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GENERALIZED DISTANCE IN GRAPHS

Garry L. Johns, Ph.D.
Western Michigan University, 1988

In this dissertation, variations of distance in graphs are investigated.
First, for a connected graph G, a subset S of V(G) and vertices
u,v of G, the S-distance ds(u,v) from u to v is defined as the length
of ashortest u — v walkin G that contains every vertex of S. Extensions
of eccentricity, radius, diameter, center and periphery are studied. Several suf-
ficient conditions are given for a connected graph G to contain a subset S of
V(G) and avertex v suchthat ds(v,v) = maz{ds(u,w)lu,w € V(G)}.

Second, for a connected graph G, the distance d(v) of a vertex
v € V(G) is defined as the sum of the distances from v to all vertices of
G. The margin of G is the subgraph induced by the vertices of G having
the maximum distance d. Several results concerning the margin of a graph
are obtained. In particular, bounds on d are given and every graph is shown
to be isomorphic to the margin of some graph.

Third, an extension of antipodal graphs is given for digraphs; namely, for
adigraph D, the antipodal digraph A(D) is the digraph with  V(A(D))

= V(D) and with the arc (u,v) if and only if dp(u,v) = diam D.
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If D is not strongly connected, then diam D = oo. A characterization
of antipodal digraphs is given, and graphs G and digraphs D for which
A(G) 2 G and A(D) = D are studied. For a graph G, an antipodal
sequence is formed, the antipodal period of G is defined, and it is shown, for
each positive integer k, that there exists a graph having antipodal period
k. This result also holds for digraphs.

Finally, a subgraph distance is studied. In particular, for a connected
graph G of order p, aninteger n suchthat 1 < n < p and two
subgraphs F and H of G with p(F) = p(H) = n, if = isa
one-to-one correspondence from the set V(F), say {v1, vz, *++ , va} to

the set V(H), then

d(F,H) = min(} ) d(vi, n(v:)).

i=1

The n-subgraph diameter diamn(G) of G is defined and sharp bounds for
it are given. Also properties of the sequence diam(G), diams(G) , -+ ,

diam,-1(G) are investigated.
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CHAPTER I

PRELIMINARIES

1.1 Introduction

Historically, graphs have been used as models for studying the structure
and relationships in many real-world situations. One relationship that has
received considerable attention is the distance between vertices of a graph.
For a connected graph G and a pair u,v of vertices of G, we define the
distance dg(u,v) (orsimply d(u,v)) as the length of a shortest u — v path
in G. With the aid of an algorithm developed by Dijkstra (7], computing
distances is straightforward.

Many applications require altering the definition of distance; however,
one concept has always been of interest, namely, the idea of “centrality”.
Intuitively, in a graph G, the “central” vertices are those vertices of G
whose distance to all other vertices of G is “small.” This idea of “centrality”
has led to the study of graphical structures such as centers, centroids, k-centra
and medians (see [6]).

Recently, applications have arisen where we consider the opposite ex-
treme. That is, we consider “boundary” vertices in a graph G whose
distance to all other vertices of G is “large.” Many of the results in this

dissertation deal with these “boundary” vertices.
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The primary purpose of this dissertation is to study generalizations of
distance in graphs. In Chapters IT and V, we introduce, for a connected graph
G, new definitions for the distance between vertices of G and the distance
between subgraphs of G, respectively. In Chapters III and IV, we expand on
known results; namely, the distance of a vertex and antipodal graphs.

In Chapter II, we define, for a connected graph G, a subset S of
V(G) and vertices u, v of G, the S-distance ds(u,v) from u to v
as the length of a shortest u — v walkin G that contains every vertex
of S. We also consider the S-eccentricity es(v) of a vertex v, the
S-radius of a graph and the 5-diameter diamg(G) of a graph G. We
then define the S-center of a graph and show, for every graph G and each
nonnegative integer 7 3* 1, that there exists a graph H and a subset S
of V(H) with |S| = n such that the S-center of H is isomorphic
to G. Similarly, we define the S-periphery of a graph and, for a graph
G and a positive integer n, we show that there exists a graph H and
asubset S of V(H) with |S| = n such that the S-periphery of
H is isomorphic to G. An unusual property of S-distance is that, for a
connected graph G and a subset S of V(G), there often exists a vertex
v such that ds(v,v) = diamg(G). Several sufficient conditions are given
for a graph G that insure the occurrence of this property. Several results for
S-distance in trees are presented and the chapter is concluded by studying the

n-eccentricity en(v) for a vertex v where ep(v) = 't;llax es(v).
=n
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be a pairing from V(F) to V(H) suchthat d(F, H) = dr(F, H) and
mi(u;) = u; for a maximum number n of verticesin {ui, ug, ..., ug}.
‘Without loss of generality, suppose that m(u;) # u;. Now,let m(u;) =
and u € V(F) satisfy n(u) = ui. Then d(u, v) < d(u, w) + d(u1, v).
Thus, we can define the pairing = from V(F) to V(H) sothat w(u;) = uy,
the image w(u) = v and,for w # uy, u, theimage m(w) = m(w).
Therefore, =(u;) = u; for m + 1 verticesin {ui, ug, ... ,ux} and,
since d(F, H) < dr (¥, H), it follows that d.(F, H) = d(F, H),
which contradicts the choice of ;. .

An immediate consequence of Theorem 5.1 is the following.

For a connected graph G of order p, if F and H are subgraphs
of order n, with [2] < n < p, then V(F) and V(H) have

vertices in common, say uy, ug, ... , ux, where k < n. Let F' =

F — {uy, up, ... ,uz} andlet H' = H — {uy, ug, ..., ur}. Then by
Theorem 5.1,

dFH) = Zd(u,,u,) + d(F',H'") = d(F',H'). (5.1)

i=1
For a subgraph F of a connected graph G with p(F) = n, we

define the subgraph eccentricity e(F) of F as e(F) = (r}li‘;ax d(F,H).

We define the n- radius rad, G of G as rad, G = {?;n e(F) and
p(F)=n

the n-diameter diam, G of G as diam, G = {x}‘?x e(F). For
p(F)=n

a connected graph G, we define the diameter sequence as the sequence
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is the smallest positive integer such that there exists a nonnegative integer £
with A%G) = A“*(G). We define the antipodal period for digraphs in
the same way, and show that for each positive integer % there exists a graph
and a digraph having antipodal period k.

In Chapter V, we define a subgraph distance. In particular, for a con-
nected graph G of order p, aninteger n suchthat 1 < n < p ;.nd
two subgraphs F and H of G with p(F) = p(H) = n, we define a
pairing 7 from theset V(F), say {vy, vo, ... , v,}, totheset V(H)
that associates a vertex of V(F) with one of V(H). Now the subgraph

distance between F and H is

n
d(F, H) = n':én(; d(vi, 7(:))).

For a graph G and an integer n suchthat 1 < n < p, we define the

n-subgraph radius and the n-subgraph diameter diam,(G). We present

sharp bounds for  diam,(G) and study the subgraph diameter sequence

diamy(G), diamy(G), ... ,diamy_(G).
1.2 Definitions and Notations

In this section we present some basic definitions and notation that will
be used throughout the dissertation. Additional more specialized definitions
will be given later as required. Definitions of all other terms will be consistent

with [4].
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For a connected graph G, we define the distance d(u,v) between two
vertices u and v as the length of a shortest u — v pathin G. The
eccentricity e(v) of a vertex v of a connected graph G is the number

mazyev(G)d(#,v). The radius rad G is defined as min,e v(g) e(v) while

the diameter diam G is maz.e v(g) e(v). A vertex is a central vertex

if e(v) = rad G and the center C(G) of G is the subgraph induced

by the set of central vertices. Similarly, a vertex v is a peripheral vertex if
e(v) = diamG and the periphery Per G of G is the subgraph induced
by the set of peripheral vertices.

For a strongly connected digraph D, the distance d(u,v) between
two vertices u and v is the length of a shortest u — v directed path
in D. Now, the above definitions extend naturally to arbitrary digraphs. It

is well-known, for a connected graph G, that

rad G < diam G < 2rad G.

Similarly, for a strongly connected digraph D, we have rad D < diam D;
however, diam D is not bounded above by 2 rad D. A second well-
known result is that for any graph G, there exists a graph H such that
C(H) = G and p(H) < p(G) + 4. We state a similar result of O. R.
Oellermann [13] for the periphery of a graph.

PROPERTY 1.1: A graph G of order p > 1 is the periphery of a connected

graph H ifandonlyif A(G) < p -2 or G 2 K,.
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We will write ' C G if the graph F is a subgraph of the graph
G and F < G if F is an induced subgraph of G. As a matter of
convenience for the reader, the symbol e is used to designate the end of a

proof.
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CHAPTER II

S-DISTANCE

2.1 Introduction

When determining the delivery route for a distributor, one tries to find
a shortest route that begins and ends at the dispatching center and passes
through each of the required stops.

In this chapter we discuss a variation of distance which models the delivery
route just described. For a connected graph G, asubset S of V(G) and
u,v € V(G), wedefinea u-—v S-walkasa w—v walkin G that

contains every vertex of S. The S- distance ds(u,v) from u to v, is the

length of a shortest u— v S- walk. These ideas are illustrated in the graph
G in Figure 2.1. We will indicate the vertices of S, here and in the sequel,
by shading them. Hence, S = {v,z} and a shortest u—v $- walk is
W: u,w,z,w,v. Thelengthof W is 4, so dg(u,v) = 4. Similarly,
ds(u,z) = 4, ds(u,w) = 5 and ds(u,u) = 6. It is interesting to note
that the S-distance from wu to itself is greater than the S-distance from u
to any other vertex of G. This is not coincidental as we will show later.
Note that the S-distance in a connected graph G is a generalization

of distance because dy(u,v) = d(u,v) forall u,v € V(G).
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Figure 2.1

The following observations will be used throughout this chapter. For
v, v,w € V(G) and S C V(G):

(2) ds(u,v) > maz{|S|~1, 0);

(b) ds(u,v) = ds(v,u); [Symmetry]

(e)if SCTC V(G), then ds(u,v) < dr(u,v);

(d)

d(u,w) + ds(w,v)

dsfu) < {ds("yw) + d(w,v);

ds(u,v) < d(u,w) + ds(w,v) [Triangle Inequality]

1]

do(u,w) + ds(w,v)

< ds(u,w) + ds(w,v); and

(f) ds(u,v) = 0 ifandonlyif u = v and S C {u}.
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In general, the S-distance is not a metric (not even a pseudometric)
because (f) states that ds(u,u) # 0.
For each vertex v of a connected graph G with S € V(G), we

define the S- eccentricity of v as
es(v) = maz{ds(v,u)lu € V(G)}.

Recall that d(v,v) = 0; however, as we showed for the graph in Figure 2.1,
es(u) = ds(u,u) > 0.

A useful property that relates the S-eccentricities of adjacent vertices
in a graph is given next.
THEOREM 2.1. If G is a connected graph, S C V(G) and wv € E(G),
then les(u) — es(v)] < 1.
ProoF: Without loss of generality, we may assume that es(v) < es(u).
Then there is a vertex w € V(G) such that es(u) = ds(u,w), where
possibly w = wu. Since

ds(u,w) < d(u,v) + ds(v,w)

< 1+ es(v),
we have
es(u) < 1 + es(v) or es(u) — es(v) < 1.
Therefore |es(u) — es(v)] < 1. .
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‘We will now concentrate on two particular values of the S- eccentricity.

For a connected graph G and S C V(G), the S-radius of G

is rads(G) = min{es(v)lv € V(G)} and the S-diameter of G is

diams(G) = maz{es(v)lv € V(G)}. Notethatif S = 0, these definitions
give the conventional radius and diameter of G.

Two results that hold for distance are also true for the S- distance.

THEOREM 2.2. For a connected graph G, a subset S of V(G) and an
integer ¢ suchthat rads(G) < c¢ < diamg(G), thereis a vertex v of

G such that eg(v) = c.

PROOF: Let u and v be vertices of G that satisfy eg(u) = rads(G)
and es(v) = diams(G). Let P bea u—v pathin G andlet w,
be the last vertex of P with es(w;) < c¢. If w; is the next vertex
on P, then es(wz) > ¢ and |es(w1) — es(wz)] < 1 by Theorem 2.1.

Therefore, eg(wz) = c. .

The second result gives a familiar bound for diams(G).

THEOREM 2.3. For a connected graph G and S C V(G), the S-radius

rads(G) < diams(G) < 2rads(G).

PROOF: The first inequality follows from the definitions. For the second in-
equality, le¢ u and v be vertices of G (possibly u = v) such that

ds(u,v) = diamg(G) andlet w € V(G) such that es(w) = rads(G).
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Then diams(G) = ds(u,v) < ds(u,w) + ds(w,v) < 2es(w) =
2rads(G). .
We now consider the sharpness of these bounds. For the lower bound,

if |S| = 0, itis known that rad(Cp) = diam(C,) = |2| =

R

rads(Cyp) = diams(Cy) for any positive integer p where we define C
Ky and Cp = K. If [S| = 1 and G is a connected graph such
that rads(G) = diams(G), then G

11

K;. This will follow from
Theorem 2.9. For each integer n > 1, the infinite class G, of paths
Pp, m 2 n, with § C V(Pn) suchthat |S| = n and both end-
vertices of Pp in S, satisfies rads(Pmn) = diamg(Pn). To see this let

Pr: vi, 03, ..., Um—1, Um be such a path. Now for v; € V(Pn),

ity = {200+ o) dow) 15

(viy0m) + d(vm,v1) + d(vi,v5) if >3]
In either case, ds(vi,vj) = 2(m—-1) - d(vi,v;) and es(v:) = ds(vi, ;) =
2(m —1). Therefore, rads(Pm) = diams(Pn) = 2(m—1).

A more general class of graphs than G, that satisfies the lower bound
for n > 1 is the class of all trees whose end-vertices are in  S. This will
be proved in Corollary 2.4A.

The upper bound is also sharp for each nonnegative integer 7. For
|S| = n = 0, consider the class of stars K(1,m), m > 2. In this case,

diamgs(K(1,m)) = 2 and radg(K(1,m)) = 1. For |S| = n > 0, we
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first define an  n- longated star Ka(1,m), m > 2, formed by subdividing
n — 1 times each edge of K(1,m). For example, Ki(1,m) = K(1,m)
and K3(1,4) is shown in Figure 2.2.

2

Figure 2.2

Let u be an end-vertex of Kn(1,m) and w the vertex of degree m. For
m 2 2, wedefine Gn = K,(1,m) with S astheset of n verticeson
the u—w pathin Kn(1,m) otherthan w. If vy, vy, ..., vm_; are
the end-vertices of Gy, other than u, thenfor 1 < i < m- 1, we
have ds(u,v;) = es(u) = 2n and ds(vi,v;) = es(vi) = 4n. U =z is
an interior vertex of Gy, then there is an end-vertex v; suchthat z is
onthe u — v; pathin Gp. Since ds(u,v;) = es(v;) — es(u) = 2n,
it follows that es(u) < es(z) < es(v;) by Theorem 2.1 and Theorem
2.2. Therefore, diams(Gm) = eg(v:) = 2es(u) = 2rads(Gp) , for
1 £i < m~— 1 Hence,for n > 0, theclass G, = {Gulm > 2} is

an infinite class of graphs that verifies the sharpness of the upper hound
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in Theorem 2.3.
By focusing our attention on trees, even more can be said about S-

distance.

THEOREM 2.4. Let T be a tree with a nonempty subset S of V(T) such
that every end-vertex of T isin S. Then for every pair u,v of vertices,
ds(u,v) = 2¢(T) — d(u,v).

PROOF: We first show that ds(u,v) > 2¢(T) ~ d(u,v). Let W bea
shortest u—v S-walk andlet P be the unique u—v pathin T. Suppose
that e isanedgeof P. Since W isa u—v walk, it contains every edge
in P; so e appears at least once in W.

Now suppose f isanedgeof T thatisnotin P. Then there exists an
end-vertex w of T suchthat f isonthe w—w path P, in T. Since
w € S and every edgein P, appearsin W, it follows that f occurs
at least oncein W. If f isalsoonthe v—~w path P, in T, then f
occurs at least twicein W. If f ismoton P,, then P, isa u—w path
containing f and P followed by P, isa u—~w walk (containinga u—w
path) not including f. Hence, T would contain a cycle, which is impossible.
Therefore ds(u,v) > d(u,v) + 2[g(T) — d(u,v)] = 2¢(T) — d(u,v).

To show that dg(u,v) < 2¢(T) — d(u,v), let M be the multigraph
formed by duplicating each edge of T that is not on the u —wv path P.
Now the degree of every vertex is even except for u and wv. Hence M

contains an eulerian u—v trail of length 2¢(T) — d(u,v) and the associated
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u—v walk W in T isan S-walk of length 2¢(T) — d(u,v). Since

ds(u,v) < 2¢(T) — d(u,v), we have the desired result. .

An important corollary follows immediately.

COROLLARY 2.4A. Let T be a tree with a nonempty subset S of V(T)
such that every end-vertex of T isin S. Then for every vertex v, the

S-eccentricity es(v) = ds(v,v) = 2¢(T).

Theorem 2.4 can be extended to all trees with the help of the next lemma.
To do this we first define for a tree T and a nonempty subset S of V(T),
the tree Ts generated by S as the smallest subtree of T containing every
vertex of S. It is useful to note that every end-vertex of Ts is a vertex of
S and for each vertex u in T there exists a unique vertex u' of Ts

satisfying  d(u,u') = min{d(u,w)lw € V(Ts)}.

LEMMA 2.5. Let T be a tree with a nonempty subset S of V(T). For every

pair u,v of verticesin Ts, the S-distance ds(u,v) = 2¢(Ts) — d(u,v).

PROOF: Let W be ashortest u—v S-walkin 7. Suppose that e isan
edgein W that is not in E(Ts). Then at least one of the vertices, say w,
incident with e isnotin V(Ts); otherwise, T would contain a cycle. Let
z be the last vertex in Ts that precedes w on W andlet y be the
first vertexin Ts that follows w on W. Now z = y. For if not, then
T containsan z—y pathin Ts andan z—y path passing through w

that is not in Tg. Hence T contains a cycle. Now a shorter u—v S-walk
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W' can be formed from W by removing the edges between z and w
and those between w and y. However, this contradicts the minimality of
W. Therefore, every edge of W isin E(Ts). Since Theorem 2.4 applies
to Ts, it follows that ds(u,v) = 2¢(Ts) — d(u,v). .

We are now ready to give a formula for ds(u,v) for every pair u,v of

vertices in a tree T with a nonempty subset S of V(T).

THEOREM 2.6. Let T be a tree with a nonempty subset S of V(T).
For every pair u,v of vertices, define vertices u', v' of Ts such that
d(u,u') = min{d(u,w)lw € V(Ts)} and d(v,v") = min{d(v,w)lw €
V(Ts)}. Then ds(u,v) = d(u,u') + d(v,v') + 2¢(Ts) — d(u',v").

PROOF: Let W be a shortest u—~v S-walkin T. Let w be the first

vertex of Ts on W andlet z be the last vertex of Ts on W. Then

ds(u,v) = d(u,w) + ds(w,z) + d(z,v).
Suppose w # u'. Then there existsa w —u' pathin 7Ts and a
w —u' path passing through u that isnotin 7Ts. Thus, T would have
a cycle; a contradiction. Therefore, w = u' and by a similar argument,
z = . Finally, by Lemma 2.5 we have dg(w,z) = 2¢(Ts) — d(w,z), so
ds(u,v) = d(u,u’) + d(v,v'") + 2¢(Ts) — d(u',v'). .

We can now give two results on the S$-diameter for trees.
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THEOREM 2.7. Let T be a tree with a nonempty subset S of V(T). If
vertices u,v satisfy ds(u,v) = diamg(T), where possibly u = v, then

es(u) = ds(u,u) = diamg(T) and es(v) = dg(v,v) = diamg(T).

PROOF: By Theorem 2.6, there exist vertices u' and v in Ts such that
d(u,u') = min{d(u,w)lw € Ts} and d(v,v") = min{d(v,w)lw € Ts}

and such that

ds(u,u) = 2d(u,u') + 2¢(Ts) and

ds(v,v) = 2d(v,v') + 2¢(Ts).
Suppose that ds(u,u) < ds(u,v). Then, because dg(u,v) = d(u,u') +
2¢(Ts) ~ d(u',v') + d(v',v), wehave d(u,u') < d(v,v') — d(u',v') and
by the triangle inequality d(u,v") < d(v,v'). This implies that d(u,u’) +
d(u',v") < d(v,‘v’), and by the triangle inequality, d(u,v’) < d(v,v).

Similarly, if ds(v,v) < ds(u,v) then d(v,u') < d(u,u'). Thus,

suppose that ds(u,u) < ds(u,v) and ds(v,v) < ds(u,v). Then

d(u,u') < d(u,v") and d(v,v") < d(v,u'), so that
d(u,v") < d(v,v') < d(v,v') < d(u,u’) < d(u,"),

which is a contradiction. Therefore, either es(u) = ds(u,u) = diams(T)
or es(v) = ds(v,v) = diams(T).
Without loss of generality, suppose that ds(u,v) = eg(u) = diams(T).

We show next that eg(v) = diams(T) also. Assume, to the contrary, that
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ds(v,v) < ds(u,u) = diams(T). Then, since ds(v,v) = 2d(v,v') +
2¢(Ts) < ds(u,u) = 2d(u,u') + 2¢(Ts), we have d(v,v') < d(u,u').
However, since ds(u,u) = diamg(T) = dg(u,v) we have, by Theorem 2.6
and the above remark, 2d(u,u') + 2¢(Ts) = d(u,u’) + 2¢(Ts) — d(u',v') +
d(v',v). This implies that d(u,u’') = d(v,v') — d(',u') < d(v,0),
giving a contradiction. Therefore, es(u) = ds(v,u) = diams(T) and
es(v) = ds(v,v) = diamg(T). °
We can now state an immediate corollary.
COROLLARY 2.7A. For a tree T and a nonempty subset S of V(T),

there exists a vertex v of T such that es(v) = ds(v,v) = diams(T).
The next result follows easily.

COROLLARY 2.7B. For atree T and a nonempty subset S of V(T), the

S-diameter of T is always even.

PROOF: Let u bea vertex of T suchthat ds(u,u) = diams(T) and
let u' bethe vertexin Ts suchthat d(u,u') = min{d(u,w)jw € Ts}.

Then

ds(u,u) = 2d(u,u') + 2¢(Ts)

and diamg(T) is even. .
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2.2 The S-Center and S-Periphery of a Graph

Having defined rads(G) and diams(G) as an extension of rad(G)
and diam(G) for a connected graph G and S C V(G), it is natural to
define extensions of C(G) and Per(G). For a connected graph G with

S C V(G), the S-centerof G is Cs(G) = ({v € V(G)les(v)

]

|

rads(G)}) and the S-peripheryof G is Pers(G) = ({v € V(G)les(v) =
diamgs(G)}).
We first investigate those graphs that are isomorphic to the S-center of

some connected graph.

THEOREM 2.8. For a nonempty graph G and a nonnegative integer n (# 1),
there is a connected graph H and subset of S of V(H) for which |S| = n
and Cg(H) = G.

PROOF: For n = 0, let F = G +K; andlabel the verticesof F that are
notin V(G) as w; and u,. Add two vertices v; and v to F such that
v; is adjacent to u; for i = 1,2 and denote this graph by H (see Figure
2.3(a)). Note, since S = 0, it follows that eg(v;) = e(v;) = d(vi,v;) = 4
where i # j and es(ui)) = e(w) = d(ui,v;) = 3 where ¢ # j.
For w € V(G), wehave es(w) = e(w) = d(w,v;) = 2. Therefore,
G = Cs(H) when |S| = 0.

For n > 2, let F = G + K, and label the vertices of F that

arenot in V(G) as wuj, ug, ..., up. Add n vertices vy, vy, ..., U
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to F suchthat v; isadjacent to u; for 1 < 7 < n, and call this
graph Hj, (see Figure 2.3(b)). Let S = {u), up, ... , up}. Then for
w € V(G), wehave es(w) = ds(w,w) = 2n. If 1 < i < n, then
es(vi) = ds(vi,v;) = 2n + 2 and by Theorem 2.1, es(u;)) = 2n + 1
for 1 <4 < n Thus G = Cs(H,) when [S| > 2 and this completes

the proof. .

Figure 2.3

We can generalize the graphs in Figure 2.3 by replacing each vertex v;
with a copy of K, where m; is a positive integer for 1 < ¢ < n.
The S-eccentricities of the vertices of K, are the same as eg(v;) and
the values of eg(u;), 1 < i < n, and es(w), w € V(G), remain the

same.
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Foreach n > 2, we have constructed a class of graphs H such that
S| = n and § N V(Cs(H)) = 0. We have also shown earlier a class of
graphs H where rads(H) = diamg(H). For these graphs S C V(Cs(H)).
For the class of graphs H that we formed having diams(H) = 2radgs(H),
we have V(Cs(H)) C S. Infact,if H & Kpym,n = 2, m > 1,
with V(H) = {v1, v2, ... , vngm} and S = {v1, va, ... ,v,}, then
S = V(Cs(H)) with radg(H) = n and diams(H) = n + 1.
Therefore, there appears to be no consistent relationship between S and
V(Cs(H)) when [S| > 1. So far we have ignored the case when |S| = 1.
1t is interesting to observe that for [S| = 1, a definite relationship holds

between S and V(Cgs(H)) as the next result shows.

THEOREM 2.9. If G is a connected graphand S C V(G) with |S| = 1,
then § = V(Cs(G)).

PROOF: Suppose that S = {v} and v ¢ V(Cs(G)). Then there is a
vertex w € V(G) suchthat ds(v,w) > rads(G). Let u € V(Cs(G)).
Then ds(u,w) = d(u,v) + d(v,w) = d(u,0) + ds(v,w) > rads(G),
contradicting the fact that u € V(Cs(G)). Therefore, S C Cs(G).

Now,let u € V(G) — § where § = {v}. Since § C Cs(G), there
isavertex w € V(G) such that ds(v,w) = rads(G). Then, ds(u,w) =
d(u,v) + dv,w) > 1 + dv,w) > rads(G) and u ¢ V(Cs(G)).
Hence, V(Cs(G)) N [V(G) = S] = 0§ andso V(Cs(G)) C S. Therefore
S = V(Cs(G)) when |S| = 1. .
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We now turn to the S-periphery of a graph. Recall from Chapter I, that
not every graph G is isomorphic to the periphery of a connected graph H.

In our present context, this result can be restated as follows.

THEOREM 2.10. A graph G of order p > 1 isthe {-periphery of a

connected graph H ifandonlyif A(G) < p — 2 or G & K,.
The next result shows that these restrictions do not apply to Pers(H)

for nonempty subsets S of V(H).

‘THEOREM 2.11. Foragraph G and a positive integer n, let H = G + K,.

If S istheset of n verticesof H notin V(G), then Perg(H) = G.

PROOF: Suppose u € §. If v € § and w € V(G), then ds(u,v) =
n — 1 and ds(u,w) = n. Thus, es(u) = n for u € S. On the
other hand, suppose u € V(G). f v € S and w € V(G), then
ds(u,v) = n and ds(u,w) = n + 1. Therefore, es(u) = n + 1 for
u € V(G) and Pers(H) = G. .

Recall, for a tree T and a nonempty subset S of V(T), that Ts
denotes the tree generated by S. We conclude this section with two results
that relate Cs(T) and Pers(T) to Ts. In Corollary 2.4A, we saw that
it is possible for Ty (cs(r)) and Ts to be the same; however, this is not
always the case. For example, in the tree T' in Figure 2.4,if S = {v,w,z},
then Ts = ({v,w,z,2}) and Ty(cs(r)) = ({v,z,2}). This leads to our

next result.
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A v es(v) = es(z) = es(z) = 6
. — es(w) = T
es(u) = es(y) = 8
Y 2
Figure 2.4

THEOREM 2.12. Let T be a tree and let S be a nonempty subset of

V(T). ¥ V = V(Cs(T)), then Ty C Ts.

PROOF: Since every subtree of a given tree T' is an induced subgraph
of T, it follows that Ty ¢ Ts only if there exists an end-vertex
v of Ty thatisnotin V(Ts). Since every end-vertex of Ty is in
V = V(Cs(T)), suppose that v € V and v ¢ V(Ts). Let v be
the vertex of T such that d(v,v') = min{d(v,w)lw € V(Ts)}. For
every vertex u of T, the S-distance ds(v,u) = d(v,v') + ds(v',u).
Thus,_ es(v) > es(v') > rads(T) andso, v ¢ V(Cs(T)) whichisa
contradiction. Therefore, Ty C Ts. .

Finally, for a tree T and a nonempty subset § of V(T'), we can use

Ts to classify those vertices of T that arein Perg(T).

THEOREM 2.13. Let T be a tree and let S be a nonempty subset

of V(T) that does not include every end-vertex of T. A vertex v of
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T isin Pers(T) if and only if v is an end-vertex of T such that
d(v,Ts) = maz{d(w,Ts)lw € V(T)}.

PROOF: First, let v bea vertex of Pers(T). Then there exists a vertex v’
in V(Ts) suchthat d(v,v') = min{d(v,w)lw € V(Ts)} and by Theorem
2.7, the S-distance ds(v,v) = 2d(v,v") + 2¢(Ts) = diams(T). Suppose
that v is not an end-vertex of T. Then there exists a vertex u adjacent
to v with d(u,v') = d(v,v') + 1. However, then dg(u,u) = 2d(u,v') +
2¢(Ts) = 2 + 2d(v,v') + 2¢(Ts) > diams(T), which is impossible.
Now, suppose that d(v,Ts) < d(w,Ts). Then diams(T) = ds(v,v) =
2d(v,Ts) + 2¢(Ts) < 2d(w,Ts) + 2¢(Ts) = ds(w,w) < diams(T),
but this is an contradiction. Therefore, if v € V(Pers(T)) then v isan
end-vertex of T such that d(v,Ts) = maz{d(w,Ts)lw € V(T)}.

For the converse, let v be an end-vertex of T such that d(v,Ts) =
maz{d(w,Ts)lw € V(T)} andlet u bea vertexin Pers(T). We know
that diams(T) = 2d(u,Ts) + 2¢(Ts) < 2d(v,Ts) + 2¢(Ts) = ds(v,v) <
diams(T). Therefore, v € V(Pers(T)). .

2.3 When Does e5(v) = ds(v,v) = diamg(G)?

As we have seen throughout this chapter, it is possible for a vertex v in
a connected graph G with § C V(G) to satisfy es(v) = ds(v,v). In
fact, as we now show, it is often the case that a vertex v exists such that
es(v) = ds(v,v) = diamg(G).

We begin with a useful concept. Let G be a connected graph with
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S C V(G). For vertices u,v of G, anordering @ ofa u — v S-walk W
is a sequence of |[S| + 2 (not necessarily distinct) vertices with u as the
initial vertex, v as the terminal vertex and, in addition, listing each vertex
of S once as an intermediate vertex such that if w;, w, € S and w;
appears before w; in O, then w; appears before w, at least oncein W.
As an example, let G be the graph in Figure 2.5 andlet S = {u,w,y,z}.
Forthe u — v S-walk W: u, w, z, y, 2, y, 7, v, the possible orderings
are O1: u, 4, w, ¥ 2 v and Op: u, u, w, z, ¥, v

u w

Figure 2.5

We are interested in orderings for two reasons. First, suppose that G is
a connected graph with S C V(G) and containing vertices u and v. If
O is an ordering fora u — v S-walk W, then by reversing the order of
O we obtain an ordering for the v — u S-walk formed by traversing W
in reverse. Second, given an ordering for a shortest u — v S-walk, there is

a formula for finding ds(u,v) as the next lemma shows.

LEMMA 2.1. Let G be a connected graph with S C V(G) and |S| =

n > 1. If, for vertices w and v, ashortest u — v S-walk has an
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ordering O: u, wy, wy, ... , Wy, v Where w; € S, 1 < i < n, then
n-1
ds(u,v) = d(u,wr) + Y d(wi,wipr) + dws,v).
i=1

PROOF: We will prove this by inductionon [S] = n. For n = 1, let
S = {w;}. f W isashortest u — v S-walk, then an ordering O of W
must be O: w,wy,v. Since ds(u,v) = d(u,w;) + d(wy,v), the result
holds. Now for n > 2, assume that the formula holds for all sets S’ such
that 1 < |S] < n. Let S beasubset of V(G)with |S] = n. Let
W be ashortest u — v S-walk andlet O: w, wy, wy, ... , wy, v be
an ordering of W. Since W is ashortest u — v S-walk and every vertex
of S other than w; appears (possibly reappears) after w;, the length of
the u — w; subwalkin W is d(u,w;). Nowif S' = § — {w},
then the w; — v subwalk W' in W is a shortest w; — v S'-walk
and O': wy, wy, ... , Wn,v is an order for W’. Hence, by the inductive

n—1
hypothesis, the length of W’ is Zd(w,—,w.-H) + d(wn,v) and therefore

i=1

dsuv) = dwwn) + o dwwigs) + dlwns) o

i=1
We can now give sufficient conditions for a graph G with § C V(G)

to have a vertex v such that es(v) = dg(v,v) = diams(G).

THEOREM 2.14. Let G be a connected graph with S C V(G) such

that 1 < |S| < 2. Then there exists a vertex vy of G satisfying
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es(vo) = ds(vo,v0) = diams(G).

PROCOF: We consider two cases.

CASE 1: Suppose that |S| = 1. Let S = {w} and suppose u and v
are vertices of G such that diamgs(G) = ds(u,v) = d(u,w) + d(w,v).
Without loss of generality, let d(u,w) < d(w,v). Then diams(G) <
2d(w,v) = ds(v,v) < es(v) < diams(G) and the result holds for vy = v.
CASE 2: Suppose that |S| = 2. Assume there is no vertex vy such that
es(vo) = ds(vo,v0) = diams(G). Let u and v be vertices of G such
that ds(u,v) = diamg(G) andlet W be ashortest u — v S-walk in
G. Label the vertices of S§ as w; and w, so that an ordering of W is

O: u, w1, w2, v. Assume that d(u,ws) > d(ws,v). Then

ds(u,u) = min{ds(u,w,) + d(ws,u), d(u,ws)+ ds(ws,u)}

ds(u, wz) + d(wa,u)

v

ds(u, wa) + d(ws,v) = diams(G).

Therefore, es(u) = ds(u,u) = diamg(G), which is a contradiction. Hence,
d(u,w2) < d(wg,v). Similarly, d(v,w1) < d(u,w;) for if d(v,wy) >
d(u,w;), then es(v) = ds(v,v) = diamg(G), again a contradiction.

However, by the ordering of O of W,
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ds(v,) = d(u,w1) + d(w,ws) + d(wy,v)
> d(v,w;) + d(wi,w2) + d(wz,u)

= dg(v,u).

But this contradicts the symmetry of S-distance so G must contain a
vertex wvp such that es(vo) = ds(vo,v0) = diams(G). .

The same result holds for a connected graph G if S C V(G) and
|S| = 3.

THEOREM 2.15. Let G be a connected graph with S C V(G) such

that |S| = 3. Then there exists a vertex vy of G satisfying es(vo) =

ds(vo,v0) = diams(G).

PROOF: Suppose that there is no vertex vy such that es(vo) = ds(vo,vo)
= diams(G) andlet w and v be verticesof G suchthat dgs(u,v) =
diamg(G). Let W beashortest u — v S-walkin G and label the vertices
of S as wy, wy, wy such that an orderingof W is O: u, wy, we, ws, v.
By our assumption, ds(u,u) < diams(G) and ds(v,v) < diamg(G).
Now, let W, be ashortest u — u S-walkin G andlet W, bea
shortest v — v S-walk in G. There are six possible orderings for W,
and for W,. We list them below using a superscript R if the vertices of

S in the ordering are reversed in a previous ordering.
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Uy u, wy, we, ws, u Vir v, w1, we, w3, v
UR: u, w3, wy, wy, u Vi v, ws, we, w1, v
Ust u, wy, ws, wy, u Vor v, wy, w3, wy, v
UF: u, we, ws, wi, u Vi v, w, ws, wy, v
Us: u, wy, w1, w3, u Vit v, wa, wy, ws, v
UE: u, ws, wy, ws, u ViE: v, ws, w1, we, v

We consider four cases.
CASE 1: Suppose that Up is an ordering for W,. Since ds(u,u) =
ds(u,ws) + d(ws,u) < ds(u,v) = ds(u,ws) + d(ws,v), wehave d(ws,u) <
d(ws,v). Thus, neither Vi® nor Vi¥ is an ordering of W,; for if so, then
diamg(G) = ds(u,v) < d(u,ws) + ds(ws,v) < d(v,ws) + ds(ws,v) =
ds(v,v), which contradicts the maximality of diamg(G). Similarly, no
orderingof W, canbe Vi or V; because then diams(G) = dg(u,v) =
ds(v,u) < ds(v,wg) + d(ws,u) < ds(v,ws) + d(ws,v) = dg(v,v),
which is again impossible. Finally, since there exists no shortest v — v S-
walk with ordering Vi, no ordering of W, canbe V, or VJ&; for
otherwise, ds(v,v) = d(v,w1) + d(wi,ws) + d(ws,wy) + d(wz,v) <
d(v,w1) + d(wy,ws) + d(wz,ws) + d(ws,v) and d(wi,ws) + d(ws,v) <
d(wy,ws) + d(ws,v). However, then ds(u,v) < d(u,w;) + d(wy,ws) +
d(ws,w2) + d(wz,v) < d(u,wy) + d(wy,wz) + d(we,ws) + d(ws,v) =

ds(u,v), which is a contradiction. Therefore, since ds(u,u) < diamg(G)
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and ds(v,v) < diams(G) it follows that U; is not an ordering of W,.

[l

CASE 2: Suppose that U, is an ordering for W,. Since dg(u,u)
d(u,w1) + d(w,ws) + d(ws,ws) + d(wz,u) < ds(u,v) = d(u,w) +
d(wy,wz) + d(wz,ws) + d(ws,v), we have d(wi,ws) + d(wz,u) <
d(w1,w2) + d(ws,v). Thus, neither V; nor Vi¥ is an ordering of W,; for
if so, then diams(G) = ds(u,v) = dg(v,u) < d(v,wi) + d(wi,ws) +
d(w3,w2) + d(wg,u) < d(v,w1) + d(wy,we) + d(wz,w3) + d(ws,v) =
ds(v,v), which contradicts the maximality of diamg(G). Similarly, no or-
dering of W, canbe V3 or Vi because then diams(G) = ds(u,v) <
d(u,w) + d(wz,ws) + d(ws,wy) + d(wy,v) < d(v,w;) + d(wy,ws) +
d(wz,w3) + d(ws,v) = ds(v,v), which is again impossible. Finally, since
there exists no shortest v — v S-walk with ordering V;, no ordering of
W, canbe V or Vi for otherwise, ds(v,v) = d(v,w;) + d(wy,w3) +
d(ws,wz) + d(ws,v) < d(v,w1) + d(wi,we) + d(we,ws) + d(ws,v)
and d(wi,ws) + d(wz,v) < d(wi,wz) + d(ws,v). However, then
ds(u,v) < d(u,w1) + d(wy,wy) + d(ws,ws) + d(we,v) < d(u,wy) +
d(wi,wz) + d(wz,ws) + d(ws,v) = ds(u,v), which is a contradiction.
Therefore, since ds(u,u) < diams(G) and dg(v,v) < diams(G) it

follows that U, is not an ordering of W,.

CASE 3: Suppose that Us is an ordering for W,. If U; is an ordering for
ashortest u — u S-walk W, then we reach a contradiction by applying

Case 1to W,. If there exists no shortest u — u S-walk with ordering
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U, then ds(u,u) = d(u,ws) + d(wp,wy) + d(wi,ws) + d(ws,u) <
d(u,wy) + d(wy,ws) + d(wa,ws) + d(ws,u) and d(u,ws) + d(wy,ws) <
d(u,w;) + d(wg,ws). However, then dg(u,v) < d(u,ws) + d(wa,w1) +
d(wy,w3) + d(ws,v) < d(u,w1) + dwy,we) + d(we,w3) + d(ws,v) =
ds(u,v), which is a contradiction. Therefore, since ds(u,u) < diams(G)

and ds(v,v) < diams(G) it follows that Us is not an ordering of W,.

CASE 4: Suppose that one of Uf, UF or Uf is an ordering for Wi,. By
traversing W, backwards we obtaina u — u S-walk WF with Uy, U,
or Us as an ordering. Now, if we apply the arguments of cases 1, 2, or 3 to
WX we reach a contradiction. Therefore, since ds(u,u) < diams(G) and
ds(v,v) < diamg(G), none of Uf, UR nor UR is an ordering of W,.

Since W, must have one of the six orderings either ds(u,u) =
diams(G) or ds(v,v) = diams(G). .

Theorem 2.14 and Theorem 2.15 can be combined to give the following

result.

COROLLARY 2.15A. Let G be a connected graph with a subset S of
V(G) such that 1 < |S| < 3. Then there exists a vertex v of G
satisfying es(v) = ds(v,v) = diamg(G).

Corollary 2.15A does not hold if |S| = 4. For example, the graph G
in Figure 2.5 has S = {u,w,y,z}, yet for every vertex v, of G, the

S-distance  dgs(vo,v9) < es(vp). This will be proved as part of our next
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result.

THEOREM 2.16. Let n > 4 be an integer. If p is an integer with

PZ{s if 4

n if n

[\YARTAN
bl

then there is a graph G of order p and a subset S of V(G) with
|S| = n such that no vertex v of G satisfies es(v) = dg(v,v).
PROOF: We will prove this in two cases.

CASE 1: Suppose that 4 < n < 6. Consider the graph G of order
p 2 8 inFigure 2.6. If S = {uz,us,us,us}, then ds(vi,v;) = 8 for
0< i< p~-17and dg(uj,u;) = 6 for 1 < i < 6. However, for
each vertex v of G, we can give a shortest S-walk beginning at v, that

induces an S-distance exceeding ds(v,v).

ds(vo,v1) = 9by Wy, : vo,u1,uz, us, us, us, e, Us, s, vy
ds(vi,vo) = 9 by Wy, 1 vi,uq,us, ug,us, Uz, u3, Uz, 41,0 (1< i <p—17)

dg(u1,v1)

8 by Wy, : w1, uz, us, us, us, ug, us, ug, vy
ds(uz,v1) = Tby Wy, : ug,u1,ug, s, us, u3, ug, vy
ds(us,vo) = Tby Wa, : us, ua,us, us, u1, Uz, u1, vo
ds(ug,vo) = 8by Wy, : ug,us,us, us, Uz, Uz, Uz, U1, Vo
ds(us,vo) = Tby Wug : us, g, us, up, us, Ug, Uz, %o

ds(ug,v1) = Tby Wt us,u1,uz, ug, ug, us, ug,v1
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Hence, for |S| = 4, no vertex of G satisfies es(v) = ds(v,v).
In fact, if § = {ug,us,uq,us,u¢} or S = {us,ug,us,uy,us, ue}, then

for each vertex v of G, the S-dist ds(v,v) ins the same as

when |S| = 4. Also, since each vertex of this new set S is in each of the
eight walks listed above, these walks are still shortest S-walks. Therefore, for
5 < |S] < 6, novertex v of G satisfies es(v) = ds(v,v).

CASE 2: Suppose that n > 7. We construct the graph G oforder p > n
from Cn: ui, ug, ..., up by joining p — n vertices V1, U2y ..., Vp_p tO
vertices w3 and wp. Let S = {us,ug, ... ,us}. Then,for 1 < i < m,
the S-distance ds(ui,u;) = n andif d(uj,u;) = 3, then ds(ui,u;) =
n+ 1 For 1 £i< p~n, the S-distance ds(vi,v;) = n + 1 and
ds(vi,us) = d(vi,u1) + ds(ur,ug) = 1 + (n+1) = n + 2. Thus, no

vertex v of G satisfies es(v) = ds(v,v). .

Figure 2.6

By this result, Corollary 2.15A is sharp; because, for each n > 4, we
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constructed an infinite class of graphs G with nonempty subsets S§ of
V(G), such that for every vertex v of G, the S-distance dg(v,v) <
es(v) < diams(G). A natural question now arises. For n > 4, does
Theorem 2.16 give a graph G of minimum order and a nonempty subset
S of V(G) with |S| = n such that no vertex v of G satisfies
ds(v,v) = es(v)? For n > 7, the question has an affirmative answer
because we constructed a graph G of order n. For n = 6, such is not
thecase. If G = Cs and S = V(G), then for every vertex v of G,
the S-distance ds(v,v) = 6 and es(v) = 7. Hence,for n = 6, there
isagraph G oforder 6 andaset S of V(G)such that no vertex v of
G satisfies es(v) = ds(v,v). However, no such graph G of order 7 is
knownfor n = 6. For 4 < n < 5, itisnot knownif p = 8 is the

minimum order. However, by our next result, the order p is at least 6.

THEOREM 2.17. For every connected graph G with p(G) < 5 and
nonempty subset S of V(G), there exists a vertex v of G such that
es(v) = dg(v,v) = diamg(G).

ProOF: If 0 < [§] < 3 or p(G) < 3, then by Corollary 2.15A, there
exists a vertex v of G suchthat es(v) = ds(v,v) = diams(G). Also,
if G is a tree, then the result holds by Corollary 2.7B. Thus, we can assume
that |S| > 3, theorder of Giseither 4 or 5 and G containsa
cycle. If p(G) = 4, then S§ = V(G) and the only graphs of order 4

containing cycles are shown in Figure 2.7(a). Note that every vertex of these
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graphs satisfies es(v) = ds(v,v) = diams(G).
For p(G) = 5, we consider two cases.

CASE 1: Suppose that |S| = 5. If G contains a 5-cycle, then for each
vertex v of G, we have ds(v,v) = 5 andfora vertex u # v, the
S-distance from v to wu iseither 4 or 5. Therefore, every vertex v
satisfies es(v) = ds(v,v) = diams(G). Similarly, if the largest cycle in
G isa 3-cycleor a 4-cycle, then the result also holds for every vertex v of
G. All such graphs are shown in Figure 2.7. For those in Figure 2.7 (b), we
have ds(v,v) = 7 and for those graphs in Figure 2.7(c), the S-distance
ds(v,v) = 6 forall v € V(G).

~ CaSE 2: Suppose that |S| = 4. Let v be the vertex of G that is not in
S. Since S C V(G), we know for each pair u,w of vertices of G, that
ds(v,w) < dvg)(u,w) and so diams(G) < diamy(G)(G). However,
a shortest v —ov S-walk contains every vertex of G; so ds(v,v) =

dv(c)(v,v) = diamy(G)(G) < diams(G). Therefore es(v) = ds(v,v)

diamgs(G). .

This result is sharp; for, if p > 7, then we have a counterexample by
Theorem 216 and if p = 6, then G = Cs with S = V(G) isa
counterexample as discussed previously.

We conclude this section and our discussion of sharpness with a weaker

version of Theorem 2.16.
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UONWK
SRR
Cr 1 €

Figure 2.7

THEOREM 2.18. For positive integers n > 4 and p > 6, there exists a
graph G of order p and a nonempty subset S of V(G) with |S| = n

such that no vertex v of G satisfies ds(v,v) = diams(G).

PROOF: Supposethat p = 6. Let G 2 Cg with V(G) = {v1,v2,...,v6}
and E(G) = {vwin|l i <5} U {vgn}. f n = 4, let S =
{va,v3,v5,06}. If n = 5,let § = {v2,v3,...,06}. f n = 6, let

S = V(G). Ineachcase,for 1 < i < 6, the S-distance ds(v;,v,) = G;
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but, ds(vi,vs) = 7 = diams(G).

Next, suppose that p = 7 andlet G be the graph in Figure 2.8. If
n =4, let S = {vv3v5,0}) fn=25lee §= {v2,v3,...,v6}.
For either set S, the S- distance ds(viyv;) = 6 for 1 < i < 7, while
ds(vi,v4) = 7 = diams(G).

For n =6and p=7let G=C; with V(G) = {v1,vs,...,01}
and E(G) = {vivi1|]l < i < 6}U{vrn}. If § = {v2,v3,...,v7}, then
ds(vi,v;) = 7 for 1 < i < 7; however, ds(vi,vs) = 8 = diams(G).

For all other choicesof n and p, wecanlet G and S be the graph

and set constructed in the proof of Theorem 2.16. .
Y1
Yg i’
G:
Vs U3
g
Figure 2.8
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2.4 The n-Eccentricity of a Vertex

Throughout this chapter, we have always considered a connected graph
G and a specified subset S of V(G) when defining the S-eccentricity
es(v) foravertex v of G. We now extend this idea by considering, for a
nonnegative integer n < p(G), all subsets S of V(G) with [S| = n.
In particular, for a graph G, avertex v of G, and a nonnegative integer

n < p(G), the n- eccentricity e,(v) of the vertex v is

ea(v) = maz{es(®)|S € V(G) and |S| = n}.

We define the n-radius rad,(G) of G and the n-diameter diam,(G)

of G by
radn,(G) = vé’:‘x/i&) en(v) and
diam,(G) = “g}/a(:é) en(v).

A useful property that relates the n-eccentricities of adjacent vertices in

a graph is given next.
THEOREM 2.19. Let G be a connected graph and let n be a nonnegative
integer with n < p(G). If wv € E(G), then leq(u) — en(v)] < 1.

PROOF: Without loss of generality, we may assume that e(v) < en(u).

Let S beasubset of V(G) with |S| = n suchthat e,(u) = es(u).

By Theorem 2.1, we have es(u) — 1 < eg(v) < es(u) + 1. However,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

es(v) < en(v) < en(u) = es(u); so eq(u) — 1 < en(v) < en(u) + 1.

Therefore, |ea(u) — en(v)] < 1. .
‘We now present two results relating rad,(G) and diam,(G).

THEOREM 2.20. Fora ted graph G, a tive integer n < p(G)

and an integer ¢ such that radn(G) < ¢ < diam,(G), there is a vertex

v of G suchthat e,(v) = c.

PROOF: Let u and v be vertices of G that satisfy en(u) = rada(G)
and e,(v) = diam,(G). Let P bea u—v pathin G andlet w,
be the last vertex of P with en(w;) < ¢ If w, is the next vertex on
P, then en(wz) > ¢ and |en(w;) — en(w2)] < 1, by Theorem 2.1.
Therefore, en(wy) = c. .

The second result gives a familiar bound for diama(G).

THEOREM 2.21. For a connected graph G and a nonnegative integer n <
»(G),

radn(G) < diamn(G) < 2rada(G).

PROOF: The first inequality follows from the definitions. For the second in-
equality, let u and v be vertices of G such that en(u) = diamn(G)
and  en(v) = rady(G). Also, let S be a subset of V(G) such
that |S| = n and en(u) = es(u). Then es(v) < ea(v). Now
diama(G) = es(u) < diamg(G) < 2rads(G), by Theorem 2.3. There-
fore, diam,(G) < 2es(v) < 2en(v) = 2rada(G). .
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Although it is not known if the upper bound in Theorem 2.21 can be
improved for graphs in general, it can be improved for trees. We begin with
some notation. For a tree T, a vertex v of T and asubset S of V(T),
recall that Tsy(y) is the tree generated by S U{v}. For a positive integer

n < p(T), let

an(v) = maz{g(Tsu))lS C V(T)and |S| = n}.

In [5] it was shown that if ¢} = maz{g.(v)lv € V(T)} and ¢, =
min{g.(v)lv € V(T)}, then

1
i< (*H) (21)

COROLLARY 2.21A. Foratree T and a positive integer n < p(T),

rada(T) < diama(T) < (”:1) radn(T).

PrOOF: The lower bound is immediate. For the upper bound, note that there
existsavertex v of T andasubset § of V(T) with |S| = n such that
diam,(T) = en(v) = eg(v). Suppose that es(v) < diams(T). Then there
exists a vertex u(# v) in T such that diams(T) = es(u) < en(u) <

diamy,(T). However, this implies that diam,(T) < diam,(T), which is

impossible. Therefore, diam,(T) = es(v) = diams(T). By Corollary
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2.7A, we have diams(T) = ds(v,v) = 2d(v,Ts) + 2¢(Ts) = 2¢(Tsuv}),
and therefore, by the definition of ¢,

diama(T) < 2. (2.2)

Also,

an = min{maz{g(Tsu(u))|S C V(}T) and [S| =n}ju € V(T)}

min{mar{%ds(u:u)ls S V(T) and |S] = n}|u € V(T)}

IN

min{maz{%es(uﬂs CV(T) and |8| = n}lu € V(T)}

1
5 rad,(T).

By combining (2.1), (2.2) and (2.3) we have

diama(T) < 2% < 2("—“) 0 < (":1) rady(T). o

n
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CHAPTER III

THE DISTANCE OF A VERTEX

3.1 Introduction

For a city planner, the best location for a service facility normally does
not depend on the distance to one other point in the city but on its distance
to many, if not all, other points. For example, ideally, a post office should be
built in a location so that the sum of the distances from that point to all other
points is minimized, while a toxic waste site should be located so that the sum
of the distances from that point to all other points is maximized. These ideas

can be expressed using a connected graph G by defining the distance d(v)

of a vertex v by

dv) = Y dlv,u).

uEV(G)

A vertex of minimum distance is called a median vertex and the distance of

a median vertex is denoted by med(G). The median M(G) of G is the

subgraph of G induced by its median vertices. Similarly, we refer to a vertex

v of maximum distance as a marginal vertex and let d(v) = mar(G). The

margin M(G) of G is the subgraph induced by the marginal vertices of

G. These ideas are illustrated in Figure 3.1..

41
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One can easily find the distance of a vertex v in a graph G by first
applying Dijkstra’s algorithm to G to find d(v,u) foreach u € V(G) and

then ing those dist: to calculate d(v). Since the order of complexity

of Dijkstra’s algorithm is O(p?) and the extra steps to find d(v) require

only p — 1 additions, the order of complexity remains O(p?).
u Y d(u) = d@v) = 7 med(G) = 5
N v dw) =5 M(G) = ({u})
c dz) =6 mar(G) = 9
y =9 M(G) = {{y})
Figure 3.1

We consider a property of distances in bipartite graphs. It is known for
a connected bipartite graph G that there is exactly one way to partition

V(G) into two partite sets.

THEOREM 3.1. Let G be a connected bipartite graph with partite sets V
and V. v € V(G) = Vi, for i = 1,2, then d(v) and |Vi| have

the same parity.

PrOOF: Without loss of generality, let v € V;. Now

dw) = Y dv,w) + Y d(v,u).

uEW u€vy
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Foreach u € Vi, the distance d(v,u) is even. Thus, 3,cy, d(v,u) is
even. For u € Vj, the distance d(v,u) is odd. Now if |V, is even, then
Y uev, d(v,u) is an even sum of odd distances and therefore is even. Thus,
d(v) is even and has the same parity as |Vz|.

On the other hand, if [V5| is odd, then 3, cy, d(v,u) is odd, d(v)

is odd and again d(v) and |V| have the same parity. .

Two corollaries follow immediately.

COROLLARY 3.1A. A connected graph G of odd order is bipartite if and
only if for each pair u,v of adjacent vertices, the distances d(u) and d(v)

have opposite parity.

PROOF: Suppose G is a connected bipartite graph of odd order with partite
sets V3 and V,, andlet v and v be adjacent vertices of G.

Without loss of generality, let u € Vi. Thus, v € V;. By Theorem
3.1, d(u) and |V3| have the same parity, as do d(v) and |V;|. However,
since the order of G isodd, [Vi| and [V3| have opposite parity and so
d(u) and d(v) have opposite parity.

For the converse, let G be a connected graph such that for each pair
u,v of adjacent vertices, d(u) and d(v) have opposite parity. Suppose
that G contains an odd cycle C: wuy, ug, ... , ug—1, ug, uy. Note for

all vertices u; of C with ¢ even that d(u;) will have the same parity,
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as will d(u;) for i odd. However, ux and wu; are adjacent and d(ux)

has the same parity as d(u;), a contradiction. Thus, G is bipartite. .

COROLLARY 3.1B. Let G be a connected graph of even order. If G is
bipartite with partite sets Vi and Vi, then the distances of all vertices of

G have the same parity as V| (and |V3|).

PROOF: Suppose v € V(G) — Vi. Then, by Theorem 3.1, d(v) and
[Va| have the same parity. For v € V(G) — V;, the numbers d(v) and
|V2| have the same parity. However, since G has even order, |[Vi| and

|V2| have the same parity and this completes the proof. °

Note that the converse of Corollary 3.1B is not true, for if all vertices of
a connected graph G have the same parity, G need not be bipartite. For
example, consider K, or K(pi, ps, ps) with pi, p, and p; of the
same parity.

In [14] Slater showed that for any graph G there exists a graph H w;h'
M(H) = G. We will now present an analogous result by using the following
observation. If v isa vertex of a graph G of order p and diameter 2,

then

d(v) = deg(v) + 2lp — 1 — deg(v)]
(3.1)

I

2(p = 1) — deg(v)
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Thus, a vertex of maximum degree will be a median vertex of G and one of

minimum degree will be a marginal vertex of G.

THEOREM 3.2. For a given graph G of order p, there exists a graph H
with M(H) = G.

PROOF: We consider three cases.

Case 1: Supposethat G = K,. Then H & K, has the desired property.

Case 2: Suppose that G is r-regularwith r < p — 2. Let F K,

and set¢ H = G + F, where u is the vertex of H that is notin G.
Then dp(u) = p. Now diam H = 2, soby (3.1)if v is a vertex of G,

then

du(v) = 2p — degn(v)

I

2p — (r+1)
22 -1-(p-2)

=p+ L

So du(v) > dp(u) and M(H) = F and M(H) = G.

ase 3: Suppose that G is not regular. Let

Vi = {v € V(G)ldeg(v) = i}
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for §(G) < i < A(G). Also,let n = A(G) andlet z € V(G) bea
vertex of maximum degree. We will construct H in two steps. First, define

G, by

V(G1) =V(G) U{wy, wa, ... , wats} and
E(G1) = ULy {vwjlv € Vi 1 < j <n—-i}u

EG) U{wiwjj]l < i< j < n + 2}

Note that degg,(v) = n forevery v € V(G). Also, each vertex w; is
adjacent to the n + 1 vertices wj, j # 4, and toat most p — 1 vertices

of G — z. Thus,
n + 1 < degg(wi) < (n+1) + (p—1) = n + p.

Since zw; ¢ E(G:), wehave diam G; > 2.

Finally, let F = K, andset H = G, + F with u being the
vertex of H that is not in G;. Then dy(u) = p + n + 2 and
n+ 2 < dy(wi) £ p+ n+ 1; whiefor v € V(G), we have
du(v) = n + 1. Since diam H = 2, it follows that M(H) = F and
M(H) = G, by the observation preceding the theorem. .

In the proof of Theorem 3.2, for each graph G of order p, other
than K, the graph H that was constructed to satisfy M(H) = G
had diameter 2 and contained a single median vertex with maximum degree

p(H) — 1. Suchagraph H can also be constructed with M(H) = K,.
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Define H = (K, U Kpy1) + K;. Note that diam H = 2. Let
V(H) = {v1, v2,... , vp, w1, wa, ..., Wpy1, u}

such that ({v1, vz, ... , v}) = Kp, ({wr, we, ... , wpp1}) = Kpy1,

and u is adjacent to every other vertex of H. Then,

deg(u) = p + (p+1) = 2p+1 = p(H) - 1,
deg(wi) = p + 1, and

deg(vi) = (p~1) +1 = p.

Therefore, M(H) = K, and M(H) = K.

Hence for every graph G of order p, there exists a graph H with
diam H = 2 such that M(H) = G, and M(H) = K;, and for
v € M(H), the degree degy v = p(H) — 1. We can now prove a more

general corollary.

COROLLARY 3.2A. For a given graph G of order p and a positive integer
k, there exists a graph Hy such that diam Hy = 2 with M(Hy) = G
and M(Hy) = K and degv = p(Hy) — 1 for v € M(H).

PROOF: Let G be a graph of order p. For k = 1, let H; &
(Kp U Kpy1) + Kj. The result follows from the preceding discussion. For
k > 2, we proceed by induction. Suppose there exists a graph Hj_; such

that diam (Hp-1) = 2 with M(Hy_y) & G and M(Hp-y) & Ky,
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and for v € M(Hk-;), the degree deg v = p(Hr—;) — 1. Define
Hy = Hi_y + K, andlet u bethevertexof Hj thatisnotin Hj_;. Now
diam (Hy) = 2 since diamH = 2, and degu = p(Hy—1) = p(Hy) — 1.

For v € V(Hk-1) we have degy,v = 1 + degy,_,v. That is,
degn,(v) = 6(Hy) ifandonly if v € V(M(Hi—y)) and degy,(v) =
p(Hk) — 1 ifandonlyif v € V(M(Hg-1)) orif v = wu. Therefore,
M(Hy) = G and M(Hy) & M(Hioy) + Ky 2 K and degv =
p(Hy) — 1 for v € M(Hy). o

In the proof of Theorem 3.2, for a regular graph G, the graph H was
constructed by adding at most one vertex to G. This is best possible because
H = K(1,n) is a graph of minimum order having M(H) = K,. On the
other hand, if G is non- regular, then H had A(G) + 3 more vertices
than G. It is unclear if A(G) + 3 vertices are ever required but the next

two results show that it is not always needed.

THEOREM 3.3. Let G be a non-regular connected graph and let V; =
{v € V(G)|degv = §(G)}. ¥
a) [Vs| > §G) + 1,
b) diam G < 2, and
c) every vertex of maximum degree in G is adjacent to a vertex of
minimum degree in G,

then there is a graph H such that M(H) = G and p(H) =
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P(G) + A(G) - 6(G).

PROOF: To construct H, let n = A(G) — §(G) and label the vertices of

K, by v, vz, ..., vo. Nowlet H 2 G U K, with the added edges

{uvilu € V(G) and dege u + i < A(G)}.

For u € V(G) and m = A(G) — deggu, the vertex u is adjacent to
V1, V2, ..., Um S0 deguu = deggu + A(G) — degeu = A(G). Each vertex
v; is adjacent to the other n — 1 vertices vy, va, ... , Vi1, Vig1y +.v y Vp
and to every vertexin Vg5 so degg vi = n — 1 + |Vs| > A(G) -
8G) — 1 + 8G) +1 = A(G). Since H isnot regular, diam H > 2.
However, if diam H = 2, then M(H) = G and we are done.

Let w; and w, be verticesof H. If w; and w, are vertices of
G, then dpg(wi, wp) < 2. If w; and w; arein {vy, vy, ... , v},
then dg(wi, w2) = 1. Now,suppose that w; € V(G) and w; = v;
forsome ¢ = 1,2, ..., n If deggwi < A(G), then w; is adjacent
to w1, and vy is either equal to or adjacent to wy; so dy(wi, wg) < 2.
If deg wy = A(G), then by (c), the vertex w; is adjacent to a vertex
of Vs that is adjacent to every vertex v;. Thus, dy(w, wy) = 2 and

therefore diamH = 2. .
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Figure 3.2

Before giving a related corollary, we consider the sharpness of Theorem
3.3.

First, if either condition (a) or (b) is removed, then the theorem is not
true. For example, P; satisfies conditions (b) and (c) but not (a), and no
graph with p(P3) + A(P;) — 8(P;) = 4 vertices contains P; as its
margin. In fact, the graph H in Figure 3.2 is a graph of minimum order
that satisfies M(H) = P;. The number next to each vertex is the distance
of that vertex.

Now consider the graph G in Figure 3.2. The graph G satisfies
conditions (a) and (c); however, diamG = 3. Note that dg(vo) =
dg(van41) = 3n + 1 and if the vertices of one copy of K, are labeled

V1, V2, ..., Vp and the vertices of the second copy are labeled vpty, ... , tap.
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then dg(v)) = do(v) =+ = dg(vzn) = 4n+2. Since A(G)— §(G) =
1, the theorem requires a graph H such that p(H) = p(G) + 1. Thus,
let H beagraph with V(H) = V(G) U{u}. We must add edges incident
to u to guarantee that dp(vi) = dg(v;) for 0 < i, j < 2n+1 and
dg(vi) > dg(u) forall 7. If u isadjacent to vy, then wu must be
adjacent t0  vyny1; for otherwise, dy(vo) < dg(vent:). Similarly, if u
is adjacent to one of the vertices vj, vp, ... , Vg,, then it is adjacent to all
of them; for if u is adjacent to v; andnotto vj, 1 < i, j < 2n, then
du(vi) < du(vj). Therefore, three possibilities exist for H. First, suppose
that u is adjacent only to vy and vsny1. Then dy(ve) = 3n+2
and dp(vi) = 4n+4. These are equal only when 7 = -2; so
G # M(H). Second, suppose u is adjacent to only vy, vp, ... , Vgn.
Then dp(vw) = 3n + 3 and dy(v;) = 4n+3. These are only equal
when n = 0; soagain G # M(H). Third, suppose u is adjacent to
every vertex of G. Then dy(v) = 3n + 2 and dy(v;) = 4n+3.
Hence equality holds if n = —1; so G # M(H). Therefore,if H isa
graph such that M(H) = G, then p(H) > p(G) + A(G) — §(G).

It is not known if there are graphs that satisfy conditions (a) and (b),
but fail to meet condition (c) and the conclusion of Theorem 3.3. Hence, the
sharpness of this result is uncertain.

Conditions (b) and (c) are very restrictive on our choice of the graph G.

Hence, our next result is a powerful generalization of Theorem 3.3.
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COROLLARY 3.3A. Let G be a non-regular graph with V; = {v €
V(G)ldeg v = §(G)}. If [Vs] > 6(G) + 1, then there is a graph H;
such that M(H;) = G and p(H;) = p(G) + A(G) — 6(G) + 1.

PROOF: Let H be the graph constructed in the proof of Theorem 3.3.
Define Hy = H + K; andlet w be the vertex of H; not in V(H).
Then, diam Hy < 2. If u € V(G), then degyu = A(G) + 1. If
u € V(H) — V(G), then degg,u > A(G) + 1 andif u = w, then
degmu = p(H) = p(G) + A(G) — 6(G) > A(G) + 1. Thus, since H;
is not regular and diam H; = 2, it follows that M(H;) = G. Further,
p(H:) = p(H) + 1 = p(G) + A(G) - §G) + 1. .

This corollary is sharp. For each positive integer n, consider the graph
G in Figure 3.2. The graph H;, constructed from G in Corollary 3.3A
has order p(G) + 2 and M(H;) = G, and we have shown that no graph
H exists that hasorder p(G) + 1 and satisfies M(H) = G.

Our previous results have shown ways to add vertices to a graph G to
create a graph H satisfying M(H) = G. The number of additional
vertices was always related to the degrees of the vertices of G. Is it possible
that a constant % exists such that for each graph G we can construct a
graph H satisfying M(H) = G and p(H) < p(G) + k? The answer

is no, as our next result shows.
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THEOREM 3.4. For each positive integer k, there exists a graph G such

that no graph H satisfying p(H) < p(G) + k contains G as its margin.

PROOF: Let and let G be a copy of K, with

B+ 3k + 10
n = ——
2

one additional vertex v adjacent to one vertex of K,. Also,let u bea

vertex of K, not adjacent to v. Now dg(u) = (n—1) + 2 =n + 1

and dg(v) = 1 4+ 2(n—-1) = 2n — 1. Ifweaddaset S of m(< k)

vertices to G as well as edges that join pairs of vertices of S or exactly

one vertex of G and one of S to produce a connected graph H, then

dy(v) will be a minimum if v is adjacent to the m vertices of S. Hence,

du(v) 2 do(v) + m =2 — 1 + m = &k* + 3k + 9 + m. Similarly,

dp(u) will be a maximum if the m vertices of S induce a path with one

end- vertex adjacent to v and no edge that joins a vertex of G and one of
S. In this case,

m+3

dy(u) < dg(u) + B+4+ - + (M+2)] =n - 2 + 5
_ (¥ + m») + Bk + 3m) + 16+ 2m

3 -2
3
Suw_zr_@*.%*_s.k,m
Thus, dy(v) > dy(u) andso M(H) # G. .

3.2 Distance in Trees
By focusing our attention on trees, some properties of the distance of a

vertex can be seen that will be useful in proving later results. A very early
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result, due to Jordan [11], states that for every tree T, either M(T) & K,
or M(T) & K,. By Corollary 3.1A, this can be improved for trees of odd

order.

COROLLARY 3.1C. Forevery tree T of odd order, the median M(T) & Kj.

PROOF: Let T be a tree of odd order. If M(T) = K,, then two adjacent
vertices have the same distance, contradicting the fact that adjacent vertices

have distances of opposite parity.

Similar to Jordan’s result which characterizes the medians of trees, we
can also characterize the margins of trees. Specifically, a tree 7' & I if
and only if M(T) & Kj; otherwise, M(T) = K, forsome n > 1.

This follows as a corollary to the next result.

THEOREM 3.5. For a connected graph G of order p > 3 with a cut-vertex

v, thereis a vertex w adjacent to v such that d(w) > d(v).

PROOF: Let G be a connected graph of order p > 3, and let v be
a cut-vertex of G. Suppose deg v = k, where the neighbors of v are
Upy Uz, «ony Uge

Nowlet H = G — v andforeach i = 1, 2, ... , k, define the set

V= {u € V(D)ldolus, v) < doluj, ), § # i}
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‘We can partition V(H) into k sets Vi, Va, ..., Vi by letting
i =W,
Va =V - W,

Vs = V5 — (i U W),

k-1

vi — (U v

i=1

1]

Vi
Hwelet dp(ui) = ¥,cy; da(ui, u) foreach i, then

p=1

k k
dw) = Y du(w) + Y1 = Y da(w) + p - 1
i=1 i=1

i=1

Since H has at least two components and the orderof H is p — 1,

it follows that H contains a component C such that p(C) < E;—‘ Thus,
p(H) — p(C) > ’%‘- Without loss of generality, suppose that u; is a

vertex in  C. Then

k
p—-1
d(ur) > ;dy(u,-) + z(—z—) +1
k
= Y du(w) + p
i=1
= dwv) + 1.
Hence, if welet w = wuy, then d(w) > d(v). .

A special case of this theorem follows for trees because a vertex of a tree

that is not an end-vertex is a cut-vertex.
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COROLLARY 3.5A. Foratree T oforder p > 3 and v € V(T) that
is not an end-vertex, there exists a vertex w adjacent to v such that

d(w) > d(v).
‘We can now give a result that was proved differently in [15] by Zelinka.
COROLLARY 3.5B. Every marginal vertex of a tree is an end-vertex.

PROOF: Suppose v is a marginal vertex of a tree T and v is not an
end-vertex. Then there exists a vertex w with d(w) > d(v), contradicting

the maximality of d(v). .

Our characterization of the margins of trees is an immediate consequence

of this corollary.

COROLLARY 3.5C. Let T be a tree. Then T 2 K, if and only if

M(T) = K,p; otherwise, M(T) & K,, forsome n > 1.

Since the converse of Corollary 3.5B is not true, as can be seen by the tree
T of Figure 3.3, two natural questions now arise. First, which end-vertices of
a tree are marginal vertices? Second, for n > 1, which trees T satisfy
M(T) = K,? At present, neither question has been answered.

A related result in [15] is that for a tree T of order p > 3, no
end-vertex of T can be a median vertex of 7. This is immediate from the

fact that if v is an end-vertex of T and u is the vertex adjacent to v,

then
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dw) = d(wo) + Y {dv,w)-1w € V(T), w # v,u} = d@) - (p-2).

That is, d(u) < d(v) since p — 2 > 0.

u v
v d(u) = dv) = 8
T:
z d(y) = 9
M(T) = ({v})
¥
A Figure 3.3

We close this section with three lemmas that we will use to find bounds
for med(G).

The first lemma was proved in [14].

LEMMA 3.6. For each positive integer n and thepath Py : vy, vs, ... , vn,

the median med(P,) = d(vrg) = [251].

LEMMA 3.7. Let n be a nonnegative integer. If T is a tree of order P
with adjacent vertices u and v such that wu is in a component C of
T — v with |V(C)| > B2, then d(u) < d(v) — n.

2

PROOF: Let V

V(T) = (V(C) U{v}). Since |V(C) > 22 it

follows that |V| < 2% — 1. Now,
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dw) = Y dw,w) + Y du,w) + dly,v)

weV(C) weV
= Y @ow) - 1)+ Y (dow) + 1) + 1
weV(C) weV

[

() - V(O + V| + 1

aw) - B+ B2 -4

IN

So d(u) < d(v) — n. e
We next present an immediate consequence of Lemma 3.7.

LEMMA 3.8. Let n be a nonnegative integer and let T be a tree of order
p with vertices u and v suchthat d(u,v) = m. If u isin a component
Cy of T — v with |V(C,)| > 2t and there exists a component C,
of T — u with [V(C.)| > 2% — 1 and not containing v, then

d(u) < d(v) —mn.

PROOF: Let P: v = wp, wy, ..., wn = u bethe v — u path

in T of length m. Note that for each i = 1, 2, cymo o= 1
there exists a component C; of T — w; with |V(Ci)| > 22 and
{wit1, wit2, ..., wm = u} C V(C;). By repeated application of Lemma

3.7, we have the following inequalities:
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d(w;) < d(wg) — n

d(wz) < d(w1) — n < d(wo) — 2n

d(wp) < d(wm-1) — n < d(we) — mn.

Therefore, d(u) < d(v) — mn. .
3.3 Bounds for mar(G) and med(G)

For a connected graph G of order p, it is useful to know the values
that mar(G) and .med(G) can attain. This was studied in (8]. We now

extend some of those results.

THEOREM 3.9. For a connected graph G of order p,

p—1< mar(G) < (g)

where the lower bound and upper bound are attained only for K, and P,

respectively.

PROOF: First, since every vertex of K, is adjacent to every other vertex,
mar(K,) = p— 1. ¥ G % K,, then there exist nonadjacent vertices u

and v of G. Thus
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d(u) = Z d(u,w)
weV(G)

Z{d(u,wﬂw € V(G),w # u,v} +d(u,v)

21p-2)+2,

1

and it follows that mar(G) > d(u) > p. Hence, the lower bound holds
and is attained only for K.

Now consider the upper bound. Let v; and v, be the end-vertices
of Pp. By symmetry, d(v1) = d(v2) and by Corollary 3.5B, the margin
mar(P,) = d(v;). Since

d(vy) = pfz = (’2’)

i=1

we have mar(P,) = (;) . Thus the upper bound is attained for mar(P,).

To verify that (IZ)) is an upper bound and is attained only for P, let
G % P, be a connected graph of order p andlet v be a marginal vertex
of G. Let P be alongest subpath of G having v as an end-vertex
and let & denote the length of P. Hence, p — k > 2, the distance
d(v,u) < k forevery u € V(G) and

dv) = Y d(v,u) + Y d(v,u)

uEP uEP
1424+ K + K[(p—1)—k].

IA
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B+24- 4k + [(k+1)+(k+2)+-+(p-1)]

/N
S
~—
I

= (24 M- H 4 D424+ (1) = k]

and so0 (‘2’) > dw) + (1’;’“)‘

Since (p;k) > (3) = 1> 0, wehave mar(G) < (g) and

this completes the proof. .
For p=1or p= 2 wehave p — 1 = (‘;) Further, for
p =3 wehave p— 1 = 2 and (12)) = 3. However, for p > 4, there

exist integers k suchthat p — 1 < k < (g) . A natural question to
ask is: For which of these values of & does there exist a graph G of order
p such that mar(G) = k?

In Figure 3.4, we show a sequence of labeled graphs Go, Gy, Ga, Gs,

each of order 4, with d(vi)) = mar(Gn) = (p—1) + n.
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v, d(v)=3=p-1
d(v;) =3
d(vs) =3
d(v) =3

1 d(v) =4
d(vy) =3
Gyt d(vs) =3

d(vs) =4

d(vy) =5
d(v;) =3
d(vs) =4
d(vs) =4

d(v)) =6= (5)
d(vy) =4
d(vs) =4

d(vy) =6

Figure 3.4

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



63

Note that each graph was obtained by removing an edge from the preceding
graph. That this will always be true follows from Theorem 3.10 which was

proved in (8].

THEOREM 3.10. For fixed integers p > 4 and k suchthat p — 1 <

k< p , there exists a graph G with order p and mar(G) = k.
2 &

Similar results concerning bounds, sharpness and intermediate values also

hold for med(G). We first present a useful theorem about trees.

THEOREM 3.11. Let T be atreeof order p. If T % P,, then

med(T) < med(P,) = ["2

PROOF: First, recall from Lemma 3.6 that med(P,) = [ 224;1'[ Now let
T beatree of order p suchthat T 2 P,, let v € M(T) and let
r = e(v). Observethat r < 2; for if not, then there exist u, w € V(T)
such that d(v, v) = r > 2f1, theedge wv € E(T) and w ison the
v—u pathin T. Thus, the component of T — v containing u has at
least -?% vertices and by Lemma 3.7, we have d(w) < d(v) which implies
that v ¢ M(T), a contradiction.
To complete the proof, we consider two cases.

CASE 1: Suppose that r < 272, Then there exists u € V(T) such that
d(u,v) = 7, a v—u path P oflength r andacomponent C of T — v

containing u. Let s = maz{d(v,z)lz ¢ V(C)}, let w € V(T) — V(C)
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with d(v, w) = s, andlet P' bethe v — w pathin 7. Then s <r

and
dv) = Y dv,e) + > d(v,z) +
2€V(P)~{v} 2€V(C)-[V(P)~{v}]
+ Y dvz) + 3 d(v,z)
z€V(P') z€V(T)-[V(P")UV(C)]
S 424+ +r[[VC)| =] + [14+2-- 48] +

+ slp—(s+1) = [V(O)|.

However,

sp—(s+1)=|V(O)] < [(s+1)+(s+2)+---+7]

+slp=(s+1) = [V(C)] - (r~5s)]

IN

[(s+1)+(s+2)+---+7]

+ rlp—1-[V(C) —1];

50

dv) < 1424 47] + rf[V(O)~r] + 1+2+--+7]
+ rlp=1-|V(C)|—7]
= 2(“2“) + rlp—1-2r

=rp —r2
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Since r < %2, equation (3.2)becomes d(v) < 22—4"—‘ < # and so
med(T) < med(P,) = [E£1].

CASE 2: Suppose that p isevenand r = 2 or pisoddand r = P;—I
Then there exists u € V(T) such that d(v,u) = 7, a v — u path
P in T, and a component C of T — v containing wu. If C contains

vertices other than those of P, then p(C) > “’— and by Lemma 3.7, we

have v € M(T), a contradiction.

Therefore the p — r vertices of T that are notin C form a subtree

T, of T and

1
) = ¥ )+ Y dug) = (5 4 ar)
1
dv) = Y dwa) + Y dwe) = “Zf ) + dr,(v).
zeV(0) 2eV(Ty)
Since k 2 ) is fixed, d(v) wxll be maximized by making dr,(v) as
large as possible. By Theorem 3.9, dr,(v) will be a maximum only when
2
However, this forces T 2 P,, which contradicts the choice of 7. Hence,

dr,(v) < (1‘;’) -1

T, isapathand v is an end-vertex of T,. Then dr,(v) = (p - 7'> .

and

dw) < (”2'1) + (”;4) Y (33)
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I pisevenand r = 2, thenby (3.3),

©

2
P P
< = - =
d(v) ) 1< m

= med(P,).

On the other hand, if p isodd and r

= %‘, then (3.3) implies that

2 _ 2 _
dw) < B2 -1 < P22 o med(py),

and this completes the proof. .

If G is a connected graph of order p and T isa spanning tree of

G, thenfor u, v € V(G),

dg(u,v) < dr(u,v)

because T has potentially fewer edges than G. Hence,for v € V(G),

do(v) < dr(v)

and

med(G) < med(T). (3.4)

If, in addition T is a distance-preserving tree from v € V(G), then for
each u € V(@)
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dr(v,u) = dg(v,u),
(35)
dr(v) = dg(v),

and

degr(v) = dego(v). (3.6)
We can now give bounds for med(G) when p(G) is fixed.

COROLLARY 3.11A. For a connected graph G of order p,

2
-1

P = 1< medG) < [F=1.

PROOF: For the first inequality, let G be a connected graph of order p

andlet v € M(G). Then

med(G) = d(v) = z d(v,u) > Z 1=p-1

2€V(G)—{v} u€V(G)—-{v}
For the second inequality, let G be a connected graph of order p and let
T be a spanning tree of G. By (3.4) we have med(G) < med(T), and by
Theorem 3.8, we have med(T) < [’%] Hence, med(G) < [i;l], as
desired. .
Our next corollary shows that these bounds are sharp and also charac-
terizes all graphs G of order p such that med(G) = p — 1 or

med(G) = [£7].
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COROLLARY 3.11B. Let G be a connected graph of order p. Then

a) med(G) = p — 1 ifand onlyif A(G) = p — 1, and

b) med(G) = [£1] ifandonlyif G = P, or G = G,
PROOF: For (a), suppose that med(G) = p — 1. Then there exists

u € M(G) with d(u) = p — 1. Thatis, u is adjacent to every other
vertex of G andso A(G) = p — 1. Conversely, assume A(G) = p — 1
andlet » € V(G) with deg(u) = A(G). Then d(u) = p — 1 andsince
med(G) > p — 1, by Corollary 3.11A, the median med(G) = p — 1.
For (b),if G 2 P,, then med(G) = [£52], by Lemma 3.6. Thus,
assume G = C, andlet v € M(C,). Let T be a distance-preserving tree
from ». Then by (3.4) and (3.5) we have med(Cp) = med(T). However,
T = P, so med(Cp) = med(P,) = [#] For the converse, suppose
that G is connected and of order p but that G % P, and G % C,.
Then G has a vertex u with deg(u) > 3. Let T be a distance-
preserving tree from wu. By (3.6) we have degr(u) = degg(u) > 3 and
so T % P,. Thus, by Theorem 3.11, the median med(T) < [L;l], and

so med(G) < [ i‘_—]], and this completes the proof. .

It is also interesting to note that for a fixed positive integer p, there
is a tree of order p whose median value is n for each n satisfying

2
p—-1<n <[22
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THEOREM 3.12. For positive integers p and n suchthat p — 1 < n <

[#], there exists a tree T of order p with med(T) = n.

PROOF: For p < 4, thereisnointeger n suchthat p—1 < n < f%’l-]

Therefore, we can assume that p > 5. First, for n = [L::l] ~ 1, let
V(Pp) = {w, uz, ..., up} with B(Pp) = {wiuiali = 1,2, ..., p—1}

andlet Tp = P, — wiuz + uius. Recall that med(Pp) = [2£51] and
urg] € V(M(P,)), by Lemma 3.6, and no end-vertex of T, isin M(T,);

so

V(M(T,)) C {us, ugy --., urgys «ony Upa}e

For 3 < ¢ £ p — 1, the distance dr,(ui,u1) = dp,(ui, 1) — 1
and for u; # u; where j > 2, we have dr,(ui,u;) = dp,(uiu;s).
Therefore, dr,(u;) = dp,(u;i) — 1 for 3 < ¢ < p —~ 1, andso
med(T,) = med(P,) — 1 = n.

‘We proceed by induction on the decreasing value of n.

Assume, for each integer m such that

2
pP—1
1,

p-l<n<m¢<r[ Y

that there exists a tree T, with med(Ty,) = m. Let £ = diam(Tp41).

If £ = 1, then Thyy = K,, contradicting the fact that T, isa tree. If
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£ =2, then Thyy = K(1, p—1) and med(Tp41) = n +1 = p — 1,
contradicting p — 1 < n. Therefore, £ > 3.
Now, consider a longest path  P: uy, uz, ..., tgg1 in Tnyp labelled
so that deg(uz) < deg(ue). Then wup is adjacent to w3, u; and
k = deg(us) — 2 other end-vertices, say 1w, ws, ..., wr. Otherwise,
Tnt1 contains a cycle or a longer path than P. Also, no vertex, other than

possibly u3, is adjacent to both u, and wus so

deg uz + degue < (p—2) + 1
and since deg up < deg ug,
p—1

< .
deg uy < 3

Now, u3 isinacomponent C of Tnyy —up with |V(C)| = p—degu, >
p - (32) = 2. Thus, by Lemma 3.7, we have dr,,, (u3) < dr,,,(u2);
50 uz ¢ V(M(Tp41)) and noneof uy, wy, w, ..., wy arein V(M(Ty41))
because they are end-vertices of Tp4.

Now construct the desired tree T, = Th41 — ujup + wujus. For any

vertex v ¢ {u1, uy, wy, w, ..., wi} of Ty,

dr,(v) = dr,,,(v) = dry, (v,w1) + dr,(v,u1)
= dp,,(v) - 1

Thus, med(T,) = med(Th41) — 1 = (n+1) = 1 = n. .
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Recall for a connected graph G that rad(G) < diam(G) < 2rad(G).
One might naturally ask if such an inequality holds for med(G) and mar(G).
Clearly, med(G) < mar(G). However, as the next result shows, no such

upper bound exists.

THEOREM 3.13. For each positive integer n, there exists a tree T such

that mar(T) > n[med(T)].

PROOF: Let n be a positive integer. We construct T from Prys as

follows. Let u and v be the end-vertices of P,yo andlet w be the

vertex adjacent to u. Add k = "az" 2 vertices to  Pp42 and join them

to w. Now,

mar(T) > dv) = (";2) + Kn41)

)

2 1

and

nlmed(T)] < nldw)] = n[(";”) + k41
_nt+ 0¥+
= ) .
Thus, mar(T) 2 d(v) > nld(w)] > njmed(T)]. .
Even more can be said if we analyze the tree T described in the proof

of Theorem 3.13. First, we already have shown, that
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dw) = (”’;2) + (iz,;") (n+1)

and

n® +n? 42

d(w) = )

1t is in fact true that these values equal mar(T) and med(T), respectively.
To prove this, we need only consider an end-vertex adjacent to w, say u,
and an interior vertex, say =z, onthe w — v path.

For the vertex u we have med(T) < d(u) since u is an end-vertex
of the tree. Also, n+2 vertices form the v — v pathin T while the

nS—n
2

remaining vertices are a distance 2 from wu. Thus,

du) = (n;?) + (nsgn). s
<n;2) + (n“z—n) (n+1)

d(v).

IN

Therefore, med(T) < d(u) < d(v). For the vertex , the distance
d(z) < mar(T) because z is not an end-vertex of T. Also, if we let
¢ = d(z,w), then n — £ = d(z,v). Further, n — £ verticesof T — z

lieonan & — v pathin T, with £ verticesof T — ¢ lic on an

n®—n

z — w path and the remaining 25

+ 1 end-vertices adjacent to w are

adistance £ + 1 from z. Thus,
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_[n-t+1 £+1 nd~n
d(z)—( 5 )+(2)+<2 +1)(4+1)
3 2
_nintt2 + 2+ f(n3_3n+2)
2 2
= dw) + £ + g(n3—3n+2).
¥ n=1thn n° —3n+2 =0and d) > dw). If n > 2, then

n’ —3n+22>4n-3n+2=n+2> 0 andagain d(z) > d(w).
Therefore,

d(w) < d(z) < mar(T)

and so

d(w) = med(T) and d(v) = mar(T).

The importance of this statement is that for T

a

nfmed(T)) < mar(T) < (n+ 1)[med(T)]

and since diam(T) = n+1, we have

[diam(T) = 1] - [med(T)] < mar(T) < [diam(T)] - [med(T)].  (3.7)
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In fact, the next corollary shows that for any connected graph G, the product

diam(G) - med(G) is always an upper bound for mar(G).

COROLLARY 3.13A. For a connected graph G,

mar(G) < diam(G) - med(G).

PROOF: Let p be the order of G. Then mar(G) < (p—1) + diam(G)
and med(G) > (p—1) - 1.

Thus,
mar(G) (p=V)diam(G) .
medQ) = pon -1 - Lem(@)
and so mar(G) < diam(G) - med(G). .

This bound is sharp in the sense that, by (3.7), there exists an infinite class
T of trees such that for T € 7, themargin mar(T) < diam(T) - med(T)
and mar(T) > [diam(T) — 1] - med(T).

3.4 Margin and Periphery

We have established for a tree, that every marginal vertex is an end-
vertex. It is also true that every peripheral vertex of a tree is an end-vertex.
One might ask if any relationship exists between marginal and peripheral

vertices.
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Note that if T3 = K(1,n), then every end-vertex is in both Per(Ty)
and M(Ty). Hence, Per(Ty) & M(T)). However,if T, is as shown

in Figure 3.5, then Per(T3) = ({u,v,3}), and M(T}) = ({y}); so
V(M(T2)) C V(Per(Tz)).

If G is as in Figure 3.6(a), then

Per(Gh) = ({w,2}) and M(Gy) = ({s,w,2});

so V(Per(G1)) C V(M(G,)). By adding the vertex @ to Gy to create
G2 as shown in Figure 3.6(b), we see that neither V(Per(G,)) € V(M(Gz))
nor  V(M(Gz)) C V(Per(G:)). Note that Per(Gy) = ({wz}) and
M(G2) = ({w,a}).

u, v vertex | ecc. | distance
3 8
w
o 3 8
L 2° v
© w 2 5
z 2 6
y y 3 9
Figure 3.5
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Figure 3.6

A similar result relating the center of a graph G and the median of G
was proved by Hendry [9] and extended by Holbert [10]. A part of the result

was that for & > 1 thereis agraph G such that

dg(C(G), M(G)) = k.
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That is, the center and median of a graph can be arbitrarily far apart. We
conclude this chapter with two results that show that the periphery and margin

of a graph can also be arbitrarily far apart.

‘THEOREM 3.14. For each integer k > 1, thereis a tree Tj such that

dr, (Per(Tk), M(Tx)) > k.

PROOF: For k > 5, we construct T as follows. Begin with the path
P oforder n = 2k — 5 and label the vertices wy, wg, ..., wp so that
w; Wiy € E(P) for i = 1,2 ..., n~1 Nowjoin m = X=Skilo
vertices to w; and a second set of m vertices to w,. Finally, let v,
be a new vertex adjacent to wi—, andlet v be a vertex adjacent only to
9.

A sketch of Ty is in Figure 3.7

Figure 3.7

All end-vertices of T} other than v are similar and thus have the same
eccentricity and distance. Let u be one of these end-vertices. We need only

calculate the eccentricity and distance for u and v to find the periphery
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and margin for Tk.
Now e(v) = k while e(u) = 2k — 4. Since k > 5, e(u) > e(v)

and v is the only end- vertex not in  Per(T}).

Also,
d(v) = 1 4 2 + 2B+4+ -+ (k=1)] + 2mk
=k — 4k? + Ok — 3,
while
du) = 142+ +nj+2m—-1)+mn+1)+(*k-1)+k

= k® — 4k® + 8k — 3.

Since d(v) — d(u) = k, wehave M(T) = ({v}), and so
dp (Per(Ty), M(Ty)) = d(u,0) = k. ¥ k = 1,2,30r4, let T = Ty
and the inequality follows. .

This result can be extended to arbitrary graphs.
COROLLARY 3.14A. Foreachinteger k > 1, thereisagraph Gy containing
cycles such that dg,(Per(Gr), M(Gk)) > k.

PROOF: For k > 5, we construct Gj from the tree T in Theorem
3.14. Join the m end-vertices wuj, up, ... ,u; adjacent to w;, and
join the m end-vertices umt1, Um+2, -.., Usm adjacent to 1w, to

form two copies of K. This is the graph Gi. For z € V(Gy), the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



79

eccentricity eg,(z) = er,(z). Therefore, V(Per(Gy)) = V(Per(Ti)) =
{ur,u, ...,upm}. Similarly, for z € V(Gr) — {u1,uz, ...,upm}, the
distance dg,(z) = dp(s) andfor w; (1 < i < 2m) the distance
dg.(wi) < dp(w). Thus, M(Gy) = M(Tk) = ({v}). Finally, since
dg,(uiv) = k for 1 < i < 2m, we have dg,(Per(Gi), M(Gy)) = k.

I k= 1,23 or 4, let Gx = G5 and the inequality follows.
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CHAPTEER IV

ANTIPODAL GRAPHS AND DIGRAPHS

4.1 Introduction

Recall, for a pair u,v of vertices in a strong digraph D, that the
distance d(u,v) is the length of a shortest directed u — v path. We can
extend this definition to all digraphs D by defining d(u,v) = oo if thereis
no directed u — v pathin D. Similarly,if G is a disconnected graph with
vertices u,v in different components, then we can define d(u,v) = oo.
Hence, for a digraph D that is not strongly connected or a graph G that
is disconnected, we can define the diameter diam(D) or diam(G) to be
0.

For a digraph D, the antipodal digraph A(D) of D is the digraph
with V(A(D)) = V(D) and

E(A(D)) = {(u,v)lu,v € V(D) and dp(u,v) = diam(D)}.

]

Our first result gives a useful property of antipodal digraphs. The proof is

straightforward, so we omit it
LEMMA 4.1. If D is a symmetric digraph, then A(D) is also symmetric.

For 1 < p(D) < 3, itis easy to check that the converse of Lemma

4.1 is true. However, for p(D) > 4, there exist asymmetric digraphs with
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symmetric antipodal digraphs. Figure 4.1(a) shows an asymmetric digraph
Dy of order p > 4 with diam(D;) = oo and the corresponding
symmetric antipodal digraph A(D;). Figure 4.1(b) shows an asymmetric
strong digraph D, of order 4 with finite diameter (diam(D;) = 3) and

its symmetric antipodal digraph A(D;).

p;: 0 4(Dp): .
.
.
(a)
O, O
Dyt A(Dy):
(o]
(b)
Figure 4.1

When a digraph D contains each of the ares (u,v) and (v,u), it
is customary to represent this symmetric pair of arcs by the single edge uv.

This convention induces a one-to-one correspondence ¢ from the set of
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symmetric digraphs to the set of graphs. For example, in Figure 4.1, we have
@(A(D1)) = K(3, p—3) and ¢(A(D;)) = K U K,. Therefore, by
Lemma 4.1, it is natural to define, for a graph G, the antipodal graph A(G)
of G as the graph with V(A(G)) = V(G) and

E(A(G)) = {wlu,v € V(G) and dg(u,v) = diam(G)}.
Antipodal graphs have been studied in [1], [2] and [3].
4.2 Which Digraphs Are Antipodal Digraphs?
In [2] and [3] a characterization of antipodal graphs was given which we

now state.

THEOREM 4.2. A graph G is an antipodal graph if and only if it is the
antipodal graph of its complement.

Using other results in [2], we can give a second form of Theorem 4.2.

THEOREM 4.2'. A graph G is an antipodal graph if and only if
(1) diam(G) =2 or

(2) G is di ted and the comp tsof G are complete graphs.

In this section, we will generalize several of the results in [2] and give

a characterization of antipodal digraphs. This will lead to a proof of the

characterization of antipodal graphs in Theorem 4.2, which is simpler than

the proof given in [2].
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LEMMA 4.3. Foradigraph D oforder p, the antipodal digraph A(D) = D
ifandonlyif D = K.

PROOF: First, suppose that A(D) = D. I (u,v) € E(D) then
(4,v) € E(A(D)). Therefore, dp(u,v) = 1 = diam(D). Since K,
is the only digraph of diameter 1, we have D = K;. For the converse, if
D = Kp, then diam(D) = 1 and for every pair u,v of verticesin D,
the distance dp(u,v) = 1. Hence, A(D) = Kj and A(D) = D. o

Since ¢(K}) = K,, the next result, from [2], follows immediately.
COROLLARY 4.3A. For a graph G of order p, the antipodal graph
A(G) = G ifandonlyif G = K,.

Suppose that D % K. Then diam(D) > 2 andif (u,v) isan
arcof D, then (u,v) will not be an arc of A(D). Similarly, if (u,v)
is an arc of A(D), then it is not an arc of D. Thus, A(D) is always an
subdigraph of D. This is our next result.

LEMMA 4.4. If D isa digraph of order p that is not complete symmetric,
then A(D) c D.

As a special case, we have the following result from [2].

COROLLARY 4.4A. If G is a non-complete graph of order p, then
AG) C G.

We can now present a result that is useful in our characterization of

antipodal digraphs.
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THEOREM 4.5. For a digraph D, the antipodal digraph A(D) = D if
and only if either (1) diam(D) = 2 or (2) D is not strongly connected
and for every pair w,v of vertices of D, the distance dp(u,v) = 1 or

dp(u,v) = oo.

PROOF: First, suppose that diam(D) = 2. If (u,v) € E(D), then
dp(u,) = 1 so (u,0) ¢ E(A(D)). If (u,v) ¢ E(D), then dp(u,v) = 2
and (u,v) € E(A(D)). Therefore, A(D) = D. Now, suppose that D
is not strongly connected and for every pair wu,v of vertices of D, the
distance dp(u,v) = 1 or dp(u,v) = oco. If dp(u,v) = oo for every
pair u,v of vertices, then D = F;, for some positive integer p, and
A(D) = AKZ) = K; = D. I on the other hand, diam(D) = oo
and (u,v) € E(D), then (u,v) ¢ E(A(D)). If (u,v) ¢ E(D), then
dp(u,v) = o andso (u,v) € E(A(D)). Hence, A(D) = D.

For the converse, suppose that A(D) = D. Assume that the diameter
is finite and not equal to 2. f diam D = 1, then D & K. However,
then A(K}) = f;;_, which contradicts Lemma 4.3. Thus, assume that
2 < diam D < oo. Let u and v be vertices of D such that
dp(u,v) = 2. Note that (u,v) ¢ E(D) and (u,0) ¢ E(A(D)); so
A(D) # D. Now, assume that diam D = oo and there exist vertices
u and v suchthat 1 < dp(u,v) < oco. Then (u,v) ¢ E(D) and
(u,v) ¢ E(A(D)) and again, A(D) # D. .

If D is a symmetric digraph of diameter 2, then (D) is a graph of
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diameter 2. On the other hand, if D is symmetric but not strongly connected
and for every pair u,v of vertices of D, the distance dp(u,v) = 1 or
dp(u,v) = oo, then ¢(D) is a disconnected graph where each component

is complete. This gives our next result, from [2].

COROLLARY 4.5A. Foragraph G, the antipodal graph A(G) = G ifand

only if (1) G is of diameter 2or (2) G is di ted and the comp t

of G are complete graphs.
We can now give a characterization of antipodal digraphs.
THEOREM 4.6. A digraph D is an antipodal digraph if and only if D is

the antipodal dj; h of its I t

p

PROOF: First, if D is the antipodal digraph of its complement, then D
is an antipodal digraph. For the converse, suppose that D is an antipodal
digraph and let H be a digraph such that A(H) = D. We consider three
cases based on diam H.

CASE 1: Suppose that diam H = 1. Then H = K3, for some positive

integer p and A(H) = A(K;) = K; = D. Since D =

'u«-‘l

and
ARG = K3}, it follows that D = A(D), as desired.

CASE 2: Suppose that 1 < diam H < oo. Since the diameter of H is
finite, H is strongly connected and for every pair u,v of vertices of H,
the distance dy(u,v) < diam H. Define H' as the digraph formed by

adding the arc (u,v) to E(H) if 1 < dy(u,v) < diam H. Note that
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dpi(u,v) = 1 when dy(v,v) < diam(H) and dg(u,v) = 2 when
dy(u,v) = diam(H). Thus, D = A(H) = A(H'). Since diam(H') = 2,
wehave A(H') = H' by Theorem 4.5. Therefore, D = H' and D = H'
which gives D = A(D), as desired.
CASE 3: Suppose that diam(H) = oco. Define H' as the digraph formed
by adding the arc (u,v) to E(H) if 1 < du(u,v) < diam(H). Now,
if dy(u,v) < oo, then dyi(u,v) = 1 andif dy(y,v) = oo, then
dpi(u,v) = oo also. Thus, D = A(H) = A(H'). Since H' is not
strongly connected and for every pair u,v of vertices of H' the distance
d(u,v) = 1 or dyi(u,v) = oo, wehave A(H') = H' by Theorem
4.5. Therefore, D = H' and D = H' whichgives D = A(D), as
desired. .

This characterization can be restated, with the aid of Theorem 4.5, as

follows.

THEOREM 4.6'. A digraph D is an antipodal digraph if and only if
(1) diam(D) = 2 or(2) D is not strongly connected and for every

pair u,v of vertices of D, the distance dp(u,v) = 1 or dg(u,v) = oco.

With the correspondence ¢ between symmetric digraphs and graphs,

the characterizations of antipodal graphs in Theorem 4.2 and Theorem 4.2'

follow immediately.
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4.3 Self-Antipodal Digraphs and Graphs

In the previous section, we proved, for a digraph D of order p, that
the antipodal digraph A(D) is identical to D if and only if D = K.
Similarly, for a graph G of order p, the antipodal graph A(G) is identical
to G ifandonlyif G = I, A more interesting question can also be
asked. Whenis A(D) isomorphic to D or whenis A(G) isomorphic to
G? If A(D) = D, then we will call D a self-antipodal digraph and if
A(G) = G, wewill call G a self-antipodal graph. Self-antipodal graphs
were studied in [1].

Although no characterization is known for self-antipodal digraphs, we can
show that certain types of digraphs are self-antipodal while others are not.
First, the complete symmetric digraphs are self-antipodal; for if D Ky
for some positive integer p, then A(D) is identicalto D and therefore
A(D) is also isomorphic to D. Since this is the only type of digraph D
such that A(D) = D, no other self-antipodal digraph will be identical to its
antipodal digraph. For example, given a positive integer p, the directed cycle
Cpy where V(C}) = {v1, vz, ... , v} and E(C}) = {(vi, vipa)| 1 <
i < p ~ 1} U {(v, v1)}, is self-antipodal but A(C;) # Cj because
B(A(CY) = {(visr, w1 < i < p = 1} U {(or, vp)}.

If D is a disconnected digraph, then D is not self-antipodal because
A(D) is strongly connected and diam A(D) < 2. To see this, let u

and v be vertices of D. If u and v are in different components
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of D, then dp(u,v) = oo = diam(D). Thus (u,v) € E(A(D))
and dap)y(u,v) = 1. If, on the other hand, w and v are in the same

component of D, then there exists a vertex w in a second component

[

of D. Now, dp(u,w) = dp(w,v) 0, so (u,w) € E(A(D)) and
(w,v) € E(A(D)) and dyp)(u,v) < 2. Therefore A(D) is strongly
connected and diam(A(D)) < 2.

A second type of digraph D that is not self-antipodal is if D is
strongly connected and the eccentricity of some vertex v of D is less than

the diameter of D. Then odgp)(v) = 0 and A(D) is not strong.

‘We combine these two observations in the next result.

LEMMA 4.7. If D is a self-antipodal digraph, then D is weakly connected.

If, in addition, D is strongly connected, then D is self-centered.

For each positive integer p, the complete symmetric digraph K and
the directed cycles C) (p 2 3) are strongly connected self-antipodal
digraphs. The self-antipodal digraph D in Figure 4.2 is an example of
minimum order that is weakly connected but not unilaterally connected. For
a class of self-antipodal digraphs D that are unilaterally connected but not
strongly connecied, let p > 1 be an integer and let D = T, the
transitive tournament of order p. Note that if (u,v) € E(T,), then
dr,(v,u) = oo. Thus, odr,)(v) = idr,(v) and since the sequence of
indegrees of the vertices of T, is 0, 1, 2, ..., p ~ 1 we have the same

sequence as the score sequence for A(Ty). Because T}, is the only tournament
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with score sequence 0, 1, ..., p — 1, it follows that A(T,) = T,.
D:
Figure 4.2
For each transitive t t Tp, the antipodal digraph A(Tp) = T,

and since T, is self-complementary, we have A(T,) = T,. This is a special
case of the next result, which follows immediately form Theorem 4.5.
THEOREM 4.8. If D is a self-complementary digraph of order p > 2,
then A(D) = D if and only if (1) diam(D) = 2 or (2) D is not
strongly connected and for every pair wu,v of vertices of D, the distance
dp(u,v) = 1 or dp(u,v) = oo.
We now present one final result on self-antipodal digraphs.

THEOREM 4.9. If D is a non-complete self-antipodal digraph of order p >
3, then p < ¢(D) < p(p~1)/2.

PROOF: By Lemma 4.7, the digraph D must be weakly connected. The

minimum number of arcs in a weakly connected digraph is p — 1. so
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p — 1 < ¢(D). Suppose that ¢(D) = p — 1. Then D can contain no
directed cycles and hence D is not strongly connected. If D is unilaterally
connected, then D contains a directed walk that passes through each vertex
of D. This can only be done with p — 1 arcsif D is a directed path
P'. However, since A(P') is isomorphic to a transitive tournament, D is
not self- antipodal. Finally, if D is weakly connected, but not unilaterally
connected, then there exist two vertices u and v in D such that no
u — v directed path and no v — u directed path exist in D. Therefore,
dp(u,v) = dp(v,u) = oo and the arcs (u,v) and (v,u) are both in
A(D). Since D contains no directed cycles and A(D) contains a directed
2-cycle, A(D) % D. Therefore, ¢(D) > p.

For the upper bound, we know since D % Kj; that A(D) C D.
Now D = AD) C D implies that ¢(D) < ¢(D). Therefore

«D) < 1q(iy) = 28570, .

The bounds in Theorem 4.9 are sharp. The lower bound is sharp for the
class of directed cycles and the upper bound is sharp for the class of transitive
tournaments. It is not true, however, for given positive integers p and ¢
with p < ¢ < p(p—1)/2, that there is a self-antipodal digraph D having
g(D) = c. For instance, there is no self-antipodal digraph with four vertices
and five arcs.

We now turn to self-antipodal graphs. If G is a self-antipodal graph

and ¢ is the natural one-to-one correspondence from the set of symmetric
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digraphs to the set of graphs, then ¢~!(G) is a self-antipodal digraph. By
Lemma 4.7, the digraph ~!(G) is weakly connected; so G is connected.
Also, since ¢~!(G) is symmetric, it is strongly connected and thus ¢~(G)

and G are self-centered. Therefore, we have the following result.

THEOREM 4.10. If G is a self-antipodal graph, then G is connected and

self- centered.

Now, suppose that G is a self-antipodal self-complementary graph of
order p > 2. By Theorem 4.10, the graph G is connected, and so Corollary
4.5A implies that A(G) = G & @ ifandonlyif G has diameter 2. We

state this as the next result.

COROLLARY 4.10A. Let G be a self-complementary graph of order p > 2.

Then G is a self-antipodal graph if and only if diam G = 2.
This result is related to a result in [1], which we state.

THEOREM 4.11. If G is a self-antipodal graph, then G is

(1) a bipartite self- I tary graph of diameter 2, or

(2) G is nonbipartite.

An important class of self-antipodal graphs is the class of odd cycles. To
see this, we will show that A(Chq41), d > 1, is 2-regular and connected,
which characterizes cycles. First,let V(Cz441) = {v1, v2, ..., v2d41} and

E(Cu41) = {vivi1l < i < 2d} U {vza41 v1}. Now, diam (Caa1) = d

and for each vertex v;, 1 < i < 2d+1, there exist exactly two vertices v;
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and vy with j = (i+d)mod(2d+1) and k = (i+d+1) mod(2d+1)
such that d(vi, v;) = d(vi, vk) = d. Thus, wv; is adjacent to only wv;
and v in  A(Cadt1), and so A(Cpay1) is 2-regular. Next,if u and
v are distinct verticesin Chat1, then, without loss of generality, we can let
U = Ugq41 and v = v, with 1 < n < d. A u— v pathin A(Caa1)
is P: u = vzd41, Vi1, Vi, Vd42, U2, --+ yVdtn, Vny S0 A(Caay1) is
connected and it follows that A(Caq41) = Cagt1.

Two useful observations are now easy to see. First, in showing A(Caa+1)
to be connected, we found, for vertices u and v with dc,,,(v,v) = n,
a u — v path P in A(Cau41) of length 2n. Since A(Coyt1) isa
cycleof order p = 2d + 1, wehave da(Cpy)(u,v) = min{2n, p—2n}.

Thus, we have the following result.

LEMMA 4.12. Let p be an odd integer and let u and v be vertices of
Cp. If n = dg,(u,v), then there existsa uw — v pathin A(Cp) of

length 2n and dac,)(u,v) = min{2n, p—2n}.

A second observation is that for each integer d > 3, there exists a

graph G of order 2d + 2 andsize 2d + 3 that is self-antipodal. Let

V(G) = {vo, v1, ... , v2a41} andlet
B(G) = {viviga|l < i < 2d} U {vad41 v1, V2d41 Yo, Vo vz}

Vertices vy and v are similar and G — vy & Cpg4;. For vertices

u and v in G — w, the distance dg-v,(%,v) = dg(u,v). Thus,
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A(G—wg) < A(G). Now A(G-wp) = Chay1 with v; adjacent to vitg
and wvg4p. Since vy and v; are similarin G, the vertex vy is also
adjacent only to vg41 and wgyp in A(G) and hence, A(G) = G. We
will henceforth denote this graph by G(2d + 2).

dits

‘We now present one last Y i for self-antipodal graphs.

THEOREM 4.13. Let G be a non-complete self-antipodal graph of order
p > 5. Then

(1) p < 4G) < lp(p—1)/4l, if p isodd, and

@ p+ 1< 4G < |plp—1)/4), if p iseven.

PROOF: We first show that |p(p—1)/4| is an upper bound. The antipodal

I

graph  A(G) C G implies that G C G; so ¢(G) < |}a(Kp)]
lp(p —1)/4].

Now consider the lower bounds. By Theorem 4.10, we know that G is
connected. Hence, p — 1 < ¢(G). However,if ¢(G) = p — 1, then G
isatreeand G is not self- centered. This is because if u is an end-vertex
of G and v is the vertex adjacent to u, then e(u) = e(v) + 1. Thus,
p £ ¢(G). Now suppose that p is even and there exists a self-antipodal
graph G oforder p. Then G is connected and contains one cycle. Remove
one cycle edge e from G to form the tree G — e andlet V be the set
of end-vertices of G — e. Suppose that there exists a vertex v € V such
that wu is pot incident with e in G. Then,if v is the vertex adjacent

to u in G, then e(u) = e(v) + 1. Hence, G isnot self-centcred and
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therefore, not self- antipodal. On the other hand, suppose that every vertex

of V isincident with the edge e. Then |V| = 2 and G = C,. However,

for p even, A(Cp) = ($)K: and again G is not self-antipodal.
Therefore, if p > 5 isodd, then p < ¢(G) < |p(p—1)/4] andif

p > 5 iseven,then p + 1 < ¢(G) < |p(p—1)/4). .

The bounds in Theorem 4.13 are sharp. First, for each odd integer p > 5
thecycle C, isself-antipodaland ¢(C,) = p. For each even integer p > 8,
the graph  G(p) is self-antipodal and ¢(G(p)) = p + 1. Second, for each
positive integer p > 5 suchthat p = 0(mod4) or p = 1(mod 4), there
exists a self-complementary graph G of diameter 2. By Corollary 4.10A, the
graph G is self-antipodal. Hence ¢(G) = ¢(G) = 1q¢(k,) = p(p—1)/4.

Two questions still remain. Do there exist self-antipodal graphs of order
p = 2(mod4) or p = 3(mod 4) and size |p(p—1)/4]? Also, for given
positive integers p > 5 and ¢ suchthat p < ¢ < |p(p—1)/4], does
there exist a self- antipodal graph G with ¢ = ¢(G)?

4.4 The Antipodal Period of Graphs and Digraphs
For a digraph D of order p and an integer n > 1, the nth

iterated antipodal digraph A™(D) of D is defined to be A(A""1(D)),

where A!(D) denotes A(D) and A°(D) denotes D. Since there exist
only finitely many digraphs of order p, there exist nonnegative integers
ny and np such that n; < n; and A™(D) & A™(D). In fact,

AM*(D) = A"+(D) forall i > 0. Hence, a sequence of isomorphic copies
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of the digraphs A™ (D), A™+(D), ... ,A"~}(D) repeats itself continually.
Thus, it is natural to define, for a digraph D, the antipodal period k¥ of D
as the smallest positive integer for which there exists a nonnegative integer £
such that A%D) 2 A“¥(D). For instance, for p > 2, the transitive

tournament T}, is a self-antipodal digraph; so T, has antipodal period 1.

For a graph G, we define the nth jterated antipodal graph A™(G) of

G similarly. If G is a graph and & is the smallest positive integer for
which there exists a nonnegative integer £ such that A4G) = A%*(QG),
then G has antipodal period n.

‘We now consider the following question. For which integers n > 1 is
there a digraph or graph with antipodal period n? We will show, through the
next results, that there exists a digraph and a graph with antipodal period n
for every m > 1. Since we have already discussed self- antipodal digraphs
and graph, we may assume that n > 2. The next result gives a class of

graphs with antipodal period 2.

THEOREM 4.14. Let n > 2 be an integer and let py, pa, ..., p, be
n

a sequence of positive integers with p; > 1. If G = U Ky, then G
i=1

has antipodal period 2.

PROOF: Since G = K(pi, pa, ... , pn) has diameter 2, the graph G

is an antipodal graph, by Theorem 4.2'. In fact, A(G) = G % G, by

Corollary 4.5A. Also, A*(G) = A(G) = G = G, so G has period 2. o
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For the graph G in Theorem 4.14, the digraph ¢~!(G) is a symmetric
digraph with antipodal period 2; however, our next result gives a second

class of digraphs with antipodal period 2.
THEOREM 4.15. For each positive integer k, there exists an asymmetric

digraph of order p = 12k + 3 that has antipodal period 2.

PROOF: Let k be a positive integer. We form a digraph D with antipodal

period 2 as follows. Let

V(D) = {un,uz,. ., U2k41,01,V2, .., Vaki1, W1, Wa, .. ., Wekp1}
and let

E(D) = {(uoyu)|1 Si<2%+1, 1<L<k
and j = (i+£&)mod(2k +1)} U

{(wno)1 <Si<4k+1,1<L< 2%
and j = (i +£)mod(4k+1)} U

{(wiyw;)[1 <i<6k+1, 1<E< 3k
and j = (i +£)mod(6k + 1)} U
{(ui o)1 <i<2%+1, 1< <4k +1} U
{wiwj)1 <4k +1, 1<j <6k +1} U

{(wi, )1 <i<6k+1, 1< <2%+1}.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



97

The diameter of D is 2. To see this, let z and y be vertices of
D such that z is not adjacent to y. First, suppose that z = u; and
y = uj. If i < j, thenthelength £ of the u; — u; directed path P;:
Uiy Uity --- , ujin D satisfies k+1 < £ < 2k If ¢ > j, thenthelength
£ ofthe wu; — wu; directed path Pp: wi, Uig1, - y Ukl Uty +o- u;j
in D alsosatisfies k + 1 < £ < 2k Hence, in either case, for
m = (i+k)mod(2k+1), thearcs (ui, um) and (um, u;) arein E(D);
so dp(z,y) = 2. Second, suppose that z = v; and y = v;. If i < j,
then the length £ of the v; — v; directed path Py : v;, vig1, ..., v; in
D satisfies 2k +1 < £ < 4k. If i > j, then thelength £ ofthe v; — v;
directed path Py : v, Vig1, +ve , Vak41,01, -oe 4 v; in D also satisfies
2k + 1 < £ < 4k. Thus, in both cases, for m = (i +2k)mod(4k + 1),
the arcs (vi, vm) and (vm, v;) arein E(D); so dp(z,y) = 2. Third,
suppose that & = w;and y = wj. Foreither 7 < j or ¢ > j, there
existsa w; — w; directed path of length £ suchthat 3k + 1 < ¢ < 6k.
Thus, for m = (i +3k)mod(6k + 1), the arcs (wi, wm) and (wm, w;)
arein  E(D); so dp(z,y) = 2. Finally,if ¢ = u; and y = w; or
z =v and y = uj or ¢ = w; and y = vj, then d(u;w;) = 2
by passing through the vertex v;, the distance d(v;,u;) = 2 by passing
through the vertex w; and d(w;,v;) = 2 by passing through vertex u;.

Thus diam(D) = 2 and by Theorem 4.5, we have A(D) = D.
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To show that D % D, consider the score of each vertex. For the
vertex u; (1 < ¢ < 2k+1), the scores are sp(y;) = 5k+1 and
sp(ui) = Tk + 1. For the vertex v; (1 < ¢ < 4k+1), we have
sp(vi) = 8k+1 and for the vertex w; (1 <i < 6k+1), the score is
sp(w;) = 5k + 1. Since there exist verticesin D with a score of 7k + 1
and no such vertices in D, it follows that D % D.

Now, diam (D) = 2 by a similar argument to the one used to show
that diam (D) = 2 so A*D) = A(D) = D = D by Theorem 4.5
and, hence, D is an asymmetric digraph of order p = 12k + 3 with

antipodal period 2. °

‘We now show a general construction that will give a graph with antipodal
period n forevery n > 3. We begin with some notation. Let p > 7 bean
odd integer and let n be an integer such that 2 < n < [1’—2’—2 |. We define
the graph  G(n,p) as follows. Let V(G(n,p)) = {v1,v2,...,0p—2,u1,u2}

and let
E(G(n,p) = {viwia[1 <i<p-3}U
{vp—201, Vp—2u1, v2u1, UnUs, Vnyaus}.

Then the order of G(n,p) is p and d(uy,us) = n. For instance, Figure
4.3 shows the graph G(3,9), the antipodal graph A(G(3,9)), which we will
call G(1,9) and A%(G(3,9)) = G(2,9). Note that, in each graph G(n,p),

the vertices wu; and v are similar and the vertices u; and vy, are
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similar.

G(3,9):

A(G(8,9)):

420603,9)):

Figure 4.3

This sequence is always achieved when we begin with G = G(L 22 |,p).
Thatis, A(G) = G(1,p) and A%(G) = G(2,p). To see this, note that
for vertices u and v in G — uz, we have dg_y,(u,v). Therefore,

A(G-uz) < A(G). Since G — up = G(p—1), we have shown carlicr
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that A(G ~ uz) 2 G — uy. Now, G contains exactly three vertices
whose distance from u; is diam(G), namely, uy, v; and vp_,. Thus
AG(L 32 ,p)) = AG(L 252 ,p) = uz) + usur + wvr + wpvpy
G(1,p). By repeating this process, we have A(G(1,p) — u2) < A(G(1,p))
and A(G(1,p) — u2) = G(1,p) — ua. There exist exactly two vertices, say
w and gz, in G(1,p) whose distance from up is diam(G(1,p)). Since
u; and wup are adjacent verticesona (p — 2)-cyclein G(1,p), one of
the two vertices, say w, satisfies d(u,w) = d(uz,w) = diam(G(1,p)).
Therefore, da(1,p)(v,v) = 2 and  A%G(| 252 |,p)) = G(2,p).

Now, we present our last result.

THEOREM 4.16. Let n > 3 be an integer and let p = 2" + 3. Then

the graph G(2,p) has antipodal period n.

PROOF: In  G(2,p) the vertex u; is similar to v; and the vertex wu,
is similar to v3. Therefore, the vertices u; and up play the same role
as vy and vy, respectively, on thecycle C: vy,vs,...,v,-2,v1. Thus,
by Lemma 4.12, the distance d(G(2,p))(u1,uz) = min{4, p—4} = 4
and  A(G(2,p)) = G(4,p). Since the diameter of A*(G(2,p)) is always
[ 222 ] = 21, the kth iterated antipodal graph of G(2,p) will
be of the form A*(G(2,p)) = G(2**1,p) until k = n~1. Hence,

A™2%(G(2,p)) = G(2"1,p) and, by the discussion preceding this theorem,
AMG(2,p) = A(A"TH(G(2,p) = AYG(2™,p)

R

R

GBS ) = G2p)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



101

Since this is the first time G(2,p) has reappeared, G(2,p) has antipodal
period n. .

Certainly, the digrs )h  ¢~1(G(2,2" +3)), for n > 3, has antipodal
period n by Theorem. .i6; however, it is also symmetric. It is not known

whether there exist non-symmetric digraphs with antipodal period n > 3.
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CHAPTER V

SUBGRAPH DISTANCE

5.1 Introduction

The Mayor’s office is investigating the connection between crime and un-
employment in their city. To do this, they have divided the city into 50
districts and have located the ten districts with the highest crime rates and
the ten districts with the highest rates of unemployment. If these two sets of
districts are “close” and overlap, then there may be reason to suspect a strong
relation between crime and unemployment. On the other hand, if the two sets
of districts are far apart then the problems may not be related. How can they
determine how far apart these two sets are?

Our last generalization of distance can be used to answer this question.
For a connected graph G of order p and an integer n such that 1 <
n < p, let F and H be induced subgraphs of G of order n. We define

a pairing 7 from theset V(F), say {v1, v, ... , vn}, to theset V(H)

as a one-to-one correspond that iates a vertex of V(F) with one

of V(H). The distance induced by = between F and H is defined as

do(F, H) = 3 d(vi, m(vi))
i=1

102
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and the subgraph distance between F and H is

d(F, H) = min do(F, H).

First we show that the subgraph distance is, in fact, a metric. For a
connected graph G of order p and an integer n suchthat 1 < n < p,
let F, H and J besubgraphsof G oforder n. First, d(F, H) > 0 and
d(F, H) = 0 ifandonlyif F = H. Second, d(F, H) = d(H, F). Third,
the triangle inequality holds. To see this,let V(F) = {vi, vz, ... , v}
and let 7 and m; be pairings such that d(F, H) = dn,(F, H) and
d(H, J) = dr,(H, J). Then

d(F, 7) < duym)(F, T) = Y d(viy ma(ma(v:)))

i=1

D ldvi, M) + d(mi(:), ma(ma(vi)))]
i=1

= dy(F, H) + dny(H, J)

IA

&«F, H) + d(H, J).

We now present a useful result.

]

THEOREM 5.1. For a connected graph G, let F and H be subgraphs of
G with p(F) = p(H). If {uy, ug, ..., u} € V(F) N V(H), then there
exists a pairing © from V(F) to V(H) suchthat d(F, H) = d.(F, H)
and w(w;) = u; for i = 1,2, ..., k.

PROOF: Suppose that no pairing 7 from V(F) to V(H) exists such that

d(F, H) = d.(F, H) and m(u;) = u; for ¢ = 1,2 ..., k. Thus,let m
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be a pairing from V(F) to V(H) such that d(F, H) = dr,(F, H) and
71(u;) = u; for a maximum number = of verticesin {ui, ug, ..., ur}.
‘Without loss of generality, suppose that m3(u;) # u1. Now,let mi(u;) = v
and u € V(F) satisfy m(u) = wy. Then d(u, v) < d(u, w;) + d(uy, v).
Thus, we can define the pairing 7 from V(F) to V(H) sothat n(u1) = ui,
the image (u) = v and,for w # uj, u, theimage w(w) = m(w).
Therefore, w(u;) = u; for m + 1 verticesin {ui, uy, ... ,uz} and,
since dn(F, H) < dn(F, H), it follows that d(F, H) = d(F, H),
which contradicts the choice of ;. .

An immediate consequence of Theorem 5.1 is the following.

For a connected graph G of order p, if F and H are subgraphs

of order n, with [5] < n < p, then V(F) and V(H) have

vertices in common, say ui, up, ... , ug, where k < n. Let F' =
F — {uy, up, ... ,ux} andlet H' = H — {u, ug, ... , ux}. Then by
Theorem 5.1,
k
d(F,H) = Y dui,uw) + dF,H') = dF',H"). (5.1)

i=1
For a subgraph F of a connected graph G with p(F) = n, we

define the subgraph eccentricity e(F) of F as e(F) = fmex d(F,H).
p(H)=n

We define the n- radius rad, G of G as rad, G = ’npgxl e(F) and

the n-diameter diam, G of G as diam, G = {II}‘?X e(F). For
p(F)=n

a connected graph G, we define the diameter sequence as the sequence

104
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diamy(G), diamy(G), ... , diamy—1(G). We now give two results on the
diameter sequence of a graph. The first result describes the first “half” of the

sequence.

COROLLARY 5.1A. Let G be a connected graph of order p. If n is an

integer such that 1 < n < |2] — 1, then diamn(G) < diamu41(G).

PROOF: Let F and H be subgraphs of G of order = such that
d(F,H) = diama(G). Since |V(F) U V(H)| < p, there exists a vertex
v of G suchthat » ¢ V(F) U V(H). Now, define the subgraphs
F' = (V(F) U{v}) and H' = (V(H) U{v}) of order n + 1, and
let 7 be a pairing from the set V(F') to V(H') suchthat =(v) = v.
Then d(F',H') = d(F,H) by (5.1), and since d(F',H') < diam,41(G),
it follows that diama(G) < diama41(G). °

The next result describes the second “half” of the diameter sequence of a

graph.

COROLLARY 5.1B. Let G be a connected graph of order p. If n isan

integer such that 1 < n < p — 1, then diam,(G) = diam,_,(G).

ProOF: Without loss of generality, we may assume that 1 < n < 2. If p
isevenand n = 2, then p — n = % and diama(G) = diam,_n(G).
Thus, we may assume that 1 < n < £. Let F and H be subgraphs of
G of order n suchthat d(F,H) = diam,(G). Thereexist k(> p — 2n)

vertices uy, up, ... ,ur of G suchthat w; ¢ V(F) U V(H) for
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i = 1,2 ...,k Thus,let § = {u1, ug, ... , up—2,} and define the
subgraphs F' = (V(F) U §) and H' = (V(H) U S) oforder p — n.
Then, by (5.1), we have d(F', H') = d(F,H) = diam,(G), and it follows
that diama(G) < diamy_a(G).

Now, let F; and F, be subgraphs of G of order p — n such that
d(F1,H1) = diamp—p(G). Since p — n > 2, theset V(F) N V(H)
is nonempty. In fact, there exist k(> p~— 2n) vertices v;, vz, ... ,v in
V(F)NV(H). Let Sy = {v1, va, ... vp—za}. Forsubgraphs F| = F, — 5
and H{ = Hy — S), wehave d(Fy, H1) =d(F], H}) < diama(G), and
so  diamy_n(G) < diamn(G). Therefore, diam,(G) = diam,_n(G), as
desired. .

As an example of a connected graph and its diameter sequence, consider
G = K, If p =2k and n isanintegersuchthat 1 < n < k,

then every subgraph F of G withorder n has e(F) = n. Thus, the

diameter sequence for Kpx is S1: 1, 2,3, ..., k=1, k k—1,...,2 1.
Similarly, for G & Kjg41, the diameter sequenceis Sz: 1,2, 3,..., k—
1, k,k k-=1,...,2, 1. Since complete graphs are the only graphs G such

that diam G = 1, it follows that S; and S, are diameter sequences only
for Ky and K41, respectively, and that no other sequence beginning
with 1 is a diameter sequence.

For the graph K, and aninteger n with 1 < n < 18] — 1, we

have diamn(K,) < diamp4i(I,). For Corollary 5.1A to be sharp, there
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must exist graphs G of order p and aninteger n with 1 < n < |2] -1
such that diam,G = diamn4,G. Such agraphis G = K(2k, 2k) for
every positive integer k. To see this,let V4 and V, be the partite sets of
G,andlet F beasubgraphof G with p(F) = k and V(F) C V.
¥ H = (B) — V(F), then d(F, H) = 2k. Since diam G = 2 and
diam,(Go) = n(diam Go) for any connected graph Gy, it follows that
diamyG = 2k. Now, for every subgraph F of G with p(F) = 2k, if
H = (V(G) — V(F)), then d(F, H) = 2k. This is because there exists a
pairing 7 from V(F) to V(H) such that for each vertex v € Vi N V(F)
there is a vertex u € V2 N V(H) andfor v € V; N V(F) there exists
avertex u € Vi N V(H) such that n(v) = u and d(v, (v)) = 1.
To see that diamgrG = 2k, suppose that H' is a subgraph of G of
order 2k with £(> 1) verticesin V(F) N V(H'). Then there exists
apairing 7 from V(F) to V(H') such that for v € V(F), we have
d(v, m(v)) = 0 for £ vertices, d(v, m(v)) = 2 for at most £ vertices and
d(v, m(v)) = 1 for the remaining vertices of F. Thus, d(F, H') < 2k,

and so diamgrG = 2k. Therefore,if G = K(2k, 2k), then

diamyG = diam4,G = - = diamyuG = 2k.

Next, we develop a char: ization for the diamet, of a cater-

pillar. A caterpillar is a tree of order p > 3 whose subgraph obtained by

removing its end-vertices is a path. Let G be a caterpillar of odd order p
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with vertices v, v2 € V(G) satisfying d(vi, v2) = diam G. There
exists a vertex v onthe wv; — v, pathin G such that the graph

G — v consists of a p t Gy ini vy, a component G

containing v, and £ = £; + £ isolated vertices (£1, & > 0) so that
V(@) + & = VGl + b

Define the set V3 as V(Gi) together with ¢; isolated vertices of
G — v andtheset V, as V(G;) and the remaining ¢, isolated vertices
of G — v. Now,if m; = d(vy, v) and my = d(vp, v), then partition
the vertices of Vi intosets A; = {ufu € Vi and d(u, v) = i} for
i = 1,2 ..., m, and the vertices of V, intosets B; = {wjw € V;
and d(w, v) = i} for i = 1,2, ..., my. Notethatif u € A; and
w € B; forsome i and j, then d(u, w) = i + j. For convenience,
label the vertices of V; as uy, ug, ..., ujg) suchthatif u; € A; and
uj, € Aj, for 1 < 45, i, < my, then j; < j» whenever i; > ig.
Similarly, we can label the vertices of V; as wy, ws, ..., wyz) such that
if wj, € B; and wj, € B;, for 1 < i1, 4 < my, then j; < jp
whenever i; > i5.

Analogously, suppose that G is a caterpillar of even order p, with
vertices vy and vy of V(G) suchthat d(vi, v;) = diam G. Then
there exists a vertex v onthe v — v, pathin G such that the graph
G — v consists of a component G, containing v;, a component G»

containing v, and £ = £; + £, isolated vertices (£1, &2 > 0) so that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



109

[(IV(G1)l + &) — (IV(G2)| + )| = 1. Without loss of generality, suppose
that | V(G1) + &| < |V(G:) + £o|. Definetheset Vi as V(Gy) U {v}
with £; isolated vertices of G — v and define theset V; as V(Gj)
with the remaining £¢; isolated vertices of G —v. We define the sets 4;
and B; asfor p odd and label the vertices of Vi as wuy, up, ..., ug
and the vertices of V, as wy, ws, ..., wg, as before.

Several useful observations can now be made. First, for an integer n

suchthat 1 < n < [2], we have

diamn G = d(({w1,uz,...,un}), ({w1,02,...,ws}))

> d(ui, w).

i=1

[l

Second, for each integer n such that 2 < n < [2], fwelet &k =
diam G and kn, = diamp, G — diam,—1G, then k, = diam(G —
{u;, wi]l < ¢ £ n — 1}). Hence, 2 < k < p — 1 and
kn1 — 2 < kn £ kn-i. The inequalities 2 < &k < p — 1
follow from the usual bounds on the diameter of a noncomplete graph. To
see that the inequality &k, < kn-; holds, let d(up-1,Wn—1) = kpy
and  d(up,wn) = kn. ¥ kn > kn-1, then d({{ws,us,...,un-2,un}),
({wr, w2, ...y wnep,wn})) > T d(wjw;) = diam,—; G, whichis a
contradiction. Thus, kn < kn—j. For the inequality kn—y — 2 < kn, let

u be the vertex adjacent to u,_; onthe up.; — wp—; pathin G, and

let w be the vertex adjacent to wy—;. Then d(u,w) = k,—; — 2 and
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diam, G > diamp—y G + kn—1 — 2. Thatis, k, > knpey — 2 and
the inequality holds. Finally, if p isodd, then ki3] = d(u s 1wlg)) = 2
and if p is even, then kg = d(“[-;j;“’[g]) =1 and k, > 1 for
n # % sincethe u, — w, path contains wv.

Thus, the diameter sequence of a caterpillar G of order p satisfies the
following:

a) diam, G < diampy; G for 1 < n < [B] -1,

b) diam, G = diam,_,G,

¢)2 < diam G < p—~ 1,

d)if k = diam G and k, = diam, G — diam,_; G for

2<n

IA

[2), then knoy — 2 € ke < Faoy,
) if p isodd, then kjz) = 2, and
f)if p iseven,then ky = 1 and ky > 1 for n # 2.

As we will now show, any sequence a;, as, ... ,ap—1 of positive
integers satisfying properties (a) - (f) is, in fact, the diameter sequence of
some caterpillar of order p. That is, we show there exists a caterpillar G
of order p > 3 suchthat diam, G = an foreach n(1 < n < p— 1).

We construct a caterpillar G recursively as follows. Let P be a path
of length ay. Label the end-verticesof P as wu; and w; andlet u be
the vertex of P adjacentto u; andlet w be the vertex of P adjacent to
wy. Ifwelet k; = a; and k, = @, — @p—y for 2 < n < |2], then

by property (d), there exist three possibilities for ko. If ky = k;, then
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add a new vertex uz and joinit to u, and add a new vertex w; and join
itto w. If ky = ky — 1, then add a new vertex w; and join it to w,
let 2 = u, and label the vertex on the u; — w, path adjacent to u,
as u. If kg = ky — 2, thenlet w = up and w = wy, and label
the vertex on the u, — wp path adjacent to wu, as wu and the vertex
adjacent to w, as w.

In general, for 2 < n < |£], suppose that vertices un~1 and
w1 have been defined such that d(un—1, wp—1) = kn—; and the vertex
adjacent to up-; onthe un_; — wp—; pathis u and the vertexon P
adjacent to wp_3 is w. Three possibilities exist for k,. I k, = kp_y,
then add a new vertex u, andjoin it to u and add anew vertex w, and
joinit to w. If k, = ks—; — 1, then add a new vertex w, and join it
to w, let u = u, and label the vertex on the u, — w, path adjacent
to up as u. i kn = knog — 2, thenlet u = u, and w = w,
and label the vertex on the u, — w, path adjacent to u, as u and the
vertex adjacent to w, as w. Note that in each case, the resulting graph
G is a caterpillar and a, = diam, G foreach n(l < n < p — 1).

Thus, we have proved the following result

THEOREM 5.2. A sequence §: aj, ag, ..., ap—1 (p > 3) of positive

integers is the di q for a caterpillar of order p if and only if
S satisfies the following:

a) @n £ Gny for 1 < n < (2] -1,
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b) an = ap_p,
c)2<a <p-1,
d)if ki = a; and k, = ap — an_y for 2 < n < (2], then
kno1 — 2 < kn £ kn,
e) if p is odd, then kiz) = 2, and

f) if p is even, then k3 =1 and ko > 1 for n # 3.

A characterization for the diameter sequence of a tree remains unsolved.

5.2 Computing Subgraph Dist

For a connected graph G of order p, an integer 7 such that
1 £ n < p and subgraphs F and H of G of order n, how
can we efficiently compute d(F, H)? One could use the definition. However,
this approach would require us to determine all pairings 7 from V/(F)
to V(H) and then to compute dn(F, H) for each 7 and finally to
find ming de(F, H). But this procedure is not efficient since there exist 7!
pairings from V(F) to V(H).

Fortunately, there is an efficient way of determining a pairing = from
V(F) to V(H) for which d(F, H) = d.(F, H). To accomplish this, we
begin by constructing a complete weighted bipartite graph G = K(n,n) of
order 2n, where the vertices of one partite set of Go correspond to and are
labeled the same as the vertices of F and the vertices of the second partite

set of Gy correspond to and are labeled the same as the vertices of H. The
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weight of an edge in Gy is defined as the distance between the corresponding
vertices in  G. This can be done by applying Dijkstra’s algorithm to each
vertex of F. Thus, the complexity of finding Go is O(np?).

We next determine a matching of Go whose weight is as small as
possible. This can be done as follows. Let m be the maximum weight
among the edges of Go andset m' = m + 1. Define Gj = K(n,n) to
be the complete weighted bipartite graph of order 2n obtained by replacing
the weight wg,(e) of every edge e of Gy by m' — wgy(e). In [12],
an algorithm by Kuhn for finding a maximum weight matching in a weighted
bipartite graph is given. We may apply this algorithm to G} to obtain a
maximum weight matching M for G§. Then M is a minimum weight
matching for Gy and the pairing = from V(F) to V(H) induced by
M gives d.(F,H) = d(F,H).

In determining a minimum weight matching of Gy, the only step with
a significant complexity is the one involving Kuhn’s algorithm. Its complexity
is O(n®), so the complexity of determining d(F,H) is O(np?).

This method is good for finding the subgraph distance between two spec-
ified subgraphs of a connected graph with equal orders; however, it is cum-
bersome to use when determining the n-radius or n-diameter of a graph. In
the next section, we discuss a graphical structure that is useful for proving

theoretical results.
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5.3 The n-Subgraph Graph

Let G be a connected graph of order p and let F and H be
subgraphs of order 7 with 1 < n < p — 1. Then d(F,H) = 1 ifand
only if there exist adjacent vertices u € V(F) and v € V(H) such that
V(F = u) = V(H - v). We define the n-subgraph graph of G (or simply
the n-graph of G) as that graph G, with V(Gn) = {vi|Si isasetof n
verticesin G and 1 < i < (g)} and E(Gn) = {viv;|d((S:), (S;)) =

1,1 <4,5 £ (Z)} For le, for every cc d graph G, we
have G, & G and for the graph G in Figure 5.1(a), the graph G, is
in Figure 5.1(b). The vertices of G, correspond (v; « ;) to the six
subsets Sy = {uy, u2}, S2 = {wy, us}, Ss = {us, ws}, Su = {uz,us},
Ss {uz, us}, Se = {us, us} of V(G).

For a connected graph G of order p and an integer n such that
1 < n < p, the graph G, is connected. Otherwise, suppose that F
and H are subgraphs of G of order n such that if V(F) = S
and V(H) = S,, then G, contains no path from v; to v, and
|V(F) N V(H)| is a maximum. If G contains apath P: u, uy, us, ... , v
from a vertex u € V(H) ~ V(F) toavertex v € V(F) — V(H)
such that no internal vertex of P isin V(F) U V(H), then there exists a
subgraph H' of G with V(H') = V(H — u) U {v} andif V(H) = S,

and o(H —u) U {u;} = Sp4i, thereexistsapath P, in G, from v,
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to  ve, namely,

Py: v, vs, v4y s, Vae
141 2
G:
us 'H.4
(a)
v, v,
Gye
2 v, v,
Vs 6
(b)
Figure 5.1

Since | V(F) N V(H')] > |V(F) N V(H)|, there must be a path P’
in Gn from v to w,. However, paths P’ and P, assure us of a
path from v, to wv,;, which is a contradiction. Since no such u — v
path P existsin G, there exist vertices u' € V(H) — V(F) and
v' € V(F) ~ V(H) anda u' — o' path P” in G suchthatif w isan
internal vertex of P" and w € V(F) U V(H), then w € V(F)n V(H).
If H" isasubgraphof G with V(H") = V(H — «') U {v'}, then if

V(H") = Sp, path P" inducesapath P" in G, from v, to vy
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However, since | V(F) N V(H")| > [ V(F) n V(H)|, we again have a
contradiction. Therefore, G, is connected.

The importance of the n-graph is seen in the next result.

THEOREM 5.3. Let G be a connected graph of order p andlet n bean
integer suchthat 1 < n < p. If F and H are subgraphs of G of

order n with V(F) = S, and V(H) = Sp, then

dg(F,H) = dg,(va, vp)-

PROOF: First, we show that dg(F,H) < dg,(va, vg). Let P: v, =
Vo, V1, ... , Uk = Ug be a shortest path from the vertex vy to wvg in
Gp. Let 7 (1 < i < k) be a pairing from  V(Fi—;) to V(F) such
that dr; (Fica, Fi) = d(Fioy, F;) andlet 7 = 7 0 mg—g 0 -+ 0 7p.

Then = isa pairing from V(F) to V(H) and by the triangle inequality,

N
de(FH) < ) du(V(Fit), V(E)) = k = dg, (va, vp).

i=1
Since d(F,H) < d.(F,H), wehave d(F,H) < dg, (va, vg).

To show that dg,(va, vg) < d(F,H), let = be a pairing from
V(F) to V(H) such that d.(F,H) = d(F,H) and 7(») = v
if v € V(F)n V(H). Let V(F) = {v1, v2, ..., va} and define the
subgraphs F; suchthat Fy = F and F, = H and,for 1 <i < n-—1,

let S; = {m(v1), * (v2), ..., 7(vi), Vig1, ... , va} and Fy = (8.
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Then dg,(vi-1, vi) = dg(vi, m(vi)) for 1 < i < n. Thus, by the

triangle inequality,

n
g, (ver v8) < Y da, (vicy, ;)

i=1

= Z dg(vi, 7(vi))
i=1

d(F, H)

and the result follows. .

From Theorem 5.3, we see, for a connected graph G of order p, an
integer n suchthat 1 < n < 7 and asubgraph F of order n, that
if V(F) = Si, then e(F) = eg, (v1). Also, diam,(G) = diam(G,)
and radn(G) = rad(Gy).

We now state three immediate results, without proof.

COROLLARY 5.3A. Let G be a connected graph of order p and n an
integer such that 1 < n < p. ¥ F and H are subgraphs of G of

order n and d(F,H) = 1, then |e(F) — e(H)| < 1.

COROLLARY 5.3B. Let G be a connected graph of order p and n
an integer such that 1 < n < p. For each integer ¢ such that
rad,G < ¢ < diam,G, there exists a subgraph F of G of order n

such that e(F) = c.

COROLLARY 5.3C. Let G be a connected graph of order p and n an

integer such that 1 < n < p. Then
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rad,G < diam,G < 2rad,G.
The bounds in Corollary 5.3C are sharp for every positive integer n.

For instance, we have already shown for G & K, with m > 2n, that

rad, G = diam, G. For the upper bound,let F 2 K, and H = K,

= K

where m > n. For G = F + 2H, we have e(F) = n =rad,G and

e(H) = 2n = diam,G. Thus diam,G = 2rad, G.
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