-statistic under the sequence of alternatives {A n}

and thus we have the asymptotic normality of (/?) given by the following 

theorem.

THEOREM 4.3 .17 . Under conditions 4.3.1 - 4.3.3,

«2 — Qn\@)\ => N(0, cr(2,2)) as n —»■ oo

where 8 ^ ( 0  and o-(2,2) are given by (4.3.12) and (4.3.16) respectively.

Now let ^  =  0i,j32)' be an estimate of £  =  (f3i,/32)' obtained by the 

method discussed in Chapter III. We shall now apply Theorem 4.2.6 to obtain 

the asymptotic distribution of £/„ (/?), i =  1,2 under a sequence of alternatives 

{A n} approaching zero. For that we first need to verify conditions 4.2.3 and 

4.2.4.
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Condition 4.2.3 is discussed under condition 3.4.3 of the previous chapter. 

Verification of condition 4.2.4 for h^  is identical to that of condition

3.4.4 except that here L 2 (-)(l2(-)) denote the distribution(density) function of 

r +Afrr3 •^31— A32

Now we show that fljiî OO is uniformly(in n) differentiable at v =  j3 and 

this differential is zero.

Denote by Bi(v) =  (vi —0i)(X Zi —X Z2) and bi(u) =  P i ) { x \ - x 2), i =

1,2, where x\  and X2 axe some real numbers. Also recall T{ represents the 

random variable Wn — W{2, i =  1 ,2 ,3 . With these notations,

oP U ) = EgfTj. + A„r3 -  B x{v))sgn{T2 + AnTz -  B2(v))

=  E T3,Xai,Xa2Eg[(Ti +  A nr 3 -  B l (E))sgn(T2 +  A nTz -  B2 (v))\Tz , X z u X Z2] 

But

Ep[(Ti 4- A nT3 — Bi(v))sgn(T2 +  A nT3 — B 2 (v))\T2 =  t , X z 1 =  x z, X Z2 =  x2\

=  Ep[(Ti +  A nt -  bi(v))sgn(T2 +  A„t -  b2 (v))}

=  Ep[(Ti +  A nt -  h{v))E j3sgn(T2 +  A „i -  62O'))]

=  (A nt -  bx(u))[l -  2F2 ( - A nt +  h iv ) ]

Thus

(4.3.18)
6 {n \ z )  =  E Ta’Xai'X32[(AnTz -  B i(z ) ) (  1 -  2F2 ( - A nTz +  B 2 {u))}

=  E T3'X^'X32[AnTz -  Bi(u)}

-  2ET3'X3"X32[(AnTz -  B 1(^))F2( - A „ r 3 +  B2 {v)\

=  - 2ET3'X3"X32[(AnTz -  B x(u))F2 ( - A nTz +  B 2 {v)\.
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By definition (see for example, Serfling, 1980, p. 45), is uni-

formly(in n) differentiable at z/ =  /3, if for any n, ^  exist at v =  /?,i =  1,2, 

and if

E
i=i dvi ("i ~  Pi)

v=0

satisfies the property that for every e >  0 ,3  a neighborhood N e((3) of P and an 

integer N ( such that for any z/ €  N e((3) and for n >  Ne,

(4.3.19)
1=1

K  -  AO

By conditions 4.3.2 and 4.3.3, we can pass the differentiation with respect to 

z/j, z =  1,2, inside the expectation in (4.3.18) to obtain

d0{n \ v )  _  T̂ . x ^ d[(AnT3 - B 1 (u))F2 ( - A nT3 +  B 2(u)\
dvx dvi

=  2Et^ x^[{XZi -  X 32)F2( - A nT3 +  B2(v))]

Thus

d o P t e )
dvi

E=P
=  2Et *'X*"x ” [(X3i -  X 32)F2 ( - A nT3)}

=  2E (X 3i — X 32)EF2 (—A nT3) since X 3 and T3 are independent 

=  0 for every n.

Similarly,

=  2E T , .x „ .x m ai(  A , r ,  -  +  b , (») \
dv2 dv2

=  - 2 E T*'X*"x ™[{AnT3 -  B i( v ) ) f 2 { - A nT3 +  B2 (v ))(X 31 -  X 32)\
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Thus

=  _ 2 £ T3> *31,*32[A n r 3 / 2 ( - A n T 3 ) ( X 3 i  -  X 32)\ 

=  - 2 A nE[T3f 2 ( - A nT3)]E(Xzl -  X 32)

=  —2ET3,X31,X32[(AnT3 -  B x{v))F2{ - A nT3 +  B 2 {u))}

+  2 A nE T*'X^'x ™[T3F2 { - A nT3)\

=  - 2 A nE T*'X*''X™T3 [F2 ( - A nT3 +  B 2 (u)) -  F2 ( - A nT3)]

+  2ET z 'X z i ,X z 2  [B\ (v)F2 (—A nT3 +  B 2 {v))\

=  - 2 A nE T3>^^32r3[ir2(_ A nT3 +  B2{v)) -  F2 ( - A nT3)]

+  2{v\ -  (3{)Et *'X*''X™[{X3x -  X 32)F2 ( - A nT3 +  B 2 (u))]

\0 P ( v ) - 0 W(§)\

<  2\An\ET*’X*'’X™\T3 \\F2 ( - A nT3 +  B 2 (v)) -  F2 ( - A nT3)\

+  2\\v -  p\\\ET*’X3"X32[(X31 -  X 32)F2 ( - A nT3 +  B 2 (v))}\

Consider the first term on the right hand side of (4.3.20)

2 |A n|£ r3’X31’X32|T 3||F2(-A nr 3 +  B 2 (u)) -  F2 ( - A nT3)\

<  2\An\ET3 'X31’X32\T3 11/2(-A „ T 3 +  B 2 (e))B 2 (u)\

<  2B2 \An\\v2 - p 2 \ET3’X3i’X33\T3 \\X3 1 - X 32\ 

< 8 B 2 \An\\\E -  §}\E\W3 \E \X 3\

=  0 for every n.

Now consider

Now

(4.3.20)
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where £ 2  above represents the bound on f 2.

Let e >  0, then we can choose n sufficiently large (A„ sufficiently small), 

say, n >  iVi(e) such that

'An' <  IQB2 E \ W z \E \X z \

so that

(4.3.21) 2 |A n|Er3-X31’X32|r3||F 2 (-A nr3 +  5 2 ( i / ) ) - i ?2 ( -A nT3)| <  ^e\\u-§}\.

Now consider the second term on the right hand side of (4.3.20). Note that 

(* 3 i -  X 3 2 )F2 ( - A nT3 + B 2 (u)) -*  ( * 3 1  -  X 3 2 )F2 {B2 {v))

Further,

|(*3 i -  X 3 2 )F2 { - A nT3 +  B 2 {v))\ < |*3 i -  * 32| 

and i? |* 3i — X 32\ < 0 0 . Hence, by Dominated Convergence Theorem, 

E T*’X31’X3 2[(X3 1 - X 3 2 )F2 ( - A nT3 + B 2 (v)\ -  E { X 3 l - X 3 2 )F2 {B2 {v)) as n -> 0 0 .

Also note that, for u. sufficiently close to /?, then B 2 (v) is close to zero and thus 

another application of Dominated Convergence Theorem gives,

£[(* 3 1  -  * 3 2 )F2 (B 2 {u))\ -  E (* 3 i  -  * 32)£ 2 (0 )

=  ^ £ ( * 3 1  -  *32)

=  0
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Thus for the same e >  0 ,3  a neighborhood iVf(/3) of and an integer N2 (e) 

such that for u €  N c(0) and n >  N 2(e).

\Et *’X3'’X” (X 3i -  X 32)F2 ( - A nT3 +  B 2 (u))\ <  |

so that

(4.3.22) 2 \ \ v - l \ \ \ E T*'X*'’X* n ( X n - X 32)F 2 ( -A nT3 +  B 2 ( m <

Now for e >  0, let N =  max(Ni(e), A^(e)). Then from (4.3.21) and (4.3.22)

3 a neighborhood iV<P(/3) and n >  N (X\

l o P i A - W i B  \ < e \ t e - § \ \

which establishes the uniform(in n) differentiability of 0 n(n) at /? and that the 

differential is equal to zero.
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We shall now verify condition 4.2.4 for h^2\  For that we consider,

(4.3.23)

=  |(Ti 4- A nT3 — {v\ — /?i)(*3i — X 32))sgn(Ti 4- A„T3 — (v\ — /?i)(*3i — * 32)) 

-  {T\ +  A„T3 — (1/1 -  /?i)(*3i -  X z2))sgn(T\ 4- A nT3 -  {vx -  /3i)(Xzi -  * 3 2 ))!

=  |(Ti +  A nTz -  W  -  /? i)(*3i -  X z 2 ))[sgn(T1 + A nT3 -  f a '  -  f t ) ( * 3i -  * 3 2 ))

-  sgn{T\  +  A nTz -  f a  -  /? i)(*3i -  X z 2))}

-  f a '  -  n ) ( X 31 -  Xzz)sgn(T 1 +  A nT3 -  f a  -  f t ) ( * 3i -  * 32))|

<  |Ti +  A nTz -  f a '  -  /?i) ( * 31 -  *32)11*571(71 +  A nTz -  f a '  -  f a ) ( X 3x -  * 3 2 ))

-  sgn(Ti  4- A„T3 — f a  — /?i)(*3i — * 3 2 ))!

+  k i ' - ^ i | | * 3 i - * 3 2 |

<  2| TX +  A nT3 -  f a '  -  fa ) (X z i  -  *32)11 A +  Wl -  v\ 11*31 -  * 3 2 1
where A is the set of ( * 3 1  — * 3 2 , Ti +  A nTz) between the lines T\ +  A„T3 =

(m m (z/i,i/i')—/3 i)(* 3 l—* 3 2 ) andTi +  A„T3 =  ( m a s f a , i / i ' ) - 0 i ) ( * 3 i - * 3 2 ) -  

Now if B denotes the set of ( * 3 1  — * 3 2 , T\  +  A nTz) between the lines 

T i+ A „ T 3 =  f a  — d — /? i)(* 3 i— * 32) and Ti +  A nT3 =  f a  + d —/?i)(*3i — * 3 2), 

then

sup |/l(2)(5 l:n^ 2:n ;^ ) ~  
v!£D(v,d)

< 2I B sup |Ti +  A nTz -  f a '  -  /?l)(*31 -  *32)1
v'eD(u,d)

+  d | * 3 l - * 32|

<  21*31 - * 3 2 |/B  sup V1 + A "T3 - f a '  - f t )
v'eD(v,d) A 31 -  A 32

4" d |*3i *321 •
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Note that

Tl +  A n T 3  - i n ' - P i )
X 31 — X 32

and on the set B,

Consequently,

T\ +  A nT3 t \ ! , ^
—-------  { v x - P i ) - { y i  - v i )
A 31  — A 32

Ti +  A nT3
Xzi — X 22

-  {v\ -  Pi) +  \v\ -  v\\

Ti +  A nr 3
X 21 — X 32

-  {yi -  Pi) < d .

Ib  sup 
y!&D{v,d)

Ti +  A  „T3
X 31 ~  -^32 - W - P l ) ^  d -t- d — 2 d.

Thus,

sup |/i(4) (£ 1„ , £ 2i.;i!')  -  ft<2)(& „ ,& » ;i£ )l 
n'€D(u,d)

<  2|X3i — X 32|(2d) +  d|X3i — X 32I

< 5 d |X 3i - X 32|.

From the above, it follows that for every n,

E sup |/.<2>GS1:„ ,£ 2;n;ii') -  
z/'g D(u,d)

<  K id

where X 2 =  52?|X3i — X 32I <  0 0 .

Further, from (4.3.23),

l^ 2)(£ l:n, £ 2:n^ ')  -  A(2)(£ i!B, S 2:n]u) \ 2 

<  4 |T i  +  A nr 3 -  W  -  p i ) (X 31 -  X 32) \ 21 a  

+  \vi — v \^ \X 3i — X 32I2

4- 4| u\ — 1/1IIX31 — X 32IIT1 +  A„T3 — {v\ — P \){X 3\ — X 33)\Ia
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1 0 0

SUP |k<2>(&:„, 
z.'eD(v,d)

<  41*31 -  *32)|2(2d)2 +  d2|*31 -  *3212 

+  4 d |* 3 l -  * 32||*31 -* 3 2 |(2 d )

=  25d2|*3 i — *3212.

Hence

lim E  
d—o S"P l*><2)(£ l!n,&:„;Jd') -  <>(2)(& ,„,£2:„i!i)|2

v'eD{v,d)
=  0

uniformly in n. This verifies condition 4.2.4 for

Now we shall show that 0 ^ \ v )  is uniformly (in n) differentiable at v =  fi_ 

and the differential is zero.

6 {n \ a )  =  El {Ti +  A nr 3 -  Bx{v))sgn{Tx +  A„ Tz -  Bx(v))

=  E T3-X31>X32£>[(Ti +  A„T3 -  Bx(z))sgn(Tx +  A„T3 -  jB i(^ ))|T 3 ,*3 i,*32] 

But

E@[(Ti +  A nT3 -  Bi(v))sgn(Ti +  A„T3 -  Bx{v))\Tz =  t ,* 3 i  =  ®i,*32 =  ®2] 

=  Ep[(Ti +  A nt -  bi(u))sgn(Ti +  A nt -  6i(r/))]

=  Ep[Tisgn(Ti +  A nf -  b\(v))

+  (A nf -  bx{v))Epsgn{Tx +  A nt -  &i(i/))

=  — 2ETxI(-00,-A nt+h(v))

+  (Ant -  &i(*/))[! -  2.Fi(—A„f +  &i(*/))]
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Thus

(4.3.25)

t f ’ te) =  £ T 3 A lA n - 2 W ( - „ , - A . T 3+i>l(!:))

+ (A„r3 -  Bite))[l -  2Fi(-A „r3 + B,te))]]

+  (A„T3 -  B i(i!))B i(-A „ r3  +  B ite))]

Again by conditions 4.3.2 and 4.3.3, we can pass the differentiation with 

respect to i/,-,z — 1,2, inside the expectation to get,

=  -2 ^ 3^ 31^ 32  [(_ A nT3 +  B ^ f r i - A n T s  +  Bl {u)){Xzl -  X Z2) 

+ (A „ r 3 -  B x( v ) ) f i ( - A nTz +  B i(u ))(X zl -  X Z2) 

- T ’lC-A nT, +  £ !(£ ))(X 31 -  X Z2)\ 

=  2ET3’X3"x ™F1 ( - A nTz +  JBi(i/))(X3i -  X 32).

Thus,

d e ^ i v )
dv\ =  2Er3-X31’X32F1( - A RT3)(X 31 -  X 32)

3

=  2EF1( - A nTz)E (X z l - X 32)

=  0 .

Also, since 6^ \ v )  is free from i/2, d%J2̂  =  0-

Thus, 0 n \  e ) is differentiable at e  =  P with the differential being zero.
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In order to show that 6 ^ \ v )  is uniformly differentiable at /?, consider

e {n \ v )  -  e ^ \ p )

= -2 E ^ A iA *  [Er1/ (_00,_AnT3+Bl(i:)) -  E T iI {^ ± t o \  

-  2 A nE T3'X^ X32T3[Fl { - A nT3 +  B x{v)) -  F i(-A nr3)] 

+ 2E Ta ,Xai 'X s2  B \ ( v )F i (—A n T3 +  Bxiu))  

-  - 2 E T3’X3uX32ETiI^_AnT3_ AnT3+Bl{!i)) 

-  2 A nE T3’X3l'X32T3[ F i ( - A nT3 +  B 1(u)) -  F1( - A nT3)] 

+ 2{n  -  Pi )E T3’X31’X32(X 31 -  X32)F1(-A nr3 + B x{v))

Hence

(4.3.26)

\0 £ \ z )  -  6 (n ]m

<  2ET3’X3uX32 | ET\ I{ -AnT3,-AnT3+Bi (i/))

+  2\An\ET3’X31’X32\T3\ \ F i ( - A nT3 +  B^u))  -  F1( - A nT3)\ 

+  2 \ \ v - P \ \  E T3'X31'X32(X3i -  X 32) F ! ( -A nr 3 +  B x(v))

Note that since jE7|Ti | <  oo, by Dominated convergence theorem

g r 3, x 3 l, x 32
E T l I ( - A nT3, - A nT3+ B 1(u))

g X 3i , X 32
W (0,*te))

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



103

Ix

But,

E X*JC* 1 ^ / ( 0 ^ , ^ )

=  E X3uX32 /  xh{x)d,
Jo

<  E Xsx,X a 21 ( y ) 11jPi( |B i ( v ) | ) -  F i ( 0 ) |

=  h - / 3 i \ E x 3x’X3*\X3 1 - X 32\ 

<  h k - B \ E x *x'X™\X31 - X 32\\l -  2F1 (\B1 (v)\)\

since f i (x )  symmetric and hence xfi(x )  is odd

For j/ close to /?, we can bound E X3X,X32\Xz\ — .X32III — 2Fi(|Bi(i;i)|)| by so 

that

1 ^ /(0 ,8 ,0 0 )1  S  f f e ~  SI-

So we can find an integer N\(e)  such that for n >  Ni(e),

(4.3.27) 2 E n , x „  , x s i  | E T l

The second and third terms on the right hand side of (4.3.26) are same as the 

first and second terms on the right hand side of (4.3.20) respectively with F \{B i)  

are replaced by ^ 2(^ 2). Thus there are integers A ^e) and Nz(e) such that

(4.3.28) 2 |A n |F r3^ 31’X32|r 3 | |F i( -A nr3 +  B i (£)) - F i ( - A nT3)| <  | | | i £ - £ | |

for all n >  iV3(e) and

(4.3.29) 2 \ \u -§ } \  E T3’X^ ( X 3 1 - X 32)F1 ( - A nT3 +  B 1(E)) <  | | | u - § \ \

for all n >  Nz{e) and u in some neighborhood Nc((3) of /?.
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Now for e >  0, let N j2  ̂ =  max(Ni(e), N2 (e), Ni(e)). Then from (4.3.27)-

(4.3.29), 3 a neighborhood iv |2̂ (/?) such that if u € N^2\ ^ )  and n >  N (2\

\ 9 ^ ( R ) - e ^ ( i ) \ < e \ \ u - i \ \ .

This establishes the uniform differentiability of 6 ^ (v) in at u_ =  /?.

Thus all the conditions of Theorem 4.2.6 have been verified for both the
/ A /j) A t

U-statistics Un (/?) and U\ (§) and we have the following theorem.

T heorem  4 .3 .3 0 . Under assumptions 4.3.1 - 4.3.3,

n* [UPC@) -  rf? (£)] =* N (0, crM ), as n co ,i =  1,2

where & n \ ft) and cr(2,2) are given by (4.3.5),(4.3.10),(4.3.12) and

(4.3.16) respectively.

Now we shall establish the asymptotic normality of Tn(ft) under a se­

quence of alternatives converging to null.

THEOREM 4 .3 .3 1 . Under conditions 4.3.1 - 4.3.3,

[Tn{ft) -  9n(ft)] =» JV(0, t 2 ) ,  a sn  -+ oo, 

under a sequence of alternatives {A n} converging to zero, where

< w > =
_  Dn’(fl)

and

3 (E \W n - W l2\)2'
r 2 _  i .  ?_1
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P r o o f : Note that 
(4.3.32)

n i [ T » ( |) -* » (£ ) ]

[ u i 2\ i )  4 2)(£).

_ n h [ u £ \ l ) e £ \p )  -  r i 2)(g)g^1)(^}] 

£42)( M 2)(£)

. .  A u P 0 )  _  #  
u i2)(§) u i2)( 0 e ^ \ § )

We have by Theorem 4.3.30,

n^ [U n \§)  — 9 n \§ ) \  => N ( 0 , ^ ' %  as n —► oo, under {A „ },i =  1,2.

From this it follows that

u g \ £ ) - e % \ § )  —*■ 0 in probability.

Further, from (4.3.8) and (4.3.14), we have

^ ( ^ - O  and e{2\ § )  -> £ |T i| as n —> oo.

This imphes that U ^ \j3 )  —* E\T\\ in probability.

Then by Slutsky’s theorem and (4.3.32), we have

» i[r „ (£ )  -  «„(£)] =*• as n oo.

But the distribution on the right hand side above is nothing but N ( 0, r 2) where

r2 = -----   c A 1)
( m i ) 2
4
3  ( m o 2

*1

Z { E \ W u - W x2\ )2

and hence the theorem.
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In this Section, we shall obtain the asymptotic distribution of R n, the 

Pearson’s Partial Correlation Coefficient between X \  and X 2 holding X 3 fixed. 

Recall that under the model (2.1.1), R„ can be written as

* 0 ,  _    E L , ( 2 u - * , ) ( * - % )

A A

where Z u  = X u  — f l i X u  and Z 2i = X 2i — P2 X 3i , i  =  1 , 2 , . . .  , n are the ’least 

squares’ residuals from the model (2.1.1).

Noting that

" — — 1
£  ( Zu  -  Z i ) ( Z 2 i - Z 2) =  -  J 2 ( Z u  -  Z l3-)(Z2i -  z2j),
. "7 71 . .
1 = 1  » < J

R n ($) can be written in a more convenient form as follows 

R n (i)  =
S,<j(^i« -  Zij)(z2j -  z2j)

-  Z i j ) 2 ' Z i < j ( Z 2 i  -  Z iy ) 2]*  

R $ 2)0 )

[R $l \ l ) R % 2\ i j f i

where, R ^ 2\ r ^  and R ^  are U-statistics given by 

R {n 2\ z )

= -4- £(X!i -  x xj -  Vl(X 3i -  X 3j) ) ( x 2i -  x 2j -  u2(xzi -  X 3j))
'2/ i<j 

=  T̂ T £ ( eit -  el j  -  (ul -  Pl)(Xto -  X zj))(e 2i -  e2j  -  (v2 -  /?2)(^3« -  ^ 3 j))5 
\ 2) iKj

r&n ) (z)  =  T^r 2 > i i  -  eiy -  i n  -  f t ) (* 3 i -  X aj))2 
(2) i<j
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and

R l22)fe) =  J > 2 i  ~  e*> ~  ("2  -  * ) ( - * «  -  * y ) ) 2.
' 2 /

We shall obtain the asymptotic normality of Rn(§) under the model

proposed earlier, i.e., e\ and e2 are related by 

eu  =  Wu +  A W 3i

e2i =  W2i +  A W3i, i =  1 , 2 , . . .  ,n.

Note that the hypothesis of independence of &\ and e2 is equivalent to the

hypothesis Hq : A  =  0. For efficiency considerations we assume that A is a

function of n which tends to zero as n tends to infinity.

Also note that, R n is a function of the 3 U-statistics R n ^ jR n ^ ,  and

were it not for the fact that they contain an estimated parameter of (3.

We first show the asymptotic normality of each one of the U-statistics mentioned

above with estimated parameters by applying Theorem 4.2.6. Then, we deduce

the asymptotic normality of R n(§) by Slutsky’s theorem.

To establish the results of this section, we shall assume the following

conditions.

CONDITION 4 .4 .1 . W ii,W 2i ,W n , i  =  1 , 2 , . . .  ,n,  are three independent ran­

dom samples having the same distribution as the continuous random variables 

WU W2 and W2 with distribution functions G i(-), G2(-), and Gs(-), respectively.

CONDITION 4 .4 .2 . The variables W \ , W2 , Wz have finite variance.

CONDITION 4 .4 .3 . X 2 is a continuous random variable with finite fourth mo­

ment.
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Let j£i;n,^2:ju • • • ?j2n:n denote a random sample from a trivariate distri­

bution with distribution function •) depending on n, where

(  X3i \  s i:n =  Wu +  AnWii . 
\ W 2i +  A nW3iJ

The symmetric kernels of degree 2 for the 3 U-statistics R ^ \  i?n ^ and 

r!£2  ̂ defined earlier are respectively,

fc(12)(£i:», S 2:n-,a) = (W n  -  W 12 +  A n(W31 -  w 32) -  {yx -  fa ) (X 31 -  X 32)>

(W21 -  W22 +  A n(W 31 ~  W32) -  {V2 -  m X z i  -  X 32)),

h ^ i S . l:„,£2:n;£) = (^11 "  W 12 +  A n(W 31 -  W32) -  (*1 -  0 i) {X 31 ~  X 32))2,

fc(22)(&:», S 2:n-,z) = (W 21 -  W22 +  A„(W31 -  W32) -  {U2 -  m x z i  -  X Z2))2.

Let
& !)w  =

S 2)ix) =  s £ *(22)( & „ ,& „ ;£ )•

For i , j  =  1,2,3; i <  j ,  denote by

r (ii) =  M  E W *  -  W«)(W*  ~  W»)
W  k< l

and

p(H) =  E(W n -  Wi2)(vVji -  Wj2).

Note that 

0)

Rfjj ) (j3) =  +  A „r(‘3) +  A„r^3) +  A 3r(33>

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



109

( i i )

So, for i , j  =  1 ,2 ]i <  j ,

(4.4.4)
~  £ j ) (§))  = ~  P{i3)) +  A nV^(r(*'3) -  p ^ )

+  A n M r {j3) ~  P{j3)) +  A 3 v ^ ( r ( 33) -  p(33)) 

Further, notice that, =  1 ,2 ,3 ;i <  j ,  is a U-statistic with symmetric

kernel of degree 2 and with mean p W .  So by Theorem 3.6.9 of Randles and

Wolfe (1979),

(4.4.5) V » (r (ii) -  p M )  =► N ( 0, ’*) )  as n —> oo.

where

(4.4.6) ffW) =  W a riE iiW n  -  Wt-2)(Wjl -  Wj2)\W a , W #)]

= AVar[(Wa -  E W i2)(W ji  -  E W j2)\

=  AVar[(Wa  -  E W n )(W ji  -  EW ji)] .

By condition 4.4.1 and 4.4.2, this variance is positive and finite. Since An

converges to zero, by (4.4.4), y/n(Rn3\ § )  — £n3\ § ) )  has the same distribution

as y /n ( r W  — p ^ ) .  Thus we have the following theorem.

THEOREM 4 .4 .7 . Under conditions 4.4.1 and 4.4.2, f o r i , j  =  l ,2 ; i  <  j ,

y /n (R ^ ^ {0  — €n3\{3)) => N ( 0 , a ^ )  as n —► oo

where a^xd) is given by (4.4.6).

PROOF: Immediate form (4.4.4) and (4.4.5).
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We shall now apply Theorem 4.2.6 to obtain the asymptotic normality 

of y /n (R n ^ 0 )  — £n *\/3 )) , i , j  =  1 ,2 ; i <  j ,  under a sequence of alternatives 

approaching the null. To that effect, we first need to verify the conditions of 

Theorem 4.2.6.

I. Conditions 4.4.2 and 4.4.3 ensure that the OLS estimators of 0\ and 

02 satisfy condition 4.2.3 of Theorem 4.2.6.

II. Now we shall verify condition 4.2.4 for and show that £n*\v)  is 

uniformly (in n) differentiable at v =  /? and the differential is zero, assuming 

conditions 4.4.1-4.4.3.

(i) For the kernel h(12) of R ^2^

Ih(12)( £ 1:n, £ 2:n; i / ')  -  h .™ G2i:n, £ 2:il;id)| 

=  |(W n  -  W i2 +  A„(W3i -  W32) -  {v\ -  0i)(Xu  -  X 32))-

(W21 -  W22 +  A„(W31 -  W32) -  (v2' -  02)(Xn -  X 32)) 

-  (Wn  -  W12 +  A n(Wn  -  W32) -  { n  -  0i){Xzl -  X 32))- 

(W21 -  W22 +  A„(W3i -  W32) -  {y2 -  02)(X31 -  X 32))|

With the usual notations Ti =  Wn — W{2, i =  1 ,2 ,3 , we have

|/>(12)( £ l : n ,£ 2:n; i / )  -  h W ( S 1:n, S 2:n-,v)|

= |(2i +  AnT3) -  (T2 + A„T3 -  (u2' -  02)(X31 -  X 32))

-  (iV -  01)(X31 -  X 32)(T2 +  AnT3 -  {v2' -  02)(X31 -  X 32))

-  (Ti +  AnT3) -  (T2 +  AnT3 -  {V2 -  m X n  ~  X 32))-

+ (V1 -  0i)(X3i -  X 32)(T2 + A„T3 -  (u2 -  fo)(X31 -  X 32))\
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=  | -  (Ti +  A nT3)(X 31 -  X 32)(u2’ -  v2) -  (T2 +  A nT3)(X 31 -  X 32){yi' -  vi) 

+  (X 3i — X 32)2[(vi — Pi){v2 -  /?2) +  {v\ — Pi){v2 — /?i)]| 

=  | -  (Ti +  A nT3)(X 31 -  X 32)(u2' -  u2) -  (T2 +  A nT3)(X 31 -  X 32)(n '  -  »i) 

+  ( -^ 3 1  ~  X 32) 2 [ ( v \  — P l ) ( v 2 —  V 2 ) +  ( v 2 — / 3 2 ) ( l / l  —

<  \T\ +  A nT3||X 31 -  X 32\\v2' -  v2j +  |T2 +  A „r3||X 31 -  X 32\\vJ ~

+  1-̂ 31 — -̂ "3 2 12 [l l̂  ̂ — P l \ \ v 2 — v 2 \ +  \ v2 — p 2 \ \ v \  — I/l|]|

Now for any arbitrary neighborhood of /?, say K ( f 3 )  with diameter of K  (/?) say 

m, if v  G K ( § )  and D ( v , d )  is a sphere centered at v_ with radius d satisfying 

D ( v . , d )  C K ( f 3 ) ,  then

E sup |A<12>G£1 ; j/)| 
v'eD(v,d)

<  £ ( |T i +  A nT3\\X31 -  X 32|) • d +  E{\T2 +  A „r3||X 31 -  X 32|) • d 

+  E (X 31 — X 32)2(m • d +  m -  d)

As we are interested in the behavior of the statistic for A n in the neighborhood 

of 0, we can assume without loss of generality that |An| <  A for some A >  0. 

Then

E sup |A<12>C£l!n,£ * „ ; . / )  -  »(1,> ( £ ,„ £ to>i!dl
v!eD{u,d)

<  K id

for every n, w h e r e =  (E |r 1|+ A E |r 3|)E|A:31-A :32|+ (E |r 2|+ A i;|T 3|)i;|A:3i- 

X 32\ +  2m E (X 31- X 32)2.
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Further,

sup |A(12)(S 1:n, 5 2:n; i/') -  /i(12)(5 1:n, 5 2:n; v)\2 
v'eD(js,d)

< [(|7i + A„T3|)|X31 - X 32\ - d  +  (\T2 +  AnT3|)|X3i - X 32\ - d  

+  |X 3i -  X 32|2 • 2md]2 

<[(|Ti| + A|T3|)|X3i - X 32| + (|r2| +  A|r3|)|^3i - X 32| 

+  2m \X 31- X 32\2]2 -d2

Hence

=  0 ,lim E  
dt-+ o S U p  |A (1 2 )( i2 1:„ , ^ 2 ;n ; » ! )  -  / t (1 2 )( ^ l : n . & : » ; i £ ) | 2 

u'G D(v,d)

uniformly in n.

This verifies condition 4.2.4 for

Now to show that £(12)(j/) is uniformly differentiable at u =  /?,

=  Ep[(Ti +  A„T3 — {v\ — (di)(X3i — X 32))(T2 +  A„T3 — (i/2 — (32)(X 3\ — X 32))]

=  E[(Ti +  A nT3)(T2 +  A„T3)] +  (vi — /3i)(i/2 — 02)E (X 31 — X 32)2

=  A \ E T l  +  {vx -  A)(*/2 -  p2)E {X 31 -  X 32f  

Clearly,

-  fo )E (X si -  X 32)2
5 j/i

~  * 32)2

d d 12)te)

so that

dvi
=  0 for i =  1,2.
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Thus ^ 12>(,) is differentiable at v =  0  with the differential being zero.

In order to show that £n12̂ (v) is uniformly (in n) differentiable at 0, 

consider

| t f 2)te) -  & 2)m  =  |A* JS2? +  ( n  -  h ) (v 2  ~  h ) E ( X si -  X 32f  -  A 2nE T 2\

=  |(i/i -  fa)(v2 -  f r )E (X 31 -  X 32)2|

<  \ t e ~  011I k -  l \ m x 31 - x 32f .

Now for every e >  0 ,3  iVe(/3) =  D(j3, ~ £ ( x ^ I x ^ )  suc^ that for any v G N e(f3) 

and for all n,

\&n \ v ) - & 12)( P ) \ < e \ k - 3 -

This verifies the uniform differentiability of (ii) at v =  0.

(ii) For the kernel h,(n ) of R n X\

Ih ^ \ S 1:n, S 2:n]u!) -  h ^ ) ( S 1:n, S 2:n-,u)|

< 2 \T 1 +  A nT3\\Xn - X 32\u1' - u 1\

+ \X31 -  X32| V  -  i / |(h ' -  f t  | + h  -  ft  |)
Now for any arbitrary neighborhood of 0  say K(j3) with diameter m, if v_ E X (§ )

and D ( v ,d ) is a sphere centered at v with radius d satisfying D (v,d )  C K (0),

then

sup “  ^(11)(5 1:n,5 2:n;i/)|
u!£D(v,d)

<  2| Tx +  A nr 3||X 3i - X 32\ - d  +  2m \X3l -  X 32|2 • d 

and assuming |An| <  A, for some A,

E  sup |/.<n >(£l!n,& „ i2 i ' ) - A (11,(& ;n,&,„;Ji)l
E€D(z,d)

<  [2£(|T i| +  AE\T3\)E\X31 -  X 32| +  2m E \X 31 -  X 32|2] • d.
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This verifies the first part of 4.2.4 with K \ =  2E(\Ti \ +  A |7 3 |)i?|.X3i — X 32I +  

2m E\Xzi  — X 32I2. Further more,

sup |/l(11)(^i:n,^ 2:n;^) ~  ^ G ^ n ^ n ^ ) ! 2
v!£D(v,d)

< [2 |Tx +  A nr 3||*3 i -  X 3 2 I +  2m |X3! -  * 3 2|2]2 • d2

and thus

lim E  
d—0

sup |A(11)(£i:BI£ 2:n;^ )  -  &(11)(£i:«,& :„;i£)|2 
1i'<ZD(v,d)

=  0 ,

uniformly in n. This completes the verification of the second part of 4.2.4 for

We now show that is uniformly (in n) differentiable at u =

&U)(v) =  Eg[Ti +  A nTz -  (1/1 -  /3i)(*31 -  * 3 2 )]2 

=  E(T i +  A„T3)2 +  f a  -  h ) 2E (X 31 -  X Z2)2 

=  E T 2 +  A2nET$ +  {n  -  0 i )2E (X 3i -  X Z2)2

Clearly,

dv\

dv2

=  2(v1 - p 1)E (X 31- X 32)2 

=  0

so that

dvi
=  0 for i =  1,2.

u= 0

Thus £n^(ld) is differentiable at v_ =  /? with the differential being zero.

In order to show that is uniformly (in n) differentiable at /?, consider 

kiU)W  -  d U,(SI =  (" 1  -  M 2E (X ;„ -  X 32f  

< \ \ z - P \ \ 2E (X 31- X 32?-
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Thus for every e >  0, and v  g  D(0,

1}U ) -  €t11}C5)l <  «ll!£ -  ^Jl.

for all n, and thus verifying the uniform differentiability of at /?.

(iii) Verification of conditions for ĥ 22  ̂ and £n22̂  are exactly same as in

(ii).

From Theorem 4.4.7 and I and II above we have the following theorem. 

T h eo rem  4 .4 .8 . Under conditions 4.4.1 - 4.4.3, f o r i , j  =  l , 2 ; i  <  j ,

y/n(Rn*\@) — £n*\§))  =>• iV (0,cA J)) as n —* oo

where or(*d) is given by (4.4.6).

REMARK 4 .4 .9 . From Theorem 4.4.8, it follows that for i , j  — 1,2; i <  j,

R n * \§ )  — £n^ { § )  —»• 0 in probability, as n —» oo.

But

& 2)(§) =  A \E T l  =  2A 1 4  -  0, 

d U)(£) =  E T 2 +  A 2nE T i  =  2a? +  2A2n<723 -*  2cr? 

d 22)0  =  ET$  +  A*ETg  =  2 a | +  2A “4  -> 2<r22 

Thus we have, as n tends to infinity,

Rji2\(3) —■► 0 in probability,

—*■ 2cr? > 0  in probability,
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and

Let

(4.4.10)

R n 2\ § )  —> 2<t| > 0  in probability.

Pn(§) =
d I2,( s

y d u ) ( S f i J2)0

\ /  (»1 +  AS°3)(°’i  + Ajflf)
Now let’s prove the main theorem of this section which gives the asymptotic

distribution of Rn Q3) under a sequence of alternatives.

THEOREM 4 .4 .1 1 . Under conditions 4.4.1 - 4.4.3,

y/n(Rn(§) -  pn(§)) => N ( 0,1), as n -> oo,

where pn(0) is given by (4.4.10).

PROOF: Write
(4.4.12)

y/n{Rn(§) -  />„(£))

R(n2)0 )=  \fn  

yjn

t f 2)(/3)

y /R in ) (§ )R ^ 2)C§) y / d n ) m ^ 2)(§)

R (n 2)C § ) y / ^ ( S ^ i i )  ~  & 2)( & ^ R {n 1\ £ ) R in 2\ § )

y/n

y/n
+

y'j?L11) C§)Rn2) (£)£»n) m [n 2) (£)

y jR {n l\ l ) R {n 2)m ^ l \ m T - \ p )
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M R {n2)(£ )-& 2)m
J r £ 1\ 1 ) r £ 2)($)

^ ______________y/Z&2\ m n n)(P)tn2)(§) -  R £ 1\ § ) R {22]0 ) ) ______________

( \ M n ) (£ )d 22)(£) +  ^ n ) 0 i ? i 22)( ^

V n ( R n 2\ § )  — Zn2\ § ) )

^ r ^ \ 1 ) r T \ 1 )

_____________________dt'2\® & 2\ B M R {n1)c§) -  d n>m __________________

y/R^i^R^c^d1'l)m {n2\§) + yfR^c^R^Ci)^
______________ & 2)( m n 1\ k ) M z i 22]c§) -  d 22)m _____________

i/Rin)(£)Ri22)(£)dn)(0 d 22)(£) ( \ /d n)(£)d22)(£) + ^ R (nu)(£)R(n22)0)J
From (4.4.2), Theorem 4.4.8 and Slutsky’s theorem,

(4.4.13) y /n (R n(fi) -  pn(fi)) =► 75-^— N(0,cr(1,2)), as n -+ 0 0 .

From (4.4.6),

<j(1,2) =  4V’ar[(W n -  E W n )(W21 -  E W 21 )]

=  4E{W U -  E W n )2E(W 21 -  E W 21)2

=  4(7i<T2.
Thus the random variable on the right hand side of (4.4.13) has a N(0,1) distri­

bution and this completes the proof of the theorem.

REMARK 4 .4 .1 4 . I f  A„  =  0 for a 11 n, then

y /n(Rn(£) ~  pn(£ )) => JV(0,1), a s n  ->■ 0 0 ,

where pn(/?) =  0, which gives the asymptotic normality o f  R n(£) under the null 

hypothesis.
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4.5 Asymptotic Relative Efficiency of Tn 

with respect to R n
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In this section we shall obtain the asymptotic relative efficiency of the 

test of the hypothesis Hq based on Tn with respect to the test procedure based 

on R n- In this regard, we apply an extension of Pitman’s theorem by Noether 

(1955) which is stated below.

T h e o r e m  4.5 .1  ( N o e t h e r ) .  Assume that we want to test the null hypothesis 

Ho : 9 =  0q against alternatives H  : 9 >  9q. Assume also that a particular 

alternative 9 =  9„ changes with the sample size n in such a way that

lim 9n =  9q.
n —►oo

Let the test be based on the statistic Tn =  T (x \,  X2 , ■.. ,x n) and let 

■0n(#) and on(9) be functions of 9 satisfying,

A.

0 n (1) ( 0 o ) =  • • • =  iPn { m - l ) (Oo) =  0 ,  0 „ (m )(0 o )  >  0 ,

B.

bm --------- jt-7-----=  c >  0,
n — oo <Tn ( 9o )

for some S >  0.

The indicated derivatives are assumed to exist. Consider H\ : 9n — 

#o +  "T where k  is an arbitrary positive constant.
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In addition to A and B, assume

C.

lim ^ f )(*n) =  1, lim 4 "t - ~  =  1,
n—>o° 0 T }(0o) n“*°° f fJ r ty o )

D. The distribution of tends to the normal distribution with&n{y)

mean 0 and variance 1, both under Hi and under the null hypothesis Qn =  9q.

ffn{6)Then the quantity RR*(6o), where R n(0) =  ^  ,ff l, is called the efficacy

of Tn in testing the hypothesis Hq : 0 =  6q.

Further if  T \n and Tzn are two statistics for testing Ho satisfying A, B, 

C, and D, with 8 \ =  82 =  8  and m \  =  m2 =  m, then the asymptotic relative 

efficiency of the two tests denoted by A R E {T \n,T 2n) is given by,

(4.5.2) ARE(Tln,T,„) =  lim A S lI M
* £ ( « . )

We want to test the hypothesis, Ho : A =  0 versus H : A ^ O , where A  

is such that
eii =  Wu +  A W 3i

e2i =  w 2i +  AWji, i =  1 ,2 , . . .  ,71 .

In addition to the assumptions 4.3.1 - 4.3.3 of section 4.3 and assumptions 4.4.1

- 4.4.3 of section 4.4, we need the following assumption.

C o n d it io n  4 .5 .3 . The density function /*(•) of T* =  — W k 2 >k =  1 ,2 ,3

have continuous, bounded derivatives and fk(0) >  0.

Next, we shall verify the conditions of Theorem 4.5.1 for each of the
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statistics Tn and R n- Here we shall let {A n} denote a sequence of parameters 

converging to the null, i.e., lim„—oo A n =  0.

Verification of conditions of Theorem 4.5.1 for the statistic Tn :

Let 6 =  A, 6o =  0, Tn =  Tn(ft) and

where 0 ^  and 6 ^  are given by (4.3.5) and (4.3.12) with A„ replaced by A ,

order to interchange the order of differentiation and integration.

(a) Consider E T3TzF2 (—AT3 ) =  f  x ir2(—A x)di73( i )  and let k(x, A ) =  

xF2 (—Ax)  for A € (—1,1). It is easy to see that conditions (i) and (iii) of Result 

3.4.18 are satisfied by the function k (x ,A )  and

and

A. Finding derivatives of the function ipn involves taking derivatives of the 

integrals of the formJ  k(x, A)dF3 (x). We shall once again use Result 3.4.18 in

<  B 2 X2,

where B 2 is the upper bound on / 2.

Further,

Hence, by Result 3.4.18,

_d_
dA

J  xF2(—Ax)dF3(x) J  x2 f 2 {-A x)dF z{x )  
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Thus

(4.5.4) ^ (1)(A ) =  2A J x 2f 2( - A x ) d F 3(x) - 2  J x F 2( - A x ) d F 3(x).

(b) Consider now E ^ i E ^ T x I ^ ^ ) )  =  y dF1{y))dFz {x) and

let k(x, A) =  V dF\(y) for A € (—1,1). Again it is easy to see that condi­

tions (i) and (iii) of Result 3.4.18 are readily satisfied by k(x, A) and

dk(x, A)
dA

=  |A i2/ i ( —Ax)|

<  Bxx2,

where B i  is the upper bound on fx- Further,

Bx j  x2dF3{x) = B\ETz  <  cx).

Hence by Result 3.4.18,

Tk J U -  XydFl{y))  dF^ x) =  A / x2h ( - A x )dF3(x). 

Thus,

(4.5.5)

^ 2)(A ) =  —2A J  x2fx ( -A x )d F 3(x)

4- 2A J x 2fx(—Ax)dF3(x) — 2 J x F x ( —Ax)dF3(x) 

=  — 2 J  xFx(—Ax)dF3(x)

Now,

f4 5 6 1  , m  «(2>( a ) £ « (iH a )  -  » W (a )a < k 2>(a)
} ~  ( 0 ( 2 ) ( A ) ) 2
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and we note that 0(^(0) =  0 ,0 ^ (0 )  =  2?|Ti|; 2a 0 ^ (A ) |a=o =  —2i?2(0)£T3 =

0 and ^ 0 ( 2)(A )|a =o =  —2Fi(0)ETz =  0.

Substituting in (4.5.6), we have,

(4.5.7) 01,(0) =  0.

Now finding the second derivative of ipn again involves differentiating an integral 

of the form J k(x, A)dF3(x).

(c) Let k(x, A) =  x2f 2 (—Ax).  Clearly k(x, A)  is absolutely continuous 

function of A for each x with

dk(x, A) 3 ,
dA  

and

< C 2|x|

< oo.

dA

where C2 is the upper bound on f 2. Further,

C2 J  \x\3dF3(x) =  C2E\T3\3

Hence, by Result 3.4.18,

J  x2f 2( -A x )d F 3(x) =  -  J  x3f 2( -A x )d F 3(x).

Thus from (4.5.4),

(4.5.8)

-^ 2 0 (1)(A) =  —2A f x 3f!i ( -A x )d F 3(x ) 
m  J

+  2 J  x2f 2( -A x )d F 3(x) +  2 J  x2f 2(—Ax)dF3(x) 

= - 2 A  j  x 3 f 2( -A x )d F 3(x) + 4  j  x2f 2( -A x )d F 3(x)
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Similarly, since f[  is bounded, we can pass the differentiation inside the integral 

to obtain

J x2M - A x)dFi(x) =  -  J x 2f [ ( - A x ) d F 3(x) 

so that from (4.5.5),

(4.5.9)
_cP_
dA5

0<2)(a )  =  2 j  x 2f 1{ -A x )d F z(x)

Now,

(4.5.10)
V>"(A)

1

-  { ^ ( A )  ̂ ( ^ ( A )  -  ^ 1) ( A ) ^ 0 ( 2) ( A ) |  • 20(2)(A) A 0(2)(a )

Recall that ^ ( O )  =  0 , ^ ( 0 )  =  E\TX\,^ ^ ( A J U - o  =  0, ^ 2)( a ) |a=() =  0 

and from (4.5.8) and (4.5.9), we have

d2
dA 2

dW (A)
A = 0

=  4 /2(0)ET32 =  8 /2(0)<732.

and

d2
dA2

0(2) (A)
A = 0

=  2 h (0 )E T 2 =  4 /1(0)<r2

Substituting for these quantities in (4.5.10), we get

(4.5.11) K (0 )  =
8/2(0)<73

m i
> 0

From (4.5.7) and (4.5.11), condition A is satisfied with m=2.
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B. We have

lim n 2 ^  =  4V 5/2(0)—  >  0.
n - o o  <Jn (0 )

This satisfied condition B with 8 =

Let A„ =  for some constant k.

C. Because of condition 4.5.3, flW, ^ jA ^ a n d

are all continuous functions of A  at 0 and so is i/>"(A), which implies

Since <rn is free from A ,lim n_,oo °^(0)^ =  1 is immediate. Thus, condition C is 

verified.

D. In sections 3.4 and 4.3 respectively, we have shown that^ J ^ ^  

converges in distribution to N(0,1) as n —> oo, under the null hypothesis and 

under a sequence of alternatives converging to null, thereby satisfying condition

D.

Thus the efficacy of the test of Hq based on Tn is given by,

(4.5.12) R n mi( 0) = W ( 0 )

. M 0) .

4n /3/2( 0 ) ^  
a i.

=  4 8 n / |( 0 ) ^ ! .
O’!

Verification of conditions of Theorem 4.5.1 for the statistics R n 

Let 0 =  A, =  0,T„ =  Rn(0),il>n(A) =  pn(0) and a 2(A) =  £
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A. Note that

i f  A'I A2<t32tf»(A) =
[(cn2 +  A W )(<722 + A 2cr32)]i 

A 2
=  C12

[(1 +  c iA 2)( l +  c2 A 2)]^

where Cl =  f £ , c 2 =  f £  and c12 =

Note that >̂n(0) =  0 and tf)n{A) is differentiable with respect to A  with

0»(A)

=  C12 { “ A 2[( l  +  C1A 2)(1 +  c2A 2)]~ f  [(1 +  c i A 2) (2 c 2A )

+ ( 1  +  c2A 2) ( 2 c iA )]  +  2A [(1  +  ciA 2)(1  +  c2A 2) ] " * }  

=  c i2 A 3[( l  +  c iA 2)(1  +  c2A 2)]- ^[c2( l  +  c i A 2) +  c i ( l  +  c2A 2)] 

+ 2 A [ ( 1  +  c iA 2)(1 +  c2A 2) H }  

=  —ci2c2A 3(1 +  c i  A 2) “ 's (1 + c2A 2) - ^

-  Ci2C iA 3( l  +  C iA 2) ~ 2 ( l  +  c2A 2)~ z  

+  2 ci2A (1  +  cxA 2) - ^ ( 1  +  c2A 2) ] -^

so that

^ »(0 ) =  0.
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Further, if>n'(A)  is differentiable with respect to A  giving,

*»"(A)

=  C12C2 A 3( l  +  c iA 2)“ ^ ( - | ) ( 1  +  C2A2)]“ ^(2C2A)

-  c12c2(l +  c2A 2) - f  [A3( - | ) ( l  +  ciA 2)” 2(2c1A) +  (1 +  c iA 2)"^3A2]

-  c12c iA 3( l  +  C2A 2) - ^ ( - | ) ( l  +  ClA 2) ] - f  (2C1 A)

-  ci2Ci(l +  c iA 2)_ 5 [A3(—-)(1  +  C2 A 2) - 2 (2c2 A) +  (1 +  C2A2)_ 23A2]

+  2c12A(1 +  Cl A 2) " * ( - i ) ( l  +  c2A 2) ] - i(2 c 2A)

+  2ci2(l +  c2A 2)“ '5 [A (--)(1  +  d  A 2)- ^(2ciA) +  (1 +  c iA 2)- ]̂ 

Substituting for A  =  0 in the above equation,

2
0„"(O) =  2d2 =  2—  > 0.

<71 <72

This satisfies condition A with m=2.

B.

Ihn =  lim
n-*oo <7„(0) n—00 ai(T2

<73 2
=  2 ——  =  c >  0 .

(71(72

So condition B is satisfied with 6 =  5 .

C. Condition C is obvious as both A) and crn(A) both are free from

A.

D. In section 4.4, we have shown that converges in distribution 

to N ( 0,1) as n —► 0 0 , both under the null hypothesis and under a sequence of 

alternatives converging to null, thereby satisfying condition D.
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Thus the efficacy of the test based Rn is,

(4 .5 .13) A , i ' (  0) =
r fc " (0 )l2
.  ° n ( 0 )  . 

4
=  4n

CTl2 (722 ’

THEOREM 4 .5 .1 4 . Under assumptions 4.3.1 - 4.3.3, 4.4.1 - 4.4.3, and assump­

tion 4.5.3, the asymptotic relative efficiency ofTn with respect to R n for testing 

Ho is,

(4.5.15) ARE(Tn,R n) =  12<r22/ f ( 0 ) .

PROOF: Immediate from (4.5.2), (4.5.12) and (4.5.13).

Note: In (4.5.15), / 2 represents the density of the difference of two inde­

pendent copies of W2, which is assumed to have a density go.

By convolution, the density f2 of W21 — W22 is,

/ 2 O2 ) =  j  92 (9 )92(9  ~  x ) d y

and hence

/ 2(0) = J  g22 (y)dy.

Thus the efficiency formula in (4.5.15) can be written in terms of the variables 

W i,i =  1,2,3,  as,

(4.5.16) ARE(Tn,R n) =  12<r22 g i ^ d ^  .
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Using the relation (4.5.16), ARE(Tn, Rn) is calculated in the case Wi, W2 , 

and W3 have the same distribution for several well known distributions. The 

results are given in the following tables.

T able 4.5.17

C om m on D istribution *2 J  9 l { y ) d y ARE(TntRn) =

o f  Wu W2 and W3 12<r§(/g t ( y ) d y ) 2

Standard norm al 1 v ? 0.955

Logistic 3
1
6 1.100

D ouble E xponentia l 2 14 1.500

Triangular 1
6 3 0.890

Uniform 1
12 1 1.000

E xponentia l 1 \
2 3.000

Lognorm al e ( e -  1) j k
2x/ t 7.350

Pareto, a  =  3, 0  =  1 11
4

9
7 54.55

C ontam inated  Norm al 1 — £ +  S(T2 ( l - e j a ,

2V ?  ^  V2tVT+ct= 12[1 — e  +  £<t2]x

( ! - < : ) * ( * ) +  *& (£ ) _j—
“ 2\fna

r n - e 2 , 2rflel 
L 2y/r y/2xVl+i +
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T able 4.5.18 ARE(Tn,Rn) for C ontam inated norm al distribution (1 — e)$(a:) +  e4>(

a € ARE(Tn,Rn)

0.01 0.9574468
0.03 0.9621882
0.05 0.9665998
0.08 0.9726232
0.10 0.9762558
0.15 0.9840713

0.01 0.9626593
0.03 0.9771515
0.05 0.9904497
0.08 1.0082670
0.10 1.0187960
0.15 1.0407310

0.01 0.9692364
0.03 0.9959236
0.05 1.0201930
0.08 1.0523180
0.10 1.0710923
0.15 1.0922600

0.01 1.0087570
0.03 1.1077960
0.05 1.1959810
0.08 1.3093680
0.10 1.3732970
0.15 1.4966790

0.01 1.0696430
0.03 1.2790110
0.05 1.4631900
0.08 1.6960120
0.10 1.8246570
0.15 2.0644620
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CHAPTER V

A  G EN E R A L  C O R RELA TIO N PR O BLEM

5.1 Introduction

In this chapter we study the association between the two variables X  

and Y based on a random sample (X i, Yi)', (X 2 , Y2 ) ' , . . .  , (Xn, Yn)' from some 

bivariate continuous distribution H with marginal cdfs F and G. This problem 

is commonly known as the test for independence since the available testing 

procedures based on statistics such as Hoeffding’s D, Pearson’s R, Spearman’s 

rho and Kendall’s tau, all test the null hypothesis of independence,

(5.1.1) Hq : X  and Y  are independent.

We shall propose yet another test procedure based on the statistics Tn calculated 

from (X i, Yi)', (X 2 , Y2 ) ' , . . .  , (X„, Yn)', for the above hypothesis and compare 

it with some of the above mentioned tests.

In section 5.2, we shall review the class of bivariate distribution function 

defined by Farlie (1960) and study how Pearson’s product moment correlation 

coefficient(Rn) and Kendall’s alternative rank coefficient(i„) compare in effi­

ciency with each other and with a maximum likelihood estimator of the param­

eter of association. In section 5.3, we shall obtain an estimate of the parameter

of association for the above bivariate distribution based on Tn and obtain the

130

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



131

asymptotic relative efficiency of Tn relative to R n, tn and a maximum likelihood 

estimator.

5.2 A General Bivariate Distribution

The form of the bivariate distribution considered in this section is the 

class given by Farlie (1960).

Let F(x) be the marginal continuous distribution function of X, G(y) be 

the marginal continuous distribution function of Y, A(F(x)) be a function of x 

that tends to zero as F(x)—>1, B(G(y)) be a function of y that tends to zero as

G(y)-1.

Then

(5.2.1) H(x, y ) =  F(x)G (y){  1 +  aA (F )B (G )}

is a suitably general class of bivariate distribution functions for which the 

marginal distribution functions are F(x) and G(y). Note that for the above 

model, the hypothesis of independence in (5.1.1) is equivalent to the hypothesis 

a  =  0. Farlie showed that the functions A(F) and B(G) are not completely 

random but it will suffice if we choose for A(F) and B(G), functions that are 

bounded and have bounded first differential coefficients with respect to their 

arguments. Since a  is a parameter measuring association, we can assume with­

out loss generality that the least upper bounds on |A(.F)| and |5 (G )| are both 

1. The expression for H(x,y) is then unique.
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Let (X i,Y i) ' ,  (X 2 , y2)', ■ , (X n, Yn)r be a random sample from a bivari­

ate distribution with distribution function H given by (5.2.1). Farlie considered 

Kendall’s tau (f„) and Pearson’s product moment correlation coefficient (Rn) 

among others for comparison with each other and with the maximum likelihood 

estimator a  of the parameter of association a . He showed that the mean values 

of tn, Rn and a  when a  is small are:

E ( tn) =  8aJ  F A d F  ^  G B d G ; 

E {R n) =  - 2 —  P  X d(F A ^dF  f 1 Y ^ - ^ - d G - ,
{ > <rx*y Jo dF  Jo dG

E (a)  =  a,

and the variances of tn,R n and a  under the hypothesis a  =  0 are:

i W i „ )  =

V  aro(JtH) =
n

1

V a r o ( a )  =

The asymptotic relative efficiencies relative to the maximum likelihood estimate 

are, for tn,

144 (jp1 F AdF  Jp G B d G ^
(5.2.2) 

and for R n,

(5.2.3)

& { * & ) *G

( 1,} x * & U F j : r * s p * ! y
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Farlie also showed that along the line A  =  1 — F, Kendall’s tau is better than the

f x xdF
product moment correlation coefficient; along A  =  — , the product moment

Jo iF

correlation coefficient is better than Kendall’s tau. At the intersection, each is 

equally efficient with the maximum likelihood estimator.

5.3 The Performance of Tn as a measure 

of correlation

In what follows, we shall derive the asymptotic relative efficiency of our 

proposed new estimate of the parameter of association, relative to the maximum 

likelihood estimate as well as the product moment correlation coefficient and 

Kendall’s tau. But, first we obtain an expression for the population character­

istic t * under the bivariate distribution given by (5.2.1). Note that,

_• E (X 1 - X 2 )sgn(Y1 - Y 2)
( } = ------------ E ] x i - X 2|--------- '

As pointed out by Yitzhaki and Olkin (1987), an alternative form for E \X \  — A 2 I 

is ACov(X, F (X )) .  As we expect from this relation, E (X i — X 2 )sgn(Y\ — Yo)
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can be shown to be 4 C o v ( X , G ( Y )) as follows:

E ( X 1 - X 2 )sgn(Y1 - Y 2)

= / / / / (xi-X2)sgn(yi-y2)h(xi,yi)h(x2,y2)dxidy1dx2dy2 
J x i  Jyi J X2 Jy2

=  2 /  /  /  /  x i s g n ( y i - y 2 )h(x 1 , y i )h (x 2 , y 2 )dx1 dyidx 2 dy2
J x i  J y t  ^2 /2

= 2 x \ l - 9 (y2 )dy2 +  ( - 1 ) -g{y2 )dy2 h(x1, y 1)dx1dyi
J*\ Jyi  L ^ j / 2 < y i  Jy2>yi

=  2 /  f xi[G(yi)  -  (1 -  G(yi) )]h(xi ,y i)dx idyi  
J x  1 J y i

=  2 /  f  x i [ 2 G (y i )— l]h (x i ,y i )dx idy i  
J x  1 ^3 /1

=  4 /  I

=  4Gov(X, G(Y)).

Thus r* in (5.3.1) can be written as

(5.3.2) r* =
 ̂ ' G ou(X ,.F(X ))'

Under model (5.2.1),

£ X G (Y ) =  ^  X G  | l  +

=  f 1 X d F  f  GdG + a  f 1 X ^ ^ - d F  [ '  G ^ ^ - d G  
J o  J o  Jo  dF J 0 dG

=  E X E G ( Y ) + a  f1 X ^ ^ - d F  t  G ^ ^ - d G  
J o  d F  Jo  dG

=  E X E G { Y )  - a  [  X ^ ^ - d F  [  GBdG.
Jo dr  Jo

The last equation follows from the fact that f  G d^ Q ^ dG =  G2B  — J  GBdG  

and G2B  is zero at both ends of the interval [0,1]. From this, it it follows that,

C o v (X ,G {Y ) )  = - a  f 1 X ^ J j ^ - d F  [ '  GBdG.
Jo d r  Jo
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Thus from (5.3.2),

a  L1 X ^ f ^ d F  Jo1 GBdG
(5.3.3) t   Jo...t- -F--------g ---------- .

J0 X [ F - $ d F

Note that a  =  0 implies r* =  0.

For large n, ETn can be approximated by r* and thus an estimator of a  

based on T„ is given by

(5.3.4) a T =  r  i i-------------Tn
Si X iS § fd F  Sl GBdG

and in the null case this estimate has variance

( S l x [ F - i ] d F ) 2
Var0(&T) =  V■ ■ ' Varo(T„)

( f l X ^ d F S l G B d G )

( H x [ F - l } d F ) 2_________ l  4

X ^ d F S l  GBdG)1 ' -  * !l>2 3"'

=  (Jo ’ ^ l f - i l ^ ) 2___________________ 1 4  j 2

( f l  X ^ d F S i  GBdG)2 ( 4  Si X [ F -  i]  dF)2 ^

12n (SlX*£PdFSlGBdG) 2
Thus the asymptotic relative efficiency of Tn relative to the maximum likelihood

estimate is

(5.3.5)
AR E (Tn, M L E )

_  Asymptotic null variance o f  M L E  o f  a
Asymptotic null variance o f  an estimate o f  a  based on Tn

12 ( S i  X ^ f d F  S i  GBdG ) 2

~  ° i ( s i ( ^ ) 2 j f  s i  ( 4 g p ) 2 * ? y
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On. lines similar to those of Farlie, the functions F(x) and A(F(x)), G(y) and 

B(G(y)) that maximize the relative efficiency of Tn when compared with the 

maximum likelihood estimator are:

fx xdF  
A(x) =  J-°°

rx 
-oo ' rx 
-00  'f-oo^F  

and

B(y) =  l - G ( y ) .

The asymptotic relative efficiency of Tn relative to the product moment corre­

lation coefficient (Rn) and Kendall’s tau (tn) are respectively,

(la 1 a  B i d ) *
(5.3.6) ARE(Tn, R n) =  12<r*

and

( S l Y i U g P - d d f '

1 ( X ^ j ^ d F )
(5.3.7) ARE(Tn, t n) =   r

( f i F A J F )

Note that A RE(Tn,R n) is a function of the marginal distribution of Y only

and ARE(Tn, t n) is a function of the marginal distribution of X only. Also a

similar argument to that of Farlie, shows that Tn is better than R n along the

line B (y )= l- G(y) but not as good as t n and Tn is better than tn along the line 

fx xdF
A (r) =  — , but not as good as Rn. At the intersection, each of the three is

Jo dF
equally efficient with the maximum likelihood estimate.
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